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Introduction

1. Background

Today, there is a multitude of different magnetic materials differing in composition and
structure. Most surprisingly the different properties of these materials can be largely
explained by the rather simple model of local magnetic moments which interact via ex-
change, dipole, and anisotropy interaction. Both exchange and dipole interaction favor
particular relative angles between different magnetic moments, while the anisotropy fa-
vors particular angles with regards to symmetry axes of the crystal. This work concerns
itself with the exchange interaction.

The exchange interaction is by far the strongest of the three, and in many cases favors ei-
ther parallel or antiparallel alignment of the magnetic moments. Correspondingly, most
materials show large regions compared to the interatomic distances where the magnetic
moments are mostly aligned, with only small deviations from the favored alignment.
Such configurations are proven to be described quite well qualitatively with the sim-
ple nearest-neighbour Heisenberg model by, e.g., micromagnetic simulations of domain
walls, of magnetic vortices, etc. Especially micromagnetism has been developed into a
well-honed tool which can be used by almost anyone with some background in engineer-
ing or physics.

However, during recent years the techniques to prepare and analyse magnetic samples
have advanced greatly, especially for thin films. Some of these samples are no longer
largely collinear, either because of ingenious patterning of the samples, or because the
interactions in a material do not fit into the simple traditional picture of ferro- or anti-
ferromagnetism. This requires extensions of the traditional Heisenberg exchange model.
Most attempts at this problem use a more or less ad-hoc approach. The most intuitive,
and historically first was to simply take interactions beyond the first neighours into ac-
count. Some work groups have also considered interactions where the functional form is
changed from Heisenberg’s cosine, e.g., to a cosine squared. Some have also investigated
interactions where one interaction is not limited to two atoms, e.g, terms of the form
(ei - ej)(ex - e).

However, the justification why one specific extension of the Heisenberg model was chosen
is quite often rather spurious. This becomes even worse if only specific symmetric con-
figurations are considered - e.g., when someone investigates only spin spirals it becomes
impossible to distinguish between a term (e; - €;)? and a term of the form (e; - e;)(e; - €)
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if r, —rj=r; — 1.

The Spin Cluster Expansion, the method this work concerns itself solves this problem
by employing a complete basis set which by definition encompasses all possible terms
one may add to the classical Heisenberg model and thus allows - as long as the local
magnetic moment picture is valid - comparable accuracy to ab-initio Density Functional
Theory. The present author represents already the third “generation” working on this
topic - the idea behind the SCE was due to R.Drautz [3] and the realization of this idea
for bulk magnets was the work of R.Singer [1]. The goal of the present author was to
expand the application range of the method, especially to the aforementioned thin films.
This goal was not achieved due to technical difficulties. The present work has thus
turned into a discussion of the details and intricacies of the process of modeling the
magnetic exchange energy for bulk materials. These discussions should prove useful if
the aforementioned technical difficulties can be removed, and for all other approaches
to the modeling of the magnetic exchange energy in terms of local magnetic moments.

2. Structure of this work

This work focuses on the effects of symmetry in the framework of the Spin Cluster
Expansion, and how these effects may be used. Because this requires detailed knowl-
edge of the basis functions used in the Spin Cluster Expansion the work begins with a
detailed presentation of the Spin Cluster Expansion, followed by a discussion of space
group symmetry and specific symmetric configurations. The results are then used to
develop methods to obtain information about the convergence limits of the Spin Cluster
Expansion, i.e., how many basis functions of what type are needed to parametrize the
energy of a specific system. The results are then verified by ab-initio Density Functional
Theory calculations for bee and fee iron. The necessary tools for this verification are
introduced in the last section of the theoretical part, and then results for bce and fee
iron are presented.

This work also contains a thematically sorted index just before the bibliography.

il



3. Notation

Vectors are printed bold.
Matrices are printed sans serif.
All summations are written down explicitly - no implicit summation.

Mathematical operators:

X

o)
J fdo

vector product or multi-line continuation of scalar product
scalar product

nearest integer below z. E.g, [—0.4] =1

integral of f over the whole space

Frequent scalar quantities:

Iy
my

I
meo M

E . energy

e : energy per atom

@ : angle in the x-y-plane respective x-axis
J: angle respective z-axis

Y™ (9, p): spherical harmonic to orders [,m

lattice constant
charge density

¥
N : number of atoms within the considered system
a
n
p : spin density matrix

CLM : Clebsch-Gordan-coefficent

limiloams

J ) : 3j-symbol

Frequent vector quantities:

(z,y,2) :

E

cartesian vector

normalized vector in direction of the point identified
by the Miller indices h.k,]1 of a cartesian unit cell
position vector

position vector of a specific atom ¢ within a crystal
direction of the local magnetic moment

list of all N directions of the magnetic moments

in the system

wave vector of a spin-spiral configuration

magnetic moment of a specific atom ¢

3. Notation

iii






1. Theory

This chapter details the theory of the Spin Cluster Expansion, with special emphasis on
the symmetry of the lattice and on symmetric configurations of the magnetic moments.
For readers with limited time at hand, a short summary is provided below which contains
all essential information.

1.1. Summary

The Spin Cluster Expansion (SCE) relies on an adiabatic approximation which presumes
that the magnetic energy of a system can be characterized by the orientations e; of the
local magnetic moments in this system. This energy E({e;}) can be calculated by den-
sity functional theory for specific configurations of the {e;}, however, this requires a
lot of numerical effort and does not provide an explicit, simple formula for calculating
E({e;}) for any configuration.

To resolve this difficulty, F({e;}) is written as an expansion with respect to a set of
complete basis functions, E({e;}) = >, J, P, where the index v is a label to enumerate
the basis functions of the complete set {®}. The derivation of suitable basis functions
and the treatment of various symmetries are detailed in Sections 1.3 through 1.5.

The basis functions ygilm,u found are superpositions of products of the spherical harmon-
ics, and can be characterized by a “cluster archetype” «; - one set of n,, local moments or
atoms which represents all equivalent sets under space group symmetry -, a “l,;-tuple” -
a set of n,, integer parameters representing different orders of spherical harmonics -, and
an index u which enumerates the eigenvectors of a matrix arising due to the combination
of O(3) symmetry in the configuration space of the {e;} and the rotational parts of the
space group symmetry of the lattice. The energy can then be expanded as

E({ei}) = Z Z Z Jailau gilm-u' (1.1)

If the investigation is limited to specific symmetric configuration classes, the general
basis set is overcomplete and one can use a symmetry-adapted, smaller basis set. For
supercells this symmetry-adapted basis set consists of the cluster archetypes that fit
within the supercell. For spin spiral configurations (frozen magnons), the symmetry-
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adapted basis set is closely related to the extended Heisenberg model® | and for spin
spirals of an arbitrary constant opening angle, or for spin spirals with varying but very
small opening angles, the SCE and the extended Heisenberg model are equivalent.

To obtain the expansion coefficients J,,1,,u 0of the energy of a system, a set of reference
energies is calculated by ab-initio density functional theory and the values of the J,,
are obtained by a least-mean-squares fit of the SCE expansion (1.1) to the reference
energies.

1.2. Adiabatic Approximation

Magnetism is a quantum mechanical effect of many-electron systems. Therefore, com-
plete understanding and description of all aspects of magnetism has to be within the
Hilbert space of the many-electron states.This is, however, notoriously difficult because
of the complexity and size of the many-electron Hilbert space, the noncommutative al-
gebra and the structure of the quantum mechanical equations. Therefore one tries -
whenever possible - to find physical arguments to map the Hilbert space on some sub-
space of itself or on a space of other variables.

One way to do this is to make an “adiabatic approximation”, which in essence presumes
that the system is always in its ground state with respect to some “slow” variables or
observables. The state of the system shall then follow an adiabatic evolution, that is if
the system starts in the ground state regarding specific expectation values of the slow
observables, and moves slowly to a state with different expectation values of the slow
observables, it ends in the corresponding ground state and not in some excited state.
The validity and bounds of such assumptions are a rather interesting subject of ongoing
research, especially for Hamiltonians without a gap in the eigenvalue spectrum [4, 5].
One adiabatic approximation in magnetism is to use the magnetic moments of individ-
ual atoms as the slow observables. This approach is in quite good qualitative agreement
with experiments, as, for example, the Heisenberg model can be used to describe the
characteristics of magnetic phase transitions, or the Landau-Lifshitz-Gilbert equation
gives reasonable results for some types of magnetization dynamics. Therefore this adia-
batic approximation is employed. As now the state of the system is uniquely identified
by the magnetic moment configuration, the energy of the system may be expressed as
function of the moment configuration.

One further step that is commonly used, e.g., when evaluating spin wave spectra
[6, 7, 8], is to presume that only the configuration of the magnetic moment directions
e; = M,/ |M,| are sufficient to determine the energy, and that the magnitudes of the mag-
netic moments |M;| are slaved by these directions. In other words, the system is always
in the ground state regarding the e;, which uniquely determines the corresponding |M,].

! “Extended” in the sense that terms beyond nearest neighbours are considered, but the functional
form e; - e; remains the same.




1.2. Adiabatic Approximation

This is usually justified with the argument that “The interatomic exchange parameters
among MM’s® (e.g., the J;; parameters in a Heisenberg Hamiltonian) are small ( <100
meV) compared to the characteristic electronic energies such as intraatomic exchange,
bandwidth, etc. Thus the MM directions correspond to the slow degrees of freedom within
the adiabatic approximation while the evolution of the magnitudes of the MM’s is deter-
mined by the change of the electronic wave functions (fast degrees of freedom). Using the
analogy with the Born-Oppenheimer approrimation, the moment directions correspond
to the slow nuclear motion, and the forces or torques governing their rotation arise from
the rapid relazation of the electronic system to the instantaneous directions (or positions)
of the moments” [9].

However, it has recently come to the attention of the present author that the intraatomic
exchange is actually not significantly larger than the energy scale set by transversal fluc-
tuations (see Tables A.1 and A.2 in Section A.7 for some calculations).

Sometimes one also finds the argument that “The essence of these is that there is a sepa-
ration between fast and slow motions in this problem, and attention to this fact can render
it tractable. On a time scale, T, long compared with the hopping time h/w (o< 1071° )
where w is the relevant bandwidth, but short compared with an inverse spin-wave fre-
quency 1/ws (o< 10712 s) electrons arrive at and leave a site with sufficient correlation
between their spin orientations to leave the magnetisation, time averaged over T, non-
zero. This 1s the complex process of moment formation. Then, on the time scale of
1/ws, these moments can change their orientation, flip over for instance, as in thermal
fluctuations described so well by the Heisenberg model. This is the slow motion.” [10],
whereby the basic picture of moment formation has been proposed by J.Hubbard[11] as
far as the author is aware.

However, the present author does not understand why this process shall preclude slow
fluctuations in the absolute value of the localized magnetic moment, but permit slow
fluctuations of the directions.

Such longitudinal fluctuations have already been investigated tentatively in, e.g., [12, 13],
although Refs. [12, 13] do not allow for completely unrestricted, independent longitu-
dinal fluctuations. The work [14] allowed for unrestricted and independent longitudinal
fluctuations and obtained quite good agreement with experimental values for the Curie
temperatures. Some ideas for an extension of the Spin Cluster Expansion formalism
to an adiabatic approximation that takes independent longitudinal fluctuations into ac-
count and models the energy as a function of the IM; are presented in Section A.9.2.
Nevertheless, the work presented in the following was carried out under the assumption
that the adiabatic approximation in terms of the directions holds. While the present
author is unable to follow the reasoning behind this approximation as presented above,
it does not necessarily indicate that this formulation of the adiabatic approximation is
wrong. In fact, thermodynamical predictions employing this approximation and limiting

2Magnetic Moments




1. Theory

the configurations of the magnetic moments to spin spirals show quite good agreement
with experimental findings, so one could a posterio justify the adiabatic approximation
in terms of the directions.

Whatever the solution to this problem is, the arguments made and results achieved dur-
ing this work should still prove useful, as the space of directions of the magnetic moments
is a subspace of that of the magnetic moments, and therefore all insights gained within
this subspace are also useful when discussing the space of magnetic moments. Fur-
thermore, the SCE allows a considerable increase in accuracy regarding the description
within the space of magnetic moment directions, which should allow to make theoret-
ical predictions more precise, which in turn would make quantitative comparisons to
experiments easier.

1.3. A Basis Set for Functions of the Magnetic Moment
Directions

The goal of the Spin Cluster Expansion is to expand the energy of different magnetic
states in terms of the directions of the local magnetic moments e;. These directions
correspond to points on the surface of a sphere, and they can be parameterized in
spherical coordinates by the angles ¥;, ;, which are limited to ¢; € [0, 7] and ¢; € [0, 27].
The results presented in this section have been obtained by R.Singer [1], R.Drautz and
M.Féhnle[3] without any contribution by the author. Because the work by the author
on symmetry relies on rather intricate details of the basis functions, the derivation of
these basis functions is summarized here.

This derivation starts from a single atomic moment and then generalizes to countable
numbers of magnetic moments. After this, the O(3) symmetry of a system without
spin-orbit coupling has been taken into account[15] by R.Singer and M.Féhnle.

1.3.1. Local Space

The configuration space of the direction of one local magnetic moment is described by
just two variables ¥ and ¢ or just one direction e. The scalar product in the space of
functions (“function space”) of these two variables is defined as

(flo) = 1= /S F1()9() A 12)

where Q = (1, ) is the configuration of the system, and the integral runs over all possible
configurations (the surface of the sphere). A set of basis functions for the function space
should be orthogonal and complete regarding this scalar product. One such orthogonal
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and complete basis set is the set of all scaled spherical harmonics {v/47Y'™ (9, ©)}, as
4m (Y"™(9, ), Y™ (9, )

- /s (Y™ (0,0)) Y™ (9, ) d2

= 0w O,

o (1.3)
> D (' w.e) Y )

= 0(p — ¢")0(cos() — cos(¥)'))

=d(e —¢€).

1.3.2. Global Space

Presume a system formed by N atoms, each with a magnetic moment m and a corre-
sponding direction e. The distinguishable atoms are situated at positions ry,rs, ..., Iy,
and may be identified by their position. The magnetic moment directions can be de-
scribed by numbers 91,95, ..., YN, and @1, ..., pN, or by N directions ey, es, ..., exn.
The configuration €2 of this system shall describe which magnetic moment points in what
direction. For this purpose, the configuration is written as, e.g., = (e]',e5?,..., eW),
where the lower index indicates specific values of the angles ¥, ¢ and the upper index
indicates which position (and correspondingly, atom) these values are associated with.
O = (e}, e, ..., e5") would also be a valid, but different configuration of the system.
To avoid ambiguity, the direction associated with position r; shall always appear first
in this list.

For example, consider two atoms at positions r; and ry and two directions, e; = (1,0, 0)
and e; = (0,0,1). The configuration could now be © = ((1,0,0)*,(0,0,1)"2) or
Q' = ((0,0,1)",(1,0,0)™2). Both are different® configurations of the system.

The definition of the scalar product of the preceding section can be extended to the
global function space as:

1 . B
(flg) = L /Sf (Q)g(Q) dQ =

:ﬁ/&/&g.../Snf*(Q)g(Q)dQA...dQn.

3The seasoned condensed matter scientist may stall at this notion, because “only the relative angle
between magnetic moments matters”. This is however a consequence of specific symmetries, which
will be considered later. As a model system for the current considerations, take two different
magnetic atoms on a surface with a magnetic field parallel to the surface.

(1.4)
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The products of the basis functions of the local function space,

Brun(©2) = VAT Y™ (eg) V™ (e . YN (o), (1.5)

form orthogonal and complete basis functions for the global function space [3].

The I, m on the left hand side and the boxes [J on the right hand side take a bit of expla-
nation: The orders of the spherical harmonics are characterized by N values Iy, ls, ..., [y,
and further N values mi,mo,...,my. Each of these values has to be associated with
one of the positions ry,rs,...ry, whereat the association of the m; has to respect that
|m| < |I] for any given spherical harmonic. If the same numerical values Iy, ls, ..., Iy are
associated differently with the positions, the basis functions are different.

The argument e of a specific spherical harmonic is the numerical value that was associ-
ated by the configuration to the same atom as the orders [, m of this spherical harmonics.
Consider the following example of two sites, r; and rs, possible values l; = 2,1, = 1, and
myq = —1,my = 0. The configuration shall be 2 = (e]',e5?). The following four basis
functions can be constructed:

FH(©) = 4y (e )y (e,
F2(0) = 4my (@)Y 0 (e}?),
FH(Q) = dmy ()Y ), 0
FI(©) = 4n¥ ()Y e}?)

These are all different, orthogonal basis functions (the reader may work out the scalar
product (1.4) between these functions). The notation has to reflect the association

between the values l1, ..., [y and the positions ri,rs, ..., ry. In this work, the following
convention is made: The values [; are written in an “l-tuple”, which is a comma-separated
list of numbers, e.g, 1 = (I7*,15%,15%, ..., (). To avoid ambiguity in the notation, each

place in the l-tuple is associated with a specific position. The value that comes first
in the l-tuple is associated with position ry, the second value with the position ro, etc.
1= (I3',072,...,15") is also a valid, but different 1-tuple. For the numbers m;, the same
conventlon is made, introducing a m-tuple, e.g., m = (m3*, mg?, ms®, ... my").

The above examples are written in this notation as:

FHQ) = ®ar1 1m0 ,-172) (),

F2(Q) = ®(ari 1r2y(-1m 072 (), (1.7)
F3(Q) = D(1r1 or2y(0r1,—172) (), |
FYQ)=® (171 272 )(—171 0r2) (§2)

1.3.3. Clusters

The l-tuple contains in principle entries for all N atoms, however, these entries can
be zero. As the spherical harmonic for [ = 0, Y% is a constant (equal to 1/v/4m) the
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spherical harmonics with associated [ = 0 play no role in physical processes driven by
changes in the e; and do not need to be written explicitly in the basis functions and can
be omitted from the notation. Then, a basis function for, e.g., Q = (€', €32, e3*, e}* ,

,eyy) and, e.g., 1= (I7%, 072, 0%, I3, ..., Ip%, O+t .. 0"¥)% would have the form

(I)alama (Q) — /4ﬂ_”ayl1m1 <e§1 )Ylgmz (624) X

X .. Yinamna (efn),

Na

(1.8)

where o on the left hand side shall contain the information at which n, atoms the
spherical harmonics are of an order unequal to zero. Its notation, and the meaning of
the new 1,, m,-tuples, will be explained shortly.

One rather important exception has to be made for the basis function where all elements
of the l-tuple are zero. This function is completely constant regardless of configuration

vV 47rN
v/ 47rN

This function naturally must remain within the basis set, as otherwise the basis set
would be unable to describe constant functions.

« is denoted as a comma-separated list of positions, which shall always be in a specific
sequence from ry over ry to ry, e.g. « = (ry, rs, rg, ry7), which would mean in plain words
“Only the spherical harmonics associated with positions ry, r5, rg and r; have orders
[r2 [*s [re [*7 #£ 07, A specific sequence has to be chosen to avoid ambiguity. These
atoms form a “cluster”, which has a geometrical shape given by the n, position vectors
r; as sketched in Figure 1.1.

The new 1,-tuple and m,-tuple is again defined as a comma-separated list of values,
which shall have only n,, entries and all entries of 1, are larger than zero. To lighten the
notation a bit, the association of the values [; to the atoms shall be solely given by the
position in this list: The first entry is assigned to the first position in the list «, the last
entry to the last position in the list «, etc.

As an example, consider a three-atomic system with atoms at positions rq,rs, r3, and
a configuration 2 = (e]',e3?,e5*). Some examples for basis functions (not related to
Figure 1.1) are then:

Booo = VAT YO(et). .. YO(e™V) = = 1. (1.9)

Oy @)1y = VATY ' (e]),
Qe ), (1L3)(-11) = ATY T (@)Y (e))
D ey ee),(13)(—1,1) = 4TY 71 (€3?) Y (e5)
D ey ), 3.1)(-1,1) = ATV (@)Y (€)),

/ 3 — r r
(p(rl,1‘2,1‘3),(2,1,1)(*1,1,1) = 4’/T Y2 1(e11)Y11(e22)X
X YU (el).

Y
Y

(1.10)

477 > ng stands for the n,th position where 1 is unqueal to zero.
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Figure 1.1.: Two-dimensional examples of clusters. The colour and the boxes identify
different possible clusters, the numbers identify the corresponding [-values.
All atoms at positions that do not belong to a cluster have the [ value
0. For the green cluster: a = (ry,r7), 1, = (1,2); for the blue cluster:
a = (re,re,r11,r16), lo = (1,6,3,5). The m; have been omitted in the
interest of brevity.

Some examples for wrong notation, or easy mistakes, are:

Dy, r0),(1,0)(~1,0) — value of 0 in the I-tuple,

the sequence of positions

in the cluster is wrong ' (1.11)

Drgr1),(1,3)(-1,1) =

q)(rl71.271.3)7(271’1)(,1’1’2) — |mr3\ =2 > ’ll‘s‘ =1.

Because the clusters are just convenient representations of the l-tuple, the functions
®,1.m, are orthogonal in «, o/ regarding the scalar product (1.4), and the completeness
relation now requires a sum over all possible a:

(@ortr mr, | Patama) = 0ar,ad, 1, Omt, ma

>3 (ot (D) Parem, (D) = (2~ ) (1.12)

« l. mg

=" —et)...5(&" — ™).

I/ may refer to a different tuple to the same cluster « or to an l-tuple to another cluster
o/. Therefore, it should technically be written as I/, however this is very hard to read,
e.g., in the Kronecker delta oy ;.
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1.3.4. Symmetry Under Global Rotations of the Directions {e;}

Physical quantities have a well defined behaviour under rotations of the system inves-
tigated. E.g., the Hamiltonian of the condensed matter problem without spin orbit
coupling transforms as a scalar, angular momenta or magnetic moments transform as
vectors, etc. This behaviour has to be reproduced when the quantity is expanded in
a basis set, which means that the basis used for the expansion has to have the same
behaviour under rotations of the whole system. In the case of magnetic moment di-
rections {e;} as variables, these rotations of the whole system correspond to collective,
simultaneous rotations of all e;.

The spherical harmonics form a basis set for the irreducible representations of the pure
rotation group SO(3), that is under pure rotations of the arguments they have a well
defined transformation behaviour:

YR (w)e) = > DY) (w)Y™ (e), (1.13)

where w describes the rotation axis and angle, and the “Wigner D matrices” fol),m may

be found in the literature, e.g., in [16]. This rotational behaviour can be directly com-
pared to that of scalars, cartesian vectors, etc. to find the necessary basis set.
However, according to group theory, products of basis functions of irreducible representa-
tions of the same group do no longer form basis functions of irreducible representations of
this group, but for reducible representations. This means that the rotational behaviour
of the products of the spherical harmonics is not the same as in Eqn. (1.13). The basis
functions of the irreducible representations can be calculated as linear combinations of
the reducible basis functions. These basis functions of irreducible representations have
again a well defined behaviour under rotations. This process has been carried out in
[1, 15], and it was found that the linear combinations are only of basis functions ®,1,m,
to the same o and 1,, but different m,. One way to formulate the irreducible basis
functions is

ygf(,k<Q) = Z Cil,JQC%,Jg S CZKM,L

mg

o2, Potam, (§) (1.14)

where the Cﬂi_ ., are the Clebsch-Gordan coefficients, familiar from the coupling of two

angular momenta. CJKZ, s, 1s a shorthand for Cf‘; iy
The j; in the Clebsch-Gordan coefficient are the numerical values I; out of the 1,-tuple,
sorted in descending order so that j; > jo > ... > j,., and j; = max(l,), j,, = min(l,).
The n; are the m;, which have to be chosen such that the pairs [;, m; remain intact.

In principle, the “angular momenta”® I; may be coupled in any order to give the final

5The term is used due to the history of the Clebsch-Gordan coefficients. The discussion here is not
about angular momenta, and just borrows from the calculus of angular momenta.
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angular momentum [, and starting with the largest [; is just a convention. This con-
vention does not determine the intermediate angular momenta k;, which remain a free
parameter of the resulting basis functions YV, k-

The k; are bounded, because a Clebsch-Gordan coefficient Cﬁ(i .J; is only nonzero if the
arguments j;, j;, k fulfill the requirement j; + j; > k > |j; — j;|. They are written in a
“k-tuple”, a comma-separated list of n, — 2 values: k = (ky, ks, ..., Kk, —2). Contrary to
the 1, m,-tuples, the k; are not associated with specific positions. Instead, the sequence
in the k-tuple gives the sequence of intermediate angular momenta for the successive
couplings, with the first k; associated with the first coupling, etc.

The intermediate u; are fixed for each given m,, as a Clebsch-Gordan coefficient Cf’f;; im

is only nonzero if n; +n; = p;. This means the first Clebsch-Gordan coeflicient in (1. 143
is only nonzero if 1 = n; 4+ ng, and the the second Clebsch-Gordan coefficient is only
nonzero if py = ,u1 + n3 = nq1 + n9 + ng, etc.

The functions al « are basis functions of the representation D® and transform under
simultaneous rotations of all arguments as

ViR (w){e}) Z Dy, (@) Vi i ({eid). (1.15)

The basis set for one specific physical quantity is given by the subset of {yg;ak} that
has the same behaviour under rotations as this physical quantity. E.g., the basis set
for scalars is {V2) }, and the basis set for vectors is {1} .}, {V2 .}, {Vi k) (some
details for cartesian vectors can be found in Section A.6).

The rest of this work concentrates on scalar functions, which means the relevant basis

functions are Y2y | (written as just Y,k in the following).

