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Zusammenfassung

Gegenstand der vorliegenden Arbeit sind Dualitdten in Trikategorien. Diese Arbeit entwickelt
einen Begriff von Dualitaten in allgemeinen Trikategorien, der motiviert ist von geometrischen
Anwendungen. Weiterhin zeigen wir dass Bimodulkategorien iiber Fusionskategorien eine
solche Trikategorie mit Dualitédten liefern.

Die geometrischen Anwendungen sind motiviert durch die Betrachtung von Defekten in 3-
dimensionalen topologischen Feldtheorien (TFTs). Wichtige 3-dimensionale TFTs werden mit
modularen Tensorkategorien [59] oder sphérischen Fusionskategorien [6,68] als algebraische
Eingangsdaten konstruiert. Die algebraischen Daten fiir Defekte sollten eine Trikategorie
bilden und in orientierten TFTs ergibt sich die zusédtzliche Notwendigkeit von Dualitdten in
dieser Trikategorie, die der Orientierungsumkehr entsprechen. Neuere Publikationen [31,44]
deuten darauf hin, dass sich die relevante Trikategorie in diesen 3-dimensionalen TFTs aus
Bimodulkategorien iiber den entsprechenden Tensorkategorien zusammensetzten soll.

In dieser Arbeit werden zwei Begriffe von Trikategorien mit Dualititen entwickelt, die der
Struktur von Defekten in 3-dimensionalen TFTs angepasst sind. Der erste Begriff, Trikate-
gorie mit schwachen Dualitédten, ist abstrakt formuliert und eignet sich gut dazu, in konkreten
Fallen nachzuweisen, dass eine Trikategorie mit passenden Dualitdten vorliegt. Der andere
Begriff, Gray-Kategorien mit starken Dualitdten, ist angepasst an die geometrischen Eigen-
schaften der zugehérgen TFTs und ermoglicht explizite Rechnungen. Wir zeigen in dieser
Arbeit, dass beide Begriffe Aquivalent sind: Jede Trikategorie mit schwachen Dualitéten lasst
sich zu einer Gray-Kategorie mit starken Dualitdten striktifizieren.

Unabhéngig von ihren Anwendungen in TFTs spielen Bimodulkategorien auch eine wichtige
Rolle in der Theorie der Fusionskategorien [21,57], aber ein vollstdndiger Beweis, dass sie eine
Trikategorie bilden, steht bisher noch aus. Diese Arbeit liefert einen Beweis dieser Aussage
und klart mit welchen Einschrinkungen an die Bimodulkategorien diese Trikategorie Du-
alitdten im oben genannten Sinn besitzt. Die zuséatzliche Struktur, die fiir die Dualitéten
erforderlich ist, ist eine Bimodulspur. Es wird gezeigt, dass sich diese Stuktur mit dem
bekannten Konzept einer Frobenius Algebra in einer Fusionskategorie in Beziehung setzen
lasst. Dariiber hinaus liefert die Betrachtung dieser Spuren neue Einsichten in der Theorie
der Fusionskategorien. Es wird gezeigt, dass Modulspuren mit der Konjugation von pivotalen
Strukturen in Beziehung stehen und dass sich diese durch eine Matrixgleichung charakter-
isieren lassen.

Teile dieser Arbeit sind in den folgenden Veroffentlichungen bzw. Preprints
erschienen

— [5]: J. W. Barrett, C. Meusburger, and G. Schaumann., Gray categories with duals
and their diagrams, November 2012, preprint: arXiv:1211.0529.

— [61]: G. Schaumann. Traces on module categories over fusion categories. J. Algebra,
379:382-425, 2013.
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1. Introduction

This work investigates dualities in tricategories. In particular we show that bimodule cate-
gories over fusion categories have the structure of a tricategory with duals that is suited for
geometrical applications.

Motivation

Duality is a strong principle that guides many developments in mathematics and physics. A
duality between mathematical objects illuminates a mathematical concept from different sides
and provides a deeper understanding. In particular, it is desirable for applications in low-
dimensional topology to develop a suitable notion of tricategories with duals and to provide
a rich class of examples for such tricategories with duals.

There are two main motivations for this work.

Topological field theories One motivation for this work are applications of bimodule cate-
gories and, more generally, higher categories in topological field theories (TFTs) and conformal
field theories (CFTs).

TFTs originated in mathematical physics and appeared first in the work of Witten [70].
In [71] it is shown (with a physics level of rigor) that the quantization of the spaces of flat
connections on 3-dimensional manifolds gives rise to a TFT, the so-called quantum Chern-
Simons theory. Observables of this theory are the Wilson lines, and Witten showed that
the amplitudes of this theory could reproduce the Jones polynomial of knots when a knot is
interpreted as a Wilson line in the TFT. It was discovered in [69] that Chern-Simons theory
is closely related to 2+1-gravity and that TFTs are useful models for solid state physics. For
example, it is explained in [26] that certain quantum Hall states are described by TFTs.

CFTs, see [17] for an introduction, were introduced in physics following the investigation
of symmetries in field theories, and they play an important role in the study of critical
phenomena in solid state physics and in string theory.

A precise mathematical definition of a TF'T and a CFT is given by the functorial formulation
of Atiyah and Segal, [1,64]. Roughly speaking, a n-dimensional field theory is an assignment of
vector spaces (the state spaces) to (n-1)-dimensional manifolds and of linear maps (operators)
to n-dimensional manifolds, in a way that is compatible with the gluing of manifolds. In many
field theories, the manifolds are oriented and orientation reversal introduces a certain duality
operation in the theory. If the manifolds are of purely topological nature, one speaks of a
TFT, if they are equipped with a conformal structure, one obtains the notion of a CFT. More
precisely, in the case of a TFT the n- and (n-1)-dimensional manifolds form a category with
a symmetric monoidal structure, and a n-dimensional TFT is a symmetric monoidal functor
from this category to the category of vector spaces. Additionally there are various structures
that one might require on the manifolds.

The mathematically rigorous definition of the TFT of RT-type that corresponds to 3-
dimensional quantum Chern-Simons theory was provided by Reshetikhin and Turaev in [59].
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They showed that Witten’s TFT belongs to a broader class of 3-dimensional TFTs that is
constructed from modular tensor categories. A somewhat different approach to TFTs are state
sum models. In [58] Penrose attempted to define a quantum theory of geometry by summing
evaluations of labeled graphs. The labels were thereby taken from the representation category
of the Lie-algebra su(2). This idea inspired the construction of the TFT of TV-type by Turaev
and Viro in [68] using the representation category of the quantum group associated to su(2).
In [6] it is shown how to construct a TFT of TV-type by using spherical fusion categories as
input datum.

The relation between the 3-dimensional TFTs of RT- and TV-type is as follows. It is proven
in [54], that to every spherical fusion category C one can assign a modular tensor category
Z(C), and it is shown in [48,66] that a TFT of TV-type with spherical fusion category C is
equivalent to the TFT of RT-type using the category Z(C) as input datum.

The input data that are used in mathematical rigorous constructions of 2-dimensional
rational CFTs are again a modular tensor category and additionally a Morita class of a
special symmetric Frobenius algebra [29)].

Defects in topological field theories The term defect stems from solid state physics, where
a defect in a theory is a lower-dimensional manifold that separates different phases of the
theory. Defects themselves can have defects of lower dimensions. A defect to the vacuum
theory is also called a boundary condition. For example in a 2-dimensional theory, a defect
would be located on a line that could itself be separated into different segments by defect
points. In three dimensions, most general defects would be located on surfaces, lines and
points.

As TFTs and CFTs are usually constructed from algebraic input data, such as modular
tensor categories in 3-dimensional TFTs, it is natural to consider defects that correspond
to certain algebraic data as well. For an n-dimensional TFT or CFT there are n different
ways of fusing defects, and these correspond to different compositions of algebraic objects.
This suggests that the defects and the associated algebraic data forms an n-category, see [13]
for a discussion of the 2-dimensional case. If the defects are orientated, as is required in
most applications, then orientation reversal corresponds to certain duality operations in the
associated n-category [13,51].

One of the central issues in the constructions of TFTs with defects is the question what is
the appropriate algebraic data associated with the defects. For 2-dimensional rational CFTs,
it is argued in [44] and [43] that boundary conditions and defect walls are obtained from
(bi)module categories over modular tensor categories. In the case of TFTs of TV type, the
different phases are labeled by spherical fusion categories and it is argued in [31] and [49], that
possible defect walls are classified by bimodule categories over the corresponding spherical
fusion categories. The 1-dimensional defect lines should correspond to bimodule functors and
defect points to bimodule natural transformations. However, the orientation of the defects
was not fully considered in these works and it remained to be investigated how the bimodule
categories and functors associated with defects behave under orientation reversal.

A TFT with defects is closely related to an extended TFT. The idea of an extended TFT
is as follows. The functorial property of a TFT allows one to compute the value of the TFT
on a given n-dimensional manifold by cutting along an embedded (n-1)-dimensional manifold,
evaluating the pieces and then composing the resulting linear maps. In a (fully) extended TFT
one is allowed to cut even this (n-1)-dimensional manifold along a (n-2)-dimensional manifold



etc., until one only needs to evaluate the TFT on a single point. In the classification [51]
of extended TFTs it is shown that the possible values on a point correspond to so-called
fully dualizable objects in the monoidal n-category the TFT takes values in. It is argued
in [13], [51] that extended TFTs and TFTs with defect are in a sense dual to each other.
A TFT that exhibits all levels of lower-dimensional defects is therefore necessarily a fully
extended TFT. It is claimed in [63] that the fusion categories are the fully dualizable objects
in the symmetric monoidal tricategory of bimodule categories and hence that fully extended
3-dimensional TFTs are precisely TFTs of TV-type.

Fusion categories and higher categories Another motivation for this work are the repre-
sentation theory of quantum groups and their applications in the constructions of knot and
manifold invariants.

The intimate relation between tensor categories, knot invariants, subfactor theory and topo-
logical field theories is manifest in the history of these subjects. Jones discovered the famous
knot invariant [40] using subfactor theory, a branch of the analytic theory of van Neuman
algebras. It was only later that the invariant was simplified to the more common description.
Moreover it became clear, see [23] that subfactors are related to fusion categories which gave
rise to modern formulations of these invariants and related invariants of 3-manifolds by the
usage of TFTs.

In [53] and [54], the areas of subfactor theory and fusion categories were linked to the notion
of Morita equivalence. Two fusion categories are called Morita equivalent if there exists an
invertible bimodule category between them (In [53] a different notion of Morita equivalence
is used, the relation to bimodule categories is provided by [57] and [21]).

Since spherical fusion categories play an important role in the construction of TFTs and 3-
manifold invariants, a refinement of the notion of Morita equivalence to capture the spherical
structures is desirable.

The systematic studies of fusion categories continued in [4], and most notably in [20]. In [57]
it is shown that module categories over fusion categories correspond to separable algebra
objects in the fusion category. This raises the question which module categories correspond
to Frobenius algebras in the fusion category, which is also investigated in this thesis.

A further motivation is the role of higher categories in categorification. In this process,
sets are replaced by categories and equalities of maps between sets are replaced by higher
morphisms in a suitable higher category. Categorifying a monoid in this way yields the
notion of a monoidal category. Similarly, categorifying a module over a ring leads to the
definition of a module category. Along these lines, the Picard 2-groupoid associated with
rings yields the Brauer-Picard 3-groupoid of monoidal categories, see [21] for an application
of these ideas. Note however, that the precise definition of the 3-groupoid structure in [21]
relies on the conjecture that bimodule categories over fusion categories form a tricategory. To
our knowledge, there was no proof of this statement until now.

Since the definition of a tricategory is rather involved, it is desirable to find the notion of
a maximally strict tricategory such that every tricategory is triequivalent to a tricategory of
this type. It turns out that one can not demand that all coherence morphisms are identities.
Instead, one has to consider so-called Gray categories [34]. In [33,38] it is shown that every
tricategory is equivalent to Gray category.

Higher categories with dualities are investigated in a very general setting in [51]. Since this
work deals with the great abstraction of (oo, n)-categories, it is desirable for low-dimensional
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applications to have a notion of n-categories with duals that is suited for the construction
of examples and for the use in applications. In [5] we therefore defined the structure that is
called Gray categories with strict duals in this thesis. These are Gray categories with two
duality operations that are suited for diagrammatic calculations in 3-dimensional diagrams.
However the question of interesting examples for such structures remained only partly solved
and furthermore the relation to the dualities in [51] was not yet investigated in [5].

Summary of results

The goals of this thesis were:

— to develop a notion of duals for tricategories that is suitable for geometrical applications
in TFTs and CFTs with defects,

— to investigate the properties of such tricategories with duals, in particular with respect
to strictification,

— to determine which structures are required for bimodule categories, functors and natural
transformations in order to obtain a tricategory with duals in this sense,

— to investigate the applications of these structures to fusion categories and related con-
cepts.

We achieved these goals as follows.

A notion of tricategory with duals is developed in this thesis in a form that is inspired by the
work [51] on dualities in general n-categories. It is therefore suited for generalizations to higher
categories. We then investigate the behavior of these duals with respect to strictification. As
every tricategory is triequivalent to a Gray category [33,38], it is natural to ask how the
duals behave with respect to strictification and what is the appropriate notion of strict duals
on a Gray category. This leads to the notion of a Gray category with strict duals that was
developed in [5] and to the first main result.

Theorem 1 Every tricategory with weak duals is triequivalent to a Gray category with strict
duals.

To address the task of constructing a tricategory with weak duals from the tricategory of
bimodule categories, it is of course necessary to first show that bimodule categories form a
tricategory. Although it is widely accepted [63], [12, Example 2.16] that this is the case, a full
proof of this statement is not given. This is done here for the first time in full generality and
with the attempt to be as conceptual as possible. Parts of this result that are stated in [36]
show technical deficits' and are not used here.

We then investigate which additional conditions on bimodule categories are required to
equip the tricategory with weak duals. To obtain suitable duals, one needs as central ingredi-
ent a suitable bimodule natural isomorphism between the left and right adjoints of bimodule

'"We are grateful to J. Greenough for sending us [37] which provides an interesting first step to resolve these
issues
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functors. We show that this requires the notion of a bimodule trace on the bimodule cate-
gories. A module trace is a trace on a module category, i.e. a collection of symmetric and
non-degenerate linear maps from the endomorphism spaces of objects to C, that is compatible
with the module structure. The restriction to bimodule categories with bimodule traces then
leads to the desired result.

Theorem 2 Spherical fusion categories, bimodule categories with bimodule traces, bimodule
functors of bimodule categories and bimodule natural transformations form a tricategory with
weak duals.

(Bi)module traces on (bi)module categories exhibit interesting features. As a main result
on the structure of module traces we prove the following:

Theorem 3 Let C be a pivotal fusion category. The following structures are equivalent:
i) An indecomposable module category M with module trace.

it) An indecomposable module category .M together with a C-balanced natural isomor-
phism between Hom(n,m) and the dual space of Hom(m,n), for each pair of objects
m,n € M.

iii) A Morita class of a special symmetric Frobenius algebra in C.

In particular, module traces on indecomposable module categories are unique up to a constant
factor and equip the dual fusion category of module endofunctors of .M, with a pivotal
structure.

When applied to a pivotal fusion category C considered as a left module category over itself,
this yields the following.

Corollary For each pivotal structure a on a fusion category € over C there exists a conjugate
pivotal structure @ such that the right dimensions of objects with respect to @ are complex
conjugate to the right dimensions with respect to a.

It is shown how this result is related to the existence of a natural monoidal isomorphism of
the identity and the quadruple dual functor for fusion categories from [20].

We also investigate conditions that ensure the existence of a module trace on a given module
category. We give an explicit description of such a condition as simple matrix equation that
provides a reduction of the problem of solving a quadratic equation for algebras (the Frobenius
property) to a linear equation for the module category.

It is shown that module traces exhibit properties that are familiar from the inner-product
modules over *-algebras. Finally we show that the tensor product of two bimodule categories
with bimodule traces inherits a bimodule trace in a canonical way.

Structure of the thesis

This thesis is structured as follows. In Chapter 2 we summarize the relevant background about
module categories and related structures. In Chapter 3 we first present the definition of the
tensor product of bimodule categories from [21] in a slightly modified form. After summarizing
known constructions of the tensor product we develop the theory of multi-module categories

11
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and examine the 2-functorial properties of the tensor product. Then we prove that bimodule
categories form a tricategory.

In Chapter 4 we we first develop a graphical notation for module categories which gives
rise to a diagrammatic description of the algebra structure of inner hom objects. Next we
introduce module traces and demonstrate in examples that the existence of a module trace
for a given module category depends on the choice of pivotal structure for the fusion category.

In Section 4.4 we give a description of module traces in terms of C-balanced natural iso-
morphisms and prove that module traces on indecomposable module categories are unique up
to scaling. This description of module traces yields a module natural isomorphism between a
module functor and its double adjoint functor. In the application to a pivotal fusion category
as a module category over itself, this leads to the existence of conjugate pivotal structures for
pivotal fusion categories.

We provide a graphical derivation of a monoidal natural isomorphism of the identity functor
to the quadruple dual functor for fusion categories and show that this yields an alternative
definition of the conjugate pivotal structure. In Section 4.7 we demonstrate that the existence
of a module trace can be reduced to a matrix equation and discuss the example of pseudo-
unitary fusion categories where is it shown that all module categories over pseudo-unitary
fusion categories admit a module trace. As a consequence of these results we obtain a new
criterion to decide whether a pivotal structure is spherical that is given in terms of module
categories.

In Section 4.8 we prove that module traces characterize equivalence classes of special haploid
Frobenius algebras. This implies in particular that the quantum dimensions of special haploid
Frobenius algebras in pivotal fusion categories are positive real numbers.

Section 4.9 clarifies the relation between module categories with module traces and inner-
product modules over *-algebras. Finally it is shown in the last section of Chapter 4, that
bimodule traces are compatible with the tensor product of bimodule categories.

In Chapter 5 we first examine duals in bicategories. In Section 5.2 the definition of a
tricategory with weak duals is introduced, and it is shown that it behaves well with respect
to triequivalences. In Section 5.3, we turn to Gray categories and present the definition of a
Gray category used in this work. Then in Section 5.3 we define Gray categories with strict
duals and show that the duals define functors of strict tricategories. In the last Section 5.4
of this chapter we provide first examples of Gray categories with strict duals.

Chapter 6 gives the construction of the structures of a tricategory with weak duals on the
tricategory of bimodule categories with bimodule traces. In Section 6.1, the duality structure
is investigated for bimodule categories over the fusion category of finite dimensional vector
spaces, and the discussion is then extended to general bimodule categories in Section 6.2. In
Section 6.4 we prove Theorem 2.

Chapter 7 is investigates the strictifications of tricategories and Gray categories with duals.
In Section 7.1 we show how to strictify the duality on 2-morphisms of a tricategory with weak
duals and in Section 7.2 we prove Theorem 1. In Section 7.3 we show a Gray category with
strict duals can be strictified to a Gray category with strict duality functors, which realizes
the symmetries of orientation reversal strictly.

Outlook

The results of this thesis provide the basis for further research in several directions.

12



First there is the obvious next step to construct a 3-dimensional TFT of TV-type with
defects based on the tricategory of bimodule categories with bimodule traces. First steps
in the construction of this theory were made in the work [49]. The results of this thesis
together with the diagrammatic calculus in [5] could serve as the starting point for a full
construction. In view of the connection of TFTs with defects and fully extended TFTs, it
would be interesting to compare our results on the tricategory of bimodule categories with the
claim [63] that fusion categories are the fully dualizable objects in the monoidal tricategory
of bimodule categories. In this work we do not yet consider the monoidal structure on this
tricategory in detail.

A possible application of our results to rational CFT is to modify the construction in [29]
in such a way that it depends only on a module category with module traces over a modular
fusion category and involves no further choices. We expect that in the next step the tricategory
of bimodule categories with bimodule traces will be useful for constructing defects in these
CFTs as well.

A further interesting question is whether results of this thesis generalize to non-semisimple
tensor categories. It would be desirable to consider defects also in non-semisimple TFTs,
see [47]. However, the notion of a module trace as used in this work requires the categories
to be semisimple. The relation of module traces and inner-product modules might provide a
possibility to obtain an interesting notion of module trace in the non-semisimple case.

The theory of conformal nets [2] is expected to provide another example of a tricategory
with certain duals and it would be interesting to see whether it is possible to construct an
interesting tricategory with weak duals in our sense from conformal nets.

For the theory of fusion categories, our results lead to a refinement of the conjecture in [20)]
that all fusion categories admit a pivotal structure.

— Given a fusion category C and an indecomposable module category M, is there a
pivotal structure a on C, such that ,M has a module trace?

— Does every (modular) fusion categories exhibit a pivotal structure with the property
that every module category has a module trace? Is this pivotal structure unique and
spherical?

13






2. Module categories

In this section we summarize definitions and known results about module categories over
fusion categories. Throughout this work all categories are required to be C-linear and additive
and all functors are considered to be additive unless stated otherwise. Important definitions
and properties of fusion categories are summarized in Appendix A.2.

2.1. Module categories over fusion categories

Definition 2.1.1 ( [57], [9]) Let C be a fusion category. A (left) C-module category is a fi-
nite semisimple C-linear abelian category M, together with a biadditive functor (see Definition
A.1.7) > Cx M — M, called the action of € on M, and natural isomorphisms

oy (@ @y)>m = xp(ypm), Xy :ledm—m, (2.1)

for all x,y € €, m € M, called the module constraints, such that the diagrams

(z@y)@z)>m

M
Hz®y,z,m
Wey,z >idm

(2@ (y®z))>m (x ®@y)>(z>m) (2.2)

J“gfy®z,m J“:Jtv,[y,zbm

idﬂibugj!vrz m
z>((y ® z)>m) = x>(y>(z>m)),
and
M
(x®@1)>pm folm x>(1>m)
pe>m (2.3)
1z > AM
x>m

commute for all objects x,y,z € C and m € M, where the isomorphisms Wy y . : (T ®@y) @z —
r®(y®z) and py : © ® 1 — x are the constraint morphisms of C as defined in Definition
A.2.1. To emphasize that M is a left C-module category, we denote it ;M. To emphasize the
structure morphisms, we sometimes write (GM,MM, )\M). Whenever this is unambiguous, we
denote the constraints just by p and A.

A module category (M is called strict, if the isomorphisms iz ym and A, are the identities
for all objects x,y € C and m € M.

The definition of a (strict) right C-module category M, is analogous and given in terms
of a biadditive functor < : M, x € = M,. We denote the constraint for the unit of a right
module category by p) : m<1le — m and where it is otherwise ambiguous, we denote a left
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2. Module categories

module action on a category M by p! or just u! and the right module action by " or just

pt.

Example 2.1.2 i) Every fusion category C is a left and right module category over itself.
In both cases, the biadditive functor ® : € x € — C defines the action. For the left
module structure, z ® y € € is regarded as the action of x on y, for the right module
structure, it is seen as y acting on x. In both cases, the module constraints and unit

constraints are obtained from the monoidal constraints w , A and p from Definition
A2.1.

ii) Let F : € — D be a monoidal functor between fusion categories € and D. Then the
category D is a module category over € with module action ¢>d = F(c) ® d for objects
c € Cand d € D. The action of morphisms is defined analogously. The module
constraint for D is obtained from the monoidal constraint of F.

ii1) Let Vect denote the fusion category of finite dimensional vector spaces over C. A Vect-
module category M is just a finite semisimple abelian category enriched over Vect. For
all V € Vect and n € M, the functor

V ®&c Homy(.,m) : M°P — Vect, (2.4)

is representable, see Lemma A.1.10, and a representing object is called V >n. Hence,
the Vect-module structure on M is defined by a natural isomorphism

Homy¢(m, V>n) ~ V & Homy¢(m,n), (2.5)

for all m,n € M and V € Vect. Analogously M has a right Vect-module structure
defined by Homy(m,n< V) ~ Homy(m,n) @ V.

Remark 2.1.3 Let .M be a C-module category and N any finite semisimple category. It is
clear that the functor > x1y : € x M x N — M x N satisfies the properties (2.2) and (2.3) of
a C-module action on M x N. We will thus abuse notation and call the category ,M x N also
a C-module category, although the functor > x 1y is of course only biadditive with respect to
the first argument but not biadditive as a functor € x(M x N) — M x N.

The following example is of great importance in the theory of fusion categories. On the
one hand it is simple enough for explicit computations, on the other hand it exhibits many
features that appear in more general fusion categories as well.

Example 2.1.4 (see [18]) Let G be a finite group and w € C*(G,C*) a normalized cocycle.

i) This data defines a fusion category Vect® with simple objects e, labeled by elements
g € G, see [18] and [57] for more details.

ii) The pivotal structures on Vect¢, are in bijection with the characters x € Hom(G,C>).
Therefore the spherical structures correspond to real characters k € Hom(G,R*). The
left dimension of a simple object e, in (Vect$, k) is given by dim(ey) = k(g). This
follows from [18, Proposition 1.7.1].
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2.2. Module functors and natural transformations

iii) Indecomposable module categories M (H, ¥) over Vecty, are classified by subgroups H C
G with w|g = 1 and cocycles ¥ € C*(H,C*) [30], [57], see also [56]. The simple objects
of M(H, V), denoted my,, are labeled by the right cosets [x] € H\G. The action of
a simple object e, € Vecty; is given by eg>my, = my,). The module constraint for
simple objects is a morphism from (e; ® ep) > My = Mghy to eg>(en > M) = Migpy]
and thus given by a number in C times the identity morphism on my,,). This number
is defined to be ¥(g, h) € C. The module constraint (2.2) then corresponds precisely to
the cocycle condition on W.

There is the following construction of module categories out of a given module category.

Lemma 2.1.5 Let ;M be a left C-module category and A a finite semisimple category. The
category Fun( .M, A) of additive functors and additive natural transformations from M to
A is a right C-module category with module action

(Fac)(m) = F(c>m) (2.6)

for F € Fun( M, A), m € M and the obvious action of morphisms in C. The category
Fun(A, . M) is a left C-module category with action

(¢c>F)(a) = c>F(a) (2.7)

for F € Fun(A, ;M) and a € A and the obvious action of morphisms in C. Similarly, for a
right C-module category, the category Fun( M, A) is a left C-module category and the category
Fun(A, M,) is a right C-module category.

For a category M, the opposite category M is the category with the same objects as M
but with reversed order of the morphisms. We will not distinguish the objects and morphisms
from M°P from those of M notationally.

Remark 2.1.6 Let .M be a left C-module category. Then the category Mg” has a right
C-module structure with module action

m<Pe=c">m, (2.8)

where ¢* is the right dual of ¢, see Appendix A.2. If M, is a right C-module category, then
«M°" has a structure of a left C-module category with module action

c>Pm =md’e, (2.9)

where *z is the left dual of ¢. We denote by €™V the category € with the reversed monoidal
product, but the same source and target map for the morphisms. This should be distinguished
from C°P? which is the category € with reversed order of the arrows but with the same monoidal
product as €. It follows directly from the definitions, that a C-right module category is the
same as a C"V-left module category.

2.2. Module functors and natural transformations

N 1N are functors

Module functors between left G-module categories ( (M, u, ™M) and ( N,
with additional constraint isomorphisms that relate the two module actions.
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2. Module categories

Definition 2.2.1 ( [57]) A C-module functor F : M — N is a functor F together with
natural isomorphisms ¢ . : F(x>m) — x>F(m), such that the diagrams

F((z @ y)>m)
/ \ﬂm
F(i2Yy,m)
F(z>(y>m)) (z ®y)>F(m) (2.10)
J{gf);,ybm J‘ui\{y,F(m)
idg > F
x>F(y>m) 2%, x>(y>F(m))
and
F(le>m) (2.11)
j’iy FOR)
APtm)
le>F(m) F(m),

commute for all x,y € C and m € M. We sometimes write (F,¢F) for a module functor
and call ¢F a left module constraint for F. Whenever this is unambiguous, we denote the
constraint just by ¢. There is the analogous definition for module functors between right
C-module categories.

Definition 2.2.2 ( [57]) Let (F,¢7) : M — N and (G,¢®) : M — N be module func-
tors. A module natural transformation n : F — G is a natural transformation such that the
diagram

F(z>m) —=27 G(z>m)

x>F(m) da > iy x>G(m),

commutes for all z € C and m € M.

It is easy to see that the composite of module natural transformations is again a module natu-
ral transformation. Hence, for module categories .M and ,N, the module functors and mod-
ule natural transformations from ,M to N form a category that is denoted Fune (.M, N).

Furthermore, the composite of module functors has again the structure of a module functor,
and thus the left module categories, module functors and module functors over a fusion
category @ form a (strict) 2-category Mod!(€) (See Definition A.3.1 for the definition of a
2-category). If it is clear from the context we call this 2-category just Mod (€). Analogously,
right module categories define a 2-category Mod"(C).

For C = Vect, the 2-categories Mod!(C) and Mod" (@) coincide with the category Cat
of finite semisimple abelian categories, additive functors and natural transformations, see
Example A.3.2 i1)

Example 2.2.3 i) Let .M be a € module category. For every m € M there is a canonical

C-module functor F,, : ,€ — M that maps 1e¢ to m € M. On general ¢ € C, it is
defined by F,,,(c) = c>m.
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2.2. Module functors and natural transformations

i) Let G be a finite group and w = 1 the trivial cocycle in C*(G, C*). Consider the module
category Vect = M (G, 1) that corresponds to the subgroup H = G and the cocycle
¥ =1 € C*@G,CX) in the notation of Example 2.1.4. Tt is shown in [56, Example 2.2],
that a module functor F : Vect — Vect corresponds to a representation of G on a vector
space V as follows. The functor F is determined by F(C) = V' and the module functor
constraint is determined by the action of G on V.

Proposition 2.2.4 Let (F,¢F): M — N be a module functor between C-module categories
M and N. Then there emwist left and right adjoint functors F', F" : N — M with
adjunctions € : 1y — FF", 0" : F'F — 1y and €' : 1y — F'F, n* : FFL = 1y. The left and
right adjoint functors F™ and F' have a natural structure of C-module functors such that the
adjunctions are module natural transformations.

Proof. Due to our finiteness assumptions, every functor F : M — N has both a left and a
right adjoint, see Lemma A.1.10. We show that the left adjoint functor F* of (F, ¢F) naturally
acquires the structure of a module functor. Recall from [52], that the adjunction between
F and F! can be described by natural isomorphisms Homy(n, F(m)) ~ Homy(F!(n),m). It
is straightforward to see that the duality morphisms of €, see Definition A.2.3, define the
following mutually inverse natural isomorphisms.

&Vm.en  Homy(m,c>n) 3 f — (eve>1,) o (¢" > f) € Homy (¢ >m,n), (2.13)
and
coevy, ., : Homye(com,n) 3 f = (e> f) coev, € Homy(m, *c>n) (2.14)

for all objects m,n € M and c € C.
With these isomorphisms, the isomorphism Hom(((ﬁsn)*l, m) : Homy(Fl(con),m) —
Homy(c>F!(n), m) is uniquely defined by the requirement that the diagram

Homy(F!(c>n), m) —=— Homx(ctn, F(m))

lHOm ((d)zfn)_l 7m) lcoevln,c,F(m)
Homyy(c>F!(n), m) Homy(n, *c>F(m)) (2.15)
lcoeV/Fl(n),c,m lHOm (n’q&*_(‘l,m)

Homy(F!(n), *c>m) —=— Homy(n, F(*c>m))

commutes for all m € M, n € N and ¢ € €. The isomorphism gbzln : Fl(con) ~ c>Fl(n)
is then defined by the Yoneda lemma. It is straightforward to see that the isomorphisms
gbzln equip F! with the structure of a €-module functor and that the adjunctions are module
natural transformations. The construction of the module functor structures for F” and the
proof that the adjunctions are module natural transformations is analogous. O

Definition 2.2.5 Two module categories ;M and , M’ are called equivalent, if there exists a
module functor F: M — M’ that is part of an equivalence of categories.

Lemma 2.2.6 Let ;M and ;M be two equivalent module categories. Then there exist module
functors F : M — M and G : M — M together with module natural isomorphisms
nN:FoG =1y and e : GoF — 1y
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2. Module categories

Proof. According to [52], there exists a functor G : N — N, such that the pair (F,G) form
an adjoint equivalence of M and N. This means in particular that G is right adjoint to F
and the adjunctions are natural isomorphisms. According to Proposition 2.2.4, there exists a
(unique) structure of a module functor on G, such that the adjunctions are module natural
isomorphisms. O
In the following we also require the following additional concepts for module categories.

Definition 2.2.7 ( [57]) i) A subcategory N of a module category M with the induced
C-module structure of M is called a submodule category.

ii) For two module categories ;M and N over C, their direct sum is the Cartesian product
oM X N with the obvious additive and module structure.

ii1) A module category is called indecomposable if it is not equivalent to a direct sum of two
non trivial module categories.

iv) A module category is called irreducible if it has no nontrivial submodule categories.

The relation between these concepts was investigated in [57] and is summarized in the follow-
ing theorem.

Theorem 2.2.8 i) [57, Lemma 1] A module category over C is indecomposable if and
only if it is irreducible.

ii) [36, Note 2.6] Any module category is equivalent to a strict module category.

iii) [20] Let .M be an indecomposable module category. The category C;, = Fune (M, ;M)
of module endofunctors of M is a fusion category with monotidal product given by com-
position of functors.

2.3. Bimodule categories

When combined, the notions of left and right module categories lead to the notion of bimodule
categories. However, we require a compatibility of these two actions, as in the classical
case of bimodules over rings, where it is required that both actions commute. As usual in
categorification, equalities are replaced by (higher) coherence isomorphisms. First we present
a compact definition of a bimodule category that is unpacked and related to the notions of
left and right module categories in the sequel. This short definition requires the notion of
a Deligne product [15] of abelian categories. We will investigate this construction in more
detail in Section 3.2, for now it is sufficient to remark that for fusion categories € and D, the
category CXID is again a fusion category, see also [18, Section 1.46] for more details.

Definition 2.3.1 A (C,D)-bimodule category is a left CX D™V -module category.

In the following we will unpack the definition of a bimodule category in terms of left and
right module structures, see [36] for details. We follow the convention of [35, Proof of Prop.
1.3.10], and define the bimodule structure in terms of left and right module action by

(zX®y)>m = (z>m)<y.
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2.3. Bimodule categories

Lemma 2.3.2 A (C,D)-bimodule category M, is a left C- and right D-module category
M, together with a family of natural isomorphisms Yy m,y @ (x>m) <y — x>(m<y), such
that the diagrams

Yz®y,m,d Yz, m,d@w

(x@y)>m)<d —= (z @ y)>(m<d) (x>m)<(d @ w) —— z>(m<(d @ w))
lug,y,qu lﬂim,d,w

(x>(y>m))<d My ad ((x>m)<ad)<w Lot a0
kx,ym,d kz,m,dqlw

2o((y>m)ad) I (g (m ad)) (e>(mad)) <w =% 4 b ((mad) <w),

(1(9 l>m) d4lp M) 1c l>(m<1 1@)

l)\mql

m<1lp 15 pm (2.16)
%
m W leom

commute for all possible objects. We call v the bimodule constraint.

Example 2.3.3 Let C, D be fusion categories.

i) For two module categories .M and N, the Cartesian product .M x N, is a (C,D)-
bimodule category with the obvious actions of € and D.

ii) For any fusion category C, the category € is a (C,€)-bimodule category with module
actions given by the monoidal structure of €. This bimodule category will be called
«Ce in the sequel. The left and right compatibility constraint is thereby provided by
the monoidal constraint of C.

Definition 2.3.4 A bimodule functor F : M — N between two (C,D)-bimodule categories M
and N is a CX D' -module category functor.

With the characterization of (€, D)- bimodule categories by the bimodule constraints v and
¢ from Lemma 2.3.2, one obtains the following description of bimodule functors.

Lemma 2.3.5 A functor F: M, — N, is a bimodule functor if and only if it is a left and
a right module functor with left module constraint ¢" and right module constraint ¢! and the
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2. Module categories

diagram

((x>m)<y)

¢r>my
'Ymmy)

F(xr>(m<y)) F(x>m)<y
Jfb}r,mQy Jqﬁé’m < ly (217)

x>F(m<y)

(x>F(m
1zl>¢'my
\ A)y

commutes for all possible objects.

)<y

Lemma 2.3.6 A bimodule natural transformation n : F — G between bimodule functors F
and G is a natural transformation n : F — G, that is a left and a right module natural
transformation.

Proof. Let F,G: ;M,, = N, be two bimodule functors. We have to show that any natural
transformation 7 that is a left and right module transformation between bimodule functors F
and G, defined by the structures of Lemma 2.3.5, is a natural module transformation between
the corresponding € X D**¥-module category functors. Using the definition (z>m)<y = (z X
y)>m, we need to show that the outer square of the following diagram commutes

,r]CL‘ m
F(zo(may)) ——

1z >Nmay

G(z>(may))

x>F(m<ay) x> G(m<y)
ilzmﬁfgfy

x<4(G(m)<y).

ilz[>¢frify

2 (F(m) ay) —22m<h)

This is the case, because the two inner diagrams commute since 7 is a left and right module
transformation. The naturality of n implies also that the diagram

Nz >(may)

F(z>(may)) G(z>(may))
iF(%,m,y) lG(%,m,y)
F((zem) ay) —=" " G((z>m) <)
commute for all possible objects. O

The following statement is a direct generalization of Proposition 2.2.4

Proposition 2.3.7 Let (F,¢F): M, — N, be bimodule functors. The left and right ad-
joint functors F" and F* have a natuml structure of bimodule functors such that the adjunctions
are bimodule natural transformations.

The following lemma is a direct consequence of Lemma 2.1.5.
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2.3. Bimodule categories

Lemma 2.3.8 Let M, be a (C,D)-bimodule category. Then for all abelian categories A, the
category Fun( . M,,, A) is a (D, C)-bimodule category and Fun(A, ;M) is a (€, D)-bimodule
category with module structures given by Lemma 2.1.5. Moreover, for a (3, E)-bimodule
category 4 A., the category Fun( M, ,A.) is a CR D™ KHK E* -module category.

The opposite category of a bimodule category is a bimodule category as follows.

Remark 2.3.9 From Remark 2.1.6 it is clear, that a (€, D)-bimodule category structure on
M defines a (D, €)-bimodule structure on the opposite category M°P. In any fusion category
there is a canonical isomorphism *(c*) — ¢, see Section A.2. It is straightforward to see
that these isomorphisms equip the identity functor idy; with the structure of a bimodule
functor (,MP)P — M,. Furthermore it is clear that together with the bimodule functor
My, — (,MP)°P) that is obtained from the inverse isomorphism ¢ — *(¢*), the bimodule
categories (,Mg")°? and ,M,, are isomorphic.

The following main example of a bimodule category is considered in detail in [21], see also [18].

Example 2.3.10 Let ;M be an indecomposable left C-module category. Then M has a
natural structure of a left Cj-module category via F>m = F(m) for all F € €. The
corresponding category GMC;W, where (C;)'" acts from the right, and C from the left is
canonically a bimodule category.

Lemma 2.3.11 For two fusion categories C and D, the (C,D)-bimodule categories M,
Ny, (€, D)-bimodule functors F,G : M, — N, and (€, D)-bimodule natural transforma-
tions n : F — G form a 2-category called Bimod(C, D) with the composition of functors as
horizontal composition and the composition of natural transformations as vertical composi-
tion.

Proof. First we show that the horizontal composition in Bimod(C, D) is associative. Since
the composition of functors is associative, we only have to show that for three composable
bimodule functors F,G and H, the structure of bimodule functors of (Fo G)oH and Fo (Go
H) agrees. This is a straightforward computation. The remaining part of the proof that
Bimod(C, D) is a 2-category is analogous to the proof that the small categories form a 2-
category Cat, see Example A.3.2. O

Since every module category is a Vect-module category with the Vect-module structure
given in Example 2.1.2, one has the following equations of 2-categories

Bimod(@, Vect) = Mod'(€), and Bimod(Vect, @) = Mod"(C). (2.18)

If we regard a monoidal category € as a bicategory with one object, we obtain the following
description of module categories.

Proposition 2.3.12 Let C be a fusion category viewed as a bicategory with one object .
Recall the 2-category of finite semisimple categories, Cat®®. The following holds

i) A module category M corresponds to a 2-functor (see Definition A.8.6) L™ : C —
Cat®®, defined by the following data:

a) The function L)' : Obj(€) — Obj(Cat®®) is determined by LY'(x) = M.
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2. Module categories

b) The functor Livf* = LM M — Cat®(M, M) is given by the C-module action. A
1-morphism x € C defines the functor L)' = z>(—) : M — M, and a 2-morphism
f:x =y in C corresponds to a natural transformation fr(—): xz>(—) — y>(—).

i) A module functor F : M — N corresponds to a pseudo-natural transformation LF :
M — LN, given by
a) the functor LE = F : M — N on the object * of C.
b) For all 1-morphisms x in €, a natural transformation LY : Fo(z>(=)) — (z>(—))o

F that is given by the module constraint of F.

iii) A module natural transformation ¢ : F — G between module functor F,G: ;M — N
corresponds to a modification L? : LF — L©.

Furthermore, for bimodule categories .M., the following hold under these correspondences:
i) A bimodule category M, corresponds to a 2-functor L™ : € — Mod" (D).

v) A bimodule functor F : M, — N, corresponds to pseudo-natural transformations
LF - I — LN between the 2-functors L™ : @ — Mod" (D) and LN : € — Mod" (D).

vi) A bimodule natural transformation ¢ : F — G between bimodule functors F,G: M, —
N, corresponds to a modification L? : LF — LS.

Proof. Let .M be a module category. Then every object = of € defines a functor L : M — M
given by Ly(m) = x> m for objects and morphisms m in M by definition of a module category.
It is straightforward to show that the axioms of a module category match precisely the axioms
of a 2-functor for the collection of functors L) for all x € €. With this identification, the
remaining statements of this proposition can be verified directly using the corresponding
definitions. The statements about bimodule categories follow directly from the definition of
a bimodule category, bimodule functors and bimodule natural transformations. O

2.4. Balanced functors

In the following sections we require, in addition to module functors, another notion of com-
patibility of functors with module structures. The following definition is taken from [21, Def
3.1] with the minor change of adding the obvious compatibility axiom with the units.

Definition 2.4.1 Let A be an additive category.

i) A biadditive functor F : M, x ;N — A is called C-balanced with balancing constraint
B, if it is equipped with a family of natural isomorphisms

Bfn’c’n :F(m<cexn) — F(m x c>n), (2.19)
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2.4. Balanced functors
such that the pentagon diagram

Fim<a(z ® y) x n)

ﬁfn,z@%n
F(M%,a:,y X 1”)

F((m<x)<y x n) Fim x (z ® y)>n) (2.20)

l fnqz,y,n lF(lmXu;\{y,n)

/Bfrl.:(} >n
F(m<z x y>n) L F(m x z>(y>n))

and the triangle diagram

Brn,m
F(m<le xn) —=% F(m x lebn)

F(p%xln)l A/\N) (2.21)

F(m x n)

commute for all possible objects. We often denote the balancing constraint 85 simply by
B if this is unambiguous.

ii) Let F,G: M, x (N — A be balanced funtors. A balanced natural transformation n : F —
G is a natural transformation n : F — G, such that the diagrams

F(m<e x n)nMQG(ch X n) (2.22)

F G
ﬂm,c,nl iﬁm,c,n

F(m x e>n) —— G(m x c>n)

NMmxc>n
commute for all possible objects.

It is clear that the identity natural transformation 1f : F — F for a balanced functor F is
balanced and that the composition of balanced natural transformations yields a balanced
natural transformation. Hence the balanced functors and balanced natural transformations
from M, x ;N to A form a category that is denoted FunP®( M, x N, A).

Example 2.4.2 Let , M be a left module category over a fusion category €. With the
isomorphisms (2.13) and (2.14), the functors

Homy(.,.) : MP x M — Vect, m x n— Homy(m,n) and (2.23)
Homy(.,.)" : MP x M — Vect, m x n +— Homy((n,m)*, '

where V* denotes the dual space of a vector space V, are canonically C-balanced if C is a

pivotal fusion category, see Definition A.2.6. The balancing constraint for the first functor is
given by the natural isomorphisms

Homy(m, e>n) 2% Homy(c* >m, n) = Homag(m <°P ¢, n), (2.24)
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2. Module categories

that exists in any fusion category €. In contrast, the balancing constraint for the second
functor is given by

CO&Vim con
Homy(n, *c>m)*

Homy¢(c>mn, m)*
~ Homyg(n, m <°P(**¢))* (2.25)

~ Homy(n, m <P ¢)*,

and its definition involves the pivotal structure of € in the last isomorphism.

Module functors and balanced functors are closely related. The following lemma is a standard
application of the Cartesian product of categories, and its proof follows directly from the
definitions.

Lemma 2.4.3 Let M, N, A be categories. There are canonical isomorphisms of categories

Fun(M x N, A) 3 F = F € Fun(M, Fun(N, A)),

2.26
Fun(M x N, A) 3 F — FY € Fun(N, Fun(M, A)), (2.26)

with F'(m)(n) = F(m x n) and FN(n)(m) = F(m x n) for all objects m € M, n € N.

Lemma 2.4.4 The following statements are equivalent for a functor F: M, x ;N — A.
i) F is a C-balanced functor.

ii) The functor F** : M, — Fun( N, A) from Lemma 2.4.8 is a right C-module functor,
when Fun( N, A) is equipped with the right C-module structure from Lemma 2.1.5.

iii) The functor FN : N — Fun(M,, A) is a left C-module functor, when Fun( M, A) is
equipped with the C-module structure from Lemma 2.1.5.

