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1. INTRODUCTION

Groupoids are basic objects in noncommutative geometry and differential geome-
try. There are different kinds of groupoids, such as topological groupoids and Lie
groupoids of infinite or finite dimension. Meyer and Zhu [47] developed a framework
to study these different kinds of groupoids with the same theory. More recently,
it became clear that this framework should be modified to allow for various “par-
tial” phenomena, such as partial actions, partial groupoid equivalences, or partial
fibrations. This thesis develops this variant of the theory in [47].

The notion of groupoid has many meanings. It depends on in which field of
mathematics it is considered. For instance, there are topological groupoids, étale
topological groupoids, Lie groupoids of finite and infinite dimension, algebraic
groupoids, and so on. The paper of Meyer and Zhu [47] developers a common theory
for these different kinds of groupoids. For instance, they construct a bicategory
of groupoids with bibundle equivalences as arrows and equivariant maps as 2-
arrows. A bibundle equivalence is also called a Morita equivalence. A Morita
equivalence of locally compact, Hausdorff topological groupoids is defined by Muhly,
Renault and Williams in [39]. They proved that Morita equivalent locally compact,
Hausdorff groupoids have equivalent C*-algebras. Hilsum and Skandalis define a
generalised morphism between Lie groupoids in [6] in order to build wrong-way
maps in the K-theory of foliation C*-algebras. Lie groupoids with isomorphism
classes of Hilsum-Skandalis morphisms as arrows form a category [18]. Bibundle
functors are introduced by Meyer and Zhu in [47]. They are an abstract analogue of
Hilsum-Skandalis morphisms. Meyer and Zhu construct a bicategory of groupoids
with bibundle functors as arrows and equivariant maps as 2-arrows.

A pretopology is an extra structure in a general category that allows to develop
various kinds of mathematical objects. For instance, groupoids, groupoid actions,
principal bundles, groupoid fibrations, actors, Hilsum—Skandalis morphisms, Morita
equivalences, and so on. A category with pretopology is equipped with a notion of
“cover”. As it is discused above there are many different kinds of groupoids. In each
case, the range and source maps are assumed to be “covers”. For instance, covers
are surjective submersions in the context of Lie groupoids. The covers also influence
the notion of principal bundle because their bundle projections are assumed to
be covers; this is equivalent to “local triviality” in the sense of the pretopology.
If our category is that of topological spaces and the covers are the continuous
surjections with local continuous sections, then we get exactly the usual notion
of local triviality for principal bundles; this is why many geometers prefer this
pretopology on topological spaces. Many operator algebraists prefer the pretopology
of open continuous surjections instead.

In the abstract setting of groupoids in a category with pretopology there occurred
the importance to modify the categorical framework there to allow for “partial”
notions. A category with partial covers is equipped with a notion of “partial
cover”, which allows to define partial sheaves, partial bibundle actors, partial
Hilsum—Skandalis morphisms, partial Morita equivalences, and so on.

The book proposed by Ruy Exel is about partial dynamical systems, [49]. A
partial action of a group is an important notion in this theory and it is largely
connected to some basic tools in this thesis. Also, Ralf Meyer and Alcides Buss define
and study partial fibrations of topological groupoids. This notion of a groupoid
fibration comes from higher category theory. It can also be defined in a category with
partial covers and several basic properties can be proved in this general situation. If



the partial covers are étale continuous maps, partial bibundle actors are the groupoid
correspondences which are introduced by Suliman Albandik in his dissertation.

Ralf Meyer and Alcides Buss define different kinds of morphisms between topo-
logical groupoids. They call a continuous functor F: L — H a fibration of topological
groupoids if the continuous map

(1.1) (Flisg): LY — HY xg, po po LY, 1= (F(1);s(1)),

is an open surjection. They call the functor F: L — H a groupoid covering if
(1.1) is an isomorphism. The fibre of this fibration of topological groupoids is the
subgroupoid G of L defined by G = L° and

G'= {g€ L! | Fl(g) = 1F0(5G(g)},

equipped with the subspace topology on G' C L!. They prove that many properties
are preserved by fibrations, such as being (locally) Hausdorff, locally compact,
amenable, étale or proper. They show that a crossed product for an action of
L is isomorphic to an iterated crossed product first by G and then by H. Here
“groupoid action” means a saturated Fell bundle over the groupoid, and “crossed
product” means the section C*-algebra. They interpret a (partial) fibration of
topological groupoids L — H with fibre G as a generalised (partial) action of H
on G by groupoid equivalences. The idea is the following: An action of H on G
should give a transformation groupoid H := G x H that contains G and comes with
a continuous functor L — H. Thus defining actions of topological groupoids on
topological groupoids amounts to characterising which chains of continuous functors
G — L — H correspond to actions. They require L — H to be a groupoid fibration
with fibre G.

Groupoid fibrations are inspired by higher category theory. The thesis of Li Du
describes actions of co-groupoids on oo-groupoids through Kan fibrations in [54]. By
definition, a groupoid fibration between two topological groupoids is a Kan fibration
between the associated topological oo-groupoids.

There is the well known decomposition C*(X x H) & C%(X) x H for an action
of a groupoid H on a space X. Meyer and Buss generalise this fact. If we have
a groupoid fibration G < L — H, then there is an induced action of H on the
C*-algebra of G, such that the cross product is C*(L). In general, an “action” of
a locally compact groupoid on a C*-algebra is a (saturated) Fell bundle over the
groupoid, and its “crossed product” is the section C*-algebra of the Fell bundle.
Saturated Fell bundles are interpreted as actions by Morita—Rieffel equivalences.

A (partial) groupoid fibration, (partial) groupoid covering and the fibre can
be defined in a category with partial covers (see Definitions and and
Proposition [4.15). We use the notation G < L — H to denote that we have a
partial groupoid fibration from L to H with fibre G. We generalise some basic
results about (partial) groupoid fibrations and their fibres. The fibre of a (partial)
groupoid fibration F: L — H is a 0-groupoid (groupoid where the range map is
an isomorphism) if and only if F: L — H is a (partial) groupoid covering. The
composition of (partial) groupoid fibrations is a (partial) groupoid fibration. The
composable pair of (partial) groupoid fibrations G; < L — H and Go < H — R gives
a (partial) groupoid fibration Gy < G — Gg, where G is the fibre of the composition.
G; — L — Gg is a (partial) groupoid covering if and only if G; < L — H is so. If
Gy — H — R is a (partial) groupoid covering then G and Gy are isomorphic.

We will see that an action of H on G may be transformed along a Morita
equivalence G ~ K to an action of H on K. We have an action of H on G, that is,
there is a groupoid L and a groupoid fibration F: L — H with fibre G. If we have a
bibundle equivalence X from G to K, then we can construct a generalised action of
the groupoid H on the groupoid K. In particular, we can construct a groupoid R,



equivalent to the groupoid L by some Y, and a groupoid fibration E: R — H with
fibre K. Symbolically,

I
N

We use the technique of composing bibundle actors. For instance, the arrow space
of the groupoid R is the underlying space of the composition X o L' o X~ ! and the
bibundle equivalence Y is constructed by L' o X~ 1.

We say that the groupoid G is basic if the canonical action of G on its objects is
a part of a principal bundle. There is an interesing case when the groupoid fibration
has a basic fibre. We define the quotient groupoid L/G for such a groupoid fibration
F: L — H with basic fibre G. We have a commuting triangle

F H
i /
L/G

of groupoid fibrations, where F;: L — L/G is a cover on objects and Fo: L/G — H is
a groupoid covering. We construct an action of H on the orbit space of the canonical
action of G on its objects. The quotient groupoid L/G is the transformation groupoid
of this action. Roughly speaking, under Assumption about actions of basic
groupoids, the quotient groupoid preserves the property of a groupoid H to be basic
and transmits it to L. In a groupoid fibration G < L — H, if the groupoids G and
H are basic then so is L.

Partial groupoid fibrations appear in the theory of partial dynamical systems.
There is a important notion of a partial action of a group. A partial action of the
topological group G on the topological space X is a pair ({Xq}gec; {0g}gec) of open
subsets {Xg}gec of X and homeomorphisms {0y} gec: X,-1 — X, such that:

(1) Xe =X and 6, = idy;

(2) 0g(Xg-1 N Xg,) =Xy N Xg.g,5

(3) b4(04,(x)) = 0g.q, (), for all  in Xgl—l N Xgl_l_g,l;

(4) D' :={(g9;2) € G x X |z € X,-1} is open in G x X;
(5) The map D~! — X given by (g; ) + z is continuous.

L

Thus a partial action of G on X is also a map from G into the power set of X, just as
for actions of inverse semigroups. For this data we construct a topological groupoid
® with objects X and with

Home (7,71) = {(z1;9;7) € X x G x X | (g;2) € D™ ;21 = 0,(x)}.
The multiplication map is given by
Homg (7, 1) x Home (22, ) — Home (72, 71), (22,9, %) (z,91,71) = (22,991, 71)-

It can be shown easily that & is a topological groupoid. There is a continuous
functor F: & — G given by (z1;9;2) — g, which is a partial groupoid covering
from the topological groupoid to the topological group because the continuous
map & — G x X given by (z1;g;2) — (g;x) is open and monic. The fibre of this



partial groupoid covering is the topological space X. Therefore, partial actions of a
topological group can be understood as partial groupoid coverings.

There is a connection of this thesis and the thesis of Suliman Albandik [35]. We
will see that étale maps form a stronger pretopology in the category of topological
spaces. In this category with stronger pretopology a partial bibundle actor is the
same as a groupoid correspodence, which are introduced by Suliman Albandik. A
partial bibundle actor from a groupoid G to a groupoid H is a commuting left action
of G and a right action of H on the same object X, where the right anchor map
sx: X --+ HY is a partial cover and the right action of H on X is basic. A groupoid
correspondence from a groupoid G to a groupoid H is a commuting left action
of G and a right action of H on the same object X, where the right anchor map
sx: X — HO is étale and the right action of H on X is free and proper. In the category
of topological spaces with étale maps as partial covers an action of a topological
groupoid on a topological space is free and proper if and only if it is basic and the
orbit space is Hausdorff. In the case of locally compact, Hausdorff groupoids the
groupoid correspondences and bibundle actors are just the same because for this
case an action is basic if and only if it is free and proper. We will see that like the
groupoid correspondences, there is a bicategory of groupoids with bibundle actors
as arrows and equivariant maps as 2-arrows.

2. PRETOPOLOGIES

A stronger pretopology is an extra structure in a general category that allows to
develop various kinds of mathematical objects. A category with stronger pretopology
is equipped with a notion of “partial cover”.

Definition 2.1. Let C be any category. We say there is defined a stronger pretopology
on C if we have a collection F,, of arrows, called partial covers, with the following
properties:
(1) isomorphisms are partial covers;
(2) the composite of two partial covers is a partial cover;
(3) if x: X — B is an arrow in C and f: A --+ B is a partial cover, then
the fibre product A xy g, X exists in C and the coordinate projection
pro: A Xy . X --» X is a partial cover. Symbolically,

X AXfppaoX---=- s> X
(2.1) l = lp,l J
A--L,B At B

Definition 2.2. Consider a collection F of such partial covers f: A --+ B that
are the coequalisers of the coordinate projections pry,pro: A x¢p ¢ A = A. Call
them covers.

We use dashed arrows --+ to denote partial covers and double-headed arrows —»
to denote covers.

Remark 2.3. Let (C, F,) be a category with partial covers. If 7 = F,, then (C,F) is
a category with a subcanonical pretopology F, as in |47, Definition 2.1].

Remark 2.4. We cannot say that any category (C,F,) with partial covers is a
category (C, F) with pretopology because, in general, the composition of two covers
is not a cover.

The following lemmas hold in any category (C, F,) with partial covers.

Lemma 2.5. If a partial cover splits, then it is a cover.
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Proof. Let f: A --+ B be a partial cover and let g: B — A be such that fog =idp.
We have to show that f: A --» B is the coequaliser of the coordinate projections
pri,pro: Axsp A= A
Let z: A — X be any arrow in C such that x o pr; = x o pro. We know that f o
(go f) = foida. Therefore, there is an arrow (ida;go f): A — A X p s A such
that pry o (ida;go f) =ida and pryo (ida;go f) = go f. After this we can see that
the composition z o g: B — X provides a factorization of x through f:
(og)of = wo(gof)
= wo(prgo(idasgo f)
= (zopry)o(idasgof
(zopry)o(idasgo f
= wo(pryo(idasgo f)
zoidy

)
)
)
)

= .
Such a factorization is unique because if for some parallel arrows ej,es: B = X we
have e; o f = eq o f then
e1 = epoidp

= eio(fog)

= (e10of)oyg

= (e20f)oyg

= e0(foyg)

= egoidp

= €2.

Corollary 2.6. An isomorphism is a cover.

Proof. Any isomorphism is a partial cover by Definition 2:1] and it splits by its
inverse, so Lemma [2.5] works. O

Corollary 2.7. Let f: A --+» B be a partial cover. If [ splits, then any pull-back
of f is a cover. Moreover, it splits too.

Proof. Let pry: A xp X --» X be the pull-back of f: A --» B along an arrow
xz: X — B. It is a partial cover by Definition 2.1} Let f: A --» B split by g: B — A.
We know that
folgoz) = (fog)ox

= idB ox

= xoidy.
Therefore, there is an arrow (g o x;idx): X — A X ¢ g » X such that

pro © (g o, idx) = idx.

This means that pry: A x X --» X splits. Therefore, it is a cover by Lemma 2.5 [

Corollary 2.8. Let f: X --» Y be a partial cover. The pull-back of f: X --+»'Y
along itself is a cover. Moreover, it splits.

Proof. It is clear that the arrow (idx;idx): X — X Xy ¢ X is well-defined and
pryo(idx;idx) = idx. So pry is a partial cover because it is a pull-back of f: X --» Y,
and it splits by (idx;idx). Therefore, it is a cover by Lemma O



Corollary 2.9. The composition of splitting covers is a cover. Moreover, it splits.

Proof. Tt is clear that the composition of splitting arrows is a splitting arrow, too.
Also, the composition of partial covers is a partial cover. So the composition
of splitting covers is a splitting partial cover, and, therefore, it is a cover by
Lemma 2.5 O

Lemma 2.10. The composition of an isomorphism and a cover is a cover.

Proof. Let f: A— B and ¢: B — C be a cover and an isomorphism, respectively.
The composition ¢ o f is a partial cover by the definition of a stronger pretopology.
Therefore, the object A Xo¢ 8,005 A exists. The arrows (pri;pry): A Xfp s A —
A Xopof.Bpos A and (pri;pra): A Xpof.B,pof A = A X gy A are well-defined and
inverses of each other. Hence the arrow f: A — B, and, therefore, the composition
po f,is a coequaliser of both pairs of the coordinate projections. Thus o f is a
cover.

Let f: A — B be a cover and let ¢: C' — A an isomorphism. There is the arrow
(0 topriyetopry): Axspr A — C Xfop B fop C. It is well-defined because
fopogp topry=fopry=fopry=fogpop lopry. Let the arrow x: C — X be
such that x o pry = x o pry. We have

zop lopry = wopro(pTlopr;gTtopry)

= zopryo(p topr;;p topry)

= zop lopr,.
Since f: A — B is a coequaliser of pry,pry: AX ¢ p s A = A, there is a unique arrow
h: B — X such that ho f = x o ¢~!. This equality is equivalent to ho f oy = x.
This means that fog: C' --» B is a coequaliser of pry,pry: C X0y B,fo, C = C.
Therefore, it is a cover. O

Lemma 2.11. If a cover is monic then it is an isomorphism.

Proof. Let the arrow f: A — B be a cover and monic. By Definition2.1] f: A - B
is a coequalizer of the pair of arrows pry,pry: Axyp A = A. Since fopr; = fopr,
and f is monic, pr; = pry. Therefore, id4 o pry =id 4 o pry. Hence there is an arrow
g: B — A such that go f =id4. Also fopr, = f opr, and we have two arrows
idg,fog: B— Bsuchthatidgo f=fand (fog)of=fo(gof)=foida=f.
Thus f o g =idg. Therefore, f is an isomorphism. O

Lemma 2.12. Let f: A --» B be a partial cover. f is a cover if and only if it is a
coequaliser of some pair of parallel arrows ey, eq: E = A.

Proof. One side of the proof is obvious by the definition of a cover. Now, let
f: A --» B be a coequaliser of parallel arrows e1,es: E = A. There is the arrow
(e1;e2): E — A xyp s A It is well-defined because foe; = f oeq. Let the arrow
g: A — C be such that g o pry = g o pry, where pr; and pry are the coordinate
projections of Ax s gy A. We have goey = gopryo(eg;ez) = gopryo(er;es) = goes.
Since f: A --+» B is the coequaliser of ej,eo: E = A, there is a unique h: B — C
such that h o f = g. Therefore, f is a coequaliser of the coordinate projections
pri,pro: A Xy p A= A Hence it is a cover. U

Lemma 2.13. Assume that the pull-back of an arrow g: C — B along a cover
f+A— B is an isomorphism. If the coordinate projection pry: A Xy p ,C --+ C is
epic, then g: C — B is an isomorphism, too.



Proof. Let f: A — B be a coequaliser of the pair of parallel arrows ej,es: F = A.

pra
AXppgCommmms ///30
. -1
(62’P"20P"1 oe1) pry Prfl pr2opr1_1 g/ g
€1 f
E ¢ A B

ez
There is an arrow (ez;pryopry  oe1): E— A x;p 4 C. It is well-defined becasue
goprQOprl_loel = foprloprl_loel
= foe
= foes.
Since pry o (eg; pryopry foe;) = eq, we have pr; toey = (ea; pryopry foe;). Therefore,

pry © pr;1 0 eg = pry o (eg; pry © prf1 oey) =pryo prf1 o ey. Hence there is a unique
arrow g’ : B — C such that g’ o f = pry o pr;*. We have

gog'of = gopryopr;’
= fopriopr!
f.
Since f: A — B is a cover, it is epic and, therefore, g o ¢’ = idg. Also we have
g'ogopry, = gofopr

= pryoprylopn

= pro
Since pry: A X5, C --» C is epic, we have g’ o g = id¢. So ¢’ is an inverse of g,
and, therefore, ¢ is an isomorphism. O

2.1. Extra assumptions on stronger pretopologies. Let (C,F,) be a category
with partial covers. We know that the composition of splitting covers is a cover
(Corollary [2.9). Also, the composition of an isomorphism and a cover is a cover
(Lemma But, generally, we cannot say that the composition of covers is a
cover. The following assumption on the stronger pretopology is about this.

Assumption 2.14. [47, Definition 2.1]. The composition of covers is a cover.

The next assumption is about the pull-back of a cover. We know that the pull-
back of a splitting cover is a cover (Corollary . Also, the pull-back of a cover
along itself is a cover (Corollary . But, generally, the pull-back of a cover is not
a cover. In some results we require the following assumption.

Assumption 2.15. [47], Definition 2.1]. Any pull-back of a cover is a cover.

Remark 2.16. Under Assumption we do not need the requirement that the
coordinate projection pry: A x4 C --» C is epic in Lemma because it
automatically comes from Assumption 2.15] pry: A xf p 4 C — C is a pull-back of
the cover f: A — B. Therefore, it is a cover. Thus it is epic.

Remark 2.17. Under Assumptions and a category (C,F,) with partial
covers is a category (C, F) with pretopology as defined in [47].

The next assumption is important for principal bundles and arrows between
the orbit spaces. We need this assumption for defining a composition of bibundle
functors.
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Assumption 2.18. If a pull-back of f along a cover is a cover, then f is a cover,
too.

The following assumption is stronger than the previous one. It is necessary when
we want to compose bibundle actors.

Assumption 2.19. If f o g and g are covers, then so is f.

The following assumption is about the final object. We know that the obvious
example of a groupoid is a group. A group is a groupoid with only one identity. So
we need the following assumption to define groups in a category (C, F,,) with partial
covers.

Assumption 2.20. There is a final object in (C, F,,) and all arrows to it are covers.

Remark 2.21. Under Assumption m the category (C,F,) has finite products
because they are fibre products over the final object.

3. GROUPOIDS IN A CATEGORY WITH PARTIAL COVERS

Before defining a groupoid we need to explain the notion of elementwise expres-
sions. Let A be any object in C. An element x in A is interpreted as arrow in C from
some object ? €€ C to A. The elements of A form a category, which determines A
by the Yoneda Lemma. If f: A — B is any arrow in C then for any element x in A
f(z) is interpreted as the composition f o x: ? — B, which is an element in B.

Definition 3.1. A groupoid G = (G° G, r,s,m) in the category (C, F,) with partial
covers consists of
e objects GY G! ecC,
o arrows r:Gl =GO s:G'—=G° and m:G! Xs,GO.r G! = GL;
such that
(1) rand s are covers;
(2) for the coordinate projections pry, pry: G! X go , G! = G! we have equations
rom=ropr; som=sopry (g g1) = r(g); s(g-g1) =s(g1), for
all g, g1 € G! with r(g1) = s(g);
(3) m is associative, that is, the following diagram commutes:

1 1 1 1 (mopry;praoprsy) 1 1
(G XS,GO,r G ) xpl’27G17Pr1 (G XS,GO,rG ) G ><57(30,r G

(Pr1°Pr1§m°Pr2)J Jm

1 1 m 1.
Gl x,c0, G Gl

mo (mopry;pryopry) =mo (pryoprismopry); (g-g1) 92 =9-(91-92),
Vg, 91,92 € Gt with s(g) = r(g1) and s(g1) = r(g2);
(4) the maps
(3.1) (pro;m): G' x50, G — G x50 G, (g501) = (9139 91);
(32) (prysm): G xg g0, Gt — G X, g0, G, (g391) = (959 91);

are isomorphisms;

We call the objects G° G' and G! Xs,GOr G! the objects, arrows and compos-
able pairs, and the arrows r,;s and m the range, source and multiplication maps,
respectively.

Here, for g,g; € G' with s(g) =r(g1), g - g1 means the composite arrow

g;9
7 1990, Gl o, GT T G
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Remark 3.2. All objects in and exist because of The arrows

(mopry;pry o pry), (pry o pry;mo pry), (pry, m) and (pry, m) are well-defined because
of the equalities in

Remark 3.3. Definition [3.1]is the same as Definition 3.4 in [47]. The only difference
is the structure of the category in which we define groupoids.

Lemma 3.4. Let G = (G°, G, r,s,m) be a groupoid. Then the coordinate projections
pri, pro: G! 5o, G! = G! are covers. Moreover, they split.

Proof. 1t is clear that the arrow (idgi;idg1): G! — G! x5 6o s G is well-defined. We
also have pry o (pry;m) =1 o (idgi;idg:) = pry o (idg:;idgr) = idgi. So pr, splits by
(pry;m)~to (idgi;idgi). Analogously, pry splits by the arrow (pr;;m)~!o (idg:;idgr).
The coordinate projections are partial covers because they are pull-backs of the
source and range maps. Therefore, they are covers by Lemma [2.5) O

Lemma 3.5. Let G = (G° G, r,s,m) be a groupoid and let X be an object in C. Let
T1,22,9 € C(X,Gh) be such that (z1;9), (x2;9) € C(X,G! x4 co, G') are well-defined
arrows and mo (x1;g) = mo (x2;g), then 1 = .

Proof. Consider the following composition:

)

X 15D Gl o, GE P2 G G
We have
(prosm) o (z159) = (prao (w139);mo (2159))
= (gimo(z1:9))-
Analogously,
(prg;m) o (w2;9) = (g;m o (25 9)).
Therefore,

(praim) o (z159) = (pra;m) o (22 9).
The arrow (pry;m) is an isomorphism by Definition So (z1;9) = (x2;¢9). Hence
Tl = Ta. O

Remark 3.6. We can also deduce that 21 = x5 if the arrows (g; x1) and (g; z2) are
well-defined and mo(g; 21) = mo(g; z2). In this case, we use the isomorphism (m; pry).

Remark 3.7. In elementwise notation, Lemma [3.5] and Remark [3.6] say the following:
If 1 - g =2 -gthen 1 = 2o, and if g - 1 = g - 22 then z1 = x5.

Proposition 3.8. Let G = (GY,G!,r,s,m) be a groupoid. There are arrows
u: G° = G! andi: G' = G! such that the following equalities hold:
(1) rou=idgo =sou; r(ly) =90 =r(1y), Vg0 € G%

(2) mo(uorjidg:) =idgr =mo (idgi;uos); 1y g=9=g- 15y, Vg € G
(3) soi=rroi=s; s(g7t)=r(g); r(g~ ') =s(g),Vg € G
(4) mo(i;idg1) = uos; mo(idg1;i) =uor; g~ t-g=1gy; g-97 " =1y, Vg € G}

Here, for go € G, 1,, means the composite arrow u o go, and for g € G, g
means i o g.

—1

Proof. First we construct the arrow u: G® — G'. Consider the following composition:

- (idg1;idg1) pro;m) !
g: gt Udetidet), Gt am 1

pr
G' X460 X¢gor Gt — G

We have (pry;m)~1(g;9) = (i(g);g). Hence (i(g);g) is a composable pair and
(pry; m)(d(g); 9) = (g9;9). Thus d(g) - g = g for all g € G*. So we have

m o (L~l7 idcl) = id(;l.



12

Consider any composable pair (g; g1) of arrows in G!. We have ti(g-g1)-g:g1 = g-91-
Thus G(g-g1)-g = g by Lemma[3.5] We also have i(g)-g = g. Hence i(g-g1) = u(g).

Since the arrow (pry; m) is an isomorphism, we have
i(g) = u(g"),
for all g, ¢’ € Gt with r(g) = r(g’).

The range map is a cover, hence it is a coequaliser of the coordinate projections
pri, pro: G'x, go,G! = G!. Since pr; ol = pryod, there is a unique arrow u: G — G!
such that uor = i. Denote the element u(gg) by 1,, for all gy € G°. So we have
L,(g) = U(g) for all g € G'. The construction of the arrow u: G® — G' is done.

The next step is to show the properties in and We proved above that
sol=r. Thussouor =r. Thus sou =idgo because the range map is epic. We
also have r(i(g)) = r(i(g) - g) = r(g) for all g € G!. Therefore, r =rold =rouor,
hence r o u = idgo. So the proof of is done.

The first part of follows from m o (0;idg:) = idg: and uor = @, which are
proved above. For proving the second part consider a composable pair (g;g1) of
arrows in G'. Since s(154)) = s(g) = r(g1), the pair (154):g1) is composable, too.
We have g 154y 91 =9 1r(g,) - 91 = g~ g1. Thus g - 154 = g by Lemma@ That
is, mo (idgi;uos) =idg:. So is completely proved.

Now we have to construct the arrow i: G! — G!. We can directly name this arrow.
Let i: G! — G! be the following composition:

(id¢1;uos) pro;m) "t pr
Gt e 61 s os G M Gl o, G P G

The first arrow is well-defined because s(15(4)) = s(g). Denote the element i(g) by g~

We have (pry; m)~1(g; 154)) = (9~ ' g). Hence (9715 g) is a composable pair, that is,
s(g7") = r(g), and (pro;m) (97" 9) = (g5 1s(g))- Thus g~ - g = 15y, for all g € G.
Sosoi=rand mo(i;idg1) = uos. We also have r(g™!) = r(g' - g) = r(15y)) = s(g),
for all g € G!. This means that roi =s. Hence the pair (g; ¢~ ') is composable. We
have

(9979 = g-(¢" 9
= 9 19
= g
= L9
Therefore, g- g~ = ly(g), for all g € G! by Lemma Hence mo (idgi;i) =uor
and the proof is done. O

We call the arrows u: G° — G! and i: G! — G! described in Lemma [3.8] the
unit and inverse maps of the groupoid G = (G° G!,r,s, m), respectively. If the
arrows u: G° = G! and i: G! = G! are the unit and inverse maps of the groupoid
G = (GY, G, r,s,m) we shortly say it is a groupoid G = (G°, G1,r,s, m, u,i).

Corollary 3.9. Let G = (G°,G!,r,s,m,u,i) be a groupoid. then
(1) mo (u;u) =u, Lo - 1go = 140, Vg0 € G
(2) ioi=ide, (97')"'=g,Yg€G

(3) iou=u, (140) 71 =1,4,,Vg0 € G%

(4) mo (iopry;iopry) = iomo (pry;pry), gt g = (g-q1)7Y, for all
9,91 € Gt with s(g) = r(g1). Here pry and pry are the coordinate projections
of G %, gos G.

Proof. We already know that 1, - g = g, for all g € G! and r(1y,) = go for all
go € G°. Hence 1g, - 19, = 1y(1, ) - 1gy = 1g,, for all go € G.|(1)|is proved. We also
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have
()7t = Ly
= Iy
= g9
for all g € G'. Hence (g7')~! =g, for all g € G! by Lemma is done. Also
(150)_1 ’ 190 = 15(1g0)
=1
= g 1g-
Therefore, (1,,)7" = 14, for all go € G°. Hence|(3)| holds. Consider any composable
pair (g; g1) of arrows in G!. We have
(9-90)7 (9-91) = lsggg
= g
—1
91 91
g1 gy 1
= 9;1 ’ 1s(g) *g1
-1 1
= 91 "9 9%
= ("9 (g-9)
Therefore, g;* - g~ ' = (g-g1)~ ", for all g, g1 € G' with s(g) = r(g1). So the proof is
done. (]

go

Lemma 3.10. If G = (G°,G!,r,s,m, u,i) is a groupoid, then the multiplication map
18 a cover. Moreover, it splits.

