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Kurzzusammenfassung

Wir beschreiben fiir Lie-Algebren vom Typ A und C einen expliziten Kristall-
morphismus zwischen Nakajima Monomen und Monomen, die eine Realisierung
von kristallinen Basen von endlich dimensionalen irreduziblen Moduln der
quantisierten universell einhiillenden Algebra bilden. Dieser Morphismus liefert
eine Verbindung zwischen beliebigen Nakajima Monomen und Nakashima Ka-
shiwara Tableaux, welche zu einer Ubersetzung zwischen Nakajima Monomen
und dem Wege-Modell von Littelmann fiihrt. Auflerdem definieren wir als eine
Anwendung unserer Ergebnisse ein ” Insertion scheme” fiir Nakajima Monome,
das kompatibel mit dem ”Insertion scheme” fiir Tableaux ist.

Abstract

We describe an explicit crystal morphism between Nakajima monomials and
monomials which give a realization of crystal bases for finite dimensional irre-
ducible modules over the quantized enveloping algebra for Lie algebras of type
A and C. This morphism provides a connection between arbitrary Nakajima
monomials and Nakashima Kashiwara tableaux. This yields a translation of
Nakajima monomials to the Littelmann path model. Furthermore, as an ap-
plication of our results we define an insertion scheme for Nakajima monomials
compatible to the insertion scheme for tableaux.
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Introduction

Crystal basis theory for integrable modules over quantum groups as introduced
by Kashiwara [4] leads to a combinatorial interpretation of those modules in
terms of crystals themselves, and furthermore their various models. Let us list
some of those models which will play a role in the present thesis:

1. semistandard Young tableaux and reversed Young tableaux, satisfying
certain conditions, for classical Lie algebras by Kashiwara and Nakashima
[6], and Kim and Shin [7] (see also Kang, Kim, and Shin in [2] and [3]),
respectively,

2. Young walls for affine Lie algebras by Kang, Kim, and Lee [1],

3. monomials for Kac-Moody algebras discovered by Nakajima [11], and
generalized by Kashiwara [5],

4. the path model for symmetrizable Kac-Moody algebras introduced by
Littelmann [10].

Let us be more precise about the monomial and the path model. Defining
a t-analog of g-characters Nakajima [11] introduced a set of monomials 9t in
certain variables Y;(k), and discovered a crystal structure on certain subsets of
M. Kashiwara [5] generalized this, in that he defined a crystal structure on 90,
and proved that the connected component containing a highest weight mono-
mial of integral weight A is isomorphic to the crystal basis B(\) of irreducible
highest weight modules.

Kang, Kim, and Shin [2],[3] considered specific highest weight monomials
My € 9 of weight A and gave an explicit description of their connected
components M (A). Furthermore, they exhibited a connection between those
and reversed Young tableaux.

As a generalization of Young tableaux Littelmann [9] considered paths (mod-
ulo reparametrization) on the real form of the weight lattice and defined the
so-called root operators acting on those paths. With these operators the set of
paths II becomes a crystal, and every Young tableau can easily be considered
as such a path [10].

In this thesis we describe a translation between the monomial and the path
model. That is, we map an arbitrary monomial, not necessarily contained in
some M(A), to a path in II such that our mapping yields a crystal morphism.
For example, if the underlying Lie algebra is of type A; a possible definition
of such a map is quite obvious: each monomial M € 901 is of the form M =



Yl(il)y(“)---Yl(ik)y(ik) where k € N, 4q,...,9;, € Z and i1 < ... < i}, and
y(ij) € Z. To a fixed monomial M we associate the path mp = my(, )8, * .- *
Ty(i1)A,» Where my(t) = tA is the path connecting the origin to .

Example. Consider the monomial M = Y1(2)~1Y1(1)2:

—a1  —A1 0 Ay a1
M=Y1(2)~1Yi(1)? _— I N B -

I 1
AM-R@ MO A e

Note that, even for type Ao, to find such a mapping is by far less obvious.

Example. For g of type Ay we have f1(Y1(2)"1Y1(1)?) = Y1(2)~2Y1(1)Ya(1).
Adopting the (obvious) construction in type Ay, we would associate the path
displayed on the left:

a2 atasg

After applying f1, observe that fi (7r)~ has a linear part different from any fun-

damental root direction. That is, fi(m) does not coincide with the path we
would associate to the monomial fi(M) in the same manner.

By generalizing the results of [2] and [3] in type A and C' to arbitrary mono-
mials in 91, we determine the structure of the crystal graph associated to the
connected component of an arbitrary, not necessarily highest weight, mono-
mial in 9. More precise, we give a crystal morphism between the set 91 and
the set of tableaux which give realizations of B(\), and consequently, due to
Littelmann [10], we can associate a path to those tableaux. Our crystal mor-
phism compresses an arbitrary Nakajima monomial M € 9 into one which lies
in a connected component M (), with integral dominant weight A depending
on M.

In a first step we describe a crystal isomorphism between the Nakajima mono-
mials and certain matrices, namely Mat,,1x7(Z>0) in the A,-case and
Matoy, xz(Z>0) in type Cy,. This bijection allows us to define the compression
of a monomial by compressing its associated matrix as follows: For simplicity
let M denote the matrix associated to an arbitrary monomial M € 9 lying
in some a priori unknown connected component of 9. We give an algorithm
which decomposes M into a sum M = M, + M>, such that M; corresponds
to a monomial in some M(u1). Then, we move every column of My one step
to the left and denote by M) the sum of M; and the altered counterpart of
M. Our procedure allows an iteration yielding a sequence of matrices M ®).
Since M has just finitely many nonzero columns, it is guaranteed that after a
finite number of steps our iteration becomes stationary and we obtain a matrix
M®) corresponding to a monomial that lies in some M (y,). We call M*) the



compressed version of M. Our algorithm respects the crystal structure, that
is we prove:

Main Theorem. Let g be of type A or C, and let M € M be a Nakajima
monomial. Denote by M*) its compressed version. Then, the map

k: M — UMW)
A
M — M®

1§ a morphism of crystals. In particular, the connected component of M 1is
isomorphic to the connected component of k(M).

Due to [2] and [3] we can assign a tableau S(N) to each N € M()\). Conse-
quently, our Main Theorem gives:

Corollary. Let g be of type A or C, and let M € 9N be a Nakajima monomial.
The mapping sending M to the tableau S(k(M)) yields a crystal morphism.

Note that, in view of [10] we obtain a translation of Nakajima monomials into
Littelmann paths.

Example. Consider the monomial M = Y1(2)Y1(1)2, and the path obtained
via our construction. Observe that our assignment commutes with the crystal
operator f1, as illustrated in the following pictures.

M=Y;(2)Y:(1)? Ei Y1(2)~2Y1(1)Ya(1)

{ 1

(o) . aptasz az agta2

As another application of our compression and the Corollary we define an in-
sertion scheme for Nakajima monomials compatible with the insertion scheme
of reversed tableaux described in [8]. More precise, let M; and My be two
matrices which correspond to arbitrary monomials in 91. Then, we consider
the matrix Mj x My = (Ma, 0, M) with a suitable zero-matrix 0 and apply our
compression procedure to Mj * Ms. Following the convention that My * Mo
interchangebly denotes the matrix and its associated monomial, we obtain
k(My x Ma) € |J, M(X) and the tensor product rule of crystals yields

Theorem. Let g be of type A or C, and let M be the set of Nakajima mono-
mials. Then, the map

MM — UM
X
My ® My — k(M * Ms)



18 a morphism of crystals. In particular, the connected component of M1 ® My
is isomorphic to the connected component of k(My * Ma).



Chapter 1

Nakajima monomials

In this chapter we define the Nakajima monomials and their crystal structure.
Let g be an arbitrary symmetrizable Kac-Moody Lie algebra with weight lat-
tice P and I an index set such that «; € P for ¢ € I are the simple roots.
Let further h; € P* be the simple coroots and (-,-) : P x P — Q a bilinear
symmetric form. For ¢ € I and A € P set (h;, \) := %

For i € I and n € Z we consider monomials in the variables Y;(n). That means
we obtain the set of Nakajima monomials 91 as follows

M= { [1 Yi(n)¥:yi(n) € Z vanish except finitely many (z,n)}
i€l nEZ

In order to define the crystal structure on 9t we take some integers ¢ =
(¢ij)izjer C Z such that c;j 4 c;; = 1 and consider the monomials

Ai(n) ==Yi(n)Yi(n +1) 1;[}/}(“ + cjg) (i),
A1

Let now M be an arbitrary monomial in 9t and ¢ € I. Then we set:

wt(M) = Z(;yi(n))/\i,
pi(M) = max{}_ yi(k);n € Z},

k<n

(M) = max{—kg yi(k);n € Z},

where A; € P are the fundamental weights, that means (hj, Ai) = 6;5. To
define the operators €; and f; we consider the values

ny = min{n;p;(M) = k; yi(k)}

= min{n; (M) =— > yi(k)},

k>n

ne = max{n;p;(M)= 3 yi(k)}

k<n

= max{n; (M) = _k§ yi(k)}



and set

7 _ )0 if ;(M) =0,

b= {Ai(nf)lM if ¢;(M) >0,

&(M) = {?4 if ei(M) =0,
i(ne)M if (M) > 0.

Proposition 1.1 [5] With the maps wt, ©i, €, fi and &; thus defined, O be-
comes a semi-normal crystal.

We denote this crystal by 9. because the crystal structure of 9 depends on
the choice of ¢. On the other hand one can easily see that the isomorphism
class of the crystal 91, does not depend on this choice.

From now on, for simplicity, we choose ¢ = (¢;;)izjer as follows:

{0 if i > g,
Cij:

1 else.
Now we recall the following result of Kashiwara.

