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Intr oduction

Xenobioticssuchaspesticidesherbicidesor fungicides play akey rolein anefficientandeco-
nomicagriculture. Their critical impacton the ervironment,in particularon the groundvater
haslong beenrecognized.In recentyears,careaboutervironmentaleffectsandhumansafety
hasbecomeof major public interest. Authorities have respondedy introducingstricterreg-
ulationsandimposingstringenttest procedure$eforereleasinga substancdor usein fields
(Plimmer 1999[101]).

On the Europearievel, the RegistrationDirective 91/414/EEC concerningthe placing of
plantprotectionproductyPPP)onthe EU market,cameinto forcein 1993(Boesteretal., 1999
[24]). Uniform principlesfor the registrationprocessge.g.the type andscopeof experimental
studies,were defined. In particular it is requiredthatin additionto the experimentscarried
outfor theassessmermif the fateandbehaior of plantprotectionproductsn theervironment,
estimatesf predictedervironmentalconcentrationsn soil, water and air basedon mathe-
matical modelinghave to provided (Kloskowski et al., 1999[73]). Several simulationtools,
e.g.PELMO (Klein, 1995[72]; Jene,1998([69]), PEARL (Tiktak et al., 1999[125]), PRZM
(Carseletal., 1998[29]) or MACRO (JarvisandLarsson,1998([68]), have becomeavailable
andarewidely usedby researclhnstitutesaswell ascompaniesndregulatoryagenciesDevel-
opmentdn recentyearshave shavn thatdueto its enormougotentialto predictthe substance
behaior for differentsoilsandclimatic conditions mathematicamodelingandsimulationwill
be of increasingmportanceor theregistrationprocess.

In orderto solve the simulationproblem,i.e. the forward problem,for predictingsystem
statesge.g.concentrationghevaluesof all parametersisedin the mathematicamodelhave to
be available. Usually, the unknovn parametersn the model, suchas sorptioncoeficientsor
half-lifes,aredeterminedrom batchexperimentor incubationstudiesusingsievedsoilsunder
controlledtemperatureandmoistureconditionsin the laboratory However, the validity of the
extrapolationof laboratorydatato transporanddegradatiorprocesses undisturbedoil cores
or in thefield have beenquestioned.

An alternatve andvery promisingway to obtainparametersuitablefor predictingtheervi-
ronmentalfateof xenobioticss inversemodeling. Theideaof inversemodelingis to estimate
the unknowvn parameterslirectly from lysimeteror field measuremerdata. This is doneby
mathematicabptimization whereanobjectvefunctioncontainingweighteddeviation between
thecomputedandthe obseneddatais minimized.

1



Intr oduction

Inversemodelinghasbeencommonpracticefor saturatedlow problemsin ground-vater
hydrologyfor years(Yeh,1986[142]). Its applicationto theunsaturatedoneis relatively new.
It hasthusfar beenmainly limited to the watertransportequationto infer hydraulicparame-
tersof the soil. For overviens see(Kool etal., 1987[81]) and(Hopmansand Simiinek,1999
[61]). Thereareonly few papersconsideringparameteestimationfor reactve solutetransport
underunsaturateaonditionsdescribedoy coupledwater and solutetransportequationgsee
e.g.MishraandParker, 1989[92]; MedinaandCarrera, 1996[90]; Abbaspouetal., 1997[1];
SiminekandvanGenuchten1999[116]; Diesesetal., 1999[41]; Diesesetal., 1999[43)]). In
the context of registrationstudies the ideahasbeenpursuedo computeunknavn parameters
by couplingsimulationtoolswith commonlyavailablenonlinearegressiorsoftware,e.g.PEST
(Doherty 1994[44]). However, theresultsthusobtainedaremainly unsatisfying.

Up to now, theregistrationof new substancesn the basisof parameterslervedby inverse
modelinghasbeengrantednly in somespecificcasesHowever, therole of inversemodelingin
theregistrationof plantprotectionproductss underdiscussionMembersof differentnational
authoritiesof Europearcountriese.g.Germaiy, Denmark United Kingdom, The Netherlands,
Belgium and France,gave statement®n the currentstatusof the useof inversemodelingin
nationalpesticideregistrationat the recent*Workshopon InverseModeling” at the Research
CenterJulich in May 2000. An expertof the Germarregulatoryagengy, the BiologischeBun-
desanstaltir Land- und Forstwirtschaft(BBA), for example,statedthat “up to now inverse
modelingis a procedurethat is not very well testedand accepted’andthat “more informa-
tion on the methodis neededuntil it canbe accepted. In summarytherewasno consensus
assuch. Eventhoughthe benefitswere granted the broadmajority of the representaes ex-
pressed rathercautiousattitudetowardsthe resultsobtainedsofar. Most adopteda policy of
wait-and-seaskingfor moreinformationandexpertisein orderto judgethe methods validity.
In particular moresophisticateanathematicainethodsvererequiredin orderto overcomethe
deficienciesencounteredby combiningsimulationmodelswith model-independemtonlinear
regressiontools. The INRA, France,for example,claimedthat “more insightinto the tech-
niguesof inversion(feasibility, mathematicapitfalls, robustnes®f themethod,...)s needed.

However, in orderto establishinversemodelingin the registrationprocessjn additionto
reliabletools for parameteestimation,optimizedexperimentaldesignsor column,lysimeter
andfield experimentsarenecessaryMethodsareneededo determinesxperimentatonditions,
suchasirrigation or applicationschemesand samplingdesigndeadingto measuremerdata
thatis suitablefor parameteestimation. The choiceof the experimentaldesignis of partic-
ular interest,as the parametelestimationproblemsinvestigatedso far have frequentlybeen
shavn to beill-posed.Eventhoughthis problemof ill-posednessnainly causedy parameters
thatare practicallyinsensitve to the measuremerdata,hasbeenencounteresh mary studies
(e.g.Hornung,1983[63]; Kool etal., 1985[80]; Toormanetal., 1992[126]; vanDametal.,
1992[127]), only afew approachefor optimizingtheexperimentatesigndave beenreported.
In somefew caseghe problemto derive betterexperimentakconditionsandsamplingschemes
hasbeeninterpretedandformulatedasa mathematicabptimizationproblem. Due to the lack
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of suitableoptimizationproceduresthe problemhasoftenbeensolved by anenumeratie grid
searchthroughthe designspace(e.g. KnopmannandVoss,1987[74]; 1989[76]). Sun(1994
[123]) evenstatedthat“in practiceto solve suchageneraproblemis toodifficult” and“that up
to date,only few hypotheticakexamplesandsimplifiedcasesave beenreported”.

Hence,in additionto the scientificinterestthereis anincreasingdemandby industryand
alsoby nationalauthoritiedor sophisticate@ndreliablemethoddor bothparameteestimation
andoptimalexperimentaldesignin transporanddegradatiornprocessesf xenobiotican soils.

This s the backgroundsettingfor this work which aimsat providing methodghatsimplify
investigationsandenablea betterunderstandingf the obseredprocessesin orderto support
the mathematicamodeling thetoolsECOFIT (Diesesetal., 1999[41]; 1999[43]) for param-
eterestimationand ECOPLAN (Dieseset al., 2000[42]) for optimal experimentaldesignin
waterandreactve solutetransportprocessef soils have beendeveloped. In this thesisnewn
contritutionsaremadeto thefollowing fields:

e Modelingof parameteestimationproblemsandoptimalexperimentaldesignproblems

e Numericalmethodsor parameteestimationin waterflow andreactve solutetransport
processesf xenobiotican soils

e Numericalmethodsfor optimal experimentaldesignin water flow and reactve solute
transporfprocessesf xenobiotican soils

e Applicationof the developedmethoddo variousreal-life problems

In thefollowing we give a summarycontainingthe new contritutionsmadeto thesetopics.
We have organizedthis thesisin essentiallyindependenthapterdecausave assumehatnot
all readersareinterestedn all chaptergo the sameextent. Thosereadersvho aremainly in-
terestedn the modelingaspectsaandin the applicationof the tools ECOFIT andECOPLAN
to column, lysimeterandfield studiesarereferredto the Chaptersl and 5. For thoseread-
erswho areinterestedn the mathematicapartandwantto geta deepemunderstandingf the
multiple shootingmethodandthe Generalizedsauss-Neton method,a review is providedin
Section2.1and 2.2basedn (Bock,1981[19]; 1983[20]; 1987[21]; SchbderandBock, 1983
[109]; Schbder 1988[108] ).

Modeling for Parameter Estimation and Optimal Experimental Design(Chapter 1)

Whenstudyingthe ervironmentalfate of xenobioticsthe vadozezone,i.e. thefirst 30 to 100
centimeterf the soil wherethe relevant processesuchasdegradationtake place,is of par

ticular interest. As this zoneis generallynot saturatedvith watet the transportof dissohed
substances greatlyaffectedby the flow of water Thus,unlessstudyingcolumnexperiments
in thelaboratorywheresteady-stateonditionscanbe met, the transporiof bothwaterandso-
lute have to be consideredsimultaneously The mathematicamodelingof water and solute



Intr oduction

transportprocessed the unsaturatedoneleadsto instationarypartial differentialequations
(PDEs)coupledwith nonlinearordinarydifferential(ODEs)or differentialalgebraicequations
(DAEs).

For thesale of comparabilityandin orderto enablethe useof the developedtoolsfor regis-
trationstudiesthechoiceof modelequationgonsideredn thiswork is orientedattheequations
implementedn the simulationmodelsusedsofar for registration.In additionto thesemodels,
presentedn Sectionl.1and1.2, we investigatemorecomplex models,notyet availablein the
commonlyusedsimulationtools, thatinclude e.g. nonlinearsorptiondescribedoy Langmuir
isothermsor nonlineardegradationaccordingto Michaelis-Menterkinetics. A very difficult
problemin the modelingof column,lysimeteror field experimentds the appropriatedescrip-
tion of initial andboundaryconditions.In Sectionl.3, we summarizeérequentlyencountered
conditionsin practiceandwork out suitablemodelingapproachesor initial, upperandlower
boundaryconditions.

Sectionl.4 is devotedto the parameteestimationproblemin ernvironmentalfate experi-
ments. In Sectionl.4.1,we presenta formulationfor the inverseproblemthat coversa wide
rangeof typical columnandlysimeterexperiments.ln Sectionl.4.2,the parameteestimation
methodsusedin commonpracticearereviewed andanalyzed.In contrasto thefrequentlyre-
portedapproactwherethe simulationandthe optimizationproblemsaretreatedseparatelywe
pursueadifferentapproaclwheretheparameteestimatiorproblemis interpretecasaweighted
least-squaregroblemconstrainedy a setof PDEsandODEs(Bock,1981[19]).

The problemof how to optimizethe experimentaldesignfor columnandlysimeterexper
imentsis addresseth Sectionl.5. In Sectionl.5.1,basedon our approacHor the parameter
estimationproblem,the optimal experimentaldesignproblemis derved andformulatedasan
optimalcontrolproblem.Hereby we build on theapproactworkedout by Korkel etal. (1999
[83]) and Baueret al. (1999[9]; 2000[10]) for systemsdescribedoy ODEsand DAEs. We
distinguishbetweenseveral typesof optimizationvariables. Experimentakonditionssuchas
initial conditionsof the soil columnandirrigation/applicatiorschemesredescribedy time-
independentontrolvariablesandcontrolfunctions,respectrely. In orderto optimizethe sam-
pling schemepinary weightsfor eachpossiblemeasuremenpoint areintroduced. The few
approacheseportedn literaturefor optimizingthe designarereviewedin Sectionl.5.2.

The set-upof a meaningfulmodelfor suchcomple« systemsasthe environmentalfate of
xenobioticsin soils is, however, generallyan iterative processwvhich requiresthe supportof
suitabletools. For this purposewe have developedthetools ECOFIT andECOPLAN for pa-
rameterestimatiorandoptimalexperimentaldesignwhich arepresentedh thefollowing.

ECOFIT: An efficient method for parameter estimation (Chapter 2 and 3)

While enormougrogreshasbeenmadein the developmentof powerful methoddor the sim-
ulation of multi-componenimulti-phaseflow in two andthree dimensionsthe study of the
inverseproblemhasup to now beenmainly limited to smallertestproblemgSun,1994[123)).
This might be dueto the factthatthe adequatdéreatmenbf parameteestimationproblemsas
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they arisefrom columnor mini-lysimeterstudiesunderunsaturatediow conditionsis a very
demandingandcomple taskrequiringmethodghat

e cantreathigh nonlinearities,

e enablesufiiciently fine spatialgridsin orderto handlehigh spatialactvity within the soill
cores,

e enablethefastsolutionof theresultinglarge scalesystems,

e guaranteeheefficientgeneratiorof sufficiently accuratalerivatives,
e incorporateprior information,

e arebasedn reliableterminationcriteria.

The developmentof the parameteestimationtool ECOFIT accordingto theserequirements
hasonly beenpossiblewithin this period of time sincewe could built uponthe sophisticated
methodsandthe knowledgeavailablein theresearclgroupof Bock andSchbder Essentially
thedevelopedapproachrestsonthefollowing two pillars:

e areducedseneralizedsauss-Neiton method(Chapter?)
o very efficient stratgiesfor the generatiorof therequiredderivatives(Chapter3).

In Chapter2, the focusis uponthe efficient solution of large scaleparametesestimation
problems. In the first section,we outline how the parameteestimationproblemconstrained
by PDEsand ODEsis transformedby discretizationinto a large scalenonlinearconstrained
least-squaregroblem.Finite differencesareemployedfor spatialdiscretization Discretization
in time is doneby multiple shooting.A shortreview of the GeneralizedGauss-Neton method
(Bock1981[19]; 1983[20]; 1987[21]) andits cornvergenceresultsis givenin Section2.2. The
needfor a speciallytailoredapproacHor large scaleproblemss motivated.

In Section2.3, we presentan approachbasedon the reducedGeneralizedsauss-Neton
method(Schbder 1988[108]) thatis capableo handlethesdarge scaleproblemsarisingfrom
thediscretizatiorof PDEs.We exploit thefactthattheinitial conditionsfor the statesarefixed
andthusthe systemshave only few degreesof freedom,namelyequalto the numberof un-
known parametersUsingdirectionalderivativesfor settingup thelinearizedproblemswe end
up with essentiallythe samecomputationakffort and storagerequirementss for the single
shootingmethodwhile maintainingthe advantage®f multiple shooting.

In Chapter3, efficient stratgjies are presentedor the computationof derivativesin dis-
cretizedPDE-systemsThe analysisof the reducedGeneralizedsauss-Netton methodshowvs
thatby farthemajority of computationakffort is spentin thecomputatiorof dervatives. Thus,
in orderto further speedup the code,we develop speciallytailored, highly efficient methods
thatexploit structureson severallevels.
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In ECOFIT, the state-of-the-arintegratorDAESOL (Bauer 1999[11]; 2000[8]), a multi-
stepmethodcodewith avariablestepsizeandordercontrolbasedn Backward Differentiation
Formulae(BDF), is used. So far, DAESOL hasbeenthe only tool that providesthe solution
of the forward problemaswell asthe computationof both first and secondorderderivatives
within the frameawork of Internal NumericalDifferentiation(Bock, 1981[19]). The required
directionalderivativesarecomputedy thesolutionof the correspondingariationaldifferential
equations.

In thefirst section the performancef a standardrersionof DAESOL to handlealsolarge
scaleproblemsasthey arisefrom discretizedPDEsis investigatedor boththefinite difference
mode(FD) andtheautomatidifferentiatiormode(AD). In thelattermodethederivativesof the
right handside f with respecto thestatesy andtheparameterg areprovidedby theautomatic
differentiationtool ADIFOR (Bischofetal., 1992[15], 1994[16], 1998[17]). Analysisof the
performanceevealsthatthecomputationaéffort for parameteestimationis mainly dominated
by thefrequenttomputatiorof f, whosecomputationatomplexity increasesjuadraticallywith
the numberof spatialnodesO ().

In Section3.2, we first outline anapproachthat circumwentsthe computatiorof f, in each
BDF stepby usinga modified Newton method(Dieseset al., 1999 [41]; Bock et al., 1995
[23]). Theideais to reducethe numberof f,-computationdy substitutingghemby directional
derwvativesof type f,w.

Secondlyin Section3.3,we preseneanapproactthatremovesthe compleity order(’)(nj)
in orderto furtherspeedupthecode.We exploit thefactthatdueto theuseof fixedspatialgrids
the sparsitypatterninducedby the spatialdiscretizatiorof the PDEsremainsunchangedh the
coursethe reducedGeneralizedsauss-Neton method. By identifying structuralorthogonal
columnsof f, (Curtisetal., 1974[34]), f, is computedvia acompressedhatrix requiringonly
| < n, insteadof n, directionalderiatives. Thus,the computatiorof £, is only dependenon
theorderof thespatialdiscretizatiorroutineandthe numberof PDEsandis independenof the
numberof spatialnodes By this stratgy, we manageo reducethe computatiorcomplexity of
f, to thesamecompleity orderO(n,) astheevaluationof theright handside f.

Combingboth stratgjies, the modified Newton methodandthe compresse@pproachor
the computatiorof f,, finally aspeedup by afactorof 40is gainedfor a parameteestimation
problemwith 2 PDEsand961spatialnodes.The CPUtimeis reducedrom originally 2.5days
to lessthanl1.5hours.

ECOPLAN: An approachfor optimizing experimental conditions and sampling schemes
(Chapter 4)

Dueto thenumerougproblemsencounteretyy estimatingunknovn parameter§rom waterand
solutetransportprocessesmary researcherbave claimedthe needfor methodsto optimize
experimentabdesigns.

In orderto addresghis problem,it hasbecomepopularamongthe soil sciencecommunity
within recentyearsto derive improveddesigngy analyzingtwo-dimensionatesponsesurfaces
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or by calculatingsensitvity coeficientsfrom hypotheticaldata. However, in both caseghis
is doneon atediousandcumbersomérial-and-errombasis ratherthanembeddinghe problem
into the framavork of optimization. Thereareonly few studiesthat considerthis problemin
the contet of optimalexperimentablesigntheoryusingstatisticaldesigncriteria. The basisfor
this is the variance-cwariancematrix, which describeghe statisticalquality of the parameter
estimates. The objective of optimal experimentaldesignis to minimize a function ¢ of the
variance-cuariancematrix of the underlyingparameteestimationproblem. Often oneof the
classicaldesigns,D-, A-, or E-optimality areused,which aim at minimizing the determinant,
thetrace,andthelargesteigervalueof the variance-ceariancematrix, respectrely. Sofar this
approachhasonly beenusedto derive optimal samplingschemesi.e. optimal allocationsof
measuremergointsin time andspace.

However, consideringn particularcolumnor mini-lysimeterstudiesthereareby far more
possibilitiesto influencetheexperimentsn orderto obtaingoodmeasuremerdatawith respect
to parameteestimation.n thiswork, for thefirst time anapproachs presentedhatenablego
optimizeboth

o the experimentalkconditions,e.g.initial soil profiles,irrigation andapplicationschemes,
and

e thesamplingdesign

with respecto parameteestimationin transportand degradationprocessesf xenobioticsin

soils. Theapproactpresentedollows the conceptsvorked out within the BMBF project“Op-

timale Versuchsplanungir nichtlineareProzesse’(FKZ: 03 D 0043, principal investigators:
Bock, Schbder). Within this projectthe optimalexperimentakool VPLAN for parameteesti-

mationproblemsconstrainedby ODEsandDAEswasdevelopedBaueretal., 1999[9]; Korkel

etal.,1999[83]; Baueretal.,2000[10]). Onthebasisof VPLAN andtheparameteestimation
tool ECOFIT, thenew tool ECOPLAN thatis suitablefor optimalexperimentablesignin water
andreactve solutetransporfprocessebhasbeendeveloped.

In Sectiord.1,theoptimalexperimentadesignproblemis formulatedasanoptimalcontrol
problem.Hereby in additionto time-independentontrolvariablesandtime-dependertontrol
functions binaryweightsfor feasiblemeasuremergointsin time andspaceareconsideredFor
the numericalsolution,asdescribedn Section4.2,a directapproachs employedwheretime-
dependentontrolfunctionsandstateconstraintsarediscretizedn a suitablegrid. Thisresults
in a finite dimensionalnonlinearconstrainedptimizationproblemthatis solved by a struc-
turedSQP-methodln Sectiond.3, we discusracticalrequirementsor optimalexperimental
designsaandpossiblesxtensionssuchassequentiatiesignor designgor modeldiscrimination.

Application of ECOFIT and ECOPLAN to column, lysimeter and field studies(Chapter 5)
As thisis aninterdisciplinarywork, the applicationof thedevelopedtoolsECOFIT andECO-

PLAN to column,lysimeterandfield experimentss of particularinterest.Differenttypesof ex-
amplesarepresentedsomeof themusinghypotheticablata,someof thembuilding on datathat
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is provided by experiments.In thefirst two examplesjn orderto enablea controlledscenario,
measuremerdatais generatedy solvingtheforward problemfor a predefinedrue parameter
setfollowed by addingpseudo-normallyistributed noise. In the first example,Section5.1,
the performanceof ECOFIT is investigatedor identifying waterandsolutetransportparam-
etersfrom differentnoisy datasetsstartingfrom poor initial guesses.The secondexample,
Section5.2,is devotedto thetreatmenbf parameteestimatiornproblemsn layeredsoils.

In Section5.3, we alsostudyafield experimenteventhoughthe mainfocusof thiswork is
uponinversemodelingin columnandmini-lysimeterexperiments.Here, ECOFIT is usedfor
estimatinghevanGenuchtemparameters, o and K from field data. Theexperimentapartof
this studywascarriedoutby Aden(1999[3]; [2]) ataBASFtestsitein theupperRhinevalley.
Time domainreflectrometry TDR) wasemployedto monitorthe volumetricwatercontentsn
severaldepths.For thistypeof experimentsanadequatenodelis developed.

In two casesECOFIT is appliedto mini-lysimeterstudiesasthey are performedfor reg-
istration purposes.In the first case,Section5.4, the transportand sorptionbehaior of three
Europearsoils aredetermined.The experimentswvere carriedout by the Staatliche_ehr und
Forschungsansta(SLFA), Neustadt/Winstt (Fent,1999[50]). After the applicationof the
non-reactie tracerbromideand of a '*C-labeledtestsubstanceX, the undisturbedsoil cores
wereirrigatedby a constantlaily rateandleachateszolumesweresampled A modelis worked
outfor thistypical classof outflow experimentsaandthe unknovn transportaindsorptionparam-
etersareestimated.

In asecondstudy Sectionb.5, we investigatehe ervironmentalfate of the grassherbicide
S-Metolachlorandits two main metabolitedoy meansof ECOFIT. The datausedfor inverse
modelingwas obtainedby mini-lysimeterexperimentsperformedby Horn (1999 [62]) at a
Novartis testsite in Switzerland. In this study the mini-lysimeterswere exposedto normal
climatic conditions. Again, the unknovn parameterssuchasthe linear sorptioncoeficients
andthe degradationrates,are determinedbasedon leachatedata. This parameteestimation
problem however, suffersfrom the problemof ill-posednesslueto theinsufficientinformation
providedby theavailabledata.

In the last section the potentialandthe featuresof ECOPLAN aredemonstratedn a hy-
potheticalcolumn outflow experimentwhereboth water and solutetransportparametersare
estimatedsimultaneouslyln afirst scenariotheimpactof optimizedexperimentalboundary)
conditions,suchasirrigation schemeand substance&oncentrationn the irrigation water is
studiedfor a given samplingscheme.The objectve of a secondscenarias the simultaneous
optimizationof both the samplingschemeandthe experimentalconditions. Comparingintu-
itive designswith the experimentaldesignoptimizedoby ECOPLAN revealsthe hugepotential
of optimal experimentaldesign. With the samenumberof obserationsparametenvariances
canbe drasticallyreduced. Moreover, questionsaboutthe influenceof neglectingor adding
certaintypesof dataon the quality of parameteestimatesanbe easilyansweredWe can,for
example,decidea priori, whetherprofile concentrationsbtainedoy slicing soil columnsatthe
endof anexperimentcanessentiallyimprove estimationresultsor not. Several examplesare
presenteédnddiscussedn detail.
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All computationatesultspresentedn this work wereobtainedon a workstationSUN ULTRA
SFARC 10 (300MHz)runningSolarisversion?.



10

Intr oduction




Chapter 1

Mathematical Problemsin the
Environmental Fate Modeling of
Xenobiotics

Ragistrationof xenobioticgequirespesidesheecotoxicologicatisk assessmemngfudiesabout
theenvironmentalfateof theemplo/ed substance€On the onehand,regulatoryauthoritiesare
interestedn parametevaluessuchassorptioncoeficients,e.g. K -values or degradatiorrates.
Ontheotherhand,morerecentlysimulationresultshave to be submittedaswell. A European
consensusbouta simulationmodel hasnot beenobtainedyet. In most WesternEuropean
countriesthe one-dimensionamodelsPELMO (Klein, 1995[72]; Jene,1998[69]), PEARL
(Tiktak etal., 1999[125]), PRZM (Carselet al., 1998[29]) or MACRO (JarvisandLarsson,
1998(68]) areused.

As the tools developedin this work shouldalsobe applicableto registrationstudies,the
choiceof the modelequationsconsidereds basedon the simulationmodelsusedin current
practiceby industryandregulatoryauthorities.

In thefirst two sectionghe relevant modelequationsappliedfor registrationcalculations,
i.e. the Richardsequationfor the watertransport,the cornvection-dispersiorequationfor the
solutetransport)inearsorptionanddegradation arepresentedin addition,morerecentmodel
approaches$or nonlinearprocessesuchas Langmuirsorptionor Michaelis-Menterkinetics
arediscussedThesemorecomplex modelsaregenerallynot availablein commonlyusedsim-
ulationtools. Up till now, nonlinearapproachesf this type are of minor interest,asthe risk
assessmermif xenobioticequiredby authoritiess mainly constrainedo linearapproaches.

In Sectionl.3 specialaspectsassociateavith the modelingof column,lysimeterandfield
experimentsjn particularthe adequatelescriptionof upperandlower boundaryconditionsare
addressed.The following sectionis devotedto the formulation of the parameteestimation
problemasit typically arisesin the ervironmentalfatestudies.An overview of parameteesti-
mationtoolsusedn currentpracticeis given. Frequentlyencounteregitfallsandshortcomings
aresummarizedandthe needfor more sophisticateanethodss motivated. In Sectionl.5an
optimalcontrolproblemis derivedfor thedeterminatiorof optimalexperimentatonditionsand

11
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samplingschemegor columnandmini-lysimeterstudieswith respecto parameteestimation.
Stratgiesemployedin practiceto treatthe designproblemarereviewed.

1.1 Transient Flow of Water in the Unsaturated Soil

Undernaturalconditions asthey arisein lysimeteror field experimentswaterflow throughsoil
isin generainstationaryi.e. it variesin time andspaceIn thefollowing the Richardsequation
for water transportin the unsaturated¢oneis derved. Frequentlyusedparameterizatiorof
thesoil watercharacteristi@andthe unsaturatethydraulicconductvity arepresentedavhich are
assumedo hold for soilswith uni-modalporesizedistributions.

However, in the caseof macroscopistructuredik e fracturesor macroporesnorecompli-
catedmodels,e.g.two domainapproachesonsideringmacroporelow (Jarvis,1991[67]) or
capillaryflow (e.g.Diekkriiger 1992[36]; Richteretal.,1996[104]) shouldbeemployed. Even
thoughtheseapproachearenotdiscussedh thefollowing, they can,in principle,betreatedoy
themethodsdevelopedin this work.

1.1.1 Richards Equation

Thetransporequatiorfor waterin avariablysaturatedigid porousmediumcanbe derivedby
themassconserationequationwhich in the one-dimensionataseis of theform

00  0Oq
o 0z
wheref [L3L 3] is thevolumetricwatercontentq [LT '] is the volumetricwaterflux density
S[T!] is asource/sinkerm, z [L] is the vertical coordinate(positive dowvnward),andt [T7] is
time.
We assumddargy’s law

+ 8, (1.1)

_ oy,
K5

to hold, whichrelateghewaterflux ¢ with ahydraulicgradientoy the hydraulicconductvity K
[M~L3T]. However, in contrasto the caseof saturatedonditions the hydraulicconductvity
is afunction, K (§) [M~L3T], thatnot only depend®n thegeometryof the porespaceandthe
physicalpropertieof thewaterphasebut alsoon the geometryof thewaterphase.

The soil waterpotentialt, [ML~1T~2] is composecdf several partial potentials,i.e. the
gravitationalpotentiak), [M L~1T~2], theosmoticpotentiak), [M L~1T~?] andthetensiometer
potentiaky, [ML T 2:

(1.2)

Y = Vg + Vs + Up. (1.3)

Thegravitational potential

Yy = —puwd(z — ) (1.4)



1.1 Transient Flow of Water 13

describeghe enepgy thatis necessaryo move water from a referencdevel z, to a depthz,
wherep,, [M L~3] is the massdensityof waterandg is the acceleratiorof gravity [9.81 ms™2].
In thefollowing we neglectthe osmoticpotentiak), andassumeheair pressureéo be constant.
Consideringonly onecomponenbf the tensiometepressure/,,, namelythe matric potential
Y [ML71T2], (1.3)reducego

Q/}h - 1/}9 + ,¢m = Q;bm - u?(z - ZO)v (15)

with w = p,g [M L 3ms2]. The matric potentiali,, is the enegy thatis requiredto move
waterinto the porousmedium.
Combiningthe massconseration equation(1.1) with the Dargy law (1.2) and putting the
referencdevel z, = 0 we getthe Richardsequation
0~ D ROV S (e~ 72)] + . (1.6)
Treatingd asafunctionof ¢,,, asoutlinedin detailin the next sectionwe canapplythechain
ruleto 99/0t andrewrite K asafunctionof 1,,,, K(¢,,) [M 1 L3T]. Thus,we endup with the
Richardsequationn the matric potentialform
)2 = O [K) 2~ w2)] + 5. 17)
whereC'(¢,,,) = df/di,, [M~ LT?] is the specificsoil watercapacity Note, that(1.7)is valid
for boththe saturatedndthe unsaturatedase.
Ontheotherhand,we canalsointerprety,, asafunctionof 6. By applyingthe chainrule
to 04, / 0z, we obtainthe Richardsequationn the watercontentform

20 9 00 ]

5 25 [D(Q)i —wK ()] + S, (1.8)
where
= O\ ~ dipm
D(0) := K(6)C(6),  C(0) =" (1.9)

is the soil waterdiffusivity [L2T]. S := S(6) [T~'] denoteghe source/sinkermin 6 in con-
trastto S := S(v,,). Dueto thefactthatC'(9) — oo [M L~'T~2] asthesoil becomesaturated,
(1.8) is only definedfor the unsaturateadase. Note, that (1.8) canbe formally interpretedas
a corvection-dispersiorquation,whereformally V() = w(dK /df) denoteshe corvection
velocity and D () thedispersiorcoeficient (Roth,1996[106]).

1.1.2 Parameterization of Hydraulic Functions

Several parameterizationsf the unsaturatedoil hydraulicpropertiesj.e. the soil waterchar
acteristicandthe unsaturatedhydraulicconductvity areknown. In orderto enablea compact
formulationwe introducethe normalizedvatercontent1|

0—0,

6293—9/

(1.10)
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whered, [L3L~3] is thesaturated/olumetricwatercontentandd, [L3 L=3] is theresidualvolu-
metricwatercontent.
Oneof thefirst modelswasgivenby BrookandCorey (1964[27]) andBurdine(1953[28]):

_ (7,/1_:;)>\ for wm S djb
O(Wm) = { W for G >4, (1.11)
K(Wp) = K027 (1.12)

wherey, [M LT 2] denoteghebubblingpressure) [1] the poresizedistributionindex, and
K, [M~1L*T] thesaturatedhydraulicconductvity.

