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In this thesis we analyse the abilities of agents that act, one way or an-
other, rationally. We propose logic-based methods for modelling and reasoning
about such agents. Each of the presented frameworks addresses a different as-
pect of modelling rational behaviour. Finally, we analyse the complexity of
the corresponding model checking problems.

1.1 Introduction

Temporal logics for specifying and verifying reactive systems have a long tra-
dition in computer science. In [Pnueli, 1977] Amir Pnueli proposed the lin-
ear time temporal logic LTL, a temporal logic to reason about linear time
properties of infinite computations. Properties of the kind “the system never
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ends up in a deadlock” (OO T) or “the reactor will eventually shut down”
(Oshut_down) can be expressed within this logic. Some years later, Edmund
Clarke, Allen Emerson, and Joseph Halpern [Clarke and Emerson, 1981; Emer-
son and Halpern, 1982] proposed the computation-tree logics CTL and CTL*.
These logics allow to quantify over different system behaviours; they model
branching time rather than linear time. The logic CTL is a restricted vari-
ant of CTL* with better computational properties. These logics became the
most popular ones in computer science and are often used for specifying and
verifying reactive systems [Clarke et al., 1986; Queille and Sifakis, 1982].

1.1.1 Agents and Multi-Agent Systems

The temporal logics LTL, CTL*, and their derivatives allow to reason about
(temporal) properties (e.g. fairness, liveness, and safety properties) of reactive
systems. At the end of the 20th century the notion of agent was introduced.
The agent paradigm [Wooldridge, 2000, 2002; Weiss, 1999] provides a neat
way to talk about (distributed) systems which are ascribed additional proper-
ties e.g. heterogeneity, autonomy, pro-activeness, rationality, intelligence, etc.
Agents can be considered as (autonomous, etc.) processes and multi-process
systems as multi-agent systems (MASS). Due to the specific settings and sys-
tems of interest, cooperation and group ability became focal points in research
on MASSs. Formal tools developed for reactive systems turned often out in-
sufficient for the modelling and verification of specific properties (e.g. abilities
of groups of agents) related to MASs. Suitable tools were required to address
the important aspects of cooperation and power.

Alternating time temporal logics (ATLS) were proposed [Alur et al., 1997,
2002] to model open systems and the power of groups of agents. Nowadays
they are among the most popular and influential logics for modelling and
reasoning about strategic abilities of agents.

The logics ATL* and ATL can be considered as multi-agent extensions
of CTL* and CTL, respectively. Path quantifiers are replaced by coalitional
operators ((A)) which allow to reason about the group ability of the team A
of agents. These operators allow for a finer-grained quantification over com-
putation paths (not only universally or existentially). Basic game-theoretic
notions underly the semantics of the ATLS.

In order for a formula ((A))vy being true group A is supposed to have a
winning strategy to enforce . The opponents can behave in arbitrary ways.
Analogously to LTL and CTL* being used for the specification and verification
of reactive (closed systems), the new class of logics is suitbale for specifying
and verifying multi-agent systems (open systems).

However, although extensively studied and applied to MAS, ATLs do
not take into account basic characteristics of MASSs that go beyond the pure
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execution of actions, e.g. agents’ goals or other mental attitudes that influence
agents’ behaviours.

1.1.2 Agents That Act Rationally

ATLSs make use of very basic game-theoretic concepts when it comes to the
joint execution of actions. The use of such methods is very limited. However,
agents are often ascribed other properties like pro-activeness, rationality, or
intelligence which are not addressed in the ATLSs.

Arguably, there is a need to reason about rational agents. In the last
years the variety of products has been steadily increased and new application
domains have arisen. Good examples are the family of e-products: e-auctions,
e-commerce, e-learning, e-gaming, e-book-store, e-recommender-systems, e-
learning-platforms, etc. A characteristic which most of these products share
is the interaction with humans. Programs try, e.g., to support, to influence,
or to inform buyers and sellers. These are scenarios were reasoning about and
the analysis of rational behaviour can pay off. A good mechanism supports
the auctioneer to maximise the money he gets from the participators. The e-
store increases its sales if it suggests products that match with the customers’
interests, etc. Of course, humans do often mot act rationally. Hence, in the
following we consider rationality from a more abstractly as plausible behaviour
with respect to a certain context.

Game theory and the analysis of rational behaviour have a long tradition.
For example, in order to solve games it is usually assumed that players play
rationally (e.g. think about the method of backward induction). So unsur-
prisingly, it it did not take long until research on ATLS has included other
ideas from game theory. Several researchers have considered the interplay be-
tween strategic ability and knowledge (e.g. [van der Hoek and Wooldridge,
2002; Jamroga and van der Hoek, 2004; van Otterloo et al., 2003]). Questions
typically asked were of the following kind:

e Are agents aware that they can win?
e If agents know that they can win do they also know how?

Another focus has been the characterisation and usage of game-theoretic
solution concepts. The idea has been inspired by the way in which games
are analysed in game theory. Firstly, game theory identifies a number of so-
lution concepts (e.g., Nash equilibrium, undominated strategies, Pareto op-
timality) that can be used to define rational behaviour of players. Secondly,
it is usually assumed that players play rationally in the sense of one of the
above concepts, and it is asked about the outcome of the game under this
assumption. The first issue has been studied in the framework of logic, for
example in [Bacharach, 1987; Bonanno, 1991; Stalnaker, 1994, 1996]; more
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recently, game-theoretical solution concepts have been characterised in dy-
namic logic [Harrenstein et al., 2002, 2003], dynamic epistemic logic [Baltag,
2002; van Benthem, 2003], and extensions of ATL [van der Hoek et al., 2005a;
Jamroga et al., 2005]. The second thread seems to have been neglected in logic-
based research: The work [van Otterloo et al., 2004; van der Hoek et al., 2004;
van Otterloo and Roy, 2005; van Otterloo and Jonker, 2004] are the only
exceptions we know of. Moreover, each proposal from [van Otterloo et al.,
2004; van der Hoek et al., 2004; van Otterloo and Roy, 2005; van Otterloo
and Jonker, 2004] commits to a particular view of rationality (Nash equilibria,
undominated strategies etc.).

This is one aspect to rational agents we try to generalise in this thesis.
We propose a logic, alternating time temporal logic with plausibility (ATLP),
that allows to “plug in” any solution concept of choice (that we are able
to formalise). Moreover, we show that this logic does also allow to describe
solution concepts in a more expressive way. The main idea is that we often
know that agents behave according to some rationality assumptions, they
are not completely dumb. Therefore we do not have to check all possible plays
(what is the case for ATLS) — only those that are plausible in some reasonable
sense.

Rationality means more than selecting appropriate strategies. Coalitions
itself should have some underlying rationale in order to work together. In
order to join a coalition, agents usually require some kind of incentive (e.g.
sharing common goals, getting rewards, etc.), since usually forming a coalition
does not come for free (fees have to be paid, communication costs may occur,
etc.). To address this important aspect we extend ATLS by another dimension
which takes the coalition formation process into account. For this purpose we
combine an argumentative approach to coalition formation with the logics’
semantics.

Both extensions are presented in the context of perfect information. Agents
know the current state of the world and the opponents are able to commu-
nicate and cooperate arbitrarily. These assumptions do not always hold in
MASS. For this purpose, we propose two logics to model such settings. For
the first point we combine our method of plausibility used in ATLP with an
epistemic logic for strategic ability. The proposed logic CSLP goes beyond
the pure union of the parts it is composed of. The rationality concept allows
us to neatly define the relationship between epistemic and doxastic concepts.
Secondly, it enables us to analyse rational play under incomplete information
and to describe appropriate solution concepts.

Another angle to incomplete information is addressed by adding prob-
abilistic concepts to ATL. These concepts are used to probabilistically pre-
dict the opponents’ behaviour if their ability to communicate and to find the
“best” strategy is somehow limited. The motivation is that there are sce-
narios in which the common assumption that opponents behave in the most
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destructive way is not sensible. For example, due to the lack of communication
channels agents may not be able to agree on their most destructive counter
strategy. This is the case for multiple Nash equilibria. In order to play a Nash
equilibrium strategy agents are required to signalise which of them they are
going to select. We model this by assuming some probabilistic behaviour of
the opponents.

Finally, we consider yet another angle to rationality in MASS. Up to now
the viewpoint of agents being entities perceiving changes in their environment
and acting according to a set of rules or plans in the pursuit of goals does not
take resources into account. This assumption is not always realistic; especially
in times of shared and globally offered applications the use of them does often
not come for free. In order to be able to model such scenarios we assign costs to
actions and show that the verification problem may become difficult. We show
that it is usually impossible (i.e. undecidable) to reason about such settings
without imposing strong restrictions. In parallel to our work, such settings
were also considered by other researchers [Alechina et al., 2009b,a, 2010].

1.1.3 Verification of Rational Agents

We have motivated the use of logics for modelling rational agents. Apart form
modelling, an automatic way to prove properties and to verify systems is of
great importance. Verification of (multi-)agent systems is among the most
important applications of linear time and strategic logics in computer science.
Above, we have pointed out that LTL and CTL* can be used for the spec-
ification of reactive systems. In particular, the model checking problem has
attracted much attention. Model checking is the process to check whether a
given formula holds in a given model. It is used to check whether a system
complies with a given set of specifications. The complexity of this problem is
proven to be P-complete (resp. PSPACE-complete) for CTL (resp. LTL and
CTL*). Surprisingly, the multi-agent case for the basic logic ATL is not harder.
However, for ATL* it is already 2EXPTIME-complete. In the multi-agent
cases the different settings of perfect information, imperfect information, per-
fect recall, and imperfect recall have an enormous influence on the complexity.
For example, the case for ATL* with perfect recall and imperfect information
is believed to be undecidable [Alur et al., 2002]. Clearly, this limits its practical
use as a verification language for M ASSs.

Thus, in this thesis we do also consider the model checking problems for
our proposed logics. We show that the picture is manifold. In general, the
complexity of verifying rational agents is harder than for the “standard” cases
(i.e. without rationality assumptions). However, we also have positive results
that rationality must not necessarily increase the complexity of model check-
ing. We show that resources make the verification particularly difficult, even
undecidable in many settings.
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1.2 Structure of The Thesis

The thesis is divided into the following five parts.
Part I — Preliminaries

In the first part background material and related work is presented. In Chap-
ter 2 the basic temporal (e.g. LTL, CTL, and CTL*) and strategic logics
(e.g. ATL and ATL*) are introduced. The differences and dependencies be-
tween perfect vs. imperfect recall and perfect vs. imperfect information are
discussed.

Chapter 3 focusses on the connection between games and strategic logics.
A brief introduction to game theory followed by a discussion on logics for
reasoning about games is given. We also discuss logical characterisations of
solution concepts.

Chapter 4 serves as a collection of theoretical background material needed
in the thesis. Firstly, an introduction to complexity theory is given. Then,
we present an argumentative approach to coalition formation and provide
brief introductions to probability theory and to Petri nets. Chapter 5 is on
model checking strategic logics. The general problem is formulated and upper
and lower complexity bounds of the well-known temporal and strategic logics
introduced in Chapter 2 are summarised.

Part II — Rational Agents: Models and Logics

This is one of the two main parts of this thesis. Models and logics for reasoning
about rational agents are presented. In Chapter 6 we propose logics for ratio-
nal agents with perfect information. The logic alternating time temporal logic
with plausibility (ATLP) is introduced and it is shown how it can be used to
characterise game-theoretic solution concepts and how to impose them on the
agents in order to restrict their behaviour. Secondly, ATL is enriched by an
argumentative approach to coalition formation to reason about the abilities
of rational coalitions. The logic is called CoalATL.

In Chapter 7 we consider rational agents under incomplete information.
The logic CSLP (constructive strategic logic with plausibility) is an incom-
plete information extension of ATLP. It allows to characterise and to speak
about imperfect information games. Moreover, the concepts of knowledge and
plausibility allow to define a neat notion of belief. The relations among these
concepts are discussed. We also address another angle to incomplete infor-
mation. The alternating time temporal logic with probabilistic success (pATL)
allows to model abilities of agents under the assumption that the communica-
tion between the opponents is somehow restricted. It cannot be assumed — as
it is done in the ATLs— that the opponents act in the most destructive way.
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In the last Chapter of this part we consider resource-bounded agents.
Firstly, we present resource-bounded logics for the single agent case (RTL
and RTL*). Then, we turn to the more interesting case of multiple agents. We
consider a flexible setting resulting in many different logics.

Part III — Complezity of Verifying Rational Agents

In Part IIT we consider the complexity of model checking the logics introduced
in Part IT. In Chapter 9 we analyse the agents with memory affect the model
checking complexity. In Chapter 10 we analyse the logics for rational play.
Then, in Chapter 11 we consider resources and show that these settings are
generally much harder. Apart from a single-agent case and some restricted
settings we show that the model checking problems are undecidable.

Part IV and V — Conclusion and Appendix

In Part IV we conclude and summarise related work. The last part contains
detailed proofs and some additional material.

1.3 Publications

Some results reported in this thesis have been already published. In the fol-
lowing we list the publications relevant for each chapter.

Chapter 2 includes a part from [Bulling et al., 2010].

Chapter 3 takes chapters from [Bulling et al., 2009b].

Chapter 5 is based on [Bulling et al., 2010] and [Bulling and Jamroga,
2010a, 2009a, 2010b)].

e Chapter 6 incorporates several publications. The sections on ATLP ap-
peared in [Bulling et al., 2009b] which in turn is based on [Bulling and
Jamroga, 2007b; Jamroga and Bulling, 2007b,a]. The sections related to
CoalATL are taken from [Bulling and Dix, 2010] and from [Bulling et al.,
2008, 2009a; Bulling and Dix, 2008].

e Chapter 7 is a combination of work that appeared in [Bulling and Jamroga,
2009b] and [Bulling and Jamroga, 2009¢, 2008].

e Chapters 8 and 11 are based on [Bulling and Farwer, 2010a] and [Bulling
and Farwer, 2010c]|.

e Parts of chapter 9 has appeared in [Bulling and Jamroga, 2010a, 2009a,
2010b).

e Chapters 10 is based on the same publications as Chapters 6 and 7.
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1.4 Notation

In the following we summarise notation used throughout the thesis.

1.4.1 General Symbols

Agt denotes a non-empty and finite set of agents. If not specified otherwise,
we assume that Agt = {1,...,k}. We often use a,b,... and ay,as,... as
placeholders for agents. We use A, A’, B,...to denote groups of agents.

II is a non-empty set of propositional symbols. Propositions are typeset as

follows: p, g, A_proposition, . ... Usually, 7 is used as labelling function.
@ is a non-empty set of states. If not stated otherwise we assume that the
set is finite. Usually, we use ¢,q’, q1, g2, ... as names for states and also as

variables referring to them.

AN, Aq, Ag, ... are used to denote paths.

sq denotes a strategy for agent a

sa isaset {s, | a € A} of strategies, one per agent in A.
sp denotes the empty strategy of the empty coalition.
sal|p is defined as {s, | a € AN B}.

Sala is defined as s, € {s, | a € AN{a}}.

X4 denotes the set of common strategies of A.

N denotes the set of integers {1,2,...}.

Nyp :=NuU {0}

X is the set of all finite and non-empty sequences of elements over X, for
non-empty X.

X* := XT U{e} for non-empty X.

X denotes all infinite sequences of elements over X for non-empty X.

X% := X+ U XY for non-empty X.

1.4.2 Acronyms and Fonts.

AcronyM: For acronyms we use the font ANACRONYM.

L 1 anguage: Logical languages are denoted Lp,;cname

Logicname: Logics are denoted by ID and are considered as triple (£, F=ip
,Struc) consisting of a logical language L, a satisfaction relation, and a
class Struc of models. More precisely, we consider the valid sentences over
this triple. Subscripts may be omitted; as well as, the class of structures
if clear from context.

Proposition: For propositions we use the font proposition.



Part 1

Preliminaries






2

Temporal and Strategic Logics

Contents
2.1 Linear and Branching Time Logics............. 12
2.1.1 The Languages L7y, Lory, and Lopps oo n .. 12
2.1.2  Semantics: LTL, CTL*, and CTL .............. 14
213 CTLT L. 16
2.2 Alternating Time Temporal Logics............. 17
2.2.1 The Languages L p;« and Lapp, - oo ooovnn. .. 17
2.2.2  Perfect Information Semantics: ATLyy, ATLj, .... 18
2.2.3  Imperfect Information Semantics: ATLiy, ATL .. 22
2.2.4  Coalition Logic CL ........... ... ... ....... 25
225 ATLY . .o 26
2.2.6 EATLT ... .. ... 27
2.3 Further Strategic Epistemic Logics............. 29
2.3.1 Alternating-Time Temporal Epistemic Logic:
ATEL ... . 29
2.3.2  Constructive Strategic Logic: CSL ............. 30

In this section we introduce standard logics for reasoning about time
and strategic ability. We present the linear time logic LTL [Pnueli, 1977], the
computation-tree logics CTL and CTL* [Emerson and Halpern, 1986], and
the alternating time temporal logics ATL and ATL* [Alur et al., 2002, 1997,
1998b] as well as variants of them. We use the acronyms LTLs, CTLs, and
ATLs, respectively, to refer to the logics belonging to the same “class”.

For the ATLs we discuss the relations between perfect vs. imperfect in-
formation on one hand, and perfect vs. imperfect recall on the other, and we
show how they give rise to different logics.

We introduce two more logics for reasoning about epistemic properties in a
strategic context. These are the constructive strategic logic (CSL) CSL [Jam-
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roga and Agotnes, 2006, 2007] and the alternating time temporal epistemic
logic ATEL [van der Hoek and Wooldridge, 2003].

Remark 2.1 (Notation). In the rest of this thesis we assume that IT is a non-
empty set of propositional symbols, () a non-empty and finite set of states,
and Agt a non-empty set of agents. If not said otherwise we assume that

Agt ={1,...,k}
and sometimes, in order to make the examples easier to read, we may also use
symbolic names (a,b,c,...) when referring to agents. We use p, r, ... (resp.
q, 4, q1, -..) as typical representatives for propositions (resp. states).

Remark 2.2 (Language, Semantics and Logic). In the following we proceed as
follows. We introduce a logical language, say £, which is defined as a set of
formulae. We write L(Py, Pa,...) to emphasise that the language is built over
parameters P, P,,.... However, if the parameters are clear from context
we omit them; for example, we use £ as a shorthand for £(II). Elements of
L are called L-formulae. Then, we consider (possibly several) semantics for
the language. We refer to each tuple consisting of a language and a suitable
semantics over a class of models as a logic. We can thus consider the logic as
the set of valid formulae over the specified semantics and class of models.

The logic CTL, for instance, is given by the language L, using the
standard Kripke semantics.

2.1 Linear and Branching Time Logics

We begin by recalling two well-known classes of temporal logics: The linear
time logic LTL and the branching time logics CTL and CTL*.

2.1.1 The Languages L;;;, Lorp, and L ;-

L [Pnueli, 1977] extends the language of propositional logic with operators
that allow to express temporal patterns over an infinite sequences of states,
called paths. The basic temporal operators are U (until) and O (in the next
state).

Definition 2.3 (Language L ,; [Pnueli, 1977]). The language L, (1)
is given by all formulae generated by the following grammar, where p € II is
a proposition:

pu=p|op|ene] e | Op.
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L rp-formula O(p A ), for instance, expresses that ¢ and ¢ hold in the
next moment; U states that property ¢ is true at least until ) becomes true
which will eventually be the case. The additional operators ¢ (sometime from
now on) and O (always from now on) can be defined as macros by O = TUp
and Oy = =0—, respectively. The standard Boolean connectives T, L, V, —,
and « are defined in their usual way.

The logic is called linear time since formulae are interpreted over infinite
linear orders of states. CTLs [Emerson and Halpern, 1986] explicitly refer to
patterns of properties that can occur along a particular temporal path, as well
as to the set of possible time series, and thus extend LTL by new branching
time operators. The latter dimension is handled by path quantifiers: E (there
is a path) and A (for all paths) where the quantifier A is defined as macro:
Ap = —E-¢p. The language of CTL*, L ., extends L, by adding the
existential path quantifier E.

Definition 2.4 (Language L ;;- [Emerson and Halpern, 1986]). The
language L ., (II) is given by all formulae generated by the following gram-
mar:

pu=p|op| oA |Ey whereyu=p |y |vAy|Uy| Oy
and p € II. Formulae ¢ (resp. v) are called state (resp. path) formulae.

Additionally, the same abbreviations as for £, are defined. £ ., .-formula
EQy, for instance, ensures that there is at least one path on which ¢ holds
now or at some future time moment. Thus, £ ., .-formulae do not only talk
about temporal patterns on a given path but also quantify (existentially or
universally) over such paths.

Finally, we define a fragment of CTL* called CTL [Clarke and Emerson,
1981] which is strictly less expressive but has better computational properties.
The language £ .y, restricts £ ., « in such a way that each temporal operator
must be directly preceded by a path quantifier. For example, ALJE () p is an
L opp-formula whereas AOOp is not. Although this completely characterises
the language we also provide the original definition in which modalities are
given by path quantifiers coupled with temporal operators. Note that, chrono-
logically, CTL was proposed and studied before CTL*.

Definition 2.5 (Language L ., [Clarke and Emerson, 1981]). The lan-
guage Loy (IT) is given by all formulae generated by the following grammar,
where p € 11 :

pu=plopleAe|E(@Up) | EQ ¢ | EDp.

Again, the Boolean connectives are given by their usual abbreviations. In
addition to that, we define the following: O = TUp, A O ¢ = -E O —y,
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AOgp = =EQ—¢p, and ApUp = —E((—p)U(—p A —1p)) A “EC—1)p. We note that
in the definition of the language the existential quantifier cannot be replaced
by the universal one without losing expressiveness (cf. [Laroussinie, 1995]).

2.1.2 Semantics: LTL, CTL*, and CTL

As mentioned above, the semantics of LTL is given over paths that are infinite
sequences of states from @ and a labelling function « : II — P(Q) that
determines which propositions are true at which states.

Definition 2.6 (Path )\). A path X\ over a set of states Q is an infinite
sequence from Q¥. We also identify it with a mapping Ng — Q. We use \[i]
to denote the ith position on path A (starting from i =0) and A[i, 0] : Ng —
Q@ to denote the subpath Ai,c0] = A[i|A[i + 1]... of A starting from i, i.e.
Ali, 00][j] = Ali + j| for all j € Ny.

Definition 2.7 (Semantics |='TY). Let A be a path and 7 : IT — P(Q)
be a labelling function. The semantics of L, -formulae is defined by the
satisfaction relation =Tt defined as follows:

A, =T piff A[0] € w(p) and p € II;

A ETE < iff not A, ELTY ¢ (we also write A\, YT );

A ETE o A ff A m ET @ and A TR

A EYTY O iff M[1,00], 7 ELTE ; and

A7 EYTY Uy iff there is an i € Ng such that Ai,oo], 7 = 1 and
A[j,00], m BT ¢ for all 0 < j < i.

Thus, according to Remark 2.2, the logic LTL is given by (£, p;, E'™). Paths
are considered as (canonical) models for £;,;-formulae.

For model checking! we require a finite representation of the input A. To
this end, we use a (pointed) Kripke model 91, ¢ and consider the problem
whether an £} ;-formula holds on all paths of 9T starting in g.

Definition 2.8 (Kripke model). A Kripke model (or unlabelled transition
system) is given by M = (Q, R, II, ) where Q is a nonempty set of states (or
possible worlds), R C Q x @ is a serial transition relation on states, Il is a
set of atomic propositions, and 7 : I — P(Q) is a valuation of propositions.
We use Xon to refer to an element X of M. Often, we omit the subscript
(m’t 77‘

An M-path A (or computation) is an infinite sequence of states that refers
to a possible course of action.

! Model checking is the process of checking whether a given formula holds in a
given model.
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Definition 2.9 (M-path, Asn(q)). An M-path (or M-computation) is given
by A € Q55 such that subsequent states are connected by transitions from Rox.
We use the same notation for these paths as introduced in Definition 2.6. For
q € Q we use Agn(q) to denote the set of all M-paths starting in q¢ and we
define Asn as quQ Aom(q). We refer to a path from Agn(q) as a path (I, q)-
path. The subscript N7 is often omitted and we refer to an M-path simply
as path when clear from context.

L o+~ and L opp-formulae are interpreted over Kripke models. In addition
to L;r-(path) formulae (which can only occur as subformulae) it must be
specified how state formulae are evaluated.

Definition 2.10 (Semantics =CTY"). Let M be a Kripke model, g € Q and
A € A. The semantics of L py«- and Loy -formulae are given by the satis-
faction relation IZCTL* as follows:

M, q ET p iff A[0] € m(p) and p € IT;

M, q ETE g iff D, q T p; )

M, q FT oA iff Mg T @ and M, q =T g; )
M, q =CTY Eg iff there is a path \ € A(q) such that M, X\ ECTY o;

and for path formulae by:

m, A |:(:T"* © iff M, A0 |ZCTL* @ for a state formula ¢;

g)t A |:CTL* —y Zﬁ m’ A %CTL* v;

M EETE Y A G iff M A ECTY 4 and M, A E=CTY 6,

M\ ESTE Oy iff A[L, oo, T v, and

M, A ):CTL* UGS iff there is an i € Ngy such that M, N[i,o0] =CTY" § and
M, Aj, 00] ECTY v for all 0 < j < i.

Alternatively, an equivalent state-based semantics for CTL can be given:

M, q =Tt p iff g€ 7w(p) and p € IT;

M, q ET =g iff M, q T

M, q =T oy iff Mg ECTE @ and M, g =T 4);

M, q =CTEEQ ¢ iff there is a path A € A(q) such that 9T, \[1] =¢Tt o;

M, q ECTE EDy  iff there is a path A € A(q) such that 9, A[i] €Tt ¢ for
each i € Ny;

M, q =CTH E@Udsp  iff there is a path A € A(q) such that M, A[i] =CTt o for
some i € Ng, and 0, A4, 0] ECTE ¢ for all 0 < j < 4.

This equivalent semantics underlies the model checking algorithm for CTL
which can be implemented in P rather than PSPACE which is the case for
CTL* (cf. Section 5.2). The logics CTL and CTL* are given by (£ o7y, EC™)
and (L opp- ECT), respectively.
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@& <p

pos,

\_/
pos, pos,

Fig. 2.1. Two robots and a carriage: A schematic view (left) and a Kripke model
Mo that models the scenario (right).

Remark 2.11. Note that model checking problem for an £ ;;-formula ¢ with
respect to a given Kripke model 9 and a state ¢ is equivalent to the CTL*
model checking problem 90, ¢ }ZCT"* Agp.

We end this section with an example.

Ezample 2.12 (Robots and Carriage). We consider the scenario depicted in
Figure 2.1. Two robots push a carriage from opposite sides. As a result, the
carriage can move clockwise or anticlockwise, or it can remain in the same
place — depending on who pushes with more force (and, perhaps, who refrains
from pushing). To make our model of the domain discrete, we identify 3 dif-
ferent positions of the carriage, and associate them with states qg, ¢q1, and gs.
The arrows in transition system 9%y indicate how the state of the system can
change in a single step. We label the states with propositions posg, pos;, posz,
respectively, to allow for referring to the current position of the carriage in
the object language.

For example, we have 9y, g0 =T EQpos;: In state qo, there is a path
such that the carriage will reach position 1 sometime in the future. Of course,
the same is not true for all paths, so we also have that M, g0 =Tt =AQpos;.

2.1.3 CTL*

The language L . . is the subset of £ ;. that requires each temporal op-
erator to be followed by a state formula, but path quantifiers are allowed to
be followed by a Boolean combinations of path subformulae.
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Definition 2.13 (Language £, ;). The language £ . . (II) is given by
all formulae generated by the following grammar: ¢ == p | —~p | p A ¢ |

Ey where v :i= =y |y A~v | oUp | Op, and p € II.

We define the logic CTL™ analogously to CTL*. We would like to point out
that the logic CTL™ is not more expressive than CTL [Emerson and Halpern,
1985] but allows for an exponentially more succinct presentation [Wilke, 1999].
This more compact representation has its price in terms of model checking;
the complexity increases from P to AE (cf. Section 5.2).

2.2 Alternating Time Temporal Logics

In the following we present alternating time temporal logics (ATLS). These
logics can be used to model and to reason about strategic abilities of agents.
We consider semantics based on perfect and on imperfect information. Here
“perfect information” is understood in such a way that agents know the cur-
rent state of the system: Agents are able to distinguish all states of the sys-
tem. This is fundamentally different from the imperfect information setting
presented in Section 2.2.3 where different states possibly provide the same
information to an agent and thus make them appear indistinguishable to it.
This must be reflected in the agents’ available strategies.

2.2.1 The Languages L ,;;« and L .,

ATLS [Alur et al., 1997, 2002] are generalisations of CTLS. In £ , 1.,/ £ 47y,
the path quantifiers E, A are replaced by cooperation modalities {(A)) where
A C Agt is a team of agents. Formula ((A))«y expresses that team A has a
collective strategy to enforce . The definition of the language is given below.

Definition 2.14 (Language L ,,;- [Alur et al., 1997]). The language
L (11, Agt) is given by all formulae generated by the following grammar:

pu=plaploNe| (A)y where y =@ | =y [y Ay [ Uy | O,

A C Agt, and p € II. Formulae ¢ (resp. v) are called state (resp. path)
formulae.

We use similar abbreviations to the ones introduced in Section 2.1.1. In the
case of a single agent a we will also write {(a)) instead of (({a})). An example of
an L, «-formula is ((A)) OOp which expresses that coalition A can guarantee
that p is satisfied infinitely many times (ever and ever again in the future).

The language L 7 restricts £, . in the same way as Ly restricts
L -pp+- Each temporal operator must be directly preceded by a cooperation
modality.
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Definition 2.15 (Language L,r; [Alur et al., 1997]). The language
Lo (IT, Agt) is given by all formulae generated by the following grammar:

pu=ploplene| (A) Ol (ANOp | (A)ply
where A C Agt and p € II.

L oy +-formula ((A))O0p is obviously not a formula of £, as it includes
two consecutive temporal operators. In more general terms, £, does not
allow to express abilities related to, e.g., fairness properties. Still, many in-
teresting properties are expressible. For instance, we can state that agent a
has a strategy that permanently takes away the ability to enforce Op from
coalition B: {(a))O0—-{(B)) O p. As for the two computation tree logics, the
choice between L, . and L ,p; reflects a tradeoff between expressiveness
and practicality.

2.2.2 Perfect Information Semantics: ATL,y, ATL,*y

The semantics for £ ;. and L ,;; are defined over a variant of transition
systems where transitions are labeled with combinations of actions, one per
agent.

Definition 2.16 (CGS). A concurrent game structure (CGS) is a tuple
M = (Agt, Q, I, w, Act, d, o)

which includes a nonempty finite set of all agents Agt = {1,...,k}, a
nonempty set of states Q, a set of atomic propositions Il and their valuation
m: IT — P(Q), and a nonempty finite set of (atomic) actions Act. Function
d: Agt x Q@ — P(Act) defines nonempty sets of actions available to agents at
each state, and o is a (deterministic) transition function that assigns the out-
come state ¢ = o(q, a1, ...,ax) to state ¢ and a tuple of actions {aq, ..., o)
for a; € d(i,q) and 1 < i <k, that can be executed by Agt in q. We also write
d.(q) instead of d(a,q).

It is assumed that all the agents execute their actions synchronously: The
combination of actions together with the current state determines the next
transition of the system.

A strategy of agent a is a conditional plan that specifies what a is going
to do in each situation. It makes sense, from a conceptual and computational
point of view, to distinguish between two types of “situations” (and hence
strategies): An agent might base its decision only on the current state or on
the whole history of events that have happened. A history is considered as a
finite sequence of states of the system.
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Definition 2.17 (IR- and Ir-strategies). A perfect information perfect
recall strategy for agent a (IR-strategy for short)? is a tuple (s.,a) where
Sq : QY — Act is a function such that s,(qoq1 -..qn) € do(qn). The set of
such strategies is denoted by X%,

A perfect information memoryless strategy for agent a (Ir-strategy for
short) is given by a tuple (sq,a) consisting of a function s, : Q@ — Act where
sa(q) € du(q). The set of such strategies is denoted by XI". We will use the
term strategy to refer to any of these two types.

Remark 2.18 (Notation for strategies). In the following we shall identify (sq, @)
with s,. However, formally one has to assume that strategies are given as
tuples. For, otherwise one would not be able to “select” an agent’s strategy
from a set of strategies (cf. Definition 2.19).

We will also consider a memoryless strategy as a perfect recall strategy
satisfying s(hq) = s(h'q) for all h, b/ € Q*.

Definition 2.19 (Collective strategy, sala, sa|s, sp). A collective strat-
egy (memoryless or perfect recall) for a group of agents A = {ay,...,a,} C
Agt is a set

sa={sa|a€ A, s, isa strategy for a}

of strategies, one per agent from A. The set of A’s collective perfect informa-
tion strategies is given by Y1t = [loca YIE (in the perfect recall case) and
Y =Tlaea X (in the memoryless case). The set of all (complete) strategy
profiles is given by X1 = Eé’gt (resp. X" = Egét).

By salq, we denote agent a’s strategy s, of the collective strateqy sa where
a € A;ie spla € 54N X% forx € {R,r}. For a group B of agents we use
salp to refer to B’s collective substrategy; i.e.

salp i =saNXp.
We use the special strategy sy to refer to the empty strategy 0.

Remark 2.20 (Strategies).

(a) For convenience we sometimes refer to a collective strategy as a tuple.
(b) We note that there is a formal difference between s, and s,}. The former
is a strategy the latter is a set containing a strategy.

Function out(q, s 4) returns the set of all paths that may occur when agents
A execute strategy s4 from state ¢ onward.

2 The notation was introduced in [Schobbens, 2004] where 4 (resp. I) stands for
imperfect (resp. perfect) information and r (resp. R) for imperfect (resp. perfect)
recall. Also compare with Section 2.2.3.



20 2 Temporal and Strategic Logics

Definition 2.21 (Outcome). The outcome outon(q,s4) of s from state ¢
in model 9 is the set of all paths A = qoq1q2 - . . such that qo = q and for each

i =1,2,... there exists a tuple of agents’ decisions <o<f;1, . ,04;21) such that
al~l € dy(qi_q) for every a € Agt, and ot~ = sala(qoqr - .- gi—1) for every
a€ A, and o(qi—1, i, . 0l t) =g,

In line with Remark 2.20 we identify outon(q, Sq) with outon(q, {sa}). Of-
ten, we will omit the subscript “M” if clear from context. For an Ir-strategy
sa the outcome is defined analogously: “sala(qoqi - --qi—1)” is simply replaced
by “sala(qi-1)”.

The semantics for £,,; and £ ,,,«, one for each type of strategy, are
shown below. Informally speaking, 9, ¢ = (A))~ if, and only if, there exists a
collective strategy s4 such that - holds for all computations from out(q, s4).

The semantics is defined in a similar way to =Tt from Definition 2.10
only the rule for Ey is replaced.

Definition 2.22 (Perfect information semantics |=;g and =p.). Let M
be a CGS. The perfect information perfect recall semantics for L ,,.,. and
L 471, IR-semantics for short, denoted by |=1r, is defined by the following
clauses:

M, q f=1r p iff A0] € m(p) and p € II;

M, q =1r ~¢ ff M, q ik @;

M, qf=1r e ANV iff M, q =R @ and M, q =1 );

M, q Eir (A)y iff there is an IR-strategy sa € XF for A such that for
every path \ € out(q,s4), we have M, A =R v;

and for path formulae by:

M A i iff MA] Frn ;

m’ A ':IR -y ’Lﬁ mv)\ %IR s

MAERYNANG ff M Ry and M\ =1r d;

M\ =rr Oy iff A[1,00], 7 =1r 75 and

M, A Er YUS iff there is an i € Ny such that M, A[i,00] Er d and
M, Alj, 0] FEir v for all 0 < j <.

The perfect information memoryless semantics for £, -« and L 4pp, Ir-
semantics for short, is given as above but “IR” is replaced by “Ir” everywhere.

Remark 2.23. We note that cooperation modalities are neither “diamonds”
nor “boxes” in terms of classical modal logic. Rather, they are combinations
of both as their structure can be described by “3V”: We ask for the ezistence
of a strategy of the proponents which is successful against all responses of the
opponents.

In [Broersen et al., 2006] it was shown how the cooperation modalities
can be decomposed into two parts in the context of STIT logic. A similar
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decomposition is considered in [Jamroga, 2008b] for the analysis of stochastic
multi-agent systems.

The L .~ path quantifiers A and E can be embedded in £ ;. using the
IR-semantics in the following way: Ay = (@)~ and Ey = (Agt))~.

Analogously to CTL, it is possible to provide a state-based semantics for
L 4 r.- We only present the clause for ((A)) Oy (the cases for the other temporal
operators are given in a similar way):

M, q, =ATE (A)Oep iff there is an Iz-strategy sa € XE such that for all
A € out(g,s4) and i € Ny it holds that M, ¢, AL ¢

where z is either R or r.

This already suggests that dealing with £ 4, is computationally less ex-
pensive than with £ ,,,;.. On the other hand, £, lacks expressiveness:
There is no formula which is true for the memoryless semantics and false for
the perfect recall semantics, and vice versa.

Theorem 2.24. 3 For L ,,;, the perfect recall semantics is equivalent to
the memoryless semantics under perfect information, i.e., M, q Er ¢ iff
M, q =1 0. Both semantics are different for £ ;.

Thus, when referring to £ 4, using the perfect information semantics, we can
omit the subscript in the satisfaction relation .

Definition 2.25 (ATLy, ATL},, ATL, ATL*). We define ATL\x and ATL;,
as the logics (L srp, F1e) and (L 47+, F1e) where x € {r, R}, respectively.
Moreover, we use ATL (resp. ATL*) as abbreviation for ATLig (resp. ATLjg).

We note that ATLjg and ATL,, are equivalent logics (i.e. their sets of validities
coincide). We end our presentation of the language and semantics with an
example.

Ezample 2.26 (Robots and Carriage, ctd.). Transition system 9y from Fig-
ure 2.1 enabled us to study the evolution of the system as a whole. However,
it did not allow us to represent who can achieve what, and how the possible
actions of the agents interact. Concurrent game structure 91, presented in
Figure 2.2, fills the gap. We assume that each robot can either push (action
push) or refrain from pushing (action wait). Moreover, they both use the
same force when pushing. Thus, if the robots push simultaneously or wait
simultaneously, the carriage does not move. When only one of the robots is
pushing, the carriage moves accordingly.

3 The property has been first observed in [Schobbens, 2004] but it follows from [Alur
et al., 2002] in a straightforward way.
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wait,wait
push,push C\

wait,push

wait,wait ) .
g wait,wait
push,push O: push,push
pos, push,wait pos,

Fig. 2.2. The robots and the carriage: A concurrent game structure 91;.

As the outcome of each robot’s action depends on the current action of the
other robot, no agent can make sure that the carriage moves to any particular
position. So, we have for example that My, q0 E —{(1)) Opos1. On the other
hand, the agent can at least make sure that the carriage will avoid particular
positions. For instance, it holds that 9, qo = ((1))0-posy, the right strat-
egy being s1(qp) = wait, s1(g2) = push (the action that we specify for ¢ is
irrelevant).

2.2.3 Imperfect Information Semantics: ATL;y, ATLY

The logics introduced so far include no way of addressing uncertainty that
an agent or a process may have about the current situation. Several exten-
sions capable of dealing with imperfect information have been proposed, e.g.,
in [Alur et al., 2002; Schobbens, 2004; Jamroga and Agotnes, 2007].

Here, we take Schobbens’ version from [Schobbens, 2004] as the “core”,
minimal £, .-based language for strategic ability under imperfect informa-
tion. We use the already defined languages £, and L, but here the
cooperation modalities have an additional epistemic flavour by means of a
modified semantics as we shall show below.* The models can be seen as CGSs
augmented with a family of indistinguishability relations ~,C @ X @, one per
agent a € Agt. The relations describe agents’ uncertainty: ¢ ~, ¢’ means that
agent a cannot distinguish between states g and ¢’ of the system. Each ~, is
assumed to be an equivalence relation. It is also required that agents have the
same choices in indistinguishable states.

4 In [Schobbens, 2004] the cooperation modalities are presented with a subscript:
{(A)ir to indicate that they address agents with imperfect information and im-
perfect recall. Here, we take on a rigorous semantic point of view and keep the
syntax unchanged.
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Definition 2.27 (ICGS). An imperfect information concurrent game struc-
ture (ICGS) is given by

M = <Agt7 Q7 H7 T, ACta du 0, {Na| a € Agt}>

where (Agt, Q, II, 7, Act,d, o) is a CGS, each ~,C @ X Q is an equivalence
relation, and if ¢ ~o ¢’ then d(a,q) = d(a,q’).

Indistinguishability between states can now be extended to histories which
are finite sequences of states. Such finite sequences of states appear identical
to an agent if they have the same length and provide the same information to
the agent at each step.

Definition 2.28 (Indistinguishable histories). Two histories h = qoqs - . -
an € QT and W = qjq; ..., € QT are said to be indistinguishable for agent
a, h ~q 1, if and only if, n =n" and q; ~4 ¢, fori=20,1,...,n.

This means, according to the definition of indistinguishability we deal with
the synchronous notion of recall according to the classification in [Fagin et al.,
1995].

An imperfect information strategy®—memoryless or perfect recall-of agent a
is a plan that takes into account a’s epistemic limitations. An executable strat-
egy must prescribe the same choices for indistinguishable situations. There-
fore, we restrict the strategies that can be used by agents in the following
way.

Definition 2.29 (iR-, ir-strategies). An imperfect information perfect re-
call strategy (iR-strategy for short) of agent a is an IR-strategy satisfying the
following additional constraint: For all histories h,h' € QT, if h ~q h' then
sa(h) = sa ().

An imperfect information memoryless strategy (ir-strategy for short) is an
Ir-strategy satisfying the following constraint: if ¢ ~4 q' then sq.(q) = sa(q’)-

The set of a’s ir (resp. iR) strategies is denoted by X (resp. X% ). A col-
lective iR /ir-strategy is a combination of individual iR /ir-strategies. The set
of A’s collective imperfect information strategies is given by X°F = [Toca YR
(in the perfect recall case) and XY = [[,c4 X (in the memoryless case). The
set of all strategy profiles is given by X" = E&gt (resp. X" = X ).

We use the same notation as introduced in Definition 2.19.

That is, an iR-strategy is required to assign the same actions to indistin-
guishable histories. As before, a perfect recall strategy (memoryless or not)
assigns an action to each element from Q.

The outcome function out(q,s4) for the imperfect information cases is
defined as before (cf. Definition 2.21).

5 Also called uniform strategy.
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Definition 2.30 (Imperfect information semantics ;g and ;). Let
M be an ICGS, and let img(q, p) = {q' | p(q,q")} be the image of state q wrt.
a binary relation p. The imperfect information perfect recall semantics (iR-
semantics) for £ 4« and L 4rp, denoted by =g, is given as in Definition 2.22
with the rule for ((A)~y replaced by the following clause:

M, q =ir (A)y iff there is an iR-strategy sa € X such that, for each
q" € img(q,~4) and each A € out(sa,q’), we have M, N E;r v (where

~ai= Uy p ~a)-

The imperfect information memoryless semantics for L .. and L pp, ir-
semantics for short, is given as above but “iR” is replaced by “ir” everywhere.

Note that M, q E;. (A)7 requires A to have a single strategy that is
successful in all states indistinguishable from q.

Remark 2.31 (Implicit knowledge operators). We note that some knowledge
operators are implicitly given by the cooperation modalities if the imperfect
information semantics is used. In this setting a formula {(A))~ is read as fol-
lows: Each agent in A knows that they (the agents in A) have a collective
strategy to enforce «. In particular, one can express K,p (“a knows that
©”) by {aY)oUep, and Egp (“everybody in A knows that ¢”) by (A)elUe.
More sophisticated epistemic versions of ATL which contain explicit knowl-
edge operators (including ones for common and distributed knowledge) are,
for instance, considered in [Jamroga and Agotnes, 2007; van der Hoek and
Wooldridge, 2003; van Otterloo et al., 2003; Goranko and Jamroga, 2004]. We
present some of these settings in Section 2.3.2.

Definition 2.32 (ATLi, ATL}). We define ATLi and ATL}, as the logics
(L aprs Fiz) and (L 477+, Fiz) where x € {r, R}, respectively.

Ezample 2.33 (Robots and Carriage, ctd.). We refine the scenario from Exam-
ples 2.12 and 2.26 by restricting perception of the robots. Namely, we assume
that robot 1 is only able to observe the colour of the surface on which it is
standing, and robot 2 perceives only the texture (cf. Figure 2.3). As a conse-
quence, the first robot can distinguish between position 0 and position 1, but
positions 0 and 2 look the same to it. Likewise, the second robot can distin-
guish between positions 0 and 2, but not 0 and 1. We also assume that the
agents are memoryless, i.e., they cannot memorise their previous observations.

With their observational capabilities restricted in such way, no agent can
make the carriage reach or avoid any selected states singlehandedly. E.g.,
we have that Ma, qo i (1)) d-pos;. Note in particular that strategy sy
from Example 2.26 cannot be used here because it is not uniform (indeed,
the strategy tells robot 1 to wait in gy and push in g3 but both states look
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E_b wait,wait
e push,push C\

wait,wait
push,push

pes: wait,wait
onsz 0 push,push

Fig. 2.3. Two robots and a carriage: A schematic view (left) and an imperfect
information concurrent game structure M, that models the scenario (right).

the same to the robot). The robots cannot even be sure to achieve the task
together: My, qo =i —(1, 2)) Oposy (when in go, robot 2 considers it possible
that the current state of the system is g, in which case all the hope is gone).
So, do the robots know how to play to achieve anything? Yes, for example they
know how to make the carriage reach a particular state eventually: Mo, g0 Eir
{(1,2) Oposy etc. — it suffices that one of the robots pushes all the time and
the other waits all the time. Still, M2, go =ir ={(1, 2)) O0posy, (for © = 0,1, 2):
there is no memoryless strategy for the robots to bring the carriage to a
particular position and keep it there forever.

Most of the above properties hold for the iR-semantics as well. Note,
however, that for robots with perfect recall we do have that Mo, q0 Fir
(1, 2) O0Oposx. The right strategy is that one robot pushes and the other waits
for the first 3 steps. After that, they know their current position exactly, and
can go straight to the specified position.

2.2.4 Coalition Logic CL

Coalition logic (CL), introduced in [Pauly, 2002], is another logic for modelling
and reasoning about strategic abilities of agents. The main construct of CL,
[A]e, expresses that coalition A can bring about ¢ in a single-step game.

Definition 2.34 (Language L, [Pauly, 2002]). 7The language
Lo (I, Agt) is given by all formulae generated by the following grammar:
pu=p|lop|eAe|[Ale, wherep € II and A C Agt.

In [Pauly, 2002], coalitional models have been chosen as semantics for £ ;.
These models are given by (@, E, ) consisting of a set of states @, a playable
effectivity function E, and a valuation function . The effectivity function
determines the outcomes that a coalition can guarantee to achieve, i.e., given
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a set X C @ of states a coalition C is said to be effective for X iff it can
enforce the next state to be in X. However, in [Goranko and Jamroga, 2004]
it has been shown that CGSS provide an equivalent semantics, and that CL
can be seen as the next-time fragment of ATL. Hence, for this presentation we
will interpret £, -formulae over CGSs, and consider [A]p as an abbreviation
for ((A)) O . The various logics CLyy that we obtain using the semantics =g,
for x € {i,I} and y € {r, R} are defined analogously to ATL,y.

2.2.5 ATLT

The language £ A+ 18 the subset of £ , ., - that requires each temporal opera-
tor to be followed by a state formula, but cooperation modalities are allowed to
be followed by Boolean combinations of £ ,,;-based path formulae. Formula
{(A) (Bp A Oq), for instance, is an £, ;-formula but not an £ 4, -formula.
Formally, the language is given as follows:

Definition 2.35 (Language £ . ;). The language £ , . . (II, Agt) is given
by all formulae generated by the following grammar: ¢ ==p | =p | ¢ A |
(A where v = =y |y Ay [ @Up | Op, A C Agt and p € I1.

We define the various logics emerging from £, ;. together with one
of the introduced semantics analogously to the case of L ,,;.. The logic
ATL,JFR is strictly more expressive than ATLjgr (contrary to common belief,
each ATL,JFR formula can only be translated to an equivalent ATLjr for-
mula if the “release” or “weak until” operator is added to the language
of £, [Bulling and Jamroga, 2010a; Laroussinie et al., 2008; Harding
et al., 2002]) but it enables a more succinct encoding of properties (this
follows from the results in [Wilke, 1999]). Still, many formulae of ATLq
have their equivalent counterparts in ATL. For instance, the ATL,JFR formula
{(jamesbond)) (O—crash A Oland) can be equivalently rephrased in ATL as
{(jamesbond)) (—crash)U (land A {(jamesbond))(-crash).

In particular, we have that ATLI'E formulae can be equivalently translated
into ATLjgr with the “weak until” operator [Harding et al., 2002]. We observe
that in some cases the translation results in an exponential blowup of the
length of the formula. Thus, ATL,JFR has the same expressive power as “vanilla”
ATL g with “weak until”, but it seems to allow for exponentially more succinct
and intuitive specifications of some properties (in a similar way to CTL™ vs.
CTL, cf. [Wilke, 1999]).

In Section 5 we shall see that the more succinct language has its price:
The model checking problem becomes computationally more expensive.

It is well known that the memoryless and perfect recall semantics for £ 4,
formulae coincide [Alur et al., 2002; Schobbens, 2004] (cf. Theorem 2.24). The

same is not true for £ ..., and in fact, already for £ AL+ As a consequence,
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L, + can be seen as the minimal well-known syntactic variant of the al-
ternating time logics that distinguishes between the memoryless and perfect
recall semantics.

We note that the IR- and Ir-semantics yield different validities for £
For example, the formula

(A (Op1 A Op2) < (AN O((Pr A (A)OP2) V (p2 A ((A)) Op1))

is valid in the perfect recall semantics (IR), but not in the memoryless variant
(Ir). Since ATLjg and ATL,, have the same validities, £ATL+ can also be seen
as the minimal variant of the alternating time logics for which the IR- and
Ir-semantics give rise to different logics in the traditional sense (as sets of
valid sentences).

In conceptual terms, we can use £, ;. to specify a set of goals that should
be achieved without saying in which order they should be accomplished,
like in ((robot))(OcleanRoom A OpackageDelivered). Moreover, £, . allows
for reasoning about what can be achieved under certain assumptions about
the agents’ behaviour, as Example 2.36 shows. This kind of properties has
been especially studied in deontic logic and normative systems (e.g., [Lomus-
cio and Sergot, 2003, 2004; Wozna and Lomuscio, 2004; van der Hoek et al.,
2005b]), but also in reasoning about plausible behaviour of agents [Bulling
and Jamroga, 2007a].

ATL*"

Ezample 2.36. Consider a class of systems, each represented by a concurrent
game structure 9t and a collection of behavioural constraint sets B,, one per
agent a € Agt. Like in [van der Hoek et al., 2005b], we define each behavioural
constraint from B, to be a pair (g, ), with the underlying interpretation that
action « is forbidden for agent a in state ¢ (for instance, by a social norm
or law). Such representations can be reconstructed into a single CGS 9V by
adding special propositions V., a € Agt, with the intuitive meaning “agent
a has committed a violation with its last action”. If necessary, several copies
of an original state ¢ from 97 can be created, with different configurations of
the V, labels. Note that 9 is only linearly larger than 9T wrt the number of
original transitions in 9.

Now, property “a can enforce property + while complying with social
norms” can be captured in 9 by the £, . ,-formula (a))((0-Va) A 7). A
similar property, “b can enforce v provided that a complies with norms” can
be expressed with (b)) (O-V,) — 7).

2.2.6 EATLT

Fairness conditions allow to focus on computations where no agent is neglected
wrt given resources (e.g., access to power supply, processor time, etc.). Fairness
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is extremely important in asynchronous composition of agents. In general, it
may happen that requests of a group A C Agt are postponed forever in
favour of actions from other agents. As a consequence, if we want to state
any positive property about what A can achieve, we need to refer explicitly
to paths where A’s actions are always eventually executed. To this end, it is

enough to augment £, . with the “always eventually” combination ¢ as

an additional primitive 5.

Definition 2.37 (L, ., +). Lo, (I, Agt) is a subset of L, -(I1,Agt)
obtained by extending L , ..., -path formulae. The language is given as follows:

pu=p|-p|oAp| (A7, where y =~y |y Ay | Op | Uy | Gp.

We note that in £ ./, O&o is expressible by [0y . Hence, we can use the
ordinary £ ;. --semantics to give truth to £, .. . -formulae.

By the fact that ECTLT is more expressive than CTLT (which follows
from ECTL being more expressive than CTL [Emerson, 1990]), we conjecture
that EATLI'E is also more expressive than ATL,JIQ. In particular, we conjecture
that fairness constraints cannot be expressed in ATL,‘,;; that is, EATLF; is
strictly more expressive than ATL,JFR.

Hence the importance of EAT L,J,Q which allows for reasoning about the out-
come of fair computations in model 1. This is extremely important for the
specification and verification of agents that act in an asynchronous environ-
ment. For example, most agent (and multi-agent) programming frameworks
assume an asynchronous execution platform. In such settings, the following
property from [Dastani and Jamroga, 2010] holds.

Proposition 2.38 ([Dastani and Jamroga, 2010]). Let 9 be a multi-
agent program model, q a state in M, and ¢ an ATL formula. If there is a

path in M, q on which ¢ never holds, then there must be an agent i in M so
that, for each coalition A C Agt \ {i}, we have M [~ (A)) Op.

In other words, if the design of the program does not guarantee that ¢ must
eventually happen, then the execution platform (agent 4 in the proposition
above) can prevent actions of every coalition of “real” agents (from Agt \ {i})
and prevent them from achieving ¢.

In EATL&, this can be overcome by putting fairness constraints explicitly
in the formula. To make our discussion more concrete, let us assume that 9t
is an asynchronous CGSs as defined in [Alur et al., 2002]. That is, 9 is a
CGS where agent k is designated as the scheduler. The scheduler’s task is to
choose the agent whose action is going to be executed, i.e., di(q) = Agt \ {k}
for every q € @, and for every pair of action profiles «, &’ that agree on the
action of agent j we have o(q, a,j) = 0(q, @', j). In our construction, we also
assume that transitions by different agents lead to different states (o(q, ¢, i) #
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o(q,a’, j) for i # j). Moreover, each state is labeled by proposition act;, where
i is the agent whose action was executed last.

Now, for example, the £ BATL+ formula
{(1,2) ((dacty A dacty) — OcleanRoom)

says that agents 1 and 2 can cooperate to make the room clean for each course
of events on which no agent is blocked forever.

2.3 Further Strategic Epistemic Logics

In the previous section we have introduced extensions of ATLS by incomplete
information (iR- and ir-semantics). The epistemic part was purely semantical
and directly incorporated into the denotation of the cooperation modalities.
There are more general attempts to logics combining strategic and epistemic
concepts. The alternating time temporal epistemic logic ATEL from [van der
Hoek and Wooldridge, 2003] extends ATL by standard knowledge operators.
The logics feasible ATEL [Jonker, 2003], uniform ATEL [Jamroga, 2003] and
alternating time temporal observational logic [Jamroga and van der Hoek,
2004] are of the same kind and overcome some problems encountered with
ATEL. Similarly, epistemic temporal strategic logic [van Otterloo and Jonker,
2004] restricts to undominated strategies. Finally, the logic CSL (constructive
strategic logic) has been proposed in [Jamroga and Agotnes, 2006, 2007], an
expressive logic that combines strategic and epistemic reasoning in a neat way.
The latter comes for the cost of a non-standard semantics. In the following, we
will present ATEL and CSL in more detail; the latter is used as the underlying
logic of CSLP presented in Section 7.1. In that section we also point out the
benefits of CSL. For a detailed discussion and a general overview of epistemic
logics we refer to the original papers and to [Jamroga and Agotnes, 2007;
Jamroga and van der Hoek, 2004; Jamroga, 2004].

2.3.1 Alternating-Time Temporal Epistemic Logic: ATEL

The alternating time temporal epistemic logic ATEL [van der Hoek and
Wooldridge, 2003] is a fusion of ATL with a standard S5 epistemic logic
together with group, distributed and common knowledge operators. The lan-
guage of ATEL is given as follows:

=1 | Kyp | Cap | Eap where ¥ € L 41y

a € Agt and A C Agt. The epistemic operators have their standard meaning
(from left to right): a knows ¢, group A has common knowledge that ¢,
and everybody in A knows that ¢. In [van der Hoek and Wooldridge, 2003]



30 2 Temporal and Strategic Logics

alternating epistemic transitions systems were used to provide a semantics for
the logic. Equivalently, we use ICGSS from Definition 2.27 (let 9 be such a
model) and extend the Ir-semantics from Definition 2.22 to give a meaning
to the epistemic operators:

M, q =5 Ko iff for all ¢’ € Qo with g ~, ¢’ we have that M, ¢’ = @,
M, q =1 Eap iff for all ¢ € Qo with ¢ ~§ ¢’ we have that M, ¢’ =p ¢,
M, q =1 Cap iff for all ¢ € Qon with ¢ ~§ ¢’ we have that 9, ¢’ =1, o,

where ~5:=J,c 4 ~a and ~G:= (~§)*. The latter denotes the reflexive and

transitive closure of ~%. As mentioned in the literature, e.g. in [Jamroga,
2003; Jamroga and van der Hoek, 2004; Jonker, 2003], the logic yields some
counterintuitive settings when it comes to the interplay of strategic ability and
knowledge. The formula K, {a))¢, for instance, expresses that a knows that it
has a strategy to enforce . However, a might not be able to identify a strategy
since there can be a different winning strategy in each of the indistinguishable
states. But the incomplete knowledge makes it impossible for the agent to
identify (and thus execute) the correct strategy in each of these states.

In [Jonker, 2003] an extension of ATEL named feasible ATEL has been
proposed in which additional modalities are introduced focussing on uniform
strategies. We have introduced the notion ir-strategy to refer to the latter
kind of strategies (cf. Definition 2.29).

2.3.2 Constructive Strategic Logic: CSL

In this section we present constructive strategic logic CSL [Jamroga and
Agotnes, 2006, 2007] which we will later extend by a concept of plausibility to
reason about rational agents under incomplete information (see Chapter 7).
On top of standard epistemic operators the language of CSL comes with con-
structive epistemic operators. The latter kind of operators model constructive
knowledge of agents: Knowledge about the existence of a strategy does imply
that the agents are also able to identify it.

Definition 2.39 (Lg;). The logic L g, (I, Agt) is generated by the follow-
mg grammar:

¢ =1 | Cap | Eap | Dag where v € £z, (IT, Ag).

Individual constructive knowledge operators are defined as K, := Cyqy
and the standard epistemic operators (occurring, e.g., in ATEL) as

Katp := Ko (0)) pUhp

and analogously for standard common (C4), mutual (E4), and distributed
knowledge (D4) operators (cf. [Jamroga and Agotnes, 2007] for details).
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ICGSs from Definition 2.27 serve as models for CSL. Now we define the
notion of formula ¢ being satisfied by a (non-empty) set of states @’ in model
M, written M, Q" E ¢. We will also write M, q = ¢ as a shorthand for
M, {q} E . It is the latter notion of satisfaction (in single states) that we
are ultimately interested in—but it is defined in terms of the (more general)
satisfaction in sets of states. Let img(q, R) be the image of state ¢ with respect
to binary relation R, i.e., the set of all states ¢’ such that ¢Rq’. Moreover, we
use out(Q’, s4) as a shorthand for (J, . out(q,s4) (cf. Definition 2.21), and
img(Q’,R) as a shorthand for J, ¢, img(q, R).

Definition 2.40 (Semantics, CSL). Let M be an ICGS. The semantics for
L gy, denoted by [=csu, is given by the following clauses:

M, Q' =csu p iff p € 7(g) for ecach q € Q';

M, Q' FcsL ~ iff M, Q' FcsL w5

M, Q' FesL ¢ AN iff M, Q" FesL ¢ and M, Q' F=esL 5 _

M, Q' E=cst (A) O o iff there exists an ir-strategy s4 € XY such that, for
each A € out(Q’', s4), we have that M, {\[1]} FcsL ¢;

M, Q' =cst (A) Oy iff there exists an ir-strategy sa € X% such that, for each
A € out(Q’',s4) and i € Ny, we have M, {\[i]} EcsL ¢;

M, Q" EcsL (A) U iff there exists an ir-strategy sa € X7 such that, for
each X € out(Q’,s4), there is an i € Ny for which M, {\[i]} FEcsL ¥ and
M, (A1} Fest @ for cach 0 < j < 1. A

M, Q' =csL Kag iff M,img(Q', ~%) EcsL ¢ (where K = C,E,D and K =
C,E, D, respectively).

where relations ~%, Ng and ~ | used to model group epistemics, are derived
from the individual relations of agents from A. First, ~% is the union of
relations ~,, a € A. Next, ~G is defined as the transitive closure of ~%.
Finally, ~% is the intersection of all the ~4, a € A.

The macros of the standard epistemic operators may seem awkward but
they actually meet the expected semantics as illustrated below:

M, Q" Fcst Kayp

iff 90, img (@, ~C,,) s (0) el

iff for each A\ € out(img(Q’, N{Ca}), 0), M, A[0] EcsL @

iff for each ¢ € img(Q’, N{Ca})’ M, q =csL -

Due to the non-standard semantics, knowledge is an KD/5-modality; the

truth axiom 7 is not valid. This issue is discussed in more detail in [Jamroga
and Agotnes, 2007].
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In this chapter we analyse the connection between game theory and strate-
gic logics. We show how these logics can be used to characterise game-theoretic
solution concepts. In Part II of this thesis we use descriptions of the latter
kind to model and to reason about agents’ rational behaviour.

3.1 Concepts From Game Theory

The following introduction to game theory is taken from [Bulling et al., 2009b]
which in turn is mostly based on [Osborne and Rubinstein, 1994].

We start with the definition of a normal form game, also called strategic
game. We follow the terminology of [Osborne and Rubinstein, 1994].

Definition 3.1 (Normal Form (NF) Game, a;, a_;). A (perfect infor-
mation) normal form game I, is a tuple of the form I' = (P, A1, ..., Ag, 1),
where
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1\ 2 ab a3
L{ <Il’1(a%aa%)7”2(a}7a§)> </.l,1(a%,a%),,u2(a%,a§)>
a’% <ul(a§7a%),u2(a%7a§)> (ul(alva%)7“2(a%7a%)>

Fig. 3.1. Payoff matrix for 2 players and 2 x 2 strategies

1\ 2| Head | Tail 1\ 2 C D 1\ 2| Dove | Hawk
Head|(1,-1)[(-1, 1) | | C [(3,3)[(0,5) | |Dove|(3,3)|(1, 4)
Tail |(-1,1)[(1,-1)| | D [(5,0)[(1, 1)| |Hawk|(4, 1)|(0, 0)

Fig. 3.2. Payoff matrices for Matching Pennies, Prisoner’s Dilemma, and Hawk-
Dove. Nash equilibria are set in bold font.

e P is a finite set of players (or agents), with |P| =k,

o A; are nonempty sets of actions (or strategies) for player i,

e u: P — (xF, A — R) is the payoff function (which we also write
<,U/1,...,,LL]€>)-

Combinations of actions (resp. strategies, payoffs), one per player, will be
called action profile (resp. strategy profile, payoff profile). Given a strategy
profile a € x¥_| A; we write a; (resp. a_;) to denote i’s strategy a; (resp. the
strategy profile (a1, ...,a;—1,Git1,...,ax) of all players apart from i). More-
over, we use (a;,a’_;) to refer to the complete strategy profile resulting from
combining the strategies a_; with the strategy a;.

Such games are usually depicted as payoff matrices. For example, a game
with 2 players having 2 strategies each is represented by the matrix in Fig-
ure 3.1.

Ezample 3.2 (Classical NF Games). Some classical NF games with 2 players
and 2 strategies are shown in Figure 3.2. In the Matching Pennies game, player
1 wins when both pennies show the same side. Otherwise player 2 wins. In
the Prisoner’s Dilemma, two prisoners can either cooperate or defect with the
police. Finally, the Hawk-Dove game is similar, but the payoffs are different.
The higher the payoff the better it is for the respective player.

Definition 3.3 (Solution concepts in games). There are several well-
known solution concepts such as follows.

Best Response (BR): A strategy a; is a best response of i against a_; if it
is among the best strateqy © can chose if the opponents play a_;; i.e.

VCL,/L- S Az (,ui((a—hai)) Z :U‘Z((a—zaa;)))
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Nash Equilibrium (NE): A strategy profile such that no agent can unilat-
erally deviate from its strateqy and get a better payoff; i.e., a profile a* is
a NE if for each player i, af is a best response to a* ;.

Pareto Optimality (PO): There is no other strategy profile that leads to a
payoff profile which is at least as good for each agent, and strictly better
for at least one agent; i.e., a* is PO if there is no profile a’ such that for
all players i, p;(a’) > p;(a*) and for some player j, pj(a’) > p;(a*).

Weakly Undominated Strategies (UNDOM): These are strategies that
are not dominated by any other strategy, i.e., a; is weakly undominated
for i if there is no strategy al at least as good for all the responses of the
opponent, and strictly better for at least one response.

We point out that some solution concepts yield sets of individual strategies
(UNDOM), while others produce rather sets of strategy profiles (NE, PO).

In the examples from Figure 3.2, there is no Nash equilibrium for the
Matching Pennies game, exactly one Nash equilibrium for the Prisoner’s
Dilemma (namely, the strategy profile (D, D)), and two Nash equilibria for
the Hawk-Dove game ({Hawk, Dove) and (Dove, Hawk)).

In NF games, agents do their moves simultaneously: They do not see the
move of the opponents and therefore cannot act accordingly. On the other
hand, there are many games where the move of one player should depend on
the preceding move of the opponent, or even on the whole history. This idea
is captured in games of extensive form.

Definition 3.4 (Extensive Form (EF) Game). A (perfect information)
extensive (form) game I' is a tuple of the form I' = (P, A, H, ow,u), where:

P is a finite set of players,
A a finite set of actions (mowves),
H is a set of finite action sequences (game histories), such that (1) € H,
(2) if h € H, then every initial segment of h is also in H. We use the
notation A(h) = {m | hom € H} to denote the moves available at h, and
we define Term = {h | A(h) = 0}, the set of terminal positions,

e ow:H — P defines which player “owns” history h, i.e., has the next move
given h,

o u:P xTerm — U assigns agents’ utilities to every terminal position of
the game.

We will usually assume that the set of utilities U is finite.
Such games can be easily represented as trees of all possible plays.

Ezample 3.5 (Bargaining). Consider bargaining with discount [Osborne and
Rubinstein, 1994; Sandholm, 1999]. Two players, 1 and 2, bargain about how
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o o

Fig. 3.3. The bargaining game.

to split goods worth initially wy = 1 EUR. After each round without agree-
ment, the subjective worth of the goods reduces by discount rates §; (for
player a1) and do (for player as). So, after ¢ rounds, the goods are worth
(6%, 65), respectively. Subsequently, a; (if ¢ is even) or ay (if ¢ is odd) makes
an offer to split the goods in proportions (z,1 — ), and the other player
accepts or rejects it. If the offer is accepted, then a; takes zd!, and ay gets
(1—x)d%; otherwise the game continues. The (infinite) extensive form game is
shown in Figure 3.3. Note that the tree has infinite depth as well as an infinite
branching factor.