§ /‘ Ko Knp—2 00
yalak C J2 CK1 Jsg o CKna —S,Jn 1C —2 Jn ®0¢1ama

(_)jna+nna l
:E:—CKl CRe o Cpme Doiim
ana T1 J1,J2 1,J3 na —3JIng—1 alllq (1.16)

meq
e g\
L 1 -+ Jna P
= 1
S () o
mey

where the second step used the explicit formula® (A.14) for C(}?naﬁ’ Jn.- The k-tuple
now has only n, — 3 entries.
The coefficient defined by the last equation is a generalized version of Wigner’s 3j-symbol,

lng —Mng
6There is an error in the corresponding Eqn. (3.61) of[1], where the prefactor is written as )

na —Mng

instead of the correct (ZX-e " ; See also the next footnote.

10



1.3. A Basis Set for Functions of the Magnetic Moment Directions

which arises when three angular momenta couple to a resulting 0. It is thus called a

Ji e Jna

Kk
are only nonzero if
ny ... Ny

“generalized Wigner coefficient””. The coefficients (

o1

2j; — > J; <0 Vi,
j=1

. | 1.17
and k;_1 + jix1 > ki > |ki1 — i) ( )

and an =0,

where the second relation for the k; does not hold for ¢ = 1 and i = n, — 2. The first
and last equation may be written in the /; and the m; as well, and therefore restrict the
1, and m,-tuple.

Investigating not only the pure rotations but the whole O(3) group (that is, SO(3)
symmetry and the global inversion of all e;, which corresponds to symmetry under time
inversion) leads to the further condition [15]:

Z [; = even, or equally Zji = even, (1.18)
i=1 =1

which also means the basis functions are now real functions [15]. In case of n, < 3,
no intermediate angular momenta k; are necessary (for the formula, see the appendix,
section A.2. For details, see [15].). For the case of n, = 2, the total angular momentum
has to be the same for both spherical harmonics. For the case of n, = 1, the only
basis function invariant under global rotations is proportional to Y°°, however [ = 0 was
already excluded from the basis set.

These basis functions are complete for functions which transform as scalars under O(3),
in the sense that any such function may be expanded in the { V.1, x}. The basis functions
are also orthogonal regarding the scalar product (1.4):

(Varok| Vo, k) = a,a/01,.11, Ok i - (1.19)

Some examples to clarify the notation (for the formulas of the generalized Wigner coef-
ficients, see Section A.2), using a generic configuration 2 = (e]', e3?,e5*, ..., e ):

3 3
Vir1r2),(3.3) = Z (ml mQ) Dr1r2),(3,3),(m1,m2)

N e

. . Lol - . .
"[1] writes these coefficients as (m% n;“’ ) , where the By indicates the sorting procedure. This
1 . na J k

has proven to be rather misleading, (see the prefactor error above), as the i of the I; just differentiates
numerical values, and their sequence in 1, needs not be the descending sequence chosen in the
Clebsch-Gordan coefficients.

11
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mi= 1 mo= =2 1
y(re,r7,1‘12)7(17271): Z Z ( mi mg)

mi=—1mo=—2

CI)(r(),r7,r12)(1 2,1)(m1,ma2,ms3)

2 )T
- Z \/— 2m2rﬁm1
mi,m2
(

X YU ()Y (e )Y (el

(1)
3 2 2 1
Virr rarsris) (3,2,1,2),(1) = Z (m1 —— m3>

mi,m2,ms3

3

X (I)(I‘1,I‘47r67r13) (3,2,1,2),(m1,ma2,m3,m3)

= Z (47T> <_z/_ C3ml szcil:;n”il

mi,m2,m3
X YO (e Y2 e )
XY (YA (e,
(1.20)

The summations run only over n, — 1 elements of m, because the condition ) m; = 0
of the generalized Wigner coefficients uniquely determines one m. E.g., for the three-
atomic basis function ms = —my — my.

Some examples for the orthogonality relation:

<y(r1,r2 (3,3 ’y(rl,rz ),( 3,3)> 17
<y(r1,r2 ,(3,3 |y(r1,r3 ),( 3,3)> 07
7 )> 0, (1.21)
(

),(3,3)

),(3,3)
(Vier,r2),3,3) | Vierra) (2,2
(Viworrrn)i2.22)| Virerren),,1,2)) = 0,
)

<y(r1,r4,r6,r13) (3 2,1,2 1 |y(r1,r4,ro,r15) (3 271,2),(1)> - 0

1.4. Space Group Symmetry

The energy of a crystal is invariant under operations of the space group of the crystal
lattice. Therefore, the basis functions should be chosen to be invariant under these
operations. Similar to the rotational symmetry, the space group symmetry will induce
linear dependencies between basis functions if it is not taken into account properly. This
would mean the basis functions were no longer orthogonal, and numerical investigations
are then ambiguous.

This section is based on work published already in [1]. This work is technically correct.
However, some complications that arise due to the combination of the space group and

12
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the SO(3) symmetry have been eventually overlooked, as [1] considers space group sym-
metry first. This problem was discovered, and largely solved, by R.Singer, who described
this in some unpublished and rather terse notes which this work is based upon. These
notes limited themselves to symmorphic space groups.

This chapter tries to give a comprehensive presentation, which also requires no differen-
tiation between symmorphic and non-symmorphic space groups.

1.4.1. Some Group Theory

This section makes use of some concepts and theorems from group representation theory.
These concepts are introduced below, after which the three necessary theorems are
stated. For proofs of these theorems see, e.g., [17, 18]°.

A representation DP of a group is defined as a mapping of the group elements to a set of
d,-dimensional matrices {D”} that retains the group multiplication table under matrix
multiplication. Two such representations are “equivalent” if there exists some linear
transformation U between the matrices of the two representations.

The “projection operator” of a given representation[17, 18],

PP = %ZDgngo. (1.22)

g€eg

. N2
is an idempotent operator, PP = (P},Zm> . The basis functions {U} of a given repre-
sentation are the functions that transform by action of group elements exactly like the
matrices of the representation:

dp
goW, =Y Db (9)¥,, (1.23)
m=1

where go indicates the action of the space group operation g to the function and p labels
the representations. Note that one representation can have many different basis func-
tions, because the definition of a basis function only requires it to transform in a specific
way. The action of g on the SCE basis functions is detailed later in Section 1.4.3.

A rather simple but here very important case is the “identity” or “identical” represen-
tation D!, which has dimension d; = 1, and the corresponding 1x1 matrix is D}, = 1.
Therefore, all basis functions of the identity representation are by definition invariant
under application of any symmetry operation g.

8[17] limits itself unnecessarily to functions out of L?, the space of quadratically integrable functions.
Also, [17] defines the functions too narrowly as functions of variables out of R3. According to [18],
the theorems hold for any Hilbert space.

13
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Only for the projection operator of the identical representation, the following relation
holds for any gy € G:

1900 = (Z go) goo = Z(g o go)o = ZQO = ﬁ’lll, (1.24)
9€6 9€6 g€

because a group must be closed under group multiplication o.

Theorem I: Any function ® out of a Hilbert space may be expanded in basis functions
of the inequivalent irreducible representations of a group:

dp
= ZZCQ\D@@ (1.25)

p k=1

where the required specific basis functions W54 out of all the possible basis func-
tions U} for each representation depend on the function .

Theorem Il: All basis functions to different representations, and to different rows k& of
a specific representation are orthogonal

<\II£‘\I]Z/> = 5pp’5kk’a (1.26)

where (|) is the scalar product of the Hilbert space. When a basis function \D,c is
a basis function to an equivalent representations DP of DP, the right hand side of
(1.26) needs not be unity.

Theorem Ill: The projection operator of a representation projects any function on the
basis function of the representation, that is

PP & =0 (1.27)

This has the corollary that all basis functions are eigenfunctions of the projection
operator. and that the eigenfunctions of the projection operator are basis function
of the given representation®.

9Proof: Presume that there exists an eigenfunction [ of PP that is not a basis function. Use the
expansion (1.25) of f in equation (1.27). This gives P2 . f =P \I/p . However, because f is presumed

to be an eigenfunction, P?  f = af. Comparison of the right hand 51des contradicts the presumption
that f is not a basis function.

14
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1.4.2. Application to the SCE

As the energy function E({e;}) is invariant under space group operation, it is a basis
function of the identical representation. It may be expanded in the SCE basis functions
(1.16),

E=)" JaxValk; (1.28)

alak

with interaction coefficients Jo,x = (E|Val.x)-
Also, all SCE basis functions may be expanded in basis functions of the irreducible
representations of the space group,

Yotk ZZ rotak Y hal,k- (1.29)

p k=1

The notation \Ilialak is to remind the reader that different SCE basis functions may need
to be expanded by different basis functions for the space group.

As the energy function is a basis function of the identical representation of the space
group, it follows from theorem II that:

dp
Jalk = <E|ya1ak> = (EP111| Z Z C’;’ialak‘lﬂimak) (1 30)

p k=1
= Clal k<E|‘I’1a1 k)

The functions Wy, , form a basis set for the energy, as

E=PLE = JaxP! Y

alak
(1.31)
N Z (C%alak> (E“I’md k>qj%ala
alyk
Because the projection operator for D!,
-y 1
Ph= 11 > o, (1.32)

geg

is an idempotent operator, it has only eigenvalues 0 and 1. Eigenfunctions to the eigen-
value 0 are part of the kernel of 1511, and they do not contribute to the energy expansion
because the expansion coefficients Jur,kx = (E|W], ) = (E|PL W, ) are zero if Wi, |
is an eigenfunction to the eigenvalue 0.

While the set of functions {¥1,, , } for all a,1,,k form a basis set for the energy, they

15



1. Theory

are neither linear independent nor orthogonal, as will be shown in Section 1.4.6. How-
ever, one can construct a linear independent basis set for the eigenfunctions of P}, along
the following arguments:

Any basis function W1, to the identical representation may be expanded in the SCE
basis functions as the latter represent a complete basis:

= 0 Yalak. (1.33)

alak
Per definition, the !  are eigenfunctions to PL:

Pl —w! (1.34)
Inserting Eqn. (1.33), and calculating the scalar product with YV, yields

<yo/lflk’|p111|\li Z bOéla yo/l’ k’|P11|yozl k> (135)

alak

Only the eigenfunctions to the eigenvalue 1 are of interest. Therefore:

Voo | PLIYL) = Vo i |P1,,) =
= Z b7o¢nlak<ya’lgck’ |yal k Z bal kda O/510”1/@ 5k,k’a (136)

alk alak

where the orthogonality of the SCE basis functions was used. One can construct an
eigenvalue problem for the coefficients 0}, by subtracting the right hand side of Eqn.
(1.36) from Eqn. (1.35):

Z otk [ Varrae |PL | Vatare) = OO, 1,011 | = 0. (1.37)

alak

Solving this eigenvalue problem will yield a set of orthogonal, linear independent eigen-
vectors to the eigenvalue 1, which then form an orthogonal, linear independent basis set
for the energy.

1.4.3. Action on the Basis Functions

Before the matrix elements of the projection operator regarding the SCE basis functions
can be calculated, the effect of a space group symmetry operation acting on a SCE basis
function must be defined. For the purpose of this work, a crystal shall consist of only
one type of undistinguishable atoms, which are ordered according to a Bravais lattice.

16
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Action on the &y,

This discussion shall begin with the products ®1,,(€2), defined back in Eqn. (1.5), be-
fore the clusters were defined. There, N different atoms were situated at N different
positions (ry,rs,...,ry). The configuration was given by, e.g., (e]',e3?,...), the as-
signment of the orders of the spherical harmonics by, e.g., 1 = (I1*,05%, 5%, ...) and
m = (m7', my*, ms*,...). The basis function @y, to these examples is:

Bn(Q) = Vi Y (en )y EImE () (1.38)

If the atoms are undistinguishable, and arranged in a symmetric way (for our purposes,
on a Bravais lattice), there exist space group operations g which transform the points
of the Bravais lattice, which for our purpose shall also be the positions of the undistin-
guishable atoms, ry, s, ..., into each other. This will lead to a group action on the ®yy,.
Such a group action on a function maps one function f to a different function f =gof
out of the same function space. The conventional way [19] to define a group action go
is to define

(go f)(z) = flg~' o) (1.39)
via a given group action go on the arguments z of the functions!®. To find the modified
function (g o f) of the original argument x, one has to insert the modified argument
g~ ! oz into the original function f. The resulting expression must then be transformed
until it is a function of the original argument x, and this function can then be identified
with go f. From a practical point of view, this transformation is necessary because many
useful properties of the functions (orthogonality, etc.) are only defined for functions of
the same argument.
The argument of the @, is the configuration, Q@ = (e]',e3?,...). To each point r;
some direction e is assigned by the “assignment function” e(r;). Then, by Eqn. (1.39),
(goe)(r;) = e(g~! or;), which means that after the action of g, the orientation of the
magnetic moment at the position r; is the orientation which was originally assigned to
the position g~!or;.
It is somewhat more useful within our notation to ask where the magnetic moment
direction that was assigned to r; is after the group action. That means solving the
equation (goe)(r;) = e(r;), or according to Eqn. (1.39), e(¢ 'r;) = e(r;). This is solved
byr;=gor;.

gory

Therefore, the group action on the configuration can be written as g o Q) = (e ootz

762 )

0These arguments need not be real numbers, as suggested by the usage of x. [19] gives an example
for a function on the vertices of a square. Also, the group action on the arguments and the group
action on the function are, in principle, two different mappings - one maps an argument to another
argument, and the other maps a function to another function. Many authors therefore resort to
different symbols for the group action on the argument, the group action on the function, etc. The
author thinks this is rather distracting, and prefers the use of parentheses where ambiguity might
arise.

17
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...), which moves the numerical values (e, ey, ...) from their original positions to new
positions in the crystal, where the new positions are given by the group action on the
old positions.

With this group action on the argument of the ®y,,, Eqn. (1.39) yields for the group
action on the ®y,:

(g0 Prm)(Q) = Prm(g7' 0 Q)
(g0 Ppm)(€,...) = Brm(ed ™ ed 2 )

N r| ri ro ro
= Vi Y™ (el )Y (ef?) (1.40)

1or1 g_lorl 1

x Yl T T (g

YT (g o)
where e; and e; are the orientations of the magnetic moments that were associated with
gory,gors in the original configuration €2, and are now associated with ry, rs.
ln,my and [, m; are the orders of the spherical harmonics which are associated with
g tory, gt ory by the I-tuple 1.
The next step is to transform back to the original configuration, where e, is associated
with ry, e is associated with ry, etc., without changing the function on the right hand
side. This means that the same numerical argument (e.g., 1) has to enter the spherical
harmonic with the same orders (e.g., I, my). To do so, the numerical values [y, m; need
to be associated with g o ry, and the numerical values [}, m;, with ry, etc. This can be
achieved by applying the group action g to the r; in the 1- and m-tuple such that:

gol:= (I, 19 . ),

1.41
gom := (m{™ m{*.. ). (1.41)
With this definition,
<I>golgom(Q) == (I)lm(g_l o Q)a (142)
And therefore, by Eqn. (1.39),
(9 0 Pim)(€2) = Pgorgom (€2) (1.43)

defines the group action on the ®y,;, by the action on the tuples as given in (1.41).

Action on the ¢, .,

The cluster « encoded the information which atoms were associated with a spherical
harmonic with an order [ unequal to zero. It was written as a comma-separated list
of n, positions, e.g., a = (r3,rs5,...,), with the convention that the positions always
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1.4. Space Group Symmetry

appear in a specific sequence - ry is always written before ry, etc.

The 1,-tuple (m,-tuple) contained the information what the actual values of the [; were
at the postions listed in «, and was written as a comma-delimited list with n, entries,
e.g., (I1,la,,...,1y,). If now the original 1, m-tuples, which were defined for the whole
system, change according to Eqn.(1.45), the orders unequal to zero will be moved to
new positions given by g or. As the purpose of the cluster was to encode precisely this
information, it has to change to

O/:goa::S(gor37gor57"'7gor7]a>7 (144)

where S indicates a sorting or permutation of the r; so that the smallest subscript of the
r; appears first. This has to be written explicitly, because the correct sequence (of ry
before ry, etc. in ) is not guaranteed after a symmetry operation has been applied*!.
The 1,-tuple is just a list of numerical values, which do not change by a symmetry
operation. However, because the position in this list is tied to the spatial positions
listed «, the same reordering as for the cluster has to be applied to sequence of these
values in the 1,- and m-tuple of the cluster:

go loz = S(la),

1.45
gom, = S(m,). ( )
With these definitions, the group action on the ®,_m,, is given by
(Da m Q)= oagol,gom Q
(g o lo a)( ) goagolag a( ) (146)

= Pyoas(1a)s(ma) (2).

For an example, consider Figure 1.2. There, a molecule of six indistinguishable atoms
forming a hexagon is depicted. The points of this hexagon can be transformed into each
other by six counterclockwise rotations!? through 0 degrees, 60 degrees, 120 degrees, etc.
These rotations are labeled Cg, C¢, C2, ... Cg. The position vectors are r; for the lower
left atom, and ry for the lower right atom, etc, proceeding counterclockwise around the
hexagon.

This example uses an initial basis function @, r, r:).(3,1,2),1,0,—1), and an initial configu-
ration (which one may write in two dimensions as just one angle, ¥) of Q = (3", %ﬁm,
s, AxHBEE 0re) as depicted in the left column of Figure 1.2.

The first row of Figure 1.2 displays the transformation of the configuration, ¢g=* o Q

1 One has to choose a specific sequence to ensure that there is only one way to write a basis func-
tion. With this convention, basis functions are equal if in the cluster and tuples the same values
appear in the same sequence. Without this convention, one could write one basis functions as,
e.g Py ro)(2,1)(=2,0) OF a8 Pr, r)(1,2)(0,—2)- This would complicate formulas and the numerical
implementation.

12There are also symmetry operations that mirror the atoms, or invert the positions. These are omitted
in the interest of brevity.
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Y3’1 Y3,1
Y2,71 Yl,O Yl,O
ST SR
0—»: QY10 0—> Q@ °—>‘: <Qy3!
Y3,1J// J \%Y&l YQ,IJ//

Figure 1.2.: Transformation of a basis function ®,;,,. Atoms in green are part of the
current cluster «, and the associated spherical harmonics are written next
to the atoms. Top row: ®u1,m, (970 ), Bottom row: (go®u1 m,)(2), Left
to right: C2, C3, CZ. Dashed lines exist just to guide the eye.

and the corresponding @y, rs rs),(3,1,2),(1,0,~1) (971 0 ), and the second row displays
(90 P, rars),(31,2),1,0-1))(2). The following table contains (g0 Py, ryrs),(3,1,2),(1,0,—1)) ()
for all symmetry operations:

Op go{r;} basis function position (Fig. 1.2)
Cy (ri,r3,T5) D (1) r5,r5),(3,1,2),(1,0,~1) upper left

061 (1‘2, r4,Te) (I)(m,r4,r6),(3,1,2),(1,0,—1) upper center
Cs  (r3,75,11)  Piryryrs),(2,3.1),(—1,1,0) upper right

C3  (r4,rq,12) D (ry,14,06),(2,3,1),(~1,1,0) lower left

Og (I‘5, ry, I'3) (I)(rl,r3,r5),(172,3),(0,—1,1) IOWGI' center
Cg (I‘G, Iy, 1'4) (I)(rg’r47r6)7(17273),(07,1’1) IOWGI‘ I“ight

go{r;} lists the transformation of the initial positions in the cluster, before the necessary
reordering S takes place.

Action on the ), x
The symmetry operations do not affect the generalized Wigner coefficients and the k-

. .\ k
tuple, as only the sorted values of the 1,-tuple, j enter the coefficients. The (‘le o 731 Mo )
1 ... My

[e3
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1.4. Space Group Symmetry

are therefore not changed if the sequence of the [; changes. Therefore, the action of g
on the O(3)-symmetrized basis functions is:

. . k
goyalk:Z(iLll ilna) goq)alama

. . k
J1 - Ing
B Z (m R 179 ) (I)gOaS(la)S(ma).

@

(1.47)

1.4.4. Matrix Elements

The matrix elements regarding the )V, k are
<ya’1;¥k’|p111|yalak>~ (1.48)

With the definition of the Y, x, Eqn. (1.16), and the definition of the projection
operator this becomes:

i\~
<Z (n}l nCLa) Lot m,

Na

. . k
J1 - Ing
Z (nl P nn&) ¢alama> (1.49>

meq
. . Kk’ . . k
:iz I J1 e Jna
G| 4 ny...on, ny ... Ny,
m/ mg
X Z(q)a’lflmfl |(I>goagolagoma>-
9€eg

Because the ®,)_m, are orthogonal in «a,1,, m, this matrix element is zero unless there
is at least one group element gnqi,1, that transforms o to o' and 1, to 1;,. Remember
that P, gaan.y, = Pj; according to Eqn. (1.24), and the matrix element may be written
as:

<ya’l’ak’|p111|yalak> = Oala,0,y <ya/1gk/|p1119aa'1alg | Valok)
«

Al (1.50)
= 0al,, 0, (Varr i | Pri| Varrx) -

The “orbit” Ouy, of a specific o'l), is the set of all clusters and I-tuples that can be
created by some group operation acting on &'l),. 41,0 ,, is one if al, is an element of

"
a’ly,

21



1. Theory

the orbit Oy , and zero otherwise.
The scalar product forming the other part of the matrix elements can be analyzed a bit
further:

. 1
(Vo xe| Pl Vo) = |g—|<ya/1/ak'| Zg o [ Vo)
geg
. SNk . . Nk
(1e) 1 e I I
e Z (n’l oy, Ny ... Ny, (1.51)
XY (Do mr, [ Pgoargors gom. )

geg

The @41, m are still orthogonal in «,1,, m. This means that the scalar product is zero
for any group element in the sum over the group elements that does not map «’ to itself
and 1/ to itself. Therefore, the sum over all group elements may be replaced by the
sum over the set of group elements that leave o/;1/ invariant. This set shall be called
Gaorr,- In group theory, this is called the “stabilizer” or “isotropy group” of o/l/,. It is a
subgroup'® of G. If the origin of the coordinate system is conveniently chosen to be the
center of mass of o/, all of these elements have to be rotations. The group has always at
least one entry (the identity), but can have as many entries as there are rotations in G.
The projection operator of the identical representation of Gy, is

. 1
g = Gon | > go. (1.52)

Bgoa'gol, = al, = g lod/g ol = o/l therefore the inverse element to g is also part of

the stabilizer. Any product of two elements g1, g2 in the stabilizer is clearly also an element of the
stabilizer. The set is therefore closed and contains an inverse to each element within. The identity
is always part of the stabilizer.
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1.4. Space Group Symmetry

With this definition, the matrix elements of 15111, the projection operator of the whole
group, may be written as

<ya’lflk”p111|yalak> = 50‘1‘1700/1{1 <ya’lflk”p111‘ya/lgk>

’ga/l/ | A
1
= lTr(Sala,oa,l/a <ya'1;1k'|Pga,1&|ya/1;1k>
) ) K
(1.16),(1.52) 5041&,0&/1& Z (Ji ce ];La)
- A / /
|g| = ny ..My,
i\ 3
1.
X Na <q)a’lf1mfl‘®goa’golggoma> (153)
ny ... MNnp, 460
a’lfx
!
6&1&700/1{1 Z (]i .. j:l )k
—_— «
- / /
|g‘ m&ma 1 Na
. . k
Ji -
X (nl n:i‘:) Z 6mfx,gomau
gEgalla

where \ga,ya in the prefactor of the first step appears to compensate for the 1/ ‘gaq& |
inherent in the definition of Pgl e

To discuss the eigenvectors, it is convenient to recast this equation as

A ga/ !
(Vo | P Vare) = | |g1|a|

Oala, 0,1, Ak ks (1.54)

with

1 . O\ K
_ J1 - ng
A =
’ [e ny...om,
al m/ mg,

g i\ 3

1 .. n

X @ O .
<n1 Ny, ) Ma,goMa

«
gega/la

(1.55)

The seemingly odd choice of prefactors 1/ |Gan, | and |Gary, | /|G| will prove useful later.

1.4.5. Eigenvectors

The matrix of the projection operator may be written as a direct product of a matrix B
with elements
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1. Theory

Bor a1, = ’Qa/y | /G| dar,.0 i, and a matrix A with elements Ay y given by Eqn. (1.55),
as for each element of the maftrix the following holds:

<yo¢’lka’|P111’yalak>ao/lalflkk/ = Bo/lg,ozlaAk’,k- (156)

The matrix A is the same for each element of the orbit Oy , and may be calculated for
any representative of this orbit.

If eigenvectors b of B and eigenvectors u of A have been obtained, that is ), Aw ke =
AacpVk' and Za,la Barr, a1, 0a1, = ABbar, V', 1, the components of the eigenvectors for

the whole matrix of the projection operator, 07  may be constructed as uybai,, because

Z Barr, ala Ak kUcbar, = (Z By a1, ala) (Z Aw kuk) (1.57)

a,lok
:/\A/\BukbalaVa 1, k/

YS!