Proof. The multiplication map is the following composition
Gl xgqo, G -2y Gl o G -T2, L,

We know that the arrows (pry; m) as an isomorphism and pr, as a pull-back of the
source map are partial covers by Definition [2.1] Therefore, m is a partial cover.
Also, we have that mo (uor;idg:) = idg:. So m splits. Therefore, it is a cover by
Lemma 2.5 U

Proposition 3.11. Let G° and G' be objects and let r: G — G°, s: G! — GO,
m: G! xgco, G' = G, u: G® — G! and i: G' — G be such that the properties|(1)
and in Definition and all properties in Proposition are satisfied. Then
G = (G, G, r,s,m) is a groupoid.
Proof. We just have to prove that the arrows

(prQ; m): Gl Xs,GOr Gl — Gl Xs,GOs Gl
and

(pry;m): G XG0 r Gt — Gt Xy GOr G!
are isomorphisms. We can directly name the inverse arrows of them. Let us show
that these arrows are

(mo (pry;iopr);pr): G! xggos G! — G! xggo, Gy (g501) = (91-97 15 9),
and
(pri;mo (iopry;pry)): G! X, go, Gt — G x50, G',  (g591) = (959" 1),

respectively. First of all, they are well-defined: in the first case, we have s(g;) =
s(g) = r(g71), so g1 and g~! are composable and s(g; - g71) = s(g7!) = r(g); in
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the second case, we have s(g~1) = r(g) = r(g1), so g~! and g; are composable and
s(g) =r(g~") =r(g~" - g1). At this time we used the property [(2)] in Definition [3.1]

and the property in Proposition
Now consider the composition:

(mo (prysiopry);pry)((pry;m)(g; 91)) (mo(prysiopry);pri)(g139 - 91)
= ((9-9 ) 791)
= (g-(91-91 "))
= (g 1 (g1)> 91)
= (9 Lsg);91)
(9;91)

for all g, g1 € G with s(g) = r(g;1). Hence
(mo (prasi o pry)ipry) o (prosm) = id(gic_ o, -

Here we used the associativity of the multiplication map m and the properties
and in Proposition Also, we need the inverse composition:

(pro; m)((m o (prysiopry); pry)(g; 91)) (prosm )(91 )
= (gi(g-97") 9
= (g1~ ( '9))
= (9591~ s(g))
= (591 Ls(g))
= (g5 91)

for all g,g1 € G! with s(g) = s(g1). Hence (pry;m) o (m o (pry;i o pry);pry) =
id(Gix, 4 ,G1)- As above, we used the associativity of the multiplication map m and
the properties and in Proposition So both compositions are identities
and, therefore,
(pro;m): G Xs,GO.r G} — Gt Xs,G0 s G!
is an isomorphism.
THerefore, for the compositions (pry;m o (i o pry;pry)) o (pry;m) and (pry;m) o
(pry;mo (iopry;pry)) is similar.
(prizmo (iopry;pry))((prizm)(g; 91)) = Pri;m o (iopri;pry))(g;9- 91)
(9 g1))
g; ( ~9) - 91)
9: 1s(g) - 91)
g; r(gl) gl)

g:91)

(
(95
(
(
(
(

for all g, g1 € G! with s(g) = r(g1). Hence
(pry;mo (iopry;pry)) o (pry;m) = id(Gle,GO,rcl).
Also, for the second composition we have

(pri;m)((prysmo (iopryspry))(g; g1))
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for all g, g1 € G! with r(g) = r(g1). Hence
(prizm) o (prismo (iopry;pry)) =id@Gix, o 61)-

As for the arrow (pry;m), we used the properties [(2)] and [(4)| in Proposition [3.8] and
the associativity of the multiplication map m. O

Remark 3.12. We did not use the property in the proof, but it has to be required
for the arrows in the property to be well-defined.

Remark 3.13. If we require that the arrows r: G! — G and s: G! — G are partial
covers instead of the property in Definition it would be enough because in
this case the arrows r: G' --» GY and s: G' --» G® are partial covers which split
by u: G® — G! and therefore, they are covers by Lemma

3.1. Examples of groupoids.

Ezxample 3.14. Let X be an object in C. There is a groupoid with the object X as
arrows and as objects, too. The source and range maps are idy: X — X, and the
multiplication map is the obvious isomorphism pr; : X Xjg, x,idx X 5 X, Tt is easy to
check that this defines a groupoid. The unit and inverse maps are identity arrows
like the source and range maps. We say that the object X is viewed as a groupoid
with only identity arrows.

Example 3.15. Let f: X --» Y be a partial cover. Its Cech groupoid is the groupoid
with X as objects and X xfy ¢ X as arrows. The range and source maps are
pri: X Xy y, X — Xand pry: X X sy r X = X, respectively. They are covers because
of Corollary 2.8 The multiplication map is

(X X'ﬁY’f X) Xpr2,X,pr1 (X xfaYa.f X) M

defined elementwise by (x1;x2) - (z2;23) = (x1;23) for all z1,x9,25 € X with
flx1) = f(z2) = f(x3). It is easy to check that this defines a groupoid. The unit
map is

XxpyrX,

(idx; idx): X— X XY, f X, T +— (x,x)
for all z € X and the inverse map is
(prospri): X Xgy s X = X Xgvy X, (21;22) > (29521)
for all x1,z2 € X with f(z1) = f(z2).

Ezample 3.16. Let G be a groupoid and let f: X --» G% be a partial cover. We define
a groupoid G(X, f) with arrows (X X f.co,r G') X, 61 pr, (G' X5 o, s X) and objects X.
The range and source maps are pry opr; and pry0pry, respectively. The multiplication
map is ((pryopryopry; m); (M; pryopryopry)), where m = mo(pryopryopry; praopr;opry).
Elementwise, ((z1;9); (g:22)) - ((z2591); (91523)) = ((x159 - 91); (9 - 913 73)). The
inverse map is the arrow ((pry o pry;iopryopry); (iopryopry;pryopry)). Elementwise,
((x139): (g522)) = ((w2:97"); (97 "5 21)). The unit map is ((idx;uo f); (uo f;idx)).
Elementwise, 2 +— ((2;1£()); (1¢(2);2)). Since

pry opry o ((idx;uo f); (uo f;idx)) = idx

= pryopryo ((idx;uo f);(uo f;idx)),

the range and source maps are split partial covers, Hence they are covers by Lemma
27 It is easy to check that these arrows satisfy all conditions from Proposition [3.11]
Hence G(X, f) is a groupoid.

If the groupoid G in Example is a groupoid with only identity arrows, then
the groupoid G(X, f) is the Cech groupoid of f: X --» G° defined in Example

If f1: Xy --» X is a partial cover then there is a natural groupoid isomorphism

G(X1, fo fr) = G(X, f) (X1, fr)-
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Ezample 3.17. Assume Assumption A group is a groupoid G = (GY, G, r,s, m),
where GY is the final object.

4. MORPHISMS BETWEEN GROUPOIDS

The usual morphisms between groupoids in a category (C, F,) with partial covers
are functors. They form a category with the groupoids as objects.

Definition 4.1. Let L and H be groupoids in (C, F,). A functor from L to H is
given by arrows F?: L — H® and F': L' — H! that intertwine the source, range
and multiplication maps. That is,
(1) FOo S =SH © Fl; FO(SLU)) = SH(Fl(l)), Vi € Ll;
(2) Flor. =ryoFl; FO(rL (D)) = ru(FL(1)), VI elLl
(3) Flom_ = my o (F! opry;Flopry); FL(l- 1) = FY(I) - FL(I;) for all
I,1; € L' with s_(I) = r_(I1); here pr; and pry are the coordinate projections
pri,pro: L1 xg 1o, L1 = L

The composition of functors F: L — H and E: H — R is the functor EoF: L — R
which is given by the composite arrows (Eo F)? = E° o F¥ and (Eo F)! = El o FL.
We just need to check that this composition intertwines the source, range and
multiplication maps of the groupoids L and R. It is so because

(EoF)osy = E’0cFos.
= E%osyoF!
= sgoEloF!
= sgo(EoF)h
Analogously,
(EoF)or, = E'0Flor
= EoryoF!
= rgoE'oF!
= rro(EoF).
Also, for the multiplication maps we have
(EoF)'om. = E'oF'om
= Elomyo(Flopr;Flopry)
= mro(E'opr;;E'opry) o (Flopry;Flopr,)
= mgo(E'oFlopr;E o Flopr,)
— mro((EoF) opryi(EoF) opry).
It is clear that the functor id_ : L — L given by the arrows idj o and id: is an

identity functor on the groupoid L. So groupoids and functors between them form a
category.

Lemma 4.2. Any functor F: L — H intertwines the unit and inverse maps of the
groupoids L and H.

Proof. For any element [ € L' the pair (F!(1); F*(15))) is composable in H because
su(F1(1) = FO(s.()) = FO(r(1s.0))) = m(F! (1s 1)) We have
FI)-Fl(lsey) = F'(- 1)
0
= F() - Ly
= F'() - Lrogs )
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Hence Fl(ls(l)) = Ifo(s (1)) by Remark Since the source map is epic, we have
F1(1) = 1pogy).for all [y € LY. So F: L — H intertwines the unit maps.
Also, for any element [ € L! the pair (F(1); F1(I71)) is composable in H because

su(FY(1)) = FL(sL(1)) = FL(r (I=1)) = ru(F'(I"1)). We have
FL-FaY = Fa-1h
= Fl(l.w)
= I = ura)
= F(O)-(FrO)~
Hence F!(I7') = (F!(1))~, for all I € L' by Remark[3.6f So F: L — H intertwines

the inverse maps. O

Definition 4.3. The groupoids L and H are called isomorphic if there is a func-
tor F: L — H such that F! and F® are isomorphisms. Such functors are called
isomorphisms between groupoids.

It is easy to check that if F is an isomorphism from L to H then the pair
((FH=L (F%)~1) = F~! defines a functor from H to L. Hence it is an isomorphism
too.

Lemma 4.4. The groupoid L is isomorphic to the groupoid with only identity arrows
(see Example if and only if its source map is an isomorphism. Such groupoids
are called 0-groupoid.

Proof. Let F be a isomorphism from L = (L% LY, r;s,m) to X = (X, X, idx, idx, pr;)-
Then the arrow (F1)~! o FO: L — L! is an inverse of the source map, because
(Fy™ " oF%0s = (F))"'oidxoF!
= (Fl)_1 oF!
= idp:
and
so(F)™'oF% = (F) !'oidxoF°
= (F0)71 o F?
= idpo.
So the source map is an isomorphism and equal to the range map because
s = soF%o(F)!
F! oidy o (F0)~*
roF%o (F)~!

= r

Conversely, let the source map be an isomorphism. Then s~' = u because

sou=1ido. Hencer =ros los=rouos =1ido os =s. Hence the source and
range maps are the same. Now it is easy to check that the pair of isomorphisms
(s;idpo) intertwines the source and range maps of the groupoids L = (L%, L!,r,s, m)
and L° = (L% LY, idyo,id o, pry). It intertwines the multiplication maps too because
s(g-91) = s(g)
= r(q1)
= r(g1) r(g1)
= s(g) -s(q1)
for all g,g; € G! with s(g) = r(g1). Therefore, (s;idjo) is an isomorphism from L to
LO. O
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Remark 4.5. The proof shows that for any 0-goupoid the source and range maps
are isomorphisms and the unit map is an inverse of them.

4.1. Groupoid fibrations. We consider special functors which form a full subcat-
egory of the category of groupoids. For topological groupoids, groupoid fibrations
are studied in [10].

Definition 4.6. Let L and H be groupoids and let F: L — H be a functor between
them. We call F a partial groupoid fibration, groupoid fibration, partial groupoid
covering or groupoid covering if the arrow

1
1 (Fis) 1 0
(4.1) L" ——= H" Xg, oo L
is a partial cover, cover, monic partial cover or isomorphism, respectively.

The arrow (4.1)) is well-defined because a functor between groupoids intertwines
the source maps of the groupoids L and H, that is sy o F! = Flos.

Remark 4.7. Any groupoid covering is a groupoid fibration, any groupoid fibration is
a partial groupoid fibration and any groupoid covering is a partial groupoid covering.

Remark 4.8. If a functor between groupoids is a groupoid fibration and a par-
tial groupoid covering, then it is a groupoid covering. That follows easily from

Lemma 2.171

Lemma 4.9. Let F: L — H be a functor between groupoids. Then the arrow
L it oo LO

18 a partial cover, cover, isomorphism or monic if and only if the arrow
L e LO

s a partial cover, cover, isomorphism or monic, respectively.

Proof. Since ry o iy = sy, there is a rectangle of pull-back squares

pra
H! X, HO FO Lo——= 419

p”[ LFO

Hl HO

oo
HY 5. o o LO (i o pry; pry)
SH,H™,

Prll

H! i

By using the well-known lemma about the rectangle of pull-back squares we can say
that the left-side square is a pull-back square. Therefore, the arrow

(inopry;pry)
H1 X sy, HO FO LO — H:l Xry,HO FO |_0

is an isomorphism because it is the pull-back of the inverse map of the groupoid H,
which is an isomorphism because of in Corollary
Also, we have

(iy o Fl;sp)
(Fl o i|_; r. o i|_)
(Fl; I’|_) e} i|_.

(i o pry; pra) o (F'ysy)
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So we have the commuting diagram

Ll il— L1
(FI;SL)L L(Fl; )
ig o pry;pr
HY x, o po L0 nopripn) |\, X gy 10 o LO

such that the horizontal arrows are isomorphisms. This finishes the proof of the
lemma. ]

Proposition 4.10. A composite of partial groupoid fibrations is a partial groupoid
fibration.

Proof. Let F: L — H and E: H — R be partial groupoid fibrations. We have two
partial covers

and

by Definition [£.6] We need to prove that the arrow

1 (EYoFt;sy)
EEE—

L R! X sg,R0,E00F0 LO

is a partial cover, too, which implies that the composition EoF: L - H — Ris a
partial groupoid fibration.

By using the well-known lemma about the rectangle of pull-back squares we can
construct the following diagram, where each square is a pull-back square.

(Etopry;pry) pr
HL xq, o po LO -2 P2l R g pogogpe L0 —— P25 10
prll (PH?FOOP'z) Fo
(E1§3H) pr
HU oo 5B R popo HO —— P2y o
0
£l pry E
s
Rl R RO
The arrow
(E'opry;pry)
H1 X5H7H07|:0 LO ******* 1***2**? Rl XSR,RO,EOOFO LO

is a partial cover, because it is a pull-back of the arrow (E!;sy). Therefore, the
composition

(E'opry;pry)

1.
|_1 ****SF*:?:)***% H1 XSH,HO,FO LO ************ > R1 XSR,RO,EOOFO LO
is a partial cover. We have
(E'opry;pra) o (Ffst) = (EMo(pry o (Fissi))spra o (Fist))
(E' o Flys)).

Hence the composition Eo F: L - H — R is a partial groupoid fibration. U



20

Remark 4.11. The composition of two groupoid coverings is a groupoid covering.
The proof is absolutely same. We just use that a pull-back of an isomorphism is an
isomorphism and a composition of isomorphisms is an isomorphism. Similarly, a
composition of partial groupoid coverings is a partial groupoid covering.

Remark 4.12. Under Assumptions [2.14) and [2.15] compositions of groupoid fibrations
are groupoid fibrations, too. The proof is the same as the proof of Proposition [4.10
if we use the term “cover” instead of the term “partial cover”.

The identity functor (idy1;idio): L — L is a groupoid covering because, in this case,
the arrow is (idpissp): LY — LY xg 10 5a,, LO with inverse pry: L X 1o 5q., L° —
L!. Therefore, it is an identity morphism for each kind of functors defined in
Definition [1.6] So, under relevant assumptions, we have four full subcategories of
the category of groupoids with functors as arrows between them.

The next goal is to define the fibre of a partial groupoid fibration.

Definition 4.13. Let F: L — H be a partial groupoid fibration. A fibre G consists
of

e objects
(1) Gt =L! X (F1is0),(H1 %, , o 0L0),(Flougsidyo) LY, elements of this object
are the pairs (1,1o), I € L', Iy € L® with s (I) = Iy and F'(I) = F* (15 (1));
2) G0 = L9,
® aIToOws
(].) SG =SLOopry: G > GO SG ( ,l()) SL( ) V(l,l()) c Gl;
(2) rG—rLoprl G' = GO, re(l;00) =r(l), V(i lO)EGl;
(3) mg = (mp o (pry o pry;pry © pry); pry © pra): G x¢ go o G' — G,

20
(l,lo) (U5 = (- U5 0y) V() (U510) € GY with sg(I5 o) = re(U'51h).
Lemma 4.14. If we have the data above then there are two important equalities:

(1) sLopry = pry, st(l) =lo, V(o) € GY
(2) F1 o prl = Fl ouLos.o prl, Fl(l) = Fl(lsl_(l)), V(l; lo) S Gl;

Proof. We have

(Floprissiopr) = (Flis)opr
(F! o ug;ido) o pry
= (F'oupopry;pry).

Therefore, s; opr; = pry and Flopr, = Flouiopr,. Hence Flopr, = Flougos opry. [

Proposition 4.15. The data G = (G°, G!, rg,sg, mg) in Definition is a well-
defined groupoid.
Proof. Firstly we have to check that the arrow

LO (F1 ouy;idi o)
E—

H1 Xsyy,HO FO L0
is well-defined. It is so because
sho(Flou) = (syoFHouL
= (Flos)ou
= Flo(sLou)
= Flo idyo.

The arrow
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is a partial cover by Definition Therefore, the fiber product

pr
Gl oo 2oy 10
prll l(FlouL;idLo)
Flist)
I_1 ****E ******** > H1 XSH,HO,FO LO

exists and the coordinate projection pry: G! --» L9 is a partial cover too. We also
have

(Fl;sL)ouL = (F1 ouL;sLou)
= (F'oug;idp)
= (F1 ouy;idpo) oidyo.

This means that there is a well-defined arrow (up;idio): L — G!. Since pr, o
(up;idyo) = idpo, the coordinate projection pry: G' --» LY is a partial cover which
splits by (u;idio). Hence it is a cover by Lemma Now we can infer that the
source map sg: G! — G is a cover too because sg = s_ o pr; = pry because of
Lemma .14

We need to prove the same for the range map rg: G' — G°. The inverse map
would help us for proving this, so let us construct it firstly.

Consider the arrow

(4.2) GL OPIoPn) e ) e (Y (1)),

First of all, we have to show that this arrow is well-defined. Let us find out what
we need for the arrow (ip o pry;r o pry) to be well-defined. We need that the
arrows (F1;s;)oi opr; and (Ftoup;idio)or opr; be equal. The first one is the same
as (Floi_opry;s. oiLopr;) and the second one is (F* oup or_opry;idioor opry). It
is clear that the right parts of the arrows are equal, s| oi o pr; =idjo or o pr;. So
we need to prove that the left parts of the arrows are equal too. We have to show
that the arrows F! oi_ o pr; and F* oup or_opr; from G! to H! are equal. That is
right because we have in Corollary and Lemma and we can write:

Flg=h) = (Ffa)!
= (F'(1yum)
F'((1sa)™

= Fl(lsL(l))
= F'()
for all (I;1p) € G!. Therefore, F* o pr; = Fl oii o pr;. Hence
Flil.) = F'(lae)

Leogsi=1))
= LaEey
= LuEwy

= ey

F'(1aw)

- PO

= P
for all (I;1y) € G*. Therefore, (F*(I71);sL(I71)) = (F* (1, y); (1)) for all (I;1p) € G*.
Thus the arrow (i o pry;r. o pry): Gt — G! is well-defined. Denote it by ig and
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consider the composition ig o ig:

icic(l;l0)) = g (D)
= (H hnh)
= (l;sc(l))
= (ilo)

for all (I;1p) € G'. So ig oig = idg1. Hence ig is an isomorphism. Also we have

S(.;(i(.;(l;lo)) = Sg(l_l;l’L(l))
= SL(l_l)
= n(l)
= rc(l;lo)
for all (I;1y) € G'. Therefore, sg o ig = rg. Hence the range map rg: G — G! is a

cover like the source map sg: G! — G!. So the condition in Definition is
satisfied. Now let us prove the condition

ra((l;l0) - (I510)) = ra(l-1'51p)
= I’|_(l . l/)
= n(l) =rc((l;l0))

and

sa((lilo) - (I51p)) = sa(l-1;1p)
= su(l-1)
(')
= sc((l'p))
for all (I51p), (I';14) € G with sg(I;1p) = ra(l;1}). So the condition is satisfied.

The next step is to show that the multiplication map mg: G' x4 o, G' — G!
is associative. We have

((510) - (I509)) - (13 15) - =

= SL

(L-Vs1g) - (1315)
= ()
_ (l (ll l//) //)
(1
) =

Hlo) - ((1516) - (17515)
re(l';1() and sc(I';1() = re(I";15).

for all (I;1o), (I';15), (I";15) € G with sg(l; o
So the multiplication map mg is associative.
We have proved the properties and in Definition The next step
is to construct the arrow ug: G — G' and prove all properties in Proposition
which then allows us to use Proposition [3.11
Consider the arrow

ug;id
GO (L—LO)> Gl7 lo — (llo;lo)

for all Iy € L% It is well-defined because (F'(1;,);s.(1;,)) = (F*(1,);lo) for all
lo € LY. Denote it by ug. The property in Proposition is clear:
sc(uc(lo)) = sc(li;lo)
= su(ly)

= lO
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and

rc(ug(lo)) = ra(ly;lo)
r(Lyy)
- I

for all Iy € L°. Also, we have

uc(re(l;lo)) - (lo) = ug(r(l)) - (;o)
= (Ioasr(D) - (L5o)
= (I L)
= (Llo)

and

(Ilo) ~ug(sc(lilo)) = (ilo) - ug(si(l))
= (o) - (1 s( l)75L(l))
(0 s ayss(l))
= (i)
for all (I;19) € G*. So the property is proved.

We proved above that rg = sgoig and ig oig = idg1, thus sg = sgoigoig = rgoig.
So property is done.
The last step is to prove the property |(4)in Proposition We have
ic(l;lo) - (15 o) (755 (D) - (o)
(1 = “151p)
= (s @isc(l)
( sG( llo)’sG(l lO))
= U(;(SG(Z, ZO))

and

(o) -ic(ilo) = (Lilo) - (I7H (D))
(- 175n)
(L @ysr()
(Lre(i510)3 ra (L5 1))
= uc(rc(l;10))
for all (I;19) € G!. So we have all required properties in Proposition Therefore,
G = (G° G, rg,s6, mg) is a groupoid. O

Remark 4.16. We shortly denote the element (I;15) € G! by g and we always mean
an element g € G! is equivalent to g € L' and with F'(g) = F' (14 (4))-

Remark 4.17. Let G be the fibre of the partial groupoid fibration F: L — H. The
pair (pry;idio) defines a functor from G to L. It intertwines the source, range and
multiplication maps by definition. Let us call this functor an inclusion. This functor
is always monic. Here I mean that the arrow pry: G »— L! is monic. That is true
because if for some parallel pair of arrows 1, z2: X = G! we have pr; ox; = pry o 2o
then proox; = s opryoxy = s opr;oxg = pryoxs. Therefore, z; = x2 by universal
property of the fibre product. Hence pr;: G* » L' is monic.

We will use the notation G — L — H to denote that we have a partial groupoid
fibration from L to H with fibre G.
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FEzample 4.18. Any functor F from a groupoid L to a 0-groupoid H is a groupoid
fibration with fibre isomorphic to L. Here the source map sy: H' — HY is an
isomorphism. Therefore, pry: H! X, po po L® — L° is an isomorphism, too. Since
(FY;s0) = (pry) ! os, the arrow (F';s) is a partial cover. Moreover, it splits by
uLopry. Thus it is a cover. Hence F is a groupoid fibration. Since pryo(Floup;idio) =
idpo, we have (pry)~! = (F! o ui;id o). Therefore, (F! o up;idio) is an isomorphism.
Hence its pull-back is an isomorphism, too, and the functor described in Remark
[17is an identity on objects and an isomorphism on arrows. Therefore, the fibre of
F is isomorphic to L.

Lemma 4.19. The fibre of a partial groupoid fibration F: L — H is a 0-groupoid if
and only if F is a partial groupoid covering.

Proof. Suppose that F: L — H is a partial groupoid covering. That is, the arrow

1
IR 3 HY X, po po LO

is a partial cover and monic. We are going to prove that ug o sg = idg1, where G is
the fibre of F. We have

(F':sL)(9) F'(9);sL(9))
Ls (g)35L(9))
L ()3 sL(Ls(g)))
Fl(lsL(g));sL(ISL(g)))

= (Fs0)(ls()
for all g € G'. Since (F';s.) is monic, 15, = g for all g € G'. Therefore,
ug o sg = idgi1. Also we know that sg o ug = idgo. Hence the source map of G is an
isomorphism. Therefore, G is a 0-groupoid by Lemma [£.4]

Conversely, suppose that G is a 0-groupoid. That is, the source map sg is an
isomorphism. Suppose that there are elements I,ls € L! such that (F';s.)(l1) =
(FI;SL)(IQ). Hence (Fl(ll); SL(ll)) = (Fl(l2); SL(ZQ)). Thus Fl(ll) = Fl(lg) and SL(ll) =
sL(l2). Therefore, there is the element (I;;1;"') € L' xg 1o, L'. We have

Pl = PP
= Fi(l) Fi(l2)™
TG
= Lrogu)-

(
=
(
(

>

Therefore, the element [y - l2_1 is in G. Also, the element [s - 12_1 is in G. We have
se(l - 1;1) = sg(ly!) = sg(la - 151). We know that sg is an isomorphism. Thus
I = ly. Hence (F';s.) is monic and, therefore, F: L — H is a partial groupoid
covering. O

Corollary 4.20. The fibre of a groupoid fibration F: L — H is a 0-groupoid if and
only if F is a groupoid covering.

Proof. If F: L — H is a groupoid covering then it is a partial groupoid covering by
Lemma [I.19] Therefore, the fibre of F: L — H is a 0-groupoid.

Conversely, if the fibre of the groupoid fibration F: L — H is a 0-groupoid, then
F is a partial groupoid covering by Lemma So F is a groupoid fibration and a
partial groupoid covering. Therefore, it is a groupoid covering by Remark O

Lemma 4.21. The groupoid fibration described in Example is a groupoid
covering if and only if L is a 0-groupoid.
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Proof. If L is a 0-groupoid, then the fibre of F is a 0-groupoid, too. Therefore, F is
a groupoid covering by Corollary [£.20] Conversely, if F is a groupoid covering, then
(FY;s0): LY — HY xg, o po LO is an isomorphism. Since s = pr, o (F!;s), we have
that s_ is an isomorphism, too. Therefore, L is a 0-groupoid. (]

Proposition 4.22. Let F: L — H and E: H — R be a composable pair of partial
groupoid fibrations with fibres G1 and Go, respectively. Let G be the fibre of their
composition. There is a partial groupoid fibration F|g: G — G which commutes with
inclusions and F, and its fibre is isomorphic to G1, as in the diagram

|

Proof. Firstly, we construct the functor F|g from G to Ga. The objects of these
groupoids are LY and H°. Let F|g be F® on objects and let F|¢ = (F' o pry; FY o pry).
It must be well-defined. We have

E'(F'(9)) = E'(F'(ls(y))
= E'(lpo(s(e))
= E'(Lsyrig))

Fle
Gy

Go

P 4 H R

EoF

for all g € G!. Therefore, F1(g) € G3. Now, we need to prove that F|g intertwines
the source, range and multiplication maps of G and Gs. There is an important
commutation which holds between arrows of G, Gy, L and H. That is

prioFlg = pryo(Flopr;;FOopry)
= Flopr,.
Therefore, we have
Florg = Foor|_opr1

= rqoFtopr

= ryopryoF|¢
1

= [IG, © F|G

Analogously, F|g intertwines the source maps: F° o sg = sg, o F|¢.

mg
G! Xy g0 G G!
pra
1
(prlyopry;pryopry) Fle| P11
SL
1 1 mL 1
(Flgopry;Flgoprs) L X, LOr L L :;; LO

(Floprl;FloprQ)

me,

1 1 1 1 0
G3 X, .69.re, G2 G F F

2 \
pro
(PHOPH?M P \

1 1 m R 0
H* xg o, HH ———— H ;H?H




26

It is easy to check that every relevant square commutes in the diagram. The up
and bottom squares commutes because of the definition of the multiplication map
of the fibre. The left square commutes because the right one does. The square in
front of the reader commutes because the functor F intertwines the multiplication
maps of L and H. Finally, we have

Pr1°F‘é°mG = FlopﬁomG
= Flomypo(pryopry;pryopry)
= Mmyo (Fl O Ppry; F'o pry) o (pry © pry; pry o pra)
= my o (pry opry;pry o pry) o (FIg o pry; FIg o pry)
= pryomg, o (Flg o pri; Flg o pry).

We know from Remark that pr;: G} — H! is monic. Therefore, we have
Fl&¢ omg = mg, o (F|¢ opry; F|§ opry). Hence F|g intertwines the multiplication maps,
too.

Now, we have to show that this well-defined functor F|g: G — Gz is a partial
groupoid fibration. First step is to show that the following diagram

Gl » 2yt

il b

pr
Gi —— H!

is a pull-back square. Suppose that there are arrows z1: X — L! and 29: X — G}
such that F! o x; = pr; o x5. Hence

EloFlox;, = Eloprloxg
= ElouHosHoprlo:z:g

= ElouyosyoFlom

by Lemma m Therefore, we have a well-defined arrow (z1;s. 0 x1): X — G!
because

(E' o F' o up;idio) osp o ay E'oF'ougos  oxy;idioos o)
E'ouyosyoFloxy;s o)
E! o F! 0 X1;S.0x1)

1 pl
E'oF%;s.)oux.

(
(
(
(

Also, pry o (z1;s 0 x2) = 21 and

prqy o F|é o(zyysLoxy) = Flo pry o (z1;sL0xy)

1
= F oz =pryouxs.

Since pr; is monic, F|é o (x1;s. 0 x1) = x2. Hence the arrow (z1;s. o 1) commutes
with F|¢: G! — G} and pry: G! — L'. Such an arrow is unique because pr, : G' — L!
is monic. So the diagram above is a pull-back square.