Proposition 1.2 [5] Let M be a monomial of weight A with &;(M) = 0 for
all i € I. Then the connected component of M containing M is isomorphic to

B(\).

The aim of this thesis is to give such an isomorphism explicitly for not neces-
sarily highest weight monomials. In the first part we define this isomorphism
for Lie algebras of type A. In the second part we generalize this to type C.



Chapter 2

Type A

2.1 Compression of Nakajima monomials in type A

Henceforth we consider a Lie algebra g of type A,. In this case we have the
fundamental weights Aq,..., A, and we get an orthogonal basis f1,..., Bn+1
with 81 = A1, 8, = A — Aj—1 for 2 < ¢ <n and B,4+1 = —A,. Moreover the
simple roots are given by «a; = 3; — B;4+1. Thus we compute

Ai(f) =Y()Y(5 + 1)Yiea (G + 1) ()L

Forie {1,...,n+ 1} and j € Z we introduce some specific monomials which
will be of special interest to us:

Xi(j) = Yie1(j + 1)7Yi(4),

where we set Y,,+1(j) =1 =Yp(j) for all j € Z.
With this notation we observe:

Ai(j) = Xi() Xia ()1

Let us shortly recall the monomial realization of the crystal bases B(\) given
in [2]:

n
Proposition 2.1 [2] Let A = ) apAr be a dominant integral weight and

k=1
consider My = Y1(1)"Y5(1)2...Y,(1)% as highest weight monomial. Then

the connected component My(X\) of M containing My is characterized as the
set of monomials of the form

with

n+1
(i) Zmij:aj+1+...—|—anforjzl,...,n,
i=1

n+1 n+1
(i) Yo mp; < >, myj—1 forj=2,....n+landi=1,...,n+1.
k=i k=i+1



For s € Z we also consider the following shifted highest weight monomials of
weight A
Ms =Y1(5)"Ya(s)* ... Y,(s)".

As an immediate consequence of Proposition 2.1 we obtain their connected
component Mg () by the set of monomials of the form

M= I x@m™
ie{l,...,n+1}
j€{s,..., s+n—1}
satisfying condition (i) for j = s,s+1,...,s+n—1and (ii) fori =1,... ,n+1
and j=s+1,...,s+n.

Our aim is to compress an arbitrary monomial into the form of those in M ()
for a suitable A € P and s € Z such that the crystal structure is preserved.
As a first step we write an monomial in 9t as a product of X;(j)‘s. Thus we
show that 9 is generated by the variables X;(j). That means we consider 9t
as a group with the multiplication of monomials as binary operation. Let M be
the free abelian monoid generated by the set {X;(j),7 € {1,...,n+1},j € Z},
with the same operation and we define an ideal J C M by

n+1
J=(][Xx(j+i—k), fori=1,....,n+1andj € Z)n.
k=1

The quotient M/J becomes a group since we obtain the inverse of X;(j) by

n+1 i—1
I[I Xu(j—Fk+9) [[ Xe(j+1i— k). Moreover we get
k=i+1 k=1

Proposition 2.2 Sending X;(j) onto Yi(7)Yi_1(j + 1)~ yields a group iso-
morphism and therefore we get

Mm=M/J.
Proof: In order to show surjectivity let M be of the form M =[] Y;(j)¥0).
i€l,jez
First we write every Y;_1(j + 1)71Y;(j) that already occurs in M as X;(5).

Then we consider the other Y;(j)% () in M. There are two possible cases:
1. case: y;(j) > 0. Then we write

i—1 :
Yi(j) = M YG+i—k) ' IIYe(+i—k)
k=0 k=1
= JI Xe(G+i-k).
k=1
Therefore we get

Yi(5)# 0 = I Xp(j +i = k)"0,
k=1

2. case: ¥;(j) < 0. In this case we get



n n+1

N = (G- k=) 11 G- k=)
k:j_l k=i+1
= [ Xk(j—k+1).
k=i+1

Hence we have

n+1

Vi) = TI Xp( —k + )40,
k=i+1
These equations imply
n+1 i—1
V() WG+ 1) = ] XeG—k+0) [[ XelG+i—k)
k=i+1 k=1

and hence with the definition of J we have injectivity.

O
Let now M € 9 be an arbitrary monomial. Due to Proposition 2.1 we can
write M as a product of X;(j)‘s. That means we find m;; € Z>( such that

M= I xG)™.

Writing M in this way is obviously not unique. But we can fix a reduced no-
tation [m; ;] and associate this matrix. Let us define the reduced notation on
the level of matrices.

Let M = m;; be an arbitrary matrix in Mat,1xz(Z>0), where Mat,,1x7(Z>0)
is the set of matrices with infinitely many columns but just finitely many dif-
ferent from zero. Then we get the reduced form [M] of M by applying the
following rule:

(A1) For every i € {1,...,n+ 1} we search for j € Z such that
Miysj—s 70 forall s =—i4+1,—-i+2,...,-1,0,1,...,n —1,
then we decrease these entries by
min{mi4sj_s;s =—i+1,—i+2,...,-1,0,1,...,n —i}.
Denote by [M] the matrix obtained from M by applying this rule.

From now on we associate a matrix to a monomial in the following way: We
write every Y;(5)%\) as a product of Xj(I)‘s as in Proposition 2.1 and get a
corresponding matrix M = m;;. Then we apply (Al) and obtain [M]. We
define an equivalence relation on Mat,,1x7z(Z>0) by

M ~ N iff [M] = [N]
and consider the quotient

Matn+1xz(Zzo)/ ~ .



Now it is obvious that two matrices M ~ N correspond to the same mono-
mial and therefore we get a well defined map by sending a monomial to the
associated matrix [M] as above. Moreover we obtain

Proposition 2.3 There exists a bijection between M and Maty,11x7(Z>o)/ ~.
Example 2.1 For g of type A4 we consider the monomial
M = Yi(4) Y3 (1Y (3)a(1) Y2 (0)2Y5(2)%

Due to Proposition 2.1 we write:

vi(4)~! X2(3)X5(2)X4(1)X5(0),
Yi3(1) = X3(1)X2(2)X:(1),
Vi(3)™ = Xo(2)X3(1)X4(0)X5(-1),
Yvi(1)7t = X5(0),

Y5(0) = X»(0)2X1(1)?

Y3(2)? X3(2)*X2(3)° X1 (4)

That means we obtain the associated reduced matriz by

00201 2 02001
020230 201 20
002300l lo120 0=
011000 00000
120000 10000

where we always only consider the finite part of the matriz which is different
from zero.

Since we want this bijection to become a crystal morphism we need to define
a crystal structure on Mat,1x7z(Z>0)/ ~ which coincides with the structure
on PN under our bijection.

Let M = (mij)i:1 ,,,,, n+1 C ZZO be a (n + 1) X Z-matrix.

JEL
Set

n+1

wt(M) = > (32 mij)Bi,
=1 jez

(pz(M) = max {Z mij; — Z Mit1,5 3 ke Z},

1<k <k
Ez(M) = — min {Z mij; — Z Mit1,5 ; ke Z}
J>k Jjzk

If ;(M) = 0 we set f;(M) = 0. Otherwise let k € Z be minimal such that
pi(M) = mij =Y mis.
i<k i<k

Note that, this k exists because M has just finitely many columns different
from zero.

10



We define f;(M) as the matrix we get from M by increasing (resp. decreas-
ing) m;;1 % (resp. m;y) by one. Formally spoken we get f;(M) = 7, ; from
M = mg; by

M. j if (s,7) ¢ {(i, k), (i + 1K)},
Mmej=qmikx—1 if (s,7) =
miv g+ 1 if (s,7) = (i + 1, k).
Similarly, we can define the operator ¢; :
If €;(M) =0 we set (M) =0.
For €;(M) # 0 let p € Z be maximal such that

a(M) == _mij =Y miy1j).
Jj>p Jjzp

Then we obtain é;(M) = 1 ; from M = m; by

Ms,j if (s,5) ¢ {(&,p), (i + 1,p)} ,
Msj = Mip+1 if (s,7) = (i,p),
miJrl,P_l if (S>J):(Z+17p)
It is easy to see that these maps are well defined and that Mat,,1xz(Z>0)/ ~

along with wt, ;, €;, f; and €; becomes a semi-normal crystal.
Now we can prove:

Proposition 2.4 The bijection
v m —  Matyy1x7(Z>0)/ ~

M= I1 Xi(g)™i = [myy]

is a crystal isomorphism.

Proof: We have to verify that for every M € 9t and ¢ € I the following holds:
wt(M) = wi((M)),

i(M) = pi(¥(M)),
&(M) = e (¥(M)),
U(fi(M)) = f;(T(M)),

V(ei(M)) = e;(¥(M)).

Solet M = J[ Ys(t)»® € 9M be arbitrary and ¥(M) € Mat,;1xz(Z>0)
selteZ
its corresponding reduced matrix. Now we show that

wt(M) = wt(T(M)).

Assume we write M as a product of X,(t)‘s by writing every factor Y (t)¥s(®)
as in Proposition 2.1 with corresponding matrix mg ;. Now it suffices to show
that wt(M) coincides with wt(ms ;) because it is obvious that wt is invariant
under (Al). So we get

11



wt(M) = g(; Ys(t))As
since A; = p1+ ...+ Bs, = E(zt:ys(t))/@I‘F---"i‘ﬁs
= g(;(z Ys(t)))Bs

Jj<s
————

=Mst

= zs:(zt: mst)ﬁs

since wt is invariant under (A1), = wt(V(M)).

The same computations work for ¢; and ;.

Now we show that ¥ commutes with f;: .
Let ny be minimal such that ¢;(M) = > ys(t). Then we get fi(M) =

tgnf
Ai(ng)~'M. Due to the choice of ny we know that ns is minimal such that

0i(M) =i (T(M)) =Y mij — Y mig1.

