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Institut für Theoretische Chemie der Universität Stuttgart

2010





DE Kurzfassung

An der Berechnung der Elektronenstruktur von Molekülen allein aus

ersten Prinzipien wird weltweit intensiv geforscht. Ziel der Anstrengun-

gen ist dabei, effiziente rechnerische Methoden zur Bestimmung von

Eigenschaften von Molekülen zu entwickeln. Solche Methoden sind auf

quantenmechanischen Vielteilchentheorien aufgebaut, die eine korrek-

te Beschreibung der komplexen korrelierten Bewegung von Elektronen

ermöglichen. Trotz der immensen Entwicklung der Rechentechnik in-

nerhalb der letzten Jahrzehnte sind aber hochgenaue Rechnungen nach

wie vor auf Moleküle mit weniger als etwa zehn bis zwanzig Atomen

beschränkt. In diesem Kontext ist eine der größten Herausforderungen,

dass die intrinsische Genauigkeit der verwendeten Vielteilchenmetho-

den in praktischen Rechnungen bisher nur schwierig erreicht werden

konnte. Dies ist eine Nebenwirkung der Expansion molekularer Wel-

lenfunktionen mittels einer beschränkten Basis aus Einteilchenfunktio-

nen (“Molekülorbitalen”): Sehr viele Basisfunktionen pro Atom werden

benötigt, um die aus der divergenten Coulomb-Wechselwirkung resul-

tierende Mikrostruktur der Wellenfunktion adäquat zu beschreiben. Die

Berechnungen werden sehr schnell sehr teuer.

Explizit korrelierte Methoden stellen einen vielversprechenden Ansatz

dar, um dieses Problem der Basissatzkonvergenz zu umgehen. Dabei

handelt es sich im wesentlichen um Varianten der gängigen Vielteil-

chenmethoden (z.B. Störungsrechnung oder Coupled-Cluster-Methoden),

bei denen jedoch der gewöhnliche Wellenfunktionsansatz um zusätzli-

che Terme erweitert wird, die interelektronische Abstände explizit ent-

halten. Formen dieser Methoden mit Potenzial für Routineanwendungen

wurden erstmalig 1991 von Kutzelnigg und Klopper demonstriert. In-

nerhalb der letzten Jahre wurden explizit korrelierte Methoden dann so

weit weiterentwickelt, dass sie jetzt ihre konventionellen Varianten im

Genauigkeit-zu-Kosten-Verhältnis deutlich übertreffen.

Im Rahmen dieser Dissertation werden solche explizit korrelierten Me-

thoden entwickelt. Es handelt sich dabei um offenschalige Varianten von

Møller-Plesset Störungsrechnung und Coupled Cluster Singles&Doubles.



Desweiteren wird auf theoretische Aspekte eingegangen, wie z.B. die In-

terpretation von F12-Wellenfunktionen oder spezielle Erscheinungen bei

der Behandlung offenschaliger Spezies. Auch technische Aspekte der

praktischen Umsetzung der Theorie werden diskutiert, beispielsweise die

zuverlässige iterative Lösung der auftretenden Gleichungen und die Ver-

meidung numerischer Probleme. Weiterhin werden Methoden entwickelt,

um im Rahmen explizit korrelierter Rechnungen die zugrundeliegenden

Hartree-Fock-Energien zu verbessern, und im Falle der Coupled-Cluster

Methoden werden einfache Möglichkeiten untersucht, auch die Basis-

satzkonvergenz von perturbativen Dreifachanregungen zu beschleunigen.

Um die praktische Verwendung neuer Berechnungsmethoden zu ermögli-

chen sind umfangreiche Testrechnungen essenziell. Dies gilt insbeson-

dere, wenn ein “black box”-Charakter der Methoden angestrebt wird,

wie es hier der Fall ist. Infolge dessen beschäftigt sich ein Großteil

der Arbeit mit der Durchführung und Auswertung von Rechnungen,

um die Zuverlässigkeit der entwickelten Methoden sicherzustellen, die

zu erwartende Genauigkeit zu ermitteln, und optimale Berechnungs-

parameter abzuleiten. Hierbei werden etwa verschiedene Atomorbital-

Basissatzfamilien auf ihre Eignung für F12-Rechnungen untersucht und

die Wirkung des freien Längenskalen-Parameters der Theorie getestet.

Um einen möglichst weitgehenden Anwendungsbereich der entwickelten

Methoden abzudecken, wird bei den Rechnungen besonderes Augenmerk

auf schwierige Fallbeispiele gelegt, wie zum Beispiel die Berechnung

von Atomisierungsenergien, von Elektronenaffinitäten und Ionisierungs-

energien, sowie von Potenzialkurven zweiatomiger Moleküle und von

atomaren Dipol-Polarisierbarkeiten.

Die hier entwickelten Quantenchemie-Methoden können bei Rechnun-

gen mit hoher Genauigkeit zu Rechenzeitersparnissen von mehr als zwei

Größenordnungen führen, da aufgrund ihrer schnellen Basissatzkonver-

genz sehr viel kleinere Basissätze ausreichend sind, um eine gewünschte

Genauigkeit zu erreichen. Dadurch leistet die Arbeit einen Beitrag dazu,

die Reichweite an Molekülen, für die hochgenaue Rechnungen möglich

sind, deutlich zu erweitern.



EN Abstract

The calculation of the electronic structure of molecules solely from first

principles is a subject of intensive research programs worldwide. The

goal of these efforts is to develop efficient computational methods for

determining molecular properties. Such methods are based on quantum

mechanical many-body methods, which allow for a correct description

of the complex correlated motion of electrons. However, despite the im-

mense advances in the computational capabilities during the last decades,

highly accurate calculations are still limited to molecules containing no

more than ten to twenty atoms. In this context, one of the most se-

vere problems is that the intrinsic accuracy of the employed many-body

methods is generally hard to reach in practical calculations. This is a

side effect of the expansion of molecular wave functions in terms of

a finite basis of one-particle functions (“molecular orbitals”): A large

number of basis functions per atom is required for accurately describing

the microstructure of the wave function which is caused by the divergent

Coulomb interaction. Calculations become very expensive very quickly.

Explicitly correlated methods offer a promising approach to circumvent

this problem of basis set convergence. Basically, such methods are vari-

ants of the common many-body methods of quantum mechanics (e.g.,

perturbation theory or Coupled Cluster methods) in which the common

wave function ansatz is extended by additional terms which contain the

inter-electronic distance explicitly. Methods of this form with a po-

tential for routine applications were first proposed by Kutzelnigg and

Klopper in 1991. During the last years the explicitly correlated methods

were developed to such a degree that they now can clearly surpass the

accuracy-to-cost ratio of their conventional counterparts.

Such explicitly correlated methods were developed as a part of this dis-

sertation. Concretely, open-shell variants of Møller-Plesset perturbation

theory and of Coupled Cluster Singles&Doubles were produced. Apart

from that, also theoretical aspects are discussed, like the interpretation of

F12 wave functions or special issues arising when handling open-shell

species. Also technical aspects are considered, like the robust solution



of the occurring equation systems and the avoidance of numerical prob-

lems. Furthermore, methods are developed to correct for Hartree-Fock

basis set deviations in the context of explicitly correlated calculations,

and simple approximations are investigated which accelerate the basis

set convergence of perturbative triple excitations in Coupled Cluster cal-

culations.

Extensive benchmark calculations are essential for facilitating the prac-

tical application of new calculation methods. This applies particularly if

the new methods are supposed to have a “black box” character, like it is

the case here. As a consequence, a great part of this work is concerned

with performing and evaluating calculations, in order to establish the ac-

curacy of the developed methods and in order to derive optimal default

calculation parameters. In this regard, different families of atomic orbital

basis sets are investigated for their compatibility with F12 calculations,

and the effect of the free length scale parameter of the theory is quan-

tified. In pursuance of a wide range of application scenarios, the new

methods are tested on a great variety of different calculation tasks. A

special emphasis is placed on difficult problems, like the calculation of

atomization energies, of electron affinities and ionization potentials, and

of potential energy curves of diatomic molecules and of atomic dipole

polarizabilities.

The quantum chemical methods developed here can reduce the com-

putational cost of highly accurate calculations by more than two order

of magnitude since, due to their fast basis set convergence, less ba-

sis functions are required to achieve a desired accuracy. Therefore this

work significantly extends the range of molecules for which such highly

accurate calculations are possible.
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Abbreviations used in this work

Quantum chemistry methods

F12 Explicitly correlated

RHF Spin-restricted Hartree-Fock (open- or closed-shell)

ROHF Open-shell RHF

RSPT Rayleigh-Schrödinger perturbation theory [cf. Sec. 2.10]

CI Configuration Interaction

CCSD Coupled Cluster Singles & Doubles

UCCSD Unrestricted open-shell CCSD (here: on RHF reference)

RCCSD Partially spin-restricted open-shell CCSD

MPn Møller-Plesset perturbation theory, nth order.

UMPn Unrestricted MPn (based on UHF reference)

RMPn MPn-analog based on RHF reference [cf. Sec. 4.1]

Basis sets & Integrals

MO “Molecular orbital” (conventional one-particle orbitals)

AO “Atomic orbital” (refers to basis MOs are expanded in)

CBS Complete basis set limit (estimate) [cf. Sec. 2.3]

BSSE Basis set superposition error

DF Density fitting (for integral evaluations. cf. Sec. 2.4)

JKFIT Auxiliary DF basis set for Fock matrix computations

MP2FIT Auxiliary DF basis set for K
i j
ab computations

RI Resolution of the identity (in F12 methods)

CA “Complementary auxiliary” (orthogonal to MO space)

CABS CA basis set (for approximate RIs in F12 methods)

Derivations & Approximations

lhs left hand side (of an equation)

rhs right hand side (of an equation)

a := b a is defined as b

a+= b a is changed to b plus a’s previous value.

a
!
= b a is supposed to equal b (e.g., after iterations. Sec. 1.5)

GBC “Generalized Brillouin condition” (assuming f i
x = 0)

EBC “Extended Brillouin condition” (assuming f a
x = 0)

RMS Root mean square (deviation). rms(x̂) =

√〈
(x − 〈x〉)2

〉



1 Introduction

1.1 Basis set convergence in quantum chemistry methods

Most electronic structure methods use a finite set of one-electron basis functions

(called “atomic orbitals”) to represent one- and N-electron wave functions. Unfor-

tunately, the basis set convergence of molecular properties is usually slow; several

dozen basis functions per atom may be required to obtain accurate energies even

for first-row atoms. This is a direct consequence of the singularity of the Coulomb

interaction at vanishing inter-electronic distance r12.

Currently this problem is addressed either by a combination of systematic hierar-

chies of basis sets and basis set extrapolation (see Sec. 2.3), or by using prescribed

composite quantum chemistry methods, which sometimes employ empirical param-

eters (e.g., Ref. [1]). Both approaches have drawbacks. Basis set extrapolation can

only be applied when basis sets of a certain minimum size can be employed (e.g.,

AVQZ, which more often than not is already too large) because otherwise the ex-

trapolation premises are violated and the extrapolation fails. On the other hand,

composite methods are adjusted to some specified problem region, usually thermo-

chemical databases, and have unpredictable accuracy outside of their fitting domain.

In any case, large basis set calculations with accurate quantum chemistry methods,

like coupled cluster methods, are often desirable, but in practice not possible due

their computational cost.

Explicitly correlated methods (called F12 methods in the following) address this

problem by representing electronic wave functions in the electron-coincidence re-

gions in a non-conventional manner. Compared to conventional quantum chemistry

treatments, speedups of two to three orders of magnitude can be obtained because

less basis functions are required to reach the same accuracy. This increase in effi-

ciency allows accurate quantum chemistry treatments of much larger systems than

previously possible, thus allowing investigations of more interesting chemical sys-

tems. This work is concerned with the development of practical F12 methods. In

particular, we aim for a black-box character of the developed methods, such that they

are as easy to use as their conventional counterparts—only more accurate.
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Figure 1.1: The O2 molecule: Not treatable without open-shell methods

1.2 High-spin open-shell molecules

Most stable molecules occurring in nature have an even number of electrons, and all

their electrons pair up perfectly. Under this condition the electronic structure can be

qualitatively described by a single Slater determinant formed from doubly occupied

molecular orbitals. Such molecules are accessible to closed-shell electronic structure

methods.

However, most non-noble-gas single atoms and many interesting stable or meta-

stable molecules do not fall into this category. Radicals have open shells and are

usually very reactive, which makes them an important target for theoretical inves-

tigations. Most molecules of this class can be described with high-spin open-shell

methods. The high-spin state plays this distinguished role because in many scenar-

ios it is the most stable open-shell state; this preference for high-spin states is, for

example, expressed by the well-known rules of Friedrich Hund. While high-spin

open-shell methods can be constructed with similar recipes as closed-shell methods

(due to still being single-reference methods), they tend to be susceptible to lots of

subtle theoretical and practical problems. This is exemplified by the fact that even

today, more than 30 years after the closed-shell CCSD equations have been put

into their near-final form, there is still no implemented fully spin-adapted high-spin

open-shell CCSD program which handles closed electron shells as efficiently as a

closed-shell program.

This work is primarily concerned with the open-shell aspects of explicitly cor-

related methods. In particular, it establishes the open-shell second-order perturba-

tion method RMP2-F12 and the open-shell coupled cluster methods UCCSD-F12x

(x=a,b). But due to the parallel development of closed- and open-shell methods,

considerable mixing with the closed-shell development occurred.
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1.3 Literature review

Already in 1929 Hylleraas performed an accurate electronic structure calculation of

the Helium atom [2], which featured a model wave function with terms depending

explicitly on the inter-electronic distance r12. This real-space ansatz for the wave

function accounted for the Coulomb singularity efficiently, so only few variational

parameters were required for a highly accurate description of the system. This

technique allowed him to obtain numerical results which were far ahead of their

time, but extensions to multi-electron systems proved difficult: To this day, methods

based on real-space analytical wave function expressions remain an active research

topic, but utility for general molecules of chemical interest could never be established.

Such methods are mainly used to calculate properties of few-electron systems (1 to 6)

up to sub-cm−1 accuracy, thus serving as benchmark reference for more approximate

many-body methods, or to study various physical effects where such high accuracy is

required (e.g., originating from quantum electrodynamics). Recent advances include

accurate wave functions for S and P states of the Beryllium atom [3, 4], highly

accurate binding energies of H2 and He2 [5], compact wave functions for two-

electron systems [6], and a very general, systematic method of obtaining analytic

wave function expansions for atoms and molecules [7].

While such methods are very useful for investigating various physical effects, and

even for probing quantum mechanics itself, they are unlikely to become competitive

with more traditional methods of quantum chemistry for systems with more than

ten electrons: The formalism of second quantization cannot be used unless a formal

one-particle basis set expansion is introduced, and without second quantization, anti-

symmetrization issues of the wave function will quickly become intractable.

Therefore techniques for improving on the defects of traditional quantum chemistry

techniques—foremost slow basis set convergence—seem preferable. At this moment,

there are two promising, complementary approaches for doing this. One approach is

to split the Coulomb interaction into its singular short-range part and its non-singular

long-range part, and apply traditional wave function based correlation calculations

only on the long-range part. Since this eliminates the Coulomb singularity, the basis

set convergence of the wave function part becomes fast. The short-range part is then

treated by density functional theory, which does not have basis set scaling defects

due to treating electron correlation in an implicit, integrated manner [8–17]. The

main problem with this approach is that the accuracy of the density functional part

cannot be improved on in a systematic manner. The other way is to follow in the

footsteps of Kutzelnigg and Klopper, who developed a practical way of including

r12-dependent terms (i.e., terms depending explicitly on the inter-electronic distance)

into conventional quantum chemistry methods [18–20]. This is the approach followed

in this work.

Kutzelnigg, Klopper, Noga, Gdanitz, and others demonstrated that the basis set
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limit of correlated methods can be closely approached with R12 methods within the

formalism of the “Standard Approximation” [21–28]. Unfortunately, some of the

simplifications made within these first generation R12 methods are only valid if very

large conventional orbital basis sets are used. Consequently, also these methods were

basically restricted to non-routine benchmark calculations, although already many

more electrons could be treated than with the fully analytical wave function expan-

sions discussed before. Starting in 2002, the issues which caused these restrictions

began to be addressed. Separate auxiliary basis sets for RI approximations, intro-

duced by Klopper and Samson [29], allowed using much smaller orbital basis sets

than before. Complementary auxiliary basis sets (CABS), introduced by Valeev [30],

increased the efficiency and accuracy of RI approximations. Density fitting (DF) ap-

proximations for the numerous new integrals arising in F12 theory were introduced

by Ten-no and Manby [31, 32] and greatly increased the numerical efficiency of

F12 methods, particularly for “simple methods” like MP2-F12. Ten-no [33] and

Manby et al. [34] also realized that non-linear correlation factors, especially the

Slater geminal, are much more efficient in describing electron correlation than the

linear correlation factors used before. Further important improvements were F12

wave function extensions adjusted to electronic cusp conditions [35], systematic in-

vestigations of approximations [36] and ansaetze [37] for MP2-F12, simplified CC2-

R12 and CCSD-F12 approximations [38–40], full CCSD-F12 implementations using

a CABS [41–43], and F12 treatments for triple excitations [44] and linear response

excitation energies [45, 46]. Even local approximations were developed [36, 47, 48],

and these can be done in such a way that the F12 corrections greatly reduce their

inherent domain approximation error [49–51].

When this work was started, only few explicitly correlated methods existed which

allowed treating open-shell systems. The only practical demonstrations of open-

shell methods we were aware of were the MRCI-R12 calculations by Gdanitz et

al., [23–26], and UMP2-R12 as well as UHF-CCSD-R12 atomization energies and

electron affinities by Noga et al. [52,53]. These calculations were limited, however,

to atoms and very small molecules, due to the use of the “Standard Approximation”.

Later also CASPT2-F12 calculations by Ten-no [54] and Tew et al. [55] were re-

ported, as well as UMP2-R12 calculations for the uracil anion by Bachorz et al. [56].

Very recently, open-shell F12 coupled cluster programs not employing the “Standard

Approximation” were demonstrated also by other groups [41, 43, 57, 58]. However,

two of them are based on automated implementations [41, 43] and are rather slow

(compared with a manually optimized program like ours), one [57] appears to require

manual transport of calculation intermediates from one program to another and to

produce results significantly worse than our F12x approximations, while the last one

used in Ref. [58] is probably fast, but was not yet officially presented and is not yet

available for public use.
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1.4 Publications and programs arising from this work

This work summarizes, details and extends results which were published in:

• G. Knizia, H.-J. Werner: Explicitly correlated RMP2 for high-spin open-shell

reference states, J. Chem. Phys. 128, 154103 (2008)

• T.B. Adler, G. Knizia, H.-J. Werner: A simple and efficient CCSD(T)-F12

approximation, J. Chem. Phys. 127, 221106 (2007)

• G. Knizia, T.B. Adler, H.-J. Werner: Simplified CCSD(T)-F12 methods: The-

ory and benchmarks, J. Chem. Phys. 130, 054104 (2009)

While the RMP2-F12 article was published only after the first CCSD(T)-F12 article,

both the RMP2-F12 and UCCSD(T)-F12a programs were already working at this

earlier time. The main reasons for the delay of the open-shell publications were

synchronization issues between the open- and closed-shell programs (i.e., making

sure that the open-shell program reproduces the results of the closed-shell program

when applied to closed-shell cases, which required large-scale modifications in both

programs), and also the involved benchmark calculations. The second CCSD(T)-F12

article was delayed because the proposed F12b approximations, unlike F12a, worked

only badly in the open-shell case unless the open-shell wave function was modified;

and it took me a long period of time to figure out what exactly was going wrong.

For technical reasons the RMP2-F12 program is nearly completely separate from

the closed-shell MP2-F12 program; this excludes the evaluation of transformed in-

tegrals, for which existing routines of the latter were used. The open-shell CCSD-

F12 implementation was achieved by extending the UCCSD/RCCSD program of

Knowles, Hampel, and Werner [59, 60] with the attached (T)-triples program of

Deegan and Knowles [61].

Some aspects also important for the closed-shell method were first realized in

the open-shell program. This includes the perturbative CABS-singles correction

to Hartree-Fock energies and some numerical stability improvements. Also open-

shell calculations were first used to collect evidence that simply adding RMP2-

F12 energy corrections to conventional UCCSD energies already results in greatly

improved basis set convergence. This fueled the presumption that including only

a few essential coupling terms could result in a well working CCSD-F12 method,

which turned out to be true. The concrete terms to be included were suggested by

Hans-Joachim Werner based on formulas for full closed-shell CCSD-F12 derived

by Thomas B. Adler. After their inclusion in the closed-shell CCSD program, they

were implemented into the open-shell program with a few weeks delay.

The RMP2-F12 and open-shell CCSD-F12 programs are available for public use

in Molpro starting at version 2008.1. We spent large amounts of time on trying to

make them as robust and accessible as possible.



16 1. Introduction

1.5 Notation

Orbitals. The indices r,s refer to spin-orbitals inside the molecular orbital (MO)

basis, i, j,. . . ,p to occupied spin-orbitals, and α,β,γ,δ to a formally complete set of

virtual spin-orbitals. The complete virtual space is divided into the set of virtual

orbitals a,b,c,d in the MO basis and the remaining complementary auxiliary (CA)

space (indices x, y), so that {α} = {a}∪{x}. In certain terms of the working equations

the CA orbitals occur explicitly, and then they are approximated by the union of the

atomic orbital (AO) basis and an auxiliary RI basis set. The occupied orbitals

indices m, n, o, p are used for F12 generator orbitals [Sec. 3.7]. We assume non-

relativistic equations throughout, thus complex numbers are avoided for orbitals and

wave functions, and real number arithmetic is applied. All orbitals are orthonormal.

Basis functions. Basis function indices are µ, ν, ρ, σ for the AO basis, η, χ for the

RI basis, and A, B for the DF basis (not to be confused with spin labels). Basis

functions are not orthonormal.

Tensors and contractions. For non-orthonormal basis sets, lower tensor indices are

covariant and upper indices are contravariant. Basis functions and raw integrals

are understood to represent purely covariant quantities (e.g.,
〈
µν

∣∣ r−1
∣∣σρ

〉
has four

lower labels). For orthonormal basis sets, upper or lower placement of indices has

no special significance. Summation over dummy indices occurring twice will be

implied in all expressions (“Einstein summation convention”).

Spin and spin-orbitals. Spin-labels are called A (alpha or up) or B (beta or down).

Combined spin-space coordinates are denoted x = (r, s). We assume that all spin-

orbitals are formed as ϕ(x) = ϕ(r) · Σ(s), where ϕ is a spatial orbital and Σ ∈ {A, B}
is a spin function.

Operators. Unless required for clarity, operator hats will not be used. For any one-

particle operator a, the notation an means that the operator is applied to particle n

and acts as identity operator on the other particles. a12 means a1+a2. Typically one-

particle operators are written in lowercase (e.g., Fock operator f ), and two-particle

operators with capitals (e.g., correlation factor F12).

Matrix elements. By default, the Dirac notation is employed:

〈rs |W12 | tu〉 :=

∫∫
ϕr(x1)ϕs(x2)W12(x1, x2)ϕt(x1)ϕu(x2) d4x2 d4x1.

Mulliken notation may be used for Coulomb integrals: (rs|tu) =
〈
rt

∣∣ r−1
∣∣ su

〉
.

Operators in equations. The notation “a+= b” means that b is added to a. The

notation a
!
= b expresses that a is demanded to be equal to b. For example, in an

iterative process, ri
a

!
= 0 means that the goal of the iterations is bring to ri

a down to

zero.



2 Basic Techniques

This section briefly reviews general techniques commonly employed in quantum

chemistry which also have central roles in this work. Apart from giving an overview,

it is also supposed to fix the notation and to indicate the specific form of the tech-

niques used. A familiarity with closed-shell quantum chemical methods is assumed.

This section does not contain original research of me.

2.1 One-electron and N-electron wave functions

An important concept in quantum mechanics is that fundamental particles are in-

distinguishable. As a result of this, the total N-particle wave function is either

symmetric (for Bosons) or antisymmetric (for Fermions, e.g. electrons) with respect

to the interchange of any two particle coordinates:

Ψ (x1, x2, x3, . . . , xN ) = ±Ψ (x2, x1, x3, . . . , xN ) .

In this work we are concerned with electronic wave functions exclusively, which are

anti-symmetric.

A N-particle wave function fulfilling the total anti-symmetry condition can be built

from one-particle functions (“spin-orbitals”) by inserting them into a determinant:

Φ (x1, x2, x3, . . . , xN ) =
1√
N!

det



ϕ1(x1) . . . ϕ1(xN )

...
. . .

...

ϕN (x1) . . . ϕN (xN )




=
1√
N!

∑

π∈SN

sgn(π) ϕ1(xπ(1))ϕ2(xπ(2)) . . . ϕN (xπ(N)), (2.1)

(SN : permutation group of order N (has N! elements), sgn(π): sign of the permuta-

tion π). Wave functions of this form are called Slater determinants.

The following statements hold:

• If the one-particle basis is complete, the set of determinants buildable from it

forms a basis for the anti-symmetric subspace of N-particle wave functions.

That means any anti-symmetric wave function can be decomposed into deter-

minants built from a single one-particle orbital set.
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• A unitary transformation among the orbitals does not change the determinant

built from them.

• If two N-particle determinants are built from the same set of orthonormal

spin-orbitals, they are orthogonal (have zero N-particle overlap), unless they

consist of exactly the same orbitals. A determinant built from orthonormal

spin-orbitals is normalized: 〈Φ |Φ〉 = 1.

• If the set of spin-orbitals used to form the determinant is linearly dependent

(e.g., if two are equal), the determinant vanishes. This effect is commonly

described with “an orbital cannot be occupied with more than one electron”

and called Pauli principle. It is a direct consequence of the anti-symmetry of

the wave function.

For single-reference correlation methods, which is what we are concerned with

here, the calculation starts with determining a reference determinant for describing

the coarse electronic structure of a molecule. This is done by executing a Hartree-

Fock, or, rarely, a Kohn-Sham calculation for the molecule, which determines the

orbitals of this function. The orbitals forming the reference determinant are called

occupied orbitals and labeled with i, j,. . . ,p. The number of occupied spin-orbitals

is equal to the number of electrons in the molecule. Most kinds of correlated elec-

tron motion cannot be represented by a wave function consisting of only a single

determinant. The reference determinant is therefore mainly used as starting point

for a more involved correlation calculation, in which trial wave functions with more

degrees of freedom are generated from the reference function. The difference be-

tween the system energy obtained in a correlated calculation and its parent reference

function is called correlation energy.

The space of one-electron functions which is orthogonal to all occupied orbitals

is called virtual space, and the functions spanning it are called virtual orbitals and

labeled with a,b,. . . , f . For a given model space, the number of virtual orbitals usu-

ally exceeds the number occupied orbitals by far. Determinants which are built from

the reference by replacing occupied orbitals with virtual orbitals are called excited

determinants. They are used in trial wave functions in correlation calculations.

For non-relativistic calculations (or other calculations with small spin-orbit cou-

pling effects) one usually restricts the set of spin-orbitals to the set which can be

formed by multiplying alpha (A) or beta (B) spin functions to a single set of spatial

orbitals:

∀Σ ∈ {Â, B̂} : ϕrΣ(x) = ϕr(r)Σ(s), (2.2)

where ϕr denotes the spatial orbitals, and the spin functions Σ(s) are defined by

Â(A) = 1, Â(B) = 0, B̂(A) = 0, B̂(B) = 1 (in the following, spin functions and

spin labels will not be distinguished anymore). For closed-shell and high-spin open-

shell systems, spin-adapted N-electron wave functions can then be realized by single
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Figure 2.1: A high-spin reference determinant with two open shells: Ground state of

NH (3Σ−) = det[ϕ1 Â, ϕ1B̂, ϕ2 Â, ϕ2B̂, ϕ3 Â, ϕ3B̂, ϕ4 Â, ϕ5 Â]. The symmetry labels refer
to irreducible representations of the C2v subgroup of C∞v. The spatial orbitals are
characterized by their composition from atomic orbitals in a minimal basis. ϕ1 . . . ϕ3

are the closed-shell orbitals, and ϕ4, ϕ5 are active orbitals.

determinants: Any determinant built by assembling pairs of A- and B-spin spin-

orbitals formed from a single spatial orbital (closed shells) and single A-spin spin-

orbitals (active orbitals) is a spin eigenfunction and called a high-spin determinant.

This is illustrated in Fig. 2.1 for the ground state of the NH (3Σ−) molecule. The

“high-spin” refers to the fact that the quantum number s is equal to 1/2 times the

number of active orbitals (the determinant is an eigenfunction of operator S2 for

eigenvalue s(s + 1)). For a given s, there are 2s + 1 orthogonal high-spin wave

functions, but only two of them (if s > 0) are determinants, the rest being more

complicated. Since the non-relativistic Hamiltonian does not depend on spin, all are

degenerate and lead to the same energy values, such that it is sensible to pick the

simplest of them as reference state for calculations.

In derivations, dealing with determinants directly is painful and error-prone. This

can be avoided by using the formalism of second quantization (see Sec. 2.5), which

is simply a reformulation of “first quantization” which handles the permutation sym-

metry constraints of the wave function implicitly.

2.2 Orbital- and auxiliary basis sets

In mainstream quantum chemistry, the spatial part of one-electron molecular wave

functions is expressed as a linear combination within a finite set of basis functions

(usually local and atom-centered). The form of these basis functions is determined

by the need to evaluate molecular integrals over them (for example, kinetic energy

matrix elements and electron repulsion integrals), which restricts their form to sim-

ple analytical functions. Nowadays basis functions in ab initio methods are nearly

exclusively expanded into Gauss type orbitals (GTOs). A spherical primitive GTO

with center R, angular momentum l and exponent ζ has the functional form

ϕRlζ(r) = N(l, ζ) Slm(r − R) exp(−ζ ‖r − R‖2), (2.3)
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where N(l, ζ) is some normalization factor and Sl
m(r) is the mth real solid harmonic

of angular momentum l [62], which is a polynomial in rx, ry and rz of total degree

l. This analytic form allows comparatively simple formulas for various types of

integrals which can be evaluated efficiently using recurrence relations [62]. Because

primitive GTOs poorly represent occupied atomic orbitals (in particular, they cannot

contain any radial nodes), typically multiple ones with different exponents are set

into a fixed linear combination (contracted GTO). These are then the actual basis

functions used:

ϕRln(r) =
∑

i
cniϕRlζi (r), (2.4)

where n indexes contracted functions, and cni is the contraction coefficient for prim-

itive exponent ζi.

Basis functions are usually placed on atoms, but bond-centered functions are also

seen occasionally (especially for potential energy surface calculations, see Ref. [63]

and articles citing [63]). The exponents and contraction coefficients of the basis

functions are taken from a basis set library, which contains pre-optimized basis sets

for various kinds of applications.

Some examples of systematic basis set series are listed in Tab. 2.1. These system-

atic basis sets come in different sizes (denoted by “zeta” cardinalities), from basis

sets allowing only qualitative correlation calculations (double zeta), to accurate vari-

ants (quadruple zeta and larger). For coupled cluster calculations, a rule of thumb

is that going from one basis set cardinality to the next increases the calculation time

by one order of magnitude.

Additionally to the orbital basis sets, density fitting (DF) and “resolution of the

identity” (RI) techniques require auxiliary basis sets which are optimized to repre-

sent quantities other than orbitals (e.g., products of occupied orbitals for DF sets

designed for exchange matrix calculations). These additional basis sets have the

same functional form as the orbital basis sets, but different exponents, and they usu-

ally are largely uncontracted. Like the orbital basis sets, they are taken from basis

set libraries.

2.3 Basis set extrapolation

While the basis set convergence of electron correlation calculations is very slow, it is

usually quite smooth. The correlation energy approximately follows the law [64,65]

En ≈ ECBS + a/n3 (2.5)

where a is some system-specific constant, n is the AO basis set cardinality, En

is the correlation energy for this basis set cardinality, and ECBS is the complete

basis set limit. Helgaker and coworkers [64–66] derived this formula from partial
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Table 2.1: Popular systematic series of basis sets

cc-pVnZ, (n=D,T,Q,5,6): Dunning-style “correlation consistent polarized va-

lence n-tuple zeta” basis sets. These are basis sets optimized for sys-

tematic convergence of valence correlation energies. The cc-pV(n+d)Z

variants should always be used for second-row elements.

aug-cc-pVnZ: As above, but augmented by additional diffuse functions such

that excited states, anions, and weak interactions can be described more

accurately.

cc-pwCVnZ: weighted core+valence correlation basis sets. Used for all-electron

calculations describing valence, core-core and core-valence interactions.

These also exist in augmented variants.

def2-SVP, def2-TZVPP, def2-QZVPP: “split valence polarized” (double-ζ),

triple- and quadruple zeta valence polarized. These are the Turbomole

basis sets, used for both density functional and correlated calculations.

They are built with a different optimization strategy and may be able

to describe some weak interactions or core-valence correlation effects

where cc-pVnZ-type basis sets already require specialized sets. They are

available for each element from H to Rn (except Lanthanides), including

density fitting basis sets adjusted for them.

wave expansions for single atoms. It holds under the condition that the basis set is

saturated for all angular momenta l ≤ lmax, but the formula also covers the dominant

basis set scaling for molecules and when using realistic, unsaturated basis sets (see,

e.g. [67]).1

This relation is exploited by performing two correlation energy calculations for

the same molecule, one with basis set of cardinality n and one with n − 1, and then

using the extrapolated energy,

ECBS[n-1,n] =
n3En − (n − 1)3En−1

n3 − (n − 1)3
, (2.6)

as actual calculation result. Because the relation is not exact, including more than

two calculations in the fitting does not improve the extrapolated energies. Because

it assumes basis set saturation for low angular momenta, it generally does not work

well unless the n − 1 basis set has at least triple-zeta quality.

1It is noteworthy that first-generation R12 methods were essential in establishing this extrapolation

formula. The formula itself was a major breakthrough in quantitative quantum chemistry.
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In our work, basis set extrapolation of conventional correlation energy calculations

was essential in establishing the basis set limits we require for benchmarking our

F12 results.

Hartree-Fock energies do not need to be extrapolated, because they converge

quickly with increasing basis set cardinality, and because extrapolation works poorly

for relative energies anyway [68]. AVQZ or AV5Z basis sets are usually sufficient

to obtain reasonably converged Hartree-Fock results.

2.4 Density fitting and integral evaluation

In quantum chemistry calculations typically large amounts of time are spent with

• Evaluating molecular integrals over basis functions and

• Transforming the resulting integrals into some orthonormal basis.

This particularly applies to F12 methods, which require many different classes of

two-electron integrals, involving novel integral kernels and various different orbital

spaces. Density fitting (DF)2 is an approximation technique which can greatly ac-

celerate such tasks. If applied properly, no noteworthy losses in accuracy occur.

The form of DF applied here is robust density fitting, which in the context of F12

theory was pioneered by Manby [31, 32]. The central idea of DF is to approximate

four-index two-electron integrals like

〈i j |W12 | ab〉 =
∫∫
ϕi(r)ϕ j(r

′)W12(
∥∥r − r′

∥∥)ϕa(r)ϕb(r′) d3r d3r′ (2.7)

by sums of products of two- and three-index two-electron integrals. This is done

by fitting the orbital product electron density distributions |ia) ≡ ϕi(r)ϕa(r) with an

expansion in a single basis set {|A)}:

|ia) ≈ |ĩa) = DA
ia|A). (2.8)

Using this expansion, an integral 〈i j |W12 | ab〉 = (ia|W12| jb) can be approximated

with the robust fitting formula [32]

(ia|W12| jb) ≈ DA
ia(A|W12| jb) + (ia|W12|B)DB

jb − DA
ia(A|W12|B)DB

jb. (2.9)

As shown in Ref. [32], for any reasonable fitting expansion DA
ia, the errors of the

approximated integral (ia|W12| jb) are only quadratic in the incompleteness of the

2DF is also called “resolution of the identity” (RI) by many groups. We use “RI” with different

meaning in the context of F12 methods.
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fitting basis {|A)}. In practice, the fitting coefficients DA
ia are determined by

DA
ia(A|r−1

12 |B)
!
= (ia|r−1

12 |B), (2.10)

which corresponds to minimizing (ia − ĩa|ia − ĩa) and thus the difference of the

electric fields emitted by |ia) and |ĩa) [32, 69]. With this metric, integrals over the

Coulomb operator have the simple robust form (ia| jb) ≈ DA
ia(A| jb), but integrals

over other kernels require the full formula (2.9).

The programs developed in the context of this work use the recursive intermediate

reusing DF-integral program of Ref. [36] to evaluate transformed four-index integrals.

This program manages the numerous DF intermediates and final integral assembly

automatically. The molecular integrals themselves are calculated by integral routines

of May and Manby, as described in Ref. [32]. I would like to state explicitly that

this work would not have been possible without these integral drivers.

2.5 Second quantization and Wick theorems

For practical derivations of quantum chemical methods, it is very helpful (although

not strictly necessary) to formulate physical operators and wave functions in terms

of second quantization. Working with determinants directly becomes cumbersome

very quickly. The second-quantized operator algebra offers a simple way around that

by absorbing all fermionic antisymmetry properties implicitly. Thus it is impossible

to violate the Pauli principle as long as one works in second quantization exclusively.

In this work a many-body formalism based on “Quantum Chemistry in Fock

Space” is applied [70–73]. This particular formalism has the appealing practical

properties of avoiding both continuous basis sets and cumbersome notation, and

avoiding time-dependent equation derivations. It is centered around particle number

conserving orbital substitution operators instead of using creation- and destruction

operators directly3. This leads to great simplifications, in particular for spin-free [70]

and multi-reference theories [73].

A substitution operator transforms a N-particle determinant into another N-particle

determinant by replacing any number of orbitals it is composed of. This is done by

first destroying a set of old orbitals, and then creating new orbitals in reverse order:

ar
s := a†r as, ars

tu := a†r a†sauat , arst
uvw := a†r a†s a

†
t awavau, . . . , (2.11)

(a†r : r-creation operator, ar : r-destruction operator). Determinants not containing

the old orbitals are annihilated by the destructors. Determinants already containing

3Ref. [70] uses the term “excitation operator” instead of “substitution operator”. We reserve the

first term for operators which create more virtual orbitals than they destroy occupied orbitals, and

“de-excitation operator” in the reverse sense.
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the new orbitals are annihilated by the creators. The operators are defined on the

full N-particle Fock space by linearly extending their definition on the determinant

basis functions.

In terms of substitution operators, physical one- and two-particle operators (which

may not differentiate between identical particles) can be compactly expressed as:

N∑

i=1

h(i) =
∑

rs

〈r | h | s〉 ar
s = hs

ra
r
s (2.12)

N∑

i, j>i

W (i, j) =
1

2

∑

rstu

〈rs |W | tu〉 ars
tu =

1
2
W tu

rs ars
tu, (2.13)

where r . . . u index a complete orthonormal basis set.

Equations (2.12) and (2.13) state operator identities within the N-particle Fock

space. Note that the rhs of (2.12) and (2.13) do not depend on the particle number

N . This is the natural way of using operators in second quantization. In this sense,

the electronic Hamilton operator becomes

H =
∑

rs

〈r | h | s〉 ar
s +

1

2

∑

rstu

〈
rs

∣∣ r−1
12

∣∣ tu
〉

ars
tu =: hs

ra
r
s +

1
2
W tu

rs ars
tu, (2.14)

where h = t + v is the core Hamiltonian consisting of the electron kinetic energy

operator t (= −1
2
∆) and the electrostatic potential emitted by the atom cores vnuc

(=
∑

I
ZI

‖RI−r‖). W tu
rs denotes matrix elements of the Coulomb interaction.

Substitution operators have the following properties:

•
(
a

r1...rn
s1...sn

)†
= a

s1...sn
r1...rn

• Invariance to permutations applied simultaneously to upper and lower indices.

Spin-orbital substitutions additionally are anti-symmetric with respect to per-

mutations within the upper indices alone or within the lower indices alone.

• Applicability of “Wick theorems”: A product of substitution operators can be

decomposed into a sum of normal ordered substitutions by summing up all

possible contractions [73]:

ars
tuavw =

(
arsv

tuw + δ
v
t a

sr
uw + δ

v
uars

tw

)

ar
sa

tu
vw =

(
artu

svw + δ
t
sa

ru
vw + δ

u
s atr
vw

)

ars
tuavwxy =

(
arsvw

tuxy + δ
v
t a

srw
uxy + δ

v
uarsw

txy + δ
w
t asvr

uxy + δ
w
u arvs

txy + δ
v
t δ
w
u ars

xy + δ
v
uδ
w
t asr

xy

)
.

That means summing up all possible combinations of contracting indices on

the upper right with indices on the lower left and putting the terms which are
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left over above each other like shown in the examples. As long as pairing is

preserved (i.e., the terms left over by a contraction are put above each other),

no sign rules have to be observed.

The matrix elements of substitution operators are called reduced density matrices:

γr
s =

〈
Φ

∣∣ ar
s

∣∣ Φ
〉

γrs
tu =

〈
Φ

∣∣ ars
tu

∣∣ Φ
〉

γrst
uvw =

〈
Φ

∣∣ arst
uvw

∣∣ Φ
〉

. . . . (2.15)

If |Φ〉 is a single Slater determinant and the spin-orbitals {|r〉} are subdivided into

the occupied {|i〉} and the virtual {|a〉} orbitals, the γ matrix elements have simple

explicit forms: They vanish (i) if any index corresponds to a virtual orbital or (ii) if

any lower index occurs more than once or (iii) if the set of lower indices differs from

the set of upper indices. Otherwise they are given by the sign of the permutation

aligning the upper indices to the lower indices:

γi
j = δ

i
j γ

i j
kl = δ

i
kδ

j
l − δ

i
lδ

j
k . . . . (2.16)

The substitution operators introduced in eq. (2.11) were normal ordered with re-

spect to the genuine vacuum, which means that the vacuum expectation value of any

such an operator vanishes. By linearly combining the operators amongst themselves,

one can also achieve normal ordering with respect to the reference function [72,73]

(also called hole/particle vacuum). To accomplish this, the operators are deliber-

ately combined in such a way that their reference expectation values vanish and a

generalized Wick theorem holds. In the case of a single Slater determinant |Φ〉, the

first transformed operators are

er
s := ar

s − γr
s (2.17)

ers
tu := ars

tu −
(
γr

t e
s
u + γ

s
uer

t − γr
ues

t − γs
t e

r
u + γ

pq
rs

)
. (2.18)

The general recursive construction can be found in Ref. [73]. It is noteworthy that

the notion of creation and annihilation operators for “hole states” is not interchanged,

in contrast to the practice in other branches of many-body physics. Only a new form

of normal order is introduced [72]. Transformed to these operators, the electronic

Hamiltonian (2.14) takes the form

H = Eref + f s
r er

s +
1
2
W tu

rs ers
tu, (2.19)

where f s
r = hs

r +W si
ri −W is

ri denotes the matrix elements of the Fock operator and

Eref = 〈Φ |H |Φ〉 is the reference energy.

