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Notations

Groups

C(n) cyclic group of order n

Q* = 27 1Qx, conjugate of

a’ = b~ lab, conjugate of a

a* ba* = b*, inner automorphism generated by a

Cq(P) centralizer of P in G

[G : H] index of the subgroup H in G

A B = @, Aey ¥ B, restricted wreath product of A and B

7.0 group ring of () with integer coefficients
Set theory

N ={0,1,...}, the set of natural numbers

H\ G set difference of H and G

1S cardinality of S

1 identity mapping or unit element

BrT  set of branches of the tree T’

Yoy tree of all functions n — a for n € w

l(o)

height of o in a tree

Monoids

bm
M/B
Fx@G

the action of m on b
factor of M by B, see Definition |3.1.1

semi-direct product of the semigroups F' and G

b}



Abelian groups

A p-adic completion of A

A torsion-completion of A

Ip =7, ring of p-adic integers

mA subgroup of elements divisible by m

Aln] subgroup of elements bounded by n

mA[n] = (mA)[n], subgroup of elements of mA bounded by n
GX) direct sum of copies of (G, one copy for each x € X

Hom(A, B) set of homomorphisms from A to B
Small(A, B) set of small homomorphisms from A to B

BC, A B is a pure subgroup of A
Homomorphisms

Aut G automorphism group of G

InnG inner automorphism group of G

Emb(G1,Gs) set of embeddings of G into G»

EmbG = Emb(G, G), monoid of self-embeddings of G



Chapter 1
Introduction

In this thesis, we consider outer embeddings of locally finite p-groups. Here,
in this chapter, we summarize known and also the newly developed results.
We also formulate a conjecture for future research.

We begin with a short discussion of outer homomorphisms before we give

a brief outline of this thesis.

1.1 Outer homomorphisms

It is well known that a non-trivial cyclic group of odd order cannot occur
as the automorphism group of a group. It is also known that a group has a
trivial automorphism group exactly when it contains at most two elements.
Part of the reason for both facts is the existence of inner automorphisms.

Recall that every group GG can be mapped to its automorphism group

Aut G by
(1.1) x: G — AutG, (h)g" =g 'hg.

The kernel of x is the centre, Z(G), of G, the image of x is the inner auto-
morphism group, Inn G, of G and the cokernel of * is the outer automorphism
group, Out G := Aut G/ Inn G, of G.

Thus the idea behind the outer automorphism group is to get rid of the

unavoidable automorphisms. So, it is a natural question whether every group



appears as an outer automorphism group. Indeed, an affirmative answer was
given in [19]. In fact, even more is known: every group appears as outer
automorphism group of a metabelian group (see [11], 10, O]) and a simple
group (see [3]).

In generalization of the above, one can examine representation of monoids
as endomorphism monoids of groups. Again, because of the existence of inner
automorphisms, it seems convenient to use outer endomorphisms, which we
define below. If we want to construct a system of groups with prescribed
homomorphisms between them, then a convenient choice will be the outer
homomorphisms.

If G; and G5 are two groups, we define a congruence ~ on Hom(Gy, Gs),

the set of homomorphisms between G; and G5 by

(1.2) a~b << Jg€Gy:a=0b-g" (a,b€ Hom(Gy,Gs))

and then define the set of outer homomorphisms between G7 and G4 as
(1.3) OutHom(G1, G5) := Hom(G1,Gs)/ ~ .

Note that ~ is compatible with composition of homomorphisms, so compo-
sition of outer homomorphisms make sense. In particular, ift G; = G, = G
then OutEnd G := OutHom(G, G) = End G/ ~ is a monoid, which we call
the outer endomorphism monoid of G.

In this thesis, however, we shall restrict to the automorphisms and the em-
beddings (injective endomorphisms) of G: we denote by Emb G' the monoid
of embeddings of G and define OutEmb G := EmbG/ ~ to be the outer
embedding monoid of GG. This is clearly a submonoid of Outknd G.

1.2 Abstract

In this thesis, we consider outer automorphisms and embeddings of locally
finite p-groups.
Recall that a group is locally finite if every finitely generated subgroup



is finite. A group is complete if both its centre and its outer automorphism
group are trivial. In other words, G is complete if it is canonically (i.e. via *
from (1.1)) isomorphic to its automorphism group.

In Chapter [2, we show (Theorem that there is a complete locally
finite p-group of cardinality N; provided the continuum hypothesis 2% = &,
holds. This is a refinement of Thomas’ construction (see [25]), which works
under a stronger set theoretic assumption, namely, the diamond principle
Ou,. Note that O, follows from Godel’s constructibility axiom. Our con-
struction is also more elementary as it avoids the theory of universal locally
finite p-groups.

In Chapter [3| we characterize those monoids M which appear as outer en-
domorphism monoid of a locally finite p-group with trivial centre. Moreover,
for every such M, there is a fully rigid system (Gx : X C k) of locally finite
p-groups with OutEmb Gx = M and |Gx| = & for all X C k. By fully rigid-
ity we mean that, for every X, Y C k, if X € Y then Gy is not embeddable
into Gy, but if X CY then the embeddings of Gx into Gy are precisely the
compositions of the natural inclusion Gx C Gy and a self-embedding of Gy .
Informally, this means that the embeddings are just the unavoidable ones.

There are some technical restrictions on the cardinal , the most impor-
tant ones are £ > 2%k > |M] and cf K > w. We conjecture that the result
above is also true for every  for which x > |M| and xk > ;.

We also characterize the monoids which appear as outer endomorphism
monoid of a group as those in which every left or right invertible element is
invertible.

Our conjecture is that, for every monoid M and cardinal x > |M]| -
Ny, there is a locally finite p-group G of cardinality x such that the outer
endomorphism monoid of G is isomorphic to M. Probably there is also a

fully rigid system of such groups as described above.

1.3 Locally finite p-groups

In this section, we give an overview of the known results about outer endo-

morphisms of locally finite p-groups. Note that the notion of outer homo-



morphism and outer embedding have firstly been introduced in this thesis,
so all the former results we mention are about outer automorphisms.

In 1966 Gaschiitz showed that every finite p-group with at least 3 elements
has a non-trivial outer automorphism (see [8]). This theorem was success-
fully generalized to some classes of infinite p-groups. Zaleskii showed that
every infinite nilpotent p-group has a non-trivial outer automorphism (see
[26]). Furthermore, in [20] Menegazzo and Stonehewer proved that the outer
automorphism group of any nilpotent p-group, except some obvious ones,
contains large p-subgroups. Puglisi showed that hypercentral p-groups of
height w have at least continuum many outer automorphisms. (Hypercentral
groups are generalizations of nilpotent groups. Height is a generalization of
the nilpotency class.)

All the groups mentioned above belong to some special classes of lo-
cally finite p-groups. Concerning locally finite p-groups in general, Puglisi
showed that every countably infinite locally finite p-group has 2%° outer au-
tomorphisms (see [22]), and thus generalized Gaschiitz’ theorem to countable
groups. However, Thomas showed that there exists a complete locally finite
p-group of cardinality Ny, at least under the set theoretical assumption Q.
In Chapter [2] we will present this argument in a modified form establishing
the same result under a weaker and more known hypothesis, the continuum
hypothesis 2% = ;.

So, very little is known about outer homomorphisms of locally finite p-
groups of uncountable cardinality but at most continuum. However, the case
is totally different for larger groups.

Using a totally different construction, Dugas and Gébel [4] proved that
there are complete locally finite p-groups of every cardinality (A\¥)*, without
any set theoretical assumption. Furthermore, they proved that every count-
able locally finite p-group appears as an outer automorphism group of such
a group.

Their method was refined in [I] by Gobel and myself showing that, for
every group H of cardinality at most A, there is a locally finite p-group G of
cardinality (AY)* such that Out G = H. This will be further improved in

Chapter |3 to show that every monoid M, with obvious restrictions, can ap-
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pear as an outer endomorphism monoid of a locally finite p-group. Moreover,
there is a fully rigid system of such groups.

With regard to the results above, a natural conjecture is that for every
monoid M and every cardinal k > |M|-®; there is a locally finite p-group G

with outer endomorphism monoid M, which we have already stated.

1.4 Other classes of groups

In this section we look at outer automorphisms in group classes other than
locally finite p-groups.

Recall that torsion locally hypercentral groups decompose into their p-
components, which are locally finite. Thus the investigation of these groups
reduces to that of locally finite p-groups, which was the subject of the previ-
ous section.

However, in the torsion-free case, Zaleskii (see [27]) gave an example of an
infinite torsion-free nilpotent group without non-trivial outer automorphisms.

We have already mentioned before that every group is an outer automor-
phism group of a metabelian group as shown by Gébel and Paras [0, [10, [11].

All the groups mentioned so far were either groups near to abelian or
nilpotent groups or locally finite p-groups, all of which have many normal
subgroups. On the other hand, simple groups, i.e. groups with no non-trivial
proper normal subgroup, can also have arbitrary outer automorphism groups
as recently shown in [3] by Droste, Giraudet and Gobel. Their method,
actually, is a curiosity: They construct a circle C' (a combinatorial structure
related to orderings) such that Aut C' is simple and Out Aut C'is a prescribed
group.

There were some previous constructions of complete simple groups. Hickin
(see [13]) showed the existence of 2% non-isomorphic complete universal lo-
cally finite, and hence simple, groups of cardinality 8;. Assuming the gener-
alized continuum hypothesis, Thomas generalized this result to all successor
cardinals, i.e. that there exists 2" non-isomorphic complete universal locally

finite groups of cardinality A*.
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In fact, the construction of Hickin is a predecessor of the similar result

on locally finite p-groups by Thomas (see [25]) already mentioned earlier.

1.5 Methods of construction

Here we sketch the the methods used in the following chapters to construct
a locally finite p-group of cardinality N; assuming the continuum hypoth-
esis (Chapter and “large” locally finite p-groups with prescribed outer
embedding monoid (Chapter [3)).

When constructing a group G with outer automorphism group (or em-
bedding monoid) H, we have to achieve two tasks: First, H should act on
G by outer automorphisms (embeddings). Second, G must not have other
outer automorphisms.

The first task is easy. However, set theory has a strong impact on the
second task. Let us illustrate this using the aforementioned result by Puglisi
that every countably infinite locally finite p-group has uncountably many
outer automorphisms. For suppose that for an infinite group H we have
found a locally finite p-group G such that Out G = H. Note that G must
be infinite. Let us enlarge the model of set theory we are working in, e.g. by
forcing, such that both G and H become countable in the larger model. By
the Puglisi result, the outer automorphism group of G will be uncountable
in the larger model, and hence it will be larger than H.

This shows that outer automorphisms other than those in H may exist

but simply lie outside the model of set theory we are working in.

Set theory

The complete locally finite p-group of cardinality N; in Chapter [2|is a union
of a smooth increasing sequence (E, : « < wy) of countable groups. Smooth
means that, for limit ordinals «, the group E, is just the union of all the
previous groups: F, = Uﬁ <o Es. Mere set theory tells us that, for any
automorphism ¢ of E, there are many o < w; such that F,¢ = E,. So,

all we have to do is to construct the chain (E, : o < w;) such that no
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automorphism of F, extends to an outer automorphism of E. In the original
construction by Thomas, E,.; was so chosen that a specific automorphism
fa of E, did not extend to an outer automorphism of E. This required to
choose the f,’s in such a way that every automorphism of F induces f, on
E, for some o« < w;. The diamond principle ¢, is such an assumption,
which states that this kind of functions exist.

Our improvement is that we can choose E,. to kill an automorphism of
Ej for any 3 < a and not just for 3 = a. Now, Ej has 2% automorphisms
but we can kill only 8, of them, therefore we need the continuum hypothesis.

Now let us turn to the construction of large locally finite p-groups in
Chapter [3] As in the Ry case, these groups are also unions of smooth chains
of groups such that many subgroups of the chain are mapped to itself by every
embedding for set-theoretical reasons. The building blocks of the groups are
abelian p-groups with few homomorphisms among them. These groups are
constructed using the classical Black Box, a combinatorial and set theoretical
tool invented by Shelah.

The idea of the Black Box is that unwanted homomorphisms can be recog-
nized by looking at their restrictions on countable subgroups. So we consider
the family of all homomorphisms from countable subgroups and make sure
that the “bad” ones among them do not extend. The size of the family is the
same as the group we construct, so the homomorphisms can be killed one by

one.