Proof. We show the equivalence of i) and 4i). The proof of the equivalence of i) and 4ii) is
analogous. Let 87 be a balancing constraint for F. Then

BF

FM(m<e)(n) = Fimacxn) =" F(m x ebn) = (FYae)(m)(n), (2.27)

for m € M, ¢ € € and n € N, defines natural isomorphisms qbfmc :FM(mac) = (FMace)(m).
It is easy to see that equation (2.20) for 47 corresponds to equation (2.10) for ¢F. This shows
that i) implies ii). Conversely, if FM is a G-module functor, the same argument shows that
the functor F is C-balanced. O

Lemma 2.4.5 The composition of functors and natural transformations defines functors
i) FunPa (M, x N, A) x Funee (M, x N, ML x N') — Fun®?( M, x N, A),

i) Fun(A, B) x Fun( M, x N, A) — Fun2( M, x N, B).
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2.4. Balanced functors

Proof. In both cases, the composites of the corresponding functors possesses an obvious
balancing constraint. It is a direct computation that the composition of a balanced natural
transformation and a bimodule natural transformation yields a balanced natural transforma-
tion for the first functor and that the composite of a natural transformation and a balanced
natural transformation defines to a balanced natural transformation for the second functor.
O
For later use we state the module categorical version of the Yoneda lemma.

Lemma 2.4.6 Let F,G: ;M — N be module functors.

i) The set of C-module natural transformations F — G is in canonical bijection with the
set of C-balanced natural transformations between the C-balanced functors:

Homy (., F(.)) : N x .M 3n x m +— Homy(n, F(m)) € Vect,

2.28
Homy (., G(.)) : N x .M n x m — Homy(n, G(m)) € Vect. (2.28)

A C-balanced natural transformation 7 : Homy(.,F(.)) — Homxy(.,G(m.) is mapped
under this bijection to the unique C-module natural transformation n : F — G with

n(f) =n(m)o f for all f € Homy(n, F(m)).

ii) For three module functors F,G,K : .M — N, the C-module natural transformation
F — K corresponding to the composite Hom(., F(.)) = Hom(., G(.)) & Hom(.,K(.)) of -
balanced natural isomorphisms is equal to the composite of the corresponding C-module
natural transformations.

Proof. By the standard Yoneda lemma, a transformation 7 : Homx(., F(.)) — Homx(., G(.))
that is natural in both arguments can be identified with a natural transformation n : F — G.
Consider the following diagram.

Hom (n777(c>'m))

Hom (n, F(c>m))
JHOm (n7¢5,77L) JHom (n7¢g,7fb
Hom (n, c>F(m)) Hom{meb tim) Hom (n, c>G(m)) (2:29)

; :

Hom(c*>n, F(m)) Hom(e > nim) Hom(c¢*>n, G(m)).

Hom(n, G(c>m))

Here, the vertical isomorphisms are provided by the C-balancing structures of the functors
Homy(., F(.)), Homx(.,G(.)), see Example 2.4.2. It is easy to see that these isomorphisms
satisfy the pentagon diagram.

The lower rectangle in (2.29) commutes for any natural transformation 7. The outer dia-
gram commutes if and only if the upper rectangle commutes. The former commutes if and
only if i is a C-module natural transformation. The commutativity of the latter is precisely the
condition that 7 defines a C-balanced natural isomorphism 7 : Homy(., F(.)) — Homx(., G(.)).
This concludes the proof of the first statement.

To show the second statement, recall that the standard version of the Yoneda lemma implies
that the natural transformation from F to K that corresponds to the composite p - 7, is equal
to the composite of the corresponding natural transformations from F to G and from G to K.
Hence the statement follows directly from the first part. O
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Lemma 2.4.7 Let G1,Go : Ny = ;M be bimodule functors. The set of bimodule natural
transformations G — Go is in canonical bijection with the set of D- and C-balanced natural
transformation Homy(.,G1(.)) — Homy(., Ga(.)) between the D- and C-balanced functors
Homyc (., Gi(.)) © p N2 X , M, — Vect.

Proof. There is the obvious analogue of Lemma 2.4.6 for right module functors. According
to Lemma 2.3.6, a bimodule natural transformation is the same as a left and a right module
natural transformation. Hence the statement follows from Lemma 2.4.6. O

Definition 2.4.8 A balanced (left) C-module functor F : My x ;N — Y is a balanced
functor with balancing structure bY that is also a module functor with module structure ¢©
such that the diagram

F
Bcbm,dn

F((cbm)<d xn) —= F(ec>m x d>n)

lF(’Yc,m,dxn) J/d)(f,mxdbm
F(c>(m<d) x n) c>F(m x d>n) (2.30)

F
Jd)c,m qu,n

c>F(m<ad xn)

commutes for all objects ¢ € C, d € D, m € M and n € N. For simplicity we omitted
the indices on the constraint morphisms in this diagram. Balanced right module functor are
defined analogously.

A balanced bimodule functor is a bimodule functor that is a balanced left- and a balanced
right module functor. A balanced module natural transformation between balanced module
functors is a natural transformation that is balanced and a module natural transformation.

It is clear that the balanced C-module functors from M, x ,N to Y together with balanced
module natural transformations form a category that is denoted Fun? ( (M, x ,N, .Y). Sim-
ilarly, there is a category of balanced bimodule functors and balanced bimodule natural trans-
formation from (M, x ,N, to (Y, that is denoted Fund® (M, x , N, oY)

Example 2.4.9 Let ,M be a C-module category. It is straightforward to see that the action
>:Cx .M — M is a balanced module functor, when C is considered as a bimodule category
over itself.

By using the functors LZWXN : M XN — M x N from Proposition 2.3.12, we can formulate
and alternative characterization of balanced module functors with is a direct consequence of
the definitions.

Lemma 2.4.10 A left C-module functor F : ; M, x ;N — Y that is also D-balanced is a
balanced module functor if and only if the left module constraints ¢F : Fo LM*N — LYo G are
balanced natural isomorphisms for all ¢ € C.

For two bimodule categories .M, and ,N,, the category M, x ;N isa (CKD*'KDK E)-
module category, see Example 2.3.3. The category of (CX D™ XD X €)-module functors be-
tween (CX D™ X DK E)-bimodule categories M, x N, and M x N, will be denoted
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2.5. Inner hom objects

Fung'y, ( oMy X 5N, oMy x o N%). The following extension of Lemma 2.4.5 then follows di-
rectly from the definitions.

Lemma 2.4.11 The horizontal composition of functors and natural transformations defines
functors

Fund? ( My, X 5 Ne, ¢Ye) X Fungd (o My x nNe, (MG x 5 N;) — Funby ( My, x o N, oY,),

and
Funee (oY, oAe) X Fun}g,asl (eMy Xy N, oY,) = Fun}g,asl (Mg X p N, oAg).

For balanced bimodule functors there is the following analogue of Lemma 2.4.4.

Lemma 2.4.12 Let F : M, x N, = K, be a functor. The following statements are
equivalent

i) F is a balanced bimodule functor,
i) FM: M, — Fung (,N,, .X,) is a (€, D)-bimodule functor,
iii) FN:© N, = Fune (M, X,) is a (D, E)-bimodule functor.

Proof. We show the equivalence of i) and i), the proof of the equivalence of i) and i) is analo-
gous. Lemma 2.3.8 provides the (€, D)-bimodule structure on the category Fung (N, -K;).
With Lemma 2.4.4 shows that the balancing constraint of F corresponds to the D-module
structure of F™. Furthermore it is easy to see that the &-module structure of F corresponds
to the &-module structure of the functors FM(m) for all m € M. Similarly, the G-module
structure of F corresponds to the C-module structure of FM. The diagram (2.30) for a bal-
anced left-module functor for F corresponds to the requirement that the natural isomorphisms
FM(m<d) — (FMad)(m) are &-module natural isomorphisms for all m € M and d € D. O

2.5. Inner hom objects

An important notion of abstract category theory is the notion of enrichment. In the original
definition of a category, the morphisms between two objects form a set and hence define
an object in the category Set of sets. The basic idea of enriched category theory is to use
another category V as the category for the morphisms. A V-enriched category A then consists
of a set (or more generally a class) of objects and for any two objects x,y an inner hom
object Hom(z,y) € V subject to certain conditions (In particular, the category V needs to be
monoidal for the composition of morphisms in A). A C-module category gives rise to inner
hom objects that take values in C.

Definition 2.5.1 ( [57]) Let .M be a left C-module category. An inner hom object for
m,m’ € M is an object o(m/,m)™ € C together with natural isomorphisms

M

A o Homag(epm/,m) =~ Home(c, o(m/,m)™), (2.31)

for all ¢ € C and m,m' € M.
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2. Module categories

We write ¢(.,.) for the inner hom objects and omit the labels of «, when the relevant module
category M is clear from the context. Inner hom objects always exist, are unique up to a
unique isomorphism and determine a biadditive functor

MxMP 35 (mxm') D<m/,m>M €D, (2.32)

called the inner hom functor. Analogously, a right C-module category M, gives rise to an
inner hom functor

/ / M
MP x M > (m' xm)— (m',m); €¢, (2.33)
and natural isomorphisms
AN e Home((m/,m)>" , ¢) =~ Homyg(m, m' > c) (2.34)

The inner hom functors are compatible with the module structures in the following way.

Proposition 2.5.2 Let C and D be pivotal fusion categories and ,M, a bimodule category.

i) The functor p{., )™ : My x M® — D is C-balanced, i.e. there are natural isomor-
phisms
®<c>°p m’,m>M ~ D<m’,m<lc>M, (2.35)

such that diagram (2.20) commutes.

ii) The functor {.,.)a" : MP x ;M — € is D-balanced, i.e. there are natural isomorphisms

M

<m’ <P d,m>zt ~ <m’, dDm>e , (2.36)
such that diagram (2.20) commutes.
ii1) There are natural isomorphisms,
m’,dDmM:d@)f m’,mM, and
D< > D< > (2.37)

D<m’ <P d,m>M ~ D<m',m>M ®d*,
that provide the inner hom functor with the structure of a bimodule functor »{(.,.)™ :
pM X MP — D,

iv) There are canonical isomorphisms,

<m', m<c>3f ~ <m’,m>z:[ ®c, and (2.38)

(o ml.m) = e (' m) ",

M
c
that equip (.,.)o" with the structure of a bimodule functor ;M x M, — ,C,.

Proof. To show the first part, we use the definition of inner hom object, the isomorphisms
from equation (2.13) and (2.14) that are induced by the duality in D and the canonical
isomorphism (*¢)* ~ ¢ in €, see A.2.5 4ii). This yields the following chain of isomorphisms

Homq (d, »(c>P m',m>M) = Homy(d, D<m'<1*c,m>M) ~ Homy(d>m' <*c,m)

~ Homy(d>m',m<c) ~ Homp(d, D<m’,m<10>M).
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2.5. Inner hom objects

Since all of these isomorphisms are balanced, the composite defines the claimed balanced
isomorphism. The second part is shown analogously. The existence of the isomorphisms from
part i) and iv) is shown in [57, Lemma 5] by an argument that is analogous to the proof
of the first part. It is straightforward to see that these isomorphisms provide the inner hom
objects with bimodule functors as claimed. O

Example 2.5.3 i) Let M be a Vect-module category. It follows directly from equation
(2.5), that the inner hom object is given by ye.(m,m’)™ = Homy¢(m,m’). This is of
course to be expected as inner hom objects are introduced from enriched category theory
as a generalization of this relation.

ii) It follows directly from the definition that the canonical bimodule category ,C, of a
fusion category C over itself has the following inner hom objects

e
(¢

ez, ) =y z, (z,y)c=1"0y.
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3. The tricategory of bimodule categories

In this chapter we present a proof that the bimodule categories over fusion categories define
a tricategory. Even for the case of bimodule categories over the fusion category Vect, we
are not aware of a proof that the 2-category Bimod(Vect, Vect) is a monoidal 2-category with
the monoidal structure provided by the Deligne product. Only a strictified version thereof
is shown in [42]. Therefore we are rather cautious in the next sections and work with the
Cartesian product of module categories instead of the Deligne product.

3.1. The tensor product of module categories

In this section we summarize known results about the tensor product of module categories
and show how to formulate it in the language of 2-categories. In particular we show that
balanced functors and module functors form a 2-category.

Let M, and N be left and right C-module categories, respectively. A tensor product
MO N of M, and N is an abelian category that is defined -up to equivalence of categories-
by a universal property that can be regarded as the analogue of the universal property of the
tensor product of modules over a ring. The definition uses the category Funbal( M, x N, A) of
balanced functors and balanced natural transformations from M, x (N to an abelian category
A from Section 2.4. The following definition is an extension of [21, Definition 3.3] in the sense
that we require a fixed adjoint equivalence as part of the data of a tensor product.

Definition 3.1.1 A tensor product (Mg O N, By, Unin, emN, kvn) of a right C-module
category M, with a left C-module category N is an abelian category M, N together with

i) a C-balanced functor Byrn : Mg X (N — MO N, such that the functor

Py s Fun( MO N, A) — Fun”2 (M x N, A)

G+ GoBy (3:1)
s an equivalence of categories,
it) a choice of a functor
e s Fun®? (M, x (N, A) — Fun( M, O N, A) (3.2)

together with a specified adjoint equivalence oy n : 1 — Py n¥yn and Ky @ 1 —
Ui NP v between Py and Wy .

In this definition, the balancing structure of GoByy y is defined by Lemma 2.4.5. The definition
of an adjoint equivalence is given in Definition A.3.3. It requires that @yt : 1 = $ae P
and Ky @ 1 — Wy Py are natural isomorphisms that satisfy the snake identities (A.8)
and (A.9). The functor By is also called the universal balanced functor of M ON.
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3. The tricategory of bimodule categories

Note that for any two choices Wy and W), the corresponding natural isomorphisms
©EMN, KN and (PSVE,N and Hg\&,ﬁ\f define unique natural isomorphisms between the functors
\I/MJ\[ and ‘I’ng\f.

For a balanced functor F: ;M x ;N — A we denote by F: MON — A the correspond-
ing functor obtained by applying the functor Wy to F, e.g. F = Uyt n(F). The natural
isomorphism ¢y then induces natural balanced isomorphisms

SDM,N(F) :F— /F\BM,N. (3.3)

Whenever it is unambiguous, we omit the indices and simply write B, ®, U, ¢, k for the
structures of a tensor product.

Lemma 3.1.2 A tensor product of C-module categories is unique up to unique equivalence of
categories. If (X, Bx, Ux, ¢x, kx) is another tensor product of M, and N, then there exists
a unique functor I' : MO N — X, such that I' o By is mapped to By under Wy, and T’
defines an adjoint equivalence between M, N and X. Conversely, for every tensor product
MON and every adjoint equivalence between categories MUON and X, the category X has a
canonical structure of a tensor product of M and N.

Proof. The functor I' : My N — X is defined as I' = B Exchanging the roles of MON
and X, we obtain a functor from X to MON, and it is easy to see that these two functors
define an adjoint equivalence between the categories M N and X. The converse statement
follows directly from the fact that the composite of adjoint equivalences is again an adjoint
equivalence. O

Remark 3.1.3 In [21, Remark 3.4], the following stronger version of the tensor product is
used. It is required that for all balanced functors F : M, x ;N — A there exists a functor
F:MON — A, unique up to natural isomorphisms, such that FB = F. We do not impose
this condition, since it is not well-behaved under adjoint equivalences of categories.

Note also that it is not possible to require additionally that the functor F is unique with
the property FB = F, as it is done in [36], see e.g. [36, Lemma 3.8.]. This requirement is
equivalent to imposing that the functors ® and V¥ in the definition of a tensor product are
isomorphisms of categories. It can be seen that a tensor product with such a property does
not exist in general. For this reason we do not use the results of [36] in this work.

3.2. Constructions of the tensor product

We first recall the Deligne product of abelian categories, that we already used in Definition
2.3.1 and discuss how it can be interpreted as the tensor product of Vect-module categories, see
Example 2.1.2 for the Vect-module category structure on a finite semisimple abelian category.
We then consider different formulations of the tensor product of module categories.

Definition 3.2.1 ( [15]) The Deligne product MXN of two semisimple abelian categories
M and N is the tensor product of the Vect-module categories M and N. Hence MXN is an
abelian category with a functor B : M x N — MXN, such that

Fun®@ (MK N, A) — Fun™ 24 (M x N, A)

3.4
G+ GoB, (3:4)
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s part of a specified adjoint equivalence of categories. Here, Funadd(MﬁN,A) denotes the
category of additive functors and additive natural transformations from MXN to A, while
Funmfadd(M x N, A) is the category of functors and natural transformations from M x N to
A, that are additive in both arguments. In the following we use the notation B(mxn) = mXn
form xn e M xN.

Proposition 3.2.2 The Deligne product MK N of two semisimple abelian categories M and
N exists and has the following properties.

i) The abelian category MXN is again a semisimple category. If {m;}icr and {n;}jecs
are sets of representatives for the isomorphisms classes of simple objects in M and N,
respectively, then {m;Xn;}icr jer is a set of representatives for the isomorphism classes
of simple objects in MXKIN.

ii) All additive functors F,G : MXN — A and all additive natural transformations n :
F — G are uniquely determined by their values F(m; X n;), G(m; X n;) and ny,mn;
F(m; ®nj) = G(m; ®n;) foralliel and j € J.

i11) The Hom-spaces of MXIN are given by

Homytgn(m B n, m' K n') = Homy(m, m') @ Homy(n,n'). (3.5)

i) If M and N, are left and right C-module categories, respectively, then ;MK N, and
N, ® M are naturally (C, C)-bimodule category.

Proof. The existence of the Deligne Product is shown under more general assumptions in [15,
Proposition 5.13]. The remaining part are shown as follows. Part i) follows e.g. from [18,
Proposition 1.46.2, iii)], The statement in part i) follows directly from the semisimplicity
of the categories that are involved, see also [32, Lemma 3.8]. Part 4i) is shown e.g. in [18,
Proposition 1.46.2, iv)], while the last part follows analogously to the proof of [18, Proposition
1.46.3]. 0
To simplify notation, for each biadditive functor F : M x N — A the corresponding functor
from M XN to A is again denoted F.

Definition 3.2.3 Let ; M, be a (C, C)-bimodule category. The center of M, is the category
Ze( « M) that consists of the following data

i) Objects are pairs (m,ym —) of an object m € M and a family of isomorphisms Y ¢ :
c>m — m<c for all ¢ € C, such that the following diagram commutes

(c®d)l>mM> m<(c® d)

l —1
‘uc,d,ml T('u‘:n,c,d)

ce(d>m) (m<c)<ad
J T (3.6)
CD’Ym,d 'Ym,ch

ex(m< d)(ﬁl(cb m)<d,
ﬂ/c,m,d
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3. The tricategory of bimodule categories

, where Y™ is the bimodule constraint of M, see Lemma 2.3.2. Furthermore, it is
required that Ym 1, = Lin.

ii) Morphisms f : (m,Ym,—) — (n,7n,—) are morphisms f : m — n in M, such that the
following diagram commutes for all c € €

com —"% mac
llcbf lf«lc (3-7)

Yn,c
cbn —— n<c.

Lemma 3.2.4 Let M, and N be C-module categories. The categories Ze( Mo X N) and
Funee (.Co, Mo X N) are canonically equivalent.

Proof. Let x be an object of Ze(M,X N). It is straightforward to see that the family of
natural isomorphism -y, _ provides the functor ,C, > ¢ —= c>x € M ;X N with the structure
of a bimodule functor. On the other hand, given a bimodule functor F: ,C, — M X N, it
follows directly from the definitions that the bimodule structure of F equips the object F(1¢)
with the structure of an object in Ze( M, X N). It is straightforward to see that these two
maps extend to functors and that these two functors define an equivalence of categories. O

Proposition 3.2.5 ( [21]) A tensor product M, N of C-module categories M, and N
exists and is a finite semisimple category. Moreover, there are the following concrete descrip-
tions of a temsor product.

i) The category Ze( My X N) has the structure of a tensor product of M, and ,N.
ii) The category Fune ( M, ;N) has the structure of a tensor product of M, and  N.

Proof. It is shown in [21, Proposition 3.8] that there exists a universal balanced functor
B: MxN — Ze(M, K N) such that (3.1) is an equivalence of categories. In [52, Section
IV.4] it is proven, that any functor that is part of an equivalence between categories is part
of an adjoint equivalence. This shows the first part. The second part follows from [21,
Proposition 3.5]. It follows from [18, Proposition 2.13.5], that M, N is a finite semisimple
abelian category. O
With Lemma 3.2.4 and Lemma 3.1.2 it follows that also Fune e (M, X ,N) has the structure
of a tensor product of M, and ,N. The following lemma shows that from any construction
M, O N of the tensor product one obtains a functor to Ze( M, X N).

Lemma 3.2.6 Let M, N be a tensor product of two C-module categories with universal
balanced functor B : MXN — M, O ,N.

i) There exists a right adjoint functor U : M,O N — MXN to the functor B : MXN —
M, O N.

ii) For every object x € M, N, the object U(z) has a canonical structure on an object
in the category Ze( M, K N).

iii) The adjunction in part i) consists of balanced natural isomorphisms

HomMDN(B(y), SC) ~ HomMgN(y, U(x)) (38)
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Proof. The existence of the adjoint functor U follows from Lemma A.1.10. For all x €
M, ON, ce Cand mXn € MXN consider the following diagram of natural isomorphisms

Hom(m X n,c>U(z)) —— Hom(m X c*>n,U(z)) —— Hom(B(m X c*>n), z)
Hom(mEln,'yU(w)’c)T JHom(Bm’lc*yn,:p)
Hom(m X n,U(x)<c) «—=— Hom(m<c* X n,U(z)) +—=— Hom(B(m<ac* Kn),z),

(3.9)
that defines the natural isomorphism yy). : c>U(x) — U(x)<c by the Yoneda lemma.
Here, the unlabeled isomorphisms are induced either from the adjunction or from the duality
structure of C. Since all natural isomorphisms are balanced, it is straightforward to see
that the collection of morphisms ~yy(,),— equips the object U(xz) with the structure of an
object in Ze( MK N). If the object U(x) is equipped with this structure, the functor
Homymn(—,U(z)) : MXIN — Vect has a canonical structure of a balanced functor and it
follows then from the commutativity of equation (3.9), that the adjunction (3.8) consists of
balanced natural isomorphisms. O

In the sequel we require one more description of the tensor product. For every fusion
category C there exists a canonical algebra object in the category CX C*®Y. The following
result is shown in [54, Proposition 4.1].

Lemma 3.2.7 Let C be a fusion category and let {c, }uer be a finite set of representatives of
the isomorphism classes of simple objects in C. Then the object A = @yecvc K, € CKC
has the following properties.

i) It is independent of the choice of the representatives ¢, in the sense that for any other
choice {c, }ucu there is a canonical isomorphism A — A" = @&, (c,)* K d,.

it) The duality morphisms in C provide A with the structure of a Frobenius algebra in

CXereY.

We consider now the abelian category Mod4( M, X ,N) of A-modules in M, X N, see
Remark A.2.11.

Proposition 3.2.8 Let .M be a C-left module category and A € C an algebra object. Then
the forgetful functor U : Mod( M) — M is right adjoint to the induction functor Indya :
M — Mody( M) that maps an object m € M to the module Axm € Moda( M) with
the obvious module structure induced by the algebra multiplication. If additionally A is a
Frobenius algebra, then the forgetful functor is also left adjoint to the induction functor.

Proof. The proof of the first statement can be found for example in [57, Lemma 4]. The
second statement follows from [30, Proposition 4.11]. O

Proposition 3.2.9 Let M, and N be C module categories. The category Mod 4( M, K ,N)
of A modules in M,X N naturally has the structure of a tensor product of M, and N.
The functor B is given by the induction functor. The forgetful functor is both left and right
adjoint to B.
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3. The tricategory of bimodule categories

Proof. It is claimed in [21, Remark 3.9] that Mod4 (M, X ,N) has the structure of a ten-
sor product of M and N. Since a proof is not given there, we show that the category
ModA( M, X ,N) is equivalent to the category Ze(M,HX  N). First we define a functor
F: Ze(M,KN) = Modg( M,XN). Let @;m; K n; be an object in Ze( M, X ,N) for
some objects m; € M and n; € N. Consider the following composite of morphisms

@u,i’}'a
Guimi<de, Reppn; =" Byimi X (e, ® ) >n; — &im; Kn,,

where the first morphism is induced by the structure of ®;m; X n; in Ze( M, X N), while
the second is induced by the duality morphisms in C. It is straightforward to see that this
morphism provides @;m; X n; with the structure of an object in Mod4( M, X ,N) and that
it extends to a functor F : Ze(M,X N) — Moda(M,X,N). To construct a functor G :
Mod4( M, X N) — Ze( M, X N), note that is shown e.g. in [20, Proposition 5.4], see also
[48, Theorem 2.3], that there exist canonical isomorphisms 7, : G,y ® ¢, @ ¢, = Bycy @l @Y
for all y € € that provide the object Gy,c, ® ¢ with the structure of an object in Ze(,C,)
(this category is usually called the center of C). Let (X, ) be an object in Mod4( M, X ,N)
with module morphism p: A>X — X. First we define the morphism

1 1
y>pX — @y ®@cy)> X<, TZx Bucy> X <(c;, ®y) Ky X <y,

where the first morphism is defined by the unit of the algebra object A. It is straightforward
to see that this morphism defines the structure of an object in Ze( M, X N) on X and that
it extends to a functor G : Modg(M,X . N) — Ze(M,X  N). It is a direct but lengthy
computation to see that the functors F and G form an equivalence of categories. O
By using the fact that any two tensor products of M, and N are adjoint equivalent, we
obtain the following.

Corollary 3.2.10 Let M U N be a tensor product of two module categories M, and N.
Then there exists a functor U : MXIN — MUON that is both left and right adjoint to the
universal balanced functor B : MKXN — MON.

3.3. The tensor product as a 2-functor

Next we formulate the tensor product in terms of structures of bicategories. This requires
a detailed analysis of the relation between balanced functors F : M, x ;N — A and the
corresponding functors F : MON — A and of the natural transformations between them.

As a direct consequence of the properties of the adjoint equivalence in the definition of
the tensor product, the action of the functor ¥ on balanced natural transformations can be
described as follows.

Lemma 3.3.1 Let F,G : M, X ;N — A be balanced functors. For every balanced natural
transformation p : F — G there exists a unique natural transformation p : F — G, such that

(poB) - p(F)=¢(G) - p. (3.10)
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3.3. The tensor product as a 2-functor

Proof. The natural transformation p is defined as p = ¥U(p). As pB = ®¥(p), the naturality
of the isomorphism ¢ : 1 — ®W¥ from Definition 3.1.1 implies that the diagram

F— " ¢
l J (3.11)
FB—™ GB

commutes. This establishes equation (3.10). Let x : F — G be another natural transformation,
such that (y o B) - ¢(F) = ¢(G) - p. It follows that

D(x) = p(G)pp(F) " = @(p),

and since ® is fully faithful, this implies y = p. O

In the sequel we want to show that the tensor product extends to a 2-functor O : Mod"(C) x
Mod!(C) — Cat®*. Therefore we need to prove that a pair of module functors F : M, — M,
and G : N — N induces a functor FOOG : MON — M'ON’. Note that the categories
M, x N and M, x N are (C,€)-bimodule categories in a canonical way and F x G :
M, x N — M, x ;N is canonically a bimodule functor. The definition of FOOG will fol-
low from the next statement, which considers more general bimodule functors from M, x ;N
to M x N

Proposition 3.3.2 Let M., M, and N, N’ be C-left- and right module categories, respec-
tively.

i) For every bimodule functor F : M, x ;N — M, x N, the tensor product of module
categories defines a functor W(Byy v F) : MO N — M, O N, called F in the sequel,
and a balanced natural isomorphism

MxN —F 5 M x N
l&w,w (3.12)

i) For every pair of bimodule functors F,G : My x (N — Mg x (N' and every bimodule
natural transformation p : F — G, there is a unique natural transformation p: F — G,

such that
(PoBnx) - BF =Bg - p. (3.13)
This is equivalent to imposing the following condition on the associated diagrams
F
/p\
M x N M x N MxN —F 5 M x N
~_G Be
Bav,ov A/BG Bav vy = VR Bows v (3.14)
T F M
MDNTM/DN/, MON lr M ON.
\P/
G
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3. The tricategory of bimodule categories

iii) For any two composable bimodule functors F: Mg x (N — M, x (N, G: M x (N —

Mg x oN”, there is a unique natural isomorphism pgF : : GF — GF such that the follow—
ng dzagmm of natural isomorphisms commutes:

Bae v GF ——"— GByy o F

lBGF FBF (3.15)

GFBM N ——F— GFBM N-
’ »G,FBat, v ’

iv) For any three composable bimodule functors F: M, x (N — M, x N, G: M, x N —
Mg x N, H: Mg x N — MY x N, the following diagram of natural isomorphisms
commutes

AN A /F\ o~ A~
HGF %, HGF
[ foer (3.16)

¥H,GF

HGF 2% HGF.

v) The natural transformation ki from Definition 3.1.1 defines a natural isomorphism

v (Ieon) = Ivex v = Lo, (3.17)

such that for all bimodule functors F : M, x ;N — M, x N’ the following diagrams

commute
Flaon — F Dok 2 F
Fr(lcon) l p H(IM/DN/)/F\J / (3.18)
Flyon Ly o

Proof. The functor BF is balanced according to Lemma 2.4.5 and hence the functor ¥(BF) = F
is well defined. From the natural isomorphism ¢ : 1 — ®WV in Definition 3.1.1, we obtain
the balanced natural isomorphism B = ¢(F) : BF — FB. This shows the first part. Part i1)
follows directly by applying Lemma 3.3.1 to the natural transformation W(Bp), which is
denoted p in the sequel. To show statement 4ii), note that from the first part we obtain the
balanced natural isomorphisms

fr—1 —1

A GB ~ B-"F —
GFB —" GBF —° s BGF —>, GFB, (3.19)

which compose to a balanced natural isomorphism from GFB to GFB. The natural isomor-
phism ¢g F : GF — GF is then defined as

ver =K 1(GF) - T (BGF BS'F - GB;I) - k(GF).
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3.3. The tensor product as a 2-functor

This proves the existence and uniqueness of the natural isomorphism ¢g f, such that (3.15)
commutes. Hence the third part follows. To show the forth part, note that by definition of
©F,G and by the interchange law for 2-categories, the following diagram commutes

fBGF _MB<F. fcBF

ByGF HGBE
©H,cBF

BHGF <%, HGBF HGFB (3.20)
\GBF /
Brcr on,GFB
PHG, FB

Here the interchange law is used to establish the commutativity of the parallelogram on the
right, and part iii) shows the commutativity of the two parallelograms on the left in (3.20).
It also follows from 4i) that the following diagram commutes

ABGF -MB<F, FiGBF
BV \GBF
HB A/\/\
BHGF GF GF (3.21)
BHGF H‘PGFB
SOHGFB

Since all outer arrows in the diagrams (3.20) and (3.21) that do not contain ¢ agree and all
arrows are labeled by natural isomorphisms, it follows that the diagram

AGEB 25 AGFB

lﬁ(pc B LOHG FB

¥H,6FB

HGFB 25 HGFB
commutes. As the functor @ is fully faithful, this shows that (3.16) commutes. For the last

statement, note that the natural isomorphism ryn @ 1 — Wy nPyin from Definition 3.1.1
provides a natural isomorphism

Tnten = U(Bo Iyt ) Z‘I’(lMDNOB)'MQ Ivow- (3.22)

The snake identity (A.10) for the adjoint equivalence then implies that the diagram

q> —
D(1pixn) = B —2 UD(1yg ) = I x B

\ me (3.23)

(It x )
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3. The tricategory of bimodule categories

commutes. Hence the diagram

F@(B)l id lBF (3.24)

commutes. By the unique characterization of the natural isomorphism g5 : F1 — F from

part 4ii), we deduce that PpT = E/@(lMDN) The remaining identity is proven analogously
using the unique characterization of P1E ¢ from part 7ii). O

Note that the notation F was already used for image of ¥ on balanced functors. It should be
clear from the context, whether a functor is balanced or a module functor, hence the notation
is unambiguous. Moreover, we will later unify in Proposition 3.3.4 the notions of balanced
functors and module functors, and regard them as 1-morphisms in a certain 2-category. This
will provide a further justification for the notation F.

Corollary 3.3.3 The tensor product defines a 2-functor
O : Mod”(€) x Mod!(€) — Cat®®, (3.25)

where Mod” (@), Mod'(€) denote the 2-categories of right and left C-module categories, respec-
tively.

Proof. It follows directly from the definitions that every pair of module categories M, and N
yields a bimodule category M, x N, that functors F,G : M, - M, and H,K : ;N — N’
define bimodule functors F x H,G x K : M, x ;N — M x ;N and that module natural
transformations p : F — H, 7 : G — K define a bimodule natural transformation p x 7 :
F x H— G x K. Proposition 3.3.2 yields functors

FOH=Fx H, GOK =G x K: MON — M ON’

and a natural transformation pUr = p></\T : FOG — HOK. Hence Proposition 3.3.2 provides
all the structures and axioms that make [J into a 2-functor from Mod” (€) x Mod!(€) to Cat*®s,
Note in particular that for the unit functors from 1y X 1y = 1y one has m = 11y
O
Recall that for balanced functors F : M, x ;N — A, the tensor product defines a functor
F:MON — A. The map F — Fis compatlble with the composition of bimodule functors
and balanced functors. To make this statement precise, we define the following 2-category,
that combines balanced functors and bimodule functors into a single 2-category.

dbal

Proposition 3.3.4 The following data defines a 2-category Mod.™ for a fusion category C.

i) The objects of Modlgal are (€, C)-bimodule categories M, x ;N and abelian categories A.

i1) The categories of 1- and 2-morphisms between the objects are given by:

a) For two bimodule categories Mg x N and Ml x N, Mod22( M, x N, M, x N')
is the category Bimod( M, x N, M, x ;N') of bimodule functors and bimodule nat-
ural transformation between them.
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3.3. The tensor product as a 2-functor

b) For a bimodule category My x N and a category A, ModR® (M, x (N, A) is the
category Funbal( M, x N, A) of balanced functors and balanced natural transfor-
mations between them.

¢) For two categories A, and B, Modgal(A,B) is the category Fun(A,B) of functors
and natural transformations between them

d) There is just the zero morphism from a category A to a bimodule category M, x  N.

iii) The compositions are induced by the horizontal composition of functors and the vertical
composition of natural transformations.

Proof. It follows from Lemma 2.4.5 that the various compositions of 1- and 2-morphisms are
well defined. It follows by a direct computation that all compositions are strictly associative
and strictly compatible with the units. O

Proposition 3.3.5 The tensor product of module categories defines a 2-functor
() - ModP?! — Catses. (3.26)

Proof. On objects, (.) is defined by M, x N = M, O N and A = A. On l-morphisms, (.)
is defined as follows. For a bimodule functor F : J\/[ X ¢N = Mg x (N, and for a balanced
functor G : M, x N — A, the functors F : M, 0O, fN—> M, O, N’andG M, ON = A
are already deﬁned in Definition 3.1.1 and in Proposmon 3.3.2,1 ), respectively. For a functor

H: A — B, we define H=H On2 morphisms, () is already defined for bimodule natural
transformations and balanced natural transformations. For a natural transformation n: H —
H’ between functors H,H' : A — B, we define 7 = 7.

The coherence structures of (.) are the following.

i) For all bimodule categories M, x ,N, the coherence isomorphism m — Iyoy is
defined by sy (1), as in Proposition 3.3.2, v).

ii) For composable bimodule functors F, G, there is a natural isomorphism g : GF — GF
that is defined by Proposition 3.3.2, ii).

iii) For composable functors H: A — B and K : B — €, we define ok y = idkn-.

iv) For a balanced functor F : M, x ; N — A and a bimodule functor G : M x ;N —
M x N, it follows from Lemma 3.3.1, that there exists a unique balanced natural
isomorphism ¢f g : FG — FG, such that the following diagram commutes

¢(F)

FG "5 FBG
lso(FG) FBG (3.27)
FGB +—— FGB.

#F,cB

v) For a balanced functor F : M, x N — A and a functor H : A — B it follows from
Lemma 3.3.1, that there exists a unique balanced natural isomorphism ¢y : HF — HF,
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3. The tricategory of bimodule categories

such that the following diagram commutes

HF —<  HF
LP(HF) JH@(F) (3.28)

HFB +—— HFB.
©F,GB

The proof that for three composable 1-morphisms, the diagram (é\.33) commutes is analogous
to the proof of Proposition 3.3.2 iv), while the compatibility of (.) with the unit from axiom
(A.32) follows analogously to the proof of Proposition 3.3.2 v). O

Regarding the tensor product as a 2-functor, we can also interpret the remaining structures
of the tensor product, namely the adjoint equivalence (®, ¥, ¢, k), as an adjoint equivalence of
pseudo-natural transformations and modifications. This 2-categorical viewpoint on the tensor
product will be useful when we consider the tensor product of bimodule categories in the next
section. Note that the Cartesian product of categories defies a 2-functor x : Cat®® x Cat®*® —
Cat®®.

Lemma 3.3.6 The balancing functor Byt : Mg x (N — M O N defines a pseudo-natural

transformation
X

T~
Mod" (C) x Mod(@) ﬂ‘b Cat™. (3.29)

~_ o

between the 2-functor x : Mod"(C) x Mod! (@) — Cat®, and the 2-functor O : Mod"(€) x
Mod! (@) — Cat™® from equation (3.25).

Proof. For all objects M, x (N of Mod"(€) x Mod'(€), the functor By : Mg x (N — MON
is a 1-morphism in Cat®**® and for all functors F x G : M, x ;N — M, x ;N'. Proposi-
tion 3.3.2 i) provides a natural isomorphism Bg : B(F x G) — (FOG)B. The axiom ia)
from Definition A.3.10 follows from the definition of the natural isomorphism ¢ry«gFxc :
(FOG)(FOG) — (FFF)O(G'G) from Proposition 3.3.2 444) for composable functors F x G and
F' x G' in Mod"(€) x Mod!(€). The axiom ib) from Definition A.3.10 follows directly from
equation (3.23). O

3.4. The tensor product of bimodule categories

Next we show that the tensor product of module categories naturally extends to a tensor
product of bimodule categories.

Proposition 3.4.1 Let , M, and N, be bimodule categories. Then the tensor product
»Me O N, has a canonical structure of a (D, E)-bimodule category, such that
B: ;Mg x N, = ;MO N, (3.30)
s a balanced bimodule functor and for all bimodule categories A, the adjoint equivalence
from Definition 3.1.1 restricts to an adjoint equivalence
P : Funp e (M ONe, 5 A:) — Funga}é (pMe X N, pAe),

U Fun®?L (LM, x N, oA F M ON,, 5 A (3:31)
: un-D,s(D e X eNg, pAg) = Fung e (,Mo O N, A,),

44



3.4. The tensor product of bimodule categories

where Fun]%*ilS (pMe x N, pA;) is the category of balanced bimodule functors from Definition

2.4.8.

Proof. To define the left D-module structure on M N, note that for all d € D, the functors
Ly : MXN — MxN from Proposition 2.3.12 are (€, C)-bimodule functors, see Lemma
2.4.10, and the module constraint for ,, M, consists of bimodule natural isomorphisms, jq 4 :

o~

Lgo Ly — Lygg for all d,d’ € D. Hence we can apply the 2-functor (.) from Proposition
3.3.5 and we obtain E@ll d € D functors Lg : MON — MUON and natural isomorphisms
faq : Lqgo Ly — Lagg for all d,d” € D. The module constraint (2.2) for these natural

isomorphisms is obtained by applying the 2-functor (.) to the corresponding module constraint
for M.

The right €-module structure on M, N, is defined analogously by considering the
(€, €)-bimodule functors Re : M x N — M x N for all e € €. It remains to show that MON
is a (D, €)-bimodule category. The bimodule constraints in Lemma 2.3.2 follow directly by
applying the 2-functor (/3 to the corresponding diagrams for M, x ,N.

Next we show that B : ;M. x ; N, = MON is a balanced bimodule functor. It follows
from Proposition 2.3.12 that the (D, €)-bimodule structure on MON can be described as the
following composite of 2-functors:

D x & B Modr (€) x Mod!(€) —2— Catses. (3.32)

The functor B then induces a pseudo-natural transformation between the following composites

of 2-functors
X

T T

Mod"(€) x Mod'(€) |/® Cat™s. (3.33)

Nﬂ/

Hence it follows directly from Proposition 2.3.12 that B : M x N — MON is a bimodule
functor. The left D-module structure is therefore given by the natural isomorphisms ¢, «1 :
B(L.x1) — (L.0O1)B. Since these isomorphisms are C-balanced, it follows that B is a balanced
D-module functor. Analogously it is shown that B is a balanced €-module functor and hence
a balanced bimodule functor.

In the next step we show that the functor ¥ from Definition 3.1.1 restricts to a functor

LM LN

e X EI‘EV

v Fun]%ils (DMG X eNea 'D‘AE) - Funi),ﬁ ('DMG O eNea ®‘A£)'

Let G € Funb? (,M, x ;N,, ,A,) be a balanced bimodule functor. The left D-module
functor structure on G is given by C-balanced natural isomorphisms gbg’ : GoLZf N _y LflloG for

all d € D according to Lemma 2.4.10. Hence we can apply the 2-functor (.) and obtain natural

—

isomorphisms qﬁg : aLleXN — Lgl/G\. Furthermore, applying (\) to the module constraint

diagram for G yields the module constraint diagram for G. Hence we deduce that G is a
left D-module functor. The proof that G is a right &-module functor is analogous. The

compatibility between left and right module actions of aAfollows by applying the functor (\)
to the corresponding compatibility diagram of G. Hence G is a bimodule functor.
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3. The tricategory of bimodule categories

If n : G — F is a balanced bimodule natural transformati/o\n between balanced bimodule
functors F and G, it follows again by applying the 2-functor (.) that 7 : G — F is a bimodule
natural transformation.

It remains to show that for all balanced bimodule functors F € Fun]%?}g (pMe X N, pAe),
the natural isomorphism ¢(G) : G — GB is a balanced bimodule natural isomorphism and for
all bimodule functors G : MON — A, the natural isomorphism £(G) : G — GB is a bimodule
natural isomorphism. The first statement follows directly from the definition of the bimodule
structure of G. For the second statement, we show that the lower rectangle in the diagram

—~ dﬁB
GLdB _— LdGB

1B;,
GBLy
»(GB)1 10GB

1 GBBL, . (3.34)
1BL,
GBI,B ", ,GBB
NG 15~1(G)1

—~ G1
GL,B — ', 1.,GB

commutes. Because ¢ is fully faithful, x(G) is a bimodule natural isomorphism. The big

diagram in the middle commutes by definition of qf)g. The diagram on the right commutes
since k and ¢ satisfy the snake identity. The diagram on the left commutes also by the
snake identity for k and ¢ after applying once the interchange law for functors and natural
transformations. O

Remark 3.4.2 The previous proposition shows that the tensor product of two strict bimod-
ule categories over strict fusion categories is in general not a strict bimodule category. Even
with the stronger definition of the tensor product from [36] (Remark 3.1.3), it can be seen
that the coherence structure of the resulting bimodule category is non-strict in general.

We further generalize the results of the previous section. The following statement follows
directly from Lemma 2.4.11.

Proposition 3.4.3 For every fusion category C and every pair of fusion categories (D, €E),
the following data define a 2-category Bimodgal(D, &).

i) The objects of Bimodb™ (D, &) are (D, &)-bimodule categories M, x N, and (D, &)-
bimodule categories ,A,.

ii) The following defines the categories of 1- and 2-morphisms between the objects:

a) The category Bimod> (.M, x N,, , M, x N%) for two (D, €)-bimodule categories
»Me X N, and ,Mp, x N, is the category Funge (,Me X (N, M5 x (N) of
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3.4. The tensor product of bimodule categories

(D x C*" x € x €)-module functors and (D x €™V x C x &)-module natural trans-
formations between them.

b) The category Bimod2( M, x N,, pA.) for bimodule categories ,Mq x N, and
oA, is the category Fun;'fé (oMo x N, pA,) of balanced bimodule functors and
balanced bimodule natural transformations between them.

¢) The category Bimod>®( A, ,B,) for two bimodule categories ,A,, and ,B, is
the category Bimod( y A, ,B.) of bimodule functors and bimodule natural trans-
formations between them.

d) There is just the zero morphism from a bimodule category ,A. to a bimodule
category Mg X oN,.

iit) The compositions are induced by the horizontal composition of functors and the vertical
composition of natural transformations.

If we restrict to the case where D = £ = Vect, we recover the 2-category from Proposition
3.3.4, i.e. Bimodb®(Vect, Vect) = Mod2?.,

Proposition 3.4.4 The tensor product of bimodule categories defines a 2-functor
() : Bimod2*(D, &) — Bimod(D, €). (3.35)
In particular, it induces a 2-functor
O : Bimod(D, &) x Bimod(C, D) — Bimod(C, &). (3.36)

Proof. Proposition 3.4.1 shows that the functors ®, ¥ and the natural transformations ¢
and £ that appear in the definition of the tensor product, are compatible with the (€, &)
bimodule structure of a bimodule category M, x ,N,. It is straightforward to see that
the analogue of Proposition 3.3.2 and Proposition 3.3.5 hold for bimodule categories. In
particular, all coherence structures of the 2-functor (.) from Proposition 3.3.5 are bimodule
natural isomorphisms. O
From these results we obtain the following compatibility result for the tensor product and
the bimodule structure that will be useful later. Recall from Lemma 2.3.8 that the category

Fun( . M,, ;A,) is a CRD* KH KX EY-module category.

Lemma 3.4.5 The category Fun®®( M, x N, ;cA,) is a DXE™ K HK T -module cat-
egory. The functors ® and ¥ from Definition 3.1.1 are DX E*Y K H K F* -module functors

@ : Fun( , M, O N, 40A,) — FunP2 (M, x N, 40 A,),

bal (3.37)
U Fun®(, M, X oNg, 5 A,) = Fun( , M, O N, ;. A,).

Furthermore, the natural isomorphisms ¢ and k are DX EY K H K F* -module natural iso-
morphisms.