Jj<ny Jj<ng

That means we decrease (resp. increase) mi;p ; (resp. Miyin f) by one in
But since A;(ns)~" = X;(ng) ' Xiy1(ny) it follows that f;(W(M)) is a corre-
sponding matrix of f;(M). It remains to show that f;(¥(M)) = [f;(¥(M))].

Assume we had to apply (A1) only after having operated with f; but not
before. That means we get a full diagonal m;i145n,—s # 0 for all s =
—i+1,—-i+2,...,-1,0,1,...,n — ¢ after having increased m;t1, by one.
But due to the choice of n;y we have m;, 41 < Mig1n, since otherwise

> My — Y, miy1; would not be maximal. Therefore increasing m;i1n,
Jj<ng Jj<ng '
doesn‘t cause any new (A1) application and

U(fi(M)) = fi(R(M)).

The same arguments hold for é; which finishes our proof.

O
Now we define the set of matrices such that the corresponding monomials give
a realization of the crystal bases B(\).

Definition 2.1 Define t C Mat,11xz(Z>0) as the set of matrices whose re-
duced forms have only zero-entries out of an (n + 1) X n-submatric M =
(Mij) i=1,..n+1 with the following properties:

j=0 n—1

yeeny

(i) mij € Z>o fori=1,...,n+1and j=0,...,n—1.

n+1 n+1
(i) > mp; < > myj1 fori=1,....n+1landj=1,...,n—1,
k=i k=i+1
n+1
where we set Y my ;1 =0 fori=n+1.
k=i+1

12



Due to Proposition 2.1 the associated monomials of matrices in 91 can be con-
sidered as elements in M(A) for a suitable A € P and s € Z. Hence instead
of a crystal morphism between 9 and (J, psez M s(A) which we originally
intended to find, we just need a morphism from Mat,1xz(Z>0)/ ~ to 9/ ~.
The idea is to compress the matrices. More precisely we move entries into the
next column to the left such that the crystal structure is preserved. We do
this by decomposing our matrix M = M; + My with M; € N according to the
following rule:

The lower decomposition rule:

Let M = [M] = m;; € Maty+1xz(Z>0) be a reduced version of an arbitrary
matrix. Let £ € Z be minimal and [ € Z be maximal such that m;; = 0 for all
j<l,j>kandi€{l,...,n+1} . That means the finite part of M which is
different from zero is an (n + 1) x (I — k + 1)-matrix over Z>q. For simplicity
we set p = [ — k and renumber the columns by 0,...,p. We also assume that
p > n — 1, otherwise we fill the matrix with zero-entries on the right side.
We search for M; € 9N such that

M = My + M.
(1)

We explain how to compute My = m;

]
Fori=1,...,n+1 we set mglo) =M.

Then, for each j from 1 to p we do the following:
For i =n+1 to i =1 we compare

(1) ; . (1)
g my iy with m; ; + Z my
k>i+1 E>p+1

out of M = m; ; recursively:

and if ) mgj)._l <mij+ Y m,(clj) then we set

k>i+1 k>p+1
1) ._ (1) (1)
Ur D DR UV DR e
k>i+1 k>it1
Otherwise, namely if > mY > m > mM, we set
g Y kj—1 = Miyj kg’
k>it1 k>p+1
m_
my ;g = My

This way we get M and set
M2 =M — Ml.

By construction it is obvious that M; satisfies condition (i) and (i) of Defi-
nition 2.1.1 but it remains to show that M has at most n columns different
from zero such that we can guarantee that M; € 0. For that we show

Lemma 2.1 Let [M] = (mjj)i=t1,..;t1 € Matn11x1(Z>0) be a reduced matric
G=0,...1—1 =

without zero columns which sati;ﬁés condition (ii) of Definition 2.1.1.
Then we have
[ <n.

13



n+1
Proof: Since ) myo = 0 for i = n+ 1 condition (ii) yields my,411 = 0.
k=i+1
Again by condition (7i) we obtain 0 = mp41,1 > My 2 + Myy1,2 and therefore
Mp,2 = Mpt+1,2 = 0. In general condition (i) provides

n+1
Z Mg, = 0.
k=n+2—j
That means in particular that m;, =0 foralli=2,...,n+1 and m;; = 0

forallt €l and j >n+1.

It remains to show that my, = 0.
n+1
Assume my, #0. Since >, my; = 0 this implies mi4¢n—¢ > M1, for all
k=n+2—j
t =1,...,n. That means we can apply (Al) which is a contradiction to M

being in reduced form and hence

mln:().

)

Example 2.2 For g of type A4 we consider the matrix

02 0 01
2 01 2 0
M= (mig) s =10 1.2 0.0
00 0 0 O
1 0 0 0 O

Until we reach the entry mg o we always get m,glg._l >mi;+ Y, m,(:j)

k>i+1 k>p+1
1 1 1
and set ml(’j) == m, j, but at mgo we have ) m,(gi =0<2=>, m,(C% +ms32.
k>4 k>4
Therefore we set m:gl% = m,(ji - > m,gl% = 0.

k>4 k>4
The same happens once more at ma 3 and hence

02001
20100
Mi=10 1 0 0 0f e
0 00O0O O
10 000
Moreover we obtain
0 00 01
000 20
My=|0 0 2 0 0
000 0O
000 0O



Now we can define our desired map:

P Matn+1><z(Z20)/N — m/N
mij —> Nij,

where the matrix n;; is computed in the following way:

Let M be the reduced version of an arbitrary matrix in Mat,,4+1x7(Z>0). Then
we consider the lower decomposition of M:

M = M; + My

with My € M.
Then we move every entry of Ms one column to the left and denote the new
M by MQ(I). Now we set M) := M —|—M2(1) and if M) € 9N we are done and
set

M(l) =:N= nij.

If M) ¢ M we consider the lower decomposition of [M ()] and do the same
again. This iteration yields a sequence of matrices M®. Since M has just
finitely many columns different from zero there exists a & € N such that the
iteration becomes stationary with M*) e 9 and we set:

M(k) =N = nij.

Let us now combine ® and ¥ to obtain the compression map k from the set
of arbitrary monomials into the set of monomials which give a realization of
the crystal bases B(\):

ki= U lodol . M — U M.
ANEP,sEZ

Before we prove that this map is a crystal morphism we continue our example:
Example 2.3 As above, let g be of type Ay and take the monomial
M =Yi(4)"'Y3()Y1(3) 1 Ya (1) '2(0)%Y3(2).

We have already seen that M corresponds to the reduced version matrix

_ O O N O
oS O = O N
SO O N = O

1
0
0
0
0

0
2
0
0
0
We obtained the lower decomposition of M by:
0
0
0
0
0

= o O N O
S O = O N
SO O N = O
S O O N

o O O O

I
= o O N O
S O = O N
o O O = O
o O O O O
_|_

o O o o O
o O O O O
O O N O O
o O O N O
o O O O =



and therefore

020 1
2 0 30
MO =103 0 0
0000
1000

Since MM ¢ N we decompose [MM] = MM and get

eN

®

I
=N V=)
=SS U
o o o~ o
c o o o~

Now we apply ¥~ and receive the monomial

N = wEDM@) = X,(1)2X4(3) Xa(0)2X2(1) X5(0)2 Xa(1)X5(0)
—  Yi(3)Y2(0)Y1(2)2¥3(0)2Y3 (1)Ya(1) "L

Due to Proposition 2.1 we get: N € Mo(4A9 + Ay).
Theorem 2.1 Let g be of type A. Then, the map

ko M — U M)
ANeP,seZ
M — (\I/_lo(I)o\Il)(M)

defined as above is a morphism of crystals.

Proof: We have already seen that W is a crystal morphism therefore we limit
the proof to ® and get the claim by composition. Since ® is successively
defined it suffices to show that sending a reduced version matrix M to M®
preserves the crystal structure. So we take such a matrix M = m;; and its
lower decomposition M = My + My with M; = mgjl) and My = mg)

By definition we obtain

(MD)y; =m +m), .

Now we have to show the following for ¢ € I:
(i) wt(M) = wt(MD),
(ii) @i(M) = pi(MD),

(ili) €(M) = e;(MD)

and that computing M) interchanges with the Kashiwara operators, namely
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(iv) (fi(M)D = f(MW),
(v) (&(M)M) =& (M)

Since ) m;; doesn‘t change it is obvious that wt is invariant under this con-
JEZ

struction.

We prove (ii) and (iv) simultaneously and (iii) and (v) follow in an analogous

manner. For simplicity we set M) =: N = Njj.

We know that

(pZ(M) = max{z mij; — Z mMi+1,5; ke Z}.
j<k j<k
Assume @;(M) # 0 and let k € Z be minimal such that
M) =3 mi; =Y mipig.
i<k j<k
Now assume @;(M) < ¢;(N).
That is only possible if there exists p € Z such that m§2p) 1> mz(i)l’p.
Otherwise ) ni; — > nit1,j is equal to or smaller than > my; — > mit1 ;.

J<p J<p J<p J<p
Due to lower decomposition this implies

2 1
(2.1) m’fp)-i-l S Mip1 — z(—i-)l,p
and since M = My + Mo,
2 _ (1)
(2.2) Myfp = Mitlp = Mgy pe
Now we compute
1 1 2
]%nij - Epniﬂ,j = Z m( )+ mu+1 (Z mz(+)1; + m£+)1 J+1)
- 1 2
= ]gpm( ) +m£])+1 +m( ) +mz(p)+1
1 2 1 2
(]<§ . mz(—i—)l Jt m§+)1 g1 T mz(-i-)l 17T m§+)1 »)
1) N v (1)
< ; My i+ My g+ My, + Mipr1 — My,
J<p
(1) (2 1) (2
(J<zp;1 M1 T Mg T Migrp1 T Mgy p)
(2.2) 1 1
= Sy e mi +mipn —mi,
J<p
(2
( Z mz+1 J + My J+1

(1) 1)
+mz’+1,p—1 +Mit1p — mz’+17p)

= DL mij— ) Miy

J<p+1 j<p+1

But due to the choice of k we have

E My — E Mit1,5

J<p+1 Jj<p+1

17



and hence
©i(M) > ¢;(N).
Now suppose ¢;(N) < p;(M).