Structure of the constructed groups

Of course, set theory cannot do all the work for us, we also have to know the
structure of the constructed groups.

As mentioned above, the complete locally finite p-group of cardinality Ny
is a union of a smooth chain (E,, : & < wy) of groups. All the E,’s are isomor-
phic to a particular countable group G. So, in fact, we just construct some
self-embeddings of G. The main property of G we use is that, for every finite
subgroup H, the extensions H!C(p™) and C'(p™) U H of H are also subgroups

of G. Informally this means that finite subgroups are “nicely” embedded
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in GG, which is used to extend homomorphisms from finite subgroups to the
whole group. The self-embeddings above are just these extensions.
Originally, in [25], G was the unique countable universal locally finite p-
group. Here “universal” is similar to what is “algebraically closed” in field
theory, both of which are special cases of what logicians call “existentially
closed”. Maier (see [18]) and Leinen (see [16, 17]) studied countable universal
locally finite p-groups extensively, and obtained similar results as Hall did for
universal locally finite groups, see [12] or [I5, Chapter 6]. In particular, Maier
and Leinen showed that up to isomorphism there exists a unique countable
universal locally finite p-group, determined its automorphism group modulo
locally finite automorphisms etc. Moreover, Leinen gave an explicit con-
struction of the group. However, since we only need the property mentioned
above, we are able to substitute the universal locally finite p-group with an
iterated wreath product. This will make the construction more elementary.
The large locally finite p-groups we shall construct in Chapter (3| are,
roughly speaking, iterated wreath products of abelian p-groups, which we
shall call building blocks as earlier. These abelian p-groups form a rigid
system in the sense that the only homomorphisms between them are only
the unavoidable ones. Because of the wreath product construction, the large
abelian subgroups are only the direct sums of conjugates of a building block,
which enables us to control the embeddings together with some centralizer

arguments.
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Chapter 2
Complete groups under CH

In this chapter we consider a class C of locally finite p-groups satisfying
certain closure properties and show that C contains a complete group of
cardinality N; (see Theorem . Recall that a group is complete if its
centre is trivial and all of its automorphisms are inner. The construction is
done in several steps. The main arguments will be discussed in Section

while the used tools will be proven later.

2.1 Background and main results

Thomas proved in [25] that under the diamond principle there are existen-
tially closed complete groups of cardinality N; in several group classes, among
which we are only interested in the class of locally finite p-groups. We mod-
ify his proof to obtain the same result for locally finite p-groups under C'H,
the continuum hypothesis 2% = R, which is a weaker assumption. We do
not need the definition of existentially closed groups. We will only use that
the class of locally finite p-groups we are dealing with contains a countable
member, is closed under union of chains and if H is any finite subgroup of a
group from the class then H ! C(p") and C(p™) ! H are also.

Next we state the main theorem of this chapter and briefly discuss an
immediate consequence. The rest of this chapter is devoted to the proof of

the main theorem.
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For the sake of completeness (of this chapter and not the groups) and
convenience of the reader, the arguments of Thomas are included. However,
they are presented differently.

In what follows, (CH) at the beginning of a statement indicates that the

proof we give uses the continuum hypothesis.

Theorem 2.1.1. (CH) Let p be a prime number and C a class of locally

finite p-groups which is closed under isomorphic copies and

(a) C is closed under unions of chains;
(b) C contains a countable group;

(c) if E€C and H C E is a finite subgroup then H = Hey C H1C(p") C E
and H C C(p™)VH C E for every natural number n.

Then there is a complete group G € C of cardinality X;.

For example, the class of locally finite p-groups with property also
satisfies the other conditions. A countable member of the class is |J,,cy Hn

where Hy := 1 and H,, 4 := C(p") L (H1C(p")) for all n. Hence the following

corollary is immediate:
Corollary 2.1.2. (CH) There is a complete locally finite p-group of cardi-
nality N;.

The main improvement of Thomas’ proof is that we make automor-
phisms to extend wuniquely from certain countable subgroups (see Propo-

sition @).

Throughout this chapter let C denote a class of groups as in the assump-
tion of Theorem 2.1.11

2.2 The construction

In this section we construct a group G satisfying the conclusion of Theo-
rem [2.1.1} The group G will be a union of a smooth chain of countable
groups G, from C. The completeness of G then follows from the next propo-

sition.
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Proposition 2.2.1. Let (G, : a < wy) be a strictly increasing smooth chain

of countable groups with the following properties. Set G = G, = U,y Ga-

(1) If p € Aut G and Go¢ = G, for some a < f < w; then G,¢ = G, for
alla < v < .

(2) If p € Aut G, and o < 3 < wy then ¢ has at most one extension to an

automorphism of Gg.

(3) If ¢ € AutG,, is not inner and o < wy then ¢ does not extend to an

automorphism of Gg for some a < 3 < wy.
Then Out G = 1.

Proof. Let ¢ € AutG. We prove that ¢ is an inner automorphism. Recall
that, for any smooth increasing sequence (G, : o < wy) of countable sets, and
any bijection ¢ of Ua<w1 G, there are many o’s such that G,¢ = G, see
[0, Section 4.12]. Applying this to the present context, ¢ leaves G, invariant
for some o < w;. Moreover, it leaves all G invariant for o < 8 < wy by .
So ¢ must be inner on G, by . Since it extends uniquely by , it must

be inner on G. ]

The next proposition shows how the first two conditions of the previous
proposition will be guaranteed by combinatorial tools. We therefore intro-

duce the notation

(2.1) Sz, H) :=={[(z,y)| -y € H},

where x is an element and H a subset of a group.
Recall that a system (A; : ¢ € I) of subsets of the set N of natural numbers
is almost disjoint if A; N A; is finite for every i # j € I.

Proposition 2.2.2. Let (A, @ a < wy) be a collection of almost disjoint
infinite subsets of N and (G, : o < wy) a smooth chain of countable groups.

Moreover, let G := G, and suppose that

a<wi

17



(i) for every a < wy

(2.2) |S(z,Ga)| = No for allx € G\ Gg;
(2.3) |S(z,Ga) \ Au] < 0 for all x € Gor1 \ Ga;

(ii) if ¢ € Aut Goy1 with ¢ [ G, =1 then ¢ = 1.
Then conditions and of Proposition are satisfied.

Proof. Let the assumptions be as above, and let @ < w; and =z € G\ G, be
fixed. Then there is a v > « such that z € G,41 \ G,. We claim that, for
a <0 < wy, the set S(x,G,) \ As is finite if and only if 6 = . The “if” part
is just since S(z,Go) C S(x,G,). If § # v then

S(x,Go) NAs = ((S(z,Ga) NAs) \ A)) U (S(x,Ga) NAsNA,)
C (S(z,G,)\ A)) U (As N Ay)

is finite and hence S(z, G, ) \ As is infinite.

First we show . Let ¢ € Aut G such that Gp¢ = G, for some a <
B <wy. lfx € G411\ G, for some v > a, then S(x¢, Go)\ A, = S(x,Ga) \ A,
is infinite, hence ¢ € G141 C G, by our claim. Thus we have proved that
G+1\ G, is mapped to itself by ¢ for all & < v < 3. It follows that G,¢ = G,
for all @ < v < 3 and hence is proved.

Now we prove indirectly: Suppose that ¢; and ¢ are different au-
tomorphisms of Gz which coincide on G, for some a@ < 8 < w;. Then
¢ = ¢1(d2) " is identical on G, but not on Gg. Since the chain (G, : v < )
is smooth, there is a largest v < 3 such that ¢ is the identity on G,. Ob-
viously, v < . By , which we have already proved, ¢ [ G,41 # 1 is an
automorphism of G4, which is identical on G, contradicting . [

Adequate and admissible sets We move to consider a different element
of the proof. Later this will be glued with the propositions above.

The construction of the chain (G, : @ < wy) will be done recursively.
Now we attack the problem of constructing G,,; when we have already

constructed G,,.
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The construction will be formulated in Proposition Now we give

some definitions to simplify the language.

Definition 2.2.3. Let P < @) be finite p-groups and I a finite set of natural
numbers. Then I is adequate for P and Q if for every G € C and every
normal subgroup 1 # N < G with P < Q < G there is an x € Cn(P) such
that

(i) QNQ* = P;
(i) |(a,b)| € I for alla € Q\ P andbe Q" \ P.
The existence of adequate sets will be proved in Lemma [2.3.1}]
Definition 2.2.4. An infinite subset A of N will be called admissible if it is

a disjoint union

(2.4) A= I

P<Q

where the union runs through all pairs (P, Q) of isomorphism classes of finite

p-groups with P < Q, and Ip_( is adequate for P and Q.

The next lemma states the existence of an almost disjoint family of ad-
missible sets. The proof will be given in Section [2.3

Lemma 2.2.5. There is an almost disjoint family (Ag : § < 2%°) of admis-
sible subsets of N.
Enlarging groups Now we are ready to formulate the main step of the

construction: constructing G, from G,.

Proposition 2.2.6. Let G € C be a countable group and A an admissible
set. Then there is a group G* D G such that G* is isomorphic to G and for
all z € G*\ G:

(A) {y € G| |{x,y)| = n} is a finite set for all natural numbers n;
(B) S(z,G)\ A is finite;

19



(C) if p € Aut G and ¢ | G =1 then ¢ = 1.

Moreover, if f € Aut G is not an inner automorphism then G can be chosen

so that f does not extend to an automorphism of G*.

In the proof, we will use the following lemma, which characterizes outer

automorphisms of GG. The proof will be included in Section [2.4]

Lemma 2.2.7. ([25] Theorem 2) Let E be a group of the class C and P
a finite subgroup of E. Then every automorphism of E which leaves every

finite subgroup containing P invariant is inner.
Next we present an easy observation about normal subgroups.

Lemma 2.2.8. If G € C then every non-trivial normal subgroup of G 1is

infinite.

Proof. 1f H is a finite subgroup of GG then, by condition (|c)) of Theorem m
the extension H ! C(p) of H is also contained in G. Since H is not normal in
H 1 C(p), it cannot be normal in G either. O

We can now prove the proposition.

Proof of Proposition[2.2.6. We suppose that A is given in the form of .

Since G' should be isomorphic to G, constructing G* actually means
constructing a self-embedding of . For suppose we have a ¥: G — G
self-embedding of G, such that G is an extension of GV satisfying all the
requirements of the proposition replacing G' by G, the group G by Gv and
the automorphism f, if given, by the automorphism g of G¢ determined by
Yg = fU¥. Then we can choose G' to be a group isomorphic to G via a
map p: G = G! such that Jp is an inclusion. Then G! will satisfy all the
requirements of the proposition.

First we choose a decreasing sequence {N,},e, of infinite normal sub-
groups of G such that (,., NV, = 1. To do so, recall from [I5] that G, as
every group, has a chief series, i.e. a system (M;, K;);cr of normal subgroups

where [ is an ordered set such that the following holds. For all 7, j € I we

20



have K; C M; if i < j. Moreover, for all ¢ € I M; C K; but no normal sub-
group lies strictly between M; and K;. Lastly, G\ {1} = J,.; K; \ M;. Also
recall that the chief factors K;/M; of any locally finite p-group are cyclic of

iel

order p (see [I5], Corollary 1.B.8]) and that all non-trivial normal subgroups
of G are infinite (Lemma [2.2.8).Thus all the M;’s are infinite (i € I).

Now one can choose the N,,’s among the M;’s recursively: enumerate the
non-trivial elements of G, say G \ {1} = {a, : n € w} and choose N,, to be
an M; such that a, ¢ N, and, if n > 0, then N,_; 2 N,. For example, if
N,—1 = M, and j is the unique element of I such that a,, € K;\ M, then one

can set N, := My ;3. This ensures that N, .., N, is trivial since it does

new
not contain any of the a,’s.

The embedding ¥ will be constructed with the help of two increasing
chains of finite subgroups H,, and E, = H* where (H,,x,) < H,,1, x, €
Cy,(E,) and E, 1 N Hyyq = E,.