The orthogonal eigenvectors u of Ay y are nontrivial and have to be determined numer-
ically, and their components are denoted cjl. In the basis of the YV, k.

u=> Vark (1.58)
k

The eigenvectors of the matrix B can be calculated analytically. If the basis set is ordered
such that basis functions with clusters and 1,-tuples in the same orbit O,y are next to
each other, the matrix B is block diagonal and of the form

By 0 0 0
0 B, 0 0
B= ) (1.59)
0 0 Bu.-1 O
o 0 ... 0 B,
where the blocks represent different orbits, indexed by 1,..., u, of the form
1 .1
[Goe| [ .
Bi = o | (1.60)
1 .1

where only the prefactor and the dimension of a block depend on the specific orbit Oy
that this block represents. The notation O,y = specifies an orbit by one (arbitrarily cho-
sen) element «;, 1,; of the orbit. This element is called a “cluster archetype”.
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1.4. Space Group Symmetry

These blocks do not have dimension |G|, but dimension |G|/ |Gary |, because the or-

bit has only this many different elements'*. Each B; has only one!® eigenvector b; =
(1,...,1) to the eigenvalue 1. The dimension of this eigenvector is |G|/ \gaglfm , and
the basis of the B; matrix are the )V, _x where all a,1, belong to one speciﬁc orbit 1.
All different, linear independent eigenvectors b; of B can be constructed as (bl, 0...0),
(0,b,, ... ,O) .,(0,0...,b,), and may be written in the basis of all Vi as

bi = Z 1- yoalak = Z 6o¢la,(’)ai1myalak' (161)

a,ln €041 a,ly

ilat

There is one eigenvectors b; of B to the eigenvalue 1 for each orbit O,,),,, which means
that the label i of the orbit can be used to identify the eigenvector.
The eigenvectors W1 = of the direct product matrix of B and A, written in the basis of

the Va1, x, are then:

i)

Z Oala,Oa,, Z CeVal k
Z e Z 9 © Vailuik

geg

(1.62)
Igal Lo

where the second step just used that one may create the orbit by applying the group
operations. The prefactor arises because the sum runs over the whole group, whereby
each actually different element of the orbit will be generated |G, 1,
m of the ¥} indicates both different orbits i and different u. Therefore, the following
symbol is defined:

\I[%m = ygilm-u7 (163)

to better reflect this and to retain visual consistency with the Y, _x. Contrary to the
Varx, o; and 1, are representatives of a whole orbit ¢, and naturally, only one represen-
tative may be chosen for each orbit.

These basis functions are orthogonal (and therefore, linear independent),

<ygi1aiu |yg§l;ﬂu/> = 5ailai7a;1:1i 5u)u/ ? (1 64)

14This follows fromt the so-called orbit-stabilizer theorem. A proof is given in the Appendix, Section
A.4. See also [20].

5Every B; is an idempotent matrix, B;x = B2xVx. This means it has only eigenvalues \; = 0,1. As
Tr(Bi) = >, A\ = 1, it follows that there is only one eigenvalue 1, and all other eigenvalues are zero.
This also means that Ay x has also only eigenvalues 0 or 1, because the eigenvalues of the matrix
of the whole projection operator, given by the product of the eigenvalues of B and A according to
Eqn. (1.57), need to be 1 or 0.
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where d,,1, v . 18 zero if a;l,; and o/l represent different orbits, and one if not.
T an
The energy may be expanded as

E= Z Jo‘ilai“ gilaiu’ (165)

a;laiu

where the sum runs only over o, 1,, that represent different orbits.

Except the eigenvectors of A, and the prefactor 1/|G,,1,,|, the procedure to calculate
these functions is straightforward: Start with a given cluster “archetype” at one point,
and then apply all symmetry operations, thus generating all possible “pictures” of this
cluster throughout the crystal. Sum over the values of the Y,k of these symmetry
pictures.

1.4.6. Why the U] Are Not a Useful Basis Set

This subsection shall detail that the Wi, | are neither orthogonal nor linearly indepen-
dent, and therefore not very useful as a basis set. This is not important for the numerical
investigations, but hopefully educational.

First, the definition of the new, orthogonal and linear independent basis functions may
be written as

1
yagilaiu = Z Cll(l Z go yailm-k
|gai1ai k geg
4

B 1Gaila; Zcﬁplllyailmk (1.66)

k
w2n) |9]
’gailai

u l 1
E Ckclailaik\lllailaik'
k
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1.4. Space Group Symmetry

On the other hand, the basis function of the space group V], | that a given Va1, would
be projected upon can be expanded in the ygl u 88

\Ijlal k — Z <\Ijial k‘yal Mu>yagilmu

a;ilaiu

1.27 1
( = ) <ya1akP11’yal mu>ygilm-u

C
a;lyiu lalyk

1
= ) VeV Vi (1.67)

c
lalok azlmu

: : 6a1a7 al Ckya lwu

a;laiu

(1.62)

Clalak

where the second to last step used the orthogonality of the YV, k, and the last step used
that if due to the Kronecker delta the orbit has to contain «,1,, one might just as well
use a, 1, as representative of this specific orbit.

Not all of the functions {¥]{, ,} are orthogonal, as the scalar product of two such
functions is given by

1
<\Ij%alak‘qj%a’lka’> = ala, ol chck’ (168)

Clalakclo/l’ %

where the orthogonality of the ygilmu was used.

If one considers two rotationally invariant basis functions, Y.,k and Vo k to different
elements o, 1, and o/, I/, out of one orbit and to equal k, ]5111 projects these functions on
proportional functions (see Eqn. (1.67) ). Therefore, the functions Wi,  and ¥}, ,
o I € Oy, are linearly dependent. i
Functions Wi, \ and ¥}, |, to the same a,l,, but to different k, k' can be linearly
dependent as well. This is not evident from the formula above, however, one may insert
Eqn. (1.66) into Eqn. (1.67) to give

lp%alak chml K Ck i{l’\Illal K/ (1.69)

N 1041 k |ga1a|

and therefore

|gala‘ u u_u
C%alak ( ‘g’ - Z (Ck)2 \Dialak - Z ZC Ck’qjlal Kk’ (170)

K'#k u
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which means at least one Wi,  may be written as a linear combination of all other
U111 unless ¢ o< O e for one specific eigenvector ug. ¢ o i would mean that
only one specific k contributes to the eigenvector ugy, which also means that this k
contributes to no other eigenvector, as the u are orthogonal. This is, however, a rare

case.

1.5. Configurational symmetry

With reasonable computational effort, only small parts of the global configuration space
may be probed with density functional theory. There are two classes of symmetric
configurations that can be probed with numerical ease, which are called spin spirals and
supercells.

Spin spirals are configurations that have the following symmetry:

V(T + rg) = ¥(ro),
(T + 1) = ¢(ro) +q- (r; —1o), (1.71)

=T

where rj indicates the position at the (arbitrarily chosen) origin of the coordinate sys-
tem, and the relation holds for all elements of the translation subgroup with associated
translation vectors T. This means that all magnetic moment directions have the same
angle regarding a specific, global axis and rotate coherently around this axis. The phase
of the rotation at a specific atom is determined by the position vector of the atom. The
symmetry operation underlying these configurations is a combination of a translation in
the space of the position vectors r;, and a rotation in the space of the magnetic moment
directions e;. By employing a modified Bloch theorem [21] these configurations can be
easily calculated for any wave vector and opening angle.

Supercell configurations are configurations where

19(2 ng Ty + I‘i) = 19(1}), ng € Z
(1.72)

‘p(z ng Ty + I'z') = SD(I'Z'), ny € 7
k=1

holds for any position r;. The directions of the magnetic moments thus repeat exactly
after any multiple of the three translations {T}}, which are chosen out of the subgroup
of pure translations of the spacegroup. The spatial cell defined by these translation
vectors T, Ty, T3 is called the supercell.

The configuration space of a crystal which contains a very large, but countable number
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1.5. Configurational symmetry
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Figure 1.3.: Example of a spin-spiral structure. Wave vector q = 27/a0.25(1 0)
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Figure 1.4.: Example of a two-dimensional supercell structure with translation vectors
Ty =a(30), Ty =a(01). All atomic magnetic moments with equal num-
bers have the same directions e;
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N, of atoms is N
Koy =5i® 8 ®...0 5%, = (5™, (1.73)

where S? indicates the surface of the 3-dimensional sphere.
The configuration space of the supercell is

N,
Ksc =57 ® 8 ®...0 S3,, = (57)°°, (1.74)

with a finite number Ng¢ of atoms within the supercell. This number is limited to about

16-32 atoms for numerical investigations, because the computation time required for

DFT calculations scales with the third power of Ngc.

For spin spiral configurations the configuration space is even smaller:

Ksg = (1.75)

1 3
st w B,

opening angle  wave vector

where St is the surface of the two-dimensional sphere, i.e., a circle. The configuration
space of the wave vector is, of course, actually the first Brillouin zone in a crystal.
Obviously, for the rather small numbers Ng¢ accessible by DFT calculations,

Ksc C Key,
KSS C KCr; (176)
Kss ¢ Ksc.

The central problem is that our goal is to obtain a description of F({e;}) valid in K¢,
while numerical results are only available for Kgss and Kgc, which are both of much
smaller dimension than K.

1.5.1. Spin Spiral Symmetry

It is convenient to discuss spin spiral configurations within the framework of the rota-
tionally symmetric YV, k, and consider the space group symmetry later.

Assuming the configuration has a spin spiral symmetry, it can be shown after some
algebra (presented in Section A.5.1) that

Ly

Vark(Qss) = Z Pi(cos(vy)) Z2cos(q - Twm,)

l=lp,even

. . k
% (]1 N ]na> Nlam“',
ny ... Ny

«

(1.77)

where the set of all possible m has been decomposed into two parts, {m}; and {m}_,
such as that to each m, there is exactly one m_ = —m,. For the vector m with
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1.5. Configurational symmetry

m; = 0Vi there is no such counterpart, and it is simply defined to be part of {m},.
Th, = Z?ﬁl m,r; is a translation vector of the crystal lattice, as m; € Z, and the Nj_p,+
are constant, real coefficients which depend on 1, and m™. The maximum possible order
of the Legendre polynomials P;(cos()) is given by the sum over the elements of the
-tuple, I; =50 1.

The basis function depends only on the opening angle 9y of the spin spiral, but not
on the initial phase ¢y. This is because the basis functions are invariant under global
rotations and therefore do not depend on the phase of the spin spiral.

As noted in the introduction to this topic, the configuration space is equivalent to S'® F3,
and the Legendre polynomials form a basis set of the circle S* and the sines and cosines
form a basis set for E3.

The cosines are the inversion symmetric part of the plane-wave basis of E3, reflecting
that the transformation q — —q is just a global phase difference of 7, which does not
change the V.1, x because they are invariant under global rotations.

The even order of the Legendre polynomials is due to the fact that the original basis
functions were invariant under collective inversion of all magnetic moments, which in the
spin spiral case is equivalent to ¥ + 9 + 7 and q — —q. The effect on the wave vector
is irrelevant (see above), and the symmetry under ¥ +— 9 + 7 corresponds to symmetry
under inversion on the interval [—1, 1], which the Legendre polynomials are defined on,
and this is only fulfilled by the even Legendre polynomials.

The above formula therefore represents the decomposition of the overcomplete SCE basis
set towards a complete basis set for spin spirals, which consists of products of Legendre
polynomials to even order and cosines.

Concerning space group symmetry, remember that the invariant space group basis func-
tions are constructed from the YV, k by

1 u
ygilaiu - |g 1 | § :Ck § goyailmvk‘ (178)
Qilag k

geg

The action of a group element on the V57, may be deduced (see Section 1.4.3) by the
action of the inverse group element on the configuration, which is given by Eqn. (1.71):

I(r;) = J(0)Vi,

p(r:) = 90) + - (x: — xo). (179

¥y, is the same for any r;, and therefore invariant under the action of all group elements.
¢r, only depends on the difference between r; and r(, so if a translation is applied to
both position vectors, nothing changes and the configuration is therefore invariant under
the translational parts of all group elements.

A rotation R™! will change the direction of the difference vectors, which is equivalent
to a rotation R of q, as only the scalar products between q and the difference vectors
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matters. Therefore, one may write the invariant space group basis functions as

ly
T -
V@) = o 3 Pleos(ion) Y et

l=lp,even k

: .\ k
e Jng (1.80)
x Z+ (n1 nna) Niaom
X Z 2cos((Rq) - T, ).
RegGo

Go is the point group of the space group, that is the group of all rotations that occur
in some element of the space group, regardless of the translational part of that element.
The prefactor |T'| represents the number of pure translations in G.

1.5.2. Relation to the extended Heisenberg model

In the extended Heisenberg model, the cosines of the angles are used as basis functions:
.FIZ_I =€y € (181)

for each atom ¢. The direction of the magnetic moment at sites ¢ and 0 is for spin spirals
given by

sin(dg) cos(q - r;) sin(dp)
e, = | sin(¥y)sin(q-r;) | ,e = 0 (1.82)
cos(dy) cos(dy)

and the scalar product gives
= cos®(g) + sin®(y) cos(q - 7). (1.83)

Note that the functional dependence on ¥ is the same for all Heisenberg basis function.
This means that within the extended Heisenberg models, the energy needs to have the
same functional dependence on ¥y as well. This prediction of a generalized Heisenberg
model will be compared to density functional theory data later in Section 2.2.1.

For constant opening angles v, these functions reduce to

Fh=a+bcos(q-1;). (1.84)
For small opening angles, the extended Heisenberg basis functions are approximately
Fiy~ (1 —92) + 92 cos(q-r;) ~ ¥2(cos(q - ;) — 1), (1.85)

where the constant term 1 has been omitted in the last step.
The Yk for these configurations, as shown in Eqn. (1.77), have the same quadratic
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1.5. Configurational symmetry

behaviour in 9y for small 9y, because all Legendre polynomials P!(x) to even order I
are proportional to x? for small z. Furthermore, each cosine within Eqn. (1.77) may
be replaced with the corresponding Heisenberg basis function, because the Ty, are
lattice vectors. This means that for a set of spin-spiral configurations with one constant
opening angle, or with various but small opening angles, the SCE basis functions and
the extended Heisenberg model are equivalent, in the sense that one may be expressed
as a linear combination of the other. Therefore, the results of any investigation that
only uses spin-spiral configurations with one constant, or various, but small opening
angles can be described within an extended Heisenberg model with the same accuracy
as within a SCE - which explains the great success the model has enjoyed in describing
spin spirals [22, 23, 24].

1.5.3. Supercells

One of the main results of this subsection will be that for supercell configurations, the
basis functions to cluster archetypes within the supercell form a complete basis set. All
other basis functions may be written as linear combinations of those within the supercell,
for all configurations that have a common supercell symmetry. Naturally, this is not true
for general configurations, however, as mentioned in the introduction to this section, our
DFT code does not allow for investigating general configurations but only for supercells
and spin spirals.

This subsection shall detail the problem by investigating the basis functions. What the
results means for numerical investigations, and how the validity of a given SCE derived
from spin spirals and supercells for general configurations can be checked is the topic of
the next subsections and section.

It is convenient again to first discuss the Y.k, or specific “cluster pictures” in the
sense of Section 1.4.5. These functions are defined by the cluster, which shall be a =
(ri,ra,...,r,, ), each position has a magnetic moment direction assigned by €2, which
shall be (e]', €52, ..., e,). Also, each position is assigned a specific spherical harmonic
by 1,, which shall be (I3,ls,...,l,,). The k-tuple shall be (ki,ks,..., k,,—3). This
prototypical basis function is

. . k
st (1)

(1.86)
X YU ()Y (ef2) Y e (efne ).

Na

The supercell is formed by the positions inside the volume spanned by Ty, T, T3 from
one arbitrarily defined origin which shall have the position vector (0,0, 0).

A cluster picture can contain a position vector r; that is outside of the supercell, that is r;-
Ty > |T|” for some k € (1,2, 3). Because the numerical values of the magnetic moment
directions repeat exactly after Ty, Ty, T3 for all configurations with a common supercell
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Figure 1.5.: lllustration of backfolding into the supercell. Red lines mark the boundary
of the supercell. For all configurations that have this specific symmetry, the
basis functions with some 1, to the blue cluster are equal to basis functions
with the same 1, of the red cluster. Basis functions to the green cluster may
be written as linear combinations of the basis functions to the red cluster.

symmetry, the direction associated with this position vector has for all configurations
with a common supercell symmetry the same value as the direction associated with
r; =1; — » . |r; - Tx/a®] Ty within the supercell, where |z] indicates the nearest lower
integer to x and a is the lattice constant. A sketch is provided in Figure 1.5. When
calculating the Va1 x(Qsc) according to Eqn.(1.86) for different configurations with a
common supercell symmetry, the position r; could be replaced by the position r; within
the supercell, without changing the value of the basis function. This holds for all such
supercell configurations. Correspondingly, the cluster a = (ry,...,1;,...,1r,,) could be
just as well written as o/ = (ry,...,r;,...,r,,) for all such supercell configurations.
This is referred to as “backfolding”, because r; is “folded” back into the supercell. If
the position r; was not already part of the original cluster «, the basis function is for
all supercell configurations {dsc equal to the basis function to o’ (with equal 1,,u). An
example is the blue cluster in Figure 1.5.

However, if the position r; was already part of the original cluster «, or if several atoms
are backfolded on the same rj, the new cluster o would no longer contain only different
positions. An example is the green cluster in Fig. 1.5. This means the product of
all spherical harmonics (x P41, m,) contains two (or more) spherical harmonics which
have for all such supercell configurations the same argument. Such products can be
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1.5. Configurational symmetry

decomposed to a linear combination of spherical harmonics by the following formula:

Li+l; 1
I=[li—1;] Am(20+1) (1.87)
x Cé;_u‘mi’ljijlH(ﬂ? gp)cg?07lj07

with p = m; +m;.

Naturally, one may insert this equality into the definition of the basis function without
changing the properties of the basis function, i.e., the result must still be a rotationally
invariant function. A basis function which contains such a product of two spherical
harmonics to the same argument just once can then be written as a linear combination
of all basis functions to the cluster o’ which contains r; only once,

1.k
y(rla---vrj7---7ri717ri:rj+T7ri+17---7rna)7laak(QSC) = Z Clzk/ya’l'ak’(QSC)
%

/
where o = (I‘l, NS PR PN P PR PIN 7I'na_1),

l/a = (ll,lg, e ,lj, e Jli—17li+17 “e ,lna>7 (188)
and I; € [|l; — 1|, i + 1],

3
T=> nTin €L

=1

The restriction on the possible I/ -tuples and the cluster o/ follows from the orthogonality
of the ®,1 m,. If the cluster a contains several products of spherical harmonics to the
same argument, the process simply has to be repeated.

Because the whole set of basis functions was complete for all configurations, this also
means that the set of all basis functions to clusters within a given supercell are complete
for all configurations with a common supercell symmetry.

Detailed calculations of the cigi, for the subset of basis functions to clusters with up to
four atoms, and 1, already ordered as a decreasing sequence!®, I} > I, > I3 > ... > [,._,
can be found in Section A.5.2. These results are summarized in the following list of

16This was presumed just to lighten the notation a bit. The general cases can be rather easily deduced
from the calculations in Section A.5.2, but are difficult to express in our notation.
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equations:

Vi1 ra=r1+T)(11,11) = const
y(rl,r2,r3=r2+T)(l1,lg,l3) XX y(rm)(lhh)
Vier s r=r1+T) (1 la,ls) O€ Vs ea)(2)
y(n,r2=r1+T,r3)(ll,12713) X y(r17r2)(13713)
y(m,r2=r1+T,r3,r4)(ll,lz,l3,14)(k) X y(rl,rg,r4)(k,l3,l4) (189)
Virr ra,rsra=rs +T)(1,l,03,0a) (k) X V(r1ra,e3)(11,12,k)
I3+ly
Virvraramrat Do) (da o)) D, g
I=li2 1]

X y(r17r27r4)(l1,i,ls)'

Only for the last case is the backfolded basis function actually a superposition of the
basis functions to clusters within the supercell. Also, the results for n, = 2,3 hold for
any order of the /; in 1,. Unfortunately, this convenient result does not hold once space
group symmetry is taken into account.

The invariant space group basis functions are calculated from the Y, x as

1
ygilmu(ﬂ) = ‘ga—” Z Ci Z 90 Var,x(£2)
ol K

geg

- Y Y e e )

teT g

(1.90)

where in the second step the whole space group was divided into the translation subgroup
T and g which contains the rotations, glide planes and screw axes within the Wigner-
Seitz cell. As for supercell configurations the directions repeat exactly after each multiple
of Tq, Ty, T3, it is only necessary to sum over the translations within the supercell:

T

Vi 1m(Qs0) = e ) aix
ilai |T’sc |ga1a’ ; )

X Z Zto (G0 Vark(82s¢))

teTsc g

(1.91)

wher |T|qq is the number of translation within the supercell.

For the cluster pictures, basis functions to one cluster were always mapped to a super-
position of basis functions of only one other cluster, and in many cases for small clusters
(see above) only on one 1 -tuple. However, the equivalent fact does not hold true for the
cluster archetypes of the ygilmu, basis functions to one archetype may be superpositions
of basis functions to many archetypes.
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1.5. Configurational symmetry

For an example, consider Figure 1.5, and picture a supercell with T?, = 2T5. If the blue
cluster picture is rotated by 90 degrees, it is then mapped upon a constant, whereas the
red cluster picture is not. Because the invariant space group basis functions ygilmu are
constructed as a superposition of all possible pictures of the cluster archetype, the basis
function to a cluster archetype larger than the supercell will be a superposition of basis
functions to several cluster archetypes within the supercell.

Note that if there is one group operation that can fit the cluster archetype into the su-
percell, the whole basis function can not be a linear combination of the basis functions
to clusters within the supercell.

1.5.4. Consequences for numerical investigations

The goal is to obtain an expansion of the energy in terms of the basis functions:

E = Z Jailoﬂ'u gllmu (1'92)

ailaiu

where the J,,1,,u are constant coefficients. To obtain these coefficients, it is necessary to
have some information about the physical system. This information can be gathered by
probing a set of various configurations {/, indexed by j, with density functional theory,
which yields the set of energies E7()) associated with these configurations.
But as mentioned before, these configurations have to be supercells or spin spirals. For
supercells it was shown in the preceding chapter that a basis with cluster archetypes
within the supercell is complete. The energy of all such configurations can therefore be
written as

EC= Y IS Vi (1.93)

a; €SC,l,;,u

where the cluster archetypes of ygilmu have to be chosen within the supercell.

The same basis functions also contribute to the expansion valid for all configurations
(Eqn. (1.92) ), but with different coefficients Jo,1,,u # J54. - This is because supercell
configurations map basis functions of cluster archetypes that are too large for the super-
cell to superpositions of basis functions within the supercell, and the coefficients J SSMH
obtained by supercell calculations will then be a superposition!” of the true coefficient
Jailou to the cluster archetypes which fit into the supercell, and the {Jq,1,,w} to the
cluster archetypes {«;} which do not fit into the supercell. However, if the SCE shall

be valid not only for configurations of (or below) a specific supercell size, the general

ITIf the mapping of the basis functions to cluster archetypes o larger than the supercell to the basis
functions to cluster archetypes within the supercell is given by

ajly,u’
Vi w(@sc) = D conly Vi u(@so),

ailaiu
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Ja1,u are needed.

The obvious idea is to use spin spirals to solve this problem, as they seem to represent
changes of the magnetic moment directions on a longer length scale. This is, however,
a fallacy, as spin spiral configurations are in principle more symmetric than supercell
configurations. As was shown in Section 1.5.1, the full SCE basis set is overcomplete
for spin spiral configurations, and may be written as as superposition of a symmetry
adapted basis set consisting of cosines and Legendre polynomials. However, this basis
set is adapted to specific configurations, and would be unable to describe general con-
figurations.

Using the general SCE basis functions for spin spirals introduces many linear dependen-
cies within these basis functions, and therefore does not allow a unique identification of
expansion coefficients J,,1,u- These linear dependencies are also significantly harder to
compute analytically (and therefore, to avoid) than in the case of supercells.
Intuitively, if the supercell investigated by density functional theory is “big enough”,
the J39 , should be good approximations of the Ju,1,,u. The theoretical background of
this intuiton is explored in Section 1.7, followed by means to determine what is actually
“big enough” for a physical system.

1.6. The Energy per Atom, Numerical Implementation

So far, all formulas were derived for the energy F/(£2). This is an extensive quantity, and
consequentially diverges for an infinite crystal. A finite, intensive quantity is the energy
per atom, denoted e(2) = E(£2)/nat,cry- The number of atoms in a crystal, na¢ cyy is
given by

NAt,Cry = Mbas |T‘ ) (194)

where ny,,s i the number of atoms within the Wigner-Seitz cell, and |T'| the number of
pure translations within the space group of the crystal.

it follows that

E(Qsc) = Z JadauVe 1 o(Qsc)

a;laiua

_E:E: E:E: jlaju’ g
= Jozilm-u + Jajlaju/cailaiu yailmu7
a; €SCl,u a; €SC lg u’
']Sfloiu

where a € SC indicates the cluster archetypes that can fit into the supercell. This holds for all
configurations that have one specific supercell symmetry.
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1.6. The Energy per Atom, Numerical Implementation

If the energy is expanded in terms of the )/agilmu,

= Jateud) (1.95)

az aill

it follows that 1
e(Q) = Jogou——=V9 1 . 1.96
) g%i e [ T] 1 (1.96)

For the actual numerical implementation of the SCE, only the energy per atom matters.
Therefore, instead of the functions defined in Eqn. (1.91),

T
yg lwu( SC) T |gaz az| Z Ck
Tsc

(1.97)
X Z Zt o g © yaz‘lmk(QSC)) )
t€Tsc g
the following functions are computed:
1
g u
Vadau($lsc) = ———— ) ¢
ila |T|SC Npas k k
(1.98)
X Y Y 0 (G0 Vanux(Qsc)) -
t€Tsc g

Comparison shows that 1/np.s |T|, which will arise anyway when moving to the energy
per atom, has been absorbed into the definition of the basis functions. The factor
1/|Ga1,,;| from Eqn. (1.91) is omitted in this new definition, and therefore the expansion
of the energy per atom becomes

§:|£fm Vo = D Joda Vo (1.99)

a;l A = a;ilaiu

']D"Llonu

Absorbing |G,,1,,,| into the definition of the interaction coefficients makes the program
code slightly shorter, as there is no need to calculate |G, .| and to keep track of the
result'®. The drawback is that the ygilm_u are just orthogonal and no longer orthonormal,
however this has no practical consequences in the experience of the author. As the
interaction coefficients are determined by a least mean square fit, a scaling of the basis
functions just results in the inverse scaling of the interaction coefficients.