It is obvious that ) n;; — > nit1,; becomes smaller than ) my;j— > mit1;
i<k J<k i<k j<k
if and only if:

Moreover the choice of k again implies that

1)
My e < Mig1 ke < M k-

That means we have the following situation in Mj:
(1) _ (1
D= D M
1>i+1 >i+1

and therefore
(2) (1)

My g = Mik — My g q-

With this equation we compute:

1 2 1 2
> Mig— DL Migly = ). mg,j) + mz(,j)—i-l (X mz(—i—)l,j + mz('+)1,j+1)
<kt j<he1 <kt j<k-1
1 2 1 2
= .g sz(,j) + mz(,j)ﬂ + mgﬁ—l + mfk)
i
(1) (2)
—( ,g R
i
(1) (2)
N mi%’)’“_l) W 1)
- % 2mi,j R S e e A e o (TN el (LG
j<k—
(1) (2) (1)
—( ‘<Zk: , My Ml e T e
i

(1)
TMiy1 k-1 — mi+1’k71)

1 2 1
= > mz(,j) + mz(,j)Jrl + mg,k)q +Mmik

<k
(1) (2) (1)
=22 my A mi M
j<he2
+Miy1k-1)
= D Mij— Y M.
i<k i<k

Hence
Pi(N) > @i(M).
Furthermore these computations also show that we obtain ¢;(IN) either by
DM = ) it
i<k i<k
or as in the last case by

g Tij — E Tit1,j

j<k—1 j<k—1
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and that k (resp. k — 1) is minimal with this property.

That means that we obtain f;(N) by operating on T J; OF O My 1.

So assume we operate on n; ; and consider the lower decomposition of ﬁ(M ).
In this case we know that m; > m;11 -1 and the same in N. That means
Nk > Mit1,k—1-

Hence

(1) (1)
Mg = My g1

> mf,g_l > ) mglg

J>i+2 j>it1

That implies

and in particular

2 _
Mk = 0.

(1)

Therefore we get m;_/, ;. increased by one in the lower decomposition of fi(M).
Moreover we know that

(1)

Mg = Mgk = Mkt

That means

@ _
m; k+1 = 0
and increasing ml(._lgl ;. by one doesn‘t change the decomposition of the k + 1-st
column.
Hence

(M) = fi(N).

(2)

Same arguments show that m;’

and we also get

1k is increased by one if we operate on n; ;1

For M € 9 we set B(M) to be the connected component of M in 9.

Corollary 2.1 For M € M and ®(¥(M)) =: n;; € N we consider s € Z
mazimal such that n; ; =0 for all j < s and i € {1,...,n+ 1}. Furthermore
fork=1,...,n+1 we define the values:

ag 1= Z N kts—1 — Z Nikts = 0.

ie{l,...,n+1} 1e{1,....,n+1}

Then we have .
k(M) € Mo(>_ arhy)
k=1
and hence by restriction

n

Kipoary  B(M) — Ms(kz ap )
=1

is a crystal isomorphism.
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2.2 Monomials and A-Tableaux

In this section we give an application of the compression defined in Section
2.1. In their framework about the correspondence between Young walls and
Young tableaux, Kim and Shin [7] gave another realization of the crystal bases
B()\) in the sense of reversed Young tableaux. Moreover Kang, Kim and
Shin [2] constructed a crystal morphism between the monomials in M; () for
dominant integral weights A and those reversed tableaux. By combining this
with the crystal morphism x defined in Section 2.1 we can generalize their
morphism to arbitrary monomials in 9.

Definition 2.2 (i) We define a reversed Young diagram to be a collection
of bozes in rightjustified rows with a weakly decreasing number of boxes
i each row from bottom to top.

(ii) We define a (reversed) tableau by a reversed Young diagram filled with
positive integers.

(iii) A (reversed) tableau S is called a (reversed) semistandard tableau if the
entries in S are weakly increasing from left to right in each row and
strictly increasing from top to bottom in each column.

For a dominant integral weight A\ we define S(\) to be the set of all (reversed)
semistandard tableaux of shape A with entries 1,...,n + 1, which gives a re-
alization of the crystal bases B(X) [7].

Let M € M;i()) be a monomial and m;; the associated reduced matrix in
M. We define the tableau S(M) to be the semistandard reversed tableau with
m;j-many ¢ entries in j-th row.

Then we get

Proposition 2.5 [2] The map
Q 0 Mi(A) = SN

s a crystal isomorphism.

It is obvious how to generalize this morphism to Mg(\). Let M € Mg()\) be a
monomial and m;; the associated reduced matrix in 1. In this case we define
S(M) to be the semistandard reversed tableaux with m;j-many i entries in
the j — s 4+ 1-st row and get the morphism

QU M = USK
XEPsEL AP
M = S(M).

The combination of this morphism with the compression map x yields:

Corollary 2.2 The map

Qor = M — U SN
AeP

s a crystal morphism.
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Example 2.4 For g of type Ay we consider and the monomial
M =Y1(4)"'Y3(1)Y1(3) 1 Va(1)71Y2(0)%Y5(2)%.
We have already seen that
k(M) = N = X1(1)2X1(3) X2(0)* X2(1) X3(0)* X3(1) X5(0),

with the corresponding reduced matriz

— O NN O
S O = NN
o O O = O
o O O O =

Therefore we assign the following semistandard reversed Young tableau

1

2

M) = .
SM) = 13733
212[3[3]5

2.3 Insertion scheme for monomials in type A

In this section, as another application of the compression given in Section 2.1,
we define a bumping rule for Nakajima monomials. That means we consider
the crystal tensor product of two monomials M7 and Ms and search for a
monomial N € ycp ez Ms(A) such that the connected component of My ®
M is isomorphic to the connected component of N. Moreover we will see that
this bumping is compatible with the reversed bumping for reversed tableaux
(given in [8]).

Before we define the monomial bumping we recall the tensor product rule for
crystals By and Bs:

The set B1 ® By := {b1 ®b2; b1 € By and bs € By} becomes a crystal by setting

wt(b1 ® bz) = Wt(bl) + IUt(b2)7
€i(b1 @b2) = max{e;(b1),€(b2) + (hi, wt(b1))},
@i(b1 ®b2) = max{pi(b) + (hi,wt(b2)) , pi(b2)},

. fib1 @by if @;(b1) > €i(ba),
filbt ®by) = Jib1 ® by ?30(1) cilb2)
b1 @ fiba if pi(b1) < €(b2),

b1 @ é&iba if i(b1) < €i(b2),

ei(b1 ®b =
(b1 &%) {@h@@ if @i(b1) > €(ba).

Let now M and M5 be reduced matrices of monomials in 9. In order to use
the compression procedure we associate a matrix My x My € MathXz(Zzo)

21



to the tensor product M; ® M in the following way:

0
0
My @ My — M, : M =: My x My,
0
0

where again M; and My stand for their finite parts different from zero.
With the crystal structure on Mat,11x7(Z>¢)/ ~ we can show:

Proposition 2.6 The map

Maty 11x2(Z>0)/ ~ ® Matyy1xz(Z>0)/ ~ — Maty11xz2(Z>0)/ ~
M1 ®M2 — M1 * Mz

s a crystal morphism.

Proof: Let M; and M> be matrices as above and after possible renumbering

_ 1 . _ 2 . . o . .
we set My = (mZ])zzjlzlnj»l and My = (miJ)zjii.,ntl. For simplicity we write

My x My =: M = m, ;.

Since M7 and M; are reduced we get by definition that M * My is a reduced
matrix without any (A1) application.

We have to show that wt, p; and ¢; are invariant under this map and that it
commutes with fz and é;. We observe directly from the definition that

wt(My @ Ma) = wt(My * My).
For i € I we show that
@i(M1 @ Ma) = p;(My * Ma).

In order to do this we distinguish the two cases p;(M7) > €;(M2) and @;(M;) <
€i(M). At first we assume ¢;(M;) > €;(M2) and take & minimal such that

_ 1 1
pi(My) = E :mm My 51
i<k
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This implies

@i( M1+ Mo) = > Mij— M1
J<k+t+1
= Z mzlj - mzl—l—l,j—l
i<k
+ ZJ: mZQ_] - ZJ: m12+1,j
since (hs, Aj) = 0; 5, = @;i(M)+ mej (hiy Ai — Ni—1)
j

+ ; m?—&—l,j (hi, Aip1 — Aq)
= (M) + Zj:mf] (hi, Bi)
+ ZJ: m%_Lj (hi, Biv1)
= i(M)

+ <h’i7 Zm%j Bi + Zm?'*‘lvj 5z’+1>
J J

(hi, Bj) = 0 for j #i,i+1, = @i(M)+ <th<2 mzz,j)ﬁi>
i
= i(M) + (hi, wt(M2))
since gOl(Ml) > Ei(Mg), = %(Ml &® Mg)

Moreover these computations also show: If p;(M;) > €;(Maz), then k is minimal
with
pi(Myx Ma) = (M) = myj— Y mit
j<k j<k
and hence } 3
fi(My « Ma) = fiMy * M.

Due to the tensor product rule we also observe
fi(My ® M) = f; My @ Mo,
which implies that the map interchanges with ﬁ in this case.