Again, a generalized Wick theorem can be formulated which allows the decom-

position of any e operator product into sums of single normal-ordered e operators.
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This Wick theorems now looks more complicated [73]. For example:

ep
qer

s = epr
qs + δ

r
q(1 − nq)ep

s − δp
s nper

q + δ
r
qδ

p
s np(1 − nq), (2.20)

where np is p’s occupation number in the reference determinant (i.e., 0 or 1).

• Additionally to the particle contractions from upper right to lower-left, also

hole contractions from upper left to lower right and mixed contractions occur.

• Particle contractions involving occupied orbitals vanish, as do hole-contractions

involving virtual orbitals. This is expressed by the (1−nq) and np factors above.

• There is a factor for (−1) for each hole contraction and for each closed loop.

• Apart from that, the Wick reduction procedure works like for the a operators.

Since the reference expectation value of any single e-operator vanishes (with respect

to the reference it is normal-ordered to), the reference-expectation value of any non-

normal ordered e-operator product is given solely by the full contractions in the

Wick theorem (i.e., the scalar terms not containing operators). This also holds for

products of more than two e-operators.

Due to the “full contraction” property, the Wick theorem of e-operators offers a

convenient way of translating formal working equations in terms of operators into

a series of tensor contractions. Therefore these rules make it possible to avoid the

cumbersome direct handling of determinants, as well as replacing the Condon-Slater

rules, which are less general. The process can be further broken down by introducing

a diagrammatic representation of equation terms and of the Wick theorem [72], but

this is not necessary.

2.6 Spin-free substitution operators

Spin-free substitution operators play a central role in closed-shell and restricted open-

shell theories. They are built from their spin-orbital counterparts by spin summation:

Er1...rn
s1...sn

:=
∑

σ1...σn∈{A,B}
er1σ1...rnσn

s1σ1...snσn
, (2.21)

for example

Er
s = erA

sA + erB
sB, (2.22)

Ers
tu = erA sA

tAuA + erA sB
tAuB + erB sA

tB uA + erB sB
tB uB. (2.23)
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In total they correspond to spatial orbital replacements.4

Spin free substitution operators commute with both the total spin operator S2 and

the spin projection operator Sz [74]. It is easily shown that all operators which do

not depend on spin (e.g., the non-relativistic Hamiltonian) can be written in terms

of such operators. In the chemical physics literature, the one-particle substitution

operators Er
s are often called “generators of the unitary group”.5

A set of Wick theorems holds also for spin-free operators directly, so an algebraic

reduction to spin-orbital operators is not necessary when deriving working equations

for fully spin-free theories (no matter if open- or closed shell) [70, 73]. This route

will not be followed in this work, however.

2.7 Unrestricted open-shell Hartree-Fock

The UHF wave function |Φ〉 is a single N-particle Slater determinant which is char-

acterized by stationarity of its energy expectation value with respect to variations of

the occupied spin-orbitals.

Using the methods of Sec. 2.5, the equations resulting from that condition can

easily be derived. We can parameterize a perturbed wave function |Φ′〉 as follows:

∣∣Φ′
〉
= exp

(
1
2
αia(ei

a − ea
i )

)
|Φ〉 , (2.24)

where αia are the rotation angles. Since Y = (ei
a − ea

i ) is an anti-Hermitian operator,

exp(Y) is unitary, and thus 〈Φ′ |Φ′〉 = 〈Φ |Φ〉 = 1. Demanding stationarity of E0 =

〈Φ |H |Φ〉 with respect to changes in the orbitals implies

∀i, a :
∂

∂αia

∣∣∣∣
αia=0

〈
Φ′

∣∣ H
∣∣ Φ′

〉 !
= 0 (2.25)

⇔ ∂

∂αia

∣∣∣∣
αia=0

〈
Φ

∣∣∣
(
1 + 1

2
αia(ei

a − ea
i )

)†
H

(
1 + 1

2
αia(ei

a − ea
i )

) ∣∣∣ Φ
〉
= 0 (2.26)

⇔
〈
Φ

∣∣ Hea
i

∣∣ Φ
〉
= 0. (2.27)

Since (2.24) expresses an unitary rotation, no side conditions had to be enforced

in the minimization procedure. Since we consider a first derivative ∂α at α = 0,

only linear orders in α need to be considered. Thus the first-order expansion of

4The symbol E is also commonly used to denote non-normal ordered operators (e.g., Er
s = arA

sA+arB
sB

instead of Er
s = erA

sA + erB
sB). But as long as the orbital spaces of the upper and lower labels do not

overlap, the a-operators and e-operators are equivalent. This is usually the case, for example, in

excitation operators used to parameterize wave functions.
5This naming is somewhat unfortunate, because the term omits stating which unitary group is

referred to; and the Er
s themselves are not actually generators of any unitary group (unlike their

anti-Hermitian counterparts 1
2
(Er

s − Es
r ), which generate unitary rotations of spatial orbitals).



28 2. Basic Techniques

the exponential (2.24) was inserted in eq. (2.26) and subsequently linearized before

arriving at eq. (2.27).

Eq. (2.27) can be evaluated by inserting the Hamiltonian (2.19) and using the

Wick theorem (2.20):

〈
Φ

∣∣ Hea
i

∣∣ Φ
〉
=

〈
Φ

∣∣ (E0 + f s
r er

s +
1
2
W tu

rs ers
tu)ea

i

∣∣ Φ
〉

(2.28)

=
〈
Φ

∣∣ ( f s
r er

s)e
a
i

∣∣ Φ
〉

(2.29)

= f a
i

!
= 0 (2.30)

On the rhs of (2.28), neither E0ea
i nor ers

tuea
i can lead to any full contractions in the

Wick theorem, therefore the respective reference expectation values vanish and only

(2.29) remains. Eq. (2.30) is called the Brillouin condition, and any set of orbitals

satisfying it makes the UHF energy stationary (not necessarily minimal), and thus

defines a Hartree-Fock wave function. In the “self-consistent field” (SCF) itera-

tive Hartree-Fock method, one typically introduces canonical spin-orbitals, which

diagonalize the Fock operator f :

f |r〉 = εr |r〉 . (2.31)

This equation implies eq. (2.30), since f a
i are non-diagonal matrix elements of f .

Note that f is the Fock operator built from the reference function |Φ〉 (we made that

assumption in eq. (2.28)), and thus it depends explicitly on the orbitals it is supposed

to diagonalize. Consequently, eq. (2.31) expresses a non-linear relation which needs

to be solved iteratively6.

2.8 Spin-restricted open-shell Hartree-Fock

In the high-spin open-shell case, we typically employ spin-restricted Hartree-Fock

(RHF) reference wave functions. In this case the reference function is a high-

spin determinant (as described in Sec. 2.1), built from a set of closed-shell orbitals,

doubly-occupied with both alpha (A)- and beta (B)-spin, and singly occupied A-spin

active orbitals. Such high-spin determinants are spin eigenfunctions.

The RHF wave function is characterized by stationarity of the energy expectation

value with respect to variations in the occupied spatial orbitals (not spin orbitals).

Compared to eq. (2.24), the variational ansatz thus changes to

∣∣Φ′
〉
= exp

(
1
2
αia(Ei

a − Ea
i )

)
|Φ〉 , (2.32)

6Though not necessarily with the SCF method. Second-order orbital optimization techniques [62,75]

may be used to obtain HF solutions in the very rare cases in which standard SCF cannot be forced

to converge.
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where again |Φ〉 is the current trial HF wave function (here: a high-spin determinant)

and |Φ′〉 is a perturbed wave function. i and a now refer to spatial orbitals instead

of spin-orbitals, and Ea
i is a spin-free excitation operator as described in Sec. 2.6.

The index i runs over closed-shell and active orbitals (occupied for A-spin), and a

runs over active (unoccupied for B-spin) and virtual orbitals. The ansatz eq. (2.32)

includes rotations from closed-shell to active orbitals, from closed-shell to virtual

and from active to virtual orbitals, but no rotations leaving the determinant energy

invariant (i.e., no closed–closed, no active–active, no virtual–virtual).

In the same way as before, we then obtain

∀i, a :
∂

∂αia

∣∣∣∣
αia=0

〈
Φ′

∣∣ H
∣∣ Φ′

〉 !
= 0 (2.33)

⇔
〈
Φ

∣∣ HEa
i

∣∣ Φ
〉
= 0, (2.34)

which can be simply unpacked into its spin-orbital components:

〈
Φ

∣∣ HEa
i

∣∣ Φ
〉
=

〈
Φ

∣∣ HeaA
iA

∣∣ Φ
〉
+

〈
Φ

∣∣ HeaB
iB

∣∣ Φ
〉

(2.35)

=





f aA
iA + f aB

iB if i ∈ closed and a ∈ virtual

f aA
iA if i ∈ active and a ∈ virtual

f aB
iB if i ∈ closed and a ∈ active

!
= 0. (2.36)

Depending on the spatial orbital subspaces in which i and a lie in eq. (2.35), either

the first or the second term may vanish. If i is an active orbital, then the spin-

orbital iA is occupied but iB is not, so eaB
iB annihilates the reference function |Φ〉.

Similarly, for an active a, eaA
iA annihilates 〈Φ|, because aA is already occupied. For

non-vanishing combinations, the matrix elements are taken from eq. (2.30).

The equations eq. (2.36) are called RHF Brillouin conditions and any high-spin

determinant fulfilling them is a restricted Hartree-Fock wave function. Again, the

Fock operators refer to the ones built form the actual reference function.

Unlike in the closed-shell or unrestricted open-shell case, there are multiple differ-

ent sensible ways to set up an iterative diagonalization based SCF method for these

conditions. For example, one can duplicate the active space (such that it occurs

separately in its roles as occupied and partially-unoccupied space), set up a Fock

matrix like in Fig. 2.2, diagonalize, and use the occupied section to form new oc-

cupied closed-shell and active orbitals. One can also delete the parts of the matrix

corresponding to active orbitals in their virtual role to arrive at a matrix with the

AO dimension. The choice of the non-shaded regions is rather free in principle, and

only determines the convergence properties of the iterative scheme, but not its result.
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Figure 2.2: One possible way of assembling a single open-shell Fock matrix from A- and
B-spin-Fock matrices (in MO basis). In this matrix, all singly occupied spatial or-
bitals (“active orbitals”) are duplicated in the MO basis and occur as both occupied-
and unoccupied orbitals separately. If the shaded regions vanish, the MO set fulfills
the RHF conditions (2.36). An equivalent matrix can be obtained by removing the
non-shaded parts of the active orbital rows and columns.

2.9 The problem of spin contamination

The non-relativistic electronic Hamiltonian (2.14) commutes with the spin operators

S2 and Sz. Consequently, the exact eigensystem of H can be chosen in such a way

that H, S2 and Sz are diagonalized at the same time, so that each eigenvector of H has

clear s and ms quantum numbers. Unfortunately, this property does not automatically

propagate to approximate wave functions. While any determinant built exclusively

from A- and B-spin-orbitals is an eigenvector of Sz, in general it is not an eigenvector

of S2. For example, UHF reference functions, which employ different spatial parts

for orbitals of A- and B-spin, may describe mixtures of states with multiple different

s (e.g., singlet and triplet states) at the same time. This violation of spin symmetry

is called spin contamination.

Spin contamination can be a serious problem for correlation calculations based

on UHF reference functions. These correlation calculations “try” to compensate for

the wrong physics due to broken spin symmetry, and deteriorate the energetics in

the process. The literature documents several accounts of UHF-based calculations

failing due to large spin contamination (see [76–80] and references therein).

On the other hand, the high-spin determinants employed in ROHF are eigenvectors

of the spin operators S2 and Sz. As a result, correlation treatments improving on

them are not as affected by spin contamination as they would be when using UHF
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reference functions—even when the correlation treatment itself is unrestricted. For

example, it is well known that the unrestricted RHF-UCCSD(T) and the partially

spin-restricted RHF-RCCSD(T) methods show little difference in calculation results

(e.g., Refs. [59, 80]).

2.10 Rayleigh-Schrödinger Perturbation Theory

Rayleigh-Schrödinger perturbation theory (RSPT) is the most widely applied size-

consistent perturbation method in quantum physics. It is described in detail in

Ref. [62] and many other textbooks. Some details are repeated here in order to point

out mathematical subtleties. RSPT is based on partitioning the full Hamiltonian of

the system in question into an unperturbed Hermitian part H0 and the Hermitian

perturbation V :

H = H0 + λV. (2.37)

Later we substitute λ = 1, which is the case we are interested in. But first the

eigenenergies and eigenvectors are expanded in orders of λ around λ = 0:

Eλ :=

∞∑

i=0

λiEi (2.38)

|Ψλ〉 :=

∞∑

i=0

λi |Ψi〉 . (2.39)

We employ “intermediate normalization” (i.e., 〈Ψλ |Ψ0〉 := 1), and assume a non-

degenerate system, which allows asserting ∀i > j : |Ψi〉 ⊥
∣∣Ψ j

〉
. The equations for

|Ψn〉 and En are obtained by inserting these |Ψλ〉 and Eλ into the time-independent

Schrödinger equation

H |Ψλ〉 = Eλ |Ψλ〉 (2.40)
∑

i

λi(H0 + λV ) |Ψi〉 =
∑

i, j

λi+ jE j |Ψi〉 (2.41)

and collecting orders of λ:

H |Ψλ〉 = λ0H0 |Ψ0〉 + λ1 (H0 |Ψ1〉 + V |Ψ0〉)+
λ2 (H0 |Ψ2〉 + V |Ψ1〉) + . . . (2.42)

Eλ |Ψλ〉 = λ0E0 |Ψ0〉 + λ1 (E1 |Ψ0〉 + E0 |Ψ1〉)+
λ2 (E2 |Ψ0〉 + E1 |Ψ1〉 + E0 |Ψ2〉) + . . . (2.43)
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Thus, the first equations are:

λ0 : (H0 − E0) |Ψ0〉 = 0 (2.44)

λ1 : (H0 − E0) |Ψ1〉 + (V − E1) |Ψ0〉 = 0 (2.45)

λ2 : (H0 − E0) |Ψ2〉 + (V − E1) |Ψ1〉 + (0 − E2) |Ψ0〉 = 0. (2.46)

Eq. (2.44) tells us that |Ψ0〉 must be an eigenvector of H0 for this expansion to be

valid. By projecting and re-arranging the remaining equations we obtain

∀Ξ ⊥ |Ψ0〉 : 〈Ξ |H0 − E0 |Ψ1〉 + 〈Ξ |H |Ψ0〉 = 0 (2.47)

as equation for the first-order wave function |Ψ1〉 (amplitude equation), and

E0 + E1 = 〈Ψ0 |H0 |Ψ0〉 + 〈Ψ0 |V |Ψ0〉 = 〈Ψ0 |H |Ψ0〉 = Eref, (2.48)

E2 = 〈Ψ0 |H |Ψ1〉 (2.49)

as equations for E0+E1 and for the second order energy E2. By inserting |Ξ〉 = |Ψ1〉
in eq. (2.47) and adding the result to E2, we obtain the alternative expression:

E2 = 〈Ψ1 |H0 − E0 |Ψ1〉 + 〈Ψ1 |H |Ψ0〉 + 〈Ψ0 |H |Ψ1〉
= 〈Ψ1 |H0 − E0 |Ψ1〉 + 2 Re 〈Ψ1 |H |Ψ0〉 , (2.50)

which is denoted as Hylleraas functional. Since we deal with real wave functions

exclusively, the Re operator in eq. (2.50) can be omitted. Eqs. (2.49) and (2.50) are

identical if eq. (2.47) is fulfilled exactly. A difference occurs if this is not the case.

If a small perturbation δ |Ξ〉 (where |Ξ〉 ⊥ |Ψ0〉 is the error direction) is added to an

exact solution |Ψ1〉, the direct E2 expression eq. (2.49) depends linearly on the error

δ, while the Hylleraas functional depends on the error only quadratically:

∂

∂δ

∣∣∣∣
δ=0

〈Ψ1 + δΞ |H0 − E0 |Ψ1 + δΞ〉 + 2 Re 〈Ψ1 + δΞ |H |Ψ0〉

= 〈Ξ |H0 − E0 |Ψ1〉 + 〈Ψ1 |H0 − E0 |Ξ〉 + 2 Re 〈Ξ |H |Ψ0〉 = 0. (2.51)

Eq. (2.47) was used to find eq. (2.51) to vanish.

In standard Møller-Plesset perturbation theory, one would now use the Hartree-

Fock reference function |Φ〉 as |Ψ0〉, the Fock operator f (which gives a mean-field

one-particle approximation of the true Hamiltonian H) as H0, and treat the fluctuation

potential V = H − f = W + Eref as the perturbation. Because V then contains

the singular Coulomb interaction, which is not a small “perturbation” at all, the

Møller-Plesset series shows poor or erratic convergence behavior more often than

not [81, 82], and going beyond second-order in MPn is generally rather futile [62].
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Nevertheless, MP2 is a popular method due to its favorable accuracy/computation

time tradeoff, and for many molecular systems it is the best treatment possible

within reasonable amounts of computer time. In particular, MP2 is the simplest

first-principles method capable of describing dispersive weak molecular interactions

to some extent, which are missing completely in mean field theories like Kohn-Sham

Density Functional Theory or Hartree-Fock.

2.11 Coupled-cluster expansions

Nowadays the most popular methods for accurate treatments of dynamic correlation

in molecules are based on coupled-cluster expansions of the wave function. A cluster

expansion is characterized by building an approximate wave function from the ansatz

|Ψ〉 = exp(T) |Φ〉 , (2.52)

where |Φ〉 is the reference determinant, and the cluster-operator T excites occupied

electrons into the virtual space. T is expressed as

T = T1 + T2 + T3 + . . . , (2.53)

where the individual cluster operators Ti represent i-particle excitations:

T1 =
∑

ai

tiaea
i T2 =

1

2

∑

abi j

T
i j
abeab

i j T3 =
1

6

∑

abci jk

T
i jk
abce

abc
i jk . . . (2.54)

The variables tia and T
i j
ab are called singles- and doubles cluster amplitudes, re-

spectively7. In the CCSD (“coupled cluster singles&doubles”) wave function, the

operator is truncated after T2, such that T = T1+T2. This is by far the most common

choice. Higher excitations (triples, quadruples) are treated explicitly only in bench-

mark calculations aiming at sub-kJ/mol accuracy [83, 84]. However, a perturbative

treatment of triple excitations based on converged CCSD wave functions is usually

required to obtain accurate energies. The so-far best performing methods of this

kind are CCSD(T) [85], which has become the de-facto standard, and CCSD-T [61]

which is somewhat more complete theoretically, and offers comparable accuracy in

practice. A concise account of the (T)-correction working equations is given in

Ref. [86].

The exponential parameterization of the wave function in (2.52) allows for size

7The normalization of the cluster amplitudes used here is not the one usually employed for spin-

orbitals. For example, prefactor 1/4 is usually used instead of 1/2 for the T2 operator. This was

done in order to simplify equations at RMP2 level, where the current choice eliminates many

factors of 2 and 1/2.
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consistency and size extensivity, which are important desirable asymptotic wave

function properties [62, 87]. In short, size extensivity is the property of describing

extended regular systems of interacting, identical units correctly, while size con-

sistency means that super-systems of arbitrary non-interacting sub-systems can be

dissociated correctly.

In the standard CCSD method, the equations for the energy and for the cluster

amplitudes in (2.52) are determined by left-projecting the Schrödinger equation

H exp(T) |Φ〉 = E exp(T) |Φ〉 ⇐⇒ (H − E) exp(T) |Φ〉 = 0 (2.55)

onto the configuration subspace spanned by the reference determinant, and the singly

and doubly excited configurations, respectively. Thus we get

E =
〈
Φ

∣∣ H exp(T)
∣∣ Φ

〉
(2.56)

ri
a =

〈
Φ

∣∣ ea
i (H − E) exp(T)

∣∣ Φ
〉 !
= 0 (2.57)

R
i j
ab =

1
2

〈
Φ

∣∣ eab
i j (H − E) exp(T)

∣∣ Φ
〉 !
= 0. (2.58)

The corresponding matrix elements can be transformed into formal tensor contraction

sequences using the Wick theorems sketched in Sec. 2.5 (if done manually, this would

be a rather lengthy exercise). In these equations, the expansion of the exponentials

terminates, because the Hamiltonian (2.19) can de-excite at most two virtual orbitals,

and higher excitations produced by the exponential do not couple to the singles-

and doubles space eq. (2.55) is projected on. This form of the residual equations is

equivalent to other forms commonly found in the literature which employ a similarity

transformed Hamiltonian.

The coupled-cluster equations are solved iteratively. In each iteration, the residual

tensors ri
a and R

i j
ab are calculated using the current set of cluster amplitudes tia and

T
i j
ab. The residuals determine to which extent the current cluster amplitudes violate

the CCSD equations. Then the residuals are used to update the amplitudes in a

semi-perturbative manner in order to reduce the residual size [88].

2.12 Programming with spin-orbitals

Most formulas in this work involve tensors which are defined with respect to spin-

orbital indices. This refers, for example, to the cluster amplitudes of eq. (2.54), and

it will later refer to various kinds of calculation intermediates arising in practical

computations. When programming open-shell correlation methods based on spin-

orbitals, it is necessary to explicitly represent such tensors numerically. A naı̈ve

implementation, in which the spatial orbital basis is simply doubled (each orbital

occurring once with A- and once with B-spin) would be rather wasteful. This is the



2.12 Programming with spin-orbitals 35

case because we deal with non-relativistic computations exclusively, in which the

electronic Hamilton operator is spin-free. As pointed out in Sec. 2.9, this spin-free-

ness should also be present for approximate wave operators, at least ideally.

In principle this can be achieved by formulating the entire theory in terms of

the spin-free excitation operators mentioned in Sec. 2.6. Since the RHF reference

function is a clean spin eigenfunction, this would also imply clean approximate wave

functions. Unfortunately, due to various technical difficulties of varying degree of

severeness, this turns out to be very hard in practice. To my best knowledge, up to

this day an efficient spin-free CCSD program could not be produced for any general

class of open-shell reference states (see Ref. [89] for a discussion of the problems).

Not even the only-approximately spin adapted theory of Ref. [59], which features

near-optimal computational scaling, was actually implemented due to its complexity.

For this reason we resort to the simpler spin-orbital based formulation.

While it is quite complicated to ensure that an approximate wave function |Ψ〉 is a

proper S2 eigenvector, making it an eigenvector of the spin projection operator Sz is

easy. For this it is sufficient to only include spin-orbital excitation operators eabc...
i jk... in

the wave function ansatz (e.g., eq. (2.54)) which create as many A-spin spin-orbitals

as they destroy (and therefore, also create as many B-spin orbitals as they destroy).

This leaves us with non-redundant single excitations of the form

tiaea
i = tiAaAeaA

iA + tiBaBeaB
iB , (2.59)

(lhs indices: spin-orbitals, rhs: spatial orbitals multiplied by indicated spin function),

and no A 7→ B or B 7→ A excitations need to be considered. For the double

excitations, we must also consider the anti-commutation relations of orbital creation

and destruction operators:

eab
i j = eba

ji = −eba
i j = −eab

ji . (2.60)

As a result, of the 16 different conceivable spin label combinations, only double

excitations of the form

T
i j
abeab

i j = T
i j,AA
ab eaAbA

iA jA + T
i j,BB
ab eaB bB

iB jB +

T
i j,AB
ab

(
eaA bB

iA jB + eaB bA
iB jA − eaB bA

iA jB − eaA bB
iB jA

)

= T
i j,AA
ab eaAbA

iA jA + T
i j,BB
ab eaB bB

iB jB + 4 T
i j,AB
ab eaA bB

iA jB (2.61)

are non-redundant. Thus, the spin-orbital tia are represented by two independent am-

plitude sets (A,B), and the spin-orbital T
i j
ab are represented by three sets (AA,BB,AB).

In the doubles case, the AA and BB amplitudes have different properties compared

to the AB ones, though. For AA and BB it is sufficient to store T
i j
ab for i > j
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and a > b due to eq. (2.60). For AB no comparable symmetry exists—all i jab are

required. Consequently, a spin-orbital formulation has about three times as many

doubles amplitudes as a spin-free formulation (in which one set of T
i j
ab is required for

i ≥ j, all ab, since spin-free double excitations have only one symmetry: Eab
i j = Eba

ji ).

Working equations in terms of spin-orbitals then need to be split into their indi-

vidual spin components for a practical application. Depending on the situation, this

may or may not involve subtle sources of errors. To illustrate, let us investigate the

spin-orbital energy expression

〈Φ |HT2 |Φ〉 = T
i j
abK

i j
ab =

∑

i jab

T
i j
ab

〈
i j

∣∣ r−1
∣∣ ab

〉
. (2.62)

On the rhs, the integral vanishes whenever spin(i) 6= spin(a) or spin( j) 6= spin(b),

since r−1 acts as identity on the spin space. Consequently, only AA, BB, AB→AB

and BA→BA T-amplitudes lead to contributions. Accordingly, we get

T
i j
abK

i j
ab =

∑

i jab

(T
i j,AA
ab + T

i j,BB
ab + 2 T

i j,AB
ab )K

i j
ab (2.63)

as unpacked expression. However, in practice we often absorb another factor of 2

into the T
i j,AB
ab amplitudes (e.g., in eq. (4.9) later by not multiplying K

i j
ab by 1/2),

such that the factor 2 for AB in eq. (2.63) can be omitted. On the other side, for

AA and BB the summations are carried out explicitly only for i > j, such that the

partial results must be multiplied by 2 to account for i < j.

A different picture arises when computing the wave function squared norm

‖T2‖2 =
〈
Φ

∣∣ T
†
2T2

∣∣ Φ
〉
=

〈
Φ

∣∣∣ (1
2
T

i j
abe

i j
ab)(1

2
Tkl

cdecd
kl )

∣∣∣ Φ
〉
= T

i j
abT

i j
ab. (2.64)

In this expression, also AB→BA and BA→AB excitations have contributions, be-

cause unlike the integral K
i j
ab, the corresponding doubles amplitudes do not vanish.

This leaves us with

‖T2‖2 =
∑

i jab

(
T

i j,AA
ab

2
+ T

i j,BB
ab

2
+ 4 T

i j,AB
ab

2
)
. (2.65)

Also in this expression no factor arises for the AB contribution if the mentioned

factor of 2 is absorbed into T
i j,AB
ab .

Integral adjustments may or may not be necessary. For example, in the spin-orbital

formalism, the one-particle part of the Hamiltonian, f = f s
r er

s, where

f s
r = hs

r +W si
ri −W is

ri , (2.66)

becomes spin-dependent. If this expression in terms of spin-orbitals is translated into
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spatial orbitals, we obtain two different spatial components of the single operator f ,

one for 〈rA | f | rA〉 and one for 〈rB | f | rB〉:

f sA
rA
= hsA

rA
+

(
W

sA iA
rA iA
+W

sA iB
rA iB

)
−W

iA sA

rA iA

f sB
rB
= hsB

rB
+

(
W

sB iA
rB iA
+W

sB iB
rB iB

)
−W

iB sB

rB iB
. (2.67)

These differ in the last term, the “exchange” part, because W is
ri =

〈
is

∣∣ r−1
∣∣ ri

〉
van-

ishes unless spin(i) = spin(r) and spin(s) = spin(i). Although the spatial parts of the

orbitals iA and iB are equal, the range of orbitals summed over is different, because

for A-spin the active orbitals are occupied, while for B-spin they are not. Again,

the actual (spatial) matrix elements of the raw integrals h and W do not depend on

the spin labels, as long as the upper spin labels are equal to the lower ones (e.g.,

hsA
rA = hsB

rB = hs
r). So apart from the labels indicating the i summation range, all spin

labels can be omitted:

f sA
rA
= hs

r +

( ∑

i∈clos

2 ·W si
ri +

∑

i∈acti

W si
ri

)
−

∑

i∈clos

W is
ri −

∑

i∈acti

W is
ri (2.68)

f sB
rB
= hs

r +

( ∑

i∈clos

2 ·W si
ri +

∑

i∈acti

W si
ri

)
−

∑

i∈clos

W is
ri . (2.69)

The rhs refers only to spatial orbitals. The spin-orbital operator f can be re-

assembled from these expressions as

f = f sA
rA

erA
sA + f sB

rB
erB

sB. (2.70)

In summary, as long as a single set of spatial orbitals is employed, the different

spin quantities differ only by either including or excluding summations over active

occupied or unoccupied orbitals within the contractions they are formed of. The

exact expressions in terms of spatial orbitals can always be determined by tracing

intermediate quantities back to either the spin-free integrals used to calculate them,

or to the amplitudes of the wave function ansatz. In the following, these spatial ex-

pressions will generally not be given, because they are very redundant and require a

baroque notation, which would confuse the essential aspects of the theory. Nonethe-

less, some of the less clear aspects of the spin-orbital to spatial transformation in

the RMP2-F12 case are described in Sec. 4.1.6.
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3.1 The Coulomb interaction singularity

The pathological short-range behavior of the electronic Coulomb interaction lies at

the heart of the basis set convergence problems of conventional quantum chemistry

methods: The Coulomb potential,

W (r1, r2) =
1

‖r1 − r2‖
, (3.1)

is singular at r12 := ‖r1 − r2‖ → 0. This potential occurs in the electron Hamiltonian

H =

N∑

i

vnuc(ri) −
1

2

N∑

i

∆ri
+

N∑

i, j>i

W (ri, r j), (3.2)

where N is the number of electrons, ri are the electron coordinates, vnuc is the

electrostatic potential emitted by the atom cores, and the kinetic energy operator

−1
2
∆i is the Laplacian acting on coordinate ri.

When any two electron coordinates ri and r j approach coalescence, the repulsive

interaction potential W in HΨ goes to infinity. On the other hand, the Schrödinger

equation

(H − E)Ψ(r1, . . . , rN ) = 0 (3.3)

implies that HΨ is finite if EΨ is finite, since in the latter E is a scalar. Therefore,

if Ψ(r1, . . . , rN ) 6= 0, the Coulomb singularity in H must be canceled by another

singularity. As shown by Kato [90], the singularity cancellation occurs through the

kinetic energy terms, which in turn implies derivative discontinuities in the wave

function Ψ.

The balance of these singularities is not well described by determinant expansions

in terms of single-particle wave functions [cf. Sec. 3.3]. As a result, correlated

wave function theories, which attempt to explicitly model the correlated movement

of electrons induced by the interplay of their interactions, suffer from basis set

convergence problems. A detailed analysis of these issues in terms of partial wave

expansions is given in Refs. [18] and [91].
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3.2 Form of the wave function in F12 methods

We first discuss the closed-shell case. The open-shell aspects are addressed in

Sec. 3.7. In the F12 methods pioneered by Kutzelnigg and Klopper, a conventional

expansion of the wave function in terms of determinants of single orbitals is aug-

mented by additional explicitly correlated configurations. As explained later, these

explicitly correlated terms improve the wave function’s description of electrons com-

ing near to each other. Technically, this wave function extension is accomplished by

replacing the conventional double excitation operator T2 by

T2 =
1

2
T

i j
abEab

i j +
1

2
T

i j
αβE

αβ
i j , (3.4)

where E
αβ
i j are the spin-free excitation operators [see Sec. 2.6]. The T

i j
abEab

i j part of

Eq. (3.4), which describes excitations into the standard virtual orbitals a,b, is the

same as used in conventional wave function methods. The additional amplitudes T
i j
αβ

describe double-excitations into a formally complete virtual orbital space (indexed

by α,β); they are given implicitly by

T
i j
αβ = T i j

mnF
mn
αβ , (3.5)

F
mn
αβ =

〈
mn

∣∣F12Q12

∣∣αβ
〉
, (3.6)

Q12 = (1 − o1)(1 − o2)(1 − v1v2). (3.7)

In these expressions o = |i〉 〈i| and v = |a〉 〈a| are the projectors onto the occupied and

virtual orbital spaces, respectively, F12 ≡ F(r12) is a suitable short-range correlation

factor, and T
i j
mn are the actual amplitudes used in the F12-treatment. The occurring

projector Q12 assures orthogonality of the F12-configurations

|Φmn
i j 〉 = F

mn
αβ E

αβ
i j |Φ〉 (3.8)

to all conventional configurations. Thus, Fmn
rs = 0 and therefore T

i j
rs = 0. This par-

ticular form of Q12 maximally decouples the F12 excitations from the conventional

excitations; it was introduced as modified ansatz 2 in Refs. [30,92] and called ansatz

3 in Ref. [36]. Combining the conventional and F12 excitations, in total the doubles

excitation amplitudes in the complete virtual basis are given explicitly by

T
i j
αβ = δ

a
αδ

b
βT

i j
ab + T

i j
αβ = δ

a
αδ

b
βT

i j
ab + T i j

mnF
mn
αβ . (3.9)

In derivations the F12 configurations can thus be treated as externally contracted

doubly excited configurations regarding a complete virtual space.

Compared to the conventional trial CI expansion in terms of Slater determinants,

the F12 terms add additional doubles configurations which can be interpreted as
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modifying the reference |Φ〉 by replacing occupied orbital products ϕi(r1)ϕ j(r2) by

short-ranged pair correlation functions

|ui j(r1, r2)〉 = T i j
mnQ12F12(r12)|ϕm(r1)ϕn(r2)〉. (3.10)

The most important terms are for mn = i j and mn = ji. The function |ui j〉 represents

a negative short-range hole in the orbital product |i j〉. If added to the reference func-

tion, it directly suppresses the probability of finding the two |i j〉 electrons in a spatial

configuration in which they are close to each other (i.e., near the repulsion singular-

ity). In contrast to orbital products, the short-range correlation factor Q12F12|ϕmϕn〉
can describe the wave function cusp for r12 → 0 [cf. Sec. 3.3] correctly. Both

aspects counter major deficiencies of conventional wave function expansions.

For the correlation factor F12, we use an exponential function fitted to a set of

Gaussian geminals in practice:

F(r12) = −
1

γ
exp(−γr12) ≈

∑

i

ci exp(−αir
2
12). (3.11)

The exponent γ is a free length scale parameter. In the current work we use six

Gaussians, and the coefficients are fitted as described in Ref. [36]. This choice and

other non-linear factors have been investigated previously [33,34,93], and the simple

Slater function was found to work very well. This ansatz resembles analytic solutions

of the hydrogen problem and parts of the helium problem, as already discussed by

Hylleraas [2]. It is thus expected to cover the coarse form of the electron correlation

hole decently.

This extension of the conventional wave function ansatz by F12 terms leads to

dramatic improvements in the basis set convergence of correlation energies; this

will be shown later. Consequently, one could get the impression that conventional

excitations are not really necessary. Notwithstanding, F12 configurations are not

better than conventional configurations in every respect—they are just bad in a very

different way, so that combinations of both cancel each others deficiencies. In par-

ticular, the size and form of the correlation hole described by the F12 correlation

factor is constant across the entire molecule, for all orbital pairs i j. In contrast,

a realistic correlation hole in a molecule is position dependent, sometimes highly

anisotropic [94], and most importantly, varies widely in spatial extent depending on

the electron density [see Refs. [95, 96], where the correlation hole of the homoge-

neous electron gas is parameterized. Its extent scales approximately with the Seitz

radius rs, which is a function of the electron density]. None of those aspects is re-

tained in a description by F12 terms alone. The F12 terms simply average a coarse

form of F12 over the entire molecule, and thus rely on approximate error cancella-

tion. As a result, for a good total description of the electronic structure it is essential
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that F12 configurations are combined with conventional configurations. This was

amply demonstrated in Ref. [97], by the disastrous performance of no-conventional

F12 methods for relative energies.

On the other hand, if conventional excitations are present, no such problems arise.

Due to the projector Q12 in (3.10), only those parts of the F12 configurations are

retained which are not expressible by products of virtual orbitals. Thus, even if

the F12 configurations are approximated inaccurately, the coarse form of the wave

function is still treated accurately by the actual quantum chemical method in question,

because it is well described by the conventional contributions in the wave function

expansion.

3.3 Cusp conditions and fixed amplitudes

Let us investigate the effect of electron coalescence on a purely spatial wave function

Ψ(r1, . . . , rN ) which is an eigenvector of the molecular Hamilton operator eq. (3.2).

Concrete cusp conditions for symmetric and antisymmetric spatial wave functions

were first derived by Pack and Byers Brown [98]; they are stated next. Assume that

the two coalescenting coordinates are r1 and r2, while all other ri are well separated.

If we introduce the coordinate transformation

s12 = (r1 + r2)/2 r12 = r1 − r2, (3.12)

they derive [98] the following asymptotic short range expansions for symmetric and

anti-symmetric wave functions, respectively1:

Ψ+(r12, s12, r3, . . . , rN ) =
(
1 + 1

2
r12

)
Ψ+(0, s12, r3, . . . , rN ) + O(r12

2), (3.13)

Ψ−(r12, s12, r3, . . . , rN ) =
(
1 + 1

4
r12

) (
r12 · ∇r12

Ψ−(0, s12, r3, . . . , rN )
)
+ O(r12

3).

(3.14)

On the other hand, let us consider a symmetric or antisymmetric two-particle wave

function built from a product of two smooth one-particle functions:

√
2 Φ±(r1, r2) = ϕi(r1)ϕ j(r2) ± ϕi(r2)ϕ j(r1). (3.15)

In the transformed coordinates this becomes

√
2 Φ±(r12, s12) = ϕi(s12 +

1
2
r12)ϕ j(s12 − 1

2
r12)±

ϕi(s12 − 1
2
r12)ϕ j(s12 +

1
2
r12), (3.16)

1Symmetric/anti-symmetric relative to r12, the other coordinates do not matter for the derivation.
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and explicit calculation of the r12 derivatives at r12 = 0 shows that

∂

∂ru

∣∣∣∣
r=0

Φ+(r12, s12) = 0 (3.17)

∂

∂ru

∂

∂rv

∣∣∣∣
r=0

Φ−(r12, s12) = 0, (3.18)

where u and v index Cartesian components of r12. That means that symmetrized

product functions have no linear r12 component and antisymmetrized ones have no

quadratic component, and thus the asymptotic short range expansions of the products

are2

Φ+(r12, s12) = Φ+(0, s12) + O(r12
2), (3.19)

Φ−(r12, s12) = r12 · ∇r12
Φ−(0, s12) + O(r12

3). (3.20)

The linear (+) and quadratic cusp (−) terms in (3.13) and (3.14) are missing—

products of one-electron functions violate the cusp conditions; they cannot represent

the short-range asymptotic structure dictated by the Hamiltonian. On the other hand,

(3.19) and (3.20) also demonstrate that the functions

(1 + 1
2
r12)Φ+(r12, s12) (3.21)

(1 + 1
4
r12)Φ−(r12, s12) (3.22)

fulfill the respective cusp conditions. That means we can simply multiply (1+ 1
2
r12)

or (1+ 1
4
r12) on spatially symmetric or anti-symmetric product functions, respectively,

to satisfy the cusp conditions. [Or instead of r12 itself, multiply any other function

F12 with r12 short-range behavior]. This discussion still applies for wave functions

built as (anti-) symmetrized products of multiple spatial one-electron functions; it

is especially relevant for the pair functions of doubly excited configurations if they

are demanded to fulfill the cusp conditions of exact wave functions. Problems only

arise if space- and spin degrees of freedom cannot be easily separated.

Anyway, this short-range asymptotic behavior of the exact wave function can be

used to great advantage in F12 theory. As pointed out by Ten-no [35], in order to

approximately fulfill these asymptotic conditions for a closed-shell wave function

|Φ〉 + T
i j
mn

∣∣Φmn
i j

〉
[cf. Eq. (3.8)], one can fix the amplitudes T

i j
mn to

T ii
ii = t+ T

i j
i j =

1

2
(t+ + t−) T

i j
ji =

1

2
(t+ − t−), (3.23)

where i 6= j, t+ = 1/2, t− = 1/4, and the remaining amplitudes are zero. Let us intro-

2Anti-symmetric functions vanish for r12 = 0. Thus, r12 · ∇r12
is the first-order Taylor expansion—

there is no constant term.
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duce Sp as the purely spatial projector onto the symmetric (p = 1) or antisymmetric

(p = −1) spatial subspaces of the pair functions:

Sp :=
1

2
(|rs〉 〈rs| + p |sr〉 〈rs|) (3.24)

(i.e., the operator acts as identity in the spin space). The pair functions
∣∣ui j

〉
of

eq. (3.10) then take the explicit form

∣∣ui j

〉
= Q12F12 |mn〉 T i j

mn = Q12

∑

p=±1

tpF12Sp |i j〉 . (3.25)

So in this case, the cusps are simply added by artificially multiplying F12 factors on

occupied RHF orbital products in the sense of eq. (3.21) and eq. (3.22)3. As a result,

the short-range electron behavior not expressible by the virtual-orbital products of

conventional excitations (Q12) is fixed in consistence with the cusp conditions.

Of course this does not mean that these additions are exact. Additionally to

the possibility that the RHF function might not be a good coarse description of the

electronic structure in question, the cusp conditions only determine the wave function

behavior at r12 → 0. But the F12 functions we add have sizable spatial extent (with

γ ≈ 1/abohr), which is not fixed by the conditions, and which is more important for the

properties of the molecule because it covers a larger volume element. Accordingly,

flexible wave function expansions with T
i j
mn not fixed at all, or with T

i j
mn restricted

to diagonal excitations (allowing only mn with mn = i j or mn = ji) may or may not

lead to better practical performance, even if the cusp conditions are violated.

3.4 Ansatz restrictions for T
i j
mn

As already indicated, the ansatz for explicitly correlated configurations in eq. (3.5) is

not always used in full, and some elements of T
i j
mn may be assumed to vanish or to

be fixed. The following ansaetze are in common use for ground state calculations:

• The diagonal ansatz: In this case only T
i j
mn are allowed where the spatial parts

of either |i j〉 and |mn〉 or of |i j〉 and |nm〉, coincide (i, j,m, n are spin-orbitals).