Proof. By Proposition 3.4.1, the functor B : M, x ; N, = ,M, O N, is a balanced bimodule
functor. From this it follows directly that the functor ® is a DX E™ X H X F**V-module
functor. To see that ¥ is a F-module functor, note that the module action of x € F on a functor
F € Fun®®( , M, x ;N,, ,.A,) is given by Faz = R% o F, where the functor R% : A — A is
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3. The tricategory of bimodule categories

given by the right F-module category structure of A. The module constraint of ¥ is now given
by the isomorphism g, f : R o F—o ]%o\ F that is obtained from the 2-functor structure
of (\) in Proposition 3.4.4. The remaining module constraints of ¥ are obtained analogously
from the 2-functor (\) O

3.5. Multiple tensor products and multi-module categories

In the previous section we defined the tensor product of module categories M, and N with a
universal property in terms of balanced functors from M, x ;N to an abelian category A. In
the following we consider also multiple tensor products of the form (,, X, O N, )0, M,. This
requires an extension of the notion of balanced functors to so-called multi-balanced functors
from (, K, x ;Ny) x , M, to an abelian category A. An example is the functor

Bg{}NXl

B J
(%fKe X SN’D) X ‘DMG — (&cxs DSN'D) x ’DM(:’ w{(&cxe DSN’D)D'DMG' (3~38)

We then group these multi-balanced functors into a suitable bicategory, such that (3.38) is
a composition in this bicategory. Note, however, that the functor By x 1 is balanced with
respect to the first two categories, but it is a bimodule functor (the identity) with respect to
the third. Therefore we need to extend the notion of multi-balanced functors even further to
so-called multi-balanced module functors, in order to guarantee that the functor By x 1 is
in this bicategory. The multi-balanced module functors will play an essential role in the proof
that bimodule categories forms a tricategory.

In order to define the associator in this tricategory, we will be careful and distinguish the
two categories (M x N) x K and M x (N x K) for three categories M, N and K. The relation
between these categories will then finally lead to the associator in the tricategory of bimodule
categories. Hence we first define an abstract bracketing.

Definition 3.5.1 A bracketing b of a string X = (X1,...,Xy) of letters X; is a choice of
parenthesis such that each X; is in brackets with either exactly one adjacent X; or another
pair of brackets.

For a functor F : (M x N) x X — A, we denote the functor on objects just by F(m x n x k), if
the bracketing is clear from the context. Recall from Remark 2.1.3, that for a module category
M and a finite semisimple abelian category N, we consider the category .M x N again as
module category with C-module action > x idy. In the following it is always understood that
the Cartesian product of module categories is equipped with this module action. We call
two bimodule categories M and N composable, if the category that acts from the left on N
coincides with the category that acts from the right on M.

Definition 3.5.2 ( [36, Def 3.4]) i) A multi-module category (M,b) from € to D is a
finite string of composable bimodule categories MV for j € {1,...,n} with n € N, where
M" is a C-right module category and M is a D-left module category, together with a
bracketing b of M. We denote by ev(M,b) the Cartesian product of the categories M,
in the order that corresponds to the bracketing b.

ii) A multi-balanced functor F : (M, b) — A, from (M,b) to an additive category A is a
functor F : ev(M,b) — A, that is balanced in each argument, i.e. it is equipped with
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with natural isomorphisms

F . . .
Oy s smig e (ML X X MG AC X M1 XMy,

—F(my X ... Xxm; X edmipy X ...my),

for each string of objects m € ev(M,b), each i € J and ¢ € C, such that the natural
isomorphisms b" satisfy the diagram (2.20) in each entry i € J. In the sequel we will
abbreviate b;h”’mw,m”hm,mn by b....mieomisn,... Whenever it is unambiguous.

Additionally, these isomorphisms are required to be compatible with the bimodule cate-
gory structures, i.e. the diagram

b...mi,d,mi+1...
F(...xmi_lqcxmidemHlx...)—) F(...xmi_lﬂcxmixdbmi_,_lx...)

lb“‘mil’cvmiqd"'

F( o X Mi—1 X cl>(mi<ld) X Myi41 X .. ) b.m;_q1,e,my...

J’yc,’rlni,d
bm,c,dbmi,mi_,'_
F(...xmi—1 X (e>pm;)<dd X mipq X ...) —>1F(.

coXmi_y Xedmy X dbmypg X ..,
commutes for each possible entry i € J and for all possible objects. Here the argument
of the functor F is abbreviated and only the relevant part of the string m is shown.

ii1) A multi-balanced natural transformation n : F — G between multi-balanced functors
F,G: (M, b) — A is a natural transformation n that is balanced in each entry, i.e. it
satisfies diagram (2.22) for all entries of a string of objects m in M.

iv) For every multi-module category (M, b), there is a corresponding string of fusion cate-
gories S(M', b), that is given by the fusion categories acting on the bimodule categories
in (M, b) such that for the string (K., Ny, ..., ;M,), the corresponding string of fu-
sion categories is S( 5 Key Ny ..oy M) = (H,E,F,...,D,C). Note that by definition
S(M,b) = S(M, V) is independent of the bracketing b.

It is clear, that for each additive category A, the multi-balanced functors and multi-balanced
natural transformations from (M, b) to A form a category denoted Fun”®((M,b), A).

Definition 3.5.3 i) A multi-module functor F : (M, b) — (M, b) between multi-module
categories (M, b) and (M, ¥') with S(M) = S(M') is a functor F : ev(M, b) — ev(M', V)
together with a family of natural isomorphisms

F,l,e

e F(my X ..o X my<ad X mipq X ...my,)

—>F(m1 X Xmy; XMy X ...mn)did,

for eqch m € M and each i € J, where <¢ : M x D — M denotes the action of D on
M. Similarly we require that there exists a family of natural isomorphisms
PFiri CF(my X ... xebmg X ..my) ~ebtF(my X ..o X my X .. .my),

Moty CM ey My

where >* 1 € xM — M is induced by the left action of C on GM,Di. The isomorphisms
®Fbt and ®F are required to satisfy the bimodule constraint (2.17) for each i € J.
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3. The tricategory of bimodule categories

ii) A multi-module natural transformation n: F — G between multi-module functors F and
G is a natural transformation that satisfies (2.12) in each entry.

Example 3.5.4 i) For two bimodule functors F: ;M, — ;M and G: N, — N, the
functor G x F: N x M — N x M is a multi-module functor.

it) For three bimodule categories a multi-module functor a : (, K, x N,) x ; M, —
5 Ke X (¢ Ny X 5 M) is given by a((h xn) xm) = hx (nxm) on objects and morphisms
((hxmn)xm)in (K, x Ny) x M.

Next we consider multi-balanced module functors.

Definition 3.5.5 i) For a string (X1,...Xy), a reduced string (X},... X)) is a string
that is obtained from (X1,...X,) by erasing entries as follows. It is required that there
exists a map f:{1,...,m} = {1,...,n} with f(1) =1 and f(m) =n and f(j) > f(i)
forall j > i in {1,...,m} and X = Xy for all i € {1,...,m}. An entry X; in
(X1,...Xp), such that j € {1,...,n} is not in the image of f is called erased.

ii) Let (M, b) and (M, b") be multi-module categories, such that the string S(M', V') of fusion
categories is obtained by reducing the string S(M,b). A multi-balanced module functor
F: (b)) — (M,b) is a functor F : ev(M,b) — ev(M',b') that is balanced in each
erased entry of S(M,b) and is a multi-module functor in each other entry.

iit) A multi-balanced module natural transformation n: F — G between multi-balanced mod-
ule functors F and G is a natural transformation n : F — G that is balanced in each
erased entry in the target of F and G and a bimodule natural transformation in all other
entries.

Example 3.5.6 i) Every multi-module functor and every multi-balanced functor is also
a multi-balanced module functor.

ii) For three composable bimodule categories, the functor (Bxn x 1) : (K xN) x M —
(KON) x M is a multi-balanced module functor.

The following result is a generalization of Lemma 2.4.11 and follows directly from the definition
and the previous lemma.

Lemma 3.5.7 Let (M, b), (M, V') and (M”, V") be multi-module categories from C to D, such
that the string (M, b") is reduced from (M',b') and (M, ) is reduced from (M,b). For any
two multi-balanced module functors F : (M,b) — (M, V) and G : (M, V') — (M", V"), the
functor GF : (M, b) — (M”, V") is a multi-balanced module functor.

The next result generalizes Proposition 3.4.3 and follows again directly from the definitions.

Proposition 3.5.8 For every pair of fusion categories (€, D), the following data define a
2-category Bimod™ (e, D).

i) Objects are multi-module categories (M, b), (M, V') from C to D.

ii) 1-morphisms between objects (M,b) and (M, V') are multi-balanced module functors F :

(M, b) — (M, V) if the string (M, V) is reduced from (M,b). Otherwise, the set of

1-morphisms from (M, b) to (M, ') contains just the zero morphism.
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3.5. Multiple tensor products and multi-module categories

i) 2-morphisms between multi-balanced module functors F, G : (M, b) — (M, b') are multi-
balanced module natural transformations n: F — G.

iv) The compositions are induced by the horizontal composition of functors and the vertical
composition of natural transformations.

Remark 3.5.9 For all fusion categories € the 2-categories Bimodgal(S,D) from Proposi-
tion 3.4.3 are full 2-subcategories of Bimodmultl(c‘l, D) whose objects are bimodule categories
pMe X N, and HA,.

The following is an extension of Lemma 2.4.12 and follows directly from the definitions.

Lemma 3.5.10 Let (M,b) = (My,...,(Mj,Mit1),...My) be a multi-module category from
CtoD.

i) A functor F from (M,b) to a bimodule category ,A, is a multi-balanced module functor
if and only if for all i the induced functor

FM M — Bimod™ (M, A,), (3.39)

is a bimodule functor, where M' is the reduced string

M= (M, ..., (M1, (Migr, Miga), ... My).

ii) A functor F from (M,b) to a bimodule category ,A, is a multi-balanced module functor
if and only if the induced functor

YT 6 M Bimod™ M (M, AL, (3.40)

is a balanced bimodule functor. Here M> ! is the reduced string

M= (M, ..., (Mim1, Misa), ... My).

For a multi-module category (M, b) we already defined the category ev(M, b) that is obtained
from the Cartesian product of the elements in the string. Now, let evn(M,b) denote the
category that is obtained by the tensor product of the bimodule categories in the string (M, b)
in the order that corresponds to the bracketing b. We call evn(M, b) the tensor product of
the multi-module category (M, b).

Lemma 3.5.11 Let (M,b) be a multi-module category from C to D. The tensor product
eva(M, b) of (M, d) is a (D, C)-bimodule category and it is equipped with

i) a multi-balanced (D, C)-bimodule functor By : (M, b) — evn(M, b),
ii) for every bimodule category A, with a functor

Wy : Bimod™ (M, b), ,A.) — Fung e (evn(M, b), ,Ae), (3.41)
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3. The tricategory of bimodule categories

iii) an adjoint equivalence between the functor Wy and the functor

Dy - Fung e (evg(M, b), pAe) — Bimod™ (M, b), ,A)

(3.42)
G—Go BM

Proof. It is shown in Proposition 3.4.1 that the tensor product M, N, of two bimodule

categories is again a bimodule category. Hence it follows by repeated use of this result, that

the category evg(M, b) is a (D, €)-bimodule category.

The functor Byt : (M, b) — evy(M, b) is defined iteratively as indicated in equation (3.38) for
a string of three bimodule categories. It is shown in Proposition 3.4.1 that B : ;Mg x (N, —
pMe LN, is a multi-balanced module functor and hence By is a multi-balanced module
functor as it is the composition of multi-balanced module functors (Lemma 3.5.7).

Let F : (M,b) — ,A, be a multi-balanced module functor from the multi-module cate-
gory (M,b) = (My,...,(M;,Mit1),...My) to a bimodule category ,A,. Denote by M’ the
reduced string (M, ..., (M;—1, M;it2),...M,).

According to Lemma 3.5.10, F induces a multi-balanced module functor

FMaX Mit v s ML 5 Bimod™ @ (M, L AL).

Hence we can apply the functor ¥; from the Definition 3.1.1 of the tensor product M; O M; 4
to FMi xMit1 to obtain a bimodule functor

W, (FM ey v DM — Bimod™ W8 (M, L AL).

Again by Lemma 3.5.10, this is equivalent a multi-balanced functor F; : evy1(M,b) — A,
where evm 1 (M) = (My, ..., M=, M; OM;41,...,M,,). By repeating this argument we ob-
tain a functor F : evg(M,b) — A and thus a functor Wy : Bimod™W((M,b), ,A.) —
Fung ¢ (evn(M, ), »A). Furthermore, it is clear that by construction, ¥y and @y form an
adjoint equivalence since both functors are obtained by composing the corresponding functors
from the constituents of the string (M, b) and which from adjoint equivalences by Proposition
3.4.1. O

Proposition 3.5.12 For all pairs of fusion categories C and D, the tensor product defines a
2-functor
() : Bimod™ (@, D) — Bimod(€, D). (3.43)

o~

Proof. This follows from the previous Proposition and by repeated use of the 2-functor (.)
from Proposition 3.4.4. O

We are going to apply this 2-functor to diagrams of (horizontally and vertically) composable
2-morphisms. Such diagrams are called pasting diagrams and are defined with more precision
in [9], see also [46].

Corollary 3.5.13 For every pasting diagram D in Bimod™¥  the 2-functor (/\) yields a
pasting diagram D with the same underlying graph in which all 1-morphisms F are replaced
by F and all 2-morphisms p are replaced by a composite of p with coherence morphisms of the

dmulti

2-functor (.). If two pasting diagrams D, D’ in Bimo with the same 1-morphisms one

the outer arrows evaluate to the same 2-morphism, then also D and D' evaluate to the same
2-morphisms.
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3.5. Multiple tensor products and multi-module categories

Proof. These statements hold for general 2-functors. Assume that H : B — R is a strict
2-functor between strict 2-categories. Then it is clear that H applied to a pasting diagrams
in B yields a pasting diagram in R. By the strictification result for general 2-functors, see
e.g. [38, Chapter 2], any 2-functor H : B — R between (not necessarily strict) bicategories
applied to a pasting diagrams in B yields a pasting diagram in R. The last statement follows
directly for strict 2-functors and hence again for general 2-functors as wells. O
Note however, that if D is a commutative diagram of 1-morphisms in Bimod™“*  the corre-
sponding diagram D commutes in general onl/y\up to natural 2-isomorphisms, that is built
from the coherence structure of the 2-functor (.).

Proposition 3.5.14 The family of bicategories Bimodmum(e, D) for fusion categories C and
D is equipped with the following additional structures.

i) The Cartesian product of module categories defines 2-functors

x ™t Bimod™ (D, €) x Bimod™ (€, D) — Bimod™ (e, D). (3.44)

ii) The tensor product of module categories defines 2-functors
O : Bimod™(D, &) x Bimod™ (@, D) — Bimod™ (@, ). (3.45)
iit) The universal balanced functors in the definition of a tensor product of module categories

yield a pseudo-natural transformation B : x4 —

w) The canonical bimodule category oC. defines the (strict) unit 2-functors Ie : I —
Bimod™ (@, @), where I denotes the unit 2-category.

v) For four fusion categories C, D, &, F there is an adjoint equivalence, where we abbrevi-
ated Bimod™™!t ith B™

multi
B™(&,5) x B™(D, &) x Bn(€, D) "X gm(p, ) » Bm(€, D)
Jl X Xmulti U«O& Jxmulti (346)
B™(&,F) x B™(C, &) et B™(€, ),

more precisely, o @ XMW o (xmulti 1)y emulli o (1 % x™ult) s g pseudo-natural
transformation and there exists a pseudo-natural transformation o~ : x™ o (1 x
) multiy _y semulti o (multio o 1) - such that o and o~ form an adjoint equivalence.

vi) For fusion categories C, D there are pseudo-natural transformations

Bimod™ (D, D) x Bimod™¥ (e, D)

Iex1 x multi
>

1

Bimod™u!i(@, D) Bimod™u!ti(@, D)

(3.47)
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3. The tricategory of bimodule categories
and

Bimod™ (@, D) x Bimod™!t (¢, )

1% I@ X multi
[«

Bimod™!(@, D).
(3.48)

Bimod™!(@, D)

1

vii) For all bimodule categories , M, and N, the balancing constraint of B defines an
tnwvertible modification B with components

(Mx€)xN = M x (€ x N)
JﬁW(xl JlXDN
M x N AN M x N (3.49)
B
B
MON

viii) For all bimodule categories ,M, and  N,, the following diagrams of pseudo-natural
transformations commute

(€ x M) x P X M x N

\ / . (3.50)
X (M x N),

1 X<

M x(N x &) M x N

T / " (3.51)
(M xN)

iz) For all composable bimodule categories KX, N,M, L, the following diagram of pseudo-
natural transformations commutes

/KXN \

(K xN) x (M x L) (Kx(NxM)x £ (3.52)
K X(Nx(Mx L)) - K X(NxM) x L).
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3.5. Multiple tensor products and multi-module categories

The following axioms are satisfied, where we denoted M X N by MN for better legibility.

al

(MN) % =8 (MN) K

(3.53)
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3. The tricategory of bimodule categories

M((ND) K) Lo M(N(D X))

1(a1) (M(N D)) X .
O o e O
(MN) D) K
MNK) (1o (1) MNK)

(MN) X (MN) X

M((ND)X) M(N(D X))

(MN) X (MN)XK
ﬁ }
(MN)BK (3.54)
Proof. The first part follows from the definitions, the second part is shown in Proposition
3.5.12. For the third part note first that Lemma 3.3.6 extends in an obvious way first to bi-
module categories and then by repeated application also to multi-module categories. Parts iv)
and v) are clear. The properties of a pseudo-natural transformation for the module action
in part vi) follow from the compatibility conditions between module actions and bimodule
functors and bimodule natural transformations. Parts vii)- ix) are clear from the definitions.
The axioms in equations (3.53) and (3.54) follow directly from the properties of the Cartesian
product of categories. O

3.6. The tricategory Bimod of bimodule categories
We show that bimodule categories over fusion categories together with the corresponding

higher morphisms constitute a tricategory called Bimod. We work with the definition of an
algebraic tricategory given in [38], see Definition A.4.1.

Theorem 3.6.1 Fusion categories, bimodule categories, bimodule functors and bimodule nat-
ural transformations from an algebraic tricategory Bimod in the sense of [38, Def. 3.1.2]. The
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3.6. The tricategory Bimod of bimodule categories

composition [ is given by the tensor product of bimodule categories, the horizontal composi-
tion o is given by the composition of functors and the vertical composition is defined by the
vertical composition of natural transformations.

By unpacking [38, Def. 3.1.2], one finds that the claim of the theorem is equivalent to the
following.

i) Bimod(C, D) is a strict 2-category with the composition of functors as horizontal com-
position o and the composition of natural transformations as vertical composition -.

i1) For any three fusion categories €,D,€&, the tensor product of module categories define a
2-functors
O : Bimod(D, €) x Bimod(C, D) — Bimod(C, £). (3.55)

iii) The bimodule category .C, defines for each object € a (strict) unit 2-functor Ie : I —
Bimod(C, ©), where I denotes the unit 2-category with one object 1, one 1-morphism 14
and one 2-morphism 1;,. In the following, ,C, is called unit bimodule category.

iv) For any four objects C, D, &, F there is an adjoint equivalence a : OO x 1) = O(1 x
0), called associator in the following. More precisely, a consists of a pseudo-natural
transformation

Bimod (&, F) x Bimod(D, €) x Bimod(€, D) o1 Bimod(D, ) x Bimod(C, D)

1xml Ja iu

Bimod(E&, F) x Bimod(C, €) Bimod(C, ¥),

O

(3.56)
and there is a pseudo-natural transformation o~ : (1 x ) — O(O x 1), such that a
and a~ form an adjoint equivalence, see Definition A.3.3.

v) For any two objects C, D, there are adjoint equivalences [ : O(Ip x 1) = 1 and r :
O(1 x Ie) = 1, called the unit 2-morphisms,

Bimod(D, D) x Bimod(C, D)

Inx1 (3.57)
§ / \

Bimod(C, D)

Bimod(C,
and

Bimod(C, D) x Bimod(C, C)

1xIe (3.58)
D) / v \

Bimod(C, Bimod(C, D).

By definition of an adjoint equivalence, [ and r are pseudo-natural transformations.
Furthermore there are corresponding pseudo-natural transformations [~ : 1 = O(Ip x 1)
and r~ : 1 =0(1 x Ie).
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3. The tricategory of bimodule categories

vi) For all bimodule categories ,M, and N, there is an invertible modification p with
component 3-morphisms

oe)™ MOEON)
\n\ ﬂ A (3.59)
MON.

vii) For all bimodule categories .M, and N, there is an invertible modification A with
component 3-morphisms

IyeO1

\ ﬂ / (3.60)

OOVON).

(eOM)O

viii) For all bimodule categories M, and N, there is an invertible modification p with
component 3-morphisms

MONDE) 1o
\ ﬂ / (3.61)
MON)D

iz) For all composable bimodule categories K, N, M and £, there is an invertible modification
7 with component 3-morphisms

(KON)OM)O L
/ a1
(KON)OMOL) (KONOM)OL (3.62)
: - ;
KONDOMOL)) — KO(NOM)O L)

z) The following three axioms are satisfied. In the first axiom, the unmarked isomorphisms
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3.6. The tricategory Bimod of bimodule categories

are isomorphisms from the naturality of a.

(o (KEOD)R
/ \
&«mm))ﬂz 1 K((EOON)B)
a \
(ke v b K(L((MN) R))

\ Un (1)

(K L) MNR) —L5 (K L)(MNR))

(1)1 KEMN)R
/ \
g KEMN)R = K(LMN)R)
al_- ~ /(al) ~ Lo
(K(LMN) R . K(((LM)N)R) U1 K(L(MN)R))
(a1)11 ¢ X 11(1@
la la

(K L) M)NR) —5 (K L)(MNR))

99



3. The tricategory of bimodule categories

(MC)N)X

(r1)1
(MN)X
(3.64)
M((ND)X)
1(rl1)
M(NXK)
(3.65)
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3.6. The tricategory Bimod of bimodule categories

Proof. Note first that our conventions differ slightly from the conventions in [38, Definition
3.12], in that we reversed one arrow in the definition of the pseudo-natural transformation
and correspondingly, axioms (A.43) and (A.44) have a different shape than the corresponding
axioms in [38]. However, using the adjoint equivalence of r and r~, it is straightforward to
see that the two definitions are equivalent. The reason for our convention will become clear
from the construction of the pseudo-natural transformations ! and r in the proof.

The remainder of this Egction is concerned with the proof of Theorem 3.6.1. The basic idea

is to apply the 2-functor (.) from Proposition 3.5.12 to the structures and axioms of Bimo
in Proposition 3.5.14 to obtain the corresponding structures and axioms for Bimod.

d multi

i) It is shown in Lemma 2.3.11 that Bimod(C, D) is a strict 2-category.

i1) The tensor product defines a 2-functor O : Bimod(D, €) x Bimod(C, D) — Bimod(C, &)
according to Proposition 3.4.4.

iii) The unit bimodule categories C;, the identity bimodule functor ide : €, — (C, and
the identity bimodule natural transformation idiq, : ide — ide define the strict 2-functor
Ie : 1 — Bimod(C, C) from 4), where 1 denotes the unit bicategory.

iv) We now define the structures in 7). Let M,N and K be composable bimodule categories.

—

The 2-functor (.) applied to a : (M xN) x K — M x(N x K) from Proposition 3.5.14,
defines a functor
a=a: MON)OKX - MONOX). (3.66)

Since a is the composite of a 2-functor with the pseudo-natural transformation «, a
is also a pseudo-natural transformation. Analogously, the multi-module functor o~ :
M x(NxK)— (M xN)xXK defines a 2-transformation a~, and it follows from Lemma
A.3.13 that a and o~ form an adjoint equivalence.

v) We construct the adjoint equivalence of bimodule categories ,D, O, M, — ,M,. Let
»Me be a bimodule category. Recall from Example 2.4.9 that the action > : D x M — M
is a balanced bimodule functor. It remains to show that it defines a pseudo-natural
transformation with component 1-morphisms Iy =5 : DOM — M.

Lemma 3.6.2 The bimodule functor Iy = & : DOM — M induced by the balanced
bimodule functor >:D x ; M, = M, defines a pseudo-natural transformation

Bimod (D, D) x Bimod(€, D) (3.67)
Iex1
/ Ui \
Bimod(C, D) Bimod(C, D)

1

Proof. Let F: ,M, — ,M, be a module functor. Then the module constraint ¢"
yields the diagram

DxM F poeow

} Yo } (3.68)

M—F .
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This defines a bimodule natural isomorphism, where we use the abbreviation D OF =
1p0F,

lF : ZM/('D DF) — FZM (3.69)
between the bimodule functors Iy (D OF) and Fly. We show that the isomorphisms
lp are natural in F. If G : M, — M, is another bimodule functor and p : F —

G is a bimodule natural transformation, we have to prove that the following natural
transformations are equal:

DOF

DOM DON pom —29F L pON
~_Dp06 T
l lzN = llM FZF lzN (3.70)

Int HZG

M— S N M/U”\"N.
\E/

Since p is a bimodule natural transformation, one has

D xF

/\
DxM ﬂDXp@ N DxM —22F L pun

~ DXxG_~7 oF
lp l l e lDN (3.71)
N, Yol e

M—F

By applying the 2-functor (/\) : Bimod™ (@, D) — Bimod™ (€, D) to (3.71), one
obtains (3.70). This proves that Iy : DOM — M is a pseudo-natural transformation.
O

To define the bimodule functor I, : M — DOM, denote by ¢ : M — D xM the
canonical embedding functor that is defined by ¢(x) = 1 x « for objects and morphisms
x in M. Clearly, ¢ is a right C-module functor. We define:

Iy =Bopymor: ;Mg — D, 0O,M,. (3.72)

Then [ inherits a left module functor structure from the balancing constraint of Bp
according to Proposition 3.4.1 and we have the following result.

Proposition 3.6.3 The functor [y, defines a pseudo-natural transformation and to-

gether with the functor lyg, it forms an adjoint equivalence of the bimodule categories
»Dy O, M, and M.
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Proof. Let F: ;M — Mg be a bimodule functor. Then the diagram

M—F N

| |

DxM—2F cpum (3.73)

bl

pOm —28F 5 pOon,

defines the bimodule natural transformations Ig : Iy, o F — (DOF) o ;.. It follows
directly from the properties of the natural isomorphisms ¢f, that I is natural in F and
compatible with the composition of bimodule functors. Hence I, is a pseudo-natural
transformation.

We now show that ly; and [;; form an adjoint equivalence. For all bimodule categories
»M there exists a natural isomorphism al iy o Iye = 1 defined as the composite

<pl_10L AM

ay ol =IvoBou ) 1y, (3.74)

where gol_l is the bimodule natural transformation from Definition 3.1.1 and MM is the
natural isomorphism from Definition 2.1.1 with component morphisms )\% :lepm —
m. If we equip the functor »or : M — M with the canonical bimodule functor struc-
ture, it follows from the axioms of a module category, that AM is a bimodule natural
isomorphism. Hence the natural transformations aévt are bimodule natural isomor-
phisms. Next we show that they define a modification o!. Consider a bimodule functor
F: M, —= ,N,. We have to show that the following two diagrams are equal
M2 pOM —PC M M Y pOm B
i< [l N

F DOF . F o (3.75)

_ N )

NN cpON—2 N

[

1

N.

If we insert the corresponding definition of the arrows in these diagrams, it is easy to
see that equation (3.75) is equivalent to the equation

M—5DxM ——M M——DxM ——M
ﬂ,\M
lF ‘/DXF MJ lF - lF - F (3.76)
N—L 3 DxN—205N N - N,
lja
1

where ¢F is the module functor constraint of the functor F. The commutativity of this
diagram corresponds directly to the identity (2.11) for the module functor F.
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To define bimodule natural isomorphisms

(Br) ™ Iyg o It = 1o oo, (3.77)

note that the balancing structure of B provides a natural balanced isomorphism Boro> —
B for the two balanced module functors Boro>,B: D x M — DUOM. By applying the
2-functor (.) we obtain the bimodule natural isomorphism (8;)~!. To show that these
natural isomorphisms define a modification (Bl)_l, we have to prove the equation

DOM —2 4 DOM DOM — 2 s pm — 2 cpOm

Ly
_ ,3_1
J@ OF ﬂlF lF MZF l@ OF = ‘/@ OF lll lﬂ) OF
-
1

PON 2 NN s pON DON 1 DON

W
(3.78)

for all bimodule functors F : ; M, = ,N,. Inserting the definitions, one finds that this
is equivalent to the condition that the following two diagrams are equal.

DxM —>25M —“5DxM —B5DOM
JDXF ﬂqﬁF lF JDXF [leo<r PJDF (3.79)

DxN—23N—L5DxN—L25DON,

W

B

DxM —25M —5DxM —B 5 DOM

‘/@ wa l@ OF (3.80)
PD xF
DxN 5 DON.

We compute both sides on objects. When evaluated on objects d € D and m € M, the
first diagram yields the morphism

D x m ¢F m
(DOF)B(1 xdom) 222 g F(dbm) —“™ s B(1 xdsF(m)) s
P, B(d x F(m)),
while the other diagram corresponds to
(DOF)B(1 xdbm) —L—s (DOF)B(d x m) 2 B4 x F(m)).  (3.82)

These two morphisms are equal since pp «f is a balanced natural isomorphism.
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It remains to prove that the natural isomorphisms o' and 3¢ define an adjoint equivalence
according to Definition A.3.3. We have to show that the composites

l ol li= 1=.al
It 2 Il 225 gy, b 200 eyl 2 (3.83)

are the respective identities. In the first case this is equivalent to the commutativity of

the diagram
— (pl M
lMlMlM = ZMBLZM > LZM UM = ljy[. (3.84)

W

By definition of of, this is equivalent to the commutativity of the diagram

1
InB ——s IyBis —F s A (3.85)

Evaluated on objects, this diagram takes the form

b ¢l(1 xd>m) AL m
IMB(d x m) ——— I B(1 xdbm) —— 1p(dpm) —="—= d>m.  (3.86)
pi(dxm)

This last diagram commutes since ¢ is a balanced natural isomorphism.

In the second case, the requirement that morphism (3.87) is the identity is equivalent
to the condition that

-1

B ) Bupy B B, (3.87)

is the identity natural transformation on Be. Evaluated on objects, this yields

B(1 xm) —— B(1 x 1>m) 22" B(1 xm), (3.88)
which is the identity on the object B(1 xm), by equation (2.21). O

The bimodule functors 7 : ,M,0O.C. — ;M. and ry; @ M, — ;MU .C, are
defined analogously using the right action of € on , M, and the proof that they define
an adjoint equivalence is similar.

—

vi) The modification y, from 3.6.1, vi) is defined by applying the functor (.) to the diagram
(3.49) in Bimod™"". Tt follows directly that y is a modification, since it is the composite
of a 2-functor with a modification.

o~

vii) The modification A is obtained by applying (.) to the diagrams (3.50).

—

viii) The modification p is obtained analogously by applying (.) to the diagram (3.51).
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3. The tricategory of bimodule categories

—

iz) Applying (.) to the diagram (3.52) defines the modification 7.

z) To complete the proof that Bimod is a tricategory, it remains to verify the three axioms
in [38]. All the structures of Bimod are defined in terms of structures in Bimod™* and
every axiom for Bimod is a pasting diagram that is obtained from a pasting diagram in
Bimod™"“ according to Corollary 3.5.13. Hence Corollary 3.5.13 reduces the proof to
the proof that the corresponding pasting diagrams in Bimod™** commute. The first
axiom in [38] is the so-called Stasheff 5-polytope, the higher analogue of the pentagon
axiom for monoidal categories. This axiom is trivial in Bimod™“#  since the associa-
tor a in Bimod™¥ already satisfies the pentagon axiom and hence the corresponding
r/n\odiﬁcation 7 is the identity. The remaining axioms follow by applying the 2-functor
(.) to the diagram (3.53) and to diagram (3.54).

O

From the previous section it follows in particular that for every fusion category C, there

is a monoidal bicategory Bimod(C, ). In the following example we describe the monoidal
bicategory Bimod(Vect, Vect) in some detail since the structures are needed in later chapters.

Example 3.6.4 Recall from Section 2.1, that a Vect-module category M is just a fine
semisimple abelian category over Vect. By equation (2.5), the Vect-module structure for
such a M is defined by

Homy((m, V>n) =V ®&: Homy(m,n), (3.89)

for all m,n € M and V' € Vect. Furthermore, it follows from [72] that Vect-bimodule functors
F,G: M — N and Vect-bimodule natural transformations 7 : F — G are the same as additive
functors F, G and additive natural transformations 7.

We now describe the duality structures of this monoidal 2-category. This will help to
organize the dualities in the general case. Recall first the monoidal 2-category structures of
Bimod(Vect, Vect).

The tensor product The composite of module categories M and N in Bimod(Vect, Vect) is
the Deligne product M X N.

The units The left unit is the additive functor Iy : M — Vect X M that is defined by
Ini(m) = CRm for m € M. The functor Iy, : Vect XM — M is defined by I, (VRm) = V>m.
It is immediately apparent that

Iy 0 Iae(m) = Com ~ m,
and the natural isomorphism
Inoly(VRmM) =CKR (Vem)~V Km,
is obtained via the Yoneda lemma from the chain of isomorphisms

Homyectmv (W R n, CX V >m) = Homyect (W, C) ®c Homy(n, V >m)
~ Homyect (W, C) @¢ V ®c Homy(n, m)
~ Homyect (W, V) ®c Homy((n, m)
~ Homyecmn (W Bn, VR m),
for all W Xn € Vect XI M.
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Remark 3.6.5 There are two ways to proceed from Theorem 3.6.1.

i)

In [22] exact module categories over finite tensor categories, see Definition A.2.8, are
defined and it is shown that they exhibit many analogous properties to the module
categories over fusion categories. In particular, the tensor product over exact module
categories exists and we expect that our proof of Theorem 3.6.1 generalizes directly to
the case of exact bimodule categories over finite tensor categories. However, in the next
chapters we are mostly interested in the duality structure in the tricategory Bimod, and
it is not obvious how our considerations there generalize.

It is widely believed that the Deligne product provides a symmetric monoidal structure
on the tricategory Bimod, [63]. The structure of a monoidal tricategory belongs to the
realm of 4-categories, see e.g [65], that are much less well understood that tricategories
and an exploration of this conjecture is beyond the scope of this work.
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4. Module traces for module categories over
fusion categories

In this chapter we investigate module traces on (bi)module categories over fusion categories.
Most of the results of this chapter are published in [61].

4.1. Graphical calculus for module categories

In the sequel, the graphical calculus for monoidal categories (see Section A.2) is extended to
module categories. Therefore, we define the following pictorial representation of the objects,
morphisms and the action of a left module category .M. The graphical notation and all
the statements in this and the following sections have obvious analogues for right C-module
categories. The objects m of a module category ,M are represented by a vertical line that
indicates that M is a left C-module category as follows:

IR

m . (4.1)

As for the graphical calculus of monoidal categories, we use the symbol “=” to indicate that
an algebraic equation on the left is represented by a diagram on the right. A morphism
g :m — n in M corresponds to:

= m
gim—=n=[_]9. (4.2)
n
For an object ¢ € @, the object ¢>m of M is represented by:
com= ¢ m . (4.3)
If there are two objects ¢ and x of € acting on m € M, the diagram
z|c m, (4.4)

69



4. Module traces for module categories over fusion categories

is a priori ambiguous, since with the definitions above and the usual diagrammatic calculus
for monoidal categories, it represents both the object, (x ® ¢)>m, and the object c>(c>m)).
Similarly, the diagram

: (4.5)

represents both the object m € M and the object 1e>m € M. To interpret theses diagrams
consistently, we use the coherence theorem for module categories. Since any module category
is equivalent to a strict module category, see [35, Thm. 1.3.8.], this implies in particular the
following:

Lemma 4.1.1 ( [35, Thm. 1.3.8.]) All pasting diagrams of morphisms in M, that are
built from coherence data of C and M, commute.

Hence, the graphical notation for module categories has properties analogous to the graph-
ical notation for monoidal categories A.2. Once parentheses and actions of unit objects are
specified for the incoming and outgoing objects, each diagram unambiguously represents a
morphism in M.

Next we extend the graphical calculus to inner hom objects. Recall from Section 2, that
the inner hom objects of .M are objects ¢(m,n)™ € € for m,n € M, together with a natural
isomorphism

a : Homy(c>m,n) ~ Home(c, e(m,n)™), (4.6)

for all ¢ € € and m,n € M. The inner hom object is represented by the following diagram:

~

ngm )

_c

- )
nem

where the second diagram is a usual diagram for the monoidal category C. In the sequel we

will denote ¢(.,.)™ just by ¢(.,.), whenever this is unambiguous. The isomorphism « can be

visualized by flipping the string representing m and zipping it with the n-string.

For a morphism ¢g : n — n, the morphism ¢(m,g) : o(m,n) — ¢(m,n) is given by the
diagram

and the isomorphism (4.6) reads:

c<m7n>M
C m
(67
n

s}
N
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4.1. Graphical calculus for module categories

Each morphism h : m — m defines a morphism ¢(h,n) : ¢(m,n) — <(m,n) that corresponds
to the diagram

nMEm
h* -
m

The symbol h* indicates that the functor ¢(.,.) is contravariant in the first argument.

Remark 4.1.2 In the case of € considered as a left module category over itself, the inner
hom object of ¢,d € € is given by ¢(c,d) = d® ¢*. For a morphism h : ¢ — ¢, it is indeed the
case, that ¢(h,d) = idg®h*. The notation hA* in the diagram representing ¢(h, d) is therefore
consistent.

The naturality of the morphism « : Homy(c>m,n) ~ Home(c, ¢(m,n)) in all arguments
corresponds to the following moves on diagrams:

i) a is natural with respect to m. For all morphisms h : m — m, the image of

m
CILth
m

under the isomorphism « corresponds to the following two diagrams that are considered
to be equal

$)

m
ni[ ] h* n
m

i1) « is natural with respect to n. For all morphisms ¢ : n — 71, the image of

under the isomorphism « corresponds to the following two diagram, that thus are con-
sidered to be equal:
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4. Module traces for module categories over fusion categories

ii1) « is natural with respect to ¢, i.e. for all morphisms 7 : ¢ — d, the image of

c
Y m

d
f

n

under « corresponds to the following two equal diagrams:

7 c
d
alf) = %a(fo(’ybm)) :

The compatibility of o with the module structure can be formulated in diagrammatic calculus
as follows.

Lemma 4.1.3 The natural isomorphism « from equation (2.31) is compatible with the module
structure in the following sense. For all morphisms v : x — y in C and all f € Hom(c>m,n),

x| | Em
v f= af) -
n

Yy Yl nHm

Proof. It suffices to proof the statement for y = x and v = id,. The general case then follows
directly from the naturality of a in condition #i) above. First recall that the canonical
isomorphism ¢(m,c>n) ~ ¢ ® o(m,n) is constructed as follows. Consider for x,c € € and
m,n € M the square:

Hom(z>(c>m),n) ——— Hom(c>m, *z>n)

- :

Hom((z ® ¢)>m,n) Hom (e, ¢(m,*xz>n))

: -

Hom(z ® ¢, ¢(m,n)) —= Hom(c,*z ® o(m,n)).

The horizontal isomorphisms are induced by the duality in €, while the unlabeled vertical
isomorphism on the right is the natural isomorphism ¢(m,*z>n) ~ *z® ¢(m, n) from equation
(2.37). The unlabeled vertical isomorphism on the left is defined by the module constraint
of ;M. This isomorphism is defined by the requirement that the square commutes. As it
is constructed from natural isomorphisms which we suppress in the graphical notation, we
will suppress this isomorphism as well in the sequel. So we have to show that a(id,> f) =
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4.2. From module categories to algebras

id; ®a(f). It follows from the commutativity of the previous diagram, that the diagram

Hom(z>(c>m), z>n) —— Hom(2* ® = ® ¢)>m,n) (4.7)
Hom(z ® ¢,z ® ¢(m,n)) <——Hom(z* ® r ®@c, o(m,n))

commutes. If we choose the element id, @ f € Hom(z>(c>m), z>n) with f € Hom(c>m,n)
in the vector space at the left upper corner in (4.7), the commutativity of this diagram implies
a(idz > f) = id; @a(f). O

4.2. From module categories to algebras

Using the graphical calculus we review the results from [57] on the relation between module
categories and algebra objects. We first define the internal multiplication.

Definition 4.2.1 i) The internal evaluation morphism evy , = ¢(n,m)>n — m, [57, Sec.
3.2.], for objects n,m € M is defined and represented by:

eV = a7 H(id gomy) = QA (4.8)

m

ii) The internal multiplication fip, .k : e(n, k) ® o(m,n) — ¢(m, k) for objects m,n,k € M
1s defined and represented by

mj
QU
Hmmnk = & n = .
kHmM
k
iit) The internal unit 0, : 1 — o(m,m) is given by
Nm = « m = H.,

Note that the graphical notation for the internal evaluation is compatible with the notation
for «, since by flipping the n-string in the diagram (4.8) one obtains the identity string for
the object ¢(n,m) on the right hand side of (4.8).

Lemma 4.2.2 For all morphisms f € Hom(c>m, ¢(n, k) >n),

alevppof) = mmk o af), ie.
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4. Module traces for module categories over fusion categories

%? a(f)
% (g]d Fl

for all g € Hom(dr1, s) follows from applymg a to both sides and using the naturality of «.
Applying this identity to f with s = ¢(n, k) >n yields

Applying « to the right hand side of this equation and using its naturality proves the claim.

O

The following theorem plays an important role in the theory of module categories since it

combines the theory of module categories with the theory of algebras and it allows one to
describe module categories over C by considering particular objects in C.

Proof. The identity

Theorem 4.2.3 ( [57]) For all objects m,n in a C-module category M, ¢(m,m) is an
algebra object in C and ¢(m,n) is a right «(m,m)-module object. The functor M > n —
e(n,m) € Mod( ¢(m,m)) is an equivalence of C-module categories.

We will formulate parts of the proof of this statement from [57] with the graphical calculus.

Proposition 4.2.4 i) The internal evaluation morphism is a module morphism:

5
@%5

ii) The internal multiplication is associative:

l
JAmE
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4.3. Module traces on module categories over pivotal fusion categories

Proof. The first relation follows from applying « to both diagrams. Both diagrams obtained
in this way represent the multiplication morphism. Since « is an isomorphism, the preimages
have to agree as well.

To show the second part, first note that the expression on the left hand side of equation
(4.9) is « applied to the diagram

Part i) implies

nf = . (4.10)

Now apply «a to the diagram on the right. Lemma 4.1.3 shows that in the upper part of
the diagram this yields the morphism id y; 3y ®ftmpni. With Lemma 4.2.2 we conclude that «
applied to this diagram yields the right hand side of equation (4.9). The statement follows
since « is an isomorphism. |

4.3. Module traces on module categories over pivotal fusion
categories

We are now ready to define the notion of a module trace. As example we consider the module
categories over G-graded vector spaces.

For each left module category M over a pivotal category C there is a linear map for all
objects c € C and m € M,

trS . : Endyc(c>m) = Endyi(m), f+ (evepidy) o (asct> f) o (coev, idy,), (4.11)

which we call partial trace. To be more precise, the module constraint isomorphism 1e>m ~
m should occur on the right hand side, but we will suppress this isomorphism in our formulas.
Whenever it is unambiguous we omit the labels of tr®. The analogous map for right module
categories will be also called tr®. For bimodule categories Mg, we distinguish the left and
the right partial traces with an additional label. The left partial trace will be denoted tr®~
and the right partial trace tr®%.

The graphical representation of the map tr® for M is

tr |

m

I
TTTTLTTTT

@)
TTTT

Here and in the sequel, we suppress the pivotal structure. As a direct consequence of the
definition of a module functor we obtain:
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4. Module traces for module categories over fusion categories

Lemma 4.3.1 Let (F,¢7) : M — N be a C-module functor. For all morphisms g €
Endyi(c>m), one has

(O mF(9)(Gem) ) = F(trf(g)). (4.12)

Proof. Recall that qbim : F(e>m) — ¢>F(m) denotes the module functor constraint of F.
Using once the naturality of qﬁ('im and the coherence of gbzm in the second step, we obtain

tr(GmF(9) (S6m) )
(ev I>IC||: )(c*D(bzm)aﬁ;f(wmF(a*cDg)(qﬁfC,F(wm))_l(*cb(qbzm)_l)(coevcDid,:(m))

= F(tr’(g)).
(4.13)

O

Lemma 4.3.2 Let M, be a bimodule category. The partial traces trL and tr®F commute
in the following sense: For all morphisms g € Endy((c>m)<d),

trt (e F(g)) = P RS (v 197em.d))s (4.14)
where 7 is the bimodule constraint from Lemma 2.3.2.

Proof. The proof of this statement is similar to the proof of Lemma 4.3.1. One uses the
definition of the partial traces, inserts the morphism « on the right hand side of equation
(4.14). Using then the naturality and the coherence of v one obtains the left hand side. O
With this result we can unambiguously define the linear map

¢,D

c;myd

tr - Endy(c>m<d) — Endy(m), (4.15)

for a bimodule category ,M,,, by using either side of equation (4.14).
The map tr® leads to the definition of a module trace, which will play a central role in the
remainder of this work.

Definition 4.3.3 ( [61, Def. 3.7]) Let M be a left module category over a pivotal fusion
category C. A trace © on M is a collection of linear maps

O, : Endy(m) = C  for all m e M, (4.16)

such that the following properties are satisfied:

i) © is symmetric: for all f € Homy(m,n) and g € Homy(n, m),
Om(g o f) =On(fog). (4.17)
ii) © is non-degenerate: the pairing
Homy¢(m, n) x Homy¢(n,m) — C, (f,g9) — On(go f) (4.18)

1s non-degenerate for all m,n € M.