Let now ¢;(My) < €(Mz). This yields directly ¢;(My x Ma) = ¢;(M2) =
@i(My ® My) and again f;(My x M) = My * f;M>.
Same arguments hold for ¢; and é;.

O
With this interpretation of the crystal tensor product of monomials we are
able to give the definition of bumping for Nakjima monomials. Let M; and
M5 be monomials in 9t then we define My — My as the result of the following
compositions of crystal morphisms:

Mx M — Matpsixz(Zoo)/~ = N/~ = U M)

ANEP,s€Z
(M1, M) —  O(M)«T(M,) S N —  TYN).
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In other words we set

My — My := U~ H®(U (M)  U(My))).
With Proposition 2.6 and Theorem 2.1 we observe
Theorem 2.2 Let g be of type A. Then, the map

MM — U M\
\EP,sEZ

M1 X M2 — M1 — M2
defined as above is a morphism of crystals.

Now we notice that the monomial bumping coincides with the tableaux bump-
ing defined in [8]. More precisely, if we take My, My € 9 we have two possi-
bilities to associate a reversed tableaux to their tensor product M; ® Mo.
The first one is to take the monomial bumping M; — Ms and to consider
the tableaux S(M; — M>) in the sense of Corollary 2.2. On the other hand
we compute S(M;) and S(Maz) and apply the reversed bumping rule given by
Kim and Shin [7], [8], namely S(M;) — S(Mz). Corollary 2.2 and Theorem
2.2 imply
S(Ml — Mg) = S(Ml) — S(MQ)

In order to put this result in concrete terms we consider the following
Example 2.5 Let g be of type As, say g = sly, and take
My =Y1(2)7'Y3(1)Y2(1)Y2(2)

My = Y>(3)"?Y3(2)"'V1(1)* Y1 (3).

As in section 2 we assign the matriz to My by

vi(2)7! X2(1)X3(0) Xa(-1),
Y3(1) = X3(1)X2(2)X1(3),
Yo(1) = Xo(1)X;(2),
Y2(2)7t = X3(1)X4(0).
Therefore
00 0 1 1 0 0 1
My o 00 2 10 (A1) 1 10
01 2 00 1 0 0
1 1 0 0 0 000

Since this reduced matriz lies in N we don‘t need any compression and get the
following corresponding tableau

= _
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For My we write:

Ya(3)72 = X3(2)°X4(1)%
Y3(2)70 = Xa(2),
vi(1)? = X1(1)3,
i(3) = Xi(3).
Hence
3 01
000
MQH
020
210
One step of compression yields
3 01 -
000 1
MY = & S(Ms) = 303
020 [1[1]1]4]4]4
300

Due to the reversed bumping rule in [8] we get

w

1] 1] 1]2
S(Mﬂ—)S(Mz): 2| — 33| = 3
2]3 (1]1[1]4]4]4] [1]1]1]4]4
On the other hand we observe for the monomial bumping
0
0 301 000
000011
M *M = . =
P My M 020010
0 21000 0
0
and by compression we get
3011 3 01
2 1
0 2 00 010
3000 2 00
Hence we get the expected equation:
112
S(My — M) = 313] = S(M;) — S(My).
(1]1]1]4]4
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Chapter 3

Type C

3.1 Compression of Nakajima monomials in type C

In this section we will define the compression of Nakajima monomials for a
Lie algebra g of type C,. We shortly recall the basic setting of g. Let P be
the weight lattice of g and f1, ..., 8, the orthogonal basis of P. Let further
I ={1,...,n} be the index set for the simple roots given by o; = ; — Bi+1
fori=1,...,n—1 and «a, = 28,,. Moreover we get the fundamental weights
by A; = 61+ ...+ B; and therefore 5; = A; — A;_1. Then we compute for all
i#mnand j € I

2 ifi =7,
(hj,a;)) =< -1 ifj=i—1orj=i+1,
0 else
and
2 if j =mn,
(hj,om) =< =2 ifj=n—1,
0 else.
As in the A,-case we set
0 iféi> g,
Cij =
1 else.

With this notation we obtain for j € Z

A(j) = Yi())Yie1(5)"Wi( + DYisa(j + )78 if i #m,
’ Ya(i)Ya( + 1)Ya1(j +1)72 if i =n.
Let B={1,...,n,1,...7} then we define a total order on B by
1<2<...<n<m=<...<2<1

For i € I and j € Z we consider the variables defined in [3]:

Xi(j) = Yia(G+1)7Yi(9),
Yic1(j+n—i+1)Y;(j+n—i+ 1)L

2
—
.
~—
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With these variables we have for ¢ # n :
Ai(j) = Xin(h) ' X)),
Ai(j) = Xgg(—n+0)X;( —n+i)!

and
An(j) = Xn(§) Xm ().

Furthermore it is easy to see that for ¢ = 1,...,n and some p — ¢ = n — i the
following equation holds

Xi(p)X;(q) = Xiv1(p) Xiz7(q)-

This equation will be important later when we define the equivalence relation
on matrices because it involves more options to write an arbitrary monomial
as a product of X;(j)‘s and X;(j)s.

As in Chapter 2 we recall the characterization of M;(\) with a dominant
integral weight A for Lie algebras of type C,, given in [3]:

Proposition 3.1 [3] Let A = ajA1 + ... + ap\,. Then the connected com-
ponent Mi(\) containing the maximal vector

M= V(1) V(1)
1§ characterized as the set of monomials
M = th,l (1) e th»h (1) c. th,l(n) .. .th,kn (n)

satisfying the following conditions:

(i) kj=aj+...+a, forallj=1,...,n,

(i) tj1 = tjo = ... = tjg; forallj=1,...,n,
(111) for each j =2,...,n andl=1,...k;, tj_1; > tj;.
For s € Z we also consider the shifted highest weight monomials of weight A

My = V() Ya(s)® ... V().

As an immediate consequence of Proposition 3.1 we obtain their connected
component M () by the set of monomials of the form

M = Xt1,1 (5) T th,kl (S) o 'th,l(s +n— 1) T th,kn (S +n— 1)
satisfying condition (i), (i7) and (ii3).

We will see later on that these conditions translate into the notation of matrices
exactly the same way as in the A,-case. In order to use similar constructions
as in Chapter 2 we show that 91 is generated by the elements X;(j) and X;(7).
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That means we define M to be the free abelian monoid generated by the set
{X:(4), X5(4),i=1,...,n,j € Z}. We further define an ideal J C M by

J = ([[ Xe(G+i—k)Xz(j—n+k—1),
k=1
[1X:G—i+k)Xe(G+n+1—k)i=1,...,n,j€Zm
k=1

Hence the quotient M/J becomes a group with

i—1 7
S =JIXG iR ] XU -+ k-1
k=1

k=1
and
i—1
X;(4) HX (j—i+k) Hij-l-n—i-l—k:)
k=1 k=1

This gives rise to an analog of Proposition 2.2.

Proposition 3.2 We have
Mm=M/J.

Proof: We consider the map that identifies X;(j ) with Y;(5)Yi—1(j+1)~! and

X:(j) with Y, 1(j+n—i+1)Y;(j+n—i+ 1)~ Let M = [[ Yi(j)¥ (>
icl,jez

be a monomial in 9. In order to show surjectivity we consider again each

Y;(j)¥%\) separately and distinguish two cases:

1. case: y;(j) > 0, then we write

Yi(j) = ;rzfom+z’—k>—1k1jlyk<j+z'—k>

= I X +i— k).

Therefore we get

i
}/i(j)yi(j) — H Xp(G+i— k)yi(j)'
k=1
2. case: y;(j) < 0, then we set
;
i)' =11 X0 -n+k-1)
k=1
and hence
Y;(5)%0) = HX (G—n+k—1)"%0)
k=1
With these equations we compute

Xi() ' =Y() Y+ 1) = Hij+l— HXE(j—n—i—k:—l)
k=1
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and

X;)™ = Yia(GH+n—i+ )Y +n—i+1)
i—1 7

= I XzG —i+k) 1 Xp(+n+1-k),
k=1 k=1

which implies injectivity.

Remark 3.1 The equation
Xi(p)X7(q) = Xit1(p) Xiz1(a)
forp—q=mn—1, also holds in M/J.

Due to Proposition 3.2 we can write an arbitrary M € N as a product of
Xi(j)'s and X;(j)‘s. More precisely, there exist m;; € Z>q such that

M= [ x()m.
i€B,jEL

In other words, we can associate a matrix m;; to each M &€ 9, where i €
{1,...,n,1,...n} and j € Z. That means we obtain a matrix in Mata, xz(Z>0).
As in the A, -case these are matrices with just finitely many non zero columns
and we number the rows by 1,...,n,7,...1 instead of 1,...,2n.

In order to get a bijection between the monomials and those matrices we need
to fix the matrix notation. Consider M € Matonxz(Z>0) with M = my ;.
Then the definition of J and Remark 3.1 allow us to apply the following rules
without changing the underlying monomial:

(C1) For a pair p,q with p — g =n — b with
mpp 7# 0 and my  # 0

we decrease .mbm and M, by mln{mbm,mg’q} and increase my41,, and
My, by min{my,p, my  }.

(C2) For a pair p,q with p — ¢ =n — b+ 1 with
my,p 7 0 and mgq#Ow

we decrease .mb7p and M, by min{m;, , mg’q} and increase my_1, and
my— , by min{myp, mg }.

Moreover we have an analog of rule (Al):

(C3) Forevery i€ {l,...,n} and k € Z with
Mi—skts 7 0 forall s =0,1,...,i—1
and

m #0foralls=0,1,...,1—1

i—s,k—n+i—1—s
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we decrease all these entries by
Min{m; g ks, M5 4 npio1-s 0 Lo — 1}

We call such a collection a generalized diagonal at m;j and this proce-
dure a cancellation at m, k.