This is the original ansatz of Kutzelnigg and Klopper [19, 20]. This ansatz is

the simplest to interpret, because it directly corresponds to cutting short-range

correlation holes
∣∣ui j

〉
± ≡ ti j,±Q12F12 |i j〉± into orbital products |i j〉±, where

± indicates projections onto the symmetric/anti-symmetric pair function space

in the sense of eq. (3.24).

A problem with this ansatz is that is not unitarily invariant: If the reference

determinant |Φ〉 is expressed by a different but equivalent orbital set, properties

3The 1-term is implicit because these functions are added to the reference function.



44 3. F12 Wave Function Theory

derived from the correlated wave function change. Additionally, the ansatz may

violate size-consistency unless it is applied with localized occupied orbitals.

On the other hand, the amplitudes ti j,± are variable. This makes this ansatz

rather insensitive to the choice of the geminal exponent γ. Also, the equation

systems determining the amplitudes are well-behaved typically, and only the

parts R
i j
i j and R

i j
ji of the F12 residuals need to be evaluated.

• The general orbital invariant ansatz: No restrictions are imposed on the T
i j
mn.

The ansatz was introduced by Klopper [99] to remove the lack of unitary

invariance of the diagonal ansatz. It is not easily interpreted. And despite

giving the wave function more freedom, it was found to actually worsen the

F12-treatment in certain cases. This can happen due to a geminal basis set

superposition error (BSSE) [36, 100], which cannot easily be corrected for.

Additionally, the equation system determining the T
i j
mn sometimes becomes sin-

gular due to redundancies in the F12 configuration manifold [cf. Sec. 4.1.10].

While the singularities can be projected out easily, they make calculation re-

sults somewhat ambiguous and might lead to discontinuity problems when

potential energy surfaces are evaluated.

• The fixed amplitude ansatz: This is a scalar ansatz introduced by Ten-no [35].

As discussed in Sec. 3.3, the T
i j
mn are fixed in such a way that they are consistent

with the wave function cusp conditions determined from the RHF reference

function—they are therefore completely independent of the actual correlation

method being employed.

Like the general ansatz, this ansatz is unitarily invariant. Like the diagonal

ansatz (of which it can be considered a variant), it is free of geminal BSSE.

Unlike both, it is sensitive to the choice of the geminal exponent γ. This

sensitivity makes it necessary to account for the γ-dependence in some way.

This is done by evaluating the F12 part of the correlation energy by an exact

or approximate Lagrange functional (e.g., the Hylleraas functional eq. (2.51)

in RSPT2), which adjusts for the non-solved F12 amplitude equations in the

intermediate r12-range. Because the F12 residuals R
i j
i j /R

i j
ji form a part of these

functionals, the residuals still need to be evaluated at least in an approximate

way, even though the T
i j
mn amplitudes are not varied.

Despite the apparently reduced complexity of the diagonal and fixed ansaetze

compared with the general one, in many cases the actual numerical work required to

evaluate any of them does not differ fundamentally: All of them require evaluating

the same transformed integrals, and this is usually the most time consuming step

in a MP2-F12 calculation. However, the general ansatz contains some O(N6) terms

which the diagonal ones do not have. These terms can become time limiting for
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large MP2-F12 calculations. For our approximate CCSD(T)-F12 methods, the -F12

part is cheap compared to the conventional CCSD(T) part anyway, regardless of the

ansatz.

Nevertheless, more rigorous CCSD-F12 treatments can profit from the fixed am-

plitudes because several coupling terms between the F12 and conventional parts of

the wave function remain constant during the iterations. Additionally, the evaluation

of the F12 residual R
i j
mn, which may be expensive if evaluated rigorously, is then

required only a single time for the F12 Lagrange functional.

3.5 Strong orthogonality projectors

Various matrix elements involving the strong orthogonality projector [eq. (3.7)] arise

when deriving working equations of F12 methods. In principle it is always possible

to calculate such matrix elements exactly, but doing so nearly always results in an

intractable computational burden. For example, the Q12 projector in 〈F12Q12F12〉
contains a part

〈mn |F12o1F12 | op〉 = 〈mn|F12 |i̺〉 〈i̺|F12 |op〉 = . . . , (3.26)

where ̺ runs over a hypothetical complete orthonormal basis set. The rhs can be

resolved exactly into a three-electron integral by inserting the real-space complete-

ness relation |̺〉 〈̺| ≡
∫

r̺

∣∣r̺
〉 〈

r̺
∣∣ d3r̺ (and 〈r̺|r′̺〉 = δ(r̺ − r′̺), the Dirac delta

distribution):

. . . =

∫

r̺

[ ∫∫
m(r1)n(r2)F(r1, r2)i(r1)δ(r2 − r̺) d3r1d3r2 ·

∫∫
i(r3)δ(r4 − r̺)F(r3, r4)o(r3)p(r4) d3r3d3r4

]
d3r̺

=

∫∫∫
m(r1)n(r̺)i(r3)F(r1, r̺)F(r3, r̺)i(r1)p(r̺)o(r3) d3r1d3r̺d

3r3

= 〈mni | F12F32 | ipo〉 (3.27)

(Here the orbitals ϕx(r1) are denoted as x(r1)). Such integrals can indeed be eval-

uated in closed form, but there are simply too many of them. Methods employing

such techniques can therefore never become computationally competitive with con-

ventional methods. How such many-electron integrals can be avoided using RI

approximation was one of the key discoveries by Kutzelnigg and Klopper [18–20],

which paved the way to practical quantum chemical methods involving explicitly

correlated wave functions.

In modern F12 treatments employing the CABS approach, the Q12 projector is

always treated in one of three different ways. Ordered by preferability, these are [36]:
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Fully analytically: Since Q12 is a projection operator, it is idempotent:

Q12Q12 = Q12. (3.28)

A related property involves the formal double RI in the virtual space:

Q12 |αβ〉 〈αβ|︸ ︷︷ ︸
=(1−o1)(1−o2)

= Q12. (3.29)

These two relations often allow evaluating contractions between different F kl
αβ

[eq. (3.6)] by exactly resolving the summations over the formally complete

virtual basis {|α〉}.

Partly analytically : When a completely analytical treatment is impossible, it may

still be possible to treat the dominant parts of Q12 exactly. This involves

rewriting

Q12 = (1 − o1)(1 − o2)(1 − v1v2)

= 1 − o1(1 − (o2 + v2)) − (1 − (o1 + v1))o2 − (o1 + v1)(o2 + v2)

≈ 1 − |ix〉 〈ix| − |xi〉 〈xi| − |rs〉 〈rs| . (3.30)

In the second and third term, in which 1 − (o + v) projects onto “everything

not describable within the MO basis”, the approximation

1 − |r〉 〈r| ≈ |x〉 〈x| (3.31)

is made by expanding these terms in an extended (but finite) complementary

auxiliary basis set. All other projectors are treated exactly. As a result, in

eq. (3.30) at most one numerical RI is performed per term, not two which

would occur in a straight-forward RI expansion of Q12. It should be noted

that in eq. (3.30) i must run over all occupied orbitals, including frozen core

orbitals if present.

Fully numerically: Sometimes a straight-forward numerical expansion of Q12 as dou-

ble RI is either necessary or convenient. It is necessary if integrals resulting

from the unit operator in eq. (3.30) cannot be resolved analytically; and it is

convenient if the numerical resolution converges quickly and is cheaper to

evaluate than the analytical one. In either case, we employ:

Q12 = (1 − o1)(1 − o2)(1 − v1v2)

= v1(1 − (o2 + v2)) + (1 − (o1 + v1))v2 + (1 − o1 − v1)(1 − o2 − v2)

≈ |ax〉 〈ax| + |xa〉 〈xa| + |xy〉 〈xy| . (3.32)
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With this formula, the quadratic basis incompleteness of the combined MO

and CABS basis is isolated in the last term, which can often be dropped to

achieve computational savings [36, 101–103].

All of these approaches avoid the explicit calculation of 3- and 4-electron integrals

completely, and replace them by sums of products of 2-electron integrals. On the

downside, an additional numerical RI basis set needs to be introduced, and the

concrete evaluation of terms often becomes cumbersome.

In early R12 methods the “standard approximation” was employed, which assumed

that the AO basis is “large enough” for explicit RIs. In the modern language, this

implies that the approximation |x〉 〈x| ≈ 0 is applied throughout (i.e., that all terms

involving |x〉 orbitals are neglected). While this is a rather coarse approximation,

it can still be applied for numerical or computational gains in many less-important

terms as we will demonstrate later.

This applies particularly to expressions which require the use of eq. (3.32). Em-

ploying this projector corresponds to evaluating the term in which it occurs com-

pletely conventionally, just in a bigger basis (MO+CABS). It is therefore a “last

resort”-kind of approach—if it would be applied throughout in preference to eq. (3.29)

and eq. (3.30), F12 methods could not work better than non-F12 methods at all. On

the other hand, if a term requires the use of eq. (3.32) (i.e., if eq. (3.30) cannot pos-

sibly be applied instead), it also means that the term in question is not one which

attempts to perform the problematic partial wave expansion of

1 = r−1
12 r12 =

∑
l
〈(r−1

12 )l(r12)l〉

(with r−1
12 from the Coulomb interaction and r12 from the wave function cusp), which

Ref. [18, cf eq. 7.2] argues to lie at the root of the slow basis set convergence of

conventional quantum chemistry methods. Therefore, terms requiring eq. (3.32) are

expected to be represented much better by the regular MO basis expansion than the

terms where this is not the case.

3.6 Numerical construction of the complementary auxiliary

(CA) basis

All formulas of Sec. 3.5 become exact in the limit of a complete CA basis set

{|x〉}. But as mentioned, in practice the terms involving |x〉 orbitals are explicitly

represented numerically. One way of dealing with these terms (which was used

in the RMP2-F12 program, but originally not in the LMP2-F12 program [36]),

is to explicitly calculate a set of orthonormal |x〉 orbitals. These are generated

by projecting the MO basis out of a given auxiliary RI basis set, thus assuring
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∀x, r : 〈r | x〉 = 0. As a result, |x〉 orbitals have components in both the AO and the

RI bases.

This projection can be done either directly in the basis of non-orthogonal RI basis

functions, or in the basis of an auxiliary orthonormalized set of RI functions. In the

first case, the projected RI functions

|χ̃〉 = (1 − |r〉 〈r|) |χ〉 = |χ〉 − |µ〉Cµr Cνr 〈ν | χ〉 (3.33)

are formed directly from the basis functions, and subsequently orthonormalized.

Here χ,η denote RI basis functions, µ,ν denote AO basis functions, and C
µ
r are the

molecular orbital coefficients (and C
µ
r Cνr = [S−1

AO]µν, but it is numerically favorable

not to do this contraction first). The orthonormal basis is formed by first explicitly

constructing the overlap matrix of the projected functions,

[S]η̃χ̃ = 〈η̃ | χ̃〉 =
〈
η

∣∣ (1 − |r〉 〈r|)2
∣∣χ

〉
= 〈η | (1 − |r〉 〈r|) |χ〉

= 〈η | χ〉 − 〈η | r〉 〈r |χ〉
= 〈η | χ〉 − 〈η | µ〉Cµr Cνr 〈ν | χ〉 , (3.34)

[where 〈η | χ〉 and 〈η | µ〉 are the RI/RI and RI/AO overlap matrices, respectively]

then constructing [S−1/2]η̃χ̃ by spectral decomposition, and finally obtaining the or-

thonormal set of orbitals as

{|x〉} = {[S−1/2]η̃χ̃ |χ̃〉 , η = 1 . . .NRI}.
= {[S−1/2]η̃χ̃(|χ〉 − |µ〉Cµr Cνr 〈ν |χ〉), η = 1 . . .NRI}. (3.35)

Numerically, the set is represented by two matrices, RiCabs and AoCabs, with di-

mensions nRi×nCabs and nAo×nCabs, respectively.

This is the direct way of forming CABS vectors, and if all |x〉 functions are

retained then it is also the favorable approach. But in practice, the projected overlap

matrix [S]η̃χ̃ generally contains very small eigenvalues (≪ 10−8), such that serious

numerical instabilities would be introduced if the corresponding eigenfunctions were

not deleted. Thus, the full span of the RI basis can usually not be retained as auxiliary

space. This is an expression of the near linear dependency which arises within the

CA space due to two different sources: First, the overlap within the RI basis itself.

For example, if multiple very diffuse functions are present, small eigenvalues appear

in S because the norm of the difference between two adjacently centered diffuse

functions is small compared the norm of the functions themselves (=one). But this

does not necessarily mean that one of them can be discarded easily. The difference

may be important (e.g., for polarization in outer molecule regions). On the other

hand, we also get small overlap eigenvalues because the initial RI basis may have
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a large overlap with the regular AO basis, and this overlap is projected out4. As a

result, some of the initial (normalized) RI functions are diminished and acquire a

small norm.

I believe that if we have to delete functions, then we should rather delete functions

which are troublesome due to their redundancy with the AO space rather than due

to diffuseness. But in the direct CABS construction approach both aspects cannot

be separated: We have to delete functions corresponding to small [S]η̃χ̃ eigenvalues,

regardless of the reason which made it small. In fact, both aspects modulate each

other, so a direct construction is biased towards deleting diffuse RI functions with

moderate AO basis overlap.

An alternative is to first construct an orthonormal auxiliary basis (ABS) out of the

RI basis, and then construct the CABS by projecting out MOs from the ABS instead

of the RI basis directly. In this case, typically no functions need to be deleted in the

ABS construction, and the AO/RI redundancy issue is isolated in the second part.

While results are inconclusive, the second approach appeared at least as good, and

sometimes superior to the direct construction in nearly all trials where both have

been tested. Apart from using ABS vectors instead of direct RI functions in the

CABS construction, the construction recipe is unchanged.

3.7 F12 generator orbitals in the open-shell case

In Sec. 3.2 we explained that the F12 configurations are formed by multiplying F12

correlation factors on occupied orbital pairs |mn〉, and Sec. 3.3 argued that the spatial

symmetry of the resulting pair functions plays a crucial role for the electron cusp

conditions. In the genuine open-shell case, these symmetry restrictions create some

subtle issues; simply transcribing the closed-shell formulas into spin-orbitals results

in a wave function ansatz that is incompatible with the cusp conditions.

This problem is isolated in the AB-spin F12 |mn〉 configurations, which are con-

trolled by T
i j
mn amplitudes [cf. (3.4)]. In the closed-shell case and for AA and BB-

spin, the spatially symmetric and anti-symmetric combinations 1
2
(|mn〉 ± |nm〉) can

readily be formed by linearly combining F12 configurations within the manifest

ansatz. As in eq. (3.25), one can then multiply tpF12 factors to the results to fulfill

the cusp conditions. On the other hand, for the AB-spin T
i j
mn amplitudes, clearly

i and m must have A-spin and j and n must have B-spin [cf. Sec. 2.12]. But if

m and n are restricted to be occupied orbitals of those spins, then there are less n

orbitals than m orbitals, and consequently the (anti-)symmetrized mn combinations

4In principle, the AO/RI overlap issue can be avoided by using dedicated RI basis sets which do

not have significant overlap with the AO basis in the first place. But such dedicated sets are not

widely available at this moment, thus more general basis sets, like density-fitting auxiliary sets,

are commonly used.
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of Sec. 3.3 cannot be formed. In particular, for an active orbital i and a closed-shell

orbital j, the direct diagonal excitation t
iA jB
iA jB

is alright, but the reversed diagonal

excitation t
iA jB
jAiB

refers to the unoccupied spin-orbital iB.

The problem can be solved by extending the ansatz for the F12 wave function. We

include additional orbital pairs |mn〉 in which some of the m,n refer to unoccupied

spin orbitals. The new F12-part of the double excitation operator is [cf. (3.4),(3.5)]

TF12 =
1

2
T i j

mnF
mn
αβ e
αβ
i j , (3.36)

where e
αβ
i j is a spin-orbital excitation operator, i and j run over occupied spin-orbitals

as usual, while for all spins m and n run over both closed-shell and active orbitals—

including B-spin, where active spatial orbitals are unoccupied. The ansatz extension

does not pose orthogonality problems, because the projectors Q12 still project out

the overlap of F12 configurations with the conventional space. In principle one is

free in the choice of the orbitals used for generating the F12 excitation manifold.

The current choice means that F12 generator orbitals m, n, o, p run over all spin-

orbitals which can be formed by multiplying A- or B- spin functions to any partially

occupied spatial orbital, while i, j, k, l still run only over occupied spin-orbitals.

With this extended wave function ansatz, the fixed amplitude ansatz [Sec. 3.4] is

not a problem anymore. The spin-orbital T
i j
mn of occupied spin-orbital pairs i j are

fixed according to eq. (3.23), where ts = 0 for AA and BB spin.

This ansatz extension is supposedly equivalent [Ten-no, private communication,

20.8.2009] to the one mentioned by Bokhan et al. in Ref. [104] in the context

of spin-unrestricted orbitals, and it was already indicated by Ten-no in Ref. [35].

While, in retrospect, I agree that it was indicated in Ref. [35], I still find myself

unable to follow the explanations of Ref. [104]. Addressing these matters in the

context of spin degrees of freedom (“singlet” pairs, “triplet” conditions, “spin flipped

orbitals” etc.), makes them much more confusing than necessary. According to my

current understanding [Sec. 3.3], the cusp conditions actually depend only on spatial

symmetry properties of the wave function, and are related to spin indirectly at best.

The fact that clean singlet- and triplet pairs cannot be formed for AB pairs, is

therefore not relevant.

3.8 Choice of Q12 projectors in the open-shell case

By default, we used spin-orbital projectors Q12. That means in Q12 = (1 − o1)(1 −
o2)(1−v1v2) the projectors o = |i〉〈i| and v = |a〉〈a| run over the spin-orbitals occupied

or unoccupied in the respective spin case (A,B).

Another possibility is to use projectors Q12 with identical spatial parts for all spins.

Then for both A and B spin, in o = |i〉〈i| i runs over both closed- and active orbitals
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and in v = |a〉〈a| a runs over pure external orbitals. As a result, the F12 wave function

would be spin-free if fixed amplitudes were used, and the semi-internal contributions

of all F12 pair functions would be removed (i.e., the overlap with virtual spin-orbital

pairs involving active spatial orbitals is projected out).

Experiments indicated that the effect of these changes is only significant for

double-zeta (aug-cc-pVDZ) basis sets. RMP2-F12 benchmarks showed better conver-

gence when the semi-internal contributions were not removed. Thus, the spin-orbital

spin-specific projectors are employed throughout. The spin-unspecific projector, in

which (1 − o) removes all overlap with any partially occupied spatial orbital, might

be more useful in multi-reference theories. There it offers a simple way to eliminate

overlap of the F12 wave function with the (very complicated) reference function.

3.9 Other possible wave functions

This section discusses variations of the F12 wave function ansatz described above

which are relevant if other quantities than ground state energies are considered, or if

theories with higher excitations than double excitations are used. These approaches

were not followed in the current work, but are mentioned in order to display the

limits of the current approach, and how they can be circumvented.

3.9.1 F12 |ia〉 configurations for excited states

It is possible to obtain fairly accurate vertical excitation energies in a non-state-

specific manner. The typical way of doing this (e.g., Refs. [105], [62]) is based on

linear response functions of a ground state wave function. Basically, one starts with

the time dependent Schrödinger equation

[H + v(t)] |Ψ〉 = i~∂t |Ψ〉 ,

in which a time-dependent (adiabatically switched) electric field perturbation of form

v(t) = vω exp(−iωt + α) with α → +0

is added to the regular time-independent Hamiltonian H. Then the equation is

Fourier-transformed from the time domain to the energy/frequency domain, and the

resonance frequencies are determined by finding the frequencies ω which make the

system singular. In practice this amounts to solving a generalized eigenvalue equation

based on the coupled cluster Jacobian [106].

When Fliegl et al. followed this standard recipe for the CC2(R12) method in

Ref. [107], they found that the basis set convergence of excitation energies was

actually not improved compared to conventional calculations. The problem was
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identified to lie in the ansatz for the F12 wave function: A wave function of form

(3.5) is strongly biased to stabilize the reference wave function (i.e., the ground

state) compared to the excited states, because the correlation holes are only formed

by applying F12 factors to occupied orbital products. A subsequent analysis by Neiss

and coworkers [45] showed that the basis set convergence of excitations energies can

be strongly improved by including F12 configurations which are generated by virtual

orbitals. In particular, in eqs. (3.5) and (3.6), the range of the generator orbitals mn

needs to be extended such that non-occupied orbitals are also included. For example,

a F12 ansatz of the form

T̂F12 =
1

2
T i j

rnF
rn
αβE

αβ
i j or T̂F12 =

1

2
T i j

rsF
rs
αβE

αβ
i j , (3.37)

where r, s run over both occupied and (some) virtual orbitals, should be sufficient

to stabilize the singly excited states that are well approximated by some singly

excited Ea
i |Φ〉 determinant (left) or also doubly excited ones (right). Unfortunately,

such extensions make the F12 methods much more expensive if all virtual orbitals

are included. Neiss et al. [45] recommended the inclusion of a small number of

pseudo-natural virtual orbitals with high occupation numbers in MP2 pseudo-density

matrices.

Another reasonable choice would be to let both m and n run not only over occupied

orbitals, but over the full valence space (i.e., over a set of orbitals with a linear span

roughly equivalent to that of a minimal basis set, apart from core orbitals). While

this approach certainly cannot describe Rydberg states, for valence excited states it

might be sufficient. To my knowledge, this has not been investigated.

As shown by Köhn [46,108], variants of the fixed amplitude ansatz (Sec. 3.3) can

also be applied in response calculations. In this case [46, 108], the doubles wave

function ansatz (eq. (3.4)) is augmented by double excitations of the form

Tfix,ph ≡
∑

p=±1

tpt j
c

〈
αβ

∣∣ Q12F12

∣∣Spic
〉
E
αβ
i j ,

where t
j
c are the T1 singles amplitudes and tp and S are given by (3.23)ff. While

this ansatz is only suitable for singly excited states, this is not such a big problem

because for most common single-reference wave function methods (e.g., LR-CC2 or

LR-CCSD/EOM-CCSD), the performance for doubly excited states is anyway rather

unimpressive.

In passing I would like to mention that the extensions discussed in this section are

non-issues for state specific calculations, in which the reference function |Φ〉 actually

describes the excited state. If such calculations are made, excited states can also

be handled well within the “ground state” formalism discussed in the rest of this

text. The main problems here are that (i) one calculation must be done for each
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excited state, (ii) it may problematic to find out which excited states are relevant,

or to obtain reference functions for them, and (iii) excited states often are not well

described in a single-determinant picture—in particular, they may require low-spin

reference functions. Still, there is a sizable number of cases where (ii) can be solved

and (iii) does not apply, and then the single-reference open-shell methods work fine.

3.9.2 2+1 triply excited F12 configurations

In order to make single reference wave function methods really accurate, it is neces-

sary to account for triply excited trial configurations in some way. For example, the

popular CCSD(T) method is very accurate, while for many properties CCSD itself

is not a huge improvement over MP2.

In absolute terms, the (T) correction is usually one order of magnitude smaller

than the doubles correlation energy, and therefore its basis set error is also small.

Nevertheless, after double substitutions and Hartree-Fock energies have been ac-

counted for with F12 techniques, in practical calculations the basis set dependence

of (T) often forms a major part of the residual basis set error [44, 103].

This also applies to higher excitations. Shiozaki et al. [109, 110] implemented

a full CCSDTQ-F12 method, but included only F12 configurations of the doubly

excited form (3.5). Their calculations revealed that the basis set convergence with

respect to triply- and higher excited configurations is not improved by such wave

functions.

As pointed out by Köhn [44], the main reason for this is not that simultaneous

triple electron coalescence is not handled by the ansatz. Rather, the combination of

conventional single excitations with simultaneous F12 double excitations need to be

accounted for, such that F12 triple excitations of the general form

T i jk
mncF

mn
αβ E

αβc
i jk |Φ〉 (3.38)

(and the related permuted quantities) need to be included, where T
i jk
mnc are the F12

triples amplitudes. Köhn showed [44] that it is possible to derive fixed amplitude

ansaetze also for the case of triple excitations, and that such kinds of higher excita-

tions significantly improve the basis set convergence of the (T) correction.
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4.1 Second-Order Perturbation Theory: RMP2-F12

Second-order Rayleigh-Schrödinger perturbation theory (RSPT) is the simplest way

of addressing the electron correlation problem if the Fock operator f is used as

H0. Such methods are generally called Møller-Plesset perturbation theory (MPn) or

“many body perturbation theory” (MBPT). Both terms are synonymous.

The theory of open-shell MPn methods is transparent if a spin-orbital formalism

and unrestricted Hartree-Fock (UHF) reference wave functions are employed (MPn

is then called UMPn). In this case no substantial differences to the closed-shell case

occur. On the other hand, it is well known that UMP2 based on UHF reference

functions may suffer severely from spin contamination, and the results of UMP2

treatments often cannot be trusted (see, e.g., Refs. [76–79, 111]). This problem

can be avoided by using the RMP2 method of Knowles et al. [76] and Lauderdale

et al. [112, 113], which is based on spin-restricted Hartree-Fock (RHF) reference

functions.1

Here I describe the explicitly correlated version of this RMP2 method which I

developed during the course of my graduate studies. The theory is presented in an

orbital invariant form, but the possibility of closed form solutions is pointed out when

present. The orbital invariant form allows the use of localized orbitals and simplifies

the introduction of local approximations [47,48] (which here were not implemented

or tested, though). Sections 4.1.1 and 4.1.2 present the theory and discuss issues aris-

ing because ROHF reference functions violate the spin-orbital Brillouin conditions.

Sections 4.1.3 to 4.1.10 deal with various aspects of the concrete implementation.

The new DF-RMP2-F12 method is modeled after closed-shell DF-MP2-F12 meth-

ods developed earlier in the Stuttgart group [36]. For technical reasons, however,

there are separate programs for open-shell and closed-shell systems.

1The RMP2 method itself is actually an unrestricted correlation treatment based on spin-orbitals. But

as mentioned in Sec. 2.9, a spin-clean reference function is sufficient to remove spin contamination

nearly completely from the correlated calculation as well. Nevertheless, in analogy to the RHF-

UCCSD method it most closely corresponds to, “RHF-UMP2” might have been a better naming

than “RMP2”.
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4.1.1 Recapitulation of RMP2

RMP2 is a second-order Rayleigh-Schrödinger perturbation method as discussed in

Sec. 2.10. However, it differs from Møller-Plesset perturbation theory: If an open-

shell RHF reference wave function |Φ〉 is employed, the Fock operator f cannot

be used as H0 directly. The reason is that |Φ〉 then is not an eigenfunction of the

Fock operator, thus violating eq. (2.44). This is a consequence of the constrained

variation of the spin-orbitals described in Sec. 2.8, which leaves the spin-orbital

Brillouin conditions [eq. (2.30)] unfulfilled.

RMP2 solves this problem by using a projected Fock operator g as H0 for RSPT:

g = o f o + (1 − o) f (1 − o), (4.1)

where o = |i〉 〈i| is the projector onto the occupied spin-orbitals. Consequently, the

operator g can be written as [eq. (2.12)]

g = f i
j e

j
i + f αβ eβα (4.2)

in second-quantization. If applied to the reference determinant |Φ〉, only the part

f i
j e

j
i gives non-vanishing contributions, and of this term only the summands with

i = j. The reason for this is that in ei |Φ〉 all spin-orbitals j are already occupied

except for j = i, and thus e j(ei |Φ〉), i 6= j vanishes. Consequently, we have

g |Φ〉 = f i
j e

j
i |Φ〉 =

∑
i

f i
i ei

i |Φ〉 =
(∑

i
f i
i

)
|Φ〉 = E0 |Φ〉 . (4.3)

The reference function is an eigenvector of g, with the sum of occupied spin-orbital

energies as eigenvalue E0 (note that E0 6= Eref ; see Sec. 2.10).

The RMP2 amplitude equations is obtained from eq. (2.47) by inserting the ansatz

|Ψ〉 = |Φ〉 + |Ψ1〉 =
(

1 + tkγe
γ
k +

1
2
Tkl
γδe
γδ
kl

)
|Φ〉 (4.4)

for the first-order wave function (all indices spin-orbitals) and projecting with Ξ ∈
{eαi |Φ〉 ,

1
2
e
αβ
i j |Φ〉}:

2R
i j
αβ :=

〈
Φ

i j
αβ

∣∣ H
∣∣ Φ

〉
+

〈
Φ

i j
αβ

∣∣ g − E0

∣∣ Ψ1

〉
(4.5)

ri
α :=

〈
Φi
α

∣∣ H
∣∣ Φ

〉
+

〈
Φi
α

∣∣ g − E0

∣∣ Ψ1

〉
. (4.6)

By inserting the normal ordered form of the Hamiltonian we then obtain

2R
i j
αβ =

〈
Φ

∣∣ e
i j
αβ(E0 + f r

s es
r +

1
2
Krs

tuetu
rs)

∣∣ Φ
〉
+

〈
Φ

∣∣∣ e
i j
αβ(g

r
se

s
r − E0)

(
tkγe
γ
k +

1
2
Tkl
γδe
γδ
kl

)〉
. (4.7)
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Employing the Wick theorem eq. (2.20)ff and simplifying the result, we get

R
i j
αβ =

1

2
(1 − πab)(K

i j
αβ − tiβg

α
j + g

α
i t

j
β) − g

i
kT

k j
αβ − T ik

αβg
j
k + g

γ
αT

i j
γβ + T i j

αγg
γ
β (4.8)

=
1

2
(K

i j
αβ − K

i j
βα) − gikT

k j
αβ − T ik

αβg
j
k + g

γ
αT

i j
γβ + T i j

αγg
γ
β . (4.9)

In the last step giα = 0 [due to eq. (4.1)] was used; note that g and f as defined above

are equal for all terms remaining in (4.9). The singles projection equation gives:

ri
α =

〈
Φi
α

∣∣ H
∣∣ Φ

〉
+

〈
Φi
α

∣∣ g − E0

∣∣ Ψ1

〉
(4.10)

= f αi − giktkα + g
γ
αt

i
γ + 2g

γ
k T ik
αγ (4.11)

= f αi − giktkα + g
γ
αt

i
γ. (4.12)

The resulting equations (4.9) and (4.12) look like their orbital invariant closed-

shell counterparts. They are equivalent to the formulas given by Lauderdale et

al. [112, 113], who extracted them from the CCSDT equations by removing unused

terms.

The second-order energy can be obtained by

E(2) =
〈
Ψ(1)

∣∣H
∣∣Φ

〉
= tiα f i

α + T
i j
αβK

i j
αβ (4.13)

(direct RSPT2 expression, eq. (2.49)) or by evaluating the Hylleraas functional (eq. (2.50))

E(2) =
〈
Ψ(1)

∣∣H(0) − E(0)
∣∣Ψ(1)

〉
+ 2

〈
Ψ(1)

∣∣H
∣∣Φ

〉

= tiα
(

f i
α + ri

α

)
+ T

i j
αβ

(
K

i j
αβ + R

i j
αβ

)
. (4.14)

As mentioned in Sec. 2.10, the latter variational expression is more stable with respect

to inaccuracies in
∣∣Ψ(1)

〉
, but both expressions are equivalent if (2.47) is exactly

fulfilled within the given model space (here: if R
i j
αβ and ri

α are exactly zero). It is

noteworthy that in eq. (4.13) spin contaminations of the first-order wave function 〈Ψ1|
are projected out; the ROHF reference function |Φ〉 is spin-clean and the Hamilton

operator is spin-free. Spin contaminations—if present—can therefore only enter the

energy indirectly, by influencing the spin-clean part of |Ψ1〉. This is a significant

difference to UHF based perturbation theories, where spin-contaminated parts of

|Ψ1〉 have immediate energy contributions.

Both Knowles et al. [76] and Lauderdale et al. [112, 113] pointed out that the

RMP2 equations can be solved in closed form by introducing semi-canonical orbitals

fulfilling

g |r〉 = εr |r〉 (4.15)
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in the spin-orbital sense (i.e., introducing different spatial parts for A- and B-spin

orbitals). The second-order energy equation then becomes

E2 = −
∑

i jab

1
2

(
K

i j
αβ − K

i j
βα

)
K

i j
αβ

εα + εα − εi − ε j
−

∑

ia

(
f i
α

)2

εα − εi
, (4.16)

which, apart from featuring single-excitations and employing spin-orbitals, looks

nearly exactly like the textbook MP2 formulas. In this sense RMP2 may be the

most natural extension of MP2 for spin-restricted reference functions. Nevertheless,

switching to a semi-canonical formulation at this point in time would have disad-

vantages in our case. In MP2-F12 methods the evaluation and transformation of

integrals requires a large share of the total program runtime; and having equal spa-

tial orbitals for all spin cases—in particular, for the occupied orbitals—allows for

sharing various calculation intermediates across the different spin cases.

4.1.2 Derivation of the RMP2-F12 equations

Eq. (4.9) is the RMP2 doubles equation for a formally complete virtual basis set.

But in reality we only have a finite number of related wave function parameters,

namely T
i j
ab and T

i j
mn (see Sec. 3.2), so we need to constrain this equation to an

adequate model space. This is done by projecting it onto the subspace spanned by

the independent doubly excited configurations which are actually contained in the

first order wave function. For the conventional excitations (expanded by T
i j
ab), we can

simply substitute α 7→ a, β 7→ b on the lhs and rhs of (4.9), because the conventional

virtual space (a,b,. . . ) is a subspace of the complete virtual space (α,β,. . . ). We get

R
i j
ab =

1

2

(
K

i j
ab − K

i j
ba

)
− gikT

k j
ab − T ik

abg
j
k + g

γ
aT

i j
γb + T i j

aγg
γ
b (4.17)

=
1

2

(
K

i j
ab − K

i j
ba

)
− gikT

k j
ab − T ik

abg
j
k + g

c
aT

i j
cb + T i j

acg
c
b + g

x
aT

i j
xb + T i j

axg
x
b. (4.18)

In eq. (4.17) we cannot directly substitute γ 7→ c, because there are non-vanishing

contributions from the non-finite-basis part of the double excitations; these are rep-

resented by the last two terms of eq. (4.18). By inserting eq. (3.9) for these T
i j
ax/T

i j
xb,

we obtain:

gx
aT

i j
xb + T i j

axg
x
b =

(
gx

aF
mn
xb + F

mn
ax g

x
b

)
T i j

mn = . . . ,

and, by inserting the F matrix elements [eq. (3.6)],

. . . =
(
gx

a 〈xb |Q12F12 |mn〉 + gx
b 〈ax |Q12F12 |mn〉

)
T i j

mn

= 〈ab | (g1 + g2)Q12F12 |mn〉 T i j
mn =: Cmn

ab T i j
mn (4.19)
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with

Cmn
ab = 〈ab | (g1 + g2)Q12F12 |mn〉 . (4.20)

Eq. (3.32) allowed moving the Fock operators into the bracket in eq. (4.19). Thus,

the amplitude equation for the conventional part of the RMP2-F12 wave function

is given by the conventional RMP2 amplitude equation, augmented by a single

F12/conventional coupling term Cmn
ab T

i j
mn:

R
i j
ab =

1

2

(
K

i j
ab − K

i j
ba

)
− gikT

k j
ab − T ik

abg
j
k + g

c
aT

i j
cb + T i j

acg
c
b +Cmn

ab T i j
mn. (4.21)

For the F12 doubles equation, we contract R
i j
αβ of eq. (4.9) with Fmn

αβ of eq. (3.6),

thus projecting the equation onto manifold of independent F12 configurations:

Ri j
mn = F

mn
αβ R

i j
αβ

= F
mn
αβ

(
1
2
(K

i j
αβ − K

i j
βα) − gikT

k j
αβ − T ik

αβg
j
k + g

γ
αT

i j
γβ + T i j

αγg
γ
β

)
. (4.22)

We investigate the individual terms. Inserting the definition of Fmn
αβ , and using

Q12 |αβ〉 〈αβ| = Q12 [eq. (3.29)], we get:

F
mn
αβ K

i j
αβ = 〈mn | F12Q12 |αβ〉

〈
αβ

∣∣ r−1
12

∣∣ i j
〉

=
〈
mn

∣∣ F12Q12r−1
12

∣∣ i j
〉
=: V i j

mn. (4.23)

The terms with direct Fαβ–Tαβ contractions are resolved using eq. (3.9):

F
mn
αβ T

k j
αβ = F

mn
αβ

(
δaαδ

b
βT

k j
ab + F

op
αβT

k j
op

)
= . . . ,

which is simplified with Q2
12 = Q12 [eq. (3.28)]:

. . . = 〈mn | F12Q12 | ab〉︸ ︷︷ ︸
Q12 |ab〉=0

T
k j
ab + 〈mn | F12Q12 |αβ〉 〈αβ |Q12F12 | op〉 Tk j

op

= 〈mn | F12Q12F12 | op〉Tk j
op =: Xmn,opTk j

op. (4.24)

For the first F–g–T contractions we obtain

F
mn
αβ g

γ
αT

i j
γβ = F

mn
αβ g

γ
α(δcγδ

b
βT

i j
cb + F

op
γβT

i j
op)

= F
mn
αβ g

c
αT

i j
cb + F

mn
αβ g

γ
αF

op
γβT

i j
op = . . .

and, again using eq. (3.29),

. . . = 〈mn |F12Q12g1 | cb〉 T i j
cb + 〈mn |F12Q12g1 | γβ〉 〈γβ |Q12F12 | op〉 T i j

op

= 〈mn |F12Q12g1 | cb〉 T i j
cb + 〈mn |F12Q12g1Q12F12 | op〉T i j

op. (4.25)
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A similar matrix element, in which g acts on the second electron instead of the first

electron, is generated by the g
γ
βT

i j
αγ term in eq. (4.22). As sum of both we obtain

F
mn
αβ

(
gγαT

i j
γβ + T i j

αγg
γ
β

)
= Cmn

ab T
i j
ab + Bmn,opT i j

op (4.26)

with Cmn
ab from eq. (4.20) and

Bmn,op := 〈mn | F12Q12(g1 + g2)Q12F12 | op〉 . (4.27)

After collecting terms, the total F12 residual equation eq. (4.22) turns into:

Ri j
mn =

1
2
(V i j

mn − V i j
nm) − Xmn,op

(
gikTk j

op + T ik
opg

j
k

)
+ Bmn,opT

i j
op + Cmn

ab T
i j
ab. (4.28)

The conventional singles equation (4.12) is unaffected by the F12 configurations if

the Fock operator is projected according to eq. (4.1), because then it does not couple

to doubles at all. On the other hand, it formally refers to the complete virtual orbital

space (α), and simply restricting it to the conventional space would imply neglecting

the inhomogeneous matrix elements f i
x, and thus imply GBC [Sec. 4.1.5]. This issue

is discussed in Sec. 4.2.

For convenience, the combined formulas for the RMP2-F12 equations and F12

matrices are compiled in Tab. 4.1 (page 67). The evaluation of the matrix elements

is discussed in the next two sections.

4.1.3 Formal calculation of F12 matrix elements

There are multiple ways of evaluating the V , X, B and C matrix elements derived in

Sec. 4.1.2. My program implements the rigorous ansatz “3C” [36]. This ansatz is

characterized by not neglecting any terms, and applying analytical integral evaluation

techniques where it is due. The equivalent MP2-R12/C method for closed-shell

systems was defined in Ref. [114], but the derivation and the working equations

presented here are much simpler. The derivations follow the closed-shell method

of [36], but several details were changed due to the projection of the H0-Hamiltonian.

We investigate the matrix elements one by one. For the F12 configuration overlap

Xmn,op = 〈mn |F12Q12F12 | op〉

we obtain closed formulas directly by inserting eq. (3.30) for Q12. This yields

Xmn,op =
〈
mn

∣∣ F12(1 − |ix〉 〈ix| − |xi〉 〈xi| − |rs〉 〈rs|)F12

∣∣ op
〉

= 〈mn |F12F12 | op〉 − Fmn
ix F

op
ix − Fmn

xi F
op
xi − Fmn

rs Fop
rs (4.29)

where Fmn
pq = 〈mn |F12 | uv〉 (u, v: arbitrary orbitals). The occurring F12 and F2

12
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integrals can be evaluated analytically using the techniques mentioned in Sec. 2.4.

For the Coulomb matrix V kl
mn, we get completely analogously

V kl
mn =

〈
mn

∣∣ F12Q12r−1
12

∣∣ kl
〉

=
〈
mn

∣∣ F12r−1
12

∣∣ kl
〉
− Fmn

ix Kkl
ix − Fmn

xi Kkl
xi − Fmn

rs Kkl
rs , (4.30)

where Kkl
uv =

〈
kl

∣∣ r−1
12

∣∣ uv
〉

are the matrix elements of the Coulomb interaction. A

difference between the two is that V kl
mn has both pair labels (kl) and F12 generator

labels (mn), while Xmn,op has only F12 generator labels. As pointed out in Sec. 3.7,

under certain circumstances the generator space is not equal to the space of occupied

orbitals. This also affects the diagonal ansatz of the F12 wave function: While V kl
mn

becomes restricted to the diagonal form, Xmn,op is still dense when the 3C(D) or

3C(FIX) form of the wave function is employed.

As next term we address the C matrix elements, which represent mean field

couplings between F12- and conventional configurations. Employing form eq. (3.32)

of Q12 we get

Cmn
ab = 〈ab | (g1 + g2)Q12F12 |mn〉
= 〈ab | (g1 + g2)(|cx〉 〈cx| + |xc〉 〈xc| + |xy〉 〈xy|)F12 |mn〉
= 〈ab | g1 |xc〉 〈xc| F12 |mn〉 + 〈ab | g2 |cx〉 〈cx| F12 |mn〉 . (4.31)

Because g1/g2 act only on the first/second electron and act as identity element on

the other one, we have 〈ab | g1 | xc〉 = δbc 〈a | g | x〉, and thus

Cmn
ab = 〈a | g | x〉 〈xb | F12 |mn〉 + 〈b | g | x〉 〈ax |F12 |mn〉
= gaxFmn

xb + Fmn
ax gxb. (4.32)

Like in X, Cmns upper labels (mn) denote F12 generator orbitals, not (i j) pairs.