Basingon (1.11)vanGenuchter{1980[129]) developeda classof functionsthatis contin-
uouslydifferentiableandapplicableto a broaderangeof soil types:

[t (@gn)m] T for 4y <0
O(Ym) = { 1[ ] for W >0 (1.13)

wherem [1], n [1] anda [M~!LT?] are positive fitting parameters.In connectionwith the
statisticalpore size distribution model of Mualem (1976 [94]) for the unsaturatedhydraulic
conductvity

(1 = ()" (A + (alhr)™)™™)?

K(d}m) = K, m (114)
(1 + (aftm])")
frequentlym = 1 — 1/n is used.
Conversely bothfunctionscanbe alsoexpressedsfunctionsof 6:
U@ = a (@7 % —1)7  for ¢y <0 (1.15)
K@) = K©0:[1-(1-0=)"" (1.16)

Remark 1.1 (Hysteresis)

The parameterizatioffor the soil watercharacteristienentionedabose doesnot considerhys-
teresis. For modelsthat include hysteresisseefor example (Kool et Parker, 1987 [78]). It
shouldbe notedthatthe hydraulicconductvity in «),, generallyshavs a stronghysteresisvhile
hystereticeffectsfor theformulationin 6 areoftennegligible.

1.2 SoluteTransport throughthe Subsurfacewith Transient
Flow of Water

The processeassociateavith the ervironmentalfate of xenobioticsin soilsarevery comple

andby farnotcompletelyunderstoodTheiradequatenodeling,in particularfor heterogeneous
structuresis subjectof currentresearch.
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In this section,we derive the corvection-dispersiorquationwhich is assumedo hold for
thedescriptiorof thetransporbf dissohedsubstancesn the columnandmini-lysimeterscale.
Underunsaturatedonditionsthe cornvection-dispersioequatiorhasto be solvedtogethemvith
the Richardsequation. Several approachesor the modelingof linear and nonlinearsorption
anddegradatiornprocessearepresented.

1.2.1 Convection-DispersionEquation

Thetransporbf dissolvedchemicalse.g.xenobioticsjn aporousmediumsuchassoil is driven
by cornvection, moleculardiffusion and dispersion. Consideringalso massconseration for
theseprocessethe corvection-dispersioequationfor solutetransportin the unsaturate@one
canbederied.

Startingfrom the generalcontinuity equationmassconseration of the total concentration
cr [M L73] in the one-dimensionataserequires

8CT . 8JT
o 0z
whereJr [M L—2T~'] denoteghetotal massflux and@ [M L—3T"!] is a sourceor sink term
representinghe creationor disappearancef substance.
Thetotal concentratiorr; canbe decomposethto therespectre concentrationsccurring
in theliquid, solidandgaseoughase:

+Q, (1.17)

cr = 0c+ ps + eg, (1.18)

wherec [M L~3] is the concentratiorin the liquid phases [M M ~!] is the concentrationn the
solid phasep [M L 3] is thebulk density g [M L 3] is the concentratiornn the gaseouphase,
ande [L3L~3] is the volumetricair content.

For thetotalmasdlux Jr severalcomponentsanbedistinguishednamelymoleculadiffu-
sionin theliquid andgaseouphasedispersionandcorvective transportalongwith thewater
flow. Eachof thesetermswill be discussedn the following and modelapproachesvill be
given.

Molecular diffusion in the liquid phase

Moleculardiffusion of dissoled substancem theliquid phases causedy Brownian motion
andleadsto mixing dueto concentratiorgradientslt is describedy Fick's law

oc
0z’
whereD, [L*T 1] is calledthecoeficientof moleculadiffusion. However, D, is notaconstant
but a functionof # andparameterizethe geometryof thewaterphase:

Jy = —Dy(0) (1.19)

Da(6) = Dyr(6), (1.20)
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where D, [L*T~"] is the coeficient of moleculardiffusionin purewater andr(6) [1] is the
tortuosity factor This empirical tortuosity factor 7(#) is a function of the volumetric water
contentd andtakesinto accouniongerflow pathsdueto thespacegeometry

Oftenusedapproximationgrebasecn the Millington-Quirk modelsfor gaseousliffusion
(Millington andQuirk, 1961[91]), suchas

910/3
7(0) = po (1.21)
or asproposedy JinandJury (1996[70])
92

Here¢ [L3L 3] denoteghe porosityof the soil. Kemperandvan Schaik(1966[71]) suggested
theempiricalparameterization

7(0) = aexp (bF), (1.23)

whereq [1] andb [1] arepositive constants.

Molecular diffusion in the gaseougphase

Accordingto Fick’s law the massflux of substancén thegaseouphase, [M L~2T~!| dueto
moleculardiffusionis givenby

dg

Jg = _Ds_7
g 0z

(1.24)
whereD, [L>*T~'] is thecoeficient of moleculardiffusionin thegaseouphase Employing the
approactof Millington andQuirk (1961[91]) we get

10/3
D, = ?Daim (125)

with the coeficient of moleculardiffusionin theair D,;,. [L*T!].

Dispersion

Superimposean the diffusive transportis the dispersve transport. Mechanicaldispersion
arisesfrom inhomogeneityof the pore spaceand leadsto mixing causedby randomwater
movement:

Oc

Jm maz7

(1.26)
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whereD,, [L*T~"] is the coeficient of dispersiorin theliquid phase For theone-dimensional
caseit is often assumedhat D,,, increasedinearly with the pore water velocity v = |q|/6
(LT

Dola) = 9. (1.27)

Thedispersiorlengthay, [L] is determinedy the geometryof thetransportvolume.

Remark 1.2

For the saturatedase the transportvolumeequalsthe porespaceandcanthusbe treatedasa
constantUnderunsaturatedonditions however, thegeometryof thewaterphasevaries.Thus,
ay, reliesonthevolumetricwatercontent) which variesin time andspace.

The moleculardiffusionin the liquid phase(1.19)andthe dispersionterm (1.26) areboth
proportionalto thegradientoc/ 0z andthusareoftencombinedo thehydrodynamidispersion
term

Dy(0)

Dh(97Q) = [

+ Din(q). (1.28)

Convection

Thecorvectiveflux J, [M L~2T~!] translateshe dissohedsubstancealongwith thewaterflux
q

J. = qc. (1.29)

As corvectionis oftenthedominantcomponentn thetransporthe correctdescriptiorof water
transporis a prerequisitédor a meaningfulmodelingof the solutetransport.

Collecting(1.28),(1.24)and(1.29)thetotal soluteflux is givenby

JT = —0Dh% — Ds@ + qc. (130)
0z 0z

By combiningnow the continuityequation(1.17)with thetotal soluteflux (1.30)we obtainthe
cornvection-dispersioequation

der _ 0 0P, p O
5 = B (Oc + ps +€eg) = 5 (6D, % + D, 5, qc) + Q, (1.31)

which describeshe solutetransporin theunsaturatedone.



18 Chapter 1. Mathematical Problems

1.2.2 Modeling of Sorption Processem Soils

Sorptionprocessewith the soil matrix generallyinfluenceboththe transporiandthe degrada-
tion of substancedn thefollowing theimpactof sorptionon the transportehaior is studied.
How sorptionaffectsdegradations discussedh detailin the next section.

Dependingnthetime scalewe distinguishequilibriumandnon-equilibriumsorption.Con-
sideringequilibrium sorptionwe assumehe sorptionprocesgo be very fastcomparedo the
transport.n this casetheretardatiorfactor

R=1+522 (1.32)

is a measurdor the delayof the transportcausedy sorption. For non-equilibriumbindings,
however, thevelocity of the sorptionprocesss of the sameorderof magnitudeasthetransport
velocity or thedecayrate.

In the following the classicalone-binding-sitemodelsfor linear and kinetic sorptionare
presentedor equilibriumandnon-equilibriumconditions. For modelstaking several binding
sitesinto accounthereaderis referredto e.g.Richteretal. (1996[104]), Nortersheusef1993
[96]), Beulke (1998[14]).

Linear sorption

Thenon-equilibriumkineticsof sorptionfor afirst-orderreactioncanformulatedas

%(ps) = pa(Kyc — s), (1.33)

whereK,; [M ' L?] istheequilibriumconstanfor linearadsorptioranda [7!] is theadsorption-
desorptiorrate.In theequilibriumstate wherethetime dervative ds/dt is zero,(1.33)reduces
to

s = Kye. (1.34)
Therespectie retardatiorfactoris thengivenby

R=1+ ng. (1.35)

Langmuir isotherms

For nonlinearsorptionprocessethatarecharacterizetby finite binding capacitythe Langmuir
isotherm
_, KiBc
P9 =P )

(1.36)
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maybeusedwhereK; [M~'L3] denoteghe sorptioncoeficient of the Langmuirisothermand
B [M M~1] thefinite adsorptiorcapacity Underequilibriumconditions(1.36)becomes

}{}[36
— 1.37
T IV Ke (1.37)
andwe obtaintheretardatiorfactor
p KB
R=14+4>—"7—"—. 1.38
+ 0 (1 —+ KlC)2 ( )

For small concentrations < K; ' (1.37)corvergesto thelinearisotherm(1.34) with K; =
K;3. At high concentrations > K, ' the absorbectoncentratiors is boundedby the finite
absorptiorcapacitys.

Freundlich isotherms

Nonlinearsorptionthatis notboundedoy afinite numberof bindingsitesis traditionallymod-
eledby

%(ps) = pa(KscN — s), (1.39)

where K; [M N L3N] is the sorptioncoeficient of the Freundlichisothermand N [1] is the
Freundlichexponent.Consideringhe equilibriumcasefor (1.39)

5= Kch, (1.40)
we comeup with aretardatiorfactorof the form

P

R—1
Y

NK ;N (1.41)
However, it shouldbenotedthatfor N < 1 ande = 0 theretardatiorfactor(1.41)is notdefined.

Recently several formulationshave beengiven (seee.g. Roth 1996 [106]; Tiktak et al.,
1999[125]), which avoid aunit of theFreundlichcoeficient K ; thatdepend®n theFreundlich
exponentN. Theideais to introducea fixed referenceconcentratior,..; [M L 3|. Applying
this stratgy we canrewrite (1.39)as

)V =), (1.42)

Cref

9 _
57 (P5) = pa(Kyeres

wherethe Freundlichcoeficient K ; is now of thedimension M ~1L?].
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1.2.3 Model Approachesfor Degradation of Xenobioticsin Soils

As thegaseouphasds of noimportancefor theapplicationproblemsreatedn this work, we
concentraten thefollowing ontheliquid andthe solid phasesFor the sale of presentatiorthe
operator

L(0,q)c = % (QDh— — qc). (1.43)

isintroduced.

Linear degradationmodels

The simplestapproachwhich considersdegradationin boththe liquid andthe solid phaseis
givenby afirst-orderdecaymodel

%(00 + ps) = L(0,q)c — kebc — kyps, (1.44)
wherek, [T~'] andk, [T~'] denotethe degradationratesin the liquid andthe solid phase,
respectrely.

Duringdegradationn soil xenobioticsareoftentransformednto severalmetabolitesyhich
undego further transformatiorprocessesl et us considera systemwith a parentc; andone
metabolite(child) ¢,. Assumingthatdegradationonly occursin theliquid phasewe canwrite

0

a(ecl) = Li(0,q9)c1 — fkabfc (1.45)
0
50962) = Ly(0,q)co + fkabler — keobflcy, (1.46)

wheref [1] is acorrectionfactorfor the massbalanceof thetransformatiorprocess.

Nonlinear degradation models

As mentionedn the previous sectionsorptionmay not only affect the transportin the soil but
alsothedeggradation.Thisis workedoutin thefollowing for equilibriumconditions.
Evenin thecasewherethe degradatiorratek, is independentf the concentration:

RH% = L(0,q)c — kb, (1.47)

nonlinearsorptionisothermsij.e. Langmuiror Freundlichisotherms|eadto nonlineardegrada-
tion behaiior

oc 1
05 = EL(G’ q)c — kepsbc, (1.48)
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wheretheapparentateconstant:.;; [7'] is afunctionof theconcentratior :

K -1 i
sy — @ _ k. _ kC(l + §(1+Il(/?c)2) Langmuir (1.49)
R 1+¢% ke(14+ ENK;eN=") " Freundlich

Thus,in contrasto linearsorption,nonlinearsorptioninducesnonlineardegradation.

In additionto nonlinearsorptionnonlinearitiesn kineticsare often dueto biological pro-
cessesuchasdegradatiorby microolganismsWhenmicrooiganismsareinvolvedin thedegra-
dationprocesgjoodresultshave beenobtainedby the useof anenzymaticatatalyticreaction
model(seee.g.Richteret al., 1992[105]; Richteretal., 1996[104]). Thus,capacitylimited
degradationprocessemaybe describedy Michaelis-Menterkinetics

0 V usC
— (0 = L(0 —p—
(be-+ ps) = L6, g)e — 07

- (1.50)

whereV,,... [M L=3T~!] representthemaximalreactiorvelocityand K, [M L~3] theMichaelis
constantFor ¢ < K, theMichaelis-Mentertermapproximatelybeyslineardegradatiorwith
Vinaz¢/ K ~ k.c. However, for ¢ > K, theconcentratiorr dropsoutandwe endup with a
reactionof zeroorder

The influence of environmental parameterson degradation

So far the dggradationrate hasbeenassumedo be a constant. In the soil, however, kinetic
processesreinfluencedby variouservironmentalparameterse.g.the organiccarboncontent
or the pH-valueof the soil. Degradationrates,in particular aredependendn temperaturend
humidity. A comparatrely simpleapproacto modeltemperaturegependences the Arrhenius
law asit is usedin chemicalreactionkinetics. However, the actiity of microolganismsdoes
not increaseabove a certaintemperature.This effect may be modeledby O’Neills’ function
(O’Neill, 1972[97]) which is basedon the assumptiorthatan optimal temperaturexists and
thatabove andbelow thistemperaturéhe degradatiorratedecreases.

Similarly, theinfluenceof humidity, i.e. the soil watercontent,on degradationcanbe for-
mulated. In additionto the mostcommonlyusedmodelof Walker and Allen (1984 [137)),
which assumeghat an increasein the water contentleadsto anincreasen the degradation,
Nortersheusefl1993[96]) andRichteretal. (1996[104]) proposea modelthattakesdecreas-
ing degradatiomearsaturatiorinto account.

The influenceof temperatureand humidity, for example, plays an importantrole in the
degradatiorbehaior of herbicidesasseveralstudieshave shovn (seee.g.Nortersheusefl 993
[96]; von Gbtz, 1997[134]; Beulke, 1998[14]; Adenetal., 1999[3]). If requiredthe models
mentionedabove caneasilybeaddedn ECOFIT andECOPLAN.
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1.3 Mathematical Modeling for Column, Lysimeterand Field
Experiments

Themeaningfuldescriptionof upperandlower boundaryconditionsis a very difficult problem
in the modelingof column, lysimeterand field experiments. Often the practitionercarrying
outtheexperimentanonly give adescriptve characterizationf whathappenstthetop and
the bottomof the soil coreconsidered.In orderto closethis gapbetweena descriptve anda
propermathematicalormulation,alot of modelingwork hasto bedonebeforecomingupwith
reliableboundaryconditionsthatwell approximatesxperimentaleality.

In this sectionwe first definedifferenttypesof boundaryconditionsanddiscusgheir phys-
ical meaningandtheir suitability for column,lysimeterandfield experiments Eventhoughthe
main focusof this work is on columnandmini-lysimeterstudieswhich are carriedout under
controllableconditionsa shortoverview of theadditionaldifficultiesthatoneencountersvhen
modelinglysimeteror evenfield experimentds given.

1.3.1 Modeling of Initial and Boundary Conditions

In orderto setup theinitial boundarywalueproblemfor the PDEs

My O 0 _
CWm)—3" = 5 [K(Wn) g (b —w2)] +5 (1.51)
a0 9~ 00 ~ =
o = 2. [DO)5- —wK(O)]+85 (1.52)
0 0 oc

bothinitial andboundaryconditionshave to be specified.
For the one-dimensionadomain(2 = [z, z.| underconsiderationnitial valuesfor the state
variablesy (y = ¢,,, 0, ¢) atthetime ¢ = 0 arerequired:

y(t=0,z2) = yo(2) z €€ (1.54)

Moreover, initial valuess, have to be providedin casethatthe solid phases is describedy a
non-equilibriumisothermj.e. by anODE.

Definition 1.1
In generalwe candistinguishthe following typesof boundaryconditions(seee.g. Zauderer
1989[144]; Schwarz,1997[110]) givenby

a(t) 33’(%%2) FoOy(t2)| = g00), (1.55)
wherea(t), b(t) andg(t) aregiven functionson the boundaryosl, 7 is the outward normal
vector In particular noticethata andb areindependenof the statevariabley. If a = 0 and
b # 0, (1.55)is referredto asa first-typeor Dirichlet boundarycondition. For a # 0 andb = 0
(1.55)is calleda second-type®r Neumanrboundarycondition. A linearcombinationof both
conditionsj.e.a # 0 andb # 0, is namecthird-typeor Cauchyboundarycondition.
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Water transport

In thefollowing thedifferenttypesof boundaryconditionsarediscussedor the Richardsequa-
tionin thematricpotentialform (1.51). Theboundaryconditionsfor thedescriptionin thewater
contentform (1.52)canbedervedanalogously

Dirichlet condition: prescribeshe matricpotentialon the boundaryo2:

Ut z)‘m = fi(b). (1.56)
Neumanncondition: prescribes gradientnormalto the boundaryo$2:
O (t,2)|
on o0 f(®). (1.57)

A specialcaseof (1.57)is animperviousboundarywherethe gradientequalszero.

McCord (1991[89]) pointsout thatonly the specifiedmatric potentialgradient(1.57)is a
true second-typéoundarycondition.However, it hasbecomestandardn hydrologicliterature
to alsoreferto the specifiedflux condition

0
- [K(@bm)%(@bm —wz)] ‘ = fo(t) (1.58)
asNeumanrboundarycondition.

Cauchy condition: prescribes linearcombinationof the matricpotentialandthe gradient:

o)) 2082 byt )| = ) (1.59)

o0N

Upper boundary

For soil columnexperimentsn thelaboratorywheretheboundaryconditionscanbecontrolled,
conditionsare usedthat canin generalbe describedoy Dirichlet conditionsor specifiedflux
conditions.

Consideringexperimentsundernaturalclimatic conditions,i.e. lysimeteror field studies,
thesituationis morecomplicatedbecauséhenetinfiltration flux throughthe soil surfacehasto
be determinedrom the precipitationrate (plus eventuallythe irrigation rate), the interception
rate due to crop canoly and the evapotranspiratiomate. In most simulationtools for field
watermovement,e.g. SWATRER (Dierckx et al., 1986[39]), AMBETI (Braden,1995[26]),
SIMULAT (Diekkrugeretal.,1995[37]), or PEARL (Tiktak, 1999[129), the calculationof the
evapotranspiratiors basedn the Penman-Monteitequation(Penman1949[100]; Monteith,
1965[93]).
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As long as no saturationoccursat the upperboundarythe specifiedflux condition (1.58)
is used. For a saturatedipperboundaryinfiltration is limited by the saturatechydrauliccon-
ductwvity K. In this caseDiekkriiger(1992[36]) proposeso prescribey,,, i.e.to switchto a
Dirichlet boundarycondition,in orderto calculatethe realinfiltration andthus, basedon the
differenceof rainfall andinfiltration rates the surfacewaterrun off.

Lower boundary
In soil columnexperimentdrequentlythe matric potentialat the bottomof the columnis con-
trolled which correspondso a Dirichlet condition.In orderto describecolumnoutflow experi-
mentsalsoaninfinite lower boundarycondition,i.e. 0, (t, c0)/0z = 0 or ¢, (¢, 00) = 0, may
beassumed.

Investigatingfield studiesin generakhreesituationsaredistinguishedseee.g.Diels, 1994
[38]; Tiktak etal.,1999[125)):

1. Thegroundvaterlevel L, wherey,, (¢, L) = 0, is specifiedasa functiontime.

2. Thematric potentialy,, atthelower boundaryis known asa functionof time (Dirichlet
condition).

3. Theflux throughthe lower boundaryis givenasa functionof time (specifiedflux condi-
tion).

(a) Zeroflux atthelowerboundaryi.e. f(t) = 0.

(b) Freedrainageconditionatthelowerboundaryi.e. 9, /0n = 0.
Hereit is assumedhat the flux throughthe lower boundaryequalsthe hydraulic
conductvity K (v,,) atthe lower boundary This implies that the matric potential
¥, atthebottomof the columnis constanivith respecto depthandthatthe water
flow is only drivenby gravity. In orderto satisfythis conditionthe watertablemust
be sufficiently deep.Moreover, we have to guarantedy the choiceof the depthof
thelower boundarythattheinfiltratedwaternever reacheshis lower boundary

A goodmodelfor thelower boundaryof alysimeteris still achallengingaskbecaus@&one
of the previous conditionscanbe applied.Dueto thedrainageor outletsysteminstalledat the
bottomof thelysimeteroutflow normallyonly occurswhenthebottomis saturatedTo describe
this situationoftena mixtureof Dirichlet andspecifiedlux conditionis used.

Solute Transport

For thecorvection-dispersioequation(1.72)thefollowing threetypesof boundaryconditions
may beformulated:
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Dirichlet condition: prescribeshe concentratioronthe boundaryof?

c(t, z)‘m — g.(t) (1.60)

or the corvective transporover the boundaryoS)
alt, 2)elt, )| = a1(0) (1.61)

Neumanncondition: prescribesheconcentratiomgradientonthe boundary

dc(t,z)|
e A0 (1.62)

or the hydrodynamidispersve flux overthe boundary
ac(t, z) ‘
on  lon

In practice,the specificationof a Neumannconditionis only possiblefor imperviousbound-
aries,i.e 9c/0z = 0.

—0(t, 2)Dn(6, q) = ga(t). (1.63)

Cauchy condition: prescribeshetotal flux overtheboundary

oc(t, z)

JT(tv Z)‘@Q = _9(t7 Z)Dh(07 q) on

+q(t, 2)e(t, 2) o 93(1). (1.64)

Upper boundary
For theboundaryatthesoil surfaceoftena Cauchy-typéoundaryconditionis chosenRichter
etal.,1996[104)):

Ir(t,0) = ~0(t,0)D1(610,01 (6,00 52 4 0, 0ctr 0) — { 4400 900 =

(1.65)

wherec,(t) denoteghe substanceoncentratiorin theirrigation water Hereit is assumedhat
the substancés appliedto the soil surfacetogetherwith the irrigation water i.e. ¢(¢,0) > 0.
Whenirrigationis stoppedi.e.¢(t, 0) = 0, or whenevaporatiorbecomesnissuej.e.q(t,0) <
0, nosubstancentershesoil system.

Alternatively, substanceanbeincorporatedvithin thefirst centimeter®f the soil column.
Thisis modeledby theinitial condition

R (1.66)
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combinedwith a zeroflux conditionsJr(t,0) = 0 attheupperboundary

Lower boundary

At thelower boundarythe hydrodynamidaispersiorterm Dy, (6, g) maybesetto zero,i.e. only
thecorvectivetransporalongwith theflow of wateris thentakeninto account Frequentlyalso
aninfinite lower boundarycondition,i.e. dc(t, 00) /0z = 0 or ¢(t, c0) = 0, is chosenThelatter
is usuallyusedfor the modelingof columnoutflow experimentavhereat thereallower bound-
ary of the soil columnflux concentrationsire computedrom residentconcentrationgParker
andvanGenuchten]1984[99], 1984[131)).

1.3.2 Modeling of Outdoor Conditions

Whenfield applicationsare consideredhis causes hostof new problemsfor modeling. Be-
sidesthemodelsdiscussedor thetransporof water additionalmodelsarerequired e.g.for the
lateralmovementof waterdueto slopedsoil surfaceor for drainagesystemswvhich becomeac-
tive for high groundwaterlevels. Moreover, the uptale of waterby plantrootsmayessentially
affectthetransporiof water

In the caseof crop cover alsothe descriptionof the upperboundaryfor the transportof
xenobioticdhecomesnorecomplicated Dependingon theapplicationmethod e.g.sprayinga
partof thesubstancenaybeinterceptedy thecropcanoy or maydrift to adjacenfields. An-
otherpartmaydissipateonthe soil surfacedueto volatilizationbeforeenteringthe soil system.
Anothersourceof lossis the substanceiptale by plantroots. As mentionedn the previous
sectionevapotranspiratioplaysanimportantrole, which itself is dominatedoy plantgrowth.
In contrasto columnor mini-lysimeterexperimentghe temperatureannot be assumedo be
constantfor field experiments.Being aware of the influenceof soil temperatureon degrada-
tion andtransporthis effect cannot be neglectedin the field scale. This impliesthatthe heat
conductionequation,taking into accountthe propertiesof the soil, hasto be solved simulta-
neouslywith the waterandsolutetransportequationin orderto describethetemperaturdield
adequately

For mostof thesedifficulties arisingin field or even lysimeterstudiesmodelshave been
developed.Neverthelessthesecomplex processesn particularin combinationwith heteroge-
neoussoil structuresremainonly partially understoodndareby far notvalidated.

In principle, however, if modelsfor more complex processesre available, they canbe
incorporatedvith relatively little effort into ECOFIT andECOPLAN.
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1.4 The Problem of Parameter Estimation in Environmental
Fate Studies

Dueto thelack of reliableandvalidatedmodelsfor (large) lysimeterandfield studieswe con-
centratan this work mainly on the ervironmentalfateof xenobioticson the columnandmini-
lysimeterscalewhich we assumeo be governedby the Richardsequation,the corvection-
dispersiorequationandthe sorptionanddegradationprocessesliscussedn the previous sec-
tions.

Simulationtoolsfor bothwaterandsolutetransporin thevariablysaturatedoil arewidely
used.Enormousprogresshasbeenmadein the developmentof powerful methodgor the sim-
ulation of multi-componentnulti-phaseflow in two or threedimensionsHowever, in orderto
meaningfullysimulatethe fate of substanceseliable parametergare necessaryln contrastto
thedevelopmentdor simulationmethodsthe studyof theinverseproblemis up to now mainly
limited to smallertestproblems.

Sofarit is still commonpracticeto dervethe parameterby manuallychangingheirvalues
andrunningsimulationsuntil a satisfyingagreemenbetweensimulatedand obsened curves
is obtained.However, this trial-and-errorapproachmay be very time consumingandtedious,
particularlyif morethantwo parameterbave to befitted simultaneously

In contrasto this manualoptimization,we will presenin Chapter2 anapproachhatsup-
portsthe identificationof unknovn parameter®n the basisof measuremerdatain an auto-
matedway by mathematicabptimizationmethods.

In this sectionwe first give a formulationof aninverseproblemthat coversa wide range
of typical columnandmini-lysimeterexperiments.In our approachthe parameteestimation
problemis interpretedas a weightedleast-squareproblemconstrainedy a setof PDEsand
ODEs. In addition,an overview of the tools usedin currentpracticefor the solutionof the
parameteestimatiorproblemis presente@ndfrequentlyencounteregitfallsareoutlined. The
needfor the new solutionmethodghataredevelopedin thisthesisis motivated.

1.4.1 Formulation of the InverseProblem

For the sale of clarity anddueto thefactthatthe substancesvestigatedn Chapter5 arenon-
volatile, we restrictoursehesto theliquid andsolid phase.However, the formulationgivenin
thefollowing canbe easilyextendedo includethegaseouphase.

In the inversemodelingcontext we arefacingthe situationthat measuremerdatasy,;; for
oneor morespeciesk (k = 1,0, ¢) or functionsof themis given, e.g.for the soil matric
potentialy,,, the watercontent or for the concentrations; of the differentsubstance§l =
1,...,n), for exampleparentsandtheir metabolites.The datais recordedn depthsz; (j =
1,...,my) attime points¢; (i = 1,...,m;). Dependingon the experimentalset-upstate
variablescanbe measuredlirectly, e.g.watercontentsby TDR sensorsand matric potentials
by tensiometersyr indirectly by devicesthataredescribedy obsenationfunctions,e.g.time-
averagedntegralsof concentrations.
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Pointmeasurementsf substanceoncentrationduringtheexperimentarehardlyaccessible
without disturbingthe flow regime or even destrying the soil core. In generaltwo typesof
measurementare availablefor the substanceoncentration First of all, in columnand mini-
lysimeterexperimentsthe outflon or also calledthe leachate|.e. the volume of waterwith
the dissohed substancehat leavesthe soil bottom, is collectedand analyzedat certaintime
intenvals. Secondlyby slicing the soil columnrespectiely the mini-lysimeterat the endof the
experimentconcentratiordatafor certaindepthscanbe obtained .Dependingonthe substance,
this optionmaybe very tediousandexpensvein particularif boundresiduesareexpected.

In the practicalstudiesinvestigatedhere,we assumehat measurementsan be described
by obsenationfunctionsb, of the modelresponseg(t, z) plusanerrorthatfollows a normal
distributionwith zeroexpectatior;; ~ N (0, 07,,):

Mhij = be (i, k(ti, 2), 0, G, w) + €niy- (1.67)

Here,p € R™ denotesthe parametersg € R time-independentontrol variablesand
. [to, t.] — RM2 time-dependentontrol functions. In the context of parameteestimation,
hcwever, g andu arefixed.
Thetaskof parameteestimationis to determinean unknavn parameterectorp, e.g.van
Genuchterparametergor the water transport,degradationratesor K -valuesfor the solute
transportandsolutionsk(t, z) thatfit thedatabest:

mi1 m2 _ 2
77]% (tzvk(tlaz)vpv q, U))
min Z Z Z Whij . =y 2 (1.68)
k=vYm,0,c; i=1 j=1 1]
suchthat
OV, 0 8 _ _
C(Ym;p, T, U)i = —[K V3 D, 0 U) 7= (U — 02)] + S(mip, Gu)  (1.69)
ot 0z 9z
00 0 60 = S
0 8 8(:1 _
a (HCZ + psl) - a_ (HDhl 9 D, q7 & - Q(p; q, U)Cl) (171)
+Ql(07cl7"' yCny 8154+ - 7Sn;p7C77u) (172)
+ ODEsfors; (I =1,...,n) (1.73)
+ initial and boundaryconditions, (1.74)
aresatisfied.
Theterm Q;(0,cy,... ,CnyS1,- .., Sn;p) (1.72) summarizesll sourcesandsinks, i.e. all

processesreatingor consumingsubstances.q.first-orderor Michaelis-Menterdegradation
terms[M L—3T~!]. TheODEsfor s; (I = 1,...,n) describenteractionshetweerliquid and
solid phaseconcentrationslueto the sorptionprocessedescribedn Sectionl.2.2.
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Theleast-squarefsinctional(1.68)hasto be minimizedundertheinfinite constrainthatthe
PDEsfor the waterandthe solutetransport(1.69)-(1.73)including their initial andboundary
conditions(1.74)aresatisfied. Theweightswy,; € {0, 1} describeaselectionof measurements
pointsout of a setof feasibleones.As it is the casefor the control variablesi andthe control
functionsu(t), they arefixedfor parameteestimation.n theframework of optimalexperimen-
tal designhowever, thesevariablesarefree,i.e. they becomeoptimizationvariablesaswe will
outlinein Sectionl.5. Here,the individual termsof the least-squarekinctionalareweighted
by thestandardleviationsoy;; of themeasurements,;;.

To keeptheformulationasgenerahspossibléboththe,,- andthed-versionof theRichards
equationare presented. The versionuseddependson the experimentalset-upand the data
available. Note that the useof obsenation functionsenablesthe simultaneoudreatmentof
profile andalsoleachateoutflow data.

1.4.2 Solution Methodsin Curr ent Practice

Inversemodelinghasbeenusedn groundvaterhydrologyfor saturatedlow problemdor years
(seee.g.Yeh,1986[142)). Butdueto thenonlinearitiesnherento theequationglescribingun-
saturatedlow andtransporfprocessesis applicationto the unsaturatedoneis relatively new.
Up to now, parameteestimationmethodshave beenmainly usedto determinesoil hydraulic
parameters thewatertransporequation.

