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RIGHT UNIMODAL AND BIMODAL SINGULARITIES IN POSITIVE
CHARACTERISTIC

NGUYEN HONG DUC

ABSTRACT. The problem of classification of real and complex singularities was initiated by Arnol’d
in the sixties who classified simple, unimodal and bimodal w.r.t. right equivalence. The classification
of right simple singularities in positive characteristic was achieved by Greuel and the author in 2014.
In the present paper we classify right unimodal and bimodal singularities in positive characteristic
by giving explicit normal forms. Moreover we completely determine all possible adjacency diagrams
of simple, unimodal and bimodal singularities. As an application we prove that, for singularities of
right modality at most 2, the pu-constant stratum is smooth and its dimension is equal to the right
modality. In contrast to the complex analytic case, there are, for any positive characteristic, only
finitely many 1-dimensional (resp. 2-dimensional) families of right class of unimodal (resp. bimodal)
singularities. We show that for fixed characteristic p > 0 of the ground field, the Milnor number of
f satisfies p(f) < 4p, if the right modality of f is at most 2.

1. INTRODUCTION

We classify hypersurface singularities f € K[[z1,...,zy]] which are unimodal and bimodal w.r.t.
right equivalence, where K is an algebraically closed field of positive characteristic. That is, the
singularities have modality 1 resp. 2 up to the change of coordinates (or right equivalence, see Section
2.1). The notion of modality was introduced by Arnol’d in the seventies [2], [3], [5] into singularity
theory for real and complex singularities. He classified simple, unimodal and bimodal hypersurface
singularities w.r.t. right equivalence. He showed that the simple singularities are exactly the ADE-
singularities, i.e. the two infinite series Ay, k > 1, Dg, k > 4, and the three exceptional singularities
FEg, E7, Eg. The right simple singularities in positive characteristic were recently classified by Greuel
and the author in [I3].

The main result of the present paper is the classification of unimodal and bimodal singularities
w.r.t. right equivalence with tables of normal forms. Recall that a normal form is a modular family
F(x,t) € O(T)[[x]] (see §2)), i.e. for each ¢t € T there are only finitely many ¢’ € T such that fy ~, fi.
Notice that, if F(x, t) is a normal form, then rmod(F(x,t)) > dim T for all t € T (see Section §2]for the
definition of right modality, rmod). Our lists of normal forms for unimodal and bimodal singularities
are given in §3] In contrast to the complex analytic case, there exist only finitely many r-dimensional
normal forms for r-modal singularities for r < 2. Moreover, we obtain that for a singularity f with
modality at most 2, it Milnor number is bounded by a function of the characteristic. Precisely, we
show in Corollary [3.7] that

n(f) < 4p.
Another surprising fact is that, an AD E-singularity can have an arbitrary high right modality for each
positive characteristic (see [20]). That is, an ADFE-singularity is not necessary right simple. On the
other hand, we show in Corollary that, if p = 2 or 3 and rmod(f) < 2, then f must be of type
A, Dor E.

As an application of the classification, we obtain that if f is simple, unimodal or bimodal singularity,
then its u-constant stratum is smooth. Consequently, we prove that right modality and proper modality
coincide (see §2| for definitions). We conjecture that the equality holds in general, see Conjecture

Section [d] is an outline of the proofs of the main results. The proofs are organized in the form of
a singularity determinator, finding for every given singularities its place in the list of § [3] similar to

Date: July 21, 2015.



2 NGUYEN HONG DUC

Arnold’s classification in [5]. We present an algorithm for determining the right class of a singularity
in the form of 152 theorems. The main results are proved in Section

Note that, for contact equivalence and for K = C, it was proved by Giusti in [I0] that ADE-
singularities are contact simple. The classification of contact unimodal singularities was achieved by
Wall in [22]. Greuel and Kréning showed in [11] that the contact simple singularities over a field of
positive characteristic are again exactly the AD FE-singularities or the rational double points of Artin’s
list [6].

Acknowledgement. The author would like to thank Gert-Martin Greuel for the numerous fruitful
discussions and for many useful comments on this text. This research project was partially supported
by Vietnam National Foundation for Science and Technology Development(NAFOSTED) grant 101.04-
2014.23, and the Oberwolfach Leibniz Fellows programme of the Mathematisches Forschungsinstitut
Oberwolfach (Germany).

2. MODALITY

Modality was introduced by Arnol’d in connection with the classification of singularities of functions
under right equivalence. It has been generalized to arbitrary actions of algebraic groups by Vinberg [18].
Wall [20] described two possible generalizations for use in other classification problems in singularity
theory. Both geeralization are developed in detail by Greuel and the author ([I3]) for any characteristic
and it was proved that they coincide.

2.1. Right modality. Consider an action of algebraic group G on a variety X (over a given alge-
braically closed field K) and a Rosenlicht stratification {(X;,p;),i = 1,...,s} of X w.r.t. G. That
is, a stratification X = U;_, X, where the stratum X; is a locally closed G-invariant subvariety of X
such that the projection p; : X; — X;/G is a geometric quotient. For each open subset U C X the
modality of U, G-mod(U), is the maximal dimension of the images of U N X; in X;/G. The modality
G-mod(x) of a point z € X is the minimum of G-mod(U) over all open neighbourhoods U of x.

Let K[[x]] = K[[x1,...,Z,]] the formal power series ring and let the right group, R := Aut(K[[x]]),
act on K[[x]] by (@, f) — ®(f). Two elements f, g € K|[x]] are called right equivalent, f ~, g, if they
belong to the same R-orbit, or equivalently, there exists a coordinate change ® € Aut(K|[[x]]) such
that g = ®(f).

Recall that for f € m C K[[x]], u(f) := dim K[[x]]/5(f), i(f) = (fa,s-- -, fu, ), denotes the Milnor
number of f and that f is isolated if u(f) < co. The k-jet of f, 7*(f), is the image of f in the jet space
Ji = m/m**T1 We call f to be right k-determined if each singularity having the same k-jet with f, is
right equivalent to f. A number k is called right sufficiently large for f, if there exists a neighbourhood
U of the j*f in J; such that every g € K[[x]] with j¥g € U is right k-determined. The right modality
of f, R-mod(f), is defined to be the Rj-modality of j*f in .J, with k right sufficiently large for f,
where Ry, the k-jet of R. A singularity f € K|[[x]] is called (right) simple, uni-modal, bi-modal and
r-modal if its (right) modality is equal to 0,1,2 and r respectively. These notions are independent of
the right sufficiently large k.