27

Now consider the following diagram:

Gl pry Ll

(Flgspra) I (F'5s0)

|
1
|
|
|
|
|
|
1
|
|
~

(pryopry;pra) pr.
G% X pry,HO FO L0 ——72 , H! Xy, HO FO LO 2 LO
Py 1 11 FO
G} ik H! > HO

Since III and (II;III) are pull-back squares, II is a pull-back square. We have
shown above that (I;II) is a pull-back square, thus I is a pull-back square, too.
Therefore, the arrow (F|g;pry): G! -=» G Xy, o po LY is a partial cover and, since
pr, = SL o pr; = sg, that is why the functor F|g: G — Gy is a partial groupoid
fibration.

The pull-back square I allows to say that the arrows of the fibre of the partial
groupoid fibration F|g: G — Gy is isomorphic to G} because there is a diagram of
pull-back squares

G% pry Lo
(prl;((FlouL;FU);idLo)) J{((FIOUUFO)%idLO)

L
Gl ******* Gl Xpr2 HO FO LO

prll l(Prloprl;Prz)
0

which shows that there is a canonical isomorphism (pry o pry;pry) between arrows of
the fibres of F|g and F. This isomorphism is natural. The objects of these groupoids
are the same, thus they are isomorphic. O

Corollary 4.23. Assume all data from Proposition 4.22 Then F: L — H is a
partial groupoid covering if and only if F|g is so. If E: H — R is a partial groupoid
covering, then G and Gy are isomorphic.

Proof. F is a partial groupoid covering if and only if G; is a 0-groupoid. That is
equivalent to F|g being a partial groupoid covering by Lemma m

If E is a partial groupoid covering, then Gg is a 0-groupoid. Therefore, G and G
are isomorphic by Example [£.18 O

Remark 4.24. Under Assumption [2.15] Proposition £:22] and Corollary [£.23] are true
in global cases instead of partial situations. The proofs are similar ([10], Propositions
2.10 and 2.21).

Example 4.25. Let f: X --» G° be a partial cover over the objects of the groupoid G.

The functor (pry o pry; f) from the groupoid G(X, f), defined in Example to
G is a partial groupoid fibration. We just need to check that the arrow (4.1)) is a

partial cover. It is equal to

pry: (X X600 G') Xpr, Grpry (G! X560, X) == (G X5 o7 X)



28

and it is a partial cover because it is a pull-back of pry: X X ¢ go , G! --» G', which
is a partial cover because it is a pull-back of f. It is easy to check that the arrow
(pry o pry;pro © pry) o pry is an isomorphism between the arrows of the fibre and the
arrows of the Cech groupoid of f. Since they have the same objects, the fibre and
the Cech groupoid of f are isomorphic. Under Assumption we can deduce
that if f: X — G° is a cover, then this functor is a groupoid fibration.

5. GROUPOID ACTIONS

Definition 5.1. Let G = (G, G!,r,s,m,u,i) be a groupoid. A right G-action
(X; my;sx) is an object X with arrows sy: X — GY and my: X XG0 r GT = X such
that
(1) sxomyx =sopry, sx(z-g) =s(g) for all z € X, g € G! with sx(z) = r(g);
(2) mxo(mxopry;pryopry) = mxo(pryoprizmopry),  (2:9) g1 =z-(g-g1),
for all z € X, g,g1 € G with sx(z) = r(g) and s(g) = r(g1);
That is, the following diagram commutes:

1 1 1 (mxopry;proopry) 1
(X Xsx,60,r G) Xpry 6 pry (G X560, G) ——————— X Xg600 G

(PV1OPV1§m0Pr2)J me

m
X Xsx,GOr Gl X X;

)

(3) the arrow
(5.1) (Mx;pra): X Xg gor G' — X xg, gos G, (x;9) = (z-g;9),
is an isomorphism.
If the arrow sx: X — GO is a partial cover or cover then this right action is called a
partial sheaf or sheaf, respectively.
We call the arrows sy : X — G% and my: X X ey ,GOr G! — X the anchor and action
maps, respectively.

Remark 5.2. All objects in this definition exist because the range and source maps
are covers. The arrows (my o pry;pry o pry), (pry © pry;mo pry) and (my;pry) are
well-defined because of

Definition 5.3. Let (X; mx;sx) be a right G-action. An arrow f: X — VY is called
G-invariant if f omy = f o pry. Elementwise, f(x-g) = f(x).

Lemma 5.4. Let G = (G° G, r,s,m) be a groupoid and let (X;myx;sx) be a right
G-action. Let 1,22 and g be such that (x1;9), (z2;9) € C(—,X Xg o, G') are
well-defined arrows and my o (z1;g) = mx o (z2; g), then x1 = za.

Proof. We have

(mx;pry) o (z159) = (mxo(z1;9):9)
(mx o (725 9); 9)
= (mx;pry) o (x2;9).

We know that the arrow (mx;prsy) is an isomorphism. Therefore, (x1;g) = (x2; g),
hence 1 = x5. O

Remark 5.5. The elementwise notation of Lemmal5.4]is the following. If 1-g = z5-g
then 1 = xs.

Lemma 5.6. Let G be a groupoid and let (X;myx;sx) be a right G-action. Then
the action map mx: X Xg go G! — X is a cover. Moreover it splits by the arrow
(idx;uosx): X = X X, go, G
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Proof. The action map myx: X Xg, o r G! — X is the following composition:

Also, the coordinate projection pry: X xg, gos G! --» X is a partial cover because it
is a pull-back of the source map s: G* — G°, and the arrow (my;prs) is a partial
cover because it is an isomorphism. Therefore, their composition my is a partial
cover, too.

Consider the following arrow

((idx;uosx )opry;(uor;idg1 )oprsy)
X Xgy.60,r G
sx,GO,r

(X Xsx,GO,r Gl) Xpry,Gl,pry (Gl Xs,GO\r Gl)

This map is defined elementwise by (z;g) = ((@; Ls(2)); (1r(g); 9))- It is well-defined
because r(1g,(z)) = sx(2), s(1yg)) = r(g) and 1g, ;) = 1y, forall z € X, g € G!
with sx(z) = r(g). The condition in Definition implies

(@ 1) 9 = @ (L -9)
= z-g.
Because of Lemma we can deduce that = - 15, () = @, for all z € X. Therefore,
mx o (idx; u o sx) o pr; = pry. Also we know that pr;: X Xg, go, G! — X is a cover
because it is a pull-back of the range map r: G* — G, which is a cover and splits by
the unit map u: G — G!. Therefore, Corollary works. So pr; is a coequaliser.
Hence it is epic and we can infer that

(52) my © (idx; uo Sx) = idx.

So the action map my is a partial cover and it splits by (idx;u osx). Therefore, it is
a cover by Lemma O

Lemma 5.7. Let G = (G°,Gl,r,s,m,u,i) be a groupoid. Assume that the triple
(X;mx;sx) satisfies the conditions|(1)] and that the equation (5.2) holds. Then
(X;mx;sx) is a right G-action.

Proof. We only need to prove that the arrow (5.1)) is an isomorphism. Consider the
arrow

1 (mxo(prysioprs);pry)
X Xe gos G
X ;&S

Xxsee Gy (zg) e (@ g7 hg).

It is well-defined because sx(x - g=!) = s(¢g~1) = r(g). Consider the composition
(mx; prz)(fﬂ )
(@97 g:9)

= (z- (g‘1 *9);9)
(
(
(

(mx; pro)((mx o (prysiopry);pra)(z;g)) =

8

Ls(g)3 9)
T -1 (25 9)
z;9)

for all z € X, g € G! with sx(z) = s(g). We also have
(mx o (pryziopry); pra)((mx; pra)(w:9)) = (mxo (prysiopry);pry)(z - g;9)
((z-9)-97"9)
(- (9-97)59)
= (2193 9)
(=
(;

o (2):9)
9)



30

for all x € X, g € G! with sx(x) = r(g). Therefore, the arrow (mx o (pry;io prs);prs)
is an inverse of (mx; pry). Thus (5.2)) is an isomorphism. Hence (X;mx;sx) is a right
G-action. O

The definitions of right and left actions are similar.
Definition 5.8. Let G = (G° G!,r,s,m,u,i) be a groupoid. A left G-action
(X;mx;rx) is an object X with arrows rx: X — G and my: G! xggo o X — X
such that
(1) rxomx =ropry, rx(g-x) =r(g) for all z € X, g € G! with s(g) = rx(z);
(2) mxo(pryopri;smxopry) =mxo(mopry;pryopry), g (g1-2) =(9-91) -,
for all z € X, g,g1 € G with s(g) = r(g1) and s(g1) = rx(z);
That is, the following diagram commutes:

1 1 1 (pryopry;mxopry) 1
(G ><s,GO,IrG ) ><pr2,G1,pr1 (G Xs5,GO,rg x) ——= G X

(mOPrﬁPrzoprz)J me

m
G x4 o X x X;

S,Go,rx X

sIx
(3) the arrow

(5.3) (pri;mx): Gt Xsgo X — G X, g0 X, (g52) — (959 2)

sIX
is an isomorphism.

If the arrow rx: X — G is a partial cover or cover then this left action is called a
partial sheaf or sheaf, respectively.

Remark 5.9. Lemma [5.4] has an analogue for left actions. If we have the elements
1, Ty and g with all required properties and g-x1 = g - x2, then x1 = 5. The proof
is similar. We have to use the isomorphism instead of . The elementwise
notation of this fact is the following. If g - 1 = g - x2 then x1 = zs.

Remark 5.10. The action map myx of a left G-action is a splitting cover. The proof
is the same as the proof of Lemma We just have to use the isomorphism
and the arrow (u o rx;idx): X — G! xggo,, X instead of (5.1 and (idx;u o sx),
respectively.

»FX

Remark 5.11. Lemma has an analogue for left actions. If the triple (X; mx;rx)
satisfies the conditions [(1)] in Definition and the equation 1l (,) -z ==
holds, then (X;my;sx) is a left G-action. The proof is almost the same. We just
need to use the arrow (pry;mx o (i o pry;pry)) instead of (mx o (pry;io pry);prs).
Definition 5.12. Let G = (GY, G!,r,s,m, u,i) be a groupoid and let X and Y be
right G-actions. An arrow f: X — Y is called a right G-map if it satisfies the
following conditions:

(1) sx =syo f, sx(z) =sy(f(x)), VzreX;

(2) fomx =myo(fopry;pry), f(x-g) = f(x)-gforall z € X, g € G* with

sx(z) = r(g); that is, the following diagram commutes:

X Xg o, G ™ x
(foprl;pr2)[ Lf
Y xs, o, G ™ Ly

The arrow (f o pry;pry): X xg gor G! = Y X, go, G is well-defined because
sy(f(z)) =sx(z) =r(g) for all x € X, g € G! with sx(z) = r(g).
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Remark 5.13. If f: X — Y is a right G-map and it is invertible, then its inverse
is a right G-map, too. We just need to remark that (f~! o pr;pr,) is inverse to
(f opry;pry), and the needed commutation works automatically.

Lemma 5.14. For any groupoid G = (G°,G!,r,s,m, u,i), the right G-actions as
objects and the right G-maps as arrows form a category. Denote it by C(G).

Proof. 1t is enough to check that the composition of two composable right G-maps
is a right G-map too. Let fi: X — Y and fo: Y — Z be right G-maps. We have

sz(f2(f1(2))) = sy(f1(2)) = sx(z) and fo(fi(z - g)) = f2(fi(z) - 9) = fo(fr(2)) - 9
for all x € X, g € G! with sx(x) = r(g). So the composition fy o f; satisfies the
conditions. Hence it is a G-map too. O

Remark 5.15. There are full subcategories of right partial G-sheaves and right
G-sheaves. Denote them by Cr,(G) and Cx(G), respectively.

Analogously, we can define the categories of left G-actions, left partial G-sheaves
and left G-sheaves.

Definition 5.16. Let G = (G° G',r,s,m,u,i) be a groupoid and let X and Y be
left G-actions. The arrow f: X — Y is called a left G-map if it satisfies the following
conditions:

(1) rx =ryof, rx(x) = ry(f(z)) for all z € X;
(2) fomx =myo(pr;fopry),  flg-x)=g- f(a) forall z € X, g € G! with
s(g) = rx(z); that is, the following diagram commutes:

mx
G! Xggop X ———5 X

(pry; fo prz)[ Lf
my

Gl oo ¥ ———— Y.

The arrow (pry; f o pry): G xg go, X — G X, co, Y is well-defined because
rv(f(x)) = rx(z) = s(g).
Remark 5.17. The left G-actions as objects and the left G-maps as arrows form a
category. The proof is similar to the proof of the Lemma

Lemma 5.18. The categories of right and left G-actions are isomorphic.

Proof. We turn a right G-action (X; my;sx) into a left G-action (X; mx;rx) by rx = sx
and my = myx o (pry;iopry). Elementwise, g-x = - g~ for all z € X, g € G! with
s(g) = rx(z). The arrow

Gl Xq g0y X PP 5 s 0, G

is well-defined because r(g~!) = s(g) = rx(z) = sx(x).

We have to prove that (X; mx o (prqg;io pry);sx) defines a left G-action. It is clear
that sx(g-z) =sx(z-g71) =s(¢g7!) =r(g) for all x € X, g € G! with s(g) = rx(x).
So we have the property [(1)|in Definition

We also have

g-(gr-z) = g-(z-g1")
x-g7) g
(gt 97
(g g1)"
9'91)'33

xT
T

(
(
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for all z € X, g, 91 € G with s(g) = r(g1) and s(g1) = rx(x). So the property is
satisfied.
The arrow
X Xsx,GO,r Gl M Gl Xs,GO,rx X, (x;g) = (g_l;$>

is well-defined because s(g™1) = r(g) = sx(x) = rx(x) for all x € X, g € G with
s(g) = rx(z). We have

(iopro;pri)((prasiopr)(g;z)) = (iopry; P"l)(%gil)
= (47" h2)
= (g:2)
for all z € X, g € G! with s(g) = rx(z) and
(prasiopry)((iopryspry)(z;g)) = (97 55)
= pryiopry)(zi(g) )
= (:9)

for all x € X, g € G! with sx(x) = r(g). Therefore, (pry;io pr;) is an isomorphism.
Analogously, we have the following isomorphism

1

(iopra;pry): X Xg 605 G' 5 G X, g0 X, (z39) = (9715 2).

Consider the composition of isomorphisms

(prosiopry) (mx;pry) (iopry;pry)
G' XG0 X ——5 X X g0, G! =25 X X, gos GF —5 G! X, o X,

We have

sIX

(i 0 pra; pry) ((mx; pra)((prasio pri)(g; ))) (i 0 pro; pry) ((mx; pro) (597 1))
= (io pr2, prl)( g h97h
(
(

g g7
9:9- :E)
= (prlvmx)(gv)

for all z € X, g € G! with s(g) = rx(z). Hence the arrow (pr;; Mx) is an isomorphism.
So the property |(3)|is satisfied, too, and (X; mx o (pry;io pry);sx) is a left G-action.

Analogously, we can prove that if (X;mx;rx) is a left G-action then there is a
corresponding right G-action (X;my o (i o pry; pry);rx). Finally, we can deduce that
this construction of the corresponding left and right G-actions gives an isomorphism
between these categories because the arrows (io prqg; pry) and (pry;iopry) are inverses
of each other. O

Remark 5.19. In the proof of Lemma during the construction of the corre-
sponding left and right G-actions we do not change the anchor map. Therefore, the
categories of left and right partial G-sheaves are isomorphic and the categories of
left and right G-sheaves are isomorphic, too.

Lemma 5.20. Let G = (G% G, r,s,m,u,i) be a groupoid. Suppose that (X;mx;sx),
(X1;mx,;sx,) and (Xo;my,;sx,) are the right G-actions and that fi: Xy — X and
fa: Xo = X are the right G-maps. If the fibre product Xy X ¢, x 1, X2 exists in C then
it exists in C(G), too. Call it the fibre product of G-maps with the same target.

Proof. We must define a right G-action (X1 X, x,f, X2;mo;sp). Let the anchor map
be sp(z1;22) = sx(fi(z1)) and let (z1;22) - g = (x1 - g;22 - g) for all 7 € X,
x9 € Xg and g € G! with f1(21) = fa(22) and so(z1;22) = r(g). This action map is
well-defined because f1(z1-¢g) = fi(z1) - g = fa(22) - g = fa(x2 - g). Also we have
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so((w1;22) - g) = so(x1 - g5 72 - g) = sx(fi(x1 - g)) = sx(f1(21) - g) = r(g). Hence the
property holds. Associativity holds because
(551;3?2) (91 '92) = (331 (91 '92);3?2 : (91 '92))
= (($1 '91) 925 (352 '91) '92)
(191372 91) - G2
= (($1;$2) “91) " G2
for all 1 € X1, 72 € Xo and g1, g2 € G! with fi(z1) = fa(22), so(21;2) = r(g1) and
s(g1) = r(g2). Also, we have (21;72) 1o, (f,(z1)) = (xl-lsxl (1) T2 Lsy (20)) = (15 T2).
Therefore, (X1 X ¢, x,, X2;Mg;Sp) is a right G-action by Lemma
We must also show that the coordinate projections pry: X x ¢, x. ¢, Xo = X; and
pro: X1 X ¢, X, £, X2 = Xo are G-maps. We have

pri((z1522) -g) = pri(z1-g;22-g)
= 219
= pri(z;22) - g
Analogously, the second coordinate projection pr, is a G-map.
Now consider a G-action (A;m;$§) and two G-maps a: A — X; and 5: A = X
such that fi oo = fo o 8. The unique arrow (a; 3): A = Xi X, x,f, X2 is a G-map
because

(@ f)(a-g9) = (ala-g);B(a-g))
= (a(a)-g;8(a)-9)
= (a(a);B(a)) - g
= (P)(a)-g
for all a € A and g € G! with §(a) = r(g). Therefore, X1 X , x, f, X2 is a fibre product
in C(G), too. O

5.1. Examples of groupoid actions.

Ezample 5.21. If G is a groupoid then there is a right G-sheaf (G’;s o pry;idgo). It is
clear that the property in Definition is satisfied. The property is satisfied
because the arrow (s o pry; pry) has the inverse (r o pry; pry). We also have

(90-9)- 91 = s(g) o
= s(g1) =s(g-g1)
= 9o0-(9-91)
for all gg € G°, g, 91 € G* with go = r(g) and s(g) = r(g1). The property is done.

So we have a right G-action. It is a sheaf because the anchor map is a cover. The
left case is similar. If G is a groupoid then there is a left G-sheaf (G%;r o pr;;idgo).

Proposition 5.22. (G%;sopry;idgo) is a final object in C(G), Cr,(G) and Cx(G).

Proof. Let (X;my;sx) be any right G-action. The anchor map sx: X — G is a right
G-map because sy = idgo 0 sx and sx o mx = s 0 pry = s 0 pry 0 (Sx 0 pry; pry). Also
if any arrow f: Y — GO is a right G-map then sy = idgo o f. Therefore, any right
G-map to G is an anchor map. Hence (G%;s o pry;idgo) is a final object in C(G). It
is a final object in Cx,(G) and Cx(G) too because of Remark O

Ezxample 5.23. Let f: X — Y be an arrow. If the object Y is viewed as a 0-groupoid
as in Example then there is a right Y-action (X;pry; f). All required properties
of the action are clearly satisfied. A Y-map between the Y-actions (Xi;pry; f1) and
(Xa2; pry; f2) is an arrow g: X; — Xo with fo 09 = f1. Thus the category of Y-actions
C(Y) is the slice category C | Y of objects in C over Y.
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Ezample 5.24. 1f G = (G G';r;s;m) is a groupoid then there is a right G-sheaf
(G';m;s). All required properties of an action are clearly satisfied. Call this action
the right translation action. Analogously, we have the left translation G-sheaf

(Gym;r).

Ezample 5.25. Let (X;myx;sx) and (Y;my;sy) be right G-actions. If the object
X Xs.G0,sy Y exists, then there is a unique right G-action (X X, gos, Y;mo;sg) such
that both coordinate projections are G-maps. Call this action the fibre product
of (X;mx;sx) and (Y;my;sy). Since pry: X Xg gos, Y — X is a G-map, we have
so = sx o pr;. Elementwise so(x;y) = sx(z) for all z € X, y € Y, g € G! with
sx(2) = sy(y). Hence the anchor map sy is defined uniquely. For the same reason,
we have my o (pry o pry;pry) = pry o mg. Also, since pry: X Xg . cos, Y = Y is a
G-map, we have my o (pry 0 pry;pry) = pry o mg. Therefore, the action map my is
defined uniquely and mg = (mx o (pry o pry;pry); my o (pry © pry; pry)). Elementwise,
(v59)-g=(v-g;y-g) forallz € X,y €Y, g €G! with sx(z) = sy(y) = r(g). We
need to show that such arrows mg and sy defines a G-action on X x gos, Y. We
have

so((z;9)-9) = so(z-g;y-9)

x(2 - 9)

(9)

forallz € X, y €Y, g € G! with sx(z) = sy(y) = r(g). We have a property The
property holds because

((z59)-9) -0

wn

[%]

(-99-9) -0
(z-9)-91:(y-9) g1)
(- (g-91);59-(9-91))
(x;9) - (9-91)

forallz € X,y €Y, g,g1 € G! with sx(z) = sy(y) = r(g) and s(g) = r(g1). We also
have

(@) L@y = (@ L@y L)
= (T lsga); ¥ - Lsyr))
= (7;y)

for all z € X, y € Y with sx(z) = sy(y). So (X Xs o, Y;mo;sp) is a G-action by
Lemma

FEzample 5.26. Let F: G — H be a functor between groupoids. There is a left
G-sheaf (X;mx;rx), where X = G® xgo o, HY, rx = pry: G® xpo o, HY — GY and
mx = (rgopry;mpo(Flopry;proopry)): G X 6o pr, (GO Xpo o, HY) — GO X po o HY.
Elementwise, g - (go; h)) = (rg(g9); F1(g) - h), for all go € G°, g € G, h € H! with
sc(9) = go and F°(go) = ru(h). The object X exists because ry: H' — H® is a cover.
Since it is a splitting cover, the anchor map rx = pry: G® Xpo o ,, H! — G% is a
cover by Corollary We have rx(g - (go; h)) = pryi(rc(g); F1(g) - h) = rg(g). That
is the property in Definition myx commutes with mg because

(9-91) - (g0 h) clg-91);F'(g-g1) h)
c(9);F'(g9) - F'(g1) - h)
(sc(9); F'(g1) - h)
(rc(g1); F'(91) - h)

(

(

91+ (sc(9); 1))

(r
(r
g-
g
g-
g- (91 (905 1))
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for all go € GY, g,g1 € G!, h € H! with sg(g1) = g0, rc(g1) = sc(g) and FO(go) =
ru(h). We also have
150(90;’1) : (90; h) = 190 (907h)

(re(1g); F'(1go) - 1)

(903 Lro(go) * 1)
= (g 0 rH(h) )

(903 h)
for all g € G°, h € H* with F°(gg) = rp(h). So we have all required properties in
Remark and, therefore, the triple (X; myx;rx) defines a G-shealf.
Ezxample 5.27. Let G be the fibre of the partial groupoid fibration F: L — H. There
is a left G-sheaf (L';m;r), where r = r_ and m = m o (pry o pry;pry). Since the
element g € G' can be understood as an element in L!, the action map can be
defined elementwise by g -1 = g -1, for all g € G, [ € L' with sg(g) = r.(I). All

required properties are clearly satisfied by Remark Therefore, (L';m;r) is a
left G-action.

Remark 5.28. There is also a right G-sheaf as in Example namely, (L*;mp o
(pry;pry ©pra);st). The proof is absolutely similar.

5.2. Transformation groupoids.

Definition 5.29. Let (X;mx;sx) be a right G-action. There is a transformation
groupoid X x G with X as objects and X Xg, go G! as arrows. The range map F(XxG)
and the source map sxxg) are pr; and my, respectively. The multiplication map
m(XX,G) is

1y (Prioprysmo(pryopry;prooprsy)) 1
G ) X xsx,GO,r G Y

(X Xsx,60,r ) Xy X,pr, (X X5 G0,r
defined elementwise by (x;9) - (z1;91) = (2;9 - g1), for all 2,71 € X, g, g1 € G! with
sx(z) =r(g), sx(z1) =r(g1) and - g = .

Lemma 5.30. The data in Definition defines a groupoid.

Proof. The source map my is a cover by Lemma The range map pr, is a cover
because it is a pull-back of r: G — G, which splits by u: G — G, so that Corollary

works. So condition in Definition holds.

Also we have

sxx6)((739) - (z1301)) = Mxue) (@59 91)
= 2z (9g-91)=(-9) -0
= X101

S(XNG)(Il;gl)
for all z,z1 € X, g, 91 € G! with sx(x) = r(g), sx(z1) =r(g1) and z - g = 1. So the
condition is satisfied.
We also have to show that the multiplication map mxg) is associative. We have
((w:9) - (x1501)) - (w2192) = (w359 g1) - (223 92)
z;(9-91) " 92)
z;9- (91 92))
z;9) - (z1;91 - g2)
z;9) - ((x1391) - (223 92))

for all z, 21,22 € X, g,91,92 € G' with sx(z) = r(g), sx(z1) = r(g1), sx(x2) = r(g2),
x-g =1 and x1 - g1 = x2. So the multiplication map mxg) is associative.

(
(
(
(
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‘We proved the properties and in Definition The next step is to
construct the arrows uxxgy: (X x G)? = (X x G) and ixxg): (X x G)' — (X x G)*
and prove all properties in Proposition [3.8] which then allows to use Proposition

B11
We know from the proof of Lemma [5.6] that there is a well-defined arrow

U(XxG): X M} X Xgy GOr Gl, x> (3 ISX(m)).

We have the following: sixxc)(Uxx6)(Z)) = Sxxx6)(%; L (z)) = T - 1o (2) = = and
rxx6) (Uxx6) (7)) = rxx6)(2; 1sy(z)) = x for all z € X. So in Propesition is
done. We also have

Ly (@ig) * (#3:9) = 1o (2;9)
(ZE 1s><(w ) (x;g)
(%3 1r(g) - 9)
(z;9)

and

(@39)  Lspxe) (259) (x
= (%
= (z
= (#:9)
for all z € X, g € G! with sx(x) = r(g). So condition is satisfied.
Now consider the arrow
i(xx1G) 1 X Xy, G0 G Ameitonra), x Xsp,G0r G' (z39) = (x-g:97").
It is well-defined because sx(z - g) = s(g) = r(g~!). We have
sxx6) (ixx6)(73:9)) = sxwuc) (- g597")
= (z-9)-97"
(9-97")
“Lig)
-1

I
8 8 8

sx(x)

r(XNG)(:L';g)

and
rxx) (ixx6) (739)) = e (@597
= z-g

S(xx6) (T3 9)

for all z € X, g € G! with sx(z) = r(g). So all conditions in Proposition hold.
We also have
ixxe)(w19) - (w19) = (z-g597") " (239)

(z - g5 g ~g)
(- g3 15(g))
(

x -

Sx(ch 9))

= lxg
= U(XXG)(S(XNG)(x;g)>
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and

(7;9) - ixne) (139) = (239)-(x-g;97")
= (z39-97")
(.CE; 1r(g))
= (.’E; lsx(a:))
1z
= U(XNG)(r(XNG)(gS;g))
for all z € X, g € G! with sx(z) = r(g).

We proved all required properties for Proposition Therefore, we can deduce
that the transformation groupoid is a well-defined groupoid. O

We can define the transformation groupoid of a left action analogously. Let
(X; mx; rx) be a left G-action. There is a transformation groupoid G x X with X as
objects and G' X o, X as arrows. The range and source maps are mx and pr,,
respectively. The multiplication map is

X) (mo(pry opry ;pry opry);(proopr,)) (Gl

(Gl Xs,GO,rx X) X pry,X,mx (Gl X5,G0,rx X5,GO,ry X)

defined elementwise by (g; ) - (91;21) = (9 g1; 1), for all 7,21 € X, g,g1 € G! with
s(g9) = rx(z), s(g1) = rx(z1) and x = g1 - z1.
Transformation groupoids give an important example of a groupoid covering.

Ezample 5.31. Let (X;mx;rx) be a left G-action. There is a groupoid covering from
the transformation groupoid of (X;mx;rx) to G, which is pry: G! x5 g, X — G! on
arrows and ry: X — G% on objects. These maps clearly intertwine the source and
range maps. pr; intertwines the multiplication maps because

pri((g;7) - (g1521)) = pri(g-gri21)
= 90
= pri(g;z) - pri(g1;21).
This functor is a groupoid covering because the arrow in this case is (pry; prs),
which is the identity arrow on G x4 go ., X. Analogously, for a right action, we have

a groupoid covering F: X x G — G, which is the arrow pry: X X go, G — G! on
arrows and sx: X — GY on objects.

Proposition 5.32. Let (X, mx,sx) be a G-action. An action of the transformation
groupoid X X G on an object Y is equivalent to an action of G on Y together with a
G-map f:Y — X. Furthermore, the following groupoids are isomorphic:

Y x(XxG)2Y xG.

A map Y — Z is X x G-invariant if and only if it is G-invariant, and a map between
two X x G-actions is an X X G-map if and only if it is a G-map over X.