We construct the E,,’s, H,’s and z,,’s recursively. Let us fix an enumera-
tion of the elements of G, say, G = {g, | n =1,2,...}. Let Ey = Hy := 1 (or
any other finite subgroup) and zq := 1. Suppose F,_1, H, 1 and z,_; are de-
fined. Let H, be such that it contains F,,_1, H,,_1, ,—1 and g,,. Such a finite
H,, exists because G is locally finite. Moreover, if f is given, let us choose
H,, such that it is not invariant under f. This is possible by Lemma [2.2.7]
Since I, .y is adequate for E,_; and H,, we can choose x,, € Cy, (E,-1)
such that E, := H:» and H, satisfy and of Definition with
I'=1Igp  .g,P:=F,1 Q:=H, r:=1x,and Q" = E,,.

Since g, € H,, the union of H,’s is the whole group G. Define the self-
embedding ¢ of G by letting it be conjugation by zox12> ...z, on H, for any
k > n. Note that zy,...,x,_1 are elements of H,, so HX* = H» = E,
and F, is centralized by x; for ¢ > n. This shows that ¢ is well defined and
H, 9 =FE,.

We are going to check and replacing G! by G and G by GY.
Therefore let x € G\ GY. There is a smallest natural number n such that
x € H,. For k > n we have x € Hy \ Ej_1, so by the construction S(z, Ej \
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Ey 1) € I, .p,- This shows that in the union

(2.5) S, G0) = S(a, Ea ) UL, S, B\ By)

the big union is disjoint and is contained in A. Hence is immediate. We
also get S(z,GVY)\ A C S(z, E,—1) is finite, so holds also.

Finally, we prove that if ¢ € Aut G and (Gv¥)¢ = G then E,¢ = E, for
all but finitely many n. Moreover, if ¢ is identical on G then ¢ = 1. This
will prove property .

It will also follow that, if f is given, the automorphism g of G determined
by ¥g = f¥ does not extend to an automorphism of G. The reason is that,
for all natural number n, H, f # H, by construction, and so E,g = H,g =
H,f9+# H, W = E,.

Now let ¢ € AutG be given with (GJ)¢p = GIJ. Choose an arbitrary
r € G\GY. Then x,2¢ € Hy, for m large enough. Thesets I,  _, (n € N)
are pairwise disjoint. So there is an N such that, for all natural numbers
n > N, the set I,  _p is disjoint from S(z, E,,_1) and S(x¢, Ey,_1). Since
S(x, By \ Ep—1), S(¢, Ex \ Ex1) C I, _p, for all k > m, it follows that
the sets S(z, Ex) U S(z¢, Ex) and I, _p are pairwise disjoint for n > N.

Let y € GY. If y € Ey then |(z¢,yo)| = [(x,y)| € S(z, Ex) and hence
yp € En. lf y € E, \ E,—; for some n > N then [(x¢,yd)| = [(x,y)| €
Iy .y, and hence y¢ € E,, \ E,_;. Thus we have proved that Ex¢ C Ey
and (E, \ E,_1)¢ C E, \ E,_; for all n > N. It follows that E,¢ = F,, for
alln > N.

To finish the proof, we consider ¢ € Aut G with ¢ | GY = 1. We have to
prove that ¢ = 1.

To do so, note first that every normal subgroup is invariant under ¢. In
fact, even every conjugacy class is invariant under ¢, since ¢ is the identity
on G and every conjugacy class intersects G1J. To see the last claim, note
that if x € G then x € H,, for some n > 0 and hence x* € E,, C G¥. This
shows that the conjugacy class of = intersects G.

Now we prove that ¢ = 1. Therefore let x € G be arbitrary. We show
that x¢ = z. There is an N such that such that x € Hy. Let n > N be an
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arbitrary natural number. Then z € H,, and so x** € E,, C Gv. Since ¢ is
identical on Gv by hypothesis, we have

(2.6) 2 = (5™ § = ()™,

1

Expressing 7" - x¢ using this equation, we get

(2.7) gt g =a gD e N,

Here we used that ¢ preserves normal subgroups and so, in particular, z,¢ €
N, since x,, € N.

So we have proved that 7! -z¢ € (), oy No = 1. In other words, ¢ =
and this finishes the proof. ) m

Proof of the main theorem Now we have done all preliminary work to

prove the main theorem of this chapter.

Proof of Theorem[2.1.1] First, we choose a sequence of almost disjoint ad-
missible sets (A, : @ < wy), which exists by Lemma [2.2.5]

Moreover, we fix a bijection x: w; X w; — wy such that («, #)x > « for
all a, B < wy.

We shall construct a sequence (G, : a < wp) of countable groups from
the given class C recursively.

Let Gy be any countable member of C. If « is a limit ordinal put G, :=
Uj<a G- Since C is closed under unions of chains, GG, € C. Since the union
of countable many countable groups is countable, GG, must be countable.

Let us construct G,41 when the groups {Gs : § < a} are already given.
Let (f(a,5) : 8 < 7Va) be a fixed enumeration of the non-inner automorphisms
of G, for some 7, < 2% = R;. We apply Proposition with G := G,,
A= A,. If f,,—1 exists and has an extension to an outer automorphism of
G, we also let f to be such an extension. We set Gyy1 := GL. Note that
G o1 is isomorphic to G, and hence is contained in C.

We claim that G :=J,_,,, Ga is a complete group of cardinality N, from

the class C. It is obvious that G has cardinality X;. Since C is closed under
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union of chains, G € C. Since the elements of C are locally finite and satisfy
condition of Theorem [2.1.1] all of them have trivial centre. (If z is a
non-zero element of E € C then z does not centralize (z) 1 C'(p) C E.) So we
only have to prove that all automorphisms of G are inner.

As a first step, we show that the so constructed chain (G, : a < w)
satisfies the conditions of Proposition . Condition is satisfied by the
construction and Proposition . Condition follows from .

Let z € G\G, for some @ < wy. Then x € Gp41\Gp for some a < § < wy.
By and since G, C Gj is infinite, S(z,G,) must be an infinite set.
Thus is also satisfied.

So we can apply Proposition to obtain that and of Proposi-
tion hold. We are going to show that also holds and thus Out G =1
by the proposition, which will finish the proof.

Let ¢ be a non-inner automorphism of G, for some a < w;. Then ¢ =
fia,p) for some 3 < wy. Let v := x(o, ). Suppose that ¢ extends to an
automorphism of G. Then there is an extension f such that f does not
extend to an automorphism of G, because G411 was so constructed. We
claim that ¢ does not extend to an automorphism of G,4,. Otherwise let v
be such an extension. Since G,9 = G4, we must have G,y = G, by .
By , the extension of ¢ to G is unique and hence f =% | G,. Hence 9

is an extension of f, a contradiction. m

Although the main theorem is proved, we still owe the proofs of two

lemmas used. This will be done in the remaining two sections.

2.3 The choice of almost disjoint sets A

We are going to prove Lemma [2.2.5] i.e. that an almost disjoint family of
admissible sets of cardinality 2% exists. The proof is a combination of com-
binatorial and group theoretic techniques. First we formulate and prove the
group theoretic part as a separate lemma and then present the combinatorial

methods.

24



Lemma 2.3.1. Let P < Q be finite p-groups and n a natural number. Then
there is a group H > @ and x € Cy(P) such that:

(Z)QQQ:E:P;
(2) ifa€e Q\ P andbe Q¥ \ P then |{a,b)| > n;

(3) if GEC,1# N QG and Q < E then the natural inclusion of Q into E
extends to an embedding of H into E such that the image of x lies in N.

In particular, the following set is adequate for P and Q:

(2.8) Tpeo = {|(a,b)| :a €Q\ P,be Q" \ P}.

Proof. 1t clearly follows from the rest of the lemma that /,_q is adequate
for P and (). So we only have to prove the other parts of the lemma.

We will choose H := C(p™)1Q for N large enough such that p" > |Q],
n. Then this group satisfies the requirements of the lemma.

We are going to make computations in the wreath product C'(pV)1Q =
D.co C(pN)e, x Q, so this is a good point to introduce our notation. We
let g denote a generator of the cyclic group C(p")e;. The group Q acts on
B = @,.co C(p™)e, by conjugation, i.e. by permuting the coordinates by
the right regular representation. Therefore B is a ZQ)-module, where Z(Q) is
the group ring of @) over the integers. If y € B and r € Z(Q then the action
of r on y is denoted by y”. We denote the sum of elements of P in Z() again
by P as an abuse of language.

Now we choose the z for the lemma:

(2.9) z =g~
If ¢ € Q) then
(2.10) ¢ = z'79q = 2P0,

So ¢® € @ if and only if ¢ € P, and in this case ¢* = ¢q. Hence x centralizes
Pand QNQ* = P.
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We turn to prove (2). Choose a, b as in ([2). We claim that [{(a,b)| >
pY > n. First of all, we can suppose that G := (a,b) normalizes P N G.
To see this, note that Nona(PNG) > PN G and Ngeng(PNG) > PNG
since Q NG and Q* N G are finite p-groups and hence nilpotent. So we can
select @’ € Nona(PNG)\ (PNG) and b’ € Ngzna(PNG) \ (PNG). Then
G’ = (d', V) C G normalizes PNG and PNG' = (PNG)NGE.

Second, we can choose a non-trivial word a‘c¢’t .. .a%c in P, with iy,
Jr > 0 for all 1 < k <[, such that no proper subword of it is in P. (Here
again b = ¢*.) Therefore we consider words of a and ¢ which are in P and do
not contain a subword consisting of only a’s or ¢’s which is also in P. Such a
word exists, for example (ac)® where k is the order of ac. So there is a word
w among these with minimal length. We claim that there is a word among
the ones with minimal length which starts with a and ends with ¢. For if w
starts with ¢ then we can write it as w = ¢’z where x is a word starting with
a. Since ¢ normalizes P, we have z¢® € P and this word now starts with a
and ends with c¢. Note that it cannot happen that zc® = yc/ for a word y
and ¢/ € P because then y would be a smaller word contained in P. We can
similarly handle the case when w ends with a.

So we may suppose that w starts with a and ends with ¢ and thus has
the form w = a ¢ ... a%c". No proper subword of w is in P by the minimal
length of w.

We claim that the element

y = a'V' .. d'b e G
has order at least p"V, which will finish the proof. First we compute y:

y=ad ... ait @ (170 e (%7 1) Tl g @t 3t
(211) lelkzl(l—cjk)nbkaiicji ]

J/

~\~
z

where w = a"' ¢/ .. .a"¢" € P. Here z € @, C(p") coincides with g” =z

k

on the coordinates belonging to P. Hence z* coincides with z* on P using

that w € P. Thus z must have order at least p*.
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Finally, let us prove . Since N is infinite by Lemma there exists
any € N\ Q. By (d of Theorem [2.1.1] the wreath product C(p™) {y, Q) =
®q€<y7Q) C(PM)e, x (y,Q) is contained in G. We define an embedding of
H=Cp"NQ =@ ,oC(p")e,x Q into this group by letting it be identical
on @ and for all ¢ € @ mapping ge, into geq_1 + gey, = [g9eq, y9](€ N). This
embedding is well-defined and P, c(p™)e, is mapped into N. Especially,
x is mapped into N by . O

Having constructed many adequate sets in the previous proof, we are able
to build from these an almost disjoint family of admissible sets in the next

proof.

Proof of Lemma[2.2.5. Recall that an admissible set is a disjoint union of
adequate sets. So, it is natural to first construct a lot of adequate sets and
then the admissible ones.

Let (P,,@n) (n € w) be an enumeration of all the pairs (P, Q) of isomor-
phism classes of finite p-groups with P < ). There are countably infinite
many such pairs.

For every m € w and any function f: {0,1,...,m — 1} — {0,1} we
will select a set [ };m <0, adequate for P, and @), such that these sets are
pairwise disjoint for all f and m. Altogether, we have to choose countably
many sets, so we enumerate them in a sequence of type w and then select
the sets recursively. Hence, when we select [ };m <0,,» We have to make sure
that this is adequate for P,, and @),, and is disjoint from the finitely many

previously selected finite sets. We can ensure the disjointness by choosing

all the elements of [ };m <0, greater than some n € w. Apply Lemma [2.3.1

to P := P, QQ == Q,, and n. Then we can set Ilém<Qm = Ip_ using the
notations of the lemma.