The second description is in relation with versal or complete deformation. Let T be an affine
variety with its algebra of global section O(T'). Then a family f;(x) := F(x,t) € O(T)[[x]] is called an
unfolding (deformation with trivial section) of f over a pointed space T,to if F(x,t9) = f and f; € m
for all t € T. A semiuniversal unfolding is given by

N
F(x,\) = f(x) + ) \ix™,
=1

with A = (A1,...,An) is the coordinate of A € AN and {x®,... ,x%V} is a basis of m/m - j(f). Note
that from the exact sequence

0—=3(f)/m-5(f) = m/m-j(f) = m/i(f) =0
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we get N = p+n — 1. Since m- j(f) is the tangent space of the orbit of the right group R at f ([§]),
N is the codimension of the orbit in m.

An unfolding F(x,t) over Tt is called right complete if any unfolding H (x, s) over S, s¢ is isomor-
phic to a pullback of F' after passing to some étale neighbourhood of S, sg, see [I3]. An important
property of the complete unfoldings is that they are sufficient to determine the modality, i.e. if F'is a
complete unfolding of f, then modality of f w.r.t. F ([I3, Def. 2.5]) equals to modality of f, see [13|
Prop. 2.12(ii)]. A semiuniversal unfolding of an isolated hypersurface singularity is right complete (see
[14] for the analytic case and [I3] for the general case). Consequently, we may define modality of f as
follows: “Let f\ be a semiuniversal unfolding of f over AN 0. If the set of singularities fy € K[[x]]
(X in some Zariski neighbourhood of 0 € AN ) falls into finitely many families of right classes, each
depending on r parameters (at most) then f is right (resp. contact) r-modal (at most).”

Remark 2.1. (1) For convergent power series over the complex numbers it does not make any differ-
ence wheter we consider the semiuniversal deformation (without section) given by the Milnor algebra
C{x1,...,2,}/j(f) or the semiuniversal deformation with section given by m/m - j(f). However, in
positive characteristic we have to consider the latter (cf. [13] and [2.2)).

(2) The difference between the classical versal and our complete deformation is twofold. First, we
consider deformations over algebraic varieties and not just of the spectrum of a complete local ring (as
for versal deformations). Second, we do not require the lifting property for induced deformations over
small extensions (cf. [I12, Ch.2]).

2.2. Proper modality. In [9] Gabrielov showed in the complex analytic case that the right modality
is equal to the dimension of the p-constant stratum in a semi-universal deformation of f. This is not
true in positive characteristic since f = 22 + y* € A3 C K[[x,y]] with char(K) = 3, is unimodal, but
the dimension of the stratum p = 3 into the semiuniversal deformation f + ag + a1y + a2y?, is equal
to 0. In positive characteristic we need to consider deformations with section. Let f)(x) := F(x, )
be the semiuniversal unfolding of f with trivial section over affine variety AN ,0 with N = p+n — 1
as above. We define the proper modality of f, denoted by pmod(f), to be the dimension at 0 of the
p-constant stratum in AN

Ay = A{Ne AN [ u(fy) = p}-
Conjecture 2.2. pmod(f) = rmod(f).

See Corollary [3.9 for a partial result of the conjecture. Namely, if rmod(f) < 2 then pmod(f) =
rmod(f).

3. RIGHT UNIMODAL, BIMODAL SINGULARITIES AND ADJACENCY DIAGRAMS

In this section we present the result of our classification, the adjacency diagrams of simple, unimodal
and bimodal singularities, and their applications.

3.1. Right unimodal singularities.

Theorem 3.1. Let p = char(K) > 2. A hypersurface singularity f € m? is right unimodal if and only
if it is right equivalent to one of the following forms:

ILn=1(fe€K[=z]]). The classification is given in Table [1]}

II. n=2 (f € K[[z,y]]). The classification is given in Table[3

II.n =3 (f € K[[z,y,z]]). The classification is given in Table [3,

IV. n > 3. The classification is given in Table 4.

Theorem 3.2. Let p = char(K) = 2. A hypersurface singularity f € m? is right unimodal if and only
if n is odd and f is right equivalent to one of singularities in the Table[5]
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Name | Normal form Conditions 7
A [ 2P +aFTT p<kE<2%p-2 k

TABLE 1.
Name Normal form Conditions o
Ag z? + ay? + y* ! p<k<2p—2 k
D, 2%y + yP L 3<p D
Dy 22y +ay? +yF T 3<p<k—-1<2p—-2 k
Eio 22 +y" + axy® T<p 12
Eis 3+ 2y° + ay® 7T<p 13
Eus 23 + 1% + axyS T<p 14
Ji0 = Ja0 = Tazs | 2° + y¥ + az’y? 5<p 10
Jaq 23 +az?y? +y5T1 6<6+qg<p q+10
Wis rt+ 97 + ax?y3 p>5b 12
Wis 2+ zyt + ayf p>5H 13
Xo =X1,0 =Tou4 | ¥ +y* + az?y? 3<p 9
Xl,q = T274}4+q x? + 1'2:[/2 + ay4+q 4<44qg<p q+9
Yrs=Toatrats e ey + ¢t d<d4r<4+s<p 9+r+s
Z11 23y + y° + axy’ 5<p 11
VAP 23y + zy* + ax®y? 5<p 12
Z1s3 23y +4° + axy® 5<p 13
TABLE 2.
Name Normal form Conditions I
g(z,y) + 22 g one of the series in Table w(g)
Py =Ts33 2 + 3 + 2% + axyz 3<p 8
Q1o P +yt+ytary? 3<p 10
Qu1 2>ty a2 +a2®> 3<p 11
Q12 3+ 0ty taryt 5<p 12
S11 2 Fy?z v a2 +ax®z 3<p 11
Sio 2y +y’z+ad+az® 3<p 12
Ty.r.s 294+ y" + 2% + axyz 3§q§r§s<p,%+%+%<1, qg+r+s—1
Uiz 2+ + 2t fazyz? 3<p 12
TABLE 3.

Normal form
g(z1,29,73) + 23+ ...+ 22 | g is one of the singularities in Table

TABLE 4.

3.2. Right bimodal singularities.

Theorem 3.3. Let p = char(K) > 2. A hypersurface singularity f € m? is right bimodal if and only
if it is right equivalent to one of the following forms

ILn=1(feK[z]]). The list is given in Table [0}

II.n =2 (f € K[[z,y]]). The list is given in Table [T}

III.n =3 (f € K[[z,y,2]]). The list is given in Table[§
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Name | Normal form Conditions p
A, am%—l—x%—l—xgxg—&—...—&—xn,lxn a€e K 2

TABLE 5.