Proof. Let (Y;my;sy) be a G-action and let f: Y — X be a G-map. There is an
X % G-action (Y;my;8y) where Sy = f and my = my o (pry; pry © pry). Elementwise,
y-(z;9) =y-gforallz € X, y €Y,g € G with z = f(y) and sx(z) = r(g). We
have

Sy(y-(w:9) = fly-g)

= Jj-g

= sxxc) (:9)
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forall z € X, y €Y, g € G with = f(y) and sx(z) = r(g). So we have the
condition in Definition Also

(y'(x;g))'(xl;gl) = (y-9) (1’1791)
= (y-9)-n
= y-(9-q1)
= y- (x:9-91)

= y-((z;9) (z1591))

for all z,21 € X, y € Y, g,91 € Gt with 2 = f(y), sx(z) = r(g), sx(z1) = r(g1)
and x1 = z - g. Therefore, the action map my commutes with the multiplication
map mxxg. We also have

’ 1f(y)
(fW)s Lsx(rv))

’ 15y(y)

Y- lsy )

RS S

=Y
for all y € Y. Therefore, (Y;my;8y) is an X x G-action by Lemma
Conversely, if (Y;my;38y) is a right X x G-action then there is a right G-action
(Y;mvy;5y), such that the anchor map Sy: Y — X is a G-map, where Sy = sx oSy and
my = fyo(pry; (Syopry; pry)). Elementwise, Sy(y) = sx(Sv(y)) and y-g = y-(5v(v); 9)
for all y € Y, g € G! with sx(sy(y)) = r(g).
We are going to prove the conditions and in Definition We have
sY(y-9) = sx(v(y-(v(y)9))
= SX(S(XNG)(§Y(y); 9))
= sx(v(y) - 9)

= s(g)
for all y € Y, g € G with sx(Sy(y)) = r(g). The COHdlthH.lS done. We also have
-9 = (y-v(1):9) o
= (y-Gv(®);9) Gy(y- (5v(y);9);01)
= (¥ 5v(9):9)) - (sxx6)(5v(¥): 9); 91)
= (y-Gv();9) - Bv(y) - g;91)
= ¥ (6v(¥):9) - v(y) - g:91))
= y-Gv®)ig-n
= y-(9-n

forall y €Y, g,91 € G* with sx(8y(y)) = r(g) and s(g) = r(g1). Hence the condition
holds. The next step is to check (5.2). We have

Y- lsy(y) (v (¥); Isy(y))
(v (1); Lex(ay ()

Ly (y)

< e

= Y
for all y € Y. So we have all properties which are required in Lemma Hence
(Y;mvy;5y) is a G-action. The arrow 8y: Y — X is a G-map because Sy = sx o &y and
Sv(y-9) = Sv(y-(v(y);9)
= S(XNG)(gY(y)§g)
= (g
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for ally €Y, g € G! with sx(3y(y)) = r(g). It is clear that these two processes are
inverse to each other. So the first part of the lemma is proved.

Consider an arrow a: Y — Z which is G-invariant. Then

a(y-(z;9)) = oy-9)
= ay)
forall z € X, y € Y, g € G! with z = 8y(y) and sx(z) = r(g). So a: Y — Z is
X x G-invariant. Conversely, if a: Y — Z is X x G-invariant
aly-g9) = aly-(5v();9)
= a(y)

forally €Y, g € G! with sx(5y(y)) = r(g). Hence the arrow a: Y — Z is G-invariant
if and only if it is X x G-invariant.

Consider an arrow 3: Y1 — Yo which is an X x G-map. That is, Sy, (v) = Sv,(8(y))
and B(y - (x;9)) = B(y) - (z;9) for all y € Y1, z € X, g € G! with # = 8y, (y) and
sx(z) = rlg). We have 5v;(y) = sx(3v, () = sx (v (B()) = 5v3(8(y)) and

Bly-g9) = Bly-(v.(¥):9)
= Bly)-Gv.(y)g)
= B Gv.(8)):9)
= B g

for all y € Y1, g € G! with sx(5v(y)) = r(g). Hence the arrow 3: Y; — Y, is a
G-map. Conversely, if we have three G-maps 3, f1, f2 such that the following diagram
commutes

Y1—>Y2
Z

then #:Y; — Yy is an X X G-map. This is true because f; = f3 o 8 and

Bly-(x:9) = Bly-9)
= B
= B(
= By)-
= B
for all y € Y1, # € X, g € G* with z = 8y, (y) and sx(z) = r(g). Hence a map
between two X x G-actions is an X x G-map if and only if it is a G-map and over X.
The transformation groupoids Y x (X x G) and Y x G have the same objects Y. The
arrows (pry; pry o pry) and (pry; (Sy o prq; pry)) are maps between the arrows of these
transformation groupoids, which are inverses of each other. These isomorphisms
clearly intertwine the sorce, range and multiplication maps of these transformation

groupoids. So they give a natural isomorphism between the groupoids Y x (X x G)
and Y x G. O

5.3. Principal bundles. Let G = (G° G!,r,s,m,u,i) be a groupoid in a category
(C, F,) with partial covers.

Definition 5.33. A right G-action (X;mx;sx) is called a right G-bundle over
p: X = Zif p: X = Z is G-invariant. A right G-bundle over p: X — Z is partially
principal if
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(1) p is a partial cover;
(2) the arrow

(5.4) (pri;mx): X X Gowr GF — X Xp.z.p X, (z;9) = (52 - g),
is invertible.
A vpartially principal right G-bundle over p: X — Z is called principal if p is a cover.

Then we call Z and p an orbit space and orbit space projection of the G-action
(X; mx;sx ), respectively.

Lemma 5.34. An orbit space projection of a principal right G-action (X; mx;sx) is
a coequaliser of the arrows pri,mx: X Xg Go.r Gl = X.

Proof. Since (5.4) is an isomorphism, the equations fomx = fopr; and fopr; = fopr,
are equivalent. Since p is a cover, it is a coequaliser of pry,pro: X Xp 7z, X = X,
Therefore, it is a coequaliser of pry, mx: X Xs, Gor G = X. O

Corollary 5.35. If a right G-action (X; mx;sx) s a principal bundle, then the orbit
space is unique up to isomorphism.

Proof. A coequaliser is unique up to isomorphism. O

Remark 5.36. A left G-bundle is defined similarly. A left G-bundle is partially
principal if p: X --» Z is a partial cover and the arrow

(Mx; Pra): G' X o X 5 X Xpzp X, (g52) = (g~ 25),
is invertible. If p is a cover then it is called principal.

Remark 5.37. A right G-action is (partially) principal over p: X — Z if and only
if the corresponding left G-action described in Lemma is (partially) principal
over p: X — Z.

Remark 5.38. We denote the element p(z) in Z by [z] for an element = in X. There
are other elements in Z which are not given by the composition of p, but in the case
of principal bundles it is enough to check some condition only for elements which
are given by the composition with p because p is epic.

Definition 5.39. Let (X;mx;sx) and (X; mx;3x) be G-bundles over p: X — Z and
p: X — Z, respectively. An arrow f: X — X is called a G-bundle map if it is a G-map
and po f = p. Elementwise sx(f(x)) = sx(z), f(z-g) = f(z) - g and [f(x)] = [z] for
all z € X, g € G with 3x(z) = r(g).

5.4. Examples of principal bundles.

Ezample 5.40. Let f: X — Y be an arrow in (C, F,). The right Y-action (X;pry; f)
described in Example is a principal bundle over idx: X — X because there is
an obvious isomorphism (pry;pry): X X ryidy Y = X Xidy x.idy X-

Example 5.41. Let p: X --» Z be a partial cover and let G be the Cech groupoid
of p. The action of G on its objects (X;pry 0 pry;idx) (see Example is a
partially principal bundle over p: X --» Z. We just need to check that the arrow
(pro;pro o pray): X Xidy X,pr, (X Xpzp X) = X Xp 7, X is an isomorphism. That is
true because (pry; pry 0 pry) = (pry © pro; pro © pry) = (pry; pry) o pro = pro, and this
coordinate projection is an isomorphism because it is a pull-back of idx.

Ezample 5.42. Let G = (G% G';r;s;m) be a groupoid. The right translation action
described in Example is a principal G-bundle over r: G' — G°. This follows
from the well-defined isomorphism (|3.2]).
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Ezample 5.43. The G-action (L';m;r) described in Example is a partially
principal bundle over (F';si): L' --» H! X, po o L%, We need to check that the

arrow

(m;pry)
G' X Lo, LT —25 L

1
X(Flise), (HUx,,, o rol0),(Flis) LT

(g:0) = (g L;1),

is well-defined and invertible. It is well-defined, and therefore, (F';si ) is G-invariant,

because s (g - 1) = s.(I) and

Fiig-1) =

for all g € G, I € L! with s (g) = r_(1).

Consider the arrow

Fl(g) - F'()
Fl(lSL(g)) : Fl(l)
Trog 1y - FH (D)
Liyrray - FH (O
FL (1)

L1 ((mpo(pry;iLopry);riopry);pry)

1 1
G XSGJ-OJL L

1
L™ X (FLisn).(H1 %, o pol0),(FList)

defined elementwise by (I;11) —

Fiit) =

and s (I - 1]
s (l1). We also have

A

1rH<F1<Z>>
Ley(Fr(n))
Lror (1))
Leos ity
Leogs, a1y
F! (15L(l-l;1))

(m;pro)(((mL o (pryziL o pry);rLopry);pra) (1)) =

(1175 0) for all 1,1y € L' with F'(1) = F}(;) and
sL(l) = sL(ly). Tt is well-defined because

Y =s (7Y = ri(ly) for all 1,1; € L' with F1(I) = F(I;) and s (1) =

(m;pro)(L- 175 10)
(17 s )
(- (7" h)sh)
(I 1sy)s 1)
(1 1s @y la)
(i)
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for all [,1; € L with F1(I) = F1(I1) and s_(I) = s.(l1). We also need to compute the
composition in inverse order

((mL o (pry;iL o pra);r o pra); pra)((m; pra)(g; 1))
((me o (prysiLopra)iropray)ipra)(g - 4;1)
((g-0)-17%10)
(g-(-171)0)
(
(
(93

g 1FL(l )
g- 15L(9)7 )

1)

for all g € GY, [ € L' with s;(g) = r.(I). So (m;pr,) is invertible. Therefore, the
G-action (L';m;r) described in Example is a partially principal bundle over
(FYsp): LY —-» HY X, po po L% IfF: L — H is a groupoid fibration, then the G-action
(L';m;r) is a principal bundle.

5.5. Pull-back of a bundle. Let G = (G’; G!;r;s;m) be a groupoid in the category
(C, Fp) with partial covers.

Proposition 5.44. Let (Y;my;sy) be a G-bundle over py: Y — Zy. If the diagram

is a pull-back square, then there is a G-bundle (X;my;sx) over px: X — Zx, such
that f: X — Y is a G-map, and this construction is unique.

This G-bundle is called the pull-back of the G-bundle (Y;my;sy) along the
arrow f: Zx — Zy.

Proof. Firstly, it is clear that the anchor map sx has to be equal to syo f. We also need
the following equations to hold: pxomy = pxopry and fomyx = myo(fopry;pry). This
determines my uniquely. Therefore, mx = (px opry; my o (fopry;pry)). Elementwise,
(z;9)-g=(z9-9) forall z € Zy, y € Y, g € G with f(2) = py(y) and sy(y) = r(g).
The map my is well-defined because f(z) = py(y) = py(y - 9).

X ooy GL —IP) Gl P G
O
X ! Y al GO

pXJ JPY

Zx f Zy

We have to show that (X;mx;sx) is a G-action. We have
sx((z9)-9) = sx(zy-9)
= sv(y-9)
= s(g)
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for all z € Zx, y € Y, g € G! with f(2) = py(y) and sy(y) = r(g). Propertyin
Definition [5.1] is shown. mx commutes with m because

((z9)-9) -5

for all z € Zx, y € Y, g, g1 € G with f(2) = py(y), sy(y
We also have

(Z; y) : 1sx(z;y) = (Z; y- lsx(z;y))
= (Zvy 15y(y))
= (zv)
for all z € Zx, y € Y, with f(z) = py(y). So Lemmaworks. Hence (X;myx;sx) is
a G-action, and therefore, it is a G-bundle over px: X — Zx. O

Remark 5.45. The construction in Proposition is for a right G-action. For a
left action the construction is similar. The only change is the action map. The pull
back of a left G-bundle (Y;my;ry) over py: Y — Zy along the arrow fiZx —> Zy is
a G-bundle (X; (px o pro;my o (pry; fopry));ry o f) over px: X — Zx. The action
map is defined elementwise by g- (2;y) = (2;g-y) for all z € Zx, y € Y, g € G! with
f(2) = pv(y) and rv(y) = s(g).

Proposition 5.46. Let (X;mx;sx) be a partially principal G-bundle over p: X --» Z.
Let f: Z — Z be any arrow. There are a partially principal G-bundle (X mx; Sx )
over p: X -=» Z and a G-map a: X—)szthpoa—fOp

This partially principal G-bundle is called the pull-back of the partially principal
G-bundle (X; myx;sx) over p: X --» Z along the arrow f: Z — Z.

Proof. Let X =7 XfzpX, p=pr; and a = pr,. We know that this fibre product
exists and p = prl is a partial cover because p: X --» Z is. Now we can use
Proposition Consider the pull-back of the G-bundle (X; mx;sx) over p: X --» Z
along the arrow f: Z — Z. That is (Z X ;.7,,X; (pry o pry; mx o (pry o pry; pry)); sx © pra)
over pry: Z Xpzp X — Z. This action is defined elementwise by (z;2) - g = (z;2 - g)
forall z € Z, z € X, g € G' with f(2) = p(y) and sx(z) = r(g). We have to prove
that it is partially principal. We need to check that (pry; mx) is invertible, where
mx = (pry o pry;mx o (pry o pri;pry)). Let us show that the following arrow

(pry;prao(prizmx) ™ o(pryopry;praopry))

(pry;mx)

(Z X 1,2,p X) Xsyopry,0,r G (Z xf2pX) % (Z %120 X)

pry.Z,pry

is an inverse of (pry;mx). It is defined elementwise by ((2;2); (2;21)) — ((2;2); 9),
for all z € Z, z,x1 € X with p(z) = f(z) = p(x1), where the element g € G! is the
unique one with ¢g - ¢ = 1. This arrow is well-defined because

sx(z) = sx(z1-g7")
= s(g")
r(g)-
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Consider the composition:

Pry; Pra © (prysmx) ™" o (pry o pry; pry o pray)) ((prys mx) (23 2): 9))
pri; Pry © (prizmx) ™" o (pry o pry; pry o pry))((2;.2); (252) - g)
pry; Pra © (prysmx) ™t o (pry o pry; pry o pry))((2:2); (232 - g))
(z7);9)

forall z € Z, z € X, g € G with p(z) = f(z) and sx(z) = r(g). Also,

(
(
(
(

(prys mx)((pry:pra o (prysmx) ™" o (pry © pry pry 0 pry))((2: 2); (25 21)))
pri; mx)((z;2); 9)

(z:2); (72) - 9)

(z:2); (72 - 9))

(z;2); (221))

for all z € Z, z,z1 € X with p(x) = f(2) = p(z1). So (pry;mx) is an isomorphism
and therefore, (Z X7z, X; (pry o pry;mx o (pry o pry;pry));sx o pry) is a partially
principal G-bundle over pry: Z Xz, X --» Z. U

(
(
(
(

Remark 5.47. Under Assumption [2.15 we have the same result as Propoutlon 6| in
the global case. Let (X; myx;sx) be a principal G-bundle over p: X — Z. Let f: Z — Z
be any arrow. There are a principal G-bundle (X myx;Sx) over p: X — Z and a
G-map a: X — X with poa = f op. The construction is absolutely the same. The
only difference is the conclusion that the coordinate projection pry: Z x 7., X — Z
is a cover instead of a partial cover by Assumption 2.1

Proposition 5.48. Assume Assumption . Let (X; mx;sx) be a partially principal
G-bundle over p: X --» Z. Let f: Z — Z be any arrow. Let ()A(7 mx; $x) be a principal
G-bundle over p: X — Z with a G-map «: X — X with poa = fop. Then this
principal G-bundle is bundle isomorphic to the pull-back of the partially principal
G-bundle (X;mx;sx) over p: X --» Z along the arrow f: Z — Z (described in
Proposition , which automatically is a principal G-bundle.

Proof. Our data is depicted in the following diagram:

X Yoy oy Gl —oPP) s o Gl — Gl
X o X = G°
ﬁl %P
; f ;

There is a well-defined arrow (p; «): X = Zx £,z,pX. It is a G-bundle map because
prio(p;a) = p and (p; ) ox = mix o ((p; @) o pry; pry), where myx is the action map
of the pull-back of the partially principal G-bundle (X; mx;sx) over p: X --+ Z along
f:Z — Z. The previous equation holds because

(p;a)(z-g) = (p(z-g);alr-g))

= (
= (p(z);alz
(B; a)(x)
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for all z € X, g € G with 8x () = r(g). So (p; @) is a G-bundle map. We are going
to show that (p; «) is an isomorphism. Consider the following diagram:

N ~ pry
X X 6.7.p X—»
Ve
(prl;aOPrg)J % l(p,a)
X X fop.z.p X (opriipra) 7 Xpzp X —2 5 X
Pry i i Pry i P
X P 4 ! z

It is clear that all squares are pull-back squares by the well-known lemma about a
rectangle of a pull-back squares. The arrow

(popri;pra): X X fopz,p X = L X 17,5 X
is a cover because of Assumption [2.15] Let us show that the arrow
(pry;aopry): X X575 X — X X fop.z,p X

has an inverse . Let ¢ = (pry;myx) o (pry; 1), where 1) is the composition

o (cvopry;pry) (prosmx) pr
X X fopzp X ——3 X Xpz.p X ——— X Xg go, G = G,

defined elementwise by ¢ (z;21) = g for all z € X, 21 € X with f(p(z)) = p(z1),
where g is the unique element in G! such that a(z)-g = 1. So ¢ is defined
elementwise by o(z;21) = (z;2 - g) for all z € X, z; € X with f(p(z)) = p(z1),
where g is the unique element in G! such that a(x) - g = x;. Here the arrow
(v o pry; pry) is well-defined because po aopr; = fopopr; = popry. The arrow

(prl; dJ) )A( Xfo,s,z,p X = )A< xsxoa,GO,r Gl

is well-defined because sx (a(z)) = sx(z1-¢g7 1) =s(g71) = r(g) for all z,z; € X with
f(B(x)) = p(z1).

We compute

(pri; a o pry)(p(w; 1))

(

= (za(z-g))
(
(

for all 2,21 € X with f(p(z)) = p(z1) and

e((prisaopry)(zizy)) = @z a(z))
= (z2-9)
for all z,r; € X with p(x) = p(x1), where g is the unique element in G* such that
a(z) - g = a(zy) for all z,x; € X with p(x) = p(z1). Since p(x) = p(x1), there
is the unique g; € G! such that = - g1 = 1. Thus a(z1) = a(z - ¢1) = a(z) - g1.
Therefore, g = g1. Thus @((pry; o pry)(z;21)) = (32 - g) = (252 - g1) = (z521)
for all z,z; € X with p(x) = p(x1). So (pry; o pry) is an isomorphism. Since it
is the pull back of (p; @) along the cover (p o pry;pry), (p; ) is an 1somorphlsm by
Lemma Thus the principal G-bundle (X x;Sx) over p: X —» Z is isomorphic
to the pull-back of the partially principal G-bundle (X; mx;sx) over p: X --» Z along
the arrow f: Z — Z. Hence this pull-back is a principal bundle, too. Thus the
coordinate projection pry : Z Xfpzp X = Z is a cover. O



46

Corollary 5.49. Assume Assumption . Let (X; mx;sx) be a principal G-bundle
over p: X — Z. Then its pull-back along any f: Z — Z is a principal bundle, and
it is unique in the following sense: for any principal G-bundle ()A(7 myx;Sx) over
p: X — Z and for any G-map g: X — X with pog= fop, this principal G-bundle
is bundle isomorphic to the pull-back of (X;mx;sx) along f: Z — Z.

Proof. The coordinate projection pry : Z % $.2p X = Z is a cover by Assumption
because p: X — Z is a cover. The other things are the same as in the proof of
Proposition [5.48 (]

Lemma 5.50. Let (X;my;sx) be the pull-back of a G-bundle (Y;my;sy) over
B:Y — A along a partial cover f: A --» B (Proposition . If (Y;my;sy)
is a principal G-bundle over py: Y — Z, then (X;myx;sx) is a partially principal G-
bundle over (pry; pyopry): X -—=» BXx ¢ a o Z, where s Z — A is a unique factorization
of py: Y = Z by B: Y — A. Under Assumption (X;mx;sx) is a principal
bundle, too.

Proof. The arrow a: Z — A exists because py: Y — Z is a coequaliser of the parallel
arrows pry,my: Y X, go, G} = Y and Bopr; = B omy. For any element y in Y we

have a([y]) = B(y)-
We have the following diagram

X =22,y
(pry;pyopry) % pyi

B xfTA,a Z-2257 |p
1
Bl A

of pull-back squares, which shows that the upper square is a pull-back square, too.
Therefore, the arrow (pry;py o pry): X --+ B X5 o Z is a partial cover because it
is the pull-back of the cover py: Y — Z. Because of Propositions and
the G-bundle (X; mx;sx) over (pri;py o pry): X -=+ B XA Z is the pull-back of
the principal G-bundle (Y;my;sy) over py: Y — Z along pro: B xpa o Z --» Z.
Therefore, it is a partially principal bundle. It is clear that under Assumption [2.15]
the arrow (pri;py o pry): X — B X aq Z is a cover and, therefore, the G-bundle
(X;mx;sx) over (pry;py opry): X — B Xfaq Z is principal. O

Lemma 5.51. Let (X;myx;sx) be a principal G-bundle over px: X — Zx and
let (Y;my;sy) be a partz'allyprz’ncipal G-bundle over py: Y --» Zy. Any G-map
f: X =Y induces an arrow f: Zx — Zy such that f o px = py o f.
Proof. Let f: X =Y be a G-map. We know that px: X — Zx is a coequaliser of
the pair of parallel arrows pri, mx: X Xg, go G! = X, and
py o fopry =pyopro(fopr;pry) =pyomyo(fopr;pry)=pyofomx.
Therefore, there exists an arrow f : Zx — Zy which is a factorization of the arrow
py o f: X = Zy. Hence fopx = py o f. The arrow f is defined elementwise by
f(z]) = [f(z)] for all z € X. O
The equality in Lemma [5.51| means that the diagram

X—71 vy

|
I
Px i PY
= ~

Zx%ZY
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commutes. Under Assumption [2.15] it is a pull-back square by Proposition
The following corollaries give extra information about the arrows f: X — Y and
f:Zx — Zy under additional assumptions.

Corollary 5.52. Under Assumption if f+ Zx --» Zy is a partial cover, so is
f:X=-=2Y, and if f: Zx — Zv is a cover, so is f: X =Y.

Proof. We just use Proposition and Assumption and the proof is obvious.
O

Corollary 5.53. Assume Assumptions and . Let (X; mx;sx) and (Y; my;sy)
be principal G-bundles over px: X — Zx and py: Y — Zy, respectively, and let
f:X =Y be a G-map that induces the arrow f: Zx — Zy. f: X = Y is a cover if
and only if f: Zx — Zy is.

Proof. It f: Zx — Zv is a cover, then so is f: X — Y because of Corollary If
f: X =Y is a cover, then so is f: Zx — Zy because of Assumption O

Corollary 5.54. Under Assumption f:Zx — Zy is an isomorphism if and
only if f: X =Y is.

Proof. Since px: X —» Zx is a cover, it is epic. Therefore, Lemma works. The
converse holds in any pull-back square. O

5.6. Basic actions and assumptions on it. In this subsection, we define basic
and partially basic actions and consider an extra assumption about basic actions.
Let G be a groupoid in the category (C, F,) with partial covers.

Definition 5.55. A G-action (X;mx;sx) is called partially basic if it is a partially
principal G-bundle over some partial cover p: X --+ Z. A partially basic action is
basic if this G-bundle is principal.

Proposition 5.56. A G-action (X;myx;sx) is partially basic if and only if the
tranformation groupoid X x G is isomorphic to a Cech groupoid of some partial
cover p: X --» Z.

Here we mean that the isomorphism between these groupoids is an identity arrow
on objects.

Proof. Suppose that the G-action (X;myx;sx) is partially basic. That is, it is
a partially principal G-bundle over a partial cover p: X --+ Z. We are going
to show that the transformation groupoid is isomorphic to the Cech groupoid
of p: X --» Z. Notice that the pair of arrows (pry;mx): X Xg go, G! = X X7, X
and idy : X — X gives the functor from the transformation groupoid to the Cech
groupoid of p: X --+ Z. The equalities pry o (pry;mx) = pry and pry o (pry; mx) = mx
mean that (pry; mx) and idx intertwine the source and range maps of these groupoids.
We need to check it for the multiplication maps. We have

(prismx)((z39) - (z1391)) = (prismx)(z59 - 91)
z-(9-91))
( 9) - g1)
;21 91)
z;21) - (21321 - 91)
z;x-g) - (21571 - g1)
pri; mx)(z; ) - (pr; mx) (@15 g1)

for all z,z1 € X, g,1 € G' with sx(z) = r(g), sx(z1) = r(¢g1) and z - g = 1.
So the multiplication maps are intertwined, too. Since (X;mx;sx) is a partially

(;
(x
(
(
(
(
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principal G-bundle over p: X --» Z, the arrow (pr;; mx) is invertible. So we have an
isomorphism between the transformation groupoid X x G and the Cech groupoid
of p: X --» Z.

Conversely, let the transformation groupoid be isomorphic to the Cech groupoid
of p: X --» Z. We assume that this isomorphism is an identity arrow on objects and
an isomorphism ¢: X Xg, Gor Gl - X Xp,z,p X on arrows. Since it has to intertwine
the source and range maps, we have pr; o ¢ = pr; and pry 0 ¢ = mx. Therefore,
© = (pr;;mx). So (pri;mx): X xg, go, G! = X X7, X is invertible. Thus the
G-action (X;mx;sx) is partially basic. O

Remark 5.57. The global case of Proposition [5.56] with its proof is absolutely the
same. A G-action (X;mx;sx) is basic if and only if the tranformation groupoid X x G
is isomorphic to a Cech groupoid of some cover p: X — Z.

Definition 5.58. A groupoid G is called partially basic or basic if the canoni-
cal action on its objects (described in Example [5.21]) is partially basic or basic,
respectively.

Lemma 5.59. A groupoid G = (G°,GY,r,s,m) is partially basic if and only if
there is a partial cover p: G° --» Z such that the arrow (r;s): G! — G° x, 7, GY is
well-defined and invertible.

Proof. Suppose that a groupoid G is partially basic. That is, the action de-
scribed in Example is partially basic. Therefore, there is a G-invariant partial
cover p: G” --» Z such that the arrow (prj;sopry): G” Xjq ,,gos G' = G X7, G°
is invertible. The arrow G X;q co,s G' — G' is an isomorphism because it is a
pull-back of idgo. Also, pr; = ro pry. Therefore, (r;s) = (pry;so pry) o pry ' Thus
the arrow (r;s): G! — GO x, 7., G is well-defined and invertible.

Conversely, if the arrow (r;s): G — G® x,, 7, G? is well-defined and invertible,
then the arrow (pri;so pry): G” Xiq .60 G' = G” Xz, G is well-defined and
invertible because (pry;so pry) = (r;s) o pro. O

It is clear that we have the same in the case of the global situation.

Corollary 5.60. A groupoid G = (G°,G!,r,s,m) is partially basic if and only if it
is isomorphic to the Cech groupoid of some partial cover p: GO --» Z.

Here we mean that the isomorphism between these groupoids is an identity arrow
on objects.

Proof. If G is partially basic then there are a partial cover p: G° --» Z and a well-
defined isomorphism (r;s): G! — G% x,, 7, G°. This isomorphism and the identity
arrow on objects intertwine the range and source maps of the groupoid G and the
Cech groupoid of p: G° --» Z. They intertwine the multiplication maps, too because
we have

(r;s)(g-q1) =

(r(g-a91);
= (r(9);s(g1))
= (r(9);s(g)) - (s(9);s(g1))
= (r(9);s(g)) - (r(g1):s(g1))
(r;s)(g) - (r;s)(g1)

for all g,g1 € G! with s(g) = r(g1). Therefore, we have an isomorphism between the
groupoid G and the Cech groupoid of p: G --» Z. O
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Remark 5.61. There is an analogous corollary in the global case: A groupoid
G = (G° G',r,s,m) is basic if and only if it is isomorphic to the Cech groupoid of
some cover p: GY — Z.

Corollary 5.62. A G-action (X;myx;sx) is partially basic if and only if the trans-
formation groupoid X x G is partially basic. A G-action (X;mx;sx) is basic if and
only if the tranformation groupoid X x G is basic.

Proof. This follows from Proposition [5.56] and Corollary [5.60} O

The following useful lemmas cannot be proven without the following extra
assumption about basic groupoids and basic actions.

Assumption 5.63. Any action of a basic groupoid is basic.

Lemma 5.64. Let (X;mx;sx) and (Y;my;sy) be a G-actions and let f: Y — X be
a G-map. Under Assumption if (X;mx;sx) is basic then so is (Y;my;sy).

Proof. Since the G-action (X;mx;sx) is basic, the transformation groupoid X x G is
basic by Corollary The G-action (Y;my;sy) together with a G-map f:Y — X
is equivalent to an X x G-action over Y by Proposition [5.32] Therefore, the G-action
(Y;my;sy) is basic by Assumption O

Lemma 5.65. Assume Assumptions and [5.63] Let (X;mx;sx), (X1;mx,;sx,)
and (Xa; mx,;sx,) be principal G-bundles over p: X — Z, p1: X1 = Z1 and pa: Xg —»
Zs, respectively. Let fi: X1 — X and fo: Xg — X be G-maps and let them induce
fi:Z1 = Z and fa: Zo — Z, respectively. If the fibre products X, X f1 X, f2 X2 and
Zy X, 7.5, L2 egist, then the fibre product of G-maps f1: X1 = X and fo: Xg = X,
dzscmbed in Lemma [5.20], is a principal G-bundle over

(PLoPprizp2opry): Xi X gy x, 1, X2 = Z1 X f, 7 7, L2, (w1522) = ([21]; [22])-

Proof. We know by construction that the coordinate projections pr; and pry of
X1 X g, X, f, X2 are G-maps (see Lemma[5.20). So the G-action (X1 Xz, x, £, X2; Mo; So)
is a principal G-bundle over some cover pia: X1 X f, x f, X2 = Z12 by Lemma @
Let pry: Z12 — Z; and pry: Z12 — Z3 be arrows induced by pry and pry, respectively.
We must show that 715 = 73 XF 2.5 Zy and p12 = (p1 o pry;p2 © pry).