If furthermore
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4.3. Module traces on module categories over pivotal fusion categories

iit) © is C-compatible: for all c € C, m € M,

Ocom = O o tr®, (4.19)

then © is called a C-module trace or just module trace if the category C is clear from the context.
We sometimes write ( M, M) for a module category with module trace. The definition of
a module trace for right module categories is analogous. A bimodule trace on a bimodule
category M., is a trace © on M, that is a module trace for the left and right module actions.

The notion of a trace on a linear category is well-known and a linear category with a trace is
also called a Calabi-Yau category, see e.g. [11, Sec. 2].
An equivalent condition that characterizes a bimodule trace is

Om 0 tr®? = 0,5 1mad- (4.20)

Remark 4.3.4 i) The notion of a module trace is a generalization of the well-known trace
on a pivotal fusion category defined by the pivotal structure. Indeed, consider C as a
left module category over itself. That the left trace tr’” : Ende(c) — C, see Definition
A.2.6 induces a module trace on €, can be seen as follows. The left trace is symmetric
and the compatibility of the duality with the tensor product yields equation (4.19).
For the non-degeneracy, note that the argument in the proof of [67, Lemma I1.4.2.3]
can be extended to the case of pivotal fusion categories, see also Lemma 4.7.1. The
semisimplicity of € is crucial at this point: In [16, Prop. 5.7], it is shown that a pivotal
abelian monoidal category satisfying the condition that every object has finite length,
see Definition A.1.8, has a non-degenerate trace if and only if it is semisimple.

ii) For any given trace © on M and non-zero number z € C the linear maps z - ©,,, define
another trace denoted z - ©. If © is a module trace then z - O is again a module trace.
We will show in Section 4.4 that module traces are unique up to such rescalings.

We introduce a graphical notation for module traces:

Om(f) = [fj f-

The symmetry and C-compatibility of © then read

clCm

m
/ g

= m o | | =
/

n

TTTTLTTTT

clem
L J L — L

B

Given a trace © on a category M, we define the dimensions of objects m € M with respect
to © as
dim®(m) = 6,,(idy,). (4.21)

The dimensions of objects have the following properties.
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4. Module traces for module categories over fusion categories

Lemma 4.3.5 ( [61, Lemma 3.9]) i) The dimensions of two isomorphic objects m,n €
M satisfy dim® (m) = dim® (n).

ii) © is compatible with direct sums. For all f € Endy(m), g € Endy(n), we have
Oman(f ® g) = On(f) + Onlg). In particular, dim®(m @ n) = dim® (m) 4+ dim®(n).

iii) For all objects ¢ € C and m € M,
dim® (e>m) = dim®(c) - dim®(m). (4.22)
Proof. For the first part choose an isomorphism f : m — n. Then
dim®(m) = O (idm) = Om(f Lo f) = On(f o f71) = O,(id,) = dim®(n).
For the second part, note that the linearity of © implies

Oman(f D g) = Onman(f DO+ 08 g) = Onan(f ©0) + Onan(0© g).

Now choose morphisms ¢ : m - m@®n and p: m ®n — m with poi =id,,. Then

Oman(f ©0) = Ongn(io fop) =On(fopoi)=0,(f).

An analogous argument applied to g together with the linearity of ® completes the second
part. The third part follows directly from the C-compatibility of ©. O

Direct sums and equivalences of module categories with module trace We show that
the notion of module traces is well-behaved with respect to direct sum of module categories
and investigate the structure of the module categories with C-module trace in the 2-category
Mod (€) of C-module categories, module functors and module natural transformations.

Definition 4.3.6 ( [61, Def. 3.10]) Let Mod®(C) be the full sub 2-category of Mod (€)
which has C-module categories (Mo, ™M) endowed with a C-module trace ©™ as objects. A
module functor F: M — N is called an isometric module functor if ON(F(f)) = ©@M(f) for
all f € Endye(m) and all m € M. Two module categories in Mod® (@) are called isometrically
equivalent if there exists an equivalence of module categories consisting of isometric module
functors between them.

Note that an isometric module functor is faithful due to the non-degeneracy of the module
traces. The subcategory l\/Iod@(G) is well-behaved in the following sense.

Proposition 4.3.7 ( [61, Prop. 3.11]) i) Let (M, 0™) be a an object in Mod®(C) and
let N be a module category with an equivalence F : ;N — M of module categories.
Then there exists a unique C-module trace on N such that F is an isometric equivalence.

ii) The direct sum of two module categories with module traces possesses a canonical module
trace.

iit) A submodule category of a module category with module trace inherits a canonical module
trace.

iv) Each object in Mod®(€) is isometrically equivalent to a finite direct sum of indecompos-
able objects.
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4.3. Module traces on module categories over pivotal fusion categories

Proof. To show the first part, define the linear maps ON(f) = @M (F(f)) for all f € Endy(n).
Lemma 4.3.1 implies that this defines a module trace for N and that F is isometric by construc-
tion. The uniqueness of © is clear. For the second part consider an object m@n € ;M@ (N.
Since Endygn(m @ n) = Endy(m) @ Endx(n), we can define a linear map (M @ ON),0,
Endygn(m @ n) — C as the sum OM @ ON. Tt is easy to see that this defines a C-module
trace. Now consider a submodule category of a module category with module trace. As we
can choose a complement of the submodule category, the restriction of a module trace to a
submodule category is non-degenerate and hence a module trace. The last statement is a
consequence of the first and second statement. O

Examples In the following, we consider some examples of module categories with module
trace. We already encountered the module category ,C. Analogously, the right module
category C, possesses a canonical module trace given by the right trace on C.

Lemma 4.3.8 The bimodule category .C,, where C is equipped with o fized pivotal structure,
possesses a bimodule trace if and only if the pivotal structure is spherical.

Proof. Assume that © is a bimodule trace on ,C,. Then

dim®(¢) - dim®(1¢) = dim® (¢ ® 1¢)

=dim®(1e ®¢) = dim®(c) - dim®(1¢), (4.23)

hence the left and right dimensions of all objects ¢ € € agree and € is spherical by [53, Lemma
2.8]. On the other hand it is easy to see that if C is spherical, then the (left or right) trace
on C provides a bimodule trace on ,C,. O

Recall from Example 2.1.2 that a semisimple abelian category over C is a module category
over Vect with module structure V @ m defined by V ®c Homy(m,n) ~ Homy(V @ m,n)
for V € Vect and m,n € M.

Lemma 4.3.9 ( [61, Lemma 3.12]) A trace on a semisimple category M is the same as a
Vect-module trace on M.

Proof. We show that condition (4.19) is satisfied. As Endy(V ®¢ m) ~ End(V) ® End(m), it
is sufficient to show that

@V®@m(a Qc f) = tr(a)Qm(f) (4'24)

for all V€ Vect, a € End(V) and f € End(m). Here tr is the usual trace on Vect that
coincides with the left trace on Vect considered as a fusion category.

For z € C = Homyect(C,C) and f € Endy(m) one has z ®c f = zf € Endy(m). Hence it
follows that ©,,(z ®c¢ f) = 20,,(f). Assume now that dim(V) = n. A basis of V defines a
set of morphisms i; : m — V @ m and pg : V ®: m for k € {1,--- ,n} such that

proir =0 kid, and @iy opr = idveem -
Then

Oveem(a ®@c f) = Ovgem(a @c f o (Brir o pr))

— Z Ovgem(Pr 0 @ ®c foiy) = tr(a)On(f)
k
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4. Module traces for module categories over fusion categories

Here we used in the third step the symmetry of ® and the compatibility with direct sums
according to 4.3.5 ). O

Recall from Example 2.1.4 the module categories M(H, V) over (Vect$, ), where k €
Hom(G,C*) defines a pivotal structure on Vectg.

Lemma 4.3.10 ( [61, Ex. 3.13]) A module category M(H, V) over the pivotal fusion cat-
egory (Vectg, k) possesses a module trace if and only if k|g = 1.

Proof. Suppose O is a module trace on M (H, V) normalized in such a way that O([e]) = 1.
Then equation (4.22) implies ©([gz]) = k(g) - ©([z]), in particular O([g]) = k(g). So k is
well-defined on H\G, which is the case if and only if x|y = 1. Conversely, if x|g = 1 it is
easy to see that x yields a module trace for M(H,¥). In particular, any module category
over Vectg can be equipped with a module trace by choosing the pivotal structure on Vectg
corresponding to k = 1. O

Example 4.3.11 ( [61, Ex. 1.14]) Let C be a fusion category. Consider the construction
of a pivotal fusion category € from [20, Remark 3.1]: The simple objects of C are pairs (¢, fe),
where ¢ € C is a simple object and f. : ¢ — ¢** is an isomorphism such that fX*f. = g.,
where g is the canonical monoidal natural isomorphism ide — (.)**** defined in [20]. With
(c, fe) € € it follows that (c,—fc) € €. € has a canonical pivotal structure such that

dimé(c, fe) = eViws o fo @ ides ) 0 coev,. =: tr(fe).

The monoidal structure of € is induced by the monoidal structure of € and the forgetful functor
U : € — Cis a monoidal functor. Hence C is a left C-module category. This module category
does not admit a module trace when € is equipped with the canonical pivotal structure.
Assume that © is a module trace and let ¢,d € C be simple objects. Then

tr(f.) dim®(d) = dim®((¢, f.)>d) = dim® (¢ ® d)
= dim®((¢, — f.) > d) = —tr(f.) dim®(d),
which is a contradiction. However, a pivotal structure a for € induces a different pivotal

structure for C with quantum dimensions dim(®® (¢, f.) = dim®(c), and it is easy to see that
the right trace with respect to a defines a C-module trace for the module category C.

These examples motivate the following definition.

Definition 4.3.12 ( [61, Def. 3.15]) Let C be a fusion category with pivotal structure a :
ide = (.)* and ;M a module category. The pair (a, ;M) is called matched if there ezists a
C-module trace on M. A pivotal structure for C that is matched with all module categories

1s called flexible.

4.4. Uniqueness of module traces

In this subsection we show that module traces are unique up to scaling. First we examine
traces on abelian categories and give an equivalent characterization of traces in terms of
certain natural isomorphisms. In the next step we show that analogous results hold for
module traces.
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4.4. Uniqueness of module traces
Proposition 4.4.1 ( [61, Prop. 4.1]) Let M be an additive category enriched over Vect.
The following structures on M are equivalent:
i) A trace on M.
i) For all objects m,n € M, a natural isomorphism 1y, » : Homye(m,n) — Homyg(n, m)*.

Proof. Let © be a trace on M. The non-degenerate pairing Homy(m,n) x Homy¢(n, m) — C
defines isomorphisms 7, , : Homy(m,n) =~ Homy(n,m)*. We have to show that these
isomorphisms are natural, i.e. that for x : n — n the diagram

Hom(m,n) % Hom (n,m)* (4.25)
\LHom(m,x) lHom()ﬁm)*

Hom(m,n) s Hom(n, m)*,

commutes. Let f € Hom(m,n) and g € Hom(n, m). Hom(m, x) is the linear map that sends
f to x o f. We compute

(1. © Hom(m, x))(£)(9) = Om(g o (x o f))
= Om((gox) o f) = (Hom(x, m)" o nmn)(f)(9)-
This shows the commutativity of the diagram (4.25). The proof for naturality in m is analo-
gous.
On the other hand, a natural isomorphism 7, , : Homy(m,n) — Homy(n, m)* induces
a linear map ©,, : Homy((m,m) — C by ©,,(f) = Mmm(1m)(f). For o € Hom(m,n) and
B € Hom(n,m), the naturality of n implies

Om(B o) = Nmm(1m)(B 0 a) = Nmn(a)(B) = mun(ao B) = Oy(aoc B).

This proves the symmetry of ©. The non-degeneracy follows from the fact that the map 9,
is an isomorphism. O

We will now generalize this proposition to C-module traces. Let ,M be a C-left module
category. Recall from Example 2.4.2, equation (2.23) that the functors

MP x M — Vect, m x n+ Homy(m,n) and (4.26)
MP x M — Vect, m x n+— Homy(n,m)* '

are canonically C-balanced.

Definition 4.4.2 A (right) C-module Serre functor (F,n) of a left C-module category is a
C-module functor F : M — M together with a C-balanced natural isomorphism

n : Homye(m,n) — Homy(n, F(m))*. (4.27)

Theorem 4.4.3 ( [61, Thm. 4.2]) Let ;M be a left module category over a pivotal fusion
category C. Then the following structures on M are equivalent.

i) A C-module trace on M.
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4. Module traces for module categories over fusion categories

ii) A C-balanced natural isomorphism n : Homye(m,n) — Homyi(n,m)* which gives the
identity functor 1y the structure of a Serre functor.

Proof. We have to show that the isomorphisms 7, , : Homy(m,n) — Homy(n,m)* from
Proposition 4.4.1 are C-balanced if and only if © is C-compatible. Consider morphisms f €
Hom(m, ¢>n) and g € Hom(c>n, m). Denote by f € Hom(¢*>m,n) and § € Hom(n, ¢*>m)
the images of f and g under the balancing isomorphisms (2.24) and (2.25), respectively. A
direct computation shows that the C-balancing property of 7, , is equivalent to the condition

Om(g0 f) =Ocsm(gof), (4.28)
for all possible f and g. Due to the symmetry of ©, O pm(jo f) = O,tr¢(f 0 g)), and we
conclude that equation (4.28) is equivalent to the C-compatibility of ©. O

This implies in particular that for each pivotal fusion category € there is a natural C-
balanced isomorphism
n® : Hom(xz,y) — Hom(y, z)*, (4.29)

induced by the right trace. Furthermore, we deduce that the dual module category of a
module category with module trace has a natural module trace.

Proposition 4.4.4 Let ;M be a left C-module category with module trace. Then the opposite
category NP has a natural module trace. If .M, is a bimodule category with bimodule trace,
then , Mg has a bimodule trace as well.

Proof. We use the characterization of module traces according to the previous theorem. Then
we obtain the following natural isomorphism

M
Homyer (n, m) = Homye(m, n) s Homayg(n, m)* = Homyger (n, m)*. (4.30)

It follows from the fact that that 7 defines a module trace for M, that this natural isomor-
phisms define a module trace of M°P. It ,M,, is a bimodule category with bimodule trace,
this trace is clearly a bimodule trace on ,Mg". O

The next result shows that module traces are essentially unique. Consequently, the exis-
tence of a module trace on a given module category over a pivotal fusion category is a property
of a module category rather than a structure on a module category.

Proposition 4.4.5 ( [61, Prop. 4.4]) Let (.M, ©) be an indecomposable module category
over C with module trace. Then any other module trace © on M is of the form © = z - ©
with some z € C*.

Proof. Let © and © be two module traces on M. According to Theorem 4.4.3 they cor-
respond to C-balanced natural isomorphisms 7,7 : Hom(m,n) — Hom(n, m)*, respectively.
Hence the composite =1 - 7 : Hom(m,n) — Hom(m,n) of the natural isomorphisms is a C-
balanced natural isomorphism. According to Lemma 2.4.6 there is a unique C-module natural
isomorphism Z : idy; — idy¢ such that

n L 5(f)=Zn)of forall fe&Hom(m,n).

Theorem 2.2.8 iii) implies that there is a non-zero complex number z such that Z(f) =z - f
for all morphisms f in M. Thus 77(f) = z - n(f) and hence © = z - ©. O
This proposition implies also that module traces for right module categories and bimodule
categories are unique up to rescaling.
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4.5. Module traces and double adjoints of module functors

4.5. Module traces and double adjoints of module functors

In this section we construct natural module isomorphisms between module functors of mod-
ule categories with C-module traces and their double adjoint module functors. These iso-
morphisms are compatible with the composition of functors and if the module category is
indecomposable they define a pivotal structure for the dual fusion category. Recall that the
left and right adjoint functors F',F" : N — .M of a module functor F : ,M — N have a
canonical structure of module functors. Note that in our convention the left adjoint functor F!
is a right dual object to F in the monoidal category of functors and natural transformations.
It follows directly from Proposition 2.2.4 that for a module natural transformation p: F — G
between F,G : .M — N, the left adjoint transformation p' : G — F! is again a module
natural transformation.

Theorem 4.5.1 ( [61, Thm. 4.5]) Consider M, N € Mod® (). For all module functors
F: M — N there is a canonical module natural isomorphism ag : F — F to the double left
adjoint module functor of F.

i) The natural isomorphisms ag are natural with respect to module natural transformations,
i.e. for any module functor G : M — N and any module natural transformation
p: F— G, the following diagram commutes

F—Fs pu

|

G—2 i

ii) For all module functors F: M — N and K: N — .,

akF = ak o ap : Ko F — (Ko F)!, (4.31)

iii) For the identity module functor 1pr : ;M — M, the natural isomorphism is given by
a1, = idq,, -

In particular, these isomorphisms equip the dual category C;, = Fune (M, M) with a pivotal
structure that is invariant under rescaling of the module trace of M.

Proof. According to Theorem 4.4.3 we can identify the module traces with C-balanced natural
isomorphisms 7™ : Hom(m, m) — Hom(mm, m)* and ¥ : Hom(n,#) — Hom(f,n)*. Consider
the following sequence of natural C-balanced isomorphisms:

Homy(n, F(m)) — Homy(F!(n), m) n—?J:OTM(m, Fl(n))* (4.32)
« (0

— HomN(F”(m),n) —  Homx(n, F”(m)).

According to Lemma 2.4.6, the composition defines a C-module natural isomorphism af : F —
Fi.
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4. Module traces for module categories over fusion categories

For the first part we have to show that the diagram

//Hom(F

af

e

commutes. All sub-diagrams commute either by naturality of 7 and 7N, by definition of the
adjoint of p, or by definition of ar and ag. Hence the whole diagram commutes.

For the second part we choose the specific left dual (KF)! = F'K! of the composition FK. This
identification is justified by the strictification of the duality structure in the rigid monoidal
It is sufficient to prove that the following diagram

Hom(n,Fm) ————

/

~

—

nM

Hom (m, Fln)*

\

Hom(n

~

Hom (Ftm, n)*

(n™)~1

Fllm)

category €., see Proposition A.2.7.

commutes:

Hom (e, KFm)

The upper triangle and the lower sub-diagram commute due to the definition of akr and ak,
respectively. It remains to show that the sub-diagram on the left commutes. It is easy to see

Hom (e, KFm).

_ Homtmpm) Hom (n, Gm)

~

Hom(p'n,m)

n,m) —————> Hom(G'n, m)

Hom(m,ptn)*

Hom(p"m,n)*

N)—l

Hom(n,p'm)

Hom (n, G'm)

that this sub-diagram can be rewritten as
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lHom (e;Kapm)

e, Fl'm),

Hom (G!m, n)*

N\

\

\M‘“/

/

lHom(Kle,aFm)



4.6. Conjugation of pivotal structures

The commutativity of the diagram (4.34) follows from the naturality of the adjunction and
thus the second part is proven. From part i) and i) it is follows that the isomorphisms af
equip C;; = Fune (M, M) > F with a pivotal structure. We finally show that the construction
of ag does not depend on which module trace is chosen on M. According to Proposition 4.4.5,
any module trace ¢ differs from a given reference module trace 6 by a constant factor z € C*.
It is easy to see that the map 7™ : Homyg(m, m) ~ Homy(rn, m)* for 6 then differs also
by a multiplication with z from the map 7™ corresponding to . Since the construction of
af with 0" involves a composition of nM’el with its inverse and since composition of natural
transformations is linear, the factor z cancels out. For the last part is follows directly from
equation (4.32) that a;,, = idy,,. O

Corollary 4.5.2 Let ;M € Mod@(e). Consider M as a C;.-left module category and equip
G with the induced pivotal structure from Theorem 4.5.1. Then the C-module trace on M is
also a Cj.-module trace.

Proof. See Section 2.2 for the structures of the category C;, = Fune (M, M) In particular,
Proposition 2.2.4 provides the duality structure on Cj;. Recall that the action of a functor
Fe Gy onme ,Mis given by Fm = F(m), see Example 2.3.10. By Theorem 4.4.3 it is
sufficient to show that the C-balanced natural isomorphism 7 : Hom(m,m) ~ Hom (1, m)* is
also Cj;-balanced. The induced pivotal structure provides a natural isomorphism af : F" — F!
for a functor F € C};. We have to show that the diagram

Hom (m, Fn) —~> Hom (Fn, m)* (4.35)

lg

Hom(n, F"m)*

l(arz)—l

Hom (Fim, n) —> Hom (n, Flm)*

12

commutes for all m,n € M and F € C;,. The arrows pointing downwards are the C- balanc-
ing natural isomorphism for Hom(m,n) and Hom(n,m)*, that are defined by the adjunction
and the pivotal structure according to equation (2.24) and (2.25), respectively. The natural
isomorphism af is defined by equation (4.32) in precisely such a way that the diagram com-
mutes. Hence the statement follows. O

4.6. Conjugation of pivotal structures

When we restrict the considerations of the previous section to the case of C as a left module
category over itself, Theorem 4.5.1 provides for every pivotal structure a another pivotal
structure, that we call conjugate to a, which leads to complex conjugated dimensions of objects
in C. In this section we show that this conjugation coincides with another conjugation obtained
from the canonical natural monoidal isomorphism ¢ : ide — (.)**** that exists for all fusion
categories C [20]. Furthermore we present an alternative way to construct the isomorphism
g. To avoid confusion, we do not suppress the pivotal structures in the graphical calculations
of this section.
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4. Module traces for module categories over fusion categories

Theorem 4.6.1 ( [61, Thm. 4.7]) Let C be a fusion category with pivotal structure a :
ide — (.)**.

i) Then there exists a pivotal structure @ : ide — (.)** for @ with (@)™ : @ — **x defined
by

T
c - g
ascll | O (@erg) ™! = @xgl] c ; (4.36)
c* x I x

for all f € Hom(¢,d ® z) and g € Hom(d ® **z,¢).

it) The dimension dim (@) (x) of an object x with respect to the pivotal structure @ is equal
to the complex conjugate of the dimension dim(©® (z) of x with respect to a.

iii) @ = a if and only if a is spherical.
iv) The double conjugate of a pivotal structure is the pivotal structure itself, a = a.

v) The left trace on C defines a bimodule trace on the bimodule category o ,,C 5, where C
equipped with the pivotal structure a acts from the left and C with the pivotal structure
a acts from the right.

Proof. It is well-known (see e.g. [20]) that Fune (C, C) is canonically equivalent to €™V as a
fusion category. C™ is the category € with reversed monoidal product. The module functors
€ — € can be identified with the functors (.\) @z : € 3 y — y® x € € for objects = € C.
The left adjoint functor to (.)®z is given by the functor (.)®*z. To show part i) we introduce
the following graphical notation for the isomorphism 7° : Hom(c, d) — Hom(d, c)*:

c .
frn—L)a*d Cf.
d d* d
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4.6. Conjugation of pivotal structures

Once the ellipse is replaced by a morphism h € Hom(d, ¢), the diagram represents the number
n°(f)(h). The chain of isomorphisms (4.32) reads now in graphical terms:

“d
O ()1 c
— axq] *o — f
x
a| [ U 7 (Geny)~
**:,U

Inserting once more the definition of n®, we find that equation (4.32) yields equation (4.36).
Hence Theorem 4.5.1 implies the first part.
To show the second statement, we restrict the first statement to the case d = *z, ¢ = 1,
f = coev), and g = ev.,. Since the dimensions in a pivotal category are defined as the right
trace of the identity morphism, this yields dim(®® (z) = dim(e’“)(*x). By [20, Proposition
2.9],
dim©9 (*z) = dim©) (z),

and hence the statement follows.

Now consider the case a = @. The second part implies dim®(¢) = dim®(*¢) for all ¢ € € and
it follows that a is spherical (see [53]). See Definition A.2.6 for the definition of a spherical
structure. Conversely, suppose that a is spherical. Then

d ko
x
axgl] c )
*x
d* f
dl |

where we used that a is spherical in the last step. So @ = a by equation (4.36). For part iv)
we have to show that

C
d
3 qu o i
@0 g 0ant = a0 c
% **CC *IIZ‘
C g d* f
\ ) C d X
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4. Module traces for module categories over fusion categories

With the symmetry of the right trace we calculate

d sk
> g
ax dl::l C . 9
X
d* f
d |z

where in the last step we used equation (4.36) with the morphism ¢ in (4.36) set to ids«,.
The last part follows directly from the previous parts. This proves the theorem. O
We call the pivotal structure @ the conjugate of a. The following follows immediately from
part v) of the previous Theorem.

Corollary 4.6.2 Let C be a pivotal fusion category. The unit bimodule category .C, has a
bimodule trace if and only the pivotal structure is spherical.

Example 4.6.3 In the example of G-graded vector spaces, see Example 2.1.4, where a pivotal
structure is a group homomorphism x : G — C, the complex conjugate pivotal structure is
indeed given by the complex conjugate of k.

It is instructive to consider the existence of conjugated pivotal structures also from another
perspective. In [20] it is shown that for every fusion category there exists a monoidal natural
isomorphism ¢ : id — (.)***. We provide a simple description of such an isomorphism using
dual Hom-spaces and show that the conjugate of a pivotal structure can be constructed with
this isomorphism. We remark that in [8] another graphical proof of the existence of such
a natural isomorphism g is given with an approach to pivotal structures given by so called
pivotal symbols.

Proposition 4.6.4 ( [61, Prop. 4.8]) Let C be a fusion category.

i) The map
¢c : Hom(c,1¢) — Hom(1le, )", o(f)(h)=ho feC

force €, f € Hom(1e,c) and h € Hom(c, 1e) is a natural isomorphism.

ii) The following chain of isomorphisms

Hom(z, ™ ¢) ~ Hom(*c ® x, 1¢) 2 Hom(1e, "¢ ® z)* ~ Hom(c, z)* (4.37)
-1 N
~ Hom(1le,z ® ¢*)* Y~ Hom(z ® ¢*,1¢) ~ Hom(x, c*™)

is natural in c,x € C and defines a monoidal natural isomorphism g. : **c — c**.
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4.6. Conjugation of pivotal structures

ii1) ge : e — ¢ is defined uniquely by the requirement that for all f € Hom(z,**¢) and
h € Hom(c, x):

\ e = |z | ... (4.38)

Proof. The naturality of ¢ in part i) is clear. ¢ is an isomorphism due to the semisimplicity
of €. For part i), the naturality of the isomorphisms in x and ¢ is a consequence of part )
and the naturality of the duality, see Lemma A.2.4.

Hence the isomorphism g, is well-defined by the Yoneda lemma. We introduce the graphical
notation

. (4.39)

f

for ¢.(f) € Hom(1e, c)*. If the unlabeled ellipse is replaced by an morphism A € Hom(1e, ¢),
this expression represents the number ¢.(f)(h). Now the chain of isomorphisms (4.37) reads

c
x o, T
e *c I = f — T
** o *C f
*kk
c X
d)—l
— Tl |c* = T |c ¢ = f?
* ~ ~ **C
c f f f 9e
kok C**
where f is defined by
c
X ct =
fooe f
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4. Module traces for module categories over fusion categories

Applying the rigidity of € one obtains

= Jl : (4.40)

Applying once more the rigidity of € to equation (4.40) yields expression (4.37). The com-
patibility of g with the monoidal structure is easy to see from the graphical expression (4.38).
For the compatibility of g with the monoidal structure we calculate

where we first used the graphical expression (4.38) for g4, then for g. and finally for g.sq.
Since this equality holds for all morphisms h € Hom(d ® ¢, z) and f € Hom(z, " d ® **¢), we
conclude that gggc = g4 ® g from the uniqueness statement in part 7). O

Remark 4.6.5 ! In [19, Theorem 7.3], a canonical monoidal isomorphism § : (.)** ~ **(.) is
defined by tr(¢od, 1) = tr(¢*) for all isomorphisms ¢ : ¢** ~ ¢ for a simple object c in a fusion
category. We show that . ! coincides with g. as defined by Proposition 4.6.4. Let ¢ : ¢** ~ ¢
be an isomorphism for a simple object c. Then

tr(¢h 0 go) = [] _ [ ] Prop. 4:.6.4 i) = — (4.42)
L | []

shows that our definition of g coincides with the definition in [19]. The advantage of our
definition is that it is defined directly for all objects and not just for simple objects, as the
one in [19].

It seems plausible that this monoidal natural isomorphism id — (.)**** coincides with the

isomorphisms defined in [20] and [8] but it remains to show that they are indeed equal.
The following proposition clarifies the relation between g and the conjugation of a pivotal
structure. The composition of a pivotal structure with its conjugate pivotal structure yields
the natural isomorphism g in the following sense.

'We are grateful to the referee of [61], for bringing [19] to our attention.
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4.7. Existence of module traces as an eigenvalue problem

Proposition 4.6.6 ( [61, Prop. 4.10]) Let C be a fusion category with pivotal structure
a:id — ().

i) For all ¢ € C, the following equation of morphisms holds:

e Qrre = Qe - Arve = e o e — .

ii) A pivotal structure a is spherical if and only if ac - asc = ge.

Proof. For all f:c— **¢,

by equation (4.36). Condition (4.38) implies a.-a++. = g.. The other equation follows directly
from the naturality of a. For the second part note that the first part implies @, = gc-aZ}C. Now
the statement follows directly from Theorem 4.6.1, #ii). The statement can also be derived
directly from the graphical expression (4.38). O

4.7. Existence of module traces as an eigenvalue problem

The aim of this section is to formulate the existence of a module trace as an eigenvalue
problem. In particular this allows us to deduce from [20], that all module categories over
pseudo-unitary fusion categories, equipped with the canonical spherical structure, admit a
module trace.

4.7.1. The dimension matrix of a module category

In this subsection show how a trace on a semisimple category is characterized by the dimen-
sions of simple objects using the trace in Vect. For a module trace on a module category over
C we derive an analogous formula with the trace in Vect replaced by the right trace in €. As a
consequence we obtain that the existence of a module trace on M implies dim®( ¢(m,m)) > 0
for all simple m € M. We then apply the considerations to spherical fusion categories and
show that a pivotal structure for € is spherical if and only if there is a module category .M
over € with module trace such that all dimensions in M are real.

Consider general traces on a semisimple category M with a finite set of representatives m;,
i € I for the isomorphism classes of simple objects. The set of dimensions (dim® (m;))ics is
called dimension vector in the following.

Lemma 4.7.1 ( [67, Lemma 11.4.2.3]) A collection of linear maps ©,, : Endy(m) — C

that satisfies the symmetry property of Definition 4.3.3 i) is non-degenerate and hence defines
a trace on M if and only if ©(idy,) # 0 for alli € 1.
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4. Module traces for module categories over fusion categories

Proposition 4.7.2 ( [61, Prop. 5.2]) The dimension vector (dim® (m;))ics of any trace ©
on M is a finite |I|-tuple of non-zero numbers. Conversely, given such a tuple d; € C*, i € I,

Om(f) = tr(Hom(m;, f))d;, (4.43)
i€l
for f € Hom(m,m) defines a trace on M. Here tr(Hom(my, f)) denotes the usual trace on
Vect of the linear map Hom(my, f) : Hom(m;, m) — Hom(m;,m).
These two maps yield a bijection between the set of traces © on M and the tuple of |I|-tuples
of non-zero numbers d; € C*, i € I.

Proof. Suppose that M is equipped with a trace ©. Then d; = dim®(m;) # 0 due to Lemma
4.7.1. We have to show that for all f € End(m) formula (4.43) holds. The semisimplicity of
M ensures that the functor

M > m — @; Homy(m;, m) ®c m; (4.44)
is naturally isomorphic to the identity functor on M. This implies
@m(f) = e@i Hom (m;,m)®cm; (692 Hom(mi> f) Qc mz)
= Z @Hom(mi,m)®cm¢(H0m(mi7 f) ®c ml)
i€l
=Y _tr(Hom(my, f))d;,
i€l
where we used Lemma 4.3.9 in the last step.
For the converse we have to show that given a set of non-zero d; € C for i € I, formula
(4.43) defines a trace on M. The symmetry follows directly from the cyclic invariance of the
trace. The non-degeneracy follows from Lemma 4.7.1. O

Now we discuss C-module traces. First we need a technical result. Choose representatives
Cy, u € U for the isomorphism classes of simple objects of C.

Lemma 4.7.3 ( [61, Lemma 5.3]) The following functors M — CKM are naturally iso-
morphic.

m— Ouevcy ¥ cy,>bm, and
uelUCu u (4.45)
m = Bier e{mi, m) K m,.

Proof. The objects ®ycpycy, X *c, € CHE and ®;erm; K m; € MP XM are independent of
the choice of representatives of simple objects in the sense that the objects obtained from any
two choices of simple objects are canonically isomorphic, see [4, Sec. 2.4]. This shows that
the two maps yield well-defined functors. Now let ¢ X m € CIXIM. Using the semisimplicity
of € and M we obtain the following chain of natural isomorphisms:
Home g (¢ X m, Byey X *e>m) ~ @, Home(c, ¢) @ Homy(m, e, >m)

>~ Dy Home(c, Cu) ® Home(Cu, (~3<ma m>)

~ Home(c, ¢(m, m)) ~ Hom(c>m, m)

~ Homy(m, *c>m) (4.46)

~ @; Homy(m;, *e>m) @ Homyg(m, my)

~ @; Home(c, o(m;, m)) @ Homy(m, m;)

~ Hom@gM(c X m, B; e(mi, m> X mz)
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4.7. Existence of module traces as an eigenvalue problem

Now apply the Yoneda lemma to obtain a natural isomorphism between the two functors. O
The following result provides an alternative characterization of module traces. Recall from
[20] that for a pivotal fusion category dim(C) = >, ¢/ | dim®(c,)|? # 0.

Proposition 4.7.4 ( [61, Prop. 5.4]) Let ;M be a C-module category. If © is a C-module
trace on M, the dimension vector d; = dime(mi) for i € I consists of non-zero numbers d;
and is a (right) eigenvector of the matriz (Q)i; = dim®(e(mj, m;)) with eigenvalue dim(C).
The matriz Q = (Qi;) is called the dimension matriz in the sequel. If a tuple of non-zero
numbers d; for i € I is an eigenvector of (Q)i; with eigenvalue dim(C), then the collection of
linear maps

O (f dlm Z trl (o(mi, f (4.47)

for f € End(m) and m € M defines a C-module trace on M. These two maps are mutually
muverse.

Proof. Let © be C-module trace on M. Lemma 4.7.3 implies that the object @, (¢, ® *¢,)>m
is isomorphic to @; ¢(m;, m) >m; in M. Hence,

dim(C) - d, = dim®(®y(cy ® *¢y)) - dim® (my,)

= dimg(@u(cu ® *ey)>my) = dime(@i e(mi, mg) >m;) (4.48)
= Zdlm e(mi,my))d;.
el

Equation (4.48) shows that the dimension vector is a right eigenvalue of the dimension matrix
with eigenvalue dim(€). As another consequence of Lemma 4.7.3 we obtain the identity

O(By(cy @ *cy) > f) = O(B; o(my, f) >my),

for all f € End(m). This implies formula (4.47) with d; = dim® (m;).

Now suppose we are given an eigenvector d of the dimension matrix with eigenvalue dim(C)
whose components do not vanish. Then define a linear map ©,, : End(m) — C by the formula
(4.47). The symmetry of © follows from the cyclic property of the left trace tr’ of €. Since

_ 1
Om, (idpm,;) = Tm(© ;Qz’jdy‘ =d

we conclude with Lemma 4.7.1 that © is a trace on M. For the C-compatibility we have to
show that for all f € End(c>m),

Ztr e(mi, f))d; —Ztr <mz,tr f)>)dz (4.49)

el i€l

Since ¢(m;,.) : M — € is a module functor, Lemma 4.3.1 implies that tr®((m;, f)) =
e(m;, tr®(f)). Now the statement follows from tr”( ¢(my, f)) = tr¥ o tr®(o(my, f)). O

Remark 4.7.5 The proof of Proposition 4.7.4 shows that for any set of numbers d;, ¢ € I, for-
mula (4.47) defines a collection of linear maps that satisfy the symmetry and C-compatibility
condition of Definition 4.3.3. The non-degeneracy condition in Definition 4.3.3 is fulfilled if
and only if Zj Qijd; # 0 for all 7 € 1.
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4. Module traces for module categories over fusion categories

Let
M ; = dime(Homag(cy >mi, my)) (4.50)

be the multiplicity matrix of the action of ¢, € € on M. We denote by
M. , = dimg(Homaye(cl > mg, my)) (4.51)

the multiplicity matrix of the action of ¢};. As a consequence of Proposition 4.7.4 we conclude,
that the property 4.3.5, iii) for a trace is sufficient to show that it is a module trace.

Lemma 4.7.6 Let ;M be a module category. A trace  on M is a module trace if and only
if forallue U andi el

dim? (¢, >m;) = dim®(c,) - dim? (m;). (4.52)

Proof. We have to show that any trace 6 for which equation (4.52) holds is a module trace.

It is easy to see, that dim®( ¢(m;,m;)) = 3, dim® (cu)MfL « ;» and hence
Zdnn e(mj,m;)) dim?( Zdlm cu) M, d1m (mj)
(4.53)
= Zdlm (cy) dim®(c?) = dim(€).
With Proposition 4.7.4 it then follows, that 6 is a module trace on M. O

Next we discuss some properties of the dimension matrix for a general module category
M that does not necessarily possess a module trace.

Proposition 4.7.7 ( [61, Prop. 5.6]) Let ;M be a C-module category. The dimension ma-
triz QQ satisfies:

i) Qij = Lyer dim®(cu) My ;.
i) Q* = dim(C) - Q.
iit) Q 1is hermitian.
Proof. The multiplicity of each object ¢, in ¢(m;, m;) is
dimg(Hom(cy, ¢(mj,m;))) = dimc(Hom (¢, >mj,m;)) = MfL]
This shows part i). For the second claim we first compute

Bjer e(mj, mi) @ e{mp, mj) = Bjej e{mi, e(my,ms) >m;)
~ (M, Ducv (cu ® "cy) >my) (4.54)
= @UEU(CU & *Cu) X @<mk, mj> 5

where we used Lemma 4.7.3 in the second step. Now the statement follows after applying dim®

to both sides of this equation. For the third statement we show that the objects ¢(m;,m;)
and ¢(m;, m;)" are isomorphic in €. We compute the multiplicity of a ¢ € C in ¢(m;, m;)”
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4.7. Existence of module traces as an eigenvalue problem

by using that Hom(m,n) ~ Hom(n,m) as vector spaces. The following isomorphisms are
isomorphisms of vector spaces:

Hom(c, o(mj, m;)") = Hom(e(m;, m;) ,*c) =~ Hom(*¢, o(m;,m;))
~ Hom(*c>mj,m;) ~ Hom(m;, “c>my)
~ Hom(c>m;, mj) = Hom(c, ¢(m;i, m;)).
As the multiplicities of all simple objects agree, we conclude that there exists an isomorphism

e(mi,mj) — o(mj,m;)* in €. With dim®(c*) = dim®(c) for all objects ¢ € € from [20,
Proposition 2.9], it follows that

dim®( e(mi,mj)) = dim®( e(mj,m;)*) = dim®( e(my, ms)).
O

Proposition 4.7.8 ( [61, Prop. 5.7]) A module category .M has a module trace if and
only if the dimension matriz Q is of rank 1 with only non-zero entries. In particular,
dim®( e(m, m)) > 0 for all simple objects m € M.

Proof. It follows directly from Proposition 4.7.7 that the only possible (right and left) eigen-
values of @) are dim(C) and 0. Suppose M has a module trace and d is the corresponding
eigenvector of @ with all entries non-zero. Let d be an eigenvector of Q with eigenvalue
dim(€). There always exists a linear combination d + Ad with all entries non-zero. Hence d
must be proportional to d. This shows that ) has rank 1.

Now suppose Q;; = djd7 with non-zero numbers d;. Then )", did; = dim(€) by Propo-
sition 4.7.7 ii). Hence d; yields a module trace. This also proves the last statement since
dime( olmi,m;)) = did;. O
As application of the results in this section, we show that module categories over pseudo-
unitary fusion categories possess a module trace. Recall from [20] the definition of the
Frobenius-Perron dimensions of objects in a fusion category. A pseudo-unitary fusion cate-
gory possesses a canonical spherical structure such that the dimension of all objects are equal
to the Frobenius-Perron dimensions. In [20] and [21], Frobenius-Perron dimensions of simple
objects in module categories are defined and investigated. The following statement shows
that for module categories over pseudo-unitary fusion categories our definition of module
trace reduces to the Frobenius-Perron dimension of [21, Rem. 2.3].

Proposition 4.7.9 ( [21, Rem. 2.3], [61, Prop. 5.8]) Let C be a pseudo-unitary fusion
category. The canonical spherical structure of C is flexible.

Proof. Let .M be a module category over C. We have to show that there exists a module
trace for M. There exists a Frobenius-Perron eigenvector (d;)ier of M, that is defined by
d; > 0 for all j € I and:
> M dj = dim®(e,)d;, (4.55)
uelU

see [20]. If we multiply this equation with dim®(c,), sum over v € U and use that the pivotal
structure is spherical, we see that (d;) is an eigenvector of @Q;; with eigenvalue dim(€) and
hence defines a module trace according to Proposition 4.7.4. O
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4. Module traces for module categories over fusion categories

4.7.2. Module traces on module categories over spherical fusion categories

Next we discuss the relation between module traces on module categories ,M over spherical
fusion categories € and the spherical structure on C.

Proposition 4.7.10 ( [61, Prop. 5.9]) Let C be spherical, M a left C-module category with
module trace ©. Then there exists a z € C such that the dimensions of objects in M with
respect to the module trace z - © are real.

Proof. If € is spherical, all dimensions of C are real [53, Lemma 2.8]. Hence @ is a real
symmetric matrix which can be diagonalized by a real matrix. If follows that the entries of
all eigenvectors of () are real. O

The next result provides a criterion to determine whether a given pivotal structure is
spherical.

Proposition 4.7.11 ( [61, Prop. 5.10]) Let .M be a module category with module trace
O.

i) The dimension vector d; = dim@(mi) is a left eigenvector of the dimension matrix with
eigenvalue C =Y, ;- dim(c,)?, i.e. >.;diQj =C-d

it) The number C =" - dim(cy)? is equal to dim(€) if and only if the pivotal structure
1s spherical and equal to O otherwise.

iii) A pivotal structure for C is spherical if and only if there exists a module category M
with module trace such that all dimensions of objects in M are real.

iv) Let C be spherical and assume that .M has a module trace. Then the induced pivotal
structure for the dual category C3, from Theorem 4.5.1 is spherical.

Proof. The C-compatibility of © implies
Z MziL,jdi = dirn@(cu >m;) = dime(cu) -d;. (4.56)

Multiplying this equation with dim® (cy) and summing over u € U yields:

Codj= Y dim®(c,) M} ;di =Y dim®(e(my,ms))d;, (4.57)
ieluel el

where we used Proposition 4.7.7, 7). This proves the first statement. For the module category
«C, equation (4.57) implies C - dim®(¢;) = C'- dime(c;f). It is shown in [53] that C is spherical
if and only if dim®(¢%) = dim®(¢,). Hence the second statement follows. To prove part iii),
let .M be a module category with module trace © and d; = dim@(mi) € R for all simple
m; € M. According to Proposition 4.7.8 we can assume, by rescaling ©, that >, d? = dim(€)
and therefore QQ;; = d;d;. From part 1) it follows that C' = dim(C) and hence part i) implies
that the pivotal structure is spherical. The converse is clear since the module category ,C
has real dimensions if a is spherical. The last statement is a consequence of part iii) together
with Proposition 4.7.10 and Corollary 4.5.2. O

Remark 4.7.12 It is shown in [53, Theorem 5.16] by different methods that an indecompos-
able module category M over a spherical category € provides a spherical structure for the
category Fune (M, M).
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4.8. Frobenius algebras

In this section we show that module traces on M are directly related to Frobenius algebras
in €. This is done by exploring the graphical calculus for module categories with module
traces and constructing a natural isomorphism ( that is the analogue of the isomorphism «
in Section 2.5 but allows to flip strings upwards in the diagrams. This operation equips the
inner hom objects with the structure of a Frobenius algebra. We also prove the converse,
namely that the module category formed by the modules over a special haploid Frobenius
algebra has a module trace.

To emphasize the role of the C-compatibility of a module trace we first discuss traces on
a module category ,M. We saw in Section 4.4 that a module category with a trace that is
not necessarily C-compatible equips .M with a natural isomorphism " Homy¢(m,n) —
Homy¢(n, m)*. Recall that the pivotal structure of € also yields a trace and a natural isomor-
phism 7® : Home(c, d) — Home(d, ¢)*, defined in equation (4.29).

Proposition 4.8.1 ( [61, Prop. 6.1]) Let ;M be a C-module category equipped with a trace
©. Then there exists a natural isomorphism

B : Hom(n,c>m) — Hom( ¢(m,n) ,c),
which is specified uniquely by the requirement

tr (B(f) 0 a(g)) = Ocom(f 0 9), (4.58)
for all g € Hom(c>m,n) and with f € Hom(n,c>m).

Proof. Condition (4.58) is equivalent to defining 8 as the composite of natural isomorphisms:

M
Hom (n, c>m) (S Hom(c>m,n)*
Cy—1

~ Hom(e, ¢(m,n))* (nz) Hom(¢(m,n) ,c).

(4.59)

The equivalence of (4.58) and (4.59) follows directly from the identity 1™ (a)(b) = ©,(a o b)
for a € Hom(m,n) and b € Hom(n,m). O
The graphical representation of the natural isomorphism S is

i.e. B allows one to flip strings representing objects in the module category upwards. Equation
(4.58) reads in graphical terms:

@ 3

T TTTTL 7
C3'
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4. Module traces for module categories over fusion categories

The isomorphism S is compatible with the module structure, provided that © is a module
trace. This is analogous to the compatibility of the isomorphism « and the module structure
in Lemma 4.1.3.