8 Also, the author has to admit that for quite some time this factor was implemented incorrectly as
|Go |, the number of group elements that transforms « into itself (Eqn. (3.4.1) in [1], there called
D).
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1. Theory

One caveat is that if the absolute values of interaction coefficients to cluster archetypes
with different |G,,1,,| are to be compared, |G,,1,,| has to be taken into account. For this
case, a short standalone program exists that computes |Gq,1,.,|-
For spin spirals the program does not use Eqn. (1.77), but instead simply uses that spin
spiral configurations (and therefore, the basis functions) are invariant under translations,
therefore proportional to the number of translations, and evaluates

1
Z Cll: Zt © (f] © yailmk<QgS)) : (1'100)
k g

Nbas

V9 1 a(Qss) =

which, for the numerical implementation, is just Eqn. (1.98) with Tsc = 1. The con-
figuration (2gg) is calculated for each position in the cluster picture § o o according to
Eqn. (1.71), 9(r;) = Yo and o(r;) = @0 +q - 1;.

1.7. Convergence of the Expansion

The sum over «;,l,;, u in the expansion (1.99) necessarily needs to converge to some
finite value e, for any configuration 2. As the absolute values of the SCE basis functions
do not converge for all configurations, this means the absolute values of the expansion
coefficients need to converge. It is presumed that the absolute values of the spin cluster
expansion coefficients converge

1. with regard to a maximum I-tuple entry l.y:

< e if max(ly) > lnax
> € if max(lai) < lmax

(1.101)

|ja¢1m‘u

This also limits the eigenvectors u, as the eigenvectors u are constructed from the
basis functions to the possible k-tuples, whose entries are limited to kpax < 2l nax-

2. with regard to a maximum interaction length 7.y:

(1.102)

’jailaiu

<e if3i,j € a; sothat |r; —rj| > ryax
>e if ﬂi,j € a; so that |r; —rj| > rpax

3. with regard to a maximum number of atoms n,,,, in the cluster archetype:

, <€ if ng > Npmax
L 1.103
|J 1lazu| {Z € lf N, S N ( )

Naturally, suitable values for € are yet to be determined. Numerical tests for these
criteria are detailed in the following subsections.

One very important consequence of is that once the limits .y, Tmax and ny., are
established, the set of possible basis functions that fulfills these criteria is finite, and one
has no longer to deal with an infinite set of possible interactions.
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1.7. Convergence of the Expansion

1.7.1. | Convergence

The [,.x convergence limit can in principle be tested by calculating the values of the
interaction coefficients ju,1,,u for various max(l,;). These values should be less than e if
max(l,;) exceeds ly.y. For practical purposes, it is more convenient to define the limit
from the accuracy of the SCE, in this case one would expect that only basis functions
with max(la;) < lmax are necessary to reach an accuracy below a predefined limit €.
lmax can only be investigated for spin spiral or supercell configurations, because no DFT
data can be obtained for other configurations. Correspondingly, one has to take the
effect of these configurational symmetries on the basis functions into account. This
effect is that for spin spirals and supercells max(l,;) of the relevant clusters may exceed
lmax, because in both cases the basis functions are mapped on superpositions were sums
over elements of the 1,,-tuple enter. However, both types of configurations may still be
used to obtain estimates for the quantity npaxlmax-

If spin spiral configurations with a constant wave vector q = qp and various opening
angles vy are investigated, one can write the expansion Eqn. (1.99) as

e(Vo) = D Jji(do) Pi(cos(dy)). (1.104)

l=even

where Eqn. (1.80) was used, and all qo-dependent terms as well as all prefactors have
been collected in the effective interaction coefficients j;(qp). [ may, in principle, assume
all even integer values, as in Eqn. (1.80) the sum over one specific 1,;-tuple enters as
the upper limit, and in Eqn. (1.99) one has to sum over all possible 1,; tuples.
However, if the presumptions for convergence of the interaction coefficients hold, the
only important basis functions are those with l,;-tuples of dimension 7., or less, and
with elements of [,,,, or less in the 1,;-tuple. Therefore, one may limit the sum over [ to
values below or equal to nyalmax, Without loss of accuracy. The absolute values of the
Ji should also be negligible above 7y axlmax-

Therefore, one can estimate the lower bound of the product nyaxlmax by calculating e(y)
for some fixed wave vector and fitting this curve with Legendre polynomials. The highest
order of Legendre polynomials required to fit (/) with sufficient accuracy (which is yet
to be determined) is then an estimate for nyaxlmax-

This is only an estimate, because according to Eqn. (1.80) each basis function is mapped
to a superposition of Legendre polynomials, and omitting the highest order of [ in this
superposition does not have to carry the same penalty for the accuracy of the model as
omitting the whole basis function would. To double-check the estimate, [,,.x may also
be estimated from supercell calculations.

For supercell configurations, all basis functions to cluster archetypes larger than the
supercell are mapped on superpositions of basis functions of the clusters within the
supercell by the backfolding procedure. At the heart of the this mapping is Eqn. (1.87),
which limits the “total angular momentum” > ;lj of basis function that contribute to
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the superposition to values lower or equal than that of the original basis function.

The basis function with the largest possible “total angular momentum” and a significant
interaction coefficient has the “total angular momentum” of Nyaxlmax (See the above
discussion for spin spirals). If this basis function is backfolded into the supercell, no
basis function in the resulting superposition may have a “total angular momentum”
greater than n.lmax. Conversely, it should be possible to describe the energies of any
supercell configuration with basis functions which have a total angular momentum of
less or equal than ny,axlmax-

Therefore, one may estimate the lower boundary of nyaclmax by calculating the energy
of various configurations for one specific supercell, and fit the resulting data with all
cluster basis functions with 1,,-tuples up to a certain > ;1j. The highest > ;1j needed
is then an estimate for nmaxlmax-

1.7.2. Spatial Convergence

One can not reliably test for ry,.x by spin spirals, because the positions {r;}; of the
cluster archetype enter the effective spin-spiral basis functions (Eqn. (1.80)) only in the
form of Ty, -q, where the translation Ty,, = Z?; mr; depends on the positions {r;};
in the cluster archetype «; and the elements {m;} of m,. This precludes a distinction
between basis functions to larger values for the elements of 1,; (and correspondingly,
larger possible values for the {m;}), and basis functions to larger position vectors {r;},
in the cluster archetype.

However, the r,., convergence can be tested by calculating the energy difference due
to a localized configuration change in supercells of increasing size along one direction,
as shall be illustrated in the following. For example, use a “one-dimensional” supercell,
where T and Ty are the smallest possible translations, and T is succesively increased.
The ferromagnetic configuration serves as a reference and the magnetic moment at the
origin of the supercell is flipped (sketched in Figure 1.6).

Consider the energy per atom, multiplied by the number of atoms Ng¢ in the supercell
ESC = e(Q) - Npas |T]ge. From the point of view of the Spin Cluster Expansion, this
quantity is

ESC(Q) = nbas |T|SC Z jszclalu,ygllalu(ﬂ>

ailaiu
(1. 98) Z Mbas |T‘SC u
Oé lazu— ck
x Y > togoYarx(®)
te€Tsc ¢
= 2 Jaw 2k D D b0 50 Yak(®),
ailaiu t€7—SC g
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o000 00
o000 00
o000 00

Figure 1.6.: Illustration for the numerical test for the maximum interaction range ryx.
The configuration change is localized at the origin of the supercell, and
the calculation is carried out for increasingly larger supercells. Once the
supercell becomes larger than 7., the quantity e - ngc will not change

anymore.

The energy difference between two configurations €2y, 25 is

ESC(Q ) ESC QQ Z .]oz lmuz

Oél aill

X Z Ztogo (Vailaik (1) = Vaurik(€22)).

teTsc ¢

(1.106)

If the difference between configurations €2; and ()5 is localized at position ry, naturally
the values of t 0 § o V,1,,k(21) and t o § o Va,1,,k(€22) only differ if the picture of the
cluster archetye «;, t o g o o, contains ry - after the backfolding into the supercell has
been taken into account where necessary.

If the size of the supercell is now increased, the set of translations within the new
supercell contains a new element. For the calculation of the basis functions one has
to sum over all these elements, however, for the basis functions that fit within the old
supercell no additional'® pictures that contain ry, will be created, and therefore the
difference between the values of these these basis functions for €2; and 2y does not
change.

This means any change observed in the energy difference by DFT when moving from
one supercell size to the other must be due to the backfolding (which changes the values
of the effective interaction coefficients j59 | for the basis functions which could fit into

¥Due to the backfolding, it suffices to look at the pictures inside the supercell. If the supercell size
is increased in direction of T3, the only new pictures possible are old pictures that are translated
away from rg.
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the old supercell), and to the “new” basis functions that just about fit into the new
supercell.

But once the super cell size increases to larger than ry,.., only clusters with ju.1 ,u < €
are backfolded, which by definition contribute nothing to the energy change, and all
new basis functions that only fit into the new supercell must have negligible interaction
coefficients as well because they must contain positions with distances larger than 7.
Therefore the energy change has to converge for large supercells, and the size of that
supercell where the energy is suitably converged is an estimate for 7,.y.

1.8. How to Obtain the Expansion Coefficients

So far the framework of the SCE has been presented. This is a very general framework
which can be used in principle to approximate any function over a configuration space
of sphere surfaces. However, the SCE by itself provides no information about a physical
system. This information has to be obtained by other means.

The tool of choice is ab-initio density functional theory (DFT), which is described in
the following subsection. This allows to probe the ground state energy of a many elec-
tron system for various configurations of the magnetic moments, just as the adiabatic
approximation in Section 1.2 was defined. A very short overview of DFT as it applies to
noncollinear magnetism is given in the following subsection. A general overview of DFT
can be found in almost all recent solid state theory text books, and a good, detailed
introduction to noncollinear magnetism within DFT is given in [21].

The SCE is then used to interpolate between discrete points obtained by DFT by fitting
the SCE to the DFT data points. Details of this fit are described in subsections 1.8.5 to
1.8.6.

This section contains no original work by the present author.

1.8.1. Density Functional Theory

Density functional theory starts from the quantum mechanical many-body problem de-
fined by the Hamiltonian

A

Hmany—body =

N ¢ 1.1
DRSS SNTES ot N
where the Born-Oppenheimer approximation was used, spin-orbit coupling has been
neglected, n, is the number of electrons, e the charge and m, the mass of one electron.
The external potential V. contains all potentials that do not depend on the electron
wave function, e.g., the potential of the nuclei, external electric fields, etc.

Instead of the conventional search for the eigenstates belonging to this Hamiltonian,

44



1.8. How to Obtain the Expansion Coefficients

the object of density functional theory is just the spin density matrix®® py(r) of the
ground state. This is because it can be shown that there is a one-to-one relationship
between this density and the ground state (this is the essence of the “first theorem of
Hohenberg and Kohn”, [25]) . If such a one-to-one relationship exists, one may calculate
any operator expectation value as a functional of the ground state density.

To obtain this ground state density matrix, the following energy functional is minimized
with regards to p:

Eprr[p] = Tlp] + Exclp] +  Eexs[p)
——
=[ dBrV(r p(r)

o fae e

where n(r) is the charge density part of the spin density matrix.
There are two key features in this functional:

(1.108)

e First, the main part of the Coulomb energy is described by the “Hartree energy”:

62
Ecou=(V¥ — |
¢ < Z v — 1 >
< (1.109)

N [ [ annon)
2 r —r/|

where W is the (unknown) many-body wave function.

e Second, the main contribution of the kinetic energy, is approximated as the kinetic
energy T'[p] of a system of non-interacting particles. This model system is chosen
such as to have the same ground state density as the actual, physical system.

Bl = <q, \11>

model __ mod
— By = Z <(I>i

%,0CC

= Z € — / d®r Tr(pWeg),

’L occ

p;
2me

i

]52
2me

<I>m°d> (1.110)

where the ®1°d are the eigenstates of the non-interacting particles in the model
system, and the ¢; are the corresponding eigenvalues.

20The basis of this matrix are the spin eigenfunctions, | 1) and | |). It may be decomposed into
the charge density part and the spin density part according to p = 0.5n(r)1 + 0.5m(r) - o, where
0 = (04,0y,0), with the well-known Pauli spin matrices {o;}.
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The potential Weg of the model system can be calculated from the requirement
that the ground state density matrix has to be equal to py of the physical system.

The first theorem of Hohenberg and Kohn, requires that there is some functional that
fulfills Eyc[po] = Ecoulpo] — Exar + Ei[po] — Emodl[pg] for the ground state density
po. But this is no definition that can be used in a practical calculation, because the
calculation of F,. from this definition would require knowledge of the many-body wave
function. Therefore, F,.[p] has to be approximated. This is done by investigating the
defining equation for model systems where (good approximations of) the many-body
wave function is known. For further details on how such approximations are obtained,
see, e.g., [26].
E..[p] contributes only a small part of the total energy of a state, however, large parts
of the energy differences between different states (e.g., magnetic, nonmagnetic state) are
contributed by this functional. Therefore, a good approximation of this functional is
absolutely essential.
To actually find the ground state the functional (1.108) has to be minimized regarding
p. This is accomplished by starting with an initial guess p; for the ground state density
matrix pg, and then solving a self-consistency problem where the residual is given by the
difference between the current p, and the p,,; that solves the model system given by
2

A

Hmodel =

+ Wolpal (x). (L111)

The self-consistency problem can be solved by various quasi-Newton mixing algorithms,
e.g., [27]. In these methods, the actual p,,; after one step is a mix of several of the
previous steps p;, ¢ < n and p,y1.

If this cycle reaches self-consistency, that is p, — p,+1 < € for some suitably chosen €, one
has reached the minimum of the model system with regards to p, and therefore obtained
the ground state density matrix py for the physical system, from which the ground state
energy may be calculated.

1.8.2. Constrained Density Functional Theory

The original formulation of DFT only allowed to investigate the global ground state of
a system. To investigate other states, the problem is reformulated as the ground state
of a limited class of density matrices which, e.g., have to correspond to one specific ex-
pectation value of an operator. This is accomplished by employing Lagrange multipliers
[28]. This work is interested in states which correspond to specific magnetic moments
M? where i labels the atoms. These moments are prescribed at the start of a DFT
calculation, and then the following energy functional is minimized [29]:

Ecprr(p] = Eprrlp] — ZB{“ (M — MY) (1.112)
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where the B are the Lagrange multipliers.

The resulting spin density matrix represents the density matrix with the lowest energy
of all density matrices that fulfill the requirement that the magnetic moments M; cor-
respond in direction and absolute value to MY. If one is only interested in fixing the
directions of the magnetic moments to some e, the modified energy functional is

S

Ecprrlp] = Eprr(p] — ZBiL (e x (M x ef)), (1.113)

~~
1 _ngoL
M;-—-M;

where M3 is the part of the magnetic moment orthogonal to €Y, and the constraint MY+
is zero (no orthogonal moment).

To find the ground state, the energy functional is minimized regarding p and the BF.
To minimize with regards to the B, the change of BZ in one step of the self-consistency
cycle is estimated as M? — M; for general constraints on the magnetic moments, and
correspondingly as Mi*® — M;- = —M;" for transversal constraints. The minimization
of BE is then carried out by the same mixing methods mentioned in Section 1.8.1,
concurrently with the minimization of p.

1.8.3. Key Features and Approximations in DFT Implementations
Basis Sets

The one-particle wave functions of the model system for the kinetic energy are always
expanded in a complete basis set of E?, the three dimensional euclidean space. Any
complete basis set for £? may be chosen, and many different sets have been used in
different DFT computer codes.

These basis functions are in many DFT codes partitioned into two parts: One part de-
fined over positions far away from the nuclei, where the potential is essentially constant,
and one part close to the nuclei where the 1/(r — Ry.) potential of the nuclei diverges.
For the part far away from the nuclei, functions ranging from plane waves to spherical
waves to Hankel functions are used. The resulting methods are called “APW” (aug-
mented plane wave), “ASW” (augmented spherical wave), or “LMTO” (linear muffin tin
orbital) methods. The last name has historical reasons, the regions close to the nuclei are
called “muffin tins” in all three methods. For the functions close to the nuclei, solutions
to a Schrodinger equation with spherical potential are used. This is the augmentation
referred to in the classification of the methods.

Atomic Sphere Approximation (ASA)

There are two unrelated parts that are sometimes summarized under this approximation:
For the first approximation, the spherical “muffin tins” around the atoms are chosen such
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that the total volume of all muffin tin spheres in one unit cell is equal to the volume of
the unit cell. This means the muffin tin spheres overlap.

If now an integral for the expectation value of an operator runs over the whole space,
it can be decomposed into an integral over the muffin tin spheres, and an integral over
the interstitium. Because the integral over the muffin tins will cover the overlap regions
twice (once for each muffin tin), one has to subtract from the whole integral the integral
over the overlap region once. The approximation is now that the latter integral over the
overlap region and the integral over the interstitium are presumed to cancel each other,
and therefore the integral over the space within the muffin tins is a good approximation

of the real integral.
/ ...dSr:/ ...d3r—|—/ ... dr
E3 MT Inter

—/ ...dgrz/ ... d’r.
Overlap MT

The other approximation is that every quantity within the muffin tins, including the spin
density, is presumed to be spherically symmetric. This can be motivated by the fact
that the dominant part of the external potential is the potential of the nucleus, which
is spherically symmetric. If the density is spherically symmetric, the Hartree energy
will be spherically symmetric as well. The only sources of asymmetry are then external
potentials or spin-orbit coupling.

(1.114)

Atomic Moment Approximation/Spin-ASA

Exchange-correlation functionals are usually derived for collinear systems, and therefore
the off-diagonal parts of the spin density matrix are often not taken into account in a
specific approximation of this functional. In the “local spin density approximation” of
the exchange-correlation functional, only local effects are taken into account, and the
exchange-correlation functional is approximated as

By = / n(r)exe (n(r), [m(x)]) d*r, (1.115)

where e,. is a function of the local charge density and magnetization. Therefore, the
correct way to treat the noncollinearity would be to calculate the absolute value of
the local magnetization at each point of the integration grid used for the exchange-
correlation functional. However, because usually the magnetization is largely collinear
in the muffin-tin region, |m(r)| is quite often supplanted by m(r) - epr, where M is the
direction of the total magnetic moment in this sphere. This approximation has been
coined “Atomic Moment Approximation” (AMA) [30] or “Spin-ASA” [2].
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1.8.4. DFT Program Codes Used

This work covers two exemplary materials, iron in the bee (o) phase, and iron in the
fcc () phase. Unless otherwise stated, the numerical results for bee iron have been
obtained by the present author, and the numerical results for fcc iron have been obtained
by R.Singer during his PhD-thesis [1]. For bcc iron, a program code based upon the
"Stuttgart TB-LMTO-ASA” code developed in the department Andersen at the Max
Planck Institute for Solid State Research has been used. This code was heavily modified
by various PhD students in the working group of Prof. M. Fahnle, but this modified
code is currently not publicly available. It is simply called “LMTO” throughout this
work, and employs a LMTO basis set, the Atomic Sphere Approximation and the Atomic
Moment Approximation. The code branch of Andersen et al. is available to the public,
but has since then evolved considerably from the common ancestor with the program
used in this work.

For bcce iron, the effect of the basis set and the ASA approximation were controlled by
calculations with “FLEUR”, a program code maintained by the working group of Prof.
Bliigel at the Forschungszentrum Jiilich. This code employs an augmented plane wave
basis set and the AMA, but not the ASA. No significant differences were found.

The results for fcc iron have been obtained via a program code currently maintained by
L.Sandratskii at the Theory Department of the Max Planck Institute for Microstructure
Physics, which employs an augmented spherical wave basis set and neither the ASA
nor the AMA. It is called “MASW” throughout this work. For the reasons behind this
choice, see [1, 31].

A tabular overview:

Program basis ASA AMA
LMTO linear muffin tin orbitals yes yes
FLEUR augmented plane waves no yes
MASW  augmented spherical waves  no no

1.8.5. The Expansion Coefficients

Formally the expansion coefficients are defined as:

Jailaiu = <E’ygllmu>

1

(47)1\1/5 /S E({ei})yfilmu({ei}) dQy ... dQy. (1.116)

It would be theoretically possible to tackle this integral over the phase space with multi-
dimensional numerical integration methods, using DFT to obtain energies at the inte-
gration grid points. This is highly impractical due to the computational inefficiency of
DFT, although such a calculation is possible for highly symmetric configurations (i.e.
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small supercells), and an example of this is presented in Section 2.2.1. A much more
practical approach is to preselect a group of ny.s possible expansion coefficients or basis
functions, and then employ a least-mean square fit of ngns reference energies { EP*1}
obtained by DFT against the predictions of the SCE expansion {E5“®}. This usually
works reliably even with significantly less reference configurations than would be needed
to solve the integral in Eqn. (1.116).

The standard form of the least-mean squares problem is

x' (A'A) x — 2b‘Ax := min, (1.117)
where in our case?' x are the ny,s possible expansion coefficients considered, b contains
the neon reference energies and A is the neonr X npas matrix of the basis functions for
the corresponding configurations. A least-mean squares fit is a very well known and
common problem, therefore this work does include neither a detailed description nor
an introduction to the methods used to solve this problem. The numerical library
used to solve the problem is MINPACK, developed by the University of Chicago as
operator of Argonne National Laboratory, and available from www.netlib.org/minpack .
To understand the following chapters on numerical results, the concepts of the residual
sum of squares, cross validation, and the singular value decomposition are necessary.
These are defined below.

Residual sum of squares

The residual sum of squares is defined as:
RSS := x{, (A'A) xo — 2b'Ax (1.118)

that is, the remaining (residual) value of the cost function after minimization. If there
are enough suitably chosen reference configurations this will also be a good measure of

H'Written explicitly:

2

TNconf

Z Z Jaluygilmu(gj) - EDFT(Qj) : = min
i=1 |al
] ’ Mconf 2
Z Z Ajizi - bj : = min
=1 7
Nconf 2 ]
Z [(Z Ajz‘a?z‘) — 20, Z Ajizi + bf] : = min
Jj=1 i i

x! (AtA) x — 2b'Ax + b'b : = min,

const
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the expected error. To make this connection more apparent, the rest of this work uses
the normalized residual sum of squares,

1
nRSS : = m [Xg (AtA) Xo — thAXO]

L e , (1.119)
- Z }ESCE(Q) . EDFT(Q)} )

J J
Neconf — Mbas <
7=1

The prefactor 1/(ncont — Nbas) instead of 1/neons is due to the fact that as long as A has
full rank, one can always fit ny,s interaction coefficients exactly.

The expected standard deviation of the SCE model to density functional theory is then
o = vnRSS.

Cross validation

This refers to the simple method of partitioning the available reference energies either
manually or automatically into a training and a testing set. The SCE model is fitted to
the training set of reference energies, and then used to predict the energies of the testing
set.

If there are sufficiently many and suitably chosen reference configurations in the training
set, the nRSS of the training set and the normalized sum of squared prediction errors
defined by

nPSS =

| ESCP(0;) — EPFT(0)]”. (1.120)
ntest

je{Test}

are expected to be approximately equal. If this is not the case, then this suggests that
the training set has a strong sample bias, i.e., the solution to the minimization problem
depends strongly on the current training set, which means that this subset of the ref-
erence data does not cover a sufficient part of the total phase space to obtain the true
solution.

The SCE program code also calculates an “automated” nPSS (termed anPSS in the fol-
lowing), where this procedure is repeated several times for randomly chosen training and
testing sets. The size of the training set is hereby constant at 90% of all configurations,
and the size of the testing set is correspondingly fixed at 10% of all configurations??.
The procedure is repeated at least 20 times and until the average of the anPSS over all
past runs changes less than 0.1%.

If this average prediction error is significantly larger than the nRSS it is very easy to

22 A variant of cross validation used for the classic cluster expansion of alloys, and presented in [1], is
to use a testing set of size one, and repeat the calculations ncons times (every configuration is in
the testing set once). However, as ncons is of the order of 103 for the SCE, the resulting quantity is
effectively indistinguishable from the RSS.
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find training sets with large sample bias, and this casts doubt on the sample bias of the
complete reference set.

The term “nPSS” is henceforth used to refer to the quantity in Eqn. (1.120) for man-
ually chosen testing sets, while the term “anPSS” refers to the result of the automated
procedure of the preceding paragraph. If one manually divides the set of all reference
configurations into a training and testing set, the anPSS is obtained from further sub-
dividing the training set, but does not consider the energies of the testing set.

Singular value decomposition

This decomposition of the matrix A is defined as the right hand side of
A =UXVT, (1.121)

where X iS a Neont X Npas rectangular diagonal matrix, U is a unitary neons X Neont matrix
and V is a unitary npa.s X npas matrix. The diagonal elements of ¥ are called the “singular
values” of A.

In the singular value decomposition, rank deficiency shows up as vanishing singular
values, as U and V have full rank and therefore rk(A) = rk(X). The matrix A should
have full rank, because rk(A) = rk (A’A), and

Nconf

(A'A) =D V()Y () & by (1.122)

should be guaranteed for a high enough number of suitably chosen configurations due
to the orthogonality of the basis functions. If one finds vanishing singular values, then
either the basis functions used are not orthogonal (e.g., due to overlooked fundamental
symmetries) or the reference configurations used are not representative for the whole
configuration space.

1.8.6. Identifying an Efficient Basis Set

Not all basis function within the convergency limits of the expansion are equally im-
portant for fitting the energy landscape. To obtain the best numerical efficiency of the
resulting model one aims to use the least amount of computation time that still provides
sufficient accuracy for the task the model shall be used for.