In order to obtain a finite set of payoffs, it is enough to assume that
the goods are split with finite precision represented by a rounding function
r : R — R. So, after ¢ rounds, the goods are in fact worth (r(d%),r(d%)),
respectively, and if the offer is accepted, then a; takes r(zdt), and ap gets
r(1 - 2)o%).

A strategy for player i € P in extensive game I is a function that assigns
a legal move to each history owned by i. A strategy profile (i.e., a combination
of strategies, one per player) determines a unique path from the game root (()
to one of the terminal nodes (and hence also a single profile of payoffs). As a
consequence, one can construct the corresponding normal form game NF(I")
by enumerating strategy profiles and filling the payoff matrix with resulting
payoffs.

Ezample 3.6 (Sharing Game). Consider the Sharing Game in Figure 3.4A. Tts
corresponding normal form game is presented in Figure 3.4B. Firstly, player
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0,00 (2,00 (0,00 (1,1 (0,00 (0,2

1\ 2| nnn | nny | nyn | nyy | ynn | yny | yyn | yyy
)|(0, 0)|(0, 0)| (0, 0) | (0, 0) (2, 0)|(2, 0)|(2, 0)|(2, 0)
(1,1)[ (0, 0) | (0, 0) | (1, 1)[(2, 1)| (0, 0) | (0, 0) | (1, 1) | (1, 1)
)| (0, 0)|(0, 2)| (0, 0) | (0, 2) | (0, 0) | (0, 2)] (0, 0) | (0, 2)

Fig. 3.4. The Sharing game: (A) Extensive form; (B) Normal form. Nash equilibria
are set in bold font. A strategy abe (a,b,c € {y,n}) of player 2 denotes the strategy
in which 2 plays a (resp. b, ¢) if player 1 has played (2,0) (resp. (1,1), (0,2)) where
n refers to “no” and y to “yes”.

1 can suggest how to share, say, two 1 EUR coins. E.g. (2,0) means that 1
gets two EUR and 2 gets nothing. Subsequently, player 2 can accept the offer
or reject it; in the latter case both players get nothing.

The game includes 3 strategies for player 1 (which can be denoted by the
action that they prescribe at the beginning of the game), and 8 strategies for
player 2 (generated by the combination of actions prescribed for the second
move), which gives 24 strategy profiles in total. However, not all of them seem
plausible. Constraining the possible plays to Nash equilibria only, we obtain
9 “rational” strategy profiles (cf. Figure 3.4B), although it is still disputable
if all of them really “make sense”.

A subgame of an extensive game I is defined by a subtree of the game
tree of I.

Definition 3.7 (Subgame Perfect Nash Equilibrium (SPN)). This so-
lution concept is an extension of NE: A strategy is a SPN in I' if it is a NE
in I' and, in addition, a NE in all subgames of I".

Ezample 3.8 (Sharing Game ctd.). Consider again the game from Exam-
ple 3.6. While the game has 9 Nash equilibria, only two of them are subgame

perfect (((2,0),yyy) and ((1,1), nyn)).
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Ezample 3.9 (Bargaining ctd.). We consider the bargaining game from Exam-
ple 3.12. The game has an immense number of possible outcomes. Still worse,
every strategy profile

. ) a1 always offers (z,1 — z), and agrees to (y,1 —y) for y > =
s*
ag always offers (x,1 — z), and agrees to (y,1 —y) iff l —y >1—=x

is a Nash equilibrium (NE): An agreement is reached in the first round. Thus,
each split (z,1—x) can be achieved through a Nash equilibrium; it seems that
a stronger solution concept is needed. Indeed, the game has a unique subgame
perfect Nash equilibrium. Because of the finite precision, there is a minimal
round T with (57 ') = 0 for i = 1 or i = 2. For simplicity, assume that i = 2
and agent a; is the offerer in T (i.e., T'is even). Then, the only subgame perfect

xr
NE is given by the strategy profile s* with k = (1 — 52)% + (6:102) 7.

The goods are split (k, 1 — k); the agreement is reached in the first round (cf.
Section A.4).1

3.2 Reasoning about Games

In this section we present some important ideas that form the starting point
for later sections when analysing the behaviour of rational agents (cf. Chapter
6 and 7). We discuss informally how the notion of strategic ability in ATL can
be refined so that it takes into account only “sensible” behaviour of agents
and we summarise a correspondence between extensive games and CGSSs, the
models of ATLS. Subsequently, we present two logics that can be used to
implement these ideas from game theory directly. The first logic Game Logic
with preferences GLP [van der Hoek et al., 2004] does so in a limited way.
The other extension of ATL, called ATLI (“ATL with Intentions”) [Jamroga
et al., 2005], is more general and will later serve as an intermediate logical
framework and as a motivation for our logic ATLP defined in Section 6.1.
Finally, we demonstrate how several game-theoretical solution concepts can
be expressed in ATLI. For this purpose we introduce general or qualitative
solution concepts, where ATL path formulae are used to define the winning
conditions, instead of utilities.

3.2.1 ATL and Rational Play

We begin this section with an example.

! For the standard version of bargaining with discount (with the continuous set of
payoffs [0, 1]), cf. [Osborne and Rubinstein, 1994; Sandholm, 1999]. Restricting
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Fig. 3.5. Asymmetric matching pennies: (A) Concurrent game structure 9;. In
qo the agents can choose to show head or tail. Both agents can only execute action
nop (no operation) in states qi, ¢2,¢s. (B) The corresponding NF game. We use s;
(resp. s:) to denote the strategy in which the player always shows head (resp. tail)
in go and nop in qi1, g2, and qs.

Ezample 3.10 (Asymmetric matching pennies). Consider a variant of the
matching pennies game, presented in Figure 3.5A. Formally, the model is
given as follows:

My = ({1,2},{q0,q1, q2, g3}, {start, money;, money, }, 7, { head, tail, nop},d, o)

where 7 is defined as in the picture (w(qo) = {start} etc.), d(a,q0) =
{head, tail} for a = 1,2, and d(a,q) = {nop} for a = 1,2 and q = q1, ¢2, g3-
The transition function o can also be read off from the picture. We use nop
(no operation) as a “default” action in states g1, ¢2, and g3 that brings the
system back to the initial state. The intuition is that the game is played ad
infinitum. Alternatively, one might add loops to states ¢, g2 and g3 to model
a game that is played only once.

If both players show heads in qg, both win a prize in the next step; if
they both show tails, only player 2 wins. If they show different sides, nobody
wins. Note that, e.g., My,q0 E (2))0-money;, because agent 2 can play
tail all the time, preventing 1 from winning the prize. On the other hand,
My, q0 = —{2))Omoney,: Agent 2 has no strategy to guarantee that it will
win.

The CGS in Figure 3.5A determines the set of available strategy profiles.
However, it does not say anything about players’ preferences. Suppose now
that the players are only interested in getting some money sometime in the

the payoffs to a finite set requires to alter the solution slightly [Stahl, 1972; Mas-
Colell et al., 1995], see also Appendix A 4.
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future (but it does not matter when and/or how much). The corresponding
normal form game under this assumption is depicted in Figure 3.5B.

Such an analysis of the game is of course correct, yet it appears to be
quite coarse. It seems natural to assume that players prefer winning money
over losing it. If we additionally assume that the players are rational thinkers,
it seems plausible that player 1 should always play head, as it keeps the pos-
sibility of getting money open (while playing tail guarantees loss). Under this
assumption, player 2 has complete control over the outcome of the game: It can
play head too, granting itself and the other agent with the prize, or respond
with tail, in which case both players lose. This kind of analysis corresponds
to the game-theoretical notion of weakly dominant strategy: For agent 1, play-
ing head is dominant in the corresponding normal form game in Figure 3.5B,
while both strategies of player 2 are undominated, so they can be in principle
considered for playing.

It is still possible to refine our analysis of the game. Note that 2, knowing
that 1 ought to play head and preferring to win money too, should decide to
play head herself. This kind of reasoning corresponds to the notion of iterated
undominated strategies. If we assume that both players do reason this way,
then (sp,sp) is the only rational strategy profile, and the game should end
with both agents winning the prize.

3.2.2 CGSs vs. Extensive Games

In this section we recall the correspondence between extensive form games
and the semantical models of ATL, proposed in [Jamroga et al., 2005] and
inspired by [Baltag, 2002; van der Hoek et al., 2005a].

We recall after [Baltag, 2002; Jamroga et al., 2005] that CGSs embed
extensive form games with perfect information in a natural way. This can be
done, e.g., by adding auxiliary propositions to CGSs, that describe the payoffs
of agents. With this perspective, concurrent game structures can be seen as a
strict generalisation of extensive form games.

We only consider game trees in which the set of payoffs is finite. Let U
denote the set of all possible utility values in a game; U will be finite and fixed
for any given game. For each value v € U and agent a € Agt, we introduce a
proposition py into our set I, and fix pJ € 7(q) iff a gets payoff of at least v in
q.2 States in the model represent finite histories in the game. In particular, we
us () to denote the root of the game. The correspondence between an extensive
game I' and a CGS 9 can be captured as follows.

Definition 3.11 (From extensive form games to CGSs). We say that
a CGS M = (Agt, Q, I, 7, Act,d, 0) corresponds to an extensive form game
I' =(P, A H,ow,u) if, and only if, the following holds:

2 Note that a state labeled by py is also labeled by le for all v € U where v" < v.
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Fig. 3.6. CGS My for the bargaining game
Agt =P,
e ()J=H,
o II and 7 include propositions py to emulate utilities for terminal states in
the way described above,
o Act =AU {nop},
o du(q) = Alqg) if a = ow(q) and d,(q) = {nop} otherwise,
e o(q,nop,...,m,...,nop) =q-m, and
e o(gq,nop,nop,...,nop) = q for q € Term.

We use MM(I") to refer to the CGS which corresponds to I

Ezxample 3.12 (Bargaining in a CGS). We consider the bargaining game from
Example 3.5, but this time as a CGS. The CGS corresponding to the game is
shown in Figure 3.6. Nodes represent various states of the negotiation process,
and arcs show how agents’ moves change the state of the game. A node label
refers to the history of the game for better readability. For instance, [(1)1 (1)] has

ace

the meaning that in the first round 1 offered (0,1) which was rejected by 2.
In the next round 2’s offer (1,0) has been accepted by 1 and the game has
ended.

Note that, for each extensive form game I', there is a corresponding CGS,
but the reverse is not true: Concurrent game structures can include cycles
and simultaneous moves of players, which are absent in game trees. For those
CGSs that correspond to some extensive form game, we get an implicit cor-
respondence to a normal form game. We will extend this notion of correspon-
dence to all CGSs in Section 3.3.2.



42 3 Relating Games and Logics
3.2.3 A Modal Logic for Games

In [Harrenstein et al., 2003] a modal logic for characterising solution concepts
is presented. The main construct of the logic is [3]¢ where [ ranges over
preference relations, and complete and partial strategy profiles. The three
kinds of operators have the following meaning where pref, (resp. o and i)
represents the preference relation of player i (resp. a complete strategy profile,
a player):

[pref;]¢: ¢ holds in all states at least as preferable to player ¢ as the current
one.

[0]¢: ¢ will hold in the final state reached if all players follow o.

[0_;]¢: ¢ will hold in all final states reached if all players apart from i follow
.

Note, that the modal logic is built on a great number of modal operators.
In the paper it is shown how solution concepts can be described by formulae
of this logic. For instance, the formulae

(—lo—i]=[pref;lp) — lole

expresses that o; is a best response to o_; with respect to ¢: If there is a
strategy of i (note that o_; does not fix a strategy for ¢) such that the state
reachable satisfies ¢ and is among the most preferred ones regarding ¢ then
the strategy o; (which is included in o) does also bring about .

A complete axiomatisation is also presented. The logic is a very special-
purpose logic; strategies and preferences are first-class citizens. The main task
of the logic is to reason about the outcome of extensive form games; in prin-
cipal, these are also taken as models for the logic. So, it is not possible to
reason about temporal behaviours of players. The logic ATLP presented in
Section 6.1 overcomes this limitation.

3.2.4 Game Logic with Preferences

Game logic with preferences [van der Hoek et al., 2004] (GLP) is, to our
knowledge, the only logic designed to address the outcome of rational play in
games with perfect information. Here, we briefly summarise the idea.

The central idea of GLP is facilitated by the preference operator [A : ¢].
The interpretation of [A : ]y in model 9 is given as follows: If the truth of
@ can be enforced by group A, then we remove from the model all the actions
of a that do not enforce it and evaluate ¢ in the resulting model. Thus, the
evaluation of GLP formulae is underpinned by the assumption that rational
agents satisfy their preferences whenever they can. The requirement applies
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to all the subtrees of the game tree, and is called “subgame perfectness” by
the authors. Formulae of GLP are defined by

pu=@o|eVelap|[A:pp

where g is a propositional formula over some set II of proposition and
A C Agt a group of agents. Models of GLP are essentially finite perfect
information extensive form games (without utility functions) extended with a
labelling function assigning propositions to final nodes of histories. Formally,
let (P, A, H,ow,u) be a perfect information extensive form game (cf. Defi-
nition 3.4) and let © : Z(H) — P(II) assign to each final history a set of
propositions true at it. Z(H) denotes the set of finite histories of H. Then, a
GLP-model is given by

I'=(P,A H,ow,II ).

Propositional formulae ¢ are interpreted over 7 and final histories h € Z(H)
as usual; we write 7, h |= ¢ if ¢g is true with respect to 7 and h. The other
formulae are interpreted as stated below:

I' =0 iff for all h € Z(H) : m, h = ¢o,
F'eevyiff I'Epor I' =9,
I'lE—piff I' = o,

' [A: polp iff Up(I A, po) = 9.

The model update operator Up removes from the model all actions not en-
suring g if there is a way to ensure ¢y. More precisely, it takes the most
general choice strategy s, of players A such that for each subgame I'’ of I all
final histories consistent with s, satisfy g if such a strategy exists. A choice
strategy is a generalisation of a strategy in extensive form games. Formally, a
choice strategy for a is a function assigning possibly more than one action to
each history owned by a; that is, it is a function (cf. Definition 3.4)

Sq i {h € H | ow(h) = a} — P(A) with s,(h) C A(h).

As before, a collective choice strategy is a set of individual choice strategies.
Such a choice strategy can be considered as the union of strategies. More
formally, Up(I, A, ¢g) is the game that results if I" is restricted according to
choice strategy s* which is defined as follows. s% is the most general choice
strategy such that if any subgame I"” of I" in which A has a choice strategy s/,
such that the restriction of I according to s’y satisfies Oy, then the strategy
s% enforces Oyg in I'. Intuitively, s% removes a minimal number of actions
in each subgame such that Oy if there is a way to ensure ¢y. We note that
if ¢¢ cannot be ensured in a subgame no action is removed. We call s% the
subgame-perfect strategy of A for ¢ in I' and denote it by
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szl = S*(A, F’ 900)

The scope of GLP, however, is limited for several reasons. Firstly, the mod-
els of GLP are restricted to finite game trees (in the sense that propositional
formulae can only be evaluated at finite histories). Secondly, agents’ prefer-
ences must be specified with propositional (non-modal) formulae, and they are
evaluated only at the terminal states of the game. The temporal part of the
language is limited, too. Lastly, and perhaps most importantly, the semantics
of GLP is based on a very specific notion of rationality (see above). One can
easily imagine variants of the semantics, in which other rationality criteria
are used (Nash equilibria, Pareto optimal strategies, undominated strategies,
etc.) to eliminate “irrational” strategies. The strategies used seem to be quite
strong either there is such a “very good” strategy or not. Indeed, a prelimi-
nary version of GLP was based on the notion of Nash equilibrium rather than
“subgame perfectness” [van Otterloo et al., 2004]. In this thesis, we want to
allow as much flexibility as possible with respect to the choice of a suitable
solution concept.

In Section 6.3 we show that the logic ATLP embeds GLP by just plugging-
in this very notion of rationality.

3.2.5 ATLI: ATL with Intentions

The correspondence between extensive form games and concurrent game
structures gives us a way of performing game-theoretical analyses on the lat-
ter. In particular, game-theoretical solution concepts become meaningful for
these CGSSs. In this section we present the logic ATLI [Jamroga et al., 2005]
that allows to describe several important notions of rationality from game
theory. We will later show how these characterisations can be “plugged” into
the new logic ATLP introduced in Chapter 6 so that one can reason about
the outcome of rational play in a precisely defined sense.

We also point out after [Jamroga et al., 2005] that these characterisations
give rise to generalised versions of solution concepts which can be applied
to all CGSs, and not only to those that correspond to some extensive form
game. These solution concepts are also more flexible in describing winning
criteria to agents.

Alternating time temporal logic with intentions (ATLI) extends ATL with
formulae (str,o, ) with the intuitive reading: Suppose that player a intends to
play according to strategy og, then ¢ holds. Thus, it allows to refer to agents’
strategies explicitly via terms o,. Let &tv = (. agt Stta be a finite set of
strategic terms. Gtr, is used to denote individual strategies of agent a € Agt;
we assume that all Gtr, are disjoint.
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Definition 3.13 (Larrr [Jamroga et al., 2005]). Let p € II, a € Agt,
A C Agt, and o, € Gtr,. The language Larpi(Agt, II, Str) is defined as:
0= p|~0[0N0] (A) OO | (A)TO | (AYIUB | (stroz,)0.

Models for ATLI 9t = (Agt, @, I, 7, Act,d, 0,7, &tr, [-]) extend concurrent
game structures with intention relations T C @ x Agtx Act (where ¢Z,« means
that a possibly intends to do action « when in ¢). Moreover, strategic terms
are interpreted as strategies according to function

[]: 6tr — U X" such that [o,] € X! for 0, € &tr,
a€chAgt

(X" denotes the set of a’s strategies). The set of paths consistent with all
agents’ intentions is defined as

AT = (X € Agn | Vi Fa € d(N[i]) (o(A[i], @) = A[i + 1] AVa € Agt N[i]Zaaa)}

We impose on Z the natural requirement that ¢Z,« implies that « € d,(q) for
a € Agt; that is, agents only intend to do actions if they are actually able to
perform them.

We say that strategy sa is consistent with A’s intentions if ¢Z,s%(q) for
all g € Q,a € A. The intention-consistent outcome set is defined as:

out® (q,s4) = out(q,s4) N A~

The semantics of strategic operators in ATLI extends and replaces the seman-
tic rules of ATL as follows:

M,q E (A) OO iff there is a collective strategy s4 consistent with A’s
intentions, such that for each A € out®(q,s4), we have that 9, A\[1] = 0;

M,q = (A)HOO and M, q = (A)OUO":  analogously;

M, q = (streo)d iff revise(IM, a, [0]),q = 0.

The function revise(9M, a, s,) updates model M by setting a’s intention rela-
tion to

T, ={(a;54(q)) | ¢ € Q},

so that s, and Z, represent the same mapping in the resulting model. A pure
CGS Mt can be seen as a CGS with the full intention relation

I° = {{g,a,a) | g € Q.a € Agt,a € d,(q)}.

Additionally, for A = {a;,,...,a;,} and 04 = (04, ,--,04, ), we define:
(straoca)p = (strai1 O‘ail) ... (strq, 04, )p. Furthermore, for B = {by,...,b;}
C A we use 04[B] to refer to B’s substrategy, i.e. to (gp,,...,0p,).

Ezample 3.1} (Asymmetric matching pennies ctd.). Coming back to our match-
ing pennies example from Figure 3.5, we have for instance that 9, q0 =
(str10){(2)) Omoney, if the denotation of o is set to sy,.
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3.2.6 Further Logics for and about Games

Game Logic (GL)[Parikh, 1985] is another logic about games. It builds upon
propositional dynamic logic (PDL) [Fischer and Ladner, 1979]. The logic can
be used to reason about determined two player games [Blackburn et al., 2006].
The idea is to interpret the normal PDL operators in a game theoretic context
and add some new constructs.

We would also like to mention the work [van Benthem, 2003] on rational
dynamics and [Bonanno, 2002] on modal logic and game theory.

3.3 Logical Characterisation of Solution Concepts

In the following we show how game-theoretic solution concepts can be specified
within ATLI. We discuss a classical approach and generalised solution concepts
which are not based on utility values.

3.3.1 Standard Solution Concepts

Let 0 = (01,...,0k) be a profile of strategic terms, and let T stand for any
of the following operators: 0,0, O, U, YU _ and let a be an agent. Then we
consider the following £ 477 formulae:

BRI (0) = (strag polbgt \ {a}) A (((a)Tpy) — ((stracla) (0)T53)).
velU
NE"(c)= A BRI (o),
acAgt

SPNT (o) = (0)ONE” (o).

BRI (o) refers to ola] being a T-best strategy for a against o[Agt \ {a}];
NET (o) expresses that strategy profile o is a T-Nash equilibrium; finally,
SPNT (o) defines o as subgame perfect T-NE. Thus, we have a family of
equilibria: ()-Nash equilibrium, [J-Nash equilibrium etc., each corresponding
to a different temporal pattern of utilities. For example, we may assume that
agent a gets v if a utility of at least v is guaranteed for every time moment
(OpY), is eventually achieved (OpY), and so on.

The correspondence between solution concepts and their temporal coun-
terparts for extensive games is captured by the following proposition.

Proposition 3.15. Let I' be an extensive game. Then the following holds:

1.MYI),0 = BRS (o) iff [olallon(ry is a best response for a in I' against
[olAgt\{a}]Jmm(r)-
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M(I),0 = NE®(0) iff [olon(ry is a NE in I" [Jamroga et al., 2005].
M(I),0 = SPNO (o) iff [o)an(r) is a SPN in I

Proof.

1. Note that 9(I") corresponds to an EF game so, the “payofl” propositions
py can only become true at the “end” of each path in 9M(I") (i.e. at
the nodes that are reflexive and labelled by payoff propositions). Thus,
BRY (o) in M(I"), ) holds iff, whenever a can achieve the payoff of at least
v against o[Agt \ {a}] (by any strategy for a), it can also achieve it by
using ola].

2. s =(s1,...,5;) is a NE iff s, is a best response to s_, for all a. Hence,
IM(I),0 = NE®(0) iff for all a, M(I"),0 = BRS (o) iff (by 1) for all
a, [ola]lon(ry is a best response for a in I' against [o[Agt\{a}]]onr) iff
[O’]gm(p) isaNEin I'.

3. M(I),0 = SPNC (o) iff M(I'), q = NE(0) for each g reachable from the
root () (*). Since I" is a tree every node is reachable from @ in 9(I"). So,
by the second part, (*) iff ¢ denotes a Nash equilibrium in every subtree
of I.

|

We can use the above L ,,; -formulae to express game-theoretical proper-
ties of strategies in a straightforward way.

Ezample 3.16 (Bargaining ctd.). We extend the CGS in Figure 3.6 to a CGS
with intentions; then, we have My, qo = NEC (o), with o interpreted in 91y
as 5% (for any = € [0, 1]). Still, My, g0 = SPN (o) if, and only if, [0] s, = 5"

We also propose a (tentative) £ 4, ; characterisation of Pareto optimality.
For normal form games we have the following characterisation [van der Hoek
et al., 2005a] :

POT(0)= N\ N\ ( Agt>>T/\ p') —

V1 Vg

<strAgta>(<<<@>>T/_\pr V V@)

v st

vl > vy

That is, the strategy profile denoted by o is Pareto optimal iff, for every
achievable pattern of payoff profiles, either it can be achieved by o, or ¢ obtains
a strictly better payoff profile for at least one player. We note that the above
formula has exponential length with respect to the number of payoffs in U.
Moreover, it is not obvious that this characterisation is the intuitively right
one, as it refers in fact to the evolution of payoff profiles (i.e., combinations of
payoffs achieved by agents at the same time), and not on temporal patterns of
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payoff evolutions for each agent separately. So, for example, PO? (o) may hold
even if there is a strategy profile o’ that makes each agent achieve eventually
a better payoff, as long as not all of them will achieve these better payoffs at
the same moment. Still, the following holds.

Proposition 3.17. Let I' be an extensive game. Then M(I"), ) = PO® (o) iff
[o]r(ry is Pareto optimal in I'.

Proof. “=*“Let M(I'), D = PO®(c). Then, for each payoff profile (vy, ..., v;)
reachable in I", we have that either [o] obtains an at least as good profile,? or it
obtains an incomparable payoff profile. Thus, [o] is Pareto optimal. “«<“The
proof for the other direction is done analogously. [ ]

Ezample 3.18 (Asymmetric matching pennies ctd.). Let 9} be our matching
pennies model 9; with additional propositions p! = money; (so, we assign to
money; a utility of 1 for 7). Then, we have 90}, go = PO® (o) iff o denotes the
strategy profile (sp, sp).

3.3.2 General Solution Concepts

We also propose an alternative approach to defining solution concepts for
games that involve an infinite flow of time. In the new approach, path for-
mulae of £ ,,; are used to specify the “winning conditions” of each player.
This implicitly leads to a normal form game, where the traditional solution
concepts are well defined. We also demonstrate how these “qualitative” solu-
tion concepts (parametrised by £ 4, -path formulae) can be characterised in
ATLP. In the following we sketch the idea of general solution concepts. We
shall elaborate on these concepts in Section 6.4.2, using the logic ATLP.

We have seen in Section 3.2.2 that some (but not alll) concurrent game
structures can be seen as extensive form games. These CGSS are be turn-based
(i.e., players play by taking turns) and have a tree-like structure; moreover,
they include special propositions that emulate payoffs and can be used to
define agents’ preferences. Now, we want to extend the correspondence to
arbitrary CGSs. Our idea is to determine the outcome of a game by the truth
of certain path formulae (e.g., in the case of binary payoffs, we can see the
formulae as winning conditions). So, we give up the idea of assigning payoffs to
leaves in a tree. Instead, we see a concurrent game structure as a game, paths
in the structure as plays in the game, and satisfaction of some pre-specified
formula as the mechanism that defines agents’ outcome for a given play.

Which formulae can be used in this respect? We propose that player
i’s preferences can be specified by a finite list of £, -path formulae n; =

3 We recall that N\, p" means that each player i gets at least v;.
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(n},...,n") (where n; € N) with the underlying assumption that agent i
prefers n} most, n? comes second etc., and the worst outcome occurs when no
nk, ... , ;" holds for the actual play. Thus, n; imposes a total order on paths
in a CGS.

For k players, we need a k-vector of such preference lists 7’ = (11, ..., m5).
Then, every concurrent game structure gives rise to the strategic game defined
as below.

Definition 3.19 (From CGS to NF game). Let MM be a CGS, ¢ € Qum
a state, and 1 = (n1,...,m) a vector of lists of L 4, -path formulae, where
k = |Agt|.

Then we define S(IM, 7, q), the NF game associated with 9, 77, and ¢,
as the strategic game (Agt, Ay, ..., Ay, i), where the set A; of i’s strategies is
given by X; for each i € Agt, and the payoff function is defined as follows:

n,—j+1 if nzj is the first formula from n; such that

wilay, ... a;) = M = n{for all X € out(q, (a1, ...,ax)),
0 no 773 is satisfied
where n; = (n},...,n"), 1 < j <n; and we write p; for u(i).

Below, we present the generalised version of temporal Nash equilibrium
and temporal subgame perfect NE:

BRI (0) = (stragn (ayolAgt \ {a}))
A (Gahnd) = (straolal) \/ €O))).

je{1,..na} r<j
NE7(0)= /\ BRJ(0),
acAgt

SPN7 (¢) = (0)ONET (o).

In Section 6.4.2 we do also provide proofs that these characterisations (in
terms of the logic ATLP) correspond to their game-theoretic counterparts.

The case with a single “winning condition” per agent is particularly in-
teresting. Clearly, it gives rise to a normal form game with binary payoffs
(cf., for instance, our informal discussion of the “matching pennies” variant in
Example 3.10). We will stick to such binary games throughout the rest of this
thesis (especially in Section 6.4.2 where general solution concepts are studied
in more detail), but one can easily imagine how the binary case extends to
the case with multiple levels of preference.
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Throughout this thesis we make use of different sorts of theories. In this
chapter we introduce the basic concepts needed. Firstly, we consider complex-
ity theory. Then, we proceed with (abstract) argumentation from a coalition
formation perspective. Finally, we turn to probability theory and Petri nets.

4.1 Background in Complexity Theory

Complexity theory plays an important role in many applications of computer
science. We will make use of it when determining the model checking complex-
ity. We begin with introducing Turing machines (TMS), present the relevant
complexity classes, and recall basic results about them. Then, we introduce
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the notions of reduction and completeness and present some complete prob-
lems which we are going to use in the remainder of the thesis. For a more
detailed introduction we refer the reader to [Papadimitriou, 1994; Hopcroft
and Ullman, 1979].

4.1.1 Turing Machines

In this section we recall the basic notions of computation. The presentation
follows mostly [Papadimitriou, 1994].

A Turing machine (TM) has an infinite read/write band. The machine
can move its read/write head to the left, to the right, or write some symbol
drawn from a finite alphabet X', respectively. We assume the presence of a
special symbol # (the blank symbol) in Y. This symbol is not permitted as
an input symbol. The mode of operation depends on the symbol read and the
current state of the machine. The set of states K is finite. We assume that the
initial state s’ belongs to K. A TM halts on an input if it reaches the halting
state h ¢ K from the initial state s’. Two additional halting states Y, N ¢ K
indicate that the machine accepts (Y) and rejects (N) the input, respectively.
Formally, a TM is given by a tuple

A= (K, 5,0)

where § is the transition function. If A is a deterministic TM the function is
given by
0: K xX— KuU{hY N} x (XU{L,R}).

In case that the TM is non-deterministic we define
0: Kx X —>PKU{hY N} x(XU{L,R})).

The transition (¢’,L) = d(q,a) (resp. (¢/,L) € §(q,a)) indicates that the
machine changes its state to ¢’ and moves its head to the left provided that
the current state is ¢ and symbol a is under the read/write head.

A configuration of a TM is a word from K U {h,Y,N} x Xt x X*. A
configuration (g,vz,y), * € X, encodes that the current state is ¢, the cell
on which the head is contains symbol x (the machine reads z); the word left
of the head is given by the (possibly empty) word v and the word right of
the head by the (possibly empty) word y. We assume that v and y contain
only necessary information; that is, no unnecessary blank symbols on the left
(resp. right) of the last non-blank symbol left (resp. right) from x.

A computation of a TM is a sequence of configurations that can result
from the operation of the machine. The state of the initial configuration is
given by s’. We say that a computation is halting if it is finite and the state
of the final configuration is among h,Y, N. If there is a halting configuration
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we say that the machine halts; in notation, A(w) |: The Turing machine A
halts on input w. Otherwise, we say the machine does not halt and we write
Aw) J.

For deterministic TMS we also define what it means to decide a language.
A configuration is said to be accepting (resp. rejecting) if it is halting and
the state of the final configuration is Y (resp. N). We write A(w) |y and
A(w) | N, respectively. We say that a deterministic TM A accepts a language
L if A(w) ly (vesp. A(w) }) for all w € L (resp. w ¢ L). Similarly, a A is
said to decide a language L if A(w) |y (resp. A(w) |n) for all w € L (resp.
w ¢ L). Finally, a language is said to be acceptable (resp. decidable) if there is
a deterministic TM that accepts (resp. decides) the language. Note, that the
halting state can be used to compute functions. Given an input x the output,
denoted by A(w), is the content on the band once the machine has halted,
provided that A(w) |.

In order to define the complexity of languages/problems it is important
how many steps a machine does and how many space cells it uses. We say
that a machine A needs time (resp. space) k to accept input w if it makes
k steps (resp. needs k storage cells) to accept w, provided it accepts w. The
“best” (i.e. shortest) accepting configuration is considered. Now, let f : N — N
be some function. We say that machine A is f-time bounded (resp. f-space
bounded) if it accepts/decides every accepted input w of size n within f(n)
steps (resp. f(n) space cells). In the case of space, one considers offline TMs.
These machines have a read-only input tape and a separate readable and
writeable working tape. Only the latter counts in the calculation in terms of
space. For further details we refer to [Papadimitriou, 1994].

Finally, we define DTIME(f) (resp. DSPACE(f)) as the set of all lan-
guages acceptable by some f-time bounded (resp. f-space bounded offline)
deterministic TM. The classes NTIME(f) and NSPACE(f) are analogously
defined for non-deterministic machines.

4.1.2 Standard Complexity Classes between P and PSPACE

We have provided the very basic concept of TMSs. In the following we consider
standard complexity classes and recall some important results.

In general, a complexity class is a set of languages that share some compu-
tational properties regarding their acceptance by TMs. The most basic classes
are the set of languages acceptable by deterministic and non-deterministic
Turing machines in polynomial time and polynomial space. These classes are
called P (polynomial deterministic time), NP (polynomial non-deterministic
time), and PSPACE (polynomial deterministic space), respectively. We did
not introduce the class “polynomial non-deterministic space” as this class co-
incides with PSPACE by Savitch’s well-known result. The following relation
is obvious:
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P C NP C PSPACE.

Given a complexity class C we use coC (complementary class of C) to
denote the class of languages with their complement being in C.

The finer-grained classification of the space between P and PSPACE is
described by the polynomial hierarchy (cf. [Papadimitriou, 1994; Garey and
Johnson, 1979]). The classes are recursively defined as follows.

Definition 4.1 (Polynomial hierarchy). We define the classes A¥ =
8 =1F :=P and fori >0

AP, :=P% P :=NP¥, TP, :=coNP™
and the complete polynomial hierarchy as PH :=J,, ZiP.

We have the following relation:

P=AYCNP=3PCcAY Cc¥F C A} C...CPHC PSPACE.

The following two results are useful to prove that languages reside in some
class of the polynomial hierarchy. Firstly, we need two more notations. A
relation R C X* x X* is said to be polynomially time decidable if the language
{(z,y) | (z,y) € R} is in P. Such a relation is said to be polynomially balanced
if there is a number k such that if (z,y) € R implies that |y| < |z|*.

Theorem 4.2 ([Papadimitriou, 1994]). Let L be a language and i > 1.
Then, we have that L € EiP if, and only if, there is a polynomially balanced
relation R such that {z;y | (z,y) € R} € I¥ | and L = {z | Jy ((z,y) € R)}.

Corollary 4.3 ([Papadimitriou, 1994]). For any language L and i > 0 we
have the following. L € XF if, and only if, there is a polynomially balanced,
polynomially time decidable (i + 1)-ary relation R such that

L={z|3yVy:...Qyi ((z,y1,...,vi) € R)}
where Q@ =V (resp. Q = 3) if i is even (resp. odd).

4.1.3 The Complexity Classes PP, #P, and P#PF

In this section we consider some more exotic complexity classes which will be
used in the thesis.

An input is accepted by a non-deterministic TM if at least one of the
machine’s computations is accepting. It is possible that all other computations
are indeed rejecting. The complexity class PP (probabilistic polynomial time)
is based on the idea that at least half of the computations must be accepting
in order to accept the input.
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Definition 4.4 (PP [Papadimitriou, 1994; Beigel et al., 1995]). Let A
be a non-deterministic TM and w an input. By Pos(A,w) we denote the num-
ber of accepting computations minus the number of non-halting computations
of A on w.

The complexity class PP contains all languages L for which there is a

polynomial time bounded non-deterministic TM such that for all w € X* it
holds that

Pos(A,w) > 0 if, and only if, w € L.

Alternatively, one may define PP according to its original definition in
terms of probabilistic TMs [Gill, 1977].

It is easily seen, that a language in NP is also in PP. One can simply add
accepting computations such that just one more (the accepting one of the NP
problem) is needed for a majority of accepting computations. Intuitively, the
new machine nondeterministically guesses to work in the very same way as
the old machine or to work like a slightly modified version of it. The difference
of the modified version is that every computation is accepting.

Theorem 4.5 ([Papadimitriou, 1994]). NP C PP

In [Beigel et al., 1995] it is shown that the class PP is closed under various
operations including intersection and union. In addition to that in [Gill, 1977]
the closure under complementation is shown.

Theorem 4.6 ([Gill, 1977; Beigel et al., 1995]). The class PP is closed
under union, intersection, and complement.

From that we do also get that
coNP C PP.

The real power of the class PP is seen if it is used as an oracle of a
polynomial time deterministic TM; then, it contains the whole polynomial
hierarchy.

Theorem 4.7 ([Toda, 1989]). PH C PF?

A different type of complexity class is #P. Although this class contains
functions (instead of languages) it is closely related to PP. Suppose R is a
polynomially balanced, polynomial time decidable binary relation. Then, we
define the R-counting problem as the function that returns the number of
strings y such that (x,y) € R given x as input. So, the solution to the R-
counting problem can be seen as a function fg : X* — Np; fr(x) denotes the
number of y’s such that (x,y) € R. The complexity class #P contains all such
functions that are associated with an R-counting problem [Papadimitriou,
1994].
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Definition 4.8 (#P[Papadimitriou, 1994]). The complexity class #P
contains the function fr associated with the R-counting problem for each poly-
nomaally balanced, polynomial time decidable binary relation R.

The relation to the probabilistic class PP is shown by the following inter-
esting result.

Theorem 4.9 ([Angluin, 1980]). PPP = p#P

4.1.4 Reductions, Completeness, and Decidability

In order to show the difficulty of our model checking problems we use them
to solve other problems already shown to be difficult in one sense or another.
Formally, this is captured by reductions. Let Ly and Lo be two languages. A
reduction R is a function that transforms each instance w of L to an instance
R(w) of Ly such that

w € Ly if, and only if, R(w) € Ls.

This shows that the problem Lo is at least as hard as L, provided that the
calculation of the reduction itself is not too difficult. We say that L, is reducible
to LQ.

Definition 4.10 (Reduction, complexity). A language L, is f-space (resp.
f-time) reducible to Lo if there is a function R : X* — X* computable by a
f-space (resp. f-time) bounded deterministic TM such that

w € Ly if, and only if, R(w) € Ls.

Then, we write L1 <y Lo and call R a reduction of L1 to Lo. In this paper,
we will usually consider logarithmic space or polynomial time reductions.

It is important to note that the following definition does strongly depend
on the specific reduction used. For example, if one considers the complexity
class P and polynomial time reductions any problem from P is trivially P-
complete. Reductions have to be chosen carefully.

Definition 4.11 (Hardness and Completeness). Given a complezity class
C and a language L we say that L is C-hard under f-time (resp. f-space)
reductions if any problem from C can be f-time (resp. f-space) reduced to L.
L is called C-complete if additionally L € C.

Reductions can also be used to show that problems are undecidable. In-
stead of classifying reductions according to their computational complexity
one can simply consider decidable reductions. Then, if one reduces an un-
decidable problem L; to a problem Lo the latter must also be undecidable.
Similarly, if a problem L; is reduced to a decidable problem Lo; then, L; must
also be decidable.
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Definition 4.12 (Reduction, Decidability). A language Ly is reducible
to Ly if there is a total decidable function R : X* — X* such that

w € Ly if, and only if, R(w) € Lo.

All these reductions are called many-to-one reductions. A second kind of
(weaker) reductions are called Turing reductions. A problem L, is Turing-
reducible to Lo iff Ly can be decided by help of an Ls-oracle TM.

4.1.5 Some Complete Problems

To show that a problem is hard with respect to some complexity class (i.e.
that there is no other problem in the complexity class of interest that is
significantly harder to solve) one often reduces problems already known to
have this properties to the new one. Here, we introduce some of these known
problems that we are going to facilitate in this thesis.

A typical PSPACE-complete problem is quantified satisfiability (QSAT),
given a quantified Boolean formula one is interested whether it is satisfiable.

Definition 4.13 (QSAT [Papadimitriou, 1994; Garey and Johnson,
1979]).

Input: A Boolean formula ¢ with i variables x1,. .., x;.

Output: True if Jx1Vay ... Q;x; ¢ is satisfiable, false otherwise (where Q =V
if i is even, and Q = 3 if i is odd).

Theorem 4.14 ([Papadimitriou, 1994; Garey and Johnson, 1979]).
QSAT is PSPACE-complete.

The input formula is often assumed to be in a more restricted form with-
out changing the problem’s complexity. One might assume that the input is
presented in conjunctive normal form (CNF), or even in CNF with only 3
literals per clause [Garey and Johnson, 1979], or in negation normal form
(NNF) (that is, negations occur only at literals). Simple rewrite rules allow
to obtain the latter normal form.

The number of alternations in QSAT is unbounded. The problem which
contains all such formulas up to a bounded number of alternations, say k, is
shown to be IF-complete in [Meyer and Stockmeyer, 1972]. We are interested
in an apparently harder variant of these problems.

Definition 4.15 (SNSAT;,[Laroussinie et al., 2008]).

Input: p sets of propositional variables X} = {I{J,,...,xfm} for each j =
1,...,%; p propositional variables z., and p Boolean formulae @, in positive
normal form (i.e., negation is allowed only on the level of literals) for r =
1,...,p. Fach ¢, involves only variables from U;Zl XJIU{z1,.., 2r_1}, with
the following requirement:
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2 = AXIVXZAXE QX or (215 2r1, XL, o, XE) where Q =V (Tesp.
Q =13) if i is even (resp. odd).
Output: The value of z,.

Theorem 4.16 ([Laroussinie et al., 2008]). SNSAT; is AF -complete for
1> 1.

The following problem is the “satisfiability problem” for PP. A Boolean
formula belongs to MAJSAT if more than half of the truth assignments satisfy
the formula.

Definition 4.17 (MAJSAT). Given a formula ¢ in CNF with propositional
variables x1,...,x,, answer YES if more than half of all assignments of
T1,...,T, make @ true, and NO otherwise.

Theorem 4.18 ([Papadimitriou, 1994]). MAJSAT is PP-complete.
In the following, we consider some graph theoretical problem.

Definition 4.19 (Graph reachability). Let G = (V, E) be graph. Given
two vertices u,v € V' the graph-reachability problem is the question whether
v 18 reachable from u.

Theorem 4.20 ([Jones, 1977, 1975]). The graph-reachability problem is
NLOGSPACE-complete under logarithmic space reductions.

An and-or graph (or alternating graph)[Immerman, 1981] is a tuple (G, 1)
such that G = (E, V) is a directed acyclic graph and [ : V' — {A, V} a function
labelling each state of G either as an or-node (V) or as an and-node (A). Given
two vertices u and v of G we define what it means that v is reachable from wu.
Let x1,...,x, denote all successor nodes of u. Then, v is said to be reachable
from w iff

1. u=w;or
2. l(u) = A, n > 1, and v is reachable from all z;’s; or
3. l(u) =V, n>1, and v is reachable from some z;.

Definition 4.21 (And-Or-Graph Reachability Problem [Immerman,
1981]). Let an and-or graph ((V,E),l) and two vertices u,v € V be given.
The and-or-graph reachability problem is the question whether v is reachable
from u.

Theorem 4.22 ([Immerman, 1981]). The and-or-graph reachability prob-
lem is P-complete.
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The following problem is used to establish the lower bound of ATL* model
checking. Let A be a path; i.e. an w-sequence of states. An z-labelling is a
function 7* : Ng — {z,0}. It can be used to label position A[¢] of path A\ with
7*(1); hence, such a function may label some positions of the path with z.
An (z,y)-program is a function P*Y : {z,0}* — {y}. Such an (x,y)-program
together with a w®-labelling induces a y-labelling ¥ as follows:

w¥(i) =y iff PPY(n®(A[0])... 7" (A[Z])) = y.

Hence, a w¥ labelling labels states of A with a proposition y subject to the
labels assigned to the path by a w*-labelling following a given (z,y)-program
P?Y. Given a 7 and 7¥ labelling we use 7Y to denote the combined labelling

REV() = () U).

Definition 4.23 (LTL-realisability [Pnueli and Rosner, 1989; Rosner,
1992]). Let A be a path. An L ({z,y})-formula p(z,y) over propositions
and y is said to be realisable iff for any x-labelling m* there is an (z,y)-
program such that for the induced ©¥ labelling we have that \,7%Y =Tt

o(z,y).

Theorem 4.24 ([Pnueli and Rosner, 1989; Rosner, 1992]).
LTL-realisability is 2EXPTIME-complete.

4.1.6 Automata Theory

In Section 5 we often present automata-based model checking algoritms. We
assume that the reader is familiar with finite automata on finite words. In this
section we briefly introduce finite automata on infinite words and trees.

Automata on Infinite Words

Definition 4.25 (w-automaton). An w-automaton is a quintuple

A= (Q723Aaqlac)

where

e () is a finite set of states;

e Y is a finite alphabet;

e ACQXxXXQ atransition relation; and

e C an acceptance component (which is specified in the following).

Definition 4.26 (Run). A run of A p on a word w = wyws--- € X is an
infinite sequence of states of A p = p(0)p(1)--- € Q¥ such that:
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1. p(0) = g7 and
2. A(p(i — 1), w;, p(3)) € A fori>1.

We define Inf(p) as the set of all states that occur infinitely often on p;
that is,

Inf(p) ={q € Q|Vidj(j >inp(j) = q}-
Depending on the accepting condition various types of automata arise.

Definition 4.27 (Biichi automaton). A Biichi automaton is an
w-automaton
A: (Q7E7A7qI7F)

where ' C Q with the following acceptance condition: A accepts w € X if,
and only if, there is a run p of A on w such that

Inf(p) N F # 0.

Thus, such an automaton accepts all words such that some state from F' is
visited infinitely often on a corresponding run.

Definition 4.28 (Language). The language of A, L(A) consists of all words
accepted by A; that is,

L(A) ={w e X% | A accepts w}.

Theorem 4.29 (Characterisation of w-languages). A language L is
Biichi acceptable if, and only if, there are finitely many regular languages
Ui,...,U, and V1,...,V, such that

L= |J v~
=1 n

Corollary 4.30 ([Vardi and Wolper, 1994]). Any Biichi recognisable non-
empty language L contains an ultimately periodic word.

For the model checking algorithms we need to check whether the language
of a Biichi automaton is empty or not.

Theorem 4.31 ([Vardi and Wolper, 1994]). The non-emptiness problem
for Biichi automata NLOGSPACE-complete under logarithmic space reduc-
tions.

Proof. [Sketch] We check if there is some ultimately periodic word by deter-
mining a reachable accepting state that is reachable from itself. The following
algorithm runs in non-deterministic logarithmic space: 1) Guess an initial state
i and accepting state r. 2) Check whether reach(i,r) and reach(r,r) where
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reach(x,y) choses a transition from z to some successor =’ and returns “yes”
if ' = y; otherwise, recursively performs reach(x’,y).

Hardness is shown by a reduction of the NLOGSPA CE-complete prob-
lem Graph reachability from Definition 4.19. The reduction is straight-
forward. Given G, u,v, transform G to a Biichi automaton with initial state
u and final state v and add a loop to v. [ |

Automata on Infinite Trees

As we will later see, w-automata provide means to model check linear-time
logics. For branching time or strategic logics tree automata can be used. Such
automata do not focus on w-ordered linear sequences but rather on infinite
trees.

As before let X be a finite alphabet and k& a natural number. A k-ary
Y-tree t = (domy, L) is a tree with maximal branching & and in which each
node is labelled by an element from Y. That is

L:domy — X

where dom; C {0,...,k — 1}* denotes the domain of the tree. It is required
that dom; is closed under prefixes, i.e.

wz € domy — Vy(0 <y < x — wy € domy).

A k-ary w-tree automaton over the alphabet X' is an automaton that ac-
cepts infinite k-ary X-trees.

Definition 4.32 (k-ary w-tree automaton). A k-ary w-tree automaton
over the alphabet X is given by a tuple

A= (QanaAaC)

where

e () is a set of states,

qr € @ the initial state,

A:QxXx{l,....k} = P(Ui=1. 1 Q%) with A(q,a,i) C Q" a transition
relation, and

o C an acceptance component (which is specified in the following).

Definition 4.33 (Run, path, successful, accepting). A run of a k-ary
w-tree automaton A on an infinite k-ary X-tree t = (domy, Lt) is an infinite
k-ary Q-tree r = (dom,., L) such that

1. dom, = domy,
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2. L. (0) = qr and
3.Yw € domy : (Lp(w0),...,Ly(wi)) € A(Lq(w),L¢(w),i) where i =
max{j | wj € dom;}.

A path of the run r is an infinite linearly ordered subset of dom, (i.e. it
denotes a branch in the tree). We say that run r is successful if each path of
r satisfies the accepting condition C. An input tree t is accepted by A if there
is a successful run.

Finally, we instantiate the acceptance condition of w-tree automata and
obtain Biichi and Rabin tree automata.

Definition 4.34 (Biichi tree automaton). A Biichi tree automaton is
given by an w-tree automaton A = (Q,qr, A, F) where FF C Q is a set of
final states. A run r = (dom,., L) is successful if, and only if, for each path p
on r there is a state that occurs infinitely often on p; i.e. for all paths p of r
we have that

Inf(L|,) N F # 0.

L|, denotes the set of states in L which do also appear on p.

Definition 4.35 (Rabin tree automaton). A Rabin tree automaton is
given by an w-tree automaton A = (Q,qr, A, 2) where

0 = {(L17 Ul), ey (Ln7Un)}

where each pair (L;,U;) C Q X Q is a set of “accepting” pairs (these pairs
are called Rabin pairs). A run r = (dom,., L) is successful if, and only if, for
each path p on r there is an index i € {1,...,n} such that no state (resp. a
state) from L; (resp. from U;) occurs infinitely often on p; i.e.

Inf(L|lp) "L, =0 and Inf(L|,)NU; #0

One can easily see that any set of trees acceptable by a Biichi tree automa-
ton is also acceptable by a Rabin tree automaton (one takes as Rabin pairs
the set {(0, F)} where F is the set of final states of the Biichi tree automaton).
However, the converse is not true.

Theorem 4.36 ([Rabin, 1970]). There is a set of trees that is acceptable by
a Rabin tree automaton but not by any Buchi tree automaton.

Theorem 4.37 ([Rabin, 1970; Vardi and Wolper, 1984]). The empti-
ness problem for Biichi tree automata is decidable and P-complete under log-
arithmic space reductions.

Theorem 4.38 ([Emerson and Jutla, 1988; Pnueli and Rosner, 1989]).
The non-emptiness problem for Rabin tree automata is decidable and complete
for NP.
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4.2 An Argumentative Approach to Coalition Formation

In this section we present an argument-based characterisation of coalition
formation that will be used later to extend ATL. We follow the approach
from [Amgoud, 2005a], where the argumentation framework for generating
coalition structures is defined. The approach is a generalisation of the frame-
work of Dung for argumentation [Dung, 1995], extended with a preference
relation. The basic notion is that of a coalitional framework, which contains a
set of elements € (usually seen as agents or coalitions), an attack relation (for
modelling conflicts among elements of €), and a preference relation between
elements of € (to describe favourite agents/coalitions).

Definition 4.39 (Coalitional framework [Amgoud, 2005a]). A coali-
tional framework is a triple CF = (€, A, <) where € is a non-empty set of
elements, A C € x € is an attack relation, and < is a preorder on € repre-
senting preferences on elements in €.

Let S be a non-empty set of elements. CF(S) denotes the set of all coali-
tional frameworks where elements are taken from the set S, i.e. for each
(¢, A, <) € CF(S) we have that € C S.

The set € in Definition 4.39 is intentionally generic, accounting for vari-
ous possible alternatives. One alternative is to consider € as a set of agents
Agt = {1,...,k}: CF = (€, A, <) € CF(Agt). Then, a coalition is given
by C = {i1,...,i4} € € and “agent” can be used as an intuitive refer-
ence to elements of €. Another alternative is to use a coalitional framework
CF = (¢, A, <) based on CF(P(Agt)). Now elements of € C P(Agt) are groups
or coalitions (where we consider singletons as groups too) of agents. Under
this interpretation a coalition C' C € is a set of sets of agents. Although “coali-
tion” is already used for C' C €, we also use the intuitive reading “coalition” or
“group” to address elements in @.! Yet another way is not to use the specific
structure for elements in €, assuming it just consists of abstract elements, e.g.
c1, ¢, etc. One may think of these elements as individual agents or coalitions.
This approach is followed in [Amgoud, 2005a].

In the rest of this paper we mainly follow the first alternative when in-
formally speaking about coalitional frameworks, i.e. we consider € as a set of
agents.

Ezample 4.40. Consider the following two coalitional frameworks: (i) CF;, =
(¢, A, <) where € = {a1,a9,a3}, A = {(as,as2), (az,a1),(a1,a3)} and agent
as is preferred over ap, i.e. a; < ag; and (ii) CFy = (€, A, <’) where

¢ = {{aa}{az}, {as}t}, A" = {({as},{az2}), ({az}, {ar}), ({ar}, {as})} and

! The first interpretation is a special case of the second (coalitional frameworks are
members CF(P(Agt))).
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0 ay 2 as -
(®) by

where a1 < as where a2 < as

Fig. 4.1. Figure (a) (resp. (b)) corresponds to the coalitional frameworks defined
in Example 4.40 (resp. 4.49 (b)). Nodes represent agents and arrows between nodes
stand for the attack relation.

group {as} is preferred over {ai}, ie. {a1} <’ {as}. They capture the
same scenario and are isomorphic but CF; € CF({ay,as,a3}) and CFy €
CF(P({a1,a2,a3})); that is, the first framework is defined regarding single
agents and the latter over (trivial) coalitions. Figure 4.1 (a) shows a graphical
representation of the first coalitional framework.

Let CF = (€, A, <) be a coalitional framework. For C,C’ € €, we say
that C' attacks C' iff CAC’. The attack relation represents conflicts between
elements of €; for instance, two agents may rely on the same (unique) resource
or they may have disagreeing goals, which prevent them from cooperation.
However, the notion of attack may not be sufficient for modelling conflicts, as
some elements (resp. coalitions) in € may be preferred over others. This leads
to the notion of defeater which combines the notions of attack and preference.

Definition 4.41 (Defeater). Let CF = (€, A, <) be a coalitional framework
and let C,C" € €. We say that C defeats C' if, and only if, C attacks C' and
C' is not preferred over C (i.e., not C < C’). We also say that C is a defeater
for C".

Attacks and defeats are defined between single elements of €. As we are
interested in the formation of coalitions it is reasonable to consider conflicts
between coalitions. Members in a coalition may prevent attacks to members in
the same coalition; they protect each other. The concept of defence, introduced
next, captures this idea of mutual protection.

Definition 4.42 (Defence). Let CF = (€, A, <) be a coalitional framework
and C,C" € €. We say that C’ defends itself against C if, and only if, C' is
preferred over C, i.e., C < C', and C' defends itself if it defends itself against
any of its attackers. Furthermore, C is defended by a set & C € of elements
of € if, and only if, for all C' defeating C there is a coalition C" € & defeating
.

In other words, if an element C” defends itself against C then C' may attack
C’ but C is not allowed to defeat C’.
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A minimal requirement one should impose on a coalition is that its mem-
bers do not defeat each other; otherwise, the coalition may be unstable and
break up sooner or later because of conflicts among its members. This is for-
malised in the next definition.

Definition 4.43 (Conflict-free). Let CF = (€, A, <) be a coalitional frame-
work and & C € a set of elements in €. Then, & is called conflict-free if, and
only if, there is no C' € G defeating some member of &.

It must be remarked that our notions of “defence” and “conflict-free”
are defined in terms of “defeat” rather than “attack”.? Given a coalitional
framework CF we will use argumentation to compute coalitions with desir-
able properties. In argumentation theory many different semantics have been
proposed to define ultimately accepted arguments [Dung, 1995; Caminada,
2006]). We apply this rich framework to provide different ways to coalition
formation. A semantics can be defined as follows.

Definition 4.44 (Coalitional framework semantics). A semantics for a
coalitional framework CF = (€, A, <) is a (isomorphism invariant) mapping
sem which assigns to a given coalitional framework CF = (€, A, <) a set of
subsets of €, i.e., sem(CF) C P(C).

Let CF = (€, A, <) be a coalitional framework. To formally characterise
different semantics we will define a function Fex : P(€) — P(&) which assigns
to a set of coalitions & € P(€) the coalitions defended by &.

Definition 4.45 (Characteristic function F). Let CF = (€, A, <) be a
coalitional framework and & C €. The function F defined by

Fer 1 P(€) — P(€)
Fer(6)={C € €| C is defended by &}

is called characteristic function.?

F can be applied recursively to coalitions resulting in new coalitions. For
example, F(0)) provides all undefeated coalitions and F2((}) constitutes the
set of all elements of € which members are undefeated or are defended by
undefeated coalitions.

Ezample 4.46. Consider again the coalitional framework CF; given in Exam-
ple 4.40. The characteristic function applied on the empty set results in {a3}
since the agent is undefeated, F(0) = {as}. Applying F on F(0) determines
the set {a1,a3} because a; is defended by as. It is easy to see that {a;, a3} is
a fixed-point of F.

2 In [Amgoud, 2005a,b] these notions are defined the other way around, resulting
in a different characterisation of stable semantics.
3 We omit the subscript CF if it is clear from context.
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We now introduce the first concrete semantics called coalition structure
semantics, which was originally defined in [Amgoud, 2005a].

Definition 4.47 (Coalition structure sem.s [Amgoud, 2005a]). Let CF =
(€, A, <) be a coalitional framework. Then

sems(CF) : {U Fir(0) }

is called coalition structure semantics or just coalition structure for CF.

For a coalitional framework CF = (€, A, <) with a finite set €4 the char-
acteristic function F is continuous [Dung, 1995, Lemma 28]. Since F is also
monotonic it has a least fixed-point given by F(@) 1* (according to Knaster-
Tarski). We have the following straightforward properties of coalition struc-
ture semantics.

Proposition 4.48 (Coalition structure). Let CF = (€, A, <) be a coali-
tional framework with a finite set €. There is always a unique coalition struc-
ture for CF. Furthermore, if no element of C € € defends itself then the
coalitional structure is empty, i.e. sem(CF) = {0}.

Example 4.49. The following situations illustrate the notion of coalitional
structure:

(a) Consider Example 4.46. Since {a1, a3} is a fixed-point of Fex, the coali-
tional framework CF; has {a1,as} as coalitional structure.

(b)CF5 := (€, A, <) € CF({a1,az,as}) (shown in Figure 4.1(b)), is a coali-
tional framework with € = {a1,a2,a3}, A = { (a1, a2), (a1,a3) , (az,a1),
(ag2,a3), (as,a1)} and ag is preferred over as, as < as, has the empty
coalition as associated coalition structure, i.e. semqs(CF) = {0}.

Since the coalition structure is often very restrictive, it seems reasonable
to introduce other less restrictive semantics. Each of the following semantics
are well-known in argumentation theory [Dung, 1995] and can be used as a
criterion for coalition formation (cf. [Amgoud, 2005al).

Definition 4.50 (Argumentation semantics). Let (€, 4, <) be a coali-
tional framework, & C € a set of elements of €. & is called

(a) admissible extension iff & is conflict-free and & defends all its elements,
i.e. 5 C F(6).
(b) complete extension iff & is conflict-free and & = F(S).

4 Actually, it is enough to assume that CF is finitary (cf. [Dung, 1995, Def. 27]).
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(c¢) grounded extension iff & is the smallest (wrt. to set inclusion) complete
extension.

(d) preferred extension iff & is a mazimal (wrt. to set inclusion) admissible
extension.

(e) stable extension iff & is conflict-free and it defeats all arguments not in

G.

Let sem (TGSP- S5¢Meomplete; 5€Mgrounded, 9€Mpreferred and 5emstable) denote
the semantics which assigns to a coalitional structure CF all its admissible
(resp. complete, grounded, preferred, and stable) extensions.

Remark 4.51. We note that the grounded extension is equivalent to the coali-
tion structure semantics.

There is only one unique coalition structure (possibly the empty one) for
a given coalitional framework, but there can be several stable and preferred
extensions. The existence of at least one preferred extension is guaranteed
which is not the case for the stable semantics. Thus, the possible coalitions
very much depend on the used semantics.

Ezxample 4.52. For CF3 from Example 4.49 the following holds:

semes(CF) = seMgrounded (CF) = {0}
seMadmissible(CF) = {0, {a1}, {az2}, {as}, {az,a3}}
SeMeomplete (CF) = {0, {a1}, {az,as}}

seMpreferred (CF) = seMtante(CF) = {{a1}, {az, az}}

Analogously, for the coalitional framework CF; from Example 4.40 there exists
one complete extension {a1, as} which is also a grounded, preferred, and stable
extension.

4.3 Probability Theory

In this section we recall some basic notions from probability theory. Let X
be a non-empty set and let F C P(X) be a set of subsets. F is called a (set)
algebra over X iff: (1) 0 € F;  (ii) if A € F then also A := X \ A € F;
(iii) if A,B € F then also AU B € F. F is called o-algebra iff also (iv)
U;)ilAl € F for all Al,AQ,"' e F.

Let S be a o-algebra over X. We say that a function p : S — R is a measure
(on S) iff it is non-negative, i.e. u(A) > 0 for all A € S, and o-additive, i.e.
w(Uieqy Ai) = >0y 11(A;) whenever ;2 A; € S and all A; pairwise disjoint.
We note that these properties imply that u(f) = 0.
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Finally, we say that the measure u is a probability measure if p(X) =1
and call the triple (X, S, 1) a probability space. By Z(S) we denote the set of
all probability measures over S.

Note that whenever X is finite it is sufficient to define the probabilities
of the basic elements x € X. Then, the probability of an event £ C X is
given by the sum of the basic probabilities: u(E) = > .5 p({z}), and the
corresponding probability measure is uniquely determined over the o-algebra
P(X). In such cases, we can also write p(z) instead of p({z}) and =(X)
instead of Z(P(X)), and do also refer to a probability measure over P(X) as
probability measure over X. The support of a probability measure p € =(X)
is the set of elements x € X such that u(z) > 0, denoted by

Supp(p) = {z € X | u(z) > 0}.

Next, we introduce a Markov decision process (MDP). The definition is
based on [de Alfaro et al., 2004]. We note that in the literature there are subtle
differences how rewards are included in MDPs.

Definition 4.53 (Markov decision process). A (finite) Markov decision
process (MDP ) is defined as a tuple

D= (QvTv I, H)
where

e () is a finite set of states.

o 7:Q — P(E(Q)\D a probabilistic transition relation. It assigns to each
state a mon-empty set of probability distributions over the set of states.
FEach element a € 7(q) is an action that determines the transition proba-
bilities to the next states.
1T is a set of propositions.

[]: T — (Q — [0,1]) is a valuation function assigning to each proposition
a state-depended reward.

Similarly to CGSs the system may evolve in different ways resulting in an
execution tree of infinite paths. We define a finite (resp. infinite) trajectory
(or path) of D as a finite (resp. infinite) sequence qog1...q € QF (resp.
qoq1 - - - € Q) of states such that for all j < i (resp. j > 0) there is an action
a; € 7(g;) with g; € Supp(a;). We define Traj and FTraj as the infinite
and finite trajectories and Traj(q) as the subset of Traj that contains all
trajectories starting in gq.

Definition 4.54 (Policy). A policy of an MDP D is a function

pol : FTraj — =( U 7(q))
q€Q
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such that Supp(pol(qo ... q)) C 7(q;). We denote by Polsp the set of all such
policies over D.

We note that a policy is history dependent similarly to perfect recall strate-
gies (IR-strategies) from Definition 2.17. For each finite history, a policy choses
a probability over the available actions (which are themselves probability dis-
tributions over transitions).

Now, given qq...q; and a policy pol the probability that the next state
will be g;+1 is defined as follows:

nextpol(gis1 | qo---¢i) i= Y _ pol(qo-..q)(a) - algit1)-
a€T(qi)

For an initial state ¢ € @ we can define the trajectory probability space
of a MDP wrt. a policy at hand.

Definition 4.55 ((D, pol, ¢)-trajectory probability space). Let D be a
MDP, pol € Polsp, and s € Qp. The (D, pol, q)-trajectory probability space
1s defined as

TD,poI,q = (Traj(q)’ Bq’ P;OI)

where

o B, is the set of measurable subsets of Traj(q) and
o PP s the probability measure over By induced by nextpo(-).

We use Eg"' [X] to denote the expected value of the random variable X over
7D pol.q-

4.4 Petri Nets

In the following we introduce Petri nets and some basic problems about them.
The latter are required for the proofs in Section 11.2.

4.4.1 Basic Definitions
Definition 4.56 (Petri net). A Petri net is a tuple
N = (S, T,W,m")

where

e S andT are non-empty and disjoint sets of places and transitions, respec-
tively;



70 4 Background on Various Things Needed

o W:(SxT)U(T xS)— Ny represents arc weights that determine how
many tokens are needed by and produced by each transition; and

o m!: S — Ny is the initial marking, i.c., a distribution of tokens on the
places in the net.

The state (also called marking) of a Petri net is defined as the distri-
bution of tokens. Given a state some transitions are activated namely those
transitions ¢t for which sufficient tokens are available in the respective places.

Definition 4.57 (State, enabled, subsequent marking, firing). Let N =
(S, T,W,m!) be a Petri net.

(a) A state or marking of N is a function m : S — Np.

(b) A transition t € T is enabled by a marking m, denoted by mit), iff m(s) >
W (s,t) for all s € S.

(c¢) If t is enabled by m we say that m’ is a subsequent state, denoted m[t)ym’,
if m/(s) =m(s) — W(s,t) + W(t,s) for all s € S. We also say that t fires
in m and yields m'.

For a sequence o =ty ...t, € T of subsequently enabled transitions we
can lift the notion of firing, we write m[o) and m[o)m/, respectively. Given
the initial state m each subsequence t;...t; of o with i < n determines a
unique state referred to as m;. Then, we do also write

Om = mt1m1 . timi.

Later, we shall be interested whether a Petri net can fire infinitely often.
This corresponds to an infinite sequence of subsequently firing transitions.

Definition 4.58 (m-run). Let N be a Petri net and m a state in it. An m-
run in a Petri net N is a infinite sequence o = tits... € T of subsequently
enabled transitions; that is, for each i > 1 we have that mlt; ...t;).

4.4.2 Reachability Problems

A well-known and computationally complex problem for Petri nets is the
reachability problem. The problem is characterised by the question whether
some state ms is reachable from a state mq. That is, we are after the existence
of a (finite) firing sequence o such that m;[o)msg. Formally, the reachability
problem Reach is given by the following set

{(N,my,mg2) | N = (S,T,W,my), mi,ms:S — Ng,Jo € T* (m1[o)maz)}.

The problem EztReach (extended reachability problem) is an extension of
the reachability problem and asks for a run along which specific states occur
infinitely often. In Section 11.2 we will use this problem to show that the
resource-bounded logic RTL is decidable.
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Definition 4.59 (Extended Reachability [Janéar, 1990, Def. 2.9]). Let
a Petri net N = (S, T,W,m!) and a pair (A, f) such that AC S and f : A —
Ny be given. The extended reachability problem ExtReach is given as follows:

Is there an mI-run o = tita... such that there are infinitely many
indices i such that the marking m; that occurs after t; restricted to
the states in A equals [ (i.e., m; [a= f for infinitely many i)?

