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Introduction

In 1963 Paul Cohen showed the independence of the continuum hypothesis
and the axiom of choice by developing the method of forcing ([3]], [4]). Since
then, this powerful combinatorial method for independence proofs has been
widely used, generating a multitude of results in set theory of the real line,
higher descriptive set theory, cardinal invariants, large cardinals, inner model
theory, set-theoretic topology and infinitary combinatorics.

As in Cohen’s original work, the technique of forcing is still presented and
taught starting with countable transitive ground models, a classic reference
being Kunen’s book [19]. Transitivity, which means that every element of M
is also a subset of M, is considered a convenient technical assumption as it
makes many useful sentences - including all Ap-formulas - absolute for M.

Yet transitive models are not the only ones we can work with; indeed,
as pointed out by Shelah in his Proper forcing [22] while explaining the tech-
nique, “assumptions [about the membership relation and transitivity of M]
are not essential but it is customary to assume them, and they simplify the
presentation.”

Waiving the assumption about transitivity in a convenient way, one can
take into consideration the so called ord-transitive models. Recently they have
been used in Shelah’s Properness without elementaricity [24]], in Kellner’s Non-
elementary proper forcing [18] or in the Borel conjecture and dual Borel conjecture
[14] by Goldstern et al.

Ord-transitive models are generally not transitive on ordinals, but transi-
tive outside them, in the sense that any element of M that is not an ordinal
is a subset of M. The ordinals in such models often present gaps, and they
can be seen as the image of an increasing function from the natural numbers
to the class of ordinals. For these models, simple concepts like “subset” and
“union” are not absolute anymore. However, although fewer sentences turn
out to be absolute, with some adjustment, it is still possible to define forcing
extensions on ord-transitive models.



8 Introduction

In contrast to the countable transitive models,of which there are contin-
uum manyﬂ the countable ord-transitive models form a class, as ordinals in
such models can be chosen almost arbitrarily. This multitude and variety of
ord-transitive models in itself already constitutes a motivation to study them.
Moreover, forcing over ord-transitive models has the potential to broaden the
investigation of larger notions of forcing: iterations of length > w, could be
approximated, as well as definable forcings Q by means of unions of QMs for
M ord-transitive.

This work is a contribution to the presentation of the forcing technique
over ord-transitive models. It aims to be an accessible introduction to the
method, but also a detailed description of it. We show how to generate these
models, and then modify the construction of forcing extensions, adapting
it to ord-transitive ground models, being cautious not to collapse ordinals.
Furthermore we define forcing iterations and we discuss limits of iterations,
such as ones with almost finite support. Finally we deal with systems of
embeddings between M and the universe V - which can be viewed as the
lines of a matrix iteration - pointing out the difficulties and some limitations.

The thesis is structured as follows:

Chapter[l} We give three ways of producing ord-transitive models. One
technique is to collapse countable elementary submodels of H, EI to
ord-transitive models via the ord-collapsing map. Another method takes
a pair (M, f) consisting of a countable transitive model M and an in-
creasing function f : w — ON and produces an ord-transitive model
substituting the ordinals of M with those of f[w]. The third method
constructs the smallest ord-transitive model containing a given count-
able model: the process is called ord-closure. In this chapter we also
study ord-transitive models from the point of view of absoluteness:
some easy formulas such as “being successor” or “subset” are not abso-
lute for such models, whereas other ones are.

Chapter[2} Forcing extensions over countable ord-transitive models are illus-
trated. We modify the construction of the transitive case with special fo-
cus on the evaluation of names for ordinals, which risk being collapsed
otherwise. We also show the connections between ord-transitive mod-
els, their forcing extensions and their Mostowski collapses.

1See|A.5|for a comment about this fact.
2H, denotes here the set of sets of hereditary cardinality less than A.
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Chapter 3} We define forcing iterations with arbitrary ideals. We examine
complete embeddings, dense embeddings and quotient forcings from
the point of view of ord-transitive models. Natural examples generated
by iterations are given.

Chapter[d} This chapter deals with limits of iterations: we analyze the small-
est possible limit, the biggest one and the full countable support limit,
and describe iterations whose limits are partial countable support lim-
its.

Chapter Given an ord-transitive model M, we consider coherent systems
of M-complete embeddings between a partial CS-iteration PM € M
and an iteration P € V. We show that completeness may fail when
V = |[M| = Yy. On the positive side, we prove that small limits in V,
such as almost finite support limits together with a map called canonical
extension, ensure the M-completeness of the system. This leads to the
construction of an almost finite support iteration P over PM.

Chapter|6} In this chapter we put together the notions of essentially different
functions, independent functions, autonomous sets and independent
sets on w. The existence of such families with size continuum was used
in the previous chapter. Here we present the proofs in detail including
the construction of a custom-tailored triangular tree.






Chapter 1

Ord-transitive models

We begin this chapter with the definition of an ord-transitive model, an ex-
ample of non ord-transitive models (Remark and a first way of ob-
taining ord-transitive models via the ord-transitive collapse (Definition [1.1.5]
and Lemma [1.1.6). We then analyze ord-transitive models from the point of
view of absoluteness (Section[I.2). We will see that some basics constructions
such as union and intersection are not absolute. In Section [1.3| we introduce
a second method for obtaining ord-transitive models: we uncollapse labeled
models. As some simple formulas such as “being successor” are not absolute,
in Section [1.4] we restrict our attention on ord-transitive models which are
also successor-absolute and cof w-absolute. We give properties and examples on
how to obtain such models. The chapter finishes with a third technique for
obtaining ord-transitive models: the ord-closure of an ord-absolute model is
the smallest ord-transitive superset of it (Lemma [1.5.3). The chapter follows
and expand the presentation of [18, Section 1.1].

1.1 Ord-transitive models and ord-transitive collapses

We introduce some notation used in the chapter. ON is the class of ordinals.
f:A— B(f:A»— B)means that f is surjective (injective). For A’ C A then
flA"] == {f(a) : a € A’}. When X is a definable class, say X = {y € V :
¢(y)} for some formula ¢, we mean by XM theset {y € M: M |= ¢(y)}.

Definition 1.1.1. Let M be a countable set such that (M, €) satisfies ZFC*,
a finite fragment of ZFC, which contains at least extensionality, foundation,
pairing, product, union, set difference, empty set, infinity, the existence of w;
and the finitely many conclusions of ZFC that we invoke in this work. Then:

11



12 CHAPTER 1. ORD-TRANSITIVE MODELS

o M is ord-absolute if wM = w, w C M and ON™ C ON (therefore ONM =
M ON).

e M is ord-transitive if it is ord-absolute and if x € M \ ON then x C M.

Remark 1.1.2. That M satisfies the axiom of extensionality means that Vx,y

M(Vz € M((z € x)M + (z € y)M) — (x = y)M). The relativizations €M and

=M are defined as € and =. Hence, whenever we will refer to the axiom on

extensionality in M it will be of the form:
Vy,ye M(Vze M(zex < z€y) > x=1y) (1.1)

It is very easy to run into models that are not ord-transitive. In the next
remark we show that elementary submodels of H, are not ord-transitive.

Definition 1.1.3. Let A be an infinite cardinal. The family of sets of hereditary
cardinality less than A is defined as

Hy := {x:|trcl(x)| < A}
where trcl(x) := x U U{trcl(y) : v € x} is the transitive closure of x.

Remark 1.1.4. If A is big enouglﬂ then any countable elementary submodel
M of H, is not transitive, neither ord-transitive.

Proof. We can define wy in M that is still uncountable in H, and then cannot
be a subset of M. Now take the set A := w; \ w. A € M because it is defined
with parameters in M and it is not an ordinal, because w € A but w SZ A.
Furthermore A ¢ M because A is uncountable. So we have proved that
there is A € M\ ORD such that A ¢ M. (For more detail about countable
elementary submodels of H, please see Section[A.1]of the Appendix). O]

However it is possible to construct ord-transitive models, as we can see

in the next definition and lemma.

Definition 1.1.5. The ord-transitive collapse of a set X is defined by recursion
on (X, €) as the image of the following map:

T: X—>V

X if x € ON;
{t(t):t € xN X} otherwise.

X =

!We need at least a regular A > N;. When a notion of forcing is involved we generally
work with [A| > (2/Ph*
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Lemma 1.1.6. Let M be ord-absolute and let M' := T[M)] be its ord-transitive col-
lapse. Then:

1.
2.

3.

Proof.

x € ONNM <« 7(x) € ON. In particular, M N ON = M’ N ON;
T is an €-isomorphism;

M’ is ord-transitive;

T is the identity if and only if M is ord-transitive;

Let 7t be the transitive collapse functiorE], ie. m: M — Vand n(x) =
{m(t) : t € x "\ M}. Then the following diagram commutes’}

M- M

\é

1. If x € ONNM, by definition T(x) = x is an ordinal. Conversely,
if T(x) € ON and if, by contradiction, x ¢ ON then 7(x) = {7(t) : t €
x N M}. Since every 7(t) is an ordinal, by induction on the rank, every
t € x N M is an ordinal and it follows that T(x) = {t : t € xN M} =
x N M. That x N M is an ordinal implies M |= “x is an ordinal”. Because
M is an ord-absolute model, we conclude that x is an ordinal.

To prove the injectivity, let x,y € M such that x # y. We have three
possibilities to check. Case 1: x,y € ON; then T(x) = x # y = 7(y).
Case 2: x,y ¢ ON. By and without loss of generality, there is a
t € M such that t € x\ y. Hence t(t) € t(x) \ 7(y). Case 3: x € ON
and y ¢ ON. By point[I]of the Lemma, 7(x) € ON and 7(y) ¢ ON, so
T(x) and 7(y) cannot be equal. We just proved the injectivity of 7. The
surjectivity is obvious. To prove the €-homomorphism, it easy to check
that x € y implies 7(x) € 7(y). For the other direction, let x ¢ y. As
before we have different cases. Case 1: x,y € ON is immediate. Case 2:
x,y ¢ ON. If, by contradiction, 7(x) € 7(y) there would beat € yN M
such that 7(¢) = 7(x). By injectivity, t = x and x € y, a contradiction.
Case 3: x € ON,y ¢ ON same a before. Case 4: x ¢ ON,y € ON. By

2 Also called Mostowski collapse function.
3We give the same name 7 for the different collapsing functions 7t : M — V and 7ty :

M’ — V defined as follows: Vx € M mp(x) = {mp(y) : y € xN M} and Vx € M mpp(x) =
{mw(y) :y exnM'}.
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point[l]7(x) ¢ ON and 7(x) ¢ 7(y) because elements of an ordinal have
to be ordinals.

3. Firstly, M’ is ord-absolute; in fact it is easy to see - by definition, by the

previous points and because M is ord-absolute - that w C M’,wM =
wM = w and ONM = ONM C ON. Finally, if 7(x) ¢ ON, then x ¢
ON and 7(x) = {t(t) : t € xN M} C M/, which proves the ord-

transitiveness.

4. By definition, T | ON is the identity map. Now let x € M \ ON. Being
M ord-transitive, x C M and 7(x) = {7(t) : t e xN M} = {t(t) : t €
x} = {t:t € x} = x. The second last equality holds by induction.

5. If x € ON then 7t(t(x)) = 7t(x). If x ¢ ON, then

Il
—
3
N
-
m
=
)
=
Ca
~<
_
=]
Q.
c
o)
=
Q
2

O

|

<

=
SN~—

From the previous lemma it follows that although a countable elementary
submodel N < H(x) is not ord-transitive, its image T[N] is ord-transitive;
and this is a first example for an ord-transitive model. For further information
about countable elementary submodels of the family H(x) of sets herediratily
of cardinality less than x we refer to the Appendix (Section[A.T).

1.2 Absoluteness on ord-transitive models

We present some statements which are absolute between ord-transitive mod-
els and V. We give also some counterexamples.
Let start with the concept of absoluteness for a formula:

Definition 1.2.1. Let L be a language, let A and B be two L-structures, with
domains A and B, such that A C B (one is a substructure of the other). We
say that an L-formula ¢(X) is absolute if

A = ¢[o] if and only if B = ¢[0]
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for every assignment o = {(x1,a1),..., (xy,a,) : a; € A} for ¢ in A. We say
that the formula is upwards absolute if

U= glo] = B = ¢lo]
for every assignment o = {(x1,41),...,(xn, a,) : a; € A} for ¢ in A.

In our case we will study which formulas ¢ are absolute when L = {€},
A = M (an ord-transitive model) and B = V.

In the next (counter)example, the reader will remark that not every simple
formula is absolute.

Example 1.2.2. Let N < H()) be countable, H(x) = ZFC* and M := t[N].
We claim that the formulas x Uy = z, x C z and x Ny = z are not absolute.
M =

For example, let us take x = w; and y = {{1}}. We remark that (w;
T(w1) = wy and T({{1}}) = {{1}}, so both x, y are also in M.

The union in M is such that (x Uz)" € M\ ON and, by ord-transitivity,
(xUy)M C M. It follows that (x Uy)M is countable, while (x Uy)" is not. For
this reason they cannot be equal, concluding that the union is not absolute.
Alternatively, it can be easily proved that, for every x and y (x Uy)M = t(x U
y) while, for x = wy and y = {{1}}, T(xUy) # (x) UV t(y) = x UV .

“Being a subset” is not absolute: it holds M = w; C (x Uy)M, in contrast
toVEw € (xUy)M, forx = wy and y = {{1}}.

Finally, call z := (x Uy)M for x = w; and y = {{1}}. Then we have
M xNz=xbutV = xNz + x, because z is countable.

We give now a list some absolute formulas.
Property 1.2.3. Let M be an ord-transitive model. Then:

1. Finite sets are absolute: for all n € w n = n™; z = {x,y} is absolute; if

x € M and x is finite, then x C M and M = “x is finite”.
2. x € wY is absolute.
3. X1 formulas are absolute.
4. HM(Rg) = H(Xy).

5. M= f:A— Bthen f: ANM — BN M. If additionally M thinks
that f is injective (surjective) then f is injective (surjective with respect
to the new image).
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6. Letx € Mand « € MNON. x € R, is upwards absolute.

7. Letx € Mand « € MNON. If x ¢ ON, then |x| < |a| is upwards
absolute.

8. Let x,y € M. If either x € ON or x NON = @, then y C x is absolute.

Proof. 1. Yn € w(n = nM) is just proved by induction.

Let z := {x,y}. (Such a pair exists in M because M satisfies the pair
axiom and an instance of the comprehension scheme with ¢(t, x,y) :=
t =xVt=1vy). Weshow thatz = {x,y}V.Ifz € MNON thenz = 2M =
2 C M. Ifz € M\ ON then z C M. So in both cases z is a subset of M.
So the property

ViezNM(t=xVt=y)Ax€zANy€Ez

is equivalent to

Viez(t=xVt=y)Ax€zAYy €z

which means z = {x,y}.

If x € M and x is finite, then x C M (it is obvious if x € w and it comes
from ord-transitivity if x € M \ ON). Suppose |x| = 1, by pairing and
union, we can construct in a finite number of steps a function f € M
such that M |= f : n — x. This means that M |= "x is finite”.

2. Letx € Msuchthat M = x € w¥, (or V = x € w?). In both cases
x ¢ ON and x C M, thus x " M = x. We recall also that w € M and
w C M. Then we can say:

xewYeVtexImnew (t={{m},{mn}})
eVte MNx3Imne MNw (t = {{m}, {mn}} M
S MExew”

3. A formula ¢(x) is Z{ iff there is an a € w® such that A = {x € w* :
¢(x)} € Tl(a). We recall that A € X1(a) iff there is a recursive set R
such that forallx € w¥ (x € A < Jy € wVn € wR(x [ n,y [ n,a |
n)). We define now the (two-dimensional sequential) tree T = {(x,y) €
WY x ws? x| = |y|AVn < |x| R(x [ n,y [ n,a [ n)}. For x € w®
we define also the tree T(x) = {y € w=“ : Vn < |y|R(x [ n,y | n)}.
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As aresult, x € A iff T(x) is ill-founded with respect to the “2” relation
(e [T(x)] # @). We can thus write A = {x : T(x) isill founded }.
Suppose now that M is an ord-transitive model such thata, T,A € M.
For x € M we want to show that M = T(x) is ill-founded iff V |= T(x)
is ill-founded. For one direction we have: M = T(x) is ill-founded <
M |= 3f € w¥Vn € wf | n € T(x). Such an f exists also in V and then
V |= T(x) is ill-founded. For the other direction, if M = T(x) is well-
founded, we can construct in M the rank function p : T(x) — ONM
such that Vs, t € T(x)(s D t = p(s) < p(t)). Since T(x) C M (because
T(x) € M\ ON) and ONM C ON, it follows that p : T(x) — ON is also
a rank function in V. Therefore T(x) is well-founded in V.

4. By induction and the fact that M satisfies the pairing axiom and the
union axiom, and by point 1, RQA = R,. So

x € HXy) & In € w(x € Ry)
& 3n € w(x € RN
=X € H(No)M

5. Immediate.

6. We show that R,XM C R, for « € ONNM. If not, let « € ONM be the
smallest ordinal such that RM \ R, # @. For x € RM\ R,, rank™(x) < a.
We call B = rank™ (). We remark that for every y € x N M rank™ (y) <
B < a.Soy € R C Rg by minimality of & and rank(y) < . We
get that rank(x N M) < B < a and therefore xN M € R,. Now, if
x € M\ON, then xN"M = x,s0 x € R,, a contradiction with the
choice of x. If x € MNON, then x = v for some v € ONM. Then
rank™ () < a implies that rank(7y) < a, a contradiction again. For the
last implication we used: ¥y € ONNM rank™(y) = v = rank(y),
where rank™ () = supM{rank™(g) +M1: g € y N M}.

7. Let x ¢ ON, it implies that x C M. Now M |= |x| < |«| is equivalent
to say that there is f € M such that M |= f : x — a is injective. Since
x C M then f has domain x and V |= f : x — « is injective.

8. Ifx,y€c ONthen M Fy Cxiff M=y exiff VIEx cyiff Vi=x Cy.
IfxcONandy ¢ ONtheny C Mand M =y C xiff Vi e MNy,t € x
iffvtey(tex)iff ViEy Cx.IfxNON = @andy € M\ ON thenitis
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like the previous case. f x NON = @andy € MNONthen M =y ¢ x
andV Ey ¢ x. O

1.3 Labeled models

In this section we are going to see an equivalent construction for obtaining
ord-transitive models, the labeled models.

Definition 1.3.1. A labeled model is a pair (M, f) consisting of a transitive,
countable model M of ZFC* and a strictly monotonic function f : MNON —
ON satisfying f(«) = a for a < w.

Definition 1.3.2. Given a labeled model (M, f), we define the uncollapsing
map as

UftM-)V

f(x) if x € ON;
X
{ve(y) 1y € x}  otherwise.

We define the uncollapse of (M, f) as the set v¢[M].

Definition 1.3.3. Given an ord-transitive model N, let 7y : N — V be the
transitive collapse and let 775, | ON : 7[N] NON — ON be the inverse of 7y
restricted to the ordinals. The labeled collapse of N is defined as (7[N], ty' |
ON), which is also called the associated labeled model of N.

Lemma 1.3.4. 1. Let N be and ord-transitive model. Then 7ty is an -isomorphism
and 7t[N N ON] C ON.