For every function g: w — {0,1} put

(2.12) A= .
new
Then A, is clearly admissible. Moreover, the A,’s form an almost disjoint

family of size 2% when ¢ runs through all functions w — {0, 1}. Forif g; # go

27



then let k be the smallest natural number such that kg; # kgo. Then

(2.13) Ay N Ay, = I8,

n<k

is finite. This finishes the proof. O

2.4 Characterization of outer automorphisms

In this section we prove Lemma [2.2.7 Our arguments are based on the
structure of some special automorphisms of wreath products. We collect the
necessary facts together in the following lemma, which is partly extracted
from [25]. But we give a modified proof, which avoids the deep characteriza-

tion of automorphisms of wreath products established by Houghton [14].

Lemma 2.4.1. Let B and C be any groups and B1C = @ . Be. x C their
restricted wreath product. Let ¢ be an automorphism of B1C. Then

(i) If ¢ leaves every subgroup containing Bey invariant, then it also leaves

invariant every subgroup of Be. for every 1 # ¢ € C.

(ii) If ¢ is identical on Be. for some ¢ € C and Bey¢p = Bey, then it is

mner on Be;.

(iii) If ¢ leaves every subgroup of B C invariant and both B and C are

non-trivial, then ¢ is the identity.

Proof. First we prove (il). Note that the conjugates of Be; are the groups
Be, for ¢ € C'. Since Be; is invariant, these groups are permuted by ¢. Let
H C Be, be a subgroup for some 1 # ¢ € C'. Then H¢ C Be, for some
d # 1. By hypothesis, Be; & Hp = (Be; @ H)¢ = Bey & H. This implies
H¢=H.

Next we prove (ii). Let € Bej. Then 2¢ € Be, and hence 2¢ = (2¢)¢ =
(z¢)®. Thus x¢ = 2" for all x € Bey. Since conjugation by every
element of B C induces an inner automorphism on Be;, provided Be; is

invariant, ¢ is inner on Be;.
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Finally, we prove . By hypothesis, ¢ maps every element to some of
its powers. So for all b€ B\ {1} and c € C'\ {1}

(2.14) (beic)p = (bere)"
(2.15) (bey)p = bFe; # 1
(2.16) cp=c"

for some non-zero integers n, m and k. Since (beic)p = (bey)p - co we get
(2.17) Vrerc™ = (beyc)™ = bley + e+ ... 4 em1)c".

Let 0 =11 < ... <1 <n—1Dbe the integers i between 0 and n — 1 for which
¢t = 1. Then the e;-coordinate of the right-hand side of , which is b,
equals the e;-coordinate, b*, of the left-hand side, i.e. b = b*. The integers 7
between 0 and n— 1 for which ¢! =carei;+1 < ... <4_;+1 and also i;+1
if 4 < n — 1. Hence the e.'th coordinate of the right-hand side of ,
which must be 1,is o' =11if iy =n— 1 and b = 1 if §; < n — 1. But since
bl = bk #£ 1, this implies that ; =n — 1 and ¥'~! = 1, and hence b' = b* = b,
1 =1and ¢™ = " = ¢. So we have proved that (be;)¢ = be; and cé = ¢
for all non-trivial b € B and ¢ € C'. Since these elements generate B C, we
must have ¢ = 1. O]

Knowing enough about the automorphisms of wreath products, we can

easily prove Lemma now.

Proof of Lemma[2.2.7]. Let E € C, P a finite subgroup and ¢ an automor-
phism of E. Assume that ¢ leaves every finite subgroup containing P invari-
ant. We will prove that ¢ is conjugation by an element of P.

Suppose the contrary for contradiction. Since P is finite, there is a finite
subset of E such that ¢ differs already on this set from all the conjugations
by an element of P. Since FE is locally finite, there is a finite subgroup A
containing P and this finite set. We shall show that ¢ is conjugation by an
element of P on A, which leads to a contradiction.

Apply Lemma to (C(p) L A) 1 C(p) and ¢. Then ¢ leaves invariant
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every subgroup of (C(p) 1 A)e. (¢ # 1) by (i), hence is identical on these
groups by (iii). Hence ¢ is inner on (C(p) 1 A)e; = C(p) 1 A by (i).

Now consider ¢ on C'(p) A. It is inner on A, and the conjugation is by an

element of P since (g, P) is invariant where g is a generator of C'(p)e;. [

Now the proof of the main theorem of this chapter is complete.
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Chapter 3

Outer embeddings of large
locally finite p-groups

In this chapter we are going to construct a fully rigid system of locally fi-
nite p-groups. With the help of this construction, we characterize the outer
embedding monoids of locally finite p-groups with trivial centre.

In Section we state the main results and we prove them step by step
in the following sections. In particular, Section consist of an abstract
monoid construction, which enables us to characterize the monoids which
appear as an outer embedding monoid of some group as those in which every
left or right invertible element is invertible. In Section we construct a

fully rigid system of abelian p-groups, from which we build our locally finite
p-groups in Section [3.4]

3.1 Preliminaries and the main theorem

Let Emb(A, B) denote the set of embeddings of the group A into the group
B.

Recall that the outer automorphism group Out G of a group G is the
factor of the automorphism group Aut G by the normal subgroup Inn G of
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inner automorphisms. It is a factor by the congruence ~:
(3.1) a~bi<dg*€lnnG: a =bg".

As we mentioned in the introduction, this formula also gives a congruence on
the monoid Emb G of self-embeddings of G. We call the factor OutEmb G :=
Emb G/ ~ the outer embedding monoid of G.

A question arises naturally: Which monoids can appear as an outer em-
bedding monoid of a group? Obviously, in such monoids every left or right
invertible element has to be invertible. In fact, we will show in Corollary
that every monoid with this property appears as an outer embedding monoid
of some group.

We now introduce a factor of a monoid by a subgroup, which will be

useful in formulating our results:

Definition 3.1.1. Let M be a monoid and B a subgroup of M. Assume that
M acts on B by group homomorphisms such that

(3.2) b-m=m-b",

where b™ is the action of m on b and - is the monoid operation.

Then ~ is a congruence of M defined by
(3.3) my ~ my: <= 3b € Bmib=ma.
We define the factor M /B by
(3.4) M/B:=M/ ~.

For example, if M is a group then B is automatically a normal subgroup
and M must act on it by conjugation due to . Then M/B is the usual
factor of M by B.

For another example, let G be a centreless group. For g € G let g* denote
the conjugation by g. In other words, for every h € G, let hg* = g 'hg. Set
M = Emb G, the monoid of self-embeddings of G. A natural action of M
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on B :=InnG is given by (¢*)™ := ((¢9)m)*. Then M/B = OutEmb G, the
group of outer embeddings of G as defined above.

After these preliminaries, we formulate the main results of this chapter.

Theorem 3.1.2. Let A\ and x be cardinals such that X = A\ < k and
Ny < cf K < 2. Moreover, let M be a monoid of cardinality less than k in
which right cancellation holds. Assume that B is a subgroup of M and M is
acting on B such that for allb € B and m € M

(3.5) b-m=m-b",

where b™ denotes the action of m on b.

Then there is a system Px (X C k) of locally finite p-groups of cardinality
Kk such that, for some wreath product P, x B, the subgroups Gx := Px - B
(X C k) satisfy:

(1) Px C Py if and only if X CY;

M- -InnGy if XCY,

2) Emb(Gx,Gy) =
(2) Emb(Gx. Gr) = 1 xar

(3) MNInnG, = B.
In particular, OutEmb Gx = M/B for all X C k.
There are two immediate consequences:

Corollary 3.1.3. For every monoid H, there is a locally finite p-group with
trivial centre and outer embedding monoid H, if and only if there is a monoid
M with right cancellation, a locally finite p-subgroup B of M and an action
of M on B such that b-m = m-b™, for allb € B andm € M, and H = M/B.

Note that if G is a group with trivial centre then we can write OutEmb G
as Emb G/ Inn G where the action of EmbG on Inn G = G is the natural
one. Hence the condition of the corollary is necessary. It is also sufficient by
the theorem above.

For arbitrary groups we can give a satisfactory characterization of outer

embedding monoids:
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Corollary 3.1.4. A monoid H appears as an outer embedding monoid of
some group if and only if every left or right invertible element of H is in-

vertible.

The last corollary will be proved in the next section. The remaining

sections are devoted to the proof of the main theorem.

3.2 Construction of monoids

Theorem and the next proposition imply Corollary [3.1.4L Our aim in

this section is to prove this representation proposition.

Proposition 3.2.1. Let H be a monoid in which every left or right invertible
element is invertible.

Then there is a monoid M with right cancellation, and a subgroup B of
M and an action of M on B such that

(3.6) b-m=m-b" foralbée B and me M
(3.7) M/B = H.

Moreover, M can be chosen to have cardinality |M| < |H| - Ry =: A.

Proof. Let G be the group of invertible elements of H. Note that, by hy-
pothesis, H \ G, the set difference of H and G, is a semigroup on which G
acts by conjugation. Let F' be the free semigroup generated by H \ G and

set
(3.8) N =FxG

where the action of G on F' is permuting the generators by conjugation. Note
that there is a natural epimorphism ¢: N — H which is the identity on G
and H \ G.

Let us define a surjective map by

m:S:=AxHxN — H,

3.9
(39) (o, hyz) — h- (zp).

34



Now M will be a part of the monoid of injective mappings from S to itself
preserving ker 7, so M will have right cancellation. These mappings induce a
self-embedding of the set H into itself via 7. We identify /N with a submonoid
of the monoid of self-embeddings of S via identifying n € N with n®, which is
defined by (o, h, z)n® := (a, h, zn). Then n® induces on H the multiplication
by ny on the right.

Let B denote the group of all bijections of S leaving every ker m-class
invariant. Let M be generated by B and N. Then every element of M
induces a self-embedding of H which is right multiplication by an element of
H. This gives a homomorphism M — H, which is ¢ on N. We will show
that this gives the desired M/B = H isomorphism.

The homomorphism is clearly surjective and B is mapped to the identity.
So we only have to check that for hy, hy € H \ G there is a 7 € B with

(3.10) RE Rl = (hiho)R.

This already determines 7 on some subset of S and we have to show that
this partial map extends to a bijection leaving the ker m-classes invariant.
Since the partial map is injective, what we have to check is that, for every
h € H, in the class hr~! the complement of the domain respectively the
image of the partial map have the same cardinality. But all these cardinalities
are A since they obviously cannot be larger and, for instance, A x {h} x {1}
is contained in both of the complements.

Now we prove . For this purpose, we define the action of M on B. Let
m € M and b € B. Since m is injective, it induces an isomorphism between
its domain S and its image Sm. The condition mb™ = bm is equivalent to
the fact that b™ equals m~1bm on Sm. Hence we define b™ to be m~tbm on
Sm. (this is an isomorphism of Sm) and to be the identity on S\ Sm.

It is an easy exercise to check that this definition satisfies all the require-
ments:

First, b™ is clearly an isomorphism of S preserving every ker m-class.
Moreover, 0™ is so defined that mb™ = bm holds.

Now we check that the action of m is a group homomorphism, i.e. for
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by, by € B we have (biby)™ = b7"by*. This holds indeed, because both
maps are identical outside Sm and restricting to Sm the equation becomes
m~tbibym = (m~tbym)(m~tbym).

Last, we have to check that the representation of M on B is a homomor-
phism of monoids. This means that, for b € B and my, my € M, we have
pmim2 = (pm1)m2 and bt = b. The latter is clear from the definition.

For the former, note that Smims C Smsy. Thus outside Smqy both 5172
and (b™)™2 are identical. They are also identical on Smgy \ Smimg = (S'\
Smy)ms, the map b™™2 by definition, and the map (b™!)™2 because b™
is identical on S\ Sm;. Finally, let us check that that the maps b™™2
and (b™)™2 coincide on Smymy as well. The former is (myms)~tb(mims)
restricted to Smims, while the latter is m;l(mflbml)mQ. These maps are
obviously the same.

So far we have proved the existence of a monoid M with right cancellation
and a subgroup B on which M acts satisfying such that M/B = H.
Only the last sentence of the proposition has not been proved yet, which
states that M can be chosen so that |M| < A\. We are going to prove that
there exists a submonoid M, of M of cardinality at most A and a subgroup
By of both B and M, such that By is closed under the action of M, and
My/By = H. This will finish the proof of the proposition.