The evaluation of

Bmn,op = 〈mn |F12Q12(g1 + g2)Q12F12 | op〉 (4.33)

is more complicated. In order to calculate Bmn,op, we first notice that

Q12g12Q12 = (1 − P12)g12Q12 = g12Q12 − P12g12Q12. (4.34)

If we do not evaluate the operators Q12 and P12 exactly, the approximations we

introduce might break Bs symmetry. In order to avoid that, we explicitly symmetrize

B with respect to the bra- and ket labels using the symmetrizing operation

SBmn,op =
1

2
(Bmn,op + Bop,mn). (4.35)
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In this sense we have

Bmn,op =

〈
mn

∣∣∣F12

[
S

(
g12Q12 − P12g12Q12

)]
F12

∣∣∣op
〉

(4.36)

= S
[
Amn,op − Zmn,op − Fmn

ab C
op
ab

]
(4.37)

Amn,op =
〈
mn

∣∣ F12g12Q12F12

∣∣ op
〉

(4.38)

Zmn,op =
〈
mn

∣∣ F12 (o1g1 + o2g2) Q12F12

∣∣ op
〉
. (4.39)

The terms Zmn,op and Fmn
ab C

op
ab arise from inserting

P12 = 1 − Q12 = 1 − (1 − o1)(1 − o2)(1 − v1v2)

= o1 + o2 − o1o2 + v1v2 (4.40)

(where v is the projector onto the virtual spin-orbitals) into eq. (4.36):

F12P12g12Q12F12 = F12(o1 + o2 − o1o2 + v1v2)(g1 + g2)Q12F12 (4.41)

= F12(o1g1 + o2g2 + v1v2g12)Q12F12. (4.42)

When going from (4.41) to (4.42) various terms vanish because Q12 projects out

any overlap with occupied spaces (e.g., o2g1Q12 = g1o2Q12 = 0).

Due to the projected form of g [cf. eq. (4.1)], we have og=ogo and thus Zmn,op = 0

since Q12 projects out orbital pairs containing occupied orbitals [cf. eq. (3.7)]. This

is a difference to the method originally denoted as MP2-F12/3C in [36], where Z

needed to be neglected or evaluated and included explicitly. In the current method

this is not necessary because the effect of Z is handled implicitly as perturbation by

using the projected Fock operator g as H0 for RSPT. The resulting total formulas

were shown to be equal to that of [36]’s MP2-F12/3C(+Z) method for the closed-

shell case by H.-J. Werner. Therefore the projection technique is now also employed

in the closed shell program.

For calculating the A-term [eq. (4.38)] we split g into g = h − n with

h = t + vnuc + j (4.43)

n = h − g = k − (2o f o − o f − f o) =: k − ∆g. (4.44)

The Hartree operator h contains the kinetic energy operator t and the parts of g

which commute with F12 (here Coulomb field j and nuclear potential vnuc), while

n contains the entire rest (here ∆g = f − g and exchange k). The A-terms are then

evaluated in the following way:

Amn,op =
〈
mn

∣∣ F12(h12 − n12)Q12F12

∣∣ op
〉

(4.45)

=
〈
mn

∣∣ [F12h12 − h12P12 − n12Q12] F12

∣∣ op
〉
= . . .
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If we now interchange F12 and h12 in the first term, only one additional term arises

because all parts of h except t commute with F12 [eq. (4.43)]:

. . . =
〈
mn

∣∣ h12F12F12

∣∣ op
〉
−

〈
mn

∣∣ [t12, F12] F12

∣∣ op
〉

−
〈
mn

∣∣ F12h12P12F12

∣∣ op
〉
−

〈
mn

∣∣ F12n12Q12F12

∣∣ op
〉
. (4.46)

This commutator trick avoids using a double RI for the term involving the kinetic

energy operator, which would be slowly convergent in partial wave expansions [19,

20]. For the remaining terms in expression eq. (4.46), we expand 〈mn| h12 (first term)

in the combined AO and RI basis, and apply a straight RI [eq. (3.30)] for P12. We

then obtain

Amn,op = F2
m̄n,op + F2

mn̄,op + UF
mn,op − F̄mn

rs Fop
rs

− F̄mn
ix F

op
ix − F̄mn

xi F
op
xi − Ỹmn,op (4.47)

where

UF
mn,op = 〈mn | [F12, t12]F12 | op〉 (4.48)

F2
mn,op = 〈mn | F12F12 | op〉 (4.49)

are integrals that can be evaluated analytically (for UF : after symmetrizing),

F̄mn
uv = Fmn

ūv + Fmn
uv̄ (4.50)

(u, v: arbitrary orbitals) represents F12 acting on h12-transformed mn orbitals, which

are expanded in the combined AO and RI basis in practice:

|k̄〉 = h |k〉 , (4.51)

and, finally, a residual exchange term

Ỹmn,op =
〈
mn

∣∣ F12n12Q12F12

∣∣ op
〉
. (4.52)

This term Ỹmn,op, which contains the exchange contribution and ∆g [eq. (4.44)f], can

be approximated by a straight double-RI using eq. (3.32) for the projector:

Ỹmn,op = F̃mn
ax Fop

ax + F̃mn
xa Fop

xa + F̃mn
xy Fop

xy (4.53)

where F̃ refers to F12 acting on n12-transformed orbitals:

|k̃〉 = n |k〉 (4.54)

F̃mn
pq = Fmn

p̃q + Fmn
pq̃ . (4.55)
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Again, the combined AO and RI basis is used to expand |k̃〉. In the atomic case this

double-RI is known to converge very fast for the exchange term. Despite containing

kinetic energy contributions, also the additional ∆g-term does not pose a problem

because of its specific form (4.44): All contributions except o f are projected out by

Q12, and for the remaining expression the formal double-RI is in fact only a single

RI.

In passing I would like to note that the Ỹmn,op term defined in this work slightly

differs from the Ỹmn,op term of Ref. [36]. This is a result from the Fock-operator

projection employed here. If used in the closed shell case, the projected 3C method

suggested here reproduces the results of the unprojected 3C(+Z) method reported

in Ref. [36]. This happens because the (extremely small) effect of the Zmn,op-term

(which is not exactly zero without the projection (4.1)), is handled implicitly as part

of the perturbation. All other matrices with equal names have equal meaning in the

closed-shell case, since the minimally-projected form (4.1) of g then only affects

GBC-terms.

One special problem of F12 methods—not only of open-shell methods—is that

Fock operators which cannot be split according to eq. (4.44) need special handling.

This applies when core Hamiltonian operators different from t + vnuc are employed,

for example in the following situations: (i) When external fields are added to h

for finite field calculations (e.g., finite dipole fields to calculate dipole moments or

dipole polarizabilities via the Hellman-Feynman theorem), (ii) When the effect of

core electrons is absorbed in semi-local effective core potentials (ECPs), or (iii)

When scalar-relativistic calculations are attempted which use a different kinetic en-

ergy operator (e.g., Douglas-Kroll schemes). This is not a serious problem as long as

the core Hamiltonian modifications represent local potentials (e.g., multipole fields);

they then can be simply added to the h part in eq. (4.44) and the theory resumes

unchanged. If the modifications do not commute with F12, then one is left with

two options: (i) Try to resolve the modified core Hamiltonian patch in the com-

bined AO/RI basis by adding it to the n part of eq. (4.44), and leave the theory

unchanged. This appears to work sufficiently well for ECPs, for example. (ii) Han-

dle the new term like the kinetic energy operator t, which means that additional

commutator integrals [F12,∆h12]F12 need to be programmed [cf. eq. (4.48)]. This

might be necessary for scalar relativistic kinetic energy operators. Unlike their con-

ventional counterparts, the F12 methods are not agnostic about the concrete version

of the Hamiltonian applied.

4.1.4 Practical evaluation of F12 matrix elements

Sec. 4.1.3 featured a number of matrix elements (V ,X,A,C,Y) which have to be

evaluated from basic electronic integrals with non-trivial processes. How this was

done in practice is described in an overview in this section. The premise is that
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we have the orbital matrix (C) ≡ C
µ
r and the two matrices (R) ≡ R

µ
x and (R̄) ≡ R

χ
x

representing AoCabs and RiCabs of the CABS [cf. Sec. 3.6]:

|r〉 = Cµr |µ〉 |x〉 = Rµx |µ〉 + Rχx |χ〉 . (4.56)

(Here and in the following, µ, ν denote AO-basis indices and χ, η denote RI basis

indices.) Further, we need an integral driver capable of calculating two-index one-

electron integrals (Fock, Exchange) and four-index two-electron integrals (all other

F12 integrals) with respect to the AO and RI basis sets. We now need to devise a

scheme of calculating the necessary integral transformations (e.g., for fxr , (4.50), or

(4.55)), the integrals based on that, and finally for assembling the target quantities

V ,X,A,C,Y .

A. Transforming from AO/RI to MO/CABS. In order to calculate a set of operators frs,

fxs and fxy, which are specified with respect to the orthonormal MO/CABS basis sets,

the series of fµν , fχν and fχη with respect to the direct basis functions are required.

It is assumed that the latter ones are calculated from integrals directly, and they thus

have only covariant indices. We can then apply the following transformations into

the orthonormal bases:

frs = Cµr fµνC
ν
s (4.57)

fxs = (Rµx fµν + Rχx fχν)C
ν
s , (4.58)

and, for the CABS/CABS quantity:

fxy = (Rµx fµν + Rχx fχν)R
ν
y + (Rµx fµη + Rχx fχη)R

η
y. (4.59)

The formulas would look simpler if we could merge the AO and RI basis sets,

because the CABS vectors are expanded with respect to both. However, the actual

programs did not support this (fully); also, the basis merge would remove some

possibilities of CPU time saving (because some AO quantities are required for both

CABS and MO separately), and some redundancies of symmetric quantities then

could not be exploited.

These transformations need to be done for the A-spin and B-spin Fock operators

and the Hartree operator [eq. (4.43)]. The projected Fock operators g [eq. (4.1)] can

be obtained from the full Fock operators by setting all matrix elements gix and gia
to zero in the orthogonal basis. The sum of exchange operators and ∆g [eq. (4.44)f]

can then be obtained as difference between g and the Hartree operator h.

B. Orbital transformations for h and n. The quantities F̄mn [(4.50)] and F̃mn [(4.55)]

can be assembled directly from AO/RI quantities, provided the transformed orbitals

from eqs. (4.51) and (4.54) are represented in a suitable manner. For this, we need

matrices for h and n with one index MO or CA (designating the target domain)



4.1 Second-Order Perturbation Theory: RMP2-F12 65

and the other index contravariant AO or contravariant RI (which will be contracted

to the covariant AO/RI indices of the to-be-calculated integrals). We can obtain

such matrices from the completely orthonormal MO/CA sets from (A.) by just re-

expanding one of the indices. For example

nx
µ = nxrC

µ
r + nxyR

µ
y nx

χ = nxyR
χ
y (4.60)

will raise indices µ (left)/χ(right). Here the orbital and CA vector matrices [same as

in eq. (4.56)] are used to implicitly represent the pseudo-inverse overlap matrix over

the combined AO+RI basis sets. Note that the contractions in this expression run over

orthonormal orbitals, for which no distinction between covariance and contravariance

is necessary.

C. Calculation of integrals in the orthonormal basis. With the matrix representa-

tions of orbital vectors, CA vectors and transformed orbital vectors available, all the

integrals occurring in Sec. 4.1.3 can now be formed. This is done by combining

sets of AO/RI basis quantities just like in (A.), but this time in larger quantities

and for more diverse target domains. For example, once we have evaluated a set

of matrices Fnm
µν , Fmn

χν , and Fmn
χη using density fitting techniques [cf. Sec. 2.4], from

these all of the following sets can be assembled: Fmn
ax [for C, eq. (4.32)], Fmn

rs , Fmn
xi

[for X,V ,A,Cmn
ab F

op
ab in B, eq. (4.37)]; Fmn

r̄s , Fmn
x̄i , Fmn

xī
[for A, eq. (4.47)]; Fmn

x̃a , Fmn
xã ,

Fmn
xy , Fmn

x̃y , [for Ỹ , eq. (4.53). n-transformed quantities are required for spin A and B

separately]. For example, Fmn
x̃y is assembled as

Fmn
x̃y = (nx

µFmn
µν + nx

χFmn
χν )Rνy + (nx

µFmn
µη + nx

χFmn
χη )Rηy. (4.61)

D. Assembly of F12 matrices. Once the integrals in the orthonormal basis are

available, the F12 matrices can be calculated. The non-trivial operations in here are

contractions of Fmn
uv matrices (uv: rs, xi, xa, xy) to other matrices W

op
uv of compatible

shape (e.g., K
op
uv for V

op
mn, F

op
uv for Xmn,op, F̄mn

uv for A, F̃mn
uv for Y):

Targetmn,op += Fmn
uv Wop

uv . (4.62)

As the set of rhs matrices can become fairly large (larger than the available memory),

it is necessary to calculate these incrementally using a paging algorithm. In this

algorithm, the program leaves room for a small number (≈ 16) of Wop matrices

in memory, and uses the rest of the memory to load a maximal batch of Fmn

matrices. With these loaded matrices, all F12 matrix increments depending on

them are calculated by cycling all of the corresponding Wop matrices (K , F, F̃,. . . )

through the space left; and evaluating eq. (4.62) via a matrix multiplication over the

uv space (if all mn,op are required) or matrix dot products over the uv space (if only

mn = op or mn = po are required). While this is not a minimum-IO algorithm (in



66 4. Method Developments

principle, eq. (4.62) can be evaluated without any IO overhead if the uv labels instead

of the mn labels are chosen as slow indices), it keeps the IO cost reasonable because

typically at most a few passes over the Wop matrix sets are required. Compared to

the evaluation of the transformed integrals themselves, the F12 matrix computation

is usually cheap, especially if a diagonal wave function ansatz is used. In the latter

case, paging is also not necessary, because of all F12 matrices except Xmn,op only

the diagonal elements are required (e.g., only B
i j
mn with mn = i j or mn = ji).

4.1.5 Approximations to F12 matrix elements

Until now the theory was presented without any approximations beyond DF and RI.

However, some terms from the full theory have minor impact on calculation results

and can generally be omitted or approximated without much loss of accuracy.

The prime candidate for such a treatment is the Ỹmn,op term of eq. (4.53). For

larger molecules, its evaluation requires a large share of the total time for F12 inte-

grals, but its effect on calculation results is small. As in the closed-shell theory [36],

it is possible to drop the last term of (4.53) without significant loss of accuracy

(approximation “3C(HY2)”). As ∆gxy = 0 this affects only the approximation of the

exchange contributions. A more severe approximation is to neglect the matrix Ỹmn,op

entirely (approximation “3C(HY1)”); but as noted in Sec. 3.5, the terms represented

by Ỹ are well representable within the MO basis itself.2 For these “hybrid approxi-

mations” the storage for the transformed integrals scales only linearly with the size

of the RI-basis. The computational effort for some transformation steps still scales

quadratically, but significant savings are possible, in particular for approximation

HY1.

Unrelated to HYn, two other important simplifications are often employed: As-

suming the applicability of the “Generalized Brillouin Condition” (GBC) or of the

“Extended Brillouin Condition” (EBC). GBC states that the Fock operator does not

connect occupied orbitals to CA orbitals:

fix = 0. (4.63)

This relation actually holds for single atoms and highly saturated AO basis sets,

but under conditions of realistic calculations it generally does not apply strictly.

Nevertheless, the effect of assuming GBC is very small for most terms, and in

most cases neglecting inconvenient GBC terms does not lead to noticeable relative

energy differences [36]. A notable exception to this rule are the MP2-level singles

2This approximation is similar (but not identical) to Klopper’s hybrid approximation [101]. In the

latter work Ansatz 2 was used, which differs from the Ansatz 3 we use by omission of the factor

1− v1v2 in the projector Q12 [cf. eq. (3.7)]. As discussed previously [36], the two ansätze lead to

different results if hybrid approximations are introduced.
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Table 4.1: Equations for RMP2-F12 residuals and intermediates. The equations are
compiled from sections 4.1.2 to 4.1.4 and are given in terms of spin-orbitals.

Residual- and energy equations

ri
α = f i

α − giktkα + g
γ
αt

i
γ (α, β, γ virtual indices run over MO+CA)

R
i j
ab =

1

2

(
K

i j
ab − K

i j
ba

)
− gikT

k j
ab − T ik

abg
j
k + g

c
aT

i j
cb + T i j

acg
c
b +Cmn

ab T i j
mn

Ri j
mn =

1

2

(
V i j

mn − V i j
nm

)
− Xmn,op

(
gikTk j

op + T ik
opg

j
k

)
+ Bmn,opT i j

op +Cmn
ab T

i j
ab

Ecorr = tia
(

f i
a + ri

b

)
+ T

i j
ab

(
K

i j
ab + R

i j
ab

)
+ T i j

mn

(
V i j

mn + Ri j
mn

)

Definition and evaluation of F12 Matrices

Cmn
ab = 〈ab | (g1 + g2)Q12F12 |mn〉 = gaxFmn

xb + Fmn
ax gxb

Xmn,op = 〈mn | F12Q12F12 | op〉
= 〈mn | F12F12 | op〉 − Fmn

ix F
op
ix − Fmn

xi F
op
xi − Fmn

rs Fop
rs

V kl
mn =

〈
mn

∣∣ F12Q12r−1
12

∣∣ kl
〉

=
〈
mn

∣∣ F12r−1
12

∣∣ kl
〉
− Fmn

ix Kkl
ix − Fmn

xi Kkl
xi − Fmn

rs Kkl
rs

Bmn,op = 〈mn | F12Q12g12Q12F12 | op〉

=
1

2

[
Amn,op + Aop,mn − Fmn

ab C
op
ab − F

op
ab Cmn

ab

]

Intermediates

h = t + vnuc + j |k̄〉 = h |k〉 |k̃〉 = (g − h) |k〉
Amn,op = F2

m̄n,op + F2
mn̄,op − F̄mn

ix F
op
ix − F̄mn

xi F
op
xi

− F̄mn
rs Fop

rs + UF
mn,op − Ỹmn,op

Ỹmn,op = F̃mn
ax Fop

ax + F̃mn
xa Fop

xa + F̃mn
xy Fop

xy

UF
mn,op = 〈mn | [F12, t12]F12 | op〉

F2
mn,op = 〈mn |F12F12 | op〉
F̄mn

uv = Fmn
ūv + Fmn

uv̄

F̃mn
pq = Fmn

p̃q + Fmn
pq̃
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terms, where not assuming GBC leads to a very important Hartree-Fock relaxation

[cf. Sec. 4.2]. In this work, GBC is not applied for RMP2-F12, because it is not

necessary. At the CCSD level, however, many terms are dropped; some of them

would vanish under GBC.

The EBC states that the Fock operator also does not connect virtual orbitals to CA

orbitals (i.e., that the MO space is closed under application of the Fock operator):

fax = 0. (4.64)

As a consequence, the matrix elements Cmn
ab [cf. (4.20)] vanish and the F12 doubles

decouple from the conventional doubles [cf. eqs. (4.21), (4.22)]. This condition

is generally not fulfilled—not even approximately—and assuming it leads to sizable

changes in total energies and, to a smaller extent, also in relative energies. The

changes are not always for the worse, however. Methods employing the EBC ap-

proximation are denoted with a star in their method designations (e.g., “3*C” or

“3*C(FIX)” denote MP2-F12 methods employing EBC). As under EBC Cmn
ab = 0,

also the term Fmn
ab C

op
ab is removed from eq. (4.37) in our programs.

4.1.6 Transformation to spatial orbitals

The previous equations were written in terms of spin orbitals. Since we use a RHF

reference wave function, they can easily be adapted to restricted spatial orbitals. In

our current situation, the most favorable way to do this is to keep the single orbital

set of the reference function (i.e., not following the way of the original RMP2

paper of obtaining separate A- and B-spin orbitals) and obtaining the spin orbitals

as spatial RHF orbitals multiplied by either alpha (A) or beta (B) spin functions.

That means that closed-shell orbitals occur with identical spatial part as occupied

A- and B-orbitals, active orbitals occur as occupied A- and virtual B-orbitals, and

external orbitals occur as virtual A- and B-orbitals. As pointed out Sec. 2.12, we

then need T-amplitudes in AA-, BB-, and AB-spin varieties. For our F12 theory,

this applies for T
i j
ab and T

i j
mn amplitudes, as well as for the corresponding residuals

and F12 matrices referenced in the residuals. Some comments on the transformation

to spatial orbital expressions:

• For all F12 tensors of Sec. 4.1.3 which depend on Q12, in practice the spin-

orbital matrix set is represented by three spatial orbital matrix sets for AA,

BB and AB spin. For example

Cmn
ab = gaxFmn

xb + Fmn
ax gxb (4.65)
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of eq. (4.32) turns into

C
mn,σς
ab = gσaσxFmn

xbς + Fmn
aσxg

ς
xbς , (4.66)

where σ, ς ∈ {A, B}, gσ denotes the σ-spin projected Fock matrix, and aσ

denotes orbitals unoccupied for spin σ [i.e., only external orbitals for A-spin,

active and external orbitals for B-spin].

Also the matrix elements X and V must be provided in three different versions,

although they actually do not depend on Fock matrices. This results from the

summation ranges in Q12 and P12 being spin-dependent: Depending on spin,

the sums over occupied or virtual spatial orbitals in the projectors (3.30) and

(3.32) either include or exclude the active spatial orbitals.

• A splitting also occurs for the tensors F
2,σς

k̄l,mn
, F

2,σς

kl̄,mn
, and Ỹ

σς
kl,mn in (4.47),

which involve n-transformed integrals (n [eq. (4.44)] contains the spin specific

exchange contribution). However, while n does depend on spin and occurs in

two versions as nA and nB, h is actually spin free. Like Fkl
µν and Kkl

µν , the same

F̄kl
µν can be used in all spin configurations.

• The doubles residual equations eq. (4.21) and eq. (4.28) both contain an anti-

symmetrized Coulomb interaction as inhomogeneous term (e.g., 1
2
(K

i j
ab − K

i j
ba)

for the conventional part). The anti-symmetrization is written with respect to

spin-orbitals, however. Consequently, in both cases the second term vanishes

for AB spin because the Coulomb interaction acts as identity in the spin space

and 〈AB | BA〉 = 0.

• Like the AB-amplitudes, AB-integral quantities have less symmetry than their

closed-shell counterparts.

• In order to calculate Ỹ
σς
kl,mn, the transformed sets F̃kl

xa and F̃kl
ax are required.

Unlike for the other integrals, for the AB-spin case one cannot obtain one

from the other and both have to be explicitly calculated (or, equivalently, only

F̃kl
xa is calculated, but for AA, BB, AB and BA spin).

Although most F12 matrices and some integral matrices have to be calculated in

three to four different versions, due the use of common spatial internal orbitals, the

same half-transformed integrals can be used for all of them. Compared to a theory

based on unrestricted orbitals, this leads to significant savings in the (expensive)

integral evaluation step. Furthermore, in RMP2 (but not in higher order theories),

the residual equations of AA, BB, and AB are completely decoupled and can be

solved independently.
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4.1.7 Iterative solution of F12 amplitude equations

Eq. (4.28) gives the conditions which the RMP2-F12 T
i j
mn amplitudes need to fulfill:

For a fixed T
i j
abCmn

ab , and F12 matrix elements V ,B,X, we need to calculate the set of

T
i j
mn amplitudes that results in

Ri j
mn = Ṽ i j

mn − Xmn,op

(
gikTk j

op + T ik
opg

j
k

)
+ Bmn,opT

i j
op

!
= 0, (4.67)

where (using spin-orbital anti-symmetry for C)

Ṽ i j
mn :=

1

2
(1 − π[m↔n])

(
V i j

mn + T
i j
abC

mn
ab

)
. (4.68)

If g was a diagonal matrix (i.e., gij = εiδ
i
j ), eq. (4.67) would reduce to

Ri j
mn = Ṽ i j

mn +
(
Bmn,op − (εi + ε j)Xmn,op

)
T i j

op
!
= 0. (4.69)

Numerical problems notwithstanding, this can be solved in closed form with

T i j
mn =

[(
B − (εi + ε j)X

)−1
]

mn,op
Ṽ i j

op (4.70)

if B and X are regarded as matrices with the combined (mn) labels as row index

and the combined (op) labels as column index, and ()−1 indicating matrix inversion

in this space. This approach suffers from two problems:

• In the basis of RHF orbitals, gij is diagonal dominant, but not diagonal. Thus,

eq. (4.70) is not exact in this case. In principle, gij can be made diagonal by

switching to a semi-canonical basis with different spatial orbitals for A- and

B-spin electrons, but this would create other problems. When using localized

occupied orbitals, gij is never diagonal.

• A straight-forward exact evaluation of eq. (4.70) would require one mn · op

matrix inversion/LU decomposition for each orbital pair i j; if o is the number

of correlated occupied orbitals, this would lead to O(o8) scaling in CPU time.

This scaling is worse than that of conventional MP2 (scaling as O(N5) where

N is a measure of the molecule size) and worse than that of the F12 matrix

element computation (O(N6) at most). Therefore this step can become a serious

performance problem for molecules with many occupied orbitals.

Nevertheless, this formula illustrates a way of constructing an efficient preconditioner

for an iterative solution of the T
i j
mn equations. Instead of solving the equations in

closed fashion, we iterate the following process:

• Calculate R
i j
mn for current T

i j
mn
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• Calculate energy, check if R
i j
mn and energy change are small enough. If yes,

exit

• Update T
i j
mn by:

∆T i j
mn := −

[(
B − (εi + ε j)X

)−1
]

mn,op
Ri j

op (4.71)

T i j
mn ← T i j

mn + ∆T i j
mn. (4.72)

Note that this process would converge in one step if g was diagonal, for any

choice of initial T
i j
mn.

• Apply iterative subspace convergence accelerator (DIIS [115, 116] or KAIN

[117]) on ∆T
i j
mn and T

i j
mn

By iterating the process, the issue of gij being non-diagonal is solved. The scaling

issue is addressed in one of two ways: (i) by not calculating
(
B − (εi + ε j)X

)−1

exactly, but rather approximating it or (ii) by calculating the action of this operator

on R
i j
mn exactly, without calculating the matrix inverse. First, option (i):

Numerical experiments indicated that the commutator norm ‖[X, B]‖ is usually

smaller than ‖X‖ · ‖B‖ by one to two orders of magnitude. As a result, X and B can

be represented approximately by a single common eigensystem Q = {q}:

X ≈
∑

q

xqqqT B ≈
∑

q

bqqqT (4.73)

with “eigen”values xq and bq. This allows calculating the approximate inverse as

(
B − (εi + ε j)X

)−1 ≈
∑

q

q
1

bq − (εi + ε j)xq

qT . (4.74)

Using this formula, the update in eq. (4.71) can be calculated in a (fast) O(o6) process,

by first multiplying R with the matrix of eigenvectors Q, then scaling the resulting

rows with the scalar inverse factors of eq. (4.74), then multiplying with Q again to

transform back.

The eigensystem of X + B works well for approximating both B and X via (4.73)

at the same time. The reason why B and X are numerically related is indicated by

their definitions:

Bmn,op = 〈mn | F12Q12(g1 + g2)Q12F12 | op〉 ,
Xmn,op = 〈mn | F12Q12 1 Q12F12 | op〉 . (4.75)

They both connect F12 generator orbital pairs in the same way, only with different

kernels. It is reasonable to assume that the orbital pairs with strong overlap (X) also
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have a strong mean field interaction (B). In fact, in some semi-empirical quantum

chemistry methods (e.g., Extended Hückel), orbital interaction is approximated using

orbital overlap.

For the second option, which evaluates eq. (4.71) exactly, we transform:

(
B − (εi + ε j)X

)−1
=

[
X

1
2 X−

1
2

(
B − (εi + ε j)X

)
X−

1
2 X

1
2

]−1

= X−
1
2

[
X−

1
2 BX−

1
2 − (εi + ε j)1

]−1

X−
1
2 . (4.76)

This re-expresses the preconditioner in the basis of orthonormal geminal pair func-

tions, where it can then be subjected to a spectral decomposition. Let Q′ = {q′}
denote the eigensystem of X−

1
2 BX−

1
2 , with eigenvectors b′q. Then eq. (4.76) can be

written as

(
B − (εi + ε j)X

)−1
= X−

1
2

∑

q′
q′

1

b′q − (εi + ε j)
q′T X−

1
2 , (4.77)

which can be evaluated in a O(o6) step just as eq. (4.74). In fact, both variants can

be handled with common code if Q = X−
1
2 Q′ is introduced instead of the Q defined

above (the xq are then all equal to 1). A possible problem with this approach is

that X−
1
2 needs to be calculated. As X is the overlap matrix of the geminal pair

functions, it is supposed to be symmetric and positive semi-definite. Despite this,

artifacts introduced (probably) by the RI or DF approximations led to some very rare

situations in which negative X eigenvalues occurred; simply deleting said eigenvalues

there had noticeable impact on the total energy.

The main advantage of these spectral preconditioning schemes is that they work

well also when simpler preconditioning schemes like ∆T ≈ −B−1R break down. In

particular, they work well for core-valence correlation calculations, in which a wide

range of occupied orbital energies εi + ε j can occur.

4.1.8 Iterative solution of conventional amplitude equations

The conventional amplitude equations can be solved in the standard form usually

employed in coupled cluster programs (e.g., Ref. [88]). In each iteration, the doubles

residual R
i j
ab is calculated according to eq. (4.21), then DIIS is applied to residual

and amplitudes, then a perturbative amplitude update is calculated as

∆T
i j
ab := −

R
i j
ab

εa + εb − εi − e j

, (4.78)

T
i j
ab ← T

i j
ab + ∆T

i j
ab, (4.79)
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where εr = f r
r are the diagonal elements of the Fock matrix. Again, this iterative

scheme would converge in one iteration (for fixed T
i j
mn) if f was diagonal. Usually

four to eight iterations are necessary in the open-shell case, because then f is only

diagonal dominant.

Five aspects are noteworthy:

• The doubles equations are decoupled from the singles equations due to the

projected form of the H0-Hamiltonian [cf. eq. (4.9)f]. Therefore the singles

equations are solved independently of the doubles, in closed form.

• In RMP2, the equations for the individual spin parts (AA,BB,AB) are also

decoupled. Therefore the AA, BB and AB equations can be solved indepen-

dently.

• However, unless EBC is assumed or a different projected H0 Hamiltonian

is used, the F12 equations are coupled to the conventional equations over the

Cmn
ab T

i j
mn term (see eq. (4.21)). Since solving the F12 equations is much cheaper

than solving the conventional equations, it is advisable to iterate the F12 equa-

tions up to complete convergence in each single iteration of the conventional

equations. It is noteworthy that the spectral decomposition in eq. (4.76) is

required only once, not once per macro-iteration.

• For calculations with many occupied orbitals, the evaluation of the coupling

term Cmn
ab t

i j
mn in the R

i j
ab residual becomes the rate-limiting step, because it scales

as O(v2o4). This can be avoided by using fixed or diagonal F12 amplitudes.

• As realized by H.-J. Werner, the most expensive step in evaluating the MP2-

F12 R
i j
ab residual (the matrix multiplication by the external Fock matrices f T i j

and T i j f ) can be avoided by using semi-canonical virtual orbitals. For this, it

is not necessary to introduce semi-canonical occupied orbitals, too.

By default the RMP2-F12 program first computes a conventional RMP2 wave

function without coupling to F12 amplitudes (by employing EBC), and then enables

the coupling and calculates a fully coupled wave function. This is only done in order

to obtain conventional RMP2 energies. Technically this is by no means necessary,

as the fully coupled calculation converges just as well as the uncoupled one.

4.1.9 Non-Iterative coupled energy evaluation for fixed F12

amplitudes

If fixed T
i j
mn amplitudes are used, the coupled RMP2-F12 energy can also be evaluated

non-iteratively in closed form. Again, this was suggested by H.-J. Werner for the

closed-shell case. Starting from the conventional doubles- and energy equations
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(4.21) and (4.13),

R
i j
ab =

1

2
(K

i j
ab − K

i j
ba) − gikT

k j
ab − T ik

abg
j
k + g

a
cT

i j
cb + g

b
cT i j

ac + ti j
mnC

mn
ab (4.80)

E(2),conv = T
i j
abK

i j
ab, (4.81)

we can transform to the semi-canonical orbital basis diagonalizing the Fock operator

in a spin-orbital sense

f |r〉 = εr |r〉 , (4.82)

(this implies different spatial orbital parts for different spins), and get

R
i j
ab = K̃

i j
ab + (εa + εb − εi − ε j)T

i j
ab

!
= 0 (4.83)

K̃
i j
ab =

1

2
(1 − π[m↔n])

(
K

i j
ab + ti j

mnC
mn
ab

)
(4.84)

(cf. eq. (4.68)f) and thus

E(2),conv =
∑

i jab

−K
i j
abK̃

i j
ab

(εa + εb − εi − ε j)
. (4.85)

However, eq. (4.84) is deceiving: The i j of t
i j
mn occurring here are relative to the

semi-canonical spin-orbital basis; but in this basis, the formulas (3.23) for the fixed

amplitudes do not apply. The fixed t
i j
mn must be evaluated in terms of equal spatial

orbitals for each spin, and then the i j labels must be transformed into the semi-

canonical basis. As a result, the t
i j
mn are not diagonal anymore, unlike in the closed-

shell case. Also the ab labels of Cmn
ab must be explicitly transformed.

With the T
i j
ab thus obtained by eq. (4.83), the tensor T

i j
abC

mn
ab can be formed and

transformed back into the spatial orbital basis [for a O(N5) evaluation of the term,

the i j labels of T
i j
ab must be transformed to RHF orbitals first]. From there it can

be used to evaluate the Hylleraas functional of the fixed amplitude F12 equations as

usual, in the RHF orbital basis.

Performing this process requires roughly the same amount of memory as an itera-

tive solution of the RMP2-F12 equations, and it has exactly the same scaling in terms

of computer time. Nevertheless, there may be combinations of basis set size and

molecule size for which the iterative solution requires a significant fraction of the to-

tal computer time, and there this transformation would be advantageous. This region

would be limited, however, because for small systems evaluating the raw integrals

is dominant (a very slow O(N3) process) and calculating the transformed 4-index

integrals is always expensive (a not quite as slow O(N5) process, but still slower
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than the O(N5) iterative solution). Due to the limited scope, this transformation has

not been implemented in order to reduce the code complexity.

4.1.10 Normalization of F12 configurations and B-Matrix singularities

Singularities and negative eigenvalues in the B-matrix [eq. (4.27)] have been re-

ported by several groups. Concretely, the equation system determining the full T
i j
mn

amplitudes may become ill-conditioned or singular. This effect mainly appears when

larger systems are being investigated (see Ref. [118]).

The main reason for these singularities is that for extended systems the explicitly

correlated configurations (3.8) become linearly dependent. This is easily seen when

considering the configurations in a localized orbital basis. Assume that in

F
mn
αβ =

〈
αβ

∣∣ Q12F12

∣∣ mn
〉
,

Q12 = (1 − o1)(1 − o2)(1 − v1v2)

the orbitals m and n are well-localized and far apart. Then inevitably in Fmn
αβ only

such F12 can have non-vanishing impact for which r12 is large, since in

〈αβ | F12 |mn〉 =
∫∫
ϕ∗α(r1)ϕ∗β(r2)F12(‖r1 − r2‖)ϕm(r1)ϕn(r2) d3r1 d3r2

r1 is essentially restricted to the domain of the orbital m and r2 to that of n. Since

F12 falls off sharply with r12 (for real Slater functions with exp(−βr12) and for

linear combinations of Gaussians as exp(−αir
2
12)), the resulting explicitly correlated

configurations become almost zero in norm.

This problem could be approached by orthonormalization of the explicitly corre-

lated configurations with respect to 〈nm | F12F12 | op〉 (note that X is their overlap

matrix). But ultimately, this would have limited value since the configurations with

large r12 (i) don’t help in the treatment of the correlation problem anyway, (ii) nu-

merical problems are still to be expected in cases with near linear dependencies, and

(iii) the explicitly correlated configurations are legitimately diminished by Q12, since

their effect can be achieved with the conventional wave function.

Due to their limited impact, we simply project out the offending configurations in

the iterative solution process. This is done by removing eigenvectors of the residual

R
i j
mn’s (mn) space which overlap with the eigenspace of the preconditioning matrix

B + (εi + ε j)X with eigenvalues smaller than numerical zero (default value 10−10)

in absolute value. If using a variant of the spectral preconditioner described in

Sec. 4.1.7, this can be done trivially in the denominator scaling step (by setting rows

corresponding to singular denominators to zero). This is not an exact treatment, but

it appears to work well in practice. However, one must make sure that the initial
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T
i j
mn do not overlap with the singular space, because this singular space cannot be

updated in the iterations (i.e., one must start the iterations with T
i j
mn = 0, not with

fixed amplitudes).

Inadequate orbital or auxiliary RI basis sets may also lead to singular F12 equations

in small molecules. This can happen, for example, if trying to calculate core-core

or core-valence-correlation with valence-only basis sets. If corresponding warnings

occur, better basis sets should be employed. Nevertheless, in order to force con-

vergence also with unsuitable basis sets, the option bdiag=1 is implemented, which

directly removes all eigenvectors with negative eigenvalues from the B matrix. While

B (unlike X, at least for the general ansatz) is formally not strictly required to be

positive semi-definite, one would certainly expect that the |ax〉, |xa〉 and |xy〉 virtual

orbital pairs represented by the F12 configurations have no lower f1 + f2 energies

than at least some of the MO basis virtual pairs |ab〉. Thus, negative eigenvalues

of B are very likely to represent calculation artifacts (for valence correlation they

usually vanish when the RI basis set is extended with diffuse functions), so deleting

them is not really illegitimate.

For fixed F12 amplitude methods we do not employ any projections and simply

take all F12 matrices as they are calculated.

4.2 Corrections to Hartree-Fock energies

The RMP2 method contains energy contributions from single excitations. These

do not couple to the doubles equations and depend only on the A- and B-Fock

matrices [eq. (4.12)]. In RMP2-F12 we can thus calculate the single excitations not

only within the normal MO basis, but within the combined MO+CA basis, where

the CABS orbitals are treated like normal virtual orbitals. This extension is cheap

because we have a full set of Fock matrices to represent this extended MO+CA

space anyway (the MO/CA and CA/CA Fock matrices are required to evaluate Akl
mn

in eq. (4.47)). Concretely, the solution of the RMP2 singles equation in eq. (4.12)

can be written down in closed form if it is transformed into a basis in which g is

diagonal (that means diagonalizing ( fi j) and ( fαβ) independently):

tiα =
f i
α

gii − gαα
E

(2)
singles =

∑

iα

( f i
α)2

gii − gαα
, (4.86)

where α runs over all virtual orbitals (the unoccupied MOs and the CABS).

This basis extension has two consequences: (i) The basis set convergence of the

singles correlation contribution is accelerated, and (ii) The Hartree-Fock orbitals

are perturbatively relaxed by the CABS. The second effect is by far dominant in

magnitude, and it is very helpful in practical calculations, since it greatly diminishes
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the deviation of the Hartree-Fock energy from the basis set limit. This is significant

because, while with conventional electron correlation calculations the accuracy of

the Hartree-Fock treatment is usually not a serious issue, this changes when using

explicitly correlated methods. If not corrected for, the basis set deviation due to

Hartree-Fock is often larger than the remaining MP2-F12 correlation error.3

We can isolate the part of the singles energy correction that corresponds to a

spin-free relaxation of the RHF function [as opposed to RMP2 singles correlation].

By following similar steps as in Sec. 2.8, we now solve

0 =
〈
Φ̄i
α

∣∣ H
∣∣ Φ

〉
+

∑

kγ

tkγ
〈
Φ̄i
α

∣∣ g
∣∣ Φ̄k
γ

〉
(4.87)

as perturbation equation, where
∣∣Φ̄i
α

〉
= Eαi |Φ〉 and Eαi = eαA

iA + eαB
iB are the spin-free

excitation operators. The corresponding numerical equations can be obtained from

the spin-orbital equation (4.12) by using the spin-orbital amplitudes

tiAαA = tiBαB = tiα

tuA
αA = tuα and tuB

αB = 0

tiBuB = tiu and tiAuA = 0, (4.88)

and demanding

riA
αA + riB

αB = ruA
αA = riB

uB = 0, (4.89)

where i denotes closed, u active, and α external spatial orbitals. The values of tuA
αA

and tuB
αB only appear to be different, because eαB

uB |Φ〉 = 0 and thus the B-configuration

and corresponding residual intrinsically vanish. Due to the RHF Brillouin conditions

[eq. (2.36)],

f iA
aA + f iB

aB = f uA
aA = f iB

uB = 0, (4.90)

no closed-to-active relaxation occurs for optimized RHF functions and furthermore,

the total energy correction vanishes if α and γ are constrained to the MO basis.

4.3 Coupled Cluster Singles and Doubles: CCSD-F12

As already mentioned in Sec. 2.10, a MP2 method is not an end in itself. In practical

calculations, the accuracy of MP2 methods is not usually limited by the basis sets that

are employed, but rather by the intrinsic (in-)accuracy of the perturbation approach

itself.

3In one case found in our laboratory the basis set limit deviation of the Hartree-Fock treatment at

AVTZ level was ten times as large as that of the correlation deviation with DF-MP2-F12.
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This changes in coupled-cluster treatments. The CCSD(T) method offers an excel-

lent intrinsic accuracy for a wide variety of applications in quantum chemistry. As

long as a single-determinant reference function is adequate, CCSD(T) obtains energy

differences which reliably differ by no more than a few kJ/mol from a near-exact

quantum many-body calculations [83, 84]—within a given basis set. However, the

method is very expensive. Therefore it cannot be applied to many systems of interest

with sufficiently large basis sets, and the practical accuracy suffers considerably from

that.

Unfortunately, the CCSD equations, in particular in their open-shell form, are

much more complex than MP2-type equations. While exact CCSD-F12 treatments

have appeared in the literature very recently [27, 41–43], these are much more ex-

pensive than the already expensive conventional CCSD methods, and the methods

using modern F12 techniques [41–43] could only be realized with automatic imple-

mentation tools. Approximate CCSD-F12 methods can fare much better in perfor-

mance. For example, Fliegl et al. [38, 39] introduced the simplified CC2(R12) and

CCSD(R12) methods, which were extended to CCSD(F12) by Tew et al. [40, 119];

CCSD(F12) was described as being only three times as slow as (their) conventional

CCSD. Additionally, this approach is also much simpler to implement than a full

CCSD-F12. However, still many terms arise additionally to conventional CCSD,

because various contributions with small impact (e.g., contributions of single exci-

tations) are handled in an exact manner.

Encouraged by the good performance of crude F12 treatments like MP2-F12 in

its varieties 3*C(FIX,HY1) [Sec. 5] or 3*A(DX) [Ref. [36]], we [H.-J. Werner, T.B.