2. If N is an ord-transitive model, then (7tn[N], 7ty | ON) is a labeled model
and Vnﬁl [ON[T(N[NH = N;

3. If (M, f) is a labeled model, then v¢[M)] is an ord-transitive model and
(72, () [ve [M]], ﬂ,ffl[M] ON) = (M, f)

Proof. 1. Itis enough to use induction and the fact that € is extensional on
N. (Compare the proof of Lemma III 5.13 in [19]).
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2. Let (M, f) := (nin[N], 7ty | ON). In the following we write 7 instead
of 1y and v instead of Vi 1 JON

We say that (M, f) is a labeled model because M = 7[N] is transitive
and f = 77! : MNON — NNON is well defined and strictly in-
creasing. In fact, let 77(x) € ON we want to prove that x € ON. By
definition, 7t(x) = {7 (t) : t € x N N} and by induction every t € x N N
is an ordinal. Then x N N is well ordered. We have to prove that N |= “x
is transitive”, i.e. to show thatVt e xNN N =+ C «x.

Lett € x NN, then 7t(t) € 7t(x) and since 77(x) € ON, 7(t) C 7t(x). So
from the fact that V7t(s) € 7t(t)[m(s) € mt(t)], we get Vs € tN N(s € x).
We conclude that N = x € ON and by absoluteness x € ON.

f = nY[ONNM] is increasing because if 7t(a) < 77(B) , since 7 is an
€-isomorphism a < B.

We prove now that v[7t[N]] = N. It is enough to remark that

7 (m(x)) = x if x € ON,
) | D) £ 7(y) € ()

={y:n(y) € m(x)} = x otherwise.

3. vf[M] is ord-transitive: pick v¢(x) ¢ N\ ON. Of course x ¢ ON because
otherwise v¢(x) = f(x) € ON. So by definition vf(x) = {vf(y) : y €
x} CN.

In the following we write 7t instead of 7, (M- We prove now that for all
x € M, w(vp(x)) = x. If x ¢ ON, it is clear. If x € ON then 7t(v¢(x)) =
n(f(x)) =A{n(y) 1y € f(x)Nvs[M]} = {n(y) : y € v[M]NON Ay <
f(x)}, since ordinals in v¢[M] are those of f[ON NM], then that is equal
to {7(f(y)) : f(y) < f(x)} ={y : f(y) < f(x)}. Being f is strictly
monotonic we get {y: f(y) < f(x)} ={y:y <x} =x O

The previous lemma showed that to every ord-transitive model N corre-
sponds the associated labeled model (7n[N], 77}, | ON), and vice versa. As
we made out formerly, some simple formulas are not absolute. By means of
labeled models one can see that “being a successor ordinal” is not absolute
for ord-transitive models.
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Example 1.3.5. Let (M, f) alabeled model such that f(w +1) = w + w. In the
corresponding ord-transitive model N we have N |= “w + w is the successor
of w” ,because f(w+1) = (f(w) + )N = (w +1)N

1.4 (Nice) candidates

We are going to restrict our attention to successor-absolute and cof w-absolute
models. The terminology of this section is taken from [14, Section 3]

Definition 1.4.1. Let N be ord-transitive.

e N is successor-absolute if “a is a successor” and “a = B+ 1” are both
absolute between N and V.

* N is cof w-absolute if it is successor-absolute and “cof(a) = w” and “A
is a countable cofinal subset of a” both are absolute between N and V.

Definition 1.4.2. We call N a candidate when N is successor-absolute, we call
it a nice candidate if it is also cof w-absolute. In the last case we also assume
that wy and w» arein N.

In the next chapters we will tacitly often use nice candidates when referring
to ord-transitive models.
We summarize the properties of a candidate:

A set N is a candidate if:

e N is countable;

* (N, €) is a model of ZFC*;

N is ord-absolute : N =« € ON if and only if « € ON, for all « € N;

N is ord-transitive : if x € N \ ON, then x C N;

w+1CN;

* “nisa limit ordinal” and “a =  + 1” are both absolute between N and
V.

A candidate N is nice if in addition:
e N is cof w-absolute;

® wy,wy € N.
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Lemma 1.4.3. Let N be cof w-absolute:
1. Ifx € Nand N |= “x is countable”, then x C N;
2. Ifa € N has countable cofinality, then « N N is cofinal in «;

3. If w; € N, then wi\’ = w;y.

Proof. 1. If x ¢ ON then x C N. Otherwise x € ON and, by contradiction,
we can assume that x is minimal such that x ¢ N and x < w¥'. Because
N satisfies the set difference, 3y € N(N = y = x\ {0}) By cof w-
absoluteness, y is countable and cofinal in x. Since y ¢ ON, then y C N.
Furthermore, and Va € y, & < x and, by minimality of x, ¥ C N. Then
X = Uaey a C N, a contradiction.

2. Leta € N, then:

N = a has countable cofinality =
N | JA C «a: Ais countable and cofinal in « =

V |= A is countable and cofinal in a

where the last implication holds because N is cof w-absolute. Since
A € Nand N = “Ais countable” , by the previous point, A C N. Thus
A CaN N and « N N is cofinal in &« because A is.

3. If w¥ < w; then V |= “w} has countable cofinality”, that implies
N E ”w{\’ has countable cofinality”, a contradiction. If w; < w{\’ then
N = “w; has countable cofinality” that implies V = “w; has count-
able cofinality”, another contradiction. We conclude that it must be
wi\’ = wi. O

There is a criterion that allow us to say when an ord-transitive model is a
candidate. Namely:

Lemma 1.4.4. N is successor-absolute if and only if the associated labeled pair (M, f)
is such that f(a +1) = f(a) + 1 and f(6) is limit for 6 limit.

Proof. Let N be successor-absolute. We remark that f(« +1) = f(a) + 1 iff
n(f(a+1)) = n(f(a) + 1) ( = is obvious, <= holds because 7t is injective).
So
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n(fla+1)) = m(f(a) +1)
a+1=r(fla)Uif(a)})
at+1=A{n(y):ve(fla)U{f(a)})NN}
a+1=r(f(a)) U{rm(f(a))}

a+1=aU{a}

r T e

Let 6 € M be a limit ordinal, we prove that also f(¢) is a limit ordinal.
f(9) is the ordinal B such that 7r(f) = ¢. If B was a successor, it would be
a successor also in N and there would be some & € N such that § = a + 1.
Therefore 6 = 7(B) = m(a) + 1, a contradiction.

Consider now the labeled pair (M, f) with the properties: f(a +1) =
f(a) 4+ 1 and f(6) is limit for ¢ limit. We prove that the associated ord-
transitive model N is successor-absolute. For the upwards absoluteness, let
N |= “Bis a successor and = v + 1”. Since every ordinal in N is in the im-
age of f, there is an « such that f(«) = 7.So N = B = f(a) + 1 and because
f(a+1) = f(e) +1weget N = B = f(a+1). The last equality is true also
inV:VEB=f(a+1)andthenV EB= f(a+1) = f(a)+1=y+1.For
the downwards direction, let § € N and V = “B is a successor”. Then V |=
B = v+ 1. There is some « € M such that = f(«),so V = f(a) = v+ 1.
We have two cases for « : it could be a limit (but then f(«) would also be a
limit, contradiction) or a successor. Let« = &’ +1. Then V |= g = f(a') +1
and N =B = f(a'+1) = f(a’) + 1 hence N |= “B is a successor”. O

We just saw that it is relatively easy to construct a candidate: we pick a
labeled pair (M, f) such that f sends successors in successors and limits in
limits. The question now arises whether we can find or construct not only
candidates, but also nice ones. A positive answer is given in the next exam-

ple.

Example 1.4.5. 1. Ord-collapses of elementary countable submodels of a
given H(x) are cof w-absolute.

2. Ord-collapses of forcing extensions by proper forcing notions are cof w-
absolute.

Proof. Let M = H(x) countable and N := 7[M].

1. We have to show thatfor A € Nand«, € NNON :
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(a)
(b)
()
(d)

(a)

(b)
(c)

(d)

N = “ais successor” < V |= “a is successor”;
NEa=g+leVEa=p+1
N | cof(a) =w < V = cof(a) = w;

N |= A is a countable cofinal subset of « < V |= A is a countable
cofinal subset of «

N = “a is successor” iff N = Jy(a = (y U {y})N). If, by con-
tradiction, V = a < (y+ 1)V V (y+1)Y < aalso H(x)
a < (y+1)VV(y+1)" < a and by elementarity M | a <
(v + 1MV (y + 1)M < a. Because the ordinals in N are the ordi-
nals in M it follows that N =a < v+ 1V ¢+ 1 < a, a contradic-
tion. Now, if V |= “a is successor”, then V |= 3y(a = ¢ +1). By
elementarity we can find sucha yalsoin M. SoM = a = y+1
andalsoN = a =y +1.

Analogous to the previous point, by replacing v with € N.

Observe that since T : M — N is an €-isomorphism we have for
x € M, M |= cof(a) = wiff N = cof(t(a)) = 7(w). Because
T(a) = a and T(w) = w we have the following:

N | cof(a) =w < M = cof(a) = w
= H(x) E cof(a) = w
& V |= cof(a) = w

For the last two implications we used the elementarity N < H(x)
and yx big enough.

Let us remark some useful points:

e A € M is countable iff M |= A is countable. This is true by
elementarity.

e If A € M is countable and A C ON then 7(A) = A. For that,
just use the fact that A C M (Lemma|A.1.9).

e If A€ N,A’ CONand N |= A’is countable, then T~!(A’) =
Al
Proof: For A’ € N there is A € M such that T(A) = A’
If A/ € ON,also A € ONand A = A'.If A’ ¢ ON, then
A ¢ ON and, since ANM C ON: t(A) = {B: B € AnM}.
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Now , by €-isomorphism of T (using only one direction) we
have N |= 7(A) is countable = M = A is countable. By the
previous points, A C M. This implies A’ = 7(A) = A.

Now, let ¢(A, o, w) be the sentence expressing that A is a countable
cofinal subset of a. By €-isomorphism, N = ¢(A,a,w) iff M =
p(t71(A), T (a), 77 (w)). By the previous points, T 1(A) = A
and, since T is the identity on ordinals, we can continue: N =
P(A,a,w)iff M = ¢p(A,a,w)iff H(x) = ¢(A o, w)iff V = ¢p(A, &, w)

2. Let M be a countable transitive model. We recall that if P is proper then
every countable set of ordinals in M[G] is included in a set in M, that is
countable in M (see Property . The proof that T[M[G] ]EI is a nice
candidate is similar to the previous point. We only show that having
a countable cofinality is absolute, i.e. Va € ONM [ cof(ax) = w <

T[M]G]] [ cof(a) = w. We prove the following implications:
M = cof(a) = w < M[G] = cof(a) = w (1.2)
< T[MIG]] [ cof(t(a)) = T(w) (1.3)
< T[MIG]] [ cof(a) = w (1.4)

One direction of [1.2| holds because M C M]G]. The direction <" of
[1.2] holds because if f € M[G] and M[G] = "f : w — a is cofinal”,
then by properness of P there is a set A € M such that M |= A is
countable” and M[G] |= " flw] € AN ANuwis a cofinal subset of a”. So
M |="ANa C wis cofinal in a” and therefore M |= cof(a) = w.

Line [1.3 holds because T is an €-isomorphism. Finally line [1.4]is true
because () = a and T(w) = w. O

Remark 1.4.6. As a non-example we remark that general internal forcing ex-
tensions are not always cof w-absolute: If G is generic for a collapse forcing,
for example fn(wy, w), then M[G] will interpret wM as countable.

41f not clear from the context, the double notation with square brackets is discussed in

B>3
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1.5 The ord-closure

In this section we give a third and last way of producing ord-transitive mod-
els, through the ord-closure operation. We conclude the chapter presenting
some properties of the ord-closure.

Definition 1.5.1. The ord-closure of a set x is empty if x is an ordinal, other-
wise it is defined inductively on the rank:

%) if x € ON,
ordclos(x) :=

xUU{ordclos(y) : y € x}  otherwise.

For every « € ON define hco(a) := {x € R, : |ordclos(x)| < Ng}. The
hereditarily countable ord-closure is defined as hco := |J,con heo(a). We will
also use another layering of hco using the HCON, := {x : |ordclos(x)| <
Npand V7 € trcl(x) NONy < a}, where trcl(x) := x U U{trcl(y) : y € x}.
Let HCON = |, con HCONy, it is easy to see that hco = HCON.

The following example shows that not every set is in hco.

Example 1.5.2. If « > wy, then wy € heo(w), but neither wy U {{1}} nor wy \
{@} are elements of hco ().

The next lemma collect interesting properties about the ord-closure function.
In particular the second point clarify how to obtain an ord-transitive model
by way of the ord-closure.

Lemma 1.53. 1. Ify € x then ordclos(y) C ordclos(x);

2. If M ¢ ON and if M is a countable ord-absolute model, then ordclos(M) is
the smallest ord-transitive superset of M;

3. Aset x is an element of some candidate iff x € hco;

4. All reals and all ordinals are in hco, it follows that hco is a proper class;
5. Ya € ON hco(a) € HCON,

6. A ZFC*-model M is ord-transitive iff ordclos(M) = M;

7. If M is ord-transitive and countable, then M € hco;

8. If M is ord-transitive and x € M, then ordclos(x) = ordclos™ (x) € M;
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9. "x € heo(w)” is upwards absolute for ord-transitive models;
10. 3a € ON such that HCON, ¢ hco(a).

Proof. 1. If x € ONory € ON, itis clear. If y ¢ ON, then x ¢ ON and, by
definition, ordclos(y) C x U J{ordclos(y) : y € x} = ordclos(x).

2. To see the ord-transitivity, let x € ordclos(M) \ ON.If x € M, then x C
ordclos(x) C ordclos(M). If x € ordclos(M) \ M, there is some y € M
such that x € ordclos(y). By induction, x C ordclos(y) C ordclos(M).
We prove now the minimality: let A be an ord-transitive set such that
M C A. We show by induction on the rank that ordclos(M) = MU
U{ordclos(y) : y € M} C A. M C A holds by hypothesis. It remains to
show that Yy € M\ ON ordclos(y) = y U U{ordclos(x) : x € y} C A.
Since A is ord-transitive and y € A\ ON, it follows that y C A. By
induction Vx € y ordclos(x) C A.so ordclos(x) C A.

3. Let x € M for some candidate M. We prove that x € hco. By definition
we have ordclos(x) C ordclos(M) = M, so |ordclos(x)| < Wo. Since
x € WF there is some « such that x € R,. Allin all x € hco(a) C hco.
To prove the converse, let x € hco. By the Downwards Lowenheim-
Skolem theorem (Theorem we can build a countable elemen-
tary submodel N < H(x) such that {x,ordclos(x)} C N. Because
ordclos(x) is countable, by Lemma ordclos(x) C N. The ord-
transitive collapse T(N) is the candidate we are looking for, by Exam-
ple 1. It remains to prove that x € T(N). It is enough to show that
x = 7(x). Clearly, x € ON implies 7(x) = x. If x ¢ ON, it is certainly
countable because x C ordclos(x) C N.

Claim: For every y € ordclos(x) C N we get T(y) = y. Moreover if
y & ON, then y C N. Proof of the claim: Let y € ordclos(x) \ ON, theny C
ordclos(x) € N because ordclos(x) is transitive for non ordinal elements.
By induction on the rank, every z € ordclos(y) has the property t(z) = z.
Sot(y) ={t(z):zeyNN}t={z:zey} =y.

We conclude that t(x) = {t(y) :y € xNN} ={y:y € x} = x.

4. Let f € w®. Then |ordclos(f)| = |f| = w.Forn,m € w we get n,m €
Ry, and {{n},{n,m}} € Ry42. So f C Ryp+s and then f € R43. So
f € heco(w +3) C hco. Therefore any real is in hco. Every ordinal is
in hco because for every a, & € R,41 and ordclos(a) = @, so we get
a € hco(a+1). Since ON C hco, we conclude that hco is a proper class.
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5. For « € ON we show that hco(a) € HCON,. Let x € hco(a). We
have to prove that Vy € trcl(x) NON, v < a. If ¥ € x N ON then
v = rank(y) < rank(x) < a. If v € trcl(y) NON for some y € x, then
we remark that rank(y) < rank(x) and therefore y € hco(B) for some
B < a. By induction hypothesis V1 € trcl(y) ¥ < B < a.

6. It follows directly from point 2.

7. As M is ord-transitive and countable, ordclos(M) = M and | ordclos(M)| <
Ny. Since M € WF, there is some & such that M € R,. So M € hco, C
hco.

8. Let x € M. If x € ON, since M is ord-absolute, then ordclos(x) =
ordclosM(x) = @.If x ¢ ON, because M is ord-transitive, x C M. By
induction on the rank, ordclos(x) = x U J{ordclos(y) : y € x} = x UM
UM{ordclos™(y) : y € x} = ordclos(x)M C ordclos(M) = M.

9. Let M be an ord-transitive model and x € M. By Property R, is
upwards absolute, and by point 8 of the current lemma, ordclos™ (x) =
ordclos(x). Therefore:

M = x € hco(a) = M = x € Ry A ordclos(x)| < N
= V = x € Ry A|ordclos(x)| < N.
= V = x € heo(a).

10. Consider « = B+ 1and x = {B}, then x € HCONg, but x € hco(p +
2) \ hco(B+1). O






Chapter 2
Forcing extensions

In the current chapter we show how to produce forcing extensions over ord-
transitive models. The idea is to emulate the construction of the forcing ex-
tension for transitive models, for which we briefly review the main features
(Section . However, if we repeat verbatim the procedure for ord-transitive
models, a first issue arises: the evaluation of a check name of a given ordinal
can collapse the ordinal itself (Remark [2.5.4). We would then have an exten-
sion of the ground model with new ordinals. This wouldn’t be a good con-
struction, as a an important characteristic of the forcing extension is that the
ordinals in the extension remain the same as the ones in the ground model.
We give a solution to the problem and show that the new construction for
ord-transitive models has good properties (Theorem ). The reader will
also learn the connections between ord-transitive models, their forcing exten-
sions and their transitive collapses (Lemma and Theorem [2.5.5).

2.1 Review of the transitive case

We refer to [19, Chapter VII] for the construction of forcing extensions over
countable transitive models. We recall nevertheless some definitions and
properties useful for the ord-transitive case.

Definition 2.1.1. Let M be a countable transitive model (also shortened c.t.m.)
of a sufficiently large fragment of ZFC. A partial order (P,<p,1p) € Mis a
triple where <p is a binary relation on P which is transitive and reflexive. 1p
is the weakest element: Vp € P (p <p 1p). Moreover we say that g is stronger
than pif g <p p.

We write p || g to say that the conditions p and g are compatible, i.e. 3r € P

29
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such that r < p and r < q. We write p L g to say that the two conditions are
not compatible. A filter G C P is M-generic if it intersects every dense set of
P contained in the ground model M.

A set ¢ is a P-name iff it is a relation and

V(t,p) € ¢ Tisa P-name and p € P.
Given x € M its check name is defined as
X:={(@1p) :y € x}
The evaluation of a P-name ¢ is the set
valg(0) := {valg(t) : 3p € G((7,p) € 0)}

The notions of P-names and check names are absolute for transitive models.
The forcing extension of M is defined as M[G] := {valg(¢) : ¢ € M'}, where
M? is the sets of all P-names in M.

Let ¢(x1,...,x,) be a formula with all free variables shown, let 71,...,T, €
MPand p € P, then p IF ¢(1y,...,7,) iff

VG((G is P-generic over M A p € G) — ¢pMlCl(valg(7y),...,valg(T,))).