IV. n > 3. The list is given in Table[9

Theorem 3.4. Let p = char(K) = 2. A hypersurface singularity f € m? is right bimodal if and only
if it is right equivalent to one of the following forms

I. n odd: The list is given in the Table[10

II. n even: The list is given in the Table[I1]

Name | Normal form Conditions I
A [ aa?P +ax® + 2T 2p<k<3p—-2 k

TABLE 6.
Name Normal form (a = ap + a;y) Conditions I
Ay 22 + ar1y? + asy®? + yF I 2p<k<3p—2 k
Dy 2’y +ay? +y*P ! 3<p 2p
Dy 22y +ayy? +ay® +yFT p<k-1<3p-—1 k
Ei2 22 +ay® +y7 + bxy® p=>5 12
Eis 23+ xy® + ay’ p=7 13
E14 23+ 9%+ ay” + by p=7 14
Eis 23 + 410 +axy” 7T<p 18
Eig 22+ xy” + ay'! 7T<p 19
Eao 2% +y' +axy® 11<p 20
Jio = Jo,0 = Ta3s6 3+ bl‘2y2 + y6 + ay5 43 427 #0,p=5 10
Jog=Tase+rq | 2°+2%y*+ay? + bytTe p<6+q<2p,b#0,p>5 q+10
J3.0 23 + bx%y3 + cxy” +¢° 4 +27#40,7<p 16
Js.q 23 + 2%y + ay¥te a0 #0,9<9+q<p q+16
Wiz o+ 2y’ + ay” 7T<p 17
Wis zt +y" + ax?y? 7T<p 18
Wio ot + az?y’ +4° az #4,5<p 15
Wi, xt + 2295 + aytta ag#0,7<6+qg<p qg+15
wh 2g-1 (22 + %)% + axyttd ag #0,5<4+qg<p 2q + 14
Wi, (22 + y3)2 4 az?y3Td ap#0,4<34+q<p>5 2¢+15
VAD) 23y + 2yt + ay® + bay? p=>5 12
713 23y + 9% + ay® + bxy® p=>5 13
VAL: 23y + axy® + 18 7T<p 17
Z1s 23y + xyb + ay”® T<p 18
Z1g 23y +1° +axy” 7T<p 19
71,0 23y + bzy® + cay® + o7 43 +274£0,7<p 15
Z1q 23y + 2%y° + ay’ T4 ag #0,7<T+qg<p q+15

TABLE 7.
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Name | Normal form (a = ag + a1y) Conditions I
g(z,y) + 22 g one of the series in Table u(g)
Qs 22 +y2? +y7 +axy® 7T<p 16
Qir |23 +y2+y +ay® T<p 17
Q18 22 +y2? + 4% +ary T<p 18
Qoo | 2% +y22 +ar?y? + ay? a?#4,3<p 14
Qa2 | 2% +y2® +2%y* +aytta ag #0,7<6+q<p q+14
Si6 | 22z +y22 +ayt + ay® 5<p 16
S17 22z +y2® + % + azy? 5<p 17
Si0 22y +y22 +y° +azy? az #4,3<p 14
Sty | 2%y +y2® +2%y* +ay’ e ag #0,5<5+q<p q+14
St}’Qq_l 2%y +y2? + zy® + ary3te ap#0,3<3+qg<p 2q + 13
SﬁQq 22y +y2? + 2P +ar?y?t 4 #£0,3<24+q¢<p 2q + 14
Tyrs | 21 +y" +2° +azryz + b2P 3<g<r<p<s<2p qg+r+s—1
Uis 23 + 22?2 +y° + az?y? 5<p 16
U | 2% +az22 +ay’ +ay’s ap(aZ +1)#0,5<p 14
Uiog1 | 258 + 222 + 2y® + ayl 7922 ap#0,2<1+g<p>3 2q + 13
Uiag | 2%+ 222 +2y® +ay’tiz ag#0,3<3+qg<p 2q + 14
TABLE 8.

Normal form
g(x1, 2, 23) + a3 + ...+ x2 | g is one of the singularities in Table ]

TABLE 9.

Name | Normal form
Ay alx%—&—agm‘ll—i—x‘;’—l—ngg—i—...—i—xn,lxn ar,a0 € K

TABLE 10.

Name | Normal form
Dy | @127 +agws + a5 + 23 + 1324 + ...+ 2017,
Dg alx% + agac% + x%xg + mlmg +x3T4+ ...+ Tp_12y
E, ale + agxg + x? + Jclzcg + 234+ ...+ Tp_1Ty
By | a12? +ag2? + 23 + 25 +x3v4 + ...+ Tp17p

0~ O

TABLE 11.

3.3. Adjacencies of simple, unimodal and bimodal singularities. In the following we give di-
agrams of adjacencies for all class of simple singularities and singularities in Tables 1-11. Moreover
a singularity in these tables deforms only into classes listed in the diagrams. Recall that a class D of
singularities is adjacent to class C, C < D, if every f € D can be deformed into an element in C by a
deformation. That is, there exists an unfolding f; of f = f;, over an affine variety T, ¢y and a Zariski
open subset V' C T such that f; € C for all t € V.

Theorem 3.5. Any singularity in Tables 1-11 deforms only into singularities given in the following
adjacency diagrams 1-13:
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Adjacency diagrams (T2 361 = Jo,¢» Toa41q = X1,q, Toa4rass = Yoo

1,2,3. Ap Dy, Eyta

T

Ak ~ Dk+1 <~ Ek+2

A, <——D,

|

Agp < Dgp

|

Dpie<~—Jop—1 <— J3 -4

]

Dyyr Jo i

4,5,6. Eg < Jo0; Bia < J30; Js i & Eesyr—155=2,3;k=1,2,3.
7. Ty s < Tyrsif (¢/,7,8) < (g7 8),1e ¢ <q, 1" <rs <s.

T

8. Q12 Q2,0 Q2,1 Q2,2
Q16 Q17
9,10. S11 S1,2

Qs

Qaz<~— """

St Sts Wi, wi,
11. Eg T333 T334 Q10 Q11 Q12
T54.4 Sn S12 S1,0 Ui
Tyau Uiz Uio Ui
12. Z13 Zl,O Z1,1 Z172 Z1,3
Zi7 Z18 AT
13. Er 1544 To45 AT 212 Z13
To 55 Wi Wis Wio

3.4. Milnor number, pg-contant stratum and proper modality. In this section we give several
applications of the classification of unimodal and bimodal singularities. The first two corollaries below
follow from the classification of right simple, unimodal and bimodal singularities ([I3], and Theorems

3. 113.4).

Let f € K[[x]], with p = char(K) > 0 such that rmod(f) < 2. Then
Corollary 3.6. Ifp < 3, then f is of type A, D or E.

In [13], using the classification of right simple singularities, we showed that, if f is right simple,
then p(f) < p. We also conjectured ([I3], Conjecture 3.5) that, for any sequence fi € K[[x1,..
of isolated singularities, if u(fx) goes to infinity as k — oo, then so does rmod(fy). In this section we

give an affirmative answer for the conjecture, namely

Corollary 3.7.

u(f) < 4p.

|

J3.k—3

o Thl]
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Corollary 3.8. The p-constant stratum of f is a linear space, and hence smooth.
Note that this is not true in general as shown by Luengo in [I5].

Corollary 3.9.
rmod(f) = pmod(f).