Adler and I] searched for a way to include F12 terms in the CCSD equations in such

a form that the performance does not deteriorate at all compared to the conventional

method with the same basis set. Further, we attempted to minimize the number of

additional terms such that a future implementation of analytic energy gradients (with

respect to the atom coordinates) and a full local implementation are less complex:

Both extensions would add considerable practical value to CCSD-F12 methods, and

in both extensions every single unnecessary additional term could lead to serious

implementation problems. The results of our developments of simplified CCSD

methods are the CCSD-F12x (x=a,b) methods described below.

The sections 4.3.1 to 4.3.3 are concerned with general aspects of CCSD-F12

theory, while sections 4.3.4 and 4.3.5 define our F12x methods and discuss practical

implementation aspects. The theory description is based on closed-shell formulas.

This is done because in the CCSD theory no new open-shell specific aspects arise

which have not already been discussed in Sections 3 and 4.1; presenting the less

transparent open-shell formulas would thus not aid in the discussion of the F12x

approximations. Consequently, in this section all indices refer to spatial orbitals, not

spin orbitals.
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4.3.1 The CEPA(0)-Doubles equations

The CEPA(0)-Doubles terms form the core of the CCSD equations. They are ob-

tained formally from the CCSD equations by removing all terms that are non-linear

in the amplitudes and all terms that involve singles amplitudes. Because we look

only for a crude treatment of F12 excitations, concentrating on the CEPA(0)-part is

sufficient: We only need to identify additional terms to include in the already ex-

isting CCSD programs. Concretely, in the closed-shell case the following equations

are obtained from Ref. [88] (or Tab. 4.2):

Ri j = R
i j
MP2 + K(T i j) + K

i j
kl Tkl + Gi j + G ji† (4.91)

[K(T i j)]αβ =
〈
αβ

∣∣r−1
∣∣γδ

〉
T

i j
γδ (4.92)

R
i j
MP2 = Ki j + f T i j + T i j f − T ik fk j − fik Tk j (4.93)

Gi j = T̃
ik

Kk j − T ik Jk j − Jk j T ik (4.94)

T̃
ik
= 2T ik − T ik†. (4.95)

Here matrices have the dimension of the virtual space, which is assumed to be com-

plete (indices α, β, . . . ), and the integral matrices are given by K
i j
αβ =

〈
αβ

∣∣r−1
∣∣i j

〉

and J
i j
αβ =

〈
αi

∣∣r−1
∣∣β j

〉
as usual.

Let us look at the conventional part of the residual equation, which is formed by

restricting (4.91) to α and β lying in the regular virtual space (a,b), and inserting

the doubles amplitudes eq. (3.9):

T
i j
αβ = δ

a
αδ

b
βT

i j
ab + T

i j
αβ︸︷︷︸

T
i j
mnF

mn
αβ

. (4.96)

The form of the terms arising from R
i j
MP2 was already discussed in Sec. 4.1.2, and

is not repeated here. Basically, we only get one contribution

R
i j
ab += T i j

mnC
mn
ab , (4.97)

which needs to be treated explicitly additionally to the conventional MP2 residual

terms [which are already accounted for by the conventional CCSD program]. The

term K(T i j) leads to additional contributions:

R
i j
ab += [K(T i j)]ab =

〈
ab

∣∣ r−1
∣∣ γδ

〉 (
δcγδ

d
δT

i j
cd + T i j

mnF
mn
γδ

)

=
〈
ab

∣∣ r−1
∣∣ cd

〉
T

i j
cd + Vmn

ab T i j
mn. (4.98)
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The first term is part of the regular CCSD program, while the second one

Vmn
ab T i j

mn =
〈
ab

∣∣ r−1Q12F12

∣∣ mn
〉

T i j
mn (4.99)

is new. Its evaluation will be discussed in Sec. 4.3.5. The term K
i j
kl Tkl does not

lead to additional contributions to the conventional CCSD residual because T
i j

ab = 0.

The terms arising from Gi j lead to additional contributions which require the use of

eq. (3.32) for a resolution:

G
i j
ab = T̃ ik

aγK
k j
γb − T ik

aγJ
k j
γb − Jk j

aγT
ik
γb

= T̃ ik
acK

k j
cb − T ik

acJ
k j
cb − Jk j

ac T ik
cb +

(
T̃

ik
ax K

k j
xb − T

ik
ax J

k j
xb − Jmn

ax T
k j

xb

)
. (4.100)

Since the T s occur in their explicit basis representation, according to eq. (3.9) they

are given simply by

T
i j

ax = ti j
mnF

mn
ax = ti j

mnFmn
ax (4.101)

—the Q12 projector has no effect on |xa〉 and |xb〉. Due to the structure of the

G-terms, no exact or semi-exact resolutions of the identity could be used: There is

no way to avoid eq. (3.32).

Altogether, at the linearized doubles-only level only the following F12 contribu-

tions arise additionally to the conventional part of the CCSD equation:

R
i j
ab += ti j

mnC
mn
ab + Vmn

ab T i j
mn + ∆G

i j
ab + ∆G

ji
ba (4.102)

∆G
i j
ab = T̃

ik
ax K

k j
xb − T

ik
ax J

k j
xb − Jmn

ax T
k j

xb . (4.103)

We now consider the amplitude equations for the explicitly correlated configura-

tions. For this, we form

Ri j
mn = F

mn
αβ R

i j
αβ (4.104)

with R
i j
αβ from Eq. (4.91) and T

i j
αβ = δ

a
αδ

b
βT

i j
ab + T

i j
αβ from Eq. (3.4). The MP2 terms

have been discussed in Sec. 4.1.2. Due to the terms K(T i j) and K
i j
kl Tkl we obtain:

Ri j
mn = . . . + Hkl

mnT
i j
kl + Vmn

cd T
i j
cd + K

i j
kl T

kl
opXop

mn + . . . (4.105)

Hkl
mn = F

kl
αβ

〈
αβ

∣∣r−1
12

∣∣γδ
〉
F

mn
γδ

=
〈
kl

∣∣F12Q12r−1
12 Q12F12

∣∣mn
〉

(4.106)

V
i j
cd =

〈
i j

∣∣F12Q12r−1
12

∣∣cd
〉
. (4.107)

The F12 matrices Hkl
mn and V

i j
cd will be discussed later in Sec. 4.3.5. Again, the

terms stemming from Fmn
αβG

i j
αβ can only be evaluated using eq. (3.32). For example,
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T ik Jk j of (4.94) turns into

F
mn
αβ T ik

αγJ
k j
γβ =

〈
mn

∣∣F12Q12

∣∣ax
〉
T ik

acJk j
cx+ (4.108)

〈
mn

∣∣F12Q12

∣∣αβ
〉
T ik

op

〈
op

∣∣F12Q12

∣∣αγ
〉
J

k j
γβ.

The second summand of this expression is problematic: Since none of the tensors

share more than one external index, no exact RI can be used and all external indices

need to be resolved simultaneously with approximate RIs in the combined MO+CA

basis. Furthermore, the approximate G
i j
αβ = . . . − T ik

αγJ
k j
γβ must be explicitly formed

as first contraction because F shares only one index with either T or J . This also

holds for the other contributions to G. As a result, in the G-terms nothing is saved

compared with actually doing the CEPA calculation with the combined MO+CA

bases as orbital basis: Formally, eq. (4.94) must be evaluated exactly as written,

where α, β, γ are approximated by the combined regular virtual and CA basis sets,

and in this basis an approximate T
i j
αβ is explicitly built from T

i j
ab and Fmn

αβ t
i j
mn. The

MO/MO parts G
i j
αβ would enter the conventional residual (eq. (4.100)) while the

other parts enter the F12 residual after contraction with F:

Ri j
mn = . . . + (G

i j
αβ +G

ji
βα)Fmn

αβ + . . . (4.109)

= . . . + (Gi j
xa +G ji

ax)Fmn
xa + (G

i j
by +G

ji
by)F

mn
by + (Gi j

xy +G ji
yx)Fmn

xy + . . .

Thus, even for the linearized model, a full evaluation of R
i j
mn would imply a cost

of O(o3(v + c)3), where o denotes the number of correlated occupied orbitals, v the

number of virtual orbitals and c the number of CA orbitals. In a typical application,

where c ≈ 2v . . . 3v, the computational cost of this term would increase by one to

two orders of magnitude. Since even in a conventional CCSD program calculating

the Gi j terms is one of the most expensive steps, a full evaluation of this equation

in each iteration is out of question.

In total, the CEPA(0)D R
i j
mn is given by

Ri j,CEPA
mn = Ri j,MP2

mn + Hkl
mnT

i j
kl + Vmn

cd T
i j
cd + K

i j
kl T

kl
opXop

mn + (G
i j
αβ +G

ji
βα)Fmn

αβ , (4.110)

where |α〉 〈α| and |β〉 〈β| are approximated by |a〉 〈a| + |x〉 〈x| within the finite MO

and CA basis sets as indicated.

The direct expression for the correlation energy is given by

Ecorr =
〈
Φ

∣∣ H exp(T2)
∣∣ Φ

〉
− E0 = 〈Φ |HT2 |Φ〉

=
(
2T

i j
ab − T

i j
ba

)
K

i j
ab +

(
2T i j

mn − T i j
nm

)
V i j

mn (4.111)

just like in the MP2 case.
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4.3.2 Additional considerations for CCSD

Further considerations are necessary when including the terms discussed in Sec.

4.3.1 in a CCSD program. First, due to the straight exponential parameterization of

the CCSD wave function, the actual amplitudes of double excitations are not only

given by the cluster amplitudes T
i j
ab (which describe only the so-called “connected”

doubles), but also by quadratic single excitations:

exp(T1 + T2) = T1 + T2 +
1

2
T2

1 + . . .

= tiaEa
i +

1

2

(
T

i j
ab + tiat

j
b

)
Eab

i j + . . . (4.112)

As a result, the T
i j
ab terms in CEPA(0) in most cases must be replaced by

T̄
i j
ab = T

i j
ab + tiat

j
b (4.113)

in CCSD.4 For example, the conventional closed-shell CCSD correlation energy is

given by

Ecorr =
(
2T̄

i j
ab − T̄

i j
ba

)
K

i j
ab, (4.114)

rather than the same CEPA(0)-equation with Ts instead of T̄s. However, if the

replacement eq. (4.113) is done indiscriminately in all equations, then some ad-

ditional disconnected terms may arise: For example T
i j
ab f i

a f
j

b is connected, while

tiat
j
b f i

a f
j

b = (tia f i
a)(t

j
b f

j
b ) is disconnected. While such terms arise in some CCSD

formulation (e.g., when evaluating eq. (2.56) instead of a similarity transformed for-

mulation), they are generally undesirable because they are cancelled by other terms

in the residual equations at convergence (if evaluated exactly), and break the size

consistency of the method if not handled properly. Thus, it is generally advisable

to not include such terms in the first place. These considerations also apply to F12

corrections: When going from CEPA(0) to CCSD, all occurrences of regular T
i j
ab

amplitudes are replaced by T̄
i j
ab, provided that the additional tiat

j
b terms would not

lead to disconnected contributions in the conventional theory.

A further formal obstacle lies in the fact that we used the projected Fock operator

(4.1) in the derivation of RMP2-F12 matrix elements. In CCSD, we are not free in

the choice of the H0-Hamiltonian: The residual equations contain f , not the projected

g. It can be shown that the F12 intermediates X, B and V [Sec. 4.1.3] are, in fact, not

affected by this modification because Q12g12Q12 = Q12 f12Q12. However, if g = f ,

4In principle, T̄
i j
ab can be avoided completely if exp(T1+T2− 1

2
T2

1 ) |Φ〉 is used as CCSD wave function

ansatz instead of the usual exp(T1 + T2) |Φ〉. Both approaches are exactly equivalent because the

wave functions have the same flexibility. However, this ansatz is itself disconnected, and would

lead to size consistency problems if approximations were introduced into the equations.
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additional coupling terms between the conventional singles and F12 doubles occur

even at the MP2 level, because in the last step of the derivations of (4.9) and (4.12)

giα = 0 does not hold exactly anymore. The additional coupling matrix elements

arising from that have the form

ri
a += f

γ
k T

ik
aγ = f x

k Fmn
ax tikmn, (4.115)

where only the F12 part of T2 was considered because the conventional part is already

included in the conventional CCSD equations. We neglect these terms because they

are very small: They vanish under GBC (then f x
k = 0) and they affect only single

excitations, which themselves only have minor impact on the correlation energy. This

has also been confirmed experimentally by explicitly programming the terms in the

UCCSD program.

4.3.3 Wave function ansatz and energy functional

For CCSD-F12x, we exclusively employ the fixed amplitude ansatz. That means

that we do not attempt to actually solve the F12 amplitude equation (4.110), but

rather determine the F12 amplitudes from the short-range asymptotic behavior of

the wave function [cf. Sec. 3.3]. Because the amplitudes are fixed to reproduce

semi-exact wave function properties, they are expected to be quite good, even if the

F12 equations are not fully solved.

As already discussed, this fixed amplitude ansatz has various advantages to its al-

ternatives [cf. Sec. 3.4], but on the downside it introduces a comparatively large de-

pendence of the energy expression eq. (4.111) on the geminal exponent γ (eq. (3.11)).

As a result, it is essential that the energy is not evaluated with the direct energy

expression eq. (4.111), but rather with an approximate Lagrange functional which

accounts for the non-solved F12 equations.

For this functional, we start from the ansatz

L ({ti}, {λi}) = E ({ti}) + λiRi({t j}), (4.116)

where E is the direct energy functional (which depends only on the amplitudes and

integrals), {ti} denotes the set of all amplitudes of the model (tia, T
i j
ab, T

i j
mn), Ri denotes

the corresponding residuals (ri
a, R

i j
ab, R

i j
mn), and {λi} is the set of corresponding

Lagrange multipliers. In principle, the amplitudes ti and multipliers λi should be

determined by demanding

∂

∂ti
L = 0

∂

∂λi

L = 0. (4.117)

It is seen that the ∂λi
-conditions just reproduces the regular amplitude equations (i.e.,



84 4. Method Developments

∀i : Ri = 0), and if the amplitude equations are exactly solved (i.e., all Ri vanish),

then L = E. However, since ∂ti L = 0, the Lagrange functional only depends on

second order on the amplitudes ti, and hence also their errors if the corresponding

residual equations are not solved completely.

In the case of CEPA(0), the equations for the λi-multipliers can be shown to be

the bi-orthogonal equivalents of the equations for the ti-amplitudes. For example, in

the closed-shell case explicit calculation shows:

λi
a = 2tia

λ
i j
ab = 2T

i j
ab − T

i j
ba (4.118)

λi j
mn = 2T i j

mn − T i j
nm.

This simple relationship has a deeper root in the fact that like RMP2, also CEPA(0)

can be derived as a second order perturbation theory [120], and therefore its La-

grangian is exactly given by the CEPA(0)-Hylleraas functional eq. (2.50) just like

in the RMP2 case (with the CEPA(0)-residuals instead of RMP2 residuals). In the

case of full CCSD, the λi-multipliers do not have simple relationships to the ti-

amplitudes—rather they must be determined for fixed ti amplitudes in an explicit

calculation [62] which is approximately as expensive as CCSD itself. However, as

already mentioned, the CCSD equations are dominated by the CEPA(0) terms, so

the λi given by eq. (4.118) still give a good approximation to the exact λi. Therefore

this replacement is a common approximation, usually employed whenever an exact

Lagrange functional is not strictly required.

Taking these considerations into account, our basic F12 energy functional (4.116)

becomes

E2nd ≈ Edirect + (2tia)ri
a + (2T

i j
ab − T

i j
ba)R

i j
ab + (2T i j

mn − T i j
nm)Ri j

mn, (4.119)

where Edirect is the direct linear energy expression depending only on the amplitudes

(e.g., (4.111) for CEPA(0)D). In principle, the residuals ri
a and R

i j
ab correspond to

the full residuals given in eq. (4.3.1). If during the iterative solution of the CCSD

equations some terms of ri
a and R

i j
ab are neglected, then the effect of these neglected

terms can be estimated by a-posteriorly re-introducing them in the ri
a and R

i j
ab of

the E2nd functional. For example, one could solve the CCSD equations without any

F12 contributions, and then obtain the effect due to the F12 amplitude coupling via

eq. (4.119) with the ri
a and R

i j
ab including F12 terms. This is the way Valeev went in

Ref. [121], although using a different formal perturbation theory as starting point.

If no additional a-posteriori effects on conventional amplitudes are considered, then

ri
a = R

i j
ab = 0 and only (2T

i j
mn − T

i j
nm)R

i j
mn leads to a nonzero energy contribution.
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Table 4.2: Factorized closed-shell CCSD equations. Based on Ref. [88], but here no
disconnected terms occur, terms generated by K(D) are split into K(T̄ ) and singles,
and some intermediates are re-aligned. Based on derivations from H.-J. Werner.

Modified amplitudes

T̄
i j
ab = T

i j
ab + tiat

j
b T̂

i j
ab =

1
2
T

i j
ab + tiat

j
b

Integral quantities (u, v: arbitrary orbitals)

K i j
uv =

〈
uv

∣∣ r−1
∣∣ i j

〉
J i j

uv =
〈
ui

∣∣ r−1
∣∣ v j

〉
Li j

uv = 2K i j
uv − K i j

vu

3- and 4-external integral–amplitude contractions

K(T̄ i j)uv =
〈
uv

∣∣ r−1
∣∣ ab

〉
T̄

i j
ab K(Ei j)ab =

〈
ab

∣∣ r−1
∣∣ ic

〉
t j
c

J(Ei j)ab =
〈
ai

∣∣ r−1
∣∣ bc

〉
t j
c

Intermediates

Aab = Lkl
acT

lk
cb

α
i j
kl = K

i j
kl + ticK

kl
c j + t j

c K lk
ci + T̄

i j
abKkl

ab

βki = f i
k + tlcL

lk
ci + f c

k tic + T̄ il
abLkl

ab

vka = f k
a + Lkl

act
l
c

Xab = fab − Aab − vkatkb +
[
2J(Ek j )ab − K(Ek j )ab

]
δ

j
k

w
i j
ak = K

i j
ak + K ik

act
j
c + Jk j

ac tic + K(T̄ i j)ak

G
i j
ab = T i j

acXbc − βkiT
k j
ab − w

i j
aktkb + K(Ei j)ab

+ [2Tki
ca − Tki

ac]Y
k j
cb − T ik

cbZk j
ca − 1

2
T ik

caZ
k j
cb

Y
k j
ab = K

k j
ab −

1
2
J

k j
ab +

1
2
Lkl

ac

[
2T̂

l j
cb − T̂

l j
bc

]

+ K(Ek j )ab − 1
2
J(Ek j )ab − 1

2
Lkl

a j t
l
b + ( f k

a − vka)t
j
b

Z
k j
ab = J

k j
ab + J(Ek j )ab − Kkl

caT̂
l j
bc − K lk

a j t
l
b

Residuals

ri
a = f i

a + ( fac − Aac)tic − βkit
k
a − T lk

acL
kl
ci + [2T ik

ac − T ik
ca]vkc

+
[
2K(T̄ ik)am − K(T̄ki)am

]
δmk + [2K ik

ac − J ik
ac]tkc

R
i j
ab = K

i j
ab + K(T̄ i j)ab + α

i j
kl T̄

kl
ab +G

i j
ab +G

ji
ba
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4.3.4 Retained terms in F12x (x=a,b)

In order to obtain a practical method we now need to decide which terms of the exact

CCSD-F12 equations we intend to handle exactly, which ones perturbatively using

eq. (4.119), and which ones to neglect completely. As commented on in Sec. 4.3.1,

for the F12 part we exclude all non-CEPA(0)D terms from the considerations; com-

pared to the CEPA(0) ones, they are unlikely to be significant. For reference, a

variant of the full closed-shell CCSD equations is displayed in Tab. 4.2.

In the F12x methods we employ the fixed amplitude approximation by default.

That means that the F12 amplitudes T
i j
mn are fixed according to their short-range

asymptotic behavior as described sections Sec. 3.3 and Sec. 3.4; consequently no

F12 equations need to be solved, and the only free wave function amplitudes are

tia and T
i j
ab, just like in conventional CCSD. These tia and T

i j
ab amplitudes, however,

are affected by the F12 terms indirectly. We allow these amplitudes to adjust to

the presence of the F12 configurations by including all couplings between F12 and

conventional amplitudes self-consistently (i.e., in the iterations). Consequently, in

our approximations the energy functional eq. (4.119) is used only for the F12 term, as

for the final CCSD amplitudes ri
a = 0 and R

i j
ab = 0. The R

i j
mn contribution, however,

does not vanish, because we use fixed F12 amplitudes.

Before describing the retained terms, let us first note that if no coupling between

F12 and conventional amplitudes are introduced, and the approximate CCSD-F12

energy is calculated by simply adding the MP2-F12 energy correction5 to the CCSD

energy, already very accurate results are obtained [102]. This is somewhat surprising,

because in composite quantum chemistry methods it is recognized that the basis set

dependence of MP2 and CCSD is slightly different [122,123]. Nevertheless, for small

to medium AO basis set sizes, in all investigated cases this correction consistently

lead to good results, nearly on par with actual CCSD-F12 approximations [102, suppl.

mat.]. One can speculate that the good performance is a result of the asymptotically

correct F12 cusp conditions—which, just like the direct F12 energy expressions

[eq. (4.111)] themselves—are equal for CCSD and MP2. Consequently, the energy

functional is only required to account for the γ-dependence of the direct energy

expression (4.111). This interpretation is supported by the fact that the difference

between the energy functional and the direct energy expression practically vanishes

for optimized γ exponents [102].

This simple approach can be made self-consistent by including all double excitation

terms arising at second-level perturbation theory (i.e., terms involving the Fock

operator f ) in the CCSD iterations. That means that in eq. (4.102) we include T
i j
mnC

mn
ab

and in eq. (4.110) we include R
i j,MP2
mn , which is evaluated exactly like described in

Sec. 4.1, but in both expressions, the MP2 T
i j
ab amplitudes are replaced by CCSD

5The correction is defined as EMP2-F12−EMP2, where MP2-F12 is the full MP2-F12 method including

F12/conv coupling. MP2-F12 means MP2-F12/3C(FIX) here.
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Table 4.3: Illustration of the performance of MP2-level corrections to CCSD(T) energies.
The basis set limits are (1.249± 2) eV and (2167± 1) cm−1, respectively. Calculation
details are described in Sec. 5.4.1. γ = 1.0, 1.2, 1.4, 1.6 are used.

AVDZ AVTZ AVQZ AV5Z

Electron affinity of C atom/eV

Pure CCSD(T) 1.143 1.218 1.236 1.242

. . . +∆MP2-F121 1.230 1.245 1.251 1.251

. . . +∆MP2-F12(EBC)2 1.233 1.246 1.250 1.250

. . . +∆MP2-F12(SC)3 1.229 1.245 1.250 1.250

Vibrational frequency ωe of CO molecule/cm−1

Pure CCSD(T) 2104 2144 2160 2164

. . . +∆MP2-F121 2158 2162 2166

. . . +∆MP2-F12(EBC)2 2160 2162 2166

. . . +∆MP2-F12(SC)3 2159 2162 2166

(1) Adds E[MP2-F12/3C(FIX)]-E[MP2] to CCSD(T) energy

(2) Adds E[MP2-F12/3C(FIX,EBC)]-E[MP2] to CCSD(T) energy

(3) Includes Ci j coupling self-consistently in CCSD iterations

T
i j
ab or T̄

i j
ab = T

i j
ab + tiat

j
b as described in Sec. 4.3.2. If only these approximations are

made (i.e., if no further terms beyond MP2-F12 are considered), the resulting method

already works remarkably well. Tab. 4.3 gives an indication of the performance of

such MP2-F12-level methods.

Considering that (i) the F12 amplitudes are asymptotically correct (ii) the (dom-

inant) direct F12 energy expression eq. (4.111) is exact and can easily be evaluated

exactly and (iii) the second order energy functional is only required to account

non-optimized γ-values, and this corrections already works quite well if consider-

ing only mean-field terms, we figured that we might get away with rather drastic

approximations. Thus, the only other major term we include in the F12a approxima-

tion is Vmn
ab T

i j
mn given in eq. (4.98). This term was chosen for two reasons: First, at

CEPA(0)D-level it is the only term in R
i j
ab that can be calculated without the insertion

of eq. (3.32)-style resolutions of the identity; such resolutions are expensive to eval-

uate, and not as accurate as the other options outlined in Sec. 3.5. It is therefore also

the only term in the R
i j
ab residual that would survive the application of the so called

“Standard Approximation” used in first-generation R12 methods [19]. Secondly, the

conventional term
〈
ab

∣∣ r−1
∣∣ cd

〉
T̄

i j
cd , to which it is a F12 correction, is the only

term depending on integrals with four virtual orbitals. Since, unlike the occupied

space, the virtual space shrinks when the AO basis set is truncated, such a basis

set truncation affects the interaction expressed by this term in the strongest possible
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manner. In fact, Ref. [18] argues that the slow basis set convergence of conventional

methods results almost exclusively from trying to express quantities like

∫

r1

∫

r2

ϕa(r1)ϕb(r1)r−1
12 ui j(r1, r2) d3r1 d3r2 (4.120)

by their atom-centered partial wave expansions, which is precisely what the term〈
ab

∣∣ r−1
∣∣ cd

〉
T̄

i j
cd is doing. This is problematic because the exact pair functions

ui j(r1, r2) have cusps with leading terms ∝ r12 [see Sec. 3.3], which are supposed

to be canceled by r−1
12 of the Coulomb interaction—but this cancellation cannot be

well described when using products of one-particle functions like T
i j
ab |ab〉, because

they can contain only even orders of r12 [Sec. 3.3]. The Vmn
ab T

i j
mn term is therefore

clearly the dominant F12 contribution to the R
i j
ab residual. Ref. [18] also concludes

that decent partial wave convergence rates are present for all terms in which such a

cancellation is not attempted. Thus, the approximation of neglecting nearly all other

terms is less severe than it looks like.

At the CCSD level (i.e., when single excitations and non-linear amplitudes are

introduced), a few other terms of the general form
〈
rs

∣∣ r−1
∣∣ cd

〉
T̄

i j
cd arise [Ref. [88],

Tab. 4.2]. Of these, there are two instances depending on 3-external integrals which

couple singles- and doubles residuals:

R
i j
ab −= K(T̄ i j)aktkb + tkaK(T̄ i j)kb (4.121)

ri
a += 2K(T̄ ik)ak − K(T̄ki)ak (4.122)

For these terms, the F12 corrections −
(
Vmn

ak tkb + tkaVmn
kb

)
T

i j
mn and Vmn

ak (2T ik
mn − Tki

mn),

respectively, are included in F12a. The first term is non-linear and does not occur

at CEPA(0)-level. It is included mainly because in the actual CCSD program only

a single set of K(T̄ i j ) matrices is calculated, and all terms using these matrices are

affected. The other term is linear and should be included. Two other non-linear

terms in the full CCSD equations are of the general form
〈
kl

∣∣ r−1
∣∣ cd

〉
T̄

i j
cd ; they

affect the intermediates αi j,kl and βik. The F12 corrections for these are neglected.

In total, the complete CCSD-F12a method is given by adding the terms

R
i j
ab +=

(
Vmn

ab + Cmn
ab − Vmn

ak tkb − tkaVmn
kb

)
T i j

mn (4.123)

ri
a += Vmn

ak

(
2T ik

mn − Tki
mn

)
(4.124)

to the conventional CCSD residuals R
i j
ab/ri

a, and estimating the γ-dependence of the

direct energy expression via the double excitation part of the MP2-F12 Hylleraas

functional:

EF12a =
(
2T̄

i j
ab − T̄

i j
ba

)
K

i j
ab +

(
2T i j

mn − T i j
nm

) (
V i j

mn + Ri j,F12a
mn

)
(4.125)
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Ri j,F12a
mn = V i j

mn − Xmn,op

(
gikTk j

op + T ik
opg

j
k

)
+ Bmn,opT i j

op +Cmn
ab T

i j
ab. (4.126)

The resulting CCSD-F12a method overestimates correlation energies, but as long

as small to medium-sized basis sets are employed, it works excellently for relative

energies. However, after the publication of Ref. [102] we realized that its basis set

convergence for large sets is slow. While results at the AVDZ and AVTZ levels are

so good that there is actually no reason to try to improve on them, results obtained

with AVQZ or AV5Z basis sets do not necessarily lie closer to the basis set limit

than results obtained with AVTZ sets. While, in theory, the method must converge

to the CBS limit at some point in time—simply because all F12 corrections go to

zero—the situation is certainly unsatisfactory.

This overestimation of correlation energies is corrected in the F12b method by

including additional terms in the F12 Lagrange functional. Namely, in addition to

the terms of eq. (4.126), also the F12 analog of the term Vmn
ab T

i j
mn [eq. (4.98)] and its

singles-analog are considered in the R
i j
mn residual. This term stems from the same

part of the complete-basis CEPA(0) equations which also gave rise to the Vmn
ab T

i j
mn

part of F12a’s R
i j
ab. Thus, F12b has one additional residual contribution of

Ri j,F12b
mn = Ri j,F12a

mn + Vmn
ab T̄

i j
ab + Vmn

ib t
j
b + tiaV

mn
a j , (4.127)

with Vmn
rs as defined in (4.107). Apart from that, the same formulas as in F12a are

used.

4.3.5 Evaluation of additional F12 matrix elements

Apart from the F12 matrices encountered already at MP2-level [Sec. 4.1.3], also

some additional or extended F12 matrices arise in CCSD-F12. Our main interest

lies in the tensor

Vmn
ab =

〈
ab

∣∣ r−1Q12F12

∣∣ mn
〉

=
〈
ab

∣∣ r−1(1 − |ix〉 〈ix| − |xi〉 〈xi| − |rs〉 〈rs|)F12

∣∣ mn
〉

=
〈
ab

∣∣ r−1F12

∣∣ mn
〉
− Krs

abFmn
rs − K ix

abFmn
ix − K xi

abFmn
xi , (4.128)

which occurs in eqs. (4.99) and (4.107) and which in CCSD-F12 mediates the

dominant F12 contribution beyond MP2-F12; it is therefore explicitly handled in the

F12x methods. Formally, this tensor is a simple extension of the Vmn
kl encountered

already in eq. (4.30) at MP2 level. However, the lower labels of Vmn
ab now refer to

virtual dimensions instead of the much smaller occupied dimensions, so evaluating

it efficiently is more complicated. We discuss eq. (4.128) term-by-term.

The first summand in eq. (4.128) can be evaluated as an analytic integral just like

in the MP2 case and does not pose a problem.
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The second summand in eq. (4.128), Krs
abFmn

rs , resembles a similar term of the

conventional CCSD equations (eq. (4.92) for CEPA or K(T̄ ) in Tab. 4.2) which has

the form

K(Di j)rs =
〈
rs

∣∣ r−1
∣∣ tu

〉
D

i j
tu. (4.129)

Due to the massive size of the K tu
rs integrals (easily several terabytes), processing this

amplitude–4-external-integral contraction is a complex task with high computational

cost; typically evaluating eq. (4.92) requires at least half of the time of a CCSD

iteration. As a consequence, for this contraction refined special techniques have been

developed. In Molpro, the basic contraction (4.129) is performed by transforming

D
i j
tu into the contravariant AO basis, then contracting the resulting Di j,µν with the

raw 4-index AO-basis integrals, and finally transforming the contraction result back

into MO basis [124]:

K(Di j)rs = Cρr Cσs

[ 〈
ρσ

∣∣ r−1
∣∣ µν

〉(
C
µ
t CνuD

i j
tu

) ]
. (4.130)

This way K tu
rs never needs to be computed explicitly, and furthermore, the sparsity

of the AO basis integrals can be used for computational savings [125].

This technique of calculating the external exchange contribution to the CCSD

equations also allows us to treat our additional F12a terms completely transparently.

We just replace the default external exchange operators

K(T̄ i j)rs =
〈
rs

∣∣ r−1
∣∣ ab

〉
T̄

i j
ab (4.131)

by modified versions which have our F12 terms [eqs. (4.98), (4.128)] included:

K(T̄ i j)rs = Cρr Cσs

[
Ŵmn
ρσT i j

mn +
〈
ρσ

∣∣ r−1
∣∣µν

〉 (
CµaCνbT̄

i j
ab − Cµr Cνs Fmn

rs T i j
mn

) ]
(4.132)

where

Ŵmn
ρσ =

〈
ρσ

∣∣ r−1F12

∣∣ mn
〉
−

〈
ρσ

∣∣ r−1
[
|ix〉 〈ix| + |xi〉 〈xi|

]
F12

∣∣ mn
〉
. (4.133)

This way the additional F12a terms due to Vmn
ab propagate to all occurrences of K(T̄)

in the CCSD equations [cf. Tab. 4.2] automatically, without any further program-

ming. Since these terms are treated together with the conventional external exchange

operators (which must be calculated anyway), their inclusion incurs only insignificant

computational cost.

The right hand summand of eq. (4.133) represents the |ix〉〈ix| + |xi〉〈xi| contribu-

tions of Vmn
ab in eq. (4.128). While not quite as fearsome as the external exchange op-

erators themselves, also they pose non-trivial computational problems. Nevertheless,

also these |ix〉〈ix| contributions can be calculated without storing large intermediates.
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In a density fitting scheme, we have

〈µν|r−1
12 |ix〉〈ix|F12|mn〉 ≈

[
(νx|A)D

µi
A

]
Fmn

ix , (4.134)

where A is a fitting basis index, and D
µi
A = J−1

AB(µi|B) is the DF coefficient giving

|µi) ≈ D
µi
A |A). Since Coulomb integrals are concerned, the fitting formula is robust

already in this form [cf. Sec. 2.4, Ref. [32]]. Eq. (4.134) can be calculated for

each ν basis function shell independently: For each ν-shell, the integrals (νx|A) are

computed for all A and x, and contracted first with D
µi
A and then Fmn

ix (which are

pre-calculated and kept in memory). Once all ν-shells are done, the final result can

be assembled and added to eq. (4.133). However, this evaluation requires significant

computer time since two virtual indices and one CA index are involved. Numerical

experiments have shown that these terms have minor impact on relative energies.

Therefore we neglect them by default. Thus, unless otherwise noted, the projector

in Vmn
ab is approximated as 1 − |rs〉〈rs| and in eq. (4.133) only the first term on the

rhs is kept.

The other new F12 matrix arising at CEPA(0) level is the

Hkl
mn =

〈
kl

∣∣ F12Q12r−1
12 Q12F12

∣∣ mn
〉

(4.135)

encountered in eq. (4.106) and eq. (4.110). Contrary to the V
i j
ab term discussed above,

the corresponding quantity is not required for F12x calculations. Nevertheless, Hkl
mn

can be calculated with similar techniques: By inserting eq. (3.30) for the right hand

Q12 operator in eq. (4.135), we obtain

Hkl
mn =

〈
kl

∣∣ F12Q12r−1
12 F12

∣∣ mn
〉
−

〈
kl

∣∣ F12Q12r−1
12 P12F12

∣∣ mn
〉

= Ṽ kl
mn − V kl

rs Fmn
rs − V kl

xi F
mn
xi − V kl

ix Fmn
ix . (4.136)

Here, for example, Ṽ kl
mn is basically a V kl

mn [eq. (4.30)] with different analytic integrals:

Ṽ kl
mn =

〈
mn

∣∣ F12Q12r−1
12 F12

∣∣ kl
〉

=
〈
mn

∣∣ [F12]2r−1
12

∣∣ kl
〉
− Fmn

ix W kl
ix − Fmn

xi W kl
xi − Fmn

rs W kl
rs (4.137)

Wmn
uv =

〈
uv

∣∣ F12r−1
12

∣∣ mn
〉

(4.138)

while

V kl
xi =

〈
xi

∣∣ r−1Q12F12

∣∣ kl
〉
=

〈
xi

∣∣ r−1F12

∣∣ kl
〉
−

〈
xi

∣∣ r−1P12F12

∣∣ kl
〉

= W kl
xi − K xi

rs Fkl
rs − K xi

y jF
kl
y j − K xi

jyF
kl
jy (4.139)

is a more complicated version of the tensor (4.128) from before. Assembling Hkl
mn in
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an efficient and numerically stable manner is not trivial, but can be done. However,

we did not program its evaluation because, as noted, Hkl
mn is neglected in the F12x

methods.

4.3.6 A possible next step

While the F12a and F12b methods work in practice, and greatly improve on con-

ventional methods, they do have defects. These most likely result from the less

than optimal theoretical consistency of some of the approximations employed. It is

therefore desirable to develop a CCSD-F12 approximation—at least for single-point

energy evaluations—which is more complex, but is also expected to cover all sig-

nificant F12 terms in some way. In my opinion, such a method should be based on

the following principles:

• As in F12a/F12b, all terms arising from second order perturbation theory

should be included exactly. These are the dominant contributions.

• As in F12a/F12b, the fixed-amplitude ansatz should be used by default.

• Unlike F12a/F12b, couplings between F12 amplitudes and conventional ampli-

tudes should not be included self-consistently, but rather perturbatively based

on the approximate Lagrange functional eq. (4.119). That means that a purely

conventional CCSD calculation is followed by a single step, in which F12-

including residuals R
i j
ab, ri

a and R
i j
mn are evaluated and used for eq. (4.119).

This proposition in based on the following reasons, in order of importance:

– As pointed out by Köhn [44], conventional perturbative (T) corrections

calculated from self-consistent F12-T
i j
ab/tia amplitudes differ more from

the CBS limit than the same (T) corrections calculated from purely

conventional T
i j
ab/tia amplitudes. This is important because the resid-

ual CCSD(T) basis set error is dominated by (T)-contributions after F12

corrections for CCSD and RHF are applied.

– When the residuals involving F12 terms are calculated only once, and

not once in each iteration, more expensive terms can be included without

making the whole method much slower.

– Nearly all of my calculations, with very few exceptions, showed that MP2-

F12 methods employing the EBC approximation have a better basis set

convergence than the formally more correct MP2-F12 methods without

it. This applies to small basis sets in particular.

My impression is that the “F12 correlation field”, expressed by the pres-

ence of F12 configurations in the wave function, is actually not such

a great description of the exact field [see comments on defects of F12
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configurations in Sec. 3.2]. It is likely much better suited for correcting

global properties (like energies) than for describing the actual micro-

scopic structure of the wave function, particularly if fixed amplitudes are

used. Thus, forcing the conventional amplitudes to adjust to the F12

configurations might not be optimal.

– When using fixed amplitudes, we do not obtain full self-consistency

anyway, because the F12 amplitudes are not adjusted. Thus, a quasi-

perturbative approach then cannot be avoided.

• For the F12 correction step, all terms arising from CEPA(0)D should be in-

cluded in both R
i j
ab and R

i j
mn, but only to the linear order in the size of the CA

basis. For example, for G
i j
αβ (eq. (4.94)) this means:

– G
i j
xy is neglected completely.

– G
i j
xa and G

i j
ax, which enter the R

i j
mn residual according to eq. (4.109), are

calculated. But all contributions involving contractions over CA orbitals

are neglected. This leads to

G
i j
xb ≈ T̃

ik
xc K

k j
cb − T

ik
xc J

k j
cb − J ik

xcT
k j
cb (4.140)

Gi j
ax ≈ T̃ ik

acK
k j
cx − T ik

acJk j
cx − J ik

acT
k j

cx . (4.141)

– G
i j
ab in eq. (4.100) is evaluated as written.

I expect this combination of approximations to be well-balanced and, at least

in the closed-shell case, to closely approximate full CCSD-F12 with linearized

T
i j
mn amplitudes. The latter was shown to be very accurate by Klopper et al.

[126]. Due to the linear CA restriction, a good performance in practical matters

could still be obtained. Additionally, unnecessary expensive terms could be

identified and removed after assessing their impact in realistic situations.

Since this method involves lots of terms, a manual implementation would still be

rather laborious, despite the approximations employed. This applies particularly as

various aspects important for an efficient implementation (e.g., support for molecular

symmetry and inline formation of large intermediates) are not easily handled in our

current F12 programs. However, these problems can be circumvented. I intent

to program this method with the help of a general tensor framework I designed

for quantum chemical applications, which allows a high-level description of the

algorithms. At the point of writing, the framework is already sufficiently functional

that I managed to implement closed-shell CCSD algorithm based on it [using the

formulas in Tab. 4.2 and Molpro’s native routines for integral transformation and

contractions of amplitudes with 4-external and 3-external integrals]. The resulting

CCSD program is even competitive with Molpro’s native implementation, which is
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widely regarded to be one of the fastest in existence. The main issue keeping me

from implementing the method right now is that I did not yet program an interface

to F12 basis sets and F12 integral shell driver routines. While this is not a major

obstacle, it is also not trivial (especially as symmetry-adapted basis functions need

to be emulated), and requires some development effort which, at this moment in

time, is better spent elsewhere.

4.4 Coarse treatment of perturbative (T)-triples

CCSD itself is not a very accurate method. Most applications demand an inclusion

of perturbative (T)-triples correlation energy corrections. But while the (T)-triples

contribution is very important to obtain accurate energies, it is also fairly small—

typically around one order of magnitude smaller than the CCSD correlation energy

itself. For this reason, sufficiently accurate (T) corrections can usually be com-

puted from smaller basis sets than required for obtaining similarly accurate doubles

correlation energies or Hartree-Fock energies [62].

Following this reasoning, by default we compute (T)-triples contributions just like

in the conventional CCSD(T) method also in CCSD(T)-F12 calculations. Since in

our F12 methods the conventional T1/T2-amplitudes adjust to the presence of the

F12 configurations, the triples energy is still slightly affected—usually it becomes

somewhat smaller because the conventional T amplitudes are suppressed. (Mean-

while it turned out that relative (T) correction energies suffer from that [44], but not

too badly).

Despite its smallness, the basis set incompleteness error of the (T) correction

now often become the main component of the residual basis set error of CCSD(T)-

F12 total energy differences. While F12 corrections are also conceivable for (T)

corrections [44], the method of calculating them is highly non-trivial, and it is not

yet clear if it is possible to evaluate them without increasing the computational cost

of the (T) correction. For the time being, we therefore settle for more pragmatic

correction approaches. We investigated the performance of two very simple basis

set corrections, obtained by scaling different energy contributions.