Theorem 4.60 ([Jancar, 1990]). The problem ExztReach is decidable.
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Model checking is a powerful method which can for instance be used for the
verification of computer systems. Given a model and a formula in a certain
logic, model checking determines whether the formula is true in the model.
Often, it is used to check specifications of desirable properties a system should
fulfil. If the formula is true, we know that the property expressed by the
formula is satisfied in the model. If not, it might lead us to change the system
or at least gives hints how to debug it. The advantage of model checking
over other methods like simulation and testing (see for instance [Myers and
Sandler, 2004]) and deductive reasoning (Hoare calculus) is that it is usually
decidable; albeit, there are exceptions to this.



74 5 Model Checking Temporal and Strategic Logics

Model checking was invented and pioneered by the work of Edward Melson
Clarke, Ernest Allen Emerson, and by Joseph Sifakis and Jean Pierre Queille
in the 80ies as a means for formal verification of finite-state concurrent sys-
tems. Specifications about the system were expressed as temporal logic formu-
lae. It was especially suited for checking hardware designs, but also applied to
checking software specifications. While it started as a new approach replacing
the then common Floyd-Hoare style logic, it could only handle relatively small
(though non-trivial) examples. Scalability was an important motivation right
from the beginning. The last years have seen many industrial applications,
and a number of powerful model checkers are available today. As founders of
a new and flourishing area in computer science, Clarke, Emerson and Sifakis
have been honoured with the Turing award in 2007.

Logic-based verification of multi-agent systems has become an important
subfield on its own. Some important model checkers are:

e Mocha [Alur et al., 1998a], available for download at
http://www.cis.upenn.edu/ mocha/,

e VeriCS [Dembiniski et al., 2003], available at
http://pegaz.ipipan.waw.pl/verics/,

e MCMAS [Raimondi and Lomuscio, 2004; Raimondi, 2006], available at
http://www-lai.doc.ic.ac.uk/memas/ .

In this chapter, we do not deal with practical aspects of MASs verification.
Instead, we offer a comprehensive survey of theoretical results concerning the
computational complexity of model checking for relevant properties of agents
and their teams. To this end, we focus on the class of properties that can be
specified in the temporal and strategic logics presented in Chapter 2.

Naturally, there is more than model checking to be studied. In [Goranko
and van Drimmelen, 2003] a complete aziomatisation for ATLgr is presented.
Also the satisfiability problem of ATLigr and ATL,z has been considered by
researchers: The problem was proven EXPTIME-complete for ATLig [van
Drimmelen, 2003; Walther et al., 2006] and 2EXPTIME-complete for ATL
[Schewe, 2008]. Axiomatisation and satisfiability of other variants of alternating-
time temporal logic still remain open.

5.1 The Model Checking Problem

Model checking is a technique for verifying finite state systems. Naturally
this is achieved in a fully automated way which is an advantage over other
methods like simulation and testing and deductive reasoning. The latter has
the advantage that it can also cope with infinite state systems but usually
this cannot be achieved fully automatically.
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The process of model checking seeks to answer the question whether a
given formula ¢ is satisfied in a state ¢ of model 9. Formally, local model
checking is the decision problem that determines membership in the set

MC(L, Struc, =) := {(0M,q,p) € Struc x L | M, q |= ¢},

where £ is a logical language, Struc is a class of (pointed) models for £ (i.e.
a tuple consisting of a model and a state), and |= is a semantic satisfaction
relation compatible with £ and Struc. We omit parameters if they are clear
from context, e.g., we use MC(CTL) to refer to model checking of £ ., over
the class of (pointed) Kripke models and the introduced semantics.

It is often useful to compute the set of states in 9 that satisfy formula ¢
instead of checking if ¢ holds in a particular state. This variant of the problem
is known as global model checking. It is easy to see that, for the settings we
consider here, the complexities of local and global model checking coincide,
and the algorithms for one variant of model checking can be adapted to the
other variant in a simple way. As a consequence, we will use both notions of
model checking interchangeably.

In the following, we are interested in the decidability and the computa-
tional complexity of determining whether an input instance (9, ¢, ¢) belongs
to MC(...). The complexity is always relative to the size of the instance; in the
case of model checking, it is the size of the representation of the model and the
representation of the formula that we use. Thus, in order to establish the com-
plexity, it is necessary to fix how we represent the input and how we measure
its size. In the following sections, we firstly consider explicit representation of
models and formulae, together with the “standard” input measure, where the
size of the model (|90t]) is given by the number of transitions in 9, and the
size of the formula (|p]) is given by its length (i.e., the number of elements it is
composed of, apart from parentheses). For example, the model in Figure 2.2
includes 12 (labeled) transitions, and the formula (1)) O (posp V posi) has
length 5.

5.2 Linear- and Branching Time Logics: LTL, CTL*, and
CTL

An excellent survey on the model checking complexity of temporal logics has
been presented in [Schnoebelen, 2003]. Here, we only recall the results relevant
for the subsequent analysis of strategic logics.

Let 91 be a Kripke model and ¢ be a state in the model. Model checking
an Lopp /L opp--formula ¢ in 9, ¢ means to determine whether 9, q = o,
i.e., whether ¢ holds in 91, ¢. For LTL, checking 9, ¢ = ¢ means that we
check the walidity of ¢ in the pointed model M, q, i.e., whether ¢ holds on
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function mcheck(IM, ¢).
Model checking formulae of CTL. Returns the exact subset of @ for which formula
¢ holds.
case o =p: A return {ge Q | p € n(q)}
case ¢ = ) : return @ \ mcheck(9M, )
case ¢ = 11 A ¢ return mcheck(9M, Y1) N mcheck(IM, Y2)
case p = EQ ¢ : return pre(mcheck(9M, 1))
case ¢ = E[Y :
Q1:=Q; Q2:= Q3 :=mcheck(IM,v);
while Q1 Z QQ do Ql = Q1 N QQ; QQ = pre(Ql) N Qg Od;
return Q1
case ¢ = EyUrps ¢
Q1:=0; Q2 :=mcheck(M,v2); Qs := mcheck(?M,v1);
while Q2 Z Q1 do Q1 :=Q1UQ2; Q2 :=pre(Q1) N Qs od;
return Q1
end case

Fig. 5.1. The CTL model checking algorithm from [Clarke and Emerson, 1981].

all the paths in 9 that start from ¢ (equivalent to CTL* model checking of
formula Ap in 9, ¢, cf. Remark 2.11).

It has been known for a long time that formulae of CTL can be model
checked in time linear with respect to the size of the model and the length
of the formula [Clarke et al., 1986], whereas formulae of LTL and CTL* are
significantly harder to verify.

Theorem 5.1 (CTL [Clarke et al., 1986; Schnoebelen, 2003]). Model
checking CTL is P-complete, and can be done in time O(|9|-|p|), where ||
is given by the number of transitions.

Proof. [Sketch] The algorithm determining the states in a model at which a
given formula holds is presented in Figure 5.1. The lower bound (P-hardness)
can for instance be proven by a reduction of the Circuit-value problem [Sch-
noebelen, 2003]. [ |

Theorem 5.2 (LTL [Sistla and Clarke, 1985; Lichtenstein and Pnueli,
1985; Vardi and Wolper, 1986]). Model checking LTL is PSPACE-
complete, and can be done in time 2°ULDO(|9M]), where || is given by the
number of transitions.

Proof. [Sketch] We sketch the approach given in [Vardi and Wolper, 1986].
Firstly, given an £ ,;-formula ¢, a Biichi automaton A, of size 20(¢1) ac-
cepting exactly the paths satisfying —¢ is constructed. The pointed Kripke
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Fig. 5.2. Encoding of a S(n)-space bounded DTM as a Kripke model.

model M, g can directly be interpreted as a Biichi automaton Agy , of size
O(|9M]) accepting all possible paths in the Kripke model starting in gq.
Then, the model checking problem reduces to the non-emptiness check of
L(Agm.q) N L(A-,) which can be done in time O(|91])-2°U#¢D by constructing
the product automaton. (Emptiness can be checked in linear time wrt to the
size of the automaton.) A PSPACE-algorithm is obtained by “guessing” a
periodic paths that falsifies ¢ (cf. Corollary 4.30). For details we refer e.g.
to [Baier and Katoen, 2008].

A PSPACE-hardness proof can for instance be found in [Sistla and
Clarke, 1985]. The idea is to simulate the computation of a polynomially
space-bounded deterministic TM as a Kripke model and to use LTL-formulae
to ensure that the machine is simulated correctly (cf. Figure 5.2). States of
the model are taken as the symbols of the input alphabet of the TM, tuples
(s,a) where s (resp. a) is a state of the machine (resp. input symbol), and two
fresh states indicating the start and end of a configuration, respectively. A
formula ¢ is used to describe the initial and final configuration and to ensures
that subsequent configuration are valid. Then, we have that the TM halts on
input w iff M, qo = . [ ]

The hardness of CTL* model checking is immediate from Theorem 5.2 as
L, can be seen as a fragment of L., .. For the proof of the upper bound
one combines the CTL and LTL model checking techniques. We consider an
L opp--formula ¢ which contains a state subformula Ey where ¢ is a pure
L pp-formula. Firstly, we can use LTL model checking to determine all states
which satisfy Ey (these are all states ¢ in which the £ ,,-formula =) is not
true) and label them by a fresh propositional symbol , say p, and replace Ey
in ¢ by p as well. Applying this procedure recursively yields a pure £ -
formula which can be verified in polynomial time. Hence, the procedure can
be implemented by an oracle machine of type PPSPACE — PSPACE (the
LTL model checking algorithm might be employed polynomially many times).
Thus, the complexity for CTL* is the same as for LTL.
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Theorem 5.3 (CTL* [Clarke et al., 1986; Emerson and Lei, 1987]).
Model checking CTL* is PSPACE-complete, and can be done in time
20UeDO(|19M)), where |M| is given by the number of transitions.

In Section 2.2.5 we introduced ATLY, a variant of ATL. As the model
checking algorithm for ATL™ will rely on the complexity of CTL* model
checking, we mention the latter result here.

Theorem 5.4 (CTL" [Laroussinie et al., 2001]). Model checking CTL"
is AL -complete in the number of transitions in the model and the length of
the formula.

5.3 Alternating Time Temporal Logics

In the following we consider the model checking problems for the strategic
logics based on ATLs.

5.3.1 ATL and CL: Perfect Information

One of the main results concerning ATL states that its formulae can also
be model checked in deterministic linear time, analogously to CTL. It is im-
portant to emphasise, however, that the result is relative to the number of
transitions in the model and the length of the formula. In Section 5.4.1 we
discuss an alternative input measure in terms of agents, states, and the length
of the formula, and show that this causes a substantial increase in complexity.

The ATL model checking algorithm from [Alur et al., 2002] is presented in
Figure 5.3. The algorithm employs the well-known fixedpoint characterisations
of strategic-temporal modalities:

(ANOp < o A (A) O (A)De,
(AN 1l ez — 2V o1 A (A) O (A) 1l ez,

and computes a winning strategy step by step (if it exists). That is, it starts
with the appropriate candidate set of states (0 for &/ and the whole set Q
for O), and iterates backwards over A’s one-step abilities until the set gets
stable. It is easily seen that the algorithm needs to traverse each transition at
most once per subformula of ¢. It does not matter whether perfect recall or
memoryless strategies are used: The algorithm is correct for the IR-semantics,
but it always finds an Ir-strategy. Thus, for the £ 4 -formula (A))~, if A have
an [R-strategy to enforce -y, they also have an Ir-strategy to obtain it.

Theorem 5.5 (ATL,, and ATLig [Alur et al., 2002]). Model checking
ATL,, and ATLg is P-complete, and can be done in time O(|9N] - |¢|), where
|90t] is given by the number of transitions in 9.
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function mcheck(M, ¢).
ATL model checking. Returns the set of states in model 9 = (Agt, @, I, 7, o) for
which formula ¢ holds.
case ¢ € II : return 7(p)
case ¢ = ) : return @ \ mcheck(M, )
case ¢ = 11 V2 : return mcheck(M, 1) U mcheck(M,12)
case p = (A) O ¢ : return pre(M, A, mcheck(M, 1))
case ¢ = (AHOy :
Q1:=Q; Q2 :=mcheck(M,v); Q3 := Qq;
while Q1 Z QQ
do Qi1:=Q2 Q2:=pre(M,A,Q1)NQs od;
return Q1
case ¢ = (A) vlls :
Q1:=9; Q2 :=mcheck(M,¢1);
Q3 := mcheck(M, 2);
while Qg Z Ql
do Q1:=Q1UQs3; Qs:=pre(M, A, Q1)NQ2 od;
return Q1
end case

function pre(M, A, Q).

Auxiliary function; returns the exact set of states Q' such that, when the system is
in a state ¢ € Q’, agents A can cooperate and enforce the next state to be in Q.

return {q | ElOfAVOngt\A O(q7 A, aAgt\A) € Q}

Fig. 5.3. The ATL model checking algorithm from [Alur et al., 2002]

Proof. [Sketch] Each case of the algorithm is called at most O(|p|) times
and terminates after O(|90|) steps [Alur et al., 2002]. The latter is shown
by translating the model to a two player game [Alur et al., 2002], and then
solving the “invariance game” on it in polynomial time [Beeri, 1980]. Hardness
is shown by a reduction of reachability in And-Or-Graphs, which was shown
to be P-complete (cf. Theorem 4.22; [Immerman, 1981]), to model checking
the (constant) L 4, -formula ((1))Op in a two player game. In each Or-state it
is the turn of player 1 and in each And-state it is player 2’s turn [Alur et al.,
2002)]. n

In the next theorem, we show that the model checking problem of coalition
logic is as hard as for ATL. To our knowledge, this is a new result; the proof is
done by a slight variation of the hardness proof for ATL in [Alur et al., 2002]
(cf. the proof of Theorem 5.5).
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Theorem 5.6 (CL;, and CLr). Model checking CLy, and CLjg is P-complete,
and can be done in time O(|9M| - |¢|), where |IM| is given by the number of
transitions in .

Proof. The upper bound follows from the fact that L., is a sublanguage
of L 4p,. We show P-hardness by the following adaption of the reduction of
And-Or-Graph reachability from [Alur et al., 2002]. Firstly, we observe that
if a state y is reachable from z in graph G then it is also reachable via a path
whose length is bounded by the number n of states in the graph. Like in the
proof of Theorem 5.5, we take G to be a turn-based CGS in which player 1
“owns” all the Or-states and player 2 “owns” all the And-states. We also label
node y with a special proposition y, and replace all the transitions outgoing
from y with a deterministic loop. Now, we have that y is reachable from z in
Giff G,z = (1) O...{1)Oy. The reduction uses only logarithmic space.l
n-times

It is worth pointing out, however, that checking strategic properties in one-
step games is somewhat easier. We recall that ACV is the class corresponding
to constant depth, unbounded fanin, polynomial size Boolean circuits with
AND, OR, and NOT gates [Furst et al., 1984]. We call a formula flat if it
contains no nested cooperation modalities. Moreover, a formula is simple if it
is flat and does not include Boolean connectives. For example, the language of
“simple CL” consists only of formulae p and {A) Op, for p € IT and A C Agt.

Theorem 5.7 (Simple CL,, and CLjgr [Laroussinie et al., 2008]). Model
checking “simple CLy,” and “simple CLigr” with respect to the number of tran-
sitions in the model and the length of the formula is in ACP.

Proof. [Sketch] For 9, g = (A)) Op, we construct a 3-level circuit [Laroussinie
et al., 2008]. On the first level, we assign one AND gate for each possible
coalition B and B’s collective choice a.g. The output of the gate is “true” iff
ap leads to a state satisfying p for each response of Agt \ B. On the second
level, there is one OR gate per possible coalition B that connects all B’s gates
from the first level and outputs “true” iff there is any successful strategy for
B. On the third level, there is a single AND gate that selects the right output
(i.e., the one for coalition A). [ |

5.3.2 ATL and CL: Imperfect Information

In contrast to the perfect information setting, analogous fixedpoint charac-
terisations do not hold for the incomplete information semantics over £ 4,
because the choice of a particular action at a state ¢ has non-local conse-
quences: It automatically fixes choices at all states ¢’ indistinguishable from ¢



5.3 Alternating Time Temporal Logics 81

for the coalition A. Moreover, the agents’ ability to identify a strategy as win-
ning also varies throughout the game in an arbitrary way (agents can learn
as well as forget). This suggests that winning strategies cannot be synthe-
sised incrementally. In order to check 9M,q = (A)y (where v includes no
nested cooperation modalities), the following procedure suffices. Firstly, we
guess a uniform strategy s4 of team A (by calling an NP oracle), and then
we verify the strategy by pruning 9t accordingly (removing all the transitions
that are not going to be executed according to s4) and model checking the
L opp-formula Ay in the resulting model. For nested cooperation modalities,
we proceed recursively (bottom up). Since model checking CTL can be done
in polynomial deterministic time, the procedure runs in polynomial determin-
istic time with calls to an NP oracle, which demonstrates the inclusion in
AP = PNP [Schobbens, 2004]. As it turns out, a more efficient procedure
does not exist, which is confirmed by the following result.

Theorem 5.8 (ATL;, [Schobbens, 2004; Jamroga and Dix, 2008]).
Model checking ATL;, is AY-complete in the number of transitions in the
model and the length of the formula.

Proof. [Sketch] The discussion above proves membership in AY. AP-hardness
is shown in [Jamroga and Dix, 2008] through a reduction of sequential sat-
isfiability (SNSAT5), a standard AF-complete problem (cf. Definition 4.15,
[Laroussinie et al., 2001]). The idea is that there are two agents where one
agent tries to verify a (nested) propositional formula and a second agent tries
to refute it. A winning strategy of the “verifier agent” corresponds to a satis-
fying valuation of the formula. Uniformity of the verifier’s strategy is needed
to ensure that identical proposition symbols, occurring at different places in
the formula, are assigned the same truth values. [ |

Now we consider the incomplete information setting for coalition logic. It is
easy to see that the iR- and ir-semantics are equivalent for £ ; since () is the
only temporal operator, and thus only the first action in a strategy matters.
As a consequence, whenever there is a successful iR-strategy for agents A to
enforce (¢, then there is also an ir-strategy for A to obtain the same. Perfect
recall of the history does not matter in one-step games.

Theorem 5.9 (CL; and CL;r). Model checking CL;, and CLig is P-complete
wrt the number of transitions in the model and the length of the formula, and
can be done in time O(|9M| - |p]).

Proof. The P-hardness follows from Theorem 5.6 (perfect information CGSs
can be seen as a special kind of ICGSs where the indistinguishability relations
contain only the reflexive loops). For the upper bound, we use the following
algorithm. For M, ¢ |= (A)) Op, we check if there is a collective action a4 such
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that for all responses apgn a4 we have that U, g3 1000, 4, augna)} C
7(p). For ({(A) O with nested cooperation modalities, we proceed recursively
(bottom up). [ |

Theorem 5.10 (Simple CL; and CLir). Model checking “simple” formulae
of CL;i; and CLir with respect to the number of transitions in the model and
the length of the formula is in ACO.

Proof. For M, q = (A) Op, we extend the procedure from [Laroussinie et al.,
2008] by creating one copy of the circuit per ¢’ € img(g,~4). Then, we add
a single AND gate on the fourth level of the circuit, that takes the output of
those copies and returns “true” iff A have a strategy that is successful from
all states indistinguishable from gq. [ ]

That leaves us with the issue of £ ,,; with the semantics assuming im-
perfect information and perfect recall. To our knowledge, there is no formal
proof published in the literature regarding the complexity of model checking
L 4, with iR-strategies. However, the problem is commonly believed to be
undecidable and just recently a proof has been proposed by Dima and Tiplea
(June 2010).

Congecture 5.11 (ATLir [Alur et al., 2002]). Model checking ATL;g is unde-
cidable.

5.3.3 ATL*

We now turn to model checking logics over broader subsets of L ;.. In
the first case we consider perfect recall strategies in the perfect information
setting. The complexity results established here are based on an automata-
theoretic approach which is explained below.

Let M be a CGS and ((A))4 be an L , -, .-formula (where we assume that
1 is an L, -formula). Given a strategy s4 of A and a state ¢ in 9t the model
can be unfolded into a g-rooted tree representing all possible behaviours with
agents A following their strategy s4. This structure can be seen as the tree
induced by out(q,sa) and we will refer to it as a (g, A)-execution tree. Note
that every strategy profile for A may result in a different execution tree. Now,
a Biichi tree automaton Agn 4 4 can be constructed that accepts exactly the
(g, A)-execution trees [Alur et al., 2002].

Secondly, it was shown that one can construct a Rabin tree automaton
which accepts all trees that satisfy the L, .-formula Ay) [Emerson and
Sistla, 1984]. Hence, the L, .-formula ((A))1) is satisfied in 901, ¢ if there is
a tree accepted by Agp 4.4 (L., it is a (g, A)-execution tree) and by Ay (ie.,
it is a model of Av)).
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Theorem 5.12 (ATL;3 [Alur et al., 2002]). Model checking ATLg is
2EXPTIME-complete in the number of transitions in the model and the
length of the formula.

Proof. [Sketch] We briefly analyse the complexity for the procedure described
above. Firstly, the Biichi tree automaton Agyp 4 4 is built by considering the
states A is effective for [Alur et al., 2002]. That is, in a state of the automa-
ton corresponding to a state ¢ € @ of 9t the automaton nondeterministically
chooses a sequence (q},q5, - .-, q.,) of successors of ¢ such that A has a com-
mon action to guarantee that the system will end up in one of the states
{¢},db,...,q,} in the next step. It is assumed that the sequence is minimal.
Incrementally, this models any s4 strategy of A and thus accepts all (g, A)-
execution trees. The transition function of the automaton is constructed in the
described way. As the number of transitions in each state of the automaton
is bounded by the move combinations of agents A, the size of the automaton,
[ A .4, is bounded by O(|91]). All states are defined as acceptance states,
such that Agy 4 4 accepts all possible execution trees of A.

Following the construction of [Emerson and Sistla, 1984], the automaton
Ay is a Rabin tree automaton with 22°1"" states and 2°0%D Rabin pairs.

The product automaton Ay X< A 4,4, accepting the trees accepted by both
automata, is a Rabin tree automaton with n := O(]Ay|-| Ao 4, 4|) many states
and r := 20¢D many Rabin pairs (note that Agy 4 4 can be seen as a Rabin
tree automaton with one Rabin pair composed of the states of the automaton
and the empty set). Finally, to determine whether the language accepted by
the product automaton is empty can be done in time O(n - r)®" [Emerson
and Jutla, 1988; Pnueli and Rosner, 1989]; hence, the algorithm runs in time
|9:rt|2°”“"’ (it might be employed at each state of the model and for each
subformula).

The lower bound is shown by a reduction of the 2EXPTIME-complete
problem of the realisability of LTL-formulae [Pnueli and Rosner, 1989; Rosner,
1992; Alur et al., 2002] (cf. Theorem 4.24). [

The next result shows that model checking £ , ., with memoryless strate-
gies is no worse than for LTL and CTL* for both perfect and imperfect infor-
mation.

Theorem 5.13 (ATL; and ATL; [Schobbens, 2004]). Model checking
ATL; and ATL;}, is PSPACE-complete in the number of transitions in the
model and the length of the formula.

Proof. [Sketch] £ is contained in L ,,,. which makes £, . under the
perfect information memoryless semantics to be at least PSPACE-hard.

On the other hand, there is a PSPACE algorithm for model checking
L ,rp~ under the imperfect information memoryless semantics. Consider the
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formula ((A)) 1) where v is an £ -formula. Then, an ir-strategy s4 for A is
guessed and the model is “¢trimmed” according to s 4, i.e. all transitions which
cannot occur by following s4 are removed. A memoryless strategy can be
guessed in polynomially many steps, and hence also using only polynomially
many memory cells. In the new model the £, .-formula A1) is checked. This
procedure can be performed in NPPSPACE " which renders the complexity of
the whole language to be in PNPTACE _ pSPACE. [ ]

5.3.4 ATLt and EATLt

We consider the more limited language £, ., ;. Boolean combinations of path
formulae prevent us from using the fixed-point characterisations for model
checking. Instead, given a formula {(A) v with no nested cooperation modal-
ities, we can guess a (memoryless) strategy of A, “trim” the model accord-
ingly, and model check the £ . . -formula Ay in the resulting model. Since

the model checking problem for CTL* is AF-complete (cf. Theorem 5.4), we

P
get that the overall procedure runs in time A§A2 = A¥ [Schobbens, 2004].

Theorem 5.14 (ATL;” and ATL,  [Schobbens, 2004]). Model checking
ATLiJrr and ATLﬁ is AE -complete in the number of transitions in the model
and the length of the formula.

Proof. [Sketch] The above procedure shows the membership. In the incomplete
information case one has to guess a uniform strategy. Again, it is essential
that a strategy can be guessed in polynomially many steps, which is indeed
the case for Ir- and ir-strategies. The hardness proof can be obtained by a
reduction of the standard A¥-complete problem SNSAT3, cf. [Schobbens,
2004] for the construction. [ |

What about ATL,*;{? It has been believed that verification with £ ATL+
is AP-complete for perfect recall strategies, too. However, it turns out that
the complexity of ATL,JFR model checking is apparently much harder, namely
PSPACE [Bulling and Jamroga, 2010a,b]. Since the AF-completeness for
memoryless semantics is correct, we get that memory makes verification
harder already for £, ., and not just for £, . as it was believed before.
We treat this case in more detail in Section 9.1; here, we just present the
result.

Theorem 5.15 (ATL;; [Bulling and Jamroga, 2010b]). Model checking
ATL,J[Q is PSPACE-complete with respect to the number of transitions in the
model and the length of the formula. It is PSPACE-complete even for turn-

based models with two agents and “flat” L , .. ; -formulae.
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| I Ir IR | ] iR

Simple L[]  ACP ACP AC ACP
Loy P P P P
Larr, P P AY | Undecidable’
L s Ay PSPACE AT | Undecidable!
L, ||PSPACE|2EXPTIME | PSPACE | Undecidable

Fig. 5.4. Overview of the model checking complexity results for explicit models. All
results except for “Simple CL” are completeness results. Each cell represents the
logic over the language given in the row using the semantics given in the column.
! These problems are believed to be undecidable, though no formal proof has been
proposed yet (cf. Conjectures 5.11, 5.16, and 5.17).

The following conjectures are immediate consequences of Conjecture 5.11

as L4, is a fragment of £ ;. as wellas £, ;.

Congecture 5.16 (ATLj; ). Model checking ATL:; is undecidable.
Conjecture 5.17 (ATLL ). Model checking ATL;f is undecidable.

Figure 5.4 presents an overview of the model checking complexity results
for explicit models.

5.4 Model Checking on Implicit Models

In the following we consider how the model checking results change if the size
of the models is not given in the most straightforward way (i.e. in terms of
the number of states and transitions) but rather in a compressed form.

5.4.1 Implicit Models

We have seen several complexity results for the model checking problem in
logics like LTL, CTL, and ATL. Some of these results are quite attractive:
One usually cannot hope to achieve verification with complexity better than
linear.

However, it is important to remember that these results measure the com-
plexity with respect to the size of the underlying model. Often, these models
are so big, that an explicit representation is not possible and we have to repre-
sent the model in a “compressed” way. To give a simple illustration, consider
the famed primality problem: checking whether a given natural number n is
prime. The well-known algorithm uses y/n-many divisions and thus runs in
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polynomial time when the input is represented in unary. But a symbolic rep-
resentation of n needs only log(n) bits and thus the above algorithm runs in
exponential time with respect to its size. This does not necessarily imply that
the problem itself is of exponential complexity. In fact, the famous and deep
result of Agrawal, Kayal and Saxena shows that the primality problem can
be solved in polynomial time.

One may consider model checking of temporal and strategic logics for
such highly compressed representations (in terms of state space compression
and modularisation). However, such a rigorous compressed representation is
not the only way in which the model checking complexity can be influenced.
Another important factor is how we encode the transition function. So far, we
assumed that the size of a model is measured with respect to the number of
transitions in the model.

In this section we consider the complexity of the model checking problem
with respect to the number of states, agents, and an implicitly encoded transi-
tion function rather than the (explicit) number of transitions. It is easy to see
that, for CGSs, the number of transitions can be exponential in the number
of states and agents. Therefore, all the algorithms presented in Section 10.1
give us only exponential time bounds provided that the transition function is
encoded sufficiently small.

Remark 5.18 ([Alur et al., 2002; Jamroga and Diz, 2005]). Let n be the num-
ber of states in a concurrent game structure 9, let k& denote the number of
agents, and d the maximal number of available decisions (moves) per agent
per state. Then, m = O(nd*). Therefore the ATLjg model checking algorithm
from [Alur et al., 2002] runs in time O(nd*l), and hence its complexity is
exponential if the number of agents is a parameter of the problem.

In comparison, for an unlabelled transition system with n states and m
transitions, we have that m = O(n?). This means that CTL model checking
is in P also with respect to the number of states in the model and the length

of the formula. The following theorem is an immediate corollary of this fact
(and Theorem 5.1).

Theorem 5.19 ([Clarke et al., 1986]). CTL model checking over unlabelled
transition systems is P-complete in the number of states and the length of the
formula, and can be done in time O(n2l).

For ATL and concurrent game structures, however, the situation is differ-
ent. In the following we make precise what we mean by a compressed transition
function.

Implicit concurrent game structures (called this way first in [Laroussinie
et al., 2006], but already present in the ISPL modelling language behind MC-
MAS [Raimondi and Lomuscio, 2004; Raimondi, 2006]) are defined similarly
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to a CGS but the transition function is encoded in a particular way often
allowing for a more compact representation than the explicit transition table.
Formally, an implicit CGS is given by 9 = (Agt, Q, II, 7, Act, d, 6) where 6,
the encoded transition function, is given by a sequence

((906’ qg)? EERE (90:” qzr))rzl,.“,|Q|

where t, € Ny, ¢/ € @ and each ¢ is a Boolean combination of propositions

exed), where j € Agt, o € Act,i=1,...,t and 7 = 1,...,|Q|. It is required
that i = T. The term exec), stands for “agent j executes action a”. We
use ¢lag,...,ak] to refer to the Boolean formula over {T, L} obtained by

replacing execy with T (resp. 1) if a; = « (resp. a; # «). The encoded
transition function induces a standard transition function oz as follows:

06(qiy0n,. .., ) = q;- where j = min{x | ¢']ay,...,ax] = T}.

That is, 05(qi,@1,...,ax) returns the state belonging to the formula
¢! (associated with state ¢;) with the minimal index x that evaluates to
“true” given the actions ai,...,ar. We use 6(g;, a1,...,ax) to refer to
05(¢i, 01, . .., ag). Note that the function is well defined as the last formula in
each sequence is given by T: No deadlock can occur. The size of 6 is defined as
0] = X2 1 o) 2oj=1,...t, [€]], that is, the sum of the sizes of all formulae.
Hence, the size of an implicit CGS is given by |Q]| + |Agt| + |6]. We recall,
that the size of an explicit CGS is | Q| + |Agt| + m where m is the number of
transitions. Finally, we require that the encoding of the transition function is
reasonably compact, that is, |6] < O(|og]).

Now, why should the model checking complexity change for implicit
CGSs? Firstly, one can observe that we can take the trivial encoding of an
explicit transition function yielding an implicit CGS that has the same size
as the explicit CGS. This implies that all the lower bounds proven before are
still valid.

Proposition 5.20 ([Bulling et al., 2010]). Model checking with respect to
implicit CGSS is at least as hard as model checking over explicit CGSS for
CTL, CTL*LTL, ATL,,, ATL}, and ATL;& forx € {i,I} and y € {r, R}.

Therefore, we focus on the question whether model checking can become
more difficult for implicit CGSs. Unfortunately, the answer is yes: Model
checking can indeed become more difficult.

We illustrate this by considering the presented algorithm for solving the
ATL g model checking problem. It traverses all transitions and as transitions
are considered explicitly in the input, the algorithm runs in polynomial time.
But if we choose an encoding 6 that is significantly smaller than the explicit
number of transitions, the algorithm still has to check all transitions, yet now
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the number of transitions can be exponential with respect to the input of size
Q1+ [Agt] + o]

Henceforth, we are interested in the cases in which the size of the encoded
transition function is much smaller, in particular, when the size of the encoding
is polynomial with respect to the number of states and agents. This is the
reason why we will often write that we measure the input in terms of states (n)
and agents (k), neglecting the size of 6 when it is supposed to be polynomial
in n, k.

Remark 5.21. An alternative view is to assume that the transition function is
provided by an external procedure (a “black box”) that runs in polynomial
time, similar to an oracle [Jamroga and Dix, 2005]. In our opinion, this view
comes along with some technical disadvantages, and we will not discuss it
here.

5.4.2 ATL and CL

As argued above the complexity of O(ml) may (but does not have to) in-
clude potential intractability if the transition function is represented more
succinctly. The following result supports this observation.

Theorem 5.22 ([Laroussinie et al., 2008; Jamroga and Dix, 2005,
2008]). Model checking ATLir and ATLy, over implicit CGSs is AY -complete
with respect to the size of the model and the length of the formula (1).

Proof. [Sketch] The idea of the proof for the lower bound is clear if we refor-
mulate the model checking of M, ¢ = (a1,...,a.) O as

Ao, ..y (g1, .. o) Myo(g,aq,...,a1) E ¢,

which closely resembles QSAT 1, a typical £¥-complete problem. A reduction
of this problem to our model checking problem is straightforward: For each
instance of QSAT 5, we create a model where the values of propositional vari-
ables p1,...,p, are “declared” by agents A and the values of p,11,...,pr by
Agt\ A. The subsequent transition leads to a state labeled by proposition yes
iff the given Boolean formula holds for the underlying valuation of pq, ..., pg.
Then, QSAT 5 reduces to model checking formula (a1, ...,a,)) O yes [Jam-
roga and Dix, 2005]. In order to obtain AY-hardness, the above schema is
combined with nested cooperation modalities, which yields a rather technical
reduction of the SNSATj problem that can be found in [Laroussinie et al.,
2008].

For the upper bound, we consider the following algorithm for checking
M, g = {(A))~y with no nested cooperation modalities. Firstly, guess a strategy
s4 of the proponents and fix A’s actions to the ones described by s4. Then
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check if A7 is true in state ¢ of the resulting model by asking an oracle about
the existence of a counterstrategy sz for Agt\ A that falsifies v and reverting
the oracle’s answer. The evaluation takes place by calculating 6 (which takes
polynomially many steps) regarding the actions prescribed by (s4, s ;) at most
| Q| times. For nested cooperation modalities, we proceed recursively (bottom-
up). [ |

Surprisingly, the imperfect information variant of ATL is no harder than
the perfect information one under this measure:

Theorem 5.23 ([Jamroga and Dix, 2008]). Model checking ATL; over
implicit CGSs is AY -complete with respect to the size of the model and the

length of the formula. This is the same complexity as for model checking ATL,,
and ATL|R.

Proof. [Sketch] For the upper bound, we use the same algorithm as in checking
ATL,,. For the lower bound, we observe that ATL,, can be embedded in ATL;,
by explicitly assuming perfect information of agents (through the minimal
reflexive indistinguishability relations). |

The AE-hardness proof in Theorem 5.22 uses the “next time” and “until”
temporal operators in the construction of an ATL formula that simulates
SNSATj; [Laroussinie et al., 2008]. However, the proof can be modified so
that only the “next time” sublanguage of £, is used. We obtain thus an
analogous result for coalition logic.

Theorem 5.24 ([Bulling, 2010]). Model checking CLir, CLy,, CL;, and
CLir over implicit CGSS is AY -complete with respect to the size of the model
and the length of the formula. Moreover, it is X5 -complete for the “simple”
variants of CL.

The proof and details of the new construction can be found on page 322.

It is worth mentioning that model checking “Positive ATL” (i.e., the frag-
ment of £ 4, where negation is allowed only on the level of literals) is X¥-
complete with respect to the size of implicit CGSs, and the length of formulae
for the IR, Ir, and ir-semantics [Jamroga and Dix, 2008]. The same applies
to “Positive CL”, the analogous variant of coalition logic.

5.4.3 CTL and CTLT Revisited

At the beginning of Section 5.4.1, we have mentioned that the complexity of
model checking computation tree logic is still polynomial even if we measure
the size of models with the number of states rather than transitions. That
is certainly true for unlabelled transition systems (i.e., the original models of
CTL). For concurrent game structures, however, this is no longer the case.



90 5 Model Checking Temporal and Strategic Logics

Theorem 5.25 ([Bulling et al., 2010]). Model checking CTL over implicit
CGSs is AY-complete with respect to the size of the model and the length of
the formula.

Proof. [Sketch] For the upper bound, we observe that 9, q E=C¢Tt Ev iff
M, q Er1r (Agt))y which is in turn equivalent to 9, ¢ =7 (Agt))vy. In other
words, E~ holds iff the grand coalition has a memoryless strategy to achieve
. Thus, we can verify 9, ¢ = Evy (with no nested path quantifiers) as follows:
we guess a strategy sug¢ for Agt (in polynomially many steps), then we con-
struct the resulting model 9 by asking 6 which transitions are enabled by
following the strategy s4 and check if 9V, ¢ = Ev and return the answer. Note
that 9 is an unlabelled transition system, so constructing 9" and checking
M’ q = Ev can be done in polynomial time. For nested modalities, we proceed
recursively.

For the lower bound, we sketch the reduction of the satisfiability prob-
lem (SAT) to model checking £ 7 -formulae with only one path quantifier.
For propositional variables pq,...,pr and boolean formula ¢, we construct
an implicit CGS where the values of py,...,p; are “declared” by agents
Agt = {ay,...,ax} (in parallel). The subsequent transition leads to a state la-
beled by proposition yes iff ¢ holds for the underlying valuation of pq, ..., pg.
Then, SAT reduces to model checking formula {(Agt)) O yes. The reduction
of SNSAT; (to model checking £ . -formulae with nested path quantifiers)
is an extension of the SAT reduction, analogous to the one in [Jamroga and
Dix, 2006, 2008]. ]

It turns out that the complexity of CTL™ does not increase when we
change the models to implicit concurrent game structures: It is still A¥.

Theorem 5.26 ([Bulling et al., 2010]). Model checking CTLT over im-
plicit CGSs is AY-complete with respect to the size of the model and the
length of the formula.

Proof. [Sketch] The lower bound follows from Theorem 5.4 and Proposi-
tion 5.20.

For the upper bound, we observe that the CTL" model checking algorithm
in [Laroussinie et al., 2001] verifies 9, ¢ = Evy by guessing a finite history h
with length |@Qas|-|7y], and then checking v on h. We recall that Ey = ((Agt))~.
Thus, for a concurrent game structure, each transition in A can be determined
by guessing an action profile in O(|Agt|) steps, calculating 6 wrt the guessed
profile, and the final verification whether v holds on the finite sequence h
which can be done in deterministic polynomial time (cf. [Bulling and Jamroga,
2010a]). Consequently, we can implement this procedure by a nondeterministic
Turing machine that runs in polynomial time. For nested path quantifiers, we
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proceed recursively which shows that the model checking problem can be
solved by a polynomial time Turing machine with calls to an NP-oracle. ®

We will use the last result in the analysis of ATL™ in Section 5.4.4.

5.4.4 ATL*, ATLT, and EATL™

Theorem 5.27. Model checking ATL;, and ATL; over implicit CGSS is
PSPACE-complete with respect to the size of the model and the length of
the formula.

Proof. The lower bound follows from Theorem 5.13 and Proposition 5.20.
For the upper bound, we model check 9, ¢ = {(A) by guessing a mem-
oryless strategy s4 for coalition A, then we guess a counterstrategy sz of the
opponents. Having a complete strategy profile, we proceed as in the proof of
Theorem 5.25 and check the LTL path formula v on the resulting (polynomial
model) M’ which can be done in polynomial space (Theorem 5.13). For nested
cooperation modalities, we proceed recursively. [ |

Theorem 5.28 ([Laroussinie et al., 2008]). Model checking ATLy over
implicit CGSS is 2EXPTIME-complete with respect to the size of the model
and the length of the formula.

Proof. The lower bound follows from Theorem 5.12 and Proposition 5.20.
For the upper bound, we have to modify the algorithm given in the proof of
Theorem 5.12 such that it is capable of dealing with implicit models. More
precisely, we need to modify the construction of the Biichi automaton Asy 4 4
that is used to accept the (g, A)-execution trees. Before, we simply checked
all the moves of A in polynomial time and calculated the set of states A is
effective for (as the moves are bounded by the number of transitions). Here,
we have to incrementally generate all these moves from A using 6. This may
take exponential time (as there can be exponentially many moves in terms of
the number of states and agents). However, as this can be done independently
of the non-emptiness check, the overall runtime of the algorithm is still double
exponential. [ |

Theorem 5.29 ([Laroussinie et al., 2008]). Model checking ATL,", and

ATL;' over implicit CGSs is A -complete with respect to the size of the
model and the length of the formula.

Proof. The lower bounds follow from Theorem 5.14 and Proposition 5.20.
For the upper bound we model check M, ¢ | {(A)y by guessing a memo-
ryless strategy s4 for coalition A, and constructing an unlabelled transition
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| I Ir IR | ] iR
Simple £, by by by P
Loy AY AY AL A%
Larr AY AY AY Undecidable’
Lt A% PSPACE A [Undecidable’
L.+ ||PSPACE|2EXPTIME | PSPACE | Undecidable’

Fig. 5.5. Overview of the model checking complexity results for implicit CGS. All
results are completeness results. Each cell represents the logic over the language
given in the row using the semantics given in the column. T These problems are
believed to be undecidable, though no formal proof has been proposed yet.

system 9’ as follows. For each state ¢; we evaluate formulae contained in
((26:45), - - - (¢, qi.)) according to the guessed strategy. Then, we introduce
a transition from ¢; to ¢} if (Ak=o,...j-1 —@},) A @Y is satisfiable (i.e., there
is a countermove of the opponents such that @{ is true and j is the minimal
index). This is the case iff the opponents have a strategy to enforce the next
state to be q; These polynomially many tests can be done by independent
calls of an NP-oracle. The resulting model 9 is an explicit CGS of polyno-
mial size regarding the number of states and agents. Finally, we apply CTL™
model checking to Ay which can be done in time AY. [ |

Finally, we consider the case for perfect recall strategies. The lower and
upper bound directly follow from the proof of Theorem 5.15 (also cf. Sec-
tion 9.3).

Theorem 5.30 ([Bulling and Jamroga, 2010a]). Model checking ATL
over implicit CGSs is PSPACE-complete with respect to the size of the model
and the length of the formula.

A summary of complexity results for the alternative representation/measure
of the input is presented in Figure 5.5. It turns out that, when considering
the finer-grained representation that comes along with a measure based on
the number of states, agents, and an encoded transition function rather than
just the number of transitions, the complexity of model checking L 4, seems
distinctly harder than before for games with perfect information, and only
somewhat harder for imperfect information. In particular, the problem falls
into the same complexity classes for imperfect and perfect information anal-
ysis, which is rather surprising, considering the results from Section 10.1.
Finally, the change of perspective does not influence the complexity of model
checking of £ 4. as wellas £, at all.
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What can rational agents enforce and how to model rational play? This is
one of the main question addressed in this section. ATLS presented in Sec-
tion 2.2 allow to express that a group of agents is able to bring about .
All possible behaviours are taken into account. However, such a statement is
weaker than it seems. Often, we know that agents behave according to some
rationality assumptions, they are not completely dumb. Therefore we do not
have to check all possible plays — only those that are plausible in some reason-
able sense. This has striking similarities to non-monotonic reasoning, where
one considers default rules that describe the most plausible behaviour and
allow to draw conclusions when knowledge is incomplete. In the presented ap-
proach, some strategies (or rather strategy profiles) can be assumed plausible,
and one can reason what can be plausibly achieved by agents under such an
assumption. Therefore, we extend ATL by the notion of plausibility, and call
the resulting logic ATLP (alternating time temporal logic with plausibility).
We claim that this logic is suitable to model and to reason about rational
behaviour of agents.

As for ATL the resulting logics obtained by adding the concept of plausi-
bility reason about the group of agents at stake. That is, given ((A)) ¢, whether
the agents in A have a winning strategy for ensuring . However, this operator
accounts only for the theoretical existence of such a strategy, not taking into
account whether the coalition A can be actually formed. Indeed, in order to
join a coalition, agents usually require some kind of incentive (e.g. sharing
common goals, getting rewards, etc.), since usually forming a coalition does
not come for free (fees have to be paid, communication costs may occur, etc.).
To address this important aspect we extend ATL by another dimension which
takes the coalition formation process into account. For this purpose we com-
bine the naive argumentative approach to coalition formation from Section 4.2
with ATL and call the resulting logic CoalATL (coalitional alternating time
temporal logic). The new construct (A denotes that the group A of agents
is able to build a coalition B, AN B # 0 if A # (), such that B can enforce
. That is, it is assumed that agents in A work together and try to form a
coalition B.

The main content of this section is summarised as follows:

1. We extend ATL to a new logic ATLPP?* that allows to reason about what
agents can achieve under an arbitrary plausibility assumption. Several
expressiveness properties are shown. (These results are based on: [Bulling
et al., 2009b; Jamroga and Bulling, 2007a].)
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2. We present more expressive versions of ATLPP®¢: ATLP* and ATLP.
(These results are based on: [Bulling et al., 2009b; Bulling and Jamroga,
2007b].)

3. It is shown how classical and general solution concepts (Nash equilibrium,
subgame perfect Nash equilibrium, Pareto optimality, and others) can be
characterised in the object language of ATLP. (These results are based on:
[Bulling et al., 2009b; Jamroga and Bulling, 2007b; Bulling and Jamroga,
2007b].)

4. We turn our focus on the abilities of sensible coalitions and propose an
naive way how this can be added to ATL resulting in the new logic
CoalATL. (These results are based on: [Bulling et al., 2009a; Bulling and
Dix, 2008; Bulling et al., 2008; Bulling and Dix, 2010].)

6.1 Reasoning About Rational Play

Agents have limited ability to predict the future. However, some lines of action
seem often more sensible or realistic than others. If a rationality criterion is
available, we obtain means to focus on a proper subset of possible plays. In
game theoretic terms, we solve the game, i.e., we determine the most plausible
plays, and compute their outcome. In game theory, the outcome consists of the
payoffs (or utilities) assigned to players at the end of the game. In temporal
logics, the outcome of a play can be seen in terms of temporal patterns that
can occur — which allows for much subtler descriptions. In Section 3.2.5 we
have explained how rationality can be characterised with formulae of modal
logic (ATLI in this case). Now we show how the outcome of rational play can
be described with a similar (but richer) logic, and that both aspects can be
seamlessly combined.

Our logic ATLP (alternating time temporal logic with plausibility) comes
in several steps, based on different underlying languages. In this section, we
introduce the base language.

L£5%¢ i Sets of plausible/rational strategy profiles can be only referred to via
atomic plausibility terms (constants) whose interpretation is “hardwired”
in the model. A typical £5%¢  statement is (set-pl w)Ply: Suppose that
the set of rational strategy profiles is defined by w — then, it is plausible
to expect that ¢ holds. For instance, one can reason about what should
happen if only Nash equilibria were played, or about the abilities of players
who play only Pareto optimal profiles, had terms for Nash equilibria and
Pareto optimal strategies been included in the model.

The language £5%% ., is presented in Sections 6.1.2 and the semantics in
Section 6.1.4.
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Then, in Section 6.2 we introduce the full logic ATLP. We start with an
intermediate step in Section 6.2.1, namely plausibility terms written in £ 4p; .
This logic is named ATLPATH. Tt serves as a motivation to extend L3¢ , to
LY p, and, more generally, to a hierarchy £ 47, p = limg— o0 £% 7 p which

denotes the language of ATLP.

6.1.1 The Concept of Rational Behaviour, Related Work

The idea has been inspired by the way in which games are analysed in game
theory. Firstly, game theory identifies a number of solution concepts (e.g.,
Nash equilibrium, undominated strategies, Pareto optimality) that can be
used to define rational behaviour of players. Secondly, it is usually assumed
that players play rationally in the sense of one of the above concepts, and it
is asked about the outcome of the game under this assumption.

In general, plausibility can be seen as a broader notion than rationality:
One may obtain plausibility specifications e.g. from learning or folk knowledge.
In this section, however, we mostly focus on plausibility as rationality in a
game-theoretical sense.

There are two possible points of focus in this context. Research within
game theory understandably favours work on the characterisation of various
types of rationality (and defining most appropriate solution concepts). Appli-
cations of game theory, also understandably, tend toward using the solution
concepts in order to predict the outcome in a given game (in other words, to
“solve” the game).

The first issue has been studied in the framework of logic, for exam-
ple in [Bacharach, 1987; Bonanno, 1991; Stalnaker, 1994, 1996]; more re-
cently, game-theoretical solution concepts have been characterised in dynamic
logic [Harrenstein et al., 2002, 2003], dynamic epistemic logic [Baltag, 2002;
van Benthem, 2003], and extensions of ATL [van der Hoek et al., 2005a; Jam-
roga et al., 2005].

The second thread seems to have been neglected in logic-based research:
The work [van Otterloo et al., 2004; van der Hoek et al., 2004; van Otterloo and
Roy, 2005; van Otterloo and Jonker, 2004] are the only exceptions we know of.
Moreover, each proposal from [van Otterloo et al., 2004; van der Hoek et al.,
2004; van Otterloo and Roy, 2005; van Otterloo and Jonker, 2004] commits to
a particular view of rationality (Nash equilibria, undominated strategies etc.).
Here, we try to generalise this kind of reasoning in a way that allows to “plug
in” any solution concept of choice (that we are able to formalise). We also
try to fill in the gap between the two threads by showing how sets of rational
strategy profiles can be specified in the object language, and building upon
the existing work on modal logic characterisations of solution concepts [Har-
renstein et al., 2002, 2003; Baltag, 2002; van Benthem, 2003; van der Hoek
et al., 2005a; Jamroga et al., 2005]. We show that our logic can describe all
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the solution concepts that these existing approaches can describe but also
additional ones, e.g. dominant strategies were it seems fundamental to allow
some kind of quantification over strategy profiles.

6.1.2 The Language L£555°,

We start with extending the language of £ 4, (cf. Definition 2.15) with oper-
ators Ply , (set-pl w), and (refn-pl w). The first assumes plausible behaviour
of agents in A; the latter are used to fix the actual meaning of plausibility by
plausibility terms w. As yet, the terms are simple constants with no internal
structure. Their meaning will be given later by a denotation function linking
plausibility terms to sets of strategy profiles. Finally, the last operator is used
to refine a given notion of plausibility.

Definition 6.1 (£535¢,). The base language LY%%$ p(Agt, II,2) is defined
over non-empty and finite sets: I of propositions , Agt of agents, and {2
of plausibility terms. L arrp(Agt, II, 2)-formulae are defined by the following
grammar:

pu=ploplene ] (A) O¢l (A)DOp [ (A)elte |
Plyp | (set-plw)y | (refn-pl w)e.

Additionally, we define O as TUp, Pl as Ply,., and Ph as Ply .

We use p,a,w to refer to typical elements of IT, Agt, {2, respectively, and
A to refer to a group of agents.

Pl4 assumes that agents in A play rationally; this means that the agents
can only use strategy profiles that are plausible in the given model. In par-
ticular, Pl (= Plag ) imposes rational behaviour on all agents in the system.
Similarly, Ph disregards plausibility assumptions, and refers to all physically
available scenarios. The model update operator (set-pl w) allows to define (or
redefine) the set of plausible strategy profiles (referred to by 7" in the model)
to the ones described by plausibility term w (in this sense, it implements revi-
sion of plausibility). Operator (refn-pl o) enables refining the set of plausible
strategy profiles, i.e. selecting a subset of the previously plausible profiles.

With £835¢ , we can for example say that

P1{(0)O(closed A Ph {{guard)) O —closed) :

It is plausible to expect that the emergency door will always remain closed, but
the guard retains the physical ability to open it; or

(set-pl wng)P1{(2)) Omoney; :

Suppose that only playing Nash equilibria is rational; then, agent a can plau-
stbly reach a state where it gets some money.
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We note that, in contrast to [Friedman and Halpern, 1994; Su et al., 2005;
Bulling and Jamroga, 2006], the concept of plausibility presented in this article
is objective, i.e. it does not vary from agent to agent. This is very much in the
spirit of game theory, where rationality criteria are used in an analogous way.
Moreover, it is global, because plausibility sets do not depend on the state
of the system. We note, however, that the denotation of plausibility terms
depends on the actual state.

6.1.3 Concurrent Game Structures with Plausibility

To define the semantics of £5%¢ ,, (and also £ 47, p introduced in the following
section), we extend CGSs to concurrent game structures with plausibility.
Apart from an actual set of plausible strategies 1", a concurrent game structure
with plausibility (CGSP) must specify the denotation of plausibility terms
w € 2. It is defined via a plausibility mapping

[1: @ — (2 —P().

Instead of [¢] (w) we will often write [w]? to turn the focus to the plausibility
terms. Each term is mapped to a set of strategy profiles. We note also, that the
denotation of a term depends on the state. In a way, the current state of the
system defines the “initial position in the game”, and this heavily influences
the set of rational strategy profiles for most rationality criteria. For example,
a strategy profile can be a Nash equilibrium (NE) in gg, and yet it may not
be a NE in some of its successors.

We will propose a more concrete (and more practical) implementation of
plausibility terms in Section 6.2.1 and 6.2.2.

Definition 6.2 (CGSP). A concurrent game structure with plausibility
(CGSP) is given by a tuple

M = <Agt7 Q,Haﬂa ACt7d7 07T7 ‘Qv [H]>

where (Agt, Q, I, 7, Act,d, 0) is a CGS (cf. Definition 2.16), T C X' is a set
of plausible strategy profiles (called plausibility set); £2 is a set of of plausibility
terms, and [-] is a plausibility mapping over Q and 2.

By CGSP(Agt, I1,12) we denote the set of all CGSPs over Agt, IT and
(2. Furthermore, for a given CGSP 9 we use Xoy to refer to element X of
M, e.g., Qop to refer to the set Q of states of M.

Definition 6.3 (Compatible model). Given a formula ¢ € Larpp(Agt, IT,
2) a CGSP M is called compatible with ¢ if, and only if, M € CGSP(Agt, I1,
2). That is, the model interprets all symbols occurring in ¢. A model M is
called compatible with a set L of L 4 p-formulae if, and only if, M is com-
patible with each formula in L.
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We will assume by default that, given a formula or a set of formulae, the
model we consider is compatible with it.

The formula P1{{A))~ implies that A can only play plausible strategies.
Thus, A’s part of the strategy profiles in 7" is of particular interest which
motivates the following definition.

Definition 6.4 (Pg|a). For a given set Pg C X of collective strategies of
agents B, Pp|a with A # 0 denotes the set of A’s substrategies in Pg, i.e.:

PB|A = {SA S EA | 33;3 S PB (SIB‘A = SA)}.

For A =0 we define Pgly to consist of the empty strategy; i.e.,

Pplp = {so}

In particular, if ) # A € B we have that Pg|a = 0. (We would like to note
that this is different from {sg}.)

Often, we impose restrictions only on a subset B C Agt of agents, with-
out assuming rational play of all agents. This can be desirable due to several
reasons. It might, for example, be the case that only information about the
proponents’ play is available; hence, assuming plausible behaviour of the op-
ponents is neither sensible nor justified. Or, even simpler, a group of (simple
minded) agents might be known to not behave rationally.

Consider formula Plg ((A)~: The team A looks for a strategy that brings
about ~, but the members of the team who are also in B can only choose
plausible strategies. The same applies to A’s opponents that are contained in
B. Strategies which comply with B’s part of some plausible strategy profile
are called B-plausible.

Definition 6.5 (B-plausibility of strategies). Let A, B C Agt and s4 €
X 4. We say that s 4 is B-plausible in 9 if, and only if, B’s substrategy in s4
is part of some plausible strategy profile in M, i.e., if salan € Toplans-

By Y3 (B) we denote the set of all B-plausible strategy profiles in 9.
That is, Yon(B) = {s € X' | s|p € Tyy|B}. Note that s is B-plausible iff sa €
Ton(B)]a-

We observe that s4 is trivially B-plausible whenever A and B are disjoint.

Remark 6.6. We note, that the set of (-plausible strategy profiles is given by
the set of all strategy profiles (cf. Definition 6.4):

TO)={seX|slpeTpt={scX|0ec{i}}=x

and for 7 = () we have that '(A) = () for A # 0.
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As mentioned above, if some opponents belong to the set of agents who are
assumed to play plausibly then they must also comply with the actual plau-
sibility specifications when choosing their actions; this is taken into account
by the following notion of plausible outcome.

Definition 6.7 (B-plausible outcome). The B-plausible outcome,

OUtEDT(Q7 SA, B)7

with respect to strategqy sa and state q is defined as the set of paths which can
occur when only B-plausible strategy profiles can be played and agents in A
follow s4:

outon(q, sa, B) = {\ € A (q) | there exists a B-plausible t € X such that
tla = sa and outon(q,t) = {A}}.

As before we will leave out the subscript “M” if clear from context.

We note that the outcome outsn(q, s4, B) is empty whenever (AN B)’s part
of s4 is not part of any plausible strategy profile in 75,,;. For example, assume
that all agents in B play only parts of Nash equilibria. Then for a given s4
there are two possibilities for the B-consistent outcome. Either it is empty
because (A N B)’s part of s4 does not belong to any Nash equilibrium, or it
consists of all paths which can occur when (1) A sticks to s4, (2) B (including
AN B) plays according to some Nash equilibrium, and (3) the other agents
behave arbitrarily.

6.1.4 Semantics: The Logic ATLPYa¢

The truth of £%%¢ -formulae is given with respect to a CGSP, a state g,
and a set B of agents. The intuitive reading of M, q E=p ¢ is: ¢ is true in
model M and state q if it is assumed that players in B play rationally (i.e., by
using only plausible combinations of strategies). No constraints are imposed
on the behaviour of agents outside B, but the plausibility operator Pl 4 can
be used to change the set of agents (viz. A) whose play is restricted. The
update/refinement modalities (set-pl w)/(refn-pl w) are used to change the
plausibility set Yy, in the model.

Definition 6.8 (Semantics of £53%¢,). Let M € CGSP(Agt, II,2) and
A, B C Agt. The semantics of L 4, p(Agt, II, 2)-formulae is given as follows:

M,ql=ppiff pen(q) andp € I1;
M, q =B~ iff M, q B @;
M, ql=p e Ny iff M, q =B @ and M, q =p 1);



6.1 Reasoning About Rational Play 103

M, q =5 (A) O ¢ iff there is a B-plausible sa such that M, A\[1] =5 ¢ for
all X € outon(q, sa,B);

M, q =5 (A)Oep iff there is a B-plausible sa such that MM, \[i] = ¢ for all
A € outon(q, sa, B) and all i € Ny;

M, q =5 (A) U iff there is a B-plausible ss such that, for all
A € outon(q, sa, B), there is i € Ng with M, \[i] =g ¢, and M, A\[j] EB ¢
forall0 < j < i

m,q ):B PIASQ Zﬁmaq ):A Ps

M, q =p (set-plw)p iff M, q Ep ¢ where the new model M’ is equal to M
but the new set Yy, of plausible strategy profiles of M’ is set to [w]gy;

M, q =5 (refn-plw)p iff M, q =5 ¢ where M’ is equal to M but Yoy, set to
Lop N [w]in-

The “absolute” satisfaction relation |= is given by =¢.

Definition 6.9 (Validity). Let ¢ € Larpp(Agt, I1,2) and M C
CGSP(Agt, II, 2) be a set of models. Formula ¢ is valid with respect to M
if, and only if, M, q = ¢ for each M € M and each state ¢ € Qoy.

An ordinary concurrent game structure (without plausibility) can be in-
terpreted as a CGSP with all strategy profiles assumed plausible, i.e., with
T = X, and empty set of plausibility terms (2.

Let us clarify the semantics behind Pl g {(A))~ once more. The proponents
(viz. A) look for a strategy that enforces 7; some of them (viz. AN B) are
assumed to play a part of a plausible strategy profile while the others (viz. A\
B) can choose an arbitrary collective strategy. Analogously, some opponents
(viz. B\ A) are supposed to play plausibly (their choice complies to set Yy,
together with the strategy already chosen by A N B), while the rest (viz.
Agt \ (A U B)) has unrestricted choice. In particular, when B = A, only
the choices of the proponents are restricted; for B = Agt \ A plausibility
restrictions apply to the opponents only.

Remark 6.10. We observe that our framework is semantically similar to the
approach of social laws [Shoham and Tennenholz, 1992; Moses and Tennen-
holz, 1995; van der Hoek et al., 2005b]. However, we refer to strategy profiles
as rational or not, while social laws define constraints on agents’ individual
actions. Also, our motivation is different: In our framework, agents are ex-
pected to behave in a specified way because it is rational in some sense; social
laws prescribe behaviour sanctioned by social norms and legal regulations.

Ezample 6.11 (Asymmetric matching pennies ctd.). We continue our Exam-
ple 3.10. Suppose that it is plausible to expect that both agents are ratio-
nal in the sense that they only play undominated strategies.! Then, ¥ =

1 'We recall from Section 3.1 that a strategy s, € X, is called undominated if, and
only if, there is no strategy s, € X, such that the achieved utility of s}, is at least
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{(Shs8h), (Sh,st)}. Under this assumption, agent 2 is free to grant itself with
the prise or to refuse it: P1({{(2)) moneys A ((2))[(0-money,). Still, it cannot
choose to win without making the other player win too: P1—((2)) O(money, A
—money; ). Likewise, if rationality is defined via iterated undominated strate-
gies, then we have 7" = {(s, sp)}, and therefore the outcome of the game is
completely determined: P1 (@) J(—start — money; A moneys).

In order to include both notions of rationality in the model, we can en-
code them as denotations of two different plausibility terms — say, wyundom
and witer, With [wundom]® = {(Sh,sn), (sn,st)}, and [witer]? = {(sh, sn)}-
Let 9} be model 9y with plausibility terms and their denotation de-
fined as above. Then, we have that 9M},q0 = (set-pl wWundom )Pl ({2))0
moneys A ((2)) D—money,) A (set-pl wjze, ) PL (@) O(—start — money; Amoneys,).

Out of many solution concepts, Nash equilibria are the most widely ac-
cepted, especially for non-cooperative games. We briefly extend our working
example with game analysis based on Nash equilibria. In this case, it is not
possible to define rationality with independent constraints on agents’ indi-
vidual strategies (like in normative systems). These are full strategy profiles
being rational or not, since rationality of a strategy depends on the actual
response of the other players.

Ezample 6.12 (Asymmetric matching pennies ctd.). Suppose that rationality
is defined through Nash equilibria. Then, T = {(sp, s1), (st, st)}. Under this
assumption, agent 2 is sure to get the prise: P1{(@)0(—start — moneys).

Moreover, by choosing the right strategy, 2 can control the outcome of
the other agent: P1({(2))0(—start — money;) A ((2))J-money;). Note that
agent 1 can control its own outcome too, if we assume that the players are
obliged to play rationally: P1 (((1)) O(—start — money) A {(1))J-money;). This
may seem strange, but a Nash equilibrium assumes implicitly that the agents
coordinate their actions somehow. Then, assuming a particular choice of one
agent in advance constrains the other agent responses considerably, which
puts the first agent at advantage.

Ezample 6.13 (Bargaining ctd.). We continue Example 3.12. Let wy g denote
the set of Nash equilibria (every payoff can be reached by a Nash equilibrium),
and wgpy the set of subgame perfect Nash equilibria in the game. Then, the
following holds for every = € [0,1]:

m,Z7q0 ':
1x 5% U0
(set-pl wnp)(1,2))O(pF Apy ) A (set-pl wspn ) (D) O(p, ™2 Apy 7).

as good as for s, for all counterstrategies s_o € Xyg¢\ a3y and strictly better for
at least one counterstrategy s_, € EAgt\{a}.
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where 9, is given by 9, extended by plausibility terms and their denotation
as introduced above.

Finally, we observe that the “plausibility refinement” operator (refn-pl -)
can be used to combine several solution concepts, e.g., (set-pl wyg)
(refn-pl wpp) restricts plausible play to Pareto optimal Nash equilibria. We
can also use (refn-pl -) to compare different notions of rationality. For exam-
ple,

(set-pl wyp)(refn-pl wpo)(Agt) O T

can be used to check if Pareto optimal strategies that are also Nash equilibria
exist in the model at all.

The base language L%, allows to restrict the analysis to a subset of
available strategy profiles. One drawback of £5%¢ , is that we cannot specify
sets of plausible/rational strategy profiles in the object language, simply be-
cause our terms do not have any internal structure — they are just constants.
Ideally, one would like to have a flexible language of terms that allows to spec-
ify any sensible rationality assumption, and then impose it on the system.

Our first step is to employ L, -formulae and make use of the results
in Section 3.2.5. The second step is to define a proper extension of L£%%¢ ,
where these concepts can be expressed, thus enabling both specification of
plausibility and reasoning about plausible behaviour to be conducted in ATLP.
The idea is to use £, p formulae 6 themselves to specify sets of plausible
strategy profiles, with the intended meaning that 7" collects exactly the profiles
for which ¢ holds. Then, we can embed such an L ,,; p-based plausibility
specification in another formula of £, p.

6.2 Alternating-Time Temporal Logic with Plausibility:
ATLP

In this section we extend the language £5%¢ , and present the following lan-

guages:

LY p A slight extension of £4%¢ .. We allow some combinations of the
constants of £%%¢ , to form more complex terms.

L4TEL: An intermediate language, where rational strategy profiles are char-

acterised by L 4, ~formulae.
Lk . pt Here we have nestings of plausibility updates up to level k. It turns
out that the logic over L4TEL is already embedded in the logic over £Y 7 p.

L 4p.p: Unbounded nestings of formulae are allowed.

The full logic ATLP (alternating time temporal logic with plausibility) is based
on the last, most expressive language.
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6.2.1 Plausibility Terms based on L ,,;;

In Section 3.2.5 we have recalled the logic ATLI, a logic suitable to characterise
game-theoretic solution concepts. Here, we take such formulae and use them

as the strategic terms used in L5%% p.

Definition 6.14 (The language £L4TEL %), Let
2 = {(09) | NS ‘C’ATLI(Agta Ha {0[1]7 R U[k]})}

That 1is, £2* collects terms of the form (0.6), where 0 is an L,y -formula

including only a single strategic term ola] for each agent a. The language
LATEL(Agt, IT) is defined as LY%5 p(Agt, IT, £2%).

The idea underlying terms is as follows. We have an L£L4TLL formula 6,

parameterised with a variable o that ranges over the set of strategy profiles
Y. Now, we want (0.0) to denote exactly the set of profiles from X, for which
formula 6 holds. However — as o denotes a strategy profile, and ATLI allows
only to refer to strategies of individual agents — we need a way of addressing
substrategies of o in #. This can be done by using £ 4, ~terms oli], which
are interpreted as ¢’s substrategy in o.

For example, we may assume that a rational agent does not grant other
agents with too much control over its life:

(0. N\ ((stroofa))~{(Agt \ {a})Odead,)).

a€Agt

Games defined by CGSs are, in general, not determined, so the above speci-
fication does not guarantee that each rational agent can efficiently protect its
life. It only requires that it should behave cautiously so that its opponents do
not have complete power to kill it.