4. SINGULARITY DETERMINATOR

In [5] Arnol’d supplied lists of normal forms which contain all the singularities with the modality
number mod = 0, 1, 2, all the singularities with Milnor number p < 16, all the singularities of corank 2
with nonzero 4-jet, all the singularities of corank 3 with a 3-jet, which determine an irreducible cubic,
and some other singularities. The proof of Arnol’d is organized as a determinator consisting of 105
theorems. We follow this scheme and organize our proof a singularity determinator of 152 theorems.
This gives an algorithm finding for every given sigularity its place in the list of §

Notations:

= “implies”.

— “see”.

crk the corank of the Hessian of f at the origin, which is used to reduce the number of
variables, see [5]

A discriminant, in Theorems 71, 72; A = 4(a® + b?) + 27 — a?b? — 18ab.

Jixeiyf(X) quasijet of f determined by {x“'}, defined as follows.

Here {«;} is a system of n points defining an affine hyperplane H in R". Let v: R™ — R be the
linear form defining H with v(a;) = 1 for all i. Then jiya;y f is the image of f in K[[x]] modulo the
ideal generated by z¢, v(a) > 1.

4.1. Singularity determinator in characteristic > 5.

1. u(f) < oo = one of the four possibilities holds:

ck(f) < 1 — 2
= 2 — 4-73,
= 3 = T74-119,
> 3 = 120.

2. ak(f) <1,p < 3p=rmod(f) = |p/p| and f € A,.
3. cak(f) <1,p>3p=rmod(f)> 3.

Corank 2 Singularities

Through theorems 4-73, f € K|[[z,y]].
4. j2(f) = 0 = one of the four possibilities holds:
Pf o~ @Pyt+y? o 5,

~r 1'2?/ = 6,
~ 23 —  9-30,

B3 () =22y +y3 = fe Dy

P () =2ty = e 2Py +aly), i (e) =0 T-8.

- =2y +aly),j?(a) =0,k :=pla) <3p—1= f € Dyyo.

. f=2%y+aly),i*(a) =0, u(a) > 3p = rmod(f) > 3.

Through theorems 9-12, k. =1,2,3forp > 7, k=1,2for p=7k =1 for p = 5.

o Jus o f(2,y) = 2 = one of the four possibilities holds:
jz37y3k+1 f(:[’,y) ~p x® + y3k+1 — 10,
Jas ayetr f(@,y)  ~p a® +xy? e 11,
j$3,y3k+2f($, Yy) o~ 3+ y3k+2 — 12,13,
jxs,y3k+2f(x,y) = z3 —  13,26.

10. jus yoren f(z,y) = 2%+ y* T and 3k +1 <p = f € Egy.

11. jus gyener f(2,y) = 23+ xy?t and 3k+1<p = f € Egpp1.

o J O Ot

©



12.
13.

14.
15.
16.
17.

18. p=5,jus i f =2+ ay’ +y" = f € Era.
19. p =5, jus 47 f = 2° + ay® = rmod(f) > 3.
20. p="7and j,s 7 f = 2%+ ay” = one of the three possibilities holds:
j1:3,a:y5f($a y) ~r xS + $y5 + ay7 — 21a
jac?’,ygf(‘r,y) ~r z? + yg + ay7 = 22,
Jesgsflzy) = ¥ +ay” —  23.
21. p="Tand j3 ;5 f = 2>+ 2y’ +ay’ = f € Eys.
22. p="Tand jzs s f = 2+ +ay’ = f € By
23. p="Tand j,3 5 f = 2® + ay” = rmod(f) > 3.
24. p=11 and j,s yu f = 2% + y** = rmod(f) > 3.
25. jua 01 f(z,y) =23 = f € (z,y*)® = rmod(f) > 3.
Through theorems 26—29, k = 2, 3.
26. j,s 061 f(2,y) = 2® = one of the three possibilities holds:
Jus yor f(2,y)  ~p 2 +ax?yt +y3F, 4aP +27#£0 = 27,
~y x4 ?yk — 28,29,
~, a? s 9.30.
27. Jus o f(2,y) = 23+ ax?y* + 2k, 463 +27#0and 3k <p = f € Jio
28. jyoonf(z,y) =a® + 2%y 3k <pand p— 3k +2<2p= f € Jy 4 with ¢ = — 6k + 2.
29. jus o0 f(2,y) = 23 4+ 22y* 3k < p and p — 3k + 2 > 2p = rmod(f) > 3.
30. p="7and j,s 6 f(z,y) =23+ 2%y? and p < 18 = f € Jo 4, with ¢ = p— 10 > 0.
Series X
31. j3f =0 = one of the six possibilities holds:
G o~ 2t tar?yi oyt AP+ 440 32,
~e ozt ?y? — 33,34,
~ o 22y? —  35-38,
~p 2y — 39,
~y ozt — 54,
= 0 —  T1.
32. j4(f) =2 +ax?y’ +yt, > +4#£0= fe X,
33. j4(f) =2t +2%y? and u(f) <2p+5=f € X1,
34. j*(f) = 2* + 2%y? and p(f) > 2p +5 = rmod(f) > 3.
35. j*(f) = a*y* = f = fi - f> with mt(f1) = mt(f2) = 2 and 2 < u(f1) < p(fz) = 36.
Through theorems 36—39, 1 < r:= pu(f1) — 1 <s:=pu(f2) — 1.
36. u(f1) > p or ju(f) > 2p = rmod(f) > 3.
37. u(fe) <p=rmod(f)=1and f €Y,.
38. u(f1) <pandp < p(fz) <2p=rmod(f)=2and f €Y, ;.
39. j4(f) = 23y = jusy 0 f = 23y — 40,44.
Series Z

RIGHT UNIMODAL AND BIMODAL SINGULARITIES IN POSITIVE CHARACTERISTIC

jx37y3k+2 f(x, y) =23 + y3k+2 and 3k +2 <p = f € Egpro.
p=>5and js 5 f(2,y) = 2® 4+ ay® = one of the three possibilities holds:
Jes s (@, y) ~p o 2d+br?y? + 0 +ay®, AP +27#£0 — 14,
~ 23+ 22y + ayd — 15,16,
~ 23 4 ay® — 17,
p=>5and jus 0 f =2® +ba?y? +y° + ay®, 43 +27T#£0= f € Joy.
p:5,jzs’ysf:a:3+x2y2+ay5 and p <14 = f € Jp, withg=p—10> 0.
p=>5,ju,0f =2®+2%y? +ay® and p > 14 = rmod(f) > 3.
P=05,7g3 6 f = 23 + ay® = one of the two possibilities holds:
Jer g f(@,y) ~ 2P +ay’ +yT o~ 18,
Jergr fl@y) = 2 +ay® — 19.