Such an My and By are easy to find: for every hy, hy € H \ G choose
a 7(hy, hy) € B such that h®hfr(hy, hy) = (hihy)®. We have proved above
that such 7(hq, hy) exists. Let By be the subgroup of B generated by all the
7(h1, he)’s and closed under the action of N. Let M be the submonoid of M
generated by N and By. Thus By is closed under the action of M. Recall
that |[H| < A by assumption and thus |By| < A and |Mp| < A. One can show
My/By = H in the same way as we have shown M/H = B above. O

3.3 A ftully rigid system of abelian p-groups

In this section we construct a fully rigid system of abelian p-groups, from
which we will build the groups for Theorem in the next section. The
main statement is Corollary [3.3.3]
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Preliminaries

We begin with recalling some notions from the theory of abelian p-groups

and introducing some convenient notation.

Pure subgroups and torsion-completion A subgroup B of an abelian
group A is a pure subgroup, in notation B C, A, if, for every integer n, one
has BN nA =nB. For example, direct summands are pure subgroups.

Recall that a group is X-cyclic if it is a direct sum of cyclic groups. A basic
subgroup of an abelian p-group A is a pure Y-cyclic subgroup B such that
A/B is divisible. Abelian p-groups have many basic subgroups; for instance,
every subgroup F' with the property F'Np™A = 0 for some n is contained in a
basic subgroup of A. See [0, Chapter VI.] for the theory of basic subgroups.

We will usually not use the definition of pure subgroups directly. Instead
we will use Lemma to find pure subgroups.

Recall, for example from [7, Section 68], the following notions: An abelian
group A is separable if (72, nA = 0. The torsion-completion A of a separable
abelian p-group A is the torsion part of the p-adic completion A. Note that
A is always pure in A and A/A is divisible.

Also recall that homomorphisms from a pure dense subgroup to a torsion-
complete group extend uniquely to the whole group.

There is a nice criterion for a subgroup of a torsion-completion to be pure:

Lemma 3.3.1. Let B be a separable abelian p-group and B its torsion com-
pletion. Let C' be a group such that B C C' C B.
Then C' is pure in B if and only if the factor group C'/B is divisible.

Proof. We know that B is a pure subgroup of B. So, by [6, Lemma 26.1], C
is pure in B if and only if C'/B is pure in B/B. Since B/B is divisible, its

pure subgroups are exactly the divisible ones, which finishes the proof. [
Unavoidable homomorphisms As we have already mentioned, in this

section we want to construct a fully rigid system of abelian p-groups, i.e. a

system of groups such that among its members the only homomorphisms are

37



the “unavoidable” ones. Now we introduce convenient notations for these
homomorphisms.

If A is any abelian group then there are obvious homomorphisms from
A to @,.; Ae;, namely, the embeddings e;. Of course, we can take linear
combinations of the e;’s: we can consider ). ; jie; for any j = > ., jie; €
D,c; Ze;. It will be convenient to write j for this homomorphism and refer
to it as multiplication by j.

Moreover, if A is an abelian p-group, then €, _; Ze; is pure in the p-

iel
Ae;) (see [6, Theorem 46.1]) and hence,
by completion, we have multiplication by any j = >, ; jie; € (3, Jp€i) ™

adically complete group Hom(4, @, .,

The explicit formula is

(3.11) (Z jiel-) a = Zjl-aei (a € A).

iel iel
If @,.; Ae; € B and D C B then we also use j to denote the homomorphism
from A to B/D sending = € A to jx + D.

A homomorphism ¢: A — B between abelian p-groups is small if, for
every natural number k, there is an n such that p"A[p*]¢ = 0. We denote by
Small(A, B) the group of small homomorphisms between A and B.

There are plenty of small homomorphisms between abelian p-groups, for
instance, the basic subgroup is always the image of a small endomorphism,
see [24] or [6l, Theorem 36.1].

The fully rigid system

The theorem and corollary below are the main results of this section. These

form an extended version of Theorem 2.4 in [4].

Theorem 3.3.2. Let D be a separable abelian p-group of cardinality at most
A = M\ Then there are an abelian p-group A containing D as a pure
subgroup and a system of subgroups Ax (X C N) of A containing D such
that

(i) Ax/D is unbounded and separable for all X C \;
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(ii) |Ax| = A for all X C X;
(iii) Ax CAy iff X CY, forall X, Y CX;

(i) for any cardinal T:

—_

0 X Cy
Hom (AX,(Ay/D)(T)) — Small (AX,(Ay/D)(T)) @ P 1 =
0, ifX¢ZY.

The proof of this theorem will be done in several steps using the Black
Box principle. The arguments will take up the most of this section. Despite
the great effort we invest in proving the theorem, we will not use it directly in
later sections. We will use the theorem only through the following corollary,

which we prove immediately.

Corollary 3.3.3. Let D, X and Ax (X C \) be as in Theorem[3.5.9. Then

for any subgroup A% of finite index in Ax

(3.12) every homomorphism from A% to a X-cyclic group is small,

and for any S-cyclic group C with D) C C C, D) and C' N D7 = pm.

ST X CY

(3.13) Hom(A%, Ay + C) = Small(A%, AV + O) @
0, ifX¢ZY.

Proof. First, it is enough to prove the corollary for AS, = Ax because every
finite index subgroup of an abelian p-group contains a direct summand of
finite index. Let us prove this statement as an exercise on basic subgroups.
Therefore let G be an abelian p-group and F a finite index subgroup of
G. Let B be a basic subgroup of G, then G/(B + E) is a finite divisible
group and hence must be zero. Thus G = B + E, so B has a finite direct
summand F such that G = F + E. Then F is a pure subgroup of G and
hence F N p"G = p"F = 0 where p"” = |F|. So F'N F is contained in a basic

subgroup of F, and therefore it is also contained in a finite direct summand
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of F,ie. E = H® L where FNE C H is finite. It is easy to check that
G=(F+H)® L and so L C E is a direct summand of G of finite index.

Second, every homomorphism from Ax to a 3-cyclic group (in particular
to C') is small: It is enough to check this for countable ¥-cyclic groups since
any non-small homomorphism to a »-cyclic group S can be composed with a
projection onto a countable direct summand of S such that the composition
is non-small. Countable Y-cyclic groups can be embedded into Ax /D, so the
statement is just an easy application of the theorem.

Third, by the theorem, it is enough to show that every homomorphism ¢
from Ax to @,,_, Ay+C is small if ¢ composed by the factor map @, _, Ay +
C—(P,.,Ay +0C)/C =P, , Ay/D is small.

Finally, let ¢: Ax — P
when projected onto (€

a<T

acr Ay + C be a homomorphism, which is small

Ay + C)/C. This means that for every k there

a<T

is an n such that
(3.14) P Axlpllé € C.

Now we are going to show that ¢ is small, and this will finish the proof.
To this end, we define ¢, a modification of ¢, which will map all of Ay
to C. Let us choose a basic subgroup B = @®C; of Ax where the C;’s are
cyclic subgroups. We choose gz~5 on these C;’s as any homomorphism to C
which coincides with ¢ on C¢~! N C;. This is possible because C' is pure in
D, Ay +C. So ¢ is defined on B, and extends uniquely to an Ay — C
homomorphism. Now we check that the image of gz~5 is contained in C.

Let k be a positive integer and choose n as in (3.14)). Then ¢ and ¢ agree
on p"Ax[p*] because they agree on its dense subgroup p" B[p*] by construc-
tion. Since Ax[p*] C B + p"Ax[p*], the function ¢ maps Ax[p*] to C. This
holds for all k, so Ang ccC.

Since any homomorphism from Ay to a S-cyclic group is small, ¢ is small.

Hence for any k there is an m > n (n is from (3.14))) such that

" Ax[p*le = pm Ax[p¥)é = 0.
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Thus ¢ is small. O

Reduction to 7 = w

Now we start proving Theorem [3.3.2] In this subsection we reduce the claim
in to 7 = w and leave the proof of the reduced theorem to the rest of
this section.

In other words, we prove that if a system Ax (X C \) satisfies only
for 7 = w than it satisfies it for all cardinals 7.

Recall that for 7 = w means that
(3.15) e
Hom (Ax, (Ay /D)) = Small (Ax, (Ay /D)) & B X Cy

0, fXZy.
Since Ay /D is a direct summand of (Ay /D)), it is clear from that
for any homomorphism 6: Ax — Ay there is a unique j € J, such that 6 —j
is small. Moreover, if X ¢ Y then j = 0. We shall make extensive use of
this observation.

Let 7 be any cardinal and ¢: Ax — (Ay /D)™ a homomorphism. We
have to prove that there is a unique j € (JIET))A such that ¢ — 7 is small and
that j =0if X Y.

For H C 7 let 52 (Ay /D)) — (Ay /D)™ denote the canonical projec-
tion. For o € 7 let T, := T(ay: (Ay /D)™ — Ay /D denote the projection
onto the a’th summand. Then there is a unique j, € J, such that ¢m, — j,
is small.

Obviously, j := > ¢, Ja
which ¢ — j can be small. It is also clear that j = 0if X C Y. So it is left
to prove that j € (JS) and ¢ — j is small.

e, is the only possible choice for j € (JS)™, for

Next we show that j is an element of (J;ST))A, in other words, that, for
every n, all but finitely many of the j,’s are divisible by p™. Otherwise
there would be a countably infinite set H C 7 such that p™ { j, for « € H.
Applying (3.15)) to ¢y we would get a j' € (JI(JH))A such that ¢y — ' is

small. Clearly j' = " .y jata contradicting that none of the j,’s is divisible
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by p".
So far, letting 1 := ¢— 7, we know that, for any o € 7, the homomorphism
YTy = @y — JTq = @y — Jo is small. We are going to show that ¢ is small.
If ¢ is not small then there is a countable H C 7 such that ¢y is not
small. Applying (3.1F)), we obtain a k := >, kaea € (JZSH))A such that
Yy — k is small. Since Y7, is small for any o € H, this implies that k, = 0.

Hence k = 0 and Y7y = ¢y — k is small, a contradiction.

The Black Box

The heart of the construction is a version of the Black Box very similar to
(2.3) in [4]. Also ideas from [2] are used.

Before stating the Black Box, we introduce the necessary terminology and
notation.

Recall that a tree is a partially ordered set (P, <) such that, for every
p € P, the set of all elements of P smaller than p is well-ordered. The order
type of this set is called the height of p. A subtree of P is a subset Q C P
such that whenever p € P, ¢ € (Q and p < ¢, we have p € (). Note that a
subtree is a tree with the induced ordering, and every element has the same
height in the tree and the subtree. The elements of a tree are also called
nodes.

For example, for any ordinal «, the set of all functions o: n — « for all
n € w ordered by inclusion form a tree, which we denote by <“a. The set
of all strictly monotone increasing functions o: n — A for all n € w form a
subtree of <“\, which will play a crucial role in the Black Box. We denote it
by T.

For o: n — A, we denote by /(o) the height of o, which is clearly n and
coincides with the domain of o.

A branch of a tree is a maximal linearly ordered subset of the tree. For
example, the branches of <“« are in bijection with all the functions f: w — «,
where f corresponds to the branch {f | n : n € w}. Similarly, the branches of
T are in bijection with all the strictly monotone increasing functions f: w —
A
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For any tree Ty, let BrTj denote the set of branches of Tj.
As we claimed before, we are mainly interested in the tree T', which we
C(p'“*a, with

fixed generators a, for the summands. This group is not our whole universe,

now treat as a set of generators of the group Z := @, .,
as we will work in the torsion-completion D @ Z where D is a fixed separable
abelian p-group. Since Z is canonically contained in [LerC (p"*Na,, every
r€D®Z=D® Z has coordinates in the product. Let z, denote the o’th
coordinate of x. We define the support [z] := {o | x, # 0} of x as the set
of nodes where it is not zero. This does not depend on the component of x
in D, which has no significance for us. If z = Y, xe; € ZW) C [T, Z
then let the support of  be [z] := J,.,[7:], the union of the supports of the

components of x. The support [S] of a subset S of D & Z or Z) is simply

the union of the supports of its elements. Let the norm of S be
(3.16) [|S]| ;= min{a < X | [S] C “a}.

By the norm of a single node ¢ we mean the norm of the one-element set

{o}, ie ol = {a}.