In [19] it is shown that the relation |- is equivalent to the statementﬂ [F*
relativized to M and the following theorem is also proved:

Theorem 2.1.2. Let M be a c.t.m. and P a partial order in M. Let ¢(x1,...,x,) be
a formula with all free variables shown; let T4, ..., T, € MP. Then:

e Forallp € P,
pl-g(t,..., ) iff (p - @(tr, ..., )M
e For all G that are P-generic over M,

p(valg(tr),...,valg ()Ml iff Ip € G(p - (1, ..., T0)).

2.2 The ord-transitive case

We deal now with ord-transitive models. We start with general definitions,
then control what is absolute for ord-transitive models and simplify our def-
initions.

1Please look at [19, Ch.VII Def.3.3] for the definition of I-*.
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Definition 2.2.1. Let M be a countable ord-transitive model. Let (P, <p,1p) €
M such that M |= “(P,<p,1p) is a partial order”. A set G is called P-generic
over M if:

e GNPNMisafilteron PN M;

e For every D € M such that M |= “D is a dense subset of P”, the inter-
section G N D N M is not empty.

Since most of the time domains of partial orders are not ordinals (for ex-
ample domains may contain partial functions, or subtrees, hence they aren’t
ordinals), it is acceptable to consider forcing notions (P, <p,1p) € M where
P € M\ ON. In this case some definitions became absolute, as described in
the following lemma.

Lemma 2.2.2. Let M be ord-transitive and let (P,<p,1p) € M such that P €
M \ ON. Then:

1. "Pisa poset”E]is absolute between M and V;

2. If Pis a poset, let D € M\ ON. Then “D is a dense subset of P” is absolute
between M and V.

Proof. For P € M\ ON and D € M \ ON it follows that P C Mand D C M.
We also remark that <pC M, as <pe M\ ON. So we can say that:

1.

M = Pisaposet <M = <p is transitive and reflexive

&Vp,qre PNM

((pg) e<pNMA(q,r) €<pNM) = (p,r) €<pNM

andVp € P(p,p) € <p "M

©Vp.q,r € P((p,q) €<p Ngq,7) €<p— (p,7) €<p)
andVp € P(p,p) €<p

&V |= Pisaposet.

MEDisdenseinP < Vpe PNM3de DNM (d,p) € <pNM
& VpeP3deD(dp) e<p
< V |= Disdensein P O

2From now on we just write P when it is clear that we refer to (P, <p, 1p).
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Then we have the following simplified definition.

Definition 2.2.3. Let M be an ord-transitive model and P € M \ ON be a
poset. We say that a set G C P is P-generic over M iff G is a filter and for every
dense subset D of P, such that D € M, itholds: GND # @.

In the next lemma we also make sure that the notion of antichain is abso-
lute for ord-transitive models. We say that A C P is an antichain if Vp,q €
A(p Lp q). We remark that a maximal antichain of P is dense in P.

Lemma 2.2.4. Let M be a countable ord-transitive model, let P € M\ ON, <p€
M\ONand A € M. IfA C P, then A C M and “A is an antichain of P” is
absolute for M.

Proof. If A C Pand P C M, then A C M. Moreover, M = A is an antichain
in P if and only if

Vae ANM(a € P)and Va,b,e ANMVp € P((p,a) €<p= (p,b) ¢<p)

Since AN M = A, the last sentence is equivalent to V |= “A is an antichain of
P, O

Lemma 2.2.5. With the settings of the previous lemma, if A C P orif A C M then
“A is a maximal antichain of M” is absolute for M.

Proof. By Lemma we just need to show the absoluteness of maximality.
So M |= “Ais maximal” iff Vp € PN M3a € ANM3r € PN M((r,a) €<p
NMA (r,p €<p NM)) Since P, A, <pC M we get that the previous sentence
is equivalentto Vp € Pda € A(p || a),i.e. V = A is a maximal. O

2.3 P-names

We are going to define P-names in M and to show that the definition is abso-
lute.

Definition 2.3.1. By recursion, a P-name ¢ is a relation such that Vy € ¢ 37, p
such that 7 isa P name, p € P and (t,p) = y.

Lemma 2.3.2. If M is ord-transitive, definitions by recursion are well defined in M.
In other words, we can construct in M sets by mean of recursive definitions.
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Proof. M satisfies the axiom of regularity and extensionality, hence we can
apply Theorem IIL5.6 in [19] for R =€. O

Lemma 2.3.3. Let ¢ € M, then M |= “0 is a P-name” iff V |= “0 is a P-name”.

Proof. The fact that ¢ is a P-name (in V or in M) implies that ¢ is not an
ordinal. Hence ¢ € M \ ON and therefore ¢ C M. We also recall that P C M,
as P € M\ ON. Moreover for a, p € M the ordered pair is absolute for M, i.e.

(a,p)M = (a, p). So by induction on the rank we can say:

M= “risaP-name” = VxconNMIaec MIp e PNMx = (a,p)MA
(ais a P- name)M
= Vxe€co3dae M3p € Px=(ap)AaisaP-name

= V |= ¢ is a P-name.

For the other direction if ¢ € V and if V | ¢ is a P-name, then ¢ €
M\ ON, so ¢ C M. Moreover Vx € ¢x € M\ ON and hence x C M.
Therefore for x = (a, p) also a, p € M. By induction on the rank:

V |= disa P-name = Vx € ¢dadp € P x = (a,p) A ais a P-name
=Vxcodac MIpe Px=(ap)A(aisaP-name)M

= M |= ¢ is a P-name. O

2.4 Standard names

We present the notion of a check name constructed in an ord-transitive model.
We also show that check names are not absolute, but they commute with the
Mostowski collapse.

Definition 2.4.1. Let M be ord-transitive and x € M. An ord-transitive check
name in M is defined as

M= LM 1p) :y e xN M}

Remark 2.4.2. e For x € M, we have ¥™ € M. It is indeed a recursive
definition in M.

* If x € M has the property trcl(x) C M, then ¥M = ¥. In particular, this
is true when trcl(x) NON C w U {w}.
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¢ The check name is not absolute. If x € M N ON, it can happen that
x¥M # x. Take for instance the ord-transitive model corresponding to
(M, f) and such that f(w + 1) = 2w + 1. Then (2w + 15M = (w+1)

* However, if 7t is the transitive collapse, then 77(¥M) = (7(x)); as we
show in the following lemma.

Lemma 2.4.3. Let x € M, then the check name commutes with the transitive col-
lapse 7t of M:

In other words the following diagram commutes:

M M
VM [ [V
MM —T—

where M' := rt[M], MM := {¥M :x ¢ M} and M" := {% : x € M'}.

Proof. We define (P, <p/,1p/) := (7t(P), t(<p), (1p). By induction we see
that

(M) = {n(y) : y € ¥M N M}
= {n(y) :y € 2™}
= {(m(@™),1p) : (@™, 1p) € ¥}
= {{(m(a));1p) :a € xN M}
={((m(a));1p) : w(a) € 7(x)}
= (m(x)) O

Lemma 2.4.4. The transitive collapse of M sends P-names into P'-names, it is ac-
tually a bijection T : M — M'P".

Proof. The proof follows from the fact that 77 is an €-isomorphism (Lemma
1.3.4), and two isomorphic structures are elementary equivalent. Hence if
¢ (0, P) is the sentence “o is a Pname” then M = ¢(c, P) iff M’ |= ¢(7rt(0), (P)).
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2.5 Ord-evaluation of names

We are ready now to define the evaluation of names for an ord-transitive
model M, that we will call ord-evaluation. We have to be careful when a P-
name T represents a check name for an ordinal in M, because in that case the
“traditional” evaluation (Definition would collapse the cardinal and
it could happen that for x € MNON valg(¥™) < x. For example, from
the Remark we would have valg/ ((2w + 1)M) = w + 1. Clearly we do
not want that to happen, since we would like that the forcing extension has
the same ordinals as the ground model. The following definition avoids the
problem.

Definition 2.5.1. Let © € M be a P-name and G be P-generic over M. Let
G' := m|G], where 7 is the Mostowski-collapsing function for M. Let f :=
71=1 | ON. The ord-evaluation of T is defined as

{f(valc/(ﬂ(f))) if valg (77(#)) € ON

ordvalg(7) :=
{ordvalg(¢) : dp € G({(0,p) € T)} otherwise.
We are ready now to define the forcing extension of an ord-transitive
model.

Definition 2.5.2. Let M be an ord-transitive model, P € M \ ON a poset and
let G be P-generic over M. The forcing extension of M is defined as

M|G] := {ordvalg(t) : T € M}

Notation 2.5.3. Before we continue, we want to warn the reader about some
notation. Although it should be clear from the context, we want to be sure
there is no misunderstanding in the use of the square brackets. When f :
A — B is a function, the square brackets are used to refer to the image of f
(or to a subset of it): VA" C Af[A'] = {f(a) :a € A’}

When G is M-generic, the square brackets indicate the forcing extension M|[G].

Remark 2.5.4. Let 7 : M — m[M] be the Mostowski collapse function for
M and M" := nt[M]. Letv : (M/, f) — M the uncollapsing function, where
f = ! | ON. Given G generic and G’ := 7[G], we will often implicitly
extend 77 and v to M[G] and M'[G'] in the obvious way:

: M[G] = M'[G]
x—{n(y) :y € xNnM[G]}
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and
v: (MG, f) — M|G]
if x € ON;
@ i x
{v(y) :y € x} otherwise.
The uncollapsing map is well defined as M’ NON = M'[G’] N ON.

The next theorem shows that the ord-evaluation,the evaluation, the tran-
sitive collapse and the uncollapsing map form a commutative diagram.

Theorem 2.5.5. Given M, P and G as in the previous definition, and G' := n[G],
the extension M|G] corresponds uncollapsing the transitive forcing extension of the
transitive collapse of M. Namely:

M[G] = v[M'[G']
where M' := 1t[M] and G' := 7[G)]. In fact, for every t € M’
ordvalg(t) = v(valg (7t(1))).
The following diagram is therefore commutative:

M0 MP T MP

lordvalc lvalc/

M[G] «+— M'[G']

t i (%)

ordvalg k ‘ valg

ordvalg(7)

valg (1(%))

Proof. We show that for every © € M? ordvalg(t) = v(valg (7(1))).
If valg/ (7t(7)) € ON, then the theorem follows from the definition of ordval.
If valg/(7t(7)) ¢ ON, then by definition of ordval, by induction on the rank
of T and by definition of the maps 7 and v we get:
ordvalg(t) = {ordvalg(¢) : Ip € G((0,p) € T)}
= {v(valg (n(0))) : 3p € G((n(0), 7(p)) € 7(7))}
= {v(valg/(¢)) : 39 € G'({Z,q) € 7(1))}
= {v(valg/(¢)) : valg/(¢) € vale (7(%))}
= v(valg(7(1))). O
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The construction of M[G]| that we have seen so far is what we are looking
for, as the next theorem points out.

Theorem 2.5.6. Let M be an ord-transitive model, P € M a partial order and let
G C P be M-generic. The “ord-forcing” extension M[G] satisfies the following
properties:

1. M C M[G];
2. MNON = M[G] NON;
3. M|G] is ord-transitive;
4. M|G] end-extends M, i.e. Vx € MYy € M[G| (y € x -y € M),
5. Forall P-names t € M
M|G] = ¢(ordvalg (7)) iff for some p € G M |= p IF* ¢(7).

6. Let N be an ord-transitive model such that M C N, G € N and MNON =
N NON. Then M[G] C N.

Proof. We strongly employ the equivalent definition of M[G] given by Lemma
Commutativity of check names with transitive collapses is also used
(Lemma2.4.3)

1. Let x € M. Then
ordvalg (¥M) = v(valg (r(¥M)))
= v(valg (7t(x)))
= v(m(x))

Therefore x = ordvalg(¥M) € M|[G].

M[G]NON = f[M'[G'] N ON]
= f[M' NON]
= ' [M' N ON]
= MNON
The last equality holds, because 77 is an €-isomorphism between M and

M’ (Lemma 1)), therefore Va € M(M = a is an ordinal & M’ =
7t(a) is an ordinal).
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3. M]|G] is ord-transitive because it is the image of an uncollapsing mapE]

(Lemma 3)).

4. Letx € Mand y € x N M[G]. We prove thaty € M. If x € M\ ON, it is
clear since x C M.
If x € MNON, then in particular y is an ordinal because it is an element
of the ordinal x. Soy € M[G]NON = M NON, by point[2] We conclude
that M[G] is an end-extension of M.

5. We observe that 7t : M — M’ can be extended to 77 : M[G] — M'[G'] in
the following way: for x € M[G| 7(x) = {7 (y) : y € x N M[G]|}. By the
same way of Lemma it can be proved that 77 is an €-isomorphism
between M[G| and M'[G’]. Moreover, by induction of the rank, by the
definitions of 77 and v and by Theorem [2.5.5]

nt(ordvalg (1)) = m(v(valg/(7(1)))) = valg (7(7))
We are now ready to prove equivalences below.

M[G] = ¢(ordvalg (1)) &M'[G'] = ¢(r(ordvalg(t)))

because 7T is an € -isomorphism
SM[C] | p(valg (n(1)))

because 7t(ordvalg (7)) = valg (71(7))
&M =g - ¢(n(t)) for some g € G

by the Forcing theorem for c.t.m.
oM E n(p) IF ¢(n(t)) for some p € G
SME plF ¢(T) forsome p € G

because 77 is an € -isomorphism

6. Forany t € MP, t € N. Since G € N and 7;;' | ON = 715, | ON (this
comes from M N ON = N N ON) we see, by induction on the rank, that:

ordvalg () = (ordvalg(?))N € N. O

31t is actually the extended uncollapsing map, as we pointed out in the Remark



Chapter 3
Forcing iterations

This chapter consists of three sections. In the first section we present the no-
tion of forcing iteration on a family of ideals. The second section investigates
complete and dense embeddings from the point of view of ord-transitive
models. Examples of natural embeddings generated by iterations are also
given. Moreover we will observe that substituting partial functions with
complete functions produces a forcing-equivalent definition of iteration. The
last section deals with quotient forcings: we give definitions and properties
useful for the next chapters.

3.1 Definition of a forcing iteration

Our definition of forcing iteration is inspired by [14, Section 3]. We distin-
guish between iterations with final limit and iteration without final limit. We
recall some notation: when p is a partial function, p [ a designates the se-
quence (p(B) : B € a) and the support relatively to « is the set {f € «a :
p(B) is defined and p(B) # 1g,}. We say that I C P(a) is an ideal on  if the
following conditions are satisfied: @ € I, « ¢ I, (Vx,y € I - xUy € I) and
VxeIANVy Ca(yCx —yel).

Definition 3.1.1. LetZ = (I, : « < ¢€) be a family of ideals such that:

e Vo < eI, CP(a)isanideal on w + 1 containing all the finite subsets of

&;
e Va<B<elgNP(a)=Ip

A forcing iteration on 7 of length e without (or with) final limit is an object of
the form:

39
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({((Pa, <p,1p) & <€), ((Qu g 1g,) & < €)),

(respectively, of the form:

(P, <p 1p,) s & <€), ((Qu S 10,) : & < €))),

which satisfy the following conditions

Each (P, <p,,1p,) is a partial order;
Each (Qu, <q,,1q,) is a Py-name for a partial order;

For « limit P, = {p C & x J,<,dom(Qy) : p is a partial function with
dom(p) C a and VB € dom(p) p(B) € dom(Qp) and supp(p) € L. };

pEPuiff placPyApla) € dom(Qu) Ap [ alkp, pa) € Qu
Forany p € Pg, foralla < fwehavep [ a € Py;
Foralla < B, Py C Pg;
Forall g € dom(p) p | B IFp, p(B) € Qp;
Given a condition r € Pg and a < , we define
rtﬁ"t(a) _ {r(zx) a € dom(r),
lg, « € B\dom(r)
When it is clear from the context we omit f and write ™.

For all p,q € Py, we say that q is stronger than p (and write g <p, p) if
Va < B g lalbe 4°(a) <q, p*(a);

Py :={D};

Forall B, 1p, := (1g, 1 & < B);

Foralla < B, forall p € Py, it q <p, p | a, then
qAp=qUp I [ap) € Pp.

We call P a finite support iteration if P is a forcing iteration on the family
(=¥ : & < €). The iteration P is a countable support iteration if it is an
iteration on the ideals (a=“ : a < €).

The indices of P in the next points have to be considered < ¢ for the iterations without

final limit and < € otherwise. The indices of Q are always considered < e.
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From the definition it is immediate to see that:

Property 3.1.2. 1. For all §, the empty set is an element of Pg;

2. Forall B, forall p,q € Pgifq <p, p,thenVa < B (g [a <p, p [ a);

3. Foralla < B, given p € Pgand g € P, such that g <p, p [ «, then

qAp <pqand g Ap <p; p;
4. Foralla < B, forallp,ge Pg(pla Lpgla—pLpq);
5. Va < BVp,q € Pg
supp(p) Nsupp(q) Ca — (pla Lp gl a < p Lp q).

Proof. 1. @ € Pg follows from @ € Py and Py C Pg.

2. Letq <p, p. By definition,

Yy <BalrlFe, 4°() <g, P (7). (3.1)

Now leta < p. Fory <a(q[a) [y =q 7 (P a)(7) = p(7)
and (p** [ a)(7y) = p** (). Therefore from ({3.1) we can say that

Vy <a(gla)ylke, (6° 1 2)(7) <o, (P T a)(7),

henceqg [ a <p p | a.

3. We show that g A p extends both g and p. Given vy < Bif ¥ < «, then
by hypothesis (9 A p) Ty = ¢ 7 IFe, 4°'(7) <, (1) A4 (7) <q,
g (7). If v = a, then (9 A p)(7) = p(7). Therefore (9 A p) [ 7 IFp,
(@A p)(r) <o, p(r) and also (g A p) T v IFe, (9/P)(7) <,
7 () = 1g,-

4. If p [|p, q then a common extension r would generate the extension r [ a
commontop [ xand g | a.

5. One direction has already been proved in the previous point. For the
other direction, let supp(p) Nsupp(g) C a« and assume p [ « ||p, q | «
Lets € P, be a common extension. Define r € P/; coordinate-wise:

s(y) 7 € supp(p) Nsupp(q)
') = p(v) 7 € supp(p) \ supp(q)
q(v) 7 € supp(q) \ supp(p)

lo, 7€ B\ (supp(p) Usupp(q)).

By induction on the length, r is a common extension of p and g. O
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The requirement that the supports of the conditions stay in an ideal well
defines the limit steps of the iteration and is essential to preserve the x-(anti)chain
condition in a finite support iterated forcing, for any regular x > w (see for
example [19, Lemma VIII 5.12]).

3.2 Complete embeddings

We show that our definition of forcing iteration produces, as expected, an
increasing chain of completely embedded posets (Lemma [3.2.6). We also ob-
serve that in the definition of forcing iteration it does not matter if we con-
sider only total functions on the a’s instead of partial functions (Lemma 3.2.7]
and Lemma [3.2.8). We begin therefore with the definition of a complete em-
bedding and discuss two equivalent forms (Definition[3.2.1|and Lemma[3.2.2).
The said definitions can be seen inside an ord-transitive model under certain
assumptions (Remark [3.2.3). We also present the version for ord-transitive
models of two consequences of a complete embedding in forcing extensions
(Lemma and Lemma 3.2.5).