Through theorems 40-43, 5 < p and g = 1, 2.
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40. jysy sat1 f = 23y = one of the four possibilities holds:
]ac Y, y3q+2f ~r mSy + y3q+2 — 41,
Ja Y, my2‘1+2f ~r xSy + xy2q+2 = 42,
]z y,y3‘1+3f ~r 1733/ + Z/3q+3 = 43,
Jusyyatsf = ady —  49-53.
A1, joayparef =23y + P72 3¢+ 2 <p= f € Zggus.
42. jusy ez f = 23y +2y?12 3¢+ 3 <p = f € Zggye-
43. j];3y,y3‘1+3f = x3y + y3q+37 3q+3<p= f S Zaq+7.
44. p=>5 and jga, 4 f = 23y = one of the three possibilities holds:
jaz3y,wy4f ~r Z'Sy + $y4 + ayE) = 457
jx3y7y6f ~r :L,Sy + yG + ay5 — 46,
Jasyef = 23y + ay® —  47.
45. p=>5 and jysy g f = 2y + oyt +ay® = f € Zyo.
46. p=>5 and jysy ge f = 22y +19° +ay’ = f € Zy3.
47. p=>5 and jysy 44 f = 2%y + ay® = rmod(f) > 3.
48. p =7 and j,3, 7 f = 2%y = rmod(f) > 3.
49. jusy 6 f = 23y = one of the three possibilities holds:
Jesgyrf = yl@®+br?y? +y7), 43 +27#£0 — 50
= y(a®+ 2%y?) ~ 51,52
= 23y —  53.
50. jusy,7f = y(@® + b2y +y9), 43 +27T#0= f € Z1.
51. sy 7 f =y(z 3+a:2y2) and p —8<p=feZ, withr=p—-15>0.
52. juay,7f = y(z® + 2?y?) and p— 8 > p = rmod(f) > 3.
53. Jusyyof = 2%y = f € (y) - (z,4°)® = rmod(f) > 3.
Series W

54.

55.
56.
57.

58.
59.

60.

61.
62.
63.
64.
65.
66.

Through theorems 54—56, 5 < p.

j4f =a* = juaaf = 2" = one of the three possibilities holds:
ja:4,y5f ~p x? + y5 — 55,
jw4,wy4f ~. ozt 4 xy4 — 56,
Jeiaaf = at —  57,60.

jz4,y5f =zt + y5 = f € Wia.

jx4,zy4f =zt + :Ey4 = f € Wis.

p=>5and jya a4 f = z* = one of the two possibilities holds:
jx4,my4f ~r 1'4 + 1’y4 + ay5 — 587
Jatayrf = z* + ay® — 59.

p=2>5and jya gya f = ot +ayt +ay® = f € Wis.

p=>5and jya e f =2 + ay® = rmod(f) > 3.

Through theoremb 60-70, 5 < p.

Jut zya [ = x* = one of the four possibilities holds:
Juagof  ~r x —l—b:c2y +9% b2 #£4 — 61,

~p x4 2? y — 62,63,
~r (22 +y3)? — 64,65
= gt —  66.

jm4’y6f:$4+b.’1}2y +y6 b? #4=feWp.
Jergef =2t + 2%y and p—8<p= fe Wi lg=p—15>0).
Jaoi e f =a* 4+ 2%y and p — 8 > p = rmod(f) > 3.

Jorgof = (@2 +y*)? and p—8 <p=f e W} (¢=p—15>0).
Jeiysf = (@* +y*)? and g — 8 > p = rmod(f) > 3.

Jot gy [ = x* = one of the three possibilities holds:



67.
68.
69.
70.

71.

72.

73.

RIGHT UNIMODAL AND BIMODAL SINGULARITIES IN POSITIVE CHARACTERISTIC

Jataysf  ~r r* +xy° — 6T,
Jeagrf o~ x4y’ — 68,69,
= 74 —  70.

jz4,zy5f =zt + :L’y5 = f e Wir.
Jeiy f=2*+y and p>T7= f € Wis.
p="7and ju,7f =2+ y" = rmod(f) > 3.
Jaiyr f = 2* = rmod(f) > 3.
Through theorems 53-55, 5 < p.
j*f = 0 = one of the two possibilities holds:

gsf ~r 2ty +axdy® + by +axyt, A#£0, ab#£9 — b4,

jsf is  degenerate

— 55,

11

gsf = 2ty + axdy® + bx?y® +ayt, A#0, ab# 9 = f ~, 2ty + axdy® + ba?yd + xyt + cadyP

with A # 0, ab # 9 and therefore rmod(f) > 3.
If j5 f is degenerate = rmod(f) > 3.

Corank 3 Singularities

Through theorems 74-120, f € K|[z,v, z]].

74. j2f(x,y,z) = 0 = one of the ten possibilities holds:

s 2P+ 22t azyz,ad® +27T#0
.o+ y3 + Yz

.o+ TYz

r TYZ

~r 234 y2?

~p 22z + y22

~p 3 + x2?
~r x2y

~p x?’

= 0

i°f

Series T

75.
76.
e
78.
79.

80.

1111111111

75,

76,

79,

80,

81— 91,
92 — 106,
107 — 117,
118,

119,

120.

B3 f(xy,2) =2+ + 22 +avyz,a® + 27T #0 = f € Fs.
Pfly,2) =2+ ¥ +ayz = f~ 23+ 9% Fayz 4+ a(z), j2a=0+77,78.
f=23 4y +ayz+a(z), j2a=0,q:=pula)+1<2p= f € Pyis=Ts3,(q>3).
f=23+y3 +azyz +a2), j3a=0,pu(a) +1 > 2p = rmod(f) > 3.

Pfxy,2) =23 +ayz = f =23 +ayz +aly) + B(2), (o, ) =0 and ¢ := p(a) + 1 <r:=

1(B) + 1 = one of the three possibilities holds:

it) g<p<r<2p = rmmod(f)=2and fe€Ts,,,

)

(i) r<p = rmod(f)=1and f € T5,,,
(4

(

i74)  otherwise = rmod(f) > 3.

PP f(x,y,2) = xyz = f ~p ayz +a(x) + By) +v(2), 7*(e, B,7) = 0 and
q:=pla)+1<r:=puB)+1<s:=pu(y)+1= one of the three possibilities holds:
(1 s<p = rmod(f)=1and f € T, s,
(1) r<p<s<2p = rmod(f)=2and feT,,s, .

(791)  otherwise = rmod(f) > 3.

Series Q

Through theorems 81-91, ¢ = 2% + y2?, j3 = j,.2 43, (X is a polynomial).
81. °f=p=f~rp+aly) +z6(y),i%(a,zp) = 0+ 82.

Through theorems 82—85, k =1, 2.