Set
(3.17) Vi=Da@crp ),
oeT
(3.18) W =P Vea.
a<w

Our last notion involves most of the previously defined concepts:
Definition 3.3.4. A trap is a 6-tuple (f, D', S, P, p,) where

o f:<“w — T is an embedding of trees;
e D' is a countable subgroup of D;

e S is a countable subtree of T';

P=Do @oes C(pl(")+1)ag,'

p: P — (P/D" is a homomorphism,
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o v < \is an ordinal;
e ImfCS;
o |I7|l = ||S|| for all branches T € Br(Im f).

We are ready to formulate the Black Box.

Lemma 3.3.5 (Black Box). Let D be a separable abelian p-group of cardi-
nality at most X = \®0. Then there is a sequence (fo, D.,, Sa, Pa, Pa; Vo) (@ A%
of traps such that |\*| = X and

(1) B <a= S < 5ll;
(ii) B # @ = Br(Im f5) O Br(Im f,) = ;
(iii) §+2% < a = Br(Im f,) N Br([Ss]) = 0;
(iv) if S CV and I C D are countable sets, ¢: V — W is a homomorphism

and v < A, then there is an o < \* such that

SCP,ICD, ya=7and ¢ | Py, = p,.

Proof. The proof is basically the same as the one of (A.7) in [2] and hence
omitted. The Black Box is very robust under changing its setting. O

Construction of abelian p-groups

In this subsection we prove Theorem by constructing suitable groups.

We use the sequence (fo, D), Sa, Pa; Pa,Va)(a<r) of traps produced by
Lemma to construct the group A. We also introduce some notation:
Let

(3.19) V(1) = Zp”’kaﬂn (1 € Br(T),k € w).

n>k

We call a sequence & = (2% : k € w) CV a V-chain if 2¥ — pz**! € V for all
k € w. This means that in V/V the sequence is a p-divisibility chain. For
example, (v¥(7) : k € w) is a V-chain for any 7 € Br(T).
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For a V-chain #, a branch 7 € BrT and a subgroup B C V set
(3.20) B(1,%) :== (B,v"(1) + 2F | k € w).

We recursively choose elements gf;’ and define pure subgroups A% of V for
B, a < A* such that

() A° = (D@ Z,g5 | § < a).

ii) g% = v¥(15) + 2% for some 75 € Br(Im f3) and some V-chain 75 =
B &} 8 B B B
(k) C Py with o(2°) = p and ||z}|| < ||Ss]|(= ||7])) for all k € w. Note
that v*(75) € Py and so g% € Pj.

(i) If ghos ¢ (APT1/D) for some 3 < a and k € w then also ghps ¢
(A4*/D)®.

(iv) Moreover, whenever possible, we choose gg’s in such a way that, for

some k € w,

ghps ¢ (APT /D)) = (AP(75,35)/ D).

Note, we shall see later that such gg’s (satisfying (i) and ) exist.
Finally we put

(3.21) A= ] A" =(DoZgl|B <X k<uw)
a<\*

and

(3.22) Ax = (DO Z,gF | 7o € XU{A}) (X CN).

Properties of A We are going to prove some properties of A.

Lemma 3.3.6. Ay is a pure subgroup of V for every X C \. In particular,
A = Ay is a pure subgroup of V.
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Proof. Since V' C Ax C V, the purity of Ay is equivalent to the divisibility
of Ax/V by Lemma [3.3.1] But Ay /V is divisible since it is generated by
divisibility chains: (gf + V)rew for all § < X* with v3 € X U {)}. O

The following lemma describes how the elements of A look like.
Lemma 3.3.7 (Recognition Lemma). Let h € A\ V. Then
(a) There is a unique o < \* such that h € A*T1\ A°.

(b) With o from (@), there exist unique ordinals o = a(0) > ... > a(n) with

1Sa@)l = [|Sall for i < n and there is an ordinal pn < ||Sa|| such that
(3.23) By = F U Jlram)u
i=0

where the union is disjoint and F is a finite set and

2], :=H{o € [a] [lofl > u}

for alreV orz CT.
In particular, ||h| > ||Sa]l-

(¢) If T is a branch of T with ||T|| > ||Sa|| then there is anl € w and z € Z
such that

(3.24) he = 20'(7),

for all but finitely many elements o of 7. Moreover, if T ¢ Br(Im f,41)
then z can be chosen as zero, which means that [h| N T is finite in this

case.

Remark. Since D C V and the norm and support do not depend on the
component in D, we have same results on h € (4/D)\ (V/D) (with the only
change that we say h € (A**!/D)\ (A*/D) in (). It is also easily seen that
the lemma generalizes to every h € (A/D)“). In this case we have z € Z®)

n .

46



Proof. Condition (&) follows from the fact that the groups A% (a < X*) form
a continuous increasing chain whose union is A and which starts at A° = V.
To see @ and , let h € A1, Then it can be written, by of the

construction and since the gg’s form a V-chain, as

=0

for some f € V, a > «(0) > ... > a(m), k,m € w and 2, € Z. We can
assume that none of the summands are zero except maybe f. Since h ¢ A%,
we must have a = «(0). By Lemma we have, for some n < m,

(3.26) [Sall = 1Sa@l = - - = [[Sam) | > 1Samsnyll = -+ = [[Sam) lI-

We rewrite (3.25)) in the form

(3.27) h=f+ Z 20" (Tags)) + Z Zﬂi(i) + Z Zigfy(i) :
i=1 i=1 i=n+1

Y

To show ([]), we claim that, if ¢ < ||S,]| is large enough, then |y|| < p and
the sets [f],, [2:0"(Ta(i))] = [0V*(Ta@))|n = [Ta@)], ave pairwise disjoint. Then
(3.23) will hold with F':= [f], (which is finite since [f] is finite).

To prove the claim, our first observation is that ||y|| < ||S.|| because
each summand of y in has norm less than ||S,||. Since z,0"(743)) # 0
for any i < n by assumption, we have [z;0"(7o;))] = [v*(7a@))] and hence
(20" (Tagi)) ] = [V (Ta@)],- Note that 7\ [vF (1)) = {7 1 0,...,7 | k}, and
hence (7], = [v*(7a@;))], Whenever > (k)7.

For © # j < n we know that 7,4) N 7o) is finite from condition (i)
of Lemma [3.3.5] and thus, for [|7ap) N Tagyl < g, the sets [v*(7a())], and
(0¥ (Ta())]u are disjoint. Moreover, since [f] is finite and [|S,|| is a limit
ordinal, every element of [f],, has norm greater than ||S,||, for 4 large enough.
In this case, [f], will be disjoint from the sets [v*(74())], for i < n.

Summarizing the above, we can find a common p < ||S,|| satisfying all
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the requirements above.

Finally, let us prove (). In fact, it is enough to assume that ||7]| > u
where p is as above. If 7 differs from 7,0, ..., Ta(n) then 7 intersects [h], in
a finite set because it intersects every set on the right-hand side of in
a finite set. Since ||7|| > p, it follows that 7N [A] is finite and hence is
satisfied with z = 0 and [ arbitrary.

On the other hand, if 7 = 7, for some ¢ < n then holds for
lo|l > p with z := z; and | := k. O

Corollary 3.3.8. A contains no element from the torsion-completion of D
but the elements of D, i.e. AND = D. Moreover, Ax/D is a pure subgroup
of Z with basic subgroup Z for every X C \.

Proof. If h € A\ V then [h] # () by Lemma (). In particular, h ¢ D

because elements of D have empty support. Thus

AND=VND=(D+Z)ND=D+(ZND)=D.
0

It remains to show that Ax/D is a pure subgroup of Z with basic sub-
group Z. Consider the canonical projection 7: D®Z = D® Z — Z. lIts
kernel is D. Hence 7 restricted to Ax has kernel kerw [ Ax = AxND = D.
So 7 induces an isomorphism Ax/D = Axm C Z. Now Z C Ay and hence
Z =Zm C Axm.

So far we know that Z C Axm C Z. We will prove that Axm/Z is
divisible, which implies immediately that Z is a basic subgroup of Axm and,
by Lemma , Axm is pure in Z. The proof is just an easy calculation:

Axm/Z = Axm/Zn = Ax/(ker(m | Ax)+ Z) = Ax /(D + Z).

The last group is divisible, again by Lemma[3.3.1] since Ay is pure in D & Z.
O

Our final lemma provides us many small homomorphisms.
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Lemma 3.3.9. With A from (3.21), A/D is a thin group, which means
that every homomorphism from a torsion-complete p-group to it is small.
Furthermore, (A/D)®) is thin.

Proof. The argument is essentially the same as the proof of (8.2) in [2].
Nevertheless, it is presented here.

Since direct sums of thin groups are thin (see [23, Theorem 2]), (4/D))
is a thin group if A/D is thin. So we have to prove the latter only.

Let X be a torsion-complete group and ¢: X — A/D a homomorphism.
Suppose, for contradiction, that ¢ is not small, i.e. there is a natural number
k, a strictly increasing sequence of natural numbers (n;);c, and elements
e; € p"i X [pF] such that h; := e;1p # 0.

Without loss of generality, we may assume (by passing to subsequences)
that

and that there are nodes o; € [h;] such that:
(A) loill < [loigl] for i € w;

(B) sup||o|| = sup [|hil;

(D) if infinitely many o; lie on the same branch then all of the ¢;’s do.

For any sequence (g;) C {0, 1}*, the sum z := ) _ g;¢; is convergent and
(3.29) h = Z&‘hz‘ =zip € A/D.

Note that o; ¢ [h;] for i < j by (C), so the o,’th coordinate of h is the
same as that of ngi ejh;, which we write as z;a,, for some z; € Z. So we can

choose the ¢;’s recursively such that h,, differs from any preassigned value.
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This way we can achieve that

if 7 is even,
(3.30) ho, #
zi,lpl(ai)_l((’i*)agi if 4 is odd.

This implies with the help of and (3.29) that sup ||o;]| = ||h||. By
Lemma (o)), we have, for some a(0) > ... > a(n) and p < ||A/],

n

(3.31) (], = F U Jra)

1=0

where the union is disjoint and F' is a finite set. Recall that

(2], :=H{o € [a] :[lof| > u}.

Thus the finitely many branches 7., . .., Tam) cover almost all of the o;’s,
and hence infinitely many of them lie on the same branch. By @, then all
the 0;’s lie on the same branch 7. So, by Lemma , for all but finitely
many of the o;’s we have h,, = (2v*(7)),, contradicting for almost all
odd . O

Existence of the g®’s Next we show that the g®’s needed for the con-
struction exist. Recall that the g*’s are defined recursively. The next lemma

shows that the construction carries over at every step.

Lemma 3.3.10. Suppose that for some o < \*, there are gg (8 < ) satis-
fying condition of the construction.

Then there is a branch T € Br(Im f,) such that, for any V-chain & =
(2% : k < w) CV with o(z°) = p and ||2"|| < ||Sal| for all k, we have

(3.32) ghws ¢ (A%(r,2)/ D))

Jor all 3 < o and k € w with glps ¢ (A*/D)®).

Proof. First we show that, for a fixed § < «, there is at most one branch 7
for which (3.32) fails for some z.
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Suppose for contradiction that there are two branches 71 and 7 of Im f,,

and sequences 7, and Ty such that

(3.33) ghps € (A%(7;,3;)/D)@ (i =1,2).

Then there are z; € Z*) (i = 1,2) and [ € w with

(3.34) ghps — (vl () + 2b) € (A°/D)@) (i =1,2).
Subtracting the equations gives

(3.35) ¢ = 20 (1) — 200! (12) + (mal — z92h) € (A4%/ D).

The support of both the second summand and the expression in brackets
intersect the branch 71 in a finite set. The former because 71 N 7 is finite,
the branches being distinct, the latter because it has norm less than ||S,]|.
Thus [c] N 7, is infinite unless p’ divides z;. But Lemma () prevents
the former. The latter is also impossible since then would reduce to
gbes € (A*/D)® in case i = 1. Therefore we have a contradiction in both
cases and thus there can only be at most one branch 7 failing ([3.32).

Second, we show that, if gggpg € (A%(r,%)/D)“ for some 8 < a, k € w
and a sequence Z, then 7 € Br(Sg). This implies that 7 € Br(Sz) NBr(Im f,)
and hence 3 + 2% > o by Lemma .

As before, ghpp € (A*(r, #)/D)“) means that, for some [ € w and z €
yAS

(3.36) gé(pg —z(v(r) +2h) € (AO‘/D)(“’).