Definition 6.15 (Denotation of £ ,,;-based plausibility terms). Let
M = (Agt, Q, I1,m, Act,d, o) be a CGS and 2* be as in Definition 6.14. For
each s € X we define M° to be the following CGS with intentions:

M = (Agt, Q, I, 7, Act,d, 0,1°, &tr, [])

with &te, = {ofal}, [o[a]] = s|a, and Str = |J,cpy, Stra. We recall from
Section 3.2.5 that I° represents the full intention relation.
The plausibility mapping for terms from 2% is defined as:

[[O’.Q]]q = {S e X | DJTS,q ):ATLI 0}

It is now possible to plug in arbitrary £ 4, -specifications of rationality,
and to reason about their consequences.
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Ezxample 6.16 (Asymmetric matching pennies ctd.). Tt seems that explicit
quantification over the opponents’ responses (not available in ATLI) is essen-
tial to express undominatedness of strategies (cf. [van der Hoek et al., 2005a]
and Section 6.4.2) if one does not want to enumerate all possible strategies
explicitly. Still, we can at least assume that a rational player should avoid
playing strategies that guarantee failure if a potentially successful strategy is
available. Under this assumption, player 1 should never play tail, and as a
consequence player 2 controls the outcome of the game:

1,00 |= (set-pl 0. A\ ¢ 0 (({Agt)) Omoney, — (strqo(a]) {Agt)) Omoneya))
P1 (((2)) O(money; A moneys) A ((2)) 0—(money; A moneys)),

//

where is the CGS 9, extended with propositions p; = money;, £ 4pp. -
based plaus1b1hty terms, and their denotation according to Definition 6.15.

Moreover, if only Pareto optimal strategy profiles can be played, then both
players are bound to keep winning money:

" qo = (set-pl 0.PO® (o)) P1 () O(—start — money; A moneys).

Finally, restricting plausible strategy profiles to Nash equilibria guarantees
that player 2 should plausibly get money, but the outcome of player 1 is not
determined:

1,40 = (set-pl 0.NE®(0)) P1({(0))0(—start — money,)
A=((0) Omoneyy A =((0)) D—moneyy ).

NE and PO refer to the formulae defined in Section 3.3.1.

Ezample 6.17 (Bargaining ctd.). For the bargaining agents and x = (1 —

T
52)11(5% + (6102) 7, we have accordingly:

1. M}, qo |= (set-pl o.NE®(0))P <<®>> (P A p3 %) for every w;

2. My, qo |= (set-pl 0.SPN(0))PL(D) O (pf A ps~ )

3. MY, qo = (set-pl 0.SPNC(0))PL{D)O(=p;t A —=p32) for every x; #  and
o #£1—k

where 9, is the CGSP obtained from CGS My by adding L, -based
plausibility terms and their denotation. Where NE, PO, and SPN refer to the
formulae defined in Section 3.3.1.

Thus, we can encode a game as a CGS 91, specify rationality assumptions
with an £ ., ~formula 0, and ask if a desired property ¢ of the system holds
under these assumptions by model checking (set-pl 0.6)¢ in 9. Note that
the denotation of plausibility terms in 2% is fixed. We report our results on
the complexity of solving such games in Section 10.1.
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6.2.2 The Languages L%, , and £ ,;p

As we have already explained, our main idea is to use ATLP for both speci-
fication of rationality assumptions and description of the outcome of rational
play. Thus, we need a possibility to embed an L ,,; p-formula ¢ (that defines
the rationality condition) in a “higher-level” formula of £,/ p, as a part of
plausibility term (set-pl o.¢). The reading of (set-pl o.p)v is, again: “Let
the plausibility set consist of profiles o that satisfy ; then, v holds”. Apart
from the possibility of nesting formulae via plausibility updates, we also pro-
pose to add quantifier-like structures to the language of terms. Consider, for
example, the term o7.(Jo2)p. We would like to collect all strategies s; such
that there is a strategy s, for which ¢ holds (we use o; to refer to s;). Thus,
01.(302)¢p is supposed to act in a similar way as the first order logic-based
set specification {z | Jy: p(z,y)}. It is easy to see that e.g. the set of all
undominated strategies can now be specified in a straightforward way.

As before, the full logic ATLP is given over a set Agt of agents, a set IT
of propositions, and a set {2 of primitive plausibility terms (cf. Section 6.1.4).
In addition to these sets, we also include a set Var of strategic variables.
Variables in Var range over strategy profiles; we need them to characterise
specific rationality criteria, in a way similar to first order logic specifications.

The definition of £, p is given recursively. In each step the structure
of plausibility terms becomes more sophisticated. At first, we only consider
terms out of £2; their interpretation is given in the model. On the next level, we
also allow plausibility terms to be quantified £ 4y p-formulae which contain
strategic variables and elements from (2. Plausibility terms of subsequent
levels can again be based on terms from the previous levels, and so forth. As
a consequence, the core 0-level language of L 4 p is almost the same as the
base language £5%¢ , defined in Section 6.1.2: It only extends it with simple
combinations of terms.

In general, all the levels of the language can be seen as containing ordinary
formulae of £%%¢ ,, the only thing that changes as we move to higher levels
is the complexity of plausibility terms. We begin with defining simple com-
binations of plausibility terms, and then present the hierarchy of languages
Lk 1 p, with the underlying idea that £X ., p allows for at most k (k € No)
nested plausibility update operators. The full language £ 4, p allows for any
arbitrary finite number of nestings. Firstly, we define how strategy profiles
can be combined and mixed.

Definition 6.18 (Strategic combination). Let X be a non-empty set of
symbols. We say that y is a strategic combination of X if it is generated by
the following grammar:

yu=x|(y,...,y) | yl4]
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where © € X, (y,...,y) is a vector of length |Agt|, and A C Agt. The set
of strategic combinations over X is defined by T(X). It is easy to see that
operator T is idempotent (i.e. T(X) = T(T(X))).

The intuition is that elements of x € X are symbols in the object language
that refer to sets of strategy profiles (as the basic plausibility terms do), and
the elements of 7(X) allow to combine these sets to new sets.? Let z refer to
a set of strategy profiles y C X. Then, x[A] refers to all the profiles in X in
which A’s substrategy is part of some profile from x. Similarly, if z1,...,zg
denote sets of strategy profiles x1, ..., Xk, then (x1,...,zx) refers to all the
profiles that agree on agent i’s strategy with i’s part on at least one profile
from x; foreach i =1,..., k.

Definition 6.19 (L% ;). Let Agt be a set of agents, IT a set of propositions,
2 be a set of primitive plausibility terms, and Var a set of strategic variables
(with typical elements o,01,03,...). The languages LY p(Agt, IT, Var, 2),
for k=0,1,2,..., are recursively defined as follows:

o L9, p(Agt, IT,Var, 2) = L5%s L(Agt, IT,§2y),  where 2y = T(12);
o Lk, p(Agt,IT,Var, 2) = LY o(Agt, IT,2;),  where:

Q= T(2%-1 U 25,,),

QF o =1{01.(Q202) ... (Quon)p | n €NV (1 <i<n=
oi € Var, Q; € {¥,3}, ¢ € L4455 p(Agt, [T, T(2k—1 U{o1,...,0n}))) }.

Thus, plausibility terms on level k (i.e., £2;) augment terms from the pre-
vious level (§2,_1) with new terms 2% that combine quantification over
strategic variables o1, .. .0, with formulae possibly containing these strategic
variables. Such terms are used to collect (or describe) specific strategy profiles
(referred to by variable oy which plays a distinctive role in comparison with
the other variables). In the following we will often use o to refer to oy.

Definition 6.20 (L 45p). The set of L 4y p-formulae with arbitrary finite
nesting of plausibility terms is defined by
Larpp(Agt, I, Var, 2) := L p(Agt, IT, Var, £2)
= lim LY p(Agt, 11, Var, £2).

Definition 6.21 (k-formula, k-term). Formula v € L 4, p(Agt, IT, Var, §2)
is called an LY, p-formula (or simply k-formula) if, and only if, p €
LE o p(Agt, IT, Var, 2). Analogously, a plausibility term occurring in a k-
formaula is called a k-(plausibility) term.

2 This correspondence will be given formally in Definition 6.24 (Section 6.2.3).
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Remark 6.22. We use the acronym ATLP to refer to both the full logic ATLP,
the base logic ATLPP?*¢ and so on.

Ezample 6.23 (Illustration of plausibility terms in LY, »). Below we present
some simple formulae illustrating the different levels of our logic.

L£h%e o (set-pl wne)PL{{A)v; group A can enforce 7 if only Nash equilibria

are played (we assume that wng denotes exactly the set of Nash equilibria
in the model).

LY 7 pt (set-pl {wng, .. .,wNe))PL{A)v; plausibility terms can be com-
bined. We note the difference to the previous formula, agents are assumed
to play a strategy which is part of some NE. The resulting strategy profile
does not have to be a NE, though.

LY7o ¢ = (set-pl 0.301¢(0,01))P1{A)y where ¢'(0,01) is a formula
possibly containing operators (set-pl w) with w € T(2U {0, 01}); e.g.

¢ = (set-pl (o,...0,01,wnE))PL{A)Y.

We have a closer look at the (set-pl -) operator in ¢. The operator collects
all strategies o such that there exists another strategy profile o1 for which
P1{(A))~' holds if all but the last 2 agents play according to o, the second
to last agent plays according to o1, and the last one according to a fixed
strategy out of wnEg.

L2 7. p+ Consider the previous formula ¢ again, but this time ¢/(o,07) can
also contain quantification and nesting; e.g.

¢ = ((set-pl (o,...,0,01,wNE))PL{B)Y) —
((set-pl o’ 3o " (0", 07))P1{(A))7)

where ¢”(c’,07) is a base formula with plausibility terms taken from
T(R2uU{d, oi}).

In the next section we show how the denotation of complex terms is con-
structed, and how it is plugged into the semantics of ATLPY®¢ from Sec-
tion 6.1.4.

6.2.3 Semantics: The Logic ATLP

Lk, p does not change the very structure of base formulae, it only extends
L£5%¢ . by more ornate plausibility terms. Therefore, it seems natural that the
plausibility mapping for these terms is of particular interest; the denotation
reflects the construction of strategic combinations given in Definition 6.18.

Definition 6.24 (Extended plausibility mapping ﬂ) Let 9 be CGSP.

The extended plausibility mapping [-]y, with respect to [-Jan is defined as
follows:
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1. If w € {2 then [[w]]m wlay;
2. If w=uw[A] then[[w]]m {s€E|E|s E[[w’]],ms\A—s\A}
3. Ifw = (w1,...wg) then [[Wsn ={se X | 3t € [[wlﬂm,...,ﬂtk €

[[Wk]]zmvz =1k S|ai = ti|ai)}7
4. If w = oq. (QQJQ) o (Quopn)p then

—~ g
[wlgn ={s1€ X[ Q252 € X,...,Quspn € X (M q=9)},

where M1+ 4s equal to M except that we fix Vpey,...sn, = X,
Qgpsreon = op U{o1,..., 00}, [0ilaper.on = {si}, and ﬂw]]mbl ,,,,, o =
[wlay for all w # 04, 1 < i < n, and ¢ € Q. That is, the denotation of
o5 in M%7 45 set to strategy profile s;.3

Consider, for/iritamce7 plausibility term o7.Voap. The extended plausibil-
ity mapping [o1.Vo2¢] o collects all strategy profiles s; € X (referred to by
o1) such that for all strategy profiles so € X (referred to by o2) ¢ is true in
model M52 and state ¢ € @Q, i.e. M52 g |= ¢ for all s5 € X

Remark 6.25. Note that if the language includes a term w~ that refers to all
strategy profiles, then x[A] can be expressed as (wy,...,wy), where w, = x,
for a € A, and w, = wT otherwise. We also observe that in £¥,; p, k > 0, wT
can be expressed as 0. T.

In Definition 6.8 we defined the semantics of the base language. Truth
of £k, p formulae is defined in the same way, we only need to replace the
previous (simple) plausibility mapping by the extended one in the semantics
of plausibility updates.

Definition 6.26 (Semantics of £ ;1 p, ATLP). The semantics for L 41 p-
formulae is given as in Definition 6.8 with the extended plausibility mapping

[-lon used instead of [-Jon. I.e., only the semantic clauses for (set-pl w)yp and
(refn-pl w)p change as follows:

M, q Ep (set-plw)y iff M, q Ep ¢ where the new model M’ is equal to M

but the new set Ty, of plausible strategy profiles is set to [[w]]m,
M, q Ep (refn-plw)e iff M, q Ep ¢ where the new model M’ is equal to M

but the new set Ty, of plausible strategy profiles is set to Loy N [[Z]]gn
We define the logic ATLP as (L 4ppps F=)-

3 Tt should be emphasised that model 9t~ in which plausibility of profile s;
is evaluated does not presuppose any notion of plausibility, i.e., Yyps1,....sn =
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Remark 6.27. By slight abuse of notation, we also refer to the extended plau-
sibility mapping with the same symbol as to the simple plausibility mapping,
i.e., with [-].

We will discuss some important examples of L 4, p-formulae and terms
(together with their interpretation) in Sections 6.4.1 and 6.4.2 where ATLP
characterisations of solution concepts are presented.

6.3 Expressiveness of ATLP

In this section, we compare ATLP with several related logics and show their
formal relationships. To this end, we first define notions that allow to compare
expressivity of logical systems. Embedding takes place on the level of satisfac-
tion relations (=): Logic Ly embeds Ly if models and formulae of Ly can be
simulated in L; in a truth-preserving way. Subsumption refers to the level of
valid sentences: L; subsumes Ly if all the validities of Ly are validities of L;
as well.

Definition 6.28 (Embedding). Logic L; embeds logic Ly iff there is a
translation tr of Lo formulae into formulae of Ly, and a transformation TR
of Ly models into models of Ly, such that M, q |=,, ¢ iff TR(M),q =, tr(p)
for each pointed model M, q and formula ¢ of L.

Note that the translation of formulae and transformation of models are
supposed to be independent. This prevents translation schemes that transform
M,q = ¢ in Ly to M, g = T, and M, q = ¢ in Ly to M, q £ L (with an
arbitrary model 9t'), that would yield embeddings between any pair of logics.

If not said otherwise all transformations and translation schemes proposed
in this section can be computed in polynomial time and incur only a polyno-
mial increase in the size of models and the length of formulae. Thus, we are
in fact interested in polynomial embeddings of logics in ATLP.

Definition 6.29 (Subsumption). Logic L; subsumes logic Ly iff the set of
validities of Ly subsumes validities of L.

Proposition 6.30. ATLP embeds ATL.

Proof. We use the identity translation of formulae: tr(¢) = @. As for models,
TR(OM) = M’ extends M with an arbitrary set of plausible strategy profiles
T. It is easy to see that the plausibility assumptions 7" will never be used in
the evaluation of ¢ since ¢ includes no P1 operators. Thus, the result of the
evaluation will be the same as for M, g = . [ ]

The above reasoning implies also that ATL validities hold for all ATLP
models.
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Corollary 6.31. ATLP subsumes ATL.

The relationship of ATLP to most other logics can be studied only in the
context of embeddings, as they use different modal operators (and thus yield
incomparable sets of valid formulae). We begin with embedding ATLI [Jam-
roga et al., 2005] (Section 3.2.5) in ATLP. Then, we show that “CTL with
Plausibility” from [Bulling and Jamroga, 2007a] can be embedded in ATLP
for a limited (but very natural) class of models. Finally, we propose an embed-
ding of game logic with preferences [van Otterloo et al., 2004; van der Hoek
et al., 2004] (cf. Section 3.2.4) which allows to reason about what can happen
under particular game-theoretical rationality assumptions.

Proposition 6.32. ATLP embeds ATLI.

Proof. [Idea] For an ATLI-model we construct an CGSP with a plausibility
term for each strategic one. Strategically combining plausibility terms allows
to restrict only the behaviour of individual agents as in ATLI. Then, we have,

e.g. M, q Ep, (straoq){(A)Op iff
TR(SUI)’ q ‘:ATLP Pl1 (set-pl <w-r, sy Wog e ,(UT>)<<A>> Up.

The complete proof is given on page 303. |

CTLP, ie., “CTL with Plausibility” [Bulling and Jamroga, 2007a], is an
extension of the branching-time logic CTL with a similar notion of plausibility
as the one we use here. We present the logic in Appendix A.1. The main differ-
ence lies in the fact that CTLP formulae refer to plausible paths rather than
strategy profiles. To transform models, we first observe that every transition
system 991 can be seen as a concurrent game structure that includes only a
single agent a;. Furthermore, we can transform 9t to a CGSP TR(IM) by
adding 7 = X and 2 = () (cf. Section 6.1.2).

The main idea of the embedding followed in [Bulling et al., 2009b] to
encode (set-pl v) of CSLP as a plausibility term o.(set-pl o)P1{{0)~ is
flawed. It does not seem possible to use the plausibility operator of ATLP to
define each set of paths describable by a L, -formulae. For illustration we
present the following example.

Example 6.33. We consider the CGS 99t shown in Figure 6.1. The path formula
~v = Or is true on the gp-paths (gog1)*qo(g2)” and (gog1)* where * denotes
the Kleene star and is understood as for regular expressions. We call this
(infinite) set of paths P. We claim that this set is not representable by any
set of memoryless strategies. The problem are the paths that visit ¢; and gs.
Only the path (gog1)“ can be represented by a memoryless strategy. However,
then we have that
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r

Fig. 6.1. A CGS with three states and propositions r and s.

M, go =ATLP (set-pl o.(set-pl o) PL{()~)P1{(B)O—-s
but
M, qo TP (set-pl )Pl A-s.

The proof of the following theorem is based on the result that CTLP can be
encoded in CTL™. We note that the embedding may result in an exponential
blow-up of the formula.

Proposition 6.34. ATLP embeds CTLP in the class of transition systems.

Proof. In [Bulling and Jamroga, 2007a] it is shown that every CTLP formulae
in which plausible paths are described by temporal formulae can be trans-
lated to an equivalent CTL*-formula. Since CTL and CTL' have the same
expressive power [Emerson and Halpern, 1985] we can construct an equiva-
lent CTL-formula (we note again that this formula may yield an exponential
blow-up [Wilke, 1999]). Finally, the CTL formula can be embedded in ATL
and thus also in ATLP (Proposition 6.30). [ |

Proposition 6.35. If P £ NP then ATLP cannot be polynomially embedded
in neither ATL, nor ATLI, nor CTLP.

Proof. Suppose that any of these logics polynomially embeds ATLP. Then,
the embedding provides a polynomial reduction of model checking from ATLP
to that logic. Since model checking of ATL, ATLI, and CTLP can be done in
polynomial deterministic time [Alur et al., 2002; Jamroga et al., 2005; Bulling
and Jamroga, 2007a], we get that the problem for ATLP is in P, too. But
model checking ATLP is A¥-hard already for £ , (see Section 10.1). ®
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There is not much work on logical descriptions of behaviours of agents
under rationality assumptions based on game-theoretical solution concepts.
In fact, we know only of one such logic for agents with perfect information,
which is GLP from [van der Hoek et al., 2004] presented in Section 3.2.4. In
this logic agents have qualitative preferences (i.e., a propositional formula ¢
that they supposedly want to make eventually true). They are assumed to play
rationally in the sense that if they have strategies that guarantee ¢y, they
can use only those strategies in their play. Interestingly enough, the preference
criterion was different in a preliminary version of GLP [van Otterloo et al.,
2004], where it was based on the notion of Nash equilibrium. We show that
GLP can be embedded in ATLP. One may embed game logics with other
preference criteria in an analogous way.

Proposition 6.36. GLP can be embedded in ATLP.

Proof. [Idea] For the translation of models, we transform game trees of GLP
to concurrent game structures using the construction from Section 3.2.2, and
transform the CGS to a CGSP by taking " = X and 2 = (). Then, the
preference operator [A : gl is encoded by setting the plausible strate-
gies to the ones satisfying Qwp. That is, with each subsequent preference
operator [A : g, only those from the (currently) plausible strategy pro-
files are selected that are preferred by a. The preference is based on the
(subgame perfect) enforceability of the outcome g at the end of the game:
if pg can be enforced at all, then a prefers strategies that do enforce it.
The complete proof is given on page 304. |

We note that a couple other logics were defined for various solution con-
cepts with respect to incomplete information games [van Otterloo and Roy,
2005; van Otterloo and Jonker, 2004].

Remark 6.37. We have presented embeddings of several quite different log-
ics into ATLP, which suggests substantial gain in expressive power. Most of
them (ATL, ATLI, and CTLP) are embedded already in the lowest levels of
the ATLP hierarchy (i.e., ATLP¢ or ATLP! with no quantifiers). GLP for-
mulae with at most k preference operators are embedded in ATLP*, which
is inevitable given their semantics that combines model update and irrevo-
cable strategic quantification (cf. the discussion and the complexity results
in [Agotnes et al., 2007a; Brihaye et al., 2008]).

6.4 Solution Concepts Revisited

Solution concepts do not only help to determine the right decision for an agent.
Perhaps more importantly, they constrain the possible (predicted) responses
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of the opponents to a proper subset of all the possibilities. For many games
the number of all possible outcomes is infinite, although only some of them,
often finitely many, make sense. We need a notion of rationality (like subgame-
perfect Nash equilibrium) to discard the less sensible ones, and to determine
what should happen had the game been played by ideal players.

While ATL is already a logic that incorporates some game theoretical
concepts, we claim that extending ATL by other useful constructs not only
helps us to better understand the classical solution concepts in game theory,
but it also paves the way for defining new solution concepts (which we call
general).

We show in the line with Section 3.3.1 and 3.3.2:

1. That several classical solution concepts for extensive games (Nash equi-
libria, subgame perfect Nash equilibria, Pareto Optimality), can be char-
acterised already in the language ATLP! (Section 6.4.1),

2. That these solution concepts can be also reformulated in a qualitative
way, through appropriate formulae of ATLP parameterised by ATL path
formulae (Section 6.4.2).

6.4.1 Classical Solution Concepts in ATLP?

In Section 3.2.2 we have shown how extensive games I' (with a finite set of
utilities) can be expressed by CGSs: Each I' can be transformed in a CGS
(") such that they correspond to each other (in the sense of Definition 3.11).
The following terms rewrite the specification of best response profiles,
Nash equilibria, and the specification of subgame-perfect Nash equilibria from
Section 3.2.5. Note that the new specifications use only ATLP operators.

BRI (o) = (set-pl olagt\ {a})P1 A (((a)Tp3) — (set-pl o) (0)Tp3),
velU
NE"(o)= /\ BRI(0),
acAgt

SPNT (o) = (0)ONET (o).

Recalling briefly the ideas behind the above specifications, BRI (o) holds
iff o[a] is a best response to o[Agt \ {a}]. That is, after we fix Agt \ {a}’s
collective strategy to o[Agt \ {a}], agent a cannot obtain a better temporal
pattern of payoffs than by playing ola]. Then, o is a Nash equilibrium if
each individual strategy o[a] is the best response to the opponent’s strategies
o[Agt \ {a}] (cf. [Osborne and Rubinstein, 1994]). The formalisation of a
subgame perfect Nash equilibrium is straightforward: We require profile o
to be a Nash equilibrium in all reachable states (seen as initial positions of
particular subgames).
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The following propositions are simple adaptations of the results from Sec-
tion 3.2.5.

Proposition 6.38. Let I' be an extensive game with a finite set of utilities.
Then the following holds:

1.s€ [[O’.BR(?(J)]]QR(F) iff sla is a best response for a against s|pge\(ay N I
2.s5€ [[O’.NEO(O’)]]gﬁ(F) iff s is a Nash equilibrium in I.
3.s¢€ [[O'.SPNO(O')]]%I(F) iff s is a subgame perfect Nash equilibrium in I .

Proof. The proof is done completely analogous to the one given for Proposi-
tion 3.15. ™

In Section 3.2.5 we defined a quantitative version of Pareto optimality
formulated in £ 4, ;. However, as we pointed out, the £ 4, ~formula had ex-
ponential length and some counterintuitive implications. Quantification allows
to propose a more compact and intuitive specification:

POT(0) = Vo' Pl ( /\ /\ ((set-pl o’) (D) Tp; — (set-pl o) (D) Tp}) V
ac€Agt velU

V'V ((set-pl o) (@) Tp% A ~(set-pl ') (0) Tp3) ).

achgt vel

This definition of Pareto optimality is more intuitive than the one given
in Section 3.2.5 because it does not focus on the temporal evolution of whole
payoff profiles, but rather on the interaction between temporal patterns of
individual patterns. Although the definition is more intuitive (and thus differ-
ent from the one of Proposition 3.17) we get the same result. This is, because
payoffs are only assigned to leaf nodes if one considers the translation of an
extensive form game.

Proposition 6.39. Let I' be an extensive game with a finite set of utilities.
Then s € [[U.POO(U)]]gn(F) iff s is Pareto optimal in .

Proof. “=* Let s € [[J.POO(U)]]gﬁ(F). Then, the formula imposes the fol-
lowing restrictions on s. For each payoff profile (v, ..., v) reachable by some
strategy o’ in I', it must also be reachable if the agents follow o. Or, if for
some strategy o’ this is not the case; then, there must be some agent a and
some payoff v such that the agent can enforce the payoff regarding o but not
regarding ¢’. Thus, both profiles are incomparable. The restriction is captured
by the restricting to plausible behaviour. Thus, the strategy o is indeed Pareto
optimal. Note, that payoffs are only assigned to leaf nodes.
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“«=*“The proof for the other direction is done similarly. [ ]
Let (z?,y*8"\4) be a shorthand for the term (z1,...,2,) with z, = =
for a € A and z, = y otherwise. The following specification, formulated

as an LY, p-formula, characterises the set of strategy profiles that include
undominated strategies for agent a:

UNDOMZ(¢) = VoiVordos
PL( A\ ((set-pl (o1}, 4= \) (0) Tol — (set-pl (o), o=\ ))) (0) TY)

velU

v/ ((set-pl (o1, 4N ) (0) 7ol A ~(set-pl (o), 4= D)) ) T3) ).

velU

Proposition 6.40. Let I' be an extensive game with a finite set of utilities.
Then, s € [o. UNDOMS(J)]]?R(F) iff sla is undominated in I .

Proof. “=7: Let s € [o. UNDOMS(U)]]&I(F). Assume that s|, is domi-
nated by some strategy s’|,. That is, s'|, always yields an outcome for
a at least as good as s|, and strictly better for some profile s”|sg\ fa}-
Say, the latter ensures a payoff v’. Then, let the denotation of o; (resp.
o3) be such that [(oi™, oheMah] = (5'|as 8" |agt\{a})- Then, we have that

(set-pl (o™}, 055 ) (@) OBy but ~(set-pl (o7, 03" M) () 0pY).
Moreover, since §'|, always yields an outcome for a at least as good as sl,, we
also have (set-pl (o{%), o5 =\ ) () Opy — (set-pl (of*}, 05Dy (0) OpY
for all payoffs v. Contradiction!

“<”: Suppose s|, is undominated. Then, for any other profile s1|, and
S2|_q the payoff v reachable by (s1]q,S2|—q) is also reachable by (s|q4, S2|—-a)
(this is captured be the left side of the disjunction). Or they are incomparable.
That is, there is some payoff reachable by (|4, s3|—4) for some strategy s3|_,
of the opponents that is not reachable of a following s1|,. This is captured by
the right side of the conjunction. Thus, the formula is satisfied. [ |

6.4.2 General Solution Concepts in L',iTLP

In this section, we return to the idea of general solution concepts from Sec-
tion 3.3.2 and show how qualitative versions of NE, SPN, PO and UN-
DOM can be captured in ATLP. Like for temporalised solution concepts,
it turns out that their qualitative counterparts can be already specified in
LY+, p(Agt, IT,0). That is, we need only one level of nested plausibility up-
dates (and no “hardwired” plausibility terms) to effectively capture classical
notions of rationality and extend them to more general games which we study
in this thesis.
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We only consider one “winning condition” per agent to represent agents’
preferences, but this view can be naturally extended to full preference lists, as
in Section 3.5. In what follows, let 77 = (n1,..., M%) be a vector of £ 4, -path
formulae. We first define the normal form game corresponding to a CGSP.

Definition 6.41 (Transforming CGSP into normal form game). Let
M € CGSP(Agt, I1,2) and q € Qon. The associated NF game S(IM, 77, q)
with respect to 1 is given as in Definition 3.19 with 9 interpreted as a pure
CGS by removing T and [-] from it.

Our aim is to define analogues of classical solution concepts (Nash equi-
libria and such) that are based on explicit “winning conditions” 7); instead of
numerical payoffs. We can build on our results from the previous section; we
only need to replace temporal patterns of payoffs with the formulae 7);:

BR] (o) = (set-pl o[Agt\{a})PI ({a)n. — (set-pl o) (@) ),
NE"(s)= /\ BR] (o),
a€chAgt
SPN7 () = (O)ONET (),

PO (o) =o' PL( A\ ((set-pl o) (). — (set-pl o) (B)n.) v
achAgt

\/ ((set-pl ) {(0))na A —(set-pl o) () 7]a)7

acAgt
UNDOMT (0) = Vo Vo,Jos Pl
(((set-p1 (o{™, o5\ D)) () 0 — (set-pl (o1}, 4=\ ) (D))
v ((set-pl (o1}, 5N () o A (set-pl (o), 45D (0)na) ).

The intuitions of these concepts are the same as in the quantitative case.
Note that we did not have to include the big conjunctions/disjunctions over
all possible utility values in the case of Pareto optimal and undominated
strategies. This is, because the corresponding normal form game can be seen
as a game with only two possible outcomes per agent.

The following proposition shows that N EW, PO™ , and UNDOM T indeed
extend the classical notions of Nash equilibrium, Pareto optimal strategy pro-
file, and undominated strategy.

Proposition 6.42.
1. The set of a’s best response strategies in S(M, 77, q) is given by

[o.BR (0)]y-
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The set of Nash equilibrium strategies in S(M, 7, q) is given by
[o.NE" ()]
The set of Pareto optimal strategies in S(IN, 77, q) is given by
[0.PO7 (0)]4,.

The set of a’s undominated strategies in S(IMM,77,q) is given by
(Io- UNDOM (o)) -

Proof. Let S =S(M, 7, q).

1.

“C”: Suppose s, is a best response to s_, in S. Let o be the strate-
gic variable with denotation s = (s4,5_4). Then, if u,(s) = 0 there
is no other strategy s/, of a such that p.(s),s—.) = 1. Now, assume
that (set-pl o[Agt\{a}])Pl {a)n, holds in M, g. Then, there is a strategy
s/, of a such that n, holds along all paths from out(q, (s}, s_q)); hence,

ta (s, 5—a) = 1. Now, suppose that s = (sg,5_4) & HU.BRZ(O’)]];R; ie.,
that (set-pl o){(@)n, does not hold in 9, q. Then, there is a path in
out(q, s) along which 7, is false and thus p,(s) = 0. Contradiction!

—— q
“27: Suppose s € [0.BRY(0)] gy with [o]d, = s. That is, BR] (o) is true in
M, q. Then, following the same reasoning as above we have that if u,(s) =
0; then, there is no other strategy s/, of a such that u4(s,,s—q) = 1. Le.
Sq is a best response to s_.

. Follows from 1 and the fact that s is a NE iff s, is a best response to s_,,

for each agent a.

. “C”: Let s be Pareto optimal in S. That is, there is no profile s’ such that

for all agents a, uq(s") > pa(s) and for some agent a, pq(s’) > pq(s). We
show that 9, ¢ = PO" (o). For the sake of contradiction assume the con-
trary; that is, there is s’ such that 9*', ¢ = Pl (Vacag ((set-pl o) (@) naA
~(5et-P1 0) () 77) A A senge (s66-PL o) ()70 — (s6t-DL o) () 1)) We
use s’ to denote ¢’ for which the formula evaluates true. According to the
left-hand site of the outermost (wrt. infix notation) conjunction, there has
to be an agent a’ such that 7, is achievable with respect to s’ but not
with respect to s. From the right-hand side of the conjunction, we learn
that the profile s is at least as good as s (every payoff achievable following
s is also achievable following s’). However, this means that s is not Pareto
optimal. Contradiction!

“D“ This part follows the same reasoning as the other direction.

“C”: Suppose s, is undominated in S(9M, 77, q). That is, there is no other
strategy s/, such that for all s_,, pa(8,,$—a) > pha(Sa,S—a) and for some

" ar Ha(hy 8" 0) > pa(Sa, s"_,). Suppose that s, & ([o. UNDOMZ)(U)]]gn)LI.
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Hence, there are profiles o1, 05 such that for all profiles o3 we have that
(set-pl <Uia},0§gt\{a}>)«@>}na and —(set-pl <0{“},U§gt\{a}>)«®>}na and
(set-pl (o{e}, ox® M) (@), — (set-pl (01"}, 05 ) (O)n,. The
first part says that oq[a] is strictly better than ola] regarding o2[Agt\{a}]
(i.e. yields a better payoff). The second part expresses that oq[a] is at
least as good as o[a] against all responses o3[Agt\{a}] of the opponents.
Contradiction to the assumption that s, is undominated.
“D“ This part follows the same reasoning as the other direction.

| |

Subgame perfect Nash equilibria are related to normal form games in the
following way.

Proposition 6.43. Let Q' be the set of states reachable from q in 9. Then,
[0.SPN"(0)l5y = Nyeq lo-NE"(0)]5y-

-

Proof. We have that s € [[O'.SPN”(O‘)H?m iff for all paths A € out(q, sp) and
all i € No, M, Ali,00] |= NE"(0) iff V¢’ € Q', M, q' |= NE"(0) iff V¢’ € Q'

7
L — L —

s € [o.NE"(0)]gn iff 5 € N, e [0-NE"(0)] - n

Ezample 6.44 (Extended matching pennies). In Figure 6.2 we consider a
slightly more complex version of the asymmetric matching pennies game pre-
sented in Figure 3.5. The new game consists of two phases (played ad in-
finitum). First, player 1 wins some money if the sides of the pennies match,
otherwise the money goes to player 2. In the second phase, both win a prize
if both show heads; if they both show tails, only player 2 wins. If they show
different sides, nobody wins.

We denote particular strategies as Sa,a,as, Where oy is the action played
at state qg, ao is the action played at state q1, and aj is played at go. We note
that every combination of strategies (i.e., every strategy profile) determines
a single temporal path. For example, if agent 1 plays sp;; and agent 2 plays
Ste¢, then they ensure the (infinite) temporal path gog2¢s(gog2gs)®.

Let us additionally assume that the winning conditions are:

71 = O(—start — money; ) for player 1 and 1, = Omoney, for player 2. That is,
agent 1 is only happy if it gets money all the time (whenever possible). Agent 2
is more minimalistic: It is sufficient for it to win money once, sometime in the
future. So, for instance, the play that results from strategy profile (s, Stet)
satisfies the second player’s preferences, but not the first player ones. This way,
it is easy to construct a table of binary payoffs that indicates which strategy
profiles are “winning” for whom, shown in the table in Figure 6.2B. Now,
we can for instance observe that the profile (spy, sit) is a Nash equilibrium
(player 1 cannot make itself happy by unilaterally changing its strategy), but it
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money; money;

money;

lm\m“shhh l Shht lShth l Shtt “ Sthh l Stht l Stth l Sttt ‘
Swnn || 1,1 | 1,1 10,0 0,0 0,1 |0,10,1|0,1
Shae || 1,1 | 1,10,0(0,0] 0,1]0,1|0,1]|0,1
Snen || 0,0 1 0,0 10,1 (0,11 0,110,1(0,1]|0,1
(B) | sntt || 0,0 | 0,0 0,101 0101|0101
senn || 0,11 0,1 (0,1(0,11 1,1|1,1|0,0]0,0
sene || 0,11 0,11(0,1(0,11 1,1|1,1|0,0]0,0
sg¢n || 0,1 0,1 (0,1(0,11 0,0]0,0(0,1]|0,1
s¢t || 0,11 0,1(0,1(0,11 0,0]0,0/0,1]|0,1

Fig. 6.2. “Extended matching pennies”: (A) CGS 9s; again, action profile xy
refers to action z played by player 1 and action y played by 2. (B) Strategies and
their outcomes for 71 = O(—start — moneyi), 72 = Omoney,. Pareto optimal profiles
are indicated with bold font, Nash equilibria with grey background.

is not Pareto optimal ((Shha, Shhy) and (Stha, Sthy) yield strictly better payoff
profiles for z,y € {t, h}). As before, the CGS M3 in Figure 6.2A can be seen
as a CGSP by adding 7 = ¥ and 2 = (). Now, we have that:

o [o.NE™™(o)Gn, = {{Shha:Shhy), (Shha» Stty), (Shiws Shty)s (Sht, Stty),

(Sthas Shty)s (Stha» Sthy), (Stta, Shty), (Stta, Stty) | T,y € {h,t}}, and
o [o.PO™ " (0)[5 = {(shh:Shn)s (Sths stn) | 2,y € {h, t}}.

Suppose that agent 1 wants money always, and 2 wants money eventually,
and only Pareto optimal Nash equilibria are played. Then, agent 1 is bound
to get money at the beginning of each round of the game. Formally:

Ms, qo E=(set-pl o. NE™"2(g))
(refn-pl 0.PO™ "™ (5))P1 (start — (@) O money;).
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In ATLP, we can also describe relationships between different solution con-
cepts in a CGS. For example, in the “extended matching pennies” game, all
Pareto optimal profiles happen to be a Nash equilibrium, which is equivalent
to the following formula:

(set-pl 0.PO"™"™(g))(refn-pl o.-NE"™ " (g))P1=((Agt) O T,

and the formula does indeed hold in M3, qq.

6.5 Abilities of Rational Coalitions: CoalATL

In the previous sections we have recalled ATLsS and have shown that these
temporal logics can be used for reasoning about the abilities of agents. The
logic ATLP can be used to fix some notions of plausibility /rationality so that
choices of specified groups of agents are restricted. In all these logics the key
construct has the form ((A))¢, which expresses that coalition A of agents can
enforce formula ¢. Under a model theoretic viewpoint, {((A))¢ holds whenever
the agents in A have a winning strategy for ensuring that ¢ holds (indepen-
dently of the behaviour of A’s opponents). However, this operator accounts
only for the theoretical existence of such a strategy, not taking into account
whether the coalition A can be actually formed. Indeed, in order to join a
coalition, agents usually require some kind of incentive (e.g. sharing common
goals, getting rewards, etc.), since usually forming a coalition does not come
for free (fees have to be paid, communication costs may occur, etc.). Con-
sequently, several possible coalition structures among agents may arise, from
which the best ones should be adopted according to some rationally justifiable
procedure.

In this section we present an argumentative approach to extend ATL for
modelling coalitions. We provide a formal extension of ATL, CoalATL (Coali-
tional ATL ), by including a new construct (A} which denotes that the group
A of agents is able to build a coalition B, ANB # () provided that A # (), such
that B can enforce p. That is, it is assumed that agents in A work together
and try to form a coalition B.

The main inspiration for our work is the argument-based model for reason-
ing about coalition structures proposed by Amgoud [Amgoud, 2005a]. Indeed,
our notion of coalitional framework (Def. 4.39) is based on the notion of frame-
work for generating coalition structures (FCS) presented in Amgoud’s paper.
However, in contrast with Amgoud’s proposal, our work is concerned with
extending ATL by argumentation in order to model coalition formation.

Previous research by Hattori et al. [Hattori et al., 2001] has also ad-
dressed the problem of argument-based coalition formation, but from a dif-
ferent perspective than ours. In [Hattori et al., 2001] the authors propose an
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argumentation-based negotiation method for coalition formation which com-
bines a logical framework and an argument evaluation mechanism. The re-
sulting system involves several user agents and a mediator agent. During the
negotiation, the mediator agent encourages appropriate user agents to join in
a coalition in order to facilitate reaching an agreement. User agents advance
proposals using a part of the user’s valuations in order to reflect the user’s
preferences in an agreement. This approach differs greatly from our proposal,
as we are not concerned with the negotiation process among agents, and our
focus is on modelling coalitions within an extension of an expressive strategic
logic, where coalition formation is part of the logical language.

Modelling argument-based reasoning with bounded rationality has also
been the focus of previous research. In [Rovatsos et al., 2005] the authors pro-
pose the use of a framework for argument-based negotiation, which allows for
a strategic and adaptive communication to achieve private goals within the
limits of bounded rationality in open argumentation communities. In contrast
with our approach, the focus here is not on extending a particular logic for
reasoning about coalitions, as in our case. Recent research in formalising coali-
tion formation has been oriented towards adding more expressivity to Pauly’s
coalition logic [Pauly, 2002]. E.g. in [Agotnes et al., 2007b], the authors define
Quantified Coalition Logic, extending coalition logic with a limited but useful
form of quantification to express properties such as “there exists a coalition C
satisfying property P such that C can achieve ¢”. In [Borgo, 2007], a semantic
translation from coalition logic to a fragment of an action logic is defined, con-
necting the notions of coalition power and the actions of the agents. However,
in none of these cases argumentation is used to model the notion of coalition
formation as done in this thesis.

It must be noted that the adequate formalisation of preferences has
deserved comnsiderable attention within the argumentation community. In
preference-based argumentation theory, an argument may be preferred to an-
other one when, for example, it is more specific, its beliefs have a higher
probability or certainty, or it promotes a higher value. Recent work by Kaci
et al. [Kaci and van der Torre, 2008; Kaci et al., 2007] has provided interesting
contributions in this direction, including default reasoning abilities about the
preferences over the arguments, as well as an algorithm to derive the most
likely preference order.

6.5.1 Rational Coalition Formation

During the last decade, argumentation frameworks [Prakken and Vreeswijk,
2002; Chesnevar et al., 2000] have evolved as a successful approach to formalise
common-sense reasoning and decision making in multiagent systems (M ASS).
Application areas include issues such as joint deliberation, persuasion, negoti-
ation, knowledge distribution and conflict resolution (e.g. [Tang and Parsons,
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2005; Rahwan and Amgoud, 2006; Rahwan et al., 2007; Brena et al., 2007;
Karunatillake et al., 2006]), among many others. Particularly, recent research
by Leila Amgoud [Amgoud, 2005a,b] has shown that argumentation provides
a sound setting to model reasoning about coalition formation in MASS. The
approach is based on using conflict and preference relationships among coali-
tions to determine which coalitions should be adopted by the agents. This
is done according to a particular argumentation semantics. The work is pre-
sented in Section 4.2 The actual computation of the coalition is modelled
in terms of a given argumentation semantics [Dung, 1995] in the context of
coalition formation [Amgoud, 2005a].

The formation process is quite abstract. As mentioned above, agents usu-
ally require some kind of incentive (e.g. sharing common goals, getting re-
wards, etc.), since usually forming a coalition does not come for free (fees have
to be paid, communication costs may occur, etc.). Thus, in a second step we
consider goals as the main motivation to join coalitions. Agents should only
work together if the group is conflict-free (i.e. acceptance according to the
coalition formation framework just discussed) and each agent inside the coali-
tion should somewhat benefit from the participation. In Section 6.6 we make
this idea formal and enrich CoalATL with goals. We address the question why
agents should cooperate. Goals refer to agents’ subjective incentives to join
coalitions.

6.5.2 The Language L, a7z

In this section we combine argumentation for coalition formation from Sec-
tion 4.2 and £ 4, and introduce the language £, ,47;- The latter extends
L 47 by new operators (A) for each subset A C Agt of agents. These new
modalities combine, or rather integrate, coalition formation into the original
cooperation modalities ({A)). The intended reading of {A)¢ is that the group
A of agents is able to form a coalition B C Agt such that some agents of A
are also members of B, if A # () then AN B # (), and B can enforce .

Our main motivation for this logic is to make it possible to reason about
the ability of building coalition structures, and not only about an a priori
specified group of agents (as it is the case for ((A)) ). The new modality (A
provides a rather subjective view to the agents in A and their power to create
a group B which in turn is used to reason about the ability to enforce a given
property.

The language of L, ;47 is defined as follows.

Definition 6.45 (L puarn). The language L opoar (11, Agt) is defined by
the following grammar:

pu=plplene|{(A) Opl| (ANOe | (AheUe | (A) O ¢ | (A)Dyp |
(At
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where A C Agt and p € I1.

6.5.3 Semantics: The Logic CoalATL

We extend concurrent game structures by coalitional frameworks and the argu-
mentative semantics from Section 4.2, Definitions 4.39 and 4.44. A coalitional
framework is assigned to each state of the model capturing the current “con-
flicts” among agents. In doing so, we allow that conflicts change over time,
being thus state dependent. Moreover, we assume that coalitional frameworks
depend on groups of agents. Two initial groups of agents may have different
skills to form coalitions. Consider for instance the following example.

Ezample 6.46. Imagine the two agents a; and as are not able (because they
do not have the money) to convince as and a4 to join. But aj, as and as
together have the money and all four can enforce a property ¢. So {a1,as}
are not able to build a greater coalition to enforce p; but {a1, as,as} are. So
we are not looking at coalitions per se, but how they evolve from others.

We assume that the argumentative semantics is the same for all states.

Definition 6.47 (CGM). A coalitional game model (CGM) is given by a
tuple
M = (Agt, Q, II,m, Act, d, 0,(, sem)

where (Agt, Q,I1, 7, Act,d,0) is a CGS, ( : P(Agt) — (@ — CF(Agt)) is a
function which assigns a coalitional framework over Agt to each state of the
model subjective to a given group of agents, and sem is an (argumentative)
semantics as defined in Definition 4.44. The set of all such models is given by
M(Q, Agt, IT, sem, ().

A model provides an argumentation semantics sem which assigns all
formable coalitions to a given coalitional framework. As argued before we
require from a valid coalition that it is not only justified by the argumenta-
tion semantics but that it is also not disjunct with the predetermined starting
coalition. This leads to the notion walid coalition.

Definition 6.48 (Valid coalition). Let A, B C Agt be groups of agents,
M = (Agt, Q, I, 7, Act,d, 0,(,sem) be a CGM and q € Q.
We say that B is a valid coalition with respect to A, q, and 9N whenever
B € sem(C(A)(q))) and if A # () then AN B # 0. Furthermore, we use
VCm (A, q) to denote the set of all valid coalitions regarding A, q, and M.
The subscript MM is omitted if clear from context.
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Remark 6.49. In [Bulling et al., 2008] we assume that the members of the
initial group A work together, whatever the reasons might be. So group A
was added to the semantics. This ensured that agents in A can enforce v on
their own, if they are able to do so. Even if A is not accepted originally by
the argumentation semantics, i.e. A & sem(C(A)(q)). Here, we do not require
this condition. As pointed out in [Bulling and Dix, 2008] the “old” semantics
is just a special case of this new one: The operator from [Bulling et al., 2008]
can be defined as A}y V (A)~.

Moreover, we changed the condition that the predefined group given in the
coalitional operator must be a subset of the formed coalition, A C B, to the
requirement that some member of the initial coalition (if A # @) should be in
the new one, AN B # (. Both definitions make sense in different scenarios;
however, the new one seems to be more generic.

The semantics of the new modality is given by

Definition 6.50 (CoalATL semantics). Let a CGM M, a group of agents
A C Agt, and ¢ € Q be given. The semantics of CoalATL extends the
one of ATL, given in Definition 2.22, by the following rule where (A)y €

L coarars(Agt, IT):
M, q = (A iff there is a coalition B € VC(A,q) such that M, q = (B)p.

Remark 6.51 (Different Semantics, =sem ). We have just defined a whole class
of semantic rules for modality (- ). The actual instantiation of the semantics
sem, for example seMgaple, SeMprer, and semes defined in Section 4.2, affects
the semantics of the cooperation modality.

For the sake of readability, we sometimes annotate the satisfaction relation
= with the presently used argumentation semantics. That is, given a CGM
O with an argumentation semantics sem we write |=gem instead of |=.

The underlying idea of the semantic definition of (A is as follows. A
given (initial) group of agents A C Agt is able to form a wvalid coalition B
(where A and B must not be disjoint if A # @), with respect to a given
coalitional framework CF and a particular semantics sem, such that B can
enforce 1.

Remark 6.52. Similarly to the alternatives to our definition of valid coalitions
there are other sensible semantics for CoalATL. The semantics we presented
here is not particularly dependent on time; i.e., except from the selection
of a valid coalition B at the initial state there is no further interaction be-
tween time and coalition formation. We have chosen this simplistic definition
to present our main idea—the connection of ATL and coalition formation by
means of argumentation—as clear as possible.
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In the semantics presented in Definition 6.50 a valid coalition is initially
formed and kept until the property is fulfilled. For instance, consider formula
(ApOep. The formula is true in ¢ if a valid coalition B in ¢ can be formed
such that it can ensure yp. On might strengthen the scenario and require
that B must be valid in each state on the path A satisfying . Formally, the
semantics could be given as follows: ¢ = (A)Oyp if, and only if, ¢ | ¢ and
there is a coalition B € VC(g, A) and a common strategy sp € X' such that
for all paths A € out(q,sp) and for all i € Ny it holds that Ali] = ¢ and
B € VC(Ali], A). The last part specifies that B must be a valid coalition in
each state ¢; = A[i] of \.

In the semantics just presented the formed coalition B must persist over
time until ¢ is enforced. One can go one step further. Instead of keeping the
same coalition B it can also be sensible to consider “new” valid coalitions in
each time step (wrt. A), possibly distinct from B. This leads to some kind of
fixed-point definition. At first, B must be a valid coalition in state ¢ leading
to a state in which ¢ is fulfilled and in which another valid coalition (wrt. A
and the new state) exists which in turn can ensure to enter a state in which,
again, there is another valid coalition and so on.

Proposition 6.53. Let A C Agt and (A)Y € Loyyuarn(Agt,II). Then
(AVY = V pep(ag) (BN Y is valid in the class of CGMs.

Proof. Suppose M, g = (A]. Then, there is a valid coalition B such that B
can enforce 1. Since B is valid we particularly have that B C Agt. [ ]

Compared to ATL, a L, 4r.-formula like (A)p does not refer to the
ability of A to enforce ¢, but rather to the ability of A to constitute a coalition
B, such that AN B # () provided A # (), and then, in a second step, to the
ability of B to enforce . Thus, two different notions of ability are captured
in these new modalities. For instance, ((A)¢ A —(0)1) expresses that group A
of agents can enforce v, but there is no reasonable coalition which can enforce
¥ (particularly not A, although they possess the theoretical power to do so).

Ezxample 6.54. There are three agents ay, as, and as which prefer different
outcomes. Agent a; (resp. as, az) desires to get outcome r (resp. s, t). One
may assume that all outcomes are distinct; for instance, a; is not satisfied
with an outcome x whenever x # r. Each agent can choose to perform action
« or (. Action profiles and their outcomes are shown in Figure 6.3. The * is
used as a placeholder for any of the two actions, i.e. x € {a, 5}. For instance,
the profile (3, 8, *) leads to state g3 whenever agent a; and as perform action
G and agz either does «a or f3.

According to the scenario depicted in the figure, a; and as cannot com-
monly achieve their goals. The same holds for a; and az. On the other hand,
there exists a situation, ¢, in which both agents as and a3 are satisfied. One
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Fig. 6.3. A simple CGS defined in Example 6.54.

can formalise the situation as the coalitional game CF = (&€, A, <) given in
Example 4.49(b), that is, € = Agt, A = {(a1,a2), (a1,a3), (az,a1), (az, as),
(az,a1)} and as < as.

We formalise the example as the CGM 9 = (Agt, Q, I1, 7, Act, d, o, (, sem)
where Agt - {a1’a27a3}aQ = {%)7‘]1;‘127‘]3}) I = {F,S, t}a and C(A)(q) =CF
for all states ¢ € @ and groups A C Agt. Transitions and the state labelling
can be seen in Figure 6.3. Furthermore, we do not specify a concrete semantics
sem yet, and rather adjust it in the remainder of the example.

We can use pure L ,,;-formulas, i.e. formulas not containing the new
modalities { - |, to express what groups of agents can achieve. We have, for
instance, that agents a; and as can enforce a situation which is undesirable
for ag: M, q0 = (a1,a2)) O r. Indeed, {a;,as} and the grand coalition Agt
(since it contains {aj,as}) are the only coalitions which are able to enforce
Or; we have

M, q0 = (X)) Or (6.1)

for all X C Agt and X # {aj,az}. Outcomes s or t can be enforced
by az: M, q0 = (az2) O (s Vt). Agents az and az also have the ability
to enforce a situation which agrees with both of their desired outcomes:
M, qo = (az,a3)) O (sAt).

These properties do not take into account the coalitional framework, that
is, whether specific coalitions can be formed or not. By using the coalitional
framework, we get

ma qo ):sem <<a17a2>> O rA _‘qalb O rA _‘QGQD O r

for any semantics sem introduced in Definition 4.44 and calculated in Exam-
ple 4.52. The possible coalition (resp. coalitions) containing a; (resp. ag) is
{a1} (resp. are {as} and {as,as}). But neither of these can enforce Or (in
qo) because of (6.1). Thus, although it is the case that the coalition {a1, a2}
has the theoretical ability to enforce r in the next moment (which is a “los-
ing” situation for as), as should not consider it as sensible since agents a;
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and ay would not agree to constitute a coalition (according to the coalitional
framework CF).

The decision for a specific semantics is a crucial point and depends on the
actual application. The next example shows that with respect to a particular
argumentation semantics, agents are able to form a coalition which can suc-
cessfully achieve a given property, whereas another argumentative semantics
does not allow that.

Example 6.55. CoalATL can be used to determine whether a coalition for
enforcing a specific property exists. Assume that sem represents the grounded
semantics. For instance, the statement

m7 q0 ):5€mcomplet,e <](Z)D O t

expresses that there is a complete coalition (i.e. a coalition wrt to the grounded
semantics) which can enforce Ot, namely the coalition {asz,as}. This result
does not hold for all semantics; for instance, we have

M, qo Fsem. (0D Ot

with respect to the coalition structure semantics, since the coalition structure
is the empty coalition and 90, qo = (0) O t.

In the following section we sketch how the language can be extended by
an update mechanism, in order to compare different argumentative semantics
using formulae inside the object language.

6.5.4 An Update Mechanism

In Example 6.55 we have shown that the underlying semantics of the coalition
framework is crucial for the truth of a formula. We showed, for instance, that
(0) Ot is true wrt the complete semantics but false regarding the coalition
structure semantics. This comparison took place on the meta-level; two CGMs
were defined, using grounded and coalition structure semantics, respectively.
In this section, we introduce semantics as first-class citizens in the object
language. Therefore, we extend the language by semantic terms, out of a set {2,
and an update operator (set-sem -). Semantically, a CGM 90t is enriched by a
denotation function [-] : 2 — (CF(Agt) — P(P(Agt))) which maps semantic
terms to an argumentation semantics. The idea is that (set-sem sem) resets
the semantics in 9 to [sem], where sem € (2. The intended reading for
(set-sem sem)y is that ¢ holds if the argumentation semantics is given by
[sem]. We formally define the new language and its models.
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Definition 6.56 (L, 47 Plus update). Let 2 be a non-empty set, its
elements are called semantic symbols (with typical element sem ).

The logic L, a1 (Agt, IT, £2) is given by all formulas of £ ¢y pa7r (Agt, IT)
and for all ¢ € L arr(Agt, II,82) we also have (set-sem sem)p €
LEoaarrs, where sem € §2.

Remark 6.57 (Standard semantic terms). We assume that for all semantics
defined in Definitions 4.44 and 4.47 there is a corresponding semantic term
in (2. For example, for the grounded semantics seMgrounded there is a term
S€Mgrounded in 2.

We need to define the denotation of the new syntactic objects.

Definition 6.58 (CGM + update). A coalitional concurrent game struc-
ture with update (U+CGM) is given by a tuple

M= <Agt, Qv H7 T, ACtv da o, C,ﬁem, Qv H]]>

where (Agt, Q, I, 7, Act,d, 0, (,sem) is a CGM, (2 is a non-empty set of se-
mantic terms, and [-] : 2 — (CF(Agt) — P(P(Agt))) is a denotation func-
tion, such that [sem] is an argumentation semantics over CF(Agt) (cf. Defi-
nition 4.44) for all sem € 2.

In accordance with Remark 6.57 we assume that the denotation of seman-
tic terms belonging to one of the “standard” semantics connects the terms
with their semantics. That is, we assume, for instance, that the denotation of
S€Mgrounded is 5¢Mgrounded -

In addition to all semantic rules given before, we also need to interpret
(set-sem -).

Definition 6.59 (Semantics). Let M = (Agt, Q, I, 71, Act,d, 0, (,sem, 2, [-])
be a U+CGM and sem € (2. The semantics of CoalATL plus update ex-
tends that of CoalATL, given in Definition 6.50 , by the following rule

(¥ € LEoaars(Agt, IT,82)):
M, q = (set-sem sem) iff Mlsem] ¢ =

where MIe™] s o U+CGM equal to M but its argumentation semantics is
given by (set to) [sem].

Ezxzample 6.60. Let 9 be the U+CGM which corresponds to the CGM 9t
given in Example 6.55 extended by a set {2 of semantic terms and denota-
tion function [-]. We can state the relation between complete and coalition
structure semantics directly on the object level:

M, qo = (set-sem semcomplete) (0) O t A ~(set-sem sem) (0) O t.
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6.6 Cooperation and Goals

Why should agents join coalitions? They must have reasons to do so. Here,
we consider goals as the main motivation, and we assume that agents act to
reach their goals. Firstly, we propose an abstract goal framework. Secondly,
we use specific languages for goals and objectives, and we propose ATL as a
suitable language to capture agents’ goals. Finally, we implement goals into
the semantics of CoalATL, discuss their benefits and illustrate it with an
example.

6.6.1 Goals and Agents

Pro-activeness and social ability are among the widely accepted characteristics
of intelligent agents [Wooldridge, 2002]. In BDI frameworks, also goals (or
desires) and beliefs play an important role [Bratman, 1987; Rao and Georgeff,
1991].

We believe that also the social ability to join coalitions, should be based on
some incentive. Agents are usually not developed to offer their services for free.
Also in the agent programming community several types of goals (e.g. achieve-
ment or maintenance goals) are commonly considered as an agent’s main
motivation. Here, we present a simple abstract framework to deal with these
notions.

Definition 6.61 (G, goal mapping g). Let G, be a non-empty set of el-
ements (set of goals), one for each agent a € Agt, and G := \J,cpg; Ya-
By “g” we denote a typical element from G. A goal mapping is a function
g:Agt — (QT — P(G)) assigning a set of goals to a given sequence of states
and agent.

So, a goal mapping assigns a set of goals to a history, depending on an
agent. This is needed to introduce goals into CGMs. The history dependency
can be used, for instance, to model when a goal should be removed from the
list: An agent having a goal ¢s may drop it after reaching a state in which s
holds. Alternatively, a model update mechanism can be used to achieve the
same regarding state-based goal mappings; however, in our opinion the former
seems more elegant.

An agent might have several goals. Often, goals can not be reached simul-
taneously which requires means to decide which goal should be selected first.
We model this by a preference ordering.

Definition 6.62 (Goal preference relation). A goal preference ordering
(gp-ordering) =X over a set of goals G' C G is a complete, transitive, antisym-
metric, and irreflexive relation XC G’ x G'. We say that a goal g is preferred

tog ifg=g.
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Given a goal mapping g, for a € Agt we assume that there implicitly also
is a gp-ordering <, (a’s gp-ordering).

So far, we did not say how goals can be actually used to form coalitions. We
assume, given some task, that agents having goals satisfied or partly satisfied
by the outcome of the task are willing to cooperate to bring about the task.
In the following we will use the notion objective (or objective formula) to refer
to both the task itself and the outcome of it. A typical objective is written as
0. Agents which have goals fulfilled or at least partly supported by objective
o are possible candidates to participate in a coalition aiming at o.

We say that an objective o satisfies goal g, 0 — g, if the complete goal g
is fulfilled after o has been accomplished. If a goal is (partly) satisfied by o we
say that o supports g, o —* g; i.e. there is another goal ¢’ which is a subgoal
of g and which is satisfied. These notions will be made precise in the following
sections. Intuitively, an objective [t satisfies goal O(t V s).

6.6.2 Specifying Goals and Objectives

In this section, we propose to use £ ,,;-path formulas for specifying goals. It
has been shown that temporal logics like LTL and CTL can be used as goal
specification languages [Bacchus and Kabanza, 1998; Baral and Zhao, 2007;
Baral et al., 2001].

Goals formulated in L), are very intuitive. Formulae like Qrich (even-
tually being rich), OtakeUmbrella (take umbrella in the next moment), or
OQsleep (going to sleep again and again) have clear interpretations. But goals
formulated in L,y can be ambiguous. A goal like AQrich? does not seem
fundamentally different from Qrich from the agent’s point of view. Its goal of
being rich in the future can be read implicitly as being rich in all possible
futures; only one of them can actually become true and in that particular one
the agent wants to be rich.

In this section we will use £ 4 for expressing agents’ goals. At first glance,
this seems to contradict the statement made above since L£; can be seen
as a special case (the one agent fragment) of £, ;. But this is not the case:
L oy, refers to a purely temporal setting whereas £ 4, talks about abilities of
agents. Here is a clarifying example. Assume that there are two agents a and
b both having access to the same critical section; that is, either a or b should
access this section but not both. In such a case it is reasonable that agent a
has the goal of preventing b to enter this section on its own: —{(b))Ocritical.
However, it might be acceptable for a that b together with another agent c
enters the critical section because then ¢ has to unlock resources a could use
instead. Let us consider a more detailed example.

4 The operator A refers to all possible paths starting in a state. In ATL this operator
can be expressed as (0)).
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Fig. 6.4. Two simple models showing that ATL goals are useful. x € {«, 8} is used
as a placeholder for any of the two actions.

Ezample 6.63 (L 4p1-goals). In the example we consider two agents a and
b. Both agents can perform actions o and (. The first agent, leader of a
research group, would like to get a better salary (bs) and wants to retain the
power to decide when to take vacation (vac). So, a’s goal can be expressed as
~ = O(—now — bs A vac). Interpreting the models shown in Figure 6.4 purely
temporally (i.e. without action profiles) the £, -formula Evy is satisfied in
qo in both models: There are go-paths which satisfy v. On the other hand, Ay
is false in both models in gq.

Now agent b enters the stage. A higher salary would require a to move to
a company in which the agent has a boss who might be able to decide on a’s
vacation (depending on the contract). Actually, although a would like to have
a better salary it prefers to decide on its vacation on its own. Thus, its goal can
be reformulated to v = O(—now — bs A —({(b)) O—vac), or equivalently in this
example O(—now — bsA ((a))[vac). Now, it is easy to see that My, qo = {a))y’
but My, go = (a)y’. In the first model b does not have the power to decide
on a’s vacation but b has this ability in the second model.

This quite simplistic example shows that £, -formulae can make sense
as goal specification language.
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Definition 6.64 (£ 4;;-Goal). Let v,7 be L pp-path formulae. An L 4rp-
goal has the form v or y A+'5.

Note that goals can easily be defined as £ ,,;4-formulae; however, due
to simplicity we stick to pure £ ,,;-formulae.

It remains to define the objective language. Consider the £ ;4 -formula
(A)~y. The question is whether there is a rational group to bring about ; thus,
only agents which gain advantage when + is fulfilled should cooperate. Hence,
we consider y as objective.

Definition 6.65 (L, 4rr-0bjective). An L, . a7 -Objective is an
L goarary-path formula.

6.6.3 Goals as a Means for Cooperation

In this section we combine CoalATL with the goal framework described above.
The syntax of the logic is given as in Section 6.5.2. The necessary change takes
place in the semantics. We redefine what it means for a coalition to be wvalid.

Up to now valid coalitions were solely determined by coalitional frame-
works. Conflicts represented by such frameworks are a coarse, but necessary,
criterion for a successful coalition formation process. However, nothing is said
about incentives to join coalitions, only why coalitions should not be joined.

Goals allow to capture the first issue. For a given objective formula o and a
finite sequence of states, called history, we do only consider agents which have
some goal supported by the current objective. CGMS with goals are given as
a straightforward extension of CGMs (cf. Definition 6.47).

Definition 6.66 (CGM with goals). A CGM with goals (G+CGM) 9 is
given by a model of M(Q, Agt, IT, sem, () extended by a set of goals G and a goal
mapping g over G. The set of all such models is denoted M9(Q, Agt, IT, sem, (,
G,g) or just M9 if we assume standard naming.

To define the semantics we recall some additional notation. Given a path
A € Q¥ we use A[4, j] to denote the sequence A[¢]A[i +1]... A[j] for i,5 € NgU
{oo} and i < j. A history is a finite sequence h = q; ...q, € Q, h[i] denotes
state ¢; if n > i, g, for i > n, and € for i < 0 where i € ZU{oc}. Furthermore,
given a history h and a path or history A the combined path/history starting
with h extended by A is denoted by h o A.

Finally, we present the semantics of CoalATL with goals. It is similar
to Definition 6.50. Here, however, it is necessary to keep track of the steps
(i.e. visited states) made to determine the goals of the agents which remain
unsatisfied.

5 Note that v A+’ is not an £ 4p;-path formula anymore.
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Definition 6.67 (Goal-based semantics for £ ,47r)- Let M be a
G+CGM, q a state, p,v state-, v a path formula, and i,j € Ny. Semantics
of CoalATL*8%% formulae is given as follows:

M,q,7 = piff p € n(g),

M, q, 7= oA iff M, q, 7 ¢ and M, q, 7 = 9,

M,q, 7 = ¢ iff not M, q,7 = o,

M, q, 7 = (A)y iff there is a strategy sa € X4 such that for all X € out(q,sa)
it holds that M, N\, 7 = ¢,

M, q, 7 = (A)y iff there is A’ € V(C(q,A,~,T) such that M, q,7 = (A)~,

M, 7 = @ iff M,A0], 7 = ¢,

M, A, 7 = O iff for all i € Ny it holds that 9, A[i], 7 o A[1,14] = ¢,

M, A, 7 = Qe iff it holds that M, A[1], 7 o A[1] = ¢,

M, N\, 7 = U iff there is a j € Ny such that MM, A[j], 7 o A[L, j] &= ¢ and for
all 0 < i < j it holds that M, A[i], T o A[1,4] = .

Ultimately, we are interested in M, q = ¢ defined as M, q,q = ¢.

We have to define when a goal is satisfied. Although the definition of
support can be defined similarly, we focus on the former notion only.

Definition 6.68 (Satisfaction of goals). Let g be an L, ;. -goal, o an
L cpunrs-objective, and T € Q*. We say that objective o satisfies g, for short
0 —m B g, with respect to MM, 7, and B if, and only if, for all strategies
sp € Xp and for all A € out(r[o0],sp) it holds that M\, 7 = o implies
MAE=g.

A goal is satisfied by an objective if each path (enforceable by B) that
satisfies the objective does also satisfy the goal. That is, satisfaction of the
objective will guarantee that the goal becomes true.

All the new functionality provided by goals is captured by the new valid
coalition function VCY

Definition 6.69 (Valid coalitions, VC9(q, 4,0,7)). Let M e M9, 7 € QT
A,B C Agt, o an L, 411,-0bjective.