Estimationof unsaturatedoil hydraulicfunctionsstartedwith studiesof Zachmanret al.
(1981[143]), DaneandHruska(1983[35]) andHornung(1983[63]). Reviews canbe found
in Kool etal. (1987[81]) andHopmansand Simiinek(1999[61]). In the mid eightiesinverse
modelingwasmainly usedwith one-steputflonv experimentyseee.g.Kool etal., 1985[80];
Parker et al., 1985[98]; Kool andParker, 1988[79]; Toormanetal., 1992[126]; van Dam et
al., 1992[127]) andwaslaterexpandedo multi-stepoutflow experimentqseee.g.vanDamet
al., 1994[128]; Durneretal., 1996[45]). Severalapplicationsof parameteestimationto field
experimentsbasingon e.g.tensiometeand TDR measurementéseee.g. Arning, 1994[4]),
tensiondiscinfiltrometersexperimentgseee.g.SimlinekandvanGenuchten]1996[114], 1997
[115]; Simiineketal., 1998[112], 1999[121]) extraction methodg(seee.g.Inoueetal., [66])
or conepermeametemethodgseee.g.Gribbetal., 1996[57]; Simiineketal., 1999[113]) are
alsoreported.

In contrast,parameteestimationfor transientsolutetransportin the unsaturate@¢onede-
scribedby coupledwater and solutetransportequationsor even the simultaneousdentifica-
tion of soil hydraulic,solutetransportandreactionparameterss barelyreported(Mishraand
Parker, 1989[92]; Medinaand Carrera,1996[90]; Abbaspouret al., 1997[1]; Simiinekand
vanGenuchten1999[116]; Diesesetal., 1999[41]; Diesesetal., 1999[43]).

Severaltoolsfor inversemodelingin groundvaterflow, e.g.MODFLOWP (Hill, 1998[60])
andcoupledwaterflow andsolutetransport,e.g.HYDRUS-1D (Simiineket al., 1998[119)),
HYDRUS-2D (Simiinek et al., 1996 [118]), are available. It hasbecomestandardamong
hydrologistsand soil scientiststo estimateunknavn parametersn theseequationsby cou-
pling simulationtools, e.g. SWMS 2D (Simiinek et al., 1994[117]), PEARL (Tiktak et al.,
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1999[125]), SIMULAT (Diekkrugeretal., 1995[37]), ESHPIM (Zurmihl and Durner 1998
[146]) etc., with nonlinearoptimizationsoftware packagesin particularimplementationf
the Levenbeg-MarquardtiMarquardt,1963[88]) or the Gauss-Neton algorithm. Oftenused
packagesree.g.PEST(Doherty 1994[44]), UCODE (PoeterandHill, 1998[102]), BMDP
(Bard,1974[7]), MATLAB (Grace,1992[56]). Parameteraredeterminedy repeatedtalls
of the optimizerto the numericalsimulator Simulation,i.e. the solutionof the forward prob-
lem, andoptimizationaretreatedastwo separat@roceduresommunicatingnly by asuitable
interface.

At first glancethis approactseemscorvenientand straightforvard. However, frequently
unsatishctoryresultsareobtained.Oftenestimatiorresultsarehighly dependenon theinitial
guessesised. In particular difficulties have beenencounteredvith re-estimatinghe correct
parametewraluesin nonlinearproblemson the basisof undisturbeddatawhen startingfrom
only slightly perturbedoarameteralues. Moreover, theseapproachearenot ableto account
for problem-inherengtructuresvhichresultsn longcomputingiimes,evenfor smallproblems,
i.e. coarsespatialgrids. For thisreasonspatialdiscretizatiorwith lessthan50 spatialnodesare
oftenusedignoringthespatialdiscretizatiorerror.

In Chapte2 and3, wewill presensolutionmethodghatovercomehesdimitations(Dieses
etal.,1999[41]; 1999[43]). As theformulationof theinverseproblem(1.68)-(1.74)jndicates,
we pursueadifferentapproactwheretheparameteestimatiorproblemis interpretedasaleast-
squareproblemthatis constrainedy coupledPDEsand ODEs. Both the simulationandthe
optimizationproblemaresolvedsimultaneouslyThesemethodgrovide thebasisfor thenewly
developedtool ECOFIT (Diesesetal., 1999[41]; 1999[43]) suitablefor parameteestimation
in nonlineartransportanddegradatiorprocessesf xenobiotican soils.

1.5 TheProblemof Optimal Experimental Conditionsin En-
vironmental Fate Studies

Many authorswho investigate¢parameteestimatiorfor transporfprocesses theunsaturated
zoneencounteregroblemswith ill-posednes®f theinverseproblemsseee.g.Hornung,1983
[63]; Kool etal., 1985[80]; Toormaretal.,1992[126]; vanDametal.,1992[127]). They often
describedhe situationthat parametersvere practicallyinsensitve to obsered data. Thus, it
wasconcludedhatdatashouldbe collectedat pointsin time and spacewhich shoved a high
sensitvity to the parametersinderconsideration.

Oneapproachto determinepointsthat deliver datathat is mostsensitve to parameterss
optimalexperimentabdesign.Sincethe mid eighties,Yeh (1986[142]), Kool etal. (1987[81]),
Kool andParker (1988[79]) andothersclaimedthe needfor optimalexperimentadesignsuch
asoptimalallocationof samplingpointsor optimalinput boundaryconditions.

However, in practiceexperimentsare often performedntuitively or with the objective that
experimentalconditions,e.qg.irrigation schemestesembleasmuchaspossibleoutdoorcondi-
tions. Samplingschemegienerallyfollow simplerules,e.g.measurementrecarriedoutonce
per day or oncea week. However, measuremendatathus obtainedmight not be necessarily
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suitablefor parameteestimation.The contraryis frequentlythe casewhereinversemodeling
on the basisof suchdataleadsto unsatisactoryresultsor evento (nearly)singularparameter
estimatiorproblemsj.e. estimatiorof all requiredparameterss notpossible In thelattercase,
oftenregularizationstratgiesareappliedwheree.g.in thesimplestcasesomeof the parameter
valuesarefixedandonly a subsebf parameterss determinedEvenif parameteestimations
possibletheresultingvariancesareoftenlarge andthusthe estimatesinreliable.

In contrastto this intuitive approach the objectve of optimal experimentaldesignis to
optimizeexperimentakconditionsandsamplingschemesuchthat parameteestimationbased
onthis dataresultsin thebestpossiblereliability of the estimates.

In this section the optimalexperimentaddesignproblemfor the parameteestimationprob-
lem setup in the previous sectionis derived and formulatedas an optimal control problem.
The approachpursueds orientatedoy the oneworked out in (Baueretal., 1999([9]; Korkel
etal., [83]; Baueretal., 2000[10]). We discusspossibleoptionsto controlrespectrely influ-
encethe systemin the context of columnandmini-lysimeterstudies. A first insightinto the
mathematicatreatmentof the differentoptimizationvariables,i.e. control variables,control
functionsandweightingfactorsfor measuremerpoints,is given. In Sectionl.5.2,we review
the state-of-the-arin experimentaldesignwith respecto parameteestimationin waterflow
andsolutetransporiprocesseslt will becomeobviousthatdueto the lack of suitablesolution
methoddor thesehighly demandingproblems,up to now hardlyary practicaloptimal experi-
mentaldesignproblemshave beenaddressedThe developmenibf new, sophisticatednethods
is indispensablé optimalexperimentaldesignshouldbe establishedlsoin thisarea.

1.5.1 Formulation asOptimal Control Problem

In columnand mini-lysimeterstudiesexperimentalconditionsthat can be optimizedare, for
example,the initial andthe boundaryconditions. In particularat the top of the soil column,
i.e. attheupperboundarytheirrigation schemendthe concentrationsf the addedsubstance
cangenerallybe controlledandthusbe optimized.Thesamplingschemee.g.whereandwhen
measurementare carriedout, dependon the experimentalset-up. Out of a setof feasible
measurements.g. leachateor point measurementghe optimal samplingschemehasto be
chosen.

In orderto formulatethe optimal control problemwe considerthe discretizatiorof (1.68)-
(1.74)in time andspaceAs it will bediscussedh Section2.1.1and2.1.2 thisresultsn afinite
dimensionalnonlinearconstrainedeast-squaregroblemof theform

min |[ry(s, p) 13 (1.75)
re(s,p) = 0. (1.76)

Here,s is afinite dimensionalvectorparameterizinghe solutionsof the PDEsand ODEs. r,

denoteghevectorof residualsandr. theequalityconditions.
Sophisticategharameteestimationtoolsusuallyenablea statisticalanalysisof the solution,

e.g.correlationsyariancer confidenceantenals for the parameteestimates.The variance-
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covariancematricesC' are generallyderived from the linearizedvector of residualsand con-

straints.Thesmallerthevariancesi.e.theentriesin thediagonalof C, themorereliablearethe

parameteestimates.Thus,areasonablgoalto improve estimationresultsis to identify sam-

pling schemesand experimentalconditionsthat are mostlikely to yield parameteestimates
with low variances.

In theoptimalexperimentabesignproblemdifferenttypesof control/optimizatiorvariables
arisingfrom thedescriptiorof theexperimentatonditionsandthesamplingschemeanbedis-
tinguished In thespecificatiorof experimentatonditionscontrolvariablesy, (s = 1, ..., Ny),
suchasinitial concentrationsor time dependentontrolfunctionsu,(t) (I = 1,... , Ny), such
aswater infiltration rates,canoccur For optimizationpurposesevery control function u(t)
is parameterizedg.g.by piecavise constanor piecavise linear controls. For all controlvari-
ablesg andcontrolfunctionsu(t) definingexperimentatonditionsfeasiblerangesin particular
upperandlower boundsarechoseraccordingo the experimentalpossibilities.

Secondlyin orderto derive optimal samplingschemeshe total numberof measurements,
Lynae, andasetof Ly, feasiblemeasuremenpoints= = {{,,r = 1,..., Ls,} have to be
specified With every possiblemeasuremergointé, (r = 1,..., Ly.,) aweightw, being0 or
1 is associatedTheaimis to determinean optimal samplingscheme

w=(w,...,wg,,)", w €{0,1} (1.77)

with S5 w, = Linas.

It is importantto note that differentassumptiongre madefor parameteestimationand
optimal experimentaldesign. In the contet of parameteestimation the given measurement
datais obtainedfrom a givendesign,i.e. all controlsandweightsareknown andfixed. On the
basisof this dataparameterareoptimized.

This is in contrastto optimal experimentaldesignwhere control variables,control func-
tionsandweightsareobtainedby optimizationfor afixed setof parameterg. Thus,herethe
variance-cwariancematrix C' := C(s, p, g, u, w) is consideredasa function of the controlsg
andu(t) andtheweightsw.

Thevariance-coariancematrix C' is usedfor the descriptionof the statisticalquality of the
estimatecparametersThe objectve of optimal experimentaldesignis to minimize a function
® of thevariance-cuariancematrix C' of theunderlyingparameteestimationproblem.Often,
oneof theclassicadesigncriteria, D-, A-, or E-optimality, which areoutlinedin Sectiord.1.2,
is used.The mostcommoncriterion,the D-optimality, for example,aimsat the maximization
of the determinanof the information matrix which is equialentto the minimization of the
determinanbf thevariance-cwariancematrix (seee.g.Silvey, 1980[111]).

The optimal experimentaldesignproblem can now be formulatedas a nonlinearstate-
constraineaptimal control problem:

min ®(C(s,p,q,u, w)) (1.78)
S7q’u7w
re(s,p,g,u) = 0. (1.79)
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Additionally, equalityandinequalityconditionson controls,weightsandstatescanbe formu-
latedandaresummarizeds

e(s,p, g, u,w) { } : (1.80)

AV

Note, that(1.78)-(1.80)describea mathematicallyhighly intricate problem. It is necessaryo
treatanobjectve functiononthevariance-ceariancematrix whichis implicitly definedby the
Jacobiarof theunderlyingparameteestimationproblem.

1.5.2 Solution Methodsin Curr ent Practice

Sofarmeasuremergointsandexperimentakonditionsthatdeliver databeinghighly sensitve
to parameterfiave beenmainly determinedoy eitherthe analysisof responsesurfacesand/or
the studyof parametesensitvities (seee.g. Toormanet al., 1992[126]; vanDametal., 1992
[127]; Siminekandvan Genuchten1996[114], 1997[115]; Weissand Smith, 1998[139];
Inoueetal., 1998[66]; Simineketal, 1998[120]).

The first approachusestwo-dimensionaresponsesurfacesof objectie functions. These
arecomputedoy evaluatingthe objective functionfor two parametersvith varyingvaluesat a
time while keepingthe otherparameters$ixed. Eventhoughthis approachtakesinto account
nonlinearitiest is verytedioussincetheobjective functionhasto be evaluatedypically several
hundredtimes for every parameteicombinationto provide sufficient datafor contourplots.
Moreover, eventakingthe computectross-sectionwgetherthis givesonly aroughideaabout
the completeresponsespacespannedy all parametergSimiinek and van Genuchten1996
[114]).

In the secondapproach sensitvity coeficients are calculateda priori from hypothetical
data.Accordingto therule thathigh sensitvities correspondo well definedminimaandsmall
parametemncertaintiesmeasuremenpointsin time and spaceare determined. Again this
approachs very cumbersome.

Otherauthorsstudiedtheimpactof differentboundaryconditionson parameteestimation
results.Durneretal. (1999[46]), for example,evaluatedone-stepmulti-stepandcontinuous
boundaryconditionsfor inflow/outflow experimentsandinvestigatedheir suitability to estima-
tion of soil hydraulicpropertieson the basisof sensitvity studies.

KnopmanandVoss(1987[74]) werethefirst who considere@xperimentatlesignproblems
for transportprocesse soil in the framewvork of optimizationproblemsby usingstatistical
designcriteria. Accordingto the ideaof optimal experimentaldesignthey aimedto determine
samplingschemeshat deliver obsenationsbeingmostsensitie with respecto unknovn pa-
rametersaccordingto someprescribedoptimality criteria on the variance-ceariancematrix.
D-optimalsamplingdesignsij.e. optimal allocationsof measuremergointsin time andspace,
for an one-dimensionasolute transportmodel with two unknovn parametersinder steady-
stateconditionswerefound by KnopmanandVoss(1987[74]) by anenumeratie grid search
througha discretizeddesignspace.This conceptwasfurther extendedto multi-objectve sam-
pling designwhich includesmodeldiscrimination,variancereductionin parameteestimation
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andsamplingcost(KnopmanandVoss,1989[76]). Again, dueto lack of suitableoptimization
proceduresthis problemcouldonly be solvedby enumeratie grid search KnopmanandVoss
(1989[76]) proposedhat“to solve the optimizationproblem,integer programmingcould be
usedto identify optimal designgor both singleandmulti-objectve problems”. But they sup-
posedthat “evenwith a relatively simplesetof constraintsandlinear objectve functions,the
multi-objective integer programmingproblemmaybe difficult to solwe”.

Someauthorschosethe minimizationof experimentalcostasobjectve functionwhile the
reliability of identifiedparametersvasusedasconstraintge.g.NishikavaandYeh,1989[95];
HsuandYeh, 1989[64]). For a coupledtwo-dimensionalvaterandreactve solutetransport
model Wagner(1995[136]) presentech samplingstratgy that minimizesmodel prediction
uncertaintysubjectto a constrainton a given datacollectionbudget. For the solutionof the
integerprogrammingoroblema branch-and-cuanda geneticalgorithmwereused.

In orderto relaxthe uniquenessequiremendf inversesolutionsSunandYeh (1990[124])
definedthe concepof extendeddentifiability andshovedtheirrelationto experimentabesign.

Sun(1994[123]) gave ageneraformulationof anoptimal experimentaldesignproblemin
ground-vatermodelingthat containedwo typesof decisionvariables.He distinguishedleci-
sionvariablesassociateavith systemexcitation,e.g.irrigation rates time periodsof irrigation,
concentrationn theirrigation water andthoseassociateavith systemobsenation, e.g.loca-
tions and time points of measurementsSomeof the variablesare describedoy continuous
functionssuchasirrigation schemes.Othervariables,e.g. measuremerypoints, take discrete
valuesor wereeven binary Sun(1994[123]) statedthat“in practiceto solve sucha general
problemis too difficult” and*“that up to date,only few hypotheticalexamplesand simplified
caseshave beenreported”.

To our knowledge,sofar no studyhasaddressethe problemof optimizingboth sampling
schemesndexperimentakonditions,e.g.boundaryconditionssuchasirrigation schemessi-
multaneouslyfor coupledwater and reactve solutetransportin the unsaturate¢oneon the
basisof optimalexperimentaldesigntheory In Chapter4 anapproachs presentedhatallows
to solve this highly demandinglassof problems.This approacthasbeenimplementedn the
tool ECOPLAN suitablefor optimalexperimentatlesignin nonlineatransporeinddegradation
processesf xenobiotican soils(Diesesetal., 2000[42]).



Chapter 2

Fast Numerical Methods for the Solution
of Lar ge ScaleParameter Estimation
Problems

In this chapterwe presenta very efficient reducedseneralizedsauss-Neton methodfor the
solutionof parameteestimationproblemsconstrainedy PDEsand ODEs. Sofar, the appli-
cation of the Generalizedsauss-Neton methoddevelopedby Bock (1981 [19], 1983[20],
1987[21]) hasbeenmainly limited to parameteestimationproblemsconstrainedy ODEsand
DAEs. In addition,modificationsof the Generalizedsauss-Neiton methodhave beendevel-
opedthat are suitablee.g. for large scaleinverseproblemsin ODEs/DAEs (Schbder 1988
[108]), or for multi-experimentproblemsin ODEs/DAEs (Schbder and Bock, 1983[109];
Schbder 1988[108]; von Schwerin,1998[135]). Ziel3eetal. (1996[145]) appliedthe Gen-
eralizedGauss-Neton methodto systemsconstrainedy PDESs. In orderto handlethe huge
amountof computationaWork arisingfrom the discretizatiorof PDEsa parallelapproactwas
used(Gallitzendbrfer, 1997[53]).

Ourapproachimplementedn thenewly developedtool ECOFIT (Diesesetal., 1999[41];
1999([43]) for parameteestimationin multi-speciedransportreactionsystemsyestson two
pillars:

e areducedseneralizedsauss-Neiton methodand
e avery efficientstrategyy for the generatiorof therequiredderivatives.

Contentof the currentchapteris the deriation of the reducedGeneralizedGauss-Neton
method. In Chapter3, we will presenta very efficient approachfor the computationof the
derivativeswherein generaimostof the CPUtime s spent.

This chapteris structuredas follows: In the first sectionwe discussapproachegor the
discretizationn spaceandtime. In Section2.2 the Generalizedsauss-Neton method(Bock,
1981[19]; 1983[20]; 1987[21]) is reviewed. It will be shavn thatthe problemsizesinduced
by the PDEsrequirea speciallytailoredapproach.In Section2.3 we presenta specialform

35
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of the reducedapproachof Schbder(1988[108]) which enablesisto handletheselarge scale
problemsby exploiting given structureson several levels. How the corresponding/ariance-
covariancematricesof the solutionsarecomputeds outlinedin Section2.4.

2.1 ProblemDiscretization

2.1.1 Spatial Discretization

In orderto solve the least-squareproblem(1.68)-(1.74)numericallythe PDEs(1.69)-(1.72)
andthe ODEs(1.73)describingnfinite constraintdave to be transformednto finite ones.We
employ the methodof linesin its vertical version(seee.g.Gro3manrandRoss,1992[58]) to
ensuremodularity andflexibility of the developedtools ECOFIT and ECOPLAN. Theidea
of the methodof lines, which hasbecomea commonapproachor solving one-dimensional
time-dependenPDES,is to reducethe initial boundaryproblemto a systemof ODEsin time
by discretizingin space.n asecondstep,theresulting,in generaktiff initial valueproblemis
solvedby anappropriatentegrationmethod.Theconvenienceandpower of themethodof lines
liesin thefactthathighly developedsolversfor stiff ODEsandDAEs have becomeavailable.

The spatialdiscretizationmay have variousforms, e.qg. finite difference finite elementor
finite volume schemes. For the regular geometryconsideredn this work we choosefinite
differences.In our approachthe public domainspatialdifferentiationroutinesof orderfour
DSS004 andDSS020 by Schiesse(1991[107]) areapplied.For parabolic-typecomponents
in thePDEs|.e.thediffusion-dispersioterm,theroutineDSS004 baseddn centraldifferences
schemess used.Approximationof hyperbolic-typecomponentg,e.thecornvectiveterm,may
causenumericalproblems.Goodresultshave beenobtainedwith the five point biasedupwind
finite differenceschemeof CanerandHinds(1978[30]) implementedn theroutineDSS020
(Schiesserl991[107]). Detailsabouttheseroutinesand studiesabouttheir performancecan
befoundin AppendixA.

Dependingon the spatialactivity exhibited by the systemsufficiently fine spatialgrids are
requiredto guaranteea certaindegree of accuray. Basicallytherearetwo waysto handle
this problem. First of all, methodsmay be usedwhich attemptto adjustthe spatialgrid auto-
matically Over the pastdecadehe interestin adaptve spatialdiscretizationmethodsfor the
solutionof the forward problemin the framework of the methodof lineshasrapidly increased
(seee.g.Verweretal., 1989[132]; Furzelancetal., 1990[52], BerzinsandWare,1996[13]; Li
etal.,1998[85]; Berzinsetal.,1998[12]). Adaptve methodsarevery attractve with regardto
simulationandarethuswidely used.Their applicationin the context of optimization,however,
is moredifficult andsubjectof currentresearch.The developmentof reliableadaptve spatial
discretizatiormethodssuitablefor parameteestimationusingthe Generalizedsauss-Neiton
methodis atopic onits own andout of the scopeof this work.

Herethe primaryfocusis on applicationsandon thereliablesolutionof real-life problems.
We pursuein the following an approachthat is basedon a fixed spatialgrid. However, in
orderto handlehigh spatialactivity a sufficiently high spatialresolutionfor thewholedomain,
i.e. several hundredup to thousandspatialnodes,may be necessaryeadingto a large scale
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optimizationproblem.Sincethe parameteestimationproblemassuchdoesnot changeduring
the optimizationprocesgroblem-inherenstructurescan be exploited on severallevels. This
enablesusto designa very efficient parameteestimationcode,evenfor systemsconsistingof
severalthousandODEs.

Discretizingthe parameteestimationproblem(1.68)-(1.74)on a fixed spatialgrid results
in aleast-squaregroblemconstrainedy ODEsof theform

min || F(y(t,p))|[; = minZU£2(ﬁij—yi(tj,p))2 (2.1)

y(t) = f(t,y,p) y(to) = Yo (2.2)

with f : [to, te] X R™ x R™ — R™ andny =N X (nPDE—i_nODE)a wherenN, NpPDE ananDE
denotethe numberof spatialnodesPDEs(1.69)-(1.72andODEs(1.73),respectrely.

2.1.2 The Multiple ShootingMethod for Parameterizationin Time

As outlinedin Sectionl.4.2it is mostwidespreado solve inverseproblemsn PDEsS/ODEgdy
combiningtoolsfor the solutionof theforward problemwith iteratve optimizationroutines.In
generalaninitial valueproblemapproachs used.

In contrasto this, we pursuethe approactof Bock (1981[19]; 1983[20]) whointerpreted
the parameterestimationproblemsof type (2.1)-(2.2) as a constrainedmultipoint boundary
value problem. For its solutiona boundaryvalue problemapproachusing multiple shooting
wasdeveloped.Theideabehindthis methodis notto integratethe ODEs(2.2) onthecomplete
interval [ty, t.] but to divide it into m subinterals|r;, 7;44] (j = 0,... ,m — 1):

to=T0 <7 <...<Tp =Le. (23)

Additionalvariabless, areintroducedateachmultiple shootingnode.Onthebasisof theinitial
valuessy, initial valueproblemsareformulatedon eachof them subintenals

Thus, an only piecavise continuoussolutiony(¢; sg, p) is obtained. Continuity of the final
solutionis enforcedby requiringthe additionallydefinedmatchingconditions

Pi(Sks Skt15P) = Y(Tht15 58> D) — Skt 1, k=0,..., m—1 (2.5)

to besatisfied.

It shouldbe notedthat the multiple shootingmethodguaranteeshe existenceof a start
solution on the completeintenval by choosingadequatelysmall subintenals and reasonable
initial guesses.In contrast,the single shootingmethodmay leadto singularitiesin caseof
badinitial guessesor parametersThus,integrationuntil the endof the time intenal may be
impossible.This situationis oftenreportedor real-life problemswheredueto poorfirstinitial
guessethesolwerfails eventhoughthe parameteestimationproblemassuchis well-posedor
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thetrue parametersThesepitfalls of the singleshootingmethodmay alsobe encounteredior
example for the Richardsequationwhichis notdefinedwhens,, respectrely C(v,,) becomes
zero.

Example2.1.1
We considerthe following systemdescribingwatertransportfor a typical columnoutflow ex-

periment.For the soil hydraulicfunctionsthe van Genuchten-Mualemarameterizatiofil.13)-
(1.14)is used.

oy, 0O 0 _
Cltm) 2 = - [K () (i — 02)] 2.
with
(1 = (afom)™ (A + (altpm]))) /" 1)?
K(Ym) = K 1-1/n
e (1+ (afgpml)) =" (2.7)
C(¥hm) = a(n — 1)(6a — ) (altbm])" (1 + (althm[)™)/2
e Initial condition: Um(0,2) = =670,  z2>0

e Upperboundary:

0 _ 0.2 t<6.0
a(t,0) = —K(¥m(t,0) 5 (¥m(t,0) = w2) { 0.0 t> 6.0
e Lowerboundary: 0 (t,20)/0z = 0, t>0

Supposer = 1.2 [1], « = 0.0102 [hPa™'], K, = 10.0 [em h™ '], s = 0.4 [1] and6,. = 0.05 [1]
(SeppeltprivatecommunicationVink et al., 1994[133]) arethe true van Genuchterparame-
ters. For thesevaluesthe forward problemcanbe solvedwithout ary problems.Measurement
datais generatedor seseral depthandsereral pointsin time by simulationand- for testpur-
poses- no error was added. The aim is to estimatethe parameters,, o and K,. However,
startingthe parameterestimationfor the valuesf; and@, as given abose andwith the only
slightly perturbednitial guesses = 1.3, o = 0.0107 andthe correctvalueK; = 10 theinte-
grationandthusthe parameteestimationfails. Due to theinitial guessesy,, goesto zeroat
the upperboundaryandthe problembecomesindefinedatt = 5.9. Using multiple shooting,
i.e. by restartingthe integrationon eachsubinteral, the trajectoryis preventedto drift too far
away from the true trajectory i.e. 1,, is preventedfrom becoming0. Employing 20 multiple
shootingnodes,evenfor initial guesses, = 1.4, o = 0.015 and K, = 20 cornvergenceto the
trueparametevaluesis reachedvithin 10 iterations.

Anotherimportantadwantageof multiple shootingover single shootingis that multiple
shootingallows for the useof prior information. In particular measuremerdatais not only
usedin the objectve function (2.1) but it mayalsobe exploitedfor selectingheinitial guesses
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for theinitial valuess;. By thismeansit is easilypossibleto incorporateavailableinformation

aboutthe solution.Moreover, multiple shootingreduceghe nonlinearityof the problem.
Parameterizinghesemi-discretizegarameteestimatiorproblem(2.2)-(2.1)in timeresults

in afinite dimensionalnonlinearconstrainedtructuredeast-squargsroblemin theaugmented

vectorz = (S, ... ,Sm,p)T € R*withn = (m + 1)n, + n,
m:gnHTl(SOv"' 78m>p)||3 (28)
T2(s0,p) = 0 (2.9)
73(S0y -+ »Sm,p) = 0. (2.10)
Here,r; € C3(D,R™), D C R", denoteghen, least-squaresonditionsandr, € C3(D, R"™)
the ny initial conditions. 73 = (r3, ho,... ,h,_1)" € C3(D,R"™) describesotherpossible
equalityconditionsry € C3(D,R"™) includingthe m matchingconditionsh;, altogetheri; =
mny + ns.

Note thattheseparameteestimationproblemsarisingfrom the discretizatiorof PDEsare
large scale. Consideringfor example,a problemconstrainedy 3 PDEsandemplgying 400
spatialnodesand10 multiple shootingnodeswe endupwith anoptimizationproblemin 12000
variables.Commonlyavailablenonlinearleast-squaresolversare not capableof copingwith
suchproblemsizes.

However, in the parameteestimationproblemsarising from columnand mini-lysimeter
studiesthe initial valuess, are generallyknown, i.e. r, is independendf sy, ... ,s,,. This
inducesa specialstructureof the Jacobiarwhich is exploited by the methodsdervedin Sec-
tion 2.3in orderto reducethe computationaéffort for the solutionof the problem.

2.2 The GeneralizedGauss-NewtonMethod

For thesolutionof nonlinearconstrainedeast-squarggroblemsof thetypejustdiscussedBock
(1981[19]) proposedh generalizatiorof the Gauss-Neton methodwhich originally wasonly
applicableto unconstrainedeast-squareproblems. In the following the Generalizedsauss-
Newton method(Bock, 1981[19], 1983[20], 1987[21]) is presentedvhich hasprovento be
stableandefficientfor a seriesof real-life parameteestimationproblemsconstrainedy ODESs
andDAEs. A big adwantageof the Generalizedsauss-Neton approachs thatit is not only
superiorto “lower ordermethods”,e.g. manualoptimization,but alsoto “higher ordermeth-
ods”, e.g.SQPmethodslIt shavs goodlinearlocal corvergencebehaior, i.e. the convergence
rateimprovesasbetterdataand modelfit. In contrastto SQPmethodswhich requiresecond
orderinformationfor quasi-linealcorvergencebehaior, only first orderinformationhasto be
provided.

First, themainstepsof the Generalizedsauss-Neton algorithm,whichis the coreroutine
of the parameteestimatiortool PARFIT (Bock,1981[19], 1983[20], 1987[21]), areoutlined.
After asummaryof theunderlyingtheoryincludingoptimality criteriaandcorvergenceresults,
anestimationof the computationaéffort andthe storagerequirementss given. It will become
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obvious that for the large scalesystemghe standardmplementationis not suitableandthat
moreefficientstratgiesarerequired.

2.2.1 Algorithm

The mostimportantstepsof the algorithmappliedto the nonlinearconstrainedeast-squares
problem(2.8)-(2.10)are:

1. Startwith aninitial guesst,.
2. Improvethesolutionsiteratively by
Thp1 = Tp + M Axy,

whereAz;, solvestheconstrainedinearproblem

H&ixn l|ry(zx) + Ji(zp) Az |3 (2.11)
ro(xy) + Jo(zp) Az, = 0 (2.12)
73(zx) + Js(zp) Az, = 0 (2.13)

with the Jacobiang/;(z) := dr;(x)/0z (i = 1,2) and J5(x) := 973(x)/0x. \x € (0,1]
denotesrelaxationfactorof a globalizationstratey.

Thecorrespondingacobian/(z) = dr/0x is large scaleandshaws thetypical block structure
dueto the multiple shootingdiscretization:

DY D! ... ... Dp D
DS 0 ... ... 0 D r
’ Dy D} .. .. Dy Db "
J=| & |=| G G r=| (2.14)
Jy G I 0 |
; -
0 Gn1 -1 Gy

Df = 0ri(So,--- +Sm,p)/0sj, DY =0rso,...,Sm,p)/0p,
G; = 0y(Tit1; 8i, 1)/ 05, G? = 0y(7iy1; 54, D)/ Op,

with
D{ € Rnlxny7 D;il c Rnlxnp7
Dj e R™*™, Dj € Rm2xme,
D} € R, D} € Rnaxny,

G;, I € R™v*", G? € Rwv*™
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Heretheblock columnsof .J describehe derivativeswith respecto thevariabless; andp. The
block rows with the D; matricesdenotethe derivativesof the functionalsr; with respecto the
initial valuess;, wherethelastcolumncontainghederivativeswith respecto theparametersg.
Theblock rows with the G; matricescorrespondo the derivativesof the continuity conditions
hi-

Note, thatfor the particularsituationconsideredere,wheretheinitial conditionsrs(sg, p)
only dependon s, andp, a specialstructurein the secondblock row is induced. This canbe
exploitedaswe will seein Section2.3.