Definition 3.2.1. Given two forcing notions (P, <p,1p) and (Q, <g,1g), we
say that i : P — Q is a complete embedding if the following conditions are
satisfied:

a) Vp,q € P(q <pp—i(q) <qi(p));
b) Vp,g € P(q Lpp < ilq) Loi(p));
¢) If A is a maximal antichain in P then i[A] is a maximal antichain in Q.

If i is the identity map, we say that P is a complete subforcing of Q and write
P Cc Q. If moreover i[P] is dense in Q we call i a dense embedding.

We say that P and Q are forcing equivalent if there is a dense embedding i :
P— Q.

When we check the completeness of an embedding we can also examine the
equivalent properties:

Lemma 3.2.2. Let (P, <p,1p) and (Q, <q,1q) be two partial orders. Let i : P —
Q be a relation which satisfies the first two points of Definition Then the
following points are equivalent:

d) If A is a maximal antichain in P then i[A] is a maximal antichain in Q;
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d) ¥Yqe Q3p e PYp e P(i(p) Log—p Lpp');

d”) Vg e Q3p' e P¥p e P(p <p p’' — i(p) |lg q)- We call p" a reduction of q
to P.

Proof. d) = d’): Fixq € Q. Define B, := {p € P : i(p) Lg q}. Consider an
antichain A maximal for B, (i.e. A C B;and Vp € Byda € A(a ||p p)).
Then i[A] is not maximal in P, as Va € A i(a) Lo q. Therefore, by
hypothesis, A is not maximal in P and there is p’ € P such that Va €
A(p" Lp a). By the maximality of A in B, it follows Vp € P(i(p) Lg
q—=pLrp)

d’) = d”): The proof just follows from the following implications:

Vge Q3p' e PVp e P(i(p) Log—pLpp) =
Vg € Q3p’ € PVp € P( log—p£rp) =
Vge Q3p e PVpe P(p<pp —i(p) loq)

i(p)
i(p)

d”) = d): Let A be a maximal antichain in P. If by contradiction i[A] is not
maximal, then thereisa g € Q such thatVa € A i(a) Lg q. By hypothe-
sis, there is a reduction p’ of g, therefore Vp € P(i(p) Lo g — p £p P').
It follows in particular that Vp € Al := {p € P : Ja € Ap <p a}
p £p p'. This means that A is not maximal, a contradiction. O

Remark 3.2.3. Given an ord-transitive model M and i, P,Q € M \ ON, the
notion of complete embedding is absolute for M. Furthermore, Lemma [3.2.2]
is provable in M if all the B, are definable in M (an instance of the compre-
hension scheme is needed) and if a maximal antichain A C B, can be found
(AC needed). The notion of antichain is absolute for M if A € M \ ON.

Complete embeddings admit backwards-genericity and they generate in-
creasing extensions of ord-transitive models. The next lemma states it more

precisely:

Lemma 3.2.4. Let M be a countable ord-transitive model, let i, P,Q € M\ ON
such that i : P — Q is a (complete embedding)M. If H is Q-generic over M, then
i~Y(H) is P-generic over M and M[i~*(H)] € M[H]. Moreover, if i is a dense
embedding then M[i~1(H)] = M[H].
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Proof. We refer to [19, Theorem VII 7.5] for the proof, for which we just make
some comments. We need to ensure that the version for transitive models
works also for ord-transitive models. For the genericity of i~ (H) [19, Lemma
VII 7.4] is applied. In our case we have to require that for any p,q € P the set

D:={reP:rlppVrlpqgV(r<ppAr<pq)}

belongs to M. Therefore M has to satisfy an instance of the comprehension
scheme for the formula ¢(r, P, <p,p,q) := Vs € P((s,r) €<p— (s,p) ¢<p
)V Vs € P((s,r) €<p— (s,q9) ¢<p) V ((r,p) €<p A(r,q) €<p). But this is
easily solved because the ord-transitive models we work with satisfy enough
axioms of ZFC (see Definition [1.1.1).

To show that M[i~'(H)] € M[H], we remark that i € M C M[H] and
H € MIH]. It follows that i~ (H) € M[H]. Thus M[i~'(H)] € M[H] by min-
imality of M[i~!(H)] (see Theorem point @) If i is a dense embedding
we proceed analogously (see also [19, Theorem VII 7.11]). O

A turther property of complete embeddings for (ord-)transitive models is
that we can force with the “bigger” poset the same sentences forced by the
“smaller” poset:

Lemma 3.2.5. Let M be an ord-transitive model. Let P,Q,i € M \ ON and let
i: P — Q bea complete embedding. Define i, (1) := {(i.(¢),i(p)) : (0,p) € T}.
If ¢(x1, ..., x,) is absolute for ord-transitive models then

p ”—p (P(”L"l, NN ,’fn) lfjcl(p) ”—Q (P(l'*(’i'l), ceey l*(Tn))
fort,...,t € MP. Ifiis a dense embedding the previous equivalence holds for any

formula ¢.

Proof. The proof is analogue to the one of [19, Theorem VII 7.13], which is
done for countable transitive models. According to Theorem the forcing
relation for countable ord-transitive models enjoys the same properties as the

forcing relation for countable transitive models. O

Our definition of forcing iteration represent a concrete example of complete
subforcings:

Lemma 3.2.6. Let P be a forcing iteration of length €. For a < B < € (or for
a < B < € if the iteration has a final limit) we define:

iaﬁipa—)Pﬁ
prrp
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Then i, is a complete embedding and therefore P, Cc Pg.

Proof. 1t is clear that p <p, q — ix(p) <p; ix(q). We consider now p Lp, q.
If, by contradiction, iws(p) [|p, iap(q), then Ir € Pgr <p, p Ar <p, g. This
impliesr [ &« <p, p A7 [ &« <p, q, a contradiction. Let p € Pg, thenp [ aisa
reduction to Py: forany r <p, p [« wehaver ||p, pasr A p € Ppisacommon
extension. O

In the definition of iterated forcing we could have chosen total functions
instead of partial functions to define the conditions. In fact, the two versions
are forcing-equivalent, i.e. one can be densely embedded into the other, as we
show in the next lemma. Therefore, according to Lemma they produce
the same forcing extension.

Lemma 3.2.7. Let P be a forcing iteration of length €. For & < € (or for & < € if the
iteration has a final limit), let Pt := {p'°t : p € P,}. We define

tot, : P, — Pt
P pi
Then the set P,*" := toty[Py] is a partial order with 1pe = 1p, and with the
relation q <pwt p defined as Vy < a p | v IFpee p(7) <q, q(7). Moreover
toty : Py — P!t is a dense embedding.

Proof. 1t is clear that (P, 1pwt, <puwt) is a partial order. We prove that tot, :
P, — P!°is a dense embedding. The weakest element is preserved: tot,(1p, )
= 1p, = 1pwt. Itis also clear that p <p, g — toty(p) <pw: tots(q). We consider
now p Lp, g. If, by contradiction, 3r € Pi°'(r <put toty(p) AT <pit toty(q)),
then 3A C asuchthatr | A € Pyand Vy € a\ A r(y) = 1o, Then
r| A<p pAr| A <p g,acontradiction. Finally tot,[P,] is dense in P!
let p € P!, then, by definition, there is an A C a such that p | A € P, and
Vy € a\ A p(y) =1g,. Then tot,(p [ A) <pwt p. O

Analogously to Lemma we show that for all « < f the poset P! is
completely embedded in Pg*.

Lemma 3.2.8. Let P be a forcing iteration of length €. For & < B < € (or for
a < B <€) define:

i ; pIot — plot

p—p(lg ta<y<B)
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Then z;"ﬁt is a complete embedding and satisfies the properties of [19, Lemma VII
5.11].

I
Moreover for g <pwt p, by induction on the length 47 (1o, & <y < ) < P

Proof. First of all we remark that i{% (1pwet) = 1pt™(1g :a <y < ) =1 pyt-

p~(lg, : @ < v < B). Consider now g Lpwt p. We show that i (q) Lpgr
iys(p). If not, an element r € P such that r <ppr ing (P) N7 <ppt g (7)
generates a common extension of p and q: 7 [ & <pw i;5(q)q A7 | & <puot p.
Letq € P Then q | a is a reduction of 4 to P;*". In fact, for any p <pw: q | &
we have iz (p) || prr g because p A g extends in Py both iy (p) and g. O

The last two lemmata just ensured that it does not make any difference if
in Definition we take partial functions or total functions. Both choices
are forcing-equivalent and when we take total functions, the definition coin-
cides with the one presented in [19]. We can therefore use all the properties
listed in [19, Definitions VII 5.8-5.10 and Lemma VII 5.11)].

3.3 Quotient forcing

We present in this section three properties related to quotient forcings gener-

ated by complete embeddings. Properties (3.3.3} 3.3.6/and [3.3.7| correspond to
Exercises D3, D4, D5 of [19, Chapter VII], which are proposed for countable
transitive models. We decided to keep the notation for countable transitive

models in these proofs, knowing that the properties work also for countable
ord-transitive models M. Namely, for ord-transitive models we just need to
translate all the occurrences of check names ¥ to ord-transitive check names
¥M, consider ord-evaluations of names and interpret the forcing relation in-
side the ord-transitive model. From these properties it will be clear that ex-
tending a model by Pj is equivalent to extend via P, and then via the quotient

P’B/Hpé.

Definition 3.3.1. Let P be a forcing iteration of length e (with or without final
limit) . For &« < B < € (or for « < B < e if the iteration has a final limit) let
H, C P, be generic and let define the quotient of Pg over Hy as follows:

Pﬁ/H,X = {pEPg:pfﬂéGHa}

with order <p,/py,=<p, N(Pg/Hx X Pg/H,) and weakest element 1p, /5y, :=

1p,.
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Lemma 3.3.2. In the settings of the previous definition, for & < B let iy : Py — Ppg
be the identity embedding defined in Lemma Let X := {q € Pg : Vp €

Ho q |1p, iep(p)}. Then:
X = Ps/H.

Proof. Let g € X. Then Vp € H, q ||p, p (by definition iys(p) = p). In
particular Vp € Hy q | a [|p, p- Consider a maximal antichain Agp, 2 {q [ a}.
Then H, N Agjq # @. Letr € Hy N Ay, thenr [|p, g [ @ and hencer = q [ &
because both r and g | a are elements of the antichain A;j,. Hence g [ & € H,.
This concludes the proof that g € Pg/ H,.

Let now q € Pg/H,. Thengq [ « € H,. Hence Vp € Hy q [ « ||p, p. For a fixed
p € Hy letr € P, extend both g [ « and p. Then r A q € Pg extends in Pg both
q and p. We have proved that Vp € Hy, q ||p; p. O

Property 3.3.3. Let M be a countable (ord-)transitive model. Let P,Q,i €
M\ ON and leti: P — Q be a complete embedding. For any generic G C P
define Q/G:={g€ Q:Vp € G(q || i(p))}. Then p is a reduction of g to P iff
plFd € Q/T, where T is the name for the generic filter.

Proof. From left to right: we suppose that p ¥ § € Q/T. Then there is a
r < psuch thatr I- § ¢ Q/T. Let G be generic such that r € G. Then
MIG] = 3g € Gi(g) Lg g. In particular for s <p p such thats <p gAs <pr
we have i(s) Lo ¢. This contradicts the definition of p being a reduction of g
to P.

From right to left: p I~ § € Q/T implies Vp' <p p(p’ IF § € Q/T). We
fix p” <p p and a G generic such that p’ € G. Then M[G]| = q € Q/G, i.e.
MIG] = Vg € Gi(g) |lo g- In particular this must be true for p": i(p") ||g g
Therefore p is a reduction of g to P. O]

Lemma 3.3.4. With the settings of the previous property, let D C Q be dense in Q.
Then the set Rp := {r € P : 3s € D Vr' < r(i(r') ||o s)} of all reductions of
elements of D is open and dense in P. Moreover if Dy is a set dense under ¢ (i.e.
Vq' < q3d € Dy d < q'), then Rp, is open dense under p, where p is a reduction of
qtoP.

Proof. We just prove the second part of the lemma, because the first corre-
spondsto p = 1pand g = 1. Let g € Q, let p € P be a reduction of g and let
D; C Q be dense under g. We prove that

Rp, :={reP:3sc DV <pr(i(r') g s)}
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is open dense under p.

From the definition, it is clear that Rp, is open. We prove that Rp, is predense
under p. Let p’ <p p. Then i(p’) ||o g because p is a reduction of g. Thus
there is s € Q such thats <g i(p’) As <g g. Since D, is dense under g, this
implies that 3d € D, with d <g s. Consider a reduction p; € RDq of d. The
reduction has the property i(p4) ||q d and therefore also i(p4) ||g i(p'). This
implies py ||p p'. The set Rp, is therefore predense under p. To conclude the
proof, we just remark that an open predense set is (open) dense. O

Lemma 3.3.5. Let G, H C P be generic. If Vh € HVg € G(h ||p g), then H = G.

Proof. If by contradiction H # G, w.l.o.g. there is ¢ € G\ H. Fix a maximal
antichain Ay O {g}, then A, N H # @. For any h € Ay N H, by hypothesis,
we have 1 ||p g. This is a contradiction with A, being an antichain. O

Property 3.3.6. Let M be a countable (ord-)transitive model. Let P,Q,i €
M\ ON and leti : P — Q be a complete embedding. Let G be P-generic
over M. Let K be Q/G generic over M[G]. Then K is Q-generic over M and
M[K]o = M[G][K]g,c, where M[K]g = {1k : T € M?} and M[G][K]g,c =
{tx : T € M[G]¥/C};

Proof. 1Tt is clear that K is a filter also in Q. We show that K is Q-generic over
M. Let D € M, such that D C Q is dense in Q. We show that D N Q/G is
dense in Q/G which will imply that D NK # @. Let g0 € Q/G. Then these
isa po € G such that pg IF go € Q/T. po is therefore also a reduction of go.
Moreover D | qo := {d € D : d < qo} is dense under qo. By the previous
point, Rpjg, == {p € P:3d € D | qo p Ik d € Q/T} is open dense under
po. Hence po IF 3d € D,d < qgoNd € Q/T, this means that D N Q/G is
dense in Q/G. To show that M[K]o = M[G][K]g,¢, consider that M[K] is
the smallest transitive model containing K as an element and M as a subset.
Therefore M[K]o € M[G][K]g/c-

For the other inclusion, consider the generic i "![K] C P. By hypothesis
Vk € KVg € G i(g) ||g k. Hence Vg’ € i }[K]Vg € G(¢' ||g &)- By Lemma

i-1[K] = G. 0

Property 3.3.7. Let M be a countable (ord-)transitive model. Let P, Q,i € M
and leti : P — Q be a complete embedding. Let H be Q-generic over M
and let G := i"'(H). Then H C Q/G, H is Q/G-generic over M[G], and
M[H]q = MI[G][H]g/c
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Proof. We show that H C Q/G. In fact, Vp € G = i }(H) i(p) € H. Hence
Vh € HVp € Gi(p) ||q h because H is a filter. We prove now that H is Q/G-
generic over M[G]. Let D € M[G]| suchthatD C Q/Gisdensein Q/G. There
is a P-name 7 such that 7 = D and there is py € G such that po IF 7 C Q/T
is dense in Q/T.

Claim 3.3.7.1.

Do:={g€Q:3peP3neQ(plqet)Ng=<qi(p) Nq<gqu}
is dense below i(py).

Proof of the claim. Proof of the claim: Let r <g i(pg). Then we can chose a
reduction p, € P of r such that p, <p po. (p is a reduction of r if Vp' <p
p i(p') |lg r. Because r <q i(po), then Vp' <p p i(p’) |q i(po). Hence
Vp' < pp' || po- In particular, p ||p po. Take p, such that p, <p p A p, < po.
Then p, is still a reduction of r). Thus p, I r € Q/T' A Tis dense in Q/T". This
implies p, I 3d € Td <g r, which implies 3d € Q(d <gr Ap,I-d € T). For
that d it also holds p, IF d || i(p,), by definition of Q/G since p, IF i(p,) € H
and d € Q/T. Thus a g € Q extending both i(p,) and d also extends r and
belongs to Dy. O

We show that D N H # @. We know that i(pg) € H and Dy is dense under
i(po). This implies that 39 € Dy N H. By definition of Dy, dp € P3gq; €
Qq<pilp)Nqg <o qAplFq € 1. Being H a filter, i(p) and g; are both
elements of H. This implies that p € G and q; € D N H. We have therefore
proved that H is Q/G-generic over M[G].

Now MIG][H]| € M[H] comes from the fact that i, H € M[H]| (and there-
fore G = i~![H] € M[H]). M[H] C M]|G]|[H] is due to the minimality of
MI[H]. O






Chapter 4
Limits of iterations

Given a forcing iteration without final limit, we examine suitable limits: the
direct, the inverse and full countable support limits. We analyze also partial
countable support limits and look at partial countable support iterations. We
will see that preservation properties impose constraints on the choice of the

limits.

4.1 Direct, inverse and full countable support limits

For a forcing iteration of length € without final limit, we want to define a limit
P for P. We are going to describe the smallest possible limit as well as the
biggest one and the full countable support limit.

Definition 4.1.1. Let Pbea forcing iteration of length € without final limit, as
in Definition We define three limits of P:

a) The direct limit:
P = P..

a<€e

b) The inverse limit:

Pli={pCex U dom Q, :p is a partial function A
a<€e

Vo <e(placPAp(a) cdomQy,)}

¢) The full countable support limit (full CS-limit):

pes . Pi if cof(e) = w;
P? if cof(e) > w.

51
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Property 4.1.2. 1. The direct limit P? is the smallest possible limit of the
iteration.

2. The inverse limit P! is the largest one.

Proof. 1. If P. is another limit, by definition of forcing iteration, Va < €
P, C P.. Hence P = |, Py C P

2. If P. is another limit of the iteration, then any p € P, by definition of
forcing iteration, satisfies dom(p) C eand p [ « € P, Va < €. Hence
p € P O

Example 4.1.3. Limits in a finite support iteration P of length € are direct
limits. In fact, let B < € be a limit ordinal and let p € Pg. Then | supp(p)| < w
and there is an ordinal @ < B such that supp(p) C a. So we can consider
p € P,. This shows that Ps = U, Pa-

Remark 4.1.4. Let P be a forcing iteration of length €. If a condition belongs to
a direct limit Pg for some B < ¢, then its support may be infinite. For example,
if P}, is the inverse limit (and admits conditions with infinite support) and
P?., is the direct limit, a condition p € P%,, can come from P! and can
have infinite support.

Example 4.1.5. Let P be a countable support iteration of length €. Then for
every limit ordinal B < € we have P = Pﬁcs‘ This is showed by induction: let
for all limits & < B be P, = PS5

If cof(B) = w, we just need to show that PﬁCS = Pé C Pg, as Pg C Pé is clear.
Let p € P;, we show that | supp(p)| < w. Let A be a countable cofinal subset

of B, then:
|supp(p)| < ) [supp(p [ a)| < |A] w=w

xcA
asp=Upcap laandp [ a € P,.
If cof(B) > w then any condition p € Pg has its support entirely contained in
some a < B. Therefore p € P,. Hence Pg C Uyp Pu = Pg = PﬁCS.
Generalizing, we can also define the x-support limit:
Definition 4.1.6. Let Pbea forcing iteration of length €. Let k < e be aregular
infinite cardinal. The full x-support limit is:

Pé if cof(e) < «;

PKS .
€
P¢ if cof(e) > k.
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Analogously to Example a forcing iteration of length € > x on the
family Z = (a=F : a < €) is a forcing where all the limits are full x-support
limits.