We say that B is a valid coalition after T with respect to A, o, and M if,
and only if,

1. B € sem(C(A)(t[0))), ANB #0 if A#0, and
2. there are goals gy, € gv,(T), one per agent b; € B, such that o s B
gb1 A A gb|B|

The set V(% (q, A,o0,7) consists of all such valid coalitions wrt to M.

Thus, for the definition of valid coalitions among other things, a goal map-
ping, a function ¢ and a sequence of states 7 are required. The intuition of 7
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is that it represents the history (the sequence of states visited so far including
the current state). So, 7 is used to determine which goals of the agents are
still active.

Proposition 6.70. If M, q, 7 = (A then there is a coalition B € VC(A,q)
and goals gy € gy(7) one for each b € B such that M, q, 7 = (B) (YA Npcp 9)-

Proof. Suppose M, q, 7 = (A))7y. Then, there is a coalition B € VCY(q, A,0,T)
such that M, ¢, 7 = (B)v iff B € sem(¢(A)(7[o0])), ANB # 0 if A+# () and
there are goals ¢y, € gp,(7), one per agent b; € B, such that v —o .5
Gv, N+ A gy, iff there is a B € sem(C(A)(7[c])), AN B # 0 if A# () and a
strategy sp such that for all A € out(q,sg), MM, A\, 7 = v and there are goals
gb; € G, (T), one per agent b; € B, such that for all strategies s’z € Xp and
all A € out(7[o0], s’z) it holds that 9, A\, 7 = ~ implies M, A = g. We have
that v is satisfied on all paths resulting from sa; hence, also gy, A -+ A gp
and we have that there is a B € sem(¢(A)(7[c¢])), ANB # 0 if A # () and
a strategy sp and goals gy, € gp,(7), one per agent b; € B, such that for all

X € out(q, sp), M AT =7 A Aper 0b- "

Remark 6.71 (Preferred goals). In the abstract goal framework presented in
Section 6.6.1 we defined a preference ordering over goals. The gp-orderings
highly influence the coalition formation process. However, for this paper we
decided to focus on the pure goal framework since the interplay between the
formation process becomes much more sophisticated if preferences are taken
into account. We just give a brief motivation for preferences and why they
increase the complexity of coalition building.

The set of valid coalitions consists of all coalitions which are acceptable/
conflict-free (according to a coalitional framework) and in which all agents
have an incentive to join the coalition (that is, some goal has to be satis-
fied /supported). Let us consider two valid groups B and B’ both containing
the agent a. Both groups are somewhat appealing for a since they satisfy some
of his goals, say B (resp. B’) can bring about g (resp. ¢’). In our framework
B and B’ are treated equally good. Is this reasonable? From an abstract level
it is; however, a finer grained analysis should incorporate the preferences be-
tween goals. If, for instance, g is preferred over ¢’ agent a should rather go
for coalition B instead of B’. The agent would prefer to bring about g thus
joining B. On the other hand, if a refuses to join B’ it might be possible, by
a symmetric argument, that another agent, say b, refuses to take part in B,
such that in the end neither B nor B’ will form. Of course, in such a situation
both agents prefer to bring about their less preferred goals. This is still better
than getting nothing.

This reasoning very much reminds on game theoretic rationality concepts.
For example, the motivation behind a Nash equilibrium strategy shows a
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strong connection: No agent has an incentive to unilaterally choose another
strategy. Even closer are concepts from cooperative game theory. This discus-
sion shows that the incorporation of a preference ordering over goals is quite
interesting.

6.6.4 Progression of L ,,,-goals

A goal mapping takes the history into account to be able to reflect if a goal has
become fulfilled. For example, if an agent has goal Op and p became satisfied
in a state on the current history the goal should be marked as completed in
the following state. (Of course, a new goal in this state can again be (p.)
Another, more practical but also restricted option, is to consider an initial
goal base GB and modify, specialise or remove, the formulae according to the
steps taken. So, goal OpAlq should be specialised to q if a state is reached in
which p holds. In [Bacchus and Kabanza, 2000] such a progression procedure
is presented for first-order linear time temporal logic.

6.7 Summary

We have proposed logics to reason about abilities of rational agents under
perfect information, among them ATLP and CoalATL. The first logic can
be used to study the outcome of rational play in a logical framework, under
various rationality criteria. To our knowledge, there has been very little work
on this issue (although solving game-like scenarios with help of various solution
concepts is arguably the main application of game theory). We note that we
are not discussing the merits of this or that rationality criterion here, nor
the pragmatics of using particular criteria to predict the actual behaviour of
agents. Our aim was to propose a conceptual tool to study the consequences
of accepting one or another criterion.

We believe that the logic we have proposed provides much flexibility and
modelling power. The results presented in Sections 6.4 and 10.1 also suggest
that the expressiveness of the language is quite high. We have discussed how
ATLP can be used to describe the two kinds of solution concepts from Section
3.3 in a uniform way.

We have constructively shown that several logics can be embedded into
ATLP. That is, we have demonstrated how models and formulae of those
logics can be (independently) transformed to their ATLP counterparts in a
way that preserves truth.

We have extended the results from [van der Hoek et al., 2005a; Jamroga
et al., 2005] presented in Section 3.3, and have shown that the classical so-
lution concepts (Nash equilibrium, subgame perfect Nash equilibrium, Pareto
optimality, and others) can be also characterised in £ 4, p in a uniform way.
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We have proposed expressions in £ 4, p that, given an extensive form game,
denote exactly the set of Nash equilibria (subgame perfect NE’s, Pareto op-
timal profiles, etc.) in that game. As a consequence, ATLP can serve both as
a language for reasoning about rational play, and for specifying what rational
play is. We have pointed out that these characterisations extend traditional
solution concepts to the more general class of multi-stage multi-player games
defined by concurrent game structures. Similarly, we have considered general
solution concepts from Section 3.3.2

In Chapter 7 we present an extension of ATLP which allows us to study
strategies, time, knowledge, and plausible/rational behaviour under both per-
fect and imperfect information. It turns out that putting so many dimensions
in one framework has many side effects — even more so in this case because
the interaction between abilities and knowledge is non-trivial (cf. [Jamroga
and van der Hoek, 2004; Jamroga and Agotnes, 2006; Herzig and Troquard,
2006)). In [Bulling and Jamroga, 2007a], we have investigated time, knowledge
and plausibility.

The second logic that has been presented is CoalATL an extension of
ATL which is able to model coalition formation through argumentation. Our
formalism includes two different modalities, ((A)) and (A], which refer to
different kinds of abilities agents may have. Note that the original operator
{(A)) is used to reason about the pure ability of the very group A. However, the
question whether it is reasonable to assume that the members of A collaborate
is not taken into account in ATL. With the new operator {A]) we have tried to
close this gap, providing also a way to focus on sensible coalition structures.
In this context, “sensible” refers to acceptable coalitions with respect to some
argumentative semantics (as characterised in Def. 4.44).

Furthermore, we have defined the formal machinery required for charac-
terising argument-based coalition formation in terms of the proposed operator
(A]. Coalitions can be actually computed in terms of a given argumentation
semantics, which can be given as a parameter within our model, thus providing
a modular way of analysing the results associated with different alternative
semantics. This has allowed us to compare the ability of agents to form partic-
ular coalitions and study emerging properties regarding different semantics. In
Section 10.2 the model checking algorithm used in ATL is extended to model
check CoalATL.
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In Section 6 we have considered how the behaviour of rational agents can be
modelled and analysed. The setting was restricted to agents being aware of the
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current state of the world. In this section we turn to incomplete information
settings. We consider two different approaches to incomplete information.

In the first setting, we present constructive strategic logic with plausibility
(CSLP), a combination of CSL (compare Section 2.3.2) and ATLP (Section
6.2) where the new language goes far beyond the pure union of both logics.
The plausibility concept allows us to neatly define the relationship between
epistemic and doxastic concepts. It allows to analyse rational play under in-
complete information where the latter notion refers to the indistinguishability
of states.

In the second proposal, we focus on rational play of a group of agents which
has some (incomplete) prediction about the opponents’ behaviour. More pre-
cisely, usually it is assumed that the opponents behave in the most destructive
way. However, there are scenarios were such an assumption is not reasonable;
for example, due to the lack of communication channels. We model this by
assuming some probabilistic behaviour of the opponents. The proposed logic
introduces a notion of “randomness” to the responses of the opponents; there-
fore, we named the logic alternating time temporal logics with probabilistic
SUCCESS.

7.1 Rational Play under Incomplete Information: CSLP

The logic CSL presented in Section 2.3.2 unified several attempts to incor-
porate epistemic concepts into ATL, and solved problems of these previous
attempts. However, it includes only strategic and epistemic modalities; in
particular, doxastic and rationality concepts are absent. On the other hand,
ATLP introduced in Chapter 6 allows for reasoning about rational or plau-
stble behaviour. In this chapter we combined both ideas. The resulting logic
constructive strategic logic with plausibility (CSLP) allows to reason about
strategic ability and rational behaviour under incomplete information. We
use the plausibility concept to define the relationship between epistemic and
doxastic concepts, in a similar way to the logic CTLKP from [Bulling and Jam-
roga, 2007a]. This logic is a result of extending CTLK [Penczek and Lomuscio,
2003], a direct combination of the branching time logic CTL [Emerson, 1990]
and standard epistemic logic [Fagin et al., 1995], by a notion of plausibility
which in turn was used to define a particular notion of beliefs. Plausibility
assumptions were defined in terms of paths in the underlying system. Then,
an agent’s beliefs were given by its knowledge if only plausible paths were
considered. The idea to build beliefs on top of plausibility has been inspired
by [Su et al., 2005; Friedman and Halpern, 1994]. Another source of inspira-
tion is [van der Hoek et al., 2004; van Otterloo and Jonker, 2004], where the
semantics of ability was influenced by particular notions of rationality.
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As the basic modalities of CSLP we introduce weak constructive rational
beliefs: CW 4 (common beliefs), DW 4 (distributed beliefs), and EW 4 (mutual
beliefs). The term constructive is used in the same sense as in CSL, where it
referred to an “operational” kind of knowledge that, in order to “know how
to play”, requires the agents to be able to identify and execute an appropriate
strategy. Like for CSL, the semantics of CSLP is non-standard: Formulae are
interpreted in sets of states. For example, the intuitive reading of M, Q' =
{(A)~ is that agents A have a collective strategy which enforces v from each
state in @’. Thanks to the plausibility concept provided by ATLP we can
define knowledge and rational beliefs on top of weak beliefs. We point out that
our notion of rational belief is rather specific, and show interesting properties
of knowledge, rational belief, and plausibility. In particular, it is shown that
knowledge and belief are KD45 modalities.

We show that CSLP is very expressive, and we demonstrate how solution
concepts for imperfect information games can be characterised and used in
CSLP. It also turns out that, despite the logic’s expressiveness, the model
checking complexity does not increase when compared to a specific fragment
of ATLP, and increases only slightly compared to CSL when plausibility and
rational beliefs are added (cf. Section 10.3) .

In summary, CSLP is an attempt to integrate the notions of time, knowl-
edge, belief, strategic ability, rationality, and uncertainty in a single logical
framework.

7.1.1 Agents, Beliefs, and Rational Play

In this section we informally describe and summarise the ingredients of CSLP.
In the following, let A C Agt be a team of agents. Formulae of CSLP are
interpreted given a model M and a set of states Q' (as in the case of CSL,
cf Section 2.3.2). The reading of M, Q" | {((A))v is that agents A have a
collective strategy which enforces v from all states in Q’. Pl ¢ assumes that
agents in A play plausibly according to some rationality criterion which can
be set (resp. refined) by operators (set-pl w) (resp. (refn-pl w)). The set
of such rational agents is denoted by Rgt. Plausibility terms w refer to sets
of strategy profiles that implement the rationality criteria. Finally, the logic
includes operators for constructive weakly rational belief (constructive weak
belief /CWB in short):

o CW,p (agents A have common CWB in ¢);
o EW,p (agents A have mutual CWB in ¢); and
e DW,p (agents A have distributed CWB in ¢).

Semantically, the CWB operators yield “epistemic positions” of team A that
serve as reference for the semantic evaluation of strategic formulae.
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Let us consider M, Q" | EW 4Pl 4 ((A)Osafe (coalition A has con-
structive mutual weak belief that they can keep the system safe forever if the
opponents behave rationally) in model M and set of states @Q’'. Firstly, Q'
is extended with all states indistinguishable from some state in @’ for any
agent from A. Let us call the extended set Q”. Agents in A have CWB in
Plyg\ 4 ((A))Osafe iff they have a strategy that maintains safe from all states
in Q" assuming that implausible behaviour of agents in Agt\ A is disregarded.

Later, we will define strongly rational beliefs (resp. knowledge) as a special
case of CWBs in which all agents are (resp. no agent is) assumed to play
plausibly.

7.1.2 The Language £,

We proceed similar to Sections 6.1 and 6.2 and define a hierarchy of lan-
guages/logics. We begin with the base language ﬁ’g{szp. It includes atomic
propositions, Boolean connectives, strategic formulae, operators for construc-
tive weakly rational beliefs, and operators that handle plausibility updates. As
we will see, standard/constructive strongly rational beliefs and knowledge can

be defined on top of these.

Definition 7.1 (L£%s¢,). Let 2 be a set of primitive plausibility terms. The

base

logic L5355 p(Agt, II, 2) is generated by the following grammar:

pu=plaple A (A) O | (ANDe | (A) e | CWap | EW 40 | DW 4 |
Ply ¢ | (set-plw)p | (refn-pl w)e.

The temporal operators (), [, and U have their usual meaning. Moreover
we define

Nowp = Uy (now),
Pl = Ply,; (reasoning under the assumption that all agents behave plau-
sibly), and

e Ph = Pl; (reasoning about outcome of all “physically” possible be-
haviours).

Constructive weak belief operators for individual agents and standard weak
belief operators are defined as follows:

Nowyp = Uy (now),

Wap = CWy,4y ¢ (individual CWB),

CW 40 = CW 4 (D) Nowp, EW 40 = EW 4 (0)) Nowe,

DW 4 = DW 4 (@) Nowyp (standard weak belief, WB),
o W,p = CWy,ye (individual WB).

Finally, we define operators for constructive and standard strongly rational
belief (CRB) as:
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Bel, = W,PI1, CBely = CW4P1,
EBely = EW4Pl, DBely = DW4P1,
Bel, = PhW,PI1, CBely = PhCW 4PI,
EBel4 = PhEW 4P1, DBel4 = PhDW 4P1,

and the constructive and standard knowledge operators as:

K,=PhW,, C4=PhCW,,E4 =PhEW,,
]DAEPh]D)WA, KaEPhV\/a7 CAEPhCWA,
EAEPhEWA, DAEPhDWA.

In Section 7.1.4 we show that these definitions capture the respective no-
tions of knowledge and belief appropriately.

7.1.3 Semantics: The Logic CSLPbase

ICGSs from Definition 2.27 extended with plausibility (cf. Definition 6.2)
serve as models for £%5¢ .. The relations ~§, ~§ and ~% used to model
group epistemics, are derived from the individual relations of agents from A
as defined in Definition 2.40.

Here, we use the notion strategy s, of agent a to refer to an ir-strategy from
Definition 2.29 (i.e. to a memoryless imperfect information or to a uniform
strategy). That is, ¢ ~, ¢ implies s,(q) = s4(¢’). We also use the other
notations introduced so far.

Definition 7.2 (ICGSP, plausibility model). An imperfect information
concurrent game structure with plausibility (ICGSP) is given by

m = <Agt7 Q,H,Tf', ACt7 da 0, ~1yeny NkHTaRgtH ‘Qa [[]]>7
where

(Agt, Q, I, 7, Act,d,0,~1,...,~) is an ICGS (cf. Definition 2.27),

Y C X is a set of plausible strategy profiles (called plausibility set ),

Rgt C Agt is a set of rational agents (i.e., the agents to whom the plau-
sibility assumption will apply),

2 is a set of plausibility terms, and

[1:P(Q) — (2 — X) is a plausibility mapping that provides the deno-
tation of the terms.!

We refer to (Y,Rgt) as the plausibility model of 9. When necessary, we
write Xon to denote the element X of model 9.

! In this section, the denotation of such terms is fixed; in Section 7.1.5 we present
a more flexible version.
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Note, that differently from Section 6.1.4 the denotation depends on sets
of states rather than single states.

Remark 7.3 (Rational group of agents). Differently to ATLP we have added
the group of rational agents Rgt to the model rather than annotating the sat-
isfaction relation. Both approaches are equivalent but we believe that adding
the agents to the models turns the focus to the new epistemic and doxastic
concepts.

Imposing strategic restrictions on a subset Rgt of agents can be desirable
due to several reasons. It might, for example, be the case that only information
about the proponents’ play is available; hence, assuming plausible behaviour
of the opponents is neither sensible nor justified. Or, even simpler, a group of
(simple minded) agents might be known not to behave rationally.

Consider now formula ((A))y: Team A tries to execute a strategy that
brings about v, but the members of the team who are also in Rgt can only
choose plausible strategies. The same applies to A’s opponents that are con-
tained in Rgt. So it is exactly as for ATLP. Due to the plausibility model
we can simplify the notation of B-plausible strategies and their outcome (cf.
Definition 6.5 and 6.7).

Definition 7.4 (Plausibility of strategies). We say that sa is plausible
iff it is Rgt-plausible (in the sense of Definition 6.5).

By X* we denote the set of all plausible strategy profiles in which Rgt’s
substrategy is plausible; i.e. X* = Ty (Rgt).

Remark 7.5. Analogously to Remark 6.6 and from Definition 6.4 we have that
every profile is (-plausible; i.e. X* = 73,(0) for Rgt = (. We also have that
2* =Ty (Rgt) =0 for Rgt # 0 and 1" = 0.

Similarly, we simplify the notion of the outcome.
Definition 7.6 (Plausible outcome paths). The plausible outcome,
out(q,sa, X*),

of strategy sa from state q is defined as the set of paths (starting from q)
which can occur when only plausible strategy profiles can be played and agents
in A follow su; that is, out(q,sa,X*) = {\ € A(q) | It € X* (tj]a =
sa and out(q,t) = {\}D}.

In the following we will just write out(q,sa) to refer to the plausible out-
come out(q, sa, X*) if clear from context.

Remark 7.7. Note, that for Rgt = () we have that the plausible outcome is
equal to the standard outcome of ATLS; i.e., out(q,sa, X*) = out(q,sa).
Moreover, for Rgt # () and 7" = () we have that out(q, sa,0) = 0.
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We define the notion of formula ¢ being satisfied by a (non-empty) set of
states @’ in model M, written M, Q" | p. We will also write M, q = ¢ as
a shorthand for MM, {q} = ¢. It is the latter notion of satisfaction (in single
states) that we are ultimately interested in—but it is defined in terms of the
(more general) satisfaction in sets of states. As in Section 2.3.2 let img(q, R)
be the image of state ¢ with respect to binary relation R, i.e., the set of all
states ¢’ such that ¢Rq’. Moreover, we use out(Q’,s4) as a shorthand for
Ugeqr 0ut(q, sa), and img(Q’,R) as a shorthand for (J o img(q,R). The
semantics of CSLP is a simple combination of the one for CSL (cf. Defini-
tion 2.40) and ATLP (cf. Definition 6.8).

Definition 7.8 (Semantics, CSLPY*¢). Let M be an ICGSP, Q' C Qon be
a set of states. The semantics for L2%5¢ 5 is defined as follows:

M, Q' |- p iff p € (q) for every g € Q';

M, Q" =~ iff M, Q" = »;

M, Q= pAv M Q - and M, Q' = o;

M, Q" = (A) O ¢ iff there exists sa € X*|a such that, for each
A € out(Q',s4), we have that M, {\[1]} = ¢;

M, Q' = (A)Oyp iff there exists sq4 € X*| 4 such that, for each A € out(Q’, s4)
and i > 0, we have M, {\[i]} = ¢;

M, Q" = (A) pUrp iff there exists sa € X*| 4 such that, for each X € out(Q, s4),
there is an i > 0 for which M, {\[i]} &= ¥ and M, {\[j]} E ¢ for every
0<j<i.

m Q' = KW ag iff M, img(Q',~%) E ¢ (where K = C,E,D and K =
C,E, D, respectively).

M, Q' =Pl iff M, Q" = ¢, where the new model M’ is equal to M but the
new set Rgtoy, of rational agents in M’ is set to A.

M, Q' = (set-plw)p iff M, Q" |= ¢ where M is equal to M with Vyy, set to
[]5:-

M, Q' = (refn-plw)p iff M, Q" = ¢ where M is equal to M with Ty, set
to Yo N [w]]%

As in CSL, we use two notions of validity, weak and strong, depending on
whether formulae are evaluated with respect to single states or sets of states.

Definition 7.9 (Validity). We say that o is valid if M, q | ¢ for all ICGSP
M with plausibility model (X,0) (i.e. all strategies are assumed to be plausible
and no agent plays plausibly yet) and all states ¢ € Qon.

In addition to that, we say that ¢ is strongly valid if M, Q" | ¢ for all
ICGSP M and all sets of states Q' C Q.

Note that strong validity is interpreted in all models and not only in
those with plausibility model (X, 0). This stronger notion is necessary for
interchangeability of (sub)formulae. The following results are straightforward.
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Proposition 7.10. Strong validity implies validity.

Proposition 7.11. If ¢1 < @9 is strongly valid, and 1)’ is obtained from 1)
through replacing an occurrence of v1 by w2, then M, Q' = iff M, Q" = '.

Proof. The proof is done in a straightforward way by structural induction on

. ]

We also say that ¢ is satisfiable if MM, q = ¢ for some ICGSP with plau-
sibility model (X, 0).

7.1.4 Knowledge and Rational Beliefs

In this section we motivate the logic’s epistemic and doxastic operators. We
show that the syntactic definitions for the derived knowledge and belief oper-
ators have an intuitive semantics.

Knowledge

The concept of knowledge is very simple: It is about everything which is
“physically” possible, i.e., all behaviours are taken into account (not only
the plausible ones). In particular this means that, once a knowledge opera-
tor occurs, the set of rational agents in the plausibility model becomes void,
indicating that no agent is assumed to play rationally.

Weakly and Strongly Rational Beliefs

Constructive weak beliefs (CWB) (“common belief”, “distributed belief”,
and “mutual belief”) are primitive operators in our logic. All other be-
lief/knowledge operators are derived from CWB and plausibility. In this sec-
tion, we mainly discuss individual knowledge and beliefs, but the analysis
extends to collective attitudes in a straightforward way.

Let us for example consider the individual CWB operator W, ¢, with the
following reading: Agent a has constructive weak belief in ¢ iff ¢ holds in
all states that a considers possible, where all agents behave according to the
currently specified plausibility model (7', A). That is, agents in A are assumed
to play as specified in 7. It is important to note that weakly rational beliefs
restrict only the behaviour of the agents specified in the current plausibility
model (i.e. A). This is the difference between weak and strong belief — the
latter assume plausible behaviour of all agents. This is why we call such
beliefs strongly rational, as it restricts the behaviour of the system in a more
rigorous way due to stronger rationality assumptions.
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Using rationality assumptions to define beliefs makes them quite specific.
They differ from most “standard” concepts of belief in two main respects.
Firstly, our notion of beliefs is focused on behaviour and abilities of agents.
When no action is considered, all epistemic and doxastic notions coincide.

Proposition 7.12. Let ¢ be a propositional formula. Then, W,p < Belgp
Kqp is strongly valid.

Proof. The notions of beliefs and knowledge only differ in the way they
address the set of plausible strategies. However, plausible strategies do only
affect strategic properties. Since ¢ is propositional and the set of considered
states does not change, its truth value is the same for the three operators. B

Secondly, rational beliefs are about restricting the expected behaviour due
to rationality assumptions: Irrational behaviours are simply disregarded. To
strengthen this important point consider the following statements:

(i) Ann (a) knows that Bill (b) can commit suicide (which can be formalised
as K, (b)) Qsuicide);

(ii) Ann constructively believes that Bill can commit suicide (which we tenta-
tively formalise as Bel, (b)) Osuicide).

In the usual treatment of beliefs, statement (i) does not imply statement
(ii), but this does not hold for rational beliefs. That is because, typically,
beliefs and knowledge are both about “hard facts”. Thus, if a knows some
fact to be true, it should also include it in its belief base. On the other hand,
our reading of Bel, (b)) Osuicide is given as follows: If all agents are constrained
to act rationally then Ann knows a strategy for Bill by which he can commit
suicide. However, it is natural to assume that no rational entity would commit
suicide.?2 Hence, Bill’s ability to commit suicide is out of question if we assume
him to act rationally. Such an irrational behaviour is just unthinkable and thus
disregarded by Ann! While she knows that Bob can commit suicide in general,
she has no plausible recipe for Bob to do that.

A similar analysis can be conducted for standard (i.e., non-constructive)
beliefs. Consider the following variants of (i) and (ii):

(i) Ann knows that Bill has some way of committing suicide (K, {(b)) Osuicide);

(ii")Ann believes, taking only rational behaviour of all agents into account (in
particular of Bill), that Bill has the ability to commit suicide
(Bel, (b)) Osuicide).

Like before, (i’) does not imply (ii’). While Ann knows that Bill “physically”
has some way of killing himself, by assuming him to be rational she disregards

2 This assumption is given in the plausibility model; it can be any assumption the
designer would like to impose on the agents.
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(nop, nop) (nop, nop)

(nop, jump)

suicide
Fig. 7.1. A simple ICGSP.

the possibility. Bob’s assumed rationality constrains his choices in Ann’s view.
This shows that in our logic knowing ¢ does not imply rational belief in .
We will justify the intuition in a more concrete example.

Ezample 7.13. There are two agents 1 (Ann) and 2 (Bill). Agent 2 has the
ability to jump from a building and commit suicide. However, agent 1 dis-
regards this possibility and considers it rational that 2 will not jump. The
corresponding ICGSP is shown in Figure 7.1 where all different states are
distinguishable from each other; the set of plausible strategy profiles consists
of the single profile s in which both agents play action nop, i.e., they do noth-
ing (in particular, we want to impose that Bill does not jump). Hence, we
have M, qo = K1({(2)) O suicide but M, qo = Bely (2)) O suicide.

The following result, in line with [Bulling and Jamroga, 2007a], is imme-
diate:

Theorem 7.14. In general, standard (resp. constructive) knowledge does not
imply standard (resp. constructive) rational belief. That is, formulae K, A
—Bel,p, Koo A =Wy, Koo A —Belgp, Koo A =Wy are satisfiable.

Proof. The model from Example 7.13 can be used to show that all the formulas
are satisfiable. [ ]

Non-Constructive Knowledge and Beliefs

In this section, we have a closer look at the standard (non-constructive) epis-
temic and doxastic operators. We mainly focus on strong beliefs; the cases for
knowledge and weak beliefs are given analogously.

The non-constructive versions of distributed, common, and everybody be-
lief are based on a specific construction involving the “until” operator. For
example, the non-constructive belief of agent a in ¢, Bel,p, is defined as a’s
constructive belief in the ability of the empty coalition to enforce ¢ until
@. In [Jamroga and Agotnes, 2007] it was already shown that this definition
captures the right notion; we recall the intuition here.

The cooperation modality () ensures that the state formula ¢ is evalu-
ated independently in each indistinguishable state in @' (thus getting rid of
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its constructive flavour). However, a cooperation modality must be followed
directly by a path formula, and ¢ is a state formula. The trick is to use
@Uyp instead, which ensures that ¢ is true in the initial state of the path.
Thus, a believes in ¢ iff Pl is independently true in every indistinguishable
state. The following proposition (analogous to [Jamroga and Agotnes, 2007,
Theorem 46]) states that all non-constructive operators match their intended
intuitions.

Proposition 7.15. Let M be an ICGSP, Q' C Qum, and ¢ be a CSLPPase
formula. Then, the following holds where KK = C, E, D, respectively:

1.MQ EKWap iff T =0 #Rgt or M, q = ¢ forallq € img(Q’,N’g);
2.9, Q" = KBelap iff M, q = Ply for all g € img(Q', ~);
3. M, Q" = Kap iff M,q = Phy for all ¢ € img(Q',~).

Proof.

1M, Q = KWagp iff
M, (@, ~K) = () Nowsp iff YA € out(ima(Q',~), 50) = T A0 = ¢
iff T = () # Rgt (cf. Remark 7.7) or Vg € img(Q’, ~%) : M, q = .

2. 9M, Q' = KBel o iff M, Q' |= Ph KCBel 4 (0) NowPl o iff I, img(Q', ~X) =
{(0)NowPlp where Rgtyy,, = 0 and otherwise 9 equals M iff Vg €
img(Q',~X), M, q k= Ply iff Vg € img(Q’, ~%5), M,q = Ple.

3. Analogously.

7.1.5 The Full Logic CSLP

In this section we present £ gy p Which extends £%¢, in such a way that

plausibility terms are constructed from L ,g; p-formulae. In the following we
proceed in the very same way as in Sections 6.2.2 and Sections 6.2.3.
Analogously, to Definition 6.19 we define the languages £%¢; » and £ g p-

Definition 7.16 (L4 p)- The  languages  L%¢; p(IT,Agt, 2)  and
Lospp(I, Agt, 2) are defined as in Definitions 6.19 and 6.20, respectively,
but everywhere “ATLP” is replaced by “CSLP”.

The extended plausibility mapping is defined as in Definition 6.24 but the
mapping is annotated with a set Q' of states instead of a single state q.
An example Ll p formula is

(set-pl o.(0)O(Ph (Agt)) O alive — (set-pl o)P1{(0)) O alive))
—Bel,, (b)) Osuicide
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which expresses the following: Assuming that rational agents avoid death
whenever they can, it is not rational of Ann to believe that Bob can com-
mit suicide.

Finally, we can define the semantics for £ g; p and obtain the logic CSLP
in the very same way as in Definition 6.26.

Definition 7.17 (Semantics of £ g p, CSLP). The semantics for L gp p-
formulae is given as in Definition 7.8 with the extended plausibility mapping

[-lon used instead of [-Jon. Le., only the semantic clauses for (set-pl w)p and
(refn-pl w)p change as follows:
M, Q' = (set-plw)y iff M, Q' | ¢ where the new model M’ is equal to M

~

Q
but the new set Ty, of plausible strategy profiles is set to [w]gy ;
M, Q' = (refn-pl w)p iff M, Q" |= ¢ where the new model M’ is equal to M

—~

Q
but the new set Ty, of plausible strategy profiles is set to Ty N [w]gy -
We have that CSLP is given by (Logpp, E)-

7.2 Properties of CSLP

In this section, we examine the relationship between plausibility, knowledge
and beliefs, and discuss the standard axioms about epistemic and doxastic
concepts.

7.2.1 Plausibility, Knowledge and Beliefs

Firstly, we observe that knowledge is commutative with Ph and belief with
P1, which is a technically important property.

Proposition 7.18. Let ¢ be a L g; p-formula. Then, we have that PhK,p <
K.Ph ¢ and PlBel,p < Bel , Pl are strongly valid.

Proof. Both validities are clear from the following equations:
PhK, =Ph(PhW,) =Ph(PhW,)Ph = (PhW,)Ph = K,Ph
and
PlBel, = P1(W,P1) = P1(W,P1)Pl = (W,P1)Pl = Bel,P1.

From the definition of knowledge and belief it follows that a sequence of
such operators collapses to the final operator in the sequence.
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Proposition 7.19. Let a € Agt, ¢ be a L g;p-formula, and X,Y be se-
quences of belief/knowledge operators; i.e. X,Y € {Bel,,K,}*. Then the fol-
lowing formulae are strongly valid:

(i) XBel,p < YBel,p, (ii) XK, « YK, 0.

Proof. The result is clear from the observation that the indistinguishability
relations are equivalence relations and only the most recent plausibility oper-
ator is relevant. |

In particular, we have that the following formulae are strongly valid: (1)
K,Bel,p < Bel,p: Agent a knows that it believes ¢ iff it believes ¢; and (2)
Bel, K, < Kyp: Agent a believes that it knows ¢ iff it knows .

Corollary 7.20. The following formulae are not valid: (i) XBel,p — YK, p;
(i1) Bel,p — Bel Koo, (iit) Bel,o — K.

Proof. (i) follows from (iii) and also from Theorem 7.14. (ii) follows from (iii)
and Proposition 7.19. Example 7.13 provides a counterexample for (iii). We
have that 91, go = Bel; (1)) O —suicide and M, qo = K1 (1)) O —suicide. W

Corollary 7.20 expresses that (ii) an agent who has rational belief in ¢ does
not necessarily believe that it also knows ; and (iii) an agent who believes in
o does not necessarily know ¢. Indeed, both formulae should intuitively not
hold in a logics of knowledge and belief.

Our definitions of epistemic and doxastic operators from Section 7.1.2
strongly suggest that the underlying concepts are related. Let us consider for-
mula K, Pl gp: Agent a has constructive knowledge in ¢ if agents in B behave
rationally. This sounds similar to beliefs which is formally shown below.

Proposition 7.21. Pl 4K, Pl 4o < Pl 4W, ¢ is strongly valid. We also have
that Ky — Wo is valid (but not strongly valid).

Proof. Unfolding Pl 4K Pl 4 yields P1 s.PhW,P1 4. It is easy to see that
only the last plausibility operator is relevant which yields W,P1 4. Finally, it
remains to observe that the plausibility operator is commutable with W, as
the latter does not effect the plausibility model.

The second claim follows since valid formulae are only interpreted in mod-
els in which all agents are assumed to play plausibly. The latter is not the
case for strong validities, a counterexample is straightforward. [ |

Finally, we conclude that rational beliefs and knowledge can also be defined
in terms of each other.

Theorem 7.22. Bel,p < K,Ply and K,p < Bel,Ph ¢ are strongly valid.
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(ahﬂ) (al’ﬁ)

(az, 8)

P70 (a2, B)

Fig. 7.2. ICGSP for the proof of Theorem 7.23.

Proof. Straightforward by unfolding the definitions and from the observation
that only the last plausibility operator is relevant. [ ]

That is, believing in ¢ is knowing that ¢ plausibly holds, and knowing
that ¢ is believing that ¢ is the case in all physically possible plays.

7.2.2 Axiomatic Properties

In this section we review the well-known KDT45 axioms. For a modality O
these axioms are given as follows:

(Ko) O(p —¢) = (Op — 0¢) (Do) Op — =0-p

(To) Op— (40) Op — OO0

(50) —Op — 0-0¢
We say, for instance, that O is an K4 modality if axioms Ko and 4¢ are
strongly valid over the class of all ICGSP. The following result is obtained in
a way analogous to [Jamroga and Agotnes, 2007, Theorem 37).

Theorem 7.23 (Weak beliefs: KD45). W,, (standard weak beliefs) and W,
(constructive weak beliefs) are KD45 modalities. Axiom T is not valid (resp.
not strongly valid) for W, (resp. W, ).

Proof.

K : Straightforward.
D : M, Q" = W,p then M, img(Q’, ~,) = ¢ then not M, img(Q’, ~,) = —p
then not M, Q' = W,—p then M, Q' = -W,—p.

T : Consider a model 9 presented in Figure 7.2 taken from [Jamroga and
Agotnes, 2007). We have that 9, qo = W,—(1) O p (since there is no
uniform winning strategy) but not 9, ¢o = (1)) Op. For W, we consider
the formula ¢ = {(1)) O p regarding the set Q" = {qo,¢1}. Then, we have
M, Q" = Wa (1)) Op but M, Q" = (1)) Op.

Axiom T is valid with respect to W,. 9, q E Wyp iff M, ¢ = ¢ for
all ¢ € img({q},~%) (by Proposition 7.15). The claim follows from the
reflexivity of ~.

: Immediate from img(Q, ~,) = img(img(Q, ~4), ~a)

: Analogously to D and 4.

[SLTN
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Remark 7.24. Despite the similarities to [Bulling and Jamroga, 2007al, axiom
D is not strongly valid for beliefs in CTLKP because the belief operator
directly refers to plausible paths. Hence, if the set of paths is empty some
formulae are trivially true (Bely) and others are trivially false (—Bely). In
CSLP the notions of belief and plausibility are more modular.

For knowledge and strong beliefs it is easily seen that they also satisfy the
KD45 axioms. It just remains to check whether axiom T holds for knowledge
or strong beliefs. However, for the same reason as in pure CSL this axiom does
usually not hold; we refer to [Jamroga and Agotnes, 2007] for a more detailled
discussion on this issue. The problem that T is not true for knowledge (which
is usually assumed to be a sensible requirement) is due to the non-standard
semantics defined in terms of sets of states.

Theorem 7.25 (Strong beliefs: KD45). Standard strong beliefs Bel, and
constructive strong beliefs Bel, are KD45 modalities. Axiom T is not valid
for both notions of beliefs.

Proof. The proof for KD45 is done analogously to the one of Theo-
rem 7.23. We proof that Bel, is not valid. Again, we consider Example 7.13.
Let w be a plausibility term with [w]%} = {s} where s is the strat-
egy in which agents always perform the mop action. Then, we have that
M, qo = Bel,(set-pl w){(1)) O—suicide but M, go k= (set-pl w)({(1)) O —suicide.
In the latter case, no agent is assumed to play plausibly and all strategies are
considered. |

Theorem 7.26 (Knowledge: KD45). Standard knowledge K, and con-
structive knowledge K, are KD45 modalities. Aziom T is not valid for both
notions of knowledge. Aziom T is not valid (resp. not strongly valid) for K,

(resp. Kq).
Proof. The proof for KD45 is done analogously to the one of Theorem 7.23.
Also the proof that T is not valid (resp. strongly valid) is done similarly. B

If we consider a formula ¢ which does not contain any constructive oper-
ators then the following holds.

Theorem 7.27. Let L consist of all CSLP formulae that contain no con-
structive operators. Then:

1. K, is a KD45 modality in L. Aziom Tk, is valid (but not strongly valid),
and Ko (Ko — @) is strongly valid in L.
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2. Bel, is a KD45 modality and Bel,(Bel, — @) is strongly valid in L.

Proof.

1. That K, is a KD45 modality and that Tk, holds is shown in The-
orem 7.25. For the latter part, we have M, Q" E K,(Kop — o) iff
M, q = Ko — ¢ for all ¢ € img(Q’, ~,) where I is the model in which
no agent is supposed to play plausibly. Now, the result follows since there
are no more constructive operators involved.

2. This part is shown analogously.

|

We observe that the validities K,(Ky,p — ) and Bel,(Bel,pp — ) are
similar to the truth axiom T.

7.2.3 Relationship to Existing Logics

In this section, we compare CSLP with some relevant logics and show their
formal relationships. To this end, we use the notion of embedding from Defi-
nitions 6.28.

The following theorem is straightforward from the definition of the logic.

Theorem 7.28. CSLP embeds ATL, ATLP, and CSL.

It is easy to see that K, is even a KDT45 modality for the “non-strategic”
sublanguage of L ¢, p and that this sublanguage can embed standard epis-
temic propositional logic.

Proposition 7.29. CSLP embeds standard epistemic propositional logic.

Proof. We define the sublanguage £ of L g, p as the set of formulae generated
by
pu=p|peVe|Kp

where p € II and a € Agt. From Theorem 7.27 we know that K, is a KD45
modality. We show that axiom T is also strongly valid for £. Let ¢y be a
propositional formula. Then, we have that 9, Q' = K,gg iff Vg € img(Q’, ~,),
M,q" = Phyy iff Vg € img(Q',~a), M,¢" E ¢o. This implies M, Q" =
o since g is purely propositional. The inductive step is done analogously.
Finally, it is easy to see that £ embeds standard epistemic logic. ]

The next result follows from Proposition 7.29 and Proposition 6.34.

Proposition 7.30. CSLP embeds CTLKP in the class of epistemic Kripke
structures.
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Remark 7.31. In [Jamroga and Agotnes, 2007] and Section 6.3 it was shown
that CSL and ATLP, respectively, embed several other logics, e.g., ATEL
[van der Hoek and Wooldridge, 2003], ATLI [Jamroga et al., 2005], and
GLP [van der Hoek et al., 2004]. Due to Theorem 7.28 all these logics are
also embeddable in CSLP.

7.3 General Solution Concepts under Uncertainty

In [Jamroga and Bulling, 2007a; Bulling et al., 2009b] and Section 6.4 we
have shown that ATLP can be used to reason about temporal properties of
rational play. In particular it was shown that the logic allows to characterise
game theoretic solution concepts of perfect information games [Osborne and
Rubinstein, 1994]. These characterisations were then used to describe agents
rational behaviour and impose the resulting rationality constraints on them.
Here we show that CSLP can be used for the same purpose in the more
general case of imperfect information games (IIGs). A natural question is
how solution concepts for both game types differ?

Solution concepts for both kinds of games are very similar. For instance,
a Nash equilibrium is a strategy profile from which no agent can deviate
to obtain a better payoff, for both the perfect and imperfect information
case. However, only uniform strategies are considered for I1G. Moreover, we
require the agent to know/identify a strategy that is successful in all states
indistinguishable for it.

In this section we characterise solution concepts for IIGS in L{g; p. Before
we do that, however, we need some way to evaluate different strategies. We
follow the approach of general solution concepts presented in Sections 3.3.2
and 6.4.2. So, we assume agents are equipped with winning criteria n =
(Mm,...,nr) (one per agent) where k = |Agt|. Each criterion 7, of agent a
is a temporal formula. Intuitively, a given strategy profile is successful for
an agent a iff the winning criterion is fulfilled on all resulting paths starting
from any indistinguishable state given the strategy profile. This requirement
is motivated by the fact that an agent does not know whether the system is
in q or ¢’ provided that ¢ and ¢’ are indistinguishable for it. The agent should
play a strategy which is “good” in both states to ensure success. The following
definition is the incomplete information counterpart of Definition 6.41.

Definition 7.32 (Transform ICGSP to normal form game). Let 9 be
an ICGSP, g € Qon, and n be a vector of winning criteria.

We define N(9,7,q), the normal form game associated with 90, 7,
and g, as the normal form game (Agt,S1,...,Sk, p), where the set S, of a’s
strategies is given by X (a’s uniform strategies) for each a € Agt, and the
payoff function is defined as follows:
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L if M A,
tala, ... ag) = for all X € out(img(q, ~q), {a1,...,ax)),
0 else

To give a clear meaning to solution concepts in an ICGSP, we relate them
to the associated normal form game. The first solution concept we will define
is a best response strategy for IIGs. Given a strategy profile s_, := (sq,. ..,
Sa—1,Sa+1s-- -, Sk) Where k = [Agt|, a strategy s, is said to be a best response
to s_, if there is no better strategy for agent a given s_,. Now, s is a best
response profile wrt a if s, is a best response against s_,. According to 6.4.2

o is a best response profile for perfect information games wrt a and v in 91, ¢
if

M, q = (set-pl o[Agt\{a}])P1 ({a)n. — (set-pl o)(@)na).

The formula is read as follows: If agent a has any strategy to enforce 7, against
o[Agt \ {a}] then its strategy given by o should enforce 7, as well.

What do we have to modify to make it suitable for imperfect information
games? Firstly, we have to ensure that the strategy o is uniform, and indeed
only uniform strategies are taken into account in the semantics of CSLP.
Secondly, since the agent might not be aware of the real state of the system
the described strategy should have its desired characteristics in each indistin-
guishable state. The agent should be able to identify the strategy; the main
motivation of CSL. For this purpose CSLP provides the constructive belief
operators; recall that W, ((a)) means that a has a single strategy successful in
all indistinguishable states. To ensure this second point we just have to cou-
ple strategic operators with constructive operators. So we obtain the following
description of a best response strategy for I11Gs:

BR{(0) = (set-pl o[Agt\{a}])PL(Wa{a) . — (set-pl o)Wa {(0))71a)-

Other solution concepts characterised in 6.4.2 can be adapted to I1Gs
following the same scheme, e.g.:

Nash equilibrium (NE): NE"(0) = \;c,,, BR](0);
Subgame perfect NE: SPN"(c) = EW g (0)0 NE"(0);
Pareto optimal strategy (PO):

PO"(0) = Vo' P (

/\ ((set-pl o)W, (0)n, — (set-pl o)W (D)) V
ac€hgt

\/ ((set-pl o)W, (D)0, A ~(set-pl o’ )W, (D)) Ua)~
achgt
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The following result shows that these concepts match their underlying

intuitions.

Theorem 7.33. Let M be an ICGSP, g € Qon,  a vector of winning criteria,
and N := N (O, 7, q). Then, the following points hold:

—

{a}

1. The set of best response profiles wrt player a in N is given by [o. BR (U)]];I .
— {d}
2. The set of NE strategies in N is given by [[U.NE"(U)}]S; .

—

q
3. The set of PO strategies in N is given by [0.PO™(0)]gy
4. Let Q" collect the states that any agent from Agt considers possible (i.e.,

img({q}, Nggt)) plus all states reachable from them by (a sequence of ) tem-
— —  {d}
m -

{a}
poral transitions. Then, [[U.SPN"(U)]];I is equal to (e [0-NE" (0)]

Proof. Let [o]@ = s for all Q' C Q.

1.

“C”: Suppose s, is a best response to s_, in A. Let w be the plausi-
bility term with denotation s = (s4,5—4). Then, if p,(s) = 0 there is
no other strategy s/, of a such that . (s),s_,) = 1. Now, assume that
(set-pl o[Agt\{a}])P1W,((a))n, holds in M, g. Then, there is a strategy
sl of a such that 7, holds along all paths from out(img(a, ~,), (., $-a));

hence, 4 (s),5-4) = 1. Now, suppose that s ¢ [[J.B/Rﬁa)]];qI ; i.e., that
(set-pl o)W, {(0)n, does not hold in 9M,q. Then, there is a path in
out(img(a, ~,), s) along which 7, is false and thus p.(s) = 0. Contra-
diction! (@

“D”: Suppose s € ﬂo.@a)ﬂ;t with [[a]]g%} = s. That is, BR] (o) is
true in M, q. Then, following the same reasoning as above we have that if
ta(s) = 0; then, there is no other strategy s/, of a such that pq (s}, s_4) =
1. L.e. s, is a best response to s_,.

. Follows from 1 and the fact that s is a NE iff s, is a best response to s_,

for each agent a.

“C”: Let s be Pareto optimal in A'. That is, there is no profile s’ such
that for all agents a, 14 (s") > pa(s) and for some agent a, f14(s') > pa(s).
We show that 9,q = PO"(o). For the sake of contradiction assume
the contrary; that is, MM,q E Jo'Pl (\/aeAgt((set-pl o YWo (D) na A
~(set-pl o)W (B)7) A Agengs(set-Dl )W, ()7, — (set-pl o)
W, {(@)n4))). We use s’ to denote o’ for which the formula evaluates
true. According to the left-hand site of the outermost (wrt. infix nota-
tion) conjunction, there has to be an agent a’ such that 7, is achievable
with respect to s’ but not with respect to s. From the right-hand side of
the conjunction, we learn that the profile s’ is at least as good as s (every
payoff achievable following s is also achievable following s’). However, this
means that s is not Pareto optimal. Contradiction!



160 7 Rational Agents: Imperfect Information

T[T 7]
h 0,0
t 1,1
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1,1
0,1

Fig. 7.3. Simple ICGS.

“D“ This part follows the same reasoning as the other direction.

{a}
4. We have that s € [[O'.SPN"(O’)HQ; iff for all paths A € out(img(q, wggt), Sp)
and all ¢ € No, M, A[i, 0] = NE" (o) iff V¢’ € Q', M,q E NE" (o) iff
— {d} — {d}
Vg €@, s e [[U.NE"(O’)]]Q; iff s € Nyeor [[U.NE"(O’)HE); :
|

Ezxample 7.34. Let us consider the ICGSP shown in Figure 7.3. There are
two agents, 1 and 2, and a coin which initially shows tail (go) or head (q1);
agent 1 cannot distinguish between them. Now, both agents win if 1 guesses
the right side of the coin or if both agents agree on one side (regardless of
whether it is the right one). For instance, the tuple th denotes that 1 says tail
and 2 head. Moreover, we assume that both agents have the winning criterion
Owin. The associated NF game wrt ¢go is also given in Figure 7.3. Now we

— {a}
have that [[cf.NE”(cf)]];I = {hh,tt}: Only if both agents agree on the same
side, winning is guaranteed.

7.4 Uncertainty in Opponents’ Behaviour

In this section we turn to another kind of incomplete information which is
not related to information states provide to agents. We would like to recall
the meaning of the cooperation modalities: ((A))~y is satisfied if the group
of agents A has a collective strategy to enforce temporal property ~. That
is, ((A)~ holds if A has a strategy that succeeds to make ~ true against
the worst possible response from the opponents. So, the semantics of ATLS
share the “all-or-nothing” attitude of many logical approaches to computation,
justified by von Neumann’s maximin evaluation of strategies in classical game
theory [von Neumann and Morgenstern, 1944].

Such an assumption does seem appropriate in some application areas. For
life-critical systems, security protocols, and expensive ventures like space mis-
sions it is indeed essential that nothing can go wrong (provided that the
assumptions being made are correct). In many cases, however, one might be
satisfied if the goal is achieved with reasonable likelihood. Also, it does not
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seem right to assume that the rest of agents will behave in the most hostile
and destructive way; they may be friendly, indifferent, or simply not powerful
enough (for example, due to incomplete knowledge). Thus, to evaluate avail-
able strategies, a finer measure of success is needed that takes into account
the possibility of a non-adversary response.

A naive (but nevertheless appealing) idea is to evaluate a strategy s by
counting against how many opponents’ responses it succeeds. If the ratio we
get is, say 50%, we can say that s succeeds in 50% of the cases. This approach
is underpinned by the assumption that each response from the other agents
is equally likely; that is, we in fact assume that those agents play at random.
Or, putting it in another way: As we do not have any information about
the future strategy of the opponents, we assume a uniform distribution over
all possible response strategies. On the other hand, assuming the uniform
distribution is too strong in many scenarios, where the “proponents” may
have a more specific idea of what the opponents will do (obtained e.g. by
statistical analysis and/or learning). In order to properly address the issue,
we introduce modalities ((A). v that express that agents A have a collective
strategy to enforce v with probability of at least p € [0,1], assuming that the
expected behaviour of the opponents is described by the prediction symbol w.

In this section, we assume that the response from the opponents is indepen-
dent from the actual strategy used by the proponents. It might be interesting
to consider dependencies between choices of the two parties. This corresponds
to situations in which the opponents have partial knowledge of the proponents’
strategy.

We propose and discuss our new logics: ATLS with probabilistic success.
Firstly, we define syntax and semantics on an abstract level. Then, we in-
stantiate the semantics for two different ways of modelling the opponents’
behaviour: mixed vs. behavioural memoryless strategies.

7.4.1 The Language L,

In £, 47y, cooperation modalities ((A)) of £, are replaced with a richer
family of strategic modalities ((A))..

Definition 7.35 (L, 47). The basic language L, 7, (Agt, I1, §2) is defined
over the nonempty sets IT of propositions, Agt = {1,...,k} of agents, and 2
of prediction symbols. The language consists of all state formulae ¢ defined
as follows:

pu=ploelone| (Ahoy; where =g | Op | U,

w € 2, and p € [0,1]. Additional temporal operators are defined as before.
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We use p,w,a, A to refer to a typical proposition, a prediction symbol, an
agent, and a group of agents, respectively. The informal reading of formula
(A)-~ is: Team A can bring about v with success level of at least p when the
opponents behave according to . The prediction symbols are used to assume
some “predicted behaviour” of the opponents.

7.4.2 Semantics: The Generic Logic pATLgx

In the following we define the semantics for £, 47/, in a very generic way be-
fore considering more concrete settings. Models for pATLgy extend concur-
rent game structures with strategic prediction denotation functions (prediction
denotation function for short) which assign prediction symbols to predicted
behaviours of a given group of agents. For now, we use a non-empty set BH
to refer to the agents possible predicted behaviours. There are several sensi-
ble ways how the set BH may actually be specified: Mized and behavioural
strategies provide two well-known possibilities. We will present the semantics
for £, 47y, based on these two notions in Sections 7.4.3 and 7.4.4, respectively.
However, one could also think about other predictions, for instance, as a com-
bination of mixed and behavioural strategies: The behaviour of some agents
is predicted by the former and others by the latter.

Definition 7.36 (Prediction denotation function). Let BH be a non-
empty set representing possible (probabilistic) behaviours of the agents. A pre-
diction denotation function is a function [-] : 2 x P(Agt) — BH where [w, A]
denotes a (probabilistic) prediction of A’s behaviour according to the prediction
symbol w € Ste. We write [w]a for [w, A].

Models for pATLgy extend CGSs with such functions.

Definition 7.37 (PCGS). A concurrent game structure with probability
(PCGS) is given by a tuple M = (Agt, Q,II, 7, Act,d,o0,2,[-]) where
(Agt, Q, I, w, Act,d,0) is a CGS, 2 is a set of probability terms, and [-]
is a prediction denotation function.

The semantics of ((A)] is based on a generic notion of a success measure.
The actual instantiation of the notion will usually depend on a (probabilistic)
prediction (from BH) specified by the prediction denotation function and a
prediction symbol. A success measure indicates “how successful” a group of
agents is to enforce some property «y (i.e. with which probability the formula
may become satisfied) if the opponents behave according to their predicted
behaviour.

Definition 7.38 (Success measure). A success measure success s a func-
tion that takes a strategy (of the proponents) sa, a probabilistic prediction
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[wlagna (of the opponents” behaviour), the current state of the system q, and
the an L ,pp.-formula v and returns a score success(sa, [w]agena,4,7) €
[0,1].

The semantics of pATLgy, parameterised by a success measure and a
prediction denotation function, updates the ATL Ir-semantics from Defini-
tion 2.22 by replacing the rule for the cooperation modalities. Note, that we
do only consider perfect information memoryless strategies for the proponents.

Definition 7.39 (Semantics of pATLgy). Let M be a PCGS. The seman-
tics of pATLgy updates the clauses from Definition 2.22 by replacing the
clause for ((A)) with the following:

M, q = (Ao iff there is s4 € X such that success(sa, [w]agn4,4,7) >
.

Various success measures may prove appropriate for different purposes;
they inherently depend on the type of the prediction denotation functions
and therewith on the possible predicted behaviour represented by BH.

7.4.3 Opponents’ Play: Mixed Strategies

As the first instantiation of the generic framework, we consider mized mem-
oryless strategies which are probability distributions over pure memoryless
strategies of the opponents. This notion of behaviour fits well our initial in-
tuition of counting the favourable opponents’ responses in order to determine
the success level of a strategy.

Definition 7.40 (Mixed memoryless strategy). A mixed memoryless
strategy (MMS) o4 for A C Agt is a probability measure over P(XI).

Definition 7.41 (MMS denotation function). A MMS denotation func-
tion is a prediction denotation function with BH = gc pg Z(XL), such that
[wla € 2(ZI). [w]a(s) denotes the probability that s will be played by A
according to the prediction symbol w.

Similarly, the abstract success measure introduced in Definition 7.38 can
be instantiated as follows. A success measure for MMSS is given by a func-
tion which maps a strategy s4 € Y, a MMS Tronn € (X, 4); a state
q € @, and an L ,p/-path formula v to a value between 0 and 1, ie.
success(s4,0,,.4,97) € [0,1]. The success function tells to what extent
agents A will achieve v by playing s4 from ¢ on, when we expect the oppo-
nents (Agt \ A) to behave according to o, . ,.

In this paper, we take the success measure to be the expected probability

of making ~y true. For this purpose, we first define the outcome of a strategy.
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Definition 7.42 (Outcome of a strategy against MMSs). The outcome
of strategy sa against a mized memoryless sitrateqy opgp\a at state q is the
probability distribution over A(q) given by:

O(SA, UAgt\A7Q)()‘) = Z UAgt\A(t)
tEResp(sa,\)

where Resp(sa,\) = {t € Zggt\A | A € out(q, (sa,t))} is the set consisting of
all responses t of the opponents that, together with A’s strategy sa, result in
path A3

Remark 7.43. In Proposition 7.45 we show that the outcome is well defined.

Thus, O(sa,0,,, 4,q)(A) sums up the probabilities of all responses in
Resp(sa, A), for each path A. As a consequence, O(sa,0,, ,,q)(\) denotes
the probability that the opponents will play a strategy resulting in A. We also
note again that, if memoryless strategies are played, the same action vector
is performed every time a particular state is revisited, which restricts the set
of paths that can occur.

Definition 7.44 (Minimal periodic path, A™?(q)). We say that a path
A € A(q) is minimal periodic if, and only if, the path can be written as A\ =
MO, JIAG 4+ 1,4) ... A[f + 1,4] where i € Ny is the minimal natural number such
that there is some j < i and A[i| = A[j]. The set of all minimal periodic paths
starting in q is denoted by A™P(q). For a finite model, the set A™P(q) consists
of only finitely many paths.

Proposition 7.45. O(sa,04g1\4,q) is a probability measure over A(q) and
over A™P(q).

Proof. That O(sa4, -, q) is non-negative follows from the fact that oz a(t) > 0
for all response strategies t. It is easy to see that all non minimal periodic
paths have probability zero since they cannot occur of memoryless strategies
are played. This implies that there are only finitely many paths with non-
zero probability. Thus, O(sa, oag\ 4, ¢) is o-additive, and the following holds:

O(s4,04,9)(A(q)) = O(s4,04,9)(A™(q)) = Xoncamp(q) 2teResp(san) OB
= D teRrésp(sa) OB(t) where Resp(sa) consists of all strategies ¢ € X such

that there is a path A € A™P(q) with A € out(q, (s4,t)). But then Resp(sa) =
XI" and thus the sum is equal to 1. ]

3 Note that for a complete deterministic strategy profile (s4,tagt\a) the outcome
set contains exactly one path.
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Fig. 7.4. A simple CGS M = ({1,2},{qo,q1,q2}, {r,s}, 7, {a, &', 3,8 },d,0); 7, d,
and o can be read off from the figure. By * we refer to any possible action.

Definition 7.46 (Success measure with MMSS). The success measure for
mixed memoryless strategies is defined as follows:

success(54, Opg\ A5 Q) Z holds(X) - O(54,04gi\ 4, q) (),
AEA(q)

1 f oA
where holds,()\) = FIMAEY

0 else.
Function holds, : A — {0,1} can be seen as characteristic function of the
path formula ~: It indicates, for each path A, whether v holds on \.

Definition 7.47 ( pATLyass). We define the logic pATLysars as the instan-
tiation of pATLgy with the success measure and MMS denotation function
as described in Definitions 7.46 and 7.41, respectively.

By Proposition 7.45, success(sa, Oagi\ 4,4, 7Y) is indeed an expected value,
and it is defined by a finite sum. Moreover, measuring the success of strategy
s4 by counting the favourable vs. all responses of the opponents is a special
case, obtained by setting [w]ag\ 4 to the uniform probability distribution over

Ypgt\A-

Erxample 7.48. Let us consider a simple scenario with two agents 1 and 2
depicted in Figure 7.4. Agent 1 (resp. 2) can perform actions a and o (resp.
8 and g'). For example, strategy profile (a, ), performed in ¢g, leads to
state ¢; in which r holds. Agent 1 cannot enforce any of the outcomes on
its own: My,q0 = (1) O rA=(l) Os, neither can agent 2. However,
both agents have the power to determine the outcome when they cooperate:
Miqo = (1.2) Or A (1.2)) Os.

It might be the case that additional information about 2’s behaviour is
available. Assume, for instance, that 1 has observed that 2 plays action 3’
more often than § (say, seven out of every ten times). This kind of observation
can be formalised by a probability measure o over {3, 5’} with o2(3) = 0.3
and o2(8) = 0.7.
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Using ATL, it was not possible to state any “positive” fact about 1’s
power. pATL /s allows a finer-grained analysis. We can now state that 1 can
actually enforce any outcome (r or s) with probability at least 0.7. Formally,
let [w], = 0. We have that M, qo = (1) OrA (1) O's. If 1 desires r,
it should play o' since {o/, ') leads to r; otherwise the agent should select
action « in qq.

7.4.4 Opponents’ Play: Behavioural Strategies

In this section we present an alternative instantiation of the semantics, where
the prediction of opponents’ play is based on behavioural strategies. Such
strategies are based on the Markovian assumption that the probability of
taking an action depends only on the state where it is executed. We show
that the semantics is well defined for £, 4.

Definition 7.49 (Behavioural strategy). A behavioural strategy for A C
Agt is a function B4 : Q — quQ Z(da(q)) such that Ba(q) is a probability
measure over da(q), i-e., Ba(q) € Z(da(q)). We use Ba to denote the set of
behavioural strategies of A.

Definition 7.50 (Behavioural strategy denotation function).

A behavioural strategy denotation function is a prediction denotation function
with BH = Jac g Ba, such that [w]a € Ba. Thus, [wal(q)(@) denotes the
probability that the collective action o will be played by agents A in state q
according to the prediction symbol w.

As in the case of mixed memoryless strategies (cf. Definition 7.42), the out-
come of a strategy against behavioural predictions is a probability measure
over paths. However, the setting is more complicated now. For mixed predic-
tions it suffices to consider a probability distribution over the finite set of pure
strategies which induces a probability measure over the set of paths. Indeed,
only finite prefixes of paths, namely the non-looping parts, are relevant for
the outcome (once a state is reentered, the same actions are performed again
in a memoryless strategy). For behavioural strategies, actions (rather than
strategies) are probabilistically determined, which makes it possible for dif-
ferent actions to be executed when the system returns to a previously visited
state. Thus, the probability of a specific set of paths depends on the complete
length of each path in the set, a finite prefix is not sufficient.

To define the outcome of a behavioural strategy we first need to define the
probability space induced by the probabilities of one-step transitions. To this
end, we follow the construction from [Kemeny et al., 1966]. We recall that
A(q) denotes the set of all infinite paths starting in ¢g. The probability of a
set of paths is defined inductively by consistently assigning probabilities to
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all finite initial segments (prefixes) of a path. The intuition is that prefix h
can be used to represent the set of infinite paths that extend h. By imposing
the closure wrt complement and (countable) union, we obtain a probability
measure over sets of paths.

We use A™(g) to denote the set of finite prefixes (histories) of length n of
the paths from A(q). A™(q) is always finite for finite models. Now, we define
F™(q) and F(q) to be the following set of subsets of A(q):

o0

F'(q) = {{ [ A0,n—=1] €T} | TCAq)} and F(g):= ] F"(q)
n=0

That is, for each set of prefixes T C A™(q), the set F™(q) includes the set
of all their infinite extensions. We note that each F"(q) is a o-algebra. Each
element S of F7(q) (often called cylinder set) can be written as a finite union
of basic cylinder sets [h;] := {\ € A(q) | hy < A} where h; € A™(g) is a history
of length n and h; < X\ denotes that h; is an initial prefix of \. We have that
S = |U,[hs] for appropriate h; € A"(q). We use these basic cylinder sets to
define an appropriate probability measure.

A basic cylinder set [h;] consists of all extensions of h;; hence, the proba-
bility that one of h;’s extensions A € [h;] will occur is equal to the probability
that h; will take place. Given a strategy s4 and a behavioural response 3, . ,
the probability for [h;], h; = qo ... qn, is defined as the product of subsequent
transition probabilities:

n—1
vit ) =] Y Baa(@)(@)

1=0 @ €Act(sa,qi,qi+1)

where Act(sa, i, qiv1) = {@ € d,,, ,(a) | ¢iv1 = 0o(qi, (sa(qi), @)} consists

of all action profiles which can be performed in ¢; and which lead to ¢;+1 given

the choices sa of agents A. According to [Kemeny et al., 1966], the function

vg* s uniquely defined on F(g) and the restriction of v3* — to F"(q) is
Agt\A Agt\ A

a measure on F"(q) for each n. It is also noted that F(gq) is not a o-algebra.
Therefore, we take S(q) to be the smallest o-algebra containing F(q) and

extend vz*  to a measure on S(g) as follows:
Agt\ A

sS4 (§):= inf 54 ([h
o) . . [h]eCVﬁAgt\A([ )

where S € S§(q) and H(S) denotes the denumerable set of coverings of S by
basic cylinder sets. That is, H(S) consists of sets {[h1], [h2],...} such that
S C |U;[hi]. According to [Kemeny et al., 1966], we have that
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(Aq), S(q), n* )

ﬁA\gt\A

is a probability space. Actually, u;f‘ is the unique extension of 1/2“ on
Agt\A Agt\ A

F™(q) to the g-algebra S(q) [Kemeny et al., 1966, Theorem 1.19]; in particular,
this means that both measures coincide on all sets from F(g). We refer to
u;“ as the probability measure on S(q) induced by the pure strategy sa

Agt\A

and the behavioural strategy 3

Agt\ A"
Definition 7.51 (Success measure with behavioural memoryless

strategies). As in the previous section, the success measure of strategy sa
wrt the formula v is defined as the expected value of the characteristic function

of v (i.e., holds.,) over (A(q)aS(‘J)’“E:gt\A)'

success(sa, B, 1,,7) = El[holds,] = / holds~duz* .
A(q) AstiA
Note that the formulation uses a Lebesgue integral over the o-algebra S(q).
Now we can show that the semantics of £, with behavioural strate-
gies is well-defined. We first prove that holds, is S(g)-measurable (i.e., every
preimage of holds, is an element of S(¢) and thus can be assigned a measure);
then, we show that holds., is integrable.

Proposition 7.52. Function holds., is S(q)-measurable and py*  -integrable
Agt\ A
for any L, yrp,-path formula ~.

The complete proof is given on page 306. This result allows to define the fol-
lowing logic.

Definition 7.53 (pATLgg). We define the logic pATLgs as the instantia-
tion of pATLgy with the success measure and the BS denotation function as
described in Definitions 7.51 and 7.50, respectively.

Note that pATLgg can be seen as a special case of the multi-agent Markov
Temporal Logic MTL from [Jamroga, 2008a], since ((A).~ can be rewritten
as the MTL formula p < (stryge aw)(A) .

7.5 Properties

Firstly, we observe that an analogous success measure can be constructed for
ATL:

successatL(s4,q,7) = e nﬁn q){holdsw()\)}.
out(sa,

Then,
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M, q ):ATL {(A)y iff there is s4 € 2114’" such that successati(sa,q,7) = 1.

Thus, the abstract framework can be instantiated in a way that embraces
ATL. Alternatively, we can try to embed ATL in PATL using the probabilistic
success measures we have already defined.

7.5.1 Embedding ATL in pATLysnss

We consider £, 417, with mixed memoryless strategies. The idea is to require
that every response strategy has a non-zero probability. Note that a given
PCGS M induces a CGS MM in a straightforward way: Only the set of pre-
diction symbols and the strategy denotation function must be left out. In
the following we will also use PCGSs together with £ ,,; formulae (without
probability) by implicitly considering the induced CGSs.

Theorem 7.54. Lety be a L 4 -path formula with no cooperation modalities,
and let w describe a mized memoryless strategy symbol such that [w]age a(t) >
0 for every t € Xygp\a- Then, for all models M and states q in M it holds

that:
Mg gy (A7 il Ma (ApL

pPATLasars

Proof. Let A := Agt\ A for A C Agt. “=": Assume that s, € X and that for
all A € out(q, s4) it holds that M, A = . Now suppose that 9, ¢ |~

{(A)L~. In particular that would mean that

success(sa,04,q,7) Z holds~ (X Z ox(t) < 1.
AEA(q) tEResp(sa,\)

PATL s

This can only be caused by two cases:

(1) There is a path A € A(q) a strategy ¢ € Resp(sa,A) with o4(¢) > 0 and
holds(A) = 0. But then X € out(q,sa) contradicts the assumption that s is
successful.