Consider any object A and arrows z1: A — Z; and 29: A — Z5 such that
f1 0z = f2 o zy. Let G-action (B;m;s) over a: B — A be a pull-back of the principal
G-bundle (X; mx;sx) over p: X — Z along the arrow f1 0z1 = f2 0 z5. On the one
hand it is a pull-back of the principal G-bundle (Xi;mx,;sx,) over py: X1 — Z3
along the arrow z;: A — Z; and on the other hand it is a pull-back of the principal
G-bundle (X2;mx,;sx,) over pa: Xo — Zs along the arrow z3: A — Z3. Therefore,
there are G-maps x1: B — X; and z5: B — X5 which induce the arrows z;: A — Z;
and z: A — Zo, respectively. Since the lifting of the arrow fi 02, = fy02; is unique,
we have f; ox1 = fp o xo. Thus there is a unique arrow (z1;22): B — X1 X7, x f, Xo
which is a G-map by Lemma Therefore, it induces a unique arrow z15: A — Z15
such that z13 0 = p1g o (x1;x2). Since pry o (x1;x2) = x1 and pryo (x1;x2) = T2, We
have pr; 0 z12 = 21 and pry 0 212 = 2. By construction, such arrow z14 is unique, and
therefore, we have Z15 =& 7, X4 7.5 Z5. Since pryopia = p1opry and praopia = p20opry,
we can deduce that the fibre product of the G-maps f1: X; — X and fy: Xo — X is
a principal G-bundle over (py o pry;paopry): Xy X g, x £, Xo = Z3 Xp 725 L2. O

There is a weaker assumption about basic groupoids and basic action.
Assumption 5.66. Any sheaf over a basic groupoid is basic.

Lemma 5.67. Let (X;myx;sx) and (Y;my;sy) be G-actions and let the cover f: Y —
X be a G-map. Under Assumption if (X;mx;sx) is basic then so is (Y;my;sy).
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Proof. Since the G-action (X;mx;sx) is basic, the transformation groupoid X x G is
basic by Corollary The G-action (Y;my;sy) together with a G-map f:Y — X
is equivalent to anX x G-action on Y by Proposition [5.32] Therefore, the G-action
(Y;my;sy) is basic by Assumption m |

5.7. Groupoid fibrations with basic fibre.

Proposition 5.68. Assume Assumption [2.15] Let F: L — H be a groupoid fibration
with basic fibre G. There is a groupoid L/G, call it a quotient groupoid, with a
canonical groupoid fibration Fy: L — L/G with fibre G, which is a cover on objects,
and with a quotient groupoid covering Fo: L/G — H such that F = Fy o Fy.

Proof. Since the groupoid G is basic, there are an object Z and a cover p: L% — Z
which are an orbit space and orbit space projection of the right canonical action of
G on its objects L° (see Example [5.21)). Tt is clear that the left canonical action of G
on its objects L% has the same orbit space and orbit space projection.

Notice that the arrow F9: L® — HY is G-invariant because

Folo-g9) = F’(sL(g))
= tH(lFogs (9))

H(F'(9))
Fo(r(9))

= Flp)

|
-

for all Iy € L%, g € G! with Iy = r.(g). Thus we have a unique arrow a: Z — H°
such that FY = a o p. Elementwise a([lp]) = F°(lp) for all [y € L°.

(
There is a left principal G-bundle (L';m;r.) over the arrow
(Fhys): L' > H xg mopo L L (FH(D)5sL(0)),

which is described in Example Also, we have a canonical left principal G-
bundle over p: L® — Z. Let us show that the range map r_: L' — L% is a G-map. It
obviously commutes with anchor maps. We also have

r(g-0) = rg)
= g-s.(g)
g-r(l)

for all g € G, I € L! with s_(g) = r_(I). Therefore, the G-map r_: L! — L? induces
an arrow r: H' Xg, po po L® — Z such that Fo (F';s.) = por. by Lemma Fis
defined elementwise by F(F!(1);s.(1)) = [r.({)] for all [ € L.

Consider the pull-back of the right G-bundle (L°;sg o pry;idio) over FO: L — HO
along the cover sy: H' — H?. An action map of this action is defined elementwise
by (h;lo) - g = (h;sL(g)) for all h € HY, Iy € L°, g € G! with sy(h) = F°(lp) and
lo = rL(g). We know that, under Assumption this action is a principal G-bundle
over (pry;popry): H! Xg, o po L% — HY X, 1o o Z by Lemma@ Let us show that
the arrow ¥: H! X g HO O LY — Z is G-invariant. There is one more right G-action
defined in Remark That is (L*; ma;s.), where mg = mp_ o (pry;pry o pry). In the




diagram

1
1 1 ((F7ssL)opry;pry) 1 0 1 pry 1
L ><5|_7GO7rG G ————=% (H XsH,HO,FO L ) XprQ,GO,rG G —» G

[ |- |

pr
H1 X5H7H07|:0 LO 2 GO

LO P Z

each square is a pull-back square. The arrow ((F!;s_) o pry;pry) is a cover by
Assumption because it is a pull-back of (F';s ). So it is a coequaliser and
therefore, it is epic. For any [ in L' and for any g in G! with s (1) = r_(g) we have

F(F (Dss@)-g) = FHF'(1)in(g)

F(FH(1);su(D)
= [

F(FY (D)3 5L (D).
Therefore, we have o my o ((F!;s.) o pry;pry) = Fopry o ((FY;s.) o pry;pry). Since
((FY;sL) o pry; pry) is epic, Fomy = Fopry. So the arrow 7: H! xg, o po LO — Z is
G-invariant. Therefore, there is a unique arrow mz: H! Xy, HO o L —+ Z such that
mz o (pry;p o pry) = F. Elementwise h - [lg] = F(h;lo) for all h € H!, [; € L° with
su(h) = FO(lp). For any element [ in L* we have F1(I) - [s_(1)] = [rL(])]. We are going
to show that (Z; mz; «) is a left H-action.

Since the arrows (pry;p o pry) and (F';s.) are covers, they are coequalisers and

therefore, they are epics. It is clear that the composition of epics is epic. So
(pry;popry) o (Ftisy) is epic. We also have

oF'() D) = ol

= Fu()

= w(F'0)
)

1

Thus awo mz = ry o pry. This is the condition |(1)|

The next goal is to show that the arrow mz: H! Xy HO o Z — Z commutes with
the multiplication map of H.

Consider the following diagram

1 1 mp 1
L™ X pos,,L0,por, L L
Pry
® n
L1 n LO (F;post)
l P
: A d H! z
(F;posi) Xy, HO o
Pry /
mz
1
HY X, Ho. Z — Z,

where
A= (Hl ><sH,HO,oz Z) ><pr2,Z,mz (Hl Xy, HO o Z),

B= (mH © (Pr1 O pry;prio Pr2)§ pry © Pr2)a ((h7 Z>3 (h1; Zl)) = (h - hy; 31)7
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¢ = ((Fhiposi)opry; (Friposy)opry), (L) = ((FY(D)s [su(D])s (F*(1); [s (1))
and M = my o (pry;mp o (pry o 9; pry)), where ¢ is the following composition:

(sLopry;rLopry) LO (prysscopry) ! L0

1 1 0 1 Pre 1
L™ Xpos;,z,por. L L™ Xp,z,p Xid,0,G,rgopr, G > G

The arrow my is defined elementwise by my(l;11) =1 -g -1y for all [,1; € L! with
[sL(1)] = [rL(I1)], where g is the unique element in G' such that s_(I) - g = r (I1).
Since pry: H! Xg, po o Z — Z is a pull-back of sy, it is a cover, and therefore, the
object A exists. Since syoF! = Flos| = aopos,, the arrow (F!; posy) is well-defined.
The arrow ( is well-defined because
SH(h : hl) = SH(hl)
= a(z)

for all h,hy € HY, z; € Z with sy(h1) = a(z1). The arrow ¢ is well-defined because

Fi(l) [su(t)] = [r(l)]
= a0
for all I,1; € L with [s_(1)] = [rL({1)]. We are going to prove that each square
commutes in the diagram above.
Since r (- g-1y) = r (1) forall [,1; € L' with [s.(1)] = [r.(l1)], the upper square
commutes. We also have
(F(l-g-L)slsill-g- 1)) = (F'(1)-Fl(g) - F'(l)s[se(la)])
= (F'(0) - F' (L) [sc(t)))
= BF s [sLODs (F(
= Ble(ll))
for all [,1; € L' with [s.(1)] = [r(l1)]. Therefore, 30 ¢ = (F!;pos.)om. The left

and right squares and the square face to the reader commute obviously. Finally, We
have

)-F
)-F
1); [sL(l)]))

mzopr,op = mZo(Fl;posL)opr1
porLoprl

porLomg

mzo(Fl;posL)omL
= mzofop.

Hence mz o pry o ¢ = mz o 8o . The next goal is to show that the arrow ¢ is epic.
Consider the following diagram:

L! X pos,Z,por. R S » LT
(pry;(F'5s0)0pry) (F'ss0)
|_1 XposL,Z,a (H1 XSHyHO’FO LO) f*pfrgﬁ H1 XSH’HO’FO LO
(pry;(prispopra)opry) (pry;popry)

1 1 r 1
L X posi,Z,mz (H X s, HOox Z) 777777 » H X5, HO yA

pry mz
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Each square is a pull-back square in it. Under Assumption [2.15] the arrows
(pry; (FY;sL)opry) and (pry; (pry; popry)opry) are covers. Hence they are coequalisers
and therefore, epics. Thus their composition

(pry; (pry;p o pry) o pra) o (pry; (F'isL) o pry) = (pry; (Fhiposy) o pry)

is epic. Analogously, if we consider the pull-backs of the following sequence of the
composable covers

(Fhss0) ((pry;popra)opry;pry) pr
L' —= Hlxg, pop L° Ty Hixg o L —— Z

along the arrow mz: H! xg, po o Z — Z, we get that the following composition

((pri;popra) o prizpra) o ((F's) o pry;pry) = ((F';posi) o pry;prs)
is epic. Finally,

((F'spos)opryspry) o (proz (F'sposy) o pry)

= ((F;posy)opry;(Flsposy)opry)

= ¢
is epic. Therefore, mz o § = myz o pr;. Elementwise (h - hy) - 21 = h -z for all
((h;2); (h1;21)) € A. Since z = hy - z1, we have (h-hy)-2z1 = h- (hy - 2z) for all
h,hy € HY, 21 € Z with sy(h) = ry(h1) and sp(h1) = a(z1). So the condition
holds.

We also have

LafioD; [o])
Iro (10)710)
(L)) lo)
1(1(10))7 SL(l(lo)))
= [yl
[lo]
for all Iy € L°. Since p: LY — Z is a cover, it is epic and therefore, mz o (upyoa;idz) =
idz. So we can deduce that (Z; mz; a) is a left H-action by Remark
Let the groupoid L/G be the transformation groupoid of the left H-action
(Z; mz; ). We know from Example that there is a groupoid covering Fo: HxZ —»
H where F} = pr;: H? X HO o L — H! and F§ = a: Z — HO.
There is a functor F1: L — H x Z, where F} = (F};posy): L' — H! X, po o Z
and FY = p: LY — Z. These arrows intertwine the range maps because the right

square commutes in the diagram above. They intertwine the source maps because
pryo (Fl;pos ) = pos.. Notice that the multiplication map of H x Z is 3. We have

(Fhipos)(l-l) = (F'(I-h);[s(-1)])

(FY (1) - FH(1); [sc ()

(FY s [su(D]) - (F*(1); [sc(t)])
(Fhipos)(l) - (Fposy)(h)

for all [,1; € L' with s (I) = r_(I;). Therefore, F1: L — H x Z intertwines the

multiplication maps, too. We need to check that this functor is a groupoid fibration.
There is a canonical isomorphism

La(ito)) - o]

F
F

=T

(
(
7(
(

1 o (pryopri;pra) 1 0
(H Xsp,HO o Z) Xpry,Z,p L> ———=H X sy, HO,FO L".
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And (pryopry;pry)o((FL;posy);si) = (F!;s.). Therefore, the arrow ((F'; posi);sL) isa
cover, which shows that Fy: L — Hx Z is a groupoid fibration. Since pryo(F';s ) = F!
and a o p = F°, the following diagram commutes

L F H
L/G

Finally, the fibre of F;: L — L/G is G by Corollary O

Proposition 5.69. Let F: L — H be a groupoid fibration with fibre G. Under
Assumptions [5.69), 2.15] and R.14], if the groupoids G and H are basic, then so is L.

Proof. Since the groupoid H is basic, the left H-action (Z; mz;a), used in the proof
of Proposition [5.68} is basic by Assumption [5.63] Therefore, the quotient groupoid
L/G is basic by Corollary in the global case. That is, there are an object Q and
a cover q: Z — Q such that the arrow

HY o 0.0 Z 22" 7 500 Zy, (hiz) e (b 2),

is a well-defined isomorphism. We are going to show that the arrow

L2 10 xopaaop L L (s (D3 (D),
is a well-defined isomorphism, which gives that the groupoid L is basic. It is
well-defined because

(@) = [F'@)- sl
= (sl

for all [ € L*.

Consider the pull-back of the G-bundle (L%;sg o pry;idge) over qop: LY — Q along
qgop: LY - Q. That is (L Xqop,q,qop L%; m1;pry), where my = (pry o pry;sc o pr).
Elementwise (lo; 1) - g = (lo; I - g) for all [y, I € L°, g € G! with [[lp]] = [[l]] and
Iy = rg(g). Since the G-bundle (L% sg o pry;idgo) over qop: L% — Q is a principal
G-bundle over p: L? — Z, its pull-back along the arrow qop: L° — Q is a principal G-
bundle over (pry;popry): L% Xqop..qop L® = LY Xqop,@.qZ by Lemma Also, there
is one more principal G-bundle over (F*;s.): L' — Hxg, po poL%. That is (L*; ma;r),
where my = m__ o (pry;iL o pry o pry). Elementwise [ - g = g~! -l foralll € L, g € G!
with r (1) = rg(g). We are going to show that the arrow (s_;r): L — L% x40p.Q.qop L°
is a G-map. So it induces an arrow (pry;F): H' Xg, popo LY = L® Xqop.q.q Z. All
needed arrows are in the following diagram:

1 1 ((sLsri)opry;pra) 0 0 1 Pra 1
_— R
L Xy 60,6 G (L” Xqop,Quaop L) Xpr,,60,r6 G G

I |- |

Lt o) L X qop,Q,q0p L i G°

(FI;SL)L l(PH?POPrz)

1 0 (pra;F) 0
H™ Xgymopo L L” X qop,.q Z
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The arrow (s;;rL): L' — L% Xgop.q.qop L commutes with the anchor maps, that is
pro o (si;r) = ri. It also commutes with the action maps because

(s;r)l-9) =

(sL;
(si(
= (st(@in(
= (st(D);si(g)
= (s.(D);rlg) - 9)
(sL();r(l) - g)
= (su();r(D)-g
= (s;n)()-g

for all [ € L, g € G! with r (1) = r.(g). So the arrow (sp;rL): L' — LY Xqop,Q.qop L°
is a G-map. Also, the bottom square commutes because

(pras F)((F'350)(1) (pra; T)(F (l);SL(l))
(sL(D);¥(F !
(s(0); [ (0
(
(

]
pry;p o pro)(sL
)

for all I € L. Therefore, the bottom square is a pull-back square by Proposition
5.48] Hence (si;r.) induces (pry;¥). Hence one of them is an isomorphism if and
only if the other one is by Corollary 5.54]

Consider the pull-back of the G-bundle (L%;sg o pry;idge) over qop: LY — Q along
q: Z — Q. That is (ZXq,q.qopL; M1; pry), where My = (pryopry;sgopry). Elementwise
(23l0) g = (251p - g) forall z € Z, Iy € LY, g € G, with [2] = [[lo]] and Iy = rg(g).
Analogously, we can say that this action is a principal G-bundle over the arrow
(prizpopray): Z Xq.q.qop LY = Z Xq.q,q Z by Lemma Also, we have one more G-
action. That is (H! xg, po po L%; i2; pry), where my = (pryopry;sgopr,). Elementwise
(h;lp)-g = (h;lg-g) forall h € HY Iy € L°, g € G! with sy(h) = FO(Ip) and Iy = rg(g).
This action is a principal bundle over (pry;popry): H' X, o po LY — HY g, o o Z
because it is a pull-back of a G-bundle (L% sg o pry;idgo) over FO: L% — H? along
s.: H! — HO which is principal over p: L° — Z. We are going to show that the
arrow (F;pry): H! Xg, o po L® = Z xq.q,qop L is @ G-map and it induces the arrow
(mz;pry): H Xg, o0 Z = Z Xq,q,q Z. All needed arrows are in the following diagram:

1 0 1 ((F;prg)opry;pry) 0 1
(HY X o, p0 L7) Xpr, 6o G > (£ Xqop.Q.q L) Xpr, 6006 G

T

1 0 (F;pry) 0
HY Xgyhopo L Z Xqop,Qa L

(pry;popry )l i(PH ;pPopry)

(mz3prs)
HY X 0.0 Z - Z %q,0aZ
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The arrow (F;pry) clearly commutes with the anchor maps, pry o (F; pry) = pry. It
also commutes with the action maps because
(Fpry)((hslo) -g9) = (Fpra)(hilo - g)
(F(h;lo - 9);lo - 9)
(h-[lo-9gl;lo-9)
= (h-[lo];lo - 9)
(
(
(F;

(hilo);lo - g)
(hilo);lo) - g
ripry)(h;lo) - g
for all h € HY, Iy € L%, g € G! with sy(h) = F°(lp) and Iy = rg(g). The bottom
square commutes because

(pri;p o pra)((F; pra)(hslo))

P
¥

(pri;popry)(F(hslo); lo)
= (pri;popro)(h-[lo];lo)
= (- [lo]; [lo])
(mz; pry)(hs [lo])
= (mz;pry)((pri;popra)(hslo))
for all h € H, Iy € L® with sy(h) = F°(lp). Therefore, the arrow (mz; pry) induces
(; pry). Hence (F;pry) is an isomorphism by Corollary Thus the arrow

. 11 0 0
(stin): L' = L7 Xqop,Quaop L

is an isomorphism for the same reason. So the groupoid L is basic because the arrow
g o p is a cover by Assumption O

6. GENERALISED MORPHISMS BETWEEN GROUPOIDS

There are several types of generalised morphisms between groupoids which form
categories with groupoids as objects.

6.1. Actors. Let G = (GO, Gl, rGg,SGg, Mg, Ug, i(.;) and H = (HO7 Hl7 I'H, SH, MHy, UH, iH)
be groupoids in a category (C, F,) with partial covers.

Definition 6.1. |47, Definition 4.15] An actor from G to H is a pair of arrows (m;r)
such that (H!;m;r) is a left G-action which commutes with the right translation
action (H'; mp;sy). That is,
(1) spom =syopr, su(g-h) =su(h), Vge Gl Vhe H! withsg(g) = r(h);
(2) romy =ropr r(h-hy) =r(h), Vh,h; € H' with sy(h) = rq(h1);
(3) myo(mopry;pryopry) =mo(pryopryimyopry)  (g-h)-hi=g-(h-hi)
for all g € G, h, hy € H! with sg(g) = r(h) and su(h) = ru(h1); that is, the
following diagram commutes:

1 1 1 1y _ (mopryspraoopry) 1 1
(G' Xs,60,r HY) Xpry 11 pr, (HY X ho ry HY) H* Xg, Hop, H

(prloprl;mHoprz)J JmH

G! XS@GO,I’HI - H!

The following lemma allows us to compose actors.

Lemma 6.2. Let (mq;r1): G — H and (ma;ra): H— L be actors between groupoids.
The pair (m;r), where r = ry o uy o ra, elementwise r(l) = r1(1,,q)) for all | € L
and m = my o (my o (pry;uy ory 0 pry);pry), elementwise g -1 = (g-1,,0)) -1, for all
g € Gt 1 € LY with sg(g) = r(I) defines an actor from G to L.



Proof. We have to check the properties required in Definition

si(g-D) = sul(g- 1) 1)
= s
for all g € G', I € L! with sg(g) = r(l). That is Also we have
rt-h) = nllyen))
= n(l,u)

r(l)

for all I,1; € L' with s_ (1) = r_(I1). Hence the property is satisfied. In case of
the property we compute

(g-D-h = ((g-1uw)-D)-h
= (g9-1 ra( l)) (L-1)
= (9-1uqu) (- 1)
= g-(I-h)
for all g € G, [,1; € L' with sg(g) = r(I) and s_(I) = r_(I1). Therefore, (m;r) is an
actor from G to L. O

Ezample 6.3. If G is a groupoid then the left and right translation actions of G on
G! commute. Therefore, (mg;rg) is an actor from G to itself.

It is easy to check that the actor described in Example [6-3]is an identity actor
in the sense of the composition defined in Lemma [6.2l Therefore, groupoids and
actors between them form a category.

Generally, actors do not come from functors and vice versa. The following
example describes actors and functors that are associated to each other.

Example 6.4. Let F: G — H be a functor with invertible F°. Then the pair (m;r),
where m = my o (F! o pry;pry) and r = (F°)~! o ry, defines an actor from G to H.
Conversely, if we have an actor (m;r) from G to H and if r o uy is invertible then
this actor comes from the functor F: G — H, defined by F* = (ro uH)*1 and
F! =mo (idgi;uq o (ro uH)f1 05sg).

Ezample 6.5. Given partial groupoid fibration F: L — H there is a functor (pry;id o)
from the fibre to L. Therefore, (m_ o (pry o pry;pry);rL) defines an actor from the
fibre of F to L.

6.2. Bibundle actors. The generalised morphisms of groupoids described in this
subsection are a special kind of bibundles of groupoids. Let G = (G°, G!, rg, sg, mg)
and H = (H% H!, ry, sy, my) be groupoids.

Definition 6.6. [47, Definition 2.1] A G, H-bibundle is (X; m1x; max;sx; rx), where
(X;mix;rx) is a left G-bundle over sx: X — HY and (X; max;sx) is a right H-bundle
over rx: X — GY such that the action maps commute: mgx o (mx o pry;pry 0 pry) =
mix o (pry o pry;max o pry). Elementwise (g-x)-h =g (x-h) for all g € G!, z € X,
h € H! with sg(g) = rx(z) and sx(z) = ru(h). That is, the following diagram
commutes

(mixopry;pryopry)

1 1 1
(G Xs6,G0,rx X) Xpry,X,pry (X X sy, HO, ry H ) X X s, HO,ry H

(Pr1°Pr1;m2XOP|’2)J LmQX

m
G Xeg.qo X i X

sIX
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An arrow f: X — X is called a G,H-bibundle map between two G,H-bibundles
(X; myg; Mog; sy ry) and (X; myx; mox;sx; rx) if it is a G-bundle and an H-bundle
map.

Definition 6.7. A (partial) bibundle actor from G to H is the G,H-bibundle

(X; myx; max; sx; rx ), where the right H-action (X;maox;sx) is basic and a (partial)
sheaf.

An important example is the bibundle actor from the fibre of a groupoid fibration
to itself.

Ezample 6.8. Let F: L — H be a groupoid fibration with fibre G. The left and right
G-actions (L';m;r) and (L';m’;s), described in Example define a G, G-bibundle
(LY;m;m’;s;r) because s(g-11) =s(l1), r(l-g) =r(l) and [ - (g-11) = (- g) - |1 for
all g € G!, 1,13 € L' with s.(g) = r.(l1) and s_(I) = r.(g). It is a bibundle actor
because s = s is a cover and (L!;m’;s) is basic by Example

Lemma 6.9. Under Assumptions and a partial bibundle actor from G
to H induces a functor from the category of right H-actions to the category of left

G-actions:
C(H) — C(G), Y~ XxpV.

Proof. Let (X; mix; max;sx;rx) be a bibundle actor from G to H and let (Y;my;sy)
be a right H-action. Let us consider the fibre product (X X, o, Y;mo;sg) of the
right H-actions (X; max;sx) and (Y;my;sy) (see Example [5.25)). It exists because
the anchor map sx: X --+ H is a partial cover. Also, we can consider the pull-back
(X Xgy 1oy Y;m;F) of the left G-bundle (X;mix;rx) over sx: X --» H? along the
arrow sy: Y — HO. These actions defines a G, H-bibundle (X X gy HO sy Y3 M5 Mo;So; T).
We need to check that the action maps m and mg commute. We have
g-((zy)-h) = g-(z-hy-h)
= (g-(z-h)y-h)
= ((9-2) hy-h)
= (9-m9)-h
(9 (z59)) - h
forallz € X,y €Y, g € G, h € H with sx(z) = sy(y) = ru(h) and rx(x) = sg(g).
The arrow 7: X Xg, pos, Y — GY is H-invariant because
f((zsy)-h) = rx(pri((z;y) - h))
= rx(pri(z - h;y-h))
= rx(z-h)
= rx(z)
(

= r(z;y

foralle € X,y € Y, h € Hwith sx(z) = sy(y) = ru(h). The arrow sp: Xxg, pos, Y —
H is G-invariant because

so(g- (z;9)) = sx



forallz € X,y €Y, g € G with sx(z) = sy(y) and rx(z) = sg(g).

We know that the H-action (X;max;sx) is basic and the coordinate projection
pri: XXg, Hos, Y — Xis an H-map. Hence the H-action (X X, Ho s, Y;mo;sg) is basic
by Lemma Therefore, there are an orbit space, denote it by X xy Y, and an
orbit space projection p: X X, no s, Y = XxyY of the H-action (X X, o s, Y;mMo; o).
We are going to define the left action of G on X xy Y.

Consider the pull-back of the H-bundle (X X, nos, Y;mo;sg) over the arrow
F=rxopri: X Xg Hog, Y — G? along the cover sg: G! —» Gg. It is a principal
bundle over (pry;popry): G X 56,G0,ryopr, (X Xy Hosy Y) = G! Xg. 0.0 (X xnY) by
Lemma where a: X xpy Y — G is the unique arrow such that ¥ = a0 p. Such
« exists because f is H-invariant, and it is defined elementwise by «o([x;y]) = rx(x).
The action map m: G' Xg. 6o ropr, (XX s Ho,s, Y) = XX, po 5, Y is an H-map because

(g-(w59)-h=g ((x;9)h).

Therefore, it induces an arrow m: G! Xse,600 (X XHY) = X xu Y such that mo
(pri;popry) = pom. Elementwise g - [z;y] = [g - x; y]. Now, we need to show that
the triple (X xp Y;m;«) defines a left G-action. We have

sSY

a(g-[zy]) = allg-z:y])
= rx(g-x)
= rc(g)
forall z € X, y €Y, g € G! with sx(z) = s.(y) and = rx(x) = sg(g). Since the

arrow (pry;p o pry) is a cover, it is a coequaliser and therefore, it is epic. Thus

aom = rg o pr;. This is property
There is a diagram of pull-back squares

pra 1
A——>» G Xsg,GOF (X Xy ,HO sy Y)
(P"l;(prl?f’oprz)oprz)i i(prl;f)oprZ)

B— " 4Gt Xs6.60.0 (X xnY)

PH\L lprl

1 1 pra 1
G X5 G0 re G ———————» G,

where the object A is (G! X 60,re G') Xpr, 61 ,pr, (G! Xsg,607 (X Xgy 10, Y)) and B is
(G Xog,60,r6 G') Xpr, 61 pr, (G X605 (X x1Y)). Since the upper square is a pull-back
square, the arrow (pry; (pry;p o pry) o pry): A — B is a cover by Assumption [2.15]
because it is a pull-back of the cover (pry;po pry). Therefore, (pry; (pry;popry) o pry)
is epic. We also have

g1-(9-lwsyl) = g1-lg- 29
= (91 (g9 2);y]
= [(g1-9) - =;9]
= (91-9)[7y]
forallz € X,y €Y, g,g1 € G! with sx(z) = sy(y), rx(x) = sg(g) and sg(g1) = rg(g)-
Since the arrow (prq; (pri;p o pry) © pry) is epic, the property holds. That is,
m o (pry o pry;mo pry) = mo (mg o pry; pry © pry). We need one more property:
L) - [@5y] = Ly - [#:9]
= [1r><(1-) - I y}
=[xy
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for all z € X, y € Y with sx(z) = sy(y). Since p: X Xg, o, Y = X Xp Y is epic, we
have m o (ug o a;idx) = idx. Therefore, the triple (X xy Y;m;a) is a left G-action
by Remark [5.11]

Now, consider any H-map f: Y; — Ys. Since sy, o f = sy,, we have a well-defined
arrow (pry; fopry): X Xs Ho s, Y1 = XX Ho sy, Yo. Elementwise (z;y) — (23 f(y)).
It is a G-map because it clearly commutes with the anchor maps and also we have
g-(x; f(y)) = (9 =; f(y)). It is an H-map, too, because

(z; f(y) - h (z-h; f(y) - h)
(x-h; f(y-h))

for all z € X, y € Y1, h € H' with sx(z) = sv, (y) = ru(h) Therefore, the H-map
(pry; f o pry) induces an arrow f: X Xy Y1 — X Xy Ya such that

Jop1=p20(pry;fopry),

Since the cover (pry;p1opry): Gl g oz, (X X Ho
is epic and

f(lzsyl) = [z f(y)].
Yl) —» G1 ><SG’GO’041 (X XH Yl)

»SYq

f(g-[x;9])
= g -2 f(v)]
g- [z; f(y)]

e
= sv, (y) and rx(z) = su(g), we have that

forallz € X,y €Yy, g€ G! with sx(x)
fomy =myo(pry; fopry). Also

aa(f([z;y])) az([x; f(y)])
rx ()
a1 ([z;y])

for all z € X, y € Y1 with sx(z) = sy, (y). Since p1: X Xg, po

S, Y1 — X XH Y1 is a
cover, it is epic and therefore, we have as o f = a;y. Thus an H-map f: Y; — Yo
gives a G-map f: X xy Yy = X xy Ya.