4.2 Cardinalities of limits

The next lemma collects some facts about the cardinality of the direct limit,
the cardinality of the indirect limit and their relation.

Lemma 4.2.1. Let P be a forcing iteration of length € without final limit. Then
1. If Vo < € Py I |RO(Qy)| > 1, then P? C P.;
2. |PZ| = sup,_. |Pal;
3. IfYa < € Py IF |RO(Qy)| > 1, then |e| < |P4|;
4. |Pi| < |PY|lel < |pd|IFél = 2IP¢,
Here with RO(Q) we denote the Boolean algebra generated by Q.

Proof. 1. A condition p : € — Uy domQ,, such that Va < e P, |-
p(a) #ro(Q,) 1g,, belongs to Pi\ P4,

2. By definition, P4 = (J . Py-

3. For every &« < € we can find a condition p* € P,;; \ Py by choosing
p*(a) € dom(Qq41) such that Py I+ p*(a) #ro(p,) 14,- The set {p* :
a# < €} C P? has cardinality € and contains conditions pairwise not
forcing-equivalent.

4. This follows from the third point and the fact that to every condition
p € Pl we can associate the relative function:

pie— P

a<€e

x—pla. O]
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4.3 Partial CS-limit

In the settings of Definition[4.1.1|let us consider as a limit for the forcing itera-
tion a subset of the full CS-limit. This will define the so called partial CS-limit.
We show that despite the terminology a partial or full CS-limit does not con-
tain necessarily all conditions with countable support (Example[4.3.3). More-
over a partial CS-limits can contain conditions with uncountable supports

(Example 4.3.4).

Definition 4.3.1. Given an iteration P of length € without final limit we say
that Pe is a partial CS-limit of the iteration if:

P. C PeCS and (Py, Qq : « < €) is a forcing iteration with final limit.
Notation: for p < € P | B:= (Py, Qu : a0 < B).
Example 4.3.2. P4 and P! are both partial CS-limits.

We show in the next example that the size of supports in a CS-limit is
not part of the definition: a CS-limit doesn’t contain every condition with
countable support.

Example 4.3.3. Let P be an iteration of length w + w with final limit such
that P, = Uyew Po and Pyyw = PSS, ie. Poyw = P

o wr 41w In this case P

behaves like a finite support iteration until P,. For n € w the conditions in
P+ have finite supports as well, while in P, there are conditions with
infinite supports. Therefore P is not a countable support iteration neither a
finite support iteration. We remark moreover that any p € (P | w)/, with
supp(p) unbounded in w is not an element of Py, .

From the last example we saw that not every countable subset of € is the
support of a condition in P$°. Conversely, given an iteration P of length ¢, it
does not follow that all the conditions in PSS have countable supports: their
support can be even bigger, as in the next example.

Example 4.3.4. Lete > w; and let P be an iteration of length € with final limit
such that P, = PeCs and such that for some w; < & < €:

Vy < aP, IF |[RO(Q,)| > 1and
Vy < a(vy limit ordinal — P, = Piy)

Then there is a p € P, with supp(p) = a. It follows that PS> doesn’t
contain only conditions with countable supports.
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4.4 Partial CS-iterations

In the previous paragraph we saw that a partial CS-limit can contain con-
ditions with uncountable support. Following [14, Definition 3.6] we restrict
our attention to iterations where at each limit stage only partial CS-limits are
allowed. Such construction is called a partial CS-iteration. In this case, the
supports of conditions are countable. In this section we also show that sep-
arativity is preserved (Lemma whereas properties like properness may
not be maintained (Example |4.4.5).

Definition 4.4.1. A forcing iteration P of length € with final limit is called
partial CS-iteration if:

a) For every limit ordinal o« <€, P, C P{XCS;
b) For every a < €, Py I “Q, is separative”.

A forcing notion P is separative if for p,q € Pp £ g — Ir < p(r L q).

From the definition it follows immediately that in a partial CS-iteration
all the iterands are separative:

Lemma 4.4.2. Let P be a partial CS-iteration of length €, then Vo < € Py is separ-
ative.

Proof. For Py it is immediate as it contains only the condition @. For successor
ordinals we have Py11 = Py * Qu. If p ﬁ P..1 4 We have two cases. The
first case is when p | « £p, g | a. By induction, P, is separative, so 3r €
Pu(r <p, p [ &7 Lp g 1 a). Then rp(a) <p, pand rp(a) Ly, 4
The second case holds when p [ &« <p, g [ a Ap [ a Wp, p(a) < g(a).
So there is some s <p, p | a such thats IFp, p(a) £ g(a). It follows that
slkp, Ir(r < p(a) Ar L g(a)). Thens™r <p, pands~r Lp, q.

If o is a limit, p £p, g implies 38 < a such that p [ B ¥p, p(B) <q, q9(B)
3B <a(p | B £py q | B)- By induction, 3r € Pg(r <p, p [ BAT Lp, q [ B). We
conclude that 7~ p[B,a) <p, pand r"p[B,«) Lp, g. O

In the following we present three equivalent statements that are satisfied
by CS-iterations. This will be useful later to distinguish if a condition is con-
tained in the generic filter.

Lemma 4.4.3. Let P be a partial CS-iteration of length € with final limit. Let H be
Pc-generic and for & < € let H, the P,-generic filter induced by H. We write q <j p
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to say that q IFp, p € Hy (equivalently q <j p iff Vr <p, q 1 ||p, p). Then the
following statements are equivalent:

a) Forallp e Pe:pe Hiff p | « € Hy, forall a < €;
b) Forallg,p € Pe:ifq [ o <p p | aforeacha < e, thenq <} p;

c) Forallq,p € Pe:ifq [ & <}, p [ aforeacha <, thenq |p, p;
Proof.

a) —b) : Letqg [ « <} p | a for each a < €. By contradiction we assume that
q £p. p- So we get

qfp p=q¥npeH
=dr<pqriFp. p¢ H
=dr<pqrikp da<ep|a¢H, [ by a) ]
=dr<pqa<erltp p|a¢H,.

We consider the following dense subset of P,:
D:={teP:(tLlppla)V(tLlpqgla)v({t<pplart<pqla)}

In particular, D' := DN ((r [ «) |) is dense under r | «, where (r |
a) L:i={p € Py : p <p, v | a}. Let H be P.-generic such that r € H.
Then, since r | « € H, , there is some t € D’ N H,. Such a t has the
following properties: + <p, r | a« and t £p, p | a (because p | « ¢ Hy).
By definition of D it follows thatt Lp p [ a.Sincer [ &« <p, q [ a, we
gett <p g [a. Allinall, g [ « ﬁj‘,ﬂ p | &, a contradiction.

b) —0¢) :

q<p p=Vr<pq(rlp p)
= Vr <p. q3s(s <p. r As <p. p)
= Js(s <p. gAs <p. p)

=qlpp

c) —a) : We prove thatif Va < € p [ « € H, then p € H. The other direction
holds by definition. If, by contradiction, p ¢ H, there is some g € H
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such that g Lp p. We have the implications:

gL p=Vr=eq(rLep)
=>Vr<pqan<e(rlasLipla) [byo)]
=Vr<p qda <e(r[al¥p plac H,)
=Vr<p gqda <eds<p rla(slp p|a¢H,)

From the last line, we remark that (s A7) <p_ r. Hence the following subset
of P. is dense under g:

D:={seP:Ja<e(s|a<prlaands|alrp pla¢Hy)}

We can find a conditions € DN HN (g J). Now since s € H, we get that
s | « € H, and therefore p | « ¢ H,, a contradiction. O

Property 4.4.4. Let € be a limit ordinal and let P be a partial CS-iteration with
final limit. Then P, satisfies any (all) conditions of Lemma

Proof. By Lemma for all &« < € P, is separative. Thus g;‘,ﬂ:gpa for all
a < €. (That <p, C<} isclear. For the other direction, ifg ﬁ p, pthen3dr <p g
such that 7 Lp, p, which means that ¢ £3 p ). Condition b) of Lemma m
holds because of the definition of <. and the fact that € is a limit ordinal. [J

We have seen that the property of being separative is preserved in a par-
tial CS-iteration. However there are other features which may not be main-
tained, like properness or the preservation of w;. We conclude the section
with an example that shows that a finite support iteration of Sack{] forcings
(Sacks forcing is proper) is not proper: namely it collapses w;.

Example 4.4.5. A finite support iteration of length w, whose iterands are
Sacks forcings, is not proper.

Let (P4, Qn)new be an iterated forcing with direct limit and such that P, F
”Qy is a Sacks forcing”. We remark that every iterand is (forced to be) proper:
Sacks forcing satisfies Axiom A which in turn implies properness (see in the
Appendix Property and Property[A.3.2). By Lemma Sacks forcing
is not ccc.

In order to show that P, is not proper, we just need to show that it col-
lapses wi. The next lemma gives us the result.

For the definition of Sacks forcing please see Sectionin the Appendix.
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Lemma 4.4.6. Let P be a finite support forcing iteration of length w with final limit.
If foreachn < w 11kp, “Qy is not ccc”, then P, collapses w;.

Proof. We are going to use the evaluation function “val” of Definition 2.1.1}
The proof works however also for the function “ordval” of Definition[2.5.1}

If for some n < w the partial order P, collapses w;, we are done. Otherwise

wiw (Gl = wM for every n < w, where G, is P,-generic. For every n € w let

Ay, T, be P,-names such that
1IFp, Ay is a maximal antichainin Q, A T, : A, — wy. (4.1)

Let G be a P,,-generic filter and let consider the induced filters G, := {p €
P, :p € G}and H, := {val(p,G,) : p € dom(Q,) AIp € P, p~(p) € Gpy1}

In the extension M[G]| we have H, Nval(A,, G,) = {qux}. We claim that

the following function is onto w:

frw— oM
n +— val(t,, Gu)(qgn)
We first show that for every & < w; we have appropriate dense sets:

Dy:={p €Py:3n€wldgedom(Q,)p [ nlkp, “9€ AnATu(q) =a” Ap(n) =q}.

We prove that D, is dense. Let p € P, then there is some n € w such that
p € P,. From (4.1) we have

1IFp, Ay, is a maximal antichain in Q, A 3a € A, (T.(a) = ).
Hence in particular
Ja € dom(A,) Ir <p, prlirp, Tu(a) =«

Let g := r"a. We remark that g <p_ p and q € D,, hence D, is dense.
We show now that in M[G] the function f is surjective. For every a € wy,
we pick p € D, N G. We have in particular:

e Vnewp|necgG;
e Vn € w val(p(n),Gn) € Hy;
e newpnlkt(pn)) =a.

Allin all there is some n € w such thatv, := val(p(n),G,) € H,Nval(A,, G,)
and in M[G] we conclude that f(n) = val(t,, G,)(v,) = a. O



Chapter 5

The canonical extension and the
AFS-iteration

In the current chapter we will examine coherent systems of complete em-
beddings. More specifically, for an ord-transitive model M and a partial CS-
iteration PM € M of length € we analyze iterations P € V such that for every
& € €N M there is an M-complete embedding i, : PM — P, with the property
of being coherent with the previous maps (i.e. for f < a iy [ f = ip).

In the first section we introduce the definition of a canonical extension of a sys-
tem and investigate its properties. We will then observe that the M-completeness
of a canonical extension may not work when V |= |M| = X,.

In the second section we define the almost finite support limit (AFS-limit) of P
over PM, describe its characteristics and we verify that such a limit preserves
the M-completeness.

Finally, in the last section, we construct by induction an iteration P and a M-
complete coherent system from PM to P. The resulting P will be an almost
finite support iteration (AFS-iteration). We achieve the chapter establishing the
ccc-preservation in a AFS-iteration and, under specific conditions, the preser-
vation of the o-centered property. This chapter follows and expands part
of [14), Sections 3.B and 3.C]

5.1 Canonical extensions and embeddings

Let M be a nice candidate, P € M and M = “PM is a partial CS-iteration
of length € with final limit”. We also ask that € is a limit ordinal (since M is
nice, the notion of being a limit ordinal is absolute). Let P € V be a partial
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CS-iteration of length €’ := sup(e N M) without final limit.

Given a coherent system of M-complete embeddings (ig : Pé” — Pg|p < en

M) between PM and P (Definition it is possible to define a canonical
extension j : PM — PSS (Definition . We will analyze the map j and see
that it is coherent, it preserves the order relation (Property but it may
fail to be M-complete (Example5.1.6).
We then try to give an inductive procedure to construct a canonical embedding
from PM to P (Definition . The successor step works: this is proved by
a folklore lemma adapted to ord-transitive models (Proposition [5.1.8). The
limit step does not preserve maximal antichains if the upper model sees that
M is countable (Example[5.1.9). Before moving into the next section - where
an explicit construction for a canonical embedding is given - we analyze two
cases for which incompatibility is preserved at limit steps (Lemma 5.1.10).

Remark 5.1.1. We recall that, being M a nice candidate, cof(e) = w is abso-
lute between M and V and that

€ =€ & cof(e) = w.

In fact, if sup(e N M) = €, we get cof(e) = w because the countable
set € N M is cofinal in €. The other direction is proved in Lemma If
cof(e) = w then e N M is cofinal in €. Hence €’ = sup(e N M) = e.

Definition 5.1.2. Let (P, <p) and (Q, <) be two notions of forcing such that
P,<pe M\ ON. We say thata map i : P — Q is an M-complete embedding if:

1. Vp,ge P(q<pp=i(q) <gi(p));

2. Forany A C Psuchthat A € M,if M = ”A is a maximal antichairﬂ in
P”,then V |= "i[A] is a maximal antichain in Q”.

or equivalently

2. For D C Pand D € Mif M |= "D is predensef]in P”, then V |= ”i[D] is
predense in Q.

1By Lemmathe notion of antichain is absolute for M. Remark that if we just assume
(A C P)M, it could happen that A g P, as ”"being a subset” is not absolute for ord-transitive
models, and Lemma cannot be used.

2Under the conditions of the definition, M |= D is predense in P” is equivalent to V |= ”D
is predense in P”
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Definition 5.1.3. We call (i : PéVI — Pg|B € e M) a system of M-complete

coherent embeddings if every ig is an M-complete embedding and if for &, f €
e N M, for p € PM, if « < B, then:

in(p I &) =ip(p) [ a

Given a system of M-complete coherent embeddings, the aim is to de-
scribe a possible limit P of the iteration in V and a coherent map i. : PM —
P.

Definition 5.1.4. We define the canonical extension of the system as the follow-
ing map:

j:PM 5 PSS

p= U is(p 1)

peenM
Property 5.1.5. Let i, := j. Then:
1. ic is coherent, i.e. foralla € eNMic(p) [« = ix(p | &);

2. Forevery a € € =sup(eN M) thereisa € € N M such thata <  and
ie(p) la=ig(p 1 B) T o

3. p <pw q = ic(p) <pes ie(q)

Proof. 1.

= ( U in(p ) [ B) Uia(p | a)

BeeNMAB<«
=iu(p [ )

We made use of the coherence of the ig for € € N M and the fact that
ig(p I B) Ta=ia(pla)lBCin(p|a)forp <a.

2. Ifa € eNMjustpick p =a. If & € € \ M we consider a p € e M such
that B > a. Now by the previous point we get

le(p) la = (ie(p) [ B) la =ig(p [ B) [ a
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3.
p<pug=VacenNMpla<pugla
=VacenNMiy(p [ a) <p ix(q [ «)
=VacenNMic(p) [ a<p, ic(q) |«
=Va €€ ic(p) |a<p ilqg) |a
= ie(p) <pcs ie(q)
The second last implication holds by point 2. O

The canonical extension j : PM — PSS is not always M-complete, as the
next example shows:

Example 5.1.6. Consider a forcing iteration PM € M of length w with final
limit. Let P be a forcing iteration of length w without final limit such that
Vn € w i, : PM — P, is an M-complete embedding. For all n € w let
PM = 2<" and let PM be the direct limit, i.e. PM = (J,c, PM = 2<¢. The
order is the inverse inclusion. Letj : (P)M — P! be as in Definition m
For every n € w we define a finite sequence q,,.11 € P,1 such that:

0 ifm<mn
Vm <n Gn1(m) ==

B 1 ifm=n.

Then A := {g,+1 : n € w} is an element of M (we recall that M satisfies
enough axioms of ZFC to define A) and is a predense subset of P}!. Namely,
let p € PM then 3n € w(p € PM). If 3m < n such that p | m = g,, then
p <pum qm and therefore p ||pu qum. If Vm < n(p [ m # qu) then g,41 <pu p
and therefore g,,11 [|pm p. (See Figurefor n =2). Foreveryn € wletz, €
PM be the sequence of length n consisting of 0’s. Then the infinite sequence
Uneew in(zn) € PSS is incompatible with every element of j[D]. Hence j[D] is
not predense and j is not M-complete.

q1

Figure 5.1: A representation of the construction where p € PM and g5 < <pm P-
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We just saw that the following diagram may not be complete

M . M . . M
P} Pl P
Jio lil Jin i
Py < P < R PSS

To construct partial CS-limits P such that j : PM — P, is M-complete,
we restrict our attention to the canonical system of embeddings presented in [14,
Definition 3.10].

Definition 5.1.7. Let PM be a partial CS-iteration in M and let P be a partial
CS-iteration in V, both with final limit and of length €. Let QM cC Q, for all
a € €+ 1N M. We say that PM canonically embeds in Pifforalla € (e+1)NM
the following points hold:

e If « = B+ 1, by induction we assume that iz is M-complete, which
implies that a V-generic filter Hg C P induces a M-generic filter H g/{ =
igl [Hg] C Pé” . We require that (in the Hy extension) the set Qg/f [H éw] is
an M[Héw]—complete subforcing of Qg[Hpg|. Therefore iy 1(p) = in(p |
%) pla).

e If  is a limit, then i, is the canonical extension of the family (iﬁ) peanM-
Moreover we require i,[PM] C P, and i, to be M-complete. (If &' :=
sup(a¢ N M) < a, then the image of i, will be in P).

The successor point in the previous definition is justified by the following

proposition, whose version for transitive models can be found in [10, Lemma
13].

Proposition 5.1.8. Let M, N be ord-transitive models such that M € N. Let S €
M\ ONand T € N\ ON be partial orders such that S <j; T (i.e. S is an M-
complete subforcing of T). Let B € M\ ON be a S-name for a partial order and
C € N\ ON be a T-name for a partial order such that dom(B) C dom(C) and
Tt B <M[GM] C.

Ifforallq € S, forall a,b € dom(B), such that S |- a,b € B the following points
are satisfied:

* MNON C NNON,

s qIFMb<ga—ql-Nb<ga,
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o g b lga—qltN b Lga

o if g IFM A is a maximal antichain in B then q VY A is a maximal antichain
inC,

e For any S-name i, ordval}f (¢) = ordvall (@) (or ordval¥ (a) = val¥ (a) if
N is transitive). We will shorten the notation of the evaluation with a[H| and
a[GJ,

then Sx B<<p T % C.

Proof. Let (q,b),(p,a) € S * B. The order is preserved:

(9,b) <s. (p,a) = q<spAqIF'b<pa
=g<rpAqIF¥b<pa
=g<rpAqlF¥b<ca
= (9,b) <1:c (p,a).