(2) There is a strategy ¢t € X'z with o4(t) > 0 and for all A € A(q) it holds
that t & Resp(sa, A) (*). But there must be a path A with {A} = out(q, (sa,t))
and thus ¢ € Resp(sa, A), which contradicts (*).

“<”: Assume that s4 € X4 and success(sa,04,q,7y) = 1. Suppose that
there is a path A € out(q, s4) with 9, A = . This means that strategy ¢ with
out(q, (sa,t)) = {\} is in Resp(sa, A) but plays no role in the calculation of
the success value since holds,(A) = 0. This contradicts the assumption that
success(sa,04,q,7) = 1. [ ]

The condition [w]agi\a(t) > 0 ensures that no “bad response” of the
opponents is neglected because of zero probability. Since we only deal with
finite models, the uniform distribution over X/ 1{{" is always well defined.
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(o, @) (e, @)

(@)—==—()
p

Fig. 7.5. CGS M, with actions « and 3. The x € {«, 8} refers to any of the two
actions.

Corollary 7.55. Let ua be a term that denotes the uniform distribution over
strategies of the agents in A, and let tr(p) replace all occurrences of ((A) by

(ADyyon i @ Then, Mg = ppy @ ifF Mg b= py ().

7.5.2 ATL versus pATLpg

In this section we examine the connection between ATL and pATLgg. In The-
orem 7.54 we have shown that, under the semantics based on mixed response
strategies, the ATL operator ((A)) can be replaced by (A)L if all response
strategies have non-zero probability according to w. One could expect the
same for behavioural strategies if it is assumed that each “response action” is
left possible; however, an analogous result does not hold.

The reason is that we consider probabilities over all infinite paths in the
system, which necessitates a continuous probability space. Thus, the proba-
bility that a particular path will occur is zero. The following example shows
that satisfying a path property with probability 1 does mot imply that the
property can be ensured in the sense of ATL.

Ezample 7.56. Let M, be the PCGS based on CGS My shown in Figure 7.5.
We have that 9, ¢; = —{(1)) Op. What happens if agent 2 behaves according to
a behavioural strategy? Let (2 be the behavioural strategy specified as follows:
B2(q1)(a) = €, Ba(q1)(B) = 1 — €, and Pa2(g2)(a) = 1 where 0 < e < 1. This
behavioural strategy assigns non-zero probability to all actions of 2. Then,
for a term w with [w]z = B2 we have that M, q; = (1)), Op. Thus, 1 has a
strategy which guarantees Op with expected probability 1. This is due to the
fact that the only possible path which can prevent {p is g1¢14; . ... But the
probability that this is going to happen is lim,, .o [[;-; € = 0. More formally,
let s1 be the strategy of 1 that assigns move « to be executed in both states.
Then, we have

/A( ) holds opdpiy, = pg, (holdsep) =1 — pz (A(g)\holds o)
q
=13, ({(@)“}) = 1= pg, (aiD) = 1~ Jim 25, ([g1))

%

=1-lime=1

11— 00
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as [¢i] O [t for i =1,2,....

The example above shows that pATLpg, if behavioural strategies are used,
cannot simulate pure ATL operators in a straightforward way.

Proposition 7.57. There is an L 4 -path formula vy, a model M and a state
q such that M, q ':ATL —(A)y but M, q ':pATLBs (ANL~y for every be-

havioural strategy [w]age\a in which every action is possible.

Proof. A counter example is provided by Example 7.56. [ |

Let us define a sink state as a state with a loop to itself being the only
outgoing transition. A CGS (resp. PCGS) is acyclic iff it contains no cy-
cles except for the loops at sink states. Such a model includes only a finite
number of paths, so the following proposition can be proven analogously to
Theorem 7.54.

Proposition 7.58. Let M be an acyclic PCGS and w denote a behavioural
prediction for Agt\ A in which every action is possible (i.e., [w]agn a(q) (@) >
0 for every q € Q, @ € dagiva(q)).  Then,

Mg gy (D7 0 = ary, (ADL:

Proof. Let q be some state in the model. If ¢ is a sink state, then there is
exactly one path starting from it. In the case that ¢ is not a sink state there
are only finitely many sequences of finite length to reach any sink state and
clearly there is no path starting from ¢ without visiting a sink state. We have
just argued that each acyclic model has only finitely many paths. Each finite
sequence of states to a sink state has non-zero probability. Once a sink state is
reached the probability of this sequence does not change. Hence, all possible
paths have non-zero probability. The rest of the proof is done similarly to the
proof of Theorem 7.54. |

7.6 Summary

In this section we have proposed logics to model agents with incomplete in-
formation.

In the first setting, we have considered the (classical) indistinguishabil-
ity between states. We have proposed the logic CSLP that relates epistemic
and doxastic concepts in a specific way; more importantly, it allows to rea-
son about the outcome of rational play in imperfect information games. In
the logic beliefs are defined on top of the primitive notions of plausibility and
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indistinguishability. We have analysed the relationship between beliefs, knowl-
edge, and rationality, and have proven in particular that rational beliefs form
a KD45 modality. CSLP embeds both ATLP and CSL; thus, the combination
of knowledge, rationality, and strategic action turns out to be strictly more
expressive than each of its parts if considered separately.

Moreover, we have shown how some important (generalised) solution con-
cepts can be characterised and used for reasoning about imperfect information
scenarios. In Section 10.3, we prove that the model checking problem for the
basic variant of CSLP is A¥-complete. That is, the complexity of model
checking is only slightly higher than for CSL, and no worse than for ATLP.

Secondly, we have considered a setting in which the opponents may be
unable to identify the worst response to strategies of the proponents. We have
combined the rigorous approach to success of ATLS with a quantitative anal-
ysis of the possible outcome of strategies. The resulting logic goes beyond the
usual ”all-or-nothing” reasoning: Instead of always looking at the opponents’
worst response, we have assumed that they select strategies according to some
probabilistic prediction. To this end, we have used new cooperation modali-
ties ((A). v with the intuitive reading that group A has a strategy to enforce
~ with probability p assuming that the opponents behave according to the
probability distribution referred to by w. Although we have introduced two
specific notions of success (one based on mixed response strategies, the other
on behavioural predictions), the idea of success measure is generic and can be
implemented according to the designer’s needs. This enables the logic to be
used in a very flexible way and in various scenarios.

We have shown that the semantics of pATLjass based on mixed responses
embeds ATL, while the semantics of pATLgg based on behavioural responses
does not (or, at least, not in a straightforward way). Furthermore, in Sec-
tion 10.4 we prove that model checking pATLj;prs is significantly harder
than for pATLpg. Thus, we obtain the surprising result that the first seman-
tics (which looks more intuitive and less mathematically advanced at first
glance) turns out to be more difficult in terms of complexity when compared
to the other semantics.
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The modelling and verification of multi-agent systems, in particular the
model checking problem (i.e. whether a given property holds in a given model),
have attracted much attention in recent years [Clarke et al., 1999; Clarke
and Emerson, 1981; Alur et al., 2002; Kupferman et al., 2000; Pnueli and
Rosner, 1989; Jamroga and Dix, 2008]. Most of these results focus on well-
established logics like the computation tree logics or alternating time temporal
logics [Clarke and Emerson, 1981; Alur et al., 2002]. Just recently these logics
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have been extended to verify various aspects of rational agents [Bulling et al.,
2009b; Bulling and Jamroga, 2009¢]. However, the basic idea of rational agents
being autonomous entities perceiving changes in their environment and acting
according to a set of rules or plans in the pursuit of goals does not take into
account resources. However, many actions that an agent would execute in
order to achieve a goal can — in real life — only be carried out in the presence of
certain resources. Without sufficient resources some actions are not available,
leading to plan failure. The analysis and verification of agent systems with
resources of this kind is still in its infancy; the only work we are aware of in
this direction is [Bulling and Farwer, 2010c,a; Alechina et al., 2009b,a, 2010].

In this chapter we take first steps in modelling resource bounded sys-
tems (which can be considered as the single agent case of the scenario just
described) and resource-bounded multi-agent systems. Well-known compu-
tational models are combined with a notion of resource to enable a more
systematic and rigorous specification and analysis of such systems. The main
motivation of this chapter is to propose a fundamental formal setting.

For the single agent case, the proposed logic builds on Computation Tree
Logic [Clarke and Emerson, 1981]. Essentially, the existential path quantifier
Ee (there is a computation that satisfies ¢) is replaced by (p)~ where p repre-
sents a set of available resources. The intuitive reading of the formula is that
there is a computation feasible with the given resources p that satisfies .

In the multi-agent setting we extend L,,; with resources, resource-
bounded agent logic, and introduce restricted settings. The main motivation
is to investigate the boundaries of what can and cannot be verified about
resource-bounded agents. It turns out that the handling of resources is harder
than it may seem at first glance: In Chapter 11 we prove that in many set-
tings the model checking problem is undecidable. We do also consider the
decidability of model checking for the single agent logics. We show that RTL
(resource-bounded tree logic), the less expressive version, has a decidable model
checking problem as well as restricted variants of the full logic RTL* and its
models.

8.1 Modelling Resource-Bounded Systems

In this section we introduce resource-bounded models (RBMS) for modelling
systems with limited resources. Then, we propose the logics RTL* and RTL
(resource-bounded tree logics), for the verification of such systems. We in-
troduce cover models and graphs and consider several properties and special
cases of RBMs.

While most agent models do not come with an explicit notion of resources,
there is some recent work that take resources into account. [Shaw et al., 2008]
consider resources in conjunction with reasoning about an agent’s goal-plan
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tree. Time, memory, and communication bounds are studied as resources in
[Alechina et al., 2008]. In [Agotnes and Walther, 2009] the abilities of agents
under bounded memory are considered. In their setting, a winning strategy
has to obey given memory limitations.

Moreover, we are interested in the reasoning about and modelling of abili-
ties of multiple agents having limited resources at their disposal. In Section 8.4
we consider an extension of the resource-bounded setting introduced here in
the context of multi-agent systems (influenced by ATL [Alur et al., 2002] a
logic for reasoning about strategic abilities of agents). We show that the prob-
lem is undecidable in general. On the other hand, if productions of resources
are not allowed (as in [Alechina et al., 2008]) it was recently shown that the
model checking problem is decidable [Alechina et al., 2010]. The authors of
[Alechina et al., 2010] do also propose a sound and complete axiomatisation
of their resource-based extension of ATL (the logic is called resource-bounded
alternating-time temporal logic).

8.1.1 Multisets

We define some variations of multisets used in the following sections. We
assume that No = {0,1,2,...} and Z={...,—-2,-1,0,1,2,... }.

Definition 8.1 (Z/Z*-multiset,X*, X*, Ny/NF-multiset, X®, X® ).
Let X be a non-empty set.

(a) A Z-multiset Z : X —7 over the set X is a mapping from the elements
of X to the integers.

A Z>*-multiset Z : X —Z U {—o0, 00} over the set X is a mapping from
the elements of X to the integers extended by —oo and oc.

The set of all Z-multisets (resp. Z*°-multisets) over X is denoted by X+
(resp. XT).

(b) An No-multiset (resp. Ng°-multiset) N over X is a Z-multiset (resp. Z°°-
multiset) over X such that for each x € X we have N(xz) > 0. The set
of all No-multisets (resp. Ng°-multisets) over X is denoted by X® (resp.
X9).

Whenever we speak of a ‘multiset’ without further specification, the argu-
ment is supposed to hold for any variant from Def. 8.1. In general, we over-
load the standard set notation and use it also for multisets, i.e., C denotes
multiset inclusion, () is the empty multiset, etc. We assume a global set of
resource types Res. The resources of an individual agent form a multiset over
this set. Z-multiset operations are straightforward extensions of Ny-multiset
operations.

Multisets are frequently written as formal sums, i.e., a multiset M :
X—Np is written as ) _y M(z). Given two multisets M : X—Nj and
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M’ : X—Nj over the same set X, multiset union is denoted by +, and
is defied as (M + M')(z) := M(z) + M/(x) for all z € X. Multiset differ-
ence is defined only if M has at least as many copies of each element as M’'.
Then, (M — M/)(z) := M(x) — M/(z) for all z € X. For Z-multisets, + is
defined exactly as for multisets, but the condition is dropped for multiset dif-
ference, since for Z-multisets negative multiplicities are possible. Finally, for
Z°°-multisets we assume the standard arithmetic rules for —co and oo (for
example, x + 00 = 00, £ — 00 = —00, etc).

We define multisets with a bound on the number of elements of each type.

Definition 8.2 (Bounded multisets). Let k,l € Z. We say that a multiset
M over a set X is k-bounded iff Vo € X (M(x) < k). We use * XL to denote
the set of all k-bounded Z°-multisets over X ; and analogously for the other
types of multisets.

Finally, we define the (positive) restriction of a multiset with respect to
another multiset, allowing us to focus on elements with a positive multiplicity.

Definition 8.3 ((Positive) restriction, M |x). Let M be a multiset over
X and let N be a multiset over Y. The (positive) restriction of M regarding
N, M In;, is the multiset M [y over X UY defined as follows:

M(z) ifN(z)>0andz €Y,

0 otherwise.

So, the multiset M [N equals M for all elements contained in N which
have a non-negative quantity, and 0 for all others elements.

8.1.2 Resource-Bounded Systems

A resource-bounded agent has at its disposal a (limited) repository of re-
sources. Performing actions reduces some resources and may produce others;
thus, an agent might not always be able to perform all of its available actions.
In the single agent case considered here, this corresponds to the activation or
deactivation of transitions.

Definition 8.4 (Resources Res, resource quantity (set), feasible).
An element of the non-empty and finite set Res is called resource. A tuple
(r,c) € Res x Z*™ is called resource quantity and we refer to ¢ as the quantity
of 7. A resource-quantity set is a Z°°-multiset p € Res™. Note that p specifies
a resource quantity for each r € Res.

Finally, a resource-quantity set p is called feasible iff p € Res®; that is, if
all resources have a non-negative quantity.
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We model resource-bounded systems by an extension of Kripke frames,
allowing each transition to consume and produce resources. We assign pairs
(c, p) of resource-quantity sets to each transition, denoting that a transition
labelled (c, p) produces p and consumes c.

Definition 8.5 (Resource-bounded model). A resource-bounded model
(RBM) is given by M = (Q, —, II, 7w, Res, t) where

o (@, Res, and II are finite sets of states, resources, and propositions, re-
spectively;
(Q,—, I, 7) is a Kripke model; and
t:Q x Q — Res? x Res® is a (partial) resource function, assigning to
each transition (i.e., tuple (q,q") €—) a tuple of feasible resource-quantity
sets. Instead of t(q,q') we sometimes write t, o and for t,, = (c,p) we
use *ty q (resp. ty ) to refer to c (resp. p).

Hence, in order to make a transition from ¢ to ¢’, where ¢ — ¢’, the
resources given in °t, s are required; and in turn, ¢, * are produced after
executing the transition. Note, that we only allow finite productions and con-
sumptions.

A path of an RBM is a path of the underlying Kripke structure. We also
use the other notions for paths introduced above.

The consumption and production of resources of a path can now be defined
in terms of the consumptions and productions of the transitions it comprises.
Intuitively, not every path of an RBM is feasible; consider, for instance, a
system consisting of a single state ¢ only where ¢ — ¢ and t§ , = *{g,.
It seems that the transition “comes for free” as it produces the resources
it consumes; however, this is not the case. The path qqq... is not feasible
as the initial transition is not enabled due to the lack of initial resources.
Hence, in order to enable it, at least the resources given in *¢, , are necessary.
Intuitively, a path is said to be p-feasible if each transition in the sequence
can be executed with the resources available at the time of execution.

Definition 8.6 (p-feasible path, resource-extended path). A path A =
q1G2qs3 -+ € Agm(q) where ¢ = q1 is called p-feasible if for all i € N the
resource-quantity set

i—1/s@ . . ; ;
(P+ 21t 0y = *tg10)) [*tuiaiss — taiqiss 18 feasible.

A resource-extended path is given by A € (Q x Res®)* such that the
restriction of A to states, denoted X g, is a path in the model and the second
component keeps track of the currently available resources; we use A|ges to
refer to the projection to the second component.
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8.1.3 Resource-Bounded Tree Logic

We present a logic based on CTL* which can be used to verify systems with
limited resources. In the logic we replace the CTL* path quantifier E by (p)
where p is a resource-quantity set. The intuitive reading of a formula (p)~ is
that there is a(n) (infinite) p-feasible path A on which ~ holds. Note that E
(there is a path in the system) can be defined as (p>°) where p°° is the resource
set assigning oo to each resource type. Formally, the language is defined as
follows.

Definition 8.7 (Lpp.-). Let Res be a set of resources. The language
L o+ (I, Res) is defined by the following grammar:

eu=p|oe|eAep]|(p)y wherey =@ |~y |y Ay | Ue | Op

and p € I and p € Res™. Formulae ¢ (resp. v) are called state (resp. path)
formulae.

Moreover, we define fragments of Lpr« in which the domain of p is re-
stricted. Let X be any set of multisets over Res. Then ERTL;( restricts L gy«

in such a way that p € X. Finally, we define [p], the dual of (p), as ={p)—

Analogously to the language of CTL we define Ly as the fragment of
Ly« in which each temporal operator is immediately preceded by a path
quantifier.

Definition 8.8 (Lpr). Let Res be a set of resources. The language
L pr(II, Res) is defined by the following grammar:

pu=p|plenel(p)Oel(p)Oe| (p)eUp
wherep e Il, p € Res™. Fragments RTLx are defined in analogy to Def. 8.7.

As in the language of CTL we define O as TUyp and we use the following
abbreviations for the universal quantifiers (they are not definable as duals in
Lprp as, for example, —(p)—O¢p is not an admissible £y -formula):

(] O ¢ =~(p) O,
[pI0¢ = =(p)O—¢p,
[plphh = =(p) (= )U (= A =1p)) A =(p)T=b.

Next, we give the semantics for both languages.

Definition 8.9 (Semantics, RTL*). Let 9 be an RBM, let q be a state
in M, and let X € Agn. The semantics of Ly, «-formulae is given by the
satisfaction relation |= which is defined as follows:

M, q = p iff A[0] € w(p) and p € II;
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(b) ((IO$(171>) ((IO-,(LC)O)) ((IO-,(iXJA,l))
b2 (N (. (%0.2)
v ((11,(0,(}0)) v
(g0, (0,4)) (a2, (1,00)) (g0, (00, w))
(a2, (0.1)) g &
(a0, (0, 1) (1002 4, (555 0) sl (50,))

Fig. 8.1. In Figure (a) a simple RBM 9 is shown and (b) presents some corre-
sponding cover graphs.

F o AP aff Mg = and M, q |= ¢;
= (p)e iff there is a p-feasible path A € A(q) such that M, \ = ¢;

q
q
A @ ff M A0] = o
[

nd for path formulae:

AE 7y iff not M A s

AT AG A =y and O\ =

M, A = O iff for all i € N we have that i, o0] E ¢;

M= O iff A[1,00] = ¢; and

M, A = U iff there is an i > 0 such that M, A[i, 00] = 9 and M, \[j, 0] E
@ forall0 < j <.

We consider the logic RTL* as the tuple (Lpp;«, =) over all RBMS and
analogously for all other fragments. These clauses are also used to define the
semantics for Lprp (therefore, we also stated the clause for Oyp).

m
m
m

=)

28

Thus the meaning of [p]0p is that proposition p holds in every state on
any p-feasible path.

We now discuss some interpretations of the formula (p)7y considering var-
ious resource-quantity sets. For p € Res? it is assumed that p consists of an
initial (positive) amount of resources which can be used to achieve v where the
quantity of each resource is finite. p € Res® allows to ignore some resources
(i.e., it is assumed that there is an infinite quantity of them). Initial debts of
resources can be modelled by p € Res™.

Ezample 8.10. Consider the RBM 9t in Figure 8.1(a). Each transition is la-
beled by (c1,¢2), (p1,p2) with the interpretation: The transition consumes ¢;
and produces p; quantities of resource r; for i = 1,2. We encode the resource-
quantity set by (a1,as) to express that there are a; quantities of resource r;
fori=1,2.
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e If there are infinitely many resources available proposition t can become
true infinitely often: 9, go | ((00, 00))OOL

e  We have M, qo }~= ((1,1))0T as there is no (1, 1)-feasible path. The formula
((1,00))d(p V t) holds in go.

e Is there a way that the system runs forever given specific resources? Yes,
if we assume, for instance, that there are infinitely many resources of
and at least one resource of ro: M, qo = ((00, 1)) T

These simple examples show, that it is not always immediate whether a for-
mula is satisfied, sometimes a rather tedious calculation might be required.

8.2 Properties of Resource-Bounded Models

8.2.1 Cover Graphs and Cover Models

In this section we introduce a transformation of RBMS into Kripke models.
This allows us, in general, to reduce truth in RTL to truth in CTL as shown
in Section 8.3.1.

We say that a resource-quantity set covers another, if it has at least as
many resources of each type with at least one amount actually exceeding that
of the other resource-quantity set. We are interested in cycles of transition
systems that produce more resources than they consume, thereby giving rise
to unbounded resources of some type(s). This is captured by a cover graph
for RBMs, extending ideas from [Karp and Miller, 1969] and requiring an
ordering on resource quantities.

Definition 8.11 (Resource ordering <). Let p and p' be resource sets in
Res®. We say p < p' iff (Vr € Res (p(r) < p/(r)))A(3r € Res (p(r) < p'(r))).
We say p has strictly less resources than p' or p’ covers p.

The ordering is extended to allow values of w by defining for € N that
XOF+W=00,00—W=00,W—00=—-00,W+2T=w,w—2=w, and w < co.

Definition 8.12 (p-feasible transition, L). We say that a transition ¢ —

¢ is p-feasible and write ¢2>q' if for all v € Res we have that 0 < *t, (1)
implies *tq o (1) < p(7).

So, given a specific amount of resources p a transition is said to be p-
feasible if it can be traversed given p. A node of the cover graph consists of
tuples (g, (#4)i=1,...,|res|) Where ¢ is a state of the RBM and (x;); is a vector
representing the currently available resources. The variable x; denotes that
there are x; units of resource r;.
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(b)
() (
& CM(M,0,q) : (%J@)—»(%?M)—»((Rw)) o
n: 8 C M3 (M, 0,q) : (Qm(o))—’(QmE))
CM(9M,0,q0), k>3 p

(90, (0) —(q0, (i) (a1, (Wi))—>0 0 © —>(qgy, (W) —(q1, (0))

Fig. 8.2. An RBM M (Fig. (a)), its cover model, 2-cover model, and x-cover model
(Fig. (b)).

Definition 8.13 ((p, ¢)-cover graph of an RBM, path Ag). Let M =
(Q,—,II, 7, Res,t), let q be a state in Q, and let p € Res™. Without loss of
generality, assume Res = {r1,...,rn} and consider (x;); as an abbreviation
for the sequence (x;)i=1,...n- The (p, q)-cover graph CG(IM, p, q) for M with
initial state ¢ € Q and an initial resource-quantity set p is the graph (V, E)
defined as the least fized-point of the following specification:
1. (g, (p(r;))i) € V (the root vertex).
2. For (¢, (x;);) €V and ¢" € Q with Q’Mq” then either:
a) if there is a vertex (¢”, (2;);) on the path from the root to (¢, (x;);) in
V, with (2;); < (x; — *tgr g (13) + tgr.qv *(13))i then (¢",(Z:);) € V
and ((¢, (x:)i), (¢, (£:):)) € E where we define

T; = max{w, z; — *tg g (ri) +lq g0 *(ri)} i & < @i,
" Ti =ty g (ri) +tg g *(ri) otherwise;

b) or else (¢", (x; — *tq g (ri) + tg g0 *(1i))i) €V and
(¢, (zi)i), (@7, (wi = tqr,qr (1) + tgr v °(13))i) € E.
A path in CG(IM, p, q) is an infinite sequence of pairwise adjacent states.

Given a path A = (qu, (x1,):)(q2, (x2,)i) ... we use Mg to denote the path
q192 - - -, i.e., the states of M are extracted from the states in V.

Cover graphs can be viewed as Kripke frames. It is obvious how they can
be extended to models given an RBM.

Definition 8.14 ((p, ¢)-cover model of an RBM). Let G = (V,E) be
the (p, q)-cover graph of an RBM M = (Q, —, II,m, Res,t). The (p,q)-cover
model of M, CM(M, p, q), is given by (V, E, II, ") with 7' ((q, (x;):)) := 7(q)
for all (¢, (x;);) € V.

Figure 8.2 shows the RBM 9t in (a) and its cover model CM (90,0, qo)
at the very top of (b). In the cover model, w denotes the reachability of
unbounded resources.
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In Section 8.3.1 we analyse the relation between cover models and truth in
RTL. Unfortunately, as illustrated in the next example, “simple” cover models
in their current form are not yet suitable for that.

Ezample 8.15. Let X be the path of CM(9M,0,qo) shown in Figure 8.2(b)
with Alg = gogo(¢1)*. Obviously, this path is not O-feasible in model 9t from
Fig. 8.2(a). The problem is, that subsequent selections of the transition gy —
qo allows to generate any finite amount of resources, thus is covered by w, but
any finite amount is not enough for the subpath (¢1)“. This implies, that we
cannot directly use cover models as alternative models.

We note, however, that the following result is obvious by the definition
of a cover model: Each p-feasible path in the model is also a path in the
corresponding cover model. The other direction is the one that causes trouble.

Proposition 8.16. If \ is a p-feasible g-path in 9 then there is a (q, p)-path
X in CM(IM, p,q) such that A = X|q.

Proof. Let X be a p-feasible ¢-path and 7; be the resources available at A[i]
after \[0, 1], for i = 1,2, ...; in particular, we have that ny = p. By induction on
the number of transitions we show that there is a (g, p)-path X in CM(9M, p, q)
where (V, E) denotes the underlying graph such that A = X'|g. By definition
is (A[0], p(r;);) € V. For every state ¢’ with a p-feasible transition from A[0] to
¢’ we have that (¢/,...) € V and an edge ((A\[0], p), (¢/,...)) € E (according to
the construction of the cover model). In particular, we have that (A[1],{) € V
with ¢ >, 1.

Now suppose the claim is proven up to position k. Let (A[k],¢) € V with
¢ >, nr be the k + 1st state on ). Following the same reasoning as above
there is a transition ((A[k], (), (Alk +1],¢')) € E with ¢’ >, k1. [ |

In order to avoid the problem discussed in Example 8.15 we modify the
cover graph construction as follows. The construction changes for those tran-
sitions that consume from the w quantified resource type. Instead of using the
rule “w — k = w”, we (try to) expand the nodes for a fixed number of times
ensuring that other loop’s resource requirements can be met. But we abstain
of introducing w’s as done in the cover graphs.

For the construction, we replace w by x new symbols W', for [ =0,...x—1
and x € Ny. For i € Ny we define: w!. —i =0 for | +i > k, Wl —i = Wt
for [ +i < K, W +1i = wglin{l_i’o}, and we set w, = w?. The symbol w, is
used to represent that at least x units of some resource type are stored, and
w! indicates that there are s — I resources left. Finally, we set w!. + oo = oo.

Identifying the symbol w! with the number x — [ allows to extend the
resource ordering from Definition 8.11 in a natural way; e.g. we have i < w’
iff # < k — . Moreover, this does also make it possible to lift the notation of



8.2 Properties of Resource-Bounded Models 183

p-feasible transition etc. to this extended case. Finally, we define a class of
cover models.

Definition 8.17 (CM (M, p,q)). The construction of the (p, q, k)-cover graph
is defined as in Definition 8.13 but w in 2. is replaced by wy; that is,

Fooi— max{ws, T; — *tq g (i) +tq g *(ri)}  if & <,
. Ty — "ty g (15) +tg g *(13) otherwise.

The (p, q, k)-cover model, CM . (IM, p, q), is defined analogously to Definition
8.14.

In Figure 8.2(b) we have also drawn the 2- and k-cover model of the model
IN. In the next example we show that this generalised cover models overcome
the problem discussed in Example 8.15.

Example 8.18. The “bad” path A of Example 8.15 is neither possible in
CM3(IM,0,qp) nor in CM,,(9M,0,qp) for any x > 0. This is, because for any
fixed k the path (g1)* will eventually have consumed all resources from w.

However, another problem arises. If the x is chosen too small then we might
abort the construction too early. The cover model CM3 (9,0, qo) illustrates
the problem: In principal, it is possible to reach state ¢ if the loop qo — qq is
traversed at least three times. However, as wo does not allow to “remember”
more than two units of resources state g; is never visited.

In order to avoid this problem we need to find an appropriate x such that
a theorem similar to Proposition 8.16 with respect to k-cover models holds.
Indeed, such a « is constructible but the computation is computationally very
expensive (cf. Theorem 11.9 and 11.13 and Remark 11.10).

We end the section with two results.

Proposition 8.19. Let p € Res™, let M be an RBM, let q be a state in N,
and let G denote the (p,q)- or (p,q, k) cover graph of M. Then, for each node
(g, (z4)i) of G the property x; > min{p(r;),0} holds.

Proof. Suppose there is a node (g, (z;);) in the cover graph G and an index 4
such that z; < min{p(r;),0}. We first consider the case in which the minimum
is equal to 0. Then, there must be a transition in G which causes a non-negative
quantity of r; to become negative. But such a transition is not feasible due to
the construction of G! The case in which the minimum is equal to p(r;) < 0
yields the same contradiction as a negative quantity of r; reduces even further
which is not allowed in the construction of G. |

The proposition states that non-positive resource quantities cannot de-
crease further. Theorem 8.20 states that cover models are finite; its proof is
similar to the corresponding proof for Karp-Miller graphs [Karp and Miller,
1969).
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Theorem 8.20 (Finiteness of the (x-)cover graph). Let p € Res® and
k € N. The (p,q)- and (p,q, k)-cover graphs of the RBM 9, ¢ € Qon, are
finite.

Proof. Let G denote the (p, g)-cover graph of 9t and let @) be the set of states
in M. Assume G is infinite (i.e., G has infinitely many nodes). Then, there
is an infinite path [ = vyvy... in G that contains infinitely many different
states. Since @ is finite there is some state, say ¢’ € @, of M and an infinite
subsequence of distinct states I’ = v;, v, ... on [ with v;, = (¢, (#})x) and
ij < 441 forall 5 =1,2,.... Due to the construction of the cover graph, it
cannot be the case that (7,); < (xf;);g forany 1 < j < j'; otherwise, an w-node
would have been introduced and the infinite sequence would have collapsed.
So, there must be two distinct indices, o and p, with 1 < o,p < |Res| such
that, without loss of generality, 2/ < 27 and x> :c{,/. But by Prop. 8.19 we

know that each a:fc > min{p(ry), 0}; hence, the previous property cannot hold
for all indices o, p, 7, 7/ but for the case in which p(r) = —oo for some resource
r. However, this would also yield a contradiction as any non-negative resource
quantity is bounded by 0. This proves that such an infinite path cannot exist
and that the cover graph therefore has to be finite. [ ]

8.2.2 Resource-Bounded Models

In Section 11.2 we show that the model checking problem is decidable for
RTL. Decidability of model checking for (full) RTL* over arbitrary RBMS is
still open. However, we identify interesting subclasses in which the problem
is decidable. Below we consider some restrictions which may be imposed on
RBMs.

Definition 8.21 (Production free, zero (loop) free, k-bounded).
Let M = (Q,—, II, 7w, Res,t) be an RBM.

(a) We say that 9 is production free if for all ¢,q¢' € Q we have that ty ., =
(c,0). That is, actions cannot produce resources they only consume them.

(b) We say that MM is zero free if there are no states q,q' € Q with ¢ # ¢
and tq o = (0,p). That is, there are no transitions between distinct states
which do not consume any resources.

(c) We say that 9 is zero-loop free if there are no states q,q¢' € Q withty o =
(0, p). That is, in addition to zero free models, loops without consumption
of resources are also not allowed.

(d) We say that M is (structurally) k-bounded for p € ¥Res iff the avail-
able resources after any finite prefix of a p-feasible path are bounded by k,
i.e., there is no reachable state in which the agent can have more than k
resources of any resource type.
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In the following we summarise some results which are important for the
model checking results presented in Section 11.2.

Proposition 8.22. Let M be an RBM and let p € Res®™ be a resource-
quantity set. Then, there is an RBM 9 and a p/ € Res™, both effectively
constructible from M and p, such that the following holds: A path is p-feasible
in M if, and only if, it is p’'-feasible in M.

Proof. Let p’ be equal to p but the quantity of each resource r with p(r) €
{—00,00} is 0 in p’ and let MM’ equal M apart from the following exceptions.
For each transition (g, ¢') with t,, = (c, p) in 9 do the following: Set c¢(r) =0
in M’ for each r with p(r) = oo; or remove the transition (q,¢’) completely
in 9 if ¢(r) > 0 (in M) and p(r) = —oo for some resource r. Obviously,
p € Res™.

Now, the left-to-right direction of the result is straightforward as only
transitions were omitted in 90" which can not occur on any p-feasible path
in 9. The right-to-left direction is also obvious as only resource quantities
in M’ were set to 0 from which an infinite amount is available in p and only
those transitions were removed which can never occur due to an infinite debt
of resources. [ ]

The next proposition presents some properties of special classes of RBMs
introduced above. In general there may be infinitely many p-feasible paths.
We study some restrictions of RBMS that reduce the number of paths:

Proposition 8.23. Let MM = (Q, —, II, 7, Res, t) be an RBM.

(a) Let p € Res® and let M be production and zero-loop free; then, there are
no p-feasible paths.

(b) Let p € Res™ and let M be production and zero free. Then, for each p-
feasible path X\ there is an (finite) initial segment X' of X and a state ¢ € Q
such that A= X oqqq. ...

(c) Let p € Res™ and let M be production free. Then, each p-feasible path A
has the form X = A1 o Ay where A1 is a finite sequence of states and As is
a path such that no transition in Ay consumes any resource.

(d) Let p € Res™ and let M be k-bounded for p. Then there are only finitely
many state/resource combinations (i.e., elements of Q X Resi) possible
on any p-feasible path.

Proof.

(a) As there are no resources with an infinite amount and each transition
is production free and consumes resources some required resources must be
exhausted after finitely many steps.

(b) Apart from (a) loops may come for free and this is the only way how
p-feasible paths can result.
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(c¢) Assume the contrary. Then, in any infinite suffix of a path there is a
resource-consuming transition that occurs infinitely often (as there are only
finitely many transitions). But then, as the model is production free, the path
cannot be p-feasible.

(d) We show that there cannot be infinitely many state/resource combi-
nations reachable on any p-feasible path. Since the condition of p-feasibility
requires the consumed resources to be present, there is no possibility of infi-
nite decreasing sequences of resource-quantity sets. This gives a lower bound
for the initially available resources p. The k-boundedness also gives an upper
bound. [ ]

We show that k-boundedness is decidable for RBMSs.

Proposition 8.24 (Decidability of k-boundedness). Given a model I
and an initial resource-quantity set p, the question whether 9 is k-bounded
for p is decidable.

Proof. First, we check that p € kResg. If this is not the case, then 9 is not
k-bounded for p. Then we construct the cover graph of 9t and check whether
there is a state (g, (x;);) in it so that z; > k for some ¢. If this is the case M
is not k-bounded; otherwise it is.

|

We end this section with a simple result showing a sufficient condition for
a model to be k-bounded.

Proposition 8.25. Let p € Res™. Each production-free RBM is k-bounded
for p where k := max{i | Ir € Res (p(r) =1)}.

8.3 Properties of Resource-Bounded Tree Logics

Before discussing specific properties of RTL and RTL* and showing the decid-
ability of the model checking problem for RTL and for special cases of RTL*
and its models, we note that our logics conservatively extend CTL* and CTL.
This is easily seen by defining the path quantifier E as (p>°) and by setting
tee = (0,0) for all states ¢ and ¢’ where p> denotes the resource set assigning
oo to each resource type. Hence, every Kripke model has a canonical represen-
tation as an RBM. Moreover, given an RBM we can express the existence of
a path (neglecting resources) by E := {p>). This allows to directly interpret
CTL and CTL* formulae over RBMS.

Proposition 8.26 (Expressiveness). CTL* (resp. CTL) can be embedded
in RTL* (resp. RTL) over Kripke models and RBMSs.
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Proof. Given a CTL* formula ¢ and a Kripke model 9t we replace each
existential path quantifier in ¢ by (p>°) and denote the result by ¢’. Then, we
extend I to the canonical RBM 9 if it is not already an RBM and have
that M, q = T M, ¢ E ¢'. [ ]

8.3.1 RTL and Cover Models

We show that if there is a satisfying path in any k-cover model; then, there
also is a path in the corresponding RBM. Note however, that this result does
only hold for positive formulae of the form (p)~.

Let A be a finite sequence of states. Then, we recursively define A" for
n € Ny as follows: A\? := e and A* := X*7!\ for 4 > 1. That is, A" is the path
which results from putting A n-times in sequence.

The following lemma states that for flat £, -path formulae! it does not
matter whether a cycle is traversed just once or many times. It can be proved
by a simple induction on the path formula ~.

Lemma 8.27. Let v be an L ppp-path formula containing no more path quan-
tifiers, let 9 be an RBM and let A be a path in 9. Now, zf;\ =q1...qn 1S Q
finite subsequence of A with q1 = g, (note, that a single state is permitted as
well), then, A can be written as )\15\)\2 where A1, Ao are subsequences of A and
we have that : M, X =~ if, and only if, M, M A"\ = for alln € {1,2,...}.

The second lemma states that one can always extend a path in the x-cover
model to a feasible path in the RBM by duplicating loops.

Lemma 8.28. Let X be a path in CM (M, p,q),(q,p) and X' = X|q; then,
there are tuples (a;, b;,c;) € N3xN fori =1,2,... such that for allj = 1,2,...
we have that a; < b; < ajy1 and N[a;] = N'[b;] and the path

(Nai, bi]%)iz1,2,... is p-feasible in M.

Proof. Let a (q, (p(r;)):)-path A =1ily... in G :=CM,; (M, p,q) = (V,E) be
given. We extend A to a path X’ (having the structure as stated in the lemma)
such that \'|g is p-feasible in M.

If g is p-feasible we just take X as A. So, suppose A|g = ¢i; ¢, ... 1S
not p-feasible. Then, there is a transition in A that is not feasible in 1. Let
I ...lg41 be the minimal length initial subpath of A such that (1 ...lk+1)|o
is not feasible in M and let Iy, = (g, (z;);). According to the construction of
cover graphs this can only be caused by a resource r; such that z; = w’, for
0<t<k Letl,=(¢,(z);) with 1 <o <k and o maximal be the state on

3
A at which z] was set to w,, most recently. Then, there must be another state
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----------------------- step not feasible

‘ loop
A 11/\_'lp =(q, (=) )/\/vl =(, (x,) N S = (g, () zJ'llﬁ»l
(JL;/)Z ( 1)7« Il = Wg T = w,{,
w;’ < L; set to w,i

Fig. 8. 3 Proof of Lemma 8.28.

I, = (¢, (z}):), 1 < p < o and p maximal, with (z}), < («}); and z] < z].
The setting is depicted in Figure 8.3.

So, we extend A to X' by duplicating the subsequence lpl,11 .. .1, in | and
adjusting the resources of the states preceding I, accordingly. Thus, we have
that Mg = @i, -+ Gi,Gipyr -+ Qo - - GigQinsy - - - - We subsequently continue
this procedure (now applied to A') and do only duplicate transitions that are
also present in A (i.e. not the new ones). It remains to show that this procedure
does not force some ¢; to become infinite.

Suppose that there is some ¢; that becomes infinite following this construc-
tion. Then, there is a set of resources that requires the resources produced by
Aa;, b;]; and there is no other loop (or set of loops) that starts after A[b;]
that would also provide the needed resources (otherwise these loops would be
duplicated as the construction looks for the latest possibility). In a x-cover
model, however, one can only “remember” k units of a resource; hence, one
can have at most k transitions consuming of a specific resource until some
other transition has to produce this very resource again. Thus, in order to
ensure that A is a path in G there must be a producing transition after A[b;],
in particular, a cycle introducing another w,-node following the same line of
argumentation as above, which contradicts our supposition. Hence, we will
actually obtain a path A’ such that A'|g is p-feasible and has the structure

(Molai, bi])i=1,2,.... -

Theorem 8.29. Let p € Res™, let M be an RBM, let q be a state in M.
Then, for any  and any flat L ppp -formula (p)y we have that:

If CM (M, p,q),(q,p) = Ey then M, q = (p)7.

Proof. The result follows from Lemma 8.27 and 8.28. Firstly, the path A is
extended to a path X such that \|g is p-feasible according to Lemma 8.28;
then, Lemma 8.27 shows that the truth of the flat path formula according to
A" does not change.

|

L A formula is said to be flat if it does not contain any path quantifier.
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Remark 8.30. Note, that the proof of Theorem 11.13 gives an algorithm that
particularly allows to construct a fixed index x from an RBM and (p)y such
that the “reverse” of Theorem 8.29 holds: If CM,. (M, p, q), (¢, p) = Ev then
M, q = (p)7. This construction of x however does already “solve” the model
checking problem and is computationally very expensive.

8.3.2 RTL* and Bounded Models

The case for RTL* is more sophisticated as the language is able to characterise
more complex temporal patterns. It is still open whether the general case is
decidable. In the following, we discuss the effects of various properties of
RBMs with respect to RTL*. For a given resource quantity it is possible to
transform a structurally k-bounded RBM into a production-free RBM such
that satisfaction of specific path formulae is preserved.

Proposition 8.31. Let p € Res™, let M be a structurally k-bounded RBM
for p, and let q be a state in M. Then, we can construct a finite, production-
Jree RBM 90U such that for every L, -path formula vy containing no more
path quantifiers the following holds:

M, q = (p)y if, and only if, M, q" = (D)y.

Proof. We take 9 as the reachability graph of 9t. This graph is built sim-
ilar to the cover graph but no w-nodes are introduced. Because there are
only finitely many distinct state/resource combinations in 9t (Prop. 8.23) the
model is finite and obviously also production free.

Let M, g = (p)y and let A be a p-feasible path satisfying . Then, the path
obtained from A by coupling each state with its available resources is a path
in M’ satistying . Conversely, let A be a path in 9V satisfying . Then, A|g
is a ~y satisfying p-feasible path in 9t due to the construction of M. |

The following corollary is needed for the model checking results in Sec-
tion 11.2.

Corollary 8.32. Let p € Res™, let M be a structurally k-bounded RBM for
p, and let q be a state in M. Then, we can construct a finite Kripke model
such that for every L pp; «-path formula v containing no more path quantifiers
the following holds:

M, q = (p)y if, and only if, M, ¢ = Er.

Lemma 8.33 states that loops that do not consume resources can be re-
duced to a fixed number of recurrences. For a path A, we use Al to denote the
path which is equal to A but each subsequence of states ¢1¢s . .. grq occurring
in A with ¢ :=¢q1 = ¢ =+ = q& # ¢ and k > n where the transition ¢’ — ¢’
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does not consume any resource (i.e. the first k states represent a consumption-
free loop that is traversed k times) is replaced by ¢1¢2 ... ¢nq. That is, states
Gnt1Gn2 - - - Qi are omitted. Note, that A" is also well-defined for pure Kripke
models. The following lemma follows as a special case from [Kucera and Stre-
jeek, 2002).

Lemma 8.33.

(a) Let M be a Kripke model and ~y be a path formula of CTL* containing no
path quantifiers and length |y| = n. For each path X\ in Agn we have that
M, N\ = v if, and only if, M, \™ |= v [Kucera and Strejcek, 2002].

(b) Let M be a production- and zero-free RBM and ~y be an L - -path for-
mula containing no path quantifiers and length |y| = n. Then, for each
path A in Agy the following holds true: 9N E ~ if, and only if,
oM, Al = .

Note that we might want to allow to re-enter loops n-times for cases in
which the formula has the form O O ... O 0.

8.4 Resource-Bounded Agent Logic

In this section we extend the single agent settings presented in the previous
section to the multi-agent one.

Resource-bounded tree logics, introduced in [Bulling and Farwer, 2010a],
extend the well-known computation tree logics [Clarke and Emerson, 1981]
by resources. Instead of asking for the mere existence of an infinite path
satisfying some temporal property, this path must also be feasible given a set
of available resources. As shown in [Bulling and Farwer, 2010b] these logics
can be considered as the resource-flat single agent fragments of the logics
presented here.

Resource-bounded coalition logic (RBCL), an extension of coalition logic
with resources, is introduced in [Alechina et al., 2009b]. This logic can be seen
as a first step towards a multi-agent extension of the resource-bounded tree
logics [Bulling and Farwer, 2010a] under the restricted temporal setting of
multiple-step strategies (‘sometime in the future‘). Only recently, in [Alechina
et al., 2010] a multi-agent version (RBATL) following the same ideas is pre-
sented. For both logics the authors allow only the consumption of resources
which is computationally much easier and has a decidable model checking
property (cf. Theorem 11.15). In [Bulling and Farwer, 2010b] we show that
these logics can essentially be embedded in RALE (the perfect recall version).

RBCL is used in [Alechina et al., 2009a] to specify and verify properties
about coalitional resource games [Wooldridge and Dunne, 2006]. These are
games in which agents can cooperate and combine their available resources in
order to bring about desired goals.
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8.4.1 The Language L ;-

In this section we introduce the language RAL* (resource-bounded agent logic),
resource-bounded models (RBAMS), and restricted variants of the logic. In
the following we once more assume that Res = {R1,..., R,} is a finite set of
resource types or just resources.

We use an endowment function 7 : Agt x Res — N§° to model the amount
of resources an agent is equipped with?: n(a,r) is the amount of resource r
agent a possesses.

Definition 8.34 (Endowment 7, En). An endowment is a function n :
Agt x Res — NF° to model the amount of resources an agent is equipped
with. The set of all endowments is denoted by En. We also write n, for n(a).

The quantity “co” is used to equip an agent with an infinite amount of
resources. This allows us to ignore specific resource types for that agent. We
define the endowment n°° as the constant function that maps every resource
for every agent to co. Finally, we use a resource-quantity mapping (RQM)
p : Res — Zoo to model the currently available resources (in the system); that
is, p(r) denotes to availability or lack of resource r.

Definition 8.35 (Language L, ,;-). The language L, .(II, Agt,En) is
defined as follows:

pu=plowlone| (A)sy | (A)EY

where

yu=@ |y YAy U | Op,
A, B C Agt, p € I, and® n € En. Formula ¢ (resp. ) is called state formula
(resp. path formula). Moreover, we use (A)" (resp. (A))) as an abbreviation

for (A)} (resp. (A)a).

The temporal operators () and U have their standard meaning ‘in the next
moment’ and ‘until’; respectively. As usual, one defines Oy = TU~ (eventu-
ally) and Oy = =0—y (always from now on).

8.4.2 The Semantics

As models for our logic we take CGSS and extend them by resources and a
mapping ¢ indicating how many resources each action requires or produces
when executed.

2 N§° (resp. Zoo) is defined as No U {co} (resp. Z U {oo}).
3 As we are mainly interested in decidability results about this logic the concrete
representation of 7 is irrelevant.
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p
(a1, a1) o1, 0 a, o (a2, a2)
) @

Fig. 8.4. A simple RBAM.

A

Definition 8.36 (RBAM). A resource-bounded (agent) model (RBAM) is
given by
M = (Agt, Q, I, 7, Act,d, 0, Res, t)

where (Agt, Q,I1, 7, Act,d, 0) is a CGS and the function
t:Act X Res — 7

models the resources consumed and produced by actions. We define prod(a, 1) :=
max{0,t(a,r)} (resp. cons(a,r) := —min{0,t(a,r)}) as the amount of re-
source r produced (resp. consumed) by action «.

For a = (ay,...,qx), we use a|a to denote the sub-tuple consisting of the
actions of agents A C Agt and we use Xoy to refer to an element X contained
imn M.

Ezample 8.37. In Figure 8.4 a simple RBAM 9 with Agt = {1,2}, d1(q0) =
di(q1) = d2(q1) = {a1}, di(q2) = da(q2) = {2}, da(qo) = {1, 2} and one
resource R is shown. Action «ay costs one unit of R and action as is cost-free;
ie. t(ar, R) = —1 and t(as, R) = 0.

Definition 8.38 (Q=¥, (resource-extended) path, \|g, A|res). We define
Q=¥ := Q¥ UQT (i.e. all infinite and finite sequences over Q). A path \ €
Q=¥ is a finite or infinite sequence of states such that there is a transition
between two adjacent states.

We define a resource extended path A\ as a finite or infinite sequence over
@ x En such that the restriction of X to states (the first component), denoted
by Mg, is a path in the underlying model. Similarly, we use N ges to refer to
the projection of A to the second component of each element in the sequence.

We would like to note that we do also allow finite paths! Intuitively, not
all paths are possible given limited resources.

We also use the following notations already introduced for the “standard”
notion of paths.

Definition 8.39 (Length, subpath). The length of A (where X is a path or
resource extended path), denoted [(X), is the number of states in the sequence;
if A€ Q¥ then l(\) = oo. Fori € Ny, we define A[i] to be the (i + 1)-th sate
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on A or the last one if i > 1(N\). Moreover, A[i, o0] refers to the infinite subpath
MEA[+1L] ... of X ifI(N) = oo; or to the finite subpath A[i|A[i+1] ... A[l(N)—1]
if (\) < 0o. The set of all paths in M starting in a state q is defined as Agn(q).

Ultimately, we would like to analyse the ability of groups of agents. We
are interested in the existence of a winning strategy for a group of agents. As
before a strategy is a function that fixes the behaviour of an agent; that is,
it determines an action for each ‘situation’ where we will consider two types
of situations. Agents can base their decisions on the current state only; or
they can base their decision on the whole history. Strategies are defined as in
Definition 2.17; however, we simply use R-strategy (resp. r-strategy) to refer
to an IR-strategy (resp. Ir-strategy) since we are only interested in the perfect
information case. Moreover, we define both strategies over histories of states.

Definition 8.40 (R /r-strategy). A perfect recall strategy for agent a (or
R-strategy) is a function s, : QT — Act such that sa(q1-..qn) € da(qn).
A strategy s, is called memoryless (or r-strategy) if sa(hq) = sa(h'q) for
all h,h' € Q* and q¢ € Q (as before strategies can be defined as functions
Q — Act).

Actions require or produce certain amounts of resources (modelled by t)
that have to be present for an action to be executed. Agents in a group A
can cooperate and share their resources, as well can the opponents Agt\ A.
In the following, we formalise such ‘shares’ sh with respect to an available
endowment 1 for some RQM p.

Definition 8.41 ((A,n)-share for p). Let n be an endowment and let p be
an RQM. An (A,n)-share for p is a function sh : A x Res — Ny such that:

1.Vr € Res : p(r) > 0 = > csh(a,r) = p(r) (the share equals the de-
mand); and
2.¥a € A1 € Res : ng(r) > sh(a,r) (each agent’s share must be available).

A strategy sa restricts the possible paths in an RBAM; moreover, con-
sidering resource-extended paths, only those in which agents have sufficient
resources available in each state are feasible. We use the resource component
to keep track of the available resources.

We define which extended paths A are possible under a given endowment
1 and strategy sa assuming agents A U B require resources.

Definition 8.42 ((n, s4, B)-path, out(q,n,s4,B)). An (n,sa, B)-path is a
maximal resource-extended path A € (Q x En)S¥ such that for all i =
0,...,l(A) — 2 with \[i] :== (q;,n") there is an action profile a € d(\|gli])
such that

1. Nges[0] <17 (initially at most n resources are available),
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2. 5s4(Mgl0,7]) = a|la (A’s actions in o are the ones prescribed by strategy
SA))

3. Agli+ 1] = o(A|gli], @) (transitions are taken according to the action
profile o),

4.V a € AVr € Res : (niti(r) = ni(r) + prod(aa, ) — sh(a,r)) where
sh: A x Res — Ny is an (A, n)-share for r— 3, cons(calq,T) (A’s
resources change according to some appropriate share),

5.Yb € B\A Vr € Res : (g, (r) = ni(r) + prod(ey, ) — sh(b,7)) where
sh: B\A x Res — Ny is an (B\A,n)-share for r — 3, p\ 4 cons(ay, 7))
(B\A’s resources change according to some appropriate share),

6. Va € Agt\(AU B) Vr € Res : (niT1(r) =ni(r)) (available resources
remain unchanged for all agents not in AU B),

7.Va € Agt : (Mres[i])a = 0 = (A|res[i +1])a > 0) and (A res[i])a < 0 =
A Reslt +1])a = (A Res[])a) (for each step the required resources are
available).

We also require condition 1. if I(X\) = 1. The n-outcome of a strateqy sa
against B in q, out(q,n, sa,B), is defined as the set of all (n,sa, B)-paths
starting in q.

Remark 8.45. (1) We require that a path is maximal, i.e., if a given path
can be extended (this is the case if sufficient resources are available) then it
must be extended. (2) After an action has been executed the production of
resources is added to the endowment of the action-executing agent. (3) There
are several (1, sa, B)-paths due to the choices of the opponents and due to
different shares in items 4 and 5.

Proposition 8.44. The outcome out(q,n, sa, B) is never empty.

Proof. Suppose the outcome is empty. Consider the resource-extended path
A = (¢,n). Due to maximality and emptiness of the outcome there is no move
vector that can be executed from ¢ given the resources 7. But then, X is
maximal, satisfies condition 1. and trivially all the other conditions. Hence, it
would be in the outcome. Contradiction! [ ]

Finally, we define four semantics for £ ,,. over triples consisting of an
RBAM together with a state and a given endowment for the agents.

Definition 8.45 (=r,=r, =%, =°, RALL, RALY). Consider an RBAM
M, a state ¢ € Qon, and an endowment 1. The R-semantics is given by the
satisfaction relation =g defined as follows.

M, q,n Erpiff p € n(q),
fm#];ﬂ ':R "2 Zﬁfmﬂbn I#R ®,
maqan ):R @Aw Zﬁmaqvn ):RQO andmaq777|:R ¢;
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M, q,n =r (A)cy iff there is an R-strategy sa for A such that M, A\, n Er v
for all X € out(q,n,sa,C),

M, q,n Er ((A))CCV iff there is an R-strategy sa for A such that M\, ¢ =gy
for all X € out(q,¢,sa,C),

M, A\, n |:R ¥ iﬁmv)‘[o]an ):R ®,

and for path formulae

DM, A =g =y iff not M A1 =R 7,

DA Er Y AX I A 0 Ry and M A0 R X,

DA, 10 Er Oy iff DM, AL, 00], A|res[1] Er v and I(A) > 1,

M, A\, =g YUX iff there is i < I(X) such that M, A[i, 0], A|res[i] Er x and
for all j with 0 < j < i we have M, A[j, 0], A res[j] Er -

The r-semantics (memoryless semantics) |=, is defined similarly to the
R-semantics but r-strategies are used instead of R-strategies. Moreover, we
introduce a variant that focuses on infinite paths. Therefore, in the semantic
clauses of the cooperation modalities, we replace “\ € out(q,n,s4,C)” with
“Infinite X € out(q,n,sa,C)”. The resulting semantic relations are denoted
=5 and .

The logic RALY, (resp. RAL}) is defined as the language Ly, ,, - together
with R-semantics =g (resp. r-semantics =, ).

The ‘infinite semantics’ is needed for some extended expressiveness and
complexity results. The language L, ,, ., however, is sufficiently expressive to
describe infinite paths by “O0 (O T — ...” (cf. Proposition 8.54).

Ezample 8.46. Recall the RBAM from Example 8.37 and consider the fol-
lowing endowment #7: n(1)(R) = 2 and 7(2)(R) = oo. Then, we have
M, qo,n Fr (1)Op and M, qo,n = (2))Op; there are two paths A and N
in the outcome: A|g = go(g2)* and XN | = goqi¢1. But note, that we have
M, qo,n =2 (1) Op as the finite path A’ is disregarded.

8.4.3 Syntactically Restricted Variants.

Following [Clarke and Emerson, 1981; Alur et al., 2002], we define (temporal)
restrictions of L, , ;..

Definition 8.47 (Languages Lo+ and Lpar). The language
L+ (I, Agt, En) restricts Lp ;- (11, Agt,En) in such a way that path for-
mulae are given by v := =y | YAy | U | Op.

The language Ly 41 (I, Agt, En) is given by

pu=plpleAe| (A Qe | (A)s0e | (A)sple | (A)ppR¢ |
(ANE O e | (AVEOe | (A)BpUe | (A)BeR¢.
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For the semantic interpretation we consider the ‘release’ operator as the fol-
lowing macro: ¢ Ry = =((—¢)U(—y)). Differently, to £y, and £ 45, we do
also allow the ‘release’ operator R in Lp,;. Note that L ,; with the re-
lease operator is strictly more expressive than without it [Laroussinie et al.,
2008]. Let L4, denote the sublanguage of Ly ,; without the release oper-
ator. Then, we have the following result which is obvious from [Laroussinie
et al., 2008].

Proposition 8.48. There is no formula ¢ € L, such that p « (A)"1~rRs
is valid where 1 maps every agent and resource type to oo.

In the following we define variants of all languages that restrict the use
of resources. Operators {(A))p assume that the proponents A and opponents
B\ A act under limited resources whereas ((A)) only restricts the choices of the
proponents A. In Section 11.3 we show that this affects the model checking
proofs.

Another aspect of complexity is reflected by the two cooperation modalities
(A) ¢ and ((A){. The former operator is intuitively harder to handle than the
latter as one has to keep track of resources. We note that the expressiveness of
the logic justifies operators of the first kind. For example, consider the formula
(A)O(p A (B))v): Agents A have to reach a state in which p holds and in
which B can ensure v with the then remaining resources for agents AN B.

Both restrictions have interesting effects on the model checking complexity
wrt the number of agents needed to show undecidability.

Definition 8.49 (Proponent restrictedness; resource flatness). Let £
be any of the languages introduced above.

(a) The language pr-L, proponent-restricted L, is the sublanguage of L al-
lowing only operators (A)) and {(A)7.

(b) The language rf-L, resource-flat L, is the sublanguage obtained from L if
only cooperation modalities (A, are allowed (and not (A)p).

Analogously to Definition 8.45, we define the logics RALg, RAL,, RALS, and
RALE and their proponent-restricted and/or resource-flat variants.

8.4.4 Restricted RBAMSs.

In Section 11.3.1 we show that the model checking problem is often undecid-
able over general RBAMS. Exceptions are the bounded settings presented in
the following.

Definition 8.50 (k-bounded for 7, bounded). For k € N, an RBAM
M is said to be k-bounded for endowment 7 if for each element (g,() on
any (n, 84, B)-path for any strategy sa and B C Agt either ((a)(r) < k or
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¢(a)(r) = oo holds for all resources r € Resgn and agents a € Agt. An RBAM
is called bounded for n if it is k-bounded for n for some k € N.

At first glance such models may seem quite artificial but in fact there
are several natural settings resulting in bounded models. We call a model
production-free if actions can only consume and not produce resources.
Clearly, every production-free model is bounded.

There is another way to enforce a bounded setting. The definition above is
purely structural and obviously not every RBAM is bounded. However, often
agents themselves have limited capabilities such that it does not necessarily
make sense to allow them to carry arbitrary amounts of resources. Depending
on the resource type only a limited number of units may be permitted in any
endowment. In this setting one imposes the requirement of boundedness to
the semantics and simply discards any resources that exceed a given bound.
The latter is a semantic restriction and has to be inserted into the definition
of paths.

Definition 8.51 (k-bounded (7, s, B)-path). We define a k-bounded
(n, sa, B)-path as in Definition 8.42 but we set

Al res[0] < 11 (r) := min{k, 15 (r)}
and replace conditions 4 and 5 by the following:
me ' (r) = min{k, n, (r) + prod(exa, r) — sh(a,7))}.

The k-bounded n-outcome of a strateqgy sa in q with respect to B,
outy(q,m, 84, B), is defined as the set of all k-bounded (n,sa,
B)-paths starting in q.

Finally, we define the k-bounded R-semantics =% (resp. r-semantics =F)
as in Definition 8.45 but replace the outcome by the k-outcome.

8.5 Properties and Expressiveness

For £, (the plain strategic case without resources) it is well-known that
if agents have a perfect recall winning strategy they also have a memoryless
winning strategy (cf. Theorem 2.24). The temporal dimension is sufficiently
restricted such that the truth of each formula does only depend on the initial
non-looping segment of a path. The next result shows that this is not the case
in the presence of resources. The reason for this is that agents may need to
perform an action several times until sufficient resources are produced.

Proposition 8.52. There is an RBAM M, ¢ € Qox, n €En, and ¢ € L4},
such that: M, n,q Er ¢ and M, n,q = ¢
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Fig. 8.5. Model used in the proof of Proposition 8.52.

Proof. Consider a simple model 9t shown in Figure 8.5 with two states ¢; and
g2 where p holds in state gs. In order to reach state ¢ the agent has to perform
an action « resulting in a loop in ¢; that produces one unit of a resource
needed to execute action 3 that leads to ¢o. However, such a strategy cannot
be achieved with a memoryless strategy, as the agent has to execute first o
and then [ in the very same state ¢;. Hence, we have I, ¢1,m0 FEr {(1))Op
but M, g1, 10 & (1)) Op- L]

Clearly, due to the semantic definition we have that Fr (A)cy <
{(A) aucy for any A,C C Agt and v € L, ,;-. The same holds for (4))/.

One easily observes that if actions are cost-free, then each path in the out-
come is infinite (due to maximality) and both types of cooperation modalities
coincide. Therefore, we obtain the following result.

Proposition 8.53. L, ,,. (resp. Lp,p, ERAL+) subsumes L - (resp.
Lyrrs £+ ) over the R-semantics and r-semantics, respectively.

As mentioned earlier, the language L ,, - is sufficiently expressive to de-
scribe infinite paths by “C0 () T — ...”. Hence, we can state as a fact that
the semantics focusing on infinite paths can be simulated by £, ,, ..

Proposition 8.54. Logic (L 4+, Fa) subsumes (L, FY) forz € {r, R}.
This also holds for the proponent restrictive (pr) and resource flat (rf) vari-
ants of Definition 8.49.

Proof. First, we show that MM, A\,n =, OO T iff A\ is infinite. Assume
M, A, n =, OOT and I(A\) = n < w. Then; M, A[n—1,00],n = OT. Now, let A
be infinite. Since each 7(A[i]) is consistent, we have that 9, A[i,00],n = OT
for all i € Ny; hence, M, A\, n = OO T.

Replace each “(A)%E~" by “(ANE(O O T — v)” and analogously for
{(A) p. Then, we have the following:

M, q,n =2 (A)Ly iff there is an x-strategy sa for A s.t. M, A\, n =27 v
for all infinite X\ € out(q,n, sa, B)
iff there is an x-strategy s for A s.t.
for all A € out(q,n,s4,B) MAnE O00OT —
iff M, g, 1 e (A)(OOT =)
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8.5.1 Single-Agent Logics

In this section we show that the resource-bounded tree logics introduced above
and the logic from [Alechina et al., 2009b], which also deal with resources
but in a single agent setting, can be embedded in the resource agent logics
presented here. The logic RTL* can be seen as the single agent version of
RAL*. The operator (p)vy (“there is an infinite path feasible with resources p”)
is translated to (Agt)" (OO T A~y). We define rf-RALgo as 1f-(L s, EF)-
Where 7, equips some agent with the resources in p. Similarly, rf-RAL, is
defined as 7f-(Lp 4, ES°) and likewise for the proponent-restrictive logics.

For the resource-bounded tree logics resources are modelled by a resource-
quantity mapping p. Models are extensions of Kripke structures. These models
are slightly different to the single agent setting of RBAMS, as they allow to
consume and produce from a resource in a single step. However, such models
can also be modified such that transitions are split into two. The formulae have
to be translated as well. Here we give the semantics of the resource-bounded
tree logics directly over RBAMSs.

Definition 8.55 (p-feasible path wrt. RBAMS). A path \ is called p-
feasible if there is a strategy sagt of the grand coalition Agt such that A is the
(unique (with respect to the projection to Q)) path A € out(q, Sagt,n”, Agt)
and if A is infinite.

So, the clause for the path quantifier is given as follows:

M, q,n = (p)y iff there is a p-feasible path starting in ¢ such that
M 0P = .

Next, we can show that the resource-bounded tree logics can be embedded
in the resource agent logics. The main difference between both logics are the
path quantifiers. In the resource-bounded tree logics, the operator (p)y says
that there is an infinite p-feasible path along which « holds. Hence, we have to
characterise infinite paths, this is either possible with the infinity semantics

or with Lp ..

Theorem 8.56. The single agent fragments of rf-pr-RAL%L and rf-RAL;
(resp. vf-RAL,o ) embed RTL* (resp. RTL) over RBAMS.

Proof. In the following we consider all four cases and show how (p) can be ex-
pressed in the resource agent logics. For this purpose, we define a translation
function ¢r(-) mapping formulae of L., . to L, .. The cases for proposi-
tions, negation, conjunction, etc. are as usual and are not repeated here.
Given a RQM p of RTL*, we define 7, as the resource endowment (for
RAL*) such that for some agent a € Agt we have that 7,(a,r) = p(r) and for
all other agents b € Agt\{a}, 1,(b,7) = 0 for all resource types r € Res. That
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is, we equip one agent (viz. a) with the resources given by p. The agent can
transfer the resources to other agents in the coalition choosing an appropriate
share. In the following we concretise tr(-) for the appropriate languages.

rf-pr-RAL}, embeds RTL*. We set tr({p)y) = (Agt)? (OO T Atr(y)) and
can show the following embedding;:

M, g, o (Agt)™ (OO T Atr(7))

& Tspgt VA € out(q, mp, sagt, Agt) - MAnER OO T Atr(y)
JsagtIN € out(q,np, sage, Agt) - MANEr OO T Atr(y)
JsageT infinite X € out(q, Ny, Sagt, Agt) : M, A\, n =g tr(y)
Jp-feasible q—path X: M\, 0’ =g tr(y)

M, q,m Er (p)7-

re

rf-RAL} embeds RTL*. We set tr((p)y) = —|<<(7J>>X;t—\(D O T Atr(y)). Then,
we have that M, q,n =, ﬂ<<@>>xpgtﬂ(DOT/\tr(7)) iff IN € out(q, sp,n?, Agt)
such that M, A\, n? =, OO T Atr(y) iff there is a p-feasible path A such
that 9, A\, n? =, tr(y).

rf-RAL,, embeds RTL. We set tr((p)y) = ﬁ<((2)>)g’étﬁtr(7). We have
M,q,n  EX ﬂ((@))X‘jgtﬂtr('y) iff there is an infinite path A\ €
out(q, sg,n’, Agt) such that MM, A\, n? E° tr(y) iff there is a p-feasible
path A such that 9, A\, n? =, tr(y).

|

rf-pr-RALRo does not subsume RTL; at least not in an obvious way. The
reason is that ((Agt)” is not expressive enough to enforce the existence of
an infinite path. It only universally quantifies over this set; hence, if there are
only finite paths every formula will trivially be true.