The last step is to show that

m:fzoﬁ-

Consider two composable H-maps f1: Y; — Yo and fo: Yo — Y3,

(pry;fioprs)
e d

(pry;f2oprs)
e d

X XSX,H075Y1 Y1 X xsx,HU,S\(z YQ X XSX,H075Y3 Y3
ﬁll lﬁz lﬁ@
fi fa
XXHY1 XXHYQ XXHY3
We have
f2 o fi([z;y]) [z; f2(f1(9))]
= folz; 1(y)])
)

Fa(fi(l; 1))
(f2 0 f1)([a39])

for all z € X, y € Y; with sx(x) = sy, (y). The arrow (pry; f2 o f1 o pry) induces

a unique arrow fy o f; such that the suitable square commutes by Lemma

Therefore, fo 0 f1 = fa0 fi.

O
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Remark 6.10. Let (X; myx; max;sx; rx) and (X1; mix,; Max,;Sx,; rx, ) be partial bibun-
dle actors from G to H. A G, H-map f: X — Xj induces a G-map f: XxpY — Xy xyY.
The arrow

v (fopry;pra)

X X gy HO X1 Xsy Hosy Y, (z;9) = (f(2);9),

is an H-map because
(fopriipry)((z:y) - h) (

= (

=

= (

= (fopripry)(z;y) - h
for all x € X, y € Y, h € H' with sx(x) = sy(y) = ru(h). Therefore, it induces a
unique arrow f: X xyY — X1 xp Y such that fop = pio (f opry;pry). Elementwise
f([z:y]) = [f(x); y]. This arrow is a G-map because

flg-lmy) = flg-

= |
= g
= g
= g .
forallz € X, y €Y, g € G with sx(z) = sy(y) = ru(h) and rx(z) = sc(g).

6.3. Bibundle functor. Let G = (G% G!;rg;sg;mg) and H = (HY; HY; ry; sy mp)
be groupoids in a category (C, F,) with partial covers.

Definition 6.11. A (partial) bibundle functor from G to H is a G, H-bibundle
(X; myx; max; sx; rx ), where the right H-bundle (X;max;sx) is (partially) principal

over rx: X — G°. A bibundle functor from G to H is a (partially) covering if the
arrow sx: X — HO is a (partial) cover.

An important example is the bibundle functor from G to H associated to the
functor F: G — H.

Example 6.12. Let F: G — H be a functor between groupoids. There is a bibundle
functor (X;mix;max;sx;rx) from G to H, where the left G-action (X;mix;rx) is
the G-sheaf described in Example and the right H-bundle (X;max;sx) is the
pull-back of the principal H-bundle described in Example along the arrow
FO: G® — H° We have to check that the multiplication maps commute. We have
(9-(go:h)) b1 = (re(g)ih)-ha
(ra(g);h - ha)
= g-(go;h-h1)
= g-((90;h) - h1)
for all g € G, go € G°, h,hy € H! with sg(g9) = go, F°(g0) = ru(h) and sy(h) =
ry(h1). The anchor map sx = sy o pry is G-invariant because
sx(9-(goih)) = sx(rc(g);h)
= su(h)
= sx(go;h)
for all g € G!, gy € G% h € H! with sg(g) = go and F°(go) = ru(h). Also, we
know that the H-bundle (X;max;sx) is partially principal by Lemma m It is
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even a principal bundle because ry: H' — H? is a splitting cover and therefore,
pry: G° XFO_HO 1y H! — G? is a cover by Corollary So we have all properties
needed for a bibundle functor. So (X; mix; max;sx;rx) defines a bibundle functor
from G to H. Call such a bibundle functor associated to the functor F: G — H.

Lemma 6.13. Under Assumptions and a bibundle functor from G to
H induces a functor from the category of right H-sheaves to the category of left
G-actions:

Cr(H) = C(G), Y—XxpV.

Proof. The proof of this lemma and the proof of Lemma are almost the same.
There are two differences. The first of them is that the object X xg o, Y exists
for different reasons: In the previous case we use that the arrow sx: X --» HC is a
partial cover and in this case we use that the arrow sy: Y — H? is a cover because
(Y;my;sy) is an H-sheaf.

The second difference is an argument why an H-action (X xg, pos, Y;mog;so)
is basic. In the previous case this is Lemma In this case the coordinate
projection pry: X Xg pos, Y — X is a cover as a pull-back of a cover sy: Y —» HO
and therefore, (X X, no s, Y;mo;sg) is basic by Lemma m O

Remark 6.14. In Lemma under Assumption the G-action (X xp Y;m;a)
is a sheaf. That is, the anchor map a: X xy Y = G is a cover. This anchor map
a: X xpY — G% is induced by pry: X X pos, Y = X because avo p = rx o pry, and
pri: X X Hos, Y = X is a cover because it is a pull-back of sy: Y — HO. Therefore,
a: X xyY — GY is a cover by Corollary

Proposition 6.15. Assume Assumptions [2.15], .18 and [5.66] Let G, H and K be
groupoids in (C,Fp). Let (X;mix;max;sx;rx) = X and (Y;miy;may;sy;ry) =Y
be bibundle functors from G to H and from H to K, respectively. Then there is a
G, K-bibundle functor (Y o X;my;ma;s;r) from G to K. Call it a composition of
bibundle functors (X; mix; max;sx;rx) = X and (Y;miy;may;sy;ry) =Y and denote
it by Yo X.

Proof. First of all, let us define all data in (Y o X;my;ma;s;r). According to
Lemma [5.18] we have a right H-action (Y;myy o (in © pry; pry);ry) corresponding to
the left H-action (Y;myy;ry). Let (YoX;my;r) be the left G-action which is given by
the right H-action (Y; myyo(igopry; pry);ry) by using the functor described in Lemma
which is induced by the bibundle functor (X; myx; max;sx;rx). Also, we need to
define the right K-action (X xy Y;mg;s). Consider the pull-back (X X o r, Y;™;8)
of the right K-bundle (Y;may;sy) over ry: Y — HC along the arrow sx: X — HO.
Let us show that the anchor map §: X X, por, Y — KO is H-invariant in the sense
of the right H-action (X xg, o, Y;mo;sg), which is used for the construction of
the left G-action (X xp Y;mq;r). This action is the fibre product of right H-actions
(X; max;sx) and (Y;myy o (iy o pry; prq); ry). We have

S((wy)-h) = sy(pry(w-hih™"-y))
= sy(h™!-y)
= sv(y)
= sv(pray(z;9))
= 8(z;y)
for all z € X, y € Y, h € H! with sx(z) = ry(y) = ra(h). Therefore, there is a

unique arrow s: X xy Y — K° such that s o p = 3. Elementwise s([z;y]) = sy(y).
Now, consider a pull-back of the H-bundle over §: X Xg, po r, Y — K" along the cover
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rg: KI — KO, Tt is a principal bundle over

(Popri;pra): (X Xeenor Y) Xekon K= (X xpY) Xg ko K

LIS

by Lemma [5.50} Let us show that the arrow

1 m
(X X sx,HO, ry Y) X§,K0,rK K — X XSX»HOJY Y

is an H-map. We have

((z9)-h) -k =

forall z € X,y € Y,h € H',k € K with sx(z) = ry(y) = ru(h) and sy(y) = rk(k).
Therefore, we have an induced arrow ma: (X Xy 'Y) Xg ko K! — X xy Y such that
mg o (P o pry; pry) = p o . Elementwise [z;y] - k = [z;y - k].

We need to show that (X Xy Y;ma;s) is a right K-action. We have

s(zsy] - k) = s([zsy - K])
= sy(y-k)
SK(k)

forall z € X, y € Y, k € K! with sx(z) = ry(y) and sy(y) = r(k). Since the
arrow (p o pry;pry) is a cover, it is a coequaliser and therefore, it is epic. Thus
S0 mg = sk o pry. This is a property

There is a diagram of pull-back squares

((Popry;pra)opry;pry) Pra 1 1
A B KL X k0.0 K
P"1L P"1L Lpr1
(Popry;pr pr.
X X, HO v Y) Xg Ko Kl#g X xpY) Xego,, KI —————2 3 K!
sx,HO ry §,KO rg H s,KO rk

where the object A is ((X Xg, 10,ry Y) X5,k0,rc K1) Xpry k1 pr, (KT X5 k0,n K') and the
object B is (X xnY) Xg ko r K!) X pry K1 pr, (K X ko rq K1). Since the left square is a
pull-back square, the arrow ((popry;pry)opry;pry): A — B is a cover by Assumption
as the pull-back of the cover (p o pry;pry). Therefore, ((po pry;pry) o prq;pry) is
epic. We have

([w5y] - k) - K

25y

= [z;(y- k) ki)
[
[

forallz € X,y €Y, k, k1 € K! with sx(z) = ry(y),sy(y) = rc(k) and sk (k) = rg(k1).

Since the arrow ((p o pry;pry) © pry;pry) is epic, the property holds. That is:

ma o (Mg © pry;pry 0 pry) = mg o (pry © pry;mg o pry). We need one more property.
=[xyl

for all z € X, y € Y with sx(z) = ry(y). Since p: X Xg por, Y = X xp Y is

epic, we have my o (id(xx,v); Uk ©s) = idxx,v). So (5.2) holds. Therefore, the
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triple (X xp Y;ma;s) is a right K-action by Lemma We have to prove that
(X xp Y;mq;mg;s;r) is a G, K-bibundle. We have

r([zsy] - k) = r(lz;y-k])
= rx(x)

= r([z;9])

for all z € X, y € Y, k € K! with sx(z) = ry(y) and sy(y) = rk(k). Since the
arrow (Popry;pra): (X Xe 1oy Y) Xe ko, K= (X X1 Y) X ko K! is epic, we have
romg=ropry. Sor: XxyY — G is K-invariant. Also, we have

s(g-[zy]) = s(lg-z;9])
= sv(y)
= s([z;9]).

Since the arrow (pry;popry): G! Xg. o7 (X Xg hor, Y) = G! Xg cor (X xnY) is epic,
we have som; = sopry. Sos: X xpyY — KV is G-invariant. We also have to show that
the action maps my and mg commutes. The arrow ((pry; popry)opry; (popry; pry)oprs)
from (Gl XSG,GO,F (X X5X7HOJY Y)) xpr2v(XXsX,H0,er)vPr1 ((X XSX,HU,I’Y Y) Xé,KO,rK Kl) to
(G! Xse,60,r (X XH Y)) Xpr, (xxcuv)pr, (X XHY) Xg o, K) is epic because it is a
composition of epics.

((pry; popry)opry; (Popry; pra)opry) = ((pro; popry)opry; pra)o(pri; (Popry; pry)opry).

The right term of the composition is epic because it is a pull-back of the cover
(popry;pry). And the left term of the composition is epic because it is a pull-back
of the cover (pry;popry). So ((pri;popry)opry; (Popry;pry) o pry) is epic. We have

g-([z:y] k) = g-[wsy-K

= lg- @y K]

= [9-@y-K]
l9-259] - k

(9-[z9]) - &
forallz € X,y €Y, g € G, k € K! with sx(z) = ry(y), rx(x) = sc(g),sv(y) = rc(k).
Since the arrow ((pry; popry)opry; (Popry; pra)oprs) is epic, the action maps m; and my
commute: my o (pryopry;maopry) = mgo (mMyopry;praopry). So (X xuY;my;ma;s;r)
is a G,K-bibundle. The last step is to show that (X xy Y;mg;s) is a principal
K-bundle over r: X xyu Y — GO.
The coordinate projection pry: X Xg, po , Y = X, as a pull-back of ry: Y — H?, is

a cover. Since rop =¥ = rxopr; and the coordinate projection pry: XX, po , Y = X
is an H-map in the sense of H-bundles (X Xg nor, Y;mo;sg) and (X;max;sx), it
induces the arrow r: X xy Y — GO. Therefore, r: X xy Y — G is a cover by
Corollary [5:53] Also, we need to show that the arrow

(6.1) (X %1 Y) Xsone KE P2 (X 50 YY) 6oy (X %1 Y)

is an isomorphism.

We know that (X xg, no n, Y;M;8) is the pull-back of the right principal K-bundle
(Y;may;sy) over ry: Y — HO along the arrow sx: X — HP Thus this K-action
(X Xy HO ry Y5 M;8) is a principal bundle over pry: X xg po r, Y — X by Remark
Therefore, we have the following isomorphism:

(6.2) (X Xeprtory Y) Xemome KNP (X s oY) Xy xopry (X Kooy Y).

1 »IK



65

We know from Lemmal[5.65|that the fibre product of the H-map pry : XX ho
on itself is a principal H-bundle over

(Popryipopry): (X Xe o Y) Xpr, Xoor, (X Xg Hory Y) = (X X1 Y) X, gor (X xpY).
Since the arrow sy: Y — K° is H-equivariant, the arrow sy o pry: X Xy HOry Y —+ KO
is H-equivariant, too. Therefore, we can consider the pull-back of the H-bundle
(X Xy Hory Y5M;8) Over sy o pry along the cover rg: K! — KO, It is a principal H-
bundle over (popry;pry): (X X Hor Y) Xg ko KE = (X X1 Y) Xg ko K! by Lemma
Since mg o (p o pry; pry) = p o M, the arrow is induced by the isomorphism
Therefore, is an isomorphism by Corollary So (Y o X;my;ma;s;r) is
a bibundle functor from G to K. O

Corollary 6.16. Under Assumptions R.14), 215, P18, R-19] and .63, we can
compose bibundle actors as in Proposition [6.15]

Y - X

sry

Proof. The proof is almost the same. We just use the cover p: X — Z instead of
the cover ryx: X — GY. One of the differences is that in this case we have to show
that the anchor map s: X xg Y — K% is a cover. We have so p = sy o pr,. The
coordinate projection pry: X Xg o, Y — Y is a cover because it is a pull-back
of the cover sx: X — HY. Thus sy o pry is a cover by Assumption m Since
p: X Xg Hor, Y = X XY is a cover, the anchor map s: X xg Y — K is a cover,
too by Assumption [2.19

Also, there is one more important difference from the proof of Proposition [6.15
We have to find an orbit space projection of the K-action on X xy Y. For this we must
define the right H-action on Z elementwise by [y] - h = [h~! - y], and then consider
the fibre product of H-actions on X and Z and get the H-action on X xg, po o Z
defined elementwise by (z;[y]) - h = (z - h;[h~! - y]). This action is basic because
the coordinate projection pry: X Xg o o Z — X is an H-map, and then, similarly as
in case of bibundle functors, we can deduce that the orbit space projection of the
K-action on X xy Y is a cover from X Xy Y to X xy Z induced by the orbit space
projection (pri;popry): X Xg, Hory Y = X X, po o Z of the H-action on X X, por, Y.
Here a: Z — H? is the unique arrow such that ccop = ry. (]

Remark 6.17. Consider the following assumption. If f o g is a partial cover and
g is a cover then f is a partial cover. This assumption holds in most examples
of categories with partial covers which are discussed in this thesis. Under this
assumption we can compose partial bibundle actors. We have to check that the
anchor map s: X xg Y — K° is a partial cover. We have that so p is a partial cover
and p is a cover. Therefore, s: X xgVY --» K is a partial cover by assumption above.

Remark 6.18. The composition of (partial) bibundle actors is a naturally asso-
ciative. Consider three composable (partial) bibundle actors (X; mix; max;sx; rx),
(Y;myy; may;sy;ry) and (Z;myz; maz;sz;rz) from G to H, from H to K and from K
to L, respectively. The object Y X, ko, Z with obvious actions of H and K on it is
a (partial) bibundle actor from H to K. Hence we can consider the composition of
this (partial) bibundle actor and (X; mix; max;sx; rx). We get a (partial) bibundle
actor from G to K defined by the object X xy (Y Xg, ko, Z) and by suitable G and
K actions on it. We know from the proof of Corollary that an orbit space of
the K-action on X xy (Y Xg, ko, Z) is X Xy (Y Xk Z). Also, we have a natural
isomorphism X xp (Y Xg, ko, Z) = (X Xu Y) Xg ko r, Z induced by the canonical
isomorphism X X, 1o ryopr, (Y Xsy,k0.r, Z) 5 (X Xsx,HOry Y) Xsypr, K0, Z in the sense
of the H-actions defined elementwise by (x;(y;2)) - h = (z - h;(h™! - y;2)) and
((w;y);2) - h = (- h;h~1 - y); 2), respectively. An orbit space of the K-action on
(X xHY) Xg oy, Zis (X xuY) Xk Z by construction. Therefore, we have a natural
isomorphism X xp (Y xx Z) = (X xpy Y) xk Z.
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6.4. Bibundle equivalence. In this subsections we define equivalence of groupoids.
It is the same as Morita equivalence. Let G = (G’ G! rg,sg,mg) and H =
(H°, H!, riy, su, mu) be groupoids in the category (C,F,) with partial covers.

Definition 6.19. A (partial) bibundle equivalence from G to H is a G, H-bibundle
(X; myx; max;sx; rx ), where the right H-bundle (X;max;sx) is (partially) principal
over ryx: X — GU and the left G-bundle (X;mix;rx) is (partially) principal over
sx: X = G%. Then we call the groupoids G and H equivalent.

Remark 6.20. A bibundle equivalence from G to H is also a bibundle actor and a
bibundle functor. It has all required properties of being such kinds of generalised
morphisms.

Lemma 6.21. Under Assumptions [2.15)], [2.18] and [5.66] equivalence of groupoids as
defined in Definition [6.19] is reflexive, symmetric and transitive.

Proof. Equivalence is reflexive because for any groupoid G = (G°, G!,r,s, m) the left
and right translation actions define a bibundle equivalence (G'; m;m;s;r) = G! from
G to G because of the properties and in Definition

Equivalence is symmetric, too, because we can use Lemma and change
the left G-action and right H-action with a suitable right G-action and left H-
action, respectively, and they will give a bibundle equivalence from H to G. Thus
if (X;mix;max;sx;rx) = X is a bibundle equivalence from G to H then (X;max o
(pro;in o pry);mix o (ig o pry; pri); rx; sx) = X1 is a bibundle equivalence from H to
G.

If (X;mix;max;sx;rx) = X and (Y;miy;may;sy;ry) = Y are bibundle equiva-
lences from G to H and from H to R, respectively, then their composition, as a
bibundle functors, is a bibundle functor from G to R. We are going to show that this
composition (X Xy Y;my;ma;s;r) = YoX, described in the proof of Propesition
is a bibundle equivalence from G to R. We need to show that the left G-bundle
(X xn Y;my;r) over s: X xy Y — R? is principal. We have an analogous situation
as in the case of the right principal R-bundle (X xp Y;ma;s) over r: X xy Y — GO,
The anchor map s: X xy Y — R? is a cover because it is induced by the cover
Pra: X Xey Hory Y = Y, which is a pull-back of sx: X — H°. Also, we need to show
that the arrow

Gl oo (X Y) EP2 (X s Y) o ros (X X1 Y)

is an isomorphism. That is right because it is induced by the following isomorphism:
(f;pry)
G' X s6,GO,F (X Xsx,HO,ry Y) — (X X5y, HO, ry Y) Xpry,Y,pry (X X sx,HO,ry Y).
d

This proof shows that we can compose bibundle equivalences like bibundle actors
and bibundle functors.

Lemma 6.22. Assume Assumptions [2.15], 2.18] and [5.66] The bibundle equivalence
(GYym;m;s;r) = G from a groupoid G to itself is an identity in the sense of the
composition of bibundle actors, and each bibundle equivalence is invertible in the
same sense.

Proof. Let (X;mix; max;sx;rx) = X be a bibundle equivalence from G to H, and
let (G xg X;m1;ma;s;r) = X o G! be a composition of (G';m;m;s;r) = G and
(X; mix; max; sx; rx) = X. The object G! xg X is an orbit space of the G-action on
G! X¢.Go.ry X defined elementwise by (g;x)-g1 = (g-91; 97 ' -x). Also, there is the right
G-action on G! X, go ,, X defined by pulling back the left G-bundle (G'; mg;sg) over
the range map rg: G* — G° along rx: X —» G°. This action is defined elementwise
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by (9;x) - g1 = (g9 - g1;@). The coodrinate projection pry: G! X, go ,, X = X is an
orbit space projection of this action by Lemma The isomorphism

. rel! 1
(pl’l, mlx) : G Xs6,G0,rx X—=G Xyg,G0,rx X
is a G-map because

pri;mix)(g - 91,91 - x)
g 9159 197" - x)

(pr;mix)((g;2) - g1) (
(

= (991 )
(
(

99 )
pr1,m1x)( z)- g1

Also, it clearly commutes with anchor maps, and therefore, it induces an isomorphism
@: G'xgX 5 X such that pop = pryo(pr;;mix) = mix. Elementwise ¢([g; z]) = g-z.
This isomorphism is a G, H-map because

elor-lgz]) = (g1 g;7])
g1-9-x
= g1 (p(lg;z]),

and

e(lg;2]-h) = ¢(lg;z-h])
= g-x-h

= (ellg:2]) - .

Therefore, it gives the isomorphism between G, H-bibundles X and X o G!. Analo-
gously, we can construct a G, H-isomorphism between X and H' o X

Consider the composition of the bibundle equivalence (X;mix; max;sx;rx) from G
to H and the bibundle equivalence (X; max o (pro;in o pry); mix o (i © pro; pry); rx; sx)
from H to G. The object X xyX is the orbit space of the right H-action on X xg, o ¢, X
defined elementwise by (z;21) -h = (v - h;h™ - x1) = (z - h;x1 - h). Also, there
is the right H-action on G' X go r, X defined by pulling back the right H-bundle
(X; max;sx) over rx: X —» GU along the source map sg: G! — GY. This action is
defined elementwise by (g;z) - h = (g;x - h). This action is a principal bundle over

r: Gt Xog,GOry K = G' by Lemma The isomorphism

sIX
. relt
(mlx, pl’z) : G XsG,GU,rx X —= X sz,HU,sx X
is an H-map because

(mix;pra)((g;z) -h) = (muix;pra)(g; - h)

(

(- (z-h)z-h)
= ((9 ) - hix - h)

(

(

g-x;x)-h
mix; pr2)( ;) - h.

Also, it clearly commutes with anchor maps, and therefore, it induces an isomorphism
¥ GY 5 X xg X such that ¢ o pr; = p o (mix; pry). Elementwise 1(g) = [g - ;2]
This isomorphism is a G, G-map in the sense of G, G-bibundles (G'; m;m;s;r) and
the composition of the bibundle equivalence (X; mix;max;sx;rx) from G to H and
the bibundle equivalence (X; max o (pro; iy o pry);mix o (ig © pro; pry); rx;sx) from H
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to G because

V(igr-9) = [(g1-9) z;2]
= [91-(g9-2);2]
= g1 ]9 ;7]
= g1-Y(9),
and
Wlg-g) = [(g-91) (91" - 2); (91" - )]

lg-z97" - 2]

= lg-za]-g1=2(9) g1
So the composition of the bibundle equivalence (X;mix;max;sx;rx) from G to H
and the bibundle equivalence (X; max o (pry;in o pry); mix o (ig © pro; pry); rx; sx) from
H to G gives a bibundle equivalence isomorphic to (G!; m;m;s;r). Therefore, the
bibundle equivalence (X; max o (pry;in o pry); mix o (ig © pra; pry); rx; sx) is an inverse
of the bibundle equivalence (X;mx; max;sx;rx)- O

7. GENERALISED GROUPOID ACTIONS

In this section, we discuss generalised groupoid actions. Let G, H,L,K and R be
groupoids in the category (C, F,) with partial covers.

Definition 7.1. We say that the groupoid H acts on the groupoid G by a groupoid
fibration F: L — H if the fibre of F is G. We call this a generalised groupoid action.

Proposition 7.2. Under Assumptions[2.14], 2.15], 2.18], 2.19] and [5.63], a generalised

groupoid action can be transformed along a bibundle equivalence. That is, if H acts
on G by a groupoid fibration F: L - H and if G and K are equivalent, then we can
construct an action of H on K. In other words, we can construct a groupoid fibration
E: R — H with fibre K such that R and L are equivalent.

Proof. The first step of the proof is to construct the arrows of the groupoid R.
Let (X; mix; max;sx;rx) be a bibundle equivalence from G to K. Since the range
map r.: L — L% is a cover, there is an object X Xyy L0y, L', Consider the fibre
product (X Xy, o, LY;my;ry) of the right G-actions (X;mix o (ig o pry; pry); rx) and
(LY, m_o(iLopry opry; pry),st) (see Example. This action is defined elementwise
by
(2:0) - g= (97" 597"+ 1)

for all x € X, g € G!, [ € L with rx(z) = r.(I) = rc(g). We know that this action is
principal, too, by Assumption [5.63] Therefore, there is an orbit space projection

P1: X Xy 10,0 L! - X x¢ L, (z;1) = [z;1].
The arrow s_ o pry: X Xy oy L' — L9 is G-invariant because
s(pra((z:0) - g) = silpralg™ 2597 1))

= st

= su(l) = silpra(z:)).
Therefore, we can consider the pull-back of the G-bundle (X X, o, L';my;ry) over
sLopry: X Xy o, L1 — L% along the cover rg: G! — L. This G-action is a right
principal G-bundle over

(pl O Ppri; pr2): (X Ky, L0 r Ll) X5 opry,L0,rg Gl - (X XG Ll) Xs9,L0,rg Gl

by Lemma where so: XxgL! — L is the unique arrow such that spop; = si opr,.
Elementwise sz ([z;1]) = s({). Let us show that m} is G-invariant, where mj is the



69

action map of the pull-back of the right G-bundle (L';my o (pry;pry o pry);s) over
r_: L' — LO along the cover rx: X — L%. This action map is defined elementwise by
(z;1) - g = (x;1- g). We have

(x:D)-9)- 1 = (g mg )¢
= (g m@ D) g)
= (g mg ()
= (l-g1)-9

(z30)-91) - g

for all z € X, g,g1 € G, I € L' with ry(z) = r_.(I) = rc(g) and s_ (1) = rg(g1). This
shows that the action map mj is G-invariant. Therefore, it induces a unique arrow
ma: (X xg L') Xg, 10, G' = (X xg L') such that my o (p1 o pry;pry) = p1 o mh.
Elementwise [x;1]-g = [z;1- g]. Let us show that (X x¢ L'; mg;sy) is a right G-action.
We have

s2([z;1] - g) s2([z;1 - g])

= SL(Z . g)

= si(g).
So the property holds. Also

([&l-9)- 91 = (xl-g])-o

= [z;(l-9) 9]

= [zl (g-g)]

= [z (9 91).
That gives And [z;0] - 1g,(jpup = 230 1 y] = [231]. So (X xg L';my;sy) is a

right G-action.

Consider the fibre product ((X x¢ L') X, 1o, X;ms;r3) of the right G-actions
(X xg LYy ma;sg) and (X;mix o (i o pry; pry); rx). This action is defined elementwise
by

([z;0;21) - g = ([&;0 - gls 971 - )
for all z,z, € X, g € G!, 1 € L' with rx(z) = r.(I) and rx(z1) = s.(I) = rg(g)-
We know that the coordinate projection pry: (X xg L) X, 1o, X = X is a G-map.
Therefore, ((X xg L) X, 10, X;ms;r3) is a principal G-bundle over some cover
p3: (X xg L) X, 10,0 X = X xg L X X by Lemma We are going to use this
object X x¢ L' x¢g X as arrows of the groupoid R. So let

R1=XXGL1 ><GX.

The next step is to define the groupoid structure on R. It is obvious that
RO=KO because K must be a fibre of the groupoid fibration E: R = H. The G-map
pro: (X xg L1) Xy L0, X — X induces a unique arrow sg: X Xg L! xg X — KO
such that sg o p3 = sx o pry. Elementwise sg([[z;1];21]) = sx(z1). The G-map
pry: XXy 1o, L' = Xinduces the arrow ry: XxgL! — K such that rgop; = sxopr;.
Elementwise ri([z;1]) = sx(z). The arrow rk o pry: (X xg L') X, 1o X — K% is
G-invariant in the sense of the G-action ((X xg L') X, 10.r X;m3;r3) because

rr(pri(([z;1521) - 9)) = rrlpr([z31-glsg~" - 21))
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for all z,77 € X, g € G!, [ € L' with rx(x) = r.(I) and rx(z1) = s.(l) = rs(9).
Therefore, there is a unique arrow rg: X xg L' xg X — K such that rrops = rgopr;.
Elementwise rr([[z;]; z1]) = rg([z;]). For any element

((x7l)7xl) S (X er,LO,rL I—l) ><sLoprz,Lo,rx X
we can write rr([[z;{]; z1]) = rg([z;1]) = sx(z). Here the element
[[2;1]; 1] € X xg L' xg X

is understood as the composition ps o (p1 o pry;pry) o ((z;1);21).

We have two arrows, sg and rg. The arrow sg is a cover because it is induced
by the coordinate projection pry: (X x¢ L') X, 1o, X = X, which is a pull-back
of s9: X x¢g L' — LY, which is a cover under Assumptions and because
Sg 0 p1 = S 0 pry. Under these assumptions, the arrow rgr is a cover, too, because
rr © p3 = rg o pry, where pry is a cover, as a pull-back of the cover rx, and rg is a
cover, as a map induced by the cover pry: X X, 1o L' — X. So sg and rg are covers
and we use them as the source and range maps of R, respectively.