Proposition 4.8.2 ( [61, Prop. 6.2]) Let .M be a module category with a module trace.
Then the map 3 : Hom(n,c>m) — Hom( ¢(m,n) ,c) is compatible with the module structure:
For all morphisms v : x — y in C and all f € Hom(n,c>m),

By> f) =y B(f).

Proof. By Proposition 4.8.1, B(y> f) is uniquely determined by the requirement

JdEn
[ g
n >
yOIC T f
yc m

for all g € Hom(y>(c>m),z>n). From the C-compatibility of © and equation (4.58) one
obtains that the second expression is given by

The uniqueness result of Proposition 4.8.1 implies that S(y> f) = v ® B(f). O

Consider a module category .M with module trace. We construct a coalgebra structure
for ¢(m,m) for m € M in analogy to the construction of the algebra structure of ¢(m,m) in
Section 2.5. First we define the internal coevaluation coevy, , : m — ¢(n,m)>n as

m

CoeVy, 1y = B_l(id e(n,m>) =
n

Hence coev,, p, is characterized uniquely by the property that for all f € Hom( ¢(n, m)>n,m):

e(n,m)

[TTT
I
S

f = alf) - (4.60)
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Next we define the internal comultiplication A, , 1 : ¢(m, k) = e(n,k) ® ¢(m,n) by

and the internal counit € : o(m,m) — 1e as

6:B< m>§m m .

The next results shows that for the isomorphism 3, the analogue of Lemma 4.2.2 holds.

Lemma 4.8.3 ( [61, Lemma 6.3]) For all morphisms f € Hom( ¢(n, k) >n,c>m),

y k
n A "
f B(f)
C m Cl
Proof. The proof is analogous to the proof of Lemma 4.2.2. O

Proposition 4.8.4 ( [61, Prop. 6.4]) Let ;M be a module category with module trace. For
any object m € M, the internal hom object o(m,m) is canonically a coalgebra object.

Proof. The proof is analogous to the proof of Proposition 4.2.4. O
It remains to prove one more compatibility condition between the isomorphisms « and [
before we can show that ¢(m,m) is a Frobenius algebra.

Lemma 4.8.5 ( [61, Lemma 6.5]) Consider the morphism coev, poevyy : ol k)>l —
e(n,k)>n. By applying o and B to this morphism we obtain the internal comultiplication
and internal multiplication, respectively. In graphical terms:

o~

and
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4. Module traces for module categories over fusion categories

Proof. Define ¥ = coev,, oev; ;. First we compute 3(¥) using equation (4.58). For all
f € Hom(e(n,k))>n, o, k) >1),

: (4.61)

where the last step involved equation (4.60) and Lemma 4.2.2. This proves that 5(¥) is equal
to the internal multiplication.

Next we calculate for all g € Hom(e(n, k) >n, o1, k) >1),

where in the last step we used the definition of ev;;, and Lemma 4.8.3. Since the trace on C
is non-degenerate and § an isomorphism, we conclude that a(¥) is the multiplication. O

Theorem 4.8.6 ( [61, Thm. 6.6]) Let C be a pivotal category and let M be a C-module
category with module trace. For all non-zero m € M, o(m,m) is a Frobenius algebra in C.

If m is a simple object then o(m,m) is a special symmetric haploid Frobenius algebra with
dim®( e(m, m)) > 0.

Proof. We show that the relations from Definition A.2.13 are satisfied. Define the following
morphisms for k,I,n,r € M:

kRUHEn !
flz 5 f2: g s
r n
r
n l
fa= S :
b
r n
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4.8. Frobenius algebras

Lemma 4.8.5, the compatibility of 8 and the module action according to Proposition 4.8.2
and the associativity of the internal multiplication together imply

B(f1) = B(f3), hence f1 = fs.

Similarly, as a consequence of Lemma 4.1.3, the coassociativity of the internal comultiplication
and Lemma 4.8.5, we obtain

a(f2) = afs), hence fo = fy4.

It follows that «(f1) = «(fs3), or in graphical terms

A V]

where we again used compatibility of @ and the module structure as well as Lemma 4.8.5.
Similarly we conclude that 3(f2) = 5(f1). Together with Lemma 4.8.5 and Proposition 4.8.2

this implies
l
l
kOn =
k
r "min

If we restrict attention to the case where all objects are equal to m, we see that o(m,m)
satisfies the defining relations (A.25)for a Frobenius algebra. Let now m € M be simple.
Then the identity Hom(1e, ¢(m,m)) ~ Hom(m, m) ~ C implies that ¢(m,m) is haploid, see
Definition A.2.9. Recall that 7,, and ¢,, denote the internal unit and counit, respectively.
Equation (4.58) shows that €, o 7, = ©,,(id,;,) # 0. Also by the symmetry of © and by

equation (4.60),
I 1
n
n= . F = n = dim®(e(n,m)). (4.62)
n
L J

As m is simple, this implies

dim®(
eVn,m e} coevn’m = M A |dm )
dim® (m)
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Furthermore, combining Lemma 4.8.5 and Lemma 4.2.2, we obtain

Together with equation (4.62) this implies

dime( e(n,m))

- id o -
dim®(m) 4

Hm,n,m © Am,n,m =

By setting m = n we find that ¢(m,m) is a special haploid Frobenius algebra, since by

Proposition 4.7.8, dim®( ¢(m,m)) > 0. Due to Lemma A.2.17, ¢(m,m) is also a symmetric

algebra. O

We will now consider the converse of Theorem 4.8.6. For this we require the following

result, that was proven independently [28, Lemma 2.6]. Due to its importance we present the
proof here.

Lemma 4.8.7 ( [28, Lemma 2.6], [61, Lemma 6.7]) Let A be a special normalized hap-
loid symmetric Frobenius algebra in a pivotal fusion category C. Then dime(M) %0 for all
simple modules M € Mod(A).

Proof. The proof is a modification of the proof that all dimensions of simple objects in a
pivotal fusion category are non-zero, see [4, Lemma 2.4.1]. We use the pivotal structure to
identify left and right dual objects. First note that for a a symmetric Frobenius algebra

= . (4.63)

This follows from the fact that the left hand side is the inverse of the morphism on the left
of equation (A.27), while the right hand side is the inverse morphism of the right hand side
of (A.27), hence both have to agree.

Let (M,p) be a simple A-module. Proposition A.2.18 implies C = Homy(M, M) ~
Home(1le, M ®, M*). It is sufficient to show that there are non-zero maps coevﬁ le —
M ®, M* and evf/l : M ®, M* for which the diagram

1le (4.64)

y l 5
coev
M

Mo M —E= Mo, M*

A
ev
Ml M

1e
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commutes. The semisimplicity of € then implies that the composition evy; o coev,s is non-zero.
We obtain evﬁ from the universal property of the cokernel by observing that evs o(p®idy+) =
evys o(idys ®par+) as morphisms M ®@ A M* — 1e. Here py+ is defined by (A.28). For coevy,
we have to show that P o coevys # 0, where P is the projector (A.29). We compute

Pocoevy = M* = M M*
(4.63)
= M* = M M* = M M*
(A.26) ~
= M M* = M M* = coev)y .
This proves the statement. O

Proposition 4.8.8 ( [61, Prop. 6.8]) Let A be a haploid special symmetric Frobenius al-
gebra in C. Then the C-module category of right A-modules, Mod(A), has a module trace
induced by the trace on ©. In particular, A satisfies dim®(A) > 0.

Proof. The symmetry and C-compatibility follow from the properties of the trace tr® in €. We
only have to show that the induced pairing on the Hom-spaces of Mod(A) is non-degenerate.
According to Lemma 4.7.1 it is sufficient to show that all simple modules m over A have
dim®(m) # 0. This follows from Lemma 4.8.7.

Consider the quantum dimension of A. Since A is haploid it is a simple module over itself.
The inner hom object of Mod(A) is given by the tensor product over A, hence (A, A) =
A®, A=A, see eg. [30] for the last equality. The statement now follows from Proposition
4.7.8. O
We have established the correspondence between module traces and Frobenius algebras. If
M is a module category with module trace, the dimensions of simple objects in general
change under the equivalence of module categories

e(m,.) : M3 n— o(m,n) € Mod(e(m,m)) (4.65)

from Theorem 4.2.3, where m € M is a simple object. The following lemma determines the
relevant scaling factor.

Lemma 4.8.9 ( [61, Lemma 6.9]) Let ;M be a module category with module trace. Let
m,n € M be simple objects. Then

B dim®( ¢(m, m))

dim®( ¢(m, n)) = dim® (m) O(n). (4.66)

- dim
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4. Module traces for module categories over fusion categories

Under the equivalence (4.65) of module categories between M and Mod( o(m,m)), the di-
mensions of simple objects are scaled by

dime( e(m,m))
dim® (m)

Proof. Set d; = dim®(m;). From Proposition 4.7.8, we obtain

d;d; dim(€)
Qii = - /. (4.67)
T g ldkf?
This implies
. d;|? dim(C) dim®( ¢(mj, m;))
dim®( <m,m1)):d27| ! =d; - g
Y dj 3 il dj

where we again used equation (4.67) in the last step. Setting m = m; and n = m; then proves
the claim. 0

Finally we interpret our result using the notion of Morita equivalence of algebras. Two
algebras A, B € C are called Morita equivalent (see [57]) if the categories Mod(A) and Mod(B)
are equivalent as module categories.

Theorem 4.8.10 ( [61, Thm. 6.10]) Every separable algebra object A in a fusion category
with a flexible pivotal structure is Morita-equivalent to a special haploid symmetric Frobenius
algebra.

Proof. By definition of a flexible pivotal structure, the module category Mod(A) possesses a
module trace. By Theorem 4.8.6, this module category is equivalent to the module category
corresponding to a special haploid Frobenius algebra. O
Together with Proposition 4.7.9 this implies the following;:

Corollary 4.8.11 ( [61, Cor. 6.11]) If an algebra A in a pseudo-unitary fusion category C
1s separable, then it is Morita equivalent to a special haploid symmetric Frobenius algebra.

4.9. Inner-product module categories

The aim of this section, that is not present in [61], is to characterize module categories over
spherical fusion categories. This puts our results on module traces in a wider context that
possibly allows for further generalizations. We define inner-product module categories over
fusion categories. This notion can be seen as categorification of inner-product modules over
*-algebras. We show that a module category over a spherical fusion category has a structure
of an inner-product module category if and only if it has a module trace. Is seems plausible
that this notion will allow one to generalize of our results to non-semisimple tensor categories
and to categorify strong Morita theory.

Inner-product module were first defined by Kaplansky [41] in the setting of C*-algebras and
used by Rieffel [60] to define the notion of strong Morita equivalence for C*- and W*-algebras.
The theory was developed in an algebraic setting for *-algebras B over ordered rings in [10].
In this purely algebraic setting it is still possible to define a set of positive elements BT. The
following definition is a slight deviation from the definition of inner-product modules in [10],
since no positivity requirements were imposed on the inner-product modules in [10].
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Definition 4.9.1 Let B be a *-algebra over an ordered ring with involution * and with positive
elements BT C B. An inner-product module over B is a B-module M with a B-valued
sesquilinear inner product {(.,.) : M x M — B that is non-degenerate, satisfies (m,n)* =
(n,m) and fulfills (m,m) € BT for all elements m,n € M.

To extend this notion to module categories over fusion categories we first introduce a notion
of positivity for a pivotal fusion category C.

Definition 4.9.2 An object ¢ € C is called positive if dime(c) € RT. The full subcategory of
positive objects and morphisms between them is denoted CT.

It is clear that " is a monoidal subcategory of C. Note however that in general it is not
semisimple, since there could be an object ¢ € € with dim®(¢) < 0. Then ¢ is not in €T, but
c®z e Cif xin € with dim®(z) > | dim®(c)|.

In the next step we equip the inner hom objects with the structure of bimodule functors.
It follows from Example 2.4.2 that the functors

eloy) t MP X M S (m,n) — o(m,n) € ,C,,

4.68
o)t MP X M3 (m,n) — 5(n,m) € .C (4.68)

have a canonical structure of bimodule functors.

Definition 4.9.3 An inner-product module category over € is a module category M to-
gether with a bimodule natural isomorphism Ly, » : e(m,n) — & (n,m) and the property that
elm,m) € €T for all m € M.

Theorem 4.9.4 Let C be a spherical fusion category and M a module category over C. A
structure of an inner-product module category on M is the same as a module trace on M.

Proof. It follows from proposition 4.7.8 that ¢(m,m) € C* for all m € M if ;M is equipped
with a module trace. It remains to show that a module trace on ,M is the same as a bimodule
natural isomorphism between the bimodule functors ¢(—, —) and } (—, —) in equation (4.68).
Consider first a general module category .M over a pivotal fusion category €. There exists a
natural isomorphism &, , which is the composite

Ken,m Hom(c, & (n,m)) >~ Hom(¢(n,m) ,c*)
e
S Hom(c*, ¢(n,m))* ~ Hom(c*>n,m)* ~ Hom(n,c>m)*,

where 7)® is given by equation (4.29). We first clarify the relation of x and the conjugate pivotal
structure. Denote by a the pivotal structure of € and by @ the conjugate pivotal structure

according to Theorem 4.6.1. Consider the following composition of natural isomorphisms:
—1
Rle,n,cbm

Hom(n,com)* "=~ = Hom(1e, ¢ (n,c>m) ~ Hom(1e, ¢ (n,m) ® “c) (4.69)

R*%con m
~ Hom(**¢, 5 (n,m)) =~ Hom(n,"c>m)*.
Using the definition of the conjugated pivotal structure @ in Theorem 4.6.1, one can show
by a straightforward but lengthy computation that this composite is equal to the map
Hom(n,c>m)* — Hom(n, **c¢>m)* induced by Gx=c.
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4. Module traces for module categories over fusion categories

Assume that M is an inner-product module category. Then the requirement that the
diagram

Ne>m,n

Hom(c>m,n) ——= Hom(n,c>m)* (4.70)

J/ﬁ "‘ﬁcan
*
e

Im
Hom(c, ¢(m,n)) — Hom(c

(n,m))

7

commutes defines the natural isomorphism ¢y . If ;M has a module trace with natural
isomorphism 7 : Hom(—, —) — Hom(—.—)* then diagram (4.70) defines the natural isomor-
phism I, ,, : ¢(m,n) — % (n,m). So we can assume that M is equipped with both natural
isomorphisms 1y : Hom(c>m,n) — Hom(n,com)* and I,y @ e(m,n) — §(n,m). We
have to show that the natural isomorphism 7 is C-balanced if and only if I is a bimodule
natural isomorphism.

First we prove that I, , is a module natural transformation in the first argument. Consider
the following diagram, where a denotes the spherical structure of € and all unlabeled isomor-
phisms are induced either by the duality in C or by the module functor structures according
to equation (2.38).

New d* >m,n

Hom(c>d*>m,n) Hom(n,c>d*>m)*

~ Ke,n,m <°P d

I
om(e, ¢(m<°Pd,n)) L Hom(c, & (n,m <P d)

/ N\
Im n®d \

“ag| Hom (¢, ¢(m,n) & d) Hom(c, & (n,m) ® d) | "8

: i

Imn

Hom(c ® *d, ¢(m,n)) ———— Hom(c® *d, % (n,m))

~ Re@*d,n,m

Nes*d>m,n

Hom(c>*d>m,n) Hom(n,c>*d>m)*

It is straightforward to see that the diagram on the left commutes. It is a direct consequence
of the discussion after (4.69) that the diagram on the right commutes. Now consider the rect-
angular diagrams from top to bottom. The first diagram commutes by equation (4.70). The
third commutes trivially, the forth again by equation (4.70). The outer diagram commutes
for a spherical a, since then @ = a according to Theorem 4.6.1 and since 7 is natural with
respect to the morphism *a4. So the remaining diagram in the middle commutes as well.

Next we show that I, , is a module natural transformation in the second argument if and
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4.10. The tricategory of bimodule categories with bimodule traces

only if n is C-balanced. Consider the diagram

* ®I’VVL7L
Hom(1e,*c ® o(m,n)) - e Hom(1e,*c® & (n,m))

I
Hom(c, ¢(m,n)) e Hom(c, & (n,m))
~ Ke,n,m
Hom(c>m,n) Jermn Hom(n,c>m)*
~ Hom((c*
*ac
* MIm,*cpn *
Hom(m, *c>n) Hom (*¢c
~ Hle,c*bn,’rn

I

m,*¥c>n

Hom(1e, ¢(m,*c>n)) ———— Hom(1e, & (*c>n,m)).

We argue that every sub-diagram except the pentagon in the middle and the outer diagram
commutes. It is easy to see that the diagram on the left as well as the rectangular diagrams
in the middle commute. The diagram on the right commutes with the discussion after equa-
tion (4.69) and since we assumed that a is spherical. The pentagon diagram in the middle
commutes if and only if 7 is C-balanced and the outer diagram commutes if and only if I, ,, is
a module natural transformation in the second argument. Hence the statement follows. O

Remark 4.9.5 The following provides an example of a inner-product module category over
a pivotal fusion category that is not spherical. This show that the condition that the pivotal
structure is spherical is not necessary in the previous theorem. Consider a pivotal fusion
category as a left module category ,C over itself. It is easy to see that the pivotal structure a
of € defines a bimodule natural isomorphism ¢(z,y) =y®2* — y® *z = § (y,z). And since

dim®( ¢(z, z)) = dim®(z)dim®(z) > 0, it follows that ,C is an inner-product module category.

4.10. The tricategory of bimodule categories with bimodule traces

We show that for two bimodule categories , M, and N, with bimodule traces, the bimodule
category N, O,M, has a canonical bimodule trace that is induced by the traces on M and
N. From this we deduce that the natural isomorphism between the double left adjoint functor
F! of a bimodule functor F and the functor F from Section 4.5 are compatible with the tensor
product of bimodule categories.

Proposition 4.10.1 Let ,M, and .N, be bimodule categories with bimodule traces over
pivotal fusion categories C,D,E. The bimodule category N, M, has a bimodule trace
that this induced by the bimodule traces on M and N.
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4. Module traces for module categories over fusion categories

Proof. First note that the traces on M and N induce a trace on NXM by

Homxga(n' ®m/,n & m) = Homx(n',n) ®c Homye(m', m)

N M
R Homx(n, n')* ®c Homyg(m, m')* (4.71)

= Homyge(n X m,n' ®m')*,

where ™ and 7™ are the natural isomorphisms from Theorem 4.4.3. We denote the natural
isomorphism that is the composite of the isomorphisms in (4.71) by pN¥M. With the universal
balanced functor B : NXM — NOM from Definition 3.1.1, we obtain the following two
functors

Homyoai(z, B(—)) : (NOM)P R (NKM) 5 2 X (n ¥m) — Homygy(z, B(n Xm))

Homyoam(B(—), )" : NOM)P K (NKM) 5 2 X (n X m) — Homygom(B(n K m), z)*.
(4.72)
It follows from the balancing structure of the functor B and the balancing structure of the
Hom-functors, see equation (2.23), that both functors are multi-balanced. Recall from Corol-
lary 3.2.10 , that there exists a functor U : MXIN — MIOIN that is both left and right adjoint

to the universal balanced functor B : MXN — MON. We define a multi-balanced natural
isomorphism

n;\fg(?fgm) : Homy o (z, B(n ®m)) — Homygae(B(n X m), x)*

by the requirement that the following diagram commutes

T E&m
Homx o (z, B(n B m)) —=2% Homyoae(B(n B m), z)*

J: J’: (4.73)

Homygmae(U(z), n B m) ——— Homyga(n B m, U(z).

Here, the unlabeled isomorphisms are defined by the adjunctions of the functors B and U.
By the properties of the tensor product, this multi-balanced natural isomorphism induces

a balanced natural isomorphism ngj\fEM : Homyxponi(z,y) — Homypoan(y, z)* for all objects

z,y € NOM and thus a bimodule trace on NTIM. O
The bimodule trace on the tensor product from Proposition 4.10.1 is compatible with the
adjunction of bimodule functors as follows.

Proposition 4.10.2 Let G: ;M, = , M, and F: N, — N, be bimodule functors.
i) There exists a canonical bimodule natural isomorphism €5¢ : (FOG)! — FIOG!,

ii) the following diagram of bimodule natural isomorphisms commutes

FOG —— (FOG)!
aFDaGl T@F,G)l (4.74)

FIOGH s (FIOGH.
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4.10. The tricategory of bimodule categories with bimodule traces

Proof. It is straightforward to see that the functors F! X G! and the functor (FX G)! are both
left adjoint to the functor FX G : NKIM — N'KM'. Hence there exists a multi-balanced
natural isomorphism (FKG)! — FIXG!. By applying the functor (.) from Proposition 3.5.12,
we obtain the bimodule natural isomorphism ¢ : (FOG)! — F/OG! from the first part.

For the second part, note first that for the Deligne product FX G : NXM — N' XM/, it
follows directly from the construction of the trace on NXM, that the diagram

FRG ™, (FRG)!

Jap&m :T (4.75)

FIBGH +—— (F'RGHL.

commutes. We are going to show that this diagram induces the diagram (4.74). First note that
equation (4.73) implies that the natural isomorphism ag : B — B! = B that is induced by the
traces on N XM and N OM via formula (4.32) is the identity. From equation (4.31) it follows
that a(rogs = arocB : (FOG)B — (FOG)"B. Recall the bimodule natural isomorphisms
Bewg : B(F X G) — (FOG)B from Proposition 3.3.2 i). By naturality of the isomorphism
a(Foc) With respect to bimodule natural transformations, the diagram

B(FXG) 2% B(F K G)!
lBFm lBllec (4.76)
(FOG)B 2%, (FOG)!B

commutes. This implies that the natural bimodule isomorphism argg : FOG — (FOG)? is
obtained from the balanced natural isomorphism argg : F X G — (F X G)! by application
of the 2-functor (/3 from Proposition 3.5.12. Now the commutativity of the diagram (4.74)
follows by applying (/3 to the diagram (4.75). O

The construction of a bimodule trace on the tensor product of two bimodule categories
with bimodule traces shows the following. Note that by Corollary 4.6.2 we have to restrict
to spherical fusion categories € in order to guarantee that the bimodule category .C, has a

bimodule trace.

Theorem 4.10.3 The following defines a sub-tricategory Bimod® of Bimod.
i) Objects of Bimod? are spherical fusion categories,
it) 1-morphisms of Bimod? are bimodule categories with bimodule trace,

iii) 2- and 3-morphisms of Bimod? are the 2- and $-morphisms of Bimod.
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5. Tricategories with duals

This chapter introduces two conceptual frameworks for tricategories with duals. After dis-
cussing bicategories with duals we define tricategories with weak duals and show that they
behave well with respect to triequivalences. This notion of tricategories with duals is abstract,
it deals mostly with existence properties in a given tricategory and not with structure on a
tricategory. This makes it easier to check whether a given tricategory is a tricategory with
weak duals, but harder to perform explicit calculations in such a tricategory.

The other notion of a tricategory with duals, namely the notion of Gray category with strict
duals that was investigated in [5], has in a sense complementary properties. It is motivated
by applications in mathematical physics and has a more direct geometric interpretation. As
it deals exclusively with structures on a given Gray category and is harder to construct in
examples, but more suited for applications as for example the diagrammatic calculus in [5].
In the diagrammatic calculus, the duals in a Gray category with strict duals correspond to
the orientation reversal of surfaces and lines. It is therefore natural to ask if the duals in a
Gray category with strict duals can be extended to functors of strict tricategories. We present
the construction of these duality functors in the second section.

In the final section we give first examples for tricategories with weak duals and Gray
categories with strict duals. The presentation in Sections 5.3 and 5.4 largely follows the
article [5].

5.1. Duals in bicategories

We first investigate duals for bicategories. The notion of duals in bicategory is a straightfor-
ward generalization of the notion of duals in monoidal categories. The key idea is to regard
monoidal categories as bicategories with one object.

In the graphical applications of [5] we have in mind for tricategories with duals, the struc-
tures in this section will appear in the case of a tricategory T with duals in the bicategories
T(b, ¢) for objects b, c of T, where they correspond to the orientation reversal of lines.

Definition 5.1.1 Let X be a bicategory.

i) A right dual of a 1-morphism F : ¢ — d in X is a 1-morphism F* : d — ¢ such that
there exist 2-morphisms evp : F* o F — 1. and coevp : 15 — F o F* that satisfy the
snake identities (A.8) and (A.9) with the monoidal product replaced by the horizontal
composition. The 2-morphisms evp and coevp are called right duality morphisms. If
every 1-morphism in X has a right dual then the bicategory X is said to have right duals.

ii) A left dual of a 1-morphism F : ¢ — d is a 1-morphism *F : d — ¢ such that there
exist 2-morphisms evlp : F o *F — 14 and coevly : 1. — *F o F' that satisfy the snake
identities (A.10) and (A.11). The 2-morphisms ev’, and coevy are called left duality
2-morphisms. If every 1-morphism in X has a left dual then the bicategory X is said to
have left duals.
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5. Tricategories with duals

The following is a direct generalization of the analogous statement for monoidal categories,
see Lemma A.2.5 and its proof. The definition of the opposite X°P of a bicategory X is given
Definition A.3.5.

Lemma 5.1.2 Let X be a bicategory.

i) Dual 1-morphisms in X are unique up to isomorphisms. If F* and F are right dual
1-morphisms of F with duality morphisms evp : F*o F' — 1, coevp : 14 — F o F* and
evp: FoF — 1, coévp:1y— FoF, respectively, then there is a unique isomorphism
p: F— F*, such that eVp = evp(p o 1p).

it) If X has right duals, and we choose for every 1-morphism F € X a right dual 1-morphism
F*, then the map X 3 F — F* € X°P extends canonically to a 2-functor (.)* : X — X°P,
called the right duality 2-functor. For every other choice of right dual 1-morphisms,
there is a canonical natural 2-isomorphism between the corresponding duality functors.
Analogously, if X has left duals, by choosing specific left duals we obtain a left duality
functor *(.) : X — X°P.

This lemma allows one in particular to speak of the right duality functor for a bicategory
with right duals. If X has right duals, if follows directly from this lemma, that the double
dual functor is a 2-functor (.)** : X — X.

Lemma 5.1.3 Let F: X — Y be a 2-functor between bicategories.

i) For every right dual G* : ¢ — b of a I-morphism G : b — ¢ in X, F(G*) is a right dual
of F(G).

ii) Let X and Y be bicategories with right duals. There exists a natural 2-isomorphism
EF()*oF = Fo ()", that is uniquely determined by

(1) © ) - coevr(g) = F(coevg) (5.1)
for all 1-morphisms G in X.

iit) Let F: X — Y be a biequivalence of bicategories X and Y. If X has (right) duals, then Y
has (right) duals as well.

Proof. For the first part it follows from the properties of a 2-functor in Definition A.3.6, that
F applied to the duality morphisms of G yields duality morphisms for F(G) and F(G*). For
the second part, the 2-morphism fg is given in terms of the graphical calculus for bicategories,
see Remark A.3.4, by

F(G)* F(coevg)

F(G) R (5.2)

with the convention that the duality 2-morphisms ev,coev in Y remain unlabeled. Now identity
(5.1) follows from the snake identity (A.9). Using again the snake identities, it is straightfor-
ward to show that f'(:; is uniquely defined by (5.1). According to Lemma A.3.16 we can choose
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5.1. Duals in bicategories

for the last part a 2-functor H : Y — X, such that F and H form an external biequivalence,
see Definition A.3.15 4). Then we define the dual of a 1-morphism G in Y by F(H(G))*). It
follows as in the first part, that the duality morphisms of H(G) yield duality morphisms for
F(H(G))"). O

Definition 5.1.4 Let X be a bicategory with right duals. A pivotal structure a on X is a
natural 2-isomorphism

a:idy — (). (5.3)
A strict pivotal 2-category is a pivotal 2-category X, such that the 2-functor (.)* : X — X is
a strict 2-functor and the pivotal structure a : idy — (.)** is the identity.

The following characterization of a strict pivotal 2-category is straightforward to see.

Lemma 5.1.5 A strict pivotal 2-category X is a 2-category X together with a strict 2-functor
x 1 X — X°P that is the identity on objects and a collection of 2-morphisms coevp : 1 — FoF™*
for all 1-morphisms F : a — b of X such that:

i) xx = ly is the the identity functor

it) for all 1-morphisms F,G,H and 2-morphisms o : F — G for which these expressions
are defined:

(o lp«)-coevp = (1g o a™) - coevg (1p o coevpe.) - (coevpolp) = 1p (5.4)

(1p ocoevy olp«) - coevp = Coevpop -

Remark 5.1.6 Lemma 5.1.5 shows that a strict pivotal 2-category is the same as a planar
2-category in the sense of [5, Definition 3.2].

Note that the 2-functor * and the collection of morphisms coevg in a strict pivotal 2-
category are not independent. The following lemma shows that the 2-morphisms coevy de-
termine the action of the functor * on the 2-morphisms uniquely.

Lemma 5.1.7 [7,45] For any 2-morphism « : F — G in a strict pivotal 2-category, the dual
a* : G* — F* is given by
a* =(coeviw olp+) - (1g= oo lg+) - (1g= o coevp) (5.5)
=(1p+ ocoevy) - (1px oo lgs) - (coevps olg+),

and the 2-morphism « satisfies the pivotal condition

a= (1gocoevi«) - (lgolpocoeviolp) - (lgolp-oaolg-olp) (5.6)

(1g o coevp« olgx o 1) - (coevg ol p)

Proof. The proof is a direct generalization of the corresponding proof for pivotal categories,
see [7,45]. The identities in (5.5) follow from the first and second identity in (5.4) together
with the exchange law. The pivotal condition (5.6) is then obtained by applying (5.5) twice
and using the identity *x = le. O

The following statement clarifies the relation between natural 2-transformations and duality
on bicategories.
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5. Tricategories with duals

Lemma 5.1.8 Let F,G : € — D be 2-functors between bicategories with right duals. Then

the following statements hold.

i) For every 1-identity natural 2-transformation n : F — G, see Definition A.3.10, the

diagram

F(H") 2 G(H")

EET sﬂ

F(H)* «—— G(H)*
NH
commutes for all 1-morphisms H in C.

ii) For every 1-identity natural 2-transformation n : F — G, the diagrams

€.

——— F(H™)

J?’]H**
€57

—— G(H™),

F(H)** «—— F(H*)*

(€5)+
Jn?{* ngﬂ

G(H )™ «—— G(H")*
(E7)*

commute for all 1-morphisms H in C.
iit) Let a be a pivotal structure for C. then for all 1-morphisms H in C,

ay = aﬁi.

(5.7)

(5.8)

(5.9)

Proof. To show the first part, we use the graphical calculus in the bicategory €. After
precomposing the 2-morphism 7j; - (516_1)_1 - mu+ With coevg(g), we obtain the left-hand side

of the following equation

F(H™) F(H)  F(H*) F(H)

_ na<__| [_In# _ | | NH*oH
G(H*>u G(H) G<H*)u G(H)
G(evH) G(eVH

_ F(HY) F(H)

In this equation we suppressed the coherence morphisms such as F(H) o F(H*) ~ F(H o H*)
according to our conventions for the graphical calculus, see Remark A.3.4. In the third step
the compatibility of n with the horizontal composition from Definition A.3.10 ia) is used.
In the last step we used the naturality of n with respect to the 2-morphism evy and the
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5.1. Duals in bicategories

compatibility of n with the unit 1-morphisms from A.3.10 ib). Together with the definition
of the 2-morphism §IF{ in diagram (5.2) this proves the first part. The second part is a direct
consequence of the first part. The third statement follows from i) by considering the specific
case of F =ide : € — € and G = (.)**, and the natural 2-isomorphism a : ide — (.)** that is
given by the pivotal structure. O

Definition 5.1.9 A 2-functor F : X — Y between pivotal bicategories is called pivotal, if the
diagram

F(H)™ - — F()
AF(H)
(EE;)*T JF(a%) (5.10)

commutes for all 1-morphisms H : a — b. A strict pivotal 2-functor F : X — Y is a pivotal
2-functor which is a strict 2-functor and satisfies F(G*) = F(G)* for all 1-morphisms G in X.

The following result does not appear in other references and therefore we present a rather
detailed proof.

Proposition 5.1.10 Let C and D be bicategories.

i) Let F,G: C — D be 2-functors andn : F — G a natural 2-isomorphism between F and G.
If C and D are pivotal bicategories and F : C — D is a pivotal 2-functor, then G: C — D
is a pivotal 2-functor.

ii) Let F,G : C — D be 2-functors and n : F — G a pseudo-natural transformation that is
an equivalence, see Definition A.3.10. If C and D are pivotal bicategories and F : € — D
is a pivotal 2-functor, then G : C — D is a pivotal 2-functor.

iii) If F: € — D is a biequivalence and € is pivotal, there exists a unique pivotal structure
on D such that F is a pivotal 2-functor.

Proof. Suppose F : € — D is a pivotal 2-functor between pivotal bicategories and 7 : F — G is
a natural 2-isomorphism from F to a 2-functor G : € — D. Denote by % : G(H)** — G(H**)
the natural isomorphism with 2-morphisms x% = ¢5. ((¢%)*)~! for all 1-morphisms H : b — ¢
in €. According to the Definition 5.1.9 of a pivotal 2-functor, the inner rectangle in the middle
of the following diagram commutes

o)

G(H) G(H)™

nH ny
F(H F(H)*™
id id K KG (5.11)

ax
F(H) 5 F(H™)

a?
) F(H)

nH T H**

G(a)
G(H) — G(H*™).
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The upper rectangle commutes due to the naturality of the pivotal structure, the lower rect-
angle commutes since 7 is natural. It follows from Lemma 5.1.8 that the diagram on the right
commutes. Hence the first part follows.

To prove the second statement, suppose that 17 : F — G is an equivalence between F and G.
The idea is to construct a pivotal 2-functor F' and a natural 2-isomorphism ' : F/ — G and
then to use part 7).

First we show that evy, : ny on = 1g @) and coevy, : 1g,p) = m o 7 are invertible
2-morphisms. According to [38, Theorem A.1.10], any equivalence in a general bicategory
can be refined to an adjoint equivalence. Hence there exists a pseudo-natural transformation
p : G — F such that n and p form an adjoint equivalence in Bicat, see Definition A.3.3. This
implies that there exists a right dual to n such that the evaluation and coevaluation are
invertible. By Lemma 5.1.2 this is also the case for the right dual n; of 7.

With the use of the pivotal structure of D we define

/o -1 . *
&V, = &V '(anb © 1n;;) 2Mb 0 My = Lo

/ . *
coev, = (1 0 ay,) - coevy: : 1g @y = 1, o N,

It follows that these are invertible 2-morphisms that satisfy the snake identities. Note however
that in general (ev;n)*1 is different from coev,, .

We construct the 2-functor F' : € — D as follows. Define Fo(b) = Go(b) for all objects b in
C. For all 1-morphisms H : b — ¢, set F'(H) = n. o F(H) o ni. The coherence structures of F/
are then defined in terms of the coherence structure of F as follows.

. 1of1 . ev;
oF  F'(1p) = mo(Lo)my —— momy — 1o(b)s (5.12)

and for all composable 1-morphisms H : ¢ — b and K : d — ¢ by

11coev! 11 , 105 k1

b o FH)F(K) = gF' (H)nineF (K)ny —5 ppF (H)F(K)ny —= F/(HK).  (5.13)

It follows directly from the snake identities and the axioms for F, that F’ is a 2-functor.

Next we show that F’ is a pivotal 2-functor. It follows from the definition of F’, that for all
l-morphisms H : b — ¢, the isomorphism £5 : F/(H)* = F/(H*) from Lemma 5.1.3 is given
by

F
any, &gy 17;3‘

FI(H)" = ny"F(H)"n¢ moF (H ")z = F'(H"). (5.14)

Hence diagram (5.10) for F’ reduces for all H : b — ¢ to the diagram

Gne OF (H) Ot

ne"FCH )™ g™ neF (H)n

lnz* (g;)*a;bw\ W\lncF(aH)ln; (515)
a”lcgz* 17]*

e F(H*) iy ——— neF(H** ).

The commutativity of this diagram follows from the fact that F is a pivotal 2-functor and
from equation (5.9).
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5.2. Tricategories with duals and triequivalences

In the last step we show that G is natural 2-isomorphic to F’. With the pseudo-natural
transformation 7 we construct a 2-isomorphism 7’ : F* — G as follows. For all 1-morphisms
H:b— c, we set

/ / x Nl * 1ev;7b
Ny F'(H) =nFnf —— G(H)nyny — G(H). (5.16)

It follows directly from the definition of the coherence structures of F/, from the fact that 7 is
a pseudo-natural transformation and from the snake identities for ev%b, that n}; is a natural
2-isomorphism. This establishes 4i).

To show the last part, according to Lemma A.3.16 we can choose a 2-functor G : D — C
such that F and G from an external equivalence of bicategories. Since G is fully faithful
on 2-morphisms there exists for all 1-morphisms H : b — ¢ in D a unique 2-morphism
ag : H — H**, such that

G(H)™ «—— G(H)

aG(m)
£H*T JG(G}D{)

commutes. It follows from the fact that a® is a pivotal structure and from the unique char-
acterization of a%, that «® is a pivotal structure for D. Next we show that F is a pivotal
2-functor. By reversing the roles of F and G, one obtains a pivotal structure a® for € such
that F : (€,a%) — (D, a”) is a pivotal 2-functor. It is clear that the composite of two pivotal
2-functors is again a pivotal 2-functor and hence the composite

(€,a%) —— (D,a®) —5— (€,a%)

is a pivotal 2-functor. Since F and G form an equivalence of bicategories, GF is equivalent
as a 2-functor to ide. Hence by part ii), ide : (C,a%) — (€,a®) is a pivotal 2-functor, which
shows that a® = a°.

It remains to show that a® is uniquely defined, that is, independent of the choice of the
2-functor G. Let G’ be another 2-functor, such that F and G’ form an external equivalence
of bicategories. Then the previous argument applied to G shows that there exists a pivotal
structure a® of D such that G’ is a pivotal 2-functor. Hence the composite

(D,a”) —= (D,a®) —F— (D,a®)
is a pivotal 2-functor. Since it is equivalent as a 2-functor to idyp, it follows that a2 = a?. O

5.2. Tricategories with duals and triequivalences

In this section we define tricategories with weak duals in a way that is invariant under triequiv-
alences: If T is a tricategory with weak duals and 8 is a tricategory that is triequivalent to
T, then 8 is a tricategory with weak duals as well. The two dualities are motivated from the
geometric applications we have in mind, see [5]. There the 1-morphisms of the tricategory
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5. Tricategories with duals

correspond to surfaces, while the 2-morphisms correspond to lines. The dualities correspond
thereby to the orientation reversal of surfaces and lines.

For the definitions of biequivalences of bicategories and triequivalences of tricategories, see
Appendix A.4. The following statement is a special case of a standard procedure to obtain an
(n—1)-category from an n-category called decategorification, see [3] for details. The following
proposition follows directly from the definitions.

Proposition 5.2.1 Let T be a tricategory.

i) The following defines a bicategory hT. The objects and 1-morphisms of hT are the objects
and 1-morphisms of T. The 2-morphisms of hT are isomorphism classes of 2-morphisms
in T. The compositions in hT are induced by the compositions of 7.

ii) Let 8 be another tricategory. Every S-functor F : T — 8 induces a 2-functor hF : hT —
hS, that agrees with F on objects and 1-morphisms.

iit) A triequivalence F : T — 8 induces a biequivalence hF : hT — hS.

Note that the composition of 1-morphisms in T is the horizontal composition in hT, while the
composition of 2-morphisms in T becomes the vertical composition in h7.
The following definition is inspired by [51].

Definition 5.2.2 A tricategory with weak duals is a tricategory T such that

i) For every pair of objects b,c € T, the bicategory T(b,c) is a pivotal bicategory with
duality = and pivotal structure a. Hence for every 2-morphism ¢ : F = G, there
exists a 2-morphism ¢* : G = F and duality 3-morphisms evy, : ¢* o ¢ = 1p and
coev, : lg = ¢ o ¢*, that satisfy the snake identities (A.8) and (A.9). The pivotal
structure defines invertible 3-morphisms ay, : ¢ = @** for all 2-morphisms ¢.

it) For all 1-morphisms F : ¢ — d, the 2-functors
FO-:TJ(b,c) - T(b,d) and —0OF :7(d,e) — T(c,e), (5.17)
are pivotal 2-functors for all objects ¢, d, e.

ii1) The bicategory hT is a bicategory with right duals. The duality on hT is denoted #,
hence for every 1-morphism F : a — b in T, there exists a 1-morphism F# :b— a in T
together with 2-morphisms evp : F#OF = 1, and coevp : 1, = FOF#, such that the
snake identity holds in hT.

Remark 5.2.3 In the following we will also consider a semi-strict version of this definition,
where i) and 4i) are required to be strict. This means that the bicategories T(a, b) are strict
pivotal bicategories, and the 2-functors F[O— and —[F are strict pivotal 2-functors for all
1-morphisms F', see Definition 5.1.9.

Proposition 5.2.4 Let F : T — 8§ be a triequivalence between tricategories T and & and T a

tricategory with weak duals. Then there exists a unique structure of a tricategory with weak
duals on 8, such that for all objects a and b of T the 2-functors Fq : T(a,b) — 8(Fo(a), Fo(b))
are pivotal 2-functors.
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5.2. Tricategories with duals and triequivalences

Proof. Note that for the uniqueness statement in this proposition we only need to consider the
uniqueness of the pivotal structures in 8(z,y), since all other requirements for a tricategory
with weak duals are properties and not structures, see also Lemma 5.1.2. If follows from
Proposition 5.2.1 744) and Lemma A.4.8 that the 2-functors hF and F,j are biequivalences. It
follows from Lemma 5.1.2 744), that h8 has right duals and we only need to consider the duals
on the bicategories 8(z,y) for objects x,y in 8.

It follows from Proposition 5.1.10 that the bicategories 8(Fo(a), Fo(b)) are pivotal such that
the 2-functors F, : T(a,b) — 8(Fg(a),Fo(b)) are pivotal 2-functors. It remains to define the
pivotal structure on the bicategories 8(x,y) for all objects z,y of 8 that are not in the image
of Fg. According to Definition A.4.7 of a triequivalence, there exist objects z, i of T such that
Z and y are biequivalent to Fo(z) and Fy(y), respectively. We choose a specific biequivalence
consisting of 1-morphisms

L:F@)—z, L :x—F®@)

(5.18)
R:y—F®y), R :F@ —vy.
These 1-morphisms define 2-functors
V,,=RO-0OL:S(x,y) = S(F(z),F(y)) (5.19)

\Ilgw = R'O-0L: S(F(z),F(®)) — S(z,y)

It is straightforward to see that ¥, , and \Ilgw define a biequivalence of the bicategories 8(z, y)
and 8(Fo(Z),Fo(y)). We equip 8(z,y) with the unique pivotal structure from Proposition
5.1.10, that makes the 2-functor ¥, , pivotal.

It remains to show that for all 1-morphisms G : y — z in 8, the 2-functors GO— : S(z,y) —
S(z, z) are pivotal 2-functors. Therefore we first show that for all 1-morphisms H : b — ¢ in
T, the 2-functors Fy, .(H)O— : S(F(a),F(b)) = S(F(a),F(c)) are pivotal 2-functors. According
to Proposition 5.1.10, we can choose a 2-functor F/ , : S(F(a), F(b)) — T(a,b), such that F/ ,
and F,; are part of a biequivalence between S (F(a)’, F(b)) and T(a,b) and such that F/ , is a
pivotal 2-functor. As F;’b and F,; form a biequivalence, the diagram 7

S(F(a), F(b) 55 $(F(a), F(0))

Jrus o] (520)

T(a,b) — 2= T(a,c)

of 2-functors commutes up to an equivalence of 2-functors (see Definition A.3.14). Hence the
2-functor Fy, .(H)O— : S(F(a), F(b)) = S(F(a), F(c)) is naturally 2-isomorphic to a composite
of pivotal 2-functors. It is clear from the definition, that the composite of pivotal 2-functors
is again a pivotal 2-functor, it then follows from Proposition 5.1.10 i) , that the 2-functors
Fp.(H)O— are pivotal 2-functors.

Consider now the case of a general 1-morphism G : y — z in 8. For objects x,y,z in 8
we choose objects T, 9, z of T such that z,jy and z are biequivalent to Fo(z), Fo(y) and Fo(z2),
respectively. Since the functors ¥, , and W} , from (5.19) form a biequivalence, we can find
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5. Tricategories with duals

for every G : y — z in 8 a 1-morphism G’ : y — ¥ in 7, such that the diagram

S(a,y) ——— S(z,2)

l\yw \If{mT (5.21)

~ Fz57(GO- ~
S(F(@),F(y)) ——— 8(F(2),F(2))

of 2-functors commutes up to equivalence of 2-functors. It then follows again from Proposition
5.1.10 4), that the 2-functors GO— : S(x,y) — S(x, z) are pivotal 2-functors. O

5.3. Gray categories with duals

In this section we investigate Gray categories with strict duals. In particular we show that
the duals extend to (partially contravariant) functors of Gray categories.

Gray categories In this work we use the following definition of a Gray category.

Definition 5.3.1 A Gray category is a strict opcubical tricategory.

See Definition A.4.9 for the notion of a (op-)cubical tricategory.

In the sequel we require an unpacked definition of a Gray category where the coherence
structure is explicit. This is motivated by the geometrical applications in [5], where explicit
expressions for the coherence structures are required in the diagrammatic calculus.