8.5.2 Multi-Agent Logics

RBCL [Alechina et al., 2009b] introduces resources to an extension of coalition
logic (cf. Section 2.2.4). Actions are not allowed to produce resources. The
main operator [A’]p is read as follows: Coalition A can enforce ¢ in a finite
number of steps given the resources b; formally,

M, q =recL [AY]p for A # ) iff there is a strategy (R-strategy in our
notation) such that for all A € out(g, s4) there is an m > 0 such that
cost(A[0,m],s4) < b and M, A[m] ErecL ¥)-

Intuitively, cost sums up the transition cost of each step. Resources, how-
ever, can be combined in various ways (not only additive); hence, we restrict
ourselves to a variant of RBCL that will only allow to sum up resource costs,
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denoted by RBCL . Then, the operator [A®] can be encoded as ((A))”hQ«A))(}
for A # (). The empty coalition is treated as a special case:

M, ¢ =recL [0°)y iff for all strategies sagt (R-strategy in our notation) and
all X € out(q, sagt) and all m > 0 such that cost(A[0, m], sagr) < b it holds
that M, A[m] [=recL ¥)-

such we can define [(°] as <<®>>begt O (0} ag:.
Theorem 8.57. RALgr subsumes RBCL..

Proof. Let 9t be an RBCL-model. This model can directly be translated to
an RBAM 9. We recursively replace [AY] with (A)" O (ANO for A # 0

and [(°] to ((@)}ngt O {(0) age0. We prove the case for 9, ¢ ErecL [A%]p.

M, ¢ FrecL [A%]p
iff IsaVA € out(q,s4)Im > 0: (cost(A[0,m],s4) < bAIM, A[m] E=recL P)

(
iff 354V € out(q,n°, 54, A)Im > 0 : \[m] =recL P)
iff IsaVA € out(q,n", 54, A) (M, A[1], | res[1] EraLy (AN Op)
iff m7 q,n ':RALR <<A>>T] O <<A>><>p

Negation, conjunction, and the case for the empty coalition are treated anal-
ogously. [ |

The logic resource-bounded ATL (RB-ATL) introduced in [Alechina et al.,
2010] is another proposal for an extension of ATL with resources. RB-ATL
has a decidable model checking property due to the fact that it only allows
for the consumption of resources and hence making all models bounded by
default. There seems to be a similar encoding of RB-ATL formulae into RAL
formulae.

8.6 Summary

In this chapter we have introduced resources into CTL*, which is arguably
among the most important logics in computer science, and ATL*, which is
among the most influential multi-agent logics.

The resource-bounded tree logics RTL* and RTL allow to model reactive
systems in the presence of resources. We have also considered bounded settings
which we show to have a decidable model checking problem in Chapter 11.

We have presented various strategic logics for reasoning about abilities
of multiple agents under limited resources. The different settings were based
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on classical restrictions (cf. [Clarke and Emerson, 1981; Alur et al., 2002])
imposed on the underlying temporal language (L, - vs. L 4 V8. Lray)
and strategic dimension (perfect vs. imperfect recall). Additionally, we have
imposed restrictions on the resource dimension by focussing on specific groups
acting under limited resources (proponent-restrictiveness) and on the nesting
of cooperation operators (resource-ﬂatness).

Moreover, we have shown that the resource-bounded tree logics can be
considered as the single agent fragment of the resource agent logics and how
the latter relates to other logics dealing with resources.
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In this chapter we analyse the effect of memory on the model checking
complexity of £ , .., ... We correct results from the literature and show that the
language can be extended without increasing the model checking complexity.

9.1 ATL;, EATL;; and The Matter of Recall

In an excellent study [Schobbens, 2004], Schobbens claims that model check-
ing £, 1 is AP -complete wrt the number of transitions in the model and
the length of the formula, for both perfect recall and memoryless seman-
tics. For memoryless agents, we recall that the upper bound can be shown
by the following algorithm (cf. Theorem 5.14). Given a formula {(A)~ with
no nested cooperation modalities, we can guess a memoryless strategy of
A, “trim” the model accordingly, model check the CTL* formula E—y in
the resulting model, and revert the result. Note that a memoryless strat-
egy can be guessed in polynomially many steps, and the trimming process
requires only polynomially many steps too. For nested cooperation modal-
ities, we repeat the procedure recursively (bottom-up). Since model check-
ing of the CTLT formula E—y can be done in nondeterministic polynomial
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time [Laroussinie et al., 2001], we get that the overall procedure runs in time
(PNPYNP — p(NP™) — AP [Schobbens, 2004].

For agents with perfect recall, a similar argument seems to be correct.
Each formula of ATLﬁ2 can be translated to an equivalent formula of ATLg
with weak until [Harding et al., 2002], and for ATL (also with weak until) it
does not make a difference whether the perfect recall or memoryless semantics
is used, so memoryless strategies can be used instead. Hence, it is enough to
guess a memoryless strategy, to trim the model etc. Unfortunately, this line of
reasoning is wrong because the result of the translation (the ATLjr formula)
may include exponentially many cooperation modalities (instead of one in the
original ATL; formula). For example, formula ((A)) (Op1 A Op2) is translated
to (ANO((pr A (A)Op2) V (p2 A ((A)Op1)); for a longer list of achievement
goals (Op1A---AQpn), each permutation must be explicitly enumerated. Thus,
we may need to guess exponentially many polynomial-size strategies, which
clearly cannot be done in polynomial time.

There seems to be an intuitive way of recovering from the problem. We
note that in an actual execution, only a polynomial number of these strategies
will be used. So, we can try to first guess a sequence of goals (in the right
order) for which strategies will be needed, then the strategies themselves, fix
those strategies in the model (cloning the model into as many copies as we
need) and check the corresponding CTL™ formula in it. Unfortunately, this is
also wrong: For different execution paths, we may need different ordering of
the goals (and hence strategies). And we have to consider exponentially many
paths in the worst case.

So, what is the complexity of model checking ATLE in the end? The
problem turns out to be (apparently) harder than AL namely PSPACE-
complete (unless the polynomial hierarchy collapses).

9.2 Model Checking ATL;L

9.2.1 Lower Bound

We prove the PSPACE-hardness by a reduction of Quantified Boolean
Satisfiability (QSAT), a canonical PSPACE-complete problem (cf. Defini-
tion 4.13). We assume that a QSAT instance is given in negation normal
form (i.e., negations occur only at literals).
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X1 X2 Xn

notx; notxs notx,

Fig. 9.1. Construction of the concurrent game structure for QSAT: value choice

section.
X)
AY) @

v
)
‘
Fig. 9.2. CGS for QSAT: formula structure section.

notx; yes

() >
T )

notx; Xi

Fig. 9.3. CGS for QSAT: sections of literals.

Given an instance of QSAT we construct a turn-based' concurrent game
structure 9 with two players: the verifier v and the refuter r. The structure
consists of the following sections:

e Value choice section: A sequence of states g¢;, one per variable x;, where
the values of z;’s will be “declared”, see Figure 9.1. States g; with odd 4
are controlled by v, states with even ¢ are controlled by r. The owner of a

1 A model is turn-based if for each state there is a single agent that controls the
subsequent transition, and the other agents have no real choice there (which can
be modelled by assuming dq(a) = {wait} for every agent a except the “owner” of

q)-
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state can choose between two possible valuations (T, L). Choosing T leads
to a state where proposition x; holds; choosing | leads to a state labeled
by proposition notx;.

o [Formula structure section: Corresponds to the parse tree of @, see Fig-
ure 9.2. For each subformula ¥ of @, there is a state ¢y with two choices:
L leading to state qz,(yy and R leading to qg(w), where L(¥) is the left hand
side subformula of ¥ and R(¥) is the right hand side subformula of ¥. The
verifier controls gy if the outermost connective in ¥ is a disjunction; the
refuter controls the state if it is a conjunction. Note that each leaf state
in the tree is named according to a literal I; from @, that is, either with a
variable x; or its negation —z;.

e Sections of literals: For each literal [ in @, we have a single state ¢;, con-

trolled by the owner of the Boolean variable z; in [. Like in the value
choice section, the agent chooses a value (T or L) for the variable (not for
the literal!) which leads to a new state labeled with the proposition x; (for
action T) or notx; (for L). Finally, the system proceeds to the winning
state gt (labeled with the proposition yes) if the valuation of z; makes
the literal [ true, and to the losing state ¢, otherwise — see Figure 9.3 for
details, and Figure 9.4 for an example of the whole construction.
Note that, if the values of variables x; are assigned uniformly at states ¢
(that is, the actions executed at ¢; form a valuation of x1, ..., 2,), then the
formula structure section together with the sections of literals implement
the game theoretical semantics [Hintikka, 1973] of formula @ given the
valuation.

Note that the value of variable x; can be declared twice during an execution
of the model (first in the value choice section, and then in the section of
literals). The following “consistency” macro: Cons; = O-x;VO-notx; expresses
that the value of z; cannot be declared both T and L during a single execution.
Now, for the IR-semantics, we have that:

Lemma 9.1. 3z1Vas ... Qux, @ iff

M, q1 = (v)( /\ Cons; A ( /\ Cons; — Qyes)).

1€0dd i€ Even

Proof. The informal idea is as follows. The ATL™ formula specifies that v can
consistently assign values to “its” variables, so that if r consistently assigns
values to “its” variables (in any way), formula ¢ will always evaluate to T,
which is exactly the meaning of QSAT. The way a player assigns a value to
variable z; may depend on what has been assigned to z1,...,z;—1. We note
that this is the reason why perfect recall is necessary to obtain the reduction.

The statement can be formally proved in the following way. We consider
wlog only QSAT instances with even alternations of quantifiers (the case



9.2 Model Checking ATLﬁ2 209

Fig. 9.4. Concurrent game structure for the QSAT instance Jz1Vza(z1 A z2) V
(z2 A —x1). The following shorthands are used in the formula structure section:
w1 = (1 Ax2) V(T2 Ax1), p2 = 21 A T2, 03 = 22 A —z1. “White” states are owned
by the verifier; “grey” states are owned by the refuter.

for odd n is done analogously). Firstly, we note that a QSAT instance ¢ =
dx Vg .. Ve, P(x1,...,z,) evaluates to true iff there is a (partial) function
f AT, L} — {T, L} such that for all valuations v; of all z; with ¢ < n and
1 even the following formula is valid:

&(f(€),va, f(v1v2),v3, ..., f(V1.. . Vp_1),0n)

where vy = f(€), vz := f(v1v2)ye.., Vno1 = f(v1...0np_2). It is easy to
see that if such a function exists then it provides a satisfying valuation for
the existential quantifiers in the QSAT instance. Conversely, non-existence
of such a function contradicts the existence of such a valuation. We say that
f witnesses . Given a word w = wy ... w,, € {T,L}™ of length m > 2i,
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we use fa;11(w) to denote the value f(wy ... ws;) and fa;(w) to denote wy;.
Intuitively, f;(w) returns the assignment v; of x; given the choices made before.

“=“ Let f be a witness for ¢. We define the following strategy sy for v
for histories h of the form q1q'qaq?®... of length at most 2n and each ¢' €
{qiT,qi.}. For states in which only one action is applicable we suppose that it
is chosen by default. That is, h is a finite path through the value choice section
of length at most 2n. Moreover, we define mapping § : @* — {T, L}* to map
each sequence of states to a word over {T, L} as follows: d(€) = ¢, 6(¢;7) =T,
d(gi) = L, and 6(q) = € for all other states; finally, 6(gh) = d(¢)d(h). Then,

we define
h f = G2i41,
Sv(hq) — f(é( )) or ¢ q2i+1
nop for ¢ € {q2i+17, 92411}

In each subformula state ¢y, “owned” by v, the verifier chooses action L (resp.
R) if L(¢)) (resp. R(v))) evaluates to true given f and h (we write ¢(f,h) =T

for ¢ (f1(6(h)), ..., fn(d(R))) is true):

s (hay) = {f{ L =T

Analogously, the action for literal states is chosen

T ifl=a;, fi(6(h) =T)V

sv(hq) == (I = =y, fi(0(h)) = 1)),
1 else.

It remains to show that sy, is a winning strategy of v. Firstly, it is easily seen
that A\;cpqq Cons; holds for any path of the outcome out(qi, sv); assuming
the contrary contradicts the definition of f. Finally, assuming that there is a
counter strategy of the refuter such that state ¢, is reached and A, p,.,, Cons;
also contradicts that f witnesses ¢ (this can be shown by structural induction
on ).

“<": Let sy be a winning strategy for v. We define function f in the ob-
vious way, i.e., f(€) := sy(q1), F(f()T) := sv(q1915(c)) 22927 3), f(f(€)L) :=
5v(q14(1£(¢))92921.G3), etc. We prove that f is a witness for .

First, let us observe that for each path in out(qi,sy), it must hold
that O-x; V O-notx;. As a consequence, $y(q1...qz,) = Sv(q1 .- qoz;) =
sv(q1 ... q;) for all histories leading to a literal state q; € {qx,, ¢-z, }.> That is,
the formula structure section and the sections of literals define the game se-
mantics of @ with the valuation of x4, ..., x, given uniformly by the f above.

2 Technically, that is true only for the literal states reachable in out(qi, sv), but
since the unreachable states are irrelevant, we can fix sv(q1...q) := sv(q1 ... )
for unreachable ¢;’s too.
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Moreover, each path in out(qi, sy) must lead to a state where yes holds (i.e.,
to g1), which means that @ evaluates to T given f, and thus f is a witness
for ¢. |

We observe that the construction results in a model with O(|®|) states and
transitions, and it can be constructed in O(|®P|) steps, so we get the following
result where the size of a CGS is defined as the number of its transitions (m)
plus the number of states (n). Note, that O(n +m) = O(m).

Theorem 9.2. Model checking ATLT with the perfect recall semantics is
PSPACE-hard with respect to the size of the model and the length of the
formula. It is PSPACE-hard even for turn-based models with two agents and
“Aat” ATLT formulae, i.e., ones that include no nested cooperation modali-
ties.

9.2.2 Upper Bound

In this section we show that model checking ATLﬁ,; can be done in polynomial
space. Our proof has been inspired by the construction in [Laroussinie et al.,
2001], proposed for CTL*. We begin by introducing some notation.

We say that sa is a strategy for (9, q,v) if for all A € outom(q,s4) it
holds that 9, A\ = v. An ATL"-path formula v is called atomic if it has the
form Oy or p1Ups where ¢1,02 € ATLT. For ¢ € ATLT we denote the
set of all atomic path subformulae of ¢ by APF(p). And, as before, we call
an ATL'-path formula v flat if it does not contain any more cooperation
modalities.

Now we can define the notion of witness position which is a specific position
on a path that “makes” a path formula true or false.

Definition 9.3 (Witness position). Let v be a flat atomic path formula,
and let A be a path. The witness position witpos(\,vy) of v wrt X is defined as
follows:

(1) if v = Qg then witpos(A,v) = 1;

(2) if v = p1ldpo and

o )= then witpos(A,v) = min{i > 0| A\[i] = @2}

o MEy and A = Opa then witpos(\,v) = min{i > 0 | A\[i] = —~¢1}

o Ay and X FE Qpa then witpos(A,v) = —1.

Moreover, for a flat (not necessarily atomic) ATLY path formula v, we define
the set of witness positions of v wrt \ as

wit(\,y) = ( U {witpos(\,~")}) N Np.
V' EAPF(7)
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For instance, if formula O—p is true on A then witpos(\,0-p) = —1 since
the formula is an abbreviation for —=(TUp), and for this formula we have that
witpos(\,0-p) = —1 and consequently, wit(A, 0-p) = (. In the following we
assume that ~ is flat.

In the next lemma we show that if there is a strategy that enforces a (flat)
path formula v then the witnesses of all atomic subformulae of v can be found
in a bounded initial fragment of each resulting path. Firstly, we introduce the
notion of a segment which can be seen as a “minimal loop”.

Definition 9.4 (Segment). A segment of path X is a tuple (i,7) € N3 with
i < j such that A[i] = A[j] and there are no indices k, k' withi <k <k’ <j
such that A[k] = A[K'] except for k = i,k = j. The set of segments of X is
denoted by seg(N).

Lemma 9.5. Let M, q = (A)y. Then, there is a strateqy sa for (IM,q,~)
such that for all paths A € outsn(q,sa) the following property holds: For each
segment (i,7) € seg(A\) with j < max wit(\,7) there is a witness position
ke wit(\, ) with i <k < j.

Proof. Suppose such a strategy does not exist; then, for any strategy s4 for
(O, q, ), there is a path A € out(q,s4) and a segment (i,7) € seg(A) with
j < max wit(A, ) s.t. there is no k € wit(\,v) with i < k < j.

We now define sy as the strategy that is equal to s4 except that it cuts
out the “idle” segment (7,7) from A, ie., s4(A[0,:]h) := sa(A[0, j]h) for all
h € Q*, and s/4(h) := sa(h) otherwise. Note that out(q,s’y) = out(q,sa)
except for paths that begin with A[0, j]: These are replaced with paths that
achieve the remaining witness positions in j — i less steps. Let [h],.s, denote
the set of all paths X’ such that h\ € out(q,s4) where h € QT. Now it is easy
to see that for all A" € [A[0, j]]4,s. We have that the path A[0, j]\ satisfies 7 if,
and only if, the path A[0,7]A" does. Hence, we have that all paths in out(q, s4)
satisfy . Moreover, the latter set of outcomes is non-empty iff out(q,s4) is
non-empty. By following this procedure recursively, we obtain a strategy that
reaches a witness in every segment of each A up to max wit(A, 7). [ ]

Given, for instance, an ATLT formula {(A)) (Op A Or) the previous lemma
says that if A has any winning strategy than it also has one such that only
the first two segments on each path in the outcome are important to witness
the truth of Op A Or. In the next definition we make this intuition formal and
define the truth of ATLT path formulae on finite initial sequences of states.

Definition 9.6 (=F). Let M be a CGS, A be path in M, and k € N. The
semantics = is defined as follows:

ma)‘ 'Zk - Zﬁmu)‘ 17&16 v
MNEF Yy AS iff MRy and M\ EF 6;
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M ER Op iff M A1) = ¢ and k > 1; and
M, N =R U iff there is an i < k such that M, \[i] |= ¥ and M, \[j] E ¢
for all 0 < j <i;

Essentially, we consider the first k£ states on a path in order to see whether a
formula is made true on it.

We define the notion k-witness positions on a finite segment of length & in
an obvious way: if the witness of y on the full path A is > k then the k-witness
is —1; otherwise, it is equal to wit(A, 7).

Definition 9.7 (k-witness strategy). We say that a strategy sa is a k-
witness strategy for (M, q,7) if for all X € out(q, s4) we have that M, \ =F .

The following theorem is essential for our model checking algorithm. The
result ensures that the existence of a winning strategy can be decided by only
guessing the first k-steps of a k-witness strategy.

Theorem 9.8. M, q = (AN iff there is a |Qon| - |[APF (7)|-witness strategy
Jor (M, q,7).

Proof. ”=" Let sa be a strategy for (9, ¢,~). By Lemma 9.5 and the fact
that |wit(A, )| < [APF(v)| for any path X there is a strategy s', for (9, q,7)
such that max wit(X,v) < |Qm| - |[APF(v)| for all X € out(q, sa). This shows
that s’y is a |Qom| - |[APF(7)|-witness strategy for (9, q,7).

“<”: Suppose there is a k := |Qon| - |[APF ()| witness strategy then there
also is a k-witness strategy such that on no path in the outcome there is an
“idle” segment (4,7) (a segment containing no witness) with j < v, where v
is the maximal witness on the path smaller than k (cf. Lemma 9.5). We call
such strategies efficient. Now suppose there is an efficient k-witness strategy
sa but no strategy for (M, q,~); i.e. for all efficient k-witness strategies there
is a path A € out(q, s4) such that 9, A\ |~ . Note, that this can only happen
if there is some v € APF(v) with (minimal) w := witpos(\,y') > k that
cannot be prevented by A (cf. Figure 9.5). Due to efficiency all subformulae
that have a witness < k actually have a witness < k — |Qo|. But then, the
opponents can ensure that there is some other path X' € out(q, s4) on which
~" is witnessed within the first k steps on X and after all the other formulae
with a witness < v (i.e. within steps v and k). This contradicts that s4 is a
k-witness strategy.

To see that the opponents can ensure that v/ is witnessed within the first &
steps, consider a segment (7, j) such that j < w and j maximal. In particular,
the proponents cannot prevent the sequence A[j, w]. But then, the opponents
are able to execute there moves played from A[j] onwards already from A[7].
This results in a path A" also belonging to the outcome which equals A but
segment (7, j) being cut out. Following this procedure recursively shows that
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|APF(7)\{7'}| — subformulae (i,J) — segment

— /
ok Cw=uithi)

A } } Ii >

» e -
wit(N',7")

Fig. 9.5. Proof of Theorem 9.8.

there is a path A’ such that ~/ is witnessed within the first k& steps as stated
above.
|

In the next theorem we construct an alternating Turing machine that
solves the model checking problem.

Theorem 9.9. Let p = (A)v be a flat ATL; formula, M a CGS, and q a
state. Then, there is a polynomial time alternating Turing machine with O(nl)
alternations (wrt the size of the model and length of the formula) that returns
“yes” if M, q = ¢, and “no” otherwise (where | is the length of v, k is the
number of agents, and n the number of states in ).

Proof. The idea behind the algorithm can be summarised as follows: Coalition
A acts as a collective “verifier”, and the rest of the agents plays the role of
a collective “refuter” of the formula. We first transform v to its negation
normal form.? Next, we allow the verifier to nondeterministically construct
A’s strategy step by step for the first |Qom| - |[APF(7)| rounds (|Agt| steps
each), while the refuter guesses the most damaging responses of Agt \ A. This
gives us a finite path h (of length | Qor| - |[APF(7)|) that is the outcome of the
best strategy of A against the worst course of events. Then, we implement the
game-theoretical semantics of propositional logic [Hintikka, 1973] as a game
between the verifier (who controls disjunction) and the refuter (controlling
conjunction). The game reduces the truth value of v to a (possibly negated)
atomic subformula ~y. Finally, we check if h ):‘QW""APJE I ~g, and return
the answer. The correctness of the construction follows from Theorem 9.8. B

For model checking arbitrary ATL,*,; formulae, we observe that nested coop-
eration modalities can be model checked recursively (bottom-up) in the same
way as e.g. in the standard model checking algorithm for ATL [Alur et al.,
2002]. Since PPSPACE — PSPACE, we obtain the following as immediate
corollary.

3 Ie., so that negation occurs only in front of atomic path subformulae.
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Theorem 9.10. Model checking ATL,‘E over CGSs is PSPACE-complete
wrt the size of the model and the length of the formula. It is PSPACE-
complete even for turn-based models with two agents and “flat” ATLIE formu-
lae.

9.3 Correcting Related Results

Concurrent game structures specify transitions through a function that defines
state transformations for each combination of simultaneous actions from Agt.
In other words, transitions are given through an array that defines the outcome
state for each combination of a state with k actions available at that state.
This is clearly a disadvantage from the computational point of view, since the
array is in general exponential with respect to the number of agents: More
precisely, we have that m = O(nd*), where m is the number of (labeled)
transitions in the model, n is the number of states, d is the maximal number
of choices per state, and k is the number of agents.

Two variants of game structures overcome this problem. In alternating
transition systems (ATS), used as models in the initial semantics of ATL [Alur
et al., 1997, 1998b], agents’ choices are state transformations themselves rather
than abstract labels. In implicit concurrent game structures [Laroussinie et al.,
2008], the transition array is defined by Boolean expressions. ATS and implicit
CGS do not hide exponential blowup in a parameter of the model checking
problem (m), and hence the complexity of model checking for these represen-
tations is perhaps more meaningful than the results obtained for “standard”
CGS. In [Laroussinie et al., 2008], Laroussinie et al. claim that model checking
ATL,JR against ATS as well as implicit CGS is AE-complete. Since the proofs
are actually based on the flawed result from [Schobbens, 2004], both claims
are worth a closer look. We will briefly summarise both kinds of structures
and give correct complexity results in this section.

Alternating Transition Systems. An ATS is a tuple M = (Agt, Q, I1, 7, ),
where Agt, @, I1, 7 are like in a CGS, and 6 : @ x Agt — P(P(Q)) is a func-
tion that maps each pair (state, agent) to a non-empty family of choices with
respect to possible next states. The idea is that, at state ¢, agent a chooses
a set Q. € d(¢g,a) thus forcing the outcome state to be from @Q,. The re-
sulting transition leads to a state which is in the intersection of all @, for
a € Agt. Since the system is required to be deterministic (given the state and
the agents’ decisions), Qq, N ... N Qq, must always be a singleton.

Implicit CGS. We recall from Section 5.4.1, that an implicit CGS is a con-
current game structure where, in each state ¢, the outgoing transitions are
defined by a finite sequence

((@17 QI)> HE] (L,Dn, Qn)>
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In the sequence, each ¢; is a state, and each ¢; is a Boolean combination of
propositions &%, where « € d(a, ¢); & stands for “agent a chooses action «”.
The transition function is now defined as: o(q, a1, ..., ag) = ¢; iff i is the lowest
index such that {0211, ...,dkk} E ;. It is required that ¢, = T, so that no
deadlock can occur. The size of an implicit model is given by the number of
states, agents, and the length of the sum of the sizes of the Boolean formulae.

Model Checking ATLT Is PSPACE-Complete Again. Contrary
to [Laroussinie et al., 2008, Section 3.4.1], where model checking ATL; with
respect to both ATS and implicit CGS is claimed to be AF-complete, we
establish the complexity as PSPACE.

Theorem 9.11. Model checking ATLI'E for ATS and implicit CGS is
PSPACE-complete wrt the size of the model and the length of the formula
(even for turn-based models with two agents and “flat” ATL,J,Q formulae).

Proof. [sketch] Lower bound. We observe that the number of transitions in a
turn-based CGS is linear in the number of states (n), agents (k), and actions
(d). Moreover, each turn-based CGS has an isomorphic ATS, and an isomor-
phic implicit CGS; the transformation takes O(nd) steps. This, together with
the reduction from Section 9.2.1, gives us PSPACE-hardness wrt n, k, d and
the length of the formula (I) and the encoded transition function for model
checking ATL,'E against ATS as well as implicit CGS.

Upper bound. A close inspection of the algorithm from Section 9.2.2 reveals
that it can easily applied to ATS and implicit CGS. In each step when a
transition is taken one has to evaluate a sequence of Boolean formulae. This
can be done in polynomial time wrt to a, k, and the length of the encoding.m

9.4 Model Checking EATL;,

In this section we extend the construction from Section 9.2.2 to obtain an

algorithm for £ BATL+ under the perfect recall semantics. Firstly, we define

the set of witnesses wit™(\,~) for a flat atomic formula v = $p. If A = 3¢
then wit®(\,~) = 0; and if A\ = ¢ then wit®(\,~) = {i | A[i] = ¢}. The set
is either infinite or empty.

Moreover, an £, ...+ path formula 7 is called &-atomic if it has the form

o&pl. For ¢ € EEATL
of ¢ by APF>(p).
In the following we generalise the definition of a segment.

. we denote the set of all ¢-atomic flat path subformulae

Definition 9.12 (y-segment, strict). A ~-segment on a path \ is a tuple
(i,4) € N2 with i < j such that \[i| = \[j] and for each v € APF>(y) with
wit™ (X, ') # 0 there is a witness w € wit™ (X, ') such that i < w < j.
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We call a y-segment (i, 7) strict if there is no other y-segment (k,1) in it.

The next proposition shows that such y-segments always exist on paths
on which some ¢-atomic flat formula is true. The following proofs are done
similarly to the ones given in Section 9.2.2.

Proposition 9.13. Let s4 be a strategy for (I, q,v). Then, for all paths A €
out(q,s4) and t € N there is a strict y-segment (i,7) on \ with i > t.

Proof. Suppose there is a path in the outcome that does not contain such a
~v-segment. Then, as the set of states is finite there must be some position [ > ¢
on A such that A[l, oo] does not contain a witness for some 7' € APF () with
wit(\, ') # 0. But this contradicts wit(\,y') # 0. If there is no ¢-formula
true on a path the condition is trivially true. |

Lemma 9.14. Let M, q = (A)~y. Then, there is a strategy sa for (M, q,~)
such that any strict y-segment (i, ) that contains no more witnesses for any
formula from APF () contains at most |Qon| - |[APF ()| states.

Proof. We proceed similar to Lemma 9.5 to make all eventualities from
APF(7) true. Then, we modify the strategy to a strategy s’y such that any
segment (i;, j;) contained in any strict y-segment (7, j) contains some witness
of wit™(A,~') for each v € APF*(y) for that the witness set is non-empty
on A (and which does not contain any more witnesses from formulae from
APF(7)). Now, we consider the last segment, say (i, j;), contained in (4, j)
(i.e. ji = 7). If all formulae v € APF>(y) with wit>(\,+") # 0 that have a
witness in (i, j;) do also have a witness inside (7, ) but outside (i, 7;) then
we modify s’, such that (4;, ;) is “removed” from the y-segment (4, j) by ap-
plying the reduction of Lemma 9.5. If not, we chose the segment next to the
last one and so on. The resulting y-segment (4, ;') is j; — i; + 1 states shorter
than (7,7). Applied recursively, this procedure results in a y-segment that
contains at most |[APF ()| necessary segments which are interconnected by
a minimal number of states that do not contain unnecessary segments. The
number of states of each segment plus the number of intermediate states be-
tween two segments is at most | Qyn|. Hence, the v-segment contains at most
| Qon|(JAPF>(7)|) states. [

In the following we extend the finite path semantics such that it can deal
with ¢-atomic flat formulae.
Definition 9.15 (= for £EATL+)' The semantics from Definition 9.6 is

extended to L, , ... -formulae by adding the following clause: M, A =+ Sy iff
there is some i < k such that M, \[i, 0] X 4.
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Fig. 9.6. Proof idea of Theorem 9.16.

The notion of a k-witness strategy is given analogously to Definition 9.7:
sa is a k-witness strategy for (9, q,) if for all A € out(q, s4) we have that
M\ =F .

The analog of Theorem 9.8 for EATL;E is given next.

Theorem 9.16. We have that M,q &= (A)y iff there is a |Qum| - (1 +
|APF(y)| 4+ |APF>(v)|)-witness strategy for (M, q,~).

Proof. “=":Let s be a strategy for (9, ¢,7). Then, we modify s4 according
to Lemma 9.5 and obtain a strategy s/, such that on all paths A of the outcome
of ¢/, and for all formulae v € APF(y) with a witness on A\ we have that
wit(A, ') < |Q| - |[APF ()| =: t. We modify s; to a strategy s’j according to
Proposition 9.13 and Lemma 9.14. Finally, the states between ¢t and the start
of the strict y-segment can be shrunk up to at most | Q| many, again according
to Lemma 9.5 (cf. Figure 9.6) resulting in a | Qon |- (1+]APF () |+|APF > (7)])-
witness strategy for (I, q,).

“<”: Now assume there is a k := |Qu| - (1 + |[APF ()| + |[APF>(7)|)-
witness strategy for (91, ¢,v) and no strategy for (9, ¢,~). If this is caused
by a formula from APF(v), or v/ from APF°(y) with a minimal witness
position > k the reasoning is as in the proof of Theorem 9.8. We now consider
the case if it is caused by a formula from APF°(y) with a minimal witness
position < k. Then, for any k-strategy s4 there must be ay’ € APF(y) such
that for some path \; € out(q,s4) it holds that 9T, A\; =X v/ but MM, Ay = '
where Ay equals A\; up to position k. We show that this cannot be the case.
M, A1 =¥ + implies that 7' has a witness in the initial y-segment on \;
(cf. the initial y-segment on A\; with start and end state ¢; in Figure 9.6).
So, there must be a state ¢ and an outgoing path As containing no more -
segments. However, this state and outgoing path must also be present in the
initial y-segment on the path A; and on A3 (see Fig. 9.6) there must also be a
~v-segment. If it starts within ¢; and g on Az it must also be present on As. So,
suppose the initial y-segment on A3 with start and end state g» begins before
g1. But this gives us a (non-strict) y-segment on Ay (shown by the dotted
line) and of course, this segment can also be reached on the outgoing path Ao
going through state ¢ on A;. Applying this reasoning recursively proves that
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each of these paths contains infinitely many ~-segments. This contradicts the
assumption that 9%, Ao £ /. [ ]

The previous result allows to construct an alternating Turing machine with
a fixed number of alternations to solve the model checking problem (cf. the
proof of Theorem 9.9).

Theorem 9.17. Let ¢ be a flat EEATL+ -formula, M be a CGS, and q a state
i M. There is a polynomial time alternating Turing machine that returns
“yes” if M, q E1r @ and “no“ otherwise.

Proof. The proof is done analogously to the one of Theorem 9.9. Now, the
verifiers strategy and the first outcome of the opponents is constructed for the
first k := |Qom| - (1 +|APF(y)|+ |[APF>(v)|) steps. Then, the game between
the verifier and refuter to determine a flat atomic subformula is implemented.
Finally, this subformula is tested against the guessed path regarding the se-
mantics |:k . Note, that also also the clause for 0<§—atomic formulae has to be
considered. The correctness follows from Theorem 9.16. |

Finally, we get the following result as a combination of Theorem 9.17 and
Theorem 9.2. The reasoning is exactly the same as for Theorem 9.10.

Theorem 9.18. Model checking EATLE over CGSSs is PSPACE-complete
wrt the size of the model and the length of the formula (even for turn-based
models with two agents and flat ATLI'E formulae).

9.5 Significance of the Corrected Results

Why are the results presented here significant? First of all, we have corrected
a widely believed “result” about model checking ATL,‘E, and that is impor-
tant on its own. Several other existing claims concerning variants of the model
checking problem has been based on the “A¥-completeness” for ATL,E, and
thus needed to be rectified as well. Moreover, the ATL,JFR verification complex-
ity is important because ATL,JFR can be seen as the minimal language discerning
strategic abilities with and without memory of past actions. Our results show
that the more compact models of agents (which we usually get when perfect
memory is assumed) come with a computational price already in the case of
ATL,JFR, and not only for ATLj as it was believed before.

ATLﬁ2 deserves attention from the conceptual point of view, too. We have
argued in Section 2.2.5 that it enables neat and succinct specifications of
sophisticated properties regarding e.g. the outcome of agents’ play under be-
havioural constraints. This is especially clear for EATL;E where the constraints
can take the form of fairness conditions. Constraints of this kind are extremely
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important when specifying and/or verifying agents in an asynchronous envi-
ronment, cf. [Dastani and Jamroga, 2010]. Since ATLﬁ,; was believed to have
the same model checking complexity as ATL,t, the former seemed a sensible
tradeoff between expressivity and complexity. In this context, our new com-
plexity results are rather pessimistic and shift the balance markedly in favour
of verification of memoryless agents. As a consequence, for agents with mem-
ory one has to fall back to the less expressive logic ATLjr, or accept the less
desirable computational properties of ATL,'E. On the positive side, we have
also shown that fairness properties incur no extra costs in either case and that

model checking ATLL/EATL,, is still much cheaper than for ATLj;.
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In Chapters 6 and 7 we have introduced several logics to reason about
rational behaviour of agents under perfect and imperfect information. In this
section we analyse the complexity needed to “solve” the model checking prob-
lems for these logics. Parts of these results are based on the standard results
presented in Chapter 5. We recall that the model checking problem refers to
the question whether a given formula holds in a given model and state. We
will measure the size of the input in the number of transitions in the model

(m) and the length of the formula (1).
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10.1 Rational Play under Perfect Information: ATLP

We begin with analysing the the model checking problem of ATLP. We show
that, for different subclasses of the new logic, the complexity of model check-
ing ranges from AY-completeness to PSPACE-completeness. We also argue
that, when the number of plausible strategy profiles is reasonably small, the
model checking can be done in polynomial time. Note that the problem of
checking ATLP with respect to the size of the whole CGSP (including the
plausibility set 1°), is trivially linear in the size of the model: The model size is
exponential with respect to the number of states and transitions. Hence, model
checking CGSPs does not make sense if the set of plausible strategies is stored
explicitly. The set should be stored implicitly; for instance, by means of some
decision procedure. We will assume throughout this section that the plausibil-
ity set 7" does not discriminate any strategy profiles (i.e., all strategy profiles
are initially plausible), and actual plausibility assumptions must be specified
in the object language through (simple or complex) plausibility terms.

The same remark applies to the denotations of primitive (“hard-wired”)
plausibility terms. In this respect, we will consider two subclasses of CGSPs
in which the representation of plausibility assumptions of plausibility assump-
tions does not overwhelm the complexity of the rest of the input — namely,
pure concurrent game structures and “well-behaved” CGSPs. In pure CGSS,
plausibility terms and their denotations are simply absent. In well-behaved
CGSs, we put a limit on the complexity of the plausibility check, i.e., the com-
putational resources needed to determine whether a given strategy is plausible
according to a given plausibility term and plausibility mapping.

Definition 10.1 (CGS as CGSP, CGS-based). We call an CGSP, CGS-
based if it is implicitly represented by an CGS in which all strategy profiles
are initially plausible (i.e. T = X') and there are no “hardwired” plausibility
terms (i.e. 2=10).

Definition 10.2 (Well-behaved CGSP). A CGSP M is called well-behaved
if, and only if,

1. Ty = X all strategy profiles are plausible in IM;

2. There is a non-deterministic Turing machine which decides whether s €
[w]dy for each state q € Qon, strategy profile s € X, and plausibility term
w € 2 in polynomial time with respect to | and m.

Remark 10.3. We note that, if a list (or several alternative lists) of plausible
strategy profiles is given explicitly in the model (via the plausibility set 7
and/or the denotations of abstract plausibility terms w from Section 6.1),
then the problem of guessing an appropriate strategy from such a list is in
NP (memoryless strategies have polynomial size with respect to m). As a
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consequence, we assume that, if such a list is given explicitly, that it is stored
outside the model.

We begin our study with the complexity of model checking the basic lan-
guage L£53¢ , in Section 10.1.1. Then, we consider the complexity for the inter-
mediate language £ 4, parer (Section 10.1.3). It turns out that the problem
is in both cases AF-complete in general, which seems in line with existing
results on the complexity of solving games. In particular, it is known that if
both players in a 2-player imperfect information game have imperfect recall,
and chance moves are allowed, then the problem of finding a max-min pure
strategy is 3¥-complete [Koller and Megiddo, 1992].! That is, there are es-
tablished results within game theory which show that reasoning about the
outcome of a game where the strategies of both parties are restricted cannot
be easier than XF (resp. AY when nesting of game specifications is allowed).
In the light of this, our complexity results are not as pessimistic as they seem,
especially as ATLP allows specification of much more diverse restrictions than
those imposed by imperfect information in 2-player turn-based games.?

Moreover, we show in Sections 10.1.1 and 10.1.3 that model checking
L£hee o and L4TEL is AP-complete if only the proponents’ strategies are re-
stricted. This, again, corresponds to some well-known NP-hardness results
for solving extensive games with imperfect information and recall [Chu and
Halpern, 2001; Garey and Johnson, 1979; Koller and Megiddo, 1992].

Finally, in Section 10.1.4 we study the model checking complexity of L% ; »
and L 4 p- We summarise the results in Section 10.1.6.

10.1.1 ATLP"?s¢; Upper Bounds

In this section we show that model checking £5%% ,, is AF-complete in gen-
eral, and AY-complete when only the proponents’ strategies are restricted.
Moreover, model checking L5%¢ , over rectangular models and models with

bounded plausibility sets can be done in polynomial time.
Well-behaved CGSPs.

A detailed algorithm for model checking £5%% ., formulae in well-behaved con-
current game structures with plausibility is presented in Figure 10.1. Apart

! Note that strategic operators can be nested in an ATLP formula, thus specifying
a sequence of games, with the outcome of each game depending on the previous
ones—and solving such games requires adaptive calls to a 3% oracle.

2 In particular, imperfect information strategies (sometimes called uniform strate-
gies) can be characterised in ATLP for a relevant subclass of models, cf. Sec-
tion 10.1.2.
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function mcheckATLP (O, q,);
Model checking ATLP: the main function.

m  Return mcheck(IM, ¢, ¢, 0, 0);

function mcheck(IM, q, ¢, W, B);
Returns “true” iff ¢ plausibly holds in 91, q. The current plausibility assumptions are specified
by a sequence W = [{w1,q1),- -, {wWn,qn)] of plausibility terms with interpretation points. The

set of agents which are assumed to play rational are denoted by B.

cases p =p, p = ), ¢ =1 A2 : proceed as usual;

case ¢ = (set-pl w')y : return( mcheck(9M, q, ¢, [(w', ¢)], B));

case ¢ = (refn-pl ')y : return( mcheck(M, ¢, v, @ © (v, q), B));

case o = Pl 4% : return( mcheck(IM, q,¢, &, A));

case ¢ = ((A)) O 9, where 1 includes some {(B)) : Label all ¢ € @, in which
mcheck(9M, q,v, W, B) returns “true”, with a new proposition yes. Return
mcheck(IMN, q, {A) O yes, W, B);

case ¢ = ((A) O 1, where ¢ includes no {C)) : Remove all operators Pl, Ph,
(set-pl -) from ¢ (they are irrelevant, as no cooperation modality comes fur-
ther), yielding 1. Return solve(IM, ¢, {A) O ', &, B);

cases (A0 and ((A)1Urps : analogously ;

end case

function solve(M, q, v, J, B);

Returns “true” iff ¢ holds in 901, ¢ under plausibility assumptions specified by @ and applied
to B. We assume that ¢ = ((A))[Jvy, where 9 is a propositional formula, i.e., it includes no
{(B)),P1,Ph, (set-pl -).

m Label all ¢ € @, in which 9 holds, with a new proposition yes;

Guess a strategy profile s;

m if plausiblestrat(s, M, W, B) then return( not
beatable(s[A], M, q, (A)DOyes, &, B));
else return( false);

Fig. 10.1. Model checking ATLP (1)
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function beatable(sa, M, q, (AN, w, B);
Returns “true” iff the opponents can beat s4 so that it does not enforce v in 9, ¢ under plau-

sibility assumptions specified by W and imposed on B. The path formula ~ is of the form

O, O, YUy’ with propositional 1, 1)’.

m  Guess a strategy profile ¢;
m if plausiblestrat(t, M, W, B) and t|4 = s4 then
— 9 := “4rim” 90, removing all transitions that cannot occur when t|p is
executed;
— return( mcheckerr (M, q,—~AY));
else return( false);

function plausiblestrat(s, M, @, B);
Checks whether B’s part of strategy profile s is part of some profile in [ u,q)em’ﬂ“’]]qgn'

m return true if s|p € (), ;e [w]5: |55 and false otherwise.

Fig. 10.2. Model checking ATLP (2)

from model 9, state ¢, and formula ¢ to be checked, the input includes a plau-
sibility specification vector W and a set B of agents which are assumed to play
rationally. The plausibility vector @ = [(w1,q1), ..., (wn,qn)] is a sequence of
plausibility terms together with states at which the terms are evaluated; this
is, because we need to keep track of applications of the refinement operators
(refn-pl -). The intuition is that the vector represents the incremental plau-
sibility updates. Moreover, by [{w1,q1), ..., {Wn,qn)] ® (w,q) we denote the
vector [(wi,q1), .- (Wn,y @n)s (W, @)].

Since CTL model checking is linear in the number of transitions in the
model and the length of the formula [Clarke et al., 1986] and as long as
plausiblestrat(s, M, ¢,w, B) can be computed in polynomial time, we get that
mcheckATLP runs in time Ag, i.e., the algorithm can be implemented as a
deterministic Turing machine making adaptive calls to an oracle of range
»P = NPNP . In fact, it suffices to require that plausiblestrat(s, M, q,w, B)
can be computed in nondeterministic polynomial time, as the witness for
plausiblestrat can be guessed together with the strategy profile s in function
solve, and with the strategy profile ¢ in function beatable, respectively. The
intersection of plausibility terms can also be neglected as the vector of plausi-
bility terms can contain at most [ terms (length of the formula). Schematically,
we can describe the main part of the algorithm by Js—(3¢): s is guessed first,
then ¢ is guessed (and its answer is negated, so we have 3sVt). This schematic
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view will be useful in Section 10.1.4 to provide an intuition about the com-
plexity of nested formulae together with quantification over strategic terms.

Proposition 10.4. Let M be a well-behaved CGSP, g a state in M, and ¢
a formula of L%%¢ L(Agt, IT, 2). Then, M,q = ¢ iff mcheckATLP(OM, q, ).
The algorithm runs in time AL with respect to the number of transitions in
the model and the length of the formula.

The proof is given on page 308.

We note that the requirement that the set of plausible strategies is given
by X is not a real restriction. Specific plausibility specification can always be
set using operator (set-pl -), by adding a new plausibility term that denotes
the desired set of strategy profiles. The only restriction is that inclusion in
the set must be verifiable in nondeterministic polynomial time.

Finally, we observe that the complexity can be improved if only the strate-
gies of the proponents are restricted.

Proposition 10.5. Let v be an EZ“%ELP—path formula without cooperation
modalities. Then the model checking problem for formulae of the form Pl 4 ((A))~y
is in AY (instead of AY).

Proof. We consider the case ¢ = (A) O v, where ¢ includes no {(C). In
solve a plausible strategy s4 for A is guessed (NP-call). Then, in function
beatable the model is directly trimmed according to sa (without guessing
another profile t) and the CTL model checking algorithm is executed. In this
case, function beatable can be executed in polynomial time. [ ]

Corollary 10.6. Let p € L3¢ . If for each cooperation modality ((A)) oc-
curring in @ it is specified that only agents A’ where A’ C A play plausibly
then model checking is in AY.

Proof. For each cooperation modality one applies the procedure described in
the proof of Proposition 10.5. [ ]

Pure CGSs and ATLP"?¢ without plausibility terms.

This is a somewhat degenerate case because in £5%¢ , only primitive plausibil-

ity terms can be used. With no such terms, (set-pl -) and (refn-pl ) operators
cannot be used, so all strategy profiles will be considered plausible in the eval-
uation of every subformula. In consequence, model checking L% ,(Agt, IT, ()
can be done in the same way as for ATL. Since model checking ATL lies in

P [Alur et al., 2002] we get the following result.
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Proposition 10.7. Let M be a CGSP, g a state in M, and ¢ €
L£hwe L(Agt, IT,0). Model checking ¢ in 9, q is in P with respect to the number
of transitions in the model and the length of the formula.

Proof. Remove all Pl4 operators from ¢ and check whether 9, ¢ EatL ¢
where 9 is the CGS obtained from 9t by leaving out 1", §2, and []. [ ]

Special Classes of Models.

We will now consider the special case in which each plausibility term refers
to at most polynomially many strategies.

Definition 10.8 (Bounded models ). Given a fized constant ¢ € N
we consider the class M¢ C CGSP(Agt, I, 2) of models such that for all
M e M, w e oy, and q € Qon it holds that |[w]ey| < 1¢-m® where 1 (resp.
m) denotes the length of the input formula (resp. number of transitions of M ).

Proposition 10.9. Let ¢ € N be a constant. Model checking L% p formulae
with respect to the class of well-behaved bounded models M can be done in
polynomial time with respect to the number of transitions in the model and
the length of the formula.

Proof. [Idea] The idea is to apply ATL model checking for any of the polyno-
mially many plausible strategies. The complete proof is given on page 309. ®

Even with arbitrarily many strategies the complexity can be improved if
the set of plausible profiles has a specific structure, namely if the set can be
(and is) represented in a rectangular way. Intuitively, such a set of profiles
can be represented by behavioural constraints [van der Hoek et al., 2005b].
That is, we restrict the actions that can be performed independently for each
state and agent, and then consider all strategy profiles generated from the
constrained repertoire of actions.

Definition 10.10 (Rectangularity, *et). Let S, C Y, be a set of strate-
gies of agent a. We say that S, is rectangular if it is represented by a function
d), : Qm — P(Act)\{0} such that for all states ¢ € Qo it holds that d,,(q) C
do(q); then, S, is taken to be the set {sq € Xy | Vg € Qm (sa(q) € d,(q))}.

A set of collective strategies (resp. strateqy profiles) Sa C X4 is rectangular
if it represented as a collection of rectangular sets of individual strategies.
Then, Sy is to the Cartesian product of the individual sets, i.e., Sg = Xae4Sq-

A set of plausibility terms {2 is rectangular in a model MM if all terms in
w € £2 have rectangular denotations [w]a,. Finally, we say that o CGSP I
is rectangular if the set Yoy is rectangular and terms {2 are rectangular in IN.
We denote the class of such models by 9t
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Note, for example, that each X4 is rectangular.

Proposition 10.11. Model checking LY%S p formulae in the class MM can
be done in P with respect to the number of transitions in the model and the
length of the formula.

Proof. The algorithm is very simple; we present the procedure for ¢ = (A))y
being in the scope of (set-pl w) and Pl 5. Other cases are analogous.

First, we model-check (set-pl w)Plp1y recursively and label the states
where the answer was “true” with a new proposition yes. Then, we take
[wdy (recall that it is represented in a rectangular way, i.e., by function
d : Agt x Q@ — P(Act)), and replace function d in 9 by d” such that
d"(a,q) = d'(a,q) for a € B and d’(a,q) = d(a,q) for a ¢ B. Finally, we
use any ATL model checker to model-check {(A))Oyes in the resulting model,
and return the answer. [ |

We observe that strategic combinations of rectangular plausibility terms
are also rectangular. AS a consequence, the results extends to L%, p in a
straightforward way, which proves to be useful in Section 10.1.4.3

Lemma 10.12. If S C X, (resp. S C X4) contains only a single strategy
(resp. strategy profile) then it is rectangular.

Proof. We just take d,(¢q) as {sa(q) | so € S} for all ¢ € Q. [ |

Lemma 10.13. Let 2 be a rectangular set of plausibility terms, then T (£2)
is rectangular as well.

Proof. Let 2 = {w1,...,wy}. Each plausibility term is rectangular; let it be
represented by w; = Si x ... S}. Then, we have that

[[(wiw' . 7wik)]] = {S ‘ Htij € [[wij]] : (tij|ij = s|ij} =
:Si11 XSi22 ><-~-><ka

and
[wilAll = {s | Tt € [wi] : (]2 = s]A)} =
={s|Vae€ AT € [wi] : t*a =sla)} =
={s|Vac A:(slo€S)AVacAgt\A: (s, € Z,)}.
Both sets are rectangular. [ |

The following corollary is immediate from Proposition 10.11 and the pre-
vious lemmata since the set of plausibility terms in £Y; p are described by
the 7 -operator.

3 Recall, that £%7;p consists of all base formulae in which plausibility terms form
T (£2) can be used (instead of plain terms from {2 only).



10.1 Rational Play under Perfect Information: ATLP 229

Corollary 10.14. Model checking LY 11 p formulae in the class Mt can be
done in P with respect to the number of transitions in the model and the length
of the formula.

10.1.2 ATLP®®¢; Hardness and Completeness
Well-behaved CGSPs.

We prove AF-hardness through a reduction of SNSAT, from Definition 4.15,
a typical AF-complete variant of the Boolean satisfiability problem. The re-
duction is done in two steps.

1. Firstly, we define a modification of ATL; [Schobbens, 2004] which we
recall in Section A.3, in which all agents are required to play only uniform
strategies. We call it “uniform ATL;” (ATL{ in short), and show that
model checking ATLY is AE-complete by means of a polynomial reduction
of SNSAT, to ATL;} model checking.

2. Then, we point out that each relevant formula and model of ATL;; can be
equivalently translated (in polynomial time) to a CGSP and an £%%¢ -
formula, thus yielding a polynomial reduction of SNSAT5 to model check-

ing ATLPbase,

Parts of our construction reuse techniques presented in [Goranko and Jam-
roga, 2004; Jamroga and Dix, 2006; Jamroga, 2007; Jamroga and Dix, 2008].

In “uniform ATL;” (ATL}) (cf. Section A.3) we assume that all the play-
ers have limited information about the current state, and each agent can only
use uniform strategies (i.e., ones that assign same choices in indistinguishable
states). The syntax of ATL} is the same as that of ATL. The semantics of
ATL} is defined over ICGS (cf. Definition 2.27), i.e. CGS extended with epis-
temic relations that represent indistinguishability of states for agents. Again,
details of the semantics and more thorough presentation can be found in Ap-
pendix A.3. The following proposition summarises the complexity results from
Appendix B.3.

Theorem 10.15. Model checking ATL;; is AL -complete with respect to the
number of transitions in the model and the length of the formula.

The complete proof is given on page 307 and Section B.3.

Remark 10.16. We have thus proven that checking strategic abilities when
all players are required to play uniformly is AY-complete. We believe it is
an interesting result with respect to verification of various kinds of agents’
abilities under incomplete information. We note that the result from [Koller
and Megiddo, 1992] for extensive games with incomplete information can be
seen as a specific case of our result, at least in the class of games with binary
payoffs.
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Now we show how ATL;; model checking can be reduced to model checking
ATLP"¢ We are given an ICGS 9, a state ¢ in 91, and an ATL; formula
. Let X be the set of all uniform strategy profiles in 9. We take CGSP
M’ as M (without epistemic relations) extended with plausibility mapping [-]
such that [w]? = X*. Then, we would like to have that 9, ¢ IZATL-“ {(A)e
if, and only if, M, ¢ 'ZATLP (set-pl w)Pl {(A)) ¢ which would comll)rlete the
reduction. Unfortunately, in general this is not the case as ATL] requires a
winning strategy that is successful in all states indistinguishable from the
current one (cf. Section A.3). However, we can show the following result.

Theorem 10.17. Let 9 be a ICGS, g a state in M that is only indistin-
guishable from itself, and (A)~ be an ATLY formula such that vy is flat (i.e.
does mot contain any more cooperation modalities). Let X% be the set of all
uniform strategy profiles in 9. We take CGSP I as M (without epistemic
relations) extended with plausibility mapping [-] such that [w]? = X*“. Then,
we have that

M, q Epqye (4D if and only if, M, q Fpq p (set-plw)PL{A)y.
Proof.

Mg Fprys (40

iff there is a uniform strategy s4 that that for each uniform
counterstrategy taga and A € out([q]a, (54, tagr\a) We
have that 90T, A 'ZATL{ﬁ v

iff there is a uniform strategy s4 that that for each uniform
counterstrategy tag 4 and X € out(q, (54,tagna) We
have that 99T, A |:ATL$5 y

iff there is a plausible strategy s4 € [w]? that that for every
A € outgn(q, 54, Agt) we have that I A ’:ATLP 0%

iff mt/a q ':ATLP (set—pl W)Pl <<A>>’7
where MM” equals M’ but the set of plausible strategy profiles in the model is
given by X", [ ]

Remark 10.18. We note in passing that, technically, the size of the resulting
model M is not entirely polynomial. 9 includes the plausibility set 7°, which
is exponential in the number of states in 9 (since it is equal to the the set
of all uniform strategy profiles in 90t). This is of course the case when we
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want to store 1" explicitly. However, checking if a strategy profile is uniform
can be done in time linear wrt the number of states in 9, so an implicit
representation of 7" (e.g., the checking procedure itself) requires only linear
space.

A closer analysis of the models which are obtained from the SNSAT,
reduction to ATL;, shows that the resulting ICGSS have a very specific struc-
ture.

Let Mgnsar, contain the models that are obtained by the construction
shown in Section B.3 for any SNSAT, instance. Then, we have the following
result.

Proposition 10.19. For each MM € Mgnsat, only literal states are connected
via indistinguishability relations.

Moreover, given an SNSATy instance with r = 1,...,p let M and D,
r=1,...,p be the model and formulae constructed according to Section B.3
and Proposition B.2, respectively. Then, formulae @, are only evaluated in
states q where q is the only state indistinguishable from q.

Proof. The first point is immediate from the construction. The latter result
is proven by induction on r.
Let r = 1. According to Definition we have that

2 = IXIVXPEXT . QX Lo (XY, ..., X)),

The quantifiers do not affect the structure of the ICGS. If ¢; = [ for some
literal [ the claim is trivially true. For all other cases the formula @, is eval-
uated in the initial state which represents the outermost (wrt infix notation)
Boolean connective of the formula ¢;. Such states are only indistinguishable
to themselves by construction.

For r = p the outermost (i.e. the one on the left evaluated next) coop-
eration modality of @, is evaluated in the initial state; the claim follows as
for r = 1. Nested cooperation modalities are only evaluated in states labelled

neg and only states corresponding to —z; for some i = 1,...,p — 1 have such
labels. The result follows from the construction as these states are only indis-
tinguishable to themselves. |

Finally, we obtain the following theorem.

Theorem 10.20. Model checking L5555 » for well-behaved CGSPs is AE-
complete with respect to the number of transitions in the model and the length
of the formula.

Proof. Membership in AY follows from Proposition 10.4. For the hardness
we reduce SNSAT, (resp. ATL{ over the restricted class of models discussed
above) to ATLP by means of Proposition 10.19, Theorem 10.17 and Theo-
rem 10.15. In particular, we get the following reduction by Proposition B.2:
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zp it M, ¢ 'ZATL?‘ P, iff M, g ):ATLP (set-pl w)P1®,
where 9 is the CGSP defined as M, (without epistemic relations) in which
the set of plausible strategies is given by all uniform strategies in 91,,. [ |

For the special case when only the proponents have to follow plausible
strategies, a reduction from model checking ATL; (instead of ATL}) is suffi-
cient. Since model checking ATL;, is A¥-complete [Schobbens, 2004; Jamroga
and Dix, 2008], we get the following result.

Corollary 10.21. Let £ the subset of L%%5¢, in which each cooperation
modality (A)) occurs in the scope of Pl g with B C A. Then, model checking
L in the class of well-behaved CGSPs is A -complete.

Proof. The inclusion in AY has been already shown in Section 10.1.1.
We prove the lower bound by a reduction of model checking Schobbens’
ATL; [Schobbens, 2004] (cf. Theorem 5.8) to model checking of our sublan-
guage L. More precisely, we consider ATL;, over a restricted class of models:
The class which is obtained by encoding SNSAT; as ICGSs. Technically, the
reduction is similar to the one given in Section B.3. We obtain an analogous
result of Proposition 10.19. Also a similar theorem to Theorem 10.17 holds
we only have to use Pl instead of Pl (i.e. only the verifier is forced to use
uniform strategies). This gives us a reduction of SNSAT; to model checking
L following the same reasoning as in the proof of Theorem 10.20:

zp iff My, gf @, iff M, g set-pl w)P1,P,,.

’:ATL{: ):ATLP (

Pure CGS and Special Classes of Models.

In order to show lower bounds for model checking £5%% ., for pure concurrent

game structures, well-behaved bounded models, and rectangular models, we
observe that ATL is a subset of £%%¢ , even if the latter does not use plausi-
bility terms at all-and model checking ATL is P-complete [Alur et al., 2002].
Thus, we conclude with the following thanks to Proposition 10.11.

Theorem 10.22. Let ¢ € N be a constant. Model checking LY%5 » with respect
to well-behaved bounded models ¢, rectangular models MM, and pure CGSs
is P-complete.

10.1.3 ATLPATU

Here, we show that model checking ATLPATH is also AFP-complete. Note
that the only primitive terms occurring in £4%FL-formulae are used to simu-
late strategic terms of ATLI (which denote individual strategies of particular

agents).



10.1 Rational Play under Perfect Information: ATLP 233
Upper Bound

The algorithm in Figure 10.6 uses abstract plausibility terms but it can also be
used for £, -based plausibility terms presented in Section 6.2.1. In [Jam-
roga et al., 2005] it was shown that the model checking problem for ATLI
is polynomial with respect to the number of transitions and length of the
formula. Thus, we get another immediate corollary of Proposition 10.4.

Proposition 10.23. Model checking L4TEL in well-behaved CGSPS is in AY
with respect to the number of transitions in the model and the length of the
formula.

In Section 6.2.2 we have used L} ;, p formulae to characterise game the-
oretic solution concepts. For this purpose it was not necessary to have hard-
wired plausibility terms in the language. Indeed, the absence of such terms
positively influences the model checking complexity of higher levels of ATLP.

Hardness and Completeness

As in Section 10.1.2, we show the lower bound by a reduction from model
checking ATL;;. That is, we demonstrate how uniformity of strategy profiles
can be characterised by L ,,;-formulae for a relevant class of concurrent
game structures. The actual reduction is quite technical and can be found in
Appendix B.4.3. The following result is an immediate consequence of Propo-
sition B.6, presented in Appendix B.4.3.

Theorem 10.24. Model checking ATLPATY in well-behaved CGSPs is A¥ -
complete with respect to the number of transitions in the model and the length
of the formula.

Moreover, if plausibility restrictions apply only to proponents, then the
complexity improves (the proof is done analogously to Corollary 10.21).

Theorem 10.25. Let L the subset of Eﬁ%ﬁlp in which every cooperation
modality ((A)) occurs in the scope of Pl g with B C A. Then, model checking
L in the class of well-behaved rectangular CGSPs is AY -complete.

Proof. [sketch] We prove the lower bound (again) by a reduction of model
checking ATL;, to model checking £. The reduction is very similar to the one
shown in Appendix B.4.3 except that only the “verifier” decides upon the
values of the propositions (cf. [Jamroga and Dix, 2006]). [ |
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10.1.4 ATLP: Upper Bounds

In this section we present our results regarding the model checking complexity
of the full logic ATLP. The complexity depends on both the nesting level of
L 4 p-formulae and on the structure and alternations of strategic quantifiers.
Before we state our results we introduce some additional definitions needed
to classify such complex formulae.

Classifying L ,;; p-Formulae: Some Definitions

The complexity of model checking £ ,,; p-formulae does not only depend on
the actual nesting depth of plausibility terms but also on the structure of
strategic quantifiers used inside (set-pl -) and (refn-pl -) operators. The
latter structure is quite complex and cannot solely be described by the number
of quantifiers. Often, a specific position of quantifiers can be used to combine
two “guessing” phases, improving complexity.

Firstly, not the number of quantifiers is important but rather the num-
ber of alternations. We introduce function ALt : {3,V}* — {3,V}T which
modifies a word over {3,V} such that each quantifier following a quantifier
of the same type is removed; for example, ALT(IVVVIV) = IVIV. Moreover,
existential quantifiers at the beginning of a quantifier series can, under some
conditions, be ignored without changing the model checking complexity. If the
first quantifier is existential it follows the guess of the proponents (resp. oppo-
nents) strategy and both guesses can be combined. To take this into account,
we define function RALT : {3,V}* — Z that counts the number of relevant
alternations of quantifiers in a sequence:

RALR(G) = {n if Am@’) —Qi...Q, and @ #3;

n—1 ifALT(Q)=Q1...Q, and Q1 = J;
Function RALT characterises the “hardness” of the outermost level in a
given term. The next two functions take into account the recursive structure
of terms, due to possibly nested (set-pl :) or (refn-pl -) operators. First,
UO(p) returns the set of all the update operations (set-pl w) and (refn-pl w)
within formula . Second, ¢l takes a set of update operations and returns the
quantifier level in these operations as follows:

qi(S) =
maxses ql({s}) if |S] > 1,
qUO(¢")) if §={(0p 0.¢")},
RALT(Q1...Qn) + qdUO(¢')) if S={(0Op 0.Q107 ... Qnony¢’)},
0 if S=0or

(S ={(Op w)} with w € T(2U Var)),
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where (Op ) is either (set-pl ) or (refn-pl ).

Remark 10.26. The ¢l and RALT operators in [Bulling et al., 2009b] were
flawed and have been corrected.

The intuition behind ¢l is that it determines the maximal sum of relevant
alternations in each sequence of nested update operators (set-pl -), (refn-pl -).
Intuitively, the nested operators represent a tree. Given an LY, p-formula
we add arcs from the root of the tree to nodes representing update opera-
tors on the kth level. Then, from such a new node representing (set-pl w) or
(refn-pl w), we add arcs to nodes representing update operators inside w (i.e.,
on the k—1th level) and so on. Leaves of the tree consist of nodes representing
operators whose terms contain no further update operators. Now, each node
represented by e.g. (set-pl 0.Q101 ... Qnon¢’) is labeled by RALT(Q; ... Q).
Function ¢l returns the maximal sum of such numbers along all paths from
the root to some leaf.

Definition 10.27 (Level i formula). We say that ¢ is a level i formula iff
AUO()) = i.
Ezample 10.28. Consider the following £% 1, p-formula:
¢ = (set-pl 0.Vo1Joy3o3(set-pl 0.Vo; oy ToiVay'))PL(A) O p.
This formula is a level-5 formula. We have that
UO(p) = {(set-pl 0.Vo1To9303(set-pl 0.Vo|Toh3aiVa))p" )}

and ¢UO(p)) = RALT(VII) + UO(S)) = 2+ 3 = 5 where S =
{(set-pl 0.¥o|Io43otVoy) "} and qUO(S)) = RALT(VIIV)+ql(UO(¢")) =
34 0 where g(UO(")) =0 as ¢ is a L%, p-formula.

Upper Bounds

Plausibility terms are quite important for the base language E%‘ii p; it does
not make much sense to consider the logic without them. In fact, when £ .-
formulae are considered in the context of pure CGSSs, the whole logic degen-
erates to pure ATL. This observation does not apply to higher levels of ATLP
any more. Indeed, all characterisations of game theoretic solutions concepts
that we have presented are expressed as L} p-formulae without hard-wired
terms. Moreover — as we shall see — not using hard-wired terms yields an
improved model checking complexity.

Below we state the main results of this section. The intuition is the fol-
lowing. For each level i formula we have i quantifier alternations; in addition
to that, in each level there can be two more implicit quantifiers due to the
cooperation modalities (there is a plausible strategy of the proponents such
that for all plausible strategies of the opponents ...).
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Theorem 10.29 (Model checking £ ;; p in pure CGSs). Let ¢ be a level-
i formula of L 1, p(Agt, IT,0), k > 1,3 > 0. Moreover, let M be a CGS, and
q a state in M. Then, model checking M, q = ¢ can be done in time Aﬂ2k+1.

The complete proof is given on page 310.

Note, that the restriction to pure CGSs is essential because defining a
given set of strategies 7" might require checking whether a strategy is plausible
in the final nesting stage. In this case the advantage of not having hard-
wired plausibility terms would vanish and the complexity would increase. So,
if plausibility terms are available the last level of an £, p-formula cannot
be verified in polynomial time anymore (according to Corollary 10.14). The
complexity can increase as shown in the following result.

Theorem 10.30 (Model checking L% ;;p in well-behaved CGSPs). Let
¢ be a level-i formula of L%, p(Agt, IT, 2), M a well-behaved CGSP, and q

a state in M. Model checking M, q = ¢ can be done in Aﬁ-z(k+1)+1~

The complete proof is given on page 312.

Remark 10.31. As a consequence of Remark 10.26 we have corrected the pre-
vious two theorem stated in [Bulling et al., 2009b].

10.1.5 ATLP: Hardness and Completeness

As it turns out, model checking ATLP, and even each ATLP® for k > 1 is
in general PSPACE-complete. To show the lower bounds for ATLP* (with
arbitrary k& > 1) we show that ATLP! is PSPACE-hard, implying that all
logics LY, p (for k > 1) are PSPACE-hard too. That the general model
checking problem for ATLP formulae is in PSPACE follows directly from
the algorithm shown in Figure 10.6.