2.2.2 Optimality Criteria

Fortheeaseof presentationye summarizeall equalityconditionsnr, = (rl, 72)7 € C3(D, R™),
n. = ny + fg, andrewrite thenonlinearproblem(2.8)-(2.10)as

min [ z) 3 (2.15)

re(z) = 0. (2.16)
Analogouslythelinearproblem(2.11)-(2.13)s of theform

rriiwn l|ry(zk) + Jy(z) Az |3 (2.17)

re(xg) + Jo(zp) Az = 0. (2.18)

Definition 2.1 (Constraint Qualification [CQ] )
The ConstraintQualification[CQ)] is satisfiedf

Rg(Je(x)) = . (2.19)
A pointx € D C R" is saidto beregularif x satisfieghe [CQ)].
Definition 2.2 (Positive DefinitenesqPD] )

Ry ( jlgg ) —n  VreD (2.20)

Thenthefollowing equialenceholds:
[PD] <= w? Jy(z)' Jy(z)w >0 Yw € KerJ,/{0} (2.21)

Definition 2.3(Lagrangian Function)
The Lagrangiarfunctionfor the nonlineamproblem(2.15)-(2.16)s definedas

LX) = glir(@) — Nre(a) (2.22)

where)\ € R is calledLagrangemultiplier.
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Theorem 2.4 (NecessaryConditions)

Let z* beregularanda solutionof (2.15)-(2.16). Thenz* is feasible,i.e.r.(x*) = 0, andthe
first ordernecessarygonditionholds: Thereexists a multiplier vector \* that uniquelysolves
the stationarycondition

%L(m*, ) =i (a) Ty (z*) = X T (z*) = 0. (2.23)

Additionally, the seconcbrdernecessargonditionis satisfied:For all directions
Yw # 0 Je(z)w =0

the Hessiarmmatrix of L is positive semi-definite
2

wl H(x*, \)w > 0, H(z*, \") := %L(w*, ). (2.24)

Definition 2.5 (Karush-K uhn-Tucker Point (KKT Point))
A vector (z*,\*) which is feasibleand satisfiesthe stationarycondition (2.23) is called a
Karush-Kuhn-Tucker point (KKT point).

LemmaZ2.6
If [CQ)] and|P D) aresatisfiedthenthefollowing equivalenceholds

(z*,\*) is a KKT point of (2.15)-(2.16)<= (0, \*) is a KKT point of (2.17)-(2.18),

i.e. a KKT point of the nonlinearproblem(2.15)-(2.16)is a fixed point of the Gauss-Ne/ton
iteration.

A greatadvantagef theGeneralizedsauss-Netonmethods thatageneralizedhverse/* can
bedefinedwhichsolvesthelinearizedproblem(2.17)-(2.18) Thisenablesuniformtheoretical
treatmenbf nonlinearequatiorsystemsunconstrainedndconstrainedeast-squaregroblems
aswewill seein thenext section.

Theorem 2.7 (Existenceof a GeneralizedInverse)
If J = (JI,J5)T in the linear constrainedeast-squareproblem (2.17)-(2.18)satisfiesthe

17Y¢

conditions/C'Q| and[P D], thenit follows:

1. Foraryr = (r¥,rT) € R existsexactly oneKarush-Kuhn-Tuckerpoint(Az, \) for
(2.17)-(2.18)andAx is a strictminimum.

2. ThereexistsalinearmappingJ* : R"*" — R", suchthat

Ax=—Jtr (2.25)
solves(2.17)-(2.18)for ary r € R"1+" with
JIL JTN\ T/ JE o
+ 11 c 1
S (1 o)( 5 0) (O 1>- (2.26)

3. Thesolutionoperator]™ is ageneralizednverseandsatisfieghe definingcondition
Jt=J%JJT. (2.27)
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2.2.3 ConvergenceResults

The Local CorvergenceTheorenof Bock (1987[21]) presentedn the following givescondi-

tionsfor thelocal corvergenceof thefull stepGeneralizedsauss-Netonmethod(\, = 1) and

quantifiegt. Thistheoremalsoholdsfor theunconstrainedasewhereJ* becomesheMoore-

Penrosepseudo-imerse,andfor nonlinearequationsystemsF'(z) = 0, whereJ" reducedo

the normalinverseJ~!. In thelatter case corvergencecanalsobe shavn for approximations
of J71.

Theorem 2.8 (Local ConvergenceTheorem)

Let J(z)* bethe generalizednverseof the Jacobianl (z) = (J,(z)”, J.(x)")" with respect
to thefunctionr = (r{,rI)T € C'(D,R™*") in a nonlinearconstrainedeast-squaregrob-
lem. The Jacobian] respectiely its generalizednverse.J+ satisfythe following Lipschitz
conditions:

17(y)* (J(z + tly —2)) = J(2))(y — 2)|| Swtlly =z,  w<oo (2.28)
1(J(2)" = J(2)") R(z)|| < K(@)l|2 — ]| < &z — | (2.29)

R(z) :==r(z) — J(z)J(z)"r(z) (residuum) k<1
Vtel0,1], Vz,y,z € D andx —y = J(z)"r(z).

Thenfor all x € D with

QoW

60 = T +r < ]_7 Oéj = ||J(.’EJ)+T’(I])|| (230)
Qo
Dy := K(z9,——) CD (2.31)
1—246o
follows:
1. Theiteration
Ij_|_1 = .Tj + A.Tj, Al‘j = —J(CEJ')—I—T(I]') (232)

is well-definedandremainsn D.
2. z; — x* € Dy (j — o0) with J(z*)*r(z*) = 0.

3. Thecornvemgences linearwith

oW
1Azi]] < (2 + 0) | Az ]| = 811021
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4. Forthejth iterationthefollowing a priori estimationholds

ap
_ 50'

ey — ol < 8-

Remark 2.1

The Lipschitz constantu characterizeshe nonlinearity of the model. Its inverselimits the
region wherethe linearizationis valid. Thereforew is of greatimportancefor the selectionof
the relaxationfactor )\, of the dampedGeneralizedsauss-Netton method(Bock, 1981[19];
1987[21]).

The Lipschitz constantof J*, x, measureshe compatibility of the datawith the model.
For k < 1, thefixed point x* is not only a stationarypoint but a strict local minimum. In
contrasto this, for k > 1, theremayexist perturbation®f the measuremerdatain sameorder
of magnitudeasthe measurementsuchthatthe fixed point is stationarybut not a minimum
(Bock, 1987[21]).

Consideringeal-life parameteestimationproblemswhich arehighly complex andnonlin-
ear in generahoinitial guesses, canbe providedthataresuficiently closeto the solutionto
satisfytherequirement®f the Local ConvergenceTheorem Thus,it may happerthatthe start
incremenfpointsout of theregion wherethelinearapproximatioris valid.

In orderto extendthe corvergencedomain,theiteration(2.32)is relaxedto

Tpi1 = T + MeAxy A, € (0, 1] (233)

in eachiteration. Therelaxationfactor)\; is choseraccordingo specialglobalizationstratgies
(Bock,1987[21]; Bocketal.,2000[22]) in orderto comecloserto thesolution.

2.2.4 Estimation of the Computational Effort

Accordingto the GeneralizedGauss-Neton algorithmin Section2.2.1, the solution of the
nonlinearconstrainedeast-squargsroblem(2.8)-(2.10)s obtainedteratively by solvinglinear
least-squareproblemsof theform (2.11)-(2.13).The computatiorof theaugmentedectorof
variables

Az = (Asg,... ,Asm, Ap) = —JFr (2.34)

is doneby recursve decompositioomethodswvherebysystemsof dimensionn,, + n, aregen-
erated. In the following, the main stepsfor the solution of the linearizedsubproblemsare
summarizedBock 1981[19], 1987[21]).

In orderto solve the linear subproblem(2.8)-(2.10)of dimension(n,(m + 1) + n,), we
first reducethelarge but sparseandstructuredsystemo a smalleroneby condensingTheidea
is not to directly solve the original systembut to iteratively exploit structuresby employing
suitabletransformationslJsing, e.g.a block Gausselimination,which canbe interpretedasa
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transformatiorof theoriginal systento atriangularform, we endup with acondenseg@roblem
of dimension(n, + n,) dependingnly ontheinitial valuesAs, andthe parameters\p:

Amm |E1Asy + PLAp + uy)3 (2.35)
50,A
EQASO + PgAp + Uy = 0 (236)
EgASO -+ PgAp +us = 0 (237)

Hereby the matricesE; and P, andthevectorsy, (I = 1, 3) canbe computedaccordingto the
following schemgBock,1987[21]; Schbder 1988[108)):

E, = D)+> Di[][Gimy 1=1,3 (2.38)
E, = DY (2.39)
m i—1 i—1—j
po= DV+> Di(> (] G=o)G)., 1-=1,3 (2.40)
i=1 j=0 k=1
P, = Db (2.41)
m i—1 i—1—j
u, = 7’Z~F2:Dz Z H Gl k '), 121,3 (242)
i=1 j=0 k=1
Ugs — T9 (243)

For the sale of clarityweintroduce]_[?:l M; =M -My...M,forl <n andH?:l M; =1
forl > n.

In orderto computeAs, and Ap the condensedystem(2.35)-(2.37)is reducedo a trian-
gularform usingequialencetransformations:

E2 Pg 7 Rll R12
B Py | - ( § ) . ( f g ) 0 Ry |. (2.44)
E, P . 0 0

In afirst step, J,, i.e. the partassociateavith equality conditions,is reducedo an uppertri-
angularform by a suitabletransformatiori’, e.g.by Gaussliminationor orthogonakransfor
mation. By the useof the matrix L the variablescorrespondindo the triangularmatrix R;;
are eliminatedfrom the least-squarepart. In a secondstep,the remainingleast-squarepart
is triangularizedoy an orthogonalransformatiorQ, e.g.Householdetransformationandthe
incrementsA s, andAp arecomputed.

After thesolutionof thecondensedysten(2.35)-(2.37}theotherincrements;, ... , As,,
arecomputedoy theforwardrecursion

A8j+1 = GjASj + G?Ap + hj, j = 07 e, = 1. (245)
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In the standardmplementatiorof the Generalizedsauss-Naton method PARFIT (Bock,
1987[21]), the right handside r andall derivative matricesD; and G; in the Jacobianare
computedn eachiteration. Basically in orderto derive the condensesdystem(2.35)-(2.37)
explicitly all matrix andvectoroperationslescribedn (2.38)-(2.43)have to be carriedout. In
PARFIT, however, givenstructuresn the D; matricesareexploited.

In summaryin eachGeneralizedsauss-Neton stepthefollowing work hasto bedone:In
orderto evaluatethe right handsider the ODE systemarisingfrom semi-discretizatiorn2.2)
hasto be integrated. Additionally, to setup the Jacobiarthe solutionof n, + n, variational
differentialequationgespectrely variedtrajectoriesarerequired. As n, < n, we canstate
thatthe computationakffort is of orderO(n,), i.e. it is linearin the numberof spatialnodes.
Also the storagerequirementdor the Jacobianare determinedby the spatialgrid. A single
storageof the Jacobiamrequires

(n1 4 n3) X (ny(m+1) +n,) +ny X (ny +n,) X m+ng X (ny +np) = O(n)  (2.46)
memorycells.

A simpleestimationllustratesthatfor thedegradatiorandtransporiprocessestudiedhere
the standardapproacHeadsto an unacceptableomputationakffort andto enormousstorage
requirementgvenfor moderatelyfine spatialgrids.

Example2.2.1

Let usconsidera least-squaregroblemconstrainedy two PDEs(e.g. waterandsolutetrans-
port). 6 parameterareunknawvn. For aspatialdiscretizatiorwith 400nodesve obtaina system
of 800 ODEs. A multiple shootingparameterizatiowith 10 multiple shootingnodesgivesan
optimizationproblemin 8006 variables.Supposéghatthe parameteriave to be estimatecbn
the basisof 40 measurementd\Not consideringgiven structuresn the D; matrices,according
to (2.46)the correspondinglacobiarthenwould have 7445040entries.Assumingthat 8 bytes
arerequiredperentry, already56 MB would be necessarjustto storethe Jacobiaronce.

Hence,to treattheselarge scaleproblemsin thousandof variablesefficiently non-standard
techniquesrenecessaryOneway to copewith the hugebulk of computationawork required
is by parallelizing. This wasdoneby ZieR3eet al. (1996[145]) employing the parallelversion
PARFIT/MP (Gallitzendrfer, 1997[53]). In thisapproachihe evaluationof theright handside
r andthe computatiorof the D/ andG; matricesareperformedcompletelyin parallelon each
subintenal. Moreover, onthelinearalgebraevel parallelismis used.

We wantto pursueadifferentapproactwhich exploits givenstructurego reducethedimen-
sionof theoptimizationproblem.This reducedapproachs outlinedin the next section.

2.3 The ReducedApproach

Parameteestimationproblemsin PDEsresultin large scaleoptimizationproblemsfor which
very efficient solution methodsare required. The approachpresentedn the following is a
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specialcaseof areducedGeneralizedsauss-Neton methodwhich wasdevelopedandimple-
mentedn thecodeFIXFIT by Schibder(1988[108]). Theideaof Schbdersreducedapproach
is to exploit equalityconditionsto reducethe computationaéffort for the solutionof the prob-
lem.

In the newly developedparameteestimationtool for multi-speciedransportreactionsys-
tems,ECOFIT (Dieseset.,1999[41]; 1999[43]), we exploit thefactthattheinitial conditions
for all statesarefixed. Thus,thesystemdave only few degreesof freedomnamelyasmary as
unknovn parameterarepresentln contrasto thestandargroceduraliscusseth theprevious
sectiondirectionalderivativesarethereforeusedfor settingup thelinearsubproblems.

2.3.1 An Efficient CondensingAlgorithm

For the sale of presentatiorwe assumen the following that eitherthe s; directly enterr; or
thatseparabilityfor r, = >~ 7}(s;, p) is givenwhich impliesseparabilityfor D = dr,/dp =
Yoo ri(si, p)/dp =: >it,"DP. Thenwe canaddthe parameterg to eachmultiple shooting
variables; andconsidera problemin z; = (s7, pI), p; = p;41, instead.This formally leads,
comparedo theformulationin (2.14),to aslightly modifiedJacobian/ andright handsider:

DY Dt ... ... Dp
Dy 0 0 -
Dy by ... .. Dy '
J=| G —I = 5 (2.47)
G I 0 ho
0 G —1 fon-1
with
D} = (D} ‘D) eRmxtnin) (2.48)
: D
;= ( Gol Cj} ) c R (7y+np)x (ny+np) (249)
I G 2.50)
I e ROwtnm)x(y+ng) I € R, (2.51)

Applying block Gausseliminationto (2.47) resultsin the samecondensedystemasin Sec-
tion2.2.4

min ||E1Asy + PLAp + uql3 (2.52)

Asg,Ap
EQASO + PQAp + Uy = 0 (253)
E3Asg+ PsAp+uz = 0. (2.54)
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Thistime, however, slightly differentformulasfor P, andw; areobtained

E, = D} + Zm:D;'f[Gi_j 1=1,3 (2.55)
E, = Dj o (2.56)
P o= D'+ i {in + Di( i (Z_ﬁ] Gi_k)Gg?)} 1=1,3 (2.57)
P, = Dj= “ggl’ o (2.58)
wo— 0 f: {ri + D i (“J Gi-i)hy) } [ =1,3 (2.59)
Uy = o= 7;2)1 o (2.60)

with [T5_, M; == M; - Myyy ... My for 1 < k and[[;_, M, = I for I > k. DecomposingD}
resp.r; on eachsubintenal into its separableomponentsD? resp.r} is acrucial prerequisite
for the useof directionalderivativesasoutlinedin thefollowing.

Assumingthat DY hasfull rank- whichis the casein mary practicalapplications we can
formally eliminatethevariabledixedby theinitial conditions

Asy = —(DY)'[’D5Ap + rJ)]. (2.61)

This resultsin a reducedcondensedystemwith only few degreesof freedom,i.e. numberof
parameters,,.

min || P,Ap + iy |2 (2.62)
Ap
PAp+a; = O, (2.63)
where

b = B+E[-D)?-Dy  1=1,3 (2.64)
= DY[—(D9)~'-°D} + °DP + (2.65)

m 7 i—1 i—1—j
> {01+ Di[([[G-nl=08) D5 + - ([ Gen)etl} (266)

i=1 j=1 j=0 k=1
ﬂl = u + El [ — (Dg)_lrg] (267)
= DJ[—(Dy) 'rg] + 1] + (2.68)

m

S {ri+ DT G- l=@D 81+ > (] Gii)ii] }- (2.69)

i=1 j=1 j=0 k=1
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2.3.2 Efficient Evaluation by Dir ectional Derivatives

Theexplicit evaluationof P, and; accordingto (2.64)-(2.69)is very expensveif - asit is the
casein the standardprocedure all expressionsD;, G; etc. areindependentlyvaluatedandif
all matrix andvectorproductsareexplicitly computed.Basingon the work of Schbder(1988
[108]), theexplicit computatiorandstorageof D}, G; etc.is avoidedin theapproachusedhere

by a successie evaluationof directionaldervatives.Definingrecursvely for k = 0,... ,m—1

-G, = —(D3)~'.°D} "G, =Gy - "G, + G (2.70)

-G, i=  —(DY)"'rY "G, =Gy -G+ by, (2.71)
theforwardrecursiorfori =1,... ;mandl = 1,3

PY:= DY.-'G, +°DP Pi= P 4 Di -G, +DP (2.72)

@)= DY G, +1? af =4+ D} -G, + 1] (2.73)

resultsin therequired
P=P" =u" (2.74)

If theinitial valuess, aregivenexplicitly, DY = I. For problemshowever, whereneitherthe
s; directly enterr; nor the separabilityassumptiormadeabove holds, it is necessaryo store
all the directions'G,, and‘G, until a completeforward integrationis performedto obtainthe
requiredinformationfor r; andthusfor therecursion(2.72)-(2.73).

The greatadwantageof the reducedapproachs thatfor the recursionpresentegbove the
computatiorof only n,, + 1 directionalderivativesis neededpamelyn,, for ‘G, resp.Di - G,
andanadditionalonefor *G,. resp.D; - " 'G,.. How thesedirectionalderivativesareobtaineds
outlinedin thefollowing for *G,,.

Insteadof formulatingthe j th column(*G,,); asa productof G, with the vector(*~'G,,);
plusavector(GY%);, we interpretit asa directionalderiative:

, (2.75)

=G d _ =g
*G,); = ( Gr GY ) ( i 4 )j = ay(Tk—nyk'f‘E( i P )J) —0
with 7, = (s, p?)T.
Thesedirectionalderivativesmay be approximatedy the differencequotientbetweerthe
variedandthe nominaltrajectoryasit is donein FIXFIT (Schbder 1988[108]):

Y(Tht1, Th + GWT) — Y(Tht1, Zne)
€

+O(e). (2.76)

(ka)j -

k—1
whereW* .= < ij )
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In our approactwe compute(*G,,); by solvinga so calledvariationaldifferentialequation
(VDE):

(G GEYWE=(f, f,)GWF Gr(r)WF =Wk, (2.77)
o Gr GV . .
with G}, = o 1 )€ R +m0)x(ny+m0) - Formally, this VDE (2.77)is solved together
with
y=f(ty,p) y(T1) = Sk (2.78)

An adwantageof the VDESs (2.77) over the variedtrajectorieg(2.76)is, thatif the directional
derivativesof type

(fy f»)d, d € Rt (2.79)

canbe obtainedanalytically it is possibleto compute(*G,); without the approximationerror
O(e). An efficientway to solve (2.77)is discussedn Chapter3. The samestrategy is applied
to the othermatrices'G,., D; - -G, and D} - =G, ..

Oncethereduceccondensedystem(2.62)-(2.63)s setup, equivalenceransformationare
appliedto the Jacobian] := (PY, PT)T andtheright handsided := (is, %;) reducingthe
systemto atriangularform

Ry Ry A U1 n3
0 R ( Apl ) — | v (2.80)
0 0 P2 V3 nq

with Ap = (Ap!, Apl)T. The solutionis givenby Ap, = Ry, v and Ap; = Ry'(vy —
Ry2v7). Finally, in orderto solve the original linear subproblen{2.11)-(2.13)we computethe
missingunknavn incrementsis, . . . , As,,, which wereeliminatedby condensingyith low
computationaéffort by forwardrecursion:

As; =1 G,Ap+i7G,, j=1,...,m. (2.81)

In summary we can statethe following main resultsfor the reducedapproach:For the
solutionof thelinearsubproblen{2.11)-(2.13now only n,,+1 insteadf then,, +n, directional
deriativesasrequiredin the standardapproacharenecessaryl hus,the numberof deriatives,
which generallycausethe mainbulk of computationaWork, is independenof the spatialgrid.
Dueto thefactthatonly n,+1 directionalderivativesareneededye endup with essentiallythe
samecomputationaéffort asfor the singleshootingmethodwhile maintainingthe advantages
of multiple shooting.
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2.4 Sensitvity Analysisof the Solution

In additionto the solution of the parametelestimationproblem, a statisticalanalysisof the
solutionis of greatpracticalimportance.The estimatedparametergare only meaningfulif an
estimateof their reliability, i.e. variance-ceariancematricesor confidenceintervals, canbe
provided. In the currentsectionwe outlinedhow variance-cweariancematricesandconfidence
intervals (Bock, 1987[21]) canbederivedin theframevork of the Generalizedsauss-Neton
method.This providesthebasisfor the solutionof optimalexperimentablesignproblemswhich
aim attheminimizationof afunctionon thevariance-ceariancematrix.

Let J be the Jacobiarnof the completesystem(2.14)in the solution point z* and J* the
respectre generalizednverse. Underthe assumptioraboutthe measuremengrror madein
(1.67),with the vectorof residuals;, thesolutionAz = —J*r is alsoarandomvariable.An
approximatiorof the correspondingariance-ceariancematrixis givenby

C(z) = B(AzALT) = B(JtrrT JHT) = JTE(r ) JHT = B0 AT, (2.82)

where
E(rr) = §° ( Igl 8 ) = PA. (2.83)

In theframework of theGeneralizedauss-Neton methodanapproximatiorof thevariance-
covariancematrix for the parameterg is easilyaccessibleUUsing equivalencetransformations
asdescribedn (2.44)resp.(2.80) for the solution of the reducedcondensesystem(2.62)-
(2.63),we canwrite the Jacobian/ = (P}, PT)" as

Rll R12
T 0
. Q) 0 Ry |. (2.84)

j:TR:(
0 0

Thegeneralizednverseof J canbeformulatedas

Jt=RT, (2.85)
where
Ry —Ry'RipRy 0
+ 11 11 £4121422
RT = ( 0 Ry 0 ) : (2.86)
Dueto its specialform, thevariance-ceariancematrix canthenbe easilycomputedoy
Cp) = B2J AT = PRYT'AT-TR" = B°RTAR" = 3°C, (2.87)
with A = < 8 IO > . Thestandardieviationsof the parameterg aregivenby
ni

o(p) = BCE,  i=1,....n, (2.88)
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In asimilarway, thestandardleviationsfor thevariablessy, . .. , s,, canbeobtained Schb-
der, 1988[108]). Theseareof particularinterestwhenthe quality of the solutionof stateshas
to beassessefbr which no datais available.

For thecasethatthecommonfactor3? is unknavn, anindependengstimatecanbeobtained

by

b2 - ||T1(SO> s :Smap)H% (289)

lo ’

wherel, := n; — [; andl; := (ny, + n,) — (n2 + n3). Approximationsof the corresponding
confidencentervalsd; canbe computedy

0 = b(Cals Py a)®  i=1,....m,, (2.90)

whereF), ;,.1—, denoteghe (1 — a)-quantileof the £}, ;,-distribution.



Chapter 3

Efficient Generation of Derivativesin
Discretized PDE-Systems

The primary focus of this chapteris on efficient stratgies for the computationof accurate
derivatives. In the framewvork of the reducedGeneralizedGauss-Neiton methodby far the

largestpart of computationatvork is causedoy the computatiorof the directionalderiatives
requiredto generatethe reducedcondensedystem(2.62)-(2.63). Even thoughthe explicit

computatiorof the derivative matricesD?, G, etc.is avoidedby the reducedapproachthere
remainn, + 1 directionaldervativesto be computedn eachiteration. Thus,in additionto

solvingthestiff initial valueproblem(2.2), sufiiciently accuratedirectionaldervativeshave to

be providedto ensurehe corvergenceto the correctsolution.

In ECOFIT, for the solution of the stiff initial value problems,the integrator DAESOL
(Bauer 1999[11]; 2000(8]), suitablefor ODEsandDAEs of index 1, is used.DAESOL is a
multi-stepmethodcodewith a variablestepsizeandordercontrolbasedon Backward Differ-
entiationFormulae(BDF). Sofar, DAESOL hasbeenthe only tool thatprovidesthesolutionof
theforwardproblemaswell asthecomputatiorof bothfirstandsecondrderderivativeswithin
the framavork of InternalNumericalDifferentiation(Bock, 1981[19]). However, in orderto
handlealsolarge scaleparameteestimationproblemsarising from PDEsefficiently, further
developmentarenecessaty

In Section3.1, we first overview commonlyused,state-of-the-arnethodsor the compu-
tation of the differenttypesof derivativesrequired. It will be shaovn thatevenwhenapplying
thesehighly sophisticateanethodgo our classof problemshigh CPUtimesareneededunless
only smallsizedproblemswith coarsespatialgridsareconsideredAnalyzingthe performance
revealsthatthe computationakffort for parameteestimationis mainly dominatedoy the fre-
quentandexpensve computatiorof f,, i.e.thedervative of theright handside f with respect
to thestates.

Two stratgiesare developedto remove this bottleneck.In Section3.2, we first presenta
modified Newton methodwhich permitsa significantreductionof the numberof f,-computa-
tionsby substitutingghemby directionalderiativesof type f,w. In asecondstep,Section3.3,
a speciallytailoredstratgy is derivedto efficiently generatehe remainingf,. A significant

53
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speedup is obtainedoy combiningboth strategjiesresultingin a very fastparameteestimation
codefor large scaleproblemsnvolving severalthousandDEs.

3.1 Computation of DerivativesBasedon IND

In this sectionwe studythedifferenttypesof derivativesrequiredin the courseof thereduced
Generalizedsauss-Neton methodanddiscussnethoddor theirgenerationBasically we can
distinguishtwo classe®f dervatives:

e Derivativesresp.directionalderivativesof theright handside f with respecto the states
y andto the parameters, suchas f,, f,w andf,.

e Sensitvity matrices:Directionalderivativesof the solutiony(¢; s;, p) with respecto s;
andp , suchas’G,, *G,., D¢ - "=1G, and D! - --1G,..

In thefirst sectionthe BDF discretizatiorschemédor the solutionof theforwardproblemis re-

viewedandstate-of-the-annethodgor the computatiorof f, requiredby the BDF methodare

discussedln Section3.1.2,aftersummarizinghepitfalls frequentlyencountereth thecompu-
tationof sensitvity matriceswe outlinetheir computatiorin the context of InternalNumerical
Differentiation(Bock,1981/19]). Finally, in Section3.1.3,the performancef the state-of-the-
artintegratorDAESOL appliedto arepresentate soil columnexperiments investigated.

3.1.1 DerivativesRequired by the BDF Method

Theevaluationof theleast-squaresonditionsr; andthe equalityconditionsr, andr; requires
the solutionof the forward problem(2.2). Using a BDF method,the deriativesof the right
handside f of theinitial valueproblem(2.2) with respecto the stateg, have to be providedin
eachiteration.

In the (n + 1)ststepthe BDF discretizatiorschemas of theform

k
F<yn+1) = Z QiYnt+1—i + hf(tn+la yn—i—l:p) = 0. (3.1)

=0

Thisnonlinearequatiorsystemn y,, . ; is solvedby a modifiedNewton method.Theevaluation
of thecorrespondingacobian

J(yn-i-l) = aOI + hfy<tn+1a yn+1ap) (32)

requiresthe expensve computationof f,. In DAESOL, a monitoringstrat@y is usedwhich
keepgheJacobiarfrozenaslong aspossibleto avoid the expensve evaluationanddecomposi-
tion of J(y,+1) in eachBDF step.

In small-sizedproblems the computatiorof f, is of minorimportance.Consideringarge
scalesystemshowever, the efficient generatiorof f, playsthekey role in the developmentof



3.1Computation of DerivativesBasedon IND 55

afastparameteestimationcodeaswe will outlinein Section3.2and3.3. In thefollowing, we
overview commonlyusedmethodgor computingf,.

Essentiallywe candistinguishfour approache$requentlyappliedin commonpracticeto
generatalerivativesof anexplicitly givenfunctionu(x), suchastheright handside f: hand-
coding,symbolicdifferentiation finite differencesandautomatiaifferentiation.A straightfor
ward way to computethe deriative of a function «(z) with respecto « is by hand-coding
This producesaccurateandgenerallyefficient code. However, hand-codingnay be a tedious
andveryerrorproneprocessespeciallyif highly complex functionsareinvolved. A majorprac-
tical drawbackis thatwheneer the original functionis changedthe derivative-codehasto be
modifiedtoo. Anothercommonlyusedoptionto obtainderivativesis by employing a symbolic
differentialtool suchasMathematicgWolfram, 1997[140]) or Maple (GanderandHrebicek,
1993[54]). Despitetheir powerful capabilitiefor manipulatingalgebraicexpressionsthey are
ill-suited for handlingroutineswith branchesloops,or callsto subroutinesDueto its combi-
natorialcharactersymbolicdifferentiationrequiresenormougesourceseven for small sized
problems. The mostpopularapproachto approximatederiativesis to usefinite differences
The derivative of u(x) with respecto the ith componentat a point z, canbe approximated,
e.g.by first-orderaccuratdorward differences

ou(x) ~u(zo + ne;) — u(wo)

wheree; denoteghe ith unit vectorandn a perturbatiorfactor Critical in this context is the
choiceof areasonabl@erturbatiorfactorn. Ontheonehand,asmally is neededo minimize
the truncationerror, on the otherhandthe subtractionof nearlyidenticalfunctionvaluesmay
leadto numericalcancellation.

In ECOFIT, we generatehe requiredderivativesof the right handside f with respecto
stategy andparameterg by automatiaifferentiationwhichwill beshovn to bevery advanta-
geousin our case.Automaticdifferentiationis essentiallypasedon the factthateachfunction
canbeinterpretedasa sequenc®f elementaryoperationsuchasaddition, multiplication, or
elementanfunctionsasfor examplesineor cosine.By successiely applyingthe chainruleto
thefunctionmadeup of elementaryunctions,e.g.

0], = (0] ) (5790

——u(g(x))
the derivativescomputedare correctup to machineprecision. In generaltwo ways of prop-
agatingdervatives in automaticdifferentiationcan be distinguished. In the forward mode,
derivativesof intermediatevaluesarecomputedwith respecto theinput variables. As therun-
time andthestoragaequirementsf theforwardmodeareroughlylinearin thenumberof input
variablesijt is veryefficientfor computingderivativesof alargenumberof outputvariableswith
respecto few input variables.In thereversemode,whichis in a certainsensecomplementary
to the forward mode,derwvativesof thefinal resultwith respecto the intermediatevaluesare
generatedHere,theruntimeis linearin the numberof outputvariables.The storagerequire-
ments,however, aremoredifficult to accesssall intermediatevalueshave to be stored. The

:) : (3.4)
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reversemodeis particularlysuitedto derive sensitvities of a smallnumberof outputvariables
with respecto alarge numberof inputvariables.

In ECOFIT, we usethe automaticdifferentiationtool ADIFOR (Bischofetal., 1992[15],
1994[16], 1998[17]), whichis basedn a hybrid forward/rasersemodeapproach As we will
seein the courseof this chapterin our caseit is very advantageoushat ADIFOR producesa
productf, x S, insteadof generatingf, assuch.Hereby S denoteghe so calledseedmatrix
which hasto beinitialized by theuser If thefull Jacobiary, is neededtheseedmatrix S is set
to theidentity matrix I. Directionalderiatives f,w areobtainedby settingS = w.