Definition 5.3.2 ( [5, Def. 2.14]) A set of Gray category data G consists of the following
i) a set of objects Obj(9),

ii) for any pair of objects a, b, a 2-category G(a,b) of 1-, 2- and 3-morphisms with horizontal
composition o and vertical composition -.

iii) for every object a € Obj(G), a I-morphism 1, € G(a,a),

iv) For any triple of objects a,b,c an any 1-morphism F: a — b, strict 2-functors, FO— :
9(c,a) — G(e,b) and —OF : G(b,c) — Y(a,c), such that 1,0— and —O1, are the
identity 2-functors and

(POQR)OR = PO(QOR)

for all triples R € G(a,b), Q € G(b,c) and P € S(c,d), two of which are 1-morphisms
and the third is a 1-morphism, 2- or 3-morphism.

v) for all 2-morphism v: F1 = Fy € G(c,d) and pu: Gi = G2 € §(d,e) an invertible
3-morphism

opy: (POF2) o (G10Ov) = (G20v) o (udFY), (5.22)

called the tensorator, that is natural in both arguments and satisfies the following con-
ditions

120



5.3. Gray categories with duals

O—NvlFl = 1N«['Fl Jlgl v 1G1DV; (523)
b) For all 2-morphisms v: Fy = F3, i: Go = Gs,

Op,pov = ((G2DD) o O'u,u) : (UM,D o (Gﬂ:’V)), (524)
Opopy = (O'ﬂW o (,uDFl)) . ((/ZDFQ) o O'M,/).

c) The following condition holds, for all 2-morphisms p and v, and 1-morphisms F,
whenever the expressions are defined

OuOFy = Our0y  OFOpy = FOou,  ouuor = 0, 0F. (5.25)

Note that Definition 5.3.2 implies the relations
1,06 = 1,0G lpg, = FOL, (5.26)

for all 1I-morphisms F, G and 2-morphisms v for which these expressions are defined. Where
it is not ambiguous, the symbol [J may be omitted, so that the product of G and F' may be
written as just GF.

We will now show that the Gray category data in Definition 5.3.2 is equivalent a strict cubi-
cal or opcubical tricategory and that furthermore the cubical and the opcubical tricategories
that are obtained from the Gray category data are canonically equivalent.

Lemma 5.3.3 ( [5, Lemma 2.15]) i) Every strict cubical or opcubical tricategory de-
termines a set of Gray category data and every set of Gray category data determines a
strict opcubical tricategory G and a strict cubical tricategory G. For all composable 2- and
3-morphisms ¥ € G(G1,G2), ® € G(F1, Fy), the O-product in the opcubical tricategory
G is given by

Vo = (YOF) o (G10O9) (5.27)

and the one in the cubical tricategory § by

UOP = (G,00) o (VOF). (5.28)

ii) For every strict opcubical tricategory G, there exist 3-functors of strict tricategories
Y:G—>GandX 7' : G — G, that are the identity mappings on all objects and morphisms
and satisfy DoX =1, 210X =1.

Proof. Let G be a strict (op)cubical tricategory according to Definition A.4.9 with composition
O:9G(d,e) x §(c,d) — G(c, e) and coherence 3-morphisms

Oy (1Bpz) o (nOvz) = (p1 0 vi)D(pg 0 v2)

for all O-composable pairs of 2-morphisms pu = (p1, p2) : (Hi, Hy) — (K3, K2), v = (v1,12) :
(G1,G2) — (Hy,Hz). Then O defines the product of l-morphisms with 1-, 2- and 3-
morphisms, and the tensorator is given by

_ —1
O-l/]'"u2 B D(]'Hl vMQ)v(Vlrle)
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in case G is opcubical and by
Tprve = B 1ay), (Laty )

in case G is cubical. A direct computation shows that the axioms of a strict (op)cubical
tricategory in Definition A.4.9 imply that the conditions in Definition 5.3.2 are satisfied.

Conversely, if G is a Gray category given by a set of Gray category data, then one obtains
a strict opcubical tricategory by promoting the left-hand-side of (5.22) to the product of 2-
and 3-morphisms as in equation (5.27). The coherence morphisms for [J are then given by
the collection of natural isomorphisms

Oy = 140K, © 07,0, © Lanow, © (110p2) o (1 0Ovy) — (11 0 v1)O(p2 0 v2)

for all O-composable pairs of 2-morphisms p = (u1, u2) : (Hi, Ha) = (K1, K2), v = (v1,12) :
(G1,G2) — (Hy, Hy). That this determines a collection of 2-functors [J: §(d,e) x G(¢,d) —
G(e, e) with strict units (see Definition A.3.6) is a direct consequence of the axioms of the
Gray category data. Consistency condition v) of Definition A.3.6 follows from Definition 5.3.2
(5.23), and consistency condition vi) of Definition A.3.6 from Definition 5.3.2 (5.24). That
the functor [J is opcubical follows directly from the definition.

Analogously, one obtains a strict cubical tricategory by promoting the right-hand-side of
(5.22) to the product of 2- and 3-morphisms as in (5.28).

The coherence morphisms for [ are then given by the collection of natural isomorphisms

Ouy = 1Ki0us © Opy s © Luyoa, : (10pe) o (110ve) — (1 0 v1)O(pz o vo)

for all O-composable pairs of 2-morphisms p = (u1, u2) : (Hi, Ha) — (K1, K2), v = (v1,12) :
(G1,G2) — (Hi, Hz). The proof that this defines a strict cubical tricategory is analogous to
the opcubical case.

To show the second part, let G be a strict opcubical tricategory. By the first part this defines
a set of Gray category data and a corresponding strict cubical tricategory §. We define the
functor ¥ : § — § of strict tricategories by taking the identity mappings on the objects and
the identity functors for each 2-functor 3.4 : G(c,d) — G(c,d). The only nontrivial data
of ¥ are the natural isomorphisms x,, : ,uﬁy — pv from Definition A.4.10, where 0 and
[J denote, respectively, the products in the tricategories § and § These are given by the

tensorator:
1

Kuy = 0;71,
for all [J- composable 2-morphisms u,v. It follows directly from the properties of the ten-
sorator in Definition 5.3.2 that this defines a functor > : § — § of strict tricategories. By
taking again the identity mappings on the objects and the identity 2-functors together with
the coherence isomorphisms m;}j = 0,0, We obtain a functor that is strictly inverse to ¥X. O

The passage between a set of Gray category data and the associated cubical and opcubical
tricategories can be viewed as a special case of the operation called “nudging” in [33], which
allows one to pass between cubical and opcubical tricategories and functors.

We also require two types of opposite Gray category. The key point is the opposite of a Gray
category is a tricategory but it is not necessarily a Gray category in the sense of Definition
5.3.1 since, depending on which products are reversed, the resulting strict tricategory can be
cubical instead of opcubical.

Definition 5.3.4 ( [5, Def. 4.1]) Let G be a Gray category.
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5.3. Gray categories with duals

i) The tricategory G°P has the same composition [ but opposite horizontal and vertical
composition. Thus the 2-categories are G (a,b) = (G(a,b))°? and the composition O is
the collection of opposite 2-functors LI°P. Thus, in the abbreviated notation introduced
above and in Definition A.8.5, compositions of G°P are denoted (1, S and~.

ii) The tricategory Gop has the same vertical composition but opposite composition O and
horizontal composition: SGop(a,b) = (5(b,¢))op. The composition O for Gy, is the col-
lection of 2-functors ﬁop where @OV = YO for all composable 2- and 3-morphisms
®, V. Thus, in abbreviated notation, the compositions of Gop are ﬁ, o and -.

There is the analogous definition of the opposites T and T, of a strict cubical tricategory
T. It is clear that (T?)? = T and (Typ)op = T. In the following, we will not distinguish
the objects and morphisms of the opposite categories in our notation and only denote the
compositions in T and T,, with the appropriate op-label.

The expressions for the coherence isomorphisms and tensorators of the opposite strict tri-
categories are obtained by unpacking these definitions. Using the notation introduced above,
in Lemma 5.3.3 and Lemma 5.3.3, one finds that if T is a Gray category with has structure
isomorphisms [J,, ,, then T° has the structure isomorphism (1), , = (0, }L)Op , and T, has
Ooppy = Opr yry with ' = (g2, 1), v/ = (v2,11). Here we used the opposites of 2-functors
from Definition A.3.8. The following statement then follows directly from the definitions.

Lemma 5.3.5 ( [5, Lemma 4.2]) Let T be a strict cubical (opcubical) tricategory. Then
Top 15 again a strict cubical (opcubical) tricategory, while TP is a strict opcubical (cubical)
tricategory.

In the following, we also require the notion of a strict functor of strict tricategories. The
standard definition of a strict functor of strict tricategories is that of a 3-functor of strict
tricategories for which all 2-functors F. 4 in Definition A.4.10 are strict and all natural iso-
morphisms k¢ q. in Definition A.4.10 are identities. However, as we only consider functors
between strict cubical or opcubical tricategories, we change this definition slightly to adapt
it to our setting.

For this, note that a 3-functor F : § — G between an opcubical strict tricategory G and a
cubical strict tricategory G can never be strict in the usual sense unless the coherence mor-
phisms [, , from Definition A.4.10 are trivial. We therefore modify the notion of strictness
for the case of 3-functors between opcubical and cubical strict tricategories and call such
a functor strict if and only if its composition with the functor ¥ from Lemma 5.3.3 i) is
strict in the usual sense. This amounts to to the requirement that the coherence morphism
Kede : O(Fge x Feg) = Fee from Definition A.4.10 is given by the coherence morphisms
ﬂ;}u from Definition A.4.9.

Definition 5.3.6 ( [5, Def. A.8]) Let§ and § be strict tricategories that are either cubical
or opcubical and F : G — Sa 3-functor of strict tricategories. Then the functor F is called
strict if for all objects c,d of G the 2-functors F.q are strict and the natural isomorphisms
Kede from Definition A.4.10 are

i) the identity morphisms in case § and G are both cubical or both opcubical,
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ii) given by the 3-morphisms

_ -1
K/#’y B D(Fd,e(lGQ)7Fc,d(y))7(Fd,e(lu')9Fc,d(1H1 ))

for 2-morphisms p : G1 = Ga € §(d,e), v: Hi = Hs € §(c,d) in case G is cubical and
G is opcubical,
iii) given by the 3-morphisms
=1

R = BN, (0 Fea(liy) (Fae (L) Foa(v)

for 2-morphisms p : G1 = G2 € S(d,e), v: Hi = Hsz € §(c,d) in case G is opcubical
and G is cubical.

Gray category with strict duals We are now ready to state the definition of a Gray category
with strict duals. Recall the Definition of a strict pivotal 2-category from Definition 5.1.4,
see also Lemma 5.1.5.

Definition 5.3.7 ( [5, Def. 3.10]) A Gray category with strict duals is a Gray category G
with the following additional structure:

i) For all objects a,b of G, the 2-category G(a,b) is a strict pivotal 2-category, and for all
1-morphisms F : b — ¢,

FO-:9(a,b) = Y(a,c) and —0OF :SG(c,d) — 9(b,d), (5.29)
are strict pivotal 2-functors.

ii) For every 1-morphism F : a — b, there is a dual 1-morphism F7 : b — a, a 2-morphism
coevr : 1y, = FOF#, called fold, and an invertible 3-morphism Yp : (FO coevy.y) o
(coevp OF) = 1y,., called the triangulator, such that the following conditions are satis-

fied:
a) F## = F for all 1-morphisms F : a — b,

b) 17 =1, coevy, = 1y,, T1, = 11, for all objects a,

¢) (FOG)* = G*OF#, coevipg = (FOcoevg OF#) o coevr,
Troe = (TFUG o FUYq) - (1FDGDC°eVZ;# © O-I;élcoevc -coevy ., OG 0 Leoevy OFOG) fOT
F
all composable 1-morphisms I :b— ¢, G:a — b,

d) (TFDF © 1CO&VF) ' (1FDcoev;# OF# © UCOSVF,COQVF) ' (FDT*F# © 1C0€VF) = 1COGVF‘

A Gray category G has weak duals if it has weak duals when regarded as a tricategory according
to Definition 5.3.1.

Remark 5.3.8 This definition is equivalent to the Definition of a Gray category with duals
in [5, Definition 3.10]. This can be seen as follows. It is shown in Lemma 5.1.5 that what
is called a planar 2-category in [5] is the same as a strict pivotal 2-category. The additional
structures are related to the ones in [5] as follows. For a l-morphism F : a — b, the 2-
morphism coevy of Definition 5.3.7 is called np in [5, Definition 3.10]. The 3-morphism
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Tr : (nE0OF) o (FOnp4) = 1p in [5, Definition 3.10] is the same as the 3-morphism (1%)~!
of Definition 5.3.7.

To avoid expressions like eve,,, we will adopt the notation np for the coevaluation coevp
of a 1-morphism and to simplify the comparison with [5], we will use the notation Tp :
(ny0F) o (FOngp4) = 1p for the triangulator.

The following provides already an interesting class of examples.

Lemma 5.3.9 ( [5, Lemma 3.11]) If S is a Gray category with strict duals, then for every
object C the category G(le,le) is a braided strict pivotal category. Conversely, a braided
strict pivotal category is a Gray category with strict duals with a single object and a single
1-morphism.

In a Gray category with strict duals, the duality is compatible with the tensorator in the
following way.

Lemma 5.3.10 ( [5, Lemma 3.12]) Let G be a Gray category with duals. Then for all 2-
morphisms pu, i+ F = G, v : H = K and all 3-morphisms ® : u = ' for which these
expressions are defined, one has

(KO®OH)* = KO®*OH, 0}, = 0 v+,
(1(,uDK)o(FEIV) o COGVZ*DH) “(Luok © oy 0 1uom) - (coevunk Ol(GDV)o(uEIH)) = U,:,ia

(1(Gow)o(uom) © €0eVir,+) - (Lamy © 0, e 0 1pow) - (coevamy ol (uok)e(Fow)) = Tpw-

Proof. The first identity follows directly from the definition of the dual 3-morphisms in terms
of the 3-morphism coev,, in equation (5.5) and from Definition 5.3.7 ¢). The second identity
follows from the third and the fourth. These two identities are direct consequences of the
properties of the tensorator together with Definition 5.3.7 ). O

5.3.1. Duals as functors of strict tricategories

In this section it is shown that the duals * and # of a Gray category with strict duals in
Definition 5.3.7 define functors of strict tricategories (see Definition A.4.10).

To define a functor of strict tricategories * : § — G°, the dual * in the strict pivotal
2-categories G(a,b) is extended trivially to the objects and 1-morphisms of §. Similarly, the
dual # is extended trivially to the objects of §. To extend it to 2- and 3-morphisms, we
define for each 2-morphism v : F' = G and 3-morphism ® : ;4 = v the associated #-duals
Hv: GF = F# #0: #u= #v by

#v = (F70Ong) o (FFOvOGH) o (nps OGH) (5.30)
#P® = Lp#oy, © (F*0e0G) o L, Loc#-

The operations * and # reverse some of the products and so extend to contravariant
functors of different types. The passage from a duality operation to a functor F representing
the duality is as follows. All the mappings in the definition of the functor F, i.e. Fp and F, in
the notation of Definition A.4.10, are given directly by the duality operation, with the result
regarded as an object or morphism in the appropriate opposite category. For example, for
the functor x: § — G°P, v* is regarded as (v*)° in G° for a 2-morphism v in G.
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The following theorem is proven in [5]. Several steps in the proof are performed there
using the graphical calculus for Gray categories with duals developed in [5]. For the sake of
completeness we give an algebraic proof here which is equivalent to the diagrammatic one
in [5]. However, the proof involves many lengthy computations which are not presented in
full detail here.

Theorem 5.3.11 ( [5, Thm. 4.3]) Let G be a Gray category with strict duals.

i) The duality operation x on G extends to a strict 3-functor of strict tricategories *: G —
G in the sense of Definition 5.3.6.

ii) The duality operation # on G extends to a 3-functor of strict tricategories #: G — Gop
in the sense of Definition A.4.10.

Proof.
1. The data for the 3-functor * is

— The identity mapping on objects a, b, c,

— The strict 2-functors *45: 9(a,b) — G%(a,b) defined by ¢ — (¢*)? using the strict
pivotal structure of G(a,b),

— natural 2-isomorphisms pgp.c 1 0% (%40 X *q) — %40 of 2-functors defined by com-
ponents p,,, = (0 ).

To check that this is a strict 3-functor of strict tricategories, we verify the axioms from
Definition A.4.10 and Definition 5.3.6. Since for composable 2-morphisms y : F' = G and
v:G=K,

(+(u0w))P = (FOv*) o (u*OK))* = ((u*)DP(v)7),

with O defined as in Lemma 5.3.3 i ), this shows that * defines a 3-functor of strict tricategories
¥:G§— 9/‘77’. The coherence data of the 3-functor  is obtained by composing * with the 3-
functor ¥ : G2 — G° from Lemma 5.3.3 4i): % = 3 o *. This produces precisely the
natural 2-isomorphism pgp . given above and shows that * is indeed a strict 3-functor of strict
tricategories in the sense of Definitions A.4.10 and 5.3.6.

2. As the duality # is the identity on the objects of G, it is sufficient to show that for each
pair of objects a,b the dual # defines 2-functors #,5 : 9(a,b) — Gop(a,b) and there are
natural 2-isomorphisms kg : ﬁ(#@c X #ap) = F#a,0 of 2-functors satisfying the conditions
specified in Definition A.4.10.
To show that # defines a 2-functor # : G(a,b) — Gop(a,b), we note that for all objects F'
in G(a,b)
#1p = (F*Onf)o (npsOF7).

This implies that the x-dual of the triangulator defines an invertible 3-morphism ®p =T/, :

lp# = #1p with ®;, = 1, in G,p. For each pair of composable 1-morphisms v : F' = G,
p:E = Fin G(a,b), one obtains a 2-morphism ®,, : #p o #v = #(vop) in Gyp(a,b) by

(IJp,,, = (]‘E#T]EOE#VG# © E#TFG# o ]-E#pG#onE#G#)

) (O—E#n};mgouG# °© 1E#F77F#G# ° lE#pG#onE#G#) ) (lE#n}} o UE#pOnE# 7#1/)'

126



5.3. Gray categories with duals

It follows directly from the invertibility of the triangulator and the tensorator that &, , is
invertible, and the naturality of the tensorator implies that it is natural in both arguments.
It remains to prove the identities

<I>1F7V . ((I)F @) 1#,/) = 1#,/ = (I)ZI,IG . (1#,, ¢} (I>G’) (531)

and the commutativity of the diagram

1490w

#po#vogtu—="4po#(nov) (5.32)

lcbpm"l#u l‘bwwv

Drop,

#(vop) o ftn 2 #(uovop)
which correspond to the two consistency conditions in Definition A.3.6. For this, note that

for a 1-morphism F': a — b, the 3-morphism ®;,. , is given by

®1p =(Lptysortvar © FTTRGY o1, o)
’ (O'F#n} N5 ovGH# ° 1F#F77F#G’# o 177F#G#) ) (1F#77} © UF#nF# ,#V)'

Composing this expression with T, 0 14, one finds that the conditions in (5.31) follow from
the naturality of the tensorator o, together with the invertibility of T and identity (d) in
Definition 5.3.7. The commutativity of the diagram (5.32) follows from the naturality of the

tensorator o together with the invertibility of T and the exchange law for 2-categories. This
shows that for all objects a,b of G, the duality # defines a 2-functor #, : §(a,b) — G(a, b)op.

3. To show that the four consistency conditions in Definition A.4.10 are satisfied for the
3-functor #, note that the operation # satisfies 1% = 14. The natural 2-isomorphisms
Kabe ﬁ(#b,C X #a.p) = #a,c0 from Definition A.4.10 are thus specified by their component
3-morphisms

K (F)OF#V) = (#F)D(F#u) = #(u0v).

These 3-morphisms define natural 2-isomorphisms of 2-functors if and only if they are natural
in both arguments, invertible and the following two diagrams commute

Ru,vOKp,r

(#v044) o (Fr0#p) “L 4 (u0v) o #(p0r) (5.33)
loa;}_y#uoll l%uy,pm
(#v o #7)0(F#1 0 #p) #((p87) o (uOr))

@V,Tméu,pl #(loo;, Lol)

#(rov)Oit(pop) #((pop)O(rov))

- 5
Kpou,rov

lg#Ulps = 1 pogy# ) (5.34)

(]
‘PGDq)Fl k

#leUlr ——— #(1pO1lg) = #(1roc)-
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5. Tricategories with duals

where the two vertical arrows labeled with tensorators arise from the definition of the com-
position [J in Lemma 5.3.3 and Lemma 5.3.3 ).
Condition v) in Definition A.4.10 is equivalent to the commutativity of diagram

10Kp,v
SOV —2 4O (pv) (5.35)

nu,uﬂll \Lﬁpmu,u

# (VD) U#p e (P Up),

and conditions vi), vii) to the equations r,1,, = k1, , = 1, for all € §(a,b).

For composable 2-morphisms p : F' = G, v : H = K, we define a 3-morphism r,, :
#vO#pu = #(uOv) by

Kupy =
# H# IH
(Lpr#t pie, © Lt preang. o © s paeuxccegr © H oy, JK7GT 01, | s )

#* #
“(Ag#pwgy, o H 0pspon o G7 0 lgsyrrcr 01y x#c#) - Osvtin-

It follows directly from the definition of the tensorator that the 3-morphisms x,, are in-
vertible, satisfy the conditions ry,1,, = £1,,,, = 1, and are natural in both arguments. It is
therefore sufficient to establish the commutativity of the diagrams in (5.33), (5.34) and (5.35).
This follows after some computations from the properties (5.24), (5.25) of the tensorator in
Definition 5.3.2. O

Lemma 5.3.12 ( [5, Lemma 4.4]) The 3-functor of strict tricategories * : § — G°P satis-
fies xx = 1.

Proof. Note that strictly speaking this identity should be written *°?x = 1g, where we identify
(G°P)°P = G. That the mappings of the 3-functor ** are given by the identity follows directly
from the fact that * is trivial on the objects and 1-morphisms and the 2-categories G(a,b)
are strict pivotal. It remains to show that the coherence morphisms of ** are the identities.
Recall that the coherence data of * is given by o, i.e. the components of the 2-transformation
Pape TP (kp e X *qp) = *q.c 0 are p,, = (4%, )°%. According to the definition of F for a
3-functor F' of strict tricategories, the components of the corresponding 2-transformation for
*P are given by 0, . and hence the composition x is the identity functor. O

The relation between the duality 3-functors * and # and between ## and 1 is given in
terms of 3-isomorphisms of 3-functors of strict tricategories (Definition A.4.12).

Theorem 5.3.13 ( [5, Thm. 4.5]) There are the following natural 3-isomorphisms of 3-
functors of strict tricategories I : x# x # — 1, O : ## — 1.

Proof.

1. As the 3-functor of strict tricategories *# * # : § — G acts trivially on objects and
1-morphisms, a natural isomorphism of 3-functors of strict tricategories I' : x# x # — 1
corresponds to a collection of invertible 3-morphisms I';, : *# * #u = p for each 2-morphism
w that satisfy the following conditions:
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5.3. Gray categories with duals

— naturality: for each 3-morphism ¥ : u = v the following diagram commutes

Ly
st Fhp —

*H * HU —> V.
r,

— compatibility with the unit 2-morphisms: for all 1-morphisms F, the following diagram
commutes

*xHxP
i < (5.36)

*D
FlF i F#

1p.

— compatibility with the horizontal composition: for all composable 2-morphisms u, v, the
following diagram commutes

(i 5 ) 0 (e + 0] =2 e (v 0 1) (5.37)
lFMoF,, J{*#*{)M,V
F/,A,Oll
pov s+ #(pov).

— compatibility with the composition [1: for all composable 2-morphisms u : F = G,
v: H = K, the following diagram commutes

*# * Full * # * #v Dty uv (5.38)
U*_#lﬁ*#u,*#*#uT TFHDV
NETT L VI 5 ()
M*#"’*#“T T*#*H“'"
Gl e dip) s (FvER0).

Note that the four arrows labeled with the invertible 3-morphisms *# * K, ., *#O'*#l, BTN

* Kb, st 1 *#*#“ ssprgy 10 this diagram compose to the coherence 3-morphism Hu Uk
# o« ud x # x #v = x# x #(p0v) of the 3-functor x# x# : § — §.

The natural 3-isomorphism I' : *# x # — 1 is defined by its component 3-morphisms
'y : x# x #v = v for each 2-morphism v : F = G:

L, =(Tgoly) - (lysa 0 0ungy) - (Lyscovara 0 TEG G o 1py )
'(Jn},ngGouG’#G © 1F77F#G#GOF77G#)-

From the definition of T',,, it is clear that there is an inverse 3-morphism I',! : v = x# * #v.
The naturality of '), follows directly from the naturality of the tensorator.
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5. Tricategories with duals

To show the compatibility of I'), with the unit 2-morphisms, recall that for each 1-morphism
F', the tensorator o Flps 1S trivial. The associated 3-morphism I'y,, therefore reduces to:

FIF =TF - (ln}F o TFF#F o 1F77F#) . (O'W}kmn}F o 1F77F#F#F°F77ﬁ)
The commutativity of the diagram (5.36) is then a direct consequence of identity (d) in
Definition 5.3.7.

The compatibility condition (5.37) between I' and the horizontal composition follows from
the definitions together with the invertibility of the triangulator, identity (d) in Definition
5.3.7, the naturality of the tensorator and the exchange identity.

The compatibility of I' with the composition [J in equation (5.38) again follows from the
definitions together with the naturality of the tensorator, the properties of the triangulator
and the exchange identity. This concludes the proof that the 3-morphisms I'), : x# « #v = v
define a natural 3-isomorphism of 3-functors of strict tricategories I' : x# x # — 1.

2. As the 3-functor of strict tricategories ## : § — G acts trivially on the objects and
1-morphisms of G, a natural 3-isomorphism of 3-functors of strict tricategories © : ## — 1
is determined by a collection of invertible 3-morphisms ©,, : ##pu = u for each 2-morphism
i F'— G that satisfy the following conditions:

— naturality: for each 3-morphism ¥ : u = v the following diagram commutes:

URTRLEY

o o

#HH#v oV

— compatibility with the unit 2-morphisms: for all 1-morphisms F' the following diagram

commutes:
o
S 25 wip, (5.39)
91F T‘I)F#

1

— compatibility with the horizontal composition: for all composable 2-morphisms u, v, the
following diagram commutes:

Do, v

H#H#p o #H#v —> #(#v o #p) (5.40)
l@uoeu \L#(bwu
pov " wo(yo)
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5.3. Gray categories with duals

— compatibility with the composition [J: for all composable 2-morphisms p : F = G,
v : H = K the following diagram commutes:

B (uv) pOv (5.41)
T#Hu,u TGHD@V
(O ) L i O,

The natural 3-transformation © : ## — 1 is defined by its component 3-morphisms. For
each 2-morphism v : F' = G we set

_ * #
0, = (1 o coevn* FoyG#F) ) (11/07]*GF01/G#F oTpG"F o 1V*G#FongF)
(1 o (TF) ° gna g FovG#F ° 1F77F#G#Fo77gF)

. (1yopn;# O CoeVyLF 01G#VFO’I7GF) . (11, o 0‘,,777;#0#,,[4‘ o] IUGF) . (coevl, 01##,,).

The naturality of the 3-morphisms 0, is a direct consequence of the naturality of the ten-
sorator together with the first condition in equation (5.4) in the characterization of a strict
pivotal 2-category in Lemma 5.1.5. Also, it follows from the invertibility of the triangulator,
the invertibility of the tensorator and the identities satisfied by the 3-morphisms coev, that
©, is invertible with inverse

-1
0, = (lan;, ©c0Vgps,- OlaguronaF) - (Layr  oGr#ve © OGHvong ,v)
: (1077*#oGF#V*oGF#ngGoGF#uG#GoGn #G#G O CoeVEn*G# olygGov)
’ (lGn 4 OGF#voGF#n5G ° UGF#z/oGnF# Ny lGnG#onGG’ou)
’ (1 OGF#I/* o GF#TG © 1GF#1/0G77F# ° (Té)il © 11’)
. (coean oGF#u+ OLy).
To verify condition (5.39) on the compatibility of © with the unit 2-morphisms 1p : F = F,
we note that the 3-morphism ©1, : ##1r = 1p is given by
O1, = coev, nLF (1n;F o TrF#F o lypr) - ((TF) o Oy miF O lpy #F#FonFF)
: (1F,7;# o coevy, r ol,, ).
By applying condition (d) in Definition 5.3.7 together with the invertibility of the triangulator
and the properties of the morphisms coev, in a strict pivotal 2-category, one finds that the
right hand side is equal to the 3-morphism @;}& (#6p)7!
The condition (5.40) on the compatibility of the 3-morphisms ©, with the horizontal com-
position of 3-morphisms is more involved. It is a consequence of the properties of the trian-
gulator, the naturality of the tensorator and the properties of the morphisms coev,, in a strict

pivotal 2-category.
U
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5. Tricategories with duals

5.3.2. Coherence properties of the duals

This section investigates the interaction of the 3-functors of strict tricategories * : G — G°P,
# : G — Gop with the natural 3-transformations © : ## — 1, I' : x# x # — 1. The results
are needed in the strictification of these 3-functors in Section 7.3.

The first result can be regarded as a coherence result for the 3-functors of strict tricategories
# and *. By composing the natural transformations © : ## — 1 and I' : x# «# — 1 on
the left and right with, respectively, the 3-functors # and x#, one obtains pairs of natural
transformations #0, OF# : ### — # and # « DL T s # : # x # x # — x#. The following
lemma shows that these natural transformations are equal.

Lemma 5.3.14 ( [5, Lemma 4.6]) The natural 3-isomorphisms I’ : x# x # — 1 and © :
## — 1 satisfy
#O =0O#, (+#D) - (T'x#) =1,

and there is a natural isomorphism A : # — x#x of 3-functors of strict tricategories such
that the following diagram commutes

ST ST (5.42)

a#| x |

Proof.
In terms of the associated component 3-morphisms O, : ##v = v and Iy, : s# x #v = v,
the first two relations in the lemma read

#0, = Oy, *#I, = F;;y.

The second relation follows after some computations from the naturality of the tensorator
and condition (d) in Definition 5.3.7.

To construct the natural transformation A : # — x#x, it is sufficient to specify its compo-
nent 3-morphisms A, : #v = *# % v for each 2-morphism v and to show that the following
diagram commutes

##Vﬂ;#*#*v

A#Vl N J{(r:*)—l
*H * FHv v.

Iy

For a 2-morphism v : F = G, we define the 3-morphism A, : #v = *# x v as the composite
Ay = (TG# ¢} 1*#*1/) . (1G#772; ¢} G# Coev;i G# e} 177(;#0# o 1*#*1/) (543)
(Lot oq#vc# © G*TpG¥ o La#u Gron u# © Lagpsy)

’ (O-G#n;,ngouG# ° 1G#FF#17F#OG#V*G#O17G#G# o 1*#*1’)

) uG#n} O OG#y ony , #1 © Ligaw) - (14 0 COBVL 1))
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5.3. Gray categories with duals

After some computations, using the properties of the tensorator and condition (d) in Definition
5.3.7, one finds that the 3-morphism O, : ##v = v is given in terms of A, by

0, =[h) - #A, =T, Ay,. (5.44)

This implies the commutativity of the diagram in (5.42). It also follows directly that the
3-morphisms A, define a natural isomorphism of 3-functors of strict tricategories.

By combining diagram (5.42) with the relation *#I', = (I.4,)"', one obtains for all 2-
morphisms v:

@#l/ = (FI#V)il‘ #A#V = #FV : #A#u = #(FV : A#u) = #@m

which proves the first identity in the lemma. O

Lemma 5.3.14 has direct implications for the categories G(F,G) associated 1-morphisms
F,G :a — b. The categories G(F, F') have a canonical structure as strict monoidal categories
with the monoidal product given by the horizontal composition and the monoidal unit by the
2-morphism 1p : F' = F. The 3-functors of strict tricategories * and # induce 3-functors
%:G(F,G) = §(F,G)° and # : §(F,G) — G(G¥, F7#).

Corollary 5.3.15 ( [5, Cor. 4.7]) For all 1-morphisms F,G : € — D, the 3-functors * :
S(F,G) — G(F,G)P, # : §(F,G) — G(G*, F) are equivalences of categories. When G(F, F)
1s equipped with its canonical monoidal structure, then % defines a strict pivotal structure
on G(F,F), # : §(F,F) — G(F#,F#),, is a monoidal functor to the monoidal category
S(F, F)op with the opposite monoidal product, and the 3-morphisms A, AZ* CHL S kH kL
define natural isomorphisms # — x#x.

Proof. The functor * : §(F, G) — G(F, G)°? is an equivalence of categories since it is invertible:
x% = lg(pq). It follows directly from the axioms of a strict pivotal 2-category that x equips
each monoidal category G(F, F') with a strict pivotal structure.

To see that the functor # : G(F,G) — G(G¥, F#) is essentially surjective, note that for
each object u of G(G#, F#), the 3-morphism @;1 : 1 = F#F#u defines an isomorphism in
S(G7,F#) from p to an object in the image of #. That # : §(F,G) — G(G*, F7) is fully
faithful follows from the fact that © : ## — 1 defines a natural isomorphism ## = 1gpq).

To prove that # : G(F, F) — G(F#, F#),, is a monoidal functor, consider the isomorphisms
®p : 1p# — #1p and the isomorphisms @, ,, : #vo#pu — #(pov) from the proof of Theorem
5.3.11. Identities (5.31) and (5.32) in the proof of Theorem 5.3.11 coincide with the axioms
for a monoidal functor. O

The last structural property of a Gray category with strict duals that will be required in the
following is a relation between the natural transformation A : # — *#x% from Lemma 5.3.14
and its double x-dual *Ax : # — *#x. If one restricts attention to 2-morphisms v : 1l¢ = 1le
between trivial 1-morphisms, and the diagrams reduce to two well-known diagrams from knot
theory, which are required to be equal in a ribbon category. It is thus natural to impose that
the natural transformations A : # — x#x and *Ax : # — *#x are equal. However, already
in the context of the center construction, this identity only holds under certain additional
assumptions on the underlying pivotal category. In the following, we will refer to a Gray
category with this property as a spatial Gray category.

Definition 5.3.16 ( [5, Def. 4.8]) A Gray category G with duals is called spatial if the
natural transformations A : # — x#x and *QAx : # — x#x are equal.
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5. Tricategories with duals

Corollary 5.3.17 ( [5, Cor. 4.9]) If G is a spatial Gray category, then for each object a of
G, the category G(14,1,) is a ribbon category. Conversely, a ribbon category is a spatial Gray
category with one object and one 1-morphism.

Proof. If G is a Gray category with strict duals, then by Lemma 5.3.9 the category G(1,, 1) is
a braided pivotal category. As all compositions OJ with 1-morphism 1,, the 2-morphisms 7,
and the 3-morphism 77, are trivial, it follows that the 2-functor # : §(14,1a) = Sop(1a, 1a)
is trivial, and that the 3-morphisms from Theorem 5.3.13 and Lemma 5.3.14 satisfy I', =1,
and ©, = A, for all 2-morphisms y in §(14, 1,). For each object p1, the morphism ©, = A, :
u — u reduces to the twist in a pivotal braided category. The condition that G is spatial
ensures that the twist satisfies the condition that makes §(1,, 1,) into a ribbon category. O

5.4. First examples

In this section we discuss examples of tricategories with weak duals and Gray categories with
strict duals. The first example will be a certain tricategory constructed from appropriate sub-
categories of Bicat, the tricategory of bicategories, see Proposition A.4.5. First we investigate
restrictions on such an example constructed from Bicat.

5.4.1. Pseudo-equivalences and pivotal functors

As for each object a in a Gray category G with duals the category G(14,1,) is a strict pivotal
category, it seems plausible to construct a concrete example of a Gray category with strict
duals by considering a Gray category whose objects are pivotal categories. More precisely, we
consider appropriate subcategories of the bicategory Bicat, in which the objects are pivotal
categories and suitable restrictions are imposed on the functors, pseudo-natural transforma-
tions and modifications. Recall that a monoidal category is the same as a bicategory with
one object.

Definition 5.4.1 The following defines a sub-tricategory of Bicat, called Moncat in the fol-
lowing. Objects of Moncat are strict monoidal categories, 1-morphisms are strict monoidal
functors, 2-morphisms are the pseudo-natural transformations and 3-morphisms are modifi-
cations. The compositions are the compositions in Bicat

The following is straightforward to see.

Lemma 5.4.2 The tricategory Moncat is a strict opcubical tricategory and hence a Gray
category according to Definition 5.3.1.

We show in the following that the conditions in Definition 5.3.7 are quite restrictive but
nevertheless allow one to obtain non-trivial examples, which are discussed in Section 5.4.2.
The first result regards restrictions on the 1-morphisms in Moncat that arises from the presence
of fold 2-morphisms and the triangulator.

Definition 5.4.3 ( [5, Def. 8.1]) A pseudo-equivalence of pivotal categories € — D con-
sists of monoidal functors F: € — D and G: D — € and pseudo-natural transformations
p: FG = 1p n: 1¢ = GF, for which there exist invertible modifications Tg: (pF) o (Fn) = 1,
Tg: (Gp) o (nG) = 1g.
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If G is a sub-Gray category of Moncat that has the structure of a Gray category with strict
duals and whose objects are pivotal categories, then a 1-morphism F: € — D defines a pseudo-
equivalence € — D with G = F# p = Ng, 7 = Ne#, the triangulator as Tf and T = (T;#)_l.
A classification of the pseudo-equivalences between pivotal categories therefore allows one to
characterize the possible 1-morphisms, folds and triangulators of Gray categories with duals.

This requires some preliminary facts on invertible objects in pivotal categories. An object
x in a pivotal category € is called invertible if the morphism coev, : 1l¢ — = ® z* is an
isomorphism, and it is called strictly invertible if x ® z* = 1¢. Note that strict invertibility of
x does not imply that coev, : 1¢ — x®az* is the identity morphism, but only coev, € End(1¢).
It follows directly that every invertible object in a semisimple pivotal category is simple,
i. e. satisfies Hom(z, z) = C. In a semisimple pivotal category, the existence of an isomorphism
r ®y — e is sufficient to ensure that x and y are invertible. The following is lemma is
straightforward to deduce from the calculus in semisimple categories as explained e.g. in [53].
We nevertheless present the details here.

Lemma 5.4.4 ( [5, Lemma 8.2]) Let C be a semisimple pivotal category. If ¢ : x®@y — 1e
s an isomorphism, then x and y are invertible and y ~ z*.

Proof. Assume that z is not simple. By considering decompositions of z and y in their direct
summands, see Definition A.1.8, one can show that there are two simple objects ¢ and d and
two non-zero morphisms «a: ¢ — x and §: x — d with foa = 0.

This implies that the morphism (f®1,)o(a®1y): c®y — d®y is also the zero morphism,
and with the isomorphism % : z ® y ~ 1¢, one obtains the following commuting diagram

®1 ®1
c®yux®y&>d®y.

~r

This diagram expresses the zero morphism from c®y to d®y as the composite of two non-zero
morphisms through 1e. Each partition of d ® y defines a morphism v: d ® y — 1, such that
yo (B®1,)1p~t =1y,. This implies

0=7vB®1)o(a®ly) =7yBe L)Y Waol,)=pa1,),

which is a contradiction. Hence x is simple, and an analogous argument shows that y is
simple. This implies that y* is simple and * ® y >~ 1¢ yields a non-zero morphisms x — y*
which must be an isomorphism. It follows that z and y are invertible. O

If x is an invertible object in €, the functor Ad,: € — € with Ad,(f) = z® f ® x* for
objects and morphisms f in € is a monoidal functor. If x is strictly invertible, the monoidal
functor Ad, is strict. One finds that this functor is directly related to pseudo-equivalences
between pivotal categories.

Lemma 5.4.5 ( [5, Lemma 8.3]) Let C and D be pivotal categories.

i) Assume that C and D are semisimple. Let (F,G,p,n) : C — D be a pseudo-equivalence
such that the pseudo-natural transformations p : FG = 1p and n : 1¢ = GF are given
by component morphisms p, : d@ FG(z) = 2 ®d and ny : c®y — GF(y) ® c. Then the
objects d € Ob(D) and ¢ € Ob(C) are invertible, F(c) ~ d* and F together with Ad. o G

form an equivalence of monoidal categories.

135



5. Tricategories with duals

ii) Let F: © — D be a monoidal functor that is part of an equivalence of categories and ¢ € C
be an invertible object. Then the (right) adjoint functor G of F naturally is a monoidal
functor and the adjunction defines a pseudo-equivalence (F,G = Adc+ o G, p,n):C—=D
with pseudo-natural transformations p, : F(c) ® FG(a) = a ® F(¢) and mp : c® b —
GF(b) ® c.

Proof. 1. Let (F,G,p,n) be a pseudo-equivalence between € and D with pseudo-natural
transformations p,: d ® FG(z) -  ® d and ny: ¢ ® y — GF(y) ® ¢ and choose invertible
modifications Tg: (pF) o (Fn) = 1f and Tg: (Gp) o (nG) = 1g. Using the expressions for
the composition of functors and pseudo-natural transformations from Appendix A.3, one
finds that T¢ and Tg are given by isomorphisms tfr: d ® F(¢) — 1p and tg: G(d) ® ¢ —
1e, respectively. By Lemma 5.4.4, the objects d and F(c) are invertible and ¢¢ induces an
isomorphism F(c) ~ d*. Similarly, G(d) and ¢ are invertible objects in € and ¢ induces an
isomorphism G(d) ~ ¢*. This implies in particular that the functor Ad.G is a monoidal
functor, as it is the composite of two monoidal functors.

For any monoidal functor F: € — D between monoidal categories with duals, there is a
canonical natural isomorphism &7 : xpF = Fsxe with component morphisms

¢F = (Lp(zx) ® coeVE(,) - (F(coevg+) ® 1(y)«) : F(z)" — F(z%), (5.45)
whose inverse is given by

(€5) 7" = (1p(n) ® F(coevy)) - (coevi(zy- ®Lp()),

see Lemmab.1.3 for the more general statement of 2-functors between bicategories with duals.
Using these isomorphisms, the fact that F is a monoidal functor and the component morphisms
of p, one obtains the following chain of isomorphisms for all objects x of D:

FAdG(z) = F(¢* ® G(z) ® ¢) ~ F(c") ® FG(z) ® F(c)
~ F(e)* ® FG(z) ® F(¢) ~ d ® FG(z) @ d* G- ®d®d" ~ .

All of these isomorphisms are natural in x and they define a natural isomorphism FAd.G =
1p. Similarly, the natural isomorphisms

* 1c*®’7y *
y~cRcy ~ " GF(y)®c=Ad-~GF(y)

define a natural isomorphism le¢ = Ad.GF of monoidal functors. This shows that the
monoidal functors F : € — D and Ad~+G : D — € form an equivalence of monoidal cate-
gories.

2. To prove the second statement, consider a monoidal functor F: ¢ — D that is part of
an equivalence of categories. This implies that for the (right) adjoint functor G:D @
there are natural isomorphisms j : FG — 1 and 7j: 1 — GF, that satisfy (5F) o (F7j) = 1¢
and (Gp) o (7G) = lg. It is straightforward to see that the monoidal functor structure of F
together with the natural isomorphisms p and 77 induces a monoidal functor structure on G
such that p and 7 are monoidal natural transformations. As c is an invertible object of €, the
functor G = Ad, o G is also a monoidal functor. Define for each object y of € isomorphisms
ny: c®y — GF(y) ® c as the composites

1c®~ jod p
c®Ry :nyc®GF(y) ~c® GF(y) ® ¢* ® c = GF(y) ® c.
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If follows directly that 7, is natural in y as well as compatible with the monoidal product
and hence defines a pseudo-natural transformation n: 1l¢ = GF. Similarly, for d := F(c)*, the
following chain of isomorphisms defines a pseudo-natural transformation p: FG = 1p:

d® FG(z) =F(¢)*® F(c ® G(z) ® ¢*) ~F(c")® F(¢) ® FG(z) ® F(c*)

~ ~ o(r)®1
~F(¢* @ ¢) @ FG(2) @ F(e)* ~FG(x) @ d "X

®d,
It remains to define invertible modifications Tf: (pF) o (Fn) = 1¢ and Tg: (Gp) o (nG) = 1g.
A lengthy but straightforward computation using the identity (pF) o (Fj) = 1f shows that
the isomorphism

F(c*) @ F(e) @ F(c* ® ¢) ~ 1¢

defines a modification Tf : (pF)o(Fn) = 1f. Similarly, it follows from the identity (Gp)o(7G) =
1¢ that the isomorphism

Gd)@c=c®GF())@c"®@c~c® (GF(c))" ~c®c" ~e

defines a modification Tg: (Gp) o (nG) = 1g. O

This lemma strongly restricts the possible subcategories of Moncat which can give rise to a
Gray category with strict duals. It implies that all 1-morphisms between semisimple pivotal
categories in this subcategory must be equivalences of monoidal categories, that their #-duals
must be closely related to their adjoint and that the fold 2-morphisms are associated with
invertible objects in the underlying pivotal categories.

Further restrictions on the l-morphisms arise from the condition that for each pair of
objects C, D in a Gray category with strict duals, the 2-category G(C, D) is a strict pivotal.
If € is a pivotal category and v : F = G a pseudo-natural transformation between monoidal
functors F,G : € — D with component morphisms v, : = ® F(a) — G(a) ® z, then its
*-dual must be a pseudo-natural transformation v* : G = F with component morphisms
(v*)e 1 y®G(a) = F(a) ®y. The associated 3-morphism coev,, : 1g = pop* then corresponds
to a morphism e — x ® y and must satisfy the conditions in (5.4).

The only natural choice for such a morphism are the 3-morphisms coev, : 1p — z®x* in the
pivotal category D, which require the condition y = x*. The first condition in Definition 5.3.7
then imposes the relation H[coev, LIK = coevyr,nk, which implies F(coevg) = coev?(x) for
all objects x of C. This motivates the following definition.

Definition 5.4.6 Let C,D be pivotal strict monoidal categories. A strict pivotal functor from
C to D is a strict monoidal functor F : € — D with xpF = Fxe and F(coev®) = coev?(a) for
all objects a of €. We denote by Pivcat(C, D) the sub 2-category of Moncat(C, D) formed by
strict pivotal functors F: € — D, pseudo-natural transformations and modifications.