In the first form, denoted (T*), the (T) triples are scaled by a basis set incom-

pleteness factor estimated from MP2-F12 energies:

E[(T∗)] = E[(T)] ·
EMP2-F12

corr

EMP2
corr

. (4.142)

This assumes that the basis set incompleteness affects the perturbative triples energy

to a similar degree as it affects the MP2 correlation energy. We chose to base this

factor on the MP2-F12/MP2 ratio instead of the CCSD-F12/CCSD ratio mainly be-

cause our MP2-F12 treatments are formally exact, while our CCSD-F12 corrections
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Figure 4.1: Fit of CBS[56] (T) correlation contributions to pair contributions for atom-
ization energies in the AE benchmark set.

are not as complete formally. In section 5 it will be demonstrated that on average this

scaling significantly improves relative (T) energy contributions. Unfortunately, there

are exceptions (sometimes this factor over-estimates the errors, sometimes it under-

estimates it), and also it does not always lead to better total energy differences. At

this moment it is not clear if the defects are a result of our approximate CCSD-F12

treatments or the (T*) correction itself.

This correction may slightly break size consistence (but not size extensivity), if

the ratios EMP2-F12
corr /EMP2

corr are different for different dissociation products of a super-

system. However, this effect is minor and even for the case of atomization energies,

which one would expect to be the most susceptible to these kinds of errors, the

correction greatly improves the triples contributions.

In the second form of triples corrections, denoted (T+), the F12 basis set cor-

rection to the doubles energy is scaled by a fixed factor of 1.070. This value was

obtained by least-squares fitting α · EDoubles to E(T) at conventional CBS[56] level

for the atomization energies of the G2 benchmark set (see Sec. 5.1.1). For these 49

molecules, the RMS contribution of the (T)-triples was 11.0 mEh. The (T) energy

could be approximated with a RMS deviation of 4.9 mEh by scaling the doubles

energy contributions by α = 0.070 as shown in Fig. 4.1. Since the fitting was

performed at CBS[56], possibly differing basis set convergence rates of (T) and dou-

bles contributions were circumvented and the results should be independent of the

actually used basis sets. The (T+)-approach does not suffer from size-consistency

defects.

For the scaling approach, I also examined if either fitting total energies instead of

relative energies, or using different factors for singlet- and triplet contributions offers

advantages. Fitting total energies did not work well for relative energy calculations,

although the total CCSD/total (T) energy plot corresponding to Fig. 4.1 looked much
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more systematic. Different singlet/triplet factors lead only to a minor reduction in

the RMS deviation in the training set. Furthermore, they also yielded imbalanced

relative energies for energy differences in practical calculations, particularly if open-

shell molecules were involved, so this approach was not followed further.

Like all kinds of F12 corrections, both the (T*) and the (T+) corrections will

eventually converge to the correct limit with increasing basis set size, since F12

corrections go to zero if the orbital basis set becomes complete.

4.5 Technical Aspects

4.5.1 Mixing of exact and density-fitted integrals

Our CCSD(T)-F12 methods are implemented on top of the previous conventional

CCSD programs of Molpro. The density fitting approximation does not offer advan-

tages to conventional, non-local CCSD, so in these programs DF approximations are

not applied. These methods are also based on conventional RHF usually, where DF

approximations do also not occur.

So how should we then handle conventional integral derived quantities, like fµν

Fock matrices or K
i j
µν exchange operators? Of these we can choose to either use

the exact conventional versions, made by the conventional programs, or to assemble

new quantities with density fitting. Unfortunately, the obvious choice of using exact

conventional quantities whenever they are present, and never calculating DF quanti-

ties of them, fails dreadfully in some non-obvious way: Whenever raw AO basis and

RI basis integrals are used to construct CABS quantities (e.g., in equations (4.56)

and (4.58)), it is absolutely essential that all the raw integrals are calculated in a

compatible manner. For example, in eq. (4.58)

fxs = (Rµx fµν + Rχx fχν)C
ν
s ,

either both fµν and fχν must be calculated with the DF approximation, or both

must be calculated without it. The reason for this is that the CABS transformation

R is responsible for projecting AO contributions out of RI functions, and if these

contributions are not calculated in exactly the same manner, then the rather small

differences between density fitted and exact operators are amplified by many orders

of magnitude. Such kinds of problems will often go unseen, but in other cases may

lead to badly conditioned F12 singles equations, and to obscure numerical instability

problems in the F12 equations.

The solution to this problem is to re-calculate the occurring quantities with DF

approximations, and use exact integral quantities only in orthogonal basis sets. For

example, a new density fitted fµν must be assembled to calculate fxs with eq. (4.58),

but afterwards the exact fµν can be used to form frs, because there the CABS



4.5 Technical Aspects 97

transformation is not present. Quantities in the orthogonal MO and CA function

spaces can be mixed freely. For example, in Tab. 4.1, V kl
mn can be calculated from

a density fitted Kkl
ix and an exact Kkl

rs , but the density fitted Kkl
µν must be used to

assemble Kkl
ix .

4.5.2 Freezing of auxiliary basis sets

Sec. 3.6 described how to build a set of orthonormal CA vectors. As explained,

it is often necessary to delete some of the generated CA or ABS functions due to

a high degree of near-linear dependency, because otherwise the numerical stability

of subsequent calculations would suffer. While this is not a serious problem for

single point calculations, it can become one when evaluating local potential energy

surfaces (for example, in calculations of molecular vibrational frequencies). This

deletion may introduce small, unphysical steps in the surface which can produce

unpleasant side effects, like increased basis set deviations, bad convergence in ge-

ometry optimizations, symmetry breaking, and so on. These steps occur when in

a surface calculation different auxiliary functions are deleted at adjacent molecular

geometries; an effect which is caused by functions either slipping above or below

the numerical CABS thresholds, or by being ordered in a different manner.

This problem can be avoided by freezing the auxiliary basis set at some reference

geometry. For the distorted geometries, the auxiliary sets are then built in such a

way that they resemble the frozen set as far as possible. Concretely, that means that

if auxiliary vectors must be deleted, we attempt to delete exactly these ones which

correspond to the vectors deleted at the reference point.

In order to accomplish this, first the deleted vectors D6 must be stored at the

reference geometry. This can be, for example, the neutral geometry when evaluating

numerical energy derivatives (in Molpro this is indicated to the program automat-

ically for the commands optg, freq, and surf). At the distorted geometry, the

set of new orthonormal basis vectors V is then first built as usual, but with CABS

thresholds set to zero, such that no functions are removed. Then the vectors of V

which resemble the deleted reference vectors most closely are deleted. For this,

first the deleted reference vectors D are loaded from disk and orthonormalized with

respect to the new basis functions:

S′ = DT SD (4.143)

D′ = DS′−
1
2 , (4.144)

where D′ are the components of the orthonormalized deleted vectors, and S is the

6Rows: components of AO and/or RI basis functions. For CABS vectors, both AO and RI compo-

nents are required. Each column stands for one vector.
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basis function overlap matrix at the new geometry (which, for example, would be

assembled from the AO/AO, AO/RI and RI/RI overlap matrices when considering

CABS vectors). Then for each of the new vectors v of V , the squared norm of its

projection
∑

d |d′〉 〈d′| |v〉 onto the linear span of the orthonormalized deleted vectors

is determined:

p(v) =
∑

d′

〈
v
∣∣ d′

〉 〈
d′

∣∣ v
〉

(no sum over v)

=
(
vT SD′

)(
D′T Sv

)
. (4.145)

The new vectors V are then ordered by their overlap with the deleted space p(v), and

the ndel vectors with the highest p(v) values are discarded, where ndel is the number

of vectors deleted at the reference geometry (=number of columns in D, D′, and

S′).
The described process is not completely safe when degenerate eigenvectors occur,

because the eigenvectors might be mixed differently at the the reference geometry

and at the distorted geometry. This problem can be bypassed to a high degree by

making sure that if one nearly-degenerate eigenvector is deleted at the reference

geometry, then all the other ones are deleted, too. In Molpro this is accomplished

by slightly modifying the CA construction scheme in Sec. 3.6: When a vector is

deleted due to its overlap eigenvalue, all vectors with overlap eigenvalues differing

by less than 10% from it are also deleted, even if it they do not exceed the CABS

thresholds. This process is repeated until there is more than 10% difference between

the last deleted vector and the first non-deleted vector.

This freezing process must be done independently for each basis set that is to be

frozen. For example, when the CABS is built from an ABS like described at the

end of Sec. 3.6, it must be done for both the ABS and the CABS (and both times

relative to the raw basis functions). Molpro can also use different CA basis sets for

some different F12 terms, and then the process is again done independently for the

ABS and CA sets of each.
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4.6 Summary & Outlook: F12 Methods

F12 quantum chemistry methods — General

• Kutzelnigg & Klopper have shown that wave functions expressed in orbital

expansions converge fast in general shape, but slow for the r12 → 0 regions.

As remedy they proposed to augment the conventional doubly excited config-

urations by additional explicitly correlated configurations [18–20].

• This extensions leads to tremendous enhancements in AO basis set conver-

gence, but building practical F12 methods is quite sophisticated: There are

many new types integrals (some depending on three electrons, making RI

approximation necessary); some badly conditioned equations leading to nu-

merical instabilities; there are lots of possible approximations, of which the

impact must be carefully tested, etc. Constructing robust explicitly correlated

methods becomes challenging even at MP2 level.

• While originally linear correlation factors were used (“R12 methods”), non-

linear short-range correlation factors F12 yield drastically improved accuracy

compared with F12 = r12 [33, 34].

F12 quantum chemistry methods — Techniques

• F12 methods can be understood in terms of standard second quantization. The

(exact) full space of doubly excited configurations is approximated with two

subsets:

T
kl
γδe
γδ
kl ≈ Tkl

cdecd
kl + Tkl

mnF
mn
γδ e
γδ
kl (4.146)

(γ, δ: virtual orbitals regarding a fictional complete basis). The first term

contains conventional double excitations, while the second term represents

F12 pair functions. Here

F
mn
αβ := 〈αβ |Q12F12 |mn〉 ,

Q12 = (1 − o1)(1 − o2)(1 − v1v2)

are the projected correlation factor and a projector. As pair correlation factor

F12 =
∑

ci exp(−γir
2
12), fitted to a Slater function, is used in our work.

• F12 configurations can be viewed as “externally contracted” doubly excited

configurations. They are short ranged and well suited to describe the correla-

tion cusp of the wave function for r12 → 0 and thus dynamical correlations.

• The projector Q12 ensures orthogonality to the occupied and conventional

doubly excited space (Fmn
rs = 0).
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• In principle, the equations of any F12 method can be be constructed in a

clear-cut way. First, the conventional residual equations are recast into a form

referring to a fictional complete virtual basis (CVB) set. Then, in these equa-

tions, the F12 ansatz for the doubles excitation operator is inserted and the

equations are resolved and simplified with RI and other approximations.

About RMP2-F12

• Based on the outlined F12 techniques, generally known from closed-shell the-

ory (e.g., Ref. [36]), I derived RMP2-F12 equations and constructed a DF-

RMP2-F12 program.

• The program can evaluate the theory virtually exactly, the only necessary

approximations being DF- and RI approximations (the first of which is very

accurate and easy to control, and the second cannot be avoided). Unlike in

most early R12/F12 methods, no terms are neglected a-priori, not the least

because this turned out to be unnecessary.

• The theory was derived in a systematic and transparent way. Aspects spe-

cific to open-shell theories were clarified. Derivations were based on second

quantization, such that connections to higher many-body methods could be

seen.

About full CCSD-F12

• Full CCSD-F12 iterations require at least ten times the cost of conventional

CCSD.

• Full CCSD-F12 would likely face serious numerical stability problems if ap-

plied to larger molecules. A really efficient implementation is most challeng-

ing.

• When presenting their generated full CCSD-F12 method, even Shiozaki et

al. acknowledged that simplified methods are likely better suited for practical

calculations than full CCSD-F12 [42].

Our simplified method: CCSD-F12x (x=a/b)

• Only the important couplings between conventional and F12 configurations are

kept: Mean-field couplings (MP2-like) and couplings over integrals with three

or four external indices. These are the terms most severely affected by finite

basis set truncations.

• The F12 configurations are fixed to their short-range asymptotic cusp behavior

as suggested by Ten-no [35]. The error thus introduced is estimated by a

truncated F12-Lagrangian.
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• Consequently, only few terms additional to CCSD and MP2-F12 arise. The

methods are very simple.

⇒ There is nearly no additional cost of CCSD-F12x compared to conven-

tional CCSD.

⇒ The numerical stability is decent.

⇒ A timely extension to local DF-LCCSD possible. For the closed shell

method, the simulated method is already implemented and shows promis-

ing results.

• Despite its simplicity, the accuracy of CCSD(T)-F12x still is very good: Devi-

ation of Ecorr from CBS is not worse than in full CCSD-F12 [103]. Relative en-

ergies are about as good as with the more rigorous CCSD(F12) method [38–40]

from the Klopper group [102, 103].

Corrections to Hartree-Fock energies

• If left uncorrected, the Hartree-Fock basis set deviation from CBS is a severe

problem in F12 calculations. Often it is larger than the remaining correlation

error, especially for AVTZ and smaller basis sets.

• In the MP2-F12 calculations, a large auxiliary basis set |x〉 is employed, and

Fock matrices frs, fxr and fxy are required.

• These Fock matrices can be reused for a perturbative correction to Hartree-

Fock energies, which in the closed-shell case would look like

Es = −
∑

i,α

2( f i
α)2

εα − εi
where |α〉 〈α| = |a〉 〈a| + |x〉 〈x|

• This correction typically reduces RHF errors by one order of magnitude (Refs.

[102, 103, 127], vide infra). Afterwards they are not problematic anymore.

Outlook

• A development of local variants of the open-shell coupled cluster methods

would be very helpful for applications to larger molecules. For the closed-

shell programs, local approximations for R12 and F12 methods have already

been demonstrated [36,47,48], and recently it was shown that these local F12

variants can be done in such a way that the inherent domain approximation er-

ror of local methods is greatly diminished [49–51]. These articles still refer to

simulated variants of the closed-shell LCCSD-F12 methods, but a real imple-

mentation is underway, and a timely extension to open-shell cases is expected

once Molpro’s DF-LUCCSD(T) program is in a stable form.
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• It would be helpful if, in a single calculation, multiple different F12 correlation

factors could be employed instead of a single Slater geminal. This could aid

the basis set convergence for calculations of core-valence correlation energies

and for other tasks where relevant correlation effects occur on multiple length

scales.

In the absence of DF approximations, this problem could perhaps be addressed

directly at the integral level: For example, when calculating F12 integral shells

like
〈
µν

∣∣ F12r−1
∣∣ ρσ

〉
, one could simply load different Slater geminal expan-

sions based on the current shells of µ and ν basis functions. This scheme

would even allow retaining the fixed amplitude approximation without major

issues. In our DF methods, however, integrals are never calculated in this form

and some other way of achieving a similar effect should be sought.

• One shortcoming of the presented CCSD(T)-F12x methods is that no direct

F12 contributions to (T)-triples of CCSD(T) are included. In some cases

(see below) this causes the major part of the residual basis set deviation.

This problem can be approached with the methods proposed by Köhn [44] as

outlined in Sec. 3.9.2.

• Analytic energy gradient methods for F12 methods are being developed in our

group at the present time. These will be most helpful for geometry optimiza-

tions and potential energy surface constructions.
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For novel computational methods it is essential that extensive benchmark calculations

are performed; especially if the methods are intended to have “black box” character,

like in our case. There are several reasons for this:

• The range of applicability must be carefully investigated, particularly if ap-

proximations are made of which the impact is not completely transparent. For

the present methods this applies to numerical stability thresholds in the CABS

construction, the fixed amplitude ansatz, hybrid approximations, and the F12x

(x=a,b) treatments.

• The expected accuracy under various conditions must be established. In partic-

ular, good accuracy/computation time tradeoffs with regard to the used orbital-

and auxiliary basis sets should be determined. Good basis set/geminal expo-

nent combinations must be found.

• Trials for errors, numerical instabilities, and non-convergence issues must be

performed on a large set of different molecules and different application types

in order to find and repair occurring problems.

Consequently, the larger timeshare of my thesis project was spent performing,

evaluating and responding to such calculations. In fact, the Python script I developed

for benchmarking contains about as many lines of code as the RMP2-F12 program

itself.

The benchmark section is organized in the following way: Sec. 5.1 introduces

benchmark sets of atomic and molecular systems. These are used for determining

the general effectiveness of the theory in Sec. 5.2 and for optimizing combinations of

calculation parameters in Sec. 5.3. Sec. 5.4 then probes the usefulness of the theory

in more complicated kinds of calculations.

5.1 Investigated systems

5.1.1 Atomization energies (AE), electron affinities (EA) and

ionization potentials (IP)

We investigated atomization energies (AEs), electron affinities (EAs) and ionization

potentials (IPs) from the original G2 test set by Curtiss et al. [1]. These systems
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Table 5.1: Systems originating from the G2 benchmark set. EAs and IPs are adiabatic.
RMP2/AVTZ geometries were used.

Electron Affinities: NO, CH3, NH, O2, CH2, P, NH2, PH, SiH2, PO, CH, PH2, SiH,

C, SiH3, Si, O, S2, OH, S, SH, Cl2, F, Cl, CN

Ionization Potentials: Al, Si, B, S2, PH3, PH2 → PH+2 (1A1), PH, S, NH3, SH, SH2 →
SH+2 (2B1), P, C2H4, P2, SiH4, C, CS, Cl2, C2H2, O2, ClF, SH2 → SH+2 (2A1),

HCl, H2O, CH4, Cl, OH, O, CO, N, N2 → N+2 (2Σg), HF, N2 → N+2 (2Πu), F

Atomization Energies: F2, Cl2, ClO, ClF, Si2, NH, CH, HCl, OH, S2, P2, SiH2 (3B1),

SO, O2, HF, SiH2 (1A1), PH2, NO, HOCl, CH2 (1A1), CS, SH2, NH2, CN,

CH2 (3B1), SiO, SiH3, PH3, H2O, N2, CO, H2O2, SO2, HCO, NH3, CH3, SiH4,

HCN, H2CO, CH3Cl, C2H2, CO2, CH4, N2H4, CH3SH, CH3OH, Si2H6, C2H4,

C2H6

represent a broad range of different atoms and bonding situations. Additionally, they

allow for accurate reference calculations because all of the contained molecules are

very small. We excluded molecules containing alkali or alkali-earth atoms because

JKFIT auxiliary basis sets are not yet available for them. Apart from that, all G2

systems were used. The systems retained are listed in Tab. 5.1.

For all molecules RMP2/AVTZ optimum geometries with tight thresholds were

calculated. The IPs and EAs are adiabatic (i.e., the geometries for the neutral and

ionic species are different).

AEs, IPs and EAs were benchmarked as representatives of certain worst case

scenarios:

• An atomization energy is calculated as the difference between the energy of

the molecule and the energies of its individual atoms. Since the electronic

structures are very different, fortuitous error cancellations are unlikely. Fur-

thermore, there is a huge BSSE effect, and whether its counter-poise correction

is at all applicable for AEs is disputed.

• Ionization potentials and electron affinities are calculated as differences be-

tween species with a different number of electrons. For the additional/missing

electron, there is nothing that could cancel an error in its description, and even

highly systematic errors related to the interaction with the remaining electrons

would inevitably show up in benchmark results.

For reference calculations, basis set limits were estimated with purely conventional

methods (no F12, no DF), using l3 extrapolation based on the AVnZ basis sets

according to Sec. 2.3 [AVnZ is defined in Sec. 5.2]. The CBS limit estimate obtained

from AV(n-1)Z and AVnZ calculations is denoted as CBS[(n-1)n] (e.g., CBS[45] for
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AVQZ/AV5Z extrapolated energies). For the AE/IP/EA sets, CBS[56] reference

values could be obtained for all systems.

5.1.2 Reaction energies of closed-shell (REc) and open-shell (REo)

reactions

Reaction energies were investigated in order to evaluate the practical performance of

the methods. Many reactions are taken from a benchmark set developed previously

[128]. Further reactions, which can be formed with additional molecules from the

AE/IP/EA set described above, were added by Thomas B. Adler.

All molecular geometries were optimized at the MP2/RMP2 level with AVTZ

basis sets. The geometries and reference values can be found in the supplementary

material of Ref. [103].

In total, there are 54 reactions involving exclusively closed-shell molecules, and 50

further reactions involving also open-shell molecules or atoms. The reference RHF,

CCSD, and CCSD(T) values for the closed- and open-shell reactions are listed in

Tables 5.2 and 5.3, respectively. We note that on the average the open-shell reactions

studied here have larger reaction energies than the closed-shell reactions. In fact,

there are only fourteen open-shell reactions with less than 200 kJ/mol reaction energy,

while thirty-nine closed-shell reactions fall into this category. Therefore, larger mean

absolute errors can be anticipated in the open-shell case. In most calculations in the

following, the sets REc and REo are combined into a single set RE.

Reference calculations were done as for the AE/IP/EA set. Unfortunately, for some

of the systems in the reaction set AV6Z calculations would have been too expensive.

For these systems CBS[45] reference values are used; they are marked in Tabs. 5.2

and 5.3. These reactions without AV6Z/CBS[56] reference values were excluded

from some benchmarks (either due to insufficient accuracy of CBS[45] or to save

computer time). If done, this is indicated in affected statistics.

Table 5.2: Closed-shell reactions and CCSD(T) reference values [kJ/mol]

Reaction Total RHF ∆CCSD ∆(T)

1 CH3COOH + NH3 → CH3CONH2 + H2O -0.13a 2.73 -3.05 0.19

2 HCOOH + NH3 → HCONH2 + H2O -4.47a -2.90 -1.90 0.32

3 CH3ONO → CH3NO2 -9.08a 3.35 -9.21 -3.22

4 H2SO3 → SO2 + H2O -9.12a 11.38 -12.56 -7.95

5 HCONH2 + CH3OH → HCOOCH3 + NH3 -14.32a -6.79 -5.22 -2.31

6 H2C=C=O + HCHO → C2H4O + CO -16.97a -24.51 2.98 4.56

7 HCOOH + CH3OH → HCOOCH3 + H2O -18.79a -9.69 -7.11 -1.99

8 CO + H2 → HCHO -21.64 1.06 -23.43 0.73

9 CO + H2O → CO2 + H2 -26.88 0.24 -16.96 -10.16

10 CH3OH + HCl → CH3Cl + H2O -33.61 -25.11 -6.66 -1.83

11 H2O + CO → HCOOH -37.74 -7.59 -26.09 -4.05
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12 CO + NH3 → HCONH2 -41.92a -10.49 -27.71 -3.73

13 CH3OH + H2S → CH3SH + H2O -45.59 -32.17 -11.29 -2.13

14 CS2 + 2 H2O → CO2 + 2 H2S -47.36 -122.28 57.28 17.65

15 Furane + NH3 → Pyrrole + H2O -54.43a -46.09 -8.29 -0.05

16 CO + CH3OH → HCOOCH3 -56.24a -17.28 -32.92 -6.03

17 C2H6 + H2 → 2 CH4 -75.69 -88.77 10.64 2.44

18 Furane + H2S → Thiophene + H2O -80.87a -49.65 -24.44 -6.77

19 CH3CN + H2O → CH3CONH2 -81.10a -80.31 -0.20 -0.59

20 HNCO + H2O → CO2 + NH3 -85.93 -96.84 9.60 1.30

21 HNCO + NH3 → NH2CONH2 -86.28a -88.07 -3.88 5.67

22 HCN + H2O → HCONH2 -92.02a -98.95 6.85 0.08

23 CH4 + Cl2 → CH3Cl + HCl -98.17 -110.01 8.81 3.03

24 COCl2 + 2 NH3 → NH2CONH2 + 2 HCl -102.72a -147.80 33.97 11.11

25 Cl2 + F2 → 2 ClF -113.25 -142.44 22.96 6.22

26 CO + Cl2 → COCl2 -114.79 -56.53 -48.17 -10.09

27 CO2 + 3 H2 → CH3OH + H2O -117.85 -118.69 -14.66 15.49

28 C2H4 + Cl2 → C2H3Cl + HCl -117.85a -117.09 -1.24 0.48

29 HCHO + H2 → CH3OH -123.09 -119.50 -8.19 4.61

30 C2H2 + HCl → C2H3Cl -132.91a -120.03 -11.00 -1.89

31 HCN + NH3 + CO + H2O → 2 HCONH2 -133.94a -109.43 -20.85 -3.65

32 CO + 2 H2 → CH3OH -144.73 -118.45 -31.62 5.34

33 H2C=C=O + H2O → CH3COOH -156.66a -152.44 -5.74 1.52

34 H2C=C=O + NH3 → CH3CONH2 -156.79a -149.71 -8.79 1.71

35 C2H2 + H2O → CH3CHO -161.15a -169.99 7.75 1.09

36 C2H4 + H2 → C2H6 -165.48 -163.86 -5.92 4.30

37 SO3 + CO → SO2 + CO2 -180.95 -159.44 -15.12 -6.39

38 C2H2 + HCN → C2H3CN -185.16a -179.87 -4.07 -1.22

39 H2 + Cl2 → 2 HCl -190.59 -213.35 15.98 6.78

40 C2H2 + H2 → C2H4 -206.34 -216.39 5.68 4.37

41 SO2 + H2O2 → SO3 + H2O -210.97 -231.70 16.38 4.34

42 C2H4 + H2O2 → C2H4O + H2O -216.13a -223.12 2.77 4.22

43 CO + 3 H2 → CH4 + H2O -270.76 -246.90 -31.12 7.26

44 HCN + 3 H2 → CH4 + NH3 -321.02 -335.39 3.30 11.06

45 H2O2 + H2 → 2 H2O -365.04 -391.37 18.22 8.11

46 CH3CHO + H2O2 → CH3COOH + H2O -379.35a -398.48 15.40 3.74

47 CO + H2O2 → CO2 + H2O -391.92 -391.13 1.26 -2.05

48 2 NH3 + 3 Cl2 → N2 + 6 HCl -407.43 -482.76 63.68 11.65

49 3 N2H4 → 4 NH3 + N2 -439.08 -470.67 32.16 -0.57

50 H2 + F2 → 2 HF -564.97 -610.74 32.89 12.88

51 CH3NH2 + 3 H2O2 → CH3NO2 + 4 H2O -601.08a -603.36 9.61 -7.33

52 NH3 + 4 H2O2 → HNO3 + 5 H2O -746.89a -759.28 17.75 -5.35

53 CH4 + 4 H2O2 → CO2 + 6 H2O -1216.29 -1318.35 87.04 15.02

54 2 NH3 + 3 F2 → N2 + 6 HF -1530.57 -1674.93 114.42 29.93

(a): Row was calculated from CCSD(T)/CBS[45] values instead of CBS[56]

Table 5.3: Open-shell reactions and RHF-UCCSD(T) reference values [kJ/mol]

Reaction Total RHF ∆CCSD ∆(T)

1 HCl + H → Cl + H2 -9.21 -12.52 -2.80 6.10
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2 H2O + F2 → 2 HF + O -49.82 -292.86 215.37 27.66

3 CH4 + OH → CH3 + H2O -55.27 -9.73 -41.94 -3.60

4 OH + H2 → H2O + H -67.44 -27.53 -32.16 -7.75

5 CO + OH → CO2 + H -94.32 -27.29 -49.12 -17.91

6 S + 2 HCl → H2S + Cl2 -118.93 5.02 -107.94 -16.02

7 CH3 + Cl2 → CH3Cl + Cl -119.55 -140.33 15.80 4.97

8 2 NO + O2 → 2 NO2 -124.25 55.87 -137.57 -42.54

9 N + O2 → NO + O -140.59 -146.48 2.58 3.31

10 4 HCl + O2 → 2 H2O + 2 Cl2 -154.42 -129.15 -25.67 0.40

11 NO + H2O2 → NO2 + H2O -159.37 -85.52 -53.71 -20.14

12 2 NO → N2 + O2 -173.60 -118.61 -50.82 -4.17

13 2 H2O2 → 2 H2O + O2 -194.49 -226.90 30.16 2.25

14 Cl2 + H → HCl + Cl -199.80 -225.87 13.18 12.89

15 2 SO2 + O2 → 2 SO3 -227.46 -236.50 2.60 6.44

16 Cl + OH → HOCl -246.11 -72.33 -152.64 -21.14

17 4 NO2 + O2 + 2 H2O → 4 HNO3 -252.28a -218.35 -46.76 12.83

18 H2S + F2 → S + 2 HF -255.45 -402.41 124.85 22.11

19 2 NH2 → N2H4 -304.96 -162.50 -128.20 -14.27

20 NO + N → O + N2 -314.18 -265.09 -48.24 -0.86

21 O + 2 HCl → H2O + Cl2 -324.56 -104.53 -198.45 -21.57

22 2 SiH3 → Si2H6 -332.57 -246.87 -78.86 -6.83

23 CH3 + SH → CH3SH -333.38 -223.96 -96.44 -12.98

24 SO2 + O → SO3 -361.08 -158.21 -184.32 -18.55

25 CS + O → CO + S -366.89 -320.32 -52.72 6.15

26 CH3 + Cl → CH3Cl -368.62 -252.85 -101.75 -14.02

27 CH3OH + O → HCHO + H2O -392.06 -198.38 -174.29 -19.39

28 CH3 + OH → CH3OH -411.67 -267.79 -130.04 -13.84

29 NH + H → NH2 -415.32 -285.49 -124.28 -5.54

30 Si + 2 H2 → SiH4 -442.60 -385.34 -53.98 -3.29

31 2 C2H4 + O2 → 2 CH3CHO -446.20a -463.08 9.53 7.36

32 CS + S → CS2 -450.31 -296.57 -128.41 -25.33

33 NH2 + H → NH3 -482.10 -361.36 -114.96 -5.78

34 2 H2 + O2 → 2 H2O -535.60 -555.84 6.28 13.97

35 CO2 + C → 2 CO -539.89 -438.83 -91.91 -9.16

36 CO + O → CO2 -542.03 -317.64 -199.44 -24.94

37 C + H2O → CO + H2 -566.77 -438.59 -108.87 -19.31

38 N2H4 + O2 → N2 + 2 H2O -572.40 -607.88 27.50 7.98

39 2 NH → N2 + H2 -714.31 -434.59 -248.37 -31.34

40 C + S2 → CS2 -732.75 -527.19 -172.71 -32.84

41 2 CO + 2 NO → N2 + 2 CO2 -762.95 -673.97 -78.46 -10.52

42 CH4 + 2 O2 → CO2 + 2 H2O -827.31 -864.55 26.72 10.51

43 4 NH3 + 5 O2 → 4 NO + 6 H2O -930.91 -1115.75 151.99 32.84

44 2 NH3 + 2 NO + O → 2 N2 + 3 H2O -1060.00 -835.05 -211.26 -13.69

45 C + O2 → CO2 -1129.25 -994.19 -119.56 -15.50

46 CS2 + 3 O2 → CO2 + 2 SO2 -1139.32 -1097.09 -42.07 -0.16

47 CH4 + 4 NO → 2 N2 + CO2 + 2 H2O -1174.51 -1101.76 -74.92 2.17

48 CH4 + NH3 + 3 O → HCN + 3 H2O -1224.42 -618.26 -550.74 -55.42

49 2 C + H2 → C2H2 -1227.56 -901.96 -290.39 -35.20

50 4 NH3 + 3 O2 → 2 N2 + 6 H2O -1278.10 -1352.96 50.35 24.50

(a): Row was calculated from CCSD(T)/CBS[45] values instead of CBS[56]
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5.2 Basic performance of the theory

This section is intended to demonstrate the general fitness of the developed meth-

ods. All of the following choices are default parameters in Molpro 2009.2. The

calculations here thus represent black-box calculations that can be done by simply

replacing commands like uccsd(t) by uccsd(t)-f12 in the input file.

Calculations are carried out with the aug-cc-pVnZ basis sets [129] as orbital basis

for first-row elements, and with the aug-cc-pV(n+d)Z basis sets [130] for second-row

elements. These sets are denoted as “AVnZ” in the remainder of this text.

In DF-MP2-F12 calculations we require three auxiliary basis sets in addition to

the orbital basis set: The RI basis set used to expand the CABS vectors [Sec. 3.6],

a DF basis set for calculating Fock operators (JKFIT) and a DF basis set for other

integral quantities (MP2FIT). Within this section the cc-pVnZ/JKFIT basis sets of

Weigend [131] were used for both RI and DF/JKFIT. For the double-ζ variants no

dedicated JKFIT sets are available, so in this case the VTZ/JKFIT sets were used, but

the functions with the highest angular momentum were omitted (this is the default

setting in Molpro 2009.2). For DF/MP2FIT, the MP2FIT sets of Weigend [132]

were used for AVnZ (n=D,T,Q) orbital bases, and for AV5Z, the MP2FIT sets of

Hättig [133] were used in that role.

For the actual CABS approximations, we employ orthonormal CABS orbitals

which are formed in a two-step procedure (ortho cabs=1) as described in Sec. 3.6.

The Molpro 2009.2 default thresholds thr cabs=1e-8 and thr cabs rel=1e-9 are

used unless indicated otherwise.

As F12 correlation factor, we use a Slater geminal with exponent γ, which is fitted

to six Gaussians as in eq. (3.11). The Gaussian geminal expansion coefficients are

fitted as described in Ref. [36]. Unless otherwise noted, γ is set to 1.0 (in inverse

atomic length units, ≡ 1.0 a−1
Bohr).

5.2.1 RHF: Perturbative corrections to Hartree-Fock

We first investigate the basis set convergence of relative Hartree-Fock energies and,

especially, its improvement due to methods described in Sec. 4.2. There are two

basic ways of applying the correction:

CABS-singles: We add the energy difference of “RMP2-Singles into the combined

MO and CA basis” minus “RMP2-singles into the MO basis alone” to the

RHF energy.

CABS-relax: The energy correction from the spin-adapted singles perturbation theory

is added to the RHF energy.

As described in Sec. 4.2, the first correction contains a part of the RMP2 singles

correlation energy, while the second does not. Both approaches are equivalent in the
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Figure 5.1: Deviation of Hartree-Fock atomization energies from RHF/AV6Z. The red
curve is obtained by adding the CABS-relaxation correction to the black curve. The
VTZ/JKFIT basis set is used to form the CA basis for the perturbative correction.

closed-shell case. The cost of calculating these corrections on their own is similar

to that of a single RHF iteration in the combined MO+CA basis. However, since the

occurring Fock matrices are required for the RMP2-F12 anyway, only the additional

cost for block-diagonalizing the Fock matrix and/or performing a cheap iterative

solution process remains.

Each of the two corrections can either be calculated for occupied valence orbitals

only, or for both core- and valence orbitals; this is decided by the choice of the sum-

mation range of i in eq. (4.86). Including core excitations leads to better agreement

with total basis set limit Hartree-Fock energies, but apart from few exceptions the

relative energies produced by both variants are virtually indistinguishable. However,

the corrections for core orbitals can have large numerical values. They therefore have

a rather large dependence on the concrete method used to construct the CA basis

and they thereby can introduce calculation artifacts. For this reason we now apply

the correction for valence orbitals exclusively, contrary to what we still suggested in

Refs. [127] and [102].

The performance of the perturbative correction for relative energies is illustrated

in the case of atomization energies in Fig. 5.1. Tab. 5.4 further summarizes the per-

formance of the different Hartree-Fock treatments for the other benchmark sets in-

troduced in Sec. 5.1. Obviously both the CABS-singles and CABS-relax approaches

greatly improve the DF-RHF energies. The only exception here are the AVQZ-level

treatments of electron affinities. The AVQZ description of electron affinities is not

significantly improved by the corrections because the RI basis set chosen here (non-

augmented VnZ/JKFIT) does not add sufficient basis set flexibility for describing

diffuse orbitals. Ref. [127] demonstrated that using more diffuse RI basis sets avoids

this problem, and that also for the other quantities sometimes better Hartree-Fock
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Table 5.4: RMS deviation of different Hartree-Fock treatments compared to near basis
limit RHF values (AV5Z for reactions marked in Tab. 5.2–3, AV6Z for all others). The
VnZ/JKFIT basis sets are used to form the CA basis for the perturbative corrections.

Method REa AE IP EA

RHF/AVDZ 21.01 24.39 65.1 76.2

RHF/AVTZ 2.91 3.47 11.1 11.8

RHF/AVQZ 0.89 0.82 2.3 3.6

RHF/AV5Zb 0.30 0.25 0.6 1.0

DF-RHF+Singles/AVDZ 3.10 3.44 12.6 13.3

DF-RHF+Singles/AVTZ 0.59 0.41 3.1 2.9

DF-RHF+Singles/AVQZb 0.21 0.14 1.1 3.0

DF-RHF+Relax/AVDZ 2.99 2.46 10.5 12.2

DF-RHF+Relax/AVTZ 0.58 0.36 2.9 3.0

DF-RHF+Relax/AVQZb 0.21 0.13 1.0 3.0

(a) REs and AEs in kJ/mol, IPs and EAs in meV

(b) Reactions without AV6Z reference values were excluded

corrections are obtained with more diffuse RI basis sets. Nevertheless, the cor-

rections generally work very well. Although with AVTZ basis sets conventional

RHF/AV5Z accuracy is not obtained reliably, in any case the basis set error of the

DF-RHF treatment becomes smaller again than that of the F12 correlation treatment

(vide infra), which is the main goal.

The potential for correcting RHF energies of the CABS-singles and CABS-relax

methods is very similar. The results of the spin-free CABS-relax approach look

minimally better on average. We therefore employ the spin-free approach by default

in all subsequent calculations.

5.2.2 DF-RMP2-F12: Choice of ansatz and approximation

In this section we want to establish the basic performance of various variations

of the RMP2-F12 method. All F12 calculations are performed with the AVTZ

orbital basis set, geminal exponent γ = 1.0, VTZ/JKFIT as basis for both RI- and

DFJK, and AVTZ/MP2FIT as DF-basis. We compare density fitted RMP2(-F12)

based on density fitted RHF to purely conventional (i.e., no DF, no F12) RHF +

RMP2 calculations. By doing this we also assess the accuracy of the employed DF

approximation, which greatly speeds up integral evaluation.

In order to obtain a general picture of the capabilities of F12 treatments, the figures

5.2 and 5.3 compare the finite basis set errors of conventional and explicitly correlated
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Figure 5.2: Deviation of total RMP2 atomization energies (top), ionization potentials
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and default auxiliary basis sets were employed.
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Figure 5.3: Deviation of total RMP2 open-shell reaction energies (top) and closed-
shell reaction energies (bottom), from RMP2/CBS. The red curves are obtained by
adding F12/3C(FIX) and RHF corrections to the black curves. γ = 1.0 and default
auxiliary basis sets were employed.
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RMP2 calculations directly. These figures display the deviation Emethod − ECBS,

where ECBS refers to the quantity in question (AEs, IPs, . . . ) calculated from

extrapolations based on conventional treatments with very large basis sets (CBS[56]

for all systems except the reactions marked in Tabs. 5.2 and 5.3; the marked reactions

have CBS[45] reference values). Total energy differences are shown (i.e., Hartree-

Fock and the perturbative Hartree-Fock correction are included), and the systems are

ordered by reference value. These curves make it obvious that F12 treatments can

massively diminish the basis set error of correlation methods. By adding F12 and

RHF corrections to conventional DF-RMP2/AVTZ treatments, the basis set error

can be eliminated almost entirely. It is also noteworthy that the density fitting

approximations employed in the RHF and RMP2-F12 treatments do not spoil the

accuracy of DF-RMP2-F12 at all, despite the fitting basis sets not being developed

for F12 methods. For comparison, also curves of conventional RMP2/AV5Z are

included. AV5Z calculations are already very large, and they are commonly used

as reference point for very accurate correlation treatments. By using F12 methods,

this high accuracy can clearly be surpassed with much smaller orbital basis sets—the

AVTZ F12 treatments obviously outperform conventional ones with AV5Z basis sets.

It is also worth mentioning that the accurate F12 total energy differences shown

in Fig. 5.2 could not possibly be obtained without the Hartree-Fock corrections in-

vestigated in Sec. 5.2.1. A direct comparison of Fig. 5.1 and Fig. 5.2 (upper) shows

that the basis set errors of uncorrected Hartree-Fock are often much larger than the

errors of the F12 correlation energy (mind the different scales in the plots).

In order to further quantify the performance of conventional methods, Tab. 5.5

displays the convergence behavior of conventional RMP2 treatments (of both direct

energies and energies extrapolated according to Sec. 2.3). For the F12 methods,

Tab. 5.6 displays basis set deviations of F12 treatments using different variants of the

wave function ansaetze discussed in Sec. 3.4 and of the approximations discussed in

Sec. 4.1.5. A direct comparison of the values of both tables shows that the accuracy

of DF-RMP2-F12/AVTZ lies somewhere between CBS[34] and CBS[45]—regardless

of the variant used.

Let us now discuss Tab. 5.6. In order to give a coarse indication of the relative

computational costs of the different method variations for a semi-realistic calculation,

the last column of Tab. 5.6 gives the timings for a DF-RMP2-F12 treatment of the

aniline+ cation1. While this molecule is not exactly large, it is certainly one one

would not routinely attempt a basis set limit calculation for (getting AV6Z reference

values for the C2H6 and Si2H6 molecules of the AE benchmark set was already quite

straining).

In terms of accuracy the obtained results in Tab. 5.6 look puzzling. The most

1With Molpro 2009.2 PL 176 [compiled with g95 0.91, ACML 3.6.0] on a single core of an Opteron

2.5 GHz CPU. No molecular symmetry was used. DF-RHF takes 9.8 min, DF-RMP2 2.3 min.
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Table 5.5: RMS deviation of conventional RMP2 (using the indicated orbital basis sets
and basis set extrapolations) from the best CBS estimates.

Method REa AE IP EA

RMP2/AVDZ 39.69 87.77 266.9 223.3

RMP2/AVTZ 14.27 29.58 122.6 104.6

RMP2/AVQZ 5.80 12.11 61.2 52.5

RMP2/AV5Zb 3.30 6.10 33.2 29.2

RMP2/AV6Zb 1.81 3.43 19.4 17.0

RMP2/CBS[23] 10.29 14.22 53.4 51.6

RMP2/CBS[34] 1.99 1.72 13.0 12.0

RMP2/CBS[45]b 0.76 0.51 3.3 4.4

(a) REs and AEs in kJ/mol, IPs and EAs in meV

(b) Reactions without CBS[56] reference excluded

Table 5.6: RMS deviation of DF-RMP2-F12/AVTZ using the indicated ansaetze and
approximations from the best conventional RMP2 CBS estimates. The last column
gives the time in minutes required for a single-point calculation of the aniline+ cation
with the given method (on Opteron 2.5 GHz, with C1 symmetry).