The support of this element must intersect 7 in a finite set by Lemma @
Now [zv!(7)] intersects 7 in an infinite set but [22'] in a finite set. So [gfps]NT
must be infinite. Since [gfps] C S, we obtain that the subtree Sz con-
tains infinitely many elements of 7 and hence must contain all of 7. Thus
T € Br(Ss).

Now we estimate the number of the branches 7 in Br(Im f,,) which do not
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satisfy for some # < a and k € w. For every 3 < « there is at most
one 7, so the number of 7’s is less than or equal to the number of §’s. Let
B be the smallest among the 3’s. Then a < 3y + 2%, Since all the 3’s lie
between 3y and a the number of ’s is less than continuum.

All in all, there are less than continuum many branches 7 € Br(Im f,)
which fail the lemma. Since Br(Im f,,) consists of continuum many elements,

it must have an element satisfying the lemma. O]

The homomorphisms Now we turn to the proof of equation of The-
orem for 7 = w, namely that, for every X, Y C A,

(3.37)

0 fXZY,

Hom (Ax, (Ay /D)) = J\) @
Small (Ax, (Ay/D)®) if X CY.

The key for the proof is the following:

Proposition 3.3.11. Let ¢: Ax — (A/D)“) be a homomorphism (X C \).
Then there exists j € (ngw))A such that ¢ — j is small.

Now we can easily deduce ([3.37)) from the proposition.

Proof of (3.37). Observe that since Ay C A we have (Ay/D)®) C (A/D)®).
Hence, for any ¢: Ay — (Ay/D)®) (viewed as a map to (A/D)®)), there is
aje Jéw) such that ¢ — j is small by the proposition. Now we show that if
X ¢ Y then j = 0 and hence ¢ is small. We have to be careful because we
do not even know that the image of ¢ — j is contained in (Ay/D)®).

Suppose for contradiction that X ¢ Y and j # 0. So there arey € X\ Y
and a largest | € w such that p' divides j. By Lemma , there is an
a < A" such that v = 7,. Since ¢ is small, we can choose an n such
that p"Ax[p"™'](¢ — j) = 0. Hence p"git'é = p"gitlj ¢ (Ay/D)¥), a
contradiction.

Finally, the sum on the right-hand side of is direct because if
0#£j¢€ ngw) then j is not a small homomorphism. In fact, the kernel of j is

Ax[p*] where k is the largest natural number such that p* divides j. Since
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Ay is unbounded, we have p"Ax[p"™] € Ax[p*] = ker j, for every n € w,

showing that j is not small. O]

It remains to prove Proposition [3.3.11, which we prepare now. In the
proof, we shall consider the (unique) extension of ¢ to a homomorphism
D® 7 — W, which we also denote by ¢. This extension exists because ¢
is automatically continuous in the p-adic topology.

We gain control over ¢ by the following lemma. This is the only place in

the proof where we use the special choice of g¥’s.

Lemma 3.3.12. For every V-chain {z* : k € w} C D@ Z, there are j €
Z) and 1 € N such that v¢ — ja' € (A/D)“) where x = 2°.

Recall that for j = > jrer, € Z@) and x € A we use the notation jr :=
> jrrey € (A/D)).

Proof. By of Lemma there is an a < A\* such that
® 7=\ (s0 gf € Ax for all k € w),
o [[2"]l; ¢l < [|Sall for all k € w,
o [zF]U [zFp] C S, for all k € w,
* ¢ Py= pa.
Recall from Lemma that there is a branch 7 € Br(Im f,) such that,

for any V-chain § = (3 : | € w) C P,,

(3.38) gsvs ¢ (A%(,5)/D)

whenever gips ¢ (A%/D)“ for some 3 < a and k € w, i.e. whenever
ghos & (AP D) by of the construction.

However, gkp, = g*¢ € (A/D)®) and hence g*¢, € (A°+1/D)“@) for all
k € w. By of the construction, we must have, for all £ € w and V-chain
j with o(y°) = p

(3.39) (W*(7) + ") pa € (A%(r,§)/ D).
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Let o(x) = p**1. We apply (3.39)) to the V-chains (y* =0 | k € w) and

the one defined by 3° = pFz, y! = pF~lz, ..., y¥ = 2 = 2° and y**! = 2! for
all [ € w:

(3.40) v (7)pa € ((A%04(7) | 1 € w)/ D)™,

(3.41) (V*(7) 4+ 2)pa € ((A%, 0" (7)) + 2! |1 € w}/D)(w) :

Note that (A% v** ()42l | 1 € w) = (A%, O+pFa, ... " (1) +pz, V¥ (7)+
2! | 1 € w) because V C A“. Now we deduce from the above that, for some

l€wand j, meZW),

(3.42) VH()pu — j0*H(7) € (A%/ D)
(3.43) (VH(7) + 2)pa — m(e*H(7) + 21) € (A%/ D)),

Subtracting (3.42) from (3.43)) and using that zyp, = xy we obtain:
(3.44) b= (xp —ma') — (m — j)o** () € (A*/ D).

The first expression in brackets has norm less than ||.S,|| by the choice of a.
Moreover, due to Lemma , [b] N 7 is finite, which is only possible
for (m — j)v**(7) = 0. So reduces to xp — mal € (A%/D)“ as
required. O

Finally, we prove our proposition.

Proof of Proposition[3.3.11. Let ¢: Ax — (A/D)®) be a homomorphism.
Recall that ¢ extends to a homomorphism D@ Z — W, which we also
denote by ¢.

It follows from Lemma that ¢ maps D + A into (A/D)“). For if
x € D then we can choose a V-chain (z* : k € w) from D with 2 = 2, since
D is pure in V. By the preceding lemma, there are k € w and j € Z®) such
that z¢ — jo* € (A/D)“). But since z* € D, automatically jz* = 0, so
x¢ € (A/D)“). One can similarly show that z¢ € (A/D) if 2 € A.
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Hence ¢ induces a homomorphism ¢: V/(D + A) = Z/(A/D) =: Q —
W /(A/D)“). The next step is determining this induced homomorphism. (It
is interesting that we look at ¢ where it was originally not defined.)

Again by Lemma , cach z € Q is mapped by ¢ to some jz* for
some j € Z@W. Here 2 € Q and pF2* = 2. Note that we must have
o(x)jz* = o(z)zd = 0 where o(x) is the order of z. This implies that p*
divides j, say j = mpF¥, so in fact xqf; = mpzF = ma.

So we have proved that for every z € (@ there is a j € (ngw))’\ such
that z¢ = jz. In particular, ¢ maps Q to Q). Now a usual argument on
completeness, which we present in the next two paragraphs, shows that we
can find a j € (ngw))’\ such that z¢ = jz for all z € Q.

For a fixed z € Q the j’s for which 2¢ = jz form a coset of o(x)(J,gw))A.
Any two of these cosets are either disjoint or one is contained in the other.
In fact, we will prove that there are no disjoint ones among them, so the
cosets form a chain. By completeness, their intersection is non-empty, which
is what we claimed.

So let us prove that, for any z, y € @, there is a j € (ngw))A such that
x& = jx and yé = jy. By the fundamental theorem of abelian groups, the
group (x,y) is a direct sum of two cyclic groups: (x,y) = (a) ® (b) where the
summands may be trivial. Let p* = o(a) > o(b) = p'. There are j, m and
t € (JY" such that

(3.45) ap = ja bp=mb (a+0b)¢=t(a+D).

Since (a + b)(E = a¢ + bo we thus get ja 4+ mb = ta + tb. But a and b are
independent, so we must have that p* divides j — t and p' divides m — t.
So p divides j — m and hence bp = mb = jb. Thus ¢ coincides with j on
(a,b) = (x,y) as claimed.

So ¢ = j for some j € J,Ew). Returning to the homomorphism ¢, this
means that ¢ := ¢ — j maps the whole V to (4/D)®). By Lemma m
(A/D)®) is a thin group. Hence ¢ must be small by the definition of thin
groups, which completes the proof. O
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3.4 Construction of locally finite p-groups

Now we construct the groups Px and Gx for X C k to prove Theorem

We fix a continuous cofinal sequence (3, : a < cf k) in k such that 5y = 0
and set [ty := k. We will construct a smooth chain of groups (G%, 5a)agcf,€
for every X C k and set Gx = G<*. For a < cfk the group G% will
have cardinality less than k. It will be convenient to use G := G, for the
group containing all of the groups we are working with. For each « the
collection of groups (G%)xcg, will satisfy a similar but significantly weaker
condition than required by the theorem: First, we need monoids M§ with
right cancellation generated by M and G%. The monoid M§ is designed to
be the submonoid M - Inn G§ of Emb G. We require that M§ acts on every
G% by monomorphisms. G% acts by inner automorphisms. These actions
should be compatible with each other for all & and X.

To simplify notation we put G* := G and M := Mg . We require

(i) Gx NG = G%pg, for all X C 3, and a < »;

(i) G% CGY iff X CY and o < f3;

(i) Mg C MJiff X CY and a < f3;

(iv) if g € G, m € M and g™ € B then g € B for all a and X;

M- -InnGy it X CY,
(v) Emb(G%,GY) N M - InnG* =
0 fXZY.

So far this is easy to establish by a recursive definition, which is our next
task.
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Initial step

For a@ = 0 we set

(3.46) A=z,

n<w

(3.47) P =P AWe,,
zeM

(3.48) G°:= P x B.

Here B acts on P by the right regular representation of the coordinates e,.

Let M act on G° by moving the coordinates in D.cn AMe, by the right
regular representation and mapping b € B to b™ by m. Clearly M NInn G° =
B.

The monoids M§’s

Semidirect products of semigroups Recall that if N and T are semi-
groups and N is acting on T then their semidirect product N x T' is a semi-

group with underlying set N x T" and multiplication given by the rule
(349) (nl,tl) . (ng,tg) = (n1 : n2,t?2t2) (nl, No € N, tl,tQ € T)
where t" is the action of n on t.

Definition of M§ Once G% is given with the action of M on it, we define

M§ as a factor of a semi-direct product by a congruence ~:

(3.50) (mb,g) ~ (m,bg) (be B,me M, bec B)
(3.51) M =M x G/ ~

with the given action of M on G%. Requirement then follows from ().
Note that right cancellation holds in M§ because of (iv]). In details: let
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(m1, 1), (M2, g2) and (m, g) be elements of M§ and suppose

(3.52) (m1, g1)(m, g) = (m2, g2)(m, g).

This means that

(3.53) (mam, gi"g) = (mam, g5'g)

so that for some b € B

(3.54) mimb = mom, bgy'g = g7'g.

The right equation gives us b = (g1g, )™ € B, so by we have
(3.55) ¢i=gig; € B.

Thus b = ¢™. Substituting this into the left equation of (3.54) and apply-
ing (3.5):

(3.56) mom = mymc” = mycm.

Since right cancellation holds in M, we get mo = myc. From (3.55)) we also

get g1 = cgo. Hence (my, g1) = (ma, g2).

Limit step

If « is a limit ordinal, we simply put

(3.57) Y= Gk (XCa)

<o

This satisfies all the requirements: the key is that (jil) takes care that nothing
can go wrong with , and , while is automatically inherited from

the smaller groups.
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Successor step

Once for some a the G%’s are given we define the G$'’s. Therefore we

choose a separable abelian p-group A® of cardinality A and consider

(3.58) S:= P (A* @ Aler)e,.

veEM™

We define the action of M® on S by

(3.59) (Z avev> = Z aveyy (g€ M?).

vEM™ vEM™

For all X C (,+1 and Y C (3, we choose subgroups F§ and Ty of S such
that

(3.60) Ty C @D Ace, (Y C Ba),
veEG™
(3.61) Fg =Ty © @ AVe, (X CBat).
UEGS)‘mBa

These subgroups will be invariant under M and conjugation by G% such that
F¢ C Fy, respectively Ty C Ty if and only if X C Y. Set

(3.62) GX = F§ % G, -

Then the above requirements for the G&t!’s are clearly satisfied.

Note that this definition implies that for all x € G\ G the centralizer
Cga(x) is finite: For all such x there is a 8 > « with z € G°t!\ G”.
By (3.62), G"™ = FP x G, so we can write z = fg for some 1 # f € FP
and g € GP. If b € G* C G” stabilizes = then it also stabilizes f and g.
Hence Cga(z) C Cgs(f) and the latter group is also finite.