Note that this condition on functors is quite restrictive. In particular, it implies that a
strict pivotal functor F : € — D preserves traces. For each object a of € and each morphism
«:a — a, one has

tr>L(F(a)) = coeve ) (F(@) ® 1g(q)+) - coeve(y) = F(coevy (o @ 14+) - coev,) = F(tr®L(a))
(5.46)
and analogously for the right-trace. If End(1e) = C and F is a strict monoidal functor, it
follows that tr”L(F(a)) = tr®L(a). Nevertheless, there are non-trivial examples.
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Example 5.4.7 Let C and D be the spherical categories of finite-dimensional representations
of groups G and H. Then a group homomorphism H — G determines a strict pivotal functor
¢ —D.

Similar examples are given by homomorphisms of semisimple Hopf algebras, or more gen-
erally, homomorphisms of spherical Hopf algebras where the homomorphism preserves the
spherical element. Another example based on groups will be discussed in detail in Section
5.4.2. A somewhat different example is the following

Example 5.4.8 Let C be a spherical category and € its non-degenerate quotient (see [7]).
Then the canonical functor € — € is a strict pivotal functor.

If one restricts attention to strict pivotal functors, it is directly apparent from the consid-
erations before Definition 5.4.6, how the 2-categories Pivcat(C, D) can be equipped with the
structure of a strict pivotal 2-category. This strict pivotal 2-category structure is canonical,
as it is induced by the pivotal structures of €, D.

Lemma 5.4.9 ( [5, Lemma 8.7]) Let C,D be strict (not necessarily C-linear) pivotal cat-
egories. Then the 2-category Pivcat(C, D) has a canonical strict pivotal 2-category structure.

Proof. The x-dual of a pseudo-natural transformation v : F = G with component morphisms
Vg 1 @ F(a) = G(a) ® = is the pseudo-natural transformation v* : G = F with component
morphisms (v*), = v}., where % denotes the dual in the pivotal category D. That v*: G = F
does indeed satisfy the conditions in Definition A.3.10 follows by a direct computation from the
corresponding properties of the pseudo-natural transformation v : F = G and the properties
of the dual in a pivotal category. The dual of a modification ® : v; = vy is defined by the
dual ®* : 5 — 27 of the corresponding morphism ® : 1 — 22 in D. For all pivotal strict
monoidal categories €, D this yields a strict 2-functor * : Pivcat(C, D) — Pivcat(C, D) which
is trivial on the objects and satisfies *x = 1.

It remains to show that there are modifications coev, : 1g¢ = v o v* satisfying the con-
ditions (5.4). These are given by the 3-morphism coev, : 19 — x ® z* in D. That the
morphism coev, : 1p — = ® z* defines a modification coev, : 1;. = v o v* is equivalent to
the commutativity of the diagram

16(a)®coevy
_—

G(a) G(a) ®x @ z* (5.47)

Tya(@ll.*

(vov*)q

coevy ®1G(a)l

x®x*®G(a)lw>)x®F(a)®x*

a

or, equivalently, to the condition
(I/a & 1x*) . (1m X (V*)a) . (coevr ®1G(a)) = 1G(a) X coevy, (548)

To prove this identity, we use the definition of the spherical transformation v* : G = F
together with identity (5.5) for the dual of a 2-morphism in a pivotal strict monoidal category.
This yields

(1")a = (coevys @lp(g) @ 1a+) - (1a+ ® coevg,) ®lz ® 1p@g) ® 1g+)
(Lo @ 1g(a) ® Var @ Lp(a) @ 1g+) - (1ax ® 1g(a) ® 1o @ cOVE(gr) ®1g+)
(1 ® 16 ® coevy,)
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Using the properties of the tensorator if follows that this proves the conditions (5.4).

This shows that the morphism coev, : ¢ - =z ® z* defines a modification coev, : 1g =
v ov*. The identities in (5.4) then follow directly from the properties of the 3-morphisms
coev, : e — x ®x* in a pivotal category. O

5.4.2. Gray categories with duals from pivotal categories

In this subsection, we consider two examples of Gray categories with duals constructed from
pivotal categories. The first example is rather trivial. It is the subcategory of Moncat obtained
by restricting attention to strict pivotal categories as objects and invertible strict pivotal
functors as 1-morphisms.

Definition 5.4.10 ( [5, Def. 8.8]) The Gray category Pivcatin, is the subcategory of Moncat
with pivotal strict monoidal categories C as objects and invertible strict pivotal functors F :
C — D as 1-morphisms. Its 2-morphisms are pseudo-natural transformations v : F = G
between invertible strict pivotal functors and its 3-morphisms modifications ® : v = p.

An obvious way of defining a Gray category structure on Pivcat;,, is to take the inverse
functor as the #-dual of each 1-morphism F : @ — D. The identity FF# = 1 then allows
one to take the unit 2-morphisms 17, as the fold 2-morphisms and the unit 3-morphisms
Ly, as triangulators. The strict pivotal 2-category from Lemma 5.4.9 then equips each 2-
category Pivcatin, (€, D) with the structure of a strict pivotal 2-category, and the compatibility
condition between the 3-morphisms coev, and the composition U follows from the fact that
all 1I-morphisms are strict pivotal functors.

Lemma 5.4.11 ( [5, Lemma 8.9]) When equipped with the strict pivotal 2-category struc-
ture from Lemma 5.4.9 and the following additional structures

i) #-dual: F* = F~1 for all 1-morphisms F : € — D.
ii) fold 2-morphisms: ng = 11,
iii) triangulators: Tr = 11,
the Gray category Pivcati,, becomes a Gray category with strict duals.

A natural way of obtaining less trivial examples is to consider l-morphisms that are
equipped with additional structure, which enters the definition of their #-duals and hence of
the fold 2-morphisms. In view of Lemma 5.4.5, it is natural that these additional structures
should be related to invertible objects in the underlying pivotal categories. This motivates
the following definition

Definition 5.4.12 ( [5, Def. 8.10]) Let C,D be pivotal categories. A decorated pivotal
functor is a pair (F,c) of an invertible strict pivotal functor F : € — D and a strictly in-
vertible object ¢ of C.

By considering such decorated pivotal functors together with pseudo-natural transforma-
tions and modifications, one obtains a Gray category that is closely related to Pivcat;,, and
will be denoted Pivcatgec in the following.
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Definition 5.4.13 ( [5, Def. 8.11]) The Gray category Pivcatgec has objects pivotal strict
monoidal categories C and as 1-morphisms decorated pivotal functors (F,c) : € — D. The
2-morphisms (F,c) = (F',c) are pseudo-natural transformations v : F = F and the 3-
morphisms modifications ® : v = /. The vertical and the horizontal composition, the com-
position L1 and the tensorator are defined as in Moncat, and the composition of 1-morphisms
with 1-, 2- and 3-morphisms is given by

(H,d)O(F,c) = (HF,c® F~(d)) (H,d)OvO(K, f) = HvK

for all decorated pivotal functors (F,c), (H,d), (K, f) and 2- or 3-morphisms v for which these
expressions are defined.

It is directly apparent that Pivcatqec is indeed a Gray category. Due to the results sum-
marized in Section 5.3, it is sufficient to show that product [ is strictly associative on the
1-morphisms and that for each object € there is a unit l-morphism. The latter is given
by (1le, 1le), where 1¢ denotes the monoidal unit of € and 1e : € — € the identity functor.
The proof of the associativity for the composition [J on 1-morphisms is a straightforward
computation.

As the 2- and 3-morphisms in Pivcatgec do not involve any additional structure, it is also
clear that each 2-category Pivcatgec(C, D) inherits the canonical strict pivotal 2-category struc-
ture from Lemma 5.4.9. However, the additional data in the 1-morphisms allows one to obtain
non-trivial #-duals and fold 2-morphisms.

Lemma 5.4.14 ( [5, Lemma 8.12]) The Gray category Pivcatgec becomes a Gray category
with strict duals when equipped with the strict pivotal 2-category structure from Lemma 5.4.9
and the following additional structures:

i) #-dual: (F,c)* = (F# F(c)) with F* = Ad.F~1.
i) fold 2-morphisms: (1rc))a = lF(e)gaq : F(c) ®a = F(c) ® a
ii1) triangulators: given by the morphisms 1g( : F(c) — F(c).

Proof. If p : F = G is a pseudo-natural transformation with component morphisms p, :
r ® F(a) — G(a) ® r, the first condition in Definition 5.3.7 reads K(coev,) = coevk(y),
which holds for all strict pivotal functors K. This establishes the compatibility between the
composition [J and the strict pivotal 2-category structure in Pivcatgec.

It remains to show that the fold 2-morphisms and the triangulator are well-defined. Insert-
ing the definition of the #-dual and the composition [J in Pivcat;,,, one obtains

(F,0)O(F,0)* = (FAdF ', F(c) ® FAd+(c)) = (Adp(e), F(c) ® F(c)),

and it follows that the morphisms (1(f ¢))a = 1F(c)ge in D define a pseudo-natural transfor-
mation 7 ) : 1p = (F,d)(F, d)#. The identity morphism 1, on the unit object of D thus
defines a modification T(f ) : (nE“F’c)D(F, c)) o ((F, )0 o#) = LiEo)-

The double dual of a 1-morphism is given by

(F, )" = (Ad.F ', F(c)) = (Adp( FAd+, AdeFF () = (F, 0),

the dual of a the unit I-morphism (1e,e) satisfies the identity (1e,e)” = (Ade,e) = (1¢,e).
Similarly, one finds that (7, .)) s given by the identity pseudo-natural transformation and
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by definition 77, = Liy,- The remaining conditions on the triangulator and the fold 2-
morphisms are satisfied trivially. The identity ((H,d)O(F,c))# = (F,¢)*0(H, d)# follows by
a direct computation. O

Although the assumptions on the functors and invertible objects in the theorem are very
restrictive, there is a nontrivial concrete example that provides functors and objects of this

type.

Example 5.4.15 Recall the example of pivotal categories Vectg obtained from finite groups
in Example 2.1.4. As we explained there, pivotal structures on Vectq correspond to the char-
acters k € Hom(G,C*). Tt is straightforward to see that a monoidal functor F : (Vectg, kg) —
(Vecty, k) corresponds to a group homomorphism F : G — H and that F is a pivotal functor
if and only if kg o F = kF.
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6. Duals in the tricategory of bimodule
categories

In this chapter we show that the tricategory Bimod? of bimodule categories with bimodule
traces from Theorem 4.10.3 is a tricategory with weak duals. More concretely, we construct bi-
module functors that relate a (D, €)-bimodule category ,M, to the opposite (€, D)-bimodule
category M7 and have properties that are similar to the properties of duality morphisms
in monoidal categories, see Section A.2. More concretely, we construct for each bimodule
category ,M, with a bimodule trace 2-morphisms in the tricategory Bimod"? (see Theorem
4.10.3):

coevyr : Dy = M OMP  and  evy @ MP O, M, = Co, (6.1)

such that the snake identities (A.8) and (A.9) are satisfied up to a 3-isomorphism in Bimod?.
This is achieved by constructing a bimodule natural isomorphism between the functor ®;
that is the composite

l_ coev ev T
M, 20 o oM Ehigaer o 2% vg e, — M, (6.2)

where we suppressed the associator in Bimod, and the identity functor idy; on ,M,. This
bimodule natural isomorphism is the analogue of triangulator in Definition 5.3.7 and will
also be called a triangulator in the following. One of the main results of this chapter is that
the set of possible triangulators for M, is in bijection with the set of bimodule traces on
»M,.. Moreover, we show that the duality morphisms (6.1) as well as the triangulators are
compatible with the tensor product of bimodule categories and the adjunction of bimodule
functors.

This chapter is organized as follows. First we discuss the example of bimodule categories
over Vect. Then we define the duality 1-morphisms (6.1) and study their behavior with respect
to adjunction of functors and the tensor product of bimodule categories. In Section 6.3 we
prove the stated correspondence between triangulators and bimodule traces.

For the rest of this chapter we assume that all fusion categories are spherical unless stated
otherwise. We use the spherical structure implicitly to identify the right and the left duals of
objects in C.

6.1. The dualities for Vect-bimodule categories

We construct the duality 2-morphisms (6.2) for bimodule categories M over Vect and illustrate
the correspondence between triangulators and traces on M.

Recall from Example 3.6.4 the structures of the monoidal bicategory Bimod(Vect, Vect).
In particular, recall that a Vect-bimodule category M is the same as a finite semisimple
abelian category and that the tensor product of Vect-module categories is given by the Deligne
product. The following lemma follows directly from the semisimplicity of M.
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Lemma 6.1.1 Let M be a semisimple Vect-bimodule category with finitely many isomorphism
classes of simple objects represented by a set {m;}icr, where I is a finite index set.

i) For all simple objects m € M and every f € Hom(m,m), there is a unique number
[f] € C such that f = [f] - L.

ii) The object RM = @,;m; Mm; € MKXMOP depends on the choice of representative {m;}icr
only up to a canonical isomorphism.

iii) For all morphisms
®;ia; B B; € Homymver (m X m', &;m; K m;) = &; Hom(m, m;) ®c Hom(m;, m’),

the linear map

Hom(m/,m) > f Z[ai ofofB]eC (6.3)
i
defines an isomorphism of vector spaces
pvc(m B m’) : Homyeger (m B m’, RM) — Homyg(m!,m)*, (6.4)
that is natural in m X m' € MK MP.
iv) Analogously, the object RM” = @;m; Km; € MPRM defines a natural isomorphism

paier (MBm') : Homyger g (mBm/, RM™) — Homyger (m/, m)* = Homy(m, m’)*. (6.5)

It is clear that every object m in a Vect-module category M defines a functor Vect 5 V —
V >m, see also Example 2.2.3 7). This shows the first statement in the following lemma. Since
adjoint functors are unique up to unique isomorphism we speak in the following from the left
(right) adjoint functor.

Lemma 6.1.2 i) The object RM € MM defines a Vect-bimodule functor
coevy et : Vect — MK MOP, (6.6)
with coevyet (V) = V> RM, whose left adjoint functor (coevyet)l : MK MP — Vect is

the functor

evyest = Homyger (., .) : m & m/ — Homy(m',m).

i1) Analogously, the object RM” € MPRM defines the Vect-bimodule functor
coevy st - Vect — MOP KM, (6.7)

with coevysst(V) = Vi R whose left adjoint is the functor evyet = Homy(.,.) :
MP KM € Vect is the functor

evyet = Homy(.,.) : m B m/ — Homye(m, m').

144



6.1. The dualities for Vect-bimodule categories

Proof. We show that the left adjoint functor of coev%‘f‘:t is the functor Homyr (., .). It follows
from Lemma 6.1.1 that there is a chain of natural isomorphisms

Homys aeer (m B m’, coevyet(C)) = Homygg e (m B m/, RM)
~ Homy(m/, m)*

= Homyect (Homy(m/, m), C).

Since all functors in this equation are additive and hence Vect-bimodule functors, it follows
directly that this defines a natural isomorphism

Homy g aver (m X m/, coev$Ct(V)) ~ Homyect(Homy(m’, m), V).

The statement for RM* follows analogously. O
The relation between the duality 2-morphisms and the Deligne product of Vect-bimodule
categories is as follows.

Lemma 6.1.3 Let M and N be Vect-bimodule categories. There is a canonical Vect-bimodule
natural isomorphism

vyt = efE€t o (NP Br) o (NP RewiESt V). (63)

Proof. The statement follows directly from the following chain of natural isomorphisms for
mXn e MRN and m' Xn' € (MXN)°P

Hompemn(m' B n',m X n) ~ Homy(m’, m) @ Homy(n', n) =~ Homy(n', Homy(m', m) >n).

O

The Vect-triangulator for M and traces on M Recall from Proposition 4.4.1, that a trace
on a semisimple category is a natural isomorphism between the two functors

MEMP 3 m K m' — Homy(m',m) € Vect,

6.9
MBEMP 5 m K m' — Homy(m,m')* € Vect. (6.9)

It will prove useful to consider the characterization of traces with Serre-functors, see Definition
4.4.2. The following statement follows directly from the definition of a Serre-functor.

Lemma 6.1.4 Let M be a semisimple category and F : M — M a Serre-functor for the Vect-
module structure. The set of traces on M 1is in bijection with the set of natural isomorphisms
F — idy.

With the structures we defined above we can consider the following functor:

DYET = ryp o (M evye™) o (coevye™ BM) o Iy : M — M.

Proposition 6.1.5 Let M be a finitely semisimple Vect-bimodule category. There is a canon-
ical bijection between the set of additive natural isomorphisms

THVE : DYEt 5 1y, (6.10)

and the set of traces on M.
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Proof. Although a more direct proof is possible for the case of Vect-bimodule categories, we
present an argument that generalizes to the case of bimodule categories over general fusion
categories in Section 6.3. We are going to prove that @ﬁa is a Serre-functor. First we show
that there is a canonical Vect-bimodule natural isomorphism ¢Vetbetween the following two
functors:

€V (M K MOP)OP,
EE—

Vect & (M B MOP)op L2 EL v 50 MOP [1(M K MOP )P Vect

j? prved//;i///a (6.11)

(M & MOp)Op (eVMOP)OP (Vect)OP

Here, the functor * : (Vect)°? — Vect is the duality functor on Vect that maps a vector space
to its dual vector space. Using the definitions of the duality 2-morphisms it is straightforward
to see that the functor that is obtained by composing the upper arrows maps an object
CX (m&m/)°P € Vect K (MEMOP)P to the object Homygaer (mEm’, RM), with the object
RM from Lemma 6.1.1, while the functor that is obtained by composing the lower arrows
maps C X (m K m')°P to Homy(m', m)*. Since all functors in (6.11) are additive and hence
Vect-module functors, the natural isomorphism p from (6.4) defines a natural isomorphism
between the two functors.
With Lemma 6.1.3 and the canonical isomorphism of categories

syess o+ (MEMOP)P S (m B m/)P — m! Km € MEMP, (6.12)
it follows from Lemma 6.1.3 that the functor

Opl(MIZlMOP)OP coevys X1

(M R M°P) Vect [ (M X MOP)°P M X MOP KI(M K MOP)°P

eV (M X MOP)op
( ) Vect

is naturally isomorphic as Vect-bimodule functor to the functor

Vect

SMOP,M Py X1 HOmJ\,{op(.7.)
—

(MR MOP)oP M X MOP M K MOP Vect.

Hence diagram (6.11) defines a natural isomorphism
p(m,m’) : Homyg(m, ®p(m’)) = Homy(m', m)*.

This shows that @y is a Serre-functor and the statement then follows from Lemma 6.1.4. O

6.2. The duality 2-morphisms in Bimod’

We extend the results of the previous section to the general case of a (D, €)-bimodule category
»M. We first show that the duality structure of Vect-module categories from the previous
subsection defines duality 2-morphisms evy; and coevy for general bimodule categories, i.e.
is compatible with the module actions. We then prove that evy; and coevy; are compatible
with the adjunction of bimodule functors, i.e. coevév[ ~ evyer, and with the tensor product

of bimodule categories.
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The construction of the bimodule functor coevy; : , D, — M0 M

Lemma 6.2.1 Via the natural isomorphism pyg : Homygg e (mXm/, EM) ~ Homy¢(m/, m)*
from equation (6.4), the object RM naturally defines objects both in Ze( Mo R M) and in
2Zp( , MR MSP). Both objects have R™ as underlying object in MEM and we denote both
objects by RM.

Proof. See Definition 3.2.3 for the definition of the category Ze( M, X M) For an object
X =mKm' € M,X M, we use the following notation for the left and right action of ¢ € €
on X. For the former we write ¢c>X = m X cpP m/, for the latter X <c = m<cXm’. The
notation for the (D, D)-bimodule action on ,M KM is analogous.

Consider the following chain of natural isomorphisms for m X m’ € M X M°P:

Homy¢s aeer (m B m!, RM a¢) ~ Hom(m<c* Km/, RM)
~ Homy(m',m<c*)*
~ Homy¢(m' <c,m)*
~ Homym e (m X m' <c, EM)
~ Homy¢gaer (m X *eP m/, ]T?M)

~ Homy¢gaer (m X m/, CDRM>,

where we used the definition of the action >°P on ,M°? according to (2.9). With the Yoneda
lemma we obtain from this chain of isomorphisms natural isomorphisms RMac~ e RM for
all ¢ € €. It then follows from the fact that the functor Hom(.,.)* : MXIM® — Vect is
balanced that these isomorphisms are compatible with the tensor product in €. Thus the
object RM defines an object RM € Ze( M, X ,M).

The construction of the natural isomorphisms d> RM ~ RMqd for d € D is analogous. Via
these isomorphisms, RM defines an object RM € Zp(, M K MSP). _ O
Thus, with Lemma 3.2.4, one obtains that the map C 3 ¢ — RMac defines a bimodule
functor €, — M,X M and the map D > d + d>RM becomes a bimodule functor
pDy — S MK MP.

With Proposition 3.2.5 i) and the previous lemma we deduce that the object RM defines a
bimodule functor

coevyr @ Dy — M O MP (6.13)

with coevy((1p) = RM.
The construction of the bimodule functor evy : M7 0O, M, — .C,

Next we construct the bimodule functor evy : MY 0O, M, — €. and show that the
duality 2-morphisms are compatible with the adjunction of bimodule functors. Recall from
Proposition 2.5.2 that the C-valued inner hom functor for a (D, €) bimodule category ,M,,

()0 MPRM > (m' ®m) — <m’,m>§[ €C

is a D-balanced (€, C)-bimodule functor. Hence we can apply the results of Section 3.4, in
particular Proposition 3.4.4, to the functor (., )24, and we obtain a bimodule functor

—

evye = (4ot MPO,Me = Co. (6.14)
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6. Duals in the tricategory of bimodule categories

Analogously, the D-valued inner hom functor
()T MEMP 5 (m K m') — D(m/,m>M €D

is a C-balanced (D, D)-bimodule functor and thus defines a bimodule functor

—

evyrer = ol )M M OMP — D, . (6.15)

The following generalization of Lemma 6.1.2 holds.

Lemma 6.2.2 For any bimodule category ,M,, the functor evyer : MOMP — D is left
adjoint to the functor coevy : D — MOMOP,

Proof. For all d € D and m Xm’ € MK M®P, there is the following chain of natural isomor-
phisms

Hom (evyer (B(m X m')), d) ~ Hom
, D<m m> ~ Hom(d>m',m)*
B(m X m' <P d*), coevy(1yp))
B(m X m') <°? d*, coevyi(1p))
B(m X m'), coevy(1p) <d)

B(m X m’), coevy(d)),

where the first isomorphism is induced by the isomorphism 5(.,.)* 0 B — ,(.,.)™ from the
adjoint equivalence in the definition of the tensor product, see Proposition 3.4.1. In the third
step we used the bimodule trace on D defined by the spherical structure on D and in the last
step we used the (D, D)-bimodule structure of coevy; according to Lemma 6.2.1.

It is clear that all isomorphisms that are involved are multi-balanced natural isomorphisms
and with the properties of the tensor product M O M it follows directly that these isomor-
phisms define the claimed adjunction. O

Compatibility of the duality 2-morphisms with the tensor product of bimodule categories

We examine the compatibility of the duality 2-morphisms for bimodule categories with
the tensor product of bimodule categories. For this we first define the following auxiliary
bimodule functor.

Proposition 6.2.3 Let M, and N, be two bimodule categories. The functor

A MRINKNPRIM®P — D,
M 6.16
mXnXn R®m' — D<m',m<l @<n',n>N> ( )
is a multi-balanced (D, D)-bimodule functor. Furthermore, the following diagram of multi-
balanced module functors commutes up to a canonical multi-balanced module natural isomor-
phism

MK N X NP X MP
BR(B)°P » A (6.17)
=
(MON) K (N°P OM°P) — @ 2D
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6.2. The duality 2-morphisms in Bimod?

Proof. It follows directly from the properties of the inner hom functors, see Section 2.5, that
the functor A has the structure of a multi-balanced bimodule functor. Since the functors
B : MRN — MON and the functor 5(.,.)"”" are balanced, the composite of the functors
on the lower arrows in (6.17) defines as well a multi-balanced bimodule functor. To define the
multi-balanced bimodule natural isomorphism v, we use the description of the tensor product
in terms of A-modules from Proposition 3.2.9. Let m X n,m' Xn’ € MXN and d € D.
Consider the following chain of natural isomorphisms

Hom (d, D<m’,m<1 e<n’,n>N>M) ~ Hom(d>m',m« e<n’,n>N)
~ Home( <m,d>m/>2/[, e<n',n>N)
~ Pyey Hom( <m, albm'>z:t , Cu) ® Hom(cy, @<n', n>N)
~ @uey Hom(d>m/,m<c,) ® Hom(c,>n',n)
~ Homygn(Bucud>m’ <ci K e, b>n',m X n)
~ Hom(d>B(m' X n'),B(m Xn))
~ Hom(d, »(B(m' K n'),B(m X n)>MDN),
(6.18)

where we the definition of the inner hom objects and the semisimplicity of C as in A.1.9.
In the sixth step we used that the left adjoint of B is the forgetful functor, see Proposition
3.2.9. It is straightforward to see that all the steps consist of multi-balanced module natural
isomorphisms. Hence the statement follows. O

Proposition 6.2.4 For bimodule categories ,M, and N, there are canonical bimodule
natural isomorphism

evivoNyer — evaer o(ry I MP) o (MO evyyer T MP), (6.19)
coevyion — (M Ocoevy OMOP) o (ry LIMOP) o coevyy . (6.20)
In these formulas we suppressed the associativity functors of the tricategory Bimod®.

Proof. First note that by construction, the functor A of the previous proposition is the
composite

MK . N&MOP ° " M
MENENP M e P e maver v s aver 2 (6.21)

Next we apply the 2-functor (/S : Bimod™% (D, D) — Bimod(D, D) from Proposition 3.5.14.
Applied to equation (6.21), this yields the right hand side of (6.19), while by definition

o, YN = ev(onyer- By applying (.) to the multi-balanced module natural isomorphism v
we obtain the claimed bimodule natural isomorphism in (6.19). By using the adjunction from
Lemma 6.2.2 and the fact that T%w = 73, We then obtain the bimodule natural isomorphism
(6.20) as the right adjoint of the bimodule natural isomorphism in (6.19). O

The opposite categories and the tensor product of bimodule categories

The following additional compatibilities of the tensor product and opposite categories will
prove useful in the sequel.
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6. Duals in the tricategory of bimodule categories

Lemma 6.2.5 Let , M, and .N,, be composable bimodule categories.
i) There exist canonical bimodule functors
SNt (e Ny OpMe)P = JMPO,NZP,

— o 0 o (622)
SMN - eMP TN = ( Ny O M)

together with bimodule natural isomorphisms SNNOSMN — idovoaryer and SMNOSy Ny —
idygop \op .

ii) There exist canonical bimodule functors Ayt : ((JMP)P — ;M and Ay @ ;Mg —
(«MEP)°P, that form an isomorphism of categories and are the identities on objects.

Proof. The functor
SYESE: (NKM)°P 3 (n ®m)°P — m KR n € MP KNP, (6.23)
is an isomorphism of additive categories with inverse
(sﬁCt) MOPRINP s mBn— (nXRm)®P e (NXKM)P. (6.24)
It is clear that both functors are balanced bimodule functors, and thus Proposition 3.4.4

yields the functors syt and sy, N 88 well as the natural bimodule isomorphisms s y0 sy —

|d(N|:’M)op and SM,N © SM N idpgor ver .

The functor Ay : ( MO")OP — M, for the second part is defined in Remark 2.3.9. Ay
is the identity on objects and the module functor structure is obtained from the canonical
isomorphisms *(z*) ~ z from Lemma A.2.5, ii). The module functor structure of Aj;
oMo = (o MP)P is constructed with the inverse isomorphisms, and thus it follows that Ay
and A form an isomorphism of categories. O

Lemma 6.2.6 Let , M, be a bimodule category.

i) The functor
My KM > m K m’ <<m’ml>jevt)* €c

is a D-balanced (C, C)-bimodule and it induces a bimodule functor evyg : MP O M, —
C.

ii) The functor
»M B MP > m' ’Wm — (p(m, m’>M)* €D

is a C-balanced (D,D)-bimodule functor and it induces a bimodule functor &Vjywer :

pMe O M — D.

ii1) There is a canonical bimodule natural isomorphism between the functor evy and the
functor

MOP OM 22 (OP O(MOP)oP 2% (yop g vpyop 207 eop _* o

Similarly, there is a canonical bimodule natural isomorphism between the functor evyor
and the functor

op AMDl op\op op N
MOMP 2 (MOP)POM

MPM

DP 5D,

—= (MO Mop)op(evw’p
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6.2. The duality 2-morphisms in Bimod?

Proof. The first two statements follow directly from the properties of the inner hom functors,
see Section 2.5, and from Proposition 3.4.4. For the last statement note first that

(53 %op) ™ (SRS

1XAL o
MOP M —25 MOP K(MOP)oP 2220 (vop [ \()op T LN

yields precisely the functor MP X M, > m K m’ — ((m,m’)s)* € €. Now the coherence

structure of the 2-functor (.) in Proposition 3.4.4 defines the claimed bimodule natural iso-
morphism. The remaining statement for evywer follows analogously. O

Proposition 6.2.7 For bimodule categories M, and N, there is a canonical bimodule
natural isomorphism

evron — evy o(ryer O N) o (NP Oevy ON), (6.25)

where we we suppressed associativity functors of the tricategory Bimod for the functor on the
right hand side.

Proof. It follows analogously to the proof of Proposition 6.2.3, that the functor
A MRINKNPHM®P — D,

2
mXnKn ®m' — D<m<1 e<n,n’>*,m’>*. (6.26)

is a multi-balanced module functor. The natural bimodule isomorphism (6.25) is now obtained
from Proposition 3.4.4, as in the proof of Proposition 6.2.3. O

With the help of the bimodule functors evyer and ®y¢ we obtain yet another characterization
of module traces, that will be needed in the definition of the triangulator.

Lemma 6.2.8 Let ,M, be a bimodule category over spherical fusion categories (D, C). The
following structures are equivalent:

i) A bimodule trace on ,M,,

ii) a bimodule natural isomorphism K : evy; ~ V.

Proof. Let ,M, be a bimodule category with bimodule trace. If we view M, as a
Cr-left module category, Theorem 4.9.4 shows that there exists a (C,C)-bimodule nat-
ural isomorphism I : (.,.), — "(.,.).. In the construction of the natural isomorphism
I, only D-balanced natural isomorphisms are involved, such as the natural isomorphism
Homp((n,m),,c) — Homy(m,n<c) from the definition of the inner hom object and the
isomorphism 7™ : Homy(m,n) — Homy(n, m)* from the bimodule trace. This implies that
I is a D-balanced natural isomorphism. If we compose this natural isomorphism with the
bimodule functor (.)** : ,C, — .C., we obtain a D-balanced bimodule natural isomor-
phism " : (,,.), = ((.,.).)*. From Proposition 3.5.12 and from the definitions of the func-
tors evy and evy, it follows that this isomorphism induces a bimodule natural isomorphism
K V) X eVyy.

To show the converse, let k : evy ~ &Vy¢ be a bimodule natural isomorphism. From the
adjoint equivalence for the tensor product in Proposition 3.4.1, it follows that the balanced
bimodule natural isomorphism x o B induces a D-balanced bimodule natural isomorphism
kK ( e = ((,.)e)* As in the proof of Theorem 4.9.4 it follows that this yields a C- and
D-balanced natural isomorphism 7™ : Homy(m,n) — Homy¢(n, m)* and hence a bimodule
trace on M, O
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6. Duals in the tricategory of bimodule categories

6.3. The triangulator and bimodule traces

With the structures from the previous sections, we obtain for all bimodule categories M, a
bimodule functor ®y; as the composite

l coev ev T
M —2 D, OME2ENionerom 28 o e, —2s M, (6.27)

where we omitted the associator in Bimod. In this section we show that bimodule traces on
»M, correspond to bimodule natural isomorphisms 15t : $ne — 1oy

Proposition 6.3.1 Let ,M, be a (D, C)-bimodule category.

i) There exists a bimodule natural isomorphism

D D(M ] MOp)OP M) (M m MOP)D(M 0 Mop)opev(mmyvtop)opﬂ
Jl““ Demee ﬂs@ ) (6.28)
(M O MOP)eP (vaecp)? op

ii) The natural isomorphism from i) induces a bimodule natural isomorphism

MOMP — 2L Noger P, gy (6.29)
W
€V op

Proof. First we show that there exists a canonical multi-balanced natural isomorphism @
between the following two multi-balanced functors

)JV[ OomeP

D R(ME NP ZEY p vt ver)or e Bl v over) ) (M O MeP)ertl 1

7]
Jp X HomD(d,.)J

Myo
(MR peryor —H T o - p Homol) e,

(6.30)
For this we first evaluate the functor that is given by the composite of the upper arrows on
an object z X (m X m’)°P € D X(M X M°P)°P. This yields the object

Homq (d, D<B(m X m'), x> RM ) € Vect

>MIZIM°p

and the following chain of natural isomorphisms

M OMOP
Homq (d, D<B(m Xm'), a:l>RM> ) ~ Homyoaveer (B(dbm R m/), 2> RM)
~ Homy¢oaver (B((2* ® d)>m B m’), RM)

(6.31)
~ Homyaer ((2* @ d)>m B m/, U(RM))
(

6.5
(:) Homy(m/, (z* ® d)>m)*
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Evaluating the functor that is obtained from the composition of the lower arrows in (6.30) on
the object x X (m K m/)°P € DK(MK MP)°P yields the object

Homa (d, (»(m’(<°P)°Pz, m)")*) € Vect.

To simplify this further, we first use of the action on the opposite category and the canonical
isomorphism *(z*) ~ z from Lemma A.2.5, iii) to obtain the isomorphism m/(<°P)°Pz =
*(z*)>m’ ~ z>m’. Next consider the chain of isomorphisms

Hom@(d,(9<x>m',m>M)*) ~ Hom(D<xDm',m>M,d*) ~ Homq(d*, D<m>m’,m>m)*

/ , (6.32)
~ Homy(d* >(z>m'), m)* ~ Homy(m/, (2" @ d)>m)*.

By combining equations (6.31) and (6.32) one obtains the multi-balanced natural isomor-

—~

phism ¢ in diagram (6.30). Applying the 2-functor (.) from Proposition 3.5.12 and us-

ing Lemma 6.2.6 i), we obtain the bimodule natural isomorphism ¢ from part ). To

show the second part, we use the canonical bimodule natural isomorphism evymper =~

evyer o(rydMP) o (M Oevy OMP) from Proposition 6.2.4 in the upper line of equation

(6.28). With Lemma 6.2.6 i7) and the structures of the tricategory Bimod we obtain the

natural bimodule isomorphism 1 from the isomorphism ¢ from part i). O
By combining Proposition 6.3.1 and Lemma 6.2.8 we obtain the following result.

Theorem 6.3.2 Let ,M, be a (D, C)-bimodule category. The set of natural bimodule iso-
morphisms Ty : @y — 1y is in canonical bijection with the set of bimodule traces on ,M,.
In particular, if M, has a bimodule trace, there exists a triangulator Tyg : Oat — L.

6.4. The tricategory Bimod’ as tricategory with weak duals

In this section we show that the results of the previous sections imply that Bimod? is a
tricategory with weak duals.

Recall the tricategory Bimod’ of bimodule categories with bimodule trace over spherical
fusion categories from Theorem 4.10.3.

Theorem 6.4.1 The tricategory Bimod?’ is a tricategory with weak duals.

Proof. By Theorem 4.10.3, Bimod? is a tricategory. The bicategories Bimodg(e,ﬂ) for
spherical fusion categories € and D are equipped with the following pivotal structure. Let
F: ;M. — 5N, be a bimodule functor. By Proposition 2.3.7 the left adjoint functor of F is
a bimodule functor, and we define

F* = FL. (6.33)

The adjunction morphisms provide then the duality 3-morphisms evg : F*F = 1y and coevf :
FF* = 1y that satisfy the snake identities (A.8) and (A.9). The pivotal structure consists of
bimodule natural isomorphisms

af : F — F*, (6.34)

that are defined in Theorem 4.5.1. It follows directly from parts i), ii) and iii) of this theorem,
that a defines a pivotal structure on the 2-category Bimode(G,D) according to Definition
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6. Duals in the tricategory of bimodule categories

5.1.4. With a1, = idy,, see Theorem 4.5.1 iii), it follows directly from 4.10.2 i) that for
every bimodule category .X,,, the 2-functor

X, O— : Bimod? (€, D) — Bimod? (€, &) (6.35)

is a pivotal 2-functor. From the same result, it follows also that the 2-functor —[J.XK, :
Bimod?(&, @) — Bimod’(D, @) is pivotal. It remains to consider the duality on 1-morphisms
in Bimod? (€, &). We define for a bimodule category ,M, the dual as ,M,# = .M. This
bimodule category has again a bimodule trace according to Proposition 4.4.4. The duality
2-morphisms evy : , M7 0, M, = .G, and coevy : Dy = , MO, M7 are defined in
equations (6.14) and (6.13), respectively.

The snake identity (A.8) in the bicategory hBimod?, that is the decategorification of
Bimod’, follows from Theorem 6.3.2. The second snake identity (A.9) follows from the *-
dual of the first snake identity of M°P as follows. The triangulator for M°P consists of a
3-morphism Tyer : (10 evyer ) (coevyer 1) = 1yer, where for simplicity we omit the associa-
tivity and unit 2-morphisms of Bimod. The *-dual of Tyr is by Lemma 6.2.2 a 3-morphism
Tion t 1yer = (evy01)(10coevl;). Using the 3-morphism Acoevy coevll, = coevys from
the pivotal structure, the inverse (Tyop) ' proves that the second snake identity (A.9) is sat-
isfied in the bicategory hBimod?. Hence it is shown that Bimod? is a tricategory with weak
duals. O

Remark 6.4.2 We will show in Section 7.2 that every tricategory with weak duals is triequiv-
alent to a Gray category with strict duals. However, for concrete computations it is desirable
to show that the triangulator satisfies the tricategorical analogue of the compatibilities (c)
and (d) in 5.3.7 i1). Using the definition of the bimodule trace on the tensor product of two
bimodule categories with bimodule traces in Proposition 4.10.1, it can be shown that the
triangulator satisfies the analogue of the condition (¢) in Definition 5.3.7 7). Condition (d)
of this definition is harder to show but can be proven by using a lengthy computations using
the semisimplicity of the bimodule categories.

6.5. Examples of tricategories with duals from Bimod’

First we show how the examples of Gray categories with duals in 5.4 embed in the tricategory
Bimod?. Then we consider the general examples of invertible bimodule categories in Bimod?
and we discuss the relation to the Brauer-Picard-groupoid considered in [21]. As another
general example we summarize known results about the relation of bimodule categories over
fusion categories. Then we turn to the concrete examples of finite groups and known Frobenius
algebras in fusion categories obtained from semisimple Lie-algebras.

From tensor functors to bimodule categories We explain how the example of a Gray
category with strict duals from Lemma 5.4.14 is contained in the tricategory Bimod’.

Lemma 6.5.1 Let F,G : € — D be monoidal functors between fusion categories C and D.
Assume that € and D are strict monoidal categories and F,G are strict monoidal functors.
Let p : F = G be a pseudo-natural transformation given by a collection of morphisms p, :
x® F(a) = G(a) ® © with z € D.

154



6.5. Examples of tricategories with duals from Bimod?

i) The functor F defines the structure of a (D, C)-bimodule category on D as follows. The
left action of D is the canonical action given by the monoidal structure of D. The right
C-action is defined by

d<c=d®F(c) (6.36)

for alld € D and ¢ € C. This bimodule category is denoted DT in the sequel.

ii) The pseudo-natural transformation p defines a bimodule functor T'(p) : D¢ — DF as
follows. As a functor, I'(p) is given by I'(p)(d) = d @ x. The left bimodule constraint is
the identity. The right bimodule structure is defined by

T(p)(dac) = d®Ge) @z " dowF(e) = T(p)(d)ac (6.37)

iit) The first two parts extend to a functor, that is an equivalence of categories

I : Moncat(F, G) — Bimod( D¢, DF). (6.38)

Proof. The proof of the first two parts is straightforward. For the last part, note first that a
modification @ : p — 7 between pseudo-natural transformations p, 7 : F — G with component
morphisms p, : * ® F(a) - G(a) ® x and 7, : y ® F(a) — G(a) ® y, respectively defines a
bimodule natural transformation I'(®) : I'(p) — I'(7) with the following components

L(®)q: T(p)(d) =d®a 5" dwy =T(r)(d).

It is straightforward to see that this indeed defines a bimodule natural transformation due
to the defining property of a modification in Definition A.3.12. It follows directly that I’
is compatible with the composition of modifications and maps the identity modification to
the identity bimodule natural transformation. Hence I' defines a functor. To show that it
is essentially surjective, consider a bimodule functor H : D¢ — DF. It is straightforward
to deduce from the properties of a bimodule functor, that H defines a pseudo-natural trans-
formation h : F — G with component morphisms h, : 2 ® F(a) — G(a) ® x for the object
H(1p) = x and moreover that H is equivalent as a bimodule functor to the bimodule functor
['(h) : D¢ — DF. This shows that I is essentially surjective. It is straightforward to see that
it is fully faithful and hence an equivalence of categories. O
Recall Definition 5.4.6 of a pivotal functor between pivotal categories. The following lemma
follows from directly from the property (5.46) of a pivotal functor and the characterization
of module traces in Lemma 4.7.6. Alternatively it can be deduced from the more general
construction in the next paragraph.

Lemma 6.5.2 Assume that C and D are spherical fusion categories and let F : € — D be a
pivotal functor. Then the canonical trace on the module category DF is a bimodule trace.

General construction of examples We show how to construct an example of a tricategory
with weak duals starting from a spherical fusion category C.

Proposition 6.5.3 Let C be a spherical fusion category and ;M a module category over C.
Let D be a spherical fusion category and F : D — C;, a monoidal functor.
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6. Duals in the tricategory of bimodule categories

i) There is a bimodule category M, with left action induced by the left action on M and
right module action given by
m<td=maF(d),

forme M and d € D.

If .M has a module trace and F : D — €}, is a pivotal functor, where C;, is equipped with

the spherical structure of Proposition 4.7.11 iv), then the trace on M is a bimodule trace for
M.

e’Vlo

Proof. The first part is clear. For the second part, equip €}, with the spherical structure of
Proposition 4.7.11 4v). It is shown in Corollary 4.5.2 that then eMe;‘% is a bimodule category
with bimodule trace. It follows from Lemma 4.7.6, that

dim® (m < d) = dim® (m <F(d)) = dim® (m) dim ©x (F(d)) = dim® (m) dim® (d),
and hence by the same lemma, the trace is a bimodule trace. O

Remark 6.5.4 This proposition suggests the following strategy for constructing concrete
examples of tricategories with weak duals starting from a spherical fusion category C. First
one finds indecomposable left C-module categories ;M with module trace. Then one considers
pivotal functors F : D — €}, as in the proposition above. This leads to bimodule categories
ML with bimodule trace. Next one repeats this procedure for the spherical fusion category
D. One then considers the sub-tricategory of Bimod?, that is generated by these bimodule
categories.

Invertible bimodule categories In [21], invertible bimodule categories play an essential role.

Definition 6.5.5 ( [21, Definition 4.1]) A (D, C)-bimodule category ,M, is called invert-
ible, if there exist equivalences of bimodule categories

MO M, ~ Co oM OMP ~ D, (6.39)

In particular, it follows from the definition, that for any left C-module category M, the
bimodule category ¢Mex , where the category €5, = Fune (M, M) acts on the right, is
invertible.

It follows directly from the definition that if M, and N, an invertible bimodule cate-
gories, then , Mg N, is an invertible bimodule category as well. Hence the following is a
well-defined tricategory.

Definition 6.5.6 ( [21, Definition 4.5]) The Brauer-Picard-3-groupoid BrPic is the tri-
category that is obtained by restricting the tricategory Bimod as follows. Objects of BrPic
are fusion categories, 1-morphisms from C to D are invertible (D, C)-bimodule categories,
2-morphisms are equivalences of invertible bimodule categories and 3-morphisms are iso-
morphisms of such equivalences. The Brauer-Picard-2-groupoid BrPic is defined to be the
2-category of objects, 1-morphisms and isomorphism classes of 2-morphisms of BrPic as 2-
morphisms. The Brauer-Picard-groupoid BrPic is defined as the category of objects and iso-
morphism classes of 1-morphisms of BrPic as morphisms.

Proposition 6.5.7 The tricategory BrPic is a tricategory with weak duals.
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Proof. Let F: ;M — N, be an equivalence of invertible bimodule categories. We can
choose the *-dual of F to be a functor F* : /N, — ,M, such that F and F* form an
adjoint equivalence of bimodule categories. The #-dual of a 1-morphism .,M, is the opposite
category M. It follows directly that the equivalences of categories M°* OM ~ D, that
the properties of a tricategory with weak duals are satisfied. O

Bimodule categories from finite groups We already encountered the fusion categories Vect
for a finite group G and a cocycle w € C3(G,C*) in Examples 2.1.4 and 2.2.3 ii).

Note that since Vect{: is a pseudo-unitary fusion category, we can equip Vect with the
canonical spherical structure such that every module category over Vect¢: has a module trace,
see Proposition 4.7.9.

In [21, Corollary 1.2], the Brauer-Picard groupoid BrPic is considered for the case of a finite
abelian group.

Proposition 6.5.8 ( [21, Corollary 1.2]) Let C = Vecty be the fusion category corre-
sponding to a finite abelian group. Then BrPic(C, C) is the group of automorphisms of A® A*
preserving the hyperbolic quadratic form a : A ® A* — C, q(a,f) = f(a). Here A* =
Hom (A, C*) is the character group of A.

Module categories from semisimple Lie-algebras Let g be a semisimple Lie-algebra over
C. It is known, that the category of integrable representations C(g,!) at fixed level [ € N of
the affine Kac-Moody algebra g corresponding to g, is a fusion category, see [24,25,39].

The problem of classifying module categories over C(g,[) is solved for g = si(2).