3.1.2 Generation of Directional DerivativesUsing IND

By far the most CPU time is spenton the computationof the sensitvity matrices'G,, "G,
Dj -G, andD; - ~'G,, requiredto setup thelinearsubproblen{2.62)-(2.63) In eachof the
iterationsdirectionalderiativesof thegenerakype

Gty = L — Lyv )| v =) (3.5)
with
y(t) = ft,y,p)  y(to) = wo (3.6)

areneededThesecanbeobtainede.g.by finite differencef theform

y(t; v +nw) —y(t;v)

G(t;v)w =
(t;v) p

+ O(n). (3.7)

In contrasto thefinite differenceschemausedn theprevioussectionfor anexplicitly given
functionu(x), the situationbecomesnore complicatedvhenfinite differencesare appliedto
theoutputy(¢; v) of anintegrator Whenusinga sophisticatedhtegratorwith anautomaticstep
sizeandordercontrol, the solutiony(¢; v/) is generallya discontinuoudunction of the input,
i.e. theinitial valuesy, andthe parameters. Applying finite differencego suchanintegrator
outputgenerallyleadsto poor derivatives, unlessboth the nominaltrajectoryy(t; v) andthe
variedtrajectoryy(¢; v + nw) arecomputedwith an extremelyhigh accurag. This approach
is alsoreferredto as ExternalNumericalDifferentiation(END). As arule of thumb,to gaina
certaindegreeof accuray in the derivativesthe squareof this accurag hasto be providedfor
the solutionof y(t; v) leadingto anenormousomputationaéffort.

Thisfact,however, maycauseroblemsvhenusingsocalledmodel-independenderivative-
free parameteestimationcodessuchasPEST(Doherty 1994[44]). There,parameterarees-
timatedby repeatecalls of the optimizationroutineto the simulationroutinefor the solution
of the forward problem. Typically, theseoptimizationroutinestreatthe simulatorasa black
box. Consequentlyunlessintegratorswith afixed stepsizeandorderareused the derivatives
aregeneratecccordingo the concepiof ExternalNumericalDifferentiation emplgying finite
differenceschemes®f type(3.7). Thisimpliesthathighintegrationaccuraciearenecessaryor
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the computatiorof y(¢; v + nw) andy(¢; v) in orderto avoid poor derivativesandthuswrong
parameteestimatesln addition,theseoptimizationroutinesaregenerallyextremelyinefficient
sincepossiblesaving potentialgn thelinearalgebradueto similar structuresn thenominaland
in the perturbedsolutionarenot exploited.

A remedyis provided by computingthe derivatives accordingto the conceptof Internal
NumericalDifferentiation(IND) which wasintroducedoy Bock (1981[19]). Thebasicideaof
this approachs to computethe derivativesof thediscretizatiorschemeassuch,ratherthanthe
derivativesof the solutiontrajectoryy(t; v). Regardingthefinite differenceschemg3.7),IND
impliesthe computatiorof the variedtrajectoryy(¢; v + nw) with the samestepsizeandorder
asthenominaltrajectoryy(¢; v). As linearalgebracomponentsf thenominaltrajectorycanbe
reusedor thevariedtrajectory the computationaéffort canbedrasticallyreducedBock (1981
[19]) hasshown this approacho be stableespeciallyfor low integrationaccuraciesin contrast
to END, in orderto calculatearequireddegreeof accurag for thederiatives,only solutionsof
thisaccurag have to beprovided.

A realizationof this stratey, i.e. finite differenceschemesusing IND, was applied by
Schbder(1988[108]) for the computationof the sensitvity matricesrequiredby the reduced
approach.

In our context, it is advantageouso computethe requiredderivativesof the generalform
(3.5) by solving- within theframework of IND - avariationaldifferentialequation(VDE). Due
to thefactthatwe canobtaindirectionalderivativesof type f,w analytically i.e. by automatic
differentiation this approactenablesusto getrid of theaccurag limit O(n) in (3.7)whichis
inherentto finite differenceschemes.

In the following, we outline the conceptof IND for the solution of the VDE within the
BDF discretizatiorscheme Differentiatingtheinitial valueproblem(3.6) with respecto v =
(yo, p), we obtainfor thesensitvity matrix G(¢; v) = Jy(t; v) /Ov thecorrespondingariational
differentialequation

Gltv) = Bty OED) T Lyp)  Gliy)= 0 38)

which hasto be solvedalongwith the nominaltrajectory(3.9). The differentiationof the BDF
discretizatiorschemd3.1) itself with respecto v resultsin

k
oh
Z QY n+1—i + hfy(tn-i—l) yn-f—l:p)yl/,n—i—l + hfu(tn-i—l; yn-f—l)p) + af(tnﬁ-lv yn-i—l;p) = 0.
i=0

(3.10)

Whenthe VDE (3.8) is computed accordingto the conceptof IND - with the samestepsize
andorderasthe nominaltrajectory(3.9), the errorterm ok /Jv is zero. Thenthe solutionfor
theVDE is theexactderivative of the nominaltrajectoryapproximation.

In every BDF stepthelinearsystem

[CVOI + hfy<tn+17 yn+17p):|y1/,n+1 - _hfu(tn—i-l: yn+17p) —-C (311)
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hasto be solvedfor y,, ,,+1, Wherec = Zle aYunt1-i- This directstratgy, i.e. the explicit
solutionof thelinearsystem(3.11),is typically usedin theliteraturefor sensitvity analysis.

3.1.3 Performanceof State-of-the-Art Methods

In the following examplewe investigatethe performanceof this standardechniquen thein-

tegrator DAESOL for the two optionsavailable by meansof a setof two PDEsdescribinga
typical columnexperiment.In thefirst mode,the deriatives f,, and f,, arecomputedy finite

differencegFD-mode).In thesecondnode thederivative informationgeneratedby automatic
differentiation(AD-mode)is used.

Example3.1.1

As areferenceexamplethroughouthis chaptemwe considera soil columnof 20 cm lengthde-
scribedby the Richardsequatiorandthe corvection-dispersioequatiorncontaininga nonlinear
Michaelis-Menterdegradatiorterm:

Water transport
Ny, O 0 -
C(@bm)w =3 [K(d}m)& (tom — w2)] (3.12)
with
— n—1 n\1l/n—1)2
K () — g, (L (gm0 + (all@/[? )
(14 (a|thm])™) 2 (3.13)
C(thm) = aln = 1)(0, = 6,) (@|vm)" (1 + (althn))")"
e Initial condition: Ym (0, 2) = =670, 2> 0
e Upperboundary:
9 .\ _Jo02 t <6.0
a(t,0) = =KW (t,0)) 5, (¥m(t,0) — @2) = { 0.0 t> 6.0
e Lowerboundary: O (t,20)/0z = 0, t>0
Solutetransport
0 0 oc Vmaa:c
with
Du(6) 0.0046 exp (bd) ' D, (3.15)

6
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e Initial condition: c(0,2) =0, z2>0

e Upperboundary:

dc(t, 0) [ 10.0¢(t,0) t<6.0
010D, ,0) 3+ a,01etr.0) = { § o
e Lowerboundary: Jc(t,20)/0z = 0, t>0

The van Genuchterparametergharacterizinghe hydraulic propertiesare fixedton = 1.2

[1], « = 0.0102 [hPa™'], 6, = 0.05 [1], §s = 0.4 [1] and K, = 10.0 [emh~!] (Seppelt,
privatecommunicationVink etal., 1994[133]). In the solutetransportequationthe exponent
b in the diffusionterm, the dispersiorcoeficient D,,, andthe parameter¥,,,, andK,; in the
Michaelis-Menterterm are unknawvn. Measurementlatafor 4 depths(z = 2,7,12,17 [cm])

andl11pointsin time(t = 1,2,...,11[h]) is generatedy solvingthe PDEs(3.12)and(3.14)
for theinitial andboundaryconditionspresentedisingthe “true” parameterasgivenin Table
3.1. No noiseis added. Startingfrom the initial guessegor the parametersn Table 3.1, the

TrueParameters Initial Guesses

b 10.0 17.0
D, 5.0 2.0
Vinaz 0.2 0.1
Ky 1.0 0.5

Table3.1: TrueParameteialuesandlnitial Guesses

parameteestimatiorproblemis solvedaccordingto the standarcapproachby directly solving
the linearequatiornsystem(3.11)in eachBDF step. Two differentmodesfor the generatiorof
f, andf, areused.:

o Finite differenceschemegFD)
e Automaticdifferentiation(AD) usingthetool ADIFOR 2.0 (Revision D)

In Table 3.2, the CPU times, the numberof f-calls andthe numberof iterationsrequiredfor
parameteestimationin theFD modearesummarizedor increasinglyfiner spatialgrids. The
hugenumberof f-callsis dueto the frequentevaluationof the right handside f in orderto
approximatef,, andf, via finite differencesin the AD mode,subroutinesor the computation
of f, andf, generatedby ADIFOR areprovided. In additionto Table3.2, Table3.3shaws for
theAD modethenumberof callsto thesubroutineg, andf,. Comparingbothmodesasdone
in Figure3.1, whereCPUtimesareplottedagainsthe numberof spatialnodesjllustratesthat
the AD modeis roughly a factor2 fasterthanthe FD mode. Moreover, parameteestimation
in the AD moderequireson averagefewer iterationsthanin theFD mode,whichis likely due
to the higheraccurayg of derivatives. However, Figure 3.1 alsorevealsthat neithermodeis
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# Nodes +# ODEs CPU # f-Calls # lter.
41 82 6min23sec 565708 6
81 161 28min47sec 1340518 8
161 321 1h27min 2076748 5
321 641 6 h04min 4368027 5
641 1282 24h51min 8958814 5
961 1922 57h08min 13701043 5

Table3.2: StandardrechniqueJsingFinite DifferencegFD) for f, andf,

# Nodes CPU # f-Calls # f,-Calls # f,-Calls # lter.
41 3 min6 sec 37926 5557 5293 5
81 15min13sec 49073 7236 6897 7
161 45minllsec 46012 6274 5994 5
321 3h19min 50033 6754 6454 5
641 13h54min 52708 6979 6625 5
961 33h55min 56850 7484 7046 5

Table3.3: StandardrechniqueJsing AutomaticDifferentiation(AD) for f, andf,

capabldo copewith thelarge scalesystemdeadingto unacceptabl€PUtimesof seseraldays.
Unsatisfyingresultsareobtainedf morethan6000ODEsareinvolved. Thecomputationaéffort
to evaluatef, is in bothcasef complexity orderO(n;) asexhibitedin Figure3.2. Figure3.3,
shaving the quotientbetweenthe CPU-timerequiredfor computingf, andthe overall CPU
time, demonstratethatalmostthe completeCPUtime is spentin the computatiorof f,,.

We can concludethat the dervativesgeneratedy ADIFOR outperformthe finite difference
approximationsn termsof efficiengy, accurag and corvergenceratesof the reducedGener

alized Gauss-Neton method. However, in summarywe have to statethatevenwhenusinga

highly sophisticatedstate-of-the-arintegratorsuchas DAESOL - evenin combinationwith

ADIFOR - the computingtimes obtainedfor the large scaleparametelestimationproblems
studiedhereareby far notacceptableHence for thetreatmenof real-life problemsthe useof

fasterstratgiesis indispensable.

Theanalysisn Example3.1.1shavsthatthecomputationaéffort is dominatedoy the com-
putationof f, in every BDF step. The CPUtime for the computatiorof f, increasegjuadrati-
cally with thenumberof spatialnodes.Consequentlystratgiesto speedup parameteestima-
tion, in particularfor fine spatialgrids, mustaim at removing this bottleneck. Basically this
canbe approachedn two waysby avoiding the computationof f, in every BDF stepand/or
by drasticallyreducingthe computingtimesfor f,, i.e. by gettingrid of the compleity order
(’)(nz). In the next two sectionsapproachefor bothstratgiesarepresented.
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Figure3.1: Overall CPUtimesfor parameteestimationin the FD andthe AD mode.

30 T T T T T T T T T
25 | P
20 t A

15 o

CPU Time in Seconds

0 L_M-u.‘:-‘-‘-'ﬂﬁ'-":[" ! ! ! ! L L L
0 100 200 300 400 500 600 700 800 900 1000
Spatial Nodes
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Figure3.3: Fractionof the overall CPUtime spentfor the computatiorof f, in the FD andthe
AD mode.

3.2 Solution of VDEs Using a Modified Newton Method

In this sectiona new approachs outlinedthatcircumwentsthe computatiorof f, in eachBDF
stepby usinga modifiedNewton method(Diesesetal., 1999[41]) insteadof adirectapproach
for the solutionof thelinearsystem(3.11). This approachs alsoa realizationof the principles
of InternalNumericalDifferentiation(seeBock etal., 1995[23]; Bauer 2000[8]).

3.2.1 Description of the Approach

In ourapproachwe make useof themainresultof Chapte2: In thereducedseneralizedauss-
Newton methodthe VDE (2.77)hasto besolvedonly for afew directionsnamelyonly n,, + 1.
In this casdt is moreefficientto solve thelinearsystem(3.11)by meansof amodifiedNewton
method.This avoidsthe expensve computatiorof f, in every BDF step:

!
F(yu,n-i-l) = [040[ + hfy(tn-i-la yn-l-lap)} Yo+l T hfu(tn-i-la yn-l-lap) +c=0 (3.16)

For themth modifiedNewton iterationwe get

jAyz(/T?L)—i-l = _F(?JI%)H)

m+1 m m
yyg,nJrl) = yz(/,n)+1 + Ayl(/,n)+1'

(3.17)

Here.J denotesinapproximatiorfor J = dF (y,.n11)/Yums1. Applying themonitoringstrateyy
originally usedin DAESOL notonly for the computatiorof the nominaltrajectorybut alsofor
thesolutionof (3.17),J is keptfrozenaslongaspossibleo keepthecomputationaéffort aslow
aspossible SinceJ is alreadyneededn theintegrationof the nominaltrajectory no additional
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# Nodes CPU # f-calls # f,-calls # f,-calls # f,w-calls # lter.
41 1min42sec 62547 1029 5974 25173 6
81 4min0Olsec 64245 952 5801 25419 5
161 12min00sec 70792 998 6215 27778 5

321 39min31sec 75869 941 6507 29487 5
641 2h30min 81158 960 6874 31415 5
961 5h38min 83991 1010 7047 32845 5

Table3.4: Stratgyy OPT-I: Usinga Modified Newton Methodwith f,w

computationand decompositiorof .J is required. Hencethe expensve computationof fy1s
avoided. Instead,to setup F(y,,+1), only the directionalderiatives f, (t,+1, Yn+1, P)Yv,nt1
have to be provided. As a resultof the reducedapproachaltogetheronly n, + 1 directional
derivativesareneededThesecanbegenerateefficiently andwith highaccurag via ADIFOR
which enablesa direct evaluationof eachdirectionalderivative at the costof 3 to 5 function
evaluations.In summarythis approachHeadsto anenormouseductionof theoverall CPUtime
astheresultsin the examplediscussedh the next sectionwill demonstrate.

3.2.2 Performance Study

In thissectionweinvestigateheperformancef thereducedseneralized>auss-Netonmethod
usingthemodifiedNewton approacHor the solutionof the VDESs. Theresultsarecomparedo
theonesobtainedn Section3.1.3emplo/ing DAESOL in the FD andthe AD mode.

Example 3.2.1(Continuation of Example 3.1.1)

Thestratg)y of emplg/ing a modifiedNewton method.asdescribedn Section3.2.1,insteadof
adirectmethodfor the solutionof thelinearsystem(3.11)is appliedto the referenceexample,
Example3.1.1, outlinedin the previous section. For this mode,in the following referredto

asOPT-l, in additionto the CPU times, the numberof f-calls etc., the numberof directional
deriativesis listed in Table 3.4. Comparingtheseresultswith the onesobtainedin the AD

mode,Table3.3, shavs thatthe numberof the expensve computation®f f, canbereducedy
approximatelya factorof 6. As Figure 3.4 illustrates,this resultsin significantsavzings of the
overall CPUtimes. The speedip canreachfactorsof 5 resp.10 comparedo theAD resp.FD

mode. Althoughthe numberof f,-computationss drasticallyreducedstill morethanthe half
of thetotal computationawork is spentfor the computatiorof f, (Figure3.5).

Firstof all, we canstatethatthe new stratgy performsextremelywell for this classof problems
requiringonly n,, + 1 directionalderiatives. Thereductionof the computationaéffort gained
is considerableHowever, Example3.2.1alsorevealsthatin orderto furtherspeedup the code
it is necessaryo reducethe CPU timesfor the computatiorof f, assuch. In the next section
we will presentanapproachthatremovesthe compleity orderO(nZ) for the computationof

fy-
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3.3 SpeciallyTailored Methodsfor the Computation of Jaco-
bians

3.3.1 Description of the Approach

In this sectionwe outline a stratgy for the computatiorof f, whichis of the samecompleity
orderasthe evaluationof theright handside f itself, namelyO(n,). We exploit thefactthat,
asaresultof the useof fixed spatialgrids,the sparsitypatternremainsunchangedh thecourse
of thereducedGeneralizedsauss-Neton method.

EventhoughADIFOR outperformdinite differenceapproximationsit doesnot automati-
cally take into accounthe specialsparsitystructureof f, inducedby the spatialdiscretization
of the PDEs. Dueto the factthat ADIFOR is mainly basedon the forward mode(Bischof et
al., 1996[18)), it is in its standardversion,asusedin the previous sectionsyatherexpensve
for computingsparseandstructuredlacobiang/. In orderto generatehefull n, x n, Jacobian
J = f, € R%w*™ thecorrespondingeedmatrixis theidentity matrix / € R™*"» consistingof
n, columns,.e. thesocalledleadingdimensionp is n,.. Thus,roughlyip = n, operationdor
every assignmenstatemenin theoriginalfunction f arerequired.Consequentlythe computa-
tion of f, requiresn, timesasmary operationsasthecomputatiorof f. As thelatteroneis of
compleity orderO(n, ), thegeneratiorof f, is of orderO(n?) asexemplifiedin Figure3.2.

However, it is well known thatthe numberof function evaluationsrequiredto computean
approximatiorto the Jacobiarby divided differencesanbe muchlessthann,, if J is sparse.
One option to exploit the sparsitystructureof a Jacobian/ is by computinga compressed
JacobianV’ (Curtiset al., 1974[34]). The key ideaof this approachs to identify structural
orthogonalcolumnsof .J. The columnsof .J arepartitionedinto groupssuchthat columnsof
thesamegroupdo not have nonzerosn the samerow position. Suppose/ hasbeenpartitioned
into [ groups,eachgroup consistingof structurallyorthogonalcolumns,.J canbe derived by
computingl directionalderivativesJs; (i = 1,...,l). Hereby a vectors; is associateavith
eachof the ! groups,whose;th components;; = 1 if the jth columnof J is in this group,
ands;; = 0 otherwise.Thus,we cansubstitutethe computatiorof n,, directionalderivatives
Je; (i = 1,...,ny), e ith unit vector in the standardapproachby computingonly | < n,
directionaldervativesJs; (i = 1, ... ,1). Theresultingcompressedacobiarl’, an, x ! matrix,
hasto be extractedto obtainthe requiredJacobian/. Becauseof the structuralorthogonality
propertieghis extractionis unique.

Thecrucialpointin this approachs theidentificationof the structuralorthogonakolumns.
Curtisetal. (1974[34]) proposedan algorithm,alsoreferredto asCPRalgorithm,wheresuc-
cessvely groupsareformedby scanninghe original Jacobiarcolumnby column.If theactual
columnunderconsideratiomasnotbeenincludedin oneof thepreviousgroupsit is apotential
candidateor the currentgroup. For the casethatit doesnot have a nonzeroin the samerow
positionasone of the othercolumnsalreadyin the group,this columnis addedto the group,
otherwiseit is skipped.ColemarandMoré (1983[33]) interpretedhis partitioningproblemas
a graphcoloring problem. By employing methodsrom this field, Colemanetal. (1984[32],
1999[31]) wereableto improve the original CPRalgorithm.
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Averick etal. (1994[6]) appliedtheseideasto automatiadifferentiation.If the structureof
the Jacobians known a priori, the seedmatrix hasto beinitialized accordingto the identified
partitioningin structurallyorthogonakolumns.

For theclassof problemdreatedhere thestructureof the Jacobiary, isinducedoy thespa-
tial discretizatiorscheme$or thePDEs.Employing thespatialdiscretizatiormroutinesDSS004
andDSS020 (Schiesser991[107]) of order4, abandwidthof 5 is obtainedor first orderspa-
tial derivativesin f. Accordingly, the secondorderspatialderivativesleadto a bandwidthof
9. Consideringhe Jacobianf, for nppr PDEsand N spatialnodesj.e.n, = nppg X N, at
most9 x nppg X n, outof n, x n, entriesin f, arenonzero.For example for two PDEsand
321,641 and961 spatialnodesonly 5.6 %, 2.8 % and 1.9 % of the entries,respecitrely, are
nonzerosThus,theresultingJacobiangaresparsesvenfor moderatelysizedproblems.

Analyzing the structureof f, inducedby the spatial discretizationroutinesusedin this
work, it canbe easilyseenthatthe Jacobiarcanbegroupednto 9 x nppg setsof structurally
orthogonalkolumns,independentf the numberof spatialnodes.As Figure 3.6 illustratesfor
a small examplewith 2 PDEsand 21 spatialnodes,18 structuralorthogonalgroupscanbe
formedwherethe columnsl, 10 and 19 arein the first group, the columns2, 11 and 20 in
the secondgroup, the columns22, 31 and40 in the 10th groupandso on. The structureof
the correspondingeedmatrix is givenin Figure 3.7 togetherwith the resultingcompressed
Jacobian.

The mainadwantageof this approachs thattheleadingdimensionip is no longerequalto
the numberof variablesn, = nppr x N butis independentf the spatialdiscretization.Now
the leadingdimensionip is determinedonly by the numberof PDEsnppg, Which is for the
classof problemsstudiedheretypically lessthan10, suchthat/p is only asmallmultiple of the
bandwidthinducedby the secondorderderiativesin spacej.e.lp = 9 X nppgr. As aresult,
the computatiorof f, is now of thesamecompleity orderO(n,) astheevaluationof theright
handside f.

Usingthis compressedpproactio derie f, within thereducedGeneralizedsauss-Naiton
methodenablesconsiderablesaringsin the overall CPU timesfor parameteestimation.This
will beexemplifiedin thenext sectionby meansof thereferenceroblemusedsofar.
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Figure3.6: Sparsitypatternof the Jacobiarfor 2 PDEsusing21 spatialnodes.

ANNNNNN
VAVAVAVAVAVAVAN
VaViVAVAVAVAVAN
VAVAVAVAVAVAVAVAN
VAVAVAVAVAVAVAVAVA
ANNNNNNNX
JAVAVAVAVAVAVASH @)
JAVAVAVAVAVARS@ L%
VAVAVAVAVARD 4 @RS
ANANAXQOQO*O
ANAAXOO*OV
AAXOQO*OV+
AXxOOxOV+e
XOQOxOV+ed
OQOxOV+ed®
OxOV+eH>R0
*OV+eH>RON
OV+edR@ON
V+eHROM
V+eHROM
V+eHR0OM
ANNNNNN
VAVAVAVAVAVAVAN
VaViVAVAVAVAVAN
VAVAVAVAVAVAVAVAN
VaAVAVAVAVAVAVAVAVA
VAVAVAVAVAVAVAVAR '
JAVAVAVAVAVAVASH @S]
JAVAVAVAVAVARS@ L%
VAVAVAVAVARD 4@ L2
ANAAXQOQO*O
ANAAXOO*OV
ANAXQO*OV+
AXOOxOV+e
XOOxOV+e
OQO*x0vV+ed®
OxOV+eHR0
*OV+eH>RQON
OV+edR@ON
V+eHROM
V+eHROM
V+eHROM




Chapter 3. Efficient Generation of Derivatives

X VAVAVAVAVAVAVAN ANNANNNNN
X VAVAVAVAVAVAVAN VAVAVAVAVAVAVAN
X VAVAVAVAVAVAVAN ANNANAN
X VAVAVAVAVAVAVAVANEIVAVAVAVAVAVAVAVAN
X VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN
X X ANNANNNNNX ANNANNNNNN
X X OAAANANNANAXOAAANANAAN
X XOOCAAANANANAXOOAAANAN
X XOO * AAAAAXOO *x AAAAA
X XxOO * DAAAAXOO x DAAAA
X XOOxOVAAAXOOxOVAAA
X XOOxOV4+AAXOOxOV+AA
X XOQO+xOV4+eAXOQO*xOV+eA
X XOO+xOV4+eOxO0Ox0OV+ e
X ROO+OV+eOR00C+x0OV+eO
X ROO*xOV+edRO0O0O+x0OV 40
X ROXN+*xOV+eOROXN OV + 0
X RON OV+ed®RONX OV+ e
X R®OMN V+ed®0OM V+ed
X ®ROM V+edROM vVt e
X ROMN V+edROMNM Vi e
X VAVAVAVAVAVAVAN ANNANNANAN
X VAVAVAVAVAVAVAN VAVAVAVAVAVAVAN
X ANNANNNAN ANNANANAN
X YAVAVAVAVAVAVAVANIIVAVAVAVAVAVAVAVAN
X VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN
X P WAVAVAVAVAVAVAVAS WAVAVAVAVAVAVAVAN
X X OAAANANANANAXOAANANANAANAN
X XOOCAAANANANAXOOAAANAAN
X XOOC * AAAAAXOO *x AAAAA
X XxO0 * DAAAAXOO x DAAAA
X XOOxOVAAAXOOxOVAAA
X XOO * 0V +AAXOO * OV 4+AA
X XOO*xOV+eAXOO*xOV+eA
X XOQO+xOV4+eHxOO*x0OV 40O
X ROO*xOV+eHRO0C+x0OV+ 0
X ROO*xOV+edRO0O0O+x0OV 40
X ROXN+*xOV+eOROXN OV + 0
X RON OV4+ed®ONX 0OV
X R®OMN V+ed®0OM v
X R®OMN V+edR0OM v
X ROMNM V+eOQ0O N v

Figure3.7: Seedmatrixandcompressedacobiarfor 2 PDEsusing21 spatialnodes.
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Figure3.8: CPUtimesfor thecomputatiorof f, usingthe FD, the standardAD andthe matrix
compressiomode(OPT-II).

3.3.2 Performance Study

In thissectionweinvestigateheperformancef thereducedseneralized>auss-Netonmethod
usingthe speciallytailoredmethoddor the computatiorof f, asjustderived.

Example 3.3.1(Continuation of Example 3.1.1and 3.2.1)

Theefficientcompressingtratgy to derive f, is appliedto the referenceproblemdiscussedh
Example3.1.1and3.2.1. First of all, we investigatehe compleity behaior for the computa-
tion of f, in dependencef thespatialgrid. As shavn in Figure3.8, usingmatrix compressing
thecomputationaéffort for f, increase®nly linearly with thenumberof spatialnodesjnstead
of quadraticallyasbefore. This confirmsthe theoreticakesultsthat both the computatiorof f
andf, areof thesamecompleity orderO(n,).

Before combiningthis efficient stratgyy with the modified Newton methoddevelopedin
Sectior3.2,wefirst studytheperformancef matrixcompressioin thecontext of theoriginally
useddirectapproacHhor the solutionof thelinearproblem(3.11). This combinations referred
to in the following as OPT-Il. The correspondingesultsfor OPT-II are givenin Table 3.5.
Figure 3.9 compareghe performanceof OPT-11 with the optimizedmodeOPT-I basedon the
standarccomputatiorof f, in the AD modeandthe modified Newton method. We can state
that for this exampleit is more efficient to speedup the computationof f, assuchwithout
reducingthenumberof requiredf,-computationshanto avoid a partof the f,,-computationsn
the original, expensve mode. However, theseresultsmight be reversedfor differentexamples
asotherstudieshave shavn.

The bestresultsarefinally obtainedby combiningthe matrix compressingtratey for f,
with the modified Newton methodof Section3.2. As shavn in Table 3.6, evenfor large scale
problemswith 961 spatialnodesj.e. 19220DEs,lessthanl1.5hoursarerequiredfor parameter
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# Nodes CPU # f-calls # f,-calls # f,-calls +# Iter.
41 Imin24sec 37926 5557 5293 5
81 3min53sec 49073 7236 6897 7
161 8min03sec 46012 6274 5994 5
321 27min54sec 50033 6754 6454 5
641 1h52min 52708 6979 6625 5
961 4h21min 56850 7484 7046 5

Table3.5: Stratgy OPT-1l: Compresse@omputatiorof f, andDirect Solutionof the Linear
System3.11

CPU Time in Hours

0 100 200 300 400 500 600 700 800 900 1000
Spatial Nodes

Figure3.9: Overall CPUtimesfor parameteestimationn the OPT-1 andOPT-II mode.
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# Nodes CPU # f-calls # f,-calls # f,-calls # f,w-calls # lter.
41 1min23sec 62547 1029 5974 25173 6
81 2min4lsec 64245 925 5801 25419 5
161 5min59sec 70792 998 6215 27778 5
321 14min4lsec 75869 941 6507 29487 5
641 42min31lsec 81158 960 6874 31415 5
961 1h25min 83991 1010 7047 32845 5

Table3.6: Stratgly OPT-1Il: Compresse@omputatiorof f, andModified Newton Methodfor
the Solutionof theLinearSystem3.11

OPT-I —e—
OPT-Il ---demes
51  OPT-Nl ~@-

CPU Time in Hours

0 e 1 L L L L L L L
0 00 200 300 400 500 600 700 800 900 1000
Spatial Nodes

Figure 3.10: Overall CPU timesfor parameteestimationin the OPT-I, OPT-Il and OPT-III
mode.

estimationinsteadof the approximately2.5 daysneededn the finite differencesnode(FD)
describedn Section3.1, Table3.2. This givesa speedup by a factorof 40. Comparedo the
modeOPT-1 andOPT-II additionallyanacceleratiorby a factorof 4 respectrely 3 is yielded.
Figure3.10summarizeshe performanceesultsof thethreemodeOPT-I, OPT-1l andOPT-I.

Theseresultsexhibit thatfor thelarge scaleparameteestimationproblemstudiedherenei-
therof thetwo stratgieswill providethe speedup gainedin theendonits own. Thefirst strat-
egy OPT-I, which aimsat substitutinga part of the expensve f,-computationsy directional
derivatives,suffersfrom the factthatstill morethanonehalf of the overall CPU time is spent
for thecomputatiorof f, dueto its computationatompleity of order(’)(nfj) (Figure3.11).

The secondstratgly OPT-1I, even thoughenablinga very fastcomputationof f,, is still
dominatedby the hugeamountof f,-calls. Hence still 20 % of the total computationakffort
is dueto theevaluationof f, (Figure3.11).Only by combiningbothstratgy do we manageo
reducethefractionspentfor the computatiorto lessthan5 % asvisualizedin Figure3.11.
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Figure 3.11: Fractionof the overall CPU time spentfor the computationof f, in the OPT-I,
OPT-1l andOPT-IIl mode.

In summarywe canstatethat by meansof synegy effectsof the two outlinedstratejies,
the modifiedNewton methodandthe compressedomputatiorof f,, avery efficientapproach
for the solutionof VDEs hasbeendeveloped. Using this speciallytailored approachin the
framework of the reducedGeneralizedsauss-Neton method,we endup with a fastmethod
for parameteestimationin large scaleproblemsarisingfrom discretizedPDEs.
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Optimization of Experimental Conditions
and Sampling Design

Relatvely few studiesaboutoptimal experimentaldesignfor parameteestimationproblems
constrainedy differentialequationsare reported. Lohmann(1992[87], 1993[86]), for ex-

ample,developedmethoddor optimal experimentaldesignin chemicalreactionsystems His

focuswasonthedeterminatiorof optimalsamplingdesignsHilf (1996[59]) investigatedpti-

mal experimentaldesignproblemdor the calibrationof robotswhichweredescribedy DAES.
The optimizationof both samplingdesignsand controlswere considered.In contrastto the
problemdreatedhere theunderlyingparameteestimationproblemswvereunconstrained.

