
Yu.V. Egorov M. A. Shubin (Eds.) 

Partial Differential 
Equations VI 
Elliptic and Parabolic Operators 

Springer-Verlag 
Berlin Heidelberg New York 

London Paris Tokyo 
Hong Kong Barcelona 

Budapest 



I. Elliptic Operators 
on Closed Manifolds 

M. S. Agranovich 

Translated from the Russian 
by M. Capinski 

Contents 

Preface 3 
0.1 The Scope of the Paper 3 
0.2 Some Notation and Conventions 4 

§1. Pseudodifferential and Elliptic Pseudodifferential Operators 
in Rn 5 
1.1 Definitions and Examples. Boundedness Theorems 5 
1.2 A Calculus of Pseudodifferential Operators 7 
1.3 The Kernel of a Pseudodifferential Operator and the 

Pseudolocal Property 10 
1.4 Change of Variables in Pseudodifferential Operators 11 
1.5 Polyhomogeneous Pseudodifferential Operators. Principal 

and Subprincipal Symbols 12 
1.6 Polyhomogeneous Pseudodifferential Operators of Negative 

Order as Integral Operators 14 
1.7 Polyhomogeneous Pseudodifferential Operators of Zero 

Order and Singular Integral Operators 16 
1.8 Elliptic Operators in R" 17 

§2. Pseudodifferential Operators and Elliptic Pseudodifferential 
Operators on a Closed Manifold 19 
2.1 Pseudodifferential Operators on a Manifold M 19 
2.2 Elliptic Pseudodifferential Operators on M 22 
2.3 Elliptic Operators as Fredholm Operators in Sobolev 

Spaces 25 



2 M.S. Agranovich 

2.4 Pseudodifferential Operators on a Circle and on a Torus . . . . 30 
2.5 The Spectrum of a Linear Operator and the System of Its 

Root Vectors 35 
2.6 The Spectrum and the Root Functions of an Elliptic 

Operator on M. Examples 39 
§3. Some Variants and Generalizations 43 

3.1 Other Classes of Scalar Pseudodifferential Operators in R" 
and on M 43 

3.2 Matrix Pseudodifferential Operators and Pseudodifferential 
Operators in Sections of Bundles. Elliptic Complexes 48 

§4. Pseudodifferential Operators with a Parameter 55 
4.1 Pseudodifferential Operators Depending on a Parameter 

Polynomially. Ellipticity with Parameter 55 
4.2 A Parametrix for A - XI 56 
4.3 Generalizations 60 
4.4 Calculus of Pseudodifferential Operators with a Parameter . . 62 

§5. Functions of Elliptic Operators 66 
5.1 Functions of Pseudodifferential Operators of Zero Order . . . . 66 
5.2. Positive Operators in a Hilbert Space and Some Functions 

of Them 68 
5.3 Powers of an Elliptic Operator 72 
5.4 Estimates of s-numbers, Integral Representation, and 

Traces of Operators of Negative Order 74 
5.5 Meromorphic Continuation of Kernel and Trace of a Power 

of a Positive Elliptic Pseudodifferential Operator 78 
5.6 The Exponent e~tA for an Elliptic Pseudodifferential 

Operator A; Asymptotics of Its Kernel and Trace 80 
5.7 Asymptotics of the Kernel and the Trace of the Resolvent . . 83 
5.8 The Exponent e~ltA for an Elliptic Pseudodifferential 

Operator A of the First Order 86 
5.9 Generalizations and Variants 92 

§6. Spectral Properties of Elliptic Operators of Nonzero Order 
on M 94 
6.1 Selfadjoint Elliptic Pseudodifferential Operators 94 
6.2 Weak Perturbations of Selfadjoint Elliptic 

Pseudodifferential Operators 102 
6.3 Selfadjoint Elliptic Pseudodifferential Operators and Their 

Weak Perturbations on a Circle 109 
6.4 Elliptic Operators far from Selfadjoint 115 

Remarks and Bibliographical Notes 119 

References 123 