This requires an estimate how much time the calculation of the value of a specific basis
function requires. This calculation requires the following steps:

Spherical harmonics: A basis function contains a product over n, spherical har-
monics. As one spherical harmonic is typically used in many basis functions, it is
efficient to precompute the values of all spherical harmonics that occur in some
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basis function for each magnetic moment direction in a configuration, and then
store these values in a lookup table. Then, obtaining the value of one specific
spherical harmonic requires just one reference to this lookup table. Therefore, the
computation time required for this part of the calculation of the basis functions
scales with n,,.

Rotational symmetry: This involves the calculation of the generalized Wigner coef-
ficients, which do not depend on the specific configuration and are therefore again
precomputed and stored in a lookup table.

Furthermore, one has to sum over all possible m,-tuples (see Eqn. (1.14) ). For
each m,-tuple the program requires one reference to the lookup table for the
Wigner coefficients, and n, references to the lookup table for the spherical har-
monics.

Each element m; in the m, tuples has 2[; + 1 possible values, where [; is the
element of the 1,-tuple associated with the same position and spherical harmonic.
Therefore, there are []72,(2l; + 1) possible values of the m,-tuple.

However, the generalized Wigner coefficients are only nonzero if > ;m; = 0 holds.
m,-tuples that fulfill this condition are again precomputed, and a rough estimate
for the remaining m,-tupels is given by [}, (2/; + 1), l; # max(l;), that is the
product skips over the largest value of 1,;. Therefore, the computation time re-
quired for this part of the calculation of the value of the basis functions is expected
to be roughly proportional to H;.Lil(Qlj + 1), I; # max(la;).

Space group symmetry: The space group symmetry introduces a sum over the ac-
tion of all group elements on a cluster archetype (see Eqn. (1.98)). Because the
sum runs over all group elements, it has the same number of elements for all basis
functions. Therefore, this sum has no impact on the relative computation time
between basis functions?.

Calculating the pictures generated by the group elements acting on the archetypes
requires more time for cluster archetypes with more atoms. However, these pic-
tures may be precomputed for any application where one is interested in many
different configurations to one specific supercell symmetry, e.g., for a Monte Carlo
simulation with a fixed supercell. Therefore, this part of the calculation is disre-
garded when estimating the computation time required.

Furthermore, the basis functions to n, > 4 contain a sum over the components
of the eigenvector u. These eigenvectors represent superpositions of basis func-
tions to equal «;, 1,; with different k. However, as the k only enter the generalized
Wigner coefficients, which are configuration independent, one may precompute the
necessary superpositions of the generalized Wigner coefficients, and store them in

Z3This part of the computation does scale with the number of atoms (translations) in the supercell,
giving an overall linear scaling of the SCE with the number of atoms in the supercell.
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a lookup table. Then the eigenvectors have no impact on the computation time.

Overall, the computation time tcomp of a basis function is estimated as

Na

toomp o Na | [(20;+ 1), 1; # max(ly). (1.123)

j=1

Numerical tests for 1000 configurations to a 4-atomic supercell symmetry in bece iron
indicate this is a reasonable estimate, giving a proportionality factor of on average 7us
(on an AMD Opteron 2218 CPU), where the proportionality factor differs for individual
basis functions by up to 3us, which is probably due to the rough estimate for the num-
ber of m,-tuples, compiler optimizations and the inevitable numerical noise inherent in
measuring computation times.

To determine an efficient basis set, the change in the nRSS per computation time,
AnRSS /teomp associated with adding a specific basis function to a SCE model is com-
pared to the same quantity for all other basis functions under consideration. The basis
function that most efficiently decreases the nRSS is then added to the model, whereupon
the process is repeated until some predefined limit for the nRSS or for the number of
basis functions is reached.

AnRSS is calculated by fitting once without and once with this specific basis function.
Because tcomp is roughly proportional to ng [[;2,(20; + 1),  I; # max(l,) according to
Eqn. (1.123), AnRSS is divided by this quantity to decide which basis function most
efficiently decreases the nRSS.

This method has been coined “forward reduction” in [1], although there only the largest
decrease in the nRSS decided which basis function should be added to the model, leading
to a nRSS optimized with regards to the number of basis functions. However, the author
is of the opinion that the number of basis functions is a not particularly useful quantity
by itself.
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2. Results For bcc lron

The bee crystal structure of iron is the iron crystal structure of lowest energy up to 1183
K and between 1663 K and the melting point of iron at 1812 K. The ground state is
ferromagnetic, with magnetic moments of 2.26 up per atom. This magnetic moment is
mostly due to the six 3d-electrons, which contribute about 2.35 up to the total moment,
while the two 4s electrons contribute -0.015 up (the negative sign indicates that the
magnetic moment is antiparallel to the magnetic moment of the 3d electrons) and the
3p electrons contribute -0.05 pp. Even in the antiferromagnetic state, the local magnetic
moments still have absolute values of 1.88 pp.

2.1. Density Functional Theory (DFT)

The expansion coefficients j,,_ . are obtained by a least-mean squares fit over a set
of reference configurations, whose energies have been obtained by means of ab-initio
density functional theory. While such a fit can sometimes act as a filter for random
noise [32, 33], it will always reproduce any systematic errors inherent in the energies of
the reference configurations. Any random noise inherent in the energies of the reference
configurations also inherently limits the best achievable nRSS of the SCE model relative
to these reference energies.

There are two sources of error in the DFT data, one pseudorandom due to numeri-
cal integration issues, and one systematic due to the necessary approximations to the
exchange-correlation functional. These are detailed below.

2.1.1. k Point Convergence

The effective potential for the model system of DFT ( Eqn. (1.108) ) inherits the
space group symmetry of the crystal. This means that the model wave functions ™4
are Bloch functions with a wave vector k out of the first Brillouin zone. To calculate
expectation values of observables, it is necessary to integrate over the first Brillouin zone,
using Fermi-Dirac statistics.

Any implementation of DFT in a computer program necessarily chooses a discrete and
finite set of k; out of the first Brillouin zone to represent the Brillouin zone. The integral
over the first Brillouin zone then has to be approximated as a sum over the elements of
{k;}. A large, well distributed set naturally gives a better description of the Brillouin
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zone integrals at the cost of increased numerical effort.

One problem that arises when these integrals are computed is that if the Fermi surface
is defined too narrowly, numerical oscillations occur during the search for the ground
state density matrix, because eigenstates of the model system with eigenvalues close to
the Fermi surface that were occupied in one step might not be occupied in the next step.
To avoid this, the Fermi surface is usually smeared out to some degree, so that these
states are partially occupied, and instead of oscillating between 0 and 1 the occupation
f(e) changes more smoothly between steps.

For the calculations presented here, a Gaussian smearing of the form

2 T
=31~

is used, where ep is the Fermi energy and w is a suitably chosen parameter. A compara-
tively coarse sampling of the eigenvalues (corresponding to a small set {k;}) requires are
greater degree of smearing to suppress oscillations than a very fine-grained sampling. On
the other hand a very large smearing will misrepresent the Fermi surface, which tends
to overestimate the energy.
Usually these errors are investigated by selecting a couple of configurations (e.g., the
ferromagnetic and the antiferromagnetic state) and increasing the number of k-points
until the difference between the resulting energies is small enough. As mentioned before,
less smearing of the Fermi surface is required if the grid density is higher, and so the
width w of the Gaussian is chosen such as to keep (nk)% -w constant where ny is the
current size of the set {k;}.
After such calculations, the parameters ny = 33% and w = 0.2272727 ... mRy ((ny)3 -w =
7.5mRy) were adopted. These parameters were used for the calculation of all reference
energies for the SCE fit.
The estimated error was of the order of 2 uRy, and was estimated by calculating sev-
eral canted configurations with different combinations of ny, and w, and observing the
convergence of the difference of the energy relative to the ferromagnetic ground state
energy calculated with the same ny, w.
However, for spin spirals another problem that to the knowledge of the author has so
far not been discussed in the literature occurs: The modified translational symmetry of
spin spirals corresponds to a shift of the elements of {k;} by q for majority spin wave
functions and —q for minority spin wave functions [21, 2]. However, the standard algo-
rithms used in most DFT programs to choose an optimal set of {k;} for the Brillouin
zone integration (in the LMTO program, the algorithm of Moreno and Soler [34]) have
not been adapted to address this issue - if such an adaption is possible.
A straightforward test for this effect is to calculate spin spirals with different g-vectors
but an opening angle of zero. Physically, this is just one state, the ferromagentic state.
However, the different g-vectors will introduce different shifts of the k vectors and in-
duce small differences which are an estimate for the severity of the issue. Naturally. this

et dt} : p="1F (2.1)
w
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Figure 2.1.: k-point convergence and error estimate. Dashed curve: (nk)% -w = 7.5mRy
Dotted curve: (ng)3 - w = 100mRy

effect is expected to be small when the set {k;} covers the first Brillouin zone well.
To estimate this error, the following procedure is adopted:

1. A set {q} of 209 spin-spiral wave vectors is chosen, which covers the first Brillouin
zone reasonably well. A DFT calculation for a spin-spiral with an opening angle
of zero is done for each element of {q}. The standard deviation of the resulting
energies relative to the mean is used as an estimate of the error inherent in the
calculations.

2. These calculations are repeated for larger and larger sets {k;}. The smearing w of
the Fermi surface is again chosen such as to keep the product (nk)% - w constant.

3. This is in turn repeated for various choices of the product (ny)3 - w.

The result of this procedure is the standard deviation

1 2
™M (e, w) = EFM(q))? — EFM 2.2
) =k S (E ) 22

where ng is the size of the set {q}. This is presented in Figure 2.1. Different choices of
(nk)% -w do not have a large effect on o. For the choice of parameters for the reference
calculations, ny = 333, w = 0.2272727 ... mRy, the estimate for o is 8.3 uRy. Therefore,
this work uses 8.3uRy as an error estimate for the DFT date.

If supercell configurations are calculated, the volume of the real-space cell is increased,
and the volume V.. of the reciprocal space cell correspondingly decreases. The size of
{k;} for the supercell, nC is chosen such that n¢/V;. remains approximately constant.
This does not result in k-points that are equally distributed within the common volume
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Functional EFM — EAFM
Barth and Hedin (LSDA;1972)[35] 29.7 mRy
Perdew and Wang (LSDA,1986) [36]  31.2 mRy
Perdew and Wang (GGA,1986) [36]  33.6 mRy
Perdew, Burke and
Enzenhofer (GGA,1996) [37] 34.4 mRy

Table 2.1.: Energy difference between ferromagnetic and antiferromagnetic configuration
of bee iron for various energy functionals at the experimental lattice constant

of two different reciprocal cells, just in the same k-point density. This has the effect
of shifting the energies slightly (which is later corrected for), but a negligible effect on
energy differences.

2.1.2. Density Functionals

A source of systematic error are the functionals used to approximate the exchange-
correlation term in Eqn. (1.108). There have been many, increasingly sophisticated
approaches to the problem of modeling the exchange-correlation functional [26], starting
from the so-called “local spin-density functional approximation” (LSDA), which takes
only the local spin density into account, over the “generalized gradient approximation”
(GGA), which includes gradient terms of the spin density, to the so-called “meta-GGA”.
However, the generalization of the more sophisticated approaches to noncollinear mag-
netism is not always clear, and quite often noncollinear magnetism is not taken into
account when the functionals are derived. Furthermore, functionals beyond the GGA
were not implemented within the computer codes used for this work. Therefore the
calculations presented for bce iron were done within the LSDA, except some of the fol-
lowing model calculations within GGA.

Most functionals do reproduce the ground state magnetic moment rather well, but yield
significantly varying results for, e.g., the difference between the energies of the ferromag-
netic and the antiferromagnetic state, or the lattice constant. Some examples for the
energy difference between the ferromagnetic and the antiferromagnetic state are given
in Table 2.1. The differences between (modern) functionals are of the order of 1mRy.
This is an unsatisfactory state of affairs, as this is much higher than the numerical error
discussed above, and it will be shown below that the fit of the SCE to the DFT data also
has a much higher accuracy. Thus, the SCE very likely describes the energy landscape
of DFT more accurately than DFT describes the real, physical energy landscape.

For all calculations for bee iron, unless otherwise stated, the LSDA-functional of Perdew
and Wang was used. For all calculations for fcc iron, the GGA-functional of Perdew,
Burke and Enzenhofer was used.
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! q1 q2
Ji [mRy] vnRSS [uRy] | J; [mRy] vnRSS [uRy]
2 | -19.022 998 -9.457 390
1 2228 167 0.04% 28
6| 0374 60 20.085 12
§ | 0.128 32 0.042 10
10|  0.108 17 0.031 6

Table 2.2.: Values of j;(q) in mRy, obtained by least mean square fit The columns marked
VnRSS give the square root of the nRSS that can be achieved if all Legendre
polynomials up to the current [ are used.

2.2. SCE Parameters

One central assumption is that the spin cluster expansion converges with regard to the
maximum order [y, = max(l,;) and the interaction range ry.,x = max(|r; — ry| € ;).
This section details numerical evidence that backs these assumptions.

2.2.1. | Convergence
Spin Spirals

It was shown in section 1.5.3 that for spin spirals with any wave vector qq, the depen-
dence of the energy per atom on the opening angle for a fixed wave vector, e(dy)|q can
be described by Legendre polynomials with orders up to at most nyaxlmax, where nyax
is the maximum number of atoms in the cluster. Therefore, the energy per atom was
calculated for 15 different opening angles for each of the aformentioned 209 wave vectors,
and the curve e(dy)|q was plotted for each wave vector. Two wave vectors were selected
by visual inspection, and then e(vy)|q was fitted with Legendre polynomials of up to
eighth order.

A plot of the curve e(y)|q for the wave vectors q; = 27/a(0.867, 0.867, 1.067) and qo=
27 /a(0.533, 0.933, 1.067) is shown in Figure 2.2, together with the prediction of the
Heisenberg model (see Section 1.5.2) that e(d)|q o sin*(¥). A table of the effective
interaction coefficients j; as defined in Eqn. (1.104), and the RSS achievable with in-
creasing order of the Legendre polynomials is given in Table 2.2.
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Figure 2.2.: e(y)|q for aq = 27/a(0.867,0.867,1.067) (blue) and qo

27/a(0.533,0.933,1.067) (red), each curve shifted so that e(0)|q = O,
and scaled so that e(%)|q := 1. The scaling factor aq necessary is ag = 26.4

mRy, a(;; = 13.5 mRy. The dashed line marks the prediction of the

Heisenberg model that e(dg)]q o sin?(d)
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Two-atomic Supercells

It was also shown in section 1.5.3 that for all configurations any supercell symmetry
the maximum “total angular momentum” [ of all significant basis functions in the
expansion of the energy per atom for configurations that have such a supercell symmetry
obeys

ltot = Z lj < lmax”max; (23)

J

where [; labels the elements of a I-tuple 1,;, and 7yax is the maximum number of atoms
in a cluster representative, and [, is the maximum order of one element of the 1,; tuple.
Therefore, one can determine l;,,xnmax by determining the significant basis functions for
a specific supercell symmetry, and the corresponding largest [io.

First, l-convergence is tested for a two-atomic supercell. Such supercells can be con-
structed in several ways, e.g., by taking the smallest cubic supercell or by enlarging the
primitive unit cell of the bcc lattice. These represent different classes of configurations,
however, the theoretical predictions should hold true for any such class. For the calcu-
lations presented here, the smallest cubic supercell was used.

For all two-atomic supercells there is only one variable that identifies the configuration,
the angle ¥ € [0, 7] between the two magnetic moment directions due to the global rota-
tional symmetry. There is also only one possible cluster archetype a; = (ry,rs), contain-
ing in the case presented here the two atoms at positions' r; = O and ry = O.5\/§a[111],
and the basis functions have the I-tupel (I,1). Only basis functions with 2! < npaxlmax
should be necessary to describe the energy.

Because the configuration space is very simple this is also an opportunity to test the
fitting procedure against the direct calculation of the expansion coefficients as mentioned
in section 1.8.5. The interaction coefficients for the energy are defined as

jailaiu = <E"Ygi]m~u>

2-atomic 1 g
= @ / E(e1, €)1, )00 (2) 42 (2.4)

1 [7 .
= /0 E@O)Y, 1yy.0(©) sin(9) dv.

2

where the last step made use of the rotational invariance of the system. The numerical
integration was done by applying Simpson’s rule over n.,s equidistant points in [0, 7].
Calculations for ne,,e = 11,101 and 3143 are presented in Table 2.3. |G,.1.,| has the
same value of 12 for all two-atomic interactions which are considered here, so it does not
need to be considered when comparing the absolute values.

It is possible to obtain reliable values for the interaction coefficients by the least mean

ITo keep the notation brief, the author employs the Miller indices of the cubic supercell to describe
directions in the crystal. E.g., [111] denotes the vector 1/4/3(1,1,1), [100] the vector (1,0,0), etc.
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Lo Neont = 11 Neonf = 101
fit integral fit integral
(1,1) 9.307 9.318 | 9.308 9.308
(2,2) 0.600 0.604 | 0.601 0.600
(3,3) |-0.172  -0.107 | -0.173  -0.173
(4,4) 0.021 0.042 | 0.020 0.020
(5,5)
(6,6)

-0.014 0.256 | -0.012  -0.010
-0.007 0.083 [ -0.006  -0.003
v/nRSS 12 601 12 51

Table 2.3.: Values of j, r,),1,) in mRy for two-atomic supercell symmetry, obtained by
least mean square fit versus numerical calculation of the defining integral.
The last row gives the square root of the nRSS in pRy if all basis functions
are used.

square fit for an even lower number of configurations - the first three interaction coef-
ficients can be estimated quite well from just 5 configurations - if these are distributed
evenly through the interval ¥ = [0, 7), and not, e.g., bunched at ¥ = 7/2.

Larger supercells

To double-check the results from the two-atomic calculations presented above, and to
illuminate the effects from the linear superpositions due to the backfolding of the basis
functions as discussed in Section 1.5.4, additional calculations for a three-atomic su-
percell symmetry with translation vectors T; = 1.5v/3a[111], Ty = 0.5v/3a[111] and
Ty = 0.5\/§a[1ﬂ] were done. Furthermore, configurations to a four-atomic supercell
symmetry with translation vectors T; = 2\/§a[ﬁl], and the same Ty and T3 as for
the three-atomic supercell were investigated. The three-atomic supercell contains iron
atoms at the positions r; = 0[111], ry = 0.5v/3a[111] and r3 = /3a[111]. The four-
atomic supercell contains one more atom at position ry = 1.5v/3a[111].

The configurations to the three-atomic supercell symmetry can be described by the an-
gles 932, ¥5* and ¢5*, setting ¥7', ¢]' and ¥5* to zero, as there always exists a global
rotation of all magnetic moment directions {e;} that transforms any given configuration
into a configuration of this type, and the energy is invariant under global rotations.
Naturally, the configurations to the four-atomic supercell symmetry are described by
the same variables plus U}*, ¢y*.

Configurations to the three-atomic supercell symmetry were calculated for 5%, 95 =
0,7/8,...,mand ¢5* = 0,7/8,...,27. This does not represent a homogeneous distribu-
tion of a given magnetic moment on the sphere surface, but should still be good enough
to give a reliable estimate for nyaxlmax. 1000 configurations to the four-atomic supercell
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1. Neonf = 3143

fit integral | v/nRSS

(1,1) | 9308  9.309 754
(2,2) | 0.601  0.602 211
(33) |-0173  -0.172 28
(44) | 0.021  0.022 19
(5,5) -0.012 -0.009 12
(6,6) |-0.006 -0.002 11
vnRSS 11 15 —

Table 2.4.: Same as Table 2.3. The additional last column gives the square root of the
nRSS in pRy if all basis functions up to the current [ are used in the least
mean square fit.

symmetry were created by selecting the direction of each magnetic moment randomly
and evenly distributed on the sphere surface by choosing ¢ randomly out of [0, 27) and
cos(?) randomly out of [—1,1).

For the three-atomic supercell as defined three paragraphs above, there are only two
possible cluster archetypes, a3 = (r1, ry) with two atoms and a3 = (r1, re,r3) with three
atoms (the upper index labels the supercell size). Depending on the 1,; of specific basis
functions, these basis functions may have different |G,,1,|. To allow for a comparison
between the absolute values, Table 2.5 therefore lists the j,,1,u and the corresponding
Jo1,,u for the three-atomic supercell.

For the four-atomic supercell symmetry, there are two possible two-atomic cluster
archetypes, af = (r1,r2) and a3 = (r;,r3). Furthermore, there are two different three-
atomic cluster archetypes, ai = (ry,T2,r3) = a3 and o = (ry,r3,14), and finally there
is one four-atomic cluster archetype, ad = (ry,r9,r3,r4). Together with the possible
l;-tuples this results in more than a hundred possible basis functions to li,; < 10, which
can not be discussed here in the same detail as for the three-atomic supercell symmetry.
Therefore, the forward reduction procedure described in Section 1.8.6 was employed to
identify the most efficient basis functions in this set.

The result of this procedure is that there are no interactions to li; > 8 under the top
20 most efficient basis functions. Using these basis functions allows to fit the reference
energies to the four-atomic supercell symmetry with a +/nRSS of 8.5uRy. Furthermore,
there are no interactions with /i,y > 6 under the top 10 most efficient basis functions,
and the corresponding fit leads to a v/nRSS of 12.5uRy.

To illustrate the effects of the backfolding of basis functions on the interaction coeffi-
cients obtained from calculations for specific supercell symmetries (see Section 1.5.3),
Table 2.6 lists the interaction coefficients of basis functions that are part of the set of
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2. Results For bce Iron

Table 2.5.: Values of j,,1_ 4 in mRy and J,,_ .4 obtained by least mean square fit against
1377 configurations to a three-atomic supercell symmetry. The second last
column gives the square root of the nRSS in pRy if all basis functions up to
this row are used in the fit. The last column gives the same quantity if this
basis function and all basis functions which lead to a larger reduction in the

cluster | 1, Joidau  |Gasl, Joilu | VDRSS
o? [ (L1) | 8.4076 12 100.891 | 258 258
ad | (2,2) | 0.4603 12 5524|128 128
o? | (3.3) | 0.0440 12 0528|127 14
ad | (44) | -0.0008 12 -0.010 | 127 5
o? | (55) |-0.0063 12 -0.076 | 127 6
a? | (6,6) | 0.0041 12 0049 | 127 5
% (2,1,1) | 0.3509 6 2105 | 32 34
ad | (222) | -0.0507 12 -0.608 | 19 22
ad | (3.2,1)]-0.0613 6 -0.367| 13 19
ol |(332) | 0.0183 6 0110| 13 7
ol | (4,2,2) | 0.0136 6 0.082| 10 11
o (4,3,1) | -0.0278 6 -0.167 7 8
ad | (4,3,3) | -0.0009 6 -0005| 7 5
a3 | (44.4) | 0.0064 12 0077 6 6
o (6,3,3) | -0.0048 6 -0.029 6 6
ad | (6,4,2) | 0.0078 6 0047 5 6

nRSS are used for the fit.
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2.2. SCE Parameters

@ IOt’L jgf:faiu jg‘?faiu ji?faiu
1 (1,1) | 9.308 | 8.4076 | 9.4168
od | (2,2) | 0.601 | 0.4603 | 0.2495
ad | (33) |-0.173 | 0.0440 | 0.0092
a3l 211 | 03509 | 0.2301
ad | (222) |~ |-0.0507 | -0.0217
ad | (321)| — |-0.0613 | -0.0149
o3| (332) | — | 00183 | -0.0222
ad | (431) ] —  |-0.0278 | -0.0182

Table 2.6.: Comparison of the values of common interaction coefficients for various su-
percell sizes. All values in mRy.

possible basis functions for at least the three-atomic and the four-atomic supercell, and
are within the 20 most efficient basis functions of the four-atomic supercell.

2.2.2. Spatial Convergence

The assumption is that there exists a length r,.. so that all expansion coefficients
corresponding to cluster archetypes «; with larger max(|r; —r;| € «;) are effectively
zero. It was shown in subsection 1.7.2 that an estimate of this value may be determined
by the following procedure:

Start with a supercell of two atoms, one at the origin and one at 0.5v/3[111], with their
magnetic moments oriented ferromagnetically. The energy per atom of this configuration
is calculated by DFT. Then, the direction of the magnetic moment at the origin is flipped,
and the difference in the energy per atom regarding the ferromagnetic configuration is
calculated and scaled with the factor two, as there are two atoms in the supercell. This
value is called Ae,.

Now enlarge the supercell by one atom in the [111] direction. Again, only the magnetic
moment of the iron atom at the origin is flipped, and the energy difference is calculated
and scaled with the factor 3, giving Aes . This number will be smaller, because the
overall configuration is less canted as there is now a larger distance between canted
moments. For some large enough supercell these numbers should converge to a finite
value. The supercell size where this convergence is “good enough” is an estimate for

rmax-
Data for bec iron is shown in Figure 2.3. The difference between Aeg and Aepq is 147

uRy.
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Ae - ngc[mRy]
39
28
24 V3
5 3 4 5 6 7 8 9 10 Tzl

Figure 2.3.: Spatial convergence - energy per atom difference Ae, scaled with the number
of atoms in the supercell (ngc) against the size of the supercell.

2.2.3. Discussion

One can see from Table 2.6 that the backfolding of basis functions, as discussed in Sec-
tion 1.5.4, has a considerable effect on the values of the j,,1,,u, sometimes even changing
the sign of the value of an interaction coefficient.

The absolute values of the interaction coefficients show a rather clear convergence be-
haviour with regards to higher values in 1,;. The convergence is monotonous for two-
atomic supercells. For three-atomic supercells, there are some small inconsistencies,
however, if one looks at the last column of Table 2.5, the basis functions where this is
not monotonous have a very small effect on the nRSS, which means they are not impor-
tant to reproduce the DFT data. Therefore they are probably very susceptible to small
numerical effects.