Method REa AE IP EA T(aniline+)

Coupled RMP2-F12

3C(FULL) 1.44 0.67 8.0 9.4 96.0 min

3C(D) 1.00 0.65 7.8 9.2 75.3 min

3C(FIX) 1.19 0.69 6.0 9.1 74.7 min

3C(FIX,HY2) 1.21 0.70 6.3 9.2 60.3 min

3C(FIX,HY1) 1.22 0.77 7.3 9.5 43.6 min

RMP2-F12 with EBC approximation

3*C(FULL) 1.21 1.14 5.3 8.5 68.9 min

3*C(D) 0.95 1.25 4.7 8.2 67.3 min

3*C(FIX) 1.14 1.03 3.9 8.3 64.7 min

3*C(FIX,HY2) 1.15 1.04 3.9 8.4 51.5 min

3*C(FIX,HY1) 1.19 1.19 4.3 8.6 34.1 min

(a) REs and AEs in kJ/mol, IPs and EAs in meV
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striking feature is probably the indifference of the accuracy with respect to the em-

ployed wave function ansatz (FIX,D,FULL)—the effect of choosing either one over

the other is now rather small. This was still quite different when we employed only

occupied spin orbitals as F12 generator orbitals in Ref. [127] instead of the extended

generators described in Sec. 3.7. This generator extension has the interesting effect

of making also the ansaetze (D) and (FULL) perform just like (FIX) in Ref. [127]

(which’s result change only slightly)2. The somewhat decreased accuracy of the

(FULL) and (D) ansaetze for IPs may be related to a small imbalance in the varia-

tional freedom of F12 wave functions when calculating energy differences between

closely related species with different numbers of open-shell orbitals. For example,

if we split a closed-shell orbital into two open-shell orbitals, the number of F12

generator orbitals increases now, and with it the variational freedom of the F12 wave

function. This effect appears to be of quite manageable proportions, however, as the

results stay very good and are also much more balanced and predictable now.

The hybrid approximations HY1 and HY2 both perform well. The effect of the

HY2 approximation on calculation accuracy is entirely negligible, and also HY1

does not deteriorate the accuracy significantly. The computational savings achieved

by both approximations are not huge but significant, and they further increase with

increasing RI basis size and molecule size (due to the O(N5) integral transformation

steps becoming more important then). The effect of the EBC approximation is

less transparent. According to these calculations, using the (rather coarse) EBC

approximation improves the method accuracy significantly in several cases. In the

presented table the only exceptions are atomization energies, which in the coupled

case (no EBC) profit from a stochastic error cancellation between RHF corrections

slightly biased for overcorrection, and F12 correlation corrections slightly biased for

underestimating CBS limits (this cancellation is probably also responsible for AEs

being more accurate than reaction energies here, although AEs are supposed to be

harder to calculate). The reason for these improvements due to EBC are fuzzy at

best. They could either be real effects, caused by problems of F12 configurations

mentioned already in Sec. 3.2, or they could be artifacts of the employed basis sets—

after all, they were not optimized for F12 applications. It is noteworthy that the effect

of EBC looks quite different for the AVDZ and AVQZ basis sets, or when using the

VnZ-F12 orbital basis sets of Peterson et al. [134] and corresponding optimized RI

basis sets of Yousaf et al. [135]. At this moment no final conclusion can be made

regarding this topic, and for now we continue using the theoretically more justified

MP2-F12 methods without EBC approximation.

2Note that the EA results here cannot be compared directly to Ref. [127] because the latter used

augmented JKFIT basis sets and added another set of diffuse s and p functions to the AVTZ

orbital sets.
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5.2.3 UCCSD(T)-F12: Basic performance

For realistic applications, calculations at the basis set limit are more interesting with

coupled cluster methods than with MP2 methods. So let us now investigate the

simplified UCCSD-F12x (x=a,b) treatments described in Sec. 4.3. Such calculations

employ a DF-RMP2-F12 calculation as first step, and consequently they require the

same kinds of basis sets and calculation parameters.

For a general overview, the figures 5.4 and 5.5 compare basis set errors of our

explicitly correlated UCCSD(T)-F12a method (applied with a triple zeta basis set)

to conventional calculations. Just like in the RMP2 case, the F12 corrections greatly

reduce the basis set deviations—AVTZ calculations now offer results which are

supposedly good enough for any kind of routine calculation. Contrary to the RMP2

case, the UCCSD(T) method has an excellent intrinsic accuracy; thus, reaching the

basis set limit implies a great improvement in overall accuracy.

The curves in Figs. 5.5 and 5.4 do not look quite as flat as in the RMP2-F12 case

(Figs. 5.3 and 5.2). This impression is also supported by Tab. 5.7, which compares

conventional UCCSD treatments (without triples) to UCCSD-F12x (x=a,b)3—the

basis set deviations of CCSD-F12 are larger than the ones of RMP2-F12. Nev-

ertheless, CCSD-F12 treatments are still a huge improvement compared to their

conventional counterparts. Even when basis set extrapolation is employed for con-

ventional UCCSD, the F12 treatments with AVnZ basis sets still offer an accuracy

comparable to extrapolated conventional methods employing AVnZ and AV(n+1)Z

basis sets (even in default settings, and for purely energetic properties, for which ex-

trapolation schemes work best). And these results are obtained with a computational

cost only slightly exceeding that of only the smaller UCCSD/AVnZ calculation on

its own.

Tab. 5.7 also demonstrates that F12a methods are more accurate than F12b for

small and medium sized basis sets (AVDZ, AVTZ), while at the same time having

basis set convergence problems for larger basis sets. F12b does not show these

convergence problems, but works less well than F12a for genuine open-shell problems

(IPs, EAs, reactions with open-shell species).

5.2.4 UCCSD(T)-F12: Corrections for (T)-triples

Tab. 5.7 only displayed the convergence of RHF-UCCSD; the perturbative (T) triples

contribution of CCSD(T) was not applied. As discussed in Sec. 4.4, this contribution

is not treated explicitly by our F12 methods, but due to its small magnitude, we might

expect to get accurate total energy differences anyway. However, a closer look reveals

3The numbers in Tab. 5.7 slightly differ from the ones published in Ref. [103] due to using spin-

unrestricted RHF-UCCSD instead of RHF-RCCSD as open-shell coupled cluster method.
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Figure 5.4: Deviation of total UCCSD(T) atomization energies (top), ionization poten-
tials (middle), and electron affinities (bottom) from UCCSD(T)/CBS. γ = 1.0 and
default auxiliary basis sets were employed for F12 treatments.
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Figure 5.5: Deviation of total CCSD(T) open-shell reaction energies (top) and closed-
shell reaction energies (bottom), from UCCSD(T)/CBS. γ = 1.0 and default auxil-
iary basis sets were employed for F12 treatments.
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Table 5.7: RMS deviation of conventional RHF-UCCSD (using the indicated orbital
basis sets and basis set extrapolations) and UCCSD-F12x treatments from the best
CBS estimates. γ = 1.0 and default auxiliary basis sets are used for F12 methods.

Method REa AE IP EA

UCCSD/AVDZ 37.98 79.84 244.3 175.5

UCCSD/AVTZ 13.74 24.86 97.9 72.0

UCCSD/AVQZ 4.97 8.84 40.1 28.1

UCCSD/AV5Z 2.32 4.17 20.5 14.7

UCCSD/AV6Zb 1.39 2.29 12.0 8.5

UCCSD/CBS[23] 9.99 11.18 31.6 30.6

UCCSD/CBS[34] 1.94 1.69 9.0 12.5

UCCSD/CBS[45]b 0.56 0.39 1.5 1.8

UCCSD-F12a/AVDZ 4.04 7.50 49.3 37.6

UCCSD-F12a/AVTZ 1.29 1.96 9.2 7.6

UCCSD-F12a/AVQZb 1.05 2.17 9.0 11.0

UCCSD-F12b/AVDZ 3.73 10.08 67.9 56.6

UCCSD-F12b/AVTZ 1.45 2.08 21.5 17.7

UCCSD-F12b/AVQZb 0.65 0.71 5.2 5.3

(a) REs and AEs in kJ/mol, IPs and EAs in meV

(b) Reactions without CBS[56] reference were excluded

that in certain cases the largest part of the residual basis set error is caused by the

finite basis (T) contribution.

The basis set dependence of both total CCSD(T) energies and of isolated (T)

contributions is shown in Tab. 5.8. The following trends can be seen:

• Despite the small magnitude of the (T) correction, its basis set deviation be-

comes relevant when employing F12 methods. For example, the (T) contri-

butions of conventional UCCSD(T)/AVTZ have RMS basis set deviations of

1.13 kJ/mol, 2.07 kJ/mol, 8.7 meV and 12.3 meV for REs, AEs, IPs and EAs,

respectively, which on their own are as large as the total energy CBS devi-

ations of DF-RMP2-F12/AVTZ or UCCSD-F12a/AVTZ [cf. Tabs. 5.6, 5.7].

This is a substantial difference to purely conventional methods, where the (T)

basis set deviations indeed are approximately one order of magnitude smaller

than the total energy deviations.

• At the same basis level, the CBS deviation of the direct unscaled (T) triples

contribution slightly increases when these triples are calculated from CCSD-

F12 wave functions instead of purely conventional CCSD wave functions (e.g.,
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for AEs/AVTZ, when the (T) correction is calculated from conventional CCSD,

it has 2.07 kJ/mol RMS deviation, while it deviates by 2.52 kJ/mol when based

on CCSD-F12 wave functions). This effect is small, but not entirely negligible.

It originates from the coupling of the conventional tia/T
i j
ab amplitudes to the

F12 configurations.

• The deviations of the isolated (T) contributions can be substantially reduced

by applying the (T*) correction. (T+) also reduces the deviations somewhat,

but the effect is much smaller.

• These improvements in the (T) corrections do not translate one-to-one to im-

provements in total energies. While for F12b the (T*) correction typically

leads to more accurate total energy differences, for F12a it tends to make

things worse. In fact, UCCSD(T)-F12a (without triples corrections) generally

shows a substantially smaller basis set deviation than the UCCSD-F12a it is

based on [compare Tabs. 5.7 and 5.8]. This is clearly a result of an error

cancellation between F12a’s overestimated CCSD correlation energies and un-

derestimated uncorrected (T) triples. However, this effect appears to be very

consistent.

• The (T+) correction appears to work decently for UCCSD(T)-F12b total energy

differences at AVDZ and AVTZ level. However, since its actual reduction in

the deviation of isolated (T) triples is rather limited [rhs columns in Tab. 5.8],

applying it with larger basis sets might be a bad idea. Also its improvements

in AVDZ and AVTZ treatments might be fortuitous, since it clearly works best

for the benchmark set on which it was fitted (AEs).

• In previous studies [103] we showed that the CCSD(T)-F12b basis set error

for large basis sets (≥AVQZ) is dominated by the deviation from the triples,

and that it can be substantially reduced by the (T*) correction. While also

present in Tab. 5.8, here the effect is less pronounced. This mainly results

from choosing γ = 1.0 as geminal exponent instead of a larger number which

would be more suitable for the doubles part.

The main effect of the (T*) correction is made obvious in Fig. 5.6: The scaled

(T*) triples still scatter quite substantially, but the systematic bias is diminished; the

scaled triples now scatter around the CBS limit.

While the previous table 5.7 certainly does not evidence that (T*) corrections

should be applied in general, in special cases they turned out to be essential for

obtaining very accurate relative energies [136, 137]. In Ref. [137] Marchetti and

Werner found it necessary to apply a variation of the (T*) correction in a study

of weakly interacting molecular dimers. Contrary to the (T*) correction discussed

here, for which the scaling factors are calculated independently for each of the atoms
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Table 5.8: RMS deviations of UCCSD(T) total energies and of isolated (T) triples
contributions from CBS estimates if different types of (T) treatments are employed.
(T) denotes standard triples based on the respective CCSD wave function. The (T*)
and (T+) rows refer to the F12 scaling corrections discussed in Sec. 4.4.

RHF + CCSD(T) (T) only

Method/Basis REa AE IP EA RE AE IP EA

Conventional UCCSD(T)

(T)/AVDZ 39.75 86.62 270.6 208.2 3.64 7.84 31.1 41.5

(T)/AVTZ 14.10 26.73 105.3 83.0 1.13 2.07 8.7 12.3

(T)/AVQZ 5.15 9.62 43.2 33.3 0.50 0.86 3.6 5.7

(T)/AV5Z 2.40 4.53 22.1 17.5 0.25 0.40 1.7 3.0

(T)/AV6Zb 1.45 2.50 12.9 10.1 0.17 0.23 1.0 1.7

(T)/CBS[23] 9.94 10.95 31.0 30.5 0.58 0.59 2.2 2.1

(T)/CBS[34] 2.03 1.76 8.8 12.4 0.15 0.13 0.6 1.5

(T)/CBS[45]b 0.59 0.45 1.7 2.1 0.05 0.09 0.2 0.4

Explicitly correlated UCCSD(T)-F12b

(T)/AVDZ 3.68 14.28 94.8 93.7 4.31 8.91 33.6 44.2

(T)/AVTZ 1.79 3.91 30.0 31.0 1.35 2.52 10.6 14.6

(T)/AVQZb 0.93 0.98 8.9 11.4 0.69 1.09 4.6 7.1

(T*)/AVDZ 3.81 11.13 87.5 79.9 2.74 3.74 24.4 28.5

(T*)/AVTZ 1.49 2.07 25.1 22.6 0.69 0.37 5.0 6.0

(T*)/AVQZb 0.82 0.74 6.3 7.5 0.35 0.14 1.7 2.8

(T+)/AVDZ 3.10 10.52 77.7 82.4 3.70 5.74 21.2 33.7

(T+)/AVTZ 1.35 2.37 22.7 25.5 1.25 1.27 5.6 9.7

(T+)/AVQZb 0.94 0.67 5.7 9.2 0.64 0.55 2.3 4.8

Explicitly correlated UCCSD(T)-F12a

(T)/AVDZ 3.50 8.99 73.6 66.8 4.31 8.91 33.6 44.2

(T)/AVTZ 1.25 1.30 13.1 12.4 1.35 2.52 10.6 14.6

(T)/AVQZb 1.00 1.35 4.9 6.6 0.69 1.09 4.6 7.1

(T*)/AVDZ 4.23 7.04 67.3 55.4 2.74 3.74 24.4 28.5

(T*)/AVTZ 1.43 1.84 10.8 7.2 0.69 0.37 5.0 6.0

(T*)/AVQZb 1.23 2.24 7.9 9.5 0.35 0.14 1.7 2.8

(T+)/AVDZ 3.59 5.59 56.0 54.9 3.71 5.57 20.3 31.8

(T+)/AVTZ 1.38 1.76 7.9 7.7 1.27 1.21 5.4 8.5

(T+)/AVQZb 1.34 2.11 9.2 9.2 0.64 0.52 2.3 4.0

(a) REs and AEs in kJ/mol, IPs and EAs in meV

(b) Reactions without CBS[56] reference values were excluded
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Figure 5.6: Deviation of the (T) correction from (T)/CBS[56] for atomization energies.
(T∗) refers to the scaled triples contribution discussed in Sec. 4.4. The non-scaled
(T) corrections of UCCSD(T) and UCCSD(T)-F12a slightly differ because the F12
terms affect the conventional T1 and T2 amplitudes from which (T) is calculated.

or molecules involved in a relative energy balance, they used a common scaling

factor obtained from the (T*) correction of the dimer and applied this factor to the

individual monomers, too. This way of applying the scaling correction avoids the

size consistency problems which the method used here has, and it is much less

likely to produce calculation artifacts due to very different MP2-F12 scaling factors

of different reaction reactants or products. On the downside, it is not obvious how

chemical reactions with multiple different reactants and products should be treated,

and it is less simple to automate. Nevertheless, using a common scaling factor is

likely the better choice in general.

5.3 Basis set and parameter studies

Within this section additional basis set combinations and geminal exponents γ are

investigated in order to establish a rough estimate of the accuracy and cost of F12

calculations under various conditions. This is done both to determine good calcula-

tion parameters and to check how robust the F12 methods are with regard to changes

of the parameters.

5.3.1 Additional basis set combinations

Additionally to the AVnZ basis sets introduced in Sec. 5.2, we do calculations with

the VnZ-F12 orbital basis sets of Peterson et al. [134], which are designed for F12

calculations, and with the Turbomole basis sets def2-SVP [138], def2-TZVPP [138],

and def2-QZVPP [139].
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In total, the Turbomole sets will be referred to as “def2-nZVPP”. For individual

basis sets, the def2- prefix will usually be omitted. The def2-nZVPP sets are used in

their standard form, without diffuse orbital augmentation, and thus they have nearly

exactly the same size as the cc-pVnZ (n=D,T,Q) basis sets for first row atoms, and

as cc-pV(n+d)Z for second-row atoms. That means they are much smaller than the

AVnZ and VnZ-F12 sets of the same formal cardinality. There are two reasons

for including those sets: (i) In a recent study on atomization energies, Bischoff et

al. [140] found the def2-TZVPP and def2-QZVPP basis sets to work well for F12

calculations, and (ii) Unlike the VnZ-F12 and AVnZ sets, both the def2- orbital

basis sets themselves and the corresponding JKFIT and MP2FIT auxiliary sets are

available for nearly every element across the periodic table at the current point in

time4. If the def2-nZVPP sets would turn out to work well for F12 calculations, they

would therefore considerably extend the applicability of F12 methods until suitable

specialized orbital- and auxiliary sets are developed. Concerning this matter, the

study of Bischoff et al. [140] leaves open some questions, because both the AVnZ

sets and the nZVPP sets were only applied with γ = 1.4 and large AVnZ/MP2FIT

sets for the RI basis, and both decisions are not optimal for a fair comparison of the

sets.

The following choices are made for the auxiliary basis sets:

• By default, AVnZ sets are applied as before, with JKFIT sets as RI basis.

Specialized basis sets for the RI approach, denoted AVnZ/OPTRI [141] are

available for first- and second-row elements, but were only used when indi-

cated.

• The VnZ-F12 basis sets were applied with the same MP2FIT sets as the AVnZ

basis sets. For JKFIT, singly augmented versions of the same JKFIT sets as

used for AVnZ were employed (this is Molpro’s default choice). The VnZ-

F12/OPTRI [135] of Yousaf et al. were used for RI.

• For the def2-nZVPP basis sets, the newer universal JKFIT basis sets of Weigend

[142] were employed instead of the JKFIT sets of Ref. [131] (which are used

for the other basis sets). Like in the AVnZ case, the functions with the highest

angular momentum were omitted for the double-ζ set def2-SVP. For fitting in-

tegrals, the MP2FIT sets as specified by Hellweg et al. [143] were employed,

which are based on Refs. [133, 144] for the elements considered here.

For RI purposes, the universal JKFIT sets did not work too well in benchmark

calculations. Particularly, they were ill-suited for the CABS approach due to

4Concretely: For all elements from H to Rn excluding Lanthanides (except Lanthan). For Rb to

Rn they are used in conjunction with Stuttgart-Cologne energy-adjusted relativistic small-core

pseudopotentials (ECPs).
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Table 5.9: Relative sizes of basis set combinations introduced in Sec. 5.3.1: Number of
basis functions in the molecule phenylphosphine (C6H7P) and timings of DF-MP2-
F12 and conventional CCSD(T). The timings were done with Molpro 2009.2 [g95
0.91, ACML 3.6.0] running on a single core of an Opteron 2.6 GHz processor.

Basis set size Calculation time

Basis AO RI JK/CFITa MP2-F12 CCSD(T)

SVP 137 283 613/ 567 3min 24min

(RTZVP) 181 292 746/ 789 6min 1h 13min

AVDZ 233 693 693/ 685 14min 3h 54min

VDZ-F12 282 616 868/ 685 14min 7h 48min

TZVPP 326 500 746/ 789 15min 13h 20min

(RQZVP) 370 534 746/1405 30min 22h 16min

AVTZ 492 805 805/1105 45min 67h 56min

VTZ-F12 506 812 1092/1105 48min 76h 27min

QZVPP 622 863 746/1405 1h 16min ≈170hb

VQZ-F12 856 952 1568/1762 2h 35min ≈600hb

AVQZ 891 1141 1141/1762 2h 57min ≈700hb

(a) Number of basis functions for JKFIT/MP2FIT, respectively.

(b) Extrapolated from smaller basis sets by fit to T = a · n4
virt + b · n3

virt.

large redundancy with the AO basis. For this reason, dedicated RI basis sets

for the def2-nZVPP orbital bases were generated using a simple automated

procedure described in Sec. 5.5. The resulting sets are usually much smaller

than the corresponding universal JKFIT sets, and they lead to somewhat more

accurate F12 treatments here.

For testing purposes, also two reduced orbital sets were created: One by mixing s

and p functions from the QZVP set with higher angular momentum functions from

the smaller TZVPP set, and one by mixing s and p functions from the TZVP set

with higher angular momentum functions from SVP. For a lack of more imaginative

naming, these are called RQZVP and RTZVP in the following. The rationale behind

this combination will be discussed later.

In order to give an indication of the relative sizes of the introduced basis set

combinations and the calculation cost associated with them, Tab. 5.9 reports the

number of basis functions for an example molecule and gives calculation timings.

The timings (done in C1 symmetry) of conventional closed-shell CCSD(T) and MP2-

F12 are given; the cost of a CCSD(T)-F12 calculation is approximately the sum of

both (plus one half CCSD iteration for the F12b energy correction). For a given
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Table 5.10: RMS deviations of DF-RHF and DF-RHF+(singles correction) from AV6Z
reference values. Reactions without AV6Z reference values were excluded.

DF-RHF DF-RHF+CABS relax

Basis REa AE IP EA RE AE IP EA

AVDZ 24.91 24.92 65.9 78.5 3.31 2.46 10.5 12.2

AVTZ 3.60 3.73 11.4 13.8 0.60 0.36 2.9 3.0

AVQZ 1.23 0.98 2.5 5.8 0.21 0.13 1.0 3.0

VDZ-F12 14.68 12.79 34.2 53.1 2.58 2.13 6.2 9.3

VTZ-F12 2.16 2.15 4.1 5.7 0.60 0.48 1.6 2.7

VQZ-F12 0.40 0.40 0.7 1.8 0.15 0.14 0.3 1.5

SVP 43.06 30.54 133.7 796.4 18.01 15.87 60.7 300.0

TZVPP 5.00 4.70 12.3 246.4 1.56 1.10 4.2 98.7

QZVPP 1.15 1.52 3.3 98.9 0.34 0.42 1.0 38.4

(RTZVP) 42.13 36.10 81.5 247.1 15.39 12.04 24.2 100.9

(RQZVP) 3.68 4.23 6.7 100.5 1.10 1.01 1.9 39.5

(a) REs and AEs in kJ/mol, IPs and EAs in meV

molecule, the cost of both CCSD and the (T) correction depends formally as O(v4) on

the number of virtual orbitals (there are also expensive O(v3) terms). As nvirt ≈ nAO,

the computer time dependence on the number of basis functions is expected to

show a very similar quartic scaling. Thus, if smaller AO basis sets can be used to

achieve sufficient accuracy for a given application, considerable savings of computer

resources can be achieved.

5.3.2 Differences in Hartree-Fock accuracy

Tab. 5.10 gives an overview over the accuracy obtained at Hartree-Fock level by

the newly introduced basis set combinations. Data is given for both normal density

fitted Hartree-Fock calculations, and for Hartree-Fock calculations with perturbative

singles corrections applied.

We can see that without the CABS corrections, the VnZ-F12 basis sets offer a sig-

nificantly improved performance compared to the AVnZ ones (they were constructed

to do that [134]). Interestingly, this holds even for the case of electron affinities, de-

spite the fact that the VnZ-F12 basis sets are not fully augmented. The (completely

non-augmented) def2-nZVPP basis sets are less accurate than AVnZ and VnZ-F12

throughout, but at the same level of cardinality they are also much smaller (see

Tab. 5.9). Not surprisingly, the non-augmented nZVPP sets fail badly when used for

calculating of electron affinities.
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The accuracy difference between the VnZ-F12 and AVnZ is greatly diminished

when the singles correction is applied. The nZVPP sets, however, stay less accurate

than both also with singles corrections enabled (at least when using the generated

RI sets for the CABS). For def2-SVP, in particular, applying the singles correction

is not sufficient for obtaining reasonable Hartree-Fock values.

The RTZVP and RQZVP sets slightly improve on the SVP and TZVPP sets,

respectively, but the effect is smaller than I hoped. A full or partial augmentation

of the SVP/TZVPP sets might have served better for improving the Hartree-Fock

performance.

5.3.3 Effect of geminal exponents on relative energies

For the fixed amplitude ansatz, the quality of the F12 basis set correction depends

on the used geminal exponent γ. In order to obtain an idea of how much relative

energies are affected by the concrete choice, the parameter space of γ was scanned

for AEs, IPs, EAs and REs for all the orbitals sets of Sec. 5.3.1, using the DF-RMP2-

F12/3C(FIX) method. The given default combinations of auxiliary basis sets were

employed.

The figures 5.7 to 5.10 give a graphical overview over the obtained results. The

figures display the root mean square deviation of the F12 treatment compared to

conventional RMP2/CBS[56] basis set limit estimates. That means, each single γ-

point corresponds to an average of a large number of different, realistic calculations.

We can see that there is a sizable dependence on the geminal exponent, as different

molecules (and in fact, different regions within the same molecule) require different

exponents for an optimal theoretical description. But on the other hand, we also see

that sensible compromise values for γ, which work decently for the entire set, can

readily be chosen when calculating valence correlation energies.

When judging these basis set combinations, we can draw the following conclu-

sions:

• When calculating electron affinities, the AVnZ sets are clearly superior to both

the VnZ-F12 and the (non-augmented) def2-nZVPP sets. The reason for this is

that only the AVnZ sets are fully augmented, and thus only they show sufficient

flexibility in the diffuse outer regions of molecules. This flexibility is necessary

to describe anions accurately. The augmentation appears to be necessary for

both low angular momenta (for forming diffuse occupied orbitals) and high

angular momenta (for the coarse form of the correlated wave function).

• The AVDZ and the somewhat larger VDZ-F12 basis sets work similarly well for

our investigated properties apart from EAs. It is known, however, that the latter

show better performance for molecules containing second-row elements [126].
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Compared to AVDZ and VDZ-F12, the again somewhat larger def2-TZVPP

basis set displays a better performance for AEs and REs and a greatly reduced

dependence on γ. Interestingly, in the case of REs, the consistently better

performance of def2-TZVPP for correlation energies (left side of Fig. 5.7)

does not result in more accurate total energies (right side of Fig. 5.7). A

closer look reveals that this is a result of correlation errors and Hartree-Fock

errors not compensating each other, for reasons not investigated further. If the

RQZVP set is used, which replaces s and p shells of TZVPP by s and p shells

from QZVP, the Hartree-Fock errors are reduced and then also total energy

differences become more accurate (Fig. 5.7, right, especially for REs).

The def2-TZVPP or RQZVP sets may be a good option for elements for which

VDZ-F12 orbital sets or AVDZ auxiliary sets are not yet available. For all

three basis sets, γ = 0.9 seems to be the optimal compromise value for valence

correlation energies, with γ = 1.0 (Molpro default value) being only minimally

worse.

• From Fig. 5.8 we can see that SVP and RTZVP work much worse than the

AVDZ set. While SVP might be still be warranted for some very coarse

overview calculations, even with F12 methods quantitative accuracy can not

be expected from such basis sets. In particular, in the RTZVP set, which

replaces s and p shells from SVP by s and p shells from TZVP, basis set

deviations are not reduced enough to become competitive with the somewhat

larger AVDZ set, which is much more accurate.

• The VTZ-F12 basis is superior to the (somewhat smaller) AVTZ basis set for

AEs and REs. For IPs nearly no difference is observable between them. Again

γ = 1.0 seems to be good value of the geminal exponents for all calculations.

The again somewhat larger def2-QZVPP basis set offers an accuracy lying

somewhere between AVTZ and VTZ-F12. It does require larger γ exponents

(γ = 1.2 . . . 1.4) to achieve it, which is not surprising 5.

• The plots for AVQZ-sized basis sets in Fig. 5.10 are not very enlightening

since the used CBS[56] reference values are apparently not accurate enough

to judge these F12 treatments (note the scale).

For comparison, Tab. 5.11 lists the basis deviations for selected benchmark sets

and values of γ also for coupled cluster calculations.

5The optimum exponents γ are supposed to increase with the basis set cardinality. Because the wave

function expansion in terms of Slater determinants then becomes more accurate at short-range,

less space must be covered by the F12 configurations.
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Figure 5.7: γ-dependence of DF-RMP2-F12/3C(FIX) for ionization potentials, electron
affinities, atomization energies, and reaction energies. RMS deviations of the corre-
lation energy (left) and of the total energy (right) from RMP2/CBS[56] are shown.
The scales in the subplots are equal (1 kJ/mol≈10.36 meV).
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Figure 5.8: γ-dependence of DF-RMP2-F12/3C(FIX) for basis sets smaller than AVDZ.
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Figure 5.9: γ-dependence of DF-RMP2-F12/3C(FIX) for basis set of size comparable
to VTZ-F12.
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Figure 5.10: γ-dependence of DF-RMP2-F12/3C(FIX) for AVQZ and VQZ-F12 basis
sets. Warning: The CBS[56] reference values are not much more accurate (if at all)
than the AVQZ/VQZ-F12 F12 values themselves [cf. Tab. 5.5].
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Table 5.11: RMS basis deviations of CCSD(T)-F12x treatments for selected combina-
tions of basis set and geminal exponent γ. Reactions without CBS[56] reference
values were excluded.

UCCSD(T)-F12a UCCSD(T)-F12b

Basis/γ REa AE IP RE AE IP

SVP/1.0 21.13 16.85 188.2 20.60 14.81 204.4

(RTZVP/1.0) 11.70 9.82 161.7 12.06 13.65 176.5

AVDZ/0.9 3.80 9.71 72.4 4.43 15.15 95.5

AVDZ/1.0 3.63 8.99 73.6 4.07 14.28 94.8

VDZ-F12/0.9 4.71 7.63 73.1 5.72 12.17 93.7

VDZ-F12/1.0 4.59 7.00 74.8 5.45 11.43 93.5

TZVPP/1.0 2.45 2.52 44.3 3.47 6.07 62.5

(RQZVP/1.0) 1.40 1.95 37.8 2.13 5.48 55.4

AVTZ/1.0 1.26 1.30 13.1 2.00 3.91 30.0

VTZ-F12/1.0 1.50 1.39 12.2 2.39 4.24 27.6

QZVPP/1.0 1.52 1.30 5.1 1.14 1.62 17.9

QZVPP/1.3 1.14 0.93 7.1 0.98 1.73 18.4

VQZ-F12/1.0 0.71 1.28 5.4 0.75 1.42 7.9

VQZ-F12/1.3 0.83 1.47 5.6 0.79 1.13 6.5

AVQZ/1.0 1.00 1.35 4.9 0.93 0.98 8.9

AVQZ/1.3 1.02 1.41 5.4 0.87 0.82 6.8

(a) REs and AEs in kJ/mol, IPs and EAs in meV

5.4 Exploratory calculations

While Sec. 5.2 established the basic basis set convergence of the proposed electronic

structure methods for routine calculations, this section deals with additional applica-

tion scenarios in other cases. Within this section, the coupled cluster methods will

also be compared to accurate experimental or theoretical reference data, and their

potential for combination with other high-level electronic structure methods will be

explored.

5.4.1 Diatomic molecules: Basis set convergence for vibrational

spectroscopic constants

In order to investigate how the F12 corrections influence potential energy surfaces

(PES), we benchmarked the basis set convergence of the vibrational spectroscopic

constants of several diatomic molecules. The investigated systems and corresponding
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Table 5.12: Investigated diatomic molecules and some of their experimentally derived
spectroscopic constants [145]. re are given in pm, ωe and xeωe are given in cm−1.
mad(exp) and rms(exp) give deviations from the experimental values.

Experimental [145] UCCSD(T)/CBS[56]

Molecule re ωe xeωe re ωe xeωe

HF 91.68 4138.3 89.9 91.73 4142.6 89.9

N2 109.77 2358.6 14.3 109.89 2362.3 13.7

CO 112.83 2169.8 13.3 113.02 2166.8 13.2

BF 126.25 1402.1 11.8 126.65 1395.0 11.6

F2 141.19 916.6 11.2 140.92 931.4 11.5

C2 (1Σ+g ) 124.25 1854.7 13.3 124.40 1861.2 12.4

OH (2Π) 96.97 3737.8 84.9 97.01 3743.1 84.2

NH (3Σ−) 103.62 3282.3 78.3 103.68 3286.2 76.7

CH (2Π) 111.99 2858.5 63.0 111.96 2857.9 62.7

CN (2Σ+) 117.18 2068.6 13.1 117.31 2070.5 12.7

NO (2Π) 115.08 1904.2 14.1 115.13 1915.3 13.4

O2 (3Σ−g ) 120.75 1580.2 12.0 120.60 1605.8 10.9

CF (2Π) 127.18 1308.1 11.1 127.38 1308.5 10.6

mad(exp) 0.14 6.8 0.6

rms(exp) 0.17 9.5 0.7

experimental values and CCSD(T)/CBS[56] reference values are listed in Tab. 5.12.

The set includes several difficult cases, such as the triply-bonded N2, the C2 and

CN molecules, which contain low-lying excited states, and the F2 molecule, which

is unbound at Hartree-Fock level.

For each molecule, a grid of ten energy points within ±0.15a0 of the equilibrium

distance was calculated and the equilibrium harmonic frequency ωe, equilibrium

distance re and anharmonicity constant xeωe were determined from an eighth order

polynomial fit performed with the Polfit program of Rosmus and Werner. The

experimental and calculated spectra always refer to the most abundant isotopes (e.g.,
1H, 9F). The values were calculated with bare nuclear masses; the weight of the

electrons was neglected.

The tables 5.13 and 5.14 give an overview over the basis set convergence of

F12 methods with respect to UCCSD(T)/CBS[56] reference values. F12 methods

have been applied with γ = 1.0 unless noted otherwise and with the same basis set

combinations as introduced in Sec. 5.3.

In total we can see that F12 methods applied with AVnZ or VnZ-F12 basis sets

work excellently for this purpose of determining spectroscopic constants. When com-

paring with Tab. 5.12, we see that for the CCSD(T)-F12x methods, already AVDZ,
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Table 5.13: RMS deviations of ωe/[cm−1] from CBS[56] reference values for the 13
diatomic molecules. “Conv” denotes conventional calculations, “Co+S.” denotes
RHF with CABS correction.

δRHF δMP2 δCCSD(T)

Basis Conv Co+S. Conv F12 Conv F12a F12b

AVDZ 45.5 3.3 69.9 6.6 75.7 5.7 5.1

AVTZ 5.7 0.9 19.8 1.3 21.0 3.0 1.7

AVQZ 1.2 0.2 5.8 0.9 6.5 0.7 1.5

AV5Z 0.1 2.8 2.9

CBS[23] 8.8 9.8

CBS[34] 3.7 3.0

CBS[45] 1.4 0.9

VDZ-F12 8.2 2.5 33.1 4.0 35.2 5.5 2.8

VTZ-F12 3.5 0.4 12.7 1.1 16.4 3.4 2.1

VQZ-F12 0.3 0.1 6.4 0.8 7.3 1.1 0.7

SVP 47.7 25.3 44.8 48.7 43.2 34.1 37.6

TZVPP 2.8 1.6 10.4 4.7 12.4 4.3 4.7

QZVPP 1.2 0.3 8.0 4.1 7.8 4.1 5.4

Table 5.14: RMS deviations of re/[pm] for the 13 diatomic molecules.

δRHF δMP2 δCCSD(T)

Basis Conv Co+S. Conv F12 Conv F12a F12b

AVDZ 1.36 0.10 2.28 0.11 2.48 0.20 0.15

AVTZ 0.21 0.02 0.55 0.04 0.59 0.08 0.06

AVQZ 0.03 0.00 0.16 0.01 0.19 0.02 0.01

AV5Z 0.00 0.07 0.08

CBS[23] 0.30 0.31

CBS[34] 0.05 0.04

CBS[45] 0.02 0.02

VDZ-F12 0.35 0.06 0.93 0.15 0.97 0.17 0.11

VTZ-F12 0.07 0.01 0.31 0.04 0.39 0.09 0.07

VQZ-F12 0.01 0.00 0.14 0.01 0.16 0.02 0.01

SVP 0.60 0.24 0.91 0.70 1.16 0.54 0.58

TZVPP 0.17 0.04 0.37 0.04 0.45 0.09 0.07

QZVPP 0.02 0.01 0.12 0.02 0.16 0.03 0.03
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Table 5.15: RMS deviations of ωe/[cm−1] from CBS[56] reference values for the 13
diatomic molecules: Influence of geminal exponent γ.

MP2-F12 CCSD(T)-F12a CCSD(T)-F12b

Basis 1.0 1.2 1.4 1.0 1.2 1.4 1.0 1.2 1.4

AVDZ 6.6 9.3 11.4 5.7 5.0 5.6 5.1 6.3 7.3

AVTZ 1.3 1.4 2.0 3.0 2.6 2.2 1.7 1.5 1.3

AVQZ 0.9 1.0 1.2 0.7 0.7 0.7 1.5 1.3 1.2

VDZ-F12 4.0 2.9 4.7 5.5 3.4 2.3 2.8 2.4 2.9

VTZ-F12 1.1 1.1 1.7 3.4 2.8 2.4 2.1 1.6 1.3

VQZ-F12 0.8 0.8 1.0 1.1 1.0 0.9 0.7 0.6 0.6

SVP 48.7 58.5 65.4 34.1 42.7 49.0 37.6 45.7 51.5

TZVPP 4.7 7.4 9.9 4.3 4.8 6.3 4.7 5.9 7.3

QZVPP 4.1 3.9 4.1 4.1 3.6 3.4 5.4 4.8 4.4

VDZ-F12, or def2-TZVPP basis sets are sufficient to obtain basis set deviations

comparable to or smaller than the intrinsic accuracy of the CCSD(T) method itself.

That means that unless other higher level effects beyond CCSD(T) are considered

explicitly (which are very expensive to calculate, see Sec. 5.4.2), the accuracy with

respect to experimental values is nearly optimal already with such small sets. Al-

ready AVQZ or VQZ-F12 basis sets are sufficient to obtain basis set deviations from

CBS[56] which are smaller than the ones from CBS[45]; so the question must be

asked whether the CBS[56] reference values are actually more accurate than these

QZ-level F12 treatments. The F12 methods can thus serve as a valuable tool for

both practical calculations (when applied with small basis sets) and for establishing

basis set limits (when applied with large basis sets). This latter aspect is particu-

larly important because conventional basis set extrapolation does not actually work

well for determining vibrational constants (e.g., in Tab. 5.13, for CCSD(T)/AVQZ,

δωe = 6.5 cm−1 while for CBS[34] it is still nearly half as large at δωe = 3.0 cm−1);

here the F12 methods offer a practical alternative.

In the current case the def2-nZVPP basis sets, maybe except TZVPP, do not

produce good results. Diffuse augmentation of the sets or a more careful construction

of the RI basis sets (particularly for SVP) might bring improvement in this regard,

but here this topic is not further investigated.

Tab. 5.15 illustrates the effect of the geminal exponent γ on the calculation results

for the different basis sets and F12 methods. The most reliable set of columns here

is the one for the non-approximate RMP2-F12 method. These columns exhibit a

rather weak dependence on γ, but it must be noted that the set of molecules is too

small to draw firm conclusions or determine optimal γ parameters. At first glance,



134 5. Benchmark Calculations

the rows for AVQZ and VQZ-F12 in Tab. 5.15 seem to indicate that no improvement

can be obtained by going from AVTZ or VTZ-F12 to AVQZ or VQZ-F12. However,

this impression is likely misleading because it is quite doubtful whether the CBS[56]

reference values (and maybe also the fitting process) are actually accurate to more

than 1–2 cm−1.

5.4.2 Diatomic molecules: Accurate calculations with high-level

composite methods

CCSD(T) calculations offer an excellent accuracy for many kinds of applications,

but in some cases one might really be interested in getting more accurate results.

In order to obtain them, several physical effects need to be considered which are

neglected in a default application of the CCSD(T) method. For molecules composed

of light atoms, the following such effects play dominant roles [83]:

Core-core and core-valence correlation: Typically, only valence orbitals are subjected

to the correlation treatment, and the core orbitals are frozen. For the core

electron space, the wave function is thus not corrected from its description

in the reference function. The reason for this is not that core correlation is a

small effect—quite on the contrary, especially core-core correlation energies

are very large. However, the core shells are hardly influenced by the chemical

environment; so for relative energies the neglect of core correlation is usually

a very good approximation. But it can still account for several kJ/mol in

atomization energies, for example.

Higher excitations in the wave function: CCSD produces wave functions which ex-

actly fulfill the many-body Schrödinger equation [in the given AO basis] within

the Fock space spanned by the reference function and its singly and doubly ex-

cited configurations. For the subspaces of higher excitations the wave function

can, in principle, be arbitrarily wrong. In some applications a more accurate

treatment of many-body effects is desirable; this can be achieved, for example,

by an explicit treatment of higher excitations with the CCSDT(Q) or CCSDTQ

methods.

Relativistic effects: The Schrödinger equation is non-relativistic. For first- and second-

row elements this is not a large problem because both core- and valence elec-

trons move much slower than the speed of light. But even then the modified

kinetic energy operator and electron/nucleus contact terms might lead to rel-

ative energy differences in the 1 kJ/mol range. Similarly, also the non-scalar

relativistic effect of spin-orbit coupling may need to be considered in the

sub-kJ/mol range (for heavy elements LS coupling is essential, but for light

elements it is only another small effect).
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Quantum nature of nuclei, electronic coupling: Almost all electronic structure cal-

culations employ the Born-Oppenheimer approximation in its clamped nuclei

variant: The electrons see the nuclei only as fixed point charges in space,

which enter the electronic calculation merely by the Coulomb potential vnuc

they emit. On the electronic side, this is a very good approximation, at least

in the absence of vertical (near-)degeneracy of electronic states. Nevertheless,

correction terms for the coupling between electron motion and nuclear motion

should be accounted for in sub-kJ/mol accuracy calculations when very light

atomic cores, like hydrogen, are present. This is usually done in the form of

the diagonal Born-Oppenheimer correction (DBOC).