The hardness proof, similar to the one for ATLPATY. We use quantified sat-
isfiability (QSAT) to show PSPACE-completeness of model checking £ 1, »
and EATLP~

Given an instance ¢ of QSAT we construct an £}, » formula 6, and a
CGSP M., (both are constructible in polynomial space regarding the length
of ¢) such that ¢ is satisfiable if, and only if, M, g0 = 0,. In the following
we sketch the constructions which are based on the reduction of SNSAT5 to
model checking ATL;} proposed in Appendix B.3, and the translation of ATL;
to L ,pppare proposed in Appendix B.4.3.

Let ¢ = Ax1Vas ... Qnx, ¢ be an instance of QSAT. Firstly, we sketch the
construction of the ICGS 93?:0 which will then be transformed into a CGSP
M,,. In comparison to the construction in Appendix B.3, we consider n agents
one for each quantifier (in fact, we consider max{2, n} agents; however, for the
rest of this section we assume that n > 2). The agent belonging to quantifier
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Fig. 10.3. Construction of the intermediate model M, for ¢ = Jz1VroIzs((z1 A
.132) vV ‘\1'3) N (ﬁml Vv :L’3).

1 is named a;. Except for the proposition states the procedure is completely
analogous to the construction given in Appendix B.3 where agent ay acts
as refuter and ay as verifier. (Alternatively, two additional agents could be
added.) The procedure at the proposition states changes as follows: In such
a state, say ¢, referring to a literal [, say | = z;, agent a; can decide on the
value of z;. Note again that the agent is required to make the same choice
in indistinguishable states. In Figure 10.3 the construction is shown for the
formula ¢ = Jz1Vro3zs((x1 Aza)V—23) A(—21 Vas). Finally, the model M, is
obtained from zm;, by following the same steps as described in Appendix B.3.
Secondly, we construct formula 0, from ¢ as follows:

0, = (set-pl 01.Yoo3dos ... Qnonx)PL{(Agt) O T

where

=
Il

/\ uniformarp(:) | A (set-pl (o1[1],...,0,[n]))PL{D) Oyes.

i=1,...,n

Next, we will give the intuition behind 6,. Firstly, it is easy to see that
Pl {{Agt) O T is true whenever the set of plausible strategy profiles is not
empty. Hence, the actual set of strategies described by the preceding (set-pl -)
operator is not particularly important, rather if some strategy is plausible or
not.

Secondly, note that (set-pl (o1[1],...,on[n])) in x describes a single strat-
egy profile and that all individual strategies can be considered independently
(the set is rectangular, cf. Definition 10.10 and Lemma 10.12). Furthermore,
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an individual strategy is mainly used to assign T or L to propositional vari-
ables in the proposition states. (Except for agents a; and as which also take on
the refuter and verifier role; they can also perform actions in non-proposition
states.) Hence, a given strategy profile can be seen as a valuation of the propo-
sitional variables.

Thirdly, we analyse x with respect to a given profile o := (01[1],..., 0, [n])
taking into account the previous points. By formula uniformpy p(o;) it is en-
sured that agent ¢ assigns the same valuation to propositions in indistinguish-
able states. Now, x is true if the “winning state” ¢t is reached by following
the strategy described by o (it describes a unique path in the model). In other
words, x is true if, and only if, the valuation described kﬁisatisﬁes ©.

Finally, due to the previous observations, if [o1.Voy3os ... Qnonx] is non-
empty it can be interpreted as follows: There is a valuation of x; such that
for all valuations of x5 there is a valuation of x3, and so forth such that ¢ is
satisfied.

The following proposition states that the construction is correct.

Proposition 10.32. Let ¢ be a QSAT instance. Then it holds that o is sat-
isfiable if, and only if, M,,q0 = 0, where M, and 0, are effectively con-
structible from ¢ in polynomial time with respect to the length of the formula

®.
The complete proof is given on page 312. We get the following theorem.

Theorem 10.33 (L ;; p is PSPACE-complete). The model checking prob-
lems for ATLP and for ATLP* (for each k > 1) are PSPACE-complete.

Proof. Easiness is immediate since the model checking algorithm presented in
Figure 10.6 can be executed in polynomial space with respect to the input (cf.
Theorem 10.29 and Proposition 10.7). Hardness is shown by the polynomial
space reduction from QSAT (Proposition 10.32). ]

Finally, we turn to classes in which the number of alternations is restricted
by a fixed upper bound, and we conjecture that the model checking problem
for i-level formulae of £%,; 5 is in fact complete in its complexity classes
determined in Theorems 10.29 and 10.30.

Conjecture 10.3/4. Let ¢ be a level-i formula of LY, p(Agt, IT,0), k > 1,4 >
0. Moreover, let 9t be a CGS, and g a state in 9. Then, model checking
M, q = pis A§2k+1—complete.

Conjecture 10.35. Let ¢ be a level-i formula of £, p(Agt,IT,2), M a
well-behaved CGSP, and ¢ a state in 9. Model checking 9M,q E ¢ is

P
Ai+2(k+1)+1-complete.
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0 1 2 . 7 ... [unbounded
chasie, | P - - - - . -
Lorp| P - - . - . -
Lhirmp| A% | AY | AF |...| Af3; |...|PSPACE
Limp| AF | AE | AF |...| Afs |...|PSPACE

k
Larir | AR, |AB 5| AR 4. |AF 4 1. .. | PSPACE

P> k+1

Fig. 10.4. Summary of the model checking results for pure concurrent game struc-
tures (i.e., without hard-wired plausibility terms). All P, AY . and PSPACE results
are completeness results.

10.1.6 Summary of these results

Throughout Section 10.1, we have analysed the model checking complexity
of ATLP. The base language was shown to lie in A¥ with both abstract and
L 4. -based plausibility terms. We also proved that model checking both log-
ics is complete regarding this class. The complexity of model checking ATLP*
was shown to depend on three factors:

1. The nesting level k of plausibility terms;
2. the quantifier level; and
3. whether abstract plausibility terms were present or not.

The quantifier level is influenced by the number of alternations and with
which quantifiers — existential or universal — sequences start and end. In gen-
eral, an i-level £¥ ., -formula without plausibility terms was shown to be
in

P
A2kt

where its counterpart with hard-wired terms was marginally more difficult to
check:
P
A 2(ct1)41-

The results for formulae without (resp. with) primitive plausibility terms are
summarised in Figure 10.4 (resp. Figure 10.5).

Note that all our game theoretic characterisations could already be ex-
pressed by LY, p-formulae without hard-wired terms.
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0 1 2 o 7 ... [unbounded
Lhasic, | AY - - | - -
Lorp | AF - - - -
Lhmp| A | AF | AF |... Af s |...|PSPACE
Limp | AF | A | AF |... AP, |...|PSPACE
fflfLP AD 5| AR a|ABs| o |[AF buci1)sa |- - | PSPACE

Fig. 10.5. Summary of the model checking results in well-behaved CGSPs. All AY
and PSPACE results are completeness results.

10.2 Abilities of Rational Coalition: CoalATL

In this section we present an algorithm for model checking CoalATL.

10.2.1 Easiness

For CoalATL we also have to treat the new coalitional modalities in addition
to the normal ATL constructs. Let us consider the formula (A)y). According to
the semantics of (A, given in Definition 6.50, we must check whether there is
a coalition B such that (i) if A # 0 then ANB # (), (ii) B is acceptable by the
argumentation semantics, and (iii) {(B))%. The number of possible candidate
coalitions B which satisfy (i) and (ii) is bounded by |P(Agt)|. Thus, in the
worst case there might be exponentially many calls to a procedure checking
whether ((B))1. Another source of complexity is the time needed to compute
the argumentation semantics.

Both considerations together suggest that the model checking complexity
has two computationally hard parts: exponentially many calls to (B))t) and
the computation of the argumentation semantics. Indeed, Theorem 10.37 will
support this intuition. However, we show that it is possible to “combine” both
computationally hard parts to obtain an algorithm which is in AY = PNP,
if the computational complexity to determine whether a given coalition is
acceptable is in NP.

For the rest of this section, we will denote by VER sem (CF, A) the verifica-
tion problem (cf. [Dunne and Caminada, 2008]) which represents the problem
whether for a given argumentation semantics sem, a coalitional framework
CF, and coalition A C Agt we have that A € sem(CF). Given some complex-
ity class C, we use the notation “VER:.m € C” to state that the verification
problem with respect to the semantics sem is in C.
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function mcheck(IM, q, p);
Given a CGM M = (Agt, Q, I, 7, Act,d, 0,(, sem), a state ¢ € Q, and ¢ € LIATL](Agt, IT) the
algorithm returns T if, and only if, M, ¢ Fsem ©-

case @ contains no (B): if g € mcheckar (M, p) return T else L
case ¢ contains some (B):
case ¢ = —p: return —(9M, q, V)
case p = 1 V1': return mcheck(IM, q,v) V mcheck(IM, q, ")
case ¢ = ((A)T+: Label all states ¢’ where mcheck(9M, ¢',) == T with a new
proposition yes and return mcheck(M, g, {(A) Tyes); T stands for O or O.
case p = ((A)vU': Label all states ¢ where mcheck(9M, q', 1) == T with a
new proposition yesi, all states ¢’ where mcheck(9M, q’,v') == T with a
new proposition yes, and return mcheck(9M, g, {A)yesildyes,)
case ¢ = (A)T%, 1 contains some (C|): Label all  states ¢ where
mcheck(M,q’,y) == T with a new proposition yes and return
mcheck(IM, q, {A)Tyes); T stands for O or O.
case ¢ = (A)YUY’, ¢ or ¢’ contain some (C)): Label all states ¢ where
mcheck(M,q',v) == T with a new proposition yes;, all states ¢
where mcheck(IM,q’,v’') == T with a new proposition yes; and return
mcheck(IM, q, (Al yesillyes;)
case ¢ = (A)vy and ¢ contains no (C|): Non-deterministically choose B €
P(Agt)
if
(1) B € (sem(¢(A)(q))),
(2) if A# 0 then AN B # 0, and (%)
(3) g € meheckar (O, (B))
then return T else L

function mcheckarr (M, ¢);
Given a CGS M = (Agt, Q,II, w, Act,d,o) and ¢ € Larr(Agt,IT), the standard ATL model
checking algorithm (cf. [Alur et al., 2002]) returns all states ¢ with 9, ¢ |=atL .

m return {g € Q | M, q E=atL ¢}

Fig. 10.6. A model checking algorithm for CoalATL.

In [Bulling et al., 2008] it is stated that VERsem € P for all semantics
introduced in Definition 4.50. Unfortunately, this result is incorrect for the
preferred semantics. There is a flaw in the way maximal sets of coalitions
are treated. Actually, from [Dung, 1995] it follows that VERsem € P for
sem € {seMadmissible; 5¢Mgrounded; 5¢Mstable } and in [Dimopoulos and Torres,
1996] it was shown that VERsem,,crermea € CONP-complete. In the following
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proposition, we summarise these results and also treat the complete semantics.
For an overview we refer to [Dunne and Caminada, 2008].

Proposition 10.36 ([Dung, 1995; Dimopoulos and Torres, 1996]). We
have that VERem € P for all semantics sem € {seMyamissibies 5¢Mgrounded;
SeMtable, SeMeomplete} ANA VER sem,yopernes € CONP-complete.

Proof. It remains to show the case for VERsem omprere - [NOte that computing
Fer(6) for a given & can be done in polynomial time. Therefore, to check
whether a set of coalitions & is complete, we can check that it is admissible
and that all elements of F¢ (&) are already contained in &. Both checks can
be done in polynomial time. Thus VER, eP. |

eMcomplete

In Figure 10.6 we propose a model checking algorithm for CoalATL. The
complexity result given in the next theorem is modulo the complexity needed
to solve the verification problem VER em-

Theorem 10.37 (Model checking CoalATL). Let a CGM
M = (Agt, Q, I, m, Act, d, 0,(, sem)

be given, ¢ € Q, ¢ € Leoyuars(Agt, II), and VERsem € C. Model checking
CoalATL with respect to the argumentation semantics sem* is in PNP©,

Proof. The algorithm mcheckar, is P-complete [Alur et al., 2002]. The num-
ber of modalities { - ) is bounded by |¢|. Thus, the last case can only be
performed a polynomial number of times (wrt. the length of ¢). The com-
plexity of the last case is as follows. Firstly, B is guessed and then verified.
The verification is performed by an oracle call (with complexity C) to check
whether B € sem(¢(A)(q)) and two additional steps which can be performed
by a deterministic Turing machine in polynomial time. ]

The last theorem gives an upper bound for model checking CoalATL with
respect to an arbitrary but fixed semantics sem. A finer grained classification of
the computational complexity of VERsem allows to improve the upper bound
given in Theorem 10.37. Assume that VERsem € NP; then, a witness can
be non-deterministically guessed together with the coalition B € P(Agt) and
then, it is checked whether B satisfies the three conditions (1-3) in (). Each
of the three cases can be done in deterministic polynomial time. Hence, the
verification of M, ¢ = (A1, in the last case, meets the “guess and verify”
principle which is characteristic for problems in NP. This brings the overall
complexity of the algorithm to AE.

4 That is, whether M, ¢ Fsem .
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Corollary 10.38 ([Bulling et al., 2008]). If VERsem € NP then model
checking CoalATL is in AY with respect to sem.

Proof. Since VERgem is in NP there is a deterministic Turing machine 9t
that runs in polynomial time p(n) (where n is the length of the input (4,CF))
that accepts ((4,CF),w) for some witness w of length less or equal p(n) iff
A € sem(CF) (otherwise it does not accept ((A4,CF),w) for all witnesses w
with |w| < p(n)). Now, in the model checking algorithm, we extend the non-
deterministic guess of the coalition B in () by also guessing a witness w for the
input of machine 9. This can be implemented by a single non-deterministic
machine (e.g., using the deterministic machine 9 as oracle or implementing
it directly). Then, the whole algorithm is in PNP” — pNP _ AP, [ |

In the line with Proposition 10.36 we modify the result from [Bulling et al.,
2008] as follows.

Corollary 10.39. Model checking CoalATL is in AY for semagmissivic,
S5eMeomplete and S5eMgiable-

The following result is immediate as VER. is coNP-complete.

SeMpreferred

Corollary 10.40. Model checking CoalATL is in Ag for seMmpreferred-

As the next proposition shows, the model checking algorithm can also be
improved in the cases that only polynomially many coalitions are acceptable
wrt the semantics and that all these coalitions can be computed in polynomial
time.

Proposition 10.41. Model checking CoalATL is P-complete for semantics
sem that only accept polynomially many coalitions and for which it is possible
to enumerate all theses coalitions in polynomial time with respect to the size
of the model and the length of the formula.

Proof. For a formula (A)~vy we verify whether (B))~ for all the polynomially
many coalitions B acceptable by sem. Completeness follows from the com-
pleteness of model checking pure ATL [Alur et al., 2002]. [ ]

Since the grounded semantics is characterised by the smallest fixed point
there only is a unique coalition. Moreover, the fixed point can be calculated
on polynomial time. So, the following result is immediate.

Corollary 10.42. Model checking CoalATL is P-complete for semgrounded
(and thus also for sem.s) .
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10.2.2 Definitions and NP /coNP-hardness

In the next section we show that model checking CoalATL is AF-hard even
for the very simple argumentation semantics that can essentially characterise
all truth assignments of Boolean formulae. In this section, we firstly show that
the model checking problem is NP-hard and coNP-hard by reducing SAT
[Papadimitriou, 1994] (satisfiability of Boolean formulae (in positive normal
form)) to model checking CoalATL and introduce the basic definitions needed
for the AF-hardness proof presented in the following section.

Let ¢ = p(X) be a Boolean formula in positive normal form® over the
Boolean variables X := {x1,...,x,}. A truth assignment of a Boolean formula
©(X) is a mapping X — {0, 1}. We identify a truth assignment with the set
X' C X of variables that are assigned 1 (true). We define a necessary condition
on the expressiveness of argumentation semantics which forces the problem
to become complete.

Definition 10.43 (Reduction-suitable semantics, sem-witness). Let X3
and X5 be two non-empty and disjoint sets of the same size and f : X1 — Xo
a bijective mapping between these sets and let x be an element not in X1 U X5.
Moreover, let X1 U Xo U{z} CY for some setY.

We call a semantics sem over Y reduction-suitable if for any sets X1, Xa,
{z} satisfying the properties given above there is a coalitional framework whose
size is polynomial in 'Y such that E € sem(CF) iff (1) E = X U {z}, (2)
XCXiUXo and (3)Ve e X1UXy (x € X iff f(x) € X).

Moreover, we call a coalitional framework that witnesses that a semantics
is reduction-suitable a sem-witness coalitional framework.

A reduction-suitable semantics allows to describe all truth assignments of
a formula in a compact way. The intuition is that X; and X5 represent the
variables and their negations, respectively. The set X with XU{z} € sem(CF)
encodes a truth assignment; i.e. the literals assigned 1. The variable x is a
technicality needed in the reduction. In the following proposition we make
the observation that reduction-suitable semantics allow to represent exactly
all truth assignments.

Proposition 10.44. Let ¢ = ¢(X) be a Boolean formula and let X = {z |
x € X} and let sem be a reduction-suitable semantics over Y where X U X U
{z} CY and x ¢ X. Then, there is a coalitional framework CF such that
for each T € sem(CF), T N X is a truth assignment of ¢ and for each truth
assignment T of ¢ there is a Z € sem(CF) such that ZNX =T.

5 That is, negation symbols do only occur at variables. Note that the positive
normal form can be established in polynomial time.
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Proof. Let CF be a sem-witness. Firstly, let T' € sem(CF), clearly TN X does
only contain elements of X and thus is a truth assignment. Now let, T" be a
truth assignment of ¢. We show that Z U {z} € sem(CF) with Z := T U X',
X':={z |z ¢ T} and (ZU{z})N X = T. Clearly, we have that Z C X U X
and also that (z € Z iff # ¢ Z) for all Vo € X U X. This shows that both
conditions of reduction-suitable semantics are satisfied. ]

In the following we introduce some notation to refer to subformulae of a
formula and to the outermost logical Boolean connector V or A.

Definition 10.45 (Notation for subformulae of ¢, relevance). Let ¢ be
a Boolean formula in positive normalform. We define lc(¢) as the outermost
logical connector in ; that is,

N if o =11 A,
le(p) =<V if o =11 Vg,
€ if p is a literal.

Moreover, we define ls(p) (resp. rs(p)) as the subformula on the left hand side
(resp. right hand side) of lc(p) provided that lc(p) # €. In the case of lc(p) =
e we set ls(p) = rs(p) = . Note that we have that ¢ = ls(¢)lc(p)rs(v)
whenever lc(p) # €.

Now, we can assign a string over {1,2} to refer to a subformula of ¢, where
1 (resp. 2) stands for the left (resp. right) subformula wrt to the outermost
logical connector. Formally, we define a function x¥ from {1,2}TU{0} into the
subformulae of ¢ as follows (we write x%, for x?(w) where w € {1,2}TU{0}):

2 if w =0,
ifw=1,
NG = rsle)  ifw=2,
Is(x2) ifw=xl,ze€{1,2}",
rs(x¢) ifw=2x2, v € {1,2}".

—
&
—~
AS)
<

Finally, we call a string w € {1,2}* relevant for ¢ iff le(x?) # € for z €
{1,2}* and w = zi with i € {1,2}; or if w = 0. We will also just write X, if
the formula @ is clear from context.

Given the formula ¢ = ((z1 Az2) V —z3) A (-21 Va3), for instance, we have
that x§ = 21 V x3, X715 = 22, and x5, = 21,

We proceed with our reduction. Inspired by [Bulling et al., 2009b; Jamroga
and Dix, 2008] we construct a CGM corresponding to ¢(X) which essentially
corresponds to the parse tree of p(X) and implements the game semantics of
Boolean formulae (cf. [Hintikka and Sandu, 1997]).
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That is, we construct the CGM M (y) corresponding to ¢(X) with 2+2|X|
players: verifier v, refuter r, and agents a; and a; for each variable z; €
X. The CGM is turn-based, that is, every state is “governed” by a single
player who determines the next transition. Each subformula x;,. ; of ¢ has
a corresponding state g;,. ;, in M(yp) for ix, € {1,2}, and yo the state gg. If
the outermost logical connective of ¢ is A, i.e. le(p) = A, the refuter decides
at go which subformula y; of ¢ is to be satisfied (i.e. whether x; or x2), by
proceeding to the “subformula” state g; corresponding to y;. If the outermost
connective is V, the verifier decides which subformula x; of ¢ will be attempted
at gg. This procedure is repeated until all subformulae are single literals. In
the following we refer to the states corresponding to literals as literal states.

The difference from the construction from [Jamroga and Dix, 2008] is that
formulae are in positive normal form (rather than CNF) and from [Jamroga
and Dix, 2008; Bulling et al., 2009b] in the way in which literal states are
treated: Literal states are governed by agents a; or a;. The values of the
underlying propositional variables =,y are declared at the literal states, and
the outcome is computed. That is, if a; executes T for a positive literal, i.e.
Xiy...iiy = Tj, at @i,..4;, then the system proceeds to the “winning” state gT;
otherwise, the system goes to the “sink” state g, . Analogously, if a; executes
1 for a negative literal, i.e. x;,...;, = %, at g;,...;,, then the system proceeds
to the “winning” state ¢1; otherwise, the system goes to the “sink” state ¢ .

Finally, the idea is to use sem-witness coalitional frameworks (for some
reduction-suitable semantics) to represent all valuations of ¢(X) such that
there is a “successful coalition” among these coalitions (representing the val-
uations of ) iff (X)) is satisfiable. An example of the construction is shown
in Figure 10.7. Formally, the model is defined as follows.

Definition 10.46 (M(p)). Let o(X) be given. The model
m(w) = <Agt7 Q7 H7 Tr’ ACt7 d7 07 C’ §em>

is defined as follows:

Agt = {V,I‘} U {ai,di | x; € X}

Q = {0,471} Udgu | w € {1,2}+ relevant for o}

IT := {sat}

m(gr) = {sat}

Act :={1,2,T, 1}

de(gw) = {1,2} for each w relevant for ¢ with le(x%) = A; dv(gw) = {1,2}
for each w relevant for ¢ with le(x%) = V; da,(qw) = {T, L} for each w
relevant for ¢ with x¢ = x;; da,(qw) = {T, L} for each w relevant for ¢
with x§, = —x;; dz(¢) = {T} for g € {q,q1.} and x € Agt.

e We note that the model is turn-based (except for the states gt and q, );
that is, in each state only one agent can execute actions. Hence, transitions
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Fig. 10.7. The construction of M(p) for ¢ = ((x1 A z2) V —x3) A (—21 V 23).
Transitions labeled with an agent indicate that this agent can force the transition
disregarding the behaviour of the other agents.

do only depend on single actions and not on action profiles: o(qo)(1) = q1,
0(90)(2) = q2, 0(qu)(1) = qu1 if wl is relevant for ¢, 0(qw)(2) = qu2 if
w2 is relevant for ¢; o(qw)(T) = q1 (resp. o(qw)(L) = q1) if x¥ € X;
0(qw)(T) = qu (resp. o(qw)(L) = q7) if 7x% € X (we identify x with
——z); and o(q)(T) = q for g € {qT,q.}.

e sem is a reduction-suitable semantics over Agt. Finally, we set ((A)(q) =
CF where CF is some sem-witness coalitional framework for the sets X :=
{a; | z; € X}, Xo :={a; | z; € X}, and x := {v} for all A C Agt and
g€ Q.

We define a v-choice of M(p) as “the graph” that occurs if from states
controlled by the verifier v all transitions but one are removed (i.e. at each
state controlled by the verifier it does only have one action to execute). In
other words, we fix a strategy of v. The following lemma is essential for our
reduction.

Lemma 10.47. Let p(X) be a Boolean formula in positive normal form.
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(a) If T is a satisfying truth assignment of p, then there is a v-choice of M(p)
such that for the set L of all literal states reachable from qq it holds that
{r e X |qy€Landxy =2} CT and {z € X | qu € L and xu =
—x}NT = 0.

(b) If there is a v-choice of M(p) such that for the set L of all literal states
reachable from qo we have that for any qu,q, € L the formula x4 A Xv 18
satisfiable (i.e. there are no complementary literals) then the set {x € X |
Gw € L and x = 2} is a satisfying truth assignment of ¢.

The complete proof is given on page 316.

Similar to [Bulling et al., 2009b; Jamroga and Dix, 2008], we have the
following result which shows that the construction above is a polynomial time
reduction of SAT to model checking CoalATL.

Proposition 10.48. The model M(p) is constructible in polynomial-time wrt
the size of ¢ and we have that

©(X) is satisfiable if, and only if, M(p), g0 E (v Osat.

The complete proof is given on page 318.
The following result is obvious, we can reduce SAT and UNSAT to model
checking M (), g0 E (v)Osat and M (), g0 E —(v])sat, respectively.

Theorem 10.49. Model checking CoalATL is NP-hard and coNP-hard for
any reduction-suitable semantics.

10.2.3 Ag-hardness

Finally, we show our main result, the A¥-hardness of model checking Coal ATL
for reduction-suitable semantics. We do so by reducing SNSAT, a typical
AP -complete problem stated in Definition 4.15.

For this section, we also use the following notation for an SNSAT;-
instance:

2" =3V, (o (2, 27 X))

where Y, C X". The notation is understood as follows: There is a truth
assignment assigning 1 (resp. 0) to the variables in Y;. (resp. X"\Y,.) such that
©p (21, ..., 2771 X7 is true under this assignment. We use I = (¢1(X1),...,
©p(XP)) or just I = (p1,...,9p) to denote an instance of SNSAT; and set
Z = {2t ..., 2"}

We often need to analyse a solution of an SNSAT;-instance. In the fol-
lowing we show how a solution can formally be stated.

Definition 10.50 (Witness and solution of an SNSAT;-instance). Let
I=(p1,...,pp) be an SNSAT-instance. A tuple (T, ...,T},) is an I-witness
if it satisfies the following properties:
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T, C{z%,..., 2" U X¥;

If p; is satisfiable under the partial assignment {27 € T; | j < i} then
T; is a satisfying truth assignment of ¢; and 2* € Ty; else 2* ¢ Ty and
3. 2" € T; implies z* € Tj for all j > i,

1.
2.

An I-witness T' is a solution of I iff 2P € T},.

In the next proposition we state some properties about solutions and wit-
nesses.

Proposition 10.51. Let I = (¢1,...,¢p) be an SNSAT; instance and let
T = (Tu,...,T,) be an I-witness.

(a) Let T" = (T7,...,T,) be another I-witness; then, T, N Z = T; N Z for
alli = 1,...,p. (That is, among all witnesses the values for the z*’s are
uniquely determined.)

(b) If I' = (¢1,...,pi) with i < p has a solution, then T = (T1,...,T;) is a
solution of I'.

(c)Let I' = (p1,...,9p, Pp+1) be such that I' has no solution; then, T' =
(Th,...,Tp,{z € T,}) is an I'-witness.

Proof.

(a) Suppose that ¢ is the minimal index for which both sets T; N Z and T/ N Z
differ; that is, wlog, z; € T; and z; ¢ T}. This is a contradiction to property
(2) of the definition of a witness; as the satisfiability of ; under 21, ... 2,1

is uniquely determined.
(b) Follows from (a).
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(c) We show that R := {z € T}, } satisfies the conditions (1-3) in the Definition
of a witness. Clearly, R C {z!,...,2PT1}. Since I’ has no solution, there is
no way to make z,1 true. Clearly, 2,11 € R and RN XP*! = (). Finally,
condition (3) is satisfied by definition of R.

|

Our reduction of SNSAT; is a modification of the reduction of SNSAT,
presented in [Bulling et al., 2009b; Jamroga and Dix, 2008] and extends
the NP /coNP-hardness construction of the previous section. Consider an
SNSAT; instance I = (¢1,...,¢p). Essentially, we construct models 9(p,)
for r = 1,...,p as shown above but we label each state of MM(p,) and each
agent name by an additional superindex r (that is, states are denoted by ¢,
and agents by af and a}). The main difference is how the literal states corre-
sponding to literals z; and —z; are treated. We connect such states of model
M(p,) with r > 1 with the initial state ¢~ of model M(p,_;). Addition-
ally, states referring to negated variables z; are labeled with a proposition
neg. Finally, the full model 9M(I) wrt an SNSAT; instance I is given by the
combination of these model as just explained. In particular, the set of agents
is given by {v,r} U {al,a] | 2] € U§=1 X7}. An example of the construction
is shown in Figure 10.8. Given the model M (1) we use M(p;) to refer the
restriction of M (I) to the states with superindex i. In Figure 10.8 the two
submodels M(p1) and M(p2) are framed.

The formulae used in this reduction are more sophisticated as they have
to account for the nested structure of an SNSAT instance. We define

@OET

and
r = (v (-negl(sat V (neg A (0) O —~¢r-1))
forr=1,...,p.
Before we come to the theorem proving the reduction we state a funda-
mental lemma which can be seen as a counterpart of Lemma 10.47.

Lemma 10.52. Let I = (¢1,...,¢9,) be an SNSAT; instance.

(a)Let T = (Th,...,T,) be a solution for I. For allrT =1,....p, if z, € T,
then there is a v-choice of M(p,) such that for the set L of all literal
states reachable from qf and which belong to M(p,) it holds that {z €
X"UZ|queLand xfr =2} CT, and{xr € X"UZ | qy € L and x¥r =
-z} NT,. =0.

(b) Let IP~Y = (@1, ..., 0p_1) and let TP~' = (TP~ ... ,T]f__ll) be an IP~1-
witness. Then, if there is a v-choice of M(p,) such that for the set L of
all literal states reachable from gl that belong to M(p,) we have that
(i) for any qu,qs € L the literals x%" and X347 are non-complementary;

and
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M(pa(21, X2)) M1 (X))

Fig. 10.8. The construction of M(I) for ¢1 = ((x1 A z2) V —x3) A (—z1 V x3) and
w2 = z1 A (—2z1 V x4). Transitions labeled with an agent indicate that this agent can
force the transition disregarding the behaviour of the other agents.

(ii) if @, € L with x37 = 2z; (resp. x4¥ = —z;) then z; € Ty (resp. z; € T;);
then, T = (Tffl, e ,T::ll, T,) is a solution for I where

T,={zeX" |quelandx,=2}U{z |2 TP i<plu{z}.

(c) M(I),qy E i if, and only if, M(I),q} = ;; and M(I), ¢b = —; if, and
only if, M(I), g} = —p; for all j > i.
The complete proof is given on page 319.
Similar to [Bulling et al., 2009b; Jamroga and Dix, 2008], we have the

following result which shows that the construction above is a polynomial-time
reduction of SNSAT; to model checking CoalATL.

Theorem 10.53. The size of M(I) and of the formulae @, is polynomially in
the size of the SNSAT; instance I = (p1,...,¢p) and we have the following:

There is a solution T = (Ty,...,T;) of I" = (p1,..., ) if, and only if,
M(I7), a5 = ¢
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1«—»Q7 cee Ap—pq

Fig. 10.9. Proof of Corollary 10.56.

forl>r andr <p.

The complete proof is given on page 320.
The reduction gives us the following hardness result.

Theorem 10.54. Model checking CoalATL is AY-hard for any reduction-
suitable semantics.

With Corollary 10.38 we obtain the following completeness result.

Theorem 10.55. Model checking CoalATL is AY -complete for any reduction-
suitable semantics sem with VERsem € NP.

Finally, we show completeness for the stable semantics.

Corollary 10.56. Model checking CoalATL is AY -complete for the semiqpie
semantics.

Proof. We have to show that the semantics is reduction-suitable; that is, we
have to construct a sem-witness over Agt.

Consider the coalitional framework shown in Figure 10.9. We show that
this is a witness for the reduction suitableness of the stable semantics. Let
X = {x1,...7,} and X = {Z1,...,7,} be given and f(z;) := ;. We show
that the conditions from Definition 10.43 are met.

“=7": Let E € semggaple. Clearly, r € F because {r} is not conflict-free.
Moreover, {v} € E; as {v} cannot be attacked by E. We also have that
E C X U X. Suppose there is an i such that {a;,a;} N E = (). Then, {a;,a;}
is not attacked by E. Contradiction. Now suppose that {a;,a;} C E. This is
a contradiction since {a;, a@;} is not conflict-free.

“<”: Suppose EU{v} satisfies condition (1), (2), and (3). Clearly, EU{v}
is conflict-free. Because for each i either a; or @; is in EU {v} every element
outside is attacked by some element from E U {v}.

|
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lTypes of Semantics [MC Complexity‘
VERsem €C pNP°
S¢Mpreferred Ay
reduction-suitable AF hard
VERsem € NP, reduction-suitable Ag-complete
SeMstable AF -complete
VERsem € NP A7
§5€Madmissible; 9€Mcomplete AE
polynomially many coalitions, polynomially enumerable sem|P-complete
5€Mgrounded P-complete

Fig. 10.10. Overview of the model checking results modulo the complexity of the
used argumentation semantics.

10.3 CSLP

In this section we discuss the model checking complexity of CSLP and CSLP!.
The model checking algorithm is derived from combining the results for CSL
and ATLP. We will just consider the case for CSLPP@¢ and CSLP!; all the
other cases that do not rely one the classical polynomial time algorithm of
ATL model checking are obtained similarly to the results for ATLP from
Section 10.1.

As before, in the following we use [ to refer to the length of ¢ and m to
denote the number of transitions in 9t. We only consider a restricted class of
models in which the check for plausibility of a strategy profile can be done in
polynomial time (wrt [ and m) by a non-deterministic Turing machine. In or-
der to conduct a sensible analysis such an assumption is necessary. To this end,
we adapt the important notion of well-behaved CGSP from Definition 10.2

Definition 10.57 (Well-behaved ICGSP). A ICGSP M is called well-
behaved if, and only if, (1) Yo = X: all the strategy profiles are plausible
in M; and (2) there is a non-deterministic Turing machine which determines

whether s € [[w]]% for every set Q' C Qum, strategy profile s € X, and plausi-
bility term w € £2 in polynomial time wrt the length of w and the number of
transitions in IN.

The results for ATLP are given in Section 10.1. We begin by reviewing the
existing results for CSL. The complexity results for CSLP follow in a natural
way. In [Jamroga and Agotnes, 2007] it was shown that CSL model checking
is AF-complete, the hard cases being formulae {A))Tp and {(A)p1Upa. The
formulae require the existence of a single uniform strategy which is successful
in all states of Q'. In the algorithm from [Jamroga and Agotnes, 2007], the
strategy is guessed by the oracle and then verified in polynomial time. Nested
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cooperation modalities are model-checked recursively (bottom-up) which puts
the algorithm indeed in AF.

We also recall from Section 10.1 that ATLP®3¢ model checking is AY =
PNP™ _complete. The algorithm for checking the hard cases ({(A)0p and
{(A) p1Udps) is similar: Firstly, a plausible strategy of A is guessed (first NP-
oracle call) and verified against all plausible strategies of the opponents (sec-
ond NP-oracle call, the “worst” response of the opponents is guessed). Note
that, as soon as the relevant strategy (or strategy profile) s is fixed, the re-
maining verification can be done in deterministic polynomial time: it is enough
to “trim” the model by deleting all transitions which cannot occur when the
agents follow s, and to model check a CTL formula in the trimmed model
(which can be done in polynomial time [Emerson, 1990][Clarke et al., 1986]).

For CSLP"2¢ we essentially use the ATLPP3¢ model checking algorithm
with an additional check for uniformity of strategies. This does not influence
the complexity. We obtain the following result (we refer to Section 10.1 and
to [Jamroga and Agotnes, 2007] for details).

Theorem 10.58. Model checking CSLP®3® in the class of well-behaved ICGSP
is A¥ -complete with respect to | and m.

Proof. [Sketch] The hardness follows from the fact that ATLPbP¢ is AY-
complete and can be embedded in CSLP (cf. Proposition 7.28). For the inclu-
sion in AY we sketch the algorithm for 9, Q' = (A)Tep: (1) Model-check
 recursively for each ¢ € Qon, and label the states for which 9, ¢ = ¢ with
a new proposition p; (2) Guess a “good” plausible uniform strategy sa; (3)
Guess a “bad” uniform plausible strategy profile ¢ such that t|4 = s4; and
(4) Return true if Q' C mcheckerL (O, A O p) and false otherwise, where 9V
is the trimmed model of 9 wrt profile ¢t. [ ]

In Section 7.3 we showed how CSLP! can be used to characterise incom-
plete information solution concepts. However, for this reason we had to use
the extended language of CSLP!. An obvious question arises: How much does
the complexity increase? The answer is quite appealing: The increase in com-
plexity depends on how much extra-expressiveness we actually use; and in any
case, we get some expressiveness for free! This can be shown analogously to
ATLP!. Similarly, the model checking complexity can be completely charac-
terised in the number of quantifier alternations used in the extended plausibil-
ity terms. If we have no quantifiers at all, the resulting sublanguage is no more
costly to verify than the base version. Note that the quantifier-free sublan-
guage of CSLP! is already sufficient to “plug in” important solution concepts
(e.g., Nash equilibria). For each additional quantifier alternation (starting with
a universal quantifier) the complexity is pushed one level up in the polynomial
hierarchy. The following result is shown analogously to Theorem 10.30. We
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use the same notation as in Section 10.1; in particular, the notion of level-i
formulae from Definition 10.27

Theorem 10.59. Let ¢ be an level-i formula of Ltg; p(Agt, IT,2), M be a
well-behaved ICGS, and Q' a set of states. Then, model checking M, Q' = ¢
can be done in time Ailjn,) with respect to I and m.

Remark 10.60.

(a) We would like to remark once more that all the other results from Sec-
tion 10.1 that do not rely one the classical polynomial time algorithm
of ATL model checking do also hold mutatis mutantis. But, the poly-
nomial time results over pure CGSs and rectangular CGSPS, given in
Section 10.1, do for example not hold for CSLP.

(b) In particular, we would like to note that the model checking algorithm
for LL¢; p(Agt, IT,0) over pure ICGS (i.e without hard-wired plausibility
terms) can also only be shown to be in Ailj_s. That is, Theorem 10.29
cannot be applied.

(¢) Due to the flaw in the calculation of the nesting level pointed out in Re-
mark 10.26 also the model checking result from [Bulling and Jamroga,
2009b] are affected. We can only prove the upper bound AE_S instead of

P
Aiys:

10.4 ATL with Probabilistic Success

In this section, we discuss the complexity of model checking the logics
pATL]\/[]wS and pATLBs.

We have presented two alternative semantics for the logic, underpinned by
two different ways of assuming the opponents’ behaviour. The semantics based
on mixed strategies seems to be the simpler of the two, as the success measure
is based on a finite probability distribution, and hence can be computed as
a finite sum of elements. In contrast, the semantics based on behavioural
strategies refers to an integral of a continuous probability distribution — so
one might expect that checking formulae £, 47/, in the latter case is much
harder. Surprisingly, it turns out that the reality is completely opposite.

10.4.1 pATLMMS

We study the model checking problem with respect to the number of tran-
sitions in the model (m) and the length of the formula (I). As the number
of memoryless strategies is usually exponential in the number of transitions,
we need a compact way of representing mixed strategies (representing them
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X —X;3 X,

Fig. 10.11. The concurrent epistemic game structure for formula F = (21 V —z3 V
x4) A (21 V 22 V x3). States qi1, g21 and qi2, ¢23 are indistinguishable for the agent:
the same action (valuation) must be specified in both within a uniform strategy.

explicitly as arrays of probability values would yield structures of exponen-
tial size). For the rest of this section, we assume that a mixed strategy is
represented as a sequence of pairs [(C1,p1),. .., (Cn, pn)], where the length of
the sequence is polynomial in m, and [, every C; is a condition on strategies
that can be checked in polynomial time wrt m,l, and every p; € [0,1] is a
probability value with a polynomial representation wrt m,[. For simplicity,
we assume that conditions C; are mutually exclusive. The idea is that the
probability of strategy s is determined as p(s) = p; by the condition C; which
holds for s; if no C; holds for s then the probability of s is 0. We also assume
that the distribution is normalised, i.e., ) .5, p(s) = 1 where p(s) denotes
the probability of s determined by the representation given above.

In this setting, model checking £, 47, with mixed memoryless strategies
turns out to be at least PP-hard, where PP (“Probabilistic Polynomial time”)
is the class of decision problems solvable by a probabilistic Turing machine
in polynomial time, with an error probability of less than 1/2 for all in-
stances [Gill, 1977] (cf. Definition 4.4). We prove it by a polynomial-time
reduction of “Majority SAT” (see Definition 4.17), a typical PP-complete
problem. Since PP contains both NP and co-NP [Beigel et al., 1995] (cf.
Theorem 4.6), we obtain NP-hardness and co-NP-hardness as an immediate
corollary.

Proposition 10.61. Model checking pATLyars is PP-hard.

Proof. We prove hardness by a reduction of MAJSAT. First, we take the
Boolean formula F' and construct a single agent concurrent epistemic game
structure 2 in a way similar to [Schobbens, 2004]. The model includes 2
special states: gt (the winning state) and ¢, (the losing state), plus one state
for each literal instance in F. The “literal” states are organised in levels,
according to the clause they appear in: g;; refers to the jth literal of clause i.
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At each “literal” state, the agent can declare the underlying proposition true
or false. If the declaration validates the literal, then the system proceeds to
the next clause; otherwise it proceeds to the next literal in the same clause.
For example, if ¢ refers to literal —z3, then action “true” makes the system
proceed to g3 (in search of another literal that would validate clause 1), while
action “false” changes the state to ga1 (to validate the next clause). In case
the last literal in a clause has been invalidated, the system proceeds to q; ;
when a literal in the last clause is validated, a transition to gt follows. There
is a single atomic proposition win in the model, which holds only in state ¢r.
An example of the construction is shown in Figure 10.11.

Two nodes with the same underlying proposition are connected by an
indistinguishability link to ensure that strategies consistently assign variables
Z1,...,T, with Boolean values. To achieve this, it is enough to require that
only uniform strategies are used by the agent; a strategy is uniform iff it
specifies the same choices in indistinguishable states. Now we observe the
following facts:

e There is a 1-to-1 correspondence between assignments of x1,...,x, and
uniform strategies of the validating agent. Also, each uniform strategy s
determines exactly one path A(s) starting from ¢q1;

e By the above, the number of uniform strategies is equal to the number
of different assignments of x1,...,z,. Thus, there are D = 2™ uniform
strategies in total;

e A uniform strategy successfully validates F iff it enforces path A(s) that
achieves ¢, i.e., one for which A(s) | Owin;

e Uniformity of a strategy can be checked in time polynomial wrt m (the
number of transitions in the model). Let C be an encoding of the unifor-
mity condition; then, mixed strategy [(C, 75)] assigns the same importance
to every uniform strategy and discards all non-uniform ones. We define
symbol w to denote that strategy.

Finally, we have the following reduction:
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MAJSAT(F)=YES

T # assignments V of x1,...,x, such that V E F -
i

0.5
# all assignments of x1,...,x,

# uniform strategies s such that A(s) = Qwin S
# all uniform strategies

iff 0.5

o # uniform strategies s such that A(s) & Qwin <05

# all uniform strategies
# uniform strategies s such that A(s) £ Qwin
# all uniform strategies
# uniform strategies s such that A(s) = O-win
# all uniform strategies

iff not

> 0.5

iff not

> 0.5

iff not success(sp, [w]1, q11, O—win) > 0.5
iff M, q11 = ~(0) % O-win.

Corollary 10.62. Model checking pATLyrprs is NP-hard and co-NP-hard.

For the upper bound, we present a PSPACE algorithm for model check-
ing pATLj;ass- The algorithm uses an NP#P procedure, i.e., one which
runs in nondeterministic polynomial time with calls to an oracle that counts
the number of accepting paths of a nondeterministic polynomial time Tur-
ing machine [Valiant, 1979]. The class NP#P is known to lie between PH
and PSPACE [Toda, 1989; Angluin, 1980]. That PH C NP#F follows
from Theorem 4.7 and Theorem 4.9. That NP#F C PSPACE follows
from P#P C PSPACE and the observation that NP#P - NPP#p -
NPFPSPACE _ pSPACE.

Theorem 10.63. Model checking pATLy s is in PSPACE for the class of
PCGSSs which allows a presentation of the predicted behaviour as introduced
above.

Proof. Let v be a path formula that does not include cooperation modalities.

The following procedure checks if M, q |= (A).~:
1. Nondeterministically choose a strategy sa of agents A; /requires at most m

steps/
2. For each (C;,p;) € o], execute T := oracle(sa,C;); /polynomially many calls/
3. Answer YES if Zz piTi > P and NO otherwise. /computation polynomial in the

representation of p; and Ti/
The oracle computes the number of Agt\ A’s strategies g\ 4 such that tage 4

obeys C; and (s4,%tag\ 4) generate a path that satisfies . That is, the oracle
counts the accepting paths of the following nondeterministic Turing machine:
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1. Nondet. choose a strategy tAgt\A of agents Agt \ A; /requires at most m steps/

2. Check whether tAgt\A satisfies Cu /polynomially many steps/

3. If so, “trim” model 9 by removing choices that are not in (sa,tagt\ 4),
then model-check the CTL formula Ay in the resulting model and return
the answer of that algorithm; otherwise return NO. /m steps + CTL model
checking which is polynomial in m, ! [Clarke and Emerson, 1981]/

The main procedure runs in time NP#P and hence the task can be done
in polynomial space. For the case when v includes nested strategic modalities,
the procedure is applied recursively (bottom-up). That is, we get a determin-
istic Turing machine with adaptive calls to the PSPACE procedure. Since
PPSPACE _ PSPACE, we obtain the upper bound. [ |

10.4.2 Model Checking pATLpg

The semantics of pATL g with opponents’ behaviour modelled by behavioural
strategies is mathematically more advanced than for mixed strategies. So, one
may expect the corresponding model checking problem to be even harder than
the one we studied in Section 10.4.1. Surprisingly, it turns out that checking
PATLgs can be done in polynomial time wrt the number of transitions in the
model (m) and the length of the formula (). Below, we sketch the procedure
mcheck(M, q, p) that checks whether 9, g = ¢:

e p=p, ), or P Ny proceed as usual;
o ¢={(A), Oy (for p = (A, O and p = ((A));¥1Usp, analogously)

1. Model check ¥ in 90T recursively. Replace 1) with a new proposition yes
holding in exactly those states st € @ for which mcheck(M, st, ) =
YES;

2. Reconstruct M as a 2-player CGSP 9’ with agent 1 representing
team A and 2 representing Agt \ A. That is, dj(st) = [],c4 da(st),
dy(st) = Jl,enge\a da(st) for each st € @, and the transition function
o' is updated accordingly.

3. Fix the behaviour of agent 2 in M’ according to [w]agn 4. That is,
construct the probabilistic transition function o” so that, for each
stysth € Q,aq € dj(st): o'(st,ay,st’) = Z{azed;(st)w(st,al,ag):st’}
[w]age\a(st, az). Also, reconstruct proposition yes as a reward function
that assigns 1 at state st if yes € 7’(st) and 0 otherwise. Note that the
resulting structure 9" is a Markov Decision Process [Bellman, 1957];

4. Model check the formula 30yes of “Discounted CTL” [de Alfaro et al.,
2004] in 9", ¢ and return the answer. This can be done in time polyno-
mial in the number of transitions in 9" and exponential in the length
of the formula [de Alfaro et al., 2004]. Note, however, that the length
of J0yes is constant.
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As parts 2-4 require O(m) steps, and they are repeated at most [ times (once
per subformula of ), we get that the procedure runs in time O(ml).

For the lower bound, we observe that reachability in And-Or-Graphs [Im-
merman, 1981] can be reduced (in constant time) to model checking of the
fixed £ 7, formula {(a)) Op over acyclic CGSs (cf. [Alur et al., 2002]). Alter-
natively, one can reduce the Circuit Value Problem [Vollmer, 1999] to ATL
model checking over acyclic CGSS in a similar way. By Proposition 7.58, this
reduces (again in constant time) to model checking of pATLgg. Therefore, we
get the following result.

Theorem 10.64. Model checking pATLpg is P-complete with respect to the
number of transitions in the model and the length of the formula.

Thus, it turns out that the model checking problem associated with the
more sophisticated semantics can be done in linear time wrt the input size,
while model checking the seemingly simpler semantics is much harder (NP-
and co-NP-hard).
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In this chapter we consider the complexity of the model checking problem
of the resource-bounded logics introduced in Chapter 8. We show that the
single-agent case is decidable for the least expressive version of the resource-
bounded tree logics and that the multi-agent settings are undecidable in gen-
eral.

11.1 Model Checking RTL* in Restricted Settings

We are mainly interested in the verification of systems. Model checking refers
to the problem whether a formula ¢ is true in an RBM 91 and a state g in
M. For CTL* this problem is PSPACE-complete and for CTL, the fragment
of CTL* in which each temporal operator is directly preceded by a path
quantifier, it is P-complete [Clarke et al., 1986]. So, we cannot hope for our
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problem to be computationally any better than PSPACE in the general
setting; actually, it is still open whether it is decidable at all.

In the following, we consider the decidability of fragments of the full logic
over special classes of RBMs (which of course, implies decidability of the
restricted version over the same class of models).

Proposition 11.1 (Decidability: Production -, zero free). The model
checking problem for RTL* .+ over production- and zero-free RBMS is de-
cidable.

Proof. Let (p)vy be given where v does not contain any more path quanti-
fiers. According to Prop. 8.23(a) all p-feasible paths have the form X o (¢)*.
Lemma 8.33 allows us to restrict to a finite set of such paths for a given ~y: For
any path A we consider A7, Therefore, there are only finitely many p-feasible
paths of interest for p € Res™ and 7.

This set can be computed step by step. In order to verify whether 9, ¢ =
(p)~y it is necessary to check whether « holds on any of the finitely many p-
feasible relevant paths starting in q. The model checking algorithm proceeds
bottom-up. [ |

From Corollary 8.32 we know that we can use a CTL* model checker over
k-bounded models.

Proposition 11.2 (Decidability: k-bounded). The model checking prob-
lem for RTL*p .+ over k-bounded RBMS s decidable and PSPACE-hard.

By Prop. 8.25 and the observation that resources with an infinite quantity
can be neglected in a production-free RBM we have the following theorem.

Theorem 11.3 (Decidability: production free). The model checking prob-
lem for RTL* over production-free RBMS is decidable and PSPACE-hard.

11.2 Model Checking RTL is Decidable

The following result shows that model checking RTL is decidable.

11.2.1 RBMs and Petri Nets

The main idea is to encode an RBM as a Petri net and then to use decision
procedures for Petri nets to solve the model checking problem.

We can encode an RBM 90t with respect to a given set Q' C Qon, and
a feasible resource set p as a Petri net Ng/ ,(9M) = (S, T, W,m!). The main
idea of encoding transitions is sketched in Figure 11.1. States g are encoded
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(c1,c2)(p1, P2 P2
(@)——

Fig. 11.1. Petri-net encoding Ny,,3,,(9M) of an RBM 9. Tokens inside the places 7
represent the amount of that resource (i.e., p(r1) = 3 and p(r2) = 1). Outgoing paths
consume tokens and incoming paths produce tokens, labeled edges produce/consume
the amount the edge is annotated with. E.g., if there is a token in place pq;, and ci
tokens in place 71 then the token can be moved to pq; and py tokens can be moved
to rg for k =1,2.

T2

t

“qi,j

Fig. 11.2. Example of a complete encoding of an RBM 9t where p(r1) = 3.

as places p, and transitions between states as transitions between places. For
each resource type a new place is created. For the initial marking function
m! we have that m!(p,) = 1 for all ¢ € Q', m!(r) = p(r) for r € Res, and
0 otherwise. A complete encoding of an RBM is shown in Figure 11.2. We
denote (the unique) transition between place py, and py, by t4,4,. (We are
economical with our notation and reuse ¢ already known from RBMS.)

Lemma 11.4. Let p be a feasible resource set, M an RBM, and ¢ € Quoy.
Then, the following holds:

qo¢1 - - 1s a p-feasible path in (M, q) iff 0 = teoqtqiqs--- 1S @ TUN N
N{Qo},p(gﬁ)'

Proof. The proof is done by induction on the length i of the path and run,
respectively. Consider the case i = 2. Suppose the transition (go,q1) is p-
feasible and 7; resources are available in g;. By construction each resource
state r; contains p(r;) tokens and there is a token in pg,; thus, transition t4,q,
can fire. Clearly, the tokens in the resource places (i.e. mq) match with the
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Fig. 11.3. The encoding Nyg3,,(9M, {qo}, ¢) of an RBM M. The resource require-
ments are left out here.

resources available in ¢;. Now suppose the claim is correct up to position j.
Then, it is easily seen that a transition ¢; — g;41 is feasible iff the transition
tg;q;41 can fire. ]

In order to model check specific formulae, we need to extend our encoding.
For example, consider the formula (p)(y where ¢ is a propositional formula
and p a feasible resource set. We can decompose the model checking problem
into two parts:

1. Find a (finite) sequence of states feasible given p to a state in which ¢
holds; and
2. then arbitrarily extend this (finite) sequence to an infinite p-feasible path.

To achieve this, we introduce a new place that indicates (by marking it
with a token) that ¢ has been made true. This place remains marked through-
out the subsequent executions of the net and hence serves as an indicator of
item 1 having been satisfied. To achieve this, given a propositional formula
¢ we extend the encoding N3, ,(9M) of M to an encoding Nygy,,(MM, Q', »)
where Q' C Q as explained in the following. The new Petri net is equal to
Nigor,p(OM) apart from the following modifications (Figure 11.3 illustrates the
construction):

1. N’ has two new places pg and p,,.

2. For each transition ¢t in N(9) that corresponds to a transition ¢ — ¢’ in
M such that ¢ € Q' and ¢’ |FP™P ¢ we construct a duplicate with the fresh
name ¢ and include the following arcs: pg is connected to t; ¢t and ¢ are
connected to p,; and p,, is also connected to t; i.e. W(pg,t) = W(t,p,) =
W(pw,f) = W({va) = 1.

3. pg is initially marked.

The following proposition is clear from the construction of the net
N{qa}w(ﬁnv {qO}a(p)
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t
N{Cq)o},p(ma {90}, ) q0q1

Fig. 11.4. The encoding NS@} p(im, {qo}, ) of an RBM 9. The resource require-
ments are left out here.

Proposition 11.5. The constructed Petri net Nyg.y,,(9,{qo}, @) has the fol-
lowing properties:

1. A transition t can only be enabled if there is a token in pg.

2. Once such a transition t has fired it can never be enabled again and there
is a token in p,

3. A transitions t can only be enabled if there is a token in De-

4. Once there is a token in p, it remains there forever.

5. ps and p, contain at most one token and there is a token in pg iff there
15 no token in .

Additionally, for the next-operator we extend the construction and disable,
in the first step, transitions that do not result in a state satisfying . These
transitions are only enabled if there is a token in p,. The net is shown in
Figure 11.4.

The next lemma provides the essential step to use decision procedures for
Petri nets in order to solve the model checking problem.

Lemma 11.6.

(a)M, q0 = (p)Owp iff there is a run in N© on which there is a token in p,
at some moment where N© is the Petri net that equals Nigor,o(M, Qon, )
with the exception that the initial token in pg is in p, instead iff qo =P
©.

(b) M, qo = (p) O v iff there is a run in N{%}’p(zm, {qo},¢) on which there is
a token in p, at some moment.

(c) M, qo = (p)Ty iff there is a run in NO on which there never is a token
in p-, where NU is the Petri net that equals Nigoy,p M, Qon, ~) with the
exception that the initial token in pg is in p-, instead iff go '™ p.
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14

Y | o O
Fig. 11.5. Extending the RBM 9t to 9™ for ¢lf1).

Proof. (a) Let A be a p-feasible path satisfying ¢ and let ¢ be the minimal
index on A with A[i] = ¢. By Lemma 11.4 there is a corresponding run in the
PN. Particularly, there is a token in pg before the transition t; = txp i+
fires and no token in p, (apart from the case go =P™P ). Thus, once ¢; has
fired there is a token in p,. The other direction is proven analogously.

(b) The left to right direction is handled as in (a). For the other direction
we observe that only transitions to -states are enabled at the beginning. If
such a transition has fired all other transitions are enabled as well. Then, the
claim follows with Lemma 11.4.

(c) Let A be a p-feasible path satisfying Cp. In the net a token can only
be in p-, if a transition yielding to a state satisfying —¢ is executed. As such
a transition does never fire on the run corresponding to A there never is a
transition in p-, on this very run. Analogously, if there is a run such that
there never is a token in p-, this corresponds to a path containing no states
not satisfying .

|

It remains to link the “until” case to Petri nets. For this, we consider the
problem whether 9, go = (p)plp. Let M be the restriction of M to states
in which ¢ holds. Now, 9" is the model that glues together 9t¥ with 9 as
follows: Each state ¢ in 9% is connected to a state ¢’ € M if ¢ —9n ¢’ and ¢’
satisfies ¥. The construction is illustrated in Figure 11.5. States are relabelled
if necessary.

Lemma 11.7. Suppose qo E=P™P ¢ (the other cases are trivially decidable).
M, q0 = (p)pUth iff there is a run in NY on which there is a token in Do
at some moment where NY is the Petri net that equals N{qo},p(a.n“, Qonu, V)
with the exception that the initial token in pg is in py instead iff go =P 1.

Proof. The construction ensures that only states satisfying ¢ are visited until
a state 1 is visited. The rest follows from Lemma 11.6(a). |
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11.2.2 Decidability result

Finally, we show that the questions about Petri nets which were introduced
in the previous two lemmata can be decided. Therefore, we reduce model
checking to the extended reachability problem [Jancar, 1990] introduced in
Definition 4.59; the latter was shown to be decidable (cf. Theorem 4.60). We
have the following reductions.

Lemma 11.8. Assume the same notation as in Lemma 11.6 and 11.7.

(a) There is a run in N© on which there is a token in p, at some moment iff
(NO,({py}, f1)) is in ExtReach where fi is the constant function 1.

(b) There is a run in N© on which there is a token in p, at some moment iff
(NO, ({py}, f1)) is in ExtReach where fi is the constant function 1.

(c) There is a run in NZ on which there never is a token in Doy iff
(NP, ({p-y}, fo)) is in ExtReach where fy is the constant function 0.

(d) There is a run in NY on which there is a token in py at some moment iff
(NY, ({py}, f1)) is in ExtReach where fi is the constant function 1.

Proof. (a) From Proposition 11.5 we observe the following. There is a run on
which there is a token in p, at some moment iff there is a run on which there
is a token in p,, infinitely often iff there is a run on which there is exactly one
token in p,, infinitely often iff (NO, ({p,}, f1)) is in ExtReach.

(b-d) These cases are handled analogously. [ ]

Thanks to Lemma 11.8 we obtain the following decidability result.

Theorem 11.9. The model checking problem for RTLg, e over RBMS is
decidable.

Proof. Let (p)~ be a formula such that v does not contain any more path quan-
tifiers. According to Lemma 11.6 we can reduce the model checking problem
M, q = (p)7y to a reachability problem over Petri nets. In turn, this problem
can be reduced to the ExtReach problem (cf. Definition 4.59) by Lemma 11.8.
The decidability of the model checking problem follows from the decidability
of ExtReach (cf. Theorem 4.60). [ |

Remark 11.10. We note that if a marking is reachable an appropriate sequence
of transitions is constructed; this sequence can also be used to construct an
appropriate & for the x-model cover graph (cf. Section 8.2.1). One simply
takes the maximum of all markings of all resource types along this sequence.
If the state is not reachable, x is chosen arbitrarily (cf. Remark 8.30 and
Example 8.18).
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Fig. 11.6. Example of a PN construction for non-feasible resource sets: The left-
hand RBM with a single resource r with p(r) = —d is converted to the right-hand
PN.

We extend the previous construction to be able to deal with non-feasible
resource sets and get the main result.

For non-feasible initial resource sets, we can still have a feasible path, in
case no resources with negative amount are ever required in the run (resources
can still be produced!).

We encode a non-feasible resource set by splitting each resource place r of
the Petri net into a place for a positive number of resources, r, and a place
for a negative number of resources, 7.

Further, we need to ensure in our net, that whenever resources are pro-
duced a positive number of tokens is placed on the positive resource place
(only if no tokens are present in the negative resource place) or a number of
tokens is removed from the negative resource place. Combinations are possi-
ble, if the number of resources produced is larger than the negative number
of resources currently available. In the latter case all resources are removed
from the negative resource place and the remaining difference is placed into
the positive place. Therefore, we introduce a special resource control state,
r°l that “deactivates” the new part of the construction once a non-negative
amount of resources is available.

In the following we will describe the construction in detail. Consider the
transition of an RBM at the left-hand side of Figure 11.6. For simplicity,
we only consider a single resource-type r. The transition consumes zero units
of r and produces w units (note, that if the transition does also consume of
this resource type we take the standard construction from Theorem 11.9).
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Suppose, we would like to model check a formula (p)y with p(r) = —d, that
is, there is an initial debt of d units of resource r. Firstly, we add a transition
lg,q; from py, to g4, which is only enabled if there are d units in the resource
control state r°*! and a token on Dg;- We add u transitions oot u—1
places p',...,p*!; and u — 1 intermediate transitions t”l, e ,t”ufl. Their
connections are shown in the right-hand part of Figure 11.6. Each transition
t* can only be enabled if there is a debt of resources (i.e. tokens in 7). Such
a transition takes one token from r~ and moves it to the control state r°t.
Once, there are d tokens in the control state the transitions t?" can be enabled
(while t* can no longer be enabled) and the remaining produced resources are
added to the resource place r. The net has the following properties.

Proposition 11.11.

1. There are x tokens in r~ iff there are d—x token in ¢! for x € {0,...,d}.
(That is, v~ and " are complementary places.)

2. Transitions tq,q, and tpl, e ,tpu_l can only fire if there are d tokens in
,rctrl.

ctrl s bounded by d and it is monotonically

8. The number of tokens in r
ncreasing.

4. The number of tokens in r~ is monotonically decreasing.

5. If there is a token in place py, and there are d tokens in ret only the
transition tq,q, is enabled.

6. There can only be tokens in r if there are no tokens in r~.

Proof.

1. Firstly, observe that for any transition ¢’ a token is removed from r~ and
added to r°*"! and there is no other way how resources can be consumed
form 7~ and all other transition producing/consuming from r°*'! in turn
consume/produce the same amount.

2. Obvious.

3. Obvious as only the transitions ¢ can add resources; for all other transi-
tions the number of tokens remains constant.

4. Obvious.

5. In this case, the firing of ¢,,,, only depends on whether there is a token
in pg,. Moreover, there are no tokens in 7~ ; hence, all transitions ¢ are
disabled.
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6. Tokens can only be added to r if transitions *" or transition tg;q; fire.
These transitions are only enabled if there are d tokens in r°"! but then
there are no tokens in r~.

|

The next lemma shows that the net works as intended. The result follows
from the previous proposition.

Lemma 11.12.

1. Let there be a token in p,,, d' < d tokens in =, d—d' tokens in r'", and

no tokens in r. Let o be the minimal length firing sequence such that there
is a token in py;. Then, after executing o there are max{0,d" —u} tokens
in v, min{d,d — d’ + u} tokens in r°", and max{0,u — d'} tokens in r.
2. On the other hand, if there is a token in py,, d tokens in retrt zero tokens
in 1T~ and k tokens in r then, after executing o there are k + u tokens in

r, d tokens in ", and zero tokens in r—.

Proof. Assume the conditions of the lemma are satisfied.

1. We consider the possible cases for d'.

d’ = d. Firstly, let us assume that d’ = d. Then, there are no tokens in
r°l Only transition ¢! can fir, a token is added to r°*"! and removed
from 7~. The transitions t!,...,t™ fire for the next m := min{d,u}
steps. Suppose d < u. Once place p? is reached, there are d tokens in
r°t! and 0 tokens in 7—. Transition ¢*" fires and u —d = u — d’ tokens
are added to r, one token to py;, 0 = max{0,d — u} tokens are in 7~
and d = min{d, u} tokens are in 7!,

Now suppose d > w. Then t!,...t" fire and there is a token in Dy; >
d —u = max{0,d’ — u} tokens in r~, u = min{d,u} tokens in 7",
and 0 = max{0,u — d’} tokens in r.

d’ = 0. In this case there are d tokens in r°*"l. Transition tg;q; fires and
there are u tokens in r and one token in p,, as stated in the lemma.

0 < d < d. There are d — d’ tokens in r°*'!. Then, transitions ¢!,...t™

with m = min{d’, u} fire. Let d’ < u. Once place p? is reached, there

are d = d—d'+d’ tokens in 7°**! and 0 tokens in . Transition " fires
and u — d’ tokens are added to r, one token to py;, 0 = max{0,d" —u}
tokens are in 7~ and d = min{d,d — d’ + u} tokens are in %L,
Now suppose d’ > u. Then t!,...t"* fire and there is a token in Dy; s
d' —u =max{0,d — u} tokens in r~, d — d’' + v = min{d,d — d’ + u}
tokens in 7", and 0 = max{0,u — d'} tokens in 7.
2. Let there be a token in p,,, d tokens in r°l zero tokens in r~ and k
tokens in r. Then, t4,, fires and there are k + u tokens in r and a token
in pg;. The number of tokens in r~ and r°! remains the same.
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We combine the construction of Section 11.2.1 with the extended construc-
tion sketched above. If there is an initial debt of a resource type r and the net
consumes from this resource, the encoding of a transition shown in Figure 11.1
is replaced by the one given in Figure 11.6. Hence, the setting of non-feasible
resource sets reduces to the feasible one. Thanks to Theorem 11.9 we obtain
the following result:

Theorem 11.13 (Model Checking RTL: Decidability). The model check-
ing problem for RTL over RBMS is decidable.

11.3 Resource-Bounded Agent Logic

In this section we analyse the model checking problem and consider how the
variously restricted settings influence its complexity. It is well known that
the model checking problems for ATLr, ATL, and ATL,z are P-complete,
PSPACE-, and 2EXPTIME-complete, respectively (cf. Section 5.3). Model
checking RTL has been shown decidable in [Bulling and Farwer, 2010a] (cf.
Section 11.2), and the same holds for RBCL [Alechina et al., 2009b]. Here,
we show that the latter two cases form an exception; the general resource-
bounded settings turn out to be undecidable due to the possibility of producing
resources.

11.3.1 Decidability Results

For both bounded settings introduced in Section 8.4.4 we have that along each
resource extended path there are only finitely many reachable states from
@ x En. Hence, given an endowment, we can ‘unravel’ a given RBAM and
apply standard ATL* model checking [Alur et al., 2002] which is proven to be
decidable. The unraveling however may yield finite paths (i.e. states with no
successor) and requires an (straightforward) extension of existing algorithms.

Proposition 11.14. [t is decidable to determine whether a given RBAM is
k-bounded for n.

Proof. We apply the cover graph construction for RBMS presented in Defi-
nition 8.13. That is, we build a new model with states drawn from ) x En.
Let ¢/ € Q. Then, we “unravel” the model M from each ¢’ on keeping track
of the resources in the states (¢,7’). Once we encounter a new state (¢’,72)
and did already create a state (q,71) with ¢’ = ¢ and n2(a,r) > n1(a,r) for all
agents and resources we do not add (¢’,n2) but rather add the state (¢, )
with 7, (a,r) = w for which n2(a,r) > ni(a,r) . We use w to denote that
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