Consider the fibre product (L! XeiL0m, L'; my;ry) of the basic right G-actions
(LY, m o (pry;pryoprs),st) and (LY;mp o (i opry opry; pry);r). This action is defined
elementwise by

(h3le)-g=(h-g;9~" - 1a)
for all g € G', I1,ls € L' with s (I;) = rg(g) = r_(l2). We know that this action
is basic by Assumption Let the cover py: L! X ;L0 L' — L' xg L! be the
orbit space projection of this action. The multiplication map of the groupoid L
is G-invariant because (I; - g) - (g7 - la) =11 - (g-971) -l = Iy - lz. Therefore,
there is a unique arrow mg: L' xg L' — L' such that mg o py = m_. Elementwise
mg([l1;l2]) = &1 - lo. We use this map to define the multiplication map mg.

We know that the bibundle equivalence (X; mix; max;sx;rx) = X from G to K is a
bibundle actor from G to K. Let X! be the bibundle actor from K to G, described in
Lemma Let L! be the bibundle actor from G to itself described in Example
By construction, the object of the composition of bibundle actors

Xo (L'oX™1)

is R = X x¢ L' x¢ X. We know that the composition of bibundle actors is associative.
Thus Xo (L' oX™1) = (XoL!)oX~!. So an element [[z;{];z1] of R! =X xgL! xg X
can be understood as p4 o (pry;p} o pry) o (z; (1; 1)), we just write [x;1; z1].

The object of the composition L' o ! is L' x¢ L', by construction. We have the
left and right G-actions on L! xg L! defined elementwise by g - [l1;12] = [g - 11;12]
and [l1;13] - g = [I1; 12 - g], which define the bibundle actor L! o L' from G to itself.
In the sense of these actions the arrow mj: L! xg L' — L! is G, G-map because

me(g-[l3l]) = mr(lg- ;1))

= (g-1)-ls

= g-(li-1s)
g-mr([l;12])

and,

mr([li3l2] - 9) = mg([l;l2-g])

— I -(l-g)

= (li-l2)-yg
= mg([li;le]) - g

Therefore, we have an induced G-map mf: X xg L! xg L' xg X — X x¢g L! xg X by
Remark It is defined elementwise by mg([x1;l1;1l2; 22]) = [21;11 - l2; x2]. Since
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the composition of bibundle actors is associative, which is explained in Remark
we have the following natural isomorphisms:

(XoL'oX™Ho(XoL'oX™) = XoL'o(X!'oX)oL'ox™!
~ XoL'oG'oL'oX™!

12

XoL'oL'oX™!,

where G! is the unit bibundle actor from G to itself. Hence there is the following
arrow

mpy' s (X xg L' xg X) xk (X xg L' xg X) = X x¢g L' x¢ X,
defined elementwise by
mg' ([z; 521 ]; [ 15 2]]) = [0 g - U 2]

for all z,z1,2', 24 € X, I, € L* with rx(z) = r.(1), rx(z1) = sL(l), rx(z) = r (1),
rx(z}) = sL(') and sx(x1) = sx(2'), where g € G! is the element which is given
by the following composition pr; o (pry;mix)~! o (x9;2}). Now, we can define the
multiplication map of the groupoid R. Let mg = m{’ o p’”/, where p” is an orbit
space projection of the right K-action on (X x¢ L' xg X) Xg ko,rs (X X6 L' X X)
defined elementwise by

([z; L ]; [ Vs 2q]) - ko= ([5G - K [2 - ks 1 2])

for all z, z1,2', 2} € X, [,I" € L}, k € K! with sx(x1) = sx(2) = rk(k), rx(z) = r(1),
rx(x1) =sL(l), rx(z") = r.(I') and rx(z}) = s.(!’). So the multiplication map of the
groupoid R is defined elementwise by

[l 2q] - (25 U5 2] = (231 - g - U 2]

for all z,x1,2',2) € X, [,I" € L' with rx(z) = r.(1), rx(z1) = sL(1), rx(2") = r (1),
rx(z}) = s.(I') and sx(x1) = sx(2'), where g € G! is the element considered above.
Consider the following composition

10Pry;pra)

X ((idx;uLorx);idx) (X oy,

1 (p 1
LOr L ) X s opry,L0,rx X (X Xg L ) X$2,L0 1y X.

It is a G-map in the sense of the right G-actions (X;myx o (ig o pry; pry); rx) and
((X xg L) Xs, 10w X;m3;r3) described above because it clearly commutes with
anchor maps and

»FX

([ 9 1y @-g) s~ 9)

Therefore, there is a unique arrow ur: K% — X xg L! x¢g X such that
UR 0 Sx = P3 © (P10 pry;pry) o ((idx; uL o rx);idx), ur(ko) = [2; Lry(a); 7]

for all ko € K, 2 € X with sx(x) = ko.
Consider the following isomorphism

X (pryopry;(iLopraopry;pry))

-/ 1 1
IR: (x Xy, L0, L ) X s opry,L0,rx X X1y, LO,rLopr, (L Xs1,LO,rx X)

Elementwise ig((x;1);z1) = (z1; (I71;x)). This isomorphism is a G-map in the sense
of the G-actions defined elementwise by ((z;0);z1)-g= ((97* 2597 - 1);21) and



72

(x;(l;21)) - g = (2;(1- 95971 - 21), respectively, because it clearly commutes with

anchor maps and

ir((z;0);21) -9 =

for all x,z; € X, g € G}, I € L! with rx(z) = r_(I) = rc(g) and rx(x1) = s.(I). Hence
it induces an isomorphism

in: (X xg LY Xgy 10 X = X X 1o, (L' X6 X)

»IX
such that if}([z;1];21) = (21; [[7*; 2]). We also have the G-actions defined elementwise
by ([z;l];21) - g = ([0 g]; 971 - 21) and (x;[l;21]) g = (g7 - 2;[g7 - ;21]). The
isomorphism ig is a G-map in the sense of these actions because it clearly commutes
with anchor maps and
ig(fzsllz1) g = (zi[I7ha]) g
= (97 ailgt 1T hal)
= (¢ -z [(l-g) 4]
= ig([z:l-glig™ - 21)
= ig(([z;1);21) - 9)
for all z,z, € X, g € G!, 1 € L! with rx(z) = r.(I) and rx(z1) = s.(I) = rg(g)-
Therefore, it induces the following isomorphism
iR: XX(;L1 ><(;X—)X><G|_1 XGX,
such that ig([x;1;1]) = [z1;17 ;2] for all 2,21 € X, [ € L' with rx(z) = r (I) and
rx(x1) = sL(l). We are going to show that the data R = (R?,R!, rg,sr, Mg, UR, ir)
defined above is a groupoid in the category (C, F,) with partial covers.
We have shown above that rg and sg are covers, which is the property Now
let us check the property Let [x;1;21] and [2/;1’; 2] be composable pairs in R*.
We have

rR([z; L] - [25 U52h]) = e[zl g- 15 a7])
Sx(x)
= rr([z;l;21])

and

sr(lz;lyan] - [2152]) = sr([asl-g- 1))
= Sx(.Tl)
= sr([z;1';2))

for all x,zy, 2", 2} € X, I,I' € L' with sx(x1) = sx(2), rx(x) = r.(1), rx(z1) = sL(1),
rx(z') = r (') and rx(x}) = sL(I'). So we have the property
Consider a composable triple of arrows in R!. We have

([ 2] - [25 U5 2]) - [275 075 2Y] = [asl-g-Usay] - [27517; 2]
= [z;(L-g-1)-g1-1";27],
and
[z 2q] - ([27 ;2] - [0 2)]) = [wlaq] - (250 - g7 - 17 2]

= [xsl-g" - (' gy - 1"); 2]
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By definition of the multiplication in R!' we know that the elements g € G' and
g' € G! are given by the composition pr; o (pry;mix) =t o (z1;2'). So g = ¢’. For the
same reason g; = ¢}. Hence
([wsl ] - [ 5 2q)) - [0 2] = [ G ] - (25 15 2] - [273 075 27]).

Therefore, the multiplication map mg is associative. This is

We are going to check all properties in Proposition and deduce that R is a
groupoid by Proposition Consider any element kg in R? and any element z in
X such that sx(z) = ko. We have rr(ur(ko)) = rr([2; 1y (2); 2]) = sx(x) = ko, and

sr(ur (ko)) = sr([@; Liy(2); %]) = sx(x) = ko. Thus the property [(1)[ holds. Also, we
have

ur(rr([z; 1 21])) - [ 5,21] = ur(sx(@)) - [z;1;24]

x; 1rx(m } [l’;l;l‘l]

[

[ rx(w : rx(x) 'l;zl]
= [1.7 l? xl]
We have used here that the composition pry o (
element 1, (,). Analogously, we have

pri;mix) Lo (z;x) clearly gives the

[.’E,l,.’L‘l] (SR(ml))

[.’E, lvxl] [xlv ]‘rX(Il);xl]
[‘r l 1l‘x(w1) rx(a:l); l‘l
[.’E, l7x1]

(@51 21] - ur(sr([z; 15 21])) =

Therefore, the property holds. The property [(3) - holds obviously:
r(r(fz3lz1]) = (sl ha])
= Sx(.%‘l)
sr([z; 13 21]),
and
srir([z:521]) = sr([z1;07"52])
= sx(z)
= rR([x;l;m])-

We need to check one more property. That is We have

iR([z;l;21]) - [2321] = [xl,l 1, ] [x;1; 2]
= (o7 - Iy - o]
= (215 Ly a)s 21
= ugr(sx(1))

= ur(sr([z;};21])),
and
[z; 5 21] - ij([2s 1)) = [wla] - [2; 07 2
= [zl Loz - 17 L]
[ rx(ﬂc)’ ]
= ur(sx(z))
= ur(re([z; s 21])).

So we have all required properties in Proposition Therefore, we can deduce
that R = (R, RY, rg, sg, MR, UR, ir) is a groupoid by Proposition
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The next step is to construct the groupoid fibration from R to H. Consider the
following composition
pryopr F!
(X Xy 10,0 L) Xgiopr, L0, X ——2 L' == H'.
It is G-invariant in the sense of the G-action on (X X, ro,, L) X5 opry,L0,rx X defined
elementwise by ((z;1);21)-g = ((¢7" - ;97" - 1);71) because

Fl(pra(pry (((2;0);21) - 9))) = Flpra(pri((g™" - 25971 - 1);21)))
= Fi(g™"-1)
= PO
= Fi(pry(pry((a31);21))).

Therefore, there is a unique arrow E': (X xg L) X, 10, X — H! such that E' o
(p1 o pry;pry) = F' o pry o pry. Elementwise E!([z;1];21) = F'(1). The arrow E' is
G-invariant in the sense of G-action on (X xg L!) Xy, 10,1 X defined elementwise by
([z;1);21) - g = ([x;1 - g]; 971 - 21) because

E'(([z31):21) - 9)

1'1,1)

= El([z,l};xl).

Therefore, there is a unique arrow El: X x¢ L' xg X — H! such that E! o p3 = EL.
Elementwise E!([x;1;21]) = EX([2;1]; 21). For any element

((1‘7[)71'1) € (X er,LO,rL Ll) ><5|_opr2,L0,r>< X

we can write E*([z;;21]) = EX([z;1]; 21) = F(I). Here the element
[z;1;21]) € X xg L! xg X

is understood as the following composition pg o (p1 o pry;pry) o ((z;1);21). So we
have the arrow E': R! — H!. Let us show that the composition E® o ryx: X — H? is
G-invariant in the sense of the G-action (X;mix;rx):

Fo(rx(g-z)) = F(re(9))
= r )

H
= |’H

= F° rx(z)).

Therefore, there is a unique arrow E%: KO — HO such that E° o sx = F° o rx.
Elementwise E(ko) = FO(rx(z)) for all ky € K°, z € X with sx(z) = ko. We are
going to show that the pair E = (E!; E") defines a groupoid fibration from R to H.
They intertwine the source maps because

su(E'([z:521])) = su(F'()
= FY
= FOrx(z1))
(
(
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and analogously, they intertwine the range maps because
tr(E ([ 1 21]) m(F (1)
= F(n()
FO(rx(2))
E°(sx(x))
E%(rr([z; 15 21]))
for all 7,21 € X, [ € L' with r_(I) = rx(z) and s (I) = rx(z1). They intertwine the
multiplication maps because
E'(fw; o] - o' Us21]) =

E
— F
F
E

for all x,z1,2' 25 € X, I,I' € L' with rx(z) = r.(1), rx(z1) = sL(l), rx(z") = r (I'),
rx(z}) = sL(I') and sx(z1) = sx(z'). So the pair E = (E!; E?) intertwines the source,
range and multiplication maps and therefore, E: R — H is a functor. We have to
show that the arrow

E'isr
X 36 L1 xe X E5U 1l s o o KO
is a cover. Consider the following diagram of pull-back squares:
1 Pra
HY g 10 poory X ———2—» X
(pry;sxoprs) sx
H! KO o KO | Foer
X s,HO,EO —_— x

pry E°

H! = HO.

Since FOorx = E%osx, the arrow (pry;sx opry): H! Xg, 1o poore X = H! X, o go KO is
well-defined, and it is a cover because it is pull-back of the anchor map sx: X — KO.
Consider one more diagram of pull-back squares:

L1 g po X —0PIiP) e X P2 X
prll (Pr1§rX0P"2) x

L1 (Fin) HY g, o po LO P2 LO
Pry F°

H? = HO.

The diagram shows that the arrow (F' o pry;pry): L' xg 1o X = H! X, o poor, X
is a pull-back of (F;s.): L' — H! xg, 1o po L%, and therefore, it is a cover. Also, the
coordinate projection pry: X X 10 1 opr, (LY Xg 10y X) = L Xg 10,y X is a cover
because it is a pull-back of the anchor map rx: X — L°. So we have three covers
and therefore, their composition

(prl;sxopr2)o(Flopr1; pro)opry = ¢: X Xy L0, opr, (L1 Xg L0, X) = H! X gy HO EO KO
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is a cover by Assumption This composition is defined elementwise by
é(z; (I;21)) = (FY(I);sx(z1)). Let us check that this composition is G-invariant
in the sense of the G-action on X Xy, 10 r opr, (L' Xg 10 1 X) defined elementwise by
(z; (1)) - g = (x3(1- 95971 - 21)). We have
o((z; (lz)) - g) = olai(l-gig™ ' a1))
(F'(L- g)isx(9™" - 1))
= (F'();sx(21))
= o(z; (l;21)).
Therefore, there is a unique arrow ¢": X X, 1o, (L' xg X) = H' xg, o go K® such
that ¢ o (pry;p} o pry) = ¢. Elementwise ¢ (z; [I;21]) = (F1(I);sx(z1)). Since the
arrows (prq;pj o pry) and ¢ are covers, the arrow ¢’ is a cover by Assumption m
The cover ¢’ is G-invariant in the sense of the G-action on X X, 10 opr, (L' xg X)
defined elementwise by (z;[l;21]) - g = (¢7! - z;[g7! - [; 21]) because
¢ (@) -g) = ¢'(g7  aslg™" L))
= (F'(g~" - Disx(a))
= (F{()isx(z1))
¢ (@; (I; 1))
Therefore, there is a unique arrow ¢”: X x¢g L' xg X — H! X, po go K° such that
¢" o ph = ¢'. Elementwise ¢"([x;1;x1]) = &' (x; [I; x1]). Since the arrows p5 and ¢’
are covers, the arrow ¢" is a cover by Assumption For any element
(1‘; (l; 1‘1)) eX X1y, L, rLopry (Ll XsL,LO,rx X)

we have ¢ ([z; 1 21]) = o (23 [l 1)) = (FY(0)s sx(21)) = (EX ([ 6.1 ]) s (s s ).
Since the arrow pj o (pry;p} o pry) is a cover and therefore, it is epic, we have
that ¢” = (E';sr). Hence the arrow (E';sg) is a cover and therefore, the functor
E: R — H is a groupoid fibration.

The next step is to prove that the fibre of the groupoid fibration E: R — H is
isomorphic to the groupoid K. Consider the following commuting square:

1 pro
(X Xrx,60,r6 G) Xsgopry,G0,rx X X

((pry0pry;priopraopry );pry )J J(Fl ouorx;idx)

(F'opryopry;pry)

1 1
(X XL L) X s opry, L0, X HY X Ho Foor, X.

Our goal is to prove that this square is a pull-back square. Consider any arrows
(@3 )521): A= (X Xy 100 LY) Xg opr, 10, X and 2 : A — X such that

(F*(0);21) = (Lpory(ar )i 1)
This gives that 2 = 1 and F'(I) = 1o(1y(s,)). Therefore, the element I: A — L!
uniquely gives the element in (I;s.(1)): A — G! by Definition So we have a
unique element ((z; (I;sL(1)));z1): A = (X X1, 60,rc G!) Xsgopr,,60,rx X With needed
requirements. Therefore, the diagram above is a pull-back square.
The arrow (F! o pry o pry;pry) from the diagram is G-invariant in the sense of the

G-action on (X X,y o, L) X opry,L0,rx X considered above because

(F'opryopri;pro)(((w;0);a1) - g) = (Flopryopryspra)((g=" - @397 - 1);a)
= (F'(g~" - 1);a1)
= (F'(1);21)
=

F'o pro o pry; pro)((z;1); 21).
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We have a G-action on (X X 6o,re G') Xscopr,,G0,r X defined elementwise by

e

(wsgn)iz1)-9) = ((g7" 2597 - g1)i20),

and it is clear that the right side arrow on the diagram is a G-map. Therefore, there
is a pull-back square

(X xg GY) g gory X ki X

QJ( l(FlouLorx;idx)

(X XG Ll) Xs9,L0,rx X % H1 X sy, HO FOory X
by Proposition and Lemma [5.50} where the arrows a and 3 are induced arrows
defined elementwise by a([z; g];z1) = ([z; g];21) and B([x;1];21) = (FX(1);21). Now
we have a diagram of pull-back squares with suitable G-actions on all the objects
such that each arrow is a G-map. Therefore, the following diagram

X x¢ G x¢ X Pr2 KO

dJ{ [(EIOUR;idx)

El:s
X g L xg X ——E50 5 {0 KO

is a pull-back square by Lemma [5.65] This pull-back square gives the fibre of
the groupoid fibration E: R — H. The object X x¢g G! x¢ X is the object of the
composition of bibundle actors X o G' o X.7! We know that

XoGloX ' >XoX K.

Therefore, we have a natural isomorphism X xg G! xg X = K!, which gives the
isomorphism between the groupoid K and the fibre of E: R — H.

The last step is to show that the groupoids L and R are equivalent. Consider
the object X x¢ L' and define the left R-action and right L-action on it. We know
that the multiplication map m_ induces the K, G-map between bibundle actors
L' o' o X7 and L! o X1, That is mf,: X xg L' xg L! — X xg L!, defined
elementwise by m{,([l1;{;2]) = [l1 - [; z]. This map, with the suitable orbit space
projection gives an action map of the groupoid L on the object X xg L!. That is
mi.: (X xg L) xg, 10, L} = X xg L!, defined elementwise by

[;1] - 1 = [=51- 4]

for all x € X, I,1; € L' with rx(2) = r_(1) and s_ (1) = r_(I1). We have to show that
(X xg LY;my,;s9) is a right L-action. We have

so([230] - 1) = so([zsl- L))
= s (l-ly)
= si(h),
also,
(0] - (- l2) = [asl- (I 12)]
= [z (l-1h) - 1o
= [zl -] 1y
= ([zl]- 1) - I,
and

[0 -1y = [o51- 15 )]
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for all x € X, l,11,ly € L' with I’x(x) = I’L(l),SL(l) = I’L(ll) and SL(ll) = I’L(lg).
Therefore, (X xg L!;m1.;s9) is a right L-action by Lemma
We have the following natural isomorphisms of bibundle actors:

IL'oX 'ToXoLloX! =~ L'oG'oLloXx!
~ L'oL'oXx!.

These isomorphisms and mf, give a G,K-map from L! o X7! o X o L' 0 X~ to
L' o XL That is ma.: (X xg L xg X) xk (X xgL!) = X x¢g L! defined elementwise
by mb, ([[z;1; 21]; [27;1]])) = [x;1- g - I']. This map with the suitable orbit space
projection gives an action map of the groupoid R on the object X xg L!. That is
ma,: (X X6 L' X6 X) Xg ko, X X L' defined elementwise by

[zl 20] - 27 0]) =[50 g - 1]

for all z,z1,2} € X, I,I’ € L' with rx(z) = r (1), rx(z1) = s.(1), rx(z})) = r.(l)
and sx(r1) = sx(z}), where g € G! is the element which is given by the following
composition pry o (pry;mix) ™! o (z1;2)). We have to show that (X xg L*;may;rg) is
a left R-action. We have

rr([z; ;1] - [2751])

rr([zil-g-1])
= sx(z) = rr([z;;21]),

also,

~

([&5521] - [; s 2a]) - 51

and

L) 2151 = 235 Lgays 2] - [25 1]
(215 Lg(ay)  Lixay) 1]
= [a3;7]
for all z, 1,2, 2,2, € X, [,I/,] € L} with rx(z) = r (1), rx(z1) = s (1), rx (&) = r. (1),
rx(Z1) = sc(l), rx(x}) = r ('), sx(z1) = sx(x}) and sx(Z1) = sx(z), where g and ¢’
are elements in G! which are given by the pairs (z1;2}) and (21;z), respectively.
Therefore, (X xg L'; ma,; rr) is a left R-action by Remark We are going to
show that (X xg L my.; may;so; rr) defines an equivalence from R to L. Firstly, we
have to check that it is an R, L-bibundle. We have

so(fwslsz] - [2130]) = sa([zsl-g- 1))
= S|_(l~g~l/)
= SL(ZI)
= sy(fz;1]),
also,
rr(fe;0]-1") = rr(le; - 17])
= sx(})

rr([1; 1),
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and

([w:l2a] - [ 0]) 17 = fasl-g U] 1"
x;l-g-1-1"]
x;lyxq] - [0 17]
zy L] - ([23;0]-17)
for all z,z1,2) € X, [,I',1” € L with rx(z) = r.(1), rx(z1) = s.(1), rx(z}) = r (1),
sL(l') = r(I") and sx(x1) = sx(}), where g € G! is the element considered above.
Therefore, (X xg L'; m1.; mas;so;ry) is an R, L-bibundle. We have checked above
that the anchor maps sy and r; are covers. After this, we have to show that the
following arrows

[
[
[
[

(X x6 L) 2y 0, L2 (3 g L) sy o (X X6 LY)

sfL

and
(X x6 L' %6 X) Xggopn (X x6 L1 T2 (X s 1Y) X, 04, (X X6 LY

are invertible. We know that the fibre product of the G-map pry: X x, o Lt - X

on itself is a principal G-bundle over

s

(ploprl; P1°P|’2) : (x Xy, L0, Ll) Xpry,X,pry (xxrx,Lo,rL Ll) - (XXGLl) Xré,KU,r"? (XXGLl)

by Lemma Also, the pull-back of the G-bundle (X X, o
sL o pry along the cover rp: L' — L° is a principal G-bundle over

n LYymysr) over

(P1oPri;pra): (X Xp o LY Xg o LY = (X xg L) Xgy 10, L
by Lemma [5.50} Let v be the arrow
LY
defined elementwise by v((z;1);11) = ((z;1); (2;1-11)). It is a G-map because
V(D)) -9) = v

. 1 1 1
v (X X0, L ) Xs Lo LW — (X X Lo, L ) Xpry, X,pry (X Xy, LO

»1L

((
(g7 297" - 1)51h)
g g Di(gT g L )

I
2

Il
—~ ~
— /é\ —~

= (=

l
for all x € X, ,1; € L, g € G! with rx(z) = r.(I) and s_(I) = r.(l1) = rg(g). Also,
we have that

(pry;ma.)((propry;pra)((2;0); 1))

(
(

= ([z0; 250 1))
(

= (propri;popra)(y((:);hh))

for all z € X, [,1; € L with rx(z) = r_(I) and s_(I) = r_(I1). Hence we have that
(pry;may) o (p1 o pry;pry) = (p1 o pry; p o pry) oy and therefore, the arrow (pry; max)
is induced by ~. It is clear that «y is invertible with y~! defined elementwise by
Y (3 0); (2300) = ((z31); 171 forall z € X, 1,1y € LY with rx(z) = r (1) = ro(l1).
The composition {71 - Iy is well-defined because r_ (1) = r_(I1). Therefore, the arrow
(pry; may) is invertible by Corollary So we have proved that the R, L-bibundle
(X xg LYy mys; mas;so;rR) is a bibundle functor from R to L.
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We also have to show that the arrow (my.;pry) is invertible. We can do this by
the following logical argumentation. Let us review and analyse our construction at
this moment. We have had the groupoid fibration F: L — H with fibre G. We have
used the groupoid equivalence X from G to K and have constructed the groupoid R
with the object of the composition of bibundle actors X o L! o X! as arrows. Also,
we have constructed the bibundle functor from R to L which is defined on the object
of the composition of bibundle actors L' o X~!. Now, the idea is the following.
We have the groupoid fibration E: R — H with fibre K. We can use the groupoid
equivalence X! from K to G and construct the groupoid L’ with the object of
the composition of bibundle actors X~ o R! o X as arrows. We have the following
natural isomorphisms

X toR'oX = X 'o(XoL'oX')oX
~ (X 'oX)oL'o(X!'oX)
~ GloL'oG!
~ L.

These isomorphisms show that the groupoid L’ is naturally isomorphic to the
groupoid L. So we can go on to do the same steps and construct a bibundle functor
from L to R. This bibundle functor is defined on the object X xk R! which is given
by the composition of bibundle actors R! o X. We have natural isomorphisms

R'oX (XoL'oX 1 oX

1

&~ XoLlo(X_loX)
~ XoLloG!
~ XYoL

The bibundle actor XoL! from G to K is defined on the object which is an orbit space
of the G-action on L' x4 o, X defined elementwise by (l;z)-g = (l-g;g~' - ). The
bibundle actor L' o X~ from K to G is defined on the object which is an orbit space
of the G-action on X X 10, L defined elementwise by (z;1)-g = (¢7' - 2;97" - 1).
The isomorphism (pry;ip o pry): LT X 1o, X = X X,y 1o, L' is a G-map in for the
G-actions considered above because
Prai iLopr)(l-g;97" - x)
9" ( g)‘l)
9" 1)
;1 1)

= (prasiLopry)(liz) - g-
Therefore, it induces an isomorphism i LY xgX 5 X xg L', defined elementwise by
iL([l; x]) = [x;17Y]. The construction shows that the isomorphism R! o X = X o L.
equips the object L' xg X with the left L-action (L' xg X;mb},;s5) and right R-action
(LY x g X;m?,;rk) defined elementwise by Iy - [l;z] = [I1 -[;x] and by [[; 2] - [2/;1', 1] =
[l-g-U;x1], respectively. This gives a bibundle functor from L to R. So the arrow

(proziL o pry)((l;2) - g) (
(
(
(

(Ll XG X) Xr’R’,KO (X XG Ll XG X) M} (Ll XG X) Xs'z,LO,s/Z (Ll XG X)

SR
is invertible. Also, there are isomorphisms

(Tfl opry;iROpry )
%

(X XG |_1 XG X) XSR,KOJ,'Q (X XG Ll) (Ll XG X) X,&/7K0,rR (X XG |_1 XG X)

and

(iLopry;iLopry)
—_—

(Ll XG X) ><5127|_07s/2 (Ll XG X) (X XG Ll) Xsy,L0,s5 (X XG Ll)
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We have

(iL o prasiL o pry
(iL

T e} pI’Q;TL o pry

o (pryzmy,) o (i ' o praosir 0 pry)) ([ 1 21]; [r2; 14])

( )

( ) o (pro;mp)) (1 s s [21517 Y 2])

(iL o prosic o pry) ([l ol [l - g7t - 1715 a))
= ([ffl g9-lli[z2 1))

([z; [ 1] - [wo; ln]; [w25 14])

(m1*7pr2)([$;l;$1]; [22;11])
for all @, 21,22 € X, 1,1 € L' with rx(z) = r (1), rx(z1) = sL(1), rx(z2) = r.(lh)
and sx(z1) = sx(z2), where the element g € G! is given by the composition
prio(pry;mix)~to(z1;@a). It is clear that the composition pry o (pry;mix) !t o(xg;x1)
gives the element g~! € G!. Therefore, we have

(M1 pra) = (iL o prajic o pry) o (pryzmi,) o (ir ' © prosi © pry).

Hence (my,;pry) is an isomorphism and therefore, (X xg L*; myi.;ma.;so;rk) is a
groupoid equivalence from R to L and the proof is done. O

8. EXAMPLES OF CATEGORIES WITH PARTIAL COVERS

In this section, we discuss stronger pretopologies on different categories and check
whether they satisfy our extra assumptions. For each case we check the conditions
and in Definition and then we describe covers. We begin with a
trivial examples on an arbitrary category with all fibre products.

Ezample 8.1. Let C be any category with all fibre products and let JF,, be the class
of all arrows in C and let F be the class of all coequalisers in C. All conditions in
Definition 2.1] are clearly satisfied.

In this general case we have not any additional information about the extra
assumptions.

Example 8.2. Let C be any category with all fibre products and let F, be the
class of all monics in C. Then (C,F,) is a category with partial covers. Since
any isomorphism is monic, the condition is satisfied. Since the composition
of monics is monic, the condition is satisfied. Consider situation as in
Assume pry 0 @ = pry o § for some parallel arrows a,5: B = A xf g, X. Then
foprioa=zopryoa=xopryof = fopr;of. Since f is monic, pry o = pry o .
By the universality of a fibre product o« = 5. Therefore, pro: A X5 p o X --» X is
monic. So the condition holds. The covers are the isomorphisms by Lemma

211

In the case of Example [8.2] the Assumption [2:.14]is the following: The composition
of isomorphisms is an isomorphism. This is clearly satisfied. Assumption [2.15]is
satisfied too because the pull-back of any isomorphism is an isomorphism in any
category. If fog and g are isomorphisms, then f is an isomorphism with the inverse
go(fog)~t. So Assumprtions and are satisfied. Generally, Assumption
does not hold.