82. f=v+aly)+ mﬁ(y),jzgkf = ¢ = one of the four possibilities holds:
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Jpawnrf e oyt 83,

—
j;y2k+lf ~r -+ xy2k+1 — 84,
j;3k+2f ~er 9t y3k+2 — 85,86,
j;3k+2f ~p P —  87.
83. jisnf =¢+y T and 3k +1<p = f € Qorta
84. jr o f =0+ zy? T and 3k 4+ 1< p = f € Qopys.
85. Jyariaf =@+ y¥*+2 and 3k +2 < p = f € Qerrs-
86. p =5 and j; o f = ¢ = rmod(f) > 3.
87. f=¢+a(y) +zB(y),j;sf = ¢ = one of the three possibilities holds:
Jgef ~r o+ ar®y® + xyt,a®? #£4 — 88,
~r o+ 3?y? — 89,90,
= —  91.
88. jisf =p+ar’y’ oyt a® # 4= f € Qao.
89. jisf=p+a’y’and p—5<p=f€Qoylg=p—12>0).
90. jyof = o +2%y? and p—5 > p = rmod(f) > 3.
91. p="Tand jf = ¢ = rmod(f) = 3.
Series S
Through theorems 92-106, ¢ = 2%z + yz2, j% = ju2y 4221, (X is a polynomial).
92. j°f = ¢ = f=p+aly) +zBy) +27(y),5° (e, 8, 27) = 0+ 93.
93. f=¢p+aly)+z8(y) + z'y(y),j;‘Bf = = one of the three possibilities holds:
j;4f ~p Pt y4 — 94,
];ysf ~r P+ :Uy3 = 95,
S s 96,106.
94. j*f=p+y'=feSu.
95. ];yg,f =p+axy? = f € S
Through theorems 96-105, p > 5.
96. f=¢+aly) +z8(y) + zv(y)J;ygf = = one of the four possibilities holds:
Jisf o~ eyt bz R # 4 s 9T,

~y o+ x2y2 — 98,99,
~e o+ 2y — 100,101,
= —  102.

97. jisf=w+y° +bzy’ b7 4= f € Sip.
98. jisf=p+a’y’and p—9<p= f €S 4(qg:=p—14>0).
99. josf = o+ 2%y* and g — 9 > p = rmod(f) > 3.
100. jisf =@ +zy® and p—9<p=f€Sf (qg:=p—14>0).
101. jisf = ¢+ zy® and p—9 > p = rmod(f) > 3.
102. f=p+aly) +28(y) + z'y(y),j;ﬂr,f = p = one of the three possibilities holds:
Jugaf e 0 F zy' — 103,
Jgef o~ o F y* = 104,
il = e > 105.
103. ji . f = ¢ +ay* = f € Si6.
104. jiof = +y° = f € Sir.
105. jio f = ¢ = rmod(f) > 3.
106. [ =o¢+aly) +zB(y) +27(y), jif=¢ and p=5=rmod(f) = 3.
Series U
Through theorems 107-117, ¢ = x3 + 222, j% = j,s 5.5, (X is a polynomial).
107. j3f =0 = [~ o+ aly) + 28(y) + 2v(y) + 2°0(y), 5% (o, 2, 27y, 2%6) = 0 — 108.



108.

109.
110.

111.
112.
113.
114.

115.
116.
117.
118.
119.
120.

RIGHT UNIMODAL AND BIMODAL SINGULARITIES IN POSITIVE CHARACTERISTIC

f=p+aly)+z6(y) +2v(y) + xzé(y),j;%f = p = one of the two possibilities holds:
Jiaf o~ eyt o 109,
= o —  110.
Jsf=¢+yt = f el

f=v+aly)+zB6(y) + 2v(y) + xzé(y),j;}lf = ¢ = one of the three possibilities holds:

j;ygf ~ ot ay ezt +1)#0 = 111,
~r oty 112,113,
= o 114
j;ygf =o+aydtezyde(P+1)£0=f¢€ Uio.
j;ygf:go—&—:ry?’ and u —13<p= f e U 4(¢g:=pn—14>0).
j;ygf:cp—&—my?’ and p — 13 > p = rmod(f) > 3.
f=v+aly)+z6(y) + 2v(y) + x%(y),j;*ygf = ¢ = one of the two possibilities holds:
Jysf ¢+y> — 115,116,
= > 116,117.
j;5f1<p+y5 and p > 5= f € Uss.
p=>5,f=¢+aly)+xBy)+ 2v(y) + 225(y) and Iy f =@ = 1mod(f) = 3.
Jysf =@ = rtmod(f) > 3.
73 f =2%y = f ~,. 2%y + a(y, z) + 2B(z) and then rmod(f) > 3.
73 f = 2® = rmod(f) > 4.
73 f = 0= rmod(f) > 6.

Corank > 3 Singularities

121.

crk(f) > 3 = rmod(f) > 4.

4.2. Singularity determinator in characteristic 2.

122,

123.

124.

125.

126.

127.
128.

129.

130.
131.

w1(f) < oo = one of the three possibilities holds:
ck(f) < 1 — 123,
= 2 124,
> 3 — 136.
crk(f) <1= fe A, (1<k<5).
Through theorems , f € K{[z,y]].
crk(f) = 2 = one of the four possibilities holds:
G f o~ ax? byt + 234y = 125,

~eaz? +by? 4 22y — 126,
~ax? +by? + 23 — 131,
= ax?® + by? > 134,135.

PPf=az? +by? +2° +y3 = f € D,.
73 f = az? + by? + 2%y = one of the two possibilities holds:
G o~y ax® +by? + 2%y +xy? o 127,
= ar?+by?+2%y — 128,130.
j*f = ax® +by® + 2’y + 2y’ = f € De.
4 f = ax® + by? + 2%y = one of the two possibilities holds:
3°f ~p ax? +by? + 2%y +ayt = 129,
= ax’+by?+2y — 130.
35 f = ax? + by? + 2%y + xy* = one of the two possibilities holds:
P°f ~p o oax? +by? + 2Py +ayt +cxy® — 130,
=  ax®+by? + 2%y — 130.
4 f = ax?® + by? + 2%y = rmod(f) > 3, u(f) > 8.
j3f =ax? + by2 + 23 = one of the two possibilities holds:
G o~ az? +by? 4+ 23 + oy 132,
= ax?+by?+a3 — 133.

13
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132. j*f = ax® + by? + 23 + 2y = f € By
133. j*f = ax® + by? + 2* = rmod(f) > 3.
134. j3f = ax® + by?, (a,b) # (0,0) = one of the two possibilities holds:
G o~ ax? +by? + 23y — 135,
= ax® +by? — 135.
135. j3f = ax® + by? = rmod(f) > 4, u(f) > 10.
136. crk(f) > 3 = rmod(f) > 4, u(f) > 8.