We can also insert some generalized diagonals to get longer ones:

(C4) For every i € {1,...,n} and k € Z with

mix # 0
and
M5 ponti-1-s 7 0 forall s =0,1,...,4 =1
we increase the entries m;_g 45 for all s =1,...,i —1 by

min{mi,kv mm,k—n—&-i—l—s; 0, ]., ce ,i — 1}

and apply (C3) to get a longer cancellation at m; .
For every i € {1,...,n} and k € Z with

MG k—n+i—1 # 0

and
Mi—sits 70 forall s =0,1,...,i—1

we increase the entries M5 kntie1—s foralls=1,...,7—1 by

min{m;_s ys, M ki1 0, 1ot — 1}
and apply (C3) to get a longer cancellation at m; .
We use the rules (C1)-(C4) to get reduced versions of the matrices associated

to monomials in 9. We explain what we mean by reduced in this case:
Let m; j € Mato,xz(Z>0) be a matrix corresponding to a monomial M € Mt

M= [ xG)m.
i€B,jeL
We search for [m; ;] such that

1) > [mygl=min{ > ny; I X@G)™ = II Xi(j)"},

i€B,jEZ i€BjEL i€B,j€EZ i€BjEL

(ii) there are no pairs p,q with p — ¢ =n — b+ 1 such that

[myp] # 0 and [my ] # 0.
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We use the rules (C1)-(C4) stepwise to obtain [m;;] from m;; as follows:

Let j be minimal such that m;; = 0 for all i € B and k > j. Then we start at
my; and apply (C1)-(C2) to all the other entries if this yields an application
of (C3)-(C4) to my, ;. This means we try to get some cancellation at this entry.
After that we go left to the next entry in this row and do the same.

Once we have done this with the whole row we go to the upper one and apply
the same procedure until we reach mq i.

At the end we apply (C2) to guarantee the desired condition (ii).

Example 3.1 For g of type C3 we consider the monomial
M = Yi(0)¥1(2)Y1(1) "' Yi(5) " Y1(3) 1Y (4) 22 (0)Ya(3)Ya(5) 23 (0) Y3 (4).

Due to Proposition 3.1 we write

Yi(0) = X1(0),
Y1(2) = X1(2),
vi()=! = X3(-2),
vi(5)7" = X3(2),
(37t = X3(0),
Yi(4)7? = X7(1)?,
Y2(0) = Xo(0)X1(1),
Y2(3) = Xa(3)X1(4),
2(5)7% = X3(3)°X7(2)?%
Y3(0) = X3(0)Xa2(1)X1(2),
Y3(4) = X3(4)X2(5)X:1(6)
and assign the matrix
001120101
0011 01O010O0
|00 1 000100
(mig) a3zt =10 0 0 0000 0 0
000 O0O0Z2000O0
1 01 2 3 0000

We observe that we get no (C3) or (C4) for mg ;. That means we go to i =2
and get a generalized diagonal at moys. After applying cancellation we obtain
the new martiz by

001120100
001101O0O0O0
0010O0O01O0O0
00 0O0O0OO0OO0OO0OO@O
000O0OO0OT1TO0TO0®O
101220000




The next entry we have to consider is moy4 and after insertion at mis and
application of (C1) we also get a generalized diagonal at mo4 and hence

0011200
0011010
0010001
0000O0OGOO’
00000T10
1011200

where we omit the zero-columns. In the next step we apply (C1) to myo and
insert a generalized diagonal at my o to get a cancellation at ma o, which yields
the reduced version matriz

= [m; 4].

— O O = =
= o O O = O
N OO O O N
SO =R, O O = O
o O O = O O

With this notation we define an equivalence relation on Mata, «x7(Z>0):
mi g~ i iff [mig] = [ng ).
We consider the quotient

Matzan(ZZO)/ ~ .

It is obvious that two matrices which lie in the same equivalence class corre-
spond to the same monomial and vice versa. Hence by sending a monomial
onto its reduced matrix we get

Proposition 3.3 There exists a bijection between M and Matay,xz(Z>0)/ ~.

In order to get a morphism of crystals we endow Mato,xz(Z>0)/ ~ with a
crystal structure by defining it on the reduced representatives.
Let M = m;; € Mato,xz(Z>0) be a reduced matrix. Then we set

n

wt(M) =Y () (mij — myz;))Bi.

i=1 jez

For i # n we put

@i(M) = max { > maj+ My = 2 Mitly T 5 k€ L),
<k j<k
ei(M) = —min {3 miyj+mgg; = 20 Mit1j + M5 5 k€ Z)
j>k ik

32



and

on(M) = max {> my;— > mg;;keL}
<k j<k
en(M) = —min{) mp; — > mn;; keZ}
Ji>k Jj>k

If @;(M) = 0 we set f;(M) =0 for all i € I. .
Let now ¢;(M) # 0 then we define the Kashiwara operator f; for ¢ # n:
Let £ be minimal such that

pi(M) = Z Mij + M s — Z Mit1,5 + M5 5y
i<k i<k
Then we distinguish the following two cases:

1. case: MG h—nti = 0.

Then we set ﬁ(M ) as the matrix we get from M by increasing (resp. decreas-
ing) m;q1 (resp. m;y) by one. Formally spoken we obtain f;(M) = 7, ;
from M = mg; by

Ms,j if (s,7) ¢ {(i, k), (i + 1, )},
Msj=qmip—1 i (s,5) = (4, k),
mip1r+ 1 if (s,5) = (i +1,k).
2. case: M ket # 0.
Then we define f;(M) as the matrix we get from M by increasing (resp.
decreasing) mj;; ., (resp. m7i_,;) by one. That means we obtain

Mg if (s,5) ¢ {(i,k—n+0), [+ Lk—n+i)},

Mg = A Mt gngs — 1 i (8,5) = T+ Lk —n+i),
if (s, j

(

MG ki T 1 s,7) = (i,k —n+1).

Now we give the definition of f,, (M ) for @, (M) # 0:
Let k be minimal such that

on(M) = mej - Zmﬁj‘
i<k i<k

Then we set f,,(M) as the matrix we get from M by increasing (resp. decreas-
ing) mz i (resp. my, ) by one. More precisely we obtain f, (M) = 7, ; from
M =ms; by

ms,j if (Svj) ¢ {(nvk)v(ﬁa k)}a
ms,j = Mmnpk — 1 if (S)j) = (n7 k;)u
mp+ 1 if (s,5) = (W, k
If €;(M) = 0 we set &;(M) = 0.
For €;(M) # 0 let p be maximal such that

& (M) = _(Z Mij + MG jonti Z mit1,j + mf,jfn+i)'
J>p Jjzp

~—
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Then we distinguish the following two cases to define é;(M) for ¢ # n:

1. case: M pnti £ 0.

Then we set €;(M) as the matrix we get from M by increasing (resp. decreas-
ing) m;yp (resp. mip1,) by one. Formally spoken we observe é;(M) = 1, ;
from M = mg; by

M, if (s,4) ¢ {(i,p), (i +1,p)},
Msj = Mip—+ 1 if (s,7) = (i, p),
miy1p — 1 if (s,4) = (i +1,p).

2. case: M ppti = 0.
Then we define é;(M) as the matrix we get from M by increasing (resp.
decreasing) mir7, ,; (resp. m;, ,.;) by one. That means we obtain
€i(M) = 1 j from M = ms; by
ms,j if (s,4) ¢ {(i,p—n+4), (i + Lp—n+i)},
mSa] mz+1p7n+i+]‘ lf (S’j) :(Z+17pin+l)7
M5, i — 1 if (s,7) = (i,p —n +1)

Let p be maximal such that

en(M) == — > may).

Ji>p Jjzp

Then we set €,(M) as the matrix we get from M by decreasing (resp. increas-
ing) mp,p (resp. my ) by one. Formally spoken we obtain é,(M) = 1, ; from
M = mg; by

Ms,j if (s,7) ¢ {(n,p), (M@, p)},
ms,j =y Mn,p +1 if (S,j) (
(

= n?p 9y
mmp — 1 if (s,4) = (7, p).
Easy computations show that Mata,«7(Z>¢)/ ~ along with the maps wt, ¢;, €, f;
and é; becomes a semi-normal crystal. As in section 2 we prove that this crys-

tal structure coincides with the structure on 9t under the above bijection.

Proposition 3.4 The bijection

U m = Matynxz(Z>0)/ ~
M= T Xi(G)m = [mi]
i€Bjez

s a crystal isomorphism.

Proof: It is easy to verify that wt, ¢; and ; are invariant under ¥ especially
because they are invariant under the application of (C1)-(C4). It remains to
show that ¥ commutes with the crystal operators f; and €;. Let M € 91 be a
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monomial with associated matrix [m; ;]. Due to the crystal structure defined
on the matrices it follows almost directly that for all ¢ € T

fi(M) = H Xl(j)fi([m”b

1B jET

and the same for é¢;.
Therefore it suffices to verify that

fil[maz]) = [fi([may))]

and
éi([miz]) = [&i([mu])]-
Since this can be proved analogously we just give the proof for f;.
For simplicity we denote [my ;] by my; and for i # n let k be minimal such
that

Pi M) =Y " mij + Mg s — D Mt + My
1<k i<k

First we look at the case myg,_,,; = 0. That means we get ﬁ(ml]) by
increasing m;41 and decreasing m;j each by one. Let us assume that the
increase of m;41 induces a longer or new cancellation. But this yields

miy1,k = 0 and My gpt; =0

and together with the choice of k this implies

m; k+1 = 0 and m 0.

i1 k—n+itl

Since m; x+1 = 0 and m; g pii = 0, the increase doesn‘t provide any gen-
eralized diagonal at m;isx+1—s for positive s, without insertion. But those
insertions would have been done before we operate with f; because myj is in
reduced form.
It is still possible that we get a new generalized diagonal by (C4) at m;q1
itself. But we get no diagonal m;1_s 45 # 0 for s = 0,...,4 since m; 41 = 0.
Furthermore we can‘t increase this entry by applying (C1) because otherwise
we could have applied (C4) at m; ;11 before.
The second possibility to apply (C4) at m;;; ; needs M5 k—nti—s 7 0 for
all s =0,...,¢ In particular we get m;—; ,_,, 1, #0foralls=0,...,i—1
and m; # 0 which implies an application of (C4) at m; before operating.
This is again a contradiction to the fact that m; ; is reduced.
Moreover since MG i = 0 we can not apply (C1) to the increased m; 1 k.
Overall we have seen that operating with fz preserves the reduced version in
this case.
Similar arguments hold for the case mzg,_,; # 0 .