Any groupoid in (C, F,) with partial covers as in Example is a 0-groupoid
because the source and range maps are isomorphisms. Any action of a 0-groupoid
is a principal bundle by Example Therefore, Assumptions [5.63] and [5.66] hold.

Example 8.3. Let (C,F) be a category with a subcanonical pretopology as in
[47, Definition 2.1]. If F,, = F then we have a category (C, F,) with partial covers.

In this case, Assumptions and hold by Definition in [47, Definition 2.1].
Generally, we have no additional information about the other extra assumptions.
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8.1. Category of sets. Let Sets be the category of sets.

Ezample 8.4. Let F, be the collection of all maps. Then (Sets, ) is a category
with partial covers. The conditions and are clearly satisfied. Also, it is
clear that a map in Sets is a coequaliser if and only if it is a surjection. Therefore,
the covers are the surjections.

Since the composition of surjections is a surjection, Assumption [2.14] holds.
Consider a surjection f: A - B, a map g: C — B and an element ¢ in C. Since
f: A — B is sujective, there is a € A such that f(a) = g(c). Thus (a;¢) € Axsp4C.
Since pry(a;c) = ¢, the coordinate projection pry: A xrg 4 C — C is a surjection.
Therefore, Assumption holds. Assumptions and are clearly satisfied.
Sets does have a final object, but Assumption [2.20] does not hold. If we consider the
subcategory of Sets without the empty set then any set with a single element is a
final object in this subcategory, and any map to it is surjective, hence a cover. Since
a fibre-product of non-empty sets along a surjective map is never empty, (F,) still
forms a stronger pretopology on the subcategory of non-empty sets, and Assumtion
[2:20] is satisfied in this category.

Since Sets has arbitrary colimits, for any G-action (X; mx;sx) there is a coequaliser
p: X —» Z of the pair of maps pry, mx: X Xg g,.r G' = X. A G-action (X;mx;sx) is
basic if and only if the map

. . 1~ . o
5) 9 1 &
(prlamx)'XXxGorG —>X><prXa (m,g)'—>(a:,a: g)

is invertible. This map is surjective by construction of p: X — Z. It is injective if and
only if the following condition holds: if for x € X and g, g1 € G! with sx(z) =r(g) =
r(¢g1) we have x - g = x - g1, then g = ¢1 (free action). In the case of the canonical
action of G on its objects, the groupoid G is basic if and only if for any g, g, € G'
with s(g) = s(g1) and r(g) = r(g1) we have g = g;. Consider any basic groupoid G
and any G-action (X;myx;sx). Let z-g =x-g; for some x € X and g, g; € G! with
sx(z) =r(g) =r(g1). Then we have s(g) = sx(z - g) =sx(z - g1) = s(g1). Since G is
basic and r(g) = r(g1) and s(g) = s(g1), we have g = ¢g1. Therefore, any G-action
(X; mx;sx) is basic. Hence any action of a basic groupoid is basic. So Assumptions

(.63l and (.66l are satisfied.

8.2. Categories of topological spaces. Let Top be the category of topologi-
cal spaces and continuous maps. This category is complete and cocomplete. In
particular, all fibre products and all coequalisers exist.

We begin this section with a lemma which helps us to check whether Assumption

[5.63] holds.

Lemma 8.5. Let G be a basic groupoid in the category of topological spaces (Top; Fp)
with partial covers. A G-action (X;mx;sx) is basic if and only if the coequaliser of
the pair of continuous maps pri, mx: X Xs Go G! = X is a cover.

Proof. Tf a G-action (X;myx;sx) is basic it is a part of a principal bundle by Def-
inition [5.55] So we have an orbit space projection p: X — Z which is a cover
by Definition [5.33] This cover is a coequaliser of the pair of continuous maps
pri,mx: X Xg o, G! = X by Lemma

Conversely, suppose that a coequaliser q: X — X/G of the pair of continuous
maps pry, mx: X X, Gor G! = X is a cover. Since the groupoid G is basic, the map
(r;s): G = GY x,, 7, G° is a homeomorphism by Lemma where p: GY — Z is
the orbit space projection of the canonical G-action on its objects. We have to prove
that the map

(Prismx): X X Gow G' 5 X Xqx/60 X, (#19) — (z352 - 9),
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is a homeomorphism. It is injective because if x - g = x - g1, then sx(x) = r(g) =
r(g1) and s(g) = sx(z - g) = sx(z - g1) = s(g1). Hence (r;s)(g) = (r;s)(g1). Thus
g = g1. So for any x,7; € X in the same G-orbit we have a unique g € G with
x - g = x1. This element g depends continuously on x and x; because the inverse
of (r;s): G! — G° x, 7, G is continuous. So the continuous map (pry;mx) has a
continuous inverse and therefore, it is a homeomorphism. (]

We have different kinds of stronger pretopologies in the category of topological
spaces. We begin with biquotient maps as covers. First of all, consider the main
working lemma for this subsection, which is proved in [51]. We need the following
definition:

Definition 8.6. A map f: X — Y is limit lifting if every convergent net in Y lifts
to a convergent net in X. More precisely, let (I, <) be a directed set and let (y;);er
be a net in Y converging to some y € Y. A lifting of this convergent net is a directed
set (J, <) with a surjective order-preserving map ¢: J — I and a net (x;);es in X
with f(z;) = y,(;) for all j € J, converging to some = € X with f(z) = y.

Definition 8.7. Let f: X — Y be a continuous surjection. It is a biquotient map if
for every y € Y and every open covering U of f~1(y) in X, there are finitely many
U € U for which the subsets f(U) cover some neighbourhood of y in Y.

Lemma 8.8. Biquotient maps are the same as limit lifting maps.

Ezample 8.9. Let F,, be the collection of all maps in Top which are biquotient on its
image with the subspace topology. Then (Top, F,) is a category with partial covers.
It is clear that isomorphisms are limit lifting. Let f: A --» B and g: B --» C be
composable maps. If f and g are limit lifting on their image, then so is g o f because
Im(g o f) € Im(g) and since g is limit lifting, any convergent net in Im(g o f) lifts
to a convergent net in Im(f) and since f is limit lifting, this convergent net lifts
to a convergent net in A. Let pry: A Xfp 4 C = C be a pull-back of a limit lifting
map f: A --» B on its image along any continuous map g: C — B. It is clear that
¢ € Im(pry) if and only if g(c) € Im(f). Let (¢;)icr be a convergent net in C. Since
g is continuous, g(c¢;)ier is a convergent net in Im(f). This net lifts to a convergent
net (a;)jcs in A with f(a;) = g(cy(;)) for all j € J by Deﬁnition Therefore, we
have a convergent net (a;;cy(jy) in A x g 4 C. Therefore, the coordinate projection
pro: A xyppg C--+ Cis a limit lifting map. So the property holds. We know
that limit lifting maps are quotient maps and quotient maps are coequalisers, so
the biquotient maps on the image are coequalisers if and only if they are surjective
biquotient maps. So covers are surjective biquotient maps.

In this category with such stronger pretopology, Assumptions [2.14] and [2.15] hold
because the compositions of surjections is a surjection and a pull-back of a surjection
is a surjection (compose in Example .

If the composition g o f of the continuous maps f: A — B and g: B — C is limit
lifting, then the map g is so because any convergent net in C lifts to a convergent
net in A and then since f: A — B is continuous, it gives a convergent net in B,
which shows that g is limit lifting. That is more then Assumption 2.19]

Also, such stronger pretopology satisfies Assumption if we remove the empty
space from the category. It is clear that a space with a single element is a final
object in Top, and any map from a non-empty space to it is limit lifting.

Assumption [5.63]is not satisfied. A counterexample is given in [47, Example 9.10].
We do not know whether Assumption [5.66] holds.

The following three examples are given by continuous sections. Let f: A — B be
a continuous map in Top. We call a continuous map o: Uy — A a local continuous
section for f at b € B if U, is a neighbourhood of b and f o o = idy,.
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Definition 8.10. We call f: A — B locally split if local continuous sections
op: Uy — A exist at all b € B.

Ezample 8.11. Let F, be the collection of all maps which are locally split onto their
image. Then (Top, F,) is a category with partial covers. The condition is clearly
satisfied. Let f: A --» B and ¢g: B --» C be composable maps. If f and ¢ are locally
split onto their image, then for any ¢ € Im(g o f) C Im(g) we have local continuous
sections o.: U. — B for g: B --» Cand 7, (¢): Uy, ey — A for f: A --» B. The
composition

Tou(e) ©0c: J(Us, () Noc(Ue)) — A

is a local section for g o f. Hence the condition holds. Let pry: A x¢p g C— C
be a pull-back of a map f: A --+ B that is locally split onto its image along any
continuous map g: C — B. For any ¢ € Im(pr,) we have a local continuous section
0g(e): Ugiey = A for f. Since Uy € Im(f), we have g~ (Uy()) € Im(pry). So we
have a local section oy 0 g: g7 (Uy)) — A X5, C for pry: A xsp g C -—> C.
Therefore, the condition [(3) holds. Any locally split map is a biquotient map because
any convergent net can be lifted by a local continuous section. A map biquotient
on its image is a coequaliser if and only if it is surjective. Therefore, a locally split
map onto its image is a coequaliser if and only if it is surjective. So the covers are
the locally split surjections.

As in the previous case, Asssumptions and hold for the same reason:
The composition of surjections is a surjection and a pull-back of a surjection is a
surjection.

If the composition g o f of the continuous maps f: A — B and g: B — C is
a locally split map, then the map ¢ is so because for any ¢ € C we have a local
continuous section o.: U. — A for g o f and this gives a local continuous section
foo.: U, — B for g: B — C. That is more than Assumption [2.19] Therefore,
Assumption holds, too.

It is also clear that the constant map f: A — {*} from any non-empty space
A to the one-point space {*} has a continuous section o: {*} — A, which gives
Assumption if we exclude the empty space.

Lemma 8.12. Let G be any basic groupoid in (Top, F,) defined in Example
and let (X;mx;sx) be any G-action. A coequaliser q: X — X/G of the pair of
continuous maps pri, my: X X, go G' = X is locally split.

Proof. We have that G is basic. That is, there is a locally split continuous map
p: G¥ — Z such that (r;s): G = G° x,, 7, GV is a well-defined homeomorphism. Let
(X; mx;sx) be any G-action. We are going to show that a coequaliser q: X — X/G
of the pair of continuous maps pry, mx: X X, go, G = X is locally split. Since
p(sx(z - 9)) = p(s(g)) = p(r(9)) = p(sx(x)), for all z € X, g € G' with sx(z) =r(g),
there is a well-defined continuous map Sx: X/G — Z with Sx([z]) = [sx(z)], for all
x € X. For any [z0] € X/G we have a neighbourhood Ujs, (z,)) of [sx(20)] € Z and a
local continuous section os (o) Usy(z0)] = G for p: G® — Z. We can construct
a local continuous section for q: X — X/G defined on (5x) ™" (Ujsy(z0)]) € X/G. Let
[2] € (3x) " (Ujsy (w)])- We have an element (sx(); 07y (2] ([5x (2)])) in G x4 7., G°.
Hence it gives a unique element g, € G with sx(z) = r(g,) and o (z0) ([sx(z)]) =
s(gz)- Let g, € G* be constructed in the same way for another 1 in the G-orbit of
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x. We have

sx(@-92) = s(ga)
= Olse(eo)) ([5x(2)])
= Olsx(ao)] ([sx(21)])
= 5(9a1)
Sx(l‘l 'le)-
Since x and x; are in the same G-orbit, there is g € G! with x - g = x;. Thus
s(9:) = sx(z-ga)
= sx(1° Guy)
sx(% 9" ga,)
S(9 " ga1)-
We also have r(gy) = sx(x) =r(g) =r(g - gz, ). Thus g, = g - g5, because G is basic.
Hence x - g, =z -9+ gs, = 1 - go,. Therefore, we have a well-defined continuous

map defined on (5x) ™! (Ujsy(zo)]) € X/G by [2] — @ - g This clearly gives a local
continuous section for q. O

Assumptions [5.63] and [5.66] hold by Lemma [8:12 and Lemma [8.5]
As in the previous case, the next example is defined using continuous sections.

Let f: A — B be a continuous map.

Definition 8.13. f: A — B has many local continuous sections if for all a € A
there is an open neighbourhood U, C B of f(a) and a continuous map o,: U, — A
with 0,(f(a)) = a and foo, =idy,.

Example 8.14. Let F, be the collection of all continuous maps with many local
continuous sections. Then (Top, F,) is a category with partial covers. The condition
is clearly satisfied. Let f: A --» B and ¢g: B --» C be composable maps
with many local continuous sections. For any a € A we have the neighbourhoods
Us € B of f(a) € B and V(4 € Cof g(f(a)) € C and the local continuous sections
0q: Uy = Afor f: A -—s B with 0,(f(a)) = a and 74(,): Vi) — B for g: B --» A
with 744y (9(f(a))) = f(a). The composition
Ta O Tf(a)+ g(Ua N Tf(a)(vf(a))) — A

is a local section for g o f with (04 © Tf(4))(9(f(a))) = a. Hence the condition
holds. Let pry: A x¢pg 4, C = C be a pull-back of a continuous map f: A --» B
with many local continuous sections along any continuous map g: C — B. For any
(a;c) € A x ¢4 C we have a neighbourhood U, C B of f(a) = g(c) € B and a local
continuous section o,: U, — A for f with o,(f(a)) = a. There is a neighbourhood
g1 (U,) C C of ¢ and a local continuous section (o, 0 g;idc): g7 (Uy) = Axsp,4C
for pry: A x4 C — C with (0, 0 g;idc)(c) = (a; ¢). Therefore, the condition
holds. Any continuous map with many local continuous sections is a biquotient
map on its image because any convergent net in the image can be lifted by a local
continuous section. A biquotient map on its image is a coequaliser if and only if it
is surjective. Therefore, a continuous map with many local continuous sections is
a coequaliser if and only if it is surjective. So the covers are the surjections with
many local continuous sections

As in the case of the biquotient maps, Asssumptions [2.14) and hold. The
composition of surjections is a surjection and a pull-back of a surjection is a
surjection.

Let f: A— B and ¢g: B — C be composable continuous maps. Assume that the
composition g o f and f are surjections and that they have many local continuous
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sections. For any b € B we have an element a € A with f(a) = b. We also have a
neighbourhood U, C C of ¢g(b) and a local continuous section o,: U, — A for go f
with 0,(g(b)) = a. There is a local continuous section f oo,: U, — B for g: B — C
with (f o0 04)(g(b)) = b. Therefore, Assumptions and hold.

It is also clear that the constant map f: A — {x} from any non-empty space A
to the one-point space {*} has a continuous section for any point in A, which gives
Assumption if we exclude the empty space from the category.

Suppose we have all data from Lemma For any z € X we have a neighbour-
hood U 5y € Z of [sx(x)] and a local continuous section o, (4): Us(a) —* GO for
p: G¥ — Z with o5, (4)([sx(x)]) = sx(x). Then we construct a local continuous section
for q: X — X/G defeined on (3x) ! (Ujsy(zy]) € X/G by [z] — z - g,. In this case
gz = lg (). Therefore, the map q: X — X/G has many local continuous sections.
So Assumptions [5.63] and [5.66] hold by Lemma [8.5]

The next example is defined by global continuous sections. Let f: A — B be a
continuous map.

Definition 8.15. f: A — B is a splitting map if there is a continuous section
of: B—= Awith foor =idg.

Example 8.16. Let F, be the collection of all continuous maps in Top which split
on the image. Then (Top, F,) is a category with partial covers. The conditions
is clearly satisfied. Let f: A --» B and ¢g: B --+ C be composable splitting maps on
the image. Since Im(g o f) C Im(g), we have a split 5 0 0g|im(gor): Im(go f) — A
for g o f, where 04|im(gof) is a restriction of o, on Im(g o f). So the condition
holds. Let pry: A x;g 4 C — C be a pull-back of a splitting map f: A --» B on
its image along any continuous map g: C — B. For any ¢ € Im(pr,) we have that
g(c) € Im(f). Therefore, we have a split (o o g;idc): Im(pry) = A xspg 4 C for
pro: A xsp 4 C--+ C defined on the image of pry. So the condition holds. Any
splitting map is a biquotient map because any convergent net can be lifted by a
continuous section. A biquotient map on its image is a coequaliser if and only if it
is surjective. Therefore, a splitting map on its image is a coequaliser if and only if
it is surjective. So the covers are the splitting surjections.

Asssumptions [2.14] and [2.15] hold because the composition of surjections is a
surjection and a pull-back of a surjection is a surjection.

If the composition g o f of the continuous maps f: A — B and g: B — C
is a splitting map, then the map g is so because we have a continuous section
foopg: C— Bfor g: B— C. That is more than Assumption m Therefore,
Assumption holds, too.

The constant map f: A — {*} from any non-empty space A to the one-point
space {*} has a continuous section o: {¥} — A, where o (%) is any point in A. This
gives Assumption [2:20]if we exclude the empty space.

Suppose we have all data from Lemma In this case Ups(zy) = Z. Also
(8x)"1(Z) = X/G. Therefore, the constructed local section is global in this case. So
Assumptions and hold by Lemma [3.5

The next example is given by using proper maps. Let f: A — B be a continuous
map. f is closed if it maps closed subsets to closed subsets. It is proper if and only
if it is closed and f~1(b) is quasi-compact for all b € B. (|4, 1.10.2]).

Lemma 8.17 (|4, 1.10.1]). A continuous map f: A — B is proper if and only if the
map f X idx: A x X = B x X is closed for any topological space X.

Ezample 8.18. Let F, be the collection of all proper maps in Top. Then (Top, F,) is
a category with partial covers. The condition is clearly satisfied. Let f: A --» B
and g: B --» C be composable proper maps. For any topological space X, the maps
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fxidx: AxX = BxXand g xidx: Bx X — Cx X are closed. It is clear that
the composition of closed maps is closed. Hence (go f) x idx: Ax X — C x X is
closed for any topological space X. Thus g o f is proper. So the condition is
satisfied. Let pry: A x5 4 C — C be the pull-back of a proper map f: A --» B
along any continuous map g: C — B. Since f: A — Im(f) C B is proper, the map
fxide x idx: A x g1 (Im(f)) x X — Im(f) x g~ *(Im(f)) x X is closed for any
topological space X by Lemma Consider

g (Im(f)) x X = {(g(c); s 2)|Ve € g~} (Im(f)), Va € X},

a subset of Im(f) x g~ '(Im(f)) x X. It is clear that the restriction of the map
f xidc x idx on the subset (f x idc x idx) ™' (g~*(Im(f)) x X) is closed, too. This
gives that the map pry x idx: (A xfpg 4 C) x X — Im(pry) x X is closed for any
topological space X because Im(pry) = g~ *(Im(f)). Therefore, pr, is proper. So
the condition is satisfied. Proper maps are biquotient maps on the image by
[32, Proposition 3.2]. Hence the proper maps are coequalisers if and only if they are
proper surjections. Therefore, the covers are the surjective proper maps.

Asssumptions and hold because the composition of surjections is a
surjection and a pull-back of a surjection is a surjection.

Let f: A— B and g: B — C be composable continuous maps. If g o f and f are
surjective proper maps, then the map g is so. For any topological space X the maps
(gof) xidx: Ax X = Cx Xand f xidx: Ax X — B x X are closed. Let U be any
closed subset in B x X. Since f x idx is a continuous, the subset (f x idx)~1(U)
is closed in A x X. Since g o f is proper, ((go f) x idx)((f x idx)~(U)) is closed
in C x X. This closed subset equals (g x idx)(U) because f x idx is surjective.
Therefore, Assumptions and 2.18| are satisfied by Lemma

The map from a space A to the one-point space is proper if and only if A is
quasi-compact. Hence Assumption [2.20] fails even if we exclude the empty space.

We have no information about Assumptions and

The next example is defined using open maps. Let f: A — B be a continuous
map.

Definition 8.19. f is open if the image of all open subsets of A is open in B.

Lemma 8.20 (|51, Proposition 1.15]). A continuous surjection f: A — B between
topological spaces is open if and only if, for any a € A, a convergent net (b;);cr in B
with lim;er b; = f(a) lifts to a net in A converging to a.

Example 8.21. Let F, be the collection of all open maps in Top. Then (Top, F,) is
a category with partial covers. The condition is clearly satisfied. Let f: A --» B
and g: B --+ C be composable open maps and let U be open in A. Since f: A --+ B
is open, f(U) is open in B. Since g: B --» Cis open, g(f(U)) is open in C. Therefore,
go f is open. So the condition is satisfied. Let pry: AXfp 4C — Cbe a pull-back
of an open map f: A --+ B along a continuous map g: C — B. Consider any
element (a;c) in A x g, C and any convergent net (c;)ier in Im(pry) = g7 ' (f(A))
such that lim;er ¢; = c. Since g: B — C is continuous, the net g(c¢;);er converges
to g(c). Since f(a) = g(c) and f: A --» B is open, there is a net (a;);cs in A with
flaj) = g(cy(y)) for all j € J, converging to a. Hence we have a net (a;; cy(j)) e
in A x4 C converging to (a;c) with pry(aj;cy(j)) = cy(jy for all j in J. Therefore,
the coordinate projection pry: A x¢p 4 C --» Cis open. So the property holds.
An open map is a limit lifting map on the image by Lemma [8:20] Hence the open
surjections are biquotient maps, and therefore, an open map is a coequaliser if and
only if it is surjective. So the covers are the open surjections.

Asssumptions and hold because the composition of surjections is a
surjection and a pull-back of a surjection is a surjection.
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If the composition g o f of an open surjection f: A — B and a continuous map
g: B — Cis an open surjection, then the map g is an open surjection because for
any open subset U of B we have an open subset f~!(U) in A and since go f is open
and f is surjective, the subset g(f(f~(U))) = g(U) is open in C. It is clear that g
is surjective. So Assumptions and hold.

It is clear that any map from a non-empty space to a space with a single element
is an open surjection. So Assumption [2:20] is satisfied if we remove the empty space
from the category.

Lemma 8.22. Let G be a groupoid and let (X;mx;sx) be a G-action. A coequaliser
q: X = X/G of the pair of continuous maps pri,mx: X Xg, co r G! = X is open.

Proof. Let G be any groupoid, not necessary basic, and let (X;mx;sx) be a G-
action. We are going to prove that a coequaliser q: X — X/G of the pair of
continuous maps pry, mx: X Xg go G! = X is open. Let U C X be open. Then
97 '(q()) ={z-glz € U,g € Glysx(x) = r(g)}. This is m((U x G') N (X x50, G)),
which is open because (U x G') N (X x5 go,, G') is open in (X x5 o, G!) and m is an
open surjection by Lemma Thus q(U) is open in X/G, and q is open. O

Any action of a basic groupoid is basic by Lemmas [8:22] and 85 So Assumptions
(.63 and hold.

The next example is defined by using the étale maps. Let f: A — B be a
continuous map.

Definition 8.23. f: A — B is étale if for all a € A there is an open neighbourhood
U, such that f(U,) is open and f|y,: U, — f(U,) is a homeomorphism for the
subspace topologies on U, and f(U,) from A and B, respectively.

Ezample 8.24. Let F, be the collection of all étale maps in Top. Then (Top, F,) is
a category with partial covers. The condition is clearly satisfied. Let f: A --» B
and g: B --» C be composable étale maps and let a be any element in A. Since
f: A — B is étale, we have an open neighbourhood U, of a and a homeomorphism
flu,: Us = f(Uy). Since g: A — B is étale, we have an open neighbourhood Vi)
of f(a) and a homeomorphism glv, ., : Vi) = 9(Vj(a)). The subset f(U,) N Vi(q)
is open in f(U,) and f(a) € f(Ua) N V). So f7H(f(Us) N V@) is an open
neighbourhood of a. The map

(90 Dl-1G¢wanvyw): £ (FUa) N Vi) = 9(f(Ua) N Vi)
is a homeomorphism as a composition of homeomorphisms. Therefore, g o f is étale.
So the condition is satisfied. Let pry: A Xfg 4 C — C be a pull-back of an open
map f: A --» B along a continuous map g: C — B. Consider any element (a;c) in
A x¢p,g C. Since f: A — B is étale, we have an open neighbourhood U, of a and
a homeomorphism f|y, : U, =+ f(U,). Since g: A — B is continuous, the subset
g~ (f(U,)) is open in C. The element (a;c) belongs to the subset

-1
Ua X flu fU) sl y-1 00y 9 (F(Ua))

of A x4 C, which is open, and the restriction of pry: A x;p,C — Ctoitisa
homeomorphism because the pull-back of the homeomorphism f|y,: U, = f(U,)
along g|,-1(¢(v,)) is @ homeomorphism. Therefore, pry: A x s, C --» C is étale.
So the condition holds. It is clear that étale surjections are limit liftting, and
therefore, they are biquotient maps. Hence étale maps are coequalisers if and only
if they are étale surjections. Therefore, the covers are the étale surjections.

Asssumptions and hold because the composition of surjections is a
surjection and a pull-back of a surjection is a surjection.
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Let the composition g o f of an étale surjection f: A — B and a continuous map
g: B — C be an étale surjection. For any element b in B we have an element a
in A and an open neighbourhood U, of a such that f(a) = b and the restriction
flu,: Uy = f(Uy,) is a homeomorphism. Since g o f is étale, we have an open
neighbourhood V,, of a such that the restriction (go f)|v,: Vu = g(f(U,)) is a
homeomorphism. The map

(90 Dlvaava © (flu) Hrwansvey s fUa) N F(Va) = g(f(Ua) N F(Va))

is a restriction of g and it is a homeomorphism because it is a composition of
homeomorphisms. Therefore, g: B — C is étale. It clearly is a surjection. So
Assumption [2.19]is satisfied.

Unless A is discrete, the constant map from A to a point is not étale, so Assump-
tion [2:20] fails even if we exclude the empty space.

Let G be a basic groupoid and let (X;myx;sx) be a G-action. We know from the
proof of Lemma [B.5] that the following map

(pr1§ mX): X Xsy,Go,r Gl :> X ><q,X/G,q Xa ('7;;9) = (x;x . g),

is a homeomorphism. Since the range and source maps are étale, the set of units
u(G®) is open in G!. Therefore, the subset (pry;mx)(X Xsy co.r U(G?)) is open in
X Xq.x/G,q X- This subset is the diagonal {(x,z1) € X x X|z = x1}. Therefore, every
element (x;z) of the diagonal has a neighbourhood (V;V’) such that (V;V’) C
{(z,21) € X x X|z = z1}. So any element x € X has a neighbourhood U =V NV’
such that (U x U)N (X Xgx/6,4X) is the diagonal in U. This means that for x,z; € U,
q(z) = q(z1) only if x = x;. Thus q is injective on the open subset U C X. Since
G is an étale groupoid, its range and source maps are open. Hence q is open by
Proposition Its restriction to U is injective, open and continuous, hence a
homeomorphism onto an open subset of X/G. Therefore, it is étale. So Assumptions

[5.63] and [5.66] are satisfied by Lemma [875

8.3. Categories of manifolds. The examples of a stronger pretopology considered
in this subsection are defined in the categories of finite-dimensional manifolds
(Mfdgy ); Hilbert manifolds (Mfdy;); Banach manifolds (Mfdp,y ); Fréchet manifolds
(Mfdg¢) and locally convex manifolds (Mfdies). Such manifolds are Hausdorff
topological spaces that are locally homeomorphic to finite-dimensional vector spaces,
Hilbert spaces, Banach spaces, Fréchet spaces, or locally convex topological vector
spaces, respectively. The morphisms between all these types of manifolds are smooth
maps. In each case, a stronger pretopology is defined by submersions.

Definition 8.25 (|23| Definition 4.4.8], [40, Appendix A]). Let X and Y be locally
convex manifolds. A smooth map is a submersion if for each x € X, there is an
open neighbourhood V of z in X such that U = f(V) is open in Y, and there are a
smooth manifold W and a diffeomorphism V = U x W that intertwines f and the
coordinate projection pry: U x W — U.

Ezample 8.26. Let C be one of the categories Mfdg,,, Mfdyi, Mfdgan, Mfdge, Mfdies
considered above. Let F,, be the collection of all submersions in C. Then (C, F,) is
a category with partial covers. Isomorphisms are submersions, hence holds. A
composition of submersions is a submersion, thus is satisfied. Let pry: X Xy 4
Z — Z be a pull-back of a submersion f: X --» Y along any smooth map g: Z — Y.
A submersion f: X --» Y is open because it is locally open. Thus pry: XX vy 4Z = Z
is open because open maps form a stronger pretopology by Example So Im(f)
and Im(pr,) are open subspaces. It is clear that X Xfv,g Z = X X £ 1m(£),gl1mr)
Im(pry) and therefore, pry: X Xy o Z — Im(pry) is a pull-back of the surjective
submersion f: X — Im(f) along g: Z — Im(f). Therefore, pry: X Xy 4 Z —
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Im(pr,) is a surjective submersion because surjective submersions form a pretopology
([47), Proposition 9.40]). So pry: XX sy ¢Z --» Z is a submersion. Hence the condition
holds. In the proof of Proposition 9.40 ([47]) it is shown that the pretopology
defined by surjective submersions is subcanonical. That is, all surjective submersions
are coequalisers. It is clear that a coequaliser is surjective. Therefore, a submersion
is surjective if and only if it is a coequaliser. So covers are surjective submersions.

In all categories described in Example Assumptions and hold
by Proposition 9.40 ([47]). In the categories Mfdgy,, Mfdi and Mfdga, with such
stronger pretopology, Assumptions and hold by Proposition 9.42 (|47]). In
the category of Banach manifolds with the same stronger pretopology Assumption
is satisfied by Proposition 9.44 (|47]). We have no information about these
assumptions in other categories.
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