4.3. Singularity determinator in characteristic 3.

137. u(f) < 0o = one of the four possibilities holds:
ck(f) < 1 — 138,
— 2 + 139-146,
= 3 — 147151,
3 — 152.
138. crk(f) <1= fe A (1 <k <38).
Corank 2 Singularities

Through theorems 139-146, f € K[[z,y]].
139. j2(f) = 0 = one of the three possibilities holds:
B3f ~ o y+ey e€{0,1} +— 140,
~ a3 — 145,
= 0 —  146.
140. 3(f) =22y + ey, e € {0,1} = f ~, 2%y + g(y),5%g = 0 — 141.
141. j*f = 2%y + g(y), j2g = 0 = one of the three possibilities holds:
2 < wulg < 5 — 142,
5 < wlg) < 8 — 143,
8 < ulg) 144,
142. 2 < u(g) < b= f € Ds, Dg.
143. 5 < u(g) < 8= f € Dg, Dyg.
144. 8 < u(g) :> rmod(f) > 3 ,u(f) 11.
5. J°() =" = rmod() > ) > 0
146. j3(f) = 0 = rmod(f) > ( ) >

Corank 3 Singularities

Through theorems 147-151, f € K[z, y, z]].
147. j2f(x,y,2) = 0 = one of the eleven possibilities holds:

V

3B3f ~ B tartz+ 22 +y%2,a#40 — 148,

~y 2P tar? + 22 +y?2,a #0149,

~p o T34y oy — 150,

~p 3 + Yz — 150,

~p TYZ — 150,

~p T8 4 y2? — 150,

~ o 2Pz y? — 150,

~p 2P x2? — 150,

~p x2y — 150,

~p o xd — 150,

= 0 — 151.
148. j3(f) = 23 + ax’2 + 23 + y?z,a # 0 = rmod(f) > 4, u(f) > 11.
149. j3(f) = 2® + ax2? + 23 + y?2,a # 0 = rmod(f) > 4, u(f) > 11.

._x

150. j3(f) is degenerate = rmod(f) > 4, u(f) > 11.
151. j3f =0 = rmod(f) > 6.

Corank > 3 Singularities
152. crk(f) > 3 = rmod(f) > 4.
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5. PROOF OF THE MAIN RESULTS

We first use the splitting lemma to reduce the number of variables. Namely, if f € m? C K[[x]] has
corank, crk(f) =k > 0, then

f ~r g(xla" .,.%'k) +Q(xk+la-~-7xn)

with ¢ € m® and Q is a nondegenerate quadratic singularity (cf. [I3, Lemma 3.9, 3.12]). One has
moreover that rmod(f) in K[[x]] is equal to rmod(g) in K[[z1,...,zg]], cf. [I3| Lemma 3.11, 3.13].

Theorems 1, 92, 122, 137 and 141 are obvious. Theorems 9, 17, 20, 25, 39, 40, 44, 54, 57, 66,
82, 93, 102, 108, 114 are proved by the Newton method [I8] of a moving ruler (line, plane). This
method reduces the proof to the counting of the integer points in triangles resp. polyhedrones on the
exponent plane (resp. in the space).

Theorems concerning the geometrical classification problems: The proofs of theorems 4, 13, 26, 31,
49, 60, 72, 74, 96, 110, 124, 139, 147 can be reduced to the classifications of orbits of the actions
of some quasihomogenous diffeomorphism groups on the spaces of quasihomenous polynomials, see
Section for a proof of Theorem 147.

Theorems on normal forms: Theorems 2, 123, 138 follow from [20, Thm 2.11]. The proofs of
theorems 5, 6, 7, 10, 11, 12, 14, 15, 18, 21, 22, 27, 28, 30, 32, 33, 37, 38, 41, 42,43, 45, 46,
50, 51, 55, 56, 58, 61, 62, 64, 67, 68, 72, 75, 76, 77, 79, 80, 81, 83, 84, 85, 88, 89, 94, 95, 97,
98, 100, 103, 104, 107, 109, 111, 112, 115, 125, 127, 132, 142, 143 are based on the techniques
introduced in [2] and generalized in [§], see Section [5.2| for a proof of Theorem 14.

Theorems on low bound of modality: Theorems 121, 151, 152 are consequences of [13, Prop. 2.18].
Theorems 3, 8, 16, 19, 23, 24, 25, 29, 34, 36, 47, 48, 52, 53, 59, 63, 65, 69, 70, 72, 73, 78, 79(iii),
80(iii), 86, 90, 99, 105, 106, 113, 116-120, 130, 133, 135, 136, 144, 145, 146, 148, 149, 150 are
proved by using the theory in [I3] ([19]), see Section for a proof of 25 and 70.

Theorems on adjacencies: Theorem is proved inductively by applying Theorems 1, 2, 4—7, 8—
15, 17, 18, 20, 21, 22, 26, 27, 28, 30-33, 35, 37—46, 49-51, 54-58, 60—62, 64, 66—68, 7477,
79-85, 87-89, 91-98, 100104, 107-112, 114-117, 122-127, 131, 132, 137-143.

Classification of unimodal and bimodal singularities (Theorems : Applying Theorems 1-153
and the spliting lemma (cf. [I3]) we obtain the list of families of singularities in Tables 1-11. The
modularity of these families follows from simple caculations. To prove these singularities are unimodal
resp. bimodal we use the theory of modality in [I3]. See Section for a proof that Fqo with p > 7,
is a class of unimodal singularities.

Smoothness of p-constant stratum and proper modality (Corollaries : are proved by using
adjacency diagrams (Theorem [3.5). See Section [5.4] for a proof that if f is of type Ty, s as in Table
then p-constant stratum A, of f is isomorphic to A%, This also show that rmod(f) = pmod(f) = 2.

5.1. Proof of Theorem 147. The theorem is obtained by combining the following lemmas (5.1]
. Let 0 # f € KJz,v, 2], with char(K) = 3, be a homogeneous polynomial of degree 3.

Lemma 5.1. If f is nonsingular, then f is right equivalent to one of the following forms
2+ ar’z+ 22 + 2 a #0, 2° +axz® + 22 +9%2,a #0.
Proof. cf. [16, Chap. II, Prop.1.2] O

Lemma 5.2. If f is singular in P% and irreducible, then it is right equivalent to one of the following
forms

3 4 y3 + Yz, 3+ yQZ.

Proof. Let C be the curve in P? defined by f. Take P € Sing(C) and P # Q € C. Let L be the line
in P? connecting P, Q. Applying Bézout theorem we obtain that

3 =deg(C) - deg(L) > mtp(C) + mtg(C).
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Hence mtp(C) = 2 and mtg(C) = 1. We may assume P = (0 : 0 : 1) and set g(z,y) = f(z,y,1).
Then mt(g) = 2 since mtp(C) = 2. It yields that g is right equivalent to one of the following forms

zy + h(z,y), y* + h(z,y)
with h(x,y) is a homogeneous polynomial of degree 3. That is, f is right equivalent to either
zyz + h(x,y) or y*z + h(x,y).
It hence follows by simple calculations that f is right equivalent to one of the two forms

3+ y3 + zyz, 3+ sz.