The existence of Px’s Also note that the above construction automati-

cally ensures the existence of Px’s required by the theorem. In fact, we can
define Pg¢’s for each o and X C (3, such that G = Py < B and Py C Py
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iff X CY. The definition is

Py = (P, F}

y<a).

NBy+1

One can prove by an easy induction on « that P§ is a locally finite p-

group. The relevant equations for the induction are

(3.63) P =P
(3.64) PEt = F s, ¥ PRog.s
(3.65) P = P,

<o

The choice of T'{’s It remains to show that Emb(Gx,Gy) C M - Inn Gy.
This requires some care when choosing the A*’s and T¢’s, which we now
describe.

Apply Corollary to D := AW Then especially we get a collection
(A® : a < k) of abelian p-groups of cardinality A such that for all 3, v and
any subgroup A”® of finite index in A” and any ¥-cyclic group C and cardinal
T as in (3.13))

(3.66) Hom (Aﬁ: Pa+ (J) = Small (Aﬁ’, Pa+ c) ® 65,ED 7,

a<lT a<T a<T

because A has 2*(> k) pairwise non-comparable subsets.
For X C j3,, we choose a X-cyclic group C'¢ which will prevent unwanted

embeddings of G%, and set

(3.67) Tg = @ A%, + C%.

vEG™

This will ensure that every homomorphism from A to FY is small if a # 7,
and is, up to a small homomorphism, multiplication by an element from
(Y if o = .
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The choice of C{’s It does not matter how C§ is chosen for cf o # w.
(One can set C§ := D)) So let ¢fa = w. From now on, we fix a and
construct the C'¢’s.

To this end, first we choose a countable subgroup Y of G separating M*,
which means that if my, my € M and m; # mqy then there is a y € Y such
that ymy # yms. This is the point where it is important that the cofinality

of a is countable and C% is X-cyclic.

The separating group Y Choose a cofinal sequence («, : n < w) of

ordinals in a.

Lemma 3.4.1. There is a countable group Y < Gy such that the following
holds.

(i) FY* <Y, [Y :Y*] <oo and hy # hy € M® then the action of hy and
hy differs on Y'* (i.e. there is an y € Y'* with yhy # yhs).

(ii) For all n there are infinitely many x € Y such that if hy, hy € M*" and
xhl = .ThQ then hl = h2.

Proof. Let H, be a countably infinite subgroup of A% and set
(3.68) Y = (Hpel | n<w).

Obviously, if Y* <Y, [V : Y*] < oo is a subgroup of finite index then
Y* N Hyel # 1 for all n. Hence (i) follows.
Let b € H, \ {1}. Then be} satisfies for n. This construction also

provides infinitely many such elements b. O]

Construction of €Y Now we are ready to construct the C'¢’s. Let F
be a set of countable subgroups K of G of cardinality |G*| with YV < K,
where Y comes from Lemma , such that |JF = G*. We identify D)
with @ gcr sex (ax.) where each order o(ar ;) is a power of p and for every
K and n there are at most finitely many elements x such that o(ax ) < p".

This can be done such that o(ag,) is independent of K for z € Y. Thus
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the direct sum contains every C(p") as a direct summand |G| many times,

which ensures that it is isomorphic to D).

We choose integers zf ,, such that o(2k zak ) = p and define the subgroup

C of @, cqo De, and the C%’s by

mgn = Z pinZK,xaK,xexy
zeK
P 2K a
(3.69)
C = @Dev,me(b KeF, e M neN),
veG™
C% = (Dey,mpnd | K CGS,veG, e M) <C (X Ca).

For every w = )" 2k s 0k 26, € C, we define the support of w as
(3.70) suppw = {(K,z,v) |z € K € F,v € G 2k y 0K, 7# 0}.

Properties of C'.  We prove some lemmas about C'§ needed later.
The following lemma shows that C' and hence the C'$’s are X-cyclic.

Lemma 3.4.2. The group C' constructed above is 3-cyclic.

In the proof we use, without proof, the following characterization of -

cyclic groups due to Kulikov, see [6, p. 87, Theorem 17.1.].

Lemma 3.4.3. [6/ An abelian p-group C' is X-cyclic if and only if it is the
union of an ascending chain of subgroups {Cy, }n<, such that for every natural

number n the heights of the elements of C,, in C are bounded.
Proof of Lemma[3.4.3. Set
Ch = (g, Mrn® | 0(ak,) <p",p € M ve G v e KK € F).

Obviously, {C}n<w is an ascending chain of subgroups of C' and C' =
U<, Cn. We shall prove that this chain satisfies Lemma m

Therefore fix a natural number n. Choose x € Y to satisfy Lemma
and o(ax ) =: k > n for all K € F. Recall that o(ak ) does not depend on
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K forxzeVY. Let

m

w = ZsimKi,ngbi + fa f € @<GK,y>6va S; € L

=1

be any non-zero element of C,,. If some ag e, has non-zero coefficient in w,
then the height of w is less than the exponent of arx,. If m = 0 then we can
clearly find such an ag, with order at most p™. If m > 0 then K = K, and
y = x are a good choice. Anyway, the height of w is less than k. O

Lemma 3.4.4. Let w e C%, K € F. Suppose ¢p: K — GS is a group ho-

momorphism and for some v € G%
(3.71) {ak 2€uo(e) | © € K} C suppw.

Then K C G% and ¢ is the restriction of some m € M$.
We apply a well-known theorem of B. H. Neumann in the proof.

Lemma 3.4.5. [21] Let G be a group, and let G, ..., G, be subgroups of G.
If G is a set union of a finite number of cosets of the G; irredundantly then
Gy N---NG, is of finite index in G.

Proof of Lemma[3.4.4 Write w in the form
(3.72) w = Z SiMg, n,Mi + f
i=1

where f is in P(ax,)e, and (K;,m;) € F x M§ are distinct.
Since supp f is finite, replacing w by w — f, we may assume that f = 0.

We can write w in the following form using the definition of mg, ,,:

(3.73) w = i”: S Z P 2K 20K 2 Cam, -
i=1

$€Ki
pni‘zKi,ac

For the support of w the following holds by (3.71)) and (3.73)):
(3.74)  {axseuws) | v € K} Csuppw C {ag, seam, | v € K;,1 < i < n}.
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We define subgroups G; of K by

Gi:={x € K| z¢p =am,}.
We note that

Li = Az € K |v(zd) = zmi}

is either empty or a left coset of G;. With this notation (3.74) can be ex-

pressed as

K=|HLi|L#0, K=K}

From now on we consider only those indices ¢ for which K = K;. We are
going to prove that for some 7 we have K = (; and hence K = K; C G%
and ¢ is the restriction of m;. This will follow from Lemma |3.4.5 applied
to the covering of K above (one may add finitely many cosets of the trivial
group to really obtain a covering), once we show that at most one G; can
have finite index in K.

Suppose for contradiction that for some ¢ # j both of G; and G; have
finite index. Then K; = K = K; and also m; = m;, by Lemma ,
since m; and m; coincide on the finite index subgroup Y NG; NG, of Y. This
contradicts the choice of the (K;,m;)’s. O

Determining Emb(Gx, Gy)

Now we are able to finish the proof of Theorem [(3.1.2] So far, the groups Px
(X C k) are constructed such that (1)) holds. We know that these groups are
locally finite p-groups of cardinality k.

Let X, Y C k and ¢ € Emb(Gx,Gy). We want to show that ¢ € Mefr —
M -Inn G. Together with at the beginning of this section, this will prove
and () of Theorem [3.1.2] which finishes the proof of the theorem.
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To simplify notation we introduce

G% = Gxngp,
Ck == C%np.» (X Ck)

F)Oé = F)C;nﬁa-&-l'

Note that this extends our previous notations from (3.57)), (3.62)), (3.69) and
(13.61]).
Gx has two cf s-filtrations: G% (o < cf k) and G$¢ ! (o < cf ). They

coincide on a cub, compare with [5, Section 4.12]:

(3.75) C:={a<cfr| G} =Gso ).
Its intersection with the following stationary set is cofinal:
(3.76) E:={a<ctr:cf(a) =w}

Let o € ENC and L := F¢¢. Then LNG* =1, so0 for all y € L\ {0}
there is a v > « such that y € G711\ G7.

We claim that this v > « is the same for all y, i.e. L C G\ G7.
Suppose for contradiction that y € GF™'\ G¥ N L and z € G\ G N L for
some p > v > a. Then 29%¢ C Cgu(y), since L is commutative, which is
impossible since |29%¢| = \.

Next we show that L® := L N F} has finite index in L.

Any non-trivial element of L can be written as fa where f € F7\ {0}
and a € G7. Then for all b € G$¢ the conjugate (fa)® belongs to L hence

fa and (fa)® commutes. This means
(3.77) f=fro" ™ and (@b a] = 1.

Note that f is a non-zero element of Fy, which is contained in the p-adic

completion of @, ca A%, © @UGG(;( ] AXe, by (3.60) and (3.61). Hence

there is a coordinate of f not divisible by p" for some n. However, there can be

only finitely many coordinates which are not divisible by p", say e,,, ..., €.
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Thus there are only finitely many b, namely, v; 'v; for 1 <4 < k, such that
the v;'th coordinate of f° is not divisible by p”. Now by (8.77), the v;’th

coordinate of f°, f*" or f~* " is not divisible by p". For all but finitely

b can take only finitely many values

when b runs through G ¢, i.e. [G$ : Cagg(a)] < oo.
b

many b this can only be . Hence a~

= a. Then, on the one
hand, f°- f~! = (fa)* - (fa)~' € L*. Since Cgu(f) is finite, fo- f~1 # 0 for
some b, hence L®* # 1. On the other hand, says that f-f~% " commutes
with these b’s and hence has infinite centralizer in G7. So f- f~% =0, i.e.
[f,a] = 1.

Now let 0 # x € L®*. Then xfa € L. As we have seen in the previous

Thus for A many elements b of G$¢ we have a

paragraph, a commutes with both f and zf. Thus a commutes with x. This
means that L7 < Cgy(z) where 7: G711 = 7 x G7 — G7 is the canonical
projection. Hence L is finite, so L*® = ker 7 has finite index in L.

So A*e; := A% N L* has finite index in A%;. Thus, by Corollary

the homomorphism ¢: A*®e; — Fy} C F” can be expressed as

(3.78) (ze1)d = Z Jorey + w0 (v € A*®)

5
veGy,

where o: A% — F{ is a small homomorphism and (jy,)veqy € (JIEG;))A is a
collection such that for all n all but finitely many of the j,’s are divisible by
p". Of course, all the j,’s are zero if v # «.

Choose n large enough such that p" A%[ploc = 0 and p"A%e; C L°.

66



For K € F, K C G% consider

0# (p"mrn)p = Z (zrzar€1)" | ¢ = Z ((ZK,waK,xel)¢)x¢

zeK reK
pn|ZK,x pnlzK,a:

z¢

= § E ijK,xaK,wev

zeK veGY

pnlzK,m
- (0% (6%
= E E JoZK 20K 2Cu(zg) € Fy N @ De, = C5.
zeK veGY veGY
pn|ZK,:c

Here D is to be considered as a subgroup of A* and @UeG% De, as a subgroup
of @UGGQY A%, C FY in the same way as in (3.61)).
There must be a v € G§ such that p { j, (otherwise (p"mg )¢ = 0), so

~v = «. For such an element v we have

{aK,:L‘ev(:MJ) | S K} g supp (pan,n)¢

Then by Lemma |3.4.4] we have ¢ | K = m for some m € M.

For different K’s we get the same m € M because m is uniquely deter-
mined by ¢ [ Y, see Lemma . Thus ¢ = m follows from | JF = G°.

So far we have established for all « € £ N C' that ¢ acts as an m, € M“
on G%.

If o < @ are both in £ N C then mg has to map G% into Gf. But if
mg ¢ M® this cannot happen since then mg =m-g- f for some m € M and
g€ GV and f € ng \ {1} for some v > « and so f would be centralized by
the infinite subgroup (G%m)? of G7.

Since G separates M“, we must have mg = m,. Hence all of the m,’s

coincide with some m € M“* when o € ENC. Thus ¢ = m as required.
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