Let now (q,b) Lgs.p (p,a), we show that the incompatibility is preserved. If
q Ls p, theng L p and therefore (q,b) Lr.c (p,a).
If g ||s p, then

Vre S €S(r<sqnr<sp—1 <srnrIF¥b Lga). (5.1)

The previous line together with separativity implies that the following set is
dense in S:
D:={reS:rlsqVvr lspVvriF¥b 1pa}.

Namely lets € S, then if s €5 g (or s £ p), then by separativity Ir € S(r <g
sAr Lgq) (orr <gsAr Lg p). Thisimplies thatr € D.

If otherwise s <g g and s <g p, then by dr <5 s such that r Il—g/I blga,
which implies that r € D.

The set D is in particular predense in S and belongs to M (as M satisfies
enough axioms of ZFC). It follows that D is a predense subset of T. Now,
since g ||7 p, then thereisa s € T such thats <t g As <r p and therefore
there is a r € D such that r |7 s. Therefore r |7 g Ar ||r p, which implies
r s gAr ||s p. Since r € D, this implies r IF¥ b L a. By hypothesis we get
rlkrb Lgaandthenr k1 b L a. This means that s 1 b ||c a.

All in all, we just saw that Vs € T(s <r gAs <pr p — s ¥ b ||c a). This
means that (q,b) Lr.c (p,a),ie. the incompatibility is preserved.

We show now that the antichains of M are preserved. Let A = {(s4,b,) :
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a < k} € M be a maximal antichain of S * B. From the previous paragraph
we already know that A is an antichain in T x C. We just have to prove the
maximality. If A is not maximal in T * C, then let (¢, ¢) € T * C be a condition
such that Vao < x (t,¢) Lric (Sa, l'7,x>. Let H be the canonical S-name for the
S-generic filter and let () be a S-name such that S IFY O = {a : §, € H}.

Claim 5.1.8.1. S IFM {b, : « € O} is a maximal antichain of B.

Proof of the claim. We assume not, then there are s € S and a S-name b for an
element of B such that s ¥ Va(a € QO — b Lg b,). Then (s,b) € S*B
and therefore there is a condition (s, b,) € A such that (s, b,) ||s«B (s,b).
A common extension (s’,b’) satisfies s’ H—QA b <p by NV <p b and also
s IFM o e O ass’ < b, Allinalls’ KM « € QAD ||p by, contradicting
our assumption. O

Let now G be a T-generic filter such that t € G. Since S <y T, there is a
S-generic filter H such that M[H] C N|G] as a subset. Let ¢ := ¢[G] and
by := by[G] = by[H] for a such thats, € H. Let Q := Q[G] = {a < Kk : 54 €
H}. By the above claim {b, : « € O} is a maximal antichain of B in M[H]
and by hypothesis of the lemma a maximal antichain of B in N[G]. Hence a
maximal antichain of C, as T IF B <y C. So thereis a € Q) such that c || bs.
Therefore thereis t' € G suchthatt' <rs,andt <rtandt IFra € QA¢ ||c
by. Thus there is a T-name ¢’ such that ¥/ IFr ¢/ <c ¢ A ¢’ <c by and so (t',¢)

is a common extension of (t, ¢) and (sa, by ), which is in contradiction with the

initial assumption. L]

Lifting any forcing iteration to any forcing iteration whose limit in the up-
per model is bigger than the almost finite support limit, can cause problems.
In particular, if the upper model sees that the lower model is countable, we
have the following example:

Example 5.1.9. Let M be an ord-transitive model and let P € M be an iter-
ation of length w with support in some ideal I C [w]=% such that I € M.
Let N be an ord-transitive model such that M € N and N = |[M| = N,. Let
PN € N be an iteration of length w such that N = Vn € wPM <) PN and
PN = "QM < M[GM] QN and QM has two incompatible elements”. Let PY be
the indirect limit. If Vn € wVa, b € dom(QM)vr € PM(r lFpu a Low b <
r H_prll\] a J_QE] b), then Pa]\]/I £ Mpg-
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Proof. Let (p, € PM : n € w) be an enumeration in N of all the elements of
PM. We construct a chain of conditions r, € PM C PY inductively on w. Let
1o := lpu. Leta, € dom QM be a PM-name such that

Pu \epu iy Low pu(n) Ady € Q).

We define 1,41 == r,"a, € Pﬁl. Now the sequence (r, : n € w) € N
generates the condition r := |J,c,, 'n € PY. We remark that Vn € w p, L py T
This implies that whenever A € M is a maximal antichain in P then A is
not more maximal in PY,i.e. PM £ PN, 0J

We have seen that the canonical extension is not always complete. In the
following lemma we present two cases where incompatibility is preserved.
We follow the proof of [14, Lemma 3.12].

Lemma 5.1.10. Let PM € M be an (iteration of length € with final limit)M and let
P € V be an iteration of length € = sup(e N M) with final limit. For« € e N M
let iy : PM — P, be a system of M-complete coherent embeddings. Let

ic : PM — PSS

p— U in(p I )

aceNM

be the canonical extension. Then:

1. If PMis a (direct limit)M then i.[PM] C P and

p <pu q=ie(p) <p, ic(q)
p Lpuq=ic(p) Lp, ic(q)

2. If ic[PM] C PS® and if ic maps (predense sets D C PM)M in predense sets of
P, then i¢ also preserves incompatibility.

Proof. 1. Weshow thati.[PM] is included in the direct limit, more precisely
ie[PM] C Upeenm Pr € Ugce Pr- We can easily see it because PM =
(Unee PMYM and for p € PM there is a @ € €N M such that p € PM.
Hence, by coherence, ic(p) = in(p) € Phu.

Suppose now that p <pwm 4. PM is a direct limit, then there isx € e N M
such that p,q € P{. So from p <pu q we getic(p) = in(p) <p, ia(q) =
ie(q). f p Lpm g, then p Lpu g and in(p) Lp, ix(q) by assumption on
ip. Hence ic(p) Lp,. ic(q).
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2. Let p,q € PM such that p | pu g. If by contradiction, ic(p) ||p, ie(q), let
G C P be the generic filter containing i.(p) and ic(q). In M we define

D:={reP”:(r<pupAr<pmq)V(rLpup)V(rLlpmaq)}

(D is dense )M and by absoluteness D is dense in V. By lemma m
the following set is also dense (and belongs to M, as M satisfies enough
instances of the comprehension scheme):

D' :={rePM:(r<pmpAr<puq)VExecenMrlaLlpup]a)
V(daceenMrlalpmqgla)}

Then there is a ¥ € D’ such that ic(r) € i.[D'] N G, as i preserves pre-
dense sets. We want to conclude that r is a common extension of p and
q. If not, for some & < € we would have, wlog, r [ & Lpu p [ a. We
remark however that the filter G | a contains i,(r [ a) = ic(r) [ «
and i,(p | @) = ie(p) | a. This contradicts the fact that i, preserves
incompatibility. O]

5.2 Almost finite support limit

We have seen in the previous paragraph that, when M is countable in the
upper model, the system of embeddings may fail to be complete at limits.
This is also due to the fact that the iterations in the upper model can be much
bigger. This suggest to restrict the attention to almost finite support (AFS) limits
(Definition 5.2.T). After showing that the image of the canonical embedding
is namely a subset of the AFS-limit and that it corresponds to the direct limit
when the index of the limit has uncountable cofinality (Property 5.2.3), we
prove that an AFS-limit makes the system of iterations M-complete (Lemma
5.2.5).

In this section we adopt the notation and analyze the ideas of [14, Defini-
tion 3.13 and Lemma 3.14].

Definition 5.2.1. Let M be an ord-transitive model. Let € be a limit ordinal
in M, and let ¢’ = sup(e N M). Let PM € M be a partial countable support
iteration of length € in M, with final limit. Let P be an iteration in V of length
€' without final limit. Assume that the embeddings i, : PD{VI — P, work for
alla € eN M = € N M. Let ic := j be the canonical extension as defined in
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Definition The almost finite support limit of P over PM (AFS-limit) is the
following subforcing of PS°:

P = {gnic(p) €ePS:pe PMATa cenM(qg € Py Ag <p, in(p | a))}

Remark 5.2.2. For a € € let I, be the ideal relative to P, and for &« € e N M let
IM be the ideal relative to PM. We remark that if Va € e N M I, = IM, then

the ideal I relative to P2 is I = Uycer Ln-

Property 5.2.3. With the settings of the previous definition, it follows that:
1. i[PM] C PAS.

2. If cof(e) > w then
PO = | J Py

aee’

Proof. 1. Letp € PM, foranya € e N M letq = iy(p | «). Then ic(p) =
Upeenm ig(p I B) = iu(p | 0)U Upeenmaa<p ig(p I B) = gNie(p) €
PAES,

2. Let g Aie(p) € PAFS, we show that g Aie(p) € Uypee Pu- Since cof(e) >
w we know that PM = (,ccnm PM. So there is & € € N M such that
p € PM. Hence Vy € eNM (y > a — ic(p) = iy(p)). We also know
thatq <p, ig(p | B) for some B € e N M. Now taking y > max{a, B} we
getq Nie(p) = g Niy(p) € Py
For the other direction, if g € P, then there is some B € € N M such that
B > a.Henceq € Pgand q <p, ilB(lpé\/[). So g Nie(1pm) =q € Per. O

The following lemma shows that maximal antichains in P, are still maxi-
mal in the quotient forcing P./ G,. The idea of the proof comes from [12]. This
factis applied in Lemma to show that i¢[PM] is M-completely embedded
in PAFS,

€

Lemma 5.2.4. Let G be generic for Pe and let G := Ge N Py fora < e. If A C P
1s a maximal antichain, then

Py IFp, AN Pe/ Gy is a maximal antichain in P/ Gy.

Proof. Let assume the converse: let assume that there is some r € P, and
p € Pe such that
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Without loss of generality we can assume thatr <, p [ a. Letcalls :=rAp €
P the common extension of r and p. Since A is a maximal antichain, we can
find some a € A such thata ||p, s. So thereisat € P such that t <p_ a4 and
t <p_ s.Inparticulart [ &« <p a [ «,so together witht <p aandt <p s <p. p
we get

tlalkpac ANP:/GuNal|lp s, P

But fromt [ & <p, s [ « = r and (5.2) we get a contradiction:

tlalkp, Yae ANP./Gy(a Lpc, p)- O

We can now prove that the almost finite support limit works, which means
that ic[PM] is an M-complete embedding in PﬁFS (cf. [14}, Lemma 3.14] ).

Lemma 5.2.5. Assume that P and PM are as in Definition and let P := P4YS
be the almost finite support limit of P. Then:

1. P" P is a partial CS-iteration;
2. ic works, i.e. ic is an M-complete embedding from PM to P,

Proof. 1. From the definition it follows easily that P.r C Pec,s. Moreover for
any a < €, P, is a complete subforcing of P.: It is easy to see that the
order relation and the incompatibility relation are preserved. If A C P,
is a maximal antichain, then A is maximal in P.: if not, then there is
g Nie(p) € Pe such that Va € A qAie(p) Lp, a. We remark that
for g Nin(p | &) € Py thereisa € A such thata |[p, g ANin(p | a).
Therefore for r € P, such that r <p, aand r <p, g Ai(p | a) we get
rA(qNie(q)) <p, aand r A (g Nie(q)) <p, q Nie(p).

2. The function i : PM — P is well defined because i¢[PM] C P by
Property Moreover it is order-preserving by the third point of
Property For the incompatibility preservation we use the second
point of Lemma and show that i preserves predense sets of M.
This will give us also the preservation of maximal antichains of M. Let
D € Mbe predense in PM. Let D := {p € PM:3d € D p <pm d} be
the dense set generated by D. Let A C D/ be a maximal antichain. We
suppose that M satisfies enough ZFC, so that D| € M and hence A €
M. We fix some q N ic(p) € Po where g € Pyand q <p, i,(p | «). We
show that there is some a € A such that g Aic(p) ||p, ic(a). This proves
that i¢[D] is predense in P.r (because 3d € D a <pm d and therefore
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qNie(p) ||p, ic(d)). When G, is Py-generic, then G} := i, ![G,] is PM-
generic, since i, is M-complete. By Lemma since A is maximal in
PM we get:

PM |- pu “AN PM/GM is a maximal antichain in PM/GM”
This implies:
Py Ikp, ”A N PM/GM is a maximal antichain in PM /GM”

by Lemma because “being a maximal antichain” is absolute for
ord-transitive models.

In particular, q IFp, A N PM/GM is predense in PM/GM”. We recall

that g <p, ix(p | «), hence:
qlkp, "p € P /GY A (p llpm,gu a) for somea € ANPM/G”
So we can say that Ja € A3t € PM3q' <p g such that
q' 1Fp, t <pusgu p At <pu/gu a

Without loss of generality we can choose q' <p, i, (t | a). We can finally
conclude that g" A ie(t) <p, g Nie(p) and q" Nie(t) <p, ic(a). O
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5.3 Almost finite support iteration

Given a partial CS-iteration PM € M we present the definition of an almost
finite support iteration P over PM (Definition [5.3.1). One of the peculiarities of
the sequence P is that, at limit steps B € M of countable cofinality, AFS-limits
are considered. The resulting iteration is indeed a partial CS-iteration and PM
is M-completely embedded into P (Lemma|5.3.2). We also show that an AFS-
iteration preserves the countable chain condition (Property and, under
specific hypothesis, it preserves the o-centered property (Property and
Lemma [5.3.8).

The following definition follows [14, Definition and Claim 3.15].

Definition 5.3.1. Let PM be a partial CS-iteration in M of length € with final
limit. We can construct by induction on B € € + 1 an almost finite support
iteration (AFS-iteration) P over PM as follows (We refer to Figure [5.2| for a
sketch of the construction):

1. Asinduction hypothesis we assume that for all x € M M the canonical
embedding i, works.

2. If B=a+1and a € M, then we pick some Q,, such that QM is (forced
to be) an M[H]-complete subforcing of Q,. If & ¢ M there is no restric-
tion about Q.. We also ask that P, IFp, Q, is separative.

3. If B € M and cof(B) = w, then Py is the AFS-limit of (Py, Qu)a<p OVer

M
Pﬁ.

4. If B € M and cof(B) > w, then Py is the AFS-limit of (Py, Qu)x<p OVer
Péw, which corresponds to the direct limit.

5. For limit ordinals § not in M, let Pg be the direct limit.
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€€ M\\\
\\\ée’:sup(eﬂM)
BeM U<p Pa
B € MACcof(B) > w Pév{ Un<p Pa
B € MAcof(B) =w Péw PﬁFS
a+1leM PY, =P« QY —— Puy1 = Pux Qu

Figure 5.2: A sketch of the construction of an almost finite support iteration
over PM,

Lemma 5.3.2. The resulting sequence P in the previous definition is a partial CS-
iteration and PM embeds into P.

Proof. P is a partial CS-iteration if for every limit 8, Pg C P)gCS and if for every
a < € Py IF Qq is separative. The last point is fulfilled, because we decided to
work with separative forcings (otherwise we can always take the separative
quotient). So we show that for every g < e Pg C Pgs. If 8 € M and cof(B) =
w, then by definition Py = Pé"FS which is a subset of Pgs by Lemma If
B € Mand cof(B) > worif f ¢ M then Py = U4 P« C P>

We recall that PM embeds in Pif Va € e N M iy : PD{VI — Py is M-complete.
If « = B+ 1, iy is M-complete by Proposition with S := Péw, B := Qg/f,
T := Pgand C := Q. If a is a limit ordinal, we just use Lemma O

In the next pages we show that AFS-iterations over PM preserve the count-
able chain condition and also the property of being o-centered. To prove that
the c.c.c. is preserved we need the following two lemmata which establish
the c.c.c. preservation in iterations where direct limits often occur.
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Lemma 5.3.3. Let « be an uncountable regqular cardinal. Let P be a forcing iteration
of length € satisfying:

* Yo < €, Py satisfies the k-chain condition;
e cof(e) < x;

* Pe = Upy<e Pa

Then P satisfies the k-chain condition.

Proof. Let A C Pe such that |A| = x. Let (e, : € cof(e)) be a cofinal
increasing sequence on €. Then Pe = U, ccof() Pe,- For every 7 € cof(e)
we define A, := P, N A. Then A = U, ccof(e) Ay- Since « is regular and
cof(e) < « it follows that 35 € cof(e) such that |[A;| = x. By hypothesis
Pe, satisfies the k-chain condition, hence A, is not an antichain in P, and
therefore A is not an antichain in P.. O

The proof of the next lemma comes from [1, Theorem 2.2] and it is re-
ported with more details.

Lemma 5.3.4. Let « be a reqular uncountable cardinal and let P be an iteration of
length € without final limit such that

* Yua € €, P, satisfies the k-chain condition;
e ifcof(e) = x, then S := {B < €: Pp = U, p Py} is stationary in €.
Then Pe = Uy<c Py satisfies the k-chain condition.
Proof. Let A be a subset of P, of cardinality . If cof(e) > «, by regularity of

cof(€), there exists w < cof(e) such that A C P,. We conclude that A is not an
antichain, because P, satisfies the k-chain condition.

If cof(e) < «, this is Lemma

If cof(e€) = x let (¢, : 7 < k) be a normal sequence with limit €, i.e. the cofinal
map

QiK€
=€y

is increasing and continuous. We remark then that g[x] is a club in €, hence
S := SN g[k| is in particular a stationary subset of €. Let enumerate A =
{pe : ¢ < x}. We show now that the the following subset of « is a club:

C:={nex:Y5<nps€ Py}
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C is closed: Let & < x such that sup(C Na) = «. Therefore for any ¢ < a there
is7 € CNasuch that § <7, hence pz € Py, C Py(y). We just showed that
Ve < a pe € Pg(zx)' Sowa € C.

C is unbounded in x: Let B < x, we show that there is y € C such that § < 1.
We construct inductively on € w an increasing chain of ;s such that

B<ynand V¢ < v, pe € Py, .,

and define 7 := U,eq, vn- As Py C Py(,), it is easy to see that y € C.
Let v0 := B. We suppose that the 7;’s are defined for every i < n. At step
n +1, since P is a direct limit, for every ¢ < <, there is Bz < « such that

pe € Pg, and Bz > 7. Then Y41 := Uz, Be-

The set S” := S’ N C is again stationary. Let now f be the function

fix—x
¢ — min{y : supp(pe) Nez C €y}

Because supp(pg) N ez C €z we have immediately that f(¢) < ¢ forall { €
k. Moreover f is regressive on S’ (and therefore on S”): let { € S/, then in
particular P isa direct limit and can be written as P, = U17<é‘ Pe,. Therefore,
there is a 77 < ¢ such that pz | €z € P,. This implies supp(pz) Nez C €, and
thus £(2) <7 < ¢,

By Fodor’s lemma f is constant on some stationary subset S/ C S”. That
implies that for some 77 € x

V¢ € §" supp(pe) Nex C ey

Without loss of generality we can assume that V¢ € S” 1 < . The set
B:= {pz [ €;: ¢ € "} is a subset of P, and has cardinality < . If |B| < «,
then there are y, ¢ € S such that pz [ €, = p, [ €.

If [B| = x, since P, satisfies the x-c.c., there are two compatible conditions
pe | €y and p, | €, let say for v < ¢. Letr € P, be a common extension.
Then we can construct an extension g € P. common to pg and p.,:

r(B) ifB<ey
9(B) =\ py(B) ife, <P<e;
pe(B) ifez<p<e

We conclude that A is not an antichain. O
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Property 5.3.5. Let PM be a partial CS-iteration in M of length € with final
limit. Let P = (P, Qu)u<e be the AFS-iteration over PM where P, IFp, “Q, is
ccc”. Then P, is ccc.