The DFT calculations for the reference energies for the l-convergence were all calcula-
tions with a constant set {k;}, as each investigation was done for one specific supercell
symmetry. Therefore the reference energies should be subject to the lower estimate of
about 2-3 pRy for the pseudorandom numerical errors discussed in Section 2.1.1. Yet
the best vnRSS achieved (spin spirals, three-atomic supercell calculations) was about
two times higher, and in case of the two-atomic supercell the best vnRSS was even
roughly four times higher than the estimated numerical error. While the author has no
explanation for this, he considers such accuracy good enough for any practical purpose.
Overall, using basis functions to [, < 8 should give a model that is accurate to 10-20
1Ry.

The convergence with regards to the maximum interaction length ry,., is, unfortunately,
not as encouraging. Even moving from nine to ten atoms between two noncollinear
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planes, the energy difference still changes by 14.7 uRy per atom. While this is of the
same order of magnitude as the effects of the l-convergence, exhaustive DFT calcula-
tions on this length scale are completely infeasible. To investigate general configurations
on this length scale, one would have to set up a supercell which has roughly this size
in each direction. Such calculations would require far too much computation time?.
They are also hindered by the fact that the mixing methods that solve the DFT self
consistency problem quite often fail to find the minimum of the energy for very large
supercells. Furthermore, the space of possible configurations gains two dimensions with
each atom added to the supercell, which means sampling a representative part of the
space of possible configurations quickly becomes impossible.

2.3. General SCE

2.3.1. Reference Configurations

One of the goals of this work was to construct a SCE valid for as many configurations as
possible. Therefore, the reference configurations whose energies the SCE is fitted against
should be as varied as possible. This is, however, limited by the available computational
resources for DFT calculations, exacerbated by the bad O(3) scaling of DFT implemen-
tations with the number of atoms in the supercell, the principal problem of the number
of dimensions of the configuration space increasing with O(2N-3) with the number of
atoms in the supercell (the 3 is due to the symmetry under global rotations), and the
not particularly robust mixing methods. A tabular overview over the configurations
considered by the author is provided in Table 2.7.

A small stumbling block is that different supercell symmetries have slightly different
values of, e.g., the ferromagnetic energy, because the set {k;} for the Brillouin zone
integration of DFT is chosen differently by the automatic algorithm implemented in
the LMTO program. This has a negligible effect on the difference of the energy of a
given configuration relative to the energy of the ferromagnetic configuration of the same
supercell geometry. However, when the energies of configurations to different supercell
symmetries are used together in the least-mean squares fit this effect can be considerable.
Therefore, the energy of the ferromagnetic configuration for a given supercell symmetry
is subtracted from all energies to the same supercell symmetry.

The primitive cell in Table 2.7 represents spin spiral configurations. For these configu-
rations, 15 values for the opening angle 9y were chosen equidistantly out of [7/30,7/2],
and for each such opening angle energies to a common set of 208 wave vectors were

2The calculation for 10 atoms in the supercell took about 10 hours on the computers used for this work.
A supercell of the same size in each direction would contain 1000 atoms, and the computational time
required scales with the third power of the number of atoms. One calculation would therefore take
about one millennium. If the mixing algorithm would work.
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label T1 T2 T3 ni?
wav 0.5v/3a[111] 0.5v/3a[111] 0.5v/3a[111] 1
prim-2 3a[111] 0.5v/3a[111] 0.5v/3a[111] 2
prim-3  1.5v/3a[111] 0.5v/3a[111] 0.5v/3a[111] 3
prim-4 2v/3a[111]  0.5v/3a[111] 0.5v/3a[111] 4
cub-2 2a[100] a[001] al001] 4
cub-2x2 2a[100] 2a[001] al001] 8
cub-2x2x2 2a[100] 2a[001] 2a[001] 16

Table 2.7.: Types of reference configurations used for the SCE. This table gives the
translation vectors of the respective supercell and the number n5$ of atoms
within. Further information is presented in Table 2.8.

calculated. The wave vectors were chosen not only along the high-symmetry lines of the
Brillouin zone, but also from within the Brillouin zone.

Calculations for supercells which are formed by elongating the one-atomic primitive cell
of Table 2.7 along [111] were initially intended only for the l-convergence calculations
described in Section 2.2.1. However, they have been included in the set of reference
energies because the cubic supercells do not extend very far along [111], yet the author
found many “important” two-atomic interactions along this direction in [31], and there-
fore wanted to investigate this in some more detail..

The mean difference of the energy per atom to the respective ferromagnetic ground state
over all configurations is 9.391 mRy, with the median® at 7.066 mRy, and the average
deviation from the mean difference of the energy per atom is 8.423 mRy. The largest
difference of the energy per atom is 31.282 mRy and occurs for the antiferromagnetic
configuration.

2.3.2. Considered Basis Functions

The main part of the set of considered basis functions is constructed from all cluster
archetypes with up to ny,.. = 4 atoms that fit in the 8-atomic supercell described in
Table 2.7, with l-tuples that obey It < 8. There are 233 such interactions after all
symmetries are taken into account, consisting of 12 basis functions to two-atomic cluster
archetypes, 39 basis functions to three-atomic cluster archetypes and 182 basis functions
to four-atomic cluster archetypes.

This set of possible interactions has two weaknesses: First, the cluster archetypes are
rather short-ranged, and second, there are not many interactions along [111], however,
the author found many important two-atomic interactions in this direction in [31]. To

3The value separating the higher half from the lower half of a set of values.
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label €FrM  Mconf method
wav 31.41 3117 systematic (*)
prim-2 :=0.0 3143 systematic
prim-3 21.24 1377 systematic
prim-4 20.59 1000 random
cub-2 0.05 869 random
cub-2x2 2.58 770 random
cub-2x2x2  0.05 95 random

Table 2.8.: Types of reference configurations used for the SCE. This Table gives the en-
ergy per atom epy; for the ferromagnetic state in yRy relative to the value for
2-atomic supercells, the number n.,,; of DFT calculations for the respective
supercell and the method used to generate the directions of the magnetic
moments for each DFT calculation. A “systematic” method to generate the
configurations indicates an equidistant set of values in [0, 7] for each 9 and
in [0, 27] for each . “random” indicate randomly chosen values in [—1,1]
for cos(¥) and in [0, 27] for ¢. The primitive cell represents spin-spiral con-
figurations, the spefic wave vectors and opening angles are given in the main
text. The value for egy; for the primitive cell represents the average over 208
wave vectors.
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somewhat alleviate these weaknesses, the pair-interactions up to |r| < 3.84a with [ < 2
were added, along with a three-atomic cluster archetype along [111] which contains the
atom at the origin and the atoms at 0.5v/3a[111], v/3a[111]. The interaction coefficients
of most of these additional basis functions are solely determined by energies to spin
spiral configurations, because for the considered supercell configurations most of the ad-
ditional basis functions are linear combinations of basis functions to cluster archetypes
within the supercell (see Section 1.5.3). An exception are the basis functions to the addi-
tional three-atomic cluster archetype and the two closest additional two-atomic cluster
archetypes along [111], where the interaction coefficients are also determined by the
energies to configurations to the 16-atomic supercell symmetry and by the energies of
(rather symmetric) configurations to the bar-shaped three- and four-atomic supercell
symmetries obtained from elongating the primitive cell along [111].

Altogether, 283 basis functions are considered.

2.3.3. Results and Discussion For bcc lron

Necessity of considering spin spirals and supercells: A fit solely against energies
of spin spiral configurations or solely against energies of supercell configurations is
unable to predict the energies of the other type of configuration with good accu-
racy. Obtaining a model only from spin spiral configurations predicts the supercell
reference energies with a v/ nPSS of about 0.67 mRy (for the definition of the nPSS
see the discussion of cross validation in Section 1.8.6), and obtaining a model only
from supercell configurations predicts the supercell configurations with a +/nPSS
of about 0.44 mRy. The vnRSS for the fitted energies per atom is in both cases
far smaller, of the order of 0.08 mRy.

The values of the respective nPSS have been obtained by employing the forward
reduction procedure as described in Section 1.8.6. This procedure tries to find
the most computationally efficient fit for the corresponding training set, e.g., spin
spirals, and does not optimize for predicting the respective testing set, e.g., su-
percells. Using too many basis functions can lead to overfitting, where, e.g., the
numerical noise and the remaining effects of the different sets {k;} used for the
Brillouin zone integration during the DF'T calculations inherent in the energies of
the respective reference configurations are fitted, which can lead to comparatively
large (up to 3 mRy) errors regarding the energies in the testing set. The author
simply manually tracked the nPSS for the testing set during the forward reduction
procedure and selected the smallest occuring value.

This is also necessary because if the model is obtained only from spin spirals the
SCE basis set is overcomplete (see Section 1.5.1) and linear dependencies show
up. To avoid such linear dependencies when the model is obtained from supercell
configurations, all basis functions to cluster archetypes larger than the 8-atomic
supercell (the “additional” basis functions from Section 2.3.2) were removed from
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the set of considered basis functions. Somewhat surprisingly, there is still one
basis function that shows linear dependency if the model is obtained only from
configurations to supercell symmetry. This linear dependency does not exist if all
reference configurations including those to spin-spiral symmetry are used for the
fit, and omitting the basis function in question has no measurable effect on the
quality of the fit. Upon closer inspection, the linear dependency involves eight ba-
sis function with a very complex interplay of backfolding for the considered types
of supercells and the relevant Clebsch-Gordan coefficients. The author did not fur-
ther investigate this phenomena, as it does not occur for general configurationsw

Full model: Fitting all 283 considered basis functions against all reference configu-
rations yields a vnRSS of 50.3 puRy. This is of the same order of magnitude as
the accuracy expected from the l-convergence data, although higher by roughly a
factor of 3.

There is one data point that may be used to investigate whether spin spiral config-
urations allow some insight into long-ranged interactions, which is the data point
to 5 v/3a/2 in Figure 2.3. The data points corresponding to smaller supercells are
described very well by the full model, as supercells of these sizes are part of the
reference configurations for the model. The changes in the energy difference plot-
ted in 2.3 which correspond to larger supercells can not be described in our model,
as it does not contain interactions of a length greater than 3.84a which means
the model predicts no change. Within the full model, the change in the energy
difference observed when going from 4 \/§a/ 2 to 5\/§a/ 2 in 2.3 is described by
two two-atomic basis functions, one with [ = (1,1) and one with [ = (2, 2), whose
interaction coefficients are determined by spin spiral configurations, because these
basis functions are larger than any supercell within the reference configurations.

These two two-atomic basis functions fail to predict the energy per atom of the con-
figuration to the point 5 v/3a/2 in Figure 2.3 by about +0.4 mRy (corresponding
to +2 mRy on the scale in Figure 2.3). This is actually worse than not including
these basis functions into the model would be. This suggests that spin spirals
do not actually allow to predict long-ranged configuration changes, which is not
surprising given that a model obtained solely from spin spiral configurations has
been shown to not correctly describe supercells in general (see preceding result).

Efficient model: Calculating the values of all 283 basis functions requires about
330 milliseconds per atom of a supercell configuration (the time required scales
linearly with the number of atoms in the supercell), using an AMD Opteron 2218
CPU. As the accuracy achievable with the available reference configurations is
limited anyway due to the limited size of the supercells (see Section 2.2.2), it seems
reasonable at first to stop the forward reduction procedure detailed in Section 1.8.6
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when a nRSS comparable to the inherent errors due to these limits is reached.
According to the data displayed in Figure 2.3, the effects of the limited range on
the energy per atom are for the configurations discussed in Section 2.2.2 and for the
spatial cutoff ry,,. = 3.84a chosen when selecting the considered basis functions is
of the order of 0.18 mRy. This value was obtained by taking the change between
data points 4 v/3a/2 and 5 v/3a/2 in Figure 2.3 and dividing by 4.

Achieving a comparable nRSS requires only 15 basis functions, which results in a
speed of the model of about 2 milliseconds per atom on the same CPU as above,
and a vnRSS of 0.182 mRy. However, analyzing the vnRSS separately for the
smaller supercells, the larger supercells and spin spirals shows that the latter two
types of configurations are described significantly worse than the smaller supercells.
Therefore, the author concluded that this model might be somewhat too simple,
and some more basis functions should be considered. This is somewhat supported
by the observation that this model predicts an energy per atom of the configuration
corresponding to point 5 v/3a/2 in Figure 2.3 which is wrong by +0.7 mRy.

Balanced model: To give an example for a model that strikes a balance between

accuracy and speed, a model with 45 basis functions was constructed by the forward
reduction procedure. The speed of this model is about 8 milliseconds per atom of
a supercell, and the model fits the reference configurations with a v/nRSS =~ 0.096
mRy. This model predicts an energy per atom of the configuration corresponding
to point 5 v/3a/2 in Figure 2.3 which differs from the DFT value by 40.2 mRy,
which is significantly more accurate than the models described above. This may
be just a fortunate coincidence, and is still quite inaccurate.

Heisenberg model: Quite a lot of work has been done on “extended Heisenberg

models”, e.g., publications [23, 22, 24|, which simply use the cosine of the angle
between the magnetic moment directions of two atoms at different positions r;, r;
as basis functions. In the SCE, these basis functions correspond to the two-atomic
interactions with 1,; = (1,1) [15]. One may select a cluster archetype for these
types of basis functions that contains the origin, and the 1,;-tuple is fixed, which
means all Heisenberg basis functions can be characterized by the “neighbour”; or
“shell” relative to the atom at the origin, e.g., a basis function to the nearest
neighbour or first shell contains the atom at the origin and the atom at position
r; = 0.5v/3a[111], a basis function to the next-nearest neighbour or second shell
contains the atom at the origin and the atom at position r; = a[100], etc.

These models are quite often obtained exclusively from spin spiral configurations.
Doing so for our spin spiral configurations, and using up to the 25th neighbour gives
a vVnRSS of 0.45 mRy, and predicts the energies of the supercell configurations
with a vVRSS of 0.8 mRy per predicted configuration.
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Predicting energies: To test the predictive power of the SCE, the energies per atom
of configurations to the 16-atomic supercell symmetry were removed from the set
of reference energies and used to test the predictive power of the various models.
These energies per atom have an average deviation of 5.14 mRy from their mean.
Using the full model largely fails to predict these energies, with a v/ nPRSS of about
1 mRy. This is largely an effect of overfitting, because using only the basis functions
from the balanced model one can predict these energies with an accuracy of 0.3
mRy, and using the basis functions of the efficient model surprisingly improves
that to 0.2 mRy. The Heisenberg model - if the other supercell configurations are
also used to obtain the interaction coefficients - does predict these energies with a
VPSS of 0.4 mRy per configuration.

This does suggest that the more complicated models are rather susceptible to
overfitting.

There is also a quite good argument to be made for obtaining the interaction
coefficients from the energies of configurations of larger supercells and predicting
the energies of smaller supercells: As it was shown in Section 1.5.4, energies to
supercells where backfolding occurs can be described with arbitrary precision by
the basis functions to cluster archetypes that fit within the supercell, but have
effective interaction coefficients J5§ . which contains the

a;lgiw?

Comparison with [31] : In the letter [31] on the topic of the SCE, a different method-

ology was employed for the forward reduction described in 1.8.6, where not the
most efficient basis function was selected but simply the basis function that de-
creases the nRSS the most. This leads to a slightly better fit of the reference data,
at the cost of significantly higher computational cost. E.g., selecting the first 15
basis functions leads to a v/nRSS of 0.144 mRy, compared to the 0.182 mRy for
the efficient model defined above. The computation of these basis functions takes,
however, about 7.5 ms per atom of a supercell instead of just 2 ms for the basis
functions forming the efficient model. The prediction for the energy per atom of
the configuration corresponding to point 5 v/3a/2 in Figure 2.3 is wrong by +0.6
mRy, which represents no significant improvement. Predicting the energies of the
configurations to the 16-atomic supercell symmetry with these basis functions gives
a vnPSS of about 0.2 mRy, which is also no significant improvement.
These are general trends for all models obtained during the forward reduction pro-
cedure - most of the time the nRSS is about 20 % lower if the basis functions which
give the best nRSS is selected compared to the case where basis functions which
give the best nRSS per computation time required are selected. The predictive
power of a given model, measured by predicting the 16-atomic supercells, is usually
comparable with a small advantage for the most efficient approach.
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Actual values for the interaction coefficients: These can be found in the Adden-
dum, Section A.8.

Altogether, it can be said that the SCE is able to very accurately represent the reference
data. The accuracy achievable is of the order of magnitude which was expected from the
convergency calculations. Somewhat troubling is that more complicated models seem to
be rather susceptible to overfitting, and any actual application of the SCE needs to very
carefully control for this.

Selecting the basis functions for a given model by choosing the most efficient basis func-
tion seems justfied compared to the approach taken in [31], as the predictive power at a
common model size is comparable while the computational speed is vastly better.

All in all, the SCE seems to be good enough for predicting the energy of general configu-
rations for bee iron with an accuracy of about 0.3 mRy, as estimated with the balanced
model for the configurations to 16-atomic supercell symmetry. This is one order of
magnitude better than a simple nearest-neighbour Heisenberg model (not discussed in
above), and better by about a factor of two than the “traditional” extended Heisenberg
models.

To further improve upon this would require to include configurations to larger supercell
symmetries within the reference calculations. This is currently infeasible due to the
limitations of Density Functional Theory implementations, and would have very likely
no relevance for actual physics as the current exchange-correlation functionals are not
accurate enough.
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Fcc iron (also called -iron) is a very complicated magnetic material, with a currently
unknown, but noncollinear ground state [38], competing local minima for different abso-
lute values of magnetic moments ( “high-spin” and “low-spin” states, [30, 1]), very strong
dependence of magnetism on the lattice constant®, etc. One of the goals of the original
work on the SCE [1] was to use the SCE to determine the configuration of the directions
of the magnetic moments in the ground state of fcc iron, by constructing a SCE for fcc
iron from reference energies calculated with the MASW program and then use the SCE
model for an exhaustive ground state search.

The work presented in [1] had the following shortcomings: First, the effects of the com-
bination of space group symmetry and symmetry under global rotations of the magnetic
moments were overlooked. It was effectively presumed that the different parameters k
of the SCE basis functions characterize linear independent basis functions, because the
space group symmetry operations do not act on k. As was shown in Section 1.4, this
is not the whole picture, and one has to calculate the eigenvectors u. Because this was
not taken into account in [1], the basis set used there contained linear dependencies,
and while these were detected by the singular value decomposition and great effort was
expended to suppress these dependencies, the results do seem somewhat questionable in
hindsight. Furthermore, the investigation of how reliable limits (7max, lmax, "max) for the
parameters of the SCE basis functions that need to be considered can be obtained from
DFT data (see Section 1.7) was carried out by the present author, and the corresponding
results were not taken into account in [1] when the basis functions to be investigated
were selected.

The resulting SCE also showed limited predictive power, and naturally it is hoped that
the refined methods developed by the present author improve upon this.

3.1. Density Functional Theory (DFT)

An excellent overview and discussion of many DFT investigations of fcc iron is given in
[1], and shall not be repeated here. The main points are that using or not using the
different approximations mentioned in subsection 1.8.3 (ASA, AMA, etc.) leads to qual-
itatively differing results, and different methods that use none of these approximations
(such as the MASW program) can still show large quantitative variations depending on

TAll calculations presented here use a lattice constant of 6.7 reons-
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the exact implementation of DFT. Therefore, while the SCE model might accurately
reproduce the results of the DFT code used to obtain the reference data these results
may not quantitatively represent the physical material.

Because getting reliable results in such complicated cases requires intimate knowledge of
both the DFT code used and a very good overview over the literature to spot errors, the
author has abstained from doing any calculations for fcc iron by himself (with one very
simple exception), as he possesses neither of these requirements. All reference energies
used later in this work have been calculated by R. Singer, and all information about the
properties of these reference energies as detailed in the following is taken from [1].

3.1.1. Accuracy of the DFT calculations

R. Singer estimates the numerical accuracy regarding the set of k-points to about 30
pRy ([1], p.131). This estimate has been obtained by investigating the energy difference
for specific configurations to one supercell symmetry for different sets {k;}. No analysis
of the spin spiral effects detailed in Section 2.1.1 has been done, as R. Singer did not
know about this and the present author did not attempt the necessary DF'T calculations.
Therefore, the actual numerical error may be somewhat higher.

3.1.2. Density Functionals

Naturally, the same problems as described in Section 2.1.2 for bcc iron still remain.
However, for fcc iron different exchange-correlation functionals can lead to qualitatively
different results regarding, e.g., the high-spin and low-spin minima. Again, an excellent
overview and extensive discussion of the different results for fcc iron when using differ-
ent exchange-correlation functionals can be found in [1]. After all considerations, the
functional by Perdew, Burke and Ernzerhof [37] was used by R. Singer, which is a GGA
functional.

3.2. SCE Parameters

As the investigation on the general convergence limits of the parameters (Nmax,lmax;"max)
of the necessary SCE basis functions was carried out by the present author, [1] does not
contain the necessary calculations. Therefore, the present author employed the MASW
code to test for the | convergence (as in subsection 2.2.1), by using the MASW program
and files of sample calculations provided by R. Singer and changing only the necessary
parameters.

Calculations for r,., as in subsection 2.2.2 were not attempted, as these would have re-
quired setting up new supercells, and starting calculations of the MASW program from
scratch. As calculations for fcc iron are extremely sensitive to small errors of the user,
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e.g., when choosing the starting estimate for the spin density matrix, the present author
does not trust himself to obtain reliable results.

3.2.1. | Convergence

R. Singer provided the present author with the files for one calculation of a configura-
tion to a cubic supercell symmetry with translation vectors? Ty = a[100], Ty = a[010],
T3 = a]001], which contains four atoms. These atoms are located at the origin of the
supercell, and at ry = v/0.5a[110], r3 = v/0.5a[101], and r, = v/0.5a[011]. The angles
(in degrees, to be consistent with [1]) of the magnetic moment directions are ¥; = 67.5
degrees, p1 = 70.0, Y9 = 165.0, o = 90.0, V3 = 97.5, p3 = 10.0, ¥, = 142.5, p, = 220.0,
and the absolute values |m;| of the magnetic moments, as calculated from the self-
consistent spin density matrix, are |m;| = 1.845up, |mq| = 1.342up, |m3| = 1.591ugp,
and |my| = 1.866/5.

To obtain configurations that may be described by using only two-atomic SCE basis
functions, the angles ¢;Vi and 19, were set to zero, and s, ...,19; were coherently ro-
tated from 0 to 180 degrees in steps of 3.6 degrees. All these calculations were started
from the spin density matrix of the calculation by R. Singer described above. The only
actions the author took were to replace the original angles with the desired ones, and let
the MASW program run until a new self-consistent spin density matrix was achieved.
Because the positions ry,r3 and ry are equivalent for all new configurations selected by
the present author, the magnetic moments calculated from the new self-consistent spin
density matrix should have the same values at all these positions, which was always the
case. Because the starting point of the spin density matrix represents very different ab-
solute values of the magnetic moments, the author is confident that the results represent
the global minimum. It may be that the comparatively high starting absolute value of
the magnetic moment for the atom at position r; somewhat preselects high spin states,
however in the results this value varies smoothly between 1.14 up for the ferromagnetic
configuration and 2.4 ug for the configuration with 9, ... = 180 degrees.

The resulting reference energies are fitted with the basis functions to ay = (rq,r2) and
l,i =(1,1),(2,2), ..., (6,6). The results are collected in the following table:

2Miller indices of the cubic supercell are employed to denote directions in the crystal. Each [ijk]
denotes a normalized vector in the corresponding direction.
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1, jailaiu [mRY] \/HRSS [ﬂRy}
(1,1) | -10.7540 177
(2,2) | -0.8213 104
(3,3) | 0.7692 34
(44) | 0.1245 26
(5,5) | -0.1606 12
(6,6) | -0.0456 10

3.2.2. Discussion

When comparing the l-convergence results to the corresponding Table 2.3 for bcc iron, it
is important to know that the typical differences in the energy per atom for bee are much
higher, roughly by a factor of eight. Therefore the relative magnitude of comparable
errors is much lower for bee iron than for fcc iron. It is therefore very unfortunate that
the numerical errors of the DF'T calculations are significantly higher for fcc iron as well.
As it is, the threshold of the expected numerical error is already reached for 1,; = (3, 3),
and a corresponding nyaxlmax = 6.

Nothing is known about 7.y, which is unfortunate.

3.3. General SCE

3.3.1. Reference Configurations

The reference configurations for the SCE for fcc iron are again a mix of configurations
to spin spiral and varying supercell symmetries. The spin spiral configurations were
calculated for opening angles ¥y = 27/12,37/12,...,7/2 for each element of a set of
119 wave vectors chosen throughout the Brillouin zone. Furthermore, 161 randomly
chosen configurations for a supercell symmetry with Ty = a[100], Ty = «[010], and
T3 = a[001] were calculated by R. Singer, with 4 atoms in the supercell. Also, 50
randomly chosen configurations to a supercell symmetry with Ty = 2a[100], Ty =
2a[010], and T3 = a[001] were calculated by R. Singer, where the supercell contains
16 atoms. Finally, 29 randomly chosen configurations to a supercell symmetry with
T, = 2a[100], Ty = 2a[010], and T3 = 2a[001] were calculated, where the supercell
contains 32 atoms.