O
Now we translate the characterizing conditions of the monomials that give a
realization of the crystal bases, given in Proposition 3.1, into the language of
matrices. We will recognize that those are the same conditions as in Chapter
2. From this observation one can deduce that similar constructions yield our
desired morphism.
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Definition 3.1 Define MU C Mato,xz(Z>0) as the set of matrices whose re-
duced versions have only zero-entries out of a 2n X n-submatrizc
M = (myj)izr,...nm,..7 Satisfying the following properties:

7j=0,..., n—1

(i) mij € Z>o fori=1,...,n,m,...,1and j=0,...,n—1,
(it) Yomp; <> myjq fori=1,....,nm,...,1andj=1,...,n—1,
fe>i ke>i

where we set Y my j—1 =0 fori=1.
k>i

Due to the crystal structure and the equivalence relation above we observe
the following remark which helps us to guarantee that operating interchanges
with lower decomposition later. Moreover it implies that 91 and hence also 9t
are stable under application of €; and fz

Remark 3.2 Let m; j be a reduced version of a matriz in Maty,xz(Z>0) and
1€ 1.

(i) If fi acts on m; . then mg g, > migq g1,
(1) if & acts on miq1p then mip1, > Mjpi1,
where we seti+1=1i—14fie{m,...,2} andn+1="n.

As mentioned above we also use the lower decomposition rule for the later
constructions. Therefore we need an C-analog of Lemma 2.1.

Lemma 3.1 Let [M] = (mij)iz1,...nm,...7 € Matonxi(Z>0) be a reduced matric
j=0,..., -1

j=0
without zero columns which satisfies condition (ii) of Definition 3.1.
Then we have
I <n.

Proof: Assume [ > n and consider a special collection of elements in
B={1,...,n,n,...1}:

For k=1,...,n+1let i, € B be maximal such that m;, ; # 0.

This collection exists because there are no zero columns and ! > n. Further-
more condition (ii) of Definition 3.1 implies

Intl < tp < ... <1y <11,

That means there exists at least one pair p,q € {1,...,n+ 1} with p > ¢ such
that
ip € {1,...,n} and iq = ip.

Let p be minimal with this property. The minimality of p yields
p—q<n-—i,+1

We assume p —q < n — 4, + 1, namely p —q¢=n — i, + 1 — j for some j € N.
Let us consider the number of elements between i, and i,:

Hipsip—1s- -y igr1,dg =n —ip — j+ 2.
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Since
m—ip—7+2)+@Gp—1)=n—j+1l<n+1
there is another pair p, ¢ with p > p > ¢ such that iz € {1,...,n} and iz = ip.
If we consider p minimal with this property one gets
P—q<n—ip+1.

If we assume p — ¢ < n — iz + 1 we can use the same arguments as above.
This way we can inductively conclude that there has to be such a pair with
p—q = n—1i,+1 which is a contradiction to m; ; being reduced and therefore
| <n.

O
Let us define the C-analog of the map ® given in Section 2.1.

[OJ Matgnxz(ZZO)/N — ‘ﬁ/N
mi; = N,

where we compute n;; as follows:

Let M be a reduced version matrix in Mata,xz(Z>0)/ ~. Then we consider
the lower decomposition of M:

M:Ml—i-MQ,

with M = mg}j), My = mg) and M; € 9. We use exactly the same decompo-
sition as in Section 2.1 with 2n rows instead of n + 1. Then we move every

entry of My one column to the left and denote this matrix by Mz(l) and set
MO = My 4+ M,

Then we decompose [M (1)] and proceed the same way until the iteration be-
comes stationary and we reach M®*) = mz(];) € M. Then set

n;; =N := M®*).

Before we show that this map has the desired properties we state another
lemma which will be useful for the proof of the main theorem.

Lemma 3.2 Let M = M; + Ms be the lower decomposition of a matriz in
reduced form with My = ml(l]) and My = ml@]) Then there exists no pair p,q
with p — q = n — i such that

mglg #0 and mlgq) #0.
Proof: Due to the lower decomposition rule we obtain M; € 91 and since M is
reduced it‘s obvious that M is reduced. Now one can use the same arguments

as used in the proof of Lemma 3.1.
O

We define the compression map x again as the following composition
k=0 lodoW

and show
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Theorem 3.1 Let g be of type C. Then, the map

kot M — U M\

ANeP,seZ
M — (\I/_l odoW)(M)

defined as above is a morphism of crystals.

Proof: We limit ourselves to prove that sending a reduced matrix M onto
M® thus defined preserves the crystal structure. This implies inductively that

® and hence ¥~! o ® o ¥ are crystal morphisms. So consider M = my; the

reduced form of an arbitrary matrix in Mato,xz(Z>0) and my ; = 'ml(lj) + ml@])

its lower decomposition. For an ¢ € I we have to show:
(i) wt(M) = wt(MD),
(ii) @i(M) = @i(MD),
(iii) ei(M) = e(MM)
and that computing M) commutes with the Kashiwara operators namely
(iv) (M)W = f(MW),
(v) @M)WV = &),

We confine ourselves to prove (ii) and (iv) because the rest follows analogously.

Rather we just show (ii) and get (iv) from the A,-case. Set N = M; + MQ(I)
with N =, ; and let k& be minimal such that

Pi M) =Y " mij + Mg s — D Mt + My e
i<k i<k

In the first step we show ;(M) < p;(N).
For simplicity we introduce some notation:
For ¢ € I,l € Z and a matrix M = m;; we set

pil(M) = Z Mij + M i pyi — Z Mit1,5 + MG iy
§<l i<l

First of all we look at the case Mg gnyi = 0 That yields m;; # 0 and

furthermore Remark 3.2 says m;; > m 1 ,—1. The fact that M is reduced
also implies m; 1 = 0. We show that either

i,k—n+i—
Pik(N) = pix(M) = @i(M)
or

Pik—1(N) = pix(M) = ;(M).

Let us assume that p; (V) < p; x(M). The first case that could yield this is

E Mg — E it < E i j — E it

i<k j<k i<k j<k
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But the computation in the proof of Theorem 2.1 shows that in this case we

obtain
Y mig =Y Mirig = Y Nig— Y Mity

j<k j<k j<k—1 j<k—1

and since s 0, MG ki1 = 0 we get
@i(M) = pip—1(N).

The other possibility to get p; x(N) < pir(M) is

> nig =Y Mir1g =Y mig = Y mi

<k j<k i<k j<k

and

E :ni+1,jfn+i - E :ng,jfnJri < § :mm,jfnJri - § :mg,jfn+i‘

i<k i<k i<k J<k

The first equation implies 0 # ml(.lk) > mgr)l x—1 and the inequation yields

(2) (2)
0# M i =~ " k—nitl”

But the existence of 0 # mz(lk) and 0 # m?k)inﬂ provides a contradiction to
Lemma 3.2. ’

Now we consider the case mj7, ., % 0. Since M is reduced we get
(2)
i+1,

Pik(N) < pirp(M) is mglk) # 0 and 0 # mg(zk),nﬂ > m%kinﬂﬂ, which is

mit1, = 0 and in particular m;7; , = 0. Therefore the only chance to have

again a contradiction to Lemma 3.2.
Overall we get

Pi(M) < i(N).
It remains to show:
@i(M) > @i(N).
Suppose ;(M) < ¢;(N), that means there is a t € Z with

pit(N) > @i(M).

We distinguish the same cases as above. At first we assume
D mig = Y mirig > ) Mig = ) misiy
j<t j<t j<t j<t
That is only possible if m(Qt)+1 > mgi)l,t. In particular we obtain m; 1 # 0 and

1y
hence my; i = 0. From the A,-case we know that the following inequation

holds in this case
E Nij — E Nit1,j < E mij — g Mit1,j-
j<t j<t j<t+1 j<tt1

Combining this with m; ., =0 and p;(N) > ¢;(M) we see

Pit+1(M) > pi(M),
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which is a contradiction to the choice of k.
Now suppose that

E :ni+1,jfn+i - E :ni,jfnJri > E :mm,jfnJri - § :mg,jfn+i‘

j<t j<t j<t j<t
That means 0 # m2). >m? and the A,-case implies again
i+1,t—n+it+1 Tt—n+i n
E :ni,j—n+z‘ - E :"E,j—nﬂ‘ < E : MG j—n+ti — E : M j—nti
j<t j<t j<t+1 j<t+1

If m;p+1 = 0 we obtain the same contradiction as in the above case. So we
assume m; 41 # 0. But in order to get p; (N) > ¢;(M) we need mg}p)ﬂ #0
because otherwise

Pit(N) < pig+1(M) < @i(M).
(2)

1 7 0 and m- "~ # 0 provide a contradiction to Lemma 3.2.

(1)
But m, +1,t—n+it+1

l7p+
Hence

©i(M) > @i(N).

Moreover these arguments also show that either k£ or k¥ — 1 is minimal such
that either

@i(N) = pip(N)
i(N) = pig—1(N).