Proof. By induction on v < €, we show that P, satisfies the chain condition.
If 7y is a successor, then the two step iteration of x-cc forcings is again x-cc for
any uncountable regular cardinal x (for a proof see [15, Theorem 16.4]).

If cof() > w then Py = g, Pp. Moreover 7 := sup(y N M) < v, therefore
S :={B € v: Pgisadirectlimit Ay’ < B} D {f € y: Blimit A9’ < B}is
in particular stationary. We can apply Lemma which implies that P, is
ccc.

If cof(y) = w and y ¢ M, then P, is ccc by Lemma with ¥ = N; and
€="1.

If cof(y) = w and v € M, then P, is the AFS-limit. Let A C P, be uncount-
able, let enumerate A = {g, Ai,(py) : v € wi}. Then for every v € wy
4v € Useynm Pa and p, € P Since P)! € Mand V = |[M| = R, then V
models that P is countable, so there is p € PM such that [{v € wy : p, =
p}| = Ry. Let B:= {v € wy : p, = p}, consider A’ := {q, ANi,(p) : v € B}
Since cof(y) = w and wjy is regular, there is « € yN M and B’ C B such that
|B’| = Xy and Yv € B’ q, € P,. Now P, is ccc, therefore there must be two
compatible conditions p, and p, with v, € B'. Letr € P, be a common
extension, then 7 A i, (p) is a common extension of p, A iy (p) and py, A i, (p).
We conclude that A cannot be an antichain. O

Definition 5.3.6. Let P be a notion of forcing. A subset A of P is centered if for
every ai,...,a, € A thereissome p € Psuchthatforalll <i <np <a;.
We say that P is o-centered if it can be written as a countable union of centered

P=J A

new

sets, i.e.

where, for any n € w, A, C P and A, is centered.

For an AFS-iteration, if we require that only countable many iterands are
non trivial -with no restrictions on the length of the iteration- then the prop-
erty of being o-centered is preserved. The proof of the next Property is based
on Lemma 3.17 in [14].

Property 5.3.7. Assume that P is an AFS-iteration over PM where only count-
ably many Q, are non-trivial (for example those with « € M) and where each
Qy is forced to be o-centered. Then P is o-centered as well.
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Proof. By induction on the length we prove that Pg is o-centered for all < e.
If B = a+1we know that Py, = U,c, An and P, IF Qn = U,ew Bn where
forall n € w A, is centered and P, I B, is o-centered. Then P, * Q, =
Unmew (An * B,,) is o-centered: namely for every n,m € w the set A, * B, =
{{a,b) :a € AyNalFp, b € By} is centered. In fact, for any k € w, for any
(a1,b1), (a2, b2), ..., (ay, by) € A, * By, there is an a € P, which is a common
extension of all the a;’s. Since a I-p, b; € B,, then 3b € dom(Q,) such that
alkp, Vi < k,b <0 b; . Then (a, b) extends every (a;, b;) fori < k.

If cof(B) = w and Py is a direct limit, let (8,, : m € w) be a cofinal
increasing sequence in . We assumed that for all m € w Py, = Uy AY
where A is centered. Then Pg = U, e AYY is 0-centered.

If cof(B) > w, since there are countably many non trivial Q,, there is a
B’ < B such that Va > B'P, IF Q, is trivial. Then Py is forcing equivalent to
Pg and hence o-centered.

If cof(B) = w, B € Mand Pg = P?FS, let B:= N M. Then V |= |B| = N.
We remark that B is cofinal in . We remark also that V |= |Pé\4| = Ny. For
x € B we write P, = (J,c, A%, with A% centered. For p € PM,a € B and
n € w we consider

A" = {qNig(p) 1q € AgAg <p in(pla)}

Then every A}" is centered. Namely consider any g1 Aig(p),...,qx Nig(p) €
A" and take a common extension r of q; for i < k (this is possible because
Ay, is centered). Then r Aig(p) extends all g; Aig(p) for j < k. Because V' |=
lwUBU P£A| = Ng then Pg = UHG(U,%GB,pGPéVI A" is o-centered. O

We conclude the section with the following lemma: a finite support itera-
tion of o-centered forcings is again o-centered if the length of the iteration is
smaller than the continuum. The proof is guided by [13] and makes use of the
existence of a family of independent functions (see Theorem[6.1.8]in Chapter

B).

Lemma 5.3.8. Let (Py, Q. : & < €) be a finite support iteration of length € such
that |e| < 2% and such that for every & < € Py I Qg is o-centered. Then Pe is
o-centered.

Proof. We start by taking e-many independent functionsE] W ={F :ua¢€
€ A F, € w”}. By hypothesis we know that there is a sequence (C, : « € €)
such that for each « € e:

3We say that a collection W C w® of functions on w is a family of independent functions if
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e C,isa P,-name;

e Pylkp "Cq:w — {Cy(n) : n € w} where Cy(n) are centered subsets of
Qa and Qﬂé = Unew Cﬂé(n)”;

® P, lFp, "Vn € w Cy(n) is upwards closed, hence 1o, € Cy(n).

For any condition p € P, since supp(p) is finite and since Vi € w 1g, €
Cu(n), there is a condition g <p, p such thatVa < e3n € wq [ a IFp, p(a) €
Cqx(n). This shows that the following set is dense:

D:={g€P:IpePVa<edncwq|alp pla) € Cy(n)}.
We now consider for k € w the following set:

Dy:={geD:Va<eqlalp g(a) € Cu(Fu(k))}.

Claim. Dy is centered.

Proof of the claim. Given qo,...,q, € Dy let S := U<, supp(g;). S is clearly
finite. We want to find a condition r € P, such that r <p_g; for all i < n.
Inductively on & < € we define

( ) 1Q:x ifag$
r(a) :=
t € dom(Qy) such thatr [ alFp, t < g;(a)(Vi<n) ifaeS.

The condition r is a common extension of the ¢;’s and it is well defined. We
observe that, by induction, » [ &« <p, ¢; [ « and, since q; [ « IFp, gi(a) €
Cu(Fy(k)), also r | a IFp, gi(a) € Cu(Fx(k)). Because Cy(Fy(k)) is centered
and because of the maximality principle, we can find a t € dom(Q,) such
thatr [ alFp, "Vi <nt <p gi(a)”. O

We now show that D = |Ji¢,, Dk. Given a condition g € D, the set

X :={(a,n) :a € supp(q) An =min{m :q [ alFp, g(a) € Co(m)}}

forany ! € w, for any fy,..., fj € Wand any ny, ..., n; € w there is a point x € w such that:
Vi <l fi(x) = n;.

. The existence of continuum -and hence of e- many independent functions is discussed in the
next chapter.
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is finite. Because the F,’s are independent functions, we can find a k € w
such that for all (a,1) € X; we have F,(k) = n. Therefore q € Dy. Finally it
remains to show that P is c-centered. This follows directly from the fact that

P, is the upwards closure of D. O



Chapter 6

Independent functions and
independent sets

We have shown in the previous chapter how the property of a poset being
o-centered is preserved in iterations. In particular we reported the proo!ﬂ
for the finite support iteration of length < 2¢. There, one point was taken for
granted: the existence of a family of size continuum of independent functions
on w. This fact - and the proof of it - inspired the creation of the present chap-
ter, whose aim is to put together the notions of essentially different functions,
independent functions, autonomous sets and independent sets on w. It is worth
mentioning that such notions are related to the area of combinatorial cardinal
characteristics of the continuum (see [2] and Figure [6.1). Namely indepen-
dent sets behave similarly to the almost disjoint sets (see [11]) and they are
involved in the definition of the independence number i, which is the smallest

size of a maximal independent family.

In the next pages, among others, we have rewritten in more details and
modern notation some proofs from [8] , [7] and [13]. Furthermore in Lemma
6.1.6|a new construction is presented - the so-called triangular tree - to show,
without help of independent sets, the existence of continuum-many essen-
tially different functions.

IThis topic was discussed by Goldstern and Blass in [13]

79
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Figure 6.1: Hasse’s diagram of combinatorial characteristics of the contin-
uum.

We give a list of the principal symbols and notations used in this chapter.

xAy: The symmetric difference xAy := (x \ y) U (v \ x).

B4: For A and B non-empty, B/ is the set of all functions with domain A and
image in B.

f[X] : The set of the images of elements in X when f is a function f[X] :=

{f(x):x € X}.

AE(: Let A C X, the complement of A in X is AE'( ={x € X:x¢ A}. When
X is clear from the context we will write AC.

A<“: The set of finite sequences of A,i.e. A<V :={f:Incw f:n— A}.
A“: The set of infinite sequences on A, i.e. AY :={f: f:w — A}.
[A]<“: The set of all finite subsets of A, i.e. [A]<¥ := {x € P(A) : x| < w}.

[A]“: The set of all infinite countable subsets of A, i.e. [A]“ := {x € P(A) :
x| = w}.

[T] : The branches of the tree T C w<%,ie. [T] :={x cw’ :Vncwx [ n¢€
T}.

Ih(t) : The length of the sequence t € w<“.
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6.1 Essentially different and independent functions

In this section we introduce the essentially different functions (Definition
and we show that there are continuum many of them on [w]|<“ and on w
(Theorem 6.1.3)and Corollary|[6.1.4). Furthermore we restrict the assumptions
and define the notion of independent functions (Definition[6.1.5). Analogously,
we show that there are continuum many such functions on w (Theorem ;
the proof makes use of the existence of the triangular tree (Lemmal6.1.6).

Definition 6.1.1. Let A be an infinite set. We say that a collectio W C A4
of functions on A is a family of essentially different functions if, whenever we
pick finitely many of them, they differ in a common point:

Vm e wVfo,..., fm € Wax € AVi <j <m(fi(x) # fi(x)).

In the next pages A will be either [w]<“ or w. The following short lemma
is used in Corollary with B=w and C = [w]<¥.

Lemma 6.1.2. Given non empty sets B and C and a bijection § : B — C, the
conjugating function defined as:

G:C¢ — BB
frrglofog

is injective. Therefore for any X C CC there is a bijection between X and G[X].

Proof. Let fi # f» be two different functions in CC, then there is x € C
such that fi(x) # fa(x). Hence G(f1) # G(f2) because G(f1)(g ! (x)) =

§lofiog(gi(x)) =g o filx) # g7 o falx) = g7 o frog(g7l(x)) =
G(f2)(g1(x)), as g is a bijection. O

The original proof of the following theorem comes from [8].

Theorem 6.1.3. There are continuum many essentially different functions on [w] <%,
Le.

<w)

W C ([w] =) ™) such that W] = 2% and

W is a family of essentially different functions.

2We chose the letter WV because it remembers the original German definition wesentlich
verschiedene Abbildungen given by Hausdorff in [8].
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Proof. Recall that |[w]“| = 2™. So we will enumerate the essentially different
functions by an index ¢ running on [w]®, giving us continuum many essen-
tially different functions in the resulting V. For every infinite set t € [w]“
we define the functions e; on [w]<%:

e (W] = [w]™¢

x+— xNt.

We claim that the family W = {e; : t € [w]“} has cardinality contin-
uum and consists of essentially different functions. Consider the following

function:

E:[w]Y =W

t— e

The map E is surjective by definition of W. It is also injective: let t1, ¢, € [w]?
be different. Without loss of generality we can pick some m € t; \ . By the
choice of m we have e;,({m}) = {m} Nty = {m} bute,({m}) = @. Hence
E(t1) # E(t2). We conclude that |W| = |[w]“| = 2¢.

We take now finitely many functions ey, e, ..., e, € VW, we show that they
are essentially different, i.e. that there is a finite set x such that e;,(x) # e;(x)
foralli < j <m. Foreveryi < j < mwe pick an n;; € t;At; (as in Figure[6.1),
and define x := {n;; : i < j <m}.

tl' t]'

Figure 6.2: The element 7;; is taken outside the intersection of ¢; and ¢;.

Then e (x) = t;Nx # t;Nx = e;(x) because n;; is either in ; N x or in
t; N x (n;; was chosen outside of t; N ;). (l

Corollary 6.1.4. There are continuum many essentially different functions on w,
ie. AW C wv such that [W'| = 2% and W' contains only essentially different
functions.
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Proof. We apply Lemmal6.1.2lwith B = w, C = [w]~* and a bijection g : w —
W<, getting G : ([w]<@)[«]™) — @@,

Figure 6.3: Each e € W corresponds to a unique f € W’ such that f =
Gle):=g loeog.
Consider the family WV of Theorem then
W' = G[W]
is a family of essentially different functions on w such that [W'| =2%. [0

We consider now a restriction of the initial definition and present the no-
tion of independent functions:

Definition 6.1.5. Let A be an infinite set. We say that a collection F C A4 of
functions on A is a family of independent functions on A if for any | € w, for any
fo,...,f1 € Fand any ny,...,n; € A there is a point x € A such that:

Vi < lfl(x) = n;.

Our proof of the existence of continuum many independent functions is
based on the existence of the triangular tree:

Lemma 6.1.6. There is a perfec:ﬂ tree T C w=“ whose branches contain infinitely
many often any natural number, i.e. Vb € [T],Vn € w |{i € w: b(i) = n}| = w.

Proof. We will take the nodes of w <% such that the branches have the form:
(0,0,0,0,0,1,0,0,1,2,0,0,1,2,3,0,...,0,1,...,n,0,...,)

where every time that some O appears we can choose any value of w. More
precisely, we say that a finite sequence x of natural numbers is in T if and

3 A tree is perfect if every node has an extension node that is splitting. A node is splitting if
it has at least two immediate successor nodes.
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only if for all n < lh(x)

{some elementof w, ifJkew (n= k(k;rl));
x(n) =

|- - HEL gk (MEED <

S
AN
N

2

We call such a tree the triangular tree. H

VYW YYRYY

.
s o o e
™ " "

E ", "

b " "

.

HW

Figure 6.4: A finite sub-tree of the triangular tree.

Lemma 6.1.7. Let T C w=<% be the triangular tree. Let denote with fin(<“w, w)
the set of partial finite functions p : w<“ — w. Then there is a F : [T] x
fin(w<“,w) — w such that for every fo,..., fm € [T] for m € w and every
1o, ..., Ny € w thereisa p € fin(w<%, w) such that F(f;, p) = n; fori < m.

Proof. We define F in the following way:

0, otherwise.

E(f,p) = {f(min{l p(f 1D =fD)Y), f{lew:p(fI)=Ff1)}+2;

Given fo,..., fm € [T] and ng,...,n, € w,letn € w be the least level
where all the f; | n differ:

ni=min{k c w:Vi<j<m(fi[n#f;lIn)}

Now for every i < m there is some level a; > n such that f;j(a;) = n;
(because every natural number appears infinitely often in every branch of
the tree). Let p := {(fi [ a;,n;) :i < m}. Then {l : p(f; [ 1) = fi(1)} = {a;}
and F(f;, p) = fi(a;) = n, for every i < k. O

“We call it triangular because the the positions where O appear correspond to the triangu-
lar numbers k(k+1)/2 = (szrl).
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Theorem 6.1.8. There is a family G C w* of independent functions of size contin-
uum.

Proof. Let T be the triangular tree and F : [T] X fin(w<%,w) — w defined as
in the previous lemma. Let g : w — fin(w~%“,w) be a bijection. For every
branch b € [T] we define a function on w:

8w —w
n+— F(b,g(n)).

We claim that the family G := {g, : b € [T]} contains essentially different
functions and |G| = 2. If b; # by, then, by the previous lemma, thereisn € w
such that g, (n) = F(b1,g(n)) # F(by,g(n)) = gp,(n). Fix by,..., by € [T]
and no, ..., n, € w. Thereis n € w such that g, (1) = F(b;, g(n)) = n; for all
i<m. O

6.2 Autonomous sets and independent sets

We define now the autonomous sets and show that there are continuum many
of them on w x [w]<% and on w (Theorem and Corollary [6.2.3). The
proofs make use of the existence of continuum many essentially different
functions. We will notice that the autonomous sets in those proofs are also in-
dependent sets (Theorem|[6.2.5), which implies that there are continuum many
independent sets on w (Corollary [6.2.6).

Definition 6.2.1. Suppose that we have a set U, that we call “universe”, and
some subsets A and B. We remark that the intersections of A, or its comple-
ment, with B, or its complement, constitute a partition of the universe, as in

Figure

Al BC

Figure 6.5: A maximal partition of the universe with two sets.
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We say that finitely many sets Ay, Ay, ..., A, C U are autonomous if the
related partition Py, 4,4, := {Ai1 N Aéz N---NAD 4 € {0,1}Vk < n}
(where A? := A and A! = AE) has maximal size 2". The following definition
generalizes the concept:

Let U be an infinite set. We say that a family S C P(U) is a family of
autonomous sets if for every pair A, B € [S]<% of finite subsets of S, such that
AN B = @, the following holds:

NAN(w\|JB) #@.

The proof of the following theorem takes advantage of the existence of
continuum many essentially different functions on w and comes from [8].

Theorem 6.2.2. There is a family of autonomous sets S C P, (w X [w]<¥) of size
continuum.

Proof. Let{f; : t € 2} be the family of continuum many essentially different
functions of Corollary We remark that the set w x [w]<% is countable.
We consider the following function:

Z:2Y - P(w x [w]~?)
t= {(ny): fr(n) €y}

We show that § := im(Z) has size continuum and is a family of auto-
nomous sets on w X [w]<“. Z is injective: Let t; # t, € 2¢, then f;, # f;, and
so there is some n € w such that fi, (n) # f,(n). Therefore Z(t;) # Z(t2)
because (1n,{fi,(n)}) € Z(t1) \ Z(t2). The family S has size continuum:
20 < | S| < 2lx[@l™ = pw,

We pick now two disjoint A, B € [S]|<“ and we enumerate them:

B={Z(t}):]<m).

Because the f’s are essentially different, there is x € w such that f;, (x) and
ft§(x) are all distinct for i < n and j < m. We define y := {f,(x) : i < n}. It
follows that Vi < nand Vj < m:

fu(x) €y A fy(x) ¢y,

therefore
(x,y) € Z(t:) A (x,y) ¢ Z(t).



6.2. AUTONOMOUS SETS AND INDEPENDENT SETS 87

Hence

Corollary 6.2.3. There is an autonomous family S’ C [w]® of size continuum.

Proof. Letb : w X [w]¥ — w be a bijection. Then S’ := {b[X] : X € S} is the
family we are looking for. O

If we look closer to the proof of Theorem the set S is actually a
family of independent sets as we will show in Theorem [6.2.5

Definition 6.2.4. Let U be an infinite and countable set. We say that a family
S C P(U) is an independent family (or a family of independent sets) if for every
disjoint pair A, B € [S]<% of finite subsets of S the following holds:

INAN(w\UB)| =w.

We can immediately remark that independent families are also autonomous.

Theorem 6.2.5. There is an independent family S C w X [w]<% of size continuum.

Proof. The family S constructed in Theorem satisfies the conditions. For
k € w define the sets y; := y U {k}. With the notation of the proof of Theorem

6.2.2, we get
{(xyi) k> mady U {fy(x) :j <m}}} € (Y 2(t) 0 ) (z(#)".

i<n j<m O

Analogously as before:

Corollary 6.2.6. There is an independent family S’ C [w]® of size continuum.