These supercells do not use one common set {k;} for the Brillouin zone integration
during the DFT calculations, and while the effect of the different sets {k;} on energy
differences between configurations was negligible if these configurations were calculated
for 4-atomic or 16-atomic supercells, the energy differences changed quite a bit when
calculated for 32-atomic supercells. This resulted in a disagreement of up to 0.2 mRy for
the energy difference per atom if the same two configurations were calculated once with
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a 4-atomic supercell symmetry and once with a 32-atomic supercell symmetry (see [1],
p. 131). As there are also very few configurations for the 32-atomic supercell symmetry,
the author did not include the energies to these configurations in the reference energies
(or training set) for the SCE and just used these energies as a testing set.

The average variation of the reference energies per atom of all configurations relative to
the mean is 1.289 mRy, and the median of the energy per atom is 0.4 mRy higher than
the mean. The largest difference in the energy per atom between any two configurations
is 4.490 mRy.

3.3.2. Considered Basis Functions

The main part of the set of considered basis functions is constructed from all cluster
archetypes that fit into a supercell with translation vectors T; = 2a[100], Ty = a[010],
and T3 = a[001] and contain up to np.x = 4 atoms. All 1,;-tuples to liy < 6 are
considered. There are 93 such basis functions after all symmetries are taken into account,
consisting of 9 basis functions to two-atomic cluster archetypes, 22 basis functions to
three-atomic cluster archetypes and 62 basis functions to four-atomic cluster archetypes.
Just as for bee iron, the two-atomic basis functions up to |r| < 3.24 with | < 2 were
added to tentatively increase the spatial coverage of the basis functions.

Altogether, 137 basis functions are considered.

3.3.3. Results and Discussion for fcc Iron

Signs for insufficient number of reference energies: As mentioned in Section 1.8.5
when discussing cross validation, the SCE program code computes an automated
nPSS (anPSS) for the current training set of energies by randomly dividing the
training set into smaller parts and cross-validating within these. For bcc iron, the
nRSS and anPSS do not differ significantly and are always the same to within
1.5%. Contrary to this, the quantities differ by significant amounts for fcc iron.
Differences up to 20-30 %, in extreme cases 300% arise. This will be discussed
further for specific models.

Full model: Fitting all 137 considered basis functions against all reference config-
urations, except the 32-atomic reference configurations, yields a vnRSS of 67.3
1Ry. This is of the same order of magnitude as the accuracy expected from the
l-convergence data, although higher by roughly a factor of 2, just as for bcc iron.
However, the prediction of the reference energies to the 32-atomic configurations
fails very badly, with errors of the order of several Ry. This is due to the fact that
there is an insufficient number of configurations to the larger 8-atomic supercell -
there are only 50 such configurations, however there are more than 60 basis func-
tions which are larger than the 4-atomic supercell. This means the fit matrix A
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does not have full rank because there is an insufficient number of configurations,
and there are correspondingly vanishing singular values. One would expect about
as many vanishing singular values as the number of basis functions larger than the
4-atomic supercell minus the number of configurations to the 8-atomic supercell
symmetry, however, the spin spiral configurations are of some help, and only two
vanishing singular values are actually found.

Still, even if as an ad-hoc countermeasure the 10 basis functions to four-atomic
cluster archetypes and highest [, are removed - which leads to no more vanishing
singular values - the nRSS and anPSS differ by a factor of 3, which suggests that
using all basis functions results in severe overfitting. The energies of configura-
tions to the 32-atomic supercell symmetry are predicted with a +vnPSS of 0.23
mRy. This represents no actually usable prediction, as the energies of configura-
tions to the 32-atomic supercell symmetry have an average deviation of only 0.298
mRy from their mean.

Balanced model: To avoid overfitting, and because there is a insufficient number

of reference configurations, less basis functions must be used. The model should
ideally describe the 32-atomic configurations with reasonable nPSS, and the nRSS
and the “automated prediction error” anPSS of the training set should be roughly
the same. Therefore, the forward reduction procedure is applied, and the three
quantities (nPSS, nRSS and anPSS) are plotted for each step in this procedure
(Figure 3.1).

There are three interesting points in this figure: The point 0 represents the fitting
of just the constant basis function, and the corresponding vnRSS is proportional
to the average deviation of the energies from their mean. Therefore, this point sets
the reference scale for all further points, as a model should be significantly better
than fitting a straight line.

The 10th basis function added represents the first four-atomic interaction, and this
leads to a sharp drop of all three quantities, and therefore a significant improvement
of the model - at comparatively high computational cost. This point also represents
the model that gives the best prediction for the 32-atomic supercell configurations.
Afterwards, some overfitting sets in, visible from the increasing divergence of nRSS
and anPSS, and the nPSS of the 32-atomic supercell configurations becomes much
worse. However, the prediction is significantly bettered by the 40th interaction,
which is a three-atomic interaction. 40 also happens to be the number of basis
functions in the SCE model that was ultimately used in [1]. Therefore the present
author selected the model with 40 basis functions, as one of the goals of this work
was to assess the improvements made and thus the present author wanted a model
of comparable size to the model used in [1].

This model has a vnRSS of 0.056 mRy and a vnPSS of 0.062 mRy, and predicts

the 32-atomic supercells to within 0.104 mRy. This is still a rather large error, as
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Figure 3.1.: Properties of the fit to the reference energies when the forward reduction
procedure is employed. x-axis: current number ng,,. of basis functions in the
model, y-axis: log(v/nRSS) (continuous) of the training set, log(yv/anPSS)
(dashed) obtained from subdividing the training set, log(v/nPSS) (dotted)
for the testing set (energies of configurations to the 32-atomic supercell
symmetry). All y values in mRy.

the average deviation is only 0.298 mRy (see “Full model”).

Heisenberg model: For the same reasons as for bce iron, an extended Heisenberg
model was obtained from the spin spiral reference configurations, using Heisenberg
basis functions up to the 25th neighbour. This gives a v/nRSS of 0.120 mRy, and
predicts the energies of the supercell configurations with a v/RSS of 0.58 mRy
per predicted configuration. This is a rather large error, as the supercell reference
energies have an average deviation of only 1.477 mRy from the mean energy per
atom. Limiting the predictions only to the 32-atomic supercells gives a v/RSS of
0.140 mRy per predicted configuration.

The predictive power of the models for fcc iron was only tested against the configura-
tions to 32-atomic supercell symmetry, whose DF'T energies contain large systematic
differences to configurations to other supercell symmetries due to the different choices of
the set {k;} for the Brillouin zone integration during the DFT calculations by R. Singer.
The author therefore decided to redo a calculation by R. Singer that tests the predic-
tive power of the SCE for one specific ground state candidate, called K il) in [1]. This
configuration can be described within the same cubic, four-atomic supercell as was used
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in Section 3.2.1, with the angles ¥; = 90.0 degrees, p; = 0.0, ¥J5 = 90.0, ¢ = 0.0,
V3 = 270.0, p3 = 0.0, ¥4 = 90.0, ¢4 = 0.0 (see [1], p. 145). This configuration has the
lowest energy of all configurations investigated in [1], contrary to experimental evidence
which suggests a ground state configuration that has a spin spiral symmetry. Therefore,
it was investigated in [1] whether a modulation of the four-atomic supercell with a spin
spiral symmetry leads to a reduction in energy®. Such configurations are different from
the reference configurations, because the reference configurations contain only spin spiral
modulations of the primitive cell, or configurations of the four-atomic cell without spin
spiral modulation.

The investigation in [1] was done with a SCE consisting of 40 basis functions, which was
compared to data obtained from the MASW program. The present author obtained the
corresponding data from a plot on p.148 of [1], and compared the balanced model and
the Heisenberg model obtained above against the SCE from [1] and MASW data. This
comparison is shown in Figure 3.2. Somwhat satisfyingly, the improvements made seem
to pay off, as the new model describes the DFT data significantly better.

However, it should not be forgotten that regarding general configurations the new model
is probably still very much insufficient due to the small size of the supercells for the ref-
erence configurations, as the experience from the bece SCE and the only rudimentary
ability of the model to predict energies of the configurations to 32-atomic supercell sym-
metry suggests.

Altogether, one can achieve a similar accuracy for fcc-iron as for bee iron. This is of
little actual use because the typical differences in the energy per atom are significantly
lower for fcc iron, leading to huge relative errors - to know a typical energy per atom
of 5.14 mRy with an uncertanity of about 0.2 mRy is quite good (16-atomic supercells,
efficient model, bee iron), whereas to know an energy per atom of 0.3 mRy to within 0.1
mRy (32-atomic supercells, balanced model, fcc iron) is bad. The model presented here
can only be expected to yield reliable results for configurations that have comparative
symmetries as the reference configurations.

Solving this problem is as infeasible as it is for bce iron, for the same reasons.

3For details on such configurations, see [1]. In the literature, these configurations can be found under
the names “multi-k configurations” and “multi-k structures”.

82



3.3. General SCE
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Figure 3.2.: Spin-spiral modulation of the K il) configuration of the smallest cubic su-
percell of fcc iron [1]. Wave vectors along high-symmetry lines of the cubic
Brillouin zone, which are described, e.g., in [2, 1]. Continuous line: DFT
data (MASW program) Dashed lines: SCE of [1] (blue), balanced model of
this work (red) Dotted line: Heisenberg model obtained from spin spirals
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4. Failed work on other Crystal
Structures, Elements and
Geometries

4.1. Thin Films

One of the goals of the present work was to investigate the applicability of the SCE to
other geometries, e.g., thin films. These systems have enjoyed quite a lot of theoretical
interest recently and are accessible to magnetic imaging technologies such as XMCD
microscopy, AFM or STM measurements, which enables more detailed experimental
investigations. However, it became apparent that such an investigation is probably im-
possible with current DFT methods. In these methods, a thin film on a substrate is
usually simulated by a so-called “slab” which consists of a sheet of atoms extending in-
finitely into two dimensions, and is bounded by vacuum in the third dimension on both
sides. To simulate a thin film of a specific element on a substrate, the boundary layer
of the slab consists of the atoms forming the film, and between the two layers enough
atoms of the element forming the substrate are added to effectively separate the two
layers. Naturally, how many atoms are needed can not be determined a priori. If n
atoms separate the two layers, naturally the DFT calculations have to consider n + 2
atoms for the simplest magnetic configurations within the magnetic layer (spin spirals or
ferromagnetic). If a two-dimensional supercell configuration with N atoms in the two-
dimensional supercell for the magnetic layer is to be considered, the corresponding DFT
supercell contains N (n + 2) atoms. Evidently, the necessary computation time increases
quite fast as the necessary computation time still increases with the third power of the
total number of atoms. Nevertheless, calculations for small two-dimensional supercells
containing up to four atoms were estimated to be feasible.

Such calculations were attempted using the FLEUR program for iron on a tungsten
substrate, with the surface normal along the (110) direction. However, despite sig-
nificant efforts by the present author (e.g., implementing different mixing techniques),
noncollinear DFT calculations did not converge, i.e, the mixing algorithms were unable
to find a stable minimum. Collinear calculations yielded the expected results, as did
noncollinear test calculations for simple bulk systems. Several reviews of the relevant
parts of the FLEUR code by the author yielded no signs of programming errors or other
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possible problems. It was therefore concluded that current mixing algorithms are prob-
ably insufficient, and the thin film calculations were abandoned.

Also, if the effects of the backfolding on the interaction coefficients in thin films are
comparable to the effects in bulk bee iron (see Section 2.2.2 ), which were investigated
later than the attempts at thin film calculations, the validity of results that could be
obtained from small two-dimensional supercells for the magnetic film if the technical
difficulties were resolved seem questionable.

4.2. Other Elements and Geometries

After the failure of the investigations of thin films the author turned to investigations
of other bulk materials, whose noncollinear magnetic configurations had been proven
far easier to investigate by DFT. The present author had already conducted an inves-
tigation of fcc Ni during the course of his diploma thesis [39], which failed because the
local magnetic moments become unstable for large cantings of the magnetic moment
directions, i.e., the magnetic moments of the corresponding constrained ground state in
the context of DF'T are zero at some atomic positions r;. If one considers the cubic unit
cell for Ni and chooses configurations where only the magnetic moment at the origin
is canted respective to the magnetic moments of the other three atoms, the magnetic
moment of the central atom vanishes when an angle of roughly 110 degrees is reached.
All calculations where a larger angle is given as input to the program yield the same
constrained ground state with a vanishing moment at the central position.

Clearly, a vanishing magnetic moment has no particular direction. One may disregard
this complication and just presume that the energy function is simply constant with
regards to changes of particular magnetic moments with an absolute value of zero. This,
however, leads to significant parts of the total configuration space where the energy func-
tion is constant. While the corresponding DFT data itself can be quite well described
by the SCE approach, the resulting models have shown almost no predictive power for
general configurations.

Unfortunately, the problem occurs for all magnetic crystal structures of Co (fcc and hep)
as well. The only remaining magnetic elements are rare-earth elements. There, however,
the principles of magnetism are vastly different as the dominant part of the magnetic
moment of an atom is due to largely localized electrons in the 4f states, and only a small
part is due to the itinerant 5d electrons. This leads to many open questions within
the SCE, e.g., whether the two parts of the magnetic moments need to be treated as
different, independent variables, which is currently not implemented in the LMTO code
where the two parts are presumed to be either parallel or antiparallel, and to various
other difficulties regarding the DFT calculations (see, e.g., [40, 41]). It was decided not
to tackle these problems within the scope of the present work.
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5.1. English Summary

The Spin Cluster Expansion (SCE) is a method to expand the magnetic energy in terms
of a complete set of basis functions if an adiabatic approximation is made which identi-
fies the directions of the local atomic magnetic moments as the relevant variables. The
coefficients of this expansion are obtained by a least mean square fit against reference
energies obtained by ab-initio Density Functional Theory (DFT) calculations. This pro-
cess was shown in [1] to work for fcc iron with an accuracy of the fit that is of the
same order of magnitude as the expected errors of the reference energies. The present
work advances the theoretical understanding of the SCE and used this understanding to
obtain improved numerical results.

On the theoretical side, an error of [1] when considering space group symmetry is re-
solved, partly in cooperation with R.Singer (Section 1.4). Symmetries of the configu-
ration of the magnetic moments are studied for spin-spiral and supercell configurations
(Section 1.5) and it is shown that the extended Heisenberg model commonly used for
describing spin spirals [22, 23, 24] is equivalent to the SCE when the configurations of
the magnetic moments are limited to spin spirals with one constant opening angle, or
to spin spirals with very small opening angles. Methods are devised to determine the
accuracy achievable with a specific finite subset of the infinite set of SCE basis functions
by extracting information from comparatively simple DFT calculations (Section 1.7).
On the practical side the theoretical developments are tested extensively for bcc iron.
The numerical results for fcc iron are shown to be improved with respect to the predic-
tive power of the model. Several attempts are made to apply the SCE to other magnetic
elements and to thin films. However, it turns out that in all other transition metals the
local magnetic moments are not stable for all possible configurations of their directions,
which makes the use of these directions as the relevant variables impossible. The ap-
plication of the SCE to thin film geometries fails due to technical difficulties with the
necessary DF'T calculations.

5.2. Deutsche Zusammenfassung

Die Spin Cluster Entwicklung ist eine Methode, die Energiefunktion eines magnetischen
Materials beziiglich eines eigens entwickelten vollstandigen Basissatzes zu enwickeln.
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Hierbei wird im Rahmen einer adiabatischen Naherung angenommen, dass die Rich-
tungen der lokalen magnetischen Momente die wesentlichen Variablen zur Beschreibung
der magnetischen Energie darstellen. Die Entwicklungskoeffizienten werden gewonnen,
indem eine Anpassung an die Energien eines Satzes von Referenzkonfigurationen nach
der Methode der kleinsten Fehlerquadrate durchgefiihrt wird. Die Energien der Referen-
zkonfigurationen werden hierbei durch ab-initio Dichtefunktionaltheorie (DFT) berech-
net. Dass die Methode im Prinzip funktioniert und Genauigkeiten des Fits bis hin zur
Genauigkeit der DFT-Referenzenergien erlaubt, wurde bereits in der Dissertation [1] von
R.Singer fiir fcc Eisen gezeigt. Die theoretischen und praktischen Fortschritte, die im
Rahmen dieser Arbeit erzielt wurden, werden im Folgenden zusammengefasst.

Ein Fehler der Arbeit [1] im Rahmen der Behandlung der Raumgruppensymmetrie
eines Kristalls oder Molekiils wurde in Zusammenarbeit mit R.Singer korrigiert. Die
Auswirkungen von Symmetrien der Konfiguration der magnetischen Momente wurden
anhand von Spinspiralen und anderen sich periodisch wiederholenden Konfigurationen
(“Superzellen”) untersucht. Hierbei konnte gezeigt werden, dass das oft verwendete er-
weiterte Heisenberg Modell, in dem die Wechselwirkung in Form einer Kosinus nicht
nur auf benachbarte klassische magnetische Momente beschrankt wird, nicht nur einen
Teil der SCE darstellt wie in [15] von R.Singer gezeigt, sondern in bestimmten Féllen
der exakten SCE entspricht. Diese Falle sind, dass entweder nur Spinspiralen mit einem
gemeinsamen, konstanten Offnungswinkel behandelt werden oder Spinspiralen mit ver-
schiedenen, aber sehr kleinen Offnungswinkeln behandelt werden. Hierdurch kann die
gute Ubereinstimmung von derartigen Modellen mit den Energien von Spinspiralkon-
figurationen [22, 23, 24| erklart werden. Weiterhin wurden Methoden gefunden, wie
fiir den im Prinzip unendlichen Satz von Basisfunktionen in der SCE wohl definierte
Abschneidekriterien gefunden werden kénnen und die resultierende Genauigkeit anhand
von einfachen DFT-Rechnungen abgeschatzt werden kann.

Die theoretischen Fortschritte wurden anhand von Rechnungen fiir bee Eisen iiberpriift.
Weiterhin konnte die Vorhersagekraft der Methode fiir fcc Eisen deutlich verbessert wer-
den. Die Anwendung der SCE auf andere magnetische Elemente (Co, Ni) scheiterte an
dem Phanomen, dass die lokalen magnetischen Momente in diesen Metallen nicht stabil
sind, es existieren viele Richtungskonfigurationen fiir die das magnetische Moment an
einem oder mehreren Atomen verschindet. Dann sind die Richtungen der betroffenen
magnetischen Momente nicht mehr wohl definiert. Die Anwendung der SCE auf an-
dere Geometrien, im Besonderen diinne Eisenfilme, scheiterte aufgrund von technischen
Problemen mit den DFT-Rechnungen.
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A.1. Properties of the Clebsch-Gordan coefficients

The Clebsch-Gordan coefficients are sometimes also called Wigner or Vector-Coupling
coefficients. They are written as

Céi’milzmz = C£?7L2 = (l1m112m2|l1l213m3) (Al)

where the first notation is the standard used here, the second is a shorthand used in
some lengthy formulas and the last notation is used in parts of the literature, e.g., in
[16].

Relationship to the Wigner 3j-symbols often used in angular momentum theory:

L Iy l3 _ (—)ls—ms Cloms o)
mip Mo —Msg 2[3 1 limay,loma .

The coefficients are nonzero if and only if:

41l >13> |l — Lo (A.3)
ms = M1 + Mo (A4)
Four “orthogonality conditions”:
1 lhm!,
Y O e Climt tama = Ot 1y Omg g 8 lals), (A.5)
mimo
l I
Z Cl?zilgmg Cl?Z?bmé = 6m1,m’1 5m2,m’27 (A6>
l3mg
lhms 1
Z Cl?ml,lzmg—mlCliZilzm;;—ml - 6137lé5(l1l2l3)7 (A7>
my
Ism Ism o
D Gl vy Clims oy -y = st (A8)

I3

89



A. Addendum

where 0(l1l5l3) indicates the triangle condition (A.3).
Symmetries with regard to permutations of the indices

Ism 114+1a+1 Ism
l?milgmz = <_> et SClzmg,llml' (Ag)
lsm: _ 11 4-lo+l5 s —m:
lfmj,lgmz - <_) et 3le—mf,lg—m2' (Al())
l3ms3 _ (_)l1+m1 2ls + 1Clzm2
limy,loama 2[2 +1 l3m3,li—my
(A.11)
— (_)lz+m2 2ls + 1Cl1m1
211 +1 lo—ma,l3ms*
Decomposition of products!:
L L L L L L
CL?I,LQCL;L; :Z < Z CL?LQCL?,,L4CL3,L4CL?L6>
lo \mim2 , (A.12)

Lg Ls
X CL2,L4 CLl:LG’

where Cli-++l6 (the parentheses) depends only on the values of the [y, . . ., ls. This quantity

is related to the 6j-symbol common in angular momentum analysis.

special cases

In case of m; = my = 0:

li + Iy + I3 = even, (A.13)
Final angular momentum of zero:
cY = (_l;mlal 1,0 (A.14)
lim1,lama 2[1 T 1 1,l2Ymi,—ma- :
A.2. Generalized Wigner Coefficients
The generalized Wigner coefficients
: NS
(31 ha) (A.15)
ny ... My,
are nonzero if and only if
(A.16)

> m; =0, and 2j; = Y ji < OVi

1See Egs. (6.2.6) and (6.1.5) in [16]
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Symmetry with regards to inversion in m:

. . Kk k
J1 - Jna _ (_1)Zli l lo oo ln,
ny ... Ny, —myp —My ... =My, '

Orthogonality:
. . Kk K
Z jl...jna ll lna :5/
Ny ... Ny, my ... My Kk
The case of n, = 3 is equal to the 3j-symbol,
. . Kk
J1 e Ing _ Iy o 3
ny ... nna myp Mo Mg

<_>13_m3 l3—m3

= 2l3+1 limy,lama

_ (=
5 mi,—ma-
20 + 1 120

(LY
— (ml) = 511705,”17().

n=3
The cases n, = 2 and n, = 1:

G
n...n
J1 - Ina
ny ... My,

A.3. Spherical harmonics

l
my Mo

)ll mi

Na=2

Definition:

Am(l +m)!

ylmw,m:J GLA VU= )! s oo 9)),

with the associated Legendre polynomials

m

(1—22)% dm

FreosV)) = =5 — quimm

(z* — 1)

Complex conjugation:
(Y™ (9, 9))" = (=)"Y'™"(9, ).

Rotations around the z axis:

Y9, + 0) = e™OY™ (0, ).

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)
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Orthogonality:

df (Yllml (197 QD))* YlQm(ﬁv 90) = 6l17125m1,m2' (A25)
S

Products of spherical harmonics with the same arguments?:

OB SECTOEDY
l

x QK

limy,lamsg

{(% +1)(2+1)]2
420 + 1) (A.26)

Ylﬂ(ﬁa ‘P)Cé?o,lgo

with = my + mo.

A.4. Proof of the Orbit-Stabilizer Theorem

Applying all |G| group elements to aj,1,; will generate ngg different “pictures” oy, Lo,
v =1,...,nqg, which form the orbit O,,;,,. However, one picture may be generated by
several elements of G, and therefore O,,1,, may contain less than |G| elements.
Assuming the stabilizer of ay,l,; has |Ga1,, | elements g,,1,,, evidently aq,1,; is gener-
ated |Ga,1,,| times when all group elements are applied to aq,14;.

If a9, 140 is generated by g, one can generate as, 1, by at least |G,,1,, | group operations,
as every operation §gga1,Vga, Will map ag,l, to as, lye. Therefore, ag, 1o is generated
at least |Ga,1,,| times when all group elements are applied to aq, L,;.

Now presume there is some other group element g, that maps a;l,; on asl,s, but can
not be constructed in the same way as the elements discussed in the previous para-
graph, go # § © a1, However, g~! o gy is evidently an element of G, ,. Trivially,
g2 = §o g o gy, but as the product of the latter two group operations is an element
of the stabilizer, this is in direct contradiction to the presumption that g, may not be
written as a product of g and an element of the stabilizer. Therefore, there is no such gs,
and no other element than those constructed by ggai, Vg, may map as,la to as, lae.
Therefore, each different picture is generated exactly |G,,1,,| times when all |G| group
elements are applied to aq,1,1. This means there are only ngig = |G|/ |Ga,1,,| different
pictures.

A.5. Details for Configurational Symmetry

A.5.1. Spin Spiral Symmetry

This section proves Eqn. (1.77). Presume,e.g., a basis function with a = (ry,ra,...,1,,),
1= (ly,ls,...,l,,), and a spin-spiral configuration. From the behaviour of the spherical

Zsee Eq. (4.6.5) in [16]
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harmonics under rotation around the z-axis follows:

. . k
yalak _ Z (.]1 R Jna) Yl1m1 (190’ o + qr1>

ny ... nna
x Y272 (94, 00 + qra) ... Y (g, o + qry,,)

. . k na
_ .]1 st .]na m;i1q-r; limi
S () eyt o

=1

. . k No
_ J1 - Ina 1> 0 myr;q lym;
= e =t Y (o, o)
k
il Z( TLa) <ezqzl 1Mt 4 e |y 1m%r%( 1)2?317712)
(A. m+

. . k na

= Z 2cos(q - Tpy+) <i11 7‘12‘:) HYZW”(%, 0).
i

The sum over m, introduced in the fourth step, marked with an asterisk, indicates a
decomposition of the set of all possible m into two parts, {m}, and {m}_ such that
to each m, there is exactly one m_ = —m_. Such a decomposition is always possible,
except for the m where m; = 0Vi. This m is defined to be part of {m},.
Furthermore, it was presumed that ¢y=0, which can be presumed with no loss of gen-
erality, as the basis functions are invariant under global rotations of the {e;}. If ¢q = 0,
Yi™(9y,0) = (—1)™Y""™(dy,0) holds. Furthermore, it was used that Y ;l; = even,
which means the generalized Wigner coefficients are invariant under inversion of m.
The last step used that Y ;% m; = 0 as otherwise the generalized Wigner coefficient is
zero, and introduced T+ = D% myr; for a given m. The product

Na

HYZ M (g, 0), with Zl = even, Z:mZ =0 (A.28)

i=1
can be decomposed by applying (A.26) n, — 1 times to give

Na lf 5
[[Y" .00 = > Y°Wo,0)Nm
=1

l~:l0,even
; (A.29)

= 3" P{cos(d0) Nim

I1=lp,even
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where the sum runs only over even l~, ly = Z?gl l; and Njmy is some real number.
Py(cos(y)) is the Legendre polynomial to I, which is equal to the associated Legendre
polynomial PP(cos()) and to Y"(¢,0).