Basedon the resultsof LohmannandHilf, recentlyanapproactfor optimal experimental
designin parameteestimationproblemsconstrainedy ODEsandDAEs hasbeendeveloped
in theframework of aBMBF project!. Thesestratgieshave beenimplementedn the software
tool VPLAN (Baueretal., 1999[9]; Korkel etal., 1999[83]; Baueretal., 2000[10]) andare
usedfor optimalexperimentaldesignin chemicalreactionsystemgKorkel, [82]).

In this work we extend this approachto parameterestimationproblemsconstrainedoy
PDEs. It is usedfor the determinationof optimal samplingschemesand experimentalcon-
ditionsof columnexperiments Onthebasisof VPLAN andECOFIT (Diesesetal., 1999[41];
1999[43]) the new tool ECOPLAN (Dieseset al., 2000[42]) hasbeendeveloped.In partic-
ular, ECOPLAN is suitablefor optimal experimentaldesignin waterflow andreactve solute
transporprocesses.

Themainfocusof this chapteiis ontheformulationof anoptimalexperimentablesignprob-
lem wherethe underlyingparameteestimationproblemis constrainedy PDEsandODEsas
discussedh the previous chaptersaandon the presentatiomf state-of-the-arsolutionmethods.
Hereby the way of presentations orientatedoy Baueret al. (2000[10]). In thefirst section,
theoptimalexperimentadesignproblemis derivedin theframavork of the Generalizedauss-
Newton method. We discussthe differenttypesof optimizationvariablesand objective func-
tionsandformulatethedesignproblemasanoptimalcontrolproblem.In Sectiord.2,numerical

LvertundwrhabertOptimale Versuchsplanuntjir nichtlineareProzesse$ponsoredyy BMBF
(FKZ: 03D 0043)

73
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solutionmethodsareoutlined. Using a directapproachthe time-dependentontrol functions
andstateconstraintsrediscretizedn asuitablegrid. Theresultingfinite dimensionalnonlin-
earconstraineaptimizationproblemis finally solvedby a structuredSQP-methodSectior4.3
is devotedto the discussiorof practicalrequirement®n optimal experimentaldesignsandon
possibleextensionssuchassequentiatlesignor designdor modeldiscrimination.

4.1 Formulation of the Optimization Problem

4.1.1 Variance-Covariance Matrix

The formulation of the optimal experimentaldesignproblemas derived in the following is
basedon anapproximatiorof the variance-ceariancematrix. As this matrix characterizethe
statisticalquality of the parameteestimatesa reasonabl@pproachor optimal experimental
designis to determinesamplingschemesindexperimentakconditionsthatyield estimatesvith
low variances.

In the frameavork of the approachoutlinedin Chapter2, the discretizationof the original
parameteestimationproblem(1.68)-(1.74)in time and spaceresultsin a finite dimensional
nonlinearconstrainedeast-squaregroblemof theform

win 15, )| @)
Tc(svp) = 0. (42)

Hereby r, denoteghe least-squaresonditionsandr. the equalityconditions,i.e. the equal-
ity conditionsarisingfrom the parameterizationf the PDEsand ODEsincludingtheir initial
andboundaryconditionsand potentially further equality conditions. In every iterationof the
Generalized>auss-Neton algorithma problemof theform

i [73(5,7) + i (5,9) (A, Ap) (4.3
re(5,9) + 1(5,)(As, ) = 0 (4.

is solved,whereJ; and.J. arethe Jacobian®f thevectorof residuals; andof the constraints
r., respectiely. With thegeneralizednverseof the Jacobian/” = (J; J,)”

- JEg JENT (I 0
J(8,p)T=(1 0)( u 5) (5 I), (4.5)

which is the solution operatorfor the constrainedinear problem (4.3)-(4.4), the variance-
covariancematrix for the parameteestimategBock, 1987[21]) canbewritten as

C(5,p) = J(3,5)" ( - ) J(5,5)*T. (4.6)

Thus, the variance-cwariancematrix is easily and in comparisoninexpensvely accessible
within theGeneralizedsauss-Nettonmethod.This providesthebasisfor optimalexperimental
designwhich aimsat minimizing a functionon the variance-ceariancematrix.
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4.1.2 Optimization Variablesand Objective Functions

In orderto formulatethe optimalexperimentadesignproblemwe have to specifyoptimization
variablesandanobjective function.

In the columnand mini-lysimeterstudiesconsiderecherewe have sereral possibilitiesto
controlrespectrely influencethe experimentalkconditionsandthe samplingdesign.In thefol-
lowing we distinguishthreetypesof control/optimizationvariables:

e Control variables g aretime-independentptimizationvariables,suchasinitial condi-
tions for the soil column, i.e. the initial matric potentiali,,,(t = 0, z) and/orthe initial
substanceoncentrations(t = 0, z). For optimization feasiblerangedor g, in particular
upperandlower boundshave to be defined.

e Control functions u(t) arein contrasto controlvariablesj time-dependentin our case,
possiblecontrol functionsenterupperandlower boundaryconditions. For example,we
cancontrolthewaterinputflux ¢(t, 0) or thesubstancénput concentration, (¢, 0) atthe
top of the soil column. At thelower boundarynew technologiesllow to vary the matric
potentialy,, (t, L) asafunctionof time. Similarto the controlvariablesupperandlower
boundsfor u(t) have to be specified.

e Weightsw areusedto describethe samplingdesign,i.e. whereandwhenwhich mea-
surementsrecarriedout. A setof L ., feasiblemeasurements

E={& = (ti,zjmp)|ti €T, 2 € Zymy € Myr =1,... , Lyea} (4.7)

hasto be defined.Here, T and Z denotethe temporalandspatialdomains respecitiely.
M representghe differenttypesof feasiblemeasurements,e. which speciescan be
measuredy meansof which type of measuremendevice, e.g. point or outflov mea-
surementsFor every measuremergoint ¢, aguessof theaccurag of the measurement,
i.e. the standarddeviation, ,. hasto be provided. We associatavith every measurement
pointé, (r = 1,..., Ls.,) aweightw, being0 or 1. Outof the setof the L., feasible
measurements a prescribechumberof L,,.., measurementsasto be chosersatisfying
forw = (wy,... ,wr, )" withw, € {0,1}

Lfea,

> W, = Linga- (4.8)
r=1

As mentionedn Sectionl.5.1,in thecontext of optimalexperimentadesignthe parameters
p arefixed, i.e. an optimal experimentaldesignis determinedor a fixed setof parameterg.
The corresponding/ariance-ceariancematrix C' is now a function of the optimizationvari-
ables/functiong, u(t) andw

C:=C(s,p,q,u,w). (4.9)
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In orderto setup the experimentaldesignproblema suitableobjectie function,i.e. a de-
sign criterion, hasto be chosen. Frequently one of the classicalobjectve functions® on
the variance-cwariancematrix (seee.g.Fedore, 1972[47] , AtkinsonandDoney, 1992][5],
Pukelsheim,1993[103)) is used:

e A-Criterion : minimizestheaveragevariance®f the estimategparameters

?,(C) = itrace(C’). (4.10)

np
e E-Criterion : minimizesthelargesteigervaluesof the variance-ceariancematrix

oo (C) = Anaa (O). (4.12)

e D-Criterion: minimizesin the caseof an unconstrainegbarameteestimationproblem
thedeterminanbf the variance-cwariancematrix

By (C) = (det C)7r. (4.12)

Dueto thefactthatthe variance-ceariancematrix is singularfor constrainegarameter
estimationproblemsa restrictionto aregularsubmatrixof C' is necessary

B(C) = (det KTOK)7x, (4.13)
whereK is afull rank,nx x n, matrixsuchthat K”CK is regular

If the main focusis on standarddeviations respectrely confidenceintenals, a min-maz-
criterion (Bock 1987,[21]; Lohmannet al., 1992 [87]) may be employed which minimizes
themaximalstandardieviation.

4.1.3 The Optimal Control Problem

Theoptimalexperimentablesignproblemcannow beformulatedasanonlinearstate-constrained
optimalcontrolproblem:

min ®(C(J(s,p,q,u,w))) (4.14)
S’q7u’w
re(s,p,g,u) = 0. (4.15)

Additionally, equalityandinequality conditionson the controlsg and«(t) andthe weightsw
canbedefinedandaresummarizeds

c(q, u, w) { } : (4.16)

AVAR
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In particular (4.16)containghe constrainton theweightsw = (wy, . .. ,waea)T
Lfea
> W, = Linaa, w, € {0,1}. (4.17)
r=1

Moreover, stateconstraintof theform
d(y,p,q,u) >0 (4.18)

canbespecified.

Consideringcolumnand mini-lysimeterstudies,constrainton the control variablesg are
e.g.upperandlower boundsfor feasibleinitial valuesfor the matric potentialiy,,(t = 0, 2)
and/orfor the substanceoncentratiory (¢t = 0, z). Analogouslywe candefine,for example,
upperandlower bounddgor feasiblewaterinput fluxesq(t, = = 0) and/orfor feasiblesubstance
input concentrations,(t, z = 0) atthe upperboundaryby formulatingthe constrainton the
correspondingontrol functions. Using stateconstraintof type (4.18),we canavoid e.g.the
Richardsequationto becomeundefinedby requiring ¢,,(t,z = 0) > ¢ > 0 at the upper
boundary

In summarywe endup with a highly intricateoptimal control problemconstrainedy infi-
nite dimensionakqualityandinequalityconditions.In particular we have to treatanobjectve
function on the variance-cwariancematrix which is implicitly definedby the Jacobiarof the
underlyingparameteestimationproblem. Thus,the objectve function alreadycontainsfirst-
orderdervativeswhich impliesthatfor optimizationemplgying e.g. SQP-methodsufficiently
accuratesecond-ordederiativeshave to be provided.

4.2 Solution of the Optimal Control Problem

4.2.1 DirectApproach

Theoptimalcontrolproblem(4.14)-(4.18)s treatedoy meansf adirectapproachTheideais
to transformthe infinite dimensionaproblem(4.14)-(4.18)into a finite dimensionahonlinear
constraine@ptimizationproblem.To this endthefollowing stepsarecarriedout:

e Parameterization of control functions
The time-dependentontrol functionsu (u : [ty,t] — R?) are parameterizedn a
suitablegrid, e.g. by pieceavise constantor linear functions. For every control function
w (I = 1,...,Ny) M controlvariablesg, (k = Ny + (I — 1)M + 1,...,N; + IM)
areintroduced. Togetherwith the N, time-independentontrol variables; € R™, an
augmentedectorof controlvariabless defined

qA = (q_lv"' 7(7N17gN1+17-" 7QN1+MN2)T- (419)
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¢ Discretization of stateconstraints
Stateconstraintsarealsodiscretizedon a suitablegrid andsubstitutedy corresponding
interior-point conditions.

e Relaxationof integrality constraints
In orderto enablethe useof a Successie QuadratidProgramming SQP)methodwe use
insteadof thebinaryweightsw € {0, 1}Ls« arelaxedformulation

w € [0, 1]5 e, (4.20)

Thus,alsofractionalweights,e.g.0.75,may be identified by optimization. By applying
a suitableroundingheuristican integer solutioncanbe obtainedwhich typically hardly
increaseshe optimality criterionvalue. However, for the numericalresultspresentedn
Chapter5 no roundingstratgiesare necessarypecausehe solutionsatisfiesalreadythe
integrality constraints.

4.2.2 Numerical Solution of the Discretized Problem
SQP-method

Using a direct approachas describedn the previous sectionresultsin a finite dimensional
nonlinearconstrainecptimizationproblem. Rearrangingequality and inequality constraints
we canwrite

min Fi(v) (4.21)
F(v) = 0 (4.22)
Fs(v) > 0, (4.23)

wherev = (s, ¢, w).
As in the Generalizedsauss-Neton method(2.11)-(2.13),Section2.2.1,the solutionis
iteratively improvedby

Vg+1 = Vg + j\kAUk, 5\]€ € (0, 1]. (4.24)
Thistime, however, theiterate A, solvesaquadraticsubproblenof theform
1 .
n&in iAvTHkAU + J1(vg)Av (4.25)
Fy(vg) + Jo(vp)Av = 0 (4.26)
Fy(vx) + J3(ve)Av > 0, (4.27)

with ji(vk) = VF;(v,)T. Here, H;, denotesanapproximatiorof the Hessiarof the Lagrangian
functionof thenonlinearproblem(4.21)-(4.23)
L(Uv )‘7 ,LL) - F1<U) - /\TFQ(U) - /‘LTF3(U)7 (428)

where) andy arethe correspondindg.agrangemultipliers.
For the solution of the discretizedoptimization problem (4.21)-(4.23)the SQP-method
SNOPT developedby Gill etal. (1998[55]) is used.
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Generation of Derivatives

In orderto solve thefinite dimensionahonlinearconstrainedptimizationproblem,the evalu-
ationof F, and F3 andthe computationof the Jacobians/; (i = 1,2,3) arerequiredin each
iterationof the SQP-methodIn addition,an approximationof the HessianH,, hasto be pro-
vided. As in the Generalizedsauss-Neton method,the mainload of computationaivork is
againdueto thegeneratiorof dervatives.

Applying thechainrule we obtainfor the Jacobians

dF 0% 0C dJ

W oCoTdv (4.29)
dF, _ OFdy OF, . _
dv Oy 8v+81)’ =23 (4.30)

Of particularinterestis the computatiorof (4.29)becauséheobjective function® is implicitly
definedby the Jacobian/ of the underlyingparameteestimationproblem. For more detalil
aboutthe computatiorof theindividual termssee(Baueretal., 2000[10]; Bauey 2000[8]).

In the courseof the computationof (4.29) and (4.29) mostof the CPU time is spentfor
computingderiativesof the solutiony(¢; s, p, ¢) with respecto s, p andg. In additionto the
first-orderderivatives

Gy(t;s,p,q)’ y(t; s,p,q) and M7 (4.31)
0s op dq

which canbe efficiently derved by the methodsoutlinedin Chapter3, alsothe mixed,second-
orderderivatives

*y(t; s,p, Q) and O*y(t; s, p, Q)
0q0s 0qop

areneededSimilar asfor thefirst-orderderivatives,the second-ordederivativesaregenerated
by againsolving variationaldifferentialequationgBauer 2000[8]). Thesestratgjiesareim-
plementedn DAESOL. Thus,DAESOL is ableto provide all theinformationrequiredto set
up thequadraticsubproblen{4.25)-(4.27).

An approximatiorfor the HessianH}, is obtainedby updateformulasbasedon dervatives
of the Lagrangiarfunction(4.28).

(4.32)

4.3 Practical Requirementson Experimental Designs

In contrastto parameteestimation,wherethe parametersre free variables,we have so far
assumedhe parameter$or optimal experimentaldesignto be fixed while optimizingthe con-
trols andthe weights.This may seema paradoxn sofar astheidentificationof the (unknavn)
parameterss the principaltargetof optimizingthe design.As this dependencon the parame-
tersis inherentto the useof oneof the classicaldesigncriteriafor nonlinearproblems several
stratgieshave beendevelopedto circumwentthesedifficulties.
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Firstof all, sequentiaprocedurediave beensuggeste@seee.g.Box andLucas(1959)[25]).
Theideais thatonestartswith aninitial parameteguessijdentifiesanoptimalexperimentate-
signaccordingo oneof the designcriteria, performsthe experimentsdeterminegnupdateof
the parametewaluesby parameteestimationincorporatinghe new data,andrepeatgshis loop
until a prescribedcorvergencecriterionis reachedNishikava andYeh (1989[95]), for exam-
ple, appliedsucha stratgyy for determininga D-optimalpumpingtestdesignin a groundvater
system. The optimal experimentaldesigntool VPLAN by Korkel et al. (1999[83]) hasbeen
developedin suchaway thatit supportghis sequentiahpproachThey usespecialstratgiesto
reducethe computationaéffort by freezingpartsof the underlyingJacobian.

Secondly parameterobust designmethodsareemployedthat areintendedto cover area-
sonablerangeof parametewvalues(seee.g. Walter and Prozato,1987[138]). Determininga
designthatmayreduceparametevariancedor abroadrangeof parametevaluess morelikely
to minimizetherisk of missingimportantsensitvity informationthanif only oneparameteset
wasusedwhich mayturn outto bewrong.

In Section5.6, we will investigatethe robustnessf a computedA-optimal designfor pa-
rameterestimationin a columnoutflow experiment.It will be shovn thateventhoughthe A-
criterionvalueincreasedor shifting the parametersvithin reasonableangestheseoptimized
designduy far outperformcommonlyusedstraightforvard designs.

However, asleastasimportantasoptimizing experimentaldesigngo increasehereliabil-
ity of parameteestimateds optimal experimentaldesignfor model discrimination. So far,
optimal experimentaldesignfor parameteestimationhasbeenderived underthe assumption
thatthe underlying“true” modelis known. In practice,this is frequentlynot the case. Often
severalmodelsseemto be possible,andthe questionariseswhich of thesecompetingmodels
shouldbe chosen.Model discriminationaimsat answeringhis type of questions.In general,
first areliablemodelshouldbe selectedeforeidentifying optimal experimentaldesignswith
respecto parameteestimation.As the latteronedepend®n the chosenmodel,wrong model
assumptionseadto optimizeddesignwhich are,however, not optimalfor estimatingthe true
parameters.

Recently more and more scientistsdealingwith column, (mini-)lysimeteror field experi-
mentshave claimedthe needfor reliablemethodsespectiely toolsfor modeldiscrimination.

In the literature,several stratgiesmainly basedon a sequentiahpproacharereported(see
e.g.,HunterandReiner 1965[65]; Fedorew and Malyutov, 1972[49]; Fedora, 1975[48]).
Theseapproacheaim atidentifying sequentiallthe measuremergointswherethe competing
modelsunderconsideratiordiffer most. Theideais thatmeasuremergointsof greatestiffer-
encein themodelpredictionscontributethemostinformationto thediscriminatorypower of the
samplingdesign.KnopmanandVoss(1988([75], 1989[76]) andKnopmanetal. (1991[77]),
for example,studiedsamplingdesigngor modeldiscriminationin one-dimensionahnalytical
modelsfor transientsolutetransporin porousmedia.

However, methoddor modeldiscriminationin systemsdescribedy differentialequations
are barely reported. We have developedan approachfor model discriminationin dynamic
systemgescribecby ODEsandDAES, which enabledo optimizein additionto the sampling
designsomeor all initial valuesof the dynamicsystem(Dieses,1997[40]). As this approach
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canin principle be extendedto the problemclassconsideredere,we sketchin the following
the main stepsof the algorithm. For the sale of presentationwve assumall initial valuesto be
optimized.

1. Setk = 0. Givenaretwo modelsM; and M, describecoy ODES/DAES, initial values
y) = v, initial guessefor theparametersg! andp) andmeasurementatacorresponding
to a startdesignQ°.

2. Setk := k + 1. Estimatethe new parameterg® andp4 on the basisof the measurement
datacorrespondingdo the designQ*—, the initial guesseg? ! andp:~! andtheinitial
valuesy?~! = 451,

3. Solvefor themodels)M; and M, updatedoy the new parameterg? andp}, respectiely,
a suitableoptimizationproblem. Determine for example,a measuremenpoint t* and
initial valuesy? = y% within a definedrange,suchthat the differencefor the model
outputsof themeasuredpeciess maximized.

4. Runanew experimentfor theidentifiedinitial valuesy? = y% andcarryoutthemeasure-
mentatt = t*.

5. Updatethe samplingdesignQ)* andgoto step?2.

In generalaftera few iterationsthe underlyingsamplingpatternbecomesbvious. The pro-
cedureis stoppedwhena suitabledeterminatiorcriterion, e.g. basedon significancetests,is
reached. For the solution of the parameteestimationproblemconstrainedby ODES/DAES,
step2, the GeneralizedGauss-Neton methodPARFIT (Bock, 1981[19]; 1983[20]; 1987
[21]) is used. The optimizationproblemdescribedn step3 is solved by meansof the direct
multiple shootingmethodMUSCOD-II (Leinenveber 1999(84]).
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Chapter 5

Numerical Results

In this chapterthetoolsECOFIT andECOPLAN developedfor parameteestimationandop-
timal experimentaldesignareappliedto severalcolumn,mini-lysimeterandfield experiments.
Theobjectveis to determinenydraulicparameteraswell aservironmentalfateparameters.

In the first section,the main focusis uponinvestigatingthe performanceof ECOFIT for
identifying van Genuchterparameterandsolutetransporparameterfrom noisy datastarting
from poor initial guessegDieseset al., 1999[41]). In orderto have a controlledscenario,
measuremerdatais generatedy solvingtheforward problemfor a predefinedrue parameter
setfollowedby addingpseudo-normallgistributednoise.

Thesecondsectionis devotedto thetreatmenbf parameteestimationproblemsn layered
soils. Consideringa homogeneousandiayerontop of ahomogeneouslay layer, theaimis to
determinghehydraulicparameterfor bothlayersin oneexperiment.Here,measuremerdata
is generatedisingthe van Genuchtermparametersf a Dutchsoil.

In Section5.3we describehow ECOFIT is usedfor estimatinghevan Genuchtemparame-
tersn, a and K from afield experimentDiesesetal., 1999[43]). Theexperimentapartof this
studywascarriedoutby Aden(1999[3]; 2000[2]) ata BASFtestsitein theupperRhinevalley.
Time domainreflectrometryTDR) wasemployedto monitorthe volumetricwatercontentsn
severaldepths.For thesetypesof experimentsanadequatenodelis developed.

In Section5.4ECOFIT is appliedto a mini-lysimeterstudyin orderto determinghetrans-
port and sorptionbehaior of threeEuropearsoils. The experimentswere carriedout by the
StaatlicheLehr- und ForschungsanstalSLFA), Neustadt/VEinstr (Fent,1999[50]). After the
applicationof the non-reactre tracerbromideandof a !“C-labeledtestsubstance, the undis-
turbedsoil coresareirrigated by a constantdaily rate andleachatevolumesare sampled. A
modelis worked out for this typical classof outflow experimentsandthe unknaovn parameters
areestimated.

In the following sectionwe demonstratéow the environmentalfate of the grassherbicide
S-Metolachlorandits two main metabolitess investigatedoy meansof ECOFIT. The data
usedfor parameteestimationis obtainedby mini-lysimeterexperimentsperformedby Horn
(1999[62]) at a Novartis testsite in Switzerland. In contrastto the mini-lysimeterstudyin
Section5.4,themini-lysimetersarehereexposedo normalclimatic conditions.Again, theun-
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known parametersg.g.thelinearsorptioncoeficientsor the degradationrates aredetermined
basedn leachatedata. This parameteestimationproblem,however, suffersfrom the problem
of ill-posednesslueto theinsufficientinformationprovided by the dataavailable.

In thelastsection the performancef the optimaldesigntool ECOPLAN is studiedwhich
aimsat avoiding theill-posednesgroblemby optimizing the samplingdesignsandtheirriga-
tion/applicatiorscheme#n orderto obtaindatacontainingsufficientinformationfor parameter
estimation.In particulaf ECOPLAN is usedto designtypical columnoutflow experimentdor
identifying bothwaterandsolutetransporparametersvith highaccurag in oneexperimentoy
meanf leachatelata(Diesesetal., 2000[42]).

5.1 Column Experiment with Nonlinear Michaelis-Menten
Kinetics

In thefollowing ahypotheticaboil columnexperiments studiedto investigateheperformance
of ECOFIT for estimatingparameterfrom noisydata(Diesesetal., 1999[41]). Generatinghe
measuremerdataby solvingthe forward problemfor thetrue parametewaluesanddisturbing
it, enablesusto verify theresults.

The aim of this columnexperimentis to determinethe hydraulicparametersor the water
transportandthe environmentalfate parametersor the solutetransportin anunsaturatedoil.
In accordancevith generalpractice,we first estimatethe van Genuchterparameters, o and
K, on the basisof point measuremerdataof the matric potentialv,,, andthe watercontent
f. In a secondstep,the hydraulicparameterarefixed andthe solutetransportparametersire
estimatedy meansof substanceoncentratiorata.

5.1.1 Estimation of Parametersin the Water Transport Equation

First, we considerthe flow of waterin an unsaturatedoil columnof 20 em lengthwhich we
modelby theRichardsequationn the,,- respectrely -formin orderto estimatehehydraulic
parameter thevanGenuchten-Mualermodel:

Richards equationin v, [hPa]

CWn) 7 = (K (W) 5 (b — 02)] 51)

with

_ g A= (@A ()™
K(m) = K, ENETRIDT , —1-1/ (5.2)

CWm) = a(n—1)0 = 6:)(alm))" (1 + (a|tom])") /" (5.3)
¢ Initial condition: ¥m(0,2) = =970, z2>0
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e Upperboundary:

9, _ 0.2 t<6.0
(0.0 = Kt )5 (a0 -w2) = { 00 1500 64
e Lowerboundary: O (t,20)/0z = 0, t > 0.
Richards equationin 6 [1]
0 0 .-,,.00 __
with
7% 1 1\mq2 0 — c9r
K@) = K©0:[1—(1—-6mn)"], 0="— (5.6)
o 1 _1 . -m, 1 . -1 1 l
(;(9) = anm <,@ )"e =0 —6,)7", m=1-— (5.7)
D) = K(0)C(0) (5.8)
e Initial condition: 6(0,z) = 0.27, z2>0
e Upperboundary:
_ 20(t,0 = 0.2 t<6.0
(t.0) = ~[060) Y —wkeeo) - { o5 (Sh0 69
e Lowerboundary: 06(t,20)/0z =0, t > 0.

The columnexperimentlasts12 hours[h]. During the first 6 hourswateris infiltrated with
a constantrate q(t,0) = 0.2 [em h~!]. Thentheinfiltration is stopped. This is modeledby
a specifiedflux conditionat the upperboundary The lower boundaryis describedoy a free
drainagecondition,i.e. the gradientof v, respectrely 4 is zero.

Measuremendiatafor ,, and6 for 4 depths(z = 2,7,12,17 [em]) and11 pointsin time
(t = 1,2,...,11[hn]) is generatedby solving (5.1) and (5.5) for the true parametewalues
n=1.2[1],a = 0.0102 [APa™ ], K; = 10.0 [em h™1], 8, = 0.05 [1] andf, = 0.4 [1] (Seppelt,
privatecommunicationyink etal., 1994[133]). This “error-free” datais disturbedasfollows:

n: = yi(1 + Be) & ~N(0,1), (5.10)

where describeghe factorof perturbationge.g.5 = 5%. The solutionsurfacesfor the true
parametevaluesillustratingthe effect of theirrigationschemearegivenin Figure5.1and5.2.
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Figure5.1: Solutionsurfacefor the Richardsequation(5.1)in v, [hPal.

Figure5.2: Solutionsurfacefor the Richardsequation(5.5)in 6 [1].



5.1 Nonlinear Michaelis-MentenKinetics 87

n « K, # lter.
TrueValues 1.2 0.0102 10.0
Initial Guesses 2.0 0.08 100.0

6=1% 1.1993+ 0.0011 0.01025+ 0.00035 10.33+ 0.88 12
8 ="5% 1.1964+ 0.0055 0.01088+ 0.00188 12.82+ 5.40 16
G =10% 1.19184+ 0.0108 0.012774+ 0.00411 20.53+17.23 16

Table5.1: ParameteEstimatedor n, o and K, and95% Confidencdntervals

B=1% B =5% B =10%

« K, « K, « K,
n -0.56 -0.68 -0.51 -0.65 -0.37 -0.54
« - 0.97 - 0.96 - 0.97

Table5.2: CorrelationMatricesfor 5 = 1%, 5% and10%

In the following we studydifferentscenariosvith increasingcompleity. First, we investi-
gatetheidentifiability of n , « and K, while keepingd, andd, fixed. Thisis acommonscenario
in practiceasf, andd, areoftenobtainedseparatelySecondlywe studywhetherit is possible
to estimatefrom the samedataalsoé,. in additionto n, o and K. Finally, we try to determine
all five parametersimultaneouslyThis latter estimationproblemis known to bevery hardas
the parameteraregenerallyhighly correlated.

In the first scenarion, a and K, areestimatedon the basisof 1%, 5% and10% pseudo-
normally disturbeddata. As Table 5.1 shows, even thoughpoor initial guessesre usedall
parameterganbe identifiedandlie within the 95% confidenceintervals. The corresponding
correlationmatrices which do not differ muchfor g = 1%, 5% and10%, aresummarizedn
Table5.2.

The estimationof 6, in additionto n, o and K, however, is only possiblefor datawith
6 = 1% andimproved parameteguessegTable 5.3). As the correlationmatrix, Table 5.4,
reveals,thefour parameterarehighly correlated.

n o K, 0,
TrueValues 1.2 0.0102 10.0 0.05
Initial Guesses 15 0.02 20.0 0.07

B =1% 1.1977+ 0.0333 0.01027+ 0.00055 10.46+4+ 2.75 0.048+ 0.041

Table5.3: ParameteEstimatedor n, a, K, andf, and95% Confidencdntenals
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«a K 0

n -0.86 -0.96 0.99
o - 0.95 -0.86
K, - - -0.97

Table5.4: CorrelationMatrix for n, o, K, and6,

If we now try to determineall five parameters:, o, K, 6, andd,, the parameteestimation
problembecomesearlysingular evenfor errorfree data. The datadoesnot containenough
informationto identify the five van GenuchtemparametersimultaneouslyThis situationis of-
tenencountereeh practice n particularfor theidentificationof the hydraulicparameters.

Consideringhowever, anexperimentwith a slightly differentirrigation schemeall five pa-
rametersanbeestimatedIn contrasto theirrigation schemedescribedy theupperboundary
conditions(5.4) and(5.9) we now useanalternatingrrigation schemeof theform

4(t,0) = ~K ((t, 0)) 5 (i (1,0) —02)

02 00<t<3.0
20(t,0) - 00 30<t<6.0
0z wKOE0)] =9 g9 60 <1 <9.0
00 90<t<120

(5.11)

= —[D(6(t,0))

This causesnore spatialandtemporalactivity of the solutionsurface,asFigure5.3 and5.4
shaw, andleadsto measuremerdatawhich exhibitsahighersensitvity to theunknavn param-
eters.Now the parameteestimatiorproblemassuchis well-posedandit is possibleto identify
all parametergrom undisturbeddatastartingfrom the initial guesses: = 1.3, a = 0.01,

K, =11.0,6, = 0.07 andd, = 0.5.

Here, the modificationof the upperboundarywas chosenintuitively basedon the insight
gainedby studyingsimilar problems. Consideringreal life problems,however, designsare
requiredthat guaranteavell-posedparameteestimationproblemseven for noisy data. Thus,
the choiceof goodirrigation schemeshouldbe embeddedn the frameavork of optimal ex-
perimentaldesignwhich aimsat optimizing the designsaccordingto someprescribeddesign
criteria. In Section5.6. we will outlinehow anoptimalexperimentaldesigncanbedetermined
by ECOPLAN thatenableghe simultaneougstimationof both waterandsolutetransportpa-
rametersn only oneoutflow experiment.

5.1.2 Estimation of Parametersin the Solute Transport Equation

After thehydraulicparameterbave beenidentified,theaimis now to determinghe Michaelis-
Mentenparametery,., [M L—3d~] andK,,; [M L—3] anda parameterizatioof thediffusion-
dispersiorterm,b [1] and D,,, [cm?d~]. Thetransporibf the dissoledsubstancee.g.a pesti-
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|¥m|

Figure5.3: Solutionsurfacefor the Richardsequation(5.1) in 1, [hPa~!] with the modified
upperboundarycondition(5.11).

Figure5.4: Solutionsurfacefor the Richardsequation(5.5) in 6 [1] with the modifiedupper
boundarycondition(5.11).
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cide,in theunsaturatedoil is modeledby two coupledPDEs,namelythe Richardsequationn
the,,-form (5.1) asdiscussedh the previous sectionandthefollowing convection-dispersion
equation:

Solutetransport

0 Oc

Vmaa: c

a(ec) = a%(eph(e)a —qc) — HC oy (5.12)
with
D(6) = 0.0046pr (00) D, (5.13)
e Initial condition: c(0,2) =0, z2>0
e Upperboundary:
~0(4,0)D,(0(1,0),(1,0) L2 1 4(1,0)e(1,0) = { coglh,0) ¥ < 6.9
e Lowerboundary: Jc(t,20)/0z = 0, t>0.