Quantum treatment of nuclei: A more serious problem is an accurate treatment of

the zero-point motion of the nuclei themselves. Scaled zero point vibrational

energies (ZPVEs) calculated from DFT, Hartree-Fock, or MP2 harmonic fre-

quencies are typically sufficient to get relative vibrational energies accurate

to less than 1 kcal/mol. However, in calculations with higher accuracy stan-

dards, it may be necessary to (i) go beyond the harmonic approximation and

actually calculate core wave functions (e.g., by employing a vibrational CI

method [146]) and to (ii) use more accurate electronic structure methods as

basis for the potential energy surface on which the core wave function is ad-

justed. These issues can get very problematic when floppy molecules need to

be treated.

Ref. [83] gives a very good overview over the relative importance and the interplay

of the various physical effects for molecules composed of light elements. Of special

importance is the fact that corrections for the two most important approximations—

namely, core-valence correlation and neglect of higher valence excitations—have the

unfortunate tendency of having a comparable size but opposite signs. Therefore both

need to be considered in order to improve relative energies. A similar statement holds

for the higher correlation classes: CCSDT tends to be less accurate than CCSD(T),

and CCSDT(Q) is generally the first many-body method which reliably improves

on CCSD(T). This is bad because CCSDT(Q) is a very complicated method, and

features a canonical scaling of O(N9) where N is some measure of the molecule size

(CCSD(T) has O(N7)). Thus, it generally is only tractable for very small molecules

and small basis sets. Higher coupled cluster methods fare even worse.

Previous studies [83,84] have established that very high accuracy can be obtained

with first principles composite methods. Such methods assume that the various small

physical effects due to different sources have negligible quantitative interplay among

each other and can thus be combined additively to a good approximation. In the

same spirit we now perform some calculations on diatomic molecules to investigate

how augmentations of F12 calculations by comparatively simple correction terms

can improve agreement of theoretical data with experimental data. The potential
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energy curve is now calculated with energies composed as

E = Eval + ∆Ecore-val + ∆Erel + ∆EHL, (5.1)

where Eval is calculated with CCSD(T)-F12b/VQZ-F12/γ=1.1 employing the (de-

fault) frozen core approximation; ∆Ecore-val is a correction for core-valence correla-

tion, calculated as

∆Ecore-val = CCSD(T)-F12b[all elec.] − CCSD(T)-F12b[frozen core] (5.2)

at aug-cc-pwCVTZ [147] level [with γ=1.4 and QZVPP/JKFIT [142] for JKFIT and

AVTZ+d/OPTRI [135] for RI]; ∆Erel is a relativistic correction (consisting of the

expectation values of the mass-velocity term and one-electron Darwin term; called

Cowan-Griffin operator [148] in the Molpro manual), calculated at conventional

CISD/VQZ-F12 level; and ∆EHL is a correction for higher level correlation,

∆EHL = CCSDT(Q) − CCSD(T) (5.3)

calculated at frozen core cc-pVDZ or cc-pVTZ level. The CCSDT(Q) [149] calcu-

lations were performed with the MRCC program of Kállay [150, 151] as interfaced

into Molpro. Regarding the computational cost, Eval is somewhat more expensive

than Ecore-val, while ∆Erel is cheaper, and ∆EHL at VDZ level is similarly expen-

sive as the other ones combined, despite being basically the least expensive sensible

correction for higher level correlation effects that is imaginable.6

Tab. 5.16 gives a statistical overview over the results (compared to experiment)

which are obtained with this energy formula. Tab. 5.17 gives data for ωe for the

individual molecules. The most striking feature of Tab. 5.16 is that the intrinsic

accuracy of frozen core CCSD(T) (“Eval only” row) with respect to experiment can

only be surpassed when corrections for both, core-valence correlation and higher

level correlation are considered. Including only corrections for core-valence cor-

relation and/or relativistic effects, for example, deteriorates the results instead of

improving them (compare the rows “Eval + ∆Ecore-val” and “Eval only”).

This dependence on corrections for higher level correlation effects is most unfor-

tunate, because—due to their computational cost—the HL corrections can only be

evaluated for very small molecules. In fact, even for the diatomic molecules presented

here, the crossover point between the F12 calculations and the CCSDT(Q)/VDZ cal-

culations is already reached, even though our current implementation of F12 methods

is not very efficient for small molecules with high symmetry. I would like to state

explicitly that this high computational cost of the CCSDT(Q) method is caused by

6For example, one energy point of the O2 molecule required 110s for ∆Eval, 7s for ∆Erel, (59+40)s

for ∆Ecore-val, and 171s for ∆EHL at VDZ level or 7137 s at VTZ level, all on an Opteron 2.6 GHz

processor. The MP2-F12 parts of the F12 calculations did not even take molecular symmetry into

account (which could have accelerated them by a factor of 10–60).
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Table 5.16: RMS deviations from experimental values in Tab. 5.12 for 11 of the 13
molecules [NO and CN were excluded due to difficulties in converging UHF]. The
rows give the results obtained when only the indicated components of the energy in
eq. (5.1) are considered. re are given in pm, ωe and xeωe in cm−1.

∆EHL with VDZ ∆EHL with VTZ

Components ωe re ωexe ωe re ωexe

all 3.0 0.08 0.3 2.4 0.08 0.3

Eval + ∆Ecore-val + ∆Erel 12.3 0.16 0.6 12.3 0.16 0.6

Eval + ∆Ecore-val 13.5 0.16 0.6 13.5 0.16 0.6

Eval only 9.6 0.19 0.8 9.6 0.19 0.8

Eval + ∆EHL 7.8 0.26 0.4 7.3 0.25 0.3

Table 5.17: Influence of individual corrections of eq. (5.1) on harmonic frequencies
ωe/[cm−1]. “Exp.” denotes the experimental values, “Tot.” the theoretical val-
ues obtained with the full formula (5.1), “Val.” the values obtained from a Eval

potential curve. The ∆X values give the change in ωe when using a Eval + ∆EX

potential instead of Eval alone. HL corrections were computed with the VDZ basis.

Molecule Exp. Tot. Val. ∆core-val ∆HL ∆rel

HF 4138.3 4137.3 4141.9 +4.7 -6.9 -2.5

N2 2358.6 2355.4 2363.0 +8.8 -15.7 -0.9

CO 2169.8 2165.4 2167.0 +9.1 -9.9 -0.8

BF 1402.1 1398.8 1394.8 +9.3 -4.9 -0.5

F2 916.6 917.6 930.3 +1.1 -13.0 -0.7

C2 (1Σ+g ) 1854.7 1856.9 1861.4 +10.3 -14.5 -0.6

OH (2Π) 3737.8 3738.5 3743.3 +4.9 -7.5 -2.2

NH (3Σ−) 3282.3 3281.6 3286.5 +4.6 -7.8 -1.7

CH (2Π) 2858.5 2860.9 2858.6 +7.3 -4.0 -1.1

O2 (3Σ−g ) 1580.2 1582.7 1605.4 +5.0 -25.5 -2.3

CF (2Π) 1308.1 1301.8 1308.9 +5.8 -11.9 -1.2

the method’s complexity itself and is not an artificial feature caused by being evalu-

ated with a bad program—quite on the contrary, Kállay’s ingenious MRCC program

is very efficient for high-order coupled cluster methods. Nevertheless, for larger

molecules, CCSDT(Q) quickly becomes intractable. For this reason, the intrinsic

accuracy of CCSD(T) is currently an upper bound to the accuracy possibly achiev-

able for chemical systems for which CCSDT(Q) calculations cannot be afforded.

And unless electronic structure methods are discovered which far surpass the power

of the coupled cluster hierarchy, this is unlikely to change any time soon.
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5.4.3 Atomic dipole polarizabilities: Basis set convergence

As a first test of derived properties, we investigated static dipole polarizabilities of

first-row atoms. These were calculated as numerical derivatives of the atom energy

with respect to the field strength of a small dipole field:

α =
∂2

∂h2

∣∣∣∣
h=0

〈
Ψ

∣∣ Ĥ + h · d̂z

∣∣ Ψ
〉
, (5.4)

where H is the Hamiltonian and d̂z is the dipole field operator centered at the atomic

nucleus. (This relation derives from Hellman-Feynman theorem for general proper-

ties; in practice it is realized by adding finite dipole fields to the core Hamiltonian in

(2.14), and for each field strength, performing both RHF and correlation calculation

with this modification).

Atoms which are not in a S state (i.e., which are not spherically symmetric) have

different polarizabilities depending on the relative orientation of the dipole field to

the wave function polarization. For these atoms in P states we define the average

polarizability ᾱ and the anisotropy ∆α as

ᾱ = 1
3
α‖ +

2
3
α⊥ (5.5)

∆α = α⊥ − α‖, (5.6)

where α‖ is the component for dipole field and wave function polarization being

parallel, and α⊥ is the component for both being perpendicular. These definitions

are consistent with Ref. [152]. The electronic polarizabilities are given in atomic

units: 1 a.u. = e2a2
0E−1

h ≈ 1.64877727 · 10−41 C2m2J−1 [152], corresponding to gas

volume polarizability α=1 a.u.
4πε0

= 1.481847 · 10−31 m3.

The numerical second derivatives are determined from the five point formula

α ≈ 1
h2

[
− 1

12
E(2h) + 16

12
E(h) − 30

12
E(0) + 16

12
E(−h) − 1

12
E(−2h)

]

= 1
h2

[
− 2

12

[
E(2h) − E(0)

]
+ 32

12

[
E(h) − E(0)

]]
, (5.7)

where h is the finite field strength and E(x) is the system energy when a dipole

field of strength x is applied. Numerical experimentation indicated that for the

first row atoms a field strength of h = 1.0 · 10−3 a.u. is appropriate, which results

in approximately five to six significant digits in the polarizabilities (see Tab. 5.18)

when UCCSD(T) is converged to 10−14 Eh
7.

Tab. 5.19 gives an overview over the basis set convergence obtained with con-

ventional methods and F12 methods. It lists regular augmented orbital basis sets

7This criterion proved to be unproblematic even for TAV6Z basis sets, so I never tried a different

one.
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Table 5.18: α from formula (5.7) for UCCSD(T)/DAVTZ with different field strengths h

for the largest (B) and smallest (Ne) αs occurring in the test set. Actual calculations
were done with h = 1.0 · 10−3, leading to 5–6 significant digits expected accuracy.

h/[a.u.] α(Ne)/[a.u.] α‖(B)/[a.u.] α⊥(B)/[a.u.]

3.20 · 10−2 2.68843451 (no conv.) (no conv.)

1.00 · 10−2 2.68884939 24.57367415 18.65665027

3.20 · 10−3 2.68885288 24.68584039 18.66098439

1.00 · 10−3 2.68885213 24.68653895 18.66102302

3.20 · 10−4 2.68884234 24.68653333 18.66100998

1.00 · 10−4 2.68876098 24.68641895 18.66090050

3.20 · 10−5 2.68795171 24.68527350 18.65979015

(the AVnZ sets defined before) and doubly augmented sets (DAVnZ). Calculations

with triply augmented basis sets (TAVnZ) were also performed, but are not shown

here because their results did not differ significantly from the DAVnZ results. The

DAVnZ and TAVnZ orbital series are obtained by adding sets of even tempered

diffuse functions to the AVnZ sets. Extrapolated results are obtained by l3 extrap-

olation as described in Sec. 2.3; in order to indicate the augmentation level of the

basis set, they are labeled for example as DAV[xy]Z for a value extrapolated from

DAVxZ and DAVyZ calculations. F12 methods were applied with AVnZ/JKFIT as

basis sets for RI and JKFIT and AVnZ/MP2FIT for MP2FIT; the MP2-F12 method

used was DF-RMP2-F12 with γ = 1.0 and ansatz 3C(FIX) or, for the marked rows,

3C(D). For CCSD(T)-F12 calculations the latter choice meant that frozen diagonal

T
i j
mn amplitudes from MP2-F12 were used in CCSD-F12.

In Tab. 5.19 we first see that double augmentation of the orbital basis sets is

generally necessary in order to obtain accurate polarizabilities; this applies to all

methods, pure conventional, extrapolated methods, and F12 methods. However,

there are significant differences with respect to the considered atom (not shown):

For boron, values from singly augmented calculations are fine (both for conventional

and for F12 calculations), while for neon even the AVDZ Hartree-Fock polarizability

deviates by 23% from the basis set limit (1.832 a.u. versus 2.376 a.u.).

The next striking feature is that the convergence improvements obtained by F12

methods is rather unimpressive compared to the ones found in the previous sec-

tions. In particular, CCSD(T)-F12b offers only minor advantages over conventional

CCSD(T) for absolute values (the relative values look better, but are still unimpres-

sive). But also RMP2-F12, which is exactly implemented, appears to have trouble

with polarizabilities. These problems might be a result of

• The small impact of the correlation treatment on polarizabilities: The small

dipole fields mainly lead to a small displacement of the electron density in
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diffuse outer regions of the molecule. Since the electron density is low there,

electrons spend less time near each other compared with the proper valence

space. As a result, correlation itself is not so important (even Hartree-Fock

fares comparatively well), and furthermore, also the basis set requirements for

correlating higher angular momentum functions appear to be rather low. Both

aspects facilitate accurate conventional calculations.

• The relevant correlation effects occurring on multiple different length scales.

Sec. 3.2 noted that the size of the correlation hole is related to the electron

density. For the diffuse outer regions of molecules, the single Slater function

we employ might simply not be a good representation of the correlation hole.

This impression is reinforced by the large convergence improvements obtained

in MP2-F12 by going from ansatz 3C(FIX) to 3C(D). To a certain degree, the

variable amplitudes can correct for the length scale effect by amplifying the

F12 contributions for diffuse occupied orbitals. While in most calculations

choosing either 3C(D) or 3C(FIX) has only minor impact on calculation re-

sults [Sec. 5.2.2], in this particular case the effects are large; for example, the

MP2-F12/DAVQZ deviations go down from 0.06% for 3C(FIX) to 0.01% for

3C(D). Also F12b results are significantly improved by the ansatz change. The

effects are likely less pronounced there because the used T
i j
mn amplitudes were

optimized for MP2-F12, and not for CCSD-F12.

Compared to other kinds of calculations, the increased importance of one-particle

relaxation also has the effect that double-ζ-level results can be improved by evaluating

complete RMP2 singles in the combined MO+CA basis instead of applying only the

spin-free singles part for RHF relaxation [Sec. 5.2.1]. For larger basis sets either

choice has no noteworthy effect. As a last observation, we might note that in this

case of polarizabilities the F12a method up to DAVQZ appears to work better than

F12b in absolute terms; for relative improvements there is not much difference.

Similar behavior was found in some benchmarks in Sec. 5.2.3.

5.4.4 Atomic dipole polarizabilities: Accurate calculations

Interestingly, despite being hard to measure experimentally [153] and despite their

importance for constructing asymptotic interaction potentials in various application

scenarios (e.g., Refs. [154–156]), accurate calculations of such polarizabilities are

sparse. The PNO-CEPA calculations of Werner and Meyer [157] apparently still are

the most accurate systematic investigations of polarizabilities for first row atoms8. A

8There are some CCSD(T) calculations, but in the absence of strong correlations there is no reason

to believe that CCSD(T) alone is more accurate than the fully relaxed PNO-CEPA with carefully

selected basis sets.
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Table 5.19: Basis set convergence of dipole polarizabilities α for the set [α from Ne and
N; α‖ and α⊥ of B, C, O, F]. (top): rms deviations from conventional TAV[56]Z
reference values in a.u.; (bottom): rms of relative deviations [val−ref

ref
· 100%] in %.

“Conv” denotes conventional calculations,“Co+S.”denotes RHF+CABS correction.

δRHF δMP2 δCCSD(T)

Basis Conv Co+S. Conv F12 Conv F12a F12b

AVDZ 0.520 0.134 0.562 0.255 0.591 0.303 0.291

AVTZ 0.132 0.034 0.185 0.093 0.168 0.095 0.108

AVQZ 0.027 0.010 0.063 0.031 0.046 0.031 0.040

AV[23]Z 0.145 0.147

AV[34]Z 0.019 0.019

AV[45]Z 0.010 0.008

DAVDZ 0.081 0.010 0.269 0.064 0.151 0.099 0.086

DAVTZ 0.015 0.002 0.108 0.020 0.061 0.016 0.058

DAVQZ 0.008 0.003 0.058 0.009 0.039 0.008 0.026

DAVDZa 0.020 0.039 0.106 0.078

DAVTZa 0.002 0.010 0.016 0.037

DAVQZa 0.003 0.002 0.008 0.013

DAV[23]Z 0.029 0.042

DAV[34]Z 0.011 0.011

DAV[45]Z 0.003 0.004

δ%RHF δ%MP2 δ%CCSD(T)

Basis Conv Co+S. Conv F12 Conv F12a F12b

AVDZ 12.35 3.13 14.00 6.14 13.89 6.10 6.28

AVTZ 3.82 0.96 4.74 2.47 4.58 2.39 2.51

AVQZ 0.87 0.28 1.23 0.84 1.13 0.81 0.87

AV[23]Z 4.03 3.92

AV[34]Z 0.58 0.56

AV[45]Z 0.17 0.17

DAVDZ 0.78 0.15 1.61 0.38 1.97 0.91 0.58

DAVTZ 0.08 0.02 0.74 0.15 0.89 0.26 0.33

DAVQZ 0.11 0.02 0.47 0.06 0.53 0.11 0.14

DAVDZa 0.19 0.35 0.92 0.61

DAVTZa 0.02 0.08 0.24 0.21

DAVQZa 0.03 0.01 0.11 0.08

DAV[23]Z 0.38 0.53

DAV[34]Z 0.20 0.18

DAV[45]Z 0.05 0.03

(a) Ansatz 3C(D) instead of 3C(FIX) and F12-singles instead of RHF-relax [Sec. 5.2.1]
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Table 5.20: Average polarizabilities ᾱ/[a.u.] and anisotropies ∆α/[a.u.] computed with
the high level composite method. “Tot.” denotes values obtained with the full
formula (5.8), “Val.” values obtained from a Eval potential curve. The ∆X values
give the change in α when using a Eval + ∆EX potential instead of Eval alone.

Atom Tot. Val. ∆core-val ∆HL ∆rel

ᾱ(B) 20.446 20.619 −0.169 +0.000 −0.005

ᾱ(C) 11.711 11.755 −0.075 +0.035 −0.004

α(N) 7.267 7.292 −0.036 +0.014 −0.004

ᾱ(O) 5.231 5.231 −0.021 +0.018 +0.002

ᾱ(F) 3.685 3.685 −0.011 +0.008 +0.004

α(Ne) 2.664 2.665 −0.007 +0.003 +0.004

∆α(B) −5.803 −5.981 +0.192 +0.000 −0.014

∆α(C) 2.092 2.142 −0.053 −0.004 +0.007

∆α(O) −0.901 −0.884 +0.011 −0.017 −0.011

∆α(F) 0.409 0.403 −0.005 +0.004 +0.007

recent investigation of static polarizabilities for second-row atoms can be found in

Ref. [152]; this article also contains pointers to specific problems occurring in their

calculation.

Although F12 methods did not fare too well in the calculation of atomic polariz-

abilities, we here repeat the calculation of Sec. 5.4.3 using a composite method like

discussed in Sec. 5.4.2. Again, the energy formula is

E = Eval + ∆Ecore-val + ∆Erel + ∆EHL, (5.8)

but now Eval is calculated with CCSD(T)-F12b/DAVQZ/γ=1.1 and ansatz 3C(D),

∆Ecore-val is calculated as with d-aug-cc-pwCVTZ [with γ=1.4, QZVPP/JKFIT for

JKFIT and AVTZ/JKFIT for RI, and also ansatz 3C(D)]; ∆Erel is calculated at

CISD/DAVQZ level and and ∆EHL with CCSDT(Q) and the DAVDZ basis sets, all

using the same programs and techniques as before.

Tab. 5.20 reports the obtained results. Here we can see that, contrary to the case

of spectroscopic constants, neither the higher-level correlation effects (expressed

through ∆EHL) nor the relativistic effects (expressed through ∆Erel) do very much

at all. For some atoms, core-valence correlation has a significant influence on the

results, though.

As noted in Ref. [152], accurate experimental data for such polarizabilities are

hard to come by, save for rare gases. For this reason no in-depth comparison to

experiment is performed. These calculations therefore have the character of (uncer-

tain) predictions, although I do not claim that they are the most accurate calculations

that can be performed (each single energy point required less than five minutes of
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CPU time). Nevertheless, for the neon atom the value of α = 2.664 a.u. found

is in decent agreement with the experimental values α = 2.669 a.u. of Ref. [158]

and α = (2.678 ± 0.003) a.u. of Ref. [159] (especially when considering that the

latter reference also gives a value of α = (0.139 07 ± 0.000 10) a.u. for helium,

which lies way beyond the error boundaries of the accepted theoretical value of

0.138 376 1 a.u. [160]).

5.4.5 Reaction barrier heights

Reaction barrier heights are of considerable interest for users and developers of

electronic structure methods alike. The development interest rests on the fact that

most density functional theory (DFT) methods perform poorly for this task [161–

164], even if they are able to capture reaction energies sufficiently well. Some

DFT methods were re-parameterized for reaction barrier heights [165–167], but this

domain specific fitting usually deteriorated thermochemical results in the process

[168, 169]. Some authors of highly parameterized empirical DFT methods claim to

have achieved a balanced description of both thermochemistry and barrier heights

[170], but to this day no such “density functional” has seen universal acceptance.

The ubiquitous (also empirically fitted) B3LYP functional remains the most often

applied DFT method for the task, despite being known to produce poor energy

barriers.

Here we probe our explicitly correlated coupled cluster methods for the DBH24

benchmark set [172] of reaction barrier heights from the Truhlar group. This is a

set of 22 reaction barrier heights9 for which accurate theoretical reference data is

available [171]. We performed RHF-UCCSD(T)/CBS[45] reference calculations and

UCCSD(T)-F12x (x=a,b) calculations (using default parameters) using the original

QCISD/MG3 geometries of Ref. [172]. Tab. 5.21 lists the DBH24 reactions. For

their forward and reverse barriers, W4 reference values from Ref. [171], the original

W1 reference values from Ref. [172], and our own UCCSD(T)-F12b and CBS[45]

values are given (the F12a results are not very different from F12b). The W4

[83] reference values include corrections for higher order correlation, core-valence

correlation, relativistic effects, and non-adiabatic effects, but vibrational zero point

energies were omitted (i.e., we compare only the electronic barriers at 0K). Thus, the

difference between the CCSD(T)/CBS[45] values and the W4 values reflects these

high level effects, which are expensive to calculate, and which normally cannot be

accounted for in a routine calculation.

We can see in Tab. 5.21 that the F12 values are very accurate—not only with

9Two of the barrier heights belong to symmetric reactions and occur as both forward and reverse

barriers. In statistics we will count them as independent variables (i.e., twice), because this is

done in other articles dealing with DBH24. For the same reason, all DBH24-related values are

given in kcal/mol instead of kJ/mol.
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Table 5.21: Barrier heights of the DBH24 set. Given are UCCSD(T)-F12b values, the
very accurate W4 theory [83] reference data from Ref. [171] and the reference values
Zheng et al. originally suggested for the set [172]. The last four lines give MAD
and RMS deviations from W4 and UCCSD(T)/CBS[45] values, respectively.

Reaction F12ba F12bb W4c W1d CBS

Forward barrier heights [kcal/mol]

H + N2O → OH + N2 17.47 17.49 17.23 18.14 17.47

H + ClH → HCl + H 18.46 17.82 17.47 18.00 17.70

CH3 + FCl → CH3F + Cl 7.20 6.86 6.77 7.43 6.99

Cl−. . . CH3Cl → ClCH3
. . . Cl− 14.19 13.47 13.42 13.61 13.38

F−. . . CH3Cl → FCH3
. . . Cl− 3.89 3.38 3.45 2.89 3.34

OH− + CH3F → HOCH3 + F− -2.44 -2.71 -2.44 -2.78 -2.42

H + N2 → HN2 14.90 14.47 14.52 14.69 14.50

H + C2H4 → CH3CH2 2.05 1.91 1.84 1.72 1.97

HCN → HNC 47.20 47.69 48.10 48.16 47.69

OH + CH4 → CH3 + H2O 5.95 6.14 6.54 6.70 6.34

H + OH → O + H2 10.36 10.57 10.74 10.70 10.81

H + H2S → H2 + HS 4.13 3.85 3.76 3.60 3.87

Reverse barrier heights [kcal/mol]

H + N2O → OH + N2 82.96 82.81 82.56 83.22 83.08

H + ClH → HCl + H 18.46 17.82 17.47 18.00 17.70

CH3 + FCl → CH3F + Cl 59.01 59.64 60.04 61.01 59.49

Cl−. . . CH3Cl → ClCH3
. . . Cl− 14.19 13.47 13.42 13.61 13.38

F−. . . CH3Cl → FCH3
. . . Cl− 30.10 29.57 29.42 29.62 29.56

OH− + CH3F → HOCH3 + F− 17.32 17.11 17.69 17.33 17.57

H + N2 → HN2 10.61 10.87 10.73 10.72 10.79

H + C2H4 → CH3CH2 41.87 42.19 41.83 41.75 42.11

HCN → HNC 32.40 32.84 32.86 33.11 32.78

OH + CH4 → CH3 + H2O 19.13 19.29 19.51 19.60 19.63

H + OH → O + H2 12.92 13.15 13.18 13.10 13.28

H + H2S → H2 + HS 16.72 17.32 17.83 17.30 17.32

Statistical deviations [kcal/mol]

mad(W4) 0.51 0.22 (0) 0.33 0.19

rms(W4) 0.60 0.28 (0) 0.43 0.25

mad(CBS[45]) 0.40 0.13 0.19 0.32 (0)

rms(CBS[45]) 0.47 0.17 0.25 0.43 (0)

(a) UCCSD(T)-F12b, AVDZ

(b) UCCSD(T)-F12b, AVTZ

(c) W4 theory [83], excluding zero point vibrational effects, from Ref. [171]

(d) Original W1 reference values from the Truhlar group [172]
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respect to the CBS[45] basis set limit estimates, but also with respect to W4 reference

values which account for all dominant effects beyond CCSD(T). Even with the small

AVDZ basis, CCSD(T)-F12b is not only more accurate than every single method

investigated by Zheng et al. in Ref. [161] (including their own empirical Minnesota

density functionals, which were fitted on a benchmark set related to the DBH24

reactions), but also nearly as accurate as the reference values given in Ref. [172].

F12b/AVTZ clearly surpasses this accuracy.

If we compare the CBS[45] values to the W4 values for this set of reaction

barriers, we see a RMS deviation of ≈ 0.25 kcal/mol ≈ 1 kJ/mol. From that we

can conclude that the intrinsic accuracy of CCSD(T) here lies in the same order of

magnitude. Thus, in contrast to DFT methods, for CCSD(T) methods—including our

F12 variants—reaction barrier heights apparently are not more difficult to calculate

than reaction energies or similar quantities.
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5.5 Automated generation of RI basis sets

In most applications reported so far, employing JKFIT sets as RI basis sets worked

rather well, despite them being optimized for rather different purposes. For the def2-

nZVPP basis sets, this was not the case. The universal JKFIT sets [142] were not

diffuse enough, and were highly redundant when combined with the AO basis. They

are also quite large. The non-existing diffuseness in the RI basis is a more serious

problem for the def2-nZVPP sets than for the AVnZ or VnZ-F12 sets, because the

latter ones are rather diffuse on their own, so only a smaller part of the one-particle

space must be covered by the RI set.

Therefore new RI basis sets for def2-nZVPP were generated. The goal of the

following construction is to obtain a set of functions which extends the one-particle

space described by the AO basis with functions “similar” to the AO functions. The

new RI sets consist of uncontracted Gaussian primitives exclusively. The following

procedure was employed for each chemical element and each orbital basis set:

• For each angular momentum l, a set of Gaussian primitive exponents was deter-

mined which roughly describes the range of exponents covered by the basis set.

For this purpose, for each contracted radial function fn(r) = rl
∑

i cni exp(−ζir2)

[see eq. (2.4). The rl originates from the solid harmonic Slm], a primitive func-

tion fζ (r) = rl exp(−ζr2) was determined such that

argmax
r∈[0,∞)

r2 fn(r) = argmax
r∈[0,∞)

r2 fζ (r)

(i.e., ζ was assigned such that the maximum rmax of the primitive and of the

contracted function coincide when multiplied by r2. The r2 is supposed to

account for the volume element dV = r2 sin(θ) dθ dϕ dr). For non-contracted

functions, their primitive exponent is used directly. The set of all average

exponents obtained for a single angular momentum in this fashion is called

the cover set Cl of this angular momentum.

• For each l, an extended cover set El is created by extending Cl by one sharp and

one diffuse even tempered exponent (e.g., ζ2
min/ζmin−1 on the diffuse side, when

ζmin is the most diffuse and ζmin−1 is the second-to most diffuse exponent). If

there is only one exponent ζ in Cl, then ζ /2.5 and ζ ∗ 2.5 are added instead.

If Cl is empty, El is left empty. El is sorted by exponent.

• If l ≤ lmax, where lmax is the largest angular momentum present in the AO

basis for the current element, then the RI set is constructed in such a way that

additional primitives are added between the exponents already covered in El.

For each two consecutive exponents ζi and ζi+1 of El, an exponent
√
ζi · ζi+1 is

added to the RI set, unless it would lie too near to an exponent already present
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in El. A new exponent ζ is considered too near if it lies within a factor of

1.4 from any exponent in El. This omission is done to prevent near-linear

dependencies between the AO basis and the new RI basis.

• If l = lmax+1, then a new RI function is added for every exponent in Cl−1 (i.e.,

in the previous angular momentum). This exponent ζnew is determined in such

a way that the maxima of rl+2 exp(−ζnewr2) and rl+1 exp(−ζoldr2) coincide,

where ζold is the exponent in Cl−1. Again, the factor r2 is supposed to account

for the r2 in the volume element.

• This was the general process. The following special rules are applied:

– Prior to any other considerations, sharp exponents are removed from the

cover set Cl as long as the two sharpest exponents lie within a factor of

1.4 of each other. Such close exponents commonly appear in the QZVPP

set, apparently resulting from their split valence nature.

– For H and He no sharp even tempered functions are added to the extended

cover set, only diffuse ones.

– For the s group elements (H, He, Li, Be, Na,. . . ) no RI functions are

added at level lmax + 1.

– For the elements from atomic number 11 to 18, one core s function is

deleted from El. For atomic number 19 to 36, two core s functions and

one core p function are deleted. For higher elements no core functions

are deleted, since the core is represented implicitly by an effective core

potential.

While some care has been taken in the construction of these RI sets, no claim is

made that this concrete process is the most reasonable one imaginable. The generated

sets appear to work significantly better than universal JKFIT sets for RI purposes,

but further experimentation is clearly required. For example, it is by no means

clear what exactly is the most important part of the one-particle space that must be

represented by the RI expansions; here we simply assumed that the critical part is

covered by the AO set itself, and that we simply need to be extend it somewhat.

Also it is not clear if the chosen way of assigning primitive exponents to contracted

functions for the cover generation is the best way of approaching this problem (for

example, considering r2 f (r)2 instead of r2 f (r) as the basic quantity of the radial

part might have been a better choice, because in matrix elements with themselves,

wave functions occur in squared form; or one could demand that different quantities

than rmax coincide for determining the “closest” primitive). Nevertheless, I am quite

optimistic that some way of generating decent RI basis sets automatically can be

found, and that the algorithm proposed here is a viable starting point.
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Table 5.22: Overview of Accuracy: RMS deviations from UCCSD(T)/CBS[56] of F12a
and conventional calculations for the benchmark sets presented previously.

F12a/AVTZ Conv/AVTZ

Reactions (open-shell) 1.3 kJ/mol 19.1 kJ/mol

Atomization Energies 1.3 kJ/mol 26.7 kJ/mol

Electron Affinities 12.4 meV 83.0 meV

Ionization Potentials 13.1 meV 105.3 meV

Equilibrium Distances 0.08 pm 0.59 pm

Harmonic Frequencies 3.0 cm−1 21.0 cm−1

5.6 Summary & Outlook: Calculations

Method summary

• We have shown that F12 corrections lead to tremendous improvements in basis

set convergence for both RMP2 and RHF-UCCSD(T).

Also the proposed corrections for RHF treatments lead to large improvements.

This is important because our calculations have shown that considering some

kind of Hartree-Fock correction is absolutely mandatory for small and medium-

sized basis sets. Otherwise no accurate total energy differences can be ex-

pected.

The proposed crude (T*) triples correction should be used with care, and

usually only with F12b and large basis sets. It is not to be used for calculating

potential energy surfaces. Nevertheless, in certain cases the (T*) correction is

an attractive choice.

• The approximate, simplified CCSD(T)-F12x (x=a,b) methods are not quite as

reliable for obtaining complete basis set limits for CCSD(T) as RMP2-F12

is for RMP2. That is a very high standard, however, and by all means, the

F12x (a,b) methods do work very well. An overview for UCCSD(T)-F12a,

when applied in a black-box fashion with default parameters only, is given in

Tab. 5.22. All of the F12/AVTZ values reported in Tab. 5.22 are so close to

the basis set limit that the remaining basis set deviation is unlikely to be the

largest source of inaccuracy in routine calculations.

• At the CCSD(T) level, the F12 corrections have only minor impact on the cal-

culation cost due to their favorable computational scaling. Thus, F12 variants

should be preferred to conventional CCSD(T) in almost all cases.

• Already with medium sized basis sets (AVTZ), CCSD-F12x methods reach

the intrinsic accuracy of the CCSD(T) method: There is a good balance of the
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remaining errors due to different sources (perturbative triples and neglect of

higher excitations, core-valence correlation, relativistic effects, non-adiabatic

effects etc.)

⇒ Unless all these effects were accounted for in separate calculations, a

further improvement in basis set convergence would not lead to better

total energies.

⇒ That means that more complicated CCSD-F12 treatments than F12x

(x=a,b) are not necessary for any kind of routine calculation, in which

these extra calculations are not done.

Basis-set and calculation task summary

• Regarding the tested basis sets, the AVnZ series is a good choice for F12 cal-

culations, as is, quite naturally, the VnZ-F12 series. The non-augmented def2-

nZVPP sets were found to not work too impressively, although they certainly

performed much better than the non-augmented cc-pVnZ sets (not shown).

def2-TZVPP calculations may be a good choice when facing chemical ele-

ments for which auxiliary basis sets for the AVnZ or VnZ-F12 series are not

yet available. Augmenting the def2-sets with (even tempered) diffuse functions

would likely also improve their F12 performance significantly, but this has not

been tested here.

• Regarding the tested calculation types, F12 methods work best for energy

differences between like species with the same number of electrons (e.g., reac-

tion energies, atomization energies, reaction barrier heights) and (geometric)

potential energy surfaces (e.g., for spectroscopic constants of molecules).

Similar results were also found for interaction energies of weakly interact-

ing dimers [136,137] and both harmonic and anharmonic vibrational spectro-

scopic constants of polyatomic molecules [173,174]. In a benchmark study of

many vibrational modes of different molecules, Ref. [173] found CCSD(T)-

F12a/AVTZ anharmonic frequencies to have a mean absolute deviation of only

4 cm−1 from experimentally measured frequencies.

Outlook

• All of the molecules considered in the calculations were composed of only

hydrogen and first- and second-row main-group elements. If/how well the F12

methods fare for chemical elements with more electrons remains to be seen.

A preliminary support for effective core potentials (ECPs) was recently added

to Molpro’s F12 programs, but no extensive benchmarks have been performed

yet. In particular, CCSD(T)-F12 applicability for transition metal chemistry

must be investigated.
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• One problem the F12 methods still have is that, additionally to the orbital basis

sets, also auxiliary basis sets are required for the DF and the RI approxima-

tions. At this moment in time, such auxiliary basis sets exist neither for all

potentially interesting chemical elements nor for all kinds of application sce-

narios (e.g., for core-valence correlation). Doubtlessly, over time such sets will

be developed; the Peterson group is already working on specialized basis sets

for F12 calculations. As an intermediate solution, the route of automatically

generating adequate RI sets might also be followed further.

• The calculations in this thesis focused on valence correlation energies. While

the F12 theory itself is just as valid for core-correlation and core-valence

correlation, such treatments of core correlation might pose problems to the

F12 methods because the relevant correlation effects occur at multiple different

length scales. Such multiple length scales might not be well-described by a

single Slater function. The Peterson group is currently investigating the matter.

• Basis set extrapolation schemes for F12 methods were recently developed

[175], and these may be used to further increase the accuracy of F12 methods

for high level calculations.
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During this project, a great amount of time was spent on purely practical development

issues, which were basically unrelated to the actual theories being developed. Instead

of making a bad, theoretically 102% justified CCSD-F12 program, we wanted to

make a good approximate CCSD(T)-F12 program. Because development time is

a limited resource, sometimes this made it necessary to sacrifice a possibly more

elaborate theoretical treatment for issues of greater concern in real applications. For

examples, large amounts of time were spent with

• Synchronizing the open- and closed-shell programs, in order to make them

obtain equal values when applied to closed shell molecules. Achieving this

rather innocent looking goal—in all typical application scenarios—turned out

to be one of the hardest problems encountered during this work. It could only

be solved by the combined efforts of both Prof. Werner and me.

• Detecting and repairing problems with numerical stability. Originally, the

(closed-shell) lmp2-f12 program and the rmp2-f12 program used very different

approaches for calculating their intermediates. If applied with realistic basis

sets, they produced significantly different results despite implementing exactly

the same theory. This not only made comparisons of intermediate results

difficult, it was also unclear which program was right. We identified the

main reason for the discrepancies to lie in a particularly ill-conditioned CABS

projector transformation in lmp2-f12, which has since been updated to the

more stable version described in Ref. [103].

• Adjusting the programs to allow execution when molecular symmetry was

present. This was a major problem because Molpro’s density fitting integral

evaluation subroutines were designed for local correlation methods and would

refuse to run unless symmetry was disabled.

• The smooth integration of the rmp2-f12 program into the Molpro program sys-

tem (e.g., recognizing the numerous input data, options, and output variables;

converting data and calculation intermediates between different programs, etc.).

• Improving support for calculations of potential energy surfaces and derivative

properties by allowing the auxiliary basis sets to be frozen at some reference

geometry.
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• Detecting and repairing program errors which occurred only on certain compiler-

and hardware platforms, and working around compiler bugs.

While not exactly scientific in nature, such developments, and the corresponding

practical assessments, were necessary in order to create a production level program

which is both stable and efficient in real scientific applications. The benchmark

results presented in Sec. 5 demonstrate that we (Prof. Werner, I, and Thomas Adler)

succeeded in this goal.
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[125] M. Schütz, R. Lindh, and H.-J. Werner, Integral-direct electron correlation methods,

Mol. Phys. 96, 719 (1999).

[126] D. P. Tew, C. Hättig, R. A. Bachorz, and W. Klopper, Explicitly correlated coupled-

cluster theory; In: Recent Progress in Coupled Cluster Methods: Theory and Appli-
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[132] F. Weigend, A. Köhn, and C. Hättig, Efficient use of the correlation consistent basis

sets in resolution of the identity MP2 calculations, J. Chem. Phys. 116, 3175 (2002).

[133] C. Hättig, Optimization of auxiliary basis sets for RI-MP2 and RI-CC2 calculations:

Core-valence and quintuple- basis sets for H to Ar and QZVPP basis sets for Li to

Kr, Phys. Chem. Chem. Phys 7, 59 (2005).

[134] K. A. Peterson, T. B. Adler, and H.-J. Werner, Systematically convergent basis sets

for explicitly correlated wavefunctions: The atoms H, He, B-Ne, and Al-Ar, J. Chem.

Phys. 128, 084102 (2008).

[135] K. E. Yousaf and K. A. Peterson, Optimized auxiliary basis sets for explicitly corre-

lated methods, J. Chem. Phys. 129, 184108 (2008).

[136] O. Marchetti and H.-J. Werner, Accurate calculations of intermolecular interaction

energies using explicitly correlated wave functions, Phys. Chem. Chem. Phys. 10,

3400 (2008).

[137] O. Marchetti and H.-J. Werner, Accurate Calculations of Intermolecular Interac-

tion Energies Using Explicitly Correlated Coupled Cluster Wave Functions and a

Dispersion-Weighted MP2 Method, J. Phys. Chem. A 113, 11580 (2009).

[138] F. Weigend and R. Ahlrichs, Balanced basis sets of split valence, triple zeta valence

and quadruple zeta valence quality for H to Rn: Design and assessment of accuracy,

Phys. Chem. Chem. Phys. 7, 3297 (2005).

[139] F. Weigend, F. Furche, and R. Ahlrichs, Gaussian basis sets of quadruple zeta valence

quality for atoms H–Kr, J. Chem. Phys. 119, 12753 (2003).

[140] F. A. Bischoff, S. Wolfsegger, D. P. Tew, and W. Klopper, Assessment of basis sets

for F12 explicitly-correlated molecular electronic-structure methods, Mol. Phys. 107,

963 (2009).

[141] K. E. Yousaf and K. A. Peterson, Optimized complementary auxiliary basis sets for

explicitly correlated methods: aug-cc-pVnZ orbital basis sets, Chem. Phys. Lett. 476,

303 (2009).



Bibliography 163

[142] F. Weigend, Hartree-Fock exchange fitting basis sets for H to Rn, J. Comput. Chem.

29, 167 (2007).

[143] A. Hellweg, C. Haettig, S. Hoefener, and W. Klopper, Optimized accurate auxiliary

basis sets for RI-MP2 and RI-CC2 calculations for the atoms Rb to Rn, Theor. Chem.

Acc. 117, 587 (2007).

[144] F. Weigend, M. Häser, H. Patzelt, and R. Ahlrichs, RI-MP2: optimized auxialiary

basis sets and demonstration of efficiency, Chem. Phys. Lett. 294, 143 (1998).

[145] K. P. Huber and G. Herzberg, Molecular spectra and molecular structure. IV. Con-

stants of diatomic molecules. Van Nostrand Reinhold, 1979.

[146] G. Rauhut, Configuration selection as a route towards efficient vibrational configura-

tion interaction calculations, J. Chem. Phys. 127, 184109 (2007).

[147] K. A. Peterson and T. H. Dunning, Jr., Accurate correlation consistent basis sets for

molecular core–valence correlation effects: The second row atoms Al–Ar, and the

first row atoms B–Ne revisited, J. Chem. Phys. 117, 10548 (2002).

[148] R. D. Cowan and D. C. Griffin, Approximate relativistic corrections to atomic radial

wave functions, J. Opt. Soc. Am. 66 (1976).
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