The proof that m=0 for the final spherical harmonic rests on the repeated application
of (A.26) to the product. The first application to Y™ (d,0) - Y22(ef ) gives a su-
perposition of spherical harmonics Y1#1 (g, 0) with gy = m; +my. Apply (A.26) again,
to each product of the form Y#1(dy,0) - Y5™3 (9, 0), to give a further superposition of
spherical harmonics with pus = g + ms = my + mo + mg, and so on. In the final step
this results in i, 1 = fin,—2 + Mp, = Y ooy m; = 0.

The proof that each Zna,l := [ = even for the spherical harmonics in the final superpo-
sition is also derived along these lines: )

The result of (A.26) for Y11 (9, 0) - Y2™2(d,0) contains Cﬁgho, which requires 1, +
l, + 1 = even as per (A.13). This holds for each repeated application of (A.26), and
therefore

ll + lQ + l~1 = even,
l~1 + I3 + l~2 = even,

(A.30)
ina,Q + 1, + [n&,l = even.
Taking the sum over all of these equations yields
£1+12+...—|—lna
+2- <l~1 + l~2 + ...+ Znafg) (A?)l)
-+ Zna,l = even,
and therefore,
ln,—1 = even. (A.32)

It might be possible to calculate the coefficients N}, and the lower bound [, algebraically,
but this was not deemed necessary.
Inserting Eqn. (A.29) into Eqn. (A.27) gives Eqn. (1.77).

A.5.2. Backfolding of Basis Functions

Within a supercell configuration backfolding of the SCE basis functions larger than the
supercell occurs. This means duplicate arguments in the spherical harmonics arise. The
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calculations here are again carried out for the rotationally invariant basis functions,
before considering space group symmetry. This means a prototypical basis functions is:

. .\ Kk
yaa _ (]1 jna>
lode %: ny ... Ny, (A.33)

x Yhm (ei‘l)ylzmz (egz) . Yiamna (erna)

Na

To make the notation slightly easier, the presentation here limits itself to these basis
functions where the l-tuple is already in descending order, which means

. . k I I k
(jl]na) :( 1 - na) ‘ (A34)
ny ... Ny, my ... My,

The generalization to other orders should be evident from the results presented here.
A rather important “trick” in the following calculations is that due to the constraint
> m; = 0 for the generalized Wigner coefficients the summation over m has only n, — 1
independent indices, which may be chosen arbitrarily out of the m;. One may also
chose to sum over some of the intermediate p;, as those are fixed by the condition
Wi—1 + m;r1 = p; of each individual Clebsch-Gordan coefficient C,’;‘f : pi i and [
is fixed to my + my. So instead of summing over m,;; one may just as well sum over ;.
The basis function subject to backfolding can be reduced to a superposition of the basis
functions within the cell by applying (A.26) to the product of the spherical harmonics
which have the same argument. Formulas for n, < 4 will be given below.

To derive these formulas, it is convenient to first prove that the combination of Egs.

(A.7) and (A.26) results in the formula

Z Ci’ﬁm,b%yllml(ﬁ, P)YRm2(9, p) = Qé‘flhyku(ﬁ’ ©) (A.35)
mi
with
1
X CL+1D2L+1)]2 40
= A.36
Qll,lg |: 47T(2k + 1) 110,120 ( )
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Proof:

k 1mi1 2m2
Z Cllliﬂhlzmz Yl (19’ SO)YZ (19, 90)

m1
l1+l2 1
(A.26) k (2[1 + 1)(212 + 1) 2 10
= QrH C
mzl limy,lama lsz[QJ: 47T(2l i 1) l10,l22
::Qél’ZZ
l l
Xcli‘ml,bmzy M(ﬁ’ 90) (A37)
l k
= Z Q§17l2 Z Cl?ml,lgmgclllf’nl,lzmg Yl“ (197 SD)
! mi
l l l k
= Z Qll,lQY M(ﬁ’ ()0) Z Cllltml,lglufml Chlinhlz,ufml
l m1

(A7)
=3 QL LYW, 0)0k = QL Y9, ).
l

The case n, = 2:

An example for the basis functions is:

D Ol ¥ (€)Y 2T
mi
(A.35) v
= Qu, Y"(e")
(4m) =1/ 1 (A.38)
(A.36) [(211 +1)(2L +1)]2 00 1

47T l10,l10 \/E

(a14) 2l + 1 (=)h (—)h
e

The case n, = 3:

An example for the basis functions is:

Z(ll Iy lg)
— my Mo M3 (A39)

% Yl1m1 (e? )Yl2m2 (etl"zzrlJrTz )Ylsms (e§3 )7

Presuming that only the arguments of two spherical harmonics are equal, there are three
possibilities: Either the arguments of the spherical harmonics to [y, ls are equal, or those
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of the spherical harmonics with {4, 3 or Iy, l5. However, the 3j-symbol with ). I, = even
is invariant under permutations of the [;[16]. Therefore, it is sufficient to look at the
case where the arguments to the spherical harmonics with [, s are equal. Then:

13 ms
l3 ms

Z \/QZ?,T l1m1,l2m2

mi,m2
XWWwﬁwmﬁﬁﬂ””WMW$>

l3 —m3

Z oY () ) G,
\/7213 T £

(A.40)
% Yllml( r1)ylzm2( 11‘2:r1+Tz)

13 mg

(A 35) l3 ma
oty

(A 14) l3—m3 ry l3m3 ro
l1,l2 z :Cl:&ms l3m3Y (el )Y (92 )

()Y (e3?)

where it was used in the second step that the two summation indices may be chosen at
will out of (my, my.ms3).

The result is proportional to a two-atomic basis function with the well-defined, sharp
l-tuple (3,13).

The case n, = 4:

The simplest example is:

l4 my
k,u lg—my

Z \/%T Ll,L2 kp,L3

mi,Mm2,ms3
v Yllml( rl)YZQTI’LQ (e11‘2:r1+Tz)Yl3m3 (653)Yl4m4 (e24)

l4 my
l4 my Yl3m3

- Z m k:/L,L3 ( gs)yl4m4(ez4>

XZCLJWIWWMM“N% e
A1

l4 my

A35 l mgvy/lsm r lym r
Z m Ic4u7L34Y3 3( 33)Y4 4(844)

X Q11,12 Yk#(el )

Eols Iy
:Qi’lzz (M ms3 m4>

Hyms3

BECHEACHEIC
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The basis function is therefore projected solely on the three-atomic basis function with
the I-tuple (k, 3, 14)
The pair I3, 4 is only slightly more difficult:

l4 —my
K In m4><

Z /2l4 L1,L2CK Ls

mi,ma,ms3
% Yl1m1( Tl)yl2m2< 1‘2)Yl3m3( I‘3)yl4m4(eZ4=l‘3+Tz)

(A11) —)la—ma k

Z m Ll,LQCLs,L4

mi,m2,ms3

% Yllml( r1)lem2< Pz)yl3M3(er3)Yl4m4(eZ4:P3+Tz)
Z C L2Yllm1 I‘1)Yl2m2<e;2) (A42)

mi,ma2

—

Z m Ls,L4

lgmg (e§3 )Yl4m4 (eZ4:r3+Tz )

K

o Z m Ll,LQ

mi,ma2

X Y (e )Y ()Y )

which means that the basis function is projected solely on the three-atomic basis function
with the I-tuple (I1,ls, k).

For the remaining pair note that by interchanging [y, 5 or I3, l4 the basis function changes
at most its sign, therefore it is sufficient to look at the pair [, l3. The solution resorts
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to Eq. (A.12):

l4 m4
la—my

Z \/m L1 LQCK,Lg

mi,ma,ms3
Yllml ( r1 )lemg( ro )Ylgmg (e;3:r2+Tz )Yl4m4 (824)

l4 my

ZWZ

Yllml ( r1 )YZQWLQ ( ) lgmg ( r3= I'2+TZ)Yl4m4 (824)
K e x e (A.43)
_ Z Ol Z 2l4 — CZL41 i ayh 1( 11)Yl4 4(844)

mi,mq

% Z CL2 3Y12m2 I’2)yl3m3 (e§3=r2+Tz)

Lo D D Ylamma !
— Cl ----- O 4— 'Cn4
oS ey
VY)Y )

which means that the basis function is now a superposition of all three-atomic basis
functions with I-tuples (I1,1,1y).

A.6. Expansion of Vector Quantities

The transformation properties of Y Y10 YI-! with respect to a global, homogeneous
rotation of the {e;}, defined by the Euler angles «, 3, v, are given by

DY) (a,8,7) = e™d}) (B)e™,

" %(11 —l—‘cos(ﬂ) \/Li sin(3) %(11— Fos(ﬂ)) (A1)
@@= | L) es®)  Lsin(g)

(1 — cos(p) —\/Lisin(ﬁ) (1 + cos(p))

From comparison of these transformation properties follows that any vector v with
components v, vy, v, in some global cartesian coordinate system can be expanded as

Uy =V v, = Z Z Z J Y (A.45)
a 1 k

Vo = Uz = Z Z Z J(?lk cly?k‘ (A.46)

v_ — v, = Z Z Z Jowyl L (A.4T)
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A.7. Energy Scales

The following paragraphs aim to give a rough overview over the energy scales related to
magnetism within the considered materials. This should provide the reader with some
context for the energies involved.

The thermodynamic energy scale is set forth by the Curie temperature multiplied by
the Boltzmann constant. Furthermore, a measure for the energy differences caused by
changes in the directions of the magnetic moments is given by the difference between
the ferromagnetic and antiferromagnetic state, or rather the ferromagnetic and some
strongly canted state for space groups which correspond to frustrated antiferromagnets.
Also, the energy response to small deviations of the directions from of the ground state
configuration is provided. For changes in the absolute values of the magnetic moments,
a reasonable energy scale is set by the difference between the energies of the completely
nonmagnetic state, where each magnetic moment vanishes, and the ground state. One
can also investigate the energy response to small longitudinal deviations from the ground
state.

The Tables A.1 and A.2 show the energy equivalent of the Curie temperature and infor-
mation obtained by the following calculations:

e The magnetic moment per atom myg in the ferromagnetic state.

e The difference between the energies per atom for the ferromagnetic state epy and
the nonmagnetic state exy, where all magnetic moments m are zero.

e The difference between the energies per atom for the ferromagnetic state epy
and a strongly canted state e.,,. For the bce crystal structure this is simply the
antiferromagnetic configuration, where the angle between neighbouring magnetic
moments is 7. There is no such configuration for the fcc and hep crystal structure.
For the fcc structure a cubic supercell with four atoms was chosen where the
magnetic moment of the atom at the origin is canted by 7 relative to the magnetic
moments on the faces of the cube, which are all collinear. For the hcp structure a
supercell with two atoms was chosen, and the two magnetic moments are canted
by 7 relative to each other.

e The response of the energy per atom to a small deviation from the ferromagnetic
state was calculated. For this, the same supercell configuration as for the strongly
canted state was used. For ferromagnets and small deviations, this response is
expected to be proportional to §% where § is some appropriate measure of the
deviation. As two types of deviations, either in the magnetic moment direction or
in the absolute value of the magnetic moment, for ferromagnetic alignment, are
considered separately, the corresponding proportionality factor is marked as aiong
OT Qrans TeSpectively.

100



A.7. Energy Scales

Material mo [/LB} k’BTC [43, 44] EFM — €cant CFM — ENM
Fe (bcc)  2.26 6.61 -31.2 -37.4
Fe (fcc) 1.14 0.28 4.3 —

Co (fcc)  1.67 8.79 “14.1 (%) -14.1
Co (hep)  1.64 — -16.7 17.1
Ni (fcc)  0.65 3.97 -3.7 (%) -3.7

Table A.1.: Energy range in mRy of large transversal and longitudinal fluctuations of
the magnetic moments for some magnetic metals.

Material =~ Giong  Gtrans
Fe (bcc) 139 438
Fe (fcc) — —

Co (fcc) 29.6 44.8
Co (hep) 57.0 51.3
Ni (fec) 3.55 8.69

Table A.2.: Energy range in mRy of small transversal and longitudinal fluctuations of
the magnetic moments for some magnetic metals.

The deviation ¢ is measured as [§] = 1072my for changes in the absolute value
of the magnetic moment and as [§] = 10737 for changes in the directions of the
magnetic moments. The proportionality factor was acquired by a quadratic fit
to deviations up to 10[d], i.e., 1072my for the absolute values and 10~%7 for the
directions.

For changes in the directions of the magnetic moments, the absolute values of the mag-
netic moments were not constrained to the ground state magnetic moment but instead
calculated self-consistently. For the mathematical formulation of the constraints, see
Section 1.8.2, details of the implementation and a comparison with other DFT codes are
available in Ref. [42].

For materials where the nonmagnetic state is lower in energy than the respective strongly
canted state, the procedure naturally results in the nonmagnetic state. These cases are
marked with an asterisk (*).  The temperature given for fcc Fe represents the Neel
temperature as given in the literature. As the ground state of fcc Fe is still unknown, it
is not possible to calculate small deviations from the ground state.

A last note on hcp Co: Here the respective energies of the nonmagnetic and the strongly
canted state are very close to each other. While no canted configuration where all abso-
lute values of the magnetic moments are zero has been found by the author, there are
sizeable parts of the configuration space of the directions where the absolute value of
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at least one magentic moment is zero. One such class of configurations is given by one
strongly canted moment embedded in a supercell with three other moments that are
parallel to each other. In this case the absolute value of the canted magnetic moment
vanishes for cantings larger than about 5/67.

The numbers in Tables A.1 and A.2 do not show different energy scales for longitudinal
and transversal fluctuations, and thus provide no support for the adiabatic approxima-
tion behind the SCE. The arguments cited in Section 1.2 do use the term “intraatomic
exchange”, which, to the knowledge of the present author, has never been defined ex-
plicitly anywhere. The present author presumes that the term is meant to indicate the
energy changes due to local longitudinal fluctuations as calculated here. Therefore, lon-
gitudinal fluctuations should be included in thermodynamic investigations, especially for
Ni and Co where they are associated with actually lower energy changes than transversal
fluctuations.

A.8. Values of the Interaction Coefficients

A.8.1. bcc Iron

The following table lists the definitions of the 15 basis functions that most efficiently
decrease the nRSSr. The most efficient basis function is at the top.

Q; Loi jailaiu [mRY] |g04ilai| \/DRSS Negr
(0,0.5v/3a[111]) (1,1) 9.02982 12 0.839 | 1
(0,V/3a[111]) (1,1) -0.75898 12 0.674 | 6
(0,0.5v/3a[111]) (2,2) 0.20079 12 0.433 | 17
(0,1.5v/3a[111]) (1,1) 0.45167 12 0.384 | 8
(O, a[100)) (1,1) 0.28286 16 0.366 | 11
(O, 2a[100]) (1,1) -0.53596 16 0.324 | 3
(0,+/2a[110)) (1,1) 0.10105 8 0.310 | 68
(0,0.5v/3a[111]) (3,3) -0.18078 12 0.284 | 122
(O, a[100]) (2,2) -0.30559 16 0.260 | 116
(0,+/2a[110)) (2,2) 0.17994 8 0.249 | 22
(0, 2v/2a[110]) (1,1) 0.25809 8 0.241 | -~
(0,0.5v/3a[111],0.5v/11a[311]) | (2,1,1) |  0.40554 2 0.218 | 13
(O, a[100)) (3,3) 0.13151 16 0.208 | -
(0,0.5v/59a[553]) (1,1) 0.24128 4 0.204 | 46
(0,2v/2a[110], v/2a[110)) (2,1,1) | 0.30842 2 0.182 | 12

The first column lists the position vectors of the atoms that form the cluster archetype,
where O stands for the origin of the coordinate system. The second column gives the

102



A.8. Values of the Interaction Coefficients

l,;-tuple, the third column the interaction coefficient in mRy when all these 15 basis
functions are used to fit the reference energies, the fourth column the number of space
group elements in the respective stabilizer, and the fifth column the vnRSS that cor-
responds to the model consisting of all basis functions that appear in the current and
preceding rows of the table. The vnRSS resulting from fitting just the constant basis
function is 8.425 mRy.

When selecting basis functions only by the largest decrease in the nRSS as in [31], the
resulting model differs quite a bit. The last column denotes when the corresponding
basis function is added to a model where the basis functions are selected only by the
nRSS as in Ref. [31] instead of selecting by the most efficient basis function (see Section
1.8.6). E.g., the basis function corresponding to the second row would be added as the
sixth basis function when selecting purely by the nRSS.

The decrease in vnrSS associated with a basis function also depends quite significantly
on the other terms which form the rest of the current model under consideration. This
happens because there are quite often two or more basis functions which represent largely
the same behaviour within the reference data. This happens if, e.g., one basis function
is mostly backfolded upon one specific other basis function for small supercells. Then
the reference energies for small supercells can be described by either of those basis func-
tions correctly, and after one of these basis functions is selected the other basis function
becomes irrelevant.
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A.8.2. Fcc Iron

This table lists the 15 most efficient basis functions for fcc iron.

Q; loi Jailasu [mRY} |gailai \/HRSS
(0,0.5v/2a[011]) | (1,1) -1.1727 8 0.833
(O, a[100]) (1,1) 1.2643 16 0.375
(0,0.5v6a[211]) | (1,1) -0.3700 4 0.289
(0,0.5v/10a[310]) | (1,1) -0.3456 4 0.272
(0,0.5v/18a[330]) | (1,1) 0.2615 8 0.243
(O, a[100]) (2,2) -0.1164 16 0.219
(0,0.5v/38a[532]) | (1,1) -0.1371 2 0.211
(0,v/3a[111]) (1,1) -0.1302 12 0.205
(0,0.5v/2a[011]) | (3,3) 0.1777 8 0.196
(0, v/5a[210]) (1,1) 0.0337 4 0.192
(0,0.5v/2[101],
0.5v/6[211], (1,1,1,1) 0.25809 2 0.136
0.51/10[310])
(0,V6a[211]) (1,1) -0.1056 4 0.131
(0,0.5v/26a[431]) | (1,1) 0.2283 2 0.126
(0, V/8a[220]) (1,1) -0.0795 8 0.120
(0,0.5v14a[321]) | (1,1) -0.1883 2 0.115

The eigenvector u for the four-atomic cluster, which has been separated by horizontal
lines for easier identification, is simply 1(0), i.e., the k-tuple (0) is already a eigenvector
of the projection operator to the identical representation of the space group. The vnRSS
that results from fitting the constant basis function is 1.311 mRy.

A.9. Extending the SCE basis set

While the general formalism of the SCE as detailed in Chapter 1 is certainly powerful,
the self-imposed restriction of the variables to only the directions of magnetic moments
of atoms of one element is somewhat drastic. Most industrially used metals are binary or
ternary alloys, and most physical phenomena involve not only changes of the magnetic
moment directions but changes in other variables as well, e.g., changes of the lattice
constant due to heating or external pressure.

The straightforward generalization of the approach detailed in Chapter 1 is to simply
use a product of the SCE basis functions and basis functions from a complete basis set in
the configuration space of the other variables as basis functions for the energy. E.g., for a
magnetic alloy one would use a product of the set of the Chebyshev polynomials, which
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are commonly used for expanding the formation energy of alloys, and the SCE basis
functions. Such an approach greatly increases the set of possible basis functions and the
number of reference configurations which need to be investigated, thus requiring many
more costly DFT calculations, which makes extensive investigations currently infeasible.
Also, the mathematical details of this approach have not been investigated in the course
of this work. To do so, one would have to carefully retrace the steps taken for the
SCE basis functions and reconsider symmetry under rotations in the space of magnetic
moment directions, space group symmetry, etc. with the new basis functions.
Presented below are nevertheless two simple, exploratory calculations, one for variable
lattice constant and one for treating the absolute value of the magnetic moments as
an independent variable. These test calculations show similar accuracy relative to the
respective typical energy changes as the regular SCE, although the absolute accuracy is
significantly worse.

A.9.1. Variable lattice constant

Presume that there is no structural phase transition, that is the atoms retain the same
space group symmetry, and the lattice constant a varies only on some interval Z =
[@min, Gmax)- The complete configuration space of the lattice constant and the magnetic
moments is then a product of 7 ® (SQ)N, where N is the number of atoms.

The procedure suggested in the introduction to this section then requires a complete basis
set on Z. In the context of this work it is convenient to use the Legendre polynomials,
as they are just special cases of the spherical harmonics. The Legendre polynomials
are denoted P;, and are orthogonal (although not orthonormal) and complete on the
interval [—1,1]. One point of view on this approach is that the dependence of the SCE
interaction coefficients on the lattice constant is interpolated with Legendre polynomials.
However, this formulation suggests that first a SCE for each lattice constant is obtained,
and then, in a second step, the resulting interaction coefficients are fitted with Legendre
polynomials. This is not the approach taken here, instead one large fit was done for all
data at once.

The investigation was done for bce iron and a was varied from 0.95a¢0 < ag < 1.05aq.
This interval can be mapped to [—1,1] by f:a+— f(a) = (a/ag — 1)/0.05. A basis set
for the energy per atom is then given by the products

Fiota = Pi(f(@)) - 751,u({ei}). (A.48)

A cubic supercell with a volume of a® containing two atoms was used. All possible
configurations are then described by two variables, the current lattice constant a and ¥,
the angle between the directions of the magnetic moments of the two atoms. Legendre
polynomials with 0 < ¢ < 5 were used, and all SCE basis functions to [,y < 10. This
results in 36 possible basis functions, whereby the basis function to ¢ = 0,/ = 0 is a
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constant.

The energy landscape was probed by DFT at 21 equidistant points in a and ¢ each,
which gives a total of 441 reference configurations. Fitting only the constant basis func-
tion to these configurations gives a vnRSS of 25.9 mRy, which represents the typical
energy difference within the reference energies. Using all 36 basis functions one obtains
a vnRSS of 0.18 mRy. A v/nRSS of 1 mRy can be achieved by using just eight basis
functions. Considering the higher energy scales involved, these results are comparable
to those achievable with the SCE when only the magnetic moment directions are con-
sidered as variables.

A.9.2. A Basis Set for Magnetic Moments

If the adiabatic approximation for the directions of the magnetic moments is not justi-
fiable, one for the actual magnetic moments might be. Then, not only the directions of
the magnetic moments are independent variables, but also the absolute values M of the
magnetic moments. Naturally, M has a lower bound of zero, corresponding to vanish-
ing magnetic moment, and one can reasonably presume that there exists also a higher
boundary M,.x, which can be at most the number of (valence) electrons per atom times
the Bohr magneton, or the boundary may be defined indirectly by some reasonable en-
ergy limit. Therefore, it is presumed that the configuration space of the absolute values
is again an interval I = [0, Max]. The derivation of a basis set follows the same outline
as that for the original SCE basis set, and the symmetrization with regards to global
rotations of the {e;} can be carried out in the same way as for the original SCE basis
functions, as the corresponding symmetry operations do not act on the absolute values
of the magnetic moments.

A quick test calculation

To test the merit of the approach detailed above, again a simple test calculation for
the same cubic, two-atomic supercell of bee iron was done. The magnetic configuration
is then described by three variables: The two absolute values |m;|, |m;| and the angle
Y between the two magnetic moments. The absolute values were chosen out of [ =
[0,3.2357215]. The energy relative to the global ground state was within 0 < E < 124
mRy, whereby the highest energy was expectedly found in the state corresponding to
|m1| = |m2| = 323572#3,19 = Tr.

Again, it is convenient to use a product of the SCE basis functions for this case and the
Legendre polynomials P;, whereby the interval of the possible values for the absolute
value of the magnetic moment is mapped to [-1,1] by h : M +— h(M) = (M/Myax —
1)/0.05. At M = 0 the energy (and therefore, the basis functions) should no longer
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change if the angles are changed. This is not true for all basis functions within the set
considered here (e.g., the product of the constant Legendre polynomial to order 0 and a
SCE basis function has nonzero derivatives in ¥, ¢ at |m| = 0), and the author did not
derive a solution for this problem. It may, however, be argued that the above basis set
is complete, and therefore a parametrization that reproduces the necessary behaviour of
the energy function may also be constructed from the above basis set, possibly with a
loss of efficiency compared to an adapted basis set. For a discussion of a similar problem
see Refs. [45, 46]. Within what limits this argument holds true in our case would be an
object of a more thorough investigation.

Nevertheless, using the above basis set should allow to estimate the accuracy that can
be reached with a hypothetical correctly adapted basis set. The two atoms within the
supercell are symmetric due to space group symmetry, and the corresponding basis
functions may possibly be written as

(Piy (h(M1))Pi, (h(Ma)) + P, (R(Mz)) Py, (R(M)))

(A.49)
X'ygilm'u(ﬁ)

with the SCE pair basis functions ’ygilm,u(ﬁ). This is not the result of a rigid derivation
(which would follow the same general outline as the derivation for the original SCE basis
functions by using the projection operator), but just an educated guess.

Using the possible orders i, € [0, 5], i3 € [0, 7;] for the Legendre polynomials and l;,; < 10
for the SCE basis functions results in 125 possible basis functions. The energy landscape
was probed by DFT for 1056 configurations, and fitting just the constant function gives
a vVnRSS of 19.1 mRy, setting the energy scale. Using all basis functions the reference
energies can be fitted with a +/nRSS of about 0.15mRy. A +/nRSS of 1mRy can be
achieved with 14 basis functions.
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