In contrasto theinitial conditionusedin Section5.6.1,now awettercolumnis employedwith

Ym(t,0) = —670 [hPa| for z > 0. Thevan Genuchterparameterarefixedto thetruevalues
n = 1.2 1], @ = 0.0102 [hPa™"], K, = 10.0 [emh~'], 6, = 0.05 [1] andf, = 0.4 [1]. Both
equationg5.1) and (5.12) are coupledby the waterflux ¢(t, z) andthe watercontentd(t, z)

whichis relatedto the matricpotential,, (¢, z) by thewaterretentioncurve

) = (0~ 0) (1 + (alnl)) "6 m=1— (5.14)

During the first half of the experimentwith 7,,;, = 12 [h] the dissohed substance, = 10.0
[M L™3] is infiltrated togetherwith the water thenthe infiltration is stopped.Figure5.5iillus-
tratesthefateof the substancevhich is degradedwithin thefirst 10 cm suchthatno substance
reachesheendof thecolumn.

1%, 2%, 3%, 5% and10% pseudo-normallglisturbeddatafor the substanceoncentration
c is generatedor 4 depths(z = 2,7,12,17 [em]) and11 pointsin time (¢t = 1,2,...,11[A])
by meansof the procedurausedfor the,,- andf-data. Startingfrom the initial guessegiven
in Table5.5, the parameterganbe estimatedn all casesandlie within the 95% confidence
intenals. As the correspondingorrelationmatricesare similar, only the onefor 5 = 1% is
shovn hererepresentagely in Table5.6.

In summarywe canstatethatECOFIT enablego identify evenhighly correlategparameters
from noisy data. Evenfor poorinitial guessesgonvergenceto the true parameterss reached
within few iterations.
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Figure 5.5: Solution surface of the convection-dispersiorequation(5.12) for the substance
concentratior: [M L3].

Vinaz Ky b D,, # Iter.
TrueValues 0.2 1.0 10.0 5.0
Initial Guesses 0.1 0.5 17.0 2.0

B =1% 0.2054+ 0.011 1.045+£0.117 10.22+2.51 4.95+0.31
B =2% 0.2094+ 0.024 1.095+ 0.240 10.41+4.41 4.91+0.55
B =3% 0.214+ 0.036 1.139+0.371 10.64+6.24 4.86+0.84
B =5% 0.228+ 0.068 1.276+0.711 10.87£9.20 4.77+1.38
G =10% 0.270+£ 0.178 1.703+ 1.897 11.50+ 13.95 4.56+ 2.53

o1 o1 o1 01Ol

Table5.5: ParameteEstimatedor V,,,..., Ks, b andD,,, and95% Confidencdntervals

Ky b Dy

Vinaz  0.99 -0.54 0.32
Ky - -0.48 0.24
b - - -0.97

Table5.6: CorrelationMatrix for V,,,,.., K, b andD,, for 1% DisturbedData
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5.2 Estimation of Hydraulic Parametersin a Layered Soll

In the columnexperimentinvestigatedn the previous section,we assumedhe soil to be ho-

mogeneousln generalthis assumptioronly holdsfor repacled soil columns. Considering,
however, lysimeterstudiesvhereundisturbedoil coresareused or evenfield experimentsthe

soilsmightexhibit horizontallyparallellayers.

In the following we studya two-layersoil columnof 40 ¢m lengthcomposedf a homo-

geneoussandlayer on top of a homogeneouslay layer, both of 20 ¢m length. Theaimis to
estimatethe hydraulicparameters, a and K, of bothlayersin oneexperimentbasedon ,,,-
andf-measuremertdata.As in Section5.1.1,thewatertransporin theunsaturatedoil is mod-
eledby the Richardsequationin 1, (5.1)andé (5.5). In additionto theinitial andboundary
conditionsatransitionconditionatthelayerinterfacehasto beformulated.Thisis discusseah
thefollowing for «,,, [h.Pa]. The correspondingonditionfor 6 [1] canbederivedanalogously

e Initial condition: ¥m(0,2) = =970 + 20 - 2, z>0
e Upperboundary:
02 00<t<6.0

0 _ 0.0 6.0<t<120

0.0 18.0 <t <24.0
e Lowerboundary: O (t,40)/0z = 0, t>0.

e Condition at the layer interface
As thewaterflux ¢(t, 20) is the samein bothlayers,at the layerinterfacethe following
transitionconditionmusthold:

sand

(Vm(t,20) — wz)] lay-

011, 20) = —Kuanaltbn (1, 20)) [ (4 (1, 20) — )
0
5

(5.16)
— — Koty (£, 20)) [

As truevaluesfor the parameteestimatiorproblemthevan Genuchtemparameters Table5.7
areused. They arebasedon the Dutchtexture classesand characterizea loam-poorfine sand
andalight sandyclay (Wostenetal., 1994[141]).

Figure5.6 and5.7 illustratethe solutionsurfacesfor the Richardsequationin v, [hPa] andd
[1] usingthe van Genuchterparametergivenin Table5.7. For eachlayer measuremerdata
for ¢, and@ for 3 depths(z = 0.5,7.5,15; z = 22.5,25.5,32.5 [cm]) and24 pointsin time
(t=1,2,...,24) aregenerateé@mplgying thetruevaluesin Table5.7. Theresultsin Table5.8
demonstratehat the parameters:!, o! and K} in the first layer, wherethe solution surface
exhibits a high spatialandtemporalactvity, arewell determinedby the dataandthuscanbe
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[¢m]

Figure5.6: Two layers:Solutionsurfacefor the Richardsequationin «,, [hPal).

Figure5.7: Two Layers:Solutionsurfacefor the Richardsequationin 6 [1].
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n(l] «a[hPa ] K,lemd'] 6,[1] 0,[1]
Sand 1.507 0.0249 17.46 043 0.01
Clay 1.250 0.0194 14.07 040 0.0

Table 5.7: Van GenuchterParameterdor a Loam-PoorFine Sandand a Light SandyClay
(Wostenetal., 1994[141])

estimatedwith high accurag. The estimationof the parameters?, a? and K2 in the second
layer, however, is more difficult sincetheseparametersre insufficiently determinedby the
data. As Table5.9illustrates they aremuchhighercorrelatedhanthe parameters!, o! and
K! in thesandlayer This exampledemonstratethat,in orderto identify parameterén deeper
layers,betterexperimentaldesignsarerequiredto guaranteedentifiability of all parametern

practice.

TrueValues Initial Guesses B=1% B =5%
n! 1.507 2.0 1.5189+ 0.0321 1.5731+ 0.1732
ol 0.0249 0.03 0.02488+ 0.00062 0.02461+ 0.00379
K; 17.46 20.0 17.83+ 1.32 19.13+ 6.85
n? 1.250 2.0 1.2465+ 0.0256 1.2452+ 0.1064
o? 0.0194 0.03 0.01690+ 0.01663 0.01261+ 0.05592
Kf 14.07 20.0 9.79+ 22.86 4,24+ 43.29

Table5.8: Estimatedor the Parameters:!, o' and K in the SandLayerandfor the Parameter
n?, o? and K2 in the Clay LayerIncluding95% Confidencentervals

o' K!  n? o>  K?
n' -0.62 0.48 -0.51 -0.34 -0.34
al - 0.88 0.40 -0.65 -0.65
K!' - - 019 0.78 -0.77
n? - - - 0.79 0.80
K2 - - - - 099

Table5.9: CorrelationMatrix for n!, o', K}, n?, o® andK?
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Figure5.8: Hourly watercontentdatain 7 cm, 15 cm and20 ¢m depth.

5.3 Estimation of Van GenuchtenParametersin a Field Ex-
periment

In thefollowing applicationECOFIT is usedto determineghe watertransporfparameter§rom
a field experiment(Dieseset al., 1999[43]). The experimentaldatausedherewas obtained
in the contet of an ervironmentalfate studyof the herbicideMetazachlorwhich wascarried
out by Aden (1999[3]; 2000[2]) in her PhD projectat the BASF AG, Agricultural Center
Limburgerhof, and the Institute of Geoecology TechnicalUniversity of Braunschweig. As
a prerequisitefor a reliable modelingof Metazachlorunderoutdoor conditions,the correct
representationf thewatermovemenis necessaryl hepurposas to identify thevanGenuchten
parameters, o and K, from watercontentdata. Theresidualandthe saturatedvatercontent,
6, andd,, aredeterminedby othermethodsandare kept fixed during the estimationprocess
(6, = 0.03 [1], 6, = 0.334 [1]).

The samplingis conductedon an agriculturalsite without crop cover in the upperRhine
valley. Thetop zoneof theloamy sandsoil, which is of particularinterestwhenstudyingthe
dissipationbehaior of xenobiotics,consistsof 10 % clay, 13 % silt and77 % sandandhas
anorganiccarboncontentof 0.6 %. Time-domairreflectrometryTDR) is usedto monitorthe
volumetricwatercontent) in thefield. The TDR probesareinsertedat7 cm, 15 em and20 em
depth. Water contentdatais recordedon an hourly basis. Figure 5.8 shavs the monitoring
curvesduringatime periodof 46 days(28 October- 13 Decembef997).As Figure5.8reveals,
the TDR probesexhibit strongdaily variationswhich particularlyaffect the measurementsf
themostupperTDR probe. To smooththesefluctuationsthe hourly datais averagedo obtain
daily ones.
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Dueto theloosetextureof thedry soil within thefirst 10 ¢m, theactualpositionof theupper
TDR probewhich is originally fixedin 7 ¢m depthis highly uncertain.In addition,the heary
rainfall, which startsafterapproximately200hours(3 Novemberl997),leadsto acompression
of the uppersoil horizonwhich againshifts the positionof the upperTDR probe. Therefore,
thedeterminatiorof its actualdepthshouldalsobe partof the optimizationprocess.

5.3.1 Modeling of TDR-Measurements

Thewatertransporis modeledoby the Richardsequationin 6 [1]:

0 9. 90
5 = 5, [D(0) 5 — wK(0)] (5.17)

with
K() = K,0:[1—(1-0=)"" o= =0 5.18
()_ s [_(_ m)]y _05_01" ( )
cl) — ﬁ( A1) e mE—6),  m=1- % (5.19)
D) = K(6)C(). (5.20)

In contrasto the columnexperimentsliscussedofar, heretheinitial andupperboundarycon-
ditions cannot be controlled. They are definedby the climatic conditionsat the agricultural
site, i.e. by the history of the soil andthe precipitationrates. This makesa suitablemodeling
muchmoredifficult. A straightforvard way to describethe upperboundaryis to formulatea
specifiedflux conditionfor the precipitationrates. Unfortunately dueto stronglocal climatic
differencesduring the experimentalperiod betweenthe agriculturalsite andthe weathersta-
tion wherethe precipitationdatais recorded this datacannot be usedfor definingthe upper
boundarycondition.

A remedyis providedby pursuingtheideato formulateDirichlet conditionsattheupperand
the lower boundaryemploying the measuremendatain 7 cm and20 cm depth,respectiely.
In this approachwe assumehe measuremendatausedfor definingthe boundaryconditions
to be free of measuremergrrors. In general,TDR performswell for determiningvolumetric
watercontentsanddeliversdatawhichis of highaccurag relatively to eachother Theabsolute
measuremergrrorliesin therangeof 1 Vol%. Thus,takinginto accountheotheruncertainties,
suchasthe positionof the TDR probesor probableinhomogeneitiesf the soil, it is justifiable
to ngylectthiserror

In orderto describethe initial profile on the first day, i.e. the initial conditions,a linear
interpolationof the correspondingvater contentmeasurements 7 c¢m, 15 ¢m and 20 c¢m
depthareused.

5.3.2 Estimation Results

The aim is now to estimatethe hydraulicparameters, « and K by fitting the TDR datain
15 em depth. In addition,dueto uncertaintyaboutthe correctdepthof the upperTDR probe,
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Figure5.9: Fittedandmeasuredurvesin 15 ¢m depth.

n [1] a [hPa™"] K, [emd™]
Initial Guesses 15 0.05 35.0
Estimates 1.2624+ 0.036 0.03244+ 0.0024 20.92+ 1.68

Table5.10: ParameteEstimatesor n, o and K, and95% Confidencdntenals

thedeterminatiorof its actualdepthis alsoincludedin the optimizationprocess.
As Table5.10shaws, all parametersanbeidentified. The correspondin@5% confidence
intervalsandthe correlationmatrix aregivenin Table5.10andTable5.11,respectiely.

For the positionof theupperTDR probea depthof 12 ¢m is found. A goodfit is gainedasthe
comparisorof thefitted andmeasureaurvesin Figure5.9illustrates.

In summarywe canstatethatvery encouragingesultsfor the field situationsare obtained
by ECOFIT in spiteof numerousincertaintiesn thewatertransporimodel(e.g.inhomogeneity
of thesoll, cracksetc.)andin themeasuremertata(e.g.depthf the TDR probestemperature
dependencef TDR).

« K,
n 0.14 -0.61
a - -094

Table5.11: CorrelationMatrix for n, o and K, and95% Confidencdntenals
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5.4 Mini-L ysimeter Study: Determination of Transport and
Sorption Parametersfor Bromide and a SubstanceX

The purposeof this studyis to determinethetransportandsorptionbehaior of a substancé&
in threeEuropearsoils. The correspondingnini-lysimeterexperimentsverecarriedout at the
StaatlicheLehr- und ForschungsanstalSLFA) Neustadt/Winstt (Fent,1999[50]). ECOFIT
is usedfor the estimationof thetransportandsorptionparameters.

The experimentsarebasedon undisturbedsoil columnswhich aretreatedwith the conser
vative tracerbromideand a radio-labeledestsubstanceX. The leachatesrecollectedat the
baseof the columnandthe concentrationareanalyzedevery 12 hours. The unknaovn parame-
ters,e.g.thediffusion-dispersiomoeficient or sorptionparametersareestimatedy fitting the
breakthrouglturve generatedy theleachateconcentrations.

For this studythreetestsiteswithout crop cover are chosenthat are specifiedby the soil
characteristicgivenin Table5.12. Fromeachtestsite severalundisturbedsoil coresare sam-

Clay[%] Sit[%] Sand%] | Corg %]
Soil A 4.1 21.8 74.1 0.6
Soil B 6.0 7.0 87.0 1.3
SoilC 16.0 22.0 62.0 1.2

Table5.12: Soil Characteristi©atafor the TestSoilsA, B andC

pledby forcing steeltubesof 21.1 cm diameterand30 cm lengthinto thegroundby meanf a
hammerWhenthesteeltubehasreached®0 ¢m depth,thesoil aroundthetubeis removedand
thesoil atthelowerendof thetubeis cut off with aknife.

Before the outflow experimentis started,the soil columnsare equilibratedfor 7 daysby
applyingthe sameirrigation rateof 0.34 cm d~! aslaterin theexperiment.

For theapplicationsolutionsareusedcontaining).5 g bromiderespectiely 0.737 mg of the
testsubstanceThereplicatecolumnsof eachsoil areappliedat the sametime by meansof a
maskwith 20 holes. The maskis placedon thetop of the column. Througheachhole 200 i
of the bromidesolutionare appliedto the soil surfaceby useof a pipettor Thenthe maskis
rotatedabout45 degreesandthe dissolhedtestsolutionis addedn a similarway. Immediately
after application,the soil columnsareirrigatedwith 0.2 ¢m waterwithin 72 minutes. During
the experimentanaverageirrigationrateof 0.34 cm d~! is applied.

5.4.1 Parameter Estimation for Bromide Outflow Data

In afirst stepthe solutetransportoehaior in thethreesoilsis investigatecemplgying the con-
senative tracerbromidewhich shavs neithersorptionnor degradation.
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Figures5.10,5.13and5.16illustratethe analyzedconcentration®f bromidein the mea-
suredleachatessa functionof time. Eventhoughthe replicatesartially differ considerably
all columnsexhibit thetypical breakthrougloehaior.

Modeling

Astheexperiments carriedoutundersteady-stateonditionsboththewaterflux ¢ andthewater
contentd areconstantandit is sufficientto only considerthe corvection-dispersiomquation
of theform

oc, d%c, dc,

5 = Doy —vg. (5.21)

Here,c, [g1~'] isthe(residentconcentration] [cm2d~'] is thediffusion-dispersioroeficient
andv = ¢/6 [em d~'] is the porewatervelocity.

Investigatingthe initial andboundaryconditions,we have foundthatit is advantageouso
assumehe bromideto be incorporatedwvithin thefirst 0.4 em of the soil column,ratherthan
modelingthe instantaneoupulseof the 20 holesas such. This leadsto the following initial
condition:

_Jaw 2<04cem
¢r(0,2) = { 0 z>04cm, (5.22)

wherecg [g cem 3] denoteghe soil concentratiorof the incorporatecoromide. As no bromide
is addedwith theirrigatedwaterduring the experiment,a zeroflux conditionis formulatedat
theupperboundary:

—0 t>0. (5.23)

z=0

(UCT(t, z) — D%)

In theexamplesdiscussedofar, we have useda Neumanrconditionof theform d¢/9z = 0 at
thelowerboundaryassuminghedispersve flux to bezeroandconsideringnly the corvective
transportalongwith the waterflow. Here,accordingto the approachof van Genuchterand
Parker (1984[131], 1984[99]) for the modelingof outflow experimentsformally aninfinite
lower boundaryis defined

Iorltiz)) (5.24)
82 Z=00
whichin our cases substitutedy
9erlt:2)) _ . (5.25)
0z lz=L

with a sufficiently large L, e.g. L = 60 c¢cm. Theideabehindchoosingsucha type of bound-
ary is to computeat the actuallower boundaryof the soil column,i.e. . = 30 ¢m, socalled
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flux-averagectoncentrations’'“? (¢, z). They arefrequentlyusedfor thedescriptiorof thecon-
centrationgpassinghe boundary The flux-averagedconcentrations/!“*(t, z) canbe derived
from thenormal,socalledresidentconcentrations, (t, z) via

D 0c,(t, 2)
v Oz
As the leachateconcentrationsre not analyzedcontinuously but only every 12 hours, the
measure@oncentrationareaveragedconcentrationsvhichwe modelby

Wt 2) = ¢, (t, 2) — (5.26)

. 1 ti
Mi(t;, L) = W (r Lydr  i=1,---,n. (5.27)
bi —tic1 Jy—1

In ECOFIT, the quantitiesM*(t;, L.) canbe easily computedby introducingone additional
ODE.

Estimation Results

Parameterso be estimatedarethe porewatervelocity v, thediffusion-dispersioroeficient D
andtheinitial soil concentratiorn, of theincorporatedracer In principle,we canderve ¢y by
thefractionof theamountof bromideusedandthe volumeof soil waterV,, in theconsidersoil
volumeV,

co = —2. (5.28)

Hereby thesoil volumeV; is givenby
V, = surface of the soil column x incorporation depth = 139.8 cm?. (5.29)

In orderto computeV,, = 6V, theactualwatercontentd is required,whichis not availablea
priori. A posteriori,however, we canapproximatehewatercontentby the estimateof the pore
watervelocity via § = q/v with ¢ = 0.34 em d~1. Thisindependenvaluefor ¢, canfinally be
usedto validatethe estimates.

For all soil columnsthe parametergan be estimated.The estimatesncluding their 95%
confidenceintervals and the correspondingcorrelationmatricesare summarizedn the Ta-
bles5.13and5.14. As the Figures5.11-5.18shaw, goodfits areobtainedn all cases.
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v [emd ™ D [em?d™!] co [gl™Y]
SoilA-I  1.387+ 0.011 1.646+ 0.095 20.98+ 0.11
Soil A-Il 1.502+ 0.007 1.273+ 0.061 23.66+ 0.10
SoilB-I  1.39+£0.006 0.844+0.048 20.25+ 0.10
SoilB-Il 1.35+0.004 0.884+0.031 19.86+ 0.07
SoilC-l 1.20+£0.006 1.544+ 0.063 17.47+0.07
SoilC-ll 1.18+0.003 1.33+0.027 17.30+ 0.03

Table5.13: Estimatef v, D andc, and95 % Confidencdntervals

v-D v-¢cg D-cg
SoilA-l  -0.77 -0.18 0.55
SoilA-ll  -0.62 0.45 0.47
SoilB-l -0.60 0.24 0.56
SoilB-Il  -0.65 -0.21 0.61
SoilC-I -0.61 0.74 0.02
SoilC-ll -0.59 0.71 0.19

Table5.14: CorrelationMatrix

Now it remainsto checkwhetherthe estimatedvalue ¢, andthe one computedby (5.28)
areof the sameorderof magnitude For Soil A-l, for example,we obtainanapproximatiorof
the actualwatercontentof = ¢/v = 0.245 [1] which resultsaccordingto (5.28)and(5.29)
in aninitial concentratiorof 2% = 14.5 [g/~']. Consideringall the uncertaintiesnvolvedin
the experiment,e.g.the applicationandtheirrigation, andin the modeling,the matchof both
values,14.5and20.98,is very satisfyingandvalidateghe valuesfoundby optimization.

5.4.2 Parameter Estimation for SubstanceOutflow Data

Studyingreactve substanceghe sorptionbehaior is generallyof particularinterest. In the
following, two modelingapproachearediscussedor thesorptionbehaior of thetestsubstance
X, namelya linear sorptionapproachanda nonlinearonedescribedy a Langmuirisotherm.
In bothcasesquilibriumconditionsareassumed.

Linear Sorption

In afirst stepwe studytheperformancef thelinearsorptionmodel,whichis thestandaranodel
requiredby authoritiesfor registration. Similar to the non-reactte tracer the testsubstance&
is modeledby a corvection-dispersioequation

Oc, d%c, oc,
RET = DT T vt (5.30)
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Figure5.19: Linearsorptionapproachfitted andmeasured¢oncentrationsf thetestsubstance
X in columnA-I.

Thistime, however, aretardatiorfactoris considereavhichis for thelinearsorptionof theform

R=1+ ng. (5.31)

Theinitial andboundaryconditionsareidenticalto the onesusedfor thetracerbromide(5.22),
(5.23)and (5.25). Here,v = 1.387 [emd ] is fixed to the value calculatedin the previous
section.p is putto 1.53[g cm—3]. Parameterso be estimatedarethelinearsorptioncoeficient
K, thediffusion-dispersioroeficient D andtheinitial valuecy.

Even thoughall parametersan be identified, Table 5.15 and 5.16, the fitting resultsin
Figure5.19revealthatthelinearsorptionmodelcanneitheraccountor theobseredrisingflank
nor for theamplitude.Thus,we canstatethatthis linearapproachs notsuitableto describehe
obseredprocesproperly Forthisreasonye investigatan thefollowing whetheranonlinear

Kqlem?g™Y D lem?d™'| ¢y |mgl™]
SoilA-l  0.162+ 0.002 2.086+ 0.102 8.26+ 0.04

Table5.15: Estimatef K4, D andc, and95 % Confidencdntervals

Kd-D Kd-Co D'CU
SoilA-I  0.67 -0.84 -0.44

Table5.16: CorrelationMatrix

modeldeliversbetterresults. Due to the fact that the Freundlichapproachs not definedfor
¢ (t, z) = 0 anda FreundlichexponentN < 1, we choosethe Langmuirapproachwhich does
not suffer from this limitation.
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Nonlinear Langmuir Sorption

Themodelequatiorfor the Langmuirsorptionis the sameasbefore(5.30),only theretardation
factor R is substitutedy

(5.32)

In thisapproachin additionto D andc, theLangmuirparameters; andg haveto beidentified.
Theestimatiorresultsarepresentedn Table5.17and5.18.

D [em?d™"] co [mgl™'] K; [Img™'] B[]
Soil A-l  1.5824 0.065 12.994 0.05 2.1554 0.235 0.128+ 0.010

Table5.17: Estimatef D, ¢y, K; and3 and95 % Confidencdntenals

D Co Kl
g 092 -0.96 0.99
D - -0.78 0.90
co - - -0.95

Table5.18: CorrelationMatrix

As Figure5.20shavs, employing the nonlinearLangmuirapproacha by far betterfit in
comparisonto the linear approachs achiezed. The sum of squaredresidualsis reducedby
approximatelya factorof 3. Up till now, however, only the linear approachandthe nonlinear
Freundlichapproachareavailablein the simulationtoolsusedfor registrationstudies As these
resultsexemplify, thereare good reasongo also considerthe nonlinearLangmuirapproach
wheninvestigatinghe sorptionbehaior of new substances.

5.5 Mini-L ysimeter Study: Environmental Fate of S-Metola-
chlor and Its Main Metabolites

The aim of the following parameteidentificationproblemis to determinethe degradation,
sorptionanddispersioncoeficientsfor the grassherbicideS-Metolachlor(2-chloro-6’-ethyl-
N-(2-methoxyl-methylethyl)-O-acettoluidide) andits two major metaboliteson the basisof
mini-lysimeterleachatedata. Thetransformatiorpathsof interestareshavn in Figure5.21.

Theexperimentapartof this studywasconductedy Hornin hisdiplomathesisatthelnsti-
tute of GeoecologyTechnicalUniversityof Braunschweigindat the Novartis Crop Protection
AG, Basel.Herethe discussioris restrictedto the experimentalaspectsequiredfor modeling
andparameteestimation.For moredetailsaboutthe experimentswve referto Horn’s diploma
thesis(1999(62]).
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5.5.1 Experimental Set-Up

For the studysoil samplef a sandyloam aretakenfrom anagriculturalsitein Switzerland.
Thesoil choserconsistof 12% clay, 21% silt and67% sandandhasanorganiccarboncontent
of 1.2%. Glassmini-lysimetersof 0.3 m lengthand0.145 m diameterasshavn in Figure5.22,
areinstalledon a lysimetertestsitein Stein,Switzerland.

After a preconditioningphaseof four weeks,soybeanseedsare put into the soil column.
Two daysaftersawing (17 May 1999)a solutionof the 1“C-labeledparentcompoundS-Meto-
lachloris drippedon the baresoil with a syringe.During thefirst 24 hoursthe mini-lysimeters
areprotectedrom precipitationin orderto enableanoptimalefficiengy of the substanceThen
themini-lysimetersaareexposedo normalclimatic conditionsfor 97 days(18 May to 23 August
1999).Meteorologicabata,e.g.air temperatureyrigation andprecipitationvolumes aredaily
recordedat the testingfacility andaresummarizedn Figure5.23. The leachatesrecollected
in intenals of 14 daysand are analyzedfor their radioactvity amount. The amountof S-
Metolachlorandits metabolitesarequantifiedby thin layerchromatographyTLC).

In addition,a mini-lysimeterwith a nominalsuctionof —90 ~Pa at the lower boundaryis
installedto studythe watertransport. TDR is usedto monitor the volumetricwatercontents.
TDR probesareinsertedin 5 ¢m, 15 em, and25 ¢m depthanddatais recordechourly during
theexperiment.

IFigureswereprovidedby Horn
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5.5.2 Modeling
Water Transport

Thewatertransporis modeledby the Richardsequationn 6 (5.17)-(5.20)asdescribedor the
field experimentin Section5.3. Againtheideais to employ the TDR measurementat 5 cm
and 25 ¢m depthasupperandlower boundaryconditionsandto estimatethe unknovn van
Genuchtemparameters, a and K by fitting the TDR datain 15 ¢m depth.Thistime, however,
this approacHails. In contrastto the TDR datain Section5.3, Figure 5.8, the mini-lysimeter
studiedhereshaows a higherwatercontentat 15 em thanat5 ¢m and25 ecm. Thereareseveral
possibilitiesto explain this unusualbehaior. It may be causedy the suctioninstalledat the
lower boundarybut alsoby theinfluenceof preferentiaflow processesr by inhomogeneities
of the soil core. Studiesshav thatin this caseit is not possibleto reproducethe obsered
behaior by the Richardsequation.

As areliabledescriptiorof theflow of wateris necessar{o meaningfullysimulatethetrans-
port and degradationbehaior of S-Metolachlorandits main metabolitesthe experimenters
proposdo approximateherequiredquantitiesj.e. thevolumetricwatercontentd(z, z) andthe
waterflux densityq(t, z) asfollows. Firstof all, it is assumedhatthe volumetricwatercon-
tentsd aswell asthewaterflux densities; areconstanticrosghesoil profile. Weeklyaveraged
volumetricwatercontentsare obtainedfrom TDR data. Waterflux densitiesarealsoadjusted
in weeklyintenals. Their averagedvaluesarecalculatedasthe meanof averagedrainagelux
densitiesandaverageprecipitation/irrigatiorflux densitiesvithin thetime intervalsconsidered.
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Solute Transport

After preliminarystudieghefollowing modelconsistingof threePDEsis setup to describehe
ervironmentafateof the parentcompounds-Metolachloy P, andits mainmetabolites)/; and
M, for thetransformatiorpathsgivenin Figure5.21:

oc Ds d%c Oc
R”a—: T 6z2p B %8—,: — kilipep — ko lipep — ki lipep (5.33)
dc 1 Ds 620 i oc 1
Ray =it = P50 = S5 ik Recp — kanRascan, (5.34)
dc Ds 820 Oc
RM2 81:12 _ 7 8;;42 _% aj‘z/b + fokaRpcp — k‘elgRMQCMQ, (535)

with retardatiorfactorsdescribindinearequilibriumsorption

R=1+ ng,l, I = P, M, M. (5.36)
In all caseghe degradationprocesss consideredo be first orderlinear andto take placein
boththedissolhedandtheadsorbeghase Assumingthatdispersioraffectsthetransporof all
threespeciedo the sameextent,only oneapparentlispersiorcoeficientis defined

D, = \q| + aexp (b8) D, (5.37)

For the sale of clarity, we summarizeall variablesintroducedaborve andexplain themin the
following table:

Cp, CoMy» CMy Residensoluteconcentratiorof the parentcompoundpf metabolitel,
andof metabolite2 [g m 3]

Kap, Koum,, Kpa, Linearsorptioncoeficientof the parentcompoundpf metabolitel,
andof metabolite? [m3g 1]

k1, ko, K, Degradatiorrateof the parentcompoundo metabolitel,
to metabolite2 andto othermetaboliteandCO, [d~]

keiy koo Degradatiorrateof metabolitel andmetabolite2 to othermetabolites,
andCO, [d71]

f1r for f3 Correctionfactorsfor the masshalanceof thetransformation

processesl |

Volumetricwatercontent1]

Volumetricwaterflux density[m d ']

Porewatervelocity [m d ']

Bulk density[g m 3]

Apparentdispersiorcoeficient [m? d !

Dispersionength|m|

Moleculardispersiorcoeficientin water(4.3 - 107° [m?d 1)

Soil parameterfor sandyloam(0.005 [1])

Soil parameterfor sandyloam|1]

I
Q
~

>

g

S Q @y@bdﬂ%
v
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As in the mini-lysimeterstudydiscussedn Section5.4, we assumehe substancein this
casethe parent,to be incorporatedn the upper5 c¢m of the soil definingthe following initial
condition

< 0.05
cp(0,2) = { 80 j o0 2> 0. (5.38)

At thebeginningof theexperimentthemini-lysimeteris assumedo befree of metabolitel and
metabolite?

e, (0, 2) = e (0,2) = 0.0 z > 0. (5.39)

Afterwards,no moresubstancés added.Therefore zeroflux conditionsareformulatedat the
upperboundary

-0 =P M,M, t>0. (5.40)

z=0

(vcl(t7 2) — % 80152, z))

Thelowerboundaryof the mini-lysimeteris modeledby meansof thesemi-infiniteapproacthof
vanGenuchtemndParker (1984[131],1984[99]). For thecomputatioracolumnof L = 1.0m
lengthwith a Neumanrconditionatthelower boundaryis used

eyt 2)
0z

At the actuallower boundaryof the mini-lysimeter L. = 0.3 m, flux-averagedconcentrations
for thethreespeciesareobtainedvia

=0 =P M,M,. (5.41)

z=L

Dy dc(t, 2)

lelu:t<t’ Z) = Cl<t7 Z) - q B )

| =P, M, M. (5.42)

Theleachateconcentrationd/; for the parentP andthe metabolites\/; and M,, sampledn a
timeinterval [t;,_,, t;], aremodeledoy

. 1 ti
M;(tz-,Le)t._t._l/ " (r,Lydr, i=1,---,n  1=P M, M, (543)

ti—1

In orderto simulatethetransporanddegradatiorbehaior of thethreespeciesyaluesfor all
parametersisedin themodel(5.33)-(5.43arerequired.Someof theparametersanbederived
from literatureandfrom (laboratory)experimentswhile the othershave to be determinedoy
parameteestimation.