Lemma 5.3. If f is reducible, then it is right equivalent to one of the following forms
mg, x2y, 2z + y,7:27 2+ TYz, 2+ sz, TYZz.
Proof. Let f = g1 - go with mt(g1) =1, mt(g2) = 2. By the splitting lemma (cf. [13])
go ~r ax® + byz

with a,b € {0,1}. That is f ~, g1 - (ax® + byz). Consider the following cases:
ea=1,b=0: Then f is right equivalent to x or z2y.
ea=1,b=1: Then f ~, g1 - (¥? + y2). Without loss of generality we may assume moreover that

{(0:1:0)} € {g1 =0} N {z? +yz =0},

i.e. g1 has the form ¢, = azx + S=z.

- If a =0, then f ~, z(z? + y2),
- if a #0, then f ~ z(2? + yz).

e a=0,b=1: Then f ~, g1 - yz. It yields that f is right equivalent to one of the forms
y'z, wyz, (y+2)yz.
Hence f is right equivalent to one of the forms: 2y, zyz, =3+ z22. O

5.2. Proof of Theorem 14. Let f € K[[z,y]] with p = char(K) =5 and j3 o f = 2%+ bz?y? + y° +

ay®. We will show that f is right equivalent to fo := 2® + bz?y? 4+ y® + ay®, i.e. f is of type Ja.

In fact, put g := f — ay®, then Jad 469 = 23 + bx?y? 4+ yb. Applying [7, Thm. 4.4] we obtain that

g~ 23+ bz?y? 4+ y5. We can see moreover that there exists a coordinate change of the form

=2+ 01(2,y),y = Y+ 2z, y)
with mt(¢;) > 2 such that
9@ + o1,y + ) = 2° + ba’y® +o°.
It yields
fri=f@+ony+e2) =2 + 02y +4° + aly + ¢2)° = 2° + e’y + 4% + ay® + ags.

It is easy to see that m” C m? - j(f1). By [8, Thm. 2.1], f; is right 9-determined and hence f; ~, fo
since mt(3) > 10. This completes the proof.



RIGHT UNIMODAL AND BIMODAL SINGULARITIES IN POSITIVE CHARACTERISTIC 17

5.3. Proof of theorems on lower bound of modality. For the proof of these theorems we need
the following lemma which is deduced from Corollaries A.4, A.9, A.10 of [13] (see [19, Prop. 3.2.4,
Cor. 3.3.4 and Cor. 3.3.6] for more details).

Lemma 5.4. Let the algebraic groups G resp. G’ act on the varieties X resp. X'. Leth:Y — X a
morphism of varieties and let ' : Y — X' an open morphism such that
(5.1) h™HG - h(y)) C K'7HG - W (y)),Vy € Y.
Then for all y € Y we have
G-mod(h(y)) > G'-mod(I/(y)) > dim X’ — dim G’.

Lemma 5.5. Let f € K[[x,y]] with char(K) > 3. Then rmod(f) > 2+ 1 with | > 0, if either

(i) f € (z,y*")>; or

(i) f e (2 y*)2
Proof. We prove only for (i) since the proof for (ii) is similar. Let k be sufficiently large for f, i.e.
rmod(f) = Rp-mod(f). We denote

A= {(3,3),(2,3+S),(176+8),(0,9+S) | 0 S 8§ Sl—’_l} - NQ’
Ay :={(1;8),(0;3+1+5) | 0<s<I+1}and Ag:={(0;1+5s)|0<s<1+1}} CN?
and define o
X :={ Z a; ;'Y € K([z,y]] | a;; € K} = AL+
(i,4)EA
G = X1 x Xo = A3UF2)

where o
Xi={ Y aia'y € Kllwyl] | ai; € K a0 £ 0},
(1,7)€A1
Xpi={ D buga'y’ € Kllwyl] | biy € K boy #0).
(irj)eAQ

Using the projections
w1 Jp — X, Z amxiyj — Z am-xiyj,

(4,4) (i,7)€A1
o Jp — Xo, Z al-,j:ciyj — Z aiijiyj,
(4,9) (4,4)EA2
m Jp — X,Zai’jxiyj — Z a; ja'y!
(4,9) (i,4)EA

and
T: R — G=X; xXs
D= (1,P3) — (m(P1), m2(P2))
we may define a multiplication on G, resp. an action map of G on X as follows
o:GxG — G
(6.¢") = @(god),
resp.
GxX — X
(¢,9) = m((9).

By a simple calculation we can verify that the morphisms ¢: Y := (z, 373 /mF+l — Joand7: Y — X
satisfy
TRy ulg)) € 7T HG - w(g)), Vg €Y.
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Hence applying Lemma [5.4) we obtain that
rmod(f) = Rp-mod(¢(f)) > dim X —dimG =2 + 1.
O

5.4. Computing the modality of E;5. We shall show that E15 is a class of unimodal singularities.
To compute the modality of a singularity we use the general argument in [I3], in particular, the
following lemma.

Lemma 5.6. Assume that f € K[[x]] deforms only into finitely many families hii)(x) over varieties
TW i e I. Then
rmod(f) < max dim 7.
1€
Assume further that the families hgi) (x) are all modular. Then
rmod(f) = max dim 7.
1€
Proof. cf. [13], Prop. 2.15. O

Proof for Eis. Assume that f = 2% + y7 + axy® € K[[z,y]] with p = char(K) > 7 and a € K, is of
type F12. We will show that
rmod(f) = 1.
In fact, by Theorem (or, Theorems 1-9, 26, 27, 28), f deforms only into the following modular
families
Ei9, Ap(k <6),Di(k <8),Es, E7, Eg, J2 o, J2,1.

Hence it follows from Lemma[5.6] that f is right unimodal singularities. O
5.5. Smoothness of y-constant stratum and proper modality. Let f = 944"+ 2°+azyz+bzP

be of type Ty, s with 3 < g <7 < p < s <2p asin Table[§ Then

m/m-5(f) ={z,...,ay, ..y e, 2y, g, 2a, iy 2 )

and the semiuniversal unfolding fy of f over A?t"+s+1 ( is given by

q—1 r—1 s—1
hHh=f+ Z a;zt + Z bjyj + Z a2t + dixy + doyz + d3zx + dyxyz
i=1 j=1 =1
with A = (a1,...,a4-1,b1...,b—1,¢1...,¢5-1,d1,da,d3,ds) the coordinate of A € AIFTTTs+1,

Consider the p-constant stratum A, of f, and assume that A € A,. It follows Theorem that
al :...:aq71 :bl :"':b’r‘flzclz"‘chfl :Cp+1 :...26571 :dl :d2:d3:0.

Moreover Theorems 76, 77, 79, 80 yield that, c,, d4 can be arbitrary, and hence A, = AZ. This implies
that rmod(f) = pmod(f) = 2.
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