Finally Remark 3.2 and the A,-case imply (iv) which finishes our proof.

Example 3.2 For n = 3 we reconsider Fxample 3.1 namely the monomial
M = Yi(0)Y1(2)Y1(1)"'Y1(5) " Yi(3)1Y1(4) 22 (0)Ya(3)Ya(5) 23 (0) Y3 (4).
We have already seen that we can write M as

M = X1(0)X1(2)X7(-2)X7(2) X7(0) X7(1)* X2(0) X1 (1) X2(3) X1 (4) X5(3)*
X1(2)?X3(0)X2(1) X1 (2) X3(4) X2(5)X1(6)

with reduced version matriz

10200
11010
| 10001
g 0000 O
00010
11200
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We observe its lower decomposition by

102 00 101 00 00100
11010 110 00 00010
10001 1 0O0O0O0 00 001
00000_00000+00000
00010 00 000 00010
112 00 100 00 01 200
and therefore
1110
1 110
i = [ o0 0| = gL
0010
2 200

One further step yields the desired matriz in N:

~ O O = = =
S = O O N
o O O = O =

and by application of U~ we get the monomial
N = X1(0)X1(1)X1(2)X2(0)X2(1)2X2(2) X5(0) X5(0)*
Y1(0)Y2(0)¥2(1)?Y1(3)'¥3(1)~¥2(1)" € Mo(3A1 + 242 + 2A3).
Let B(M) be the connected component of M € 9.

Corollary 3.1 For M € M and ®(¥(M)) =: n;; € N we consider s € Z
mazimal such that n;; = 0 for all j < s and i € {1,...,n,7m,...1} = B.

Furthermore for k =1,...,n we define the values:
ag = E N fps—1 — E N gys > 0.
icB icB

Then we have .
k(M) € MS(Z arAg)
k=1
and by restricting our morphism to the connected component we get that

n

K|B(M) B(M) — MS(kZ akAk)
=1

is a crystal isomorphism.
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3.2 Monomials and C-Tableaux

Kim and Shin [7] also gave a realization of the crystal bases in the sense of
reversed Young tableaux for Lie algebras of type C. In this case they obtained
S(\) as the set of all semistandard reversed Young tableaux of shape A with
entries 1,...,n,7,..., 1 satisfying some conditions (for details see [7]). More-
over Kang, Kim and Shin [3] constructed a morphism between M;()\) and
those tableaux for g of type C),. This is similar to the one in Section 2.2 and
can also be generalized to a crystal morphism between arbitrary monomials
and tableaux in S(\) via compression.

Let M be in M;(}) for an integral dominant weight A and m; ; its associated
reduced matrix. For i € B we define again S(M) to be the reversed tableaux
with m; j many ‘s in the j-th row. We will say that there is an i(p) if there
exists an entry ¢ in the p-th row of the tableaux. In order to get a tableaux
that satisfies the condition of S(\) we have to apply the following rules which
are due to [3]:

(al-1) For each a =1,...,n— 1, if there is a pair (a(p),a(q)) such that p— ¢ <
n — a and either a(p) and a(q) lie in the same column or a(q) lies in the
left hand side of a(p).
Then replace (a(p),a(q)) with (a + 1(p),a + 1(q)).
If there are several such pairs then we begin with the rightmost a(p) and
leftmost a(q).

(al-2) For each b = n,...,2, if there is a pair (b(p),b(q)) such that p — q =
n —b+ 1 and b(q) lies in the right hand side of b(p).
Then replace (b(p), b(q)) with (b — 1(p),b — 1(q)).
If there are several such pairs then we begin with the leftmost b(p) and
rightmost b(q).

Let us denote by [S(M)] the reversed tableaux we obtain from S(M) by ap-
plying those rules. Then we can state the following
Proposition 3.5 [3] The map
Q : M(N) — S
M = [S(M)]
is a crystal isomorphism.

As in the A,-case we continue this morphism to Ms(A). Let M € M4(\) be
a monomial and m;; the associated reduced matrix in 9. We set S(M) to be
the semistandard reversed tableaux with m;;-many 7 entries in the j — s+ 1-st
row and get the morphism

Q- U M) = USK
\EP,scZ \EP
M = [S(M)].

If we combine this result with Theorem 3.1 we get a morphism between Naka-
jima monomials and tableaux:
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Corollary 3.2 The map

Qor = M — U SN
AeP

s a crystal morphism.

Let us consider an example:

Example 3.3 For g of type Cs consider the monomial
M = Y5(2)*Ya(1) "' Y3(0)Y1(0)Y3(3) .

Via compression we get ®(V(M)) by

1 010

1100

1 0 00

0100

1 0 00

1 0 00

This yields the following tableau:
1 (al-1) 2
S(k(M)) = 213 = 313/=[S(k(M))] € S(N).

[1]2[3]2]1 [1]2[3]3]2

3.3 Insertion scheme for monomials in type C

In this section we define a C-analogue of the bumping rule for Nakajima
monomials given in Section 2.3. Let M;, Ma € Mata,xz(Z>0) be two reduced
version matrices of monomials in 991. As in the A,-case we need to associate a
matrix M x Ms € Matoy,xz(Z>0) to M1 ® M. In order to assure that M Mo
is in reduced form we need more zero columns between M; and Ms in this
case. Namely we insert n zero-columns and define

0 ... 0
0 0
My x My = My CoM,y € Matonxz(Z>0).
0 0
0O ... 0

With the tensor product rule and the same arguments as in Proposition 2.6
we observe:

Proposition 3.6 The map

Matynx7(Z>0)] ~ ® Matonxz(Z>0)/ ~ — Matayxz(Z>0)/ ~
M, ® Mo — My * Moy

s a crystal morphism.
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Furthermore for My, My € 9t we can define the bumping My — M; via
compression analogously to the A,-case:

My — My == U~ HO(U (M) * U(My))),

where U is the crystal isomorphism between 9t and Mata, xz(Z>0)/ ~ and
® : Matonxz(Z>0)/ ~— M/ ~ the matrix compression. Theorem 3.1 and
Proposition 3.6 imply

Theorem 3.2 Let g be of type C. Then, the map

MM — U M\
\EP,sEZ

M@ My +— My — M,
s a crystal morphism.

Kim and Shin [7],[8] also defined a bumping rule for reversed tableaux in
type C. Therefore it is natural to compare [S(M; — Mz)] and [S(M;)] —
[S(M2)] as in Section 2.3, where [S(M; — Ma)], [S(M1)] and [S(Mz)] are the
corresponding tableaux in J.S(A) due to Corollary 3.2. Theorem 3.2 together

with Corollary 3.2 imply again
[S(My — My)] = [S(M1)] — [S(My)].
Example 3.4 For g of type C3 we compute the bumping of the two monomials
My = Y3(0)Y3(2)Y2(1)Ya(3) ?V1(3)Ya(2) ™

and

My = Y5(2)*Y>(1) ' ¥3(0)Y1(0)¥3(3) "

At first we consider the monomial bumping My — My and its associated
tableau [S(My1 — Ms)]. Afterwards we compute the tableaux bumping of
[S(M1)] and [S(Ma2)], namely [S(M;y)] — [S(Mz)]. Then we will obtain the

expected equation
[S(My — Mp)] = [S(M1)] — [S(Mp)].

We compute the reduced version matrices of My and Mo by

100 1 00 0
00 2 0 0 2 0
1000 10 1

VORI =10 o 1 oYM =g o ¢
010 0 01 0
0010 2 0 0
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Therefore we have to apply the compression map ® to the matrix

Ml*Mg

100100O0O0O0O
0020000020

1000 0O0O01O0T1

001 0O0O0O0OO0O0OO®
01 00O0O0OO0OO0OT10Q0
001 00O0O0Z2QO00O0

We apply the compression stepwise and get

= s
S S
* *
— —
st s
I I
o O o o o O o o o o O
o o - O O O o O - O O
o N ©oO o©O —H O S AN O O -
S O —=H O O AN o o - O O
oS O o o o O o o o o O
S o O o o O S O O o O
S o o o o o S o o o o
- o o O o O - o o o O
o N O - O - S AN O —= O
—\ O — O — O — O - O

0100002000

(Ml * MQ)(I) =

(Ml * Mz)(Q) =

)
3
*
i
2
I
oo - o o
e R
o o~ o o
o o o o o
— O © o o
o~ o —~ O
N - — O -

1000 200

(Ml * MQ)(g) =
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(Ml * Mg)(4) =

(M1 * MQ)(5) =

I == T =S S
o O = O = O

N O O = O =

= = O = ==

o = O O N O

(Ml * Mg)(ﬁ) =

and finally

(Ml * Mz)(7) =

S O = O = O

O O = =

o O O = O O

N OO ===

10000

00200

01010

0000 0 = [(My * Mp)™],

00100

02000
10200
11010
1000 1

= [(My % My)®)] = ,

O el
00010
11200

110

110

00 1

00 0 = [(My * My) )]

01 0

2 0 0

11

2 0

0 1

0 0 = [(M; * M3)D] e .

10

00

Hence we observe the corresponding reversed tableau

S(Ml —)Mg) =

(al-

)

[1]2]3

[

= Do

=N | =

=Nl o

1

[1]2]3][3

2
1

=[S

= Dol o

S S(3A1 +2A9 + 2A3).

On the other hand we assign the tableaux to My and Ms separately:

[S(My)] =2

o

ol o]

and
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[S(My)] = 3

ol w\w\

[1]2]3][3




By applying the reversed bumping rule for tableaur we get

[S(My)] — [S(Ma)]

3] 2]
2|22 = 313
3[1]1] [1]2]3]3]2

2[3

1/2[3]2

[1]2[3]3]1]1]1
[S(M1—>M2)]
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