Proof. Letb : w X [w]<“ — w be a bijection, then S’ := {b[X] : X € S} isan
independent family of subsets of w of size continuum. O

There are many other ways of proving Corollary see for example
[11] for a collection of eight different proofs.
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6.3 From independent sets to independent functions

We present two proofs for showing that for any independent family on w
there is a family of independent functions of the same size. The first proof
comes from [7, Theorem 3]. The sketch for second proof, which contains a
nice construction, is to be found in [21]].

Theorem 6.3.1. Given an independent family G C [w]“ of infinite subsets of w,
there is a family F C w® of independent functions such that |F| = |G|. In particular,
by Corollary there is an independent family of functions of size continuum.

Proof. We define A := {(no,...,nx,Fy,..., F) : k € w,¥Vi <kn; € wAF €
[w]<“}. We remark that |A| = w, hence we can fix a bijection & : w — A. We
assign to every S € G a function fs € “w in the following way: for n € w let
h(n) = (nog,...,ng, Fo,..., F), then

n;, if3i <k(FFCSAF ¢SVj+i);
fs(n) = | A
0, otherwise.

LetF:= {fs:S € G}. Weshow that |F| = |G|: let S; # S, € G, then f5, # fs,.
In fact, for n € S1\ Sy, lets := (1,{n}). For m := h~1(s) we have

fs,(m) = {1/ iint € 5

0, otherwise

and therefore fs (m) = 1 while fs,(m) = 0.

We prove now that F is a family of independent functions. Let fs, ..., fs, €
F be different functions and ny, ..., n, € w.

Fori,j=0,...,kifi # j we pick n;; € S; \ S; and define

{nio,nin, ..., mij—1, Miip1, ..., ng}  forl <i<k-—1,
F = {nil,i’liz,...,l’lik} fori =0,

{nio,nip, ..., mig_1} fori =k.

It is immediate to see that F; C S;and F; ¢ SiVj#i.
We conclude that for

a= h_l((no,nl,. . .,le,Fo,Fl,. . .,Fk))

we have fs.(a) =n;fori=0,1,... k. O
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Theorem 6.3.2. Given a family A of independent subsets of w such that |A| > w
there is a family F of independent functions on w of the same size as A.

Proof. We enumerate A = {a, : « € 7} and we consider a bijection & :
¥ X w — 7. For a € v we define the following set

Ay = {apn) € A1 € w}.

The A,’s have size w and form a partition of A in 7 parts. We remark that
given a € 7, if m < n the following intersection is empty:

ﬂ a%(zx,i) N ah(zx,m)) N (ﬂ alE(a,i) N apan) = @.
i<m i<n
So for every k € w, if there is an n € w such thatk € N;_, ag(a i N Ay (o)

then such n is unique. For every a € 7 the following function is therefore
well defined:

foiw—=w

n ifke Ni<n a[l:z(oc,i) N Ap(a,n)r

0 otherwise.

fulk) ==

We remark that f, is surjective and that Vn € w the set f,1(n) is infinite.
We show that F := {f, : « € 7} is a family of independent functions and
therefore has size || (the f,’s are pairwise different, as they are independent).
Let (a1,7171), (a2, 12),...,(a;,n;) € ¢ X w have distinct first coordinates. We
want to find a k € w such that f,, (k) =n; foralli=1,...,1.

Consider the intersection

I:= ﬂ (ﬂ “E(ai,i) O oy my))
1<j<l i<n

by independence of the sets I is not empty, so we can take a k € I and, by
definition, we get f,, (k) = n; for1 <i <. O

6.4 From independent functions to independent sets

We conclude the chapter with a last implication: for any family of indepen-
dent functions there is a family of independent sets of the same size. To prove
the result we need the following lemma that characterizes the independent
functions.
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Lemma 6.4.1. Let F C w* be a family of independent functions on w. Then for any
l € w, forany fo,..., fi € Fand for any ny,...,n; € w there are infinitely many
k € w such that

Vi <1 fi(k) = n;.

Proof. We fixI € w, fo,...,f; € Fand ny,...,n; € w. For any k € w we show
that there is a k' € w such that k' > k and f;(k’) = n; for all i < I. We pick any
fi+1 € F and define

k
M1 =) fry (i) + 1.
i=0

In particular for every i <k

i1 # fria(0). (6.1)

By independence of the functions, 3k’ € w such that Vi < 1 +1 fj(k') = n;.
By (6.1)) it has to be k' > k. O

Corollary 6.4.2. Foreveryl € w, forevery fo, ..., fi € F, foreveryng...,n; € w
the previous lemma implies that

o oI N AT im0 ]| = w.

We are now ready to prove the theorem:

Theorem 6.4.3. Let F C w be a family of independent functions, then there is a
family G C [w]® of independent sets such that |G| = |F|.

Proof. For every f € F we define A := f~1[{0}]. By Corollary |Af| =
w. We show that the family G := {Af : f € F} is independent. Given

A = {Afo""’Afn} and B := {Ag,...,Ag,}, such that ANB = @, we
prove that the intersection (<, Ay, N Nj<p Ag,]_ is infinite. This is immediate

by Corollary[6.4.2}
w =N {0} n N & {1

i<n j<m
<IN £ N N (U )
i<n j<m i>0
=[N AN AL O

i<n ji<m



Appendix

A.1 H, and its countable elementary submodels

We collect some facts about countable elementary submodels of H,, that
can help to better understand the examples and constructions of some ord-
transitive models in Chapter

Definition A.1.1. A model for a given language L is a pair A = (A, I), where
A is the universe of A and [ is the interpretation function which maps the
symbols of L to appropriate relations, functions and constants in A. It is usu-
ally also displayed as % = (A, PY, ..., F¥,...,c%). By recursion on the length of
terms and formulas one defines the value of a term ¥ [a1, ...ay] and satisfac-
tion A |= ¢[ay, ..., ay]

Definition A.1.2. A submodel of A is a subset B C A endowed with the rela-
tions P¥ N B", functions F* | B, and constants c¥. All c¥ belong to B and B

is closed under all F¥.

Definition A.1.3. A submodel 8 C A is an elementary submodel B < A if for
every formula ¢, and every by, ..., b, € B,

B = p[by, ..., by iff A |= P[by, .., by]

Lemma A.1.4 (Tarsky-Vaught criterion). Let U a submodel of B. Then A < B iff
for all existential formulas ¢(X) (of the form Jyyp(X,y)), alld € A :if B |= ¢[d],
then there is some b € A such that B |= [d, ]

Theorem A.1.5 (Downward Lowenheim-Skolem-Tarski Theorem). ZFC~. Let
B be any structure for a given language L. Fix « such that max(|L|,Rg) < x < |B|,
and fix S C B with |S| < k. Then there is an A < B such that S C A and |A| = «.

91
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Definition A.1.6. For any cardinal A
H) = {x:|trcl(x)| < A}

is the family of all sets hereditarily of cardinality less than A, where the transitive
closure T = trcl(x) is defined by induction as Ty = x, T,y = UT, and T =
UnZo Tn-

Lemma A.1.7. For any infinite cardinal A, |Hy| = 2<*.

Proof. For all k < A we have P(x) C H,, thus 2 < |H,|. To show that
2 < |H,|, we construct an injective map F : H(A) — U{P(x X k) : k < A} as
follows: if x € H(A) let k = | trcl(x) U {x}| < A and by AC choose a relation
F(x) C x x x such that (x; F(x)) = (trcl(x) U {x}; €). F is injective because x
is determined by the isomorphism type of € on trcl(x) U {x} O

The proof of the next lemma can be found in [20, Theorem II.2.1].

Lemma A.1.8. (ZFC™J| The set (Hy, €) is a model of all ZFC except for the in-
stances of the power-set axiom whenever A is a reqular uncountable cardinal and
H) = ZFC if A is strongly inaccessibleﬂ

In the following lemma we collect properties of countable elementary
submodels of H}.

Lemma A.1.9. Let M < H, be countable. Then:
1. Every finite ordinal, as well as w, is a member of M;
2. Ewvery finite subset of M is a member of M;

3. Every set definable with parameters in M is a member of M. Therefore the
definable ordinals w, w1, wy, . . ., Wy, Wy, can all be assumed to be members of
M;

4. Suppose that « < A and o C M, then for every x € M if Hy |= |x| = a then
x C M;

5. Every countable element of M is a subset of M, but not every countable ordinal
is an element of M;

1ZFC™ denote ZFC with the Foundation Axiom deleted.
2H, |= ZFC is actually a scheme in the metatheory, i.e. we prove that ¢’ is a theorem of
ZFC™ whenever ¢ is any axiom of ZFC.
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6. The relation € is transitive on the set of elementary countable submodels of
H,, i.e. for any countable A,B,C < Hyif A€ B Cthen A € C;

7. Lety := M Nwy, then:

(a) y = 6 for some countable ordinal 5;

(b) If x € M, x C wyand 6 € x, then x is stationary in wy. In particular, x
is not countable;

8. If A > wj then wy € Mand wy € M;if 6 = M Nw; and 7t is the Mostowski
isomorphism from M onto a transitive T, then 7t(wy1) = 6 and 7(&) = ¢ for
all & < 8. Also, T |= ZFC — P (if A reqular) and § = (wq)T.

9. If M = Hy,, then M is transitive.

The Mostowski’s function on (A, R), with R well-founded and set-like on A, is
defined recursively: for y € A we define m(y) = {m(x) : x € y |}, wherey |=
predar(y).

Proof. Points 1-6 are easy consequences of elementarity and of the definition
of H) (for more details see [17) Section 24.2]).

Point 72 M N w; is an ordinal because it is linearly ordered and transitive
(every x € M N wj is countable and thus x € M N wy). Because in particular
0 C M it follows that § is countable. If § were a successor ordinal, there
would be some & such that 6§ = a U {a} = MNw; but then « € MU w;
and since the set S(a) € w is definable with parameters in M, it follows that
0 = S(a) € MNwj, a contradiction.

To prove the stationarity of x if, by contradiction,

H) = 3C[(Cclubinwq) A (CNx = Q)]
then, by elementarity,
M = 3C[(Cclubinwy) A (CNx = Q)].

Let C € M such that M |= (C club in wq) A (CNx = @). We show thatd € C,
in order to get the contradiction § € CNx. Now, M = (C is a club), implies
in particular that M |= (C is unbounded in w;), that is C N M is unbounded
wy N M. It implies that sup(C N J) = 4. Since Hy = C is a club, we get that
H), ‘: 6 eC.

Point 8: w; SZ M is clear. w7 € M as w; is definable in H, as the first
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uncountable ordinal. Remark that M N (w; U {w1}) = 6 U {w;}, therefore
(¢) = ¢ forall ¢ < ¢ and 7m(wq1) = 6. The rest follows from the fact that
T =M < H, = ZFC-P.

Point 9 is a direct consequence of point 5. O

A.2 Proper forcing

Definition A.2.1. Let A be an uncountable cardinal. Let [A\|“ = {x C A :
|x| = w}. We say that C C [A]“ is a club if

i) Cis unbounded: Vx € [A|*Jy € Cx Cy;

ii) Cis closed: for any chainxp C x; C --- Cx, C ..., n < wof setsin C,
Unew Xn € C.

A set S C [A]Y is stationary if it intersects every club, i.e.,
VC C [A]“(Cclub = SNC £ Q).

Definition A.2.2. A notion of forcing (P, <) is proper if for every uncountable
cardinal A, for every set S € V

(S C [A]“ A S stationary )V = (S stationary )"1¢,

The following lemma gives an equivalent definition of properness. Its proof
can be found in [15, Lemma 31.16].

Lemma A.2.3. P is proper if and only if for every p € P, every sufficiently large A
and every countable M < (H,, €, <) containing P and p, there exists a q < p that
is (M, P)-generic. (q is (M, P)-generic if for every maximal antichain A € M, the
set AN M is predense below q.)

Property A.2.4. ¢ If Pis c.c.c. then P is proper;

e If P is w-closed then P is proper;

e If P is proper then VX € V[G](|X| = w)VI€13Y € V(|Y| = w)" A (X C
Y)V[G];

e If P is proper then P preserves N;.

Proof. For the first three points please refer to Lemma 31.2, 31.3 and 31.4 of
[15]. The third point implies the last one. O
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A3 Axiom A

Axiom A was first introduced by Baumgartner in [[1].

Definition A.3.1. A notion of forcing P, < satisfies Axiom A if there are partial
orderings {<,,n € w} on P such that:

i) Vp,gePg<op=qg<pandforeveryn € wq<,41p=q<up;

ii) For every descending sequence pg >0 p1 >1 -+ >n—1 Pn =>n ... there
is a g such that g <, p,, for all ;

iii) For every p € P, for every n € w and for every ordinal nameE] i there
exists a g <, p and a (countable set B)" such that g I & € B.

Property A.3.2. If P satisfies Axiom A, then P is proper.

Proof. This proof make use of an equivalent definition of properness via the
proper game. We refer to [15, Lemma 31.11] for more details. O

Property A.3.3. 1. Every w-closed forcing satisfies Axiom A;

2. Every c.c.c. forcing satisfies Axiom A.

Proof. 1. Letp <, qiff p < gqforall n.

2. Letp <, qiff p =g foralln > 0. O

A.4 Sacks forcing

Definition A.4.1. p C 2<% is a perfect tree if:
* (initial segments closure) Vt € p,Vn < 1h(t) t [ n € p,
o (perfect) Vt € p3t' € p(t C ' At € split(p)),

where split(p) is the set of all splitting nodes of p, i.e. split(p) := {t € p :
t"0 e pand ™1 € p}.

We define the Sacks forcing (S, <g) as S := {p C 2<¢“ : pis a perfect tree} and
p <g riff p C r. The maximal element is 1g := 2<¢.

34 is an ordinal name if Vp3g < p3B € VNON(q I- & = B)
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Definition A.4.2. We say that t € p is a n-splitting node if there are exactly n
splitting nodes s C ¢.

Definition A.4.3. Let p,q € S. p <, gif and only if p < g and every n-th
splitting node of g is an n-th splitting node of p.

Definition A.4.4. Letp € S. Fors € p,let p | s denote the tree {t € p: t C
sort D s}.If Ais a set of incompatible nodes of p and for each s € A, gs is a
perfect tree such that g C p | s, then the amalgamation of {gs : s € A} into p
is the perfect tree

{tep: ift Dsforsomes € A, thent € g,}.

This construction basically replaces in p each p | s by gs.

Definition A.4.5. A fusion sequence is a sequence of conditions {p, };_, such
that p, <, py—1 foralln > 0.

Lemma A.4.6 (Fusion lemma). If {p,}, is a fusion sequence, then p := (y_ Pn
is a perfect tree.

Proof. Let s € p, we show that there is a splitting node in p extending s.
Let m = lh(s), we choose an m-splitting node t € p,, extending s. Then ¢
is a splitting node of p: namely for every n > m, since p, <, pn and t is
m-splitting in p,,, we have t,t70,t"1 € p,. O

Property A.4.7. Sacks forcing satisfies Axiom A.

Proof. Forn € w we define p <, gifand only if p < g and every n-th splitting
node of g is an n-th splitting node of p. If {p, }$°, is a fusion sequence then
p = N5_,pn is a perfect tree (see Lemma |[A.4.6).

Let now & be an ordinal name and p be a condition of the Sacks forcing. Fix
n € w, we find a ¢ <, p and a countable B such that g I- & € B. Let S, be
the set of the nth splitting nodes of p. For every s € S, pick q,~; < p [ 571
such that g.~; IF & = B,~;, for some ordinal j,~;. Let g4 be the amalgamation of
{gs~;:s€ Sy Ni=0,1} and B = {B,~; : s € S, Ai =0,1}. We conclude that
g<p,pandql-i& € B. 0

Lemma A.4.8. Sacks forcing does not satisfy the countable chain condition.
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Proof. We show that there are antichains of size 2%. Fix an almost disjoint
family {A, : @ < 2%} of subsets of w (see Lemma for the existence of
such a family). For every & < 2% choose a perfect tree T, whose splitting
levels are exactly the elements of A,. For example

Ta={s€2°:Vn<|s|(n¢ Ay — s(n) =0)}
Then the intersection T, N Tz does not contain any perfect tree. O
Lemma A.4.9. There is an almost disjoint family of subsets of w of size 2%.

Proof. Take a bijection f : 2<“ — w. Forevery x € 2¥ let Ay ;== {x [n:n €
w}. Then the set { f[Ay] : x € 2“} is an almost disjoint set of size 2. O

A.5 Counting countable transitive models

In this section we consider countable transitive structures. Here the word
transitive means that the domain A of the structure is transitive in V, i.e.
Vx eV A vy eV x,x eV A.

About countable transitive domains we can say that:

Lemma A.5.1. 1. If A is countable and transitive, then A € H(Xy) := {x :
| trel(x)| < Ri}, where trel(x) := Upeo(U"x), U0 x := xand U x =
Uuy*x.

2. |H(Xy)| = 2= and hence |H(Ry)| = 2%,

3. The L-structures (A, R™) such that A is countable and transitive are at most
2%0-many.

Proof. 1. Being transitive, A = trcl(A). Moreover |trcl(A)| = |A] = w
implies A € H(Ry).

2. [H(Xy)| > 2<% because P(a) € H(Ry) for all &« < Xy and therefore
|H(Rp)| > 2% |H(R;)| < 2<% because we can define an injective func-
tion F : H(Yy) — U{P(a x a) : « < Ry} as follows: For x € H(X;)
let a := | trcl(x) U {x}| < N; and by AC choose a relation F(x) C a X
such that (a; F(x)) = (trcl(x) U {x}; €). The function F is injective as x is
determined by the isomorphism type of € on trcl(x) U {x}. We remark
also that 2<™ = sup{2% : &« < N} hence |H(Xy)| = 2%,
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3. There are at most |H(X;)| many countable transitive domains and for
each domain at most 2™ binary relations. Therefore there are at most
|H(R1)| - 2% = 2% many countable transitive structures. O

About models of ZFC we can say:

Lemma A.5.2. If there is a countable transitive model of ZFC then there are at least
2%0-many.

Proof. Let M be a countable transitive model of ZFC and consider C = 2<%
ordered by reverse end-extension. Let (D, : n € w) be an enumeration of all
open dense subsets of C that are elements of M.

We construct the sequences ((p, € C:h €2"):n € w)and (k, € w:n € w)
by induction on n. For n = 0, let pp := @ and kg := 0.

At step n + 1, suppose that k, and A, := {pj : h € 2"} are defined. Since A,
is finite, there is a natural number k, 1 € w such that for every p; € A, there
is an extension p;, € D, of length exactly k1. For i = 0,1 we define

P =Py i
Forn € wand h € 2" we get the following properties:
e VYm <npy; € Dy fori=0,1, since all D,,’s are open;
* Ih(py~;) =kn1+1;
* p; < pyif and only if ¢ is an end-extension of ;
* ppilkpy1) =h"i(n) =ifori=0,1.

For f € 2¢ let Gy be the filter generated by {py;, : n € w}. From the previous
points it follows that for f # f’ there is n € w such that

UGs(kns1) = f(n) # f(n) = Gp(kns1).

Therefore for f # f' we have Gy # Gp. Now, since M[Gy] is countable, it can
contain only countably many of the G4 for f’ # f. So among the M[Gy], f €
(2¢)V there are 2% different models. O

Putting together Lemma and Lemma and we get:

Corollary A.5.3. If there is a countable transitive model of ZFC, there are exactly
2%0-many.
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