Thelinearsorptioncoeficient for the parentS-Metolachlorwhich is known to be a rather
immobilesubstances calculatedrom the organiccarbonpartitioncoeficient Ko p = 2.46 -
10~*m3g~! andthe organiccarboncontentof thesoil C,,,., = 1.2 [%] by

Corg [%0]

_ 106 3 -1
100 =2.95-10 m>g . (5.44)

Kap = Koc,p



112 Numerical Results

Themassbhalancecorrectionfactorsof thetransformatiorprocessarederivedby

Mmol,praduct
fi TA—— 1=1,2,3, (5.45)
whereM, o1 product ANAM,,01 cauet dENOtethemoleculamweightof the productandthe molecular
weight of the educt,respectrely. For the substancesonsiderecherethe valuesf; = 1.241,
fo = 0.987 and f; = 0.795 are obtained. The initial concentratiorof the parent,which we
considetto beincorporatedvithin thefirst 5¢m of the soil, is computedrom theactualamount
of substancappliedm,, = 2.45 - 1073 [¢ m~*] accordingto

mp

" Vo.Rp

co =0.579 [gm™). (5.46)
Here,V,, = 6V, whereV, = 8.25 - 10~* [m?] is the volumeof the soil cylinder consideredind
6 = 0.35 [1] is thewatercontentattime ¢ = 0. Dueto equilibriumsorptiononly a partof the
substancappliedis availablein thedissohedphaseln orderto obtainthe concentrationn the
dissohedphasethequantitym,/V,, hasto bedividedby theretardatiorfactork = 1+ £ K p
with p = 1.62 - 10¢ [gm3].

Unknown parametersre the linear sorption coeficients for the metabolites,/; 5, and
K, um,, thedegradatiorratesof theparento themetabolites\/; and, andto othermetabolites
andCO., k1, ks, k3, the degradationratesof the metabolites)/; and M, to othermetabolites
andCO., k., andk.., thedispersiorilength A andthe parameteb in the apparentispersion
coeficient D,. In summary9 parameterbave to be estimatedn the basisof leachatedatafor
the parentandthetwo metabolites\/; and M.

5.5.3 Results

In afirst step,we investigatahe performancef theinitial guesse$or theunknonvn parameters
asgivenin Table5.19,which arecollectedfrom literatureor are obtainedfrom prior (labora-
tory) studiegHorn, privatecommunication)In Figure5.24thesimulationresultsfor the parent
andthetwo mainmetabolitesisingtheinitial guessearecomparedvith themeasuredeachate
concentrationsWhile the simulatedresultsfor the parentarein accordancevith the measure-
ments the onesfor the metabolitegliffer by aleastoneorderof magnitudeérom the measured
leachateconcentrations.

In particular notethatatthetime pointt = 84 [d] nomeasuremertatais available.Dueto a
droughtof two weeksanda missingirrigation (seeFigure5.23),notenoughoutflowr is sampled
to enableareliableanalysis.In orderto guaranteeneasuremerttatafor thelastsamplingpoint
t = 98 [d] (23 August1999),the mini-lysimetersareirrigatedduring the lastweekwith up to
10 mm waterperday.

The parameteestimationproblemfor all 9 parametershowever, is singular which is not
surprisingconsideringhe measuremerdataavailable. In orderto identify the parametershe
optimizationproblemis regularizedby estimatingonly someof the parametersimultaneously
while keepingthe otherparameterdixed. The final resultsare presentedn Table5.19. The
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Figure5.24: Simulationwith initial parameteguesses.

Initial Guesses Estimates Unit
K, 0.12-107% 1.18-1075+0.176- 10~° [m3g~]
Ka, 0.14-107% 0.96-1076 £ 0.168 - 1075 [m3g~]

k, 0.0335 0.23+ 0.06 [d=1]
r 11-10 % 089-10 2£0.16-10 2 [d |
ko 7.85-107% 6.05-1073+£0.12-102  [d7}]
A 0.054 0.144+ 0.02 (m]
kent 5.31-10° 5.37-10°+£064-10°  [d ]
ke 1.32-1072 1.34-10724+0.15-1072  [d7]
b 10.0 4.83+ 4.89 1]

Table5.19: Initial Guesse<stimatesand95 % Confidencdntervals

groupsof parameterestimatedogetheareseparately horizontalines. Accordingly, the 95%
confidencantervals only referto the correspondinggroups. Table5.19 shows that the initial
guesse$or thedegradatiorratesk, ks, k.1 andk,, areessentiallyconfirmedby the estimates
exceptfor k. which is increasedy a factorof 7. Theinitial guessedor the linear sorption
coeficients K, »s, and K, 5z, aresignificantlyreducedoy optimization,while the estimatefor
thedispersiorength is approximatelythreetimesthevalueof theinitial guess.Thevaluefor
theparameteb in the apparentlispersiorcoeficient, however, is ill-determined.Eventhough
the estimatiornresultspartially differ considerablyrom the initial guesseswhich areobtained
from literatureor laboratoryexperimentsall estimatedie within reasonableangeqseeHorn,
1999[62]).

As Figure5.25demontratesg satisfyingmatchof simulatedandmeasuredeachateoncen-
trationsis obtained,bearingin mind the approximationsnadefor the watercontentsandthe
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Figure5.25: Simulationwith estimategparameters.

waterflux densities.The solutionsurfacesillustrating the transportand degradationbehaior
of the parentcompoundandthe two metabolitesareshovn in the Figuresbs.26,5.27and5.28,
respectrely.

Thisexample however, demonstratethatthemeasuredatais by far notoptimalfor param-
eterestimation acasehatoftenoccursin practice.Up till now, experimenthave generallynot
beendesignedwvith the objective of parameteestimation.Commonly the mainfocusof such
studiesis on investigatingthe transportand degradationbehaior of substancesndernormal
climatic conditions. The dataobtainedfrom theseexperimentss thenre-usedfor parameter
estimationleadingfrequentlyto ill-posedor singularproblems.

Theresultsdiscusse@boverevealthatparameteestimatiorrequiresdesignghatguarantee
datawhich containsenoughinformationin orderto reliably determingheunknovn parameters.
In the next sectionwe will outline how optimal experimentaldesignsfor this type of outflov
experimentanbe obtainedandhow they improve the quality of the estimatiorresults.

5.6 Optimization of Experimental Conditionsin Column Out-
flow Experiments

In this sectionan optimal experimentaldesignproblemfor a hypotheticalcolumnoutflon ex-
perimentis outlinedto demonstratéhe potentialof ECOPLAN. Thecomputedptimalexperi-
mentaldesignshownsthatit is possibleo reliably estimateébothsoil hydraulicandervironmental
parameters oneexperimentsolelyonthebasisof averagedeachateoncentrationgDieseset
al.,2000[42)).

In thefollowing severalscenariosarediscussedin thefirst scenariothe samplingscheme

1Differentscalethanfor themetabolites\f; and M,
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is givenandkeptfixed. Here,theaimis to optimizethe experimentalboundary)onditions,in
particularthe irrigation schemeandthe substanceoncentrationn theirrigation water More-
over, the influenceof differenttypesof measuremergrrorswith differentstandardieviations
is investigatedIn the secondscenariopoththe samplingschemeandthe experimentalkcondi-
tionsareoptimizedsimultaneouslyThe lastsectionis devotedto parametesensitvities of the
resultingoptimaldesigns.

5.6.1 Model Equations

For bothscenarioshesystenis describedy thefollowing coupledPDEsandinitial andbound-
ary conditions:

Watertransport:
oy O 0 _
CWn) 5 = 2[R () 5 (e — 02)] (5.47)
Um(0,2) = 670, z2>0 (5.48)
0
Wmt,0) _ s, (5.50)
0z
Solutetransport:
d(fc) 0 dc,  9(qc)
c(0,2) = 0, 2>0 (5.52)
oc
~Du(ole,0) X0 4 B flet0) = S Han(t0) (5.53)
ac(;,zoo) — 0, t>0 (5.54)

Altogether6 parameterareunknavn: the van Genuchterparameters, o and K, the degra-
dationratek, andtheparameters and D,,, in the hydrodynamialispersiortermof theform:

aeb&

The length of the soil column (L) is 31.5c¢m. To approximatethe infinite lower boundary

conditiona hypotheticacolumnof 90 cm lengthis computed.
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Original Scaled DesignA DesignB

A-Criterion 3.88 0.75
n 1.2 1.0 +0.1604 =+ 0.0800
Q 0.0102 1.0 +1.5968 4 0.8600
K, 10.0 1.0 +3.3751 +1.6735
k 0.05 1.0 +0.0124 +0.0083
b 10.0 1.0 +3.0460 4+0.9712
D,, 20.0 1.0 +0.2644 4 0.1032

Table5.20: StartDesignsA andB: A-CriterionValuesandStandardeviations

5.6.2 Scenariol: Optimization of Experimental Conditions

Accordingto commonmeasuremergracticefor outflow experimentsye setup thefollowing
scenarioleachatas samplecandanalyzedn aprescribecequidistantime grid. Two typesof
measurementare carriedout. During the experimentalperiodof 12 daysleachatas sampled
twice adayandsubstanceoncentrationf theleachatesareanalyzed At theendof theexper
imentthe columnis slicedandresidentconcentration#n 4.5, 9.0, 13.5, 18.0, 22.5 and27 cm
deptharedeterminedThestandardieviation of theleachate&oncentrationmeasurementis as-
sumedo bes = 0.01. For theprofileresidentoncentratiomeasurementsstandardleviation
of 0 = 0.1 isused.

The experimentakonditionsin this scenaricareoptimizedwhile keepingthe samplingde-
signfixed. Here thetwo controlfunctionsarethewaterflux densityq(¢, 0) (5.49)andtheadded
substanceoncentratiorn(t, 0) (5.53)attheupperboundaryz = 0. Both controlfunctionsare
parameterizedby piecavise constantfunctionswith valuesin the intervals [0, 0.6] and[50.0,
200.0],respectrely. It isassumedhatthecontrolsmaychangeonceadaywithin theprescribed
ranges.

Start designs

As the optimizationproblemconsidereds nonlinear aninitial guesshasto beprovided. In the
contet of our experimentaldesignproblemthisimpliesthata startdesignfor both parameter
ized controlfunctionsis needed.

Startdesignsaregivenin Figure5.29and5.30. For examplein startdesignA, the input
waterflux ¢(t, 0) is reducedstepby stepwhile keepinghesubstanceputconcentratiom (¢, 0)
constantat a mediumlevel. In startdesignB, we combinethe maximumfeasiblewater flux
duringthecompleteaxperimentaperiodwith aconstantmediumsubstanceputconcentration.
Within thegivenconstraintsor the controlfunctionsthe startdesignsA andB seento begood
choices.

Before presentinghe optimal experimentaldesignresultsfor this problem,we discusghe
guality of the parameteestimatesonewould obtaincarryingout startdesignA or B. For the
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Figure 5.30: Piecavise constantlyparameterizedtart designsA-D for input concentration

Cg(t, O)

(0% KS k b Dm

n -0.79 -0.99 0.80 -0.41 0.43
o - 0.85 -0.29 -0.23 0.21
K - - -0.74 0.32 -0.35
k - - - -0.84 0.87
b - - - - -0.99

Table5.21: StartDesignA: CorrelationMatrix
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[0 Ks k b Dm

n -091 -0.99 -0.12 0.03 0.06
a - 0.87 -0.27 -0.43 0.36
K - - 0.21 0.06 -0.15
k - - - 0.97 -0.98
b - - - - -0.99

Table5.22: StartDesignB: CorrelationMatrix

calculationsthe original parametenaluesare scaledto 1.0 (Table 5.20). Even thoughboth
designsenableparameteestimatessomeof the standardleviationsarenot acceptable.

For startdesignA with an A-criterionvalueof 3.88the standarddeviationsfor «, K, and
b arel.5respectrely 3.0 timesthe parametewvalues(Table5.20). Estimatesof this accurag
areunsatiséctoryfor ary practicalpurposes.The correlationmatrix, Table5.21, revealsthat
the estimationproblemis nearlysingularwith two entriesin the correlationmatrix of modulus
0.99.

StartdesignB seemgo be morepromisingwith an A-criterionvalueof 0.75being5 times
smallerthanfor designA. Neverthelessthe standarddeviationsfor «, K, andb arestill too
large (Table5.20). Additionally, the correlationmatrix, Table5.22, containsfive entrieswith
modulusgreaterthan0.90andtwo of thembeing0.99.

Optimal experimental design

Startingthe optimizationfrom startdesignA, B, or oneof theotherstartdesignggivenin Figure
5.29and5.30,ECOPLAN deliversin all caseshe sameoptimal experimentaldesignwith an
A-criterionvalueof 0.047whichis afactorof 19 betterthanstartdesignB. Thisoptimaldesign
deliverssufficiently small standarddeviationsfor all parameteestimategTable5.23)with the
sameexperimentakffort.

Theoptimaldesigndor theinputwaterflux ¢(t, 0) andthe substanceoncentratior,(t, 0)
are shavn in Figure5.31and5.32. The waterflux (Figure 5.31) startswith the maximum
feasiblerate and thenthe infiltration is stoppedfor 3 days. During the following 3 daysa
mediumrateis chosernwhichis followedagainby 4 daysof maximuminput. For thesubstance
input concentratior(Figure5.32)it is found that a changebetweemmaximum,minimum and
againmaximumratesis optimal. It shouldbe notedthat- asa sideeffect - the correlationsare
reducedsuchthatthereoccurno entriesof modulus0.99ary more(Table5.24).

To summarizeve canstatethatby mathematicabptimizationwe obtainexperimentakcon-
ditionsthatallow for parameteestimate®f significantlyhigheraccurag comparedo straight-
forwarddesigns.
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Figure5.31: Scenaridl: Optimaldesignfor inputwaterflux ¢(¢, 0).
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Figure5.32: Scenaridl: Optimaldesignfor inputconcentratiorn (¢, 0).

A-Criterion 0.047

n
o
Ks
k
b

Dy,

1.0
1.0
1.0
1.0
1.0
1.0

H H HH R

0.0191
0.2438
0.4348
0.0086
0.1852
0.0108

Table5.23: Scenarial (Examplel): Optimal Design: A-Criterion Valueand StandardDevia-

tions
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(6] KS k b Dm
-0.98 -0.93 0.19 0.77 -0.87

n
o - 0.98 -0.04 -0.63 0.76
K, - - -0.17 -0.49 0.64
k - - - 0.712 -0.60
b - - - - -0.98

Table5.24: Scenaridl (Examplel): Optimal Design:CorrelationMatrix

Original Scaled Exp.1 Exp.2 Exp.3

A-Criterion 0.047 0.075 0.0038
n 1.2 1.0 +0.0191 +0.0283 +0.0047
o 0.0102 1.0 +0.2438 +0.2850 4+ 0.0747
K, 10.0 1.0 +0.4348 +0.4735 +0.1126
k 0.05 1.0 +0.00857 +0.0121 =+ 0.00007
b 10.0 1.0 +0.1852 +0.3764 +0.0691
D,, 20.0 1.0 +0.0108 +0.0351 +0.0064

Table5.25: Scenaridl (Experimentsl-3): A-CriterionValuesandStandardeviations

Modified experiments

As we have seenit is possibleto find a designby optimizationthat enablesreliable param-
eter estimateon the basisof 24 leachatemeasurementand 6 profile measurementsln the
following this set-upis referredto asExperimentl.

However, the questiormayarise whetherthe 6 profile obsenationsobtainedoy slicing the
columnareessentiabr whetherthey containin principle redundaninformation. How 'good’
would an optimal designbe without theseprofile datacomparedo the resultsof the previous
section?

To answerthesequestionave computethe optimalexperimentadesignfor a secondexper
iment, Experiment2, that only takesthe leachatemeasurementmto account. As in Experi-
ment1, we assume standardleviation of ¢ = 0.01 for thesemeasurementdJsingthe same
startdesigndor the controlfunctionsasbefore, ECOPLAN corvergesagainin all casedo the
sameminimumwith an A-criterionvalueof 0.075. But the A-criterion valuehasnearlydou-
bled. Table5.25shaws thatimportantinformation,in particularfor n, b and D,,,, is lostwhen
neglectingthe profile data.

In addition,theseresultsconfirmwell known difficulties with a preciseestimationof K.
Experimentl and 2 demonstrateéhat the profile data containsparamountinformation even
thoughthey areafactorof 10 lessaccurate Supposeave could measurehe profile concentra-
tionswith the sameaccuray asthe leachateconcentrationgo = 0.01), how would this affect
the estimationresults? The computationof the optimal experimentaldesignfor this set-up,
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Scaled Scenl (Exp.1) Scenz2

A-Criterion 0.047 0.026
n 1.0 +£0.0191 4+ 0.0215
1.0 +0.2438 + 0.203
K, 1.0 +0.4348 4+ 0.2872
k 1.0 4 0.00857 4+ 0.0050
b 1.0 +0.1852 + 0.1876
D,, 1.0 +0.0108 4+ 0.0217

Table5.26: Scenaridl and2 (Examplel): A-CriterionValuesandStandardeviations

denotedby Experiment3, revealsthe significantimpactof good profile measurementsn the
reliability of the parameteestimategTable5.25).

5.6.3 Scenario2: SimultaneousOptimization of Sampling Schemeand
Experimental Conditions

In accordanceavith commonmeasuremenpracticeleachatesre sampledin Scenariol on a
fixed equidistanttime grid consistingof 2 measurementper day over a period of 12 days
(altogether24 measurements)But it seemamostlikely that a non-equidistansamplinggrid
optimizedtogetherwith the experimentalconditionscould further improve the reliability of
estimates.

Assumingthat leachatesamplingis generallypossibleevery 6 hours,a feasiblesetof 48
measuremenpoints = is defined. Within this set24 measurementghe samenumberasin
Scenaridl, have to be chosen.For the two control functionsg(t¢, 0) andey (¢, 0) the samestart
designsasin Scenaridl, Figure5.29and5.30,areused.

As expected by the optimizationof both the samplingschemeandthe experimentalcon-
ditions, againa considerableeductionof the A-criterionvaluefrom 0.047in Scenariol (Ex-
amplel) to 0.026canbe achiered (Table5.26). It shouldbe notedthat this improvementis
obtainedwithoutincreasinghe numberof measurementslhe optimal designgor the control
functionsg(¢,0) andey(t, 0) aregivenin Figure5.33and5.34.

Figure5.35shawvs the computeccumulatedeachateconcentrationandthe optimizeddis-
tribution of measuremenmnoints,i.e. the weightsw, which aremarked by verticalbars. Note,
thattheintegrality constraint$or the weightsaresatisfied.Sono roundingstratgy wasneces
sary

5.6.4 Parameter Sensitvity of Optimal Designs

At thefirst glanceonedravbackof designoptimizedto theclassicakxperimentablesigncrite-
ria (A-, D-, E-optimality) for nonlinearmproblemscould betheir dependencen the (unknown)
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Figure5.33: Scenarid®: Optimaldesignfor inputwaterflux ¢(t,0).
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Figure5.34: Scenarid®: Optimaldesignfor inputconcentratiorn (¢, 0).
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Figure5.35: Scenari®: OptimalsamplingschemendcumulatedeachateoncentrationsThe
24 chosemmeasuremergointsout of the 48 feasibleonesaremarkedby verticalbars.

parametersAs statedbefore, differentassumptiongaremadefor parameteestimationandop-
timal experimentaldesign. While for parameteestimationcontrolsandweightsarefixed and
parameterareoptimized thisis vice versafor optimalexperimentaddesignwherecontrolsand
weightsarefreevariableswith parameterbeingfixed.

However, the true valuesof theseparametersre, of course,generallyunknovn. Thus,
we arefacingthe paradoxicakituationthat the optimal designrelies on the guesse®f those
parametersvhich in factthe experimentis beingdesignedo identify. As theseguessesight
considerablydiffer from the true values the optimizeddesignshouldalsoperformwell over a
reasonableangeof parametewalues.

To studythe effect how well suiteda designthatwasoptimalfor a specificparametesetis
for othervaluesof parametersA-criterionvaluesfor Examplel (Scenaridl) areevaluatedby
successiely shiftingoneparametewithin aplausiblerangewhile keepingtheotherparameters
fixed. For perturbationaup to 100 % in both directionsthe A-criterion valuesare plottedin
Figure5.36. Here, the (scaled)parametervalues1.0 correspondo the valuesfor which the
designwasoptimized.

For someshiftsthe A-criterionvalueis reducedput for others for examplewhendoubling
thevalueof K, it isincreasedipto afactorof 5. At first, this doesnot seenvery promising.

But comparingtheseresultswith the A-criterionvaluesobtainedusingthe startdesignsas
givenin Figure5.29and5.30,thetremendougotentialof optimalexperimentablesignbecomes
obvious.Figure5.37revealsthateventhoughthe A-criterionvaluesmightbeafactorof 5or 10
worsefor thedisturbedbarameterghey aredrasticallybetterthanfor ary of thestraightforvard
startdesigns.This indicatesthe robustnesof the optimizedexperimentaldesignagainstipoor
parameteguesses.
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Figure 5.36: Sensitvity of A-criterion valuesfor shifting one parametemhile keepingthe
otherparameter$ixed. Parameter®f value 1.0 correspondo the optimal design(Scenarial,
Examplel).
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Figure5.37: A-criterionvaluesfor startdesignspptimaldesignanddisturbedoptimal designs
(Scenaridl, Examplel). In contrasto Figure5.36adifferentscalingis usedn orderto include
alsothe A-criterion valuesfor the startdesigns. This demonstrateshe potentialof optimal
experimentadesignandits robustnessgainsipoorinitial parameteguesses.
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Conclusionsand Outlook

In this lastchapterwe a give a brief summaryof the developedmethodgor parameteestima-
tion andoptimalexperimentadesignwith regardto their performancen applicationproblems.
Finally, we discusgpossibleextensionsanddevelopmentof our methodsaswell asfurtherar
easof application.

Summary and Conclusions

In this work we have presentecefficient and reliable methodsfor both parameteestimation
andoptimal experimentaldesignin waterflow andreactve solutetransportprocesse soils
describedy instationarypartial differentialequationoupledwith ordinarydifferentialequa-
tions. In particular the tools ECOFIT and ECOPLAN have beendevelopedsupportingthe
inversemodelingapproachor the purposeof registration. The regulatoryframework of Euro-
peanauthoritieshasbeentakeninto accountaswell.

ECOFIT hasso far beenthe only tool which provides, even for highly resolhed spatial
grids, a reliable solutionfor inversemodelingin waterflow andreactve solutetransportpro-
cessesvithin arangeof 1-2 hoursCPUtime. This reductionof the computationaéffort for the
problemclassconsideredvasessentiallyachiezedby meansof thefollowing strategjies:

e A reducedGeneralizedGauss-Newtormethod (Chapter 2)

We exploit the factthat the systemaunderconsideratiorhave only few degreesof free-
dom, namelyasmary asthe modelhasunknonvn parametersThe explicit computation
andstoragenf theJacobiarof thenonlinearconstrainedeast-squargsroblemis avoided.
Instead,the linear systemsare simultaneouslyevaluatedand decomposedising direc-
tional derivatives. This reduceshe computationaéffort for the generatiorof derivatives
essentiallyto theonerequiredby a singleshootingmethodwhile maintainingthe adwan-
tagesof themultiple shootingmethod.

e A modified Newton method for the computation of dir ectional derivatives (Chap-
ter 3)
As aresultof thereducedGeneralizedsauss-Netonmethodonly few directionalderiva-
tiveshave to be computed.Thus,insteadof solvingthe linear systemsarisingfrom the
computationof the correspondingariational differential equationdirectly, a modified
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Newton methodis usedto avoid the expensve computatiorof theright handside f with
respecto thestatesy (f,) in every BDF-stepof theintegrator

¢ A speciallytailor ed strategy for the computation of f, (Chapter 3)
We exploit the factthatasa resultof the useof fixed spatialgrids, which arisefrom the
discretizatiorof the PDEsin spacethe sparsitypatternof f, remainsunchangedn the
courseof the reducedGeneralizedSauss-Neton method. Applying matrix compres-
siontechniquesn theframevork of automatiadifferentiationthe effort to computef, is
reducedo the samecompleity orderasthe evaluationof theright handside f.

Therobustnesandreliability of ECOFIT hasbeentestedanddemonstratetly meansof hypo-
theticalcolumnexperimentausinga controlledscenarigSection5.1 and5.2). Its usefor esti-
matinghydraulicandernvironmentafateparameterfrom field (Section5.3)andmini-lysimeter
data(Section5.4and5.5) hasprovenECOFIT to be a powerful tool for inversemodeling.

Secondlywe have developedECOPLAN (Chapter), whichis thefirst tool for optimalex-
perimentaddesignof columnandlysimeterexperimentghatallows to simultaneouslyptimize
both

¢ theexperimentaktonditions suchasboundaryconditionsdescribingrrigationandappli-
cationschemesand

e thesamplingschemessuchastheallocationof measuremergointsin time andspace.

In thiswork, ECOPLAN hasbeenusedio optimizetheexperimentatlesignof atypical column
outflow experiment(Section5.6). Thedifferentfeatureshave beendemonstratedkecentlywe
have determinedan optimal experimentaldesignfor soil columnexperimentsby ECOPLAN
which will be carriedout by the group “TerrestrialSystems”of Kurt Roth at the Institute of
ErnvironmentalPhysicsUniversityof Heidelbeg.

Severalinstitutesaswell regulatoryagenciesiave expressedheir interestin ECOFIT and
ECOPLAN. ECOFIT hasalreadybeenusedfor inversemodelingstudiesby BASF Agricul-
tural CenterLimburgerhof.

Outlook and futur e work

In the following, we outline further promisingdirectionsof researcHor parameteestimation
andoptimalexperimentadesignbuilding on ECOFIT andECOPLAN:

¢ Incorporationof adaptve spatialdiscretizationmethodsthat are suitablefor parameter
estimationin the context of thereducedGeneralizedsauss-Neton method.

¢ Extensionof the developedmethoddor parameteestimationandoptimal experimental
designto two andthreedimensionse.g.in orderto studyheterogeneousoils.
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e Developmentof methodsfor modeldiscriminationin transportprocesseslescribedoy
instationarypartial differentialequations.

¢ Onlineoptimizationof experimentadesigns.

e Extensionof the methoddor the treatmenbf parameteestimationand optimal experi-
mentaldesignproblemsover randomparametefields.

In this work the primaryfocushasbeenuponwaterflow andreactve solutetransportpro-
cessesn soilsconsideringn particularcolumn, mini-lysimeterandfield experiments.In gen-
eral, the developedmethodscanbe appliedto a by far broaderclassof transporfprocessem
porousmedia,asthey arise,for example,in chemicalengineering.
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Appendix A

Spatial Discretization Routines

A.1 Weighting Coefficientsfor DSS004 and DSS020

The routine DSS004 (Schiesser1991 [107]), basedon an equidistantcentereddifference
schemeof orderfour, is appropriatdor parabolicPDEs. Therespectre weightingcoeficients
canbederivedby linearcombinationf Taylor seriesexpansiongFornbeg, 1988[51]):

duy/dz =1/(24Az)(—=50 u; +96 us —72 uz +32 ugs —6 us )+ O(AzZ%)
dug/dz =1/(24Az)(—6 u; —20 uy +36 uz —12 ug +2 uz )+ O(Az*)
duz/dz :1/(24A2)( 2 U;—2 —16 Uj—1 + 0 U; +16 Uit1 — 2 Ui+2) + O(AZ4)
duN_l/dz:l/(24Az)(— 2 ’U,N_4+]_2’U,N_3—36’LLN_2+20UN_1+ 6 un ) -+ O(A )
d’UN/dZ :1/(24AZ)( 6 UN—4_32'U/N—3+72UN—2_96UN—1+50 un ) -+ O(A )

TableA.1: DSS04: WeightingCoeficientsfor uy, ug, u; (i =3,... , N —2), uny_; anduy.

Note, thatin orderto avoid fictitious pointsfor the grid points¢i = 1,2, N — 1, N non-
centeredpproximationsreused.Thederivationof weightingcoeficientsfor unequallyspaced
gridsis usuallybasedn Lagranganterpolationpolynomials.

The routine DSS020 (Schiesser1991[107]) which takes into accountthe direction of
flow is suitablefor corvective systemsnodeledby first-orderhyperbolicPDEs. The five point
biasedupwind finite differenceschemeof orderfour derivedby CarnerandHinds (1978[30])
combinedothcenterecandbiasedupwindapproximationso reducenumericaloscillationand
numericaldiffusion. The correspondingveightingcoeficientsaregivenin TableA.2.

A.2 Comparisonof Numerical and Analytical Solutions
In orderto checkthe accurag achieved by usingthe spatialdiscretizationroutinesDSS004

and DSS020 numericalsimulationresultsare comparedwith analyticalsolutionsevaluated
by Mathematicg140]. Similar to Stock (1995[122]), the following convection-dispersion
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duy/dz=1/(12Az)(— 2 up +48 us —36 uz +16 uy —3 us )+ O(Az?)
dus/dz=1/(12A2)(— 3 u; —10 uy +18 uz —6 wuy +1 us )+ O(Az*)
dug/dz=1/(12Az)( 1 u —8 uy +0 uz +8 ug —1 us )+ O(A2*)
du;/dz=1/(12A2)(— 1 u;_3+ 6 u;_g —18u;_1 +10 wu; + 3u;y1) + O(Az?)
dun/dz=1/(12A2)( 3uy 4—16uy 3+36uy 2—48un 1+25 uy ) + O(Az?)
TableA.2: DSS020: WeightingCoeficientsfor uq, ug, us, u; (i =4,... ,N — 1) anduy

equatiorfor which ananalyticalsolution(vanGenuchterandAlves,1982[130]) is availableis

usedasareferenceroblem:

dc &c dc
— —D— —v— .
Bot = Pon V% A1
2,0)=0
8C(Ot 0.1) = vco 0<t<ty
0z N t >t (A.2)
00,t)
82 =0
Theassociatednalyticalsolutionis of theform:
o ¢+ (CO — Ci)A(Z,t) 0<t<ty
6(27 t) a { ¢ + (CO — Ci)A(Z, t) — CUA(Z,t — to) t> to, (AS)
where
1 Rz — ot v2t (Rz — vt)?
A(z,t) = —erf . -
(26) = sertels S+ 2pr L= —ipRr (Ad)
1<1+_+v_t)ex(z) f[RZ-i—Ut} '
2" "D " DR'P oV DRt

The simulationis carriedout for the valuesRk = 1.0

,v=1.0,D =1.0,ty = 0.5, ¢g = 1

andc; = 0. In FigureA.1 concentratiomprofilesin deptharegivenfor thetime pointst = 2.5,

5, 10, 15 and20. Comparingthe numericalandthe analyticalsolutions,FigureA.2, revealsa
goodagreementor the useof theroutinesDSS004 andDSS020 basedn 101 spatialnodes.
Plottedis thedifferencebetweertheanalyticalandthe numericalsolutionwith respecto depth
z for differentpointsin time. Note,thatdifferentscalingsfor the concentrations is used.

In accordancéo the theory by refining the grid, i

.e. by increasingthe numberof spatial

nodesthe spatialdiscretizatiorerroris reducedFor example,usinga grid with 401 nodesthe

maximalabsoluteerrorbecomesessthan6.0 x 10~7.
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