Theorem 6.5.9 ( [57, Theorem 6]) For every simply laced Dynkin diagram X of type A,
D, E, with Cozeter number h there exists a module category of type X over C(sl(2),h — 2).
Every module category over C(sl(2), h — 2) is equivalent to one of these.

Since every fusion category C(g, () is pseudo-unitary, see e.g. [14], our we can equip the fusion
category C(g,!) with its canonical spherical structure, such that all of its module categories
have a module trace. Therefore we can apply the ideas of Remark 6.5.4 to obtain examples
of tricategories with weak duals from semisimple Lie-algebras.
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7. Strictification of tricategories with duals

In this chapter we present two strictification results. The first clarifies the relation between
the concepts of tricategories with weak duals and Gray categories with strict duals. We show
that every tricategory with weak duals is triequivalent to a Gray category with strict duals.

The second strictification result from [5] shows that the duality functors in a Gray category
with strict duals can be strictified.

The notion of a tricategory with weak duals is rather abstract and is not yet suited for the
geometric applications we have in mind. In particular, in a 3-dimensional diagram with a
cusp, the cusp corresponds to the 3-morphism, that is called the triangulator in the case of a
Gray category with strict duals. In the tricategory with weak duals, the analogous morphism
exists by definition, but it remains to choose a particular 3-morphism in order to interpret
the diagram. This choice has to be made in a consistent way. It is precisely the notion of a
Gray category with strict duals that has the structure of such coherent 3-morphisms built in
its definition. Hence, it is desirable to show that a tricategory with weak duals is triequivalent
to a Gray category with strict duals.

To allow for a full matching of the duality in a Gray category with strict duals and the
orientation reversal of the corresponding surfaces and lines, additional strictness properties of
the duals are required. This is formalized in the notion of a Gray category with strict duality
functors.

7.1. Strictification of the pivotal structure on the bicategories
J(b,¢)

We modify the strictification of a tricategory to a Gray category, see [38], to a strictification
of the pivotal structure on the bicategories T(b, ¢) for objects b, ¢ of a tricategory T with weak
duals that is already a Gray category.

Recall from Definition A.4.1 that the compositions in a tricategory T are the [-product of
1-morphisms, the horizontal composition o of 2-morphisms and the vertical composition - of
3-morphisms. For notational clearness we denote the a 1-morphism F' : a — b, a 2-morphism
as « : F = G and a 3-morphism as ® : « = S. In the following we use the unpacked
Definition 5.3.2 of a Gray category, which is equivalent to the Definition of a Gray category
as strict opcubical tricategory, see Lemma 5.3.3. In particular for any 1-morphism F' and any
composable 2-morphism «, the 2-morphism 1g0a is denoted FOa and interpreted as the
application of the 2-functor —OJF to «. Similarly, we use the notation FO® = 1;,0® for a
3-morphism ®. In [38, Section 10.3], the following is shown.

Theorem 7.1.1 Let T be an algebraic tricategory. Then there exists a Gray category T' and
a triequivalence F : T — T’ that is the identity on the objects of T.

The proof of the following proposition is similar to the construction in [38, Section 10.3] and
the proof of [5, Theorem 5.2], see also the proof of [55, Theorem 2.2].
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7. Strictification of tricategories with duals

Proposition 7.1.2 Let T be a tricategory with weak duals. Then there exists a Gray category
G with weak duals such that the 2-categories G(b, ¢) are strict pivotal 2-categories for all objects
b,c € G and such that the 2-functors FO— and —OF are strict pivotal 2-functors for all 1-
morphisms F'. Moreover, there exists a triequivalence e : G — T that is the identity on objects
and whose 2-functors ey : G(b,c) = T(b,c) are pivotal for all objects b,c of T.

Proof. 1. Recall Definition 5.1.4 of a strict pivotal bicategory. With Theorem 7.1.1 and
Proposition 5.2.4, we can assume that 7T is already a Gray category. We construct the Gray
category G as follows:

i) The objects and 1-morphisms of G are the objects and 1-morphisms of T.

ii) A basic 2-morphism ¢ = (¢,2) : F = G between l-morphisms F,G in G is a tuple
of a number z € {+1T—1}, together with a 2-morphism ¢ : F = G in T for z = +1
or a 2-morphism ¢ : G = F for z = —1. A general 2-morphism ¢ : (@1, . ,?n) is a
string of composable basic 2-morphisms ¢, for i € {1,...,n} including the empty string
(Z)F = F.

i11) The evaluation of a basic 2-morphism (¢, z) : F' = G is the 2-morphism e(¢,z) : F' = G
in T defined by

6((;5’ +1) = ¢7 6(¢7 _1) = ¢*7 6((Z)F) =1F

e(én""’él) :e(?n)o,,_oe(él)‘ (7.1)

i) A 3-morphism ® : ¢ = ¢ in G is a 3-morphism ® = e(®) : e(¢) = e(y) in T.

v) The horizontal composition of 2-morphisms in G is given by the concatenation of strings,
the vertical composition of 3-morphisms is given by the composition of the corresponding
3-morphisms in T.

vi) The horizontal composite of two 3-morphisms I : @ =  and ¥ : 7 = p, where
a,f:F =G, ~,p:G= H are composable 2-morphisms, is the 3-morphism

VYol:yoa= pof, definedby e(Wol)=Wol.
It follows directly from these definitions, that for two objects a,b in G, the 1-, 2- and 3-
morphisms between these objects form 2-categories G(a,b).

vii) The composition [J of 1-morphisms F' and G in § is given by the composition (I of
1-morphisms in T. Hence it is strictly associative with strict units, as by assumption T
is a Gray category.

viii) For 1-morphisms F': ¢ — d and G : a — b and a 2-morphism « € §(b, ¢), define

FO(a,1) = (FOa, 1), FO(a,—1) = (FOo, —1),

(o, DOG = (0G, 1), (o, -G = (aOG, —1)

FObg = brog, FO(o, .. a1) = (FOoy, ..., FOaq)
0rO0G = 0rog, (an, ...,a1)0G = (0, 0G, ..., 1 OG).
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7.1. Strictification of the pivotal structure on the bicategories T (b, c)

Furthermore, for a € §(b,¢c), a: F = G and 3 € §(a,b), : K = H, set
a0p = (aOK) o (FOB).

Consequently, the composition [J of 1- and 2-morphisms is strictly associative, strictly
compatible with the unit 2-morphisms and strictly compatible with the horizontal com-
position of 2-morphisms.

The evaluation of composites of 1- and 2-morphisms is given by

e(Fd(a, +1)) = FOu, e(FO(a, —1)) = (FOu)*,
e((a, +1)0G) = oG, e((o, -1)OG) = («OG)*.

The composition [ of two 3-morphisms I' : o = o/, ¥ : B= é’ between 2-morphisms
a,d :F=G, 3,5+ H= K is defined as

e(LOW) = (iw x 0 g) - (e(D)De()) - (i © Tpp),

where I, i : e(a)0e(K) = e(edK) and if, 4 : e(L)0e(a) = e(LOa) are the invertible
3-morphisms given by

Z@E,K = 11e(£)lje(£)7 ZL,@E = 116(£)D€(E)7 Z(a,l),ﬁzloﬂe(ﬁ)a ZL,(a,l) :16(L)Da7
~ —OK\—1 ~ LO—\—1
L a,~-1),K = (ga ) ) UL (a,—1) = ( a )

Uaynay),K = ba, ,K©---0la K,

where ¢;55 : (a0K)* = o*0K is the invertible 3-morphism from Lemma 5.1.3 for
the 2-functor —OK : T(b,c¢) — T(a,c). Similarly, ££8- ¢ (LOa)* = LOa* is the in-
vertible 3-morphism from Lemma 5.1.3 that describes the compatibility of the 2-functor
LO— with the duality *. It follows directly that the composition [J of 3-morphisms is
strictly compatible with their vertical composition and with the unit 3-morphisms. By
definition, the identities

laoBK = la,KOlgK, lLaoB=1LaOlLp (7.2)

are satisfied for all composable 2-morphisms « , 8 and all 1-morphisms L, K. This
implies that the composition [J is compatible with the horizontal composition of 3-
morphisms. That the composition [ is associative amounts to the commutativity of
the following diagrams

e(@OFOG) 9, o(wOFOG) (7.3)
/EQDF Gi T é,Di G\
heog ( e(a0F)0e(G) 22D (o) De(@) .

\wp‘:’e(c)i T[a/’FDe(G)
()0e(£)De(G

e(a)Oe(F)Oe(G Y ZE Glante (1) 0e(@),
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7. Strictification of tricategories with duals

e(HOVOF)

e(HOoOF)

—1 -
HOa,F tHOo! ,F

e(HOo)Oe(F) 207D HO0) e (F)

e(HOo/'OF) (7.4)

zEaD P z&}gme@) ip.o/0e(E) iH o/OF

e(H)Oe(a)Oe(F) D 20 ) De (o) De(F)
e(H)Oi, e(H)Oiy p

S(E)DE(M)B(E)De(Q/E),

e(H)De(aOF)

for all 3-morphisms ¥ : @ = ¢, and the analogue of diagram (7.3) for the composition
with 1-morphisms from the left. In the diagram (7.3), all squares commute by definition
of the composition [J. It remains to prove the identities

la,FOG = La0F,G * (lo,pOle@)  THOK.a = tH,K00 * (Lo Dik o) (7.5)

for all 2-morphisms o and 1-morphisms F', G, H, K for which they are defined. Due to
the identities 7.2) it is sufficient prove this for basic 2-morphisms and the empty string
of 2-morphisms. Condition (7.5) is equivalent to the requirement that the diagrams

E_FDG EHEIK—
(aOdFOG)* 2*— o*0OFOG (HOKOa)* 2*— HOKOo*
| o, o (7o)
(«OF)*OG HO(KOa)*

commute for all basic 2-morphisms « in T for which they are defined. The characteri-
zation of the 3-morphisms ¢, from Lemma 5.1.3 implies

(laorog © {;Eg) - coeveOrng = coevenr UG. (7.7)

From this, one obtains

(Laoroe © (6,75 016)) - (laorog © E,55) - coevanrne
= (laprog © (f;DFch)) - (coevaor U1FR) (7.8)
= coev, FOG '

EIFEIG)

= (laorog © &, - COeVOFOG,

where we used equation (5.1) in the last step. With the unique characterization of
the 3-morphism &;775¢ from Lemma 5.1.3, we conclude that the diagram on the left
in (7.6) commutes. The commutativity of the diagram on the right in (7.6) is shown
analogously.

ir) The tensorator, see Definition 5.3.2, 0, 5 : («OK)o(FOB) = (GO P)o(alH) in § is
defined by

e(0)ap = (1G5 0 latt)  Te(a),e(8) * (Tax © Tp.p)-

2]
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7.1. Strictification of the pivotal structure on the bicategories T (b, c)

It follows from this definition, the properties of the tensorator in 7 and the identities
(7.5) that g, g satisfies the axioms for the tensorator in Definition 5.3.2.

This shows that G is a Gray category. Clearly, e : § — T is a triequivalence and by construction
e: 9(a,b) — T(a,b) are strict 2-functors.

2. Next we define the duality * on G. For a basic 2-morphisms o = («v, 2) we set o* = («, —2)
and extend * to a general 2-morphisms a = (ay,...,q,) by

ot =(ak,...,a7).

This implies
a** =qa, (aof)*=p*oa*

for all composable 2-morphisms « and 3. The duality morphism ev, : a*oa = 0 is defined
for a basic 2-morphism a = (o, 2) : F' = G by

e(eVia,+1)) = &Va, €(eV(q,—1)) = &Var *(an 0 Lo+ ),

* is the 3-morphism given by the pivotal structure. For a general 2-

morphism « o0, F = G we set

where a,, : a = o
:(Qla-
eVy =eVq, ... (lo...oloev, olo...o01).

Analogously, we define for a basic 2-morphism a = (a, 2) : F' = G the coevaluation coev,, :
e = aoa* by

e(coev(q,+1)) = coevy, e(coev(y 1)) = (1o © agt) - coevys,
and for a general 2-morphism a = (ay,...,q,) : F'= G by
coevy = (lo...olocoevy olo...ol)-... coev, .

It follows from the definition of the evaluation and coevaluation that these 3-morphisms are
strictly compatible with the horizontal composition of 2-morphisms. Hence it is sufficient to
show the snake identities (A.8) and (A.9) for basic 2-morphisms o = (a,2) : F = G. For
z = 41, these identities follow directly from the corresponding identities in TJ. For z = —1 we
compute

6(1(g,—1) o ev(g,z)) : (Coev(g,z) Ol(g,z)) = (1a* O €V '(aa o 104*)) : (1a* o aEl) - COeVx Ola*)

= (1g= 0 evyr) - (coevys 0lgx) = 1gx.

(7.9)
The remaining identity (A.9) for the case z = —1 follows analogously. From Lemma 5.1.3 we
then obtain the identities
£ 1) = lax re(a,+1)" = a" = e((o, +1)*) = o,
. e . (7.10)
€ty = 00 oo, 1) =0 S el(a,~1)%) = a.

3. Next we show that the 2-categories G(c,b) have a pivotal structure that is given by
the identity and that the strict 2-functors e : G(¢,b) — T(c,b) are pivotal 2-functors. We

163



7. Strictification of tricategories with duals

proceed analogously to the proof of [55, Theorem 2.2]. As the 2-functors e : G(c,b) — T(c,b)
are biequivalences, there exists a unique pivotal structure a on G(c,b), such that the 2-
functors e : G(¢,b) — T(c,b) are pivotal, see Proposition 5.1.10 74). This is equivalent to
the commutativity of the following diagram for all 2-morphisms « in §

€<Q**) W G(Q)
J(EZ*)l - Jaem) (7.11)
(€)*
o

ela’) = ela)™

Since all 3-morphisms in this diagram are compatible with the horizontal composition of 2-
morphisms, it is sufficient to consider this diagram for basic 2-morphisms. Thus it remains to
show that for all basic 2-morphisms a = («, z), the diagram (7.11) commutes when one sets
a, = 14 as upper horizontal arrow. For a basic 1-morphism a = (o, +1), f(ea’ﬂ) = g+, by
(7.10), while ££. is given by the 3-morphism a,. Hence it follows that (7.11) commutes with
the identity 3-morphism a,, = 1, as upper horizontal arrow. For aw = (, —1), the 3-morphism
5&_1) is given by f(ea,—1) =ag?, &qz 1s the identity and it follows from Lemma 5.1.8 i11), that
(7.11) commutes with the identity 3-morphism a, = 1, inserted on the upper horizontal
arrow. Hence it follows at once that the bicategories G(a,b) are strict pivotal 2-categories
and the 2-functors e : G(¢,b) — T(c,b) are pivotal. It is clear by definition of the x-duality
in G, that for all 1-morphisms F : b — ¢ in G, the 2-functors FO— : T(a,b) — T(a,c) and
—0OF : T(c,d) — T(b,d) are pivotal 2-functors. O

In the next section we require the following result, the proof of which is analogous to the
proof of Lemma 5.3.10.

Lemma 7.1.3 Let G be a Gray category with weak duals and a strict x-duality as in Propo-
sition 7.1.2. Then for all 2-morphisms u,p' : F = G, v : H = K and all 3-morphisms
O : =y for which these expressions are defined, one has

(KO®OH)* = KOO*OH, o, = 0y e

7.2. Strictification of the duals on hT

In this section we show that a tricategory with weak duals to a Gray category with strict
duals. See Definition 5.3.2 and Lemma 5.3.3 for the definition of a Gray category using Gray
category data.

The next result provides in particular a new method to construct Gray categories with
strict duals.

Theorem 7.2.1 Let T be a tricategory with weak duals. There exists a Gray category G with
strict duals and with the same objects as T together with a triequivalence e : T — G, such that
the 2-functors eqp : T(a,b) = G(a,b) are pivotal 2-functors.

Proof. 1. With the results from the previous section we can assume that 7T is already a Gray
category T = G with weak duals such that conditions i) and i) in Definition 5.2.2 are strict
(see Remark 5.2.3). We construct the Gray category G as follows:
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7.2. Strictification of the duals on hT

i) The objects b, c of G are objects b, ¢ of G.

ii) A basic 1-morphism F : b — cis a tuple (F, z) of a number z € {41, —1}, together with
a l-morphism F : b — cin G for z = 4+1 or a l-morphism F : ¢ — b for z = —1. A
general 1-morphism F = (F,..., F,) is a string of composable basic 1-morphisms F;
for i € {1,...,n} including the empty strings @), for all objects b € §. The evaluation of
a l-morphism F = (F,,...,F1) : b — cin § is the 1-morphism e(F) : b — ¢ in G that
is defined by

e(F,1)=F, e(F,—1)=F%, ¢(0) =1,
e(Fy,. ..., F1) =e(F,)O...Oe(F1).

iii) A 2-morphism « : F = G between l-morphisms F,G : b — ¢ in G is a 2-morphism
e(a) :e(F) = e(G) in G.

iv) A 3-morphism ® : o = 3 in § is a 3-morphism e(®) : e(a) = e(f) in G.

v) The composition of 2- and 3-morphisms in § is the one induced by the corresponding
compositions in §. This implies directly that all 2-categories G(c,b) are strict for all
objects b and c of §.

vi) The composition O of 1-morphisms in § is given by the concatenation of strings, which
is clearly associative and has strict units given by the empty strings.

vii) Since the evaluation is strictly compatible with the composition of 1-morphisms, we
define the composition of a 1-morphism F' : ¢ — d and a 2- or 3-morphism « in §(b, ¢)
by

e(FOa) = e(F)Ue(a). (7.12)

vi#i) The composition of a 1-morphism with 2- and 3-morphism in § on the right is defined
analogously. It follows that FO(—) : §(b,¢) = §(b,d) and (—)OF : §(d,a) = Y(c,a)
are strict 2-functors for all 1-morphisms F': ¢ — d.

iz) The tensorator, see Definition 5.3.2 in § is given directly by the tensorator in § and
thus we conclude, that G is a Gray category.

2. Next, we construct a triequivalence e : § — G (see Definition A.4.7). The functor e is
defined as the identity on objects, and by the formulas above it is already defined on 1-,2-
and 3-morphisms. It is clearly strictly compatible with all compositions and all units. By
definition, the functors ep ¢ : §(F,G) — G(e(F), e(G)) are the identities for all 1-morphisms
F and G in §. Since for every l-morphism F' : ¢ — b in G, e(F,+1) = F, the 2-functor
eap : G(a,b) = G(a,b) is a biequivalence for all objects a,b in § according to Definition
A.3.15. This shows that e : § — G is a triequivalence.

3. We define the duality * on § and show that it possesses the same strictness properties
as the duality * on G. For all 2-morphisms « : F' = G in § we define

a*:G=F via e(a®) =e(a)". (7.13)
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7. Strictification of tricategories with duals

It follows that

a**=qa, (GOaOF)*=G0Oa*0OF, and (aof)*= 00", (7.14)
for all 2-morphisms o, 8 and all 1-morphisms F' and G, whenever these equations are defined.
Moreover, the duality morphisms ev, : aofoa = 1and coev, : 1 = ao o are directly obtained
from the duality morphisms of G by e(ev,) = eve) and e(coev,) = coev(,). This implies
that G satisfies the strict versions of i) and i) in Definition 5.2.2 (Remark 5.2.3).

4. The #-dual of a basic 1-morphism (F,a) is defined as (F,a)% = (F,—a). We set
(Z)aﬁ = (), and for a string F = (F,...,F,), we set

ﬁ)'

Ft—(Ff F (7.15)

—_

This implies
FE# - F  and (FOG)# =G#EOF% (7.16)

for all composable 1-morphism F and G in §. This shows that condition i) a) and the
first condition in ) ¢) in Definition 5.3.7 are satisfied. Now, fix for all 1-morphisms F in G
duality 2-morphisms evy : F#0OF = 1 and coevy : 1 = FOF#. Then we define for all basic
l-morphisms (F,+) : a — b in § a 2-morphism ev(p 4y : (F, —1)(F,+1) = 0, by

e(ev(py) = evp : FFOF = 1,, (7.17)
and a 2-morphism coev(p 4y : 0, = (F, +1)(F, —1) by
e(coev(p 4)) = coevp : 1 = FOF?, (7.18)

It follows directly that e(coev(p_1)) = evy and e(ev(g 1)) = coevy.. Furthermore, define for
a l-morphism (F,—1) : a — b in § a 2-morphism ev(p _y : (F,+1)(F, —1) = 0 by

\—

ev(p_) = coev?FHr), (7.19)
and a 2-morphism coev(p _y : 0, = (F, —1)(F,+1) by
coev(p_y = ev(iF’Jr) : (7.20)
For a general 1-morphism F' = (Fy,...,F,,), we set
evp=evp .- (FE,. . F¥ evp Fy....F,), (7.21)
and
coevp = (Enﬁ, . ,EQﬁ, coevp , Fy...,F,) ... coevp . (7.22)

For the empty string (),, we define evy, and coevy, by e(evy, ) = 11, = e(coevy, ). This shows
that the duality 2-morphisms satisfy the second equations in Definition 5.3.7 4i) b) and c).

5. It remains to define the triangulator for each 1-morphism F in § and to show that it
satisfies the third condition in 4i) b) and c) from Definition 5.3.7 as well as condition i) d)
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from that definition. The triangulator for a 1-morphism F' is by Definition 5.3.7 an invertible
3-morphism

IE: (1EQGVE) o (COEVEglﬂ) = 115. (723)

For a basic 1-morphism F = (F,+1) such a 3-morphism Y p 1) is given by
e(X(p41)) : (1FLevp) o (coevp Ulp) = 11,. (7.24)

In the sequel we denote the 3-morphism e(X ;1)) by Tr. The existence of such a 3-morphism
for F = (F,+1) is guaranteed by the fact that hG has duals which satisfy the snake identity
(A.8).

For a basic 1-morphism F = (F,—1), the triangulator XY (F_1) is given by its evaluation
e(X(r_1)) : (F#Ocoevy) o (evi OF#) = 1y . (7.25)
The *-dual of this 3-morphism, which is called T F in the sequel, is a 3-morphism
Tp: L, = (evp OF#) o (F¥Ocoevy). (7.26)

From this it follows that the second snake identity (A.9) for the duals in hG guarantees the
existence of an invertible 3-morphism T r in G and thus also the existence of an invertible
3-morphism Y _y for each object (F,—1) in §.

The task is to choose the 3-isomorphisms Y 1y and Yz _;) in such a way that the third
identities in 4i) b) and c) as well as condition #) d) in Definition 5.3.7 are satisfied. We show
that this is possible by first fixing for each 1-morphism F': @ — bin § the triangulator T p | )
for the basic 1-morphisms (F,+1) by selecting an invertible 3-morphism YT in §. For the
empty string (},, we choose Yy such that e(Xy ) = 11,. This proves the third condition in
Definition 5.3.7 ii) b).

The next step is to show that if Y(x_;) are chosen such that the following equations
between 3-morphisms in G are satisfied, then we can choose the triangulator Y for a general
l-morphism F, such that the third conditions in Definition 5.3.7 7i) ¢) and condition ) d) of
that definition hold. In the following equations we omit the [J-symbol for better legibility.

1

/{M\

F#E 29900 pFRF#F — s F#F
r evp
11 \m}loevFvevF ]_a = 1eVF (727)
evp
F#F 1CO€VF1 F#FF#F 11evF F#F

)

W
1
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and

1

FF# 2900, pp#pp# —— FF#
levevy, = 14 M"C"eVFvweVFll 11 (7.28)

wj

coevp 11 levpl

FF# 22 s pR#PRP# 2 FE¥#,

W
1

Suppose that the 3-isomorphisms Y5 _;y are chosen such that equations (7.27) and (7.28)
are satisfied. We then define the triangulator for a general 1-morphism F of G as follows: For
a string (£, G) of length two, we define Tr ¢ by

Trog = (Tﬂm © LDTQ) ’ (17FDGD coevy, © U;é coevg . coev’ , OG © leoev LFDG)' (7.29)
] ==Ra F# = =

Then we continue inductively to define Tr for a general 1-morphism F. Note from the
properties of the tensorator, see Definition 5.3.2, that this is unambiguous, T (rogon =
Y po(com)- This shows that the third condition in Definition 5.3.7 ii), c) is satisfied.

It remains to consider condition i), d) in Definition 5.3.7. Equation (7.28) shows that
Condition ii), d) holds for a basic 1-morphism (F,+1), while the *-dual of equation (7.27)
implies that equation i), d) is satisfied for a basic 1-morphism (F,—1). Hereby we require
the compatibility of the tensorator o with the *-duality from Lemma 7.1.3.

It is straightforward to deduce from the properties of the tensorator, that by the definition
(7.29), it follows that condition i), d) holds for the composite FOG, where F' and G are basic
1-morphisms. Hence it follows that equation i), d) holds in general. To conclude the proof
it remains to show that the 3-isomorphisms Y ;) can be chosen such that equations (7.27)
and (7.28) are satisfied. This is shown in Lemma 7.2.3. O

To show the technical detail that is missing from the proof of the theorem above, we require
the following lemma.

Lemma 7.2.2 For each 1-morphism F :a — b in G and for any choice of 3-isomorphism

168



7.2. Strictification of the duals on hT

Te: 1, = (evp OF#) o (F#Ocoevy), the diagram

1

F#FAEEEE»F#FF#FAQGET»F#F

evp

11 M/IIUEVF,GVF ].a (730)

lcoevp 1 llevp

FH#p 2 pH#RPR#FE —— 2 pHEE

Y1ire
1

defines an invertible 3-morphism ¢ = ¢(TF) cevp = evp in §. Similarly, diagram

1

ﬂm\

11 coevp

FF#A————%FF#FF#ATEFT»FF#

coevp

1(1 \MacoevF,coevFll 11 (731)

w‘p

FF# FF#FF# FF#

Y re1
1

composes to an isomorphism 1 = w(TF) : coevp = coevp. For these 3-morphisms the
following equation is satisfied

coevp 11 levpl
EEE——

coevp 1 levp
/_N /\
I N g e N 2.0 (N Py 0 (7.32)
\_/r \_/!
coevp 1 1coevp

Proof. It is clear from the definition, that ¢ and v are well-defined invertible 3-morphisms.
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7. Strictification of tricategories with duals

The left hand side of equation (7.32) is by definition equal to

1

m

pr#p DOV pp#pp#p o FFFF
CCV w‘
F \m{acoevF,coevFlll F (733)
ye\/jﬂ 1 V
# coevp 111 # # levp 11 4
FF#F ———— FFFFF7TE FF#F.

Next we compose the polygon at the bottom of (7.33) with T, which yields the following
diagram, in which we abbreviate xp = (1p0evp) o (coevpOlp) : F = F,

Xpll

coevp 1

prtp WVrlippep ler o (7.34)

W
b

1

F

It follows from the naturality of the tensorator, that this diagram is equal to

FFR#p X1 pp#p

coevp 1 \evi 1
F NI”“F’X F. (7.35)
w 1

s
T+
FF#F F )

Ay

levp
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7.2. Strictification of the duals on hT

The right hand side of (7.32) is by definition equal to the diagram

1

////////i@;;;\\\\\\

FF#FEHB&E}FF#FF#FATEFH»FT#F

F \m}llaevF,evF

FF#F FF#FF#F FF#F.

Composing the polygon at the bottom of (7.36) with Yz yields the following diagram

F (7.36)

1evF

11coevp 1 lllevp
E— E—

11xrp

coevp 1

prtp Wrppep ter g (7.37)

W
Yo

1

F

It follows from the naturality of the tensorator, that this is equal to

FFr#p X pp#p

CLV W‘l
F M”“W‘ F (7.38)
XF V
a8
) F

FF#F
W TE

coevp 1

From the compatibility of the tensorator with the horizontal composition we deduce that the
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7. Strictification of tricategories with duals

following equation between diagrams holds

11coevp 1 levp 11l

FF#F ——E5 FF#FF#F ——L s FF#F

coevp 1 coevp 111 levp 1l levp
—_—> EEE— — E—

F FF#F FF#FF#F FF#F F
coevp 1 levp
\m}aevF,(coevFl)(levF)
FF#F levp F coevp 1 FF#F,
I (7.39)
# 11CO€VF]. # # 1evF11 #
FF7F ————— FFT"FF7TF FF7TF
F coevp 1 FF#F 11 coevp 1 FF#FF#F 11levp FF#F levp F
coevp 1 levp
\m/o—(coevFl)(levF),evFl
FF#F levp F coevp 1 FF#F

If we insert now (7.35) back in (7.33) and (7.38) back in (7.36), it follows from (7.39) that the
compositions of both sides of (7.32) with YT agree. Since T is an isomorphism, equation
(7.32) follows. O

With this result we can first choose the isomorphism TF and correct then the failure of
equations (7.27) and (7.28) as follows.

Lemma 7.2.3 Let (F,—1) be a basic 1-morphism of § and Yr a choice of 8-isomorphism
as in equation (7.26). Let X p_yy be the 3-morphism such that e(X(p_q))* is equal to the
composite

1

YYe
F# 1 coevp F#FF# evp 1 F#
Ny
evFl

Then X (p,_q) together with X p 1y satisfies equations (7.27) and (7.28).
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7.2. Strictification of the duals on hT

Proof. The left-hand side of equation (7.27) for Xy _;y reads

1
Yre1

F#FF#F

[
F#F F#FF#F F#F

Y1re
1

lcoevp 1 evp 11

F#F F#F
$11

evp 11
]-U'evF,evF

evp

(7.40)

evp

lcoevp 1 llevp
e

By the naturality of the tensorator and by definition of ¢, this is equal to

F#F

F#F

\y
1

1
Y¥r1

F#FF#F

\m}ervF,evF

11evF

evp 11

lcoevp 1
EE—

—E F#F

evp

la (7.41)

levp-

evp 1

\

lcoevp 1
evp

F#FF#F F#F

Equation (7.28) follows analogously. Using equation (7.32), one finds that the diagram

1

V1t
FF# 11 coevp FF#FF# levpl FF#
evp 11
1(1, \m/a'coevF,coevF 11 11 (742)
Q‘F
# Coevp 11 # - levpl #
FF FF7FF FF

Yrr1
1
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7. Strictification of tricategories with duals

is equal to
1

Yave
FF# 11CO€VF FF#FF# 1evF1 FF#
11coevF
M/UcoevF,coevFll 11 (743)
w‘p
# coevFll # # leVFl #
FF FF7TFF FFE7.

Yre1
1
With the naturality of the tensorator and the definition of ¢ one than obtains equation (7.28).

O
From this result and Theorem 6.4.1 we deduce the following.

Corollary 7.2.4 The tricategory Bimod? is triequivalent to a Gray category with strict duals.

7.3. Strictification for Gray categories with duals

In this section, it is shown that for every spatial Gray category G, the 3-functors of strict
tricategories * : § — G and # : § — G, can be strictified to strict 3-functors of strict
tricategories * : G — 5 and # : § — §_ in the sense of Definitions A.4.10 and 5.3.6, which
satisfy ## = 1, xx = 1 and *#x*# = 1 The Gray category § is a Gray category with
strict duals and equ1valent to G as a strict tricategory (see Definition A.4.14). The difference
between § and § is that the structures from Definition 5.3.7 extend to strict 3-functors of
strict tricategories. This motivates the following definition.

Definition 7.3.1 ( [5, Def. 5.1]) A Gray category with strict duality functors is a Gray
category with strict duals G such that the operations # and * extend to strict 3-functors of
strict tricategories x : G — G, # : G = G, satisfying xx = 1, x# x # = 1, #4 = 1, and for
all 2-morphisms L,

# coev,, = CoeV,y, .

To prove that it is possible to strictify the Gray with strict duals § to a Gray category §
with strict duality functors, we first construct a Gray category G with strict 3-functors of strict
tricategories * : § — G and #: G — G_ satlsfylng ## =1, xx = 1 and x#=# = 1 that is
equivalent to G. In a second step, we then show that the Gray category G is a Gray category
with strict duals in the sense of Definition 5.3.7 and satisfies the conditions in Definition 7.3.1.

Theorem 7.3.2 ( [5, Thm. 5.2]) Let G be a spatial Gray category with strict duals. Then
there exists a Gray category G with the following properties:

i) G is equipped with strict 3-functors of strict tricategories # : G — Gopr 28— G that
satisfy # # =1, xx =1, xfx# = 1.
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7.3. Strictification for Gray categories with duals

ii) G is equivalent to G as a Gray category: there are lax 3-functors of strict tricategories
e:§G—=Gand f:G = G with ef = 1g and a natural isomorphism of lax 3-functors of
strict tricategories 1 : fe — 1g. The natural isomorphism satisfies en = 1, nfe = 1ge,
and there is an invertible modification V : nf = 1; with e¥ = 1y,.

iii) The lax 3-functor of strict tricategories f : G — G satisfies xf = fx*, and there are

natural isomorphisms of lax 3-functors of strict tricategories § : xe — ex, x : #e — e#

and X : #f — f#.

Proof.
1. We construct G in analogy to the strictification proof for tricategories in [38]. Note also that
our proof can be viewed as a generalization of the strictification proof for pivotal categories
in [55].

The objects of G are the objects of §. A basic 1-morphism in § from a to b is a tuple
F = (F,z) of anumber z € {1,—1} and a 1-morphism F : @ — bin G if z = 1 or a 1-morphism
F:b—ain§if 2= —1. The 1-morphisms of § are composable strings F' = (F},,..., F1) of
basic 1-morphisms, including the empty strings (), : @ — a for each object a. The evaluation
of a 1-morphism F : a — b in § is the 1-morphism e(F) : a — b in § determined by

e(F,1)=F, e(F,~1)=#F, e(0y) = la,
e(Fp,...,F1) =e(Fy)O...0e(F1).

A basic 2-morphism in G is a tuple a = (o, 2) : F' = G consisting of a number z € {1, -1}
and a 2-morphism «a : e(F) = e(G) in G if z = 1 or a 2-morphism « : #e(G) = #e(F) if
z = —1. The 2-morphisms in § are composable strings a = (au, . .., a1) of basic 2-morphisms
in G, including the empty strings g : F' = F. The evaluation of a 2-morphism « : F' = G in
G is the 2-morphism e(a) : e(F) = e(G) in G determined by

6(0[, 1) = Q, G(Oé, _1) = #a, B(QE) = 16(E)7

e(an,...,a1) =e(ar)o...oe(ay),

for all basic 2-morphisms o, ..., a,. A 3-morphism I : @ = 8 in § is given by a 3-morphism
e(I) : e(a) = e(B) in §.

The vertical cgmposition of 3-morphisms in § is the vertical composition in §. The hori-
zontal composition of 2-morphisms in G is the concatenation of strings. This implies that the
horizontal and vertical composition are strictly associative and the unit 2- and 3-morphisms
are strict. As the evaluation is also strictly compatible with the horizontal and vertical compo-
sition and the units, the horizontal composition of 3-morphisms in § is given by the horizontal
composition of 3-morphisms in §. This shows that for each pair of objects a, b, §(a,b) is a
strict 2-category.

The composition [J [ in § is defined as the concatenation of strings on 1-morphisms. This
implies that it is strictly associative and the unit 1-morphisms are strict:

(FOGOoH=FrOGOH), FO).=0,0F=F
for all 1-morphisms F':¢c—d,G:b—c, H:a — bin §. It also follows that the composition
[ of 1-morphisms is compatible with the evaluation. All composable 1-morphisms F', G satisfy
the relation e(FOG) = e(F)Oe(G).
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7. Strictification of tricategories with duals

For 1-morphisms F € §(c,d), G € G(a,b) and a 2-morphism o € G(b,c) we define the
composition [J by

FO(a,—1) = (aO#e(F),—1),
«, I)QQ = (aDe(Q)7 1)7 (Oé, _I)QQ = (#G(Q)DO(, _1)
FO(an,...,oq) = (FQay, ..., FOo)
O]

000G = (030G, .. G).

=
0 |
I |
I
=

5

(]

2

‘?5
3

This determines the composition [J of composable 2-morphisms a : F'= G, 8: K = H in §,
which is given by

alpf = (a0K)o(FOP). (7.44)

As a direct consequence of these definitions, the composition [ of 1- and 2-morphisms is again
strictly associative, strictly compatible with the unit 2-morphisms and strictly compatible
with the horizontal composition of 2-morphisms. To define the composition O of two 3-
morphisms, we compute the evaluation

e(FO(a, 1)) = e(F)Oe(a, 1), e((o, HOG) = e(a, 1)Te(Q)
e(FD0y) = e(F)0e(0), e0u1G) = e(0)0e(G),

e(F D0, ~1)) = #(aO4e(E)), e(F)e(a, ~1) = e(F)Tta,
e((a, =DHG) = #(#e(G)0av), e(a, —=1)0e(G) = #alle(G)

The composition [ of two 3-morphisms I' : o = o, ¥ : B = é’ between 2-morphisms
a,d 1 F=G, 3,5+ H= K is defined as

e(@0Y) = (i x 0 lpg) - (e(2)Te(R)) - (I © Iplp),

where iy g @ e(a)de(K) = e(a0K) and i, : e(L)0e(a) = e(LOq) are the invertible
3-morphisms given by

Wek = U, moeur Lor = Menei Uay1),K = LaDe(K)> UL, (a,1) = le(z)0as
Lo 1)K = Flyeioo - (LaaOPse(r))s UL (1) = Koo (Paen)Blsa),
Uapymay ), K = la, K O 0 lay K, L (a, may) = ULy, © -+ O llays

with the 3-morphisms k,, : #vO#p = #(pv) and Pp : 1up = #1p from the proof of
Theorem 5.3.11. In this, we used the identity ##F = F in a Gray category with strict duals.
It follows that the composition [J of 3-morphisms is strictly compatible with their vertical
composition and with the unit 3-morphisms. The composition [ is compatible with the
horizontal composition of 3-morphisms if and only if the following two commutative diagrams
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7.3. Strictification for Gray categories with duals

and their counterparts with a 1-morphism on the left are equal

o (7.45)
Tluo LK
B

As the horizontal composition of 2-morphisms is strictly compatible with the evaluation, the
equality of these two diagrams follows directly from the identities

(7.46)
which are satisfied by definition. That the composition [J is associative amounts to the
commutativity of the following diagrams

(0O FOG) e(YOFOG)

e(o/OFOG)

(7.47)
T~

e(a)Oe(F)Oe(¢ Y 2 E2 o) De (1) De(G)

(HOJ'OF) (7.48)

~71 ~

'HOo,F LHOo!  F

e(HO0)Oe(F) 202D 00 Te(F)
e iy o e(E) T o De(F) Ih o/OF
e()Oe(F VB iy Te (o) De(F)
e(H)Oi, e(H)Oiy p
|:|6( OF )e(ﬂ)De(\IIDF)

and the analogue of diagram (7.47) for the composition with 1-morphisms from the left. In
the diagram (7.47), all squares commute by definition of the composition [J. It remains to
prove the identities

la,F0G = la0F,¢ * (la,r0le@))  THOK.0 = tH,KOo - (le(r) ik o)
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7. Strictification of tricategories with duals

for all 2-morphisms « and 1-morphisms F',G, H, K for which these expressions are defined.
Due to the identities (7.46), it is sufficient to prove this for basic 2-morphisms and the empty
string of 2-morphisms. For the latter and for basic 2-morphisms a = («, 1), this follows
directly from the definition. For basic 2-morphisms a = («, —1), inserting the definition of
lo,F into these equations shows that this is the case for the first equation if and only if the
outer paths in the diagram

all®ycoyr Rlycogr

#aOFOG — #ol#1ypcour #(LpcoprUa)
#a00., p0G #0ORT, 1y
#aO# 1, p0G T G O O
m#F,amci F1ypaO# LG
#(LyrOa)0e #2509 1 Do) O e

are equal. The rectangle on the lower left commutes. The subdiagram on the right commutes
due to equation (5.35), and the upper left rectangle due to the compatibility condition (5.34)
between the 3-morphisms x and ®p, ®¢. This shows that the diagram (7.47) commutes. The
proof for the commutativity of the corresponding diagram with the 1-morphisms on the left
is analogous.

In diagram (7.48), the three rectangles in the middle commute by definition of of the
composition . It is therefore sufficient to prove that the two subdiagrams with curved
arrows on the left and right commute. Using again the identities (7.46), one finds that it
is sufficient to show that this is the case for the basic 2-morphisms and the empty string of
2-morphisms. In the cases @ = 0p and a = (a, 1) the commutativity of the subdiagrams
is obvious. For a = («,—1), we insert the definition of i, p and g, and obtain diagram
(7.49), in which we abbreviate F' = e(F) and H = e(H). The outer paths in diagram (7.49)
correspond to the 3-morphisms iy o0OF - (Le()Dla,r) and tgoa F - (Cg,aDle(r))- It is directly
apparent that the lower parallelogram in the middle and the two subdiagrams on the right
and the left commute. The upper parallelogram in the middle commutes due to the pentagon
axiom for k in equation (5.35) and hence the outer paths on the left and on the right are
equal. This proves the commutativity of the diagram (7.48) and completes the proof that the
composition [ is strictly associative.
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7.3. Strictification for Gray categories with duals

#(#HO0OH#F) (7.49)
#1#}75# #HDOz OéD#F D#l#H
#lprOnT, o oty L
D#(#HDQ i \ / i (aO#F) D‘I’;;H
FO#(#HOa) #1ypO#a0# 14y #(a0#F)OH
FDHl_#Hyoéi / \,\ i a, 1#F
#FD#(XD#I#H #I#FD#QD@
FD#OA]#l#H #1#FD#OJ|:|H
%}I\ /@
FO#aoOH,

To conclude that § is a Gray category, we define the tensorator g, 4 : (eOK)o(FOB) =
(GOPB)o(alIH) in § by -

ap = (Gp0Tlan) Oca)e®)  (Tak ©Tpp)

It follows from the definition, the properties of the tensorator in § and the identities proved
above that g, 5 satisfies the axioms for the tensorator in Definition 5.3.2. This shows that §
is a Gray category.

2. To construct the strict 3-functor of strict tricategories # : § — G, we set # (a) = a for
objects, #(F, z) = (F,—z) for basic 1-morphisms F' = (F,z) of § and extend # to general
1-morphisms by

H#(Fnso 1) = (# B # ), #(00) = Do

It follows that # is strictly compatible with the composition [ of 1-morphisms, preserves
the unit-1-morphisms, satisfies # #I = F and is compatible with the evaluation: e(# F) =
#e(F) for all 1-morphisms F in . B

For basic 2-morphisms o = («,z) : F = G we set #(«,z) = (a, —2) and extend # to
general 2-morphisms by o o

#(an, - a1) = (#ar, .. #an), #(0F)=0yr.

This implies that # is strictly compatible with the horizontal composition of 2-morphisms,
preserves the unit 2-morphisms and satisfies # #a = a for all 2-morphisms « in §. Due to
the identity ##F' = 1 for all 1-morphisms F' in G, it also follows that # is strictly compatible
with the composition I of 1- and 2-morphisms.

To define the action of # on 3-morphisms I : @ = [, we note that if a = («, 2) is a basic
2-morphism, the 2-morphisms #e(a) and e(# a) are related by #e(a, 1) = e(#(a, 1)) and
#e(a, —1) = ##e(#(a, —1)). For general 2-morphisms (an, ..., 01), we have -
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7. Strictification of tricategories with duals
We obtain an invertible 3-morphism y, : #e(a) = e(# a) by setting

Xop = q)e_(lg), X(e,1) = l#ar  X(a—-1) = Oa

1
X(a ay) — (Xgl ©...0 Xgn> ’ (I)e(gl),...,e(gn)’

Hnoret]

where @, .. #p10...0H#u, = #(pn o ... 0 p1) denotes the invertible 3-morphism
determined by ®,, = 14,, and

Ppusypin = Ppuspnonopz * (Lt © Ppig,pno.ops) =
: (1#;41 o..olyy, 40 (Pﬂn—%ﬂno,u«n—l) : (1#u1 o..olyy, ,o0 q)un_1,un)

and the 3-morphisms ®p : 1py = #1p and O, @ #p o #v = #(v o) are given in the
proof of Theorem 5.3.11. Note that it follows from identity (5.32) that the bracketing in the
definition of ®,, . ,, is irrelevant, and for all composable 2-morphisms p1 ,..., p, and all
1<k<n-1

n

Lot = q)ako---oalyoéno---oak+1 ’ ((I)al,---,ak °© (I)Oék-s-h---,oén)'

From this, it follows that the 3-morphisms x, : #e(a) = e(# ) satisfy the relation

Xaop = (Xg © Xa) " P c(a) (7.50)

for all composable 2-morphisms a, 3.
For a 3-morphism I' : @ = 3, we define # ' : # a = # 3 by

To show that # defines a 3-functor of strict tricategories, we prove the identities

HU-D)=#V -#O, #(Vod)=#Po#V, #(VUQ)=#OU#V

for all 3-morphisms @, ¥ for which these expressions are defined. The first follows directly from
the definition. The identity #(¥ o ®) = # ® o # ¥ follows from the commutative diagram

e(#(a0f)) 2 2%e(B) o #e(af DE e () o (o) (751)
X;% ;/% /‘m lxﬂ’oxo/
#elaeh) Soay # o 8) — et o)

for all 3-morphisms @ : 3 = é’ and ¥ : a = o. The parallelogram in the middle of this
diagram commutes due to the naturality of the 3-morphism ®,,, : #p o #v = #(v o u) and
the triangles on the left and right by identity (7.50).
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The identity # (vde) = # @0 # Y is equivalent to the commutativity of the diagram

e(#(/08")) (7.52)

ﬁé(za,lkozalﬁ) #(0yt 1c°Tp 1) \
. - | (e(¥)Ue(2)) - -
L#iﬁ,ﬁg“ﬁlg,ﬁg | 75)'£(6(Q)D€(§ﬁ£4> #(e(e)Oe(8")) | L#ﬁ%ﬁhﬁﬁ“{&ﬁg’

Re(a),e(B) Fe(a’),e(8’)

ste(of PG e () Dte (o)

xg0xa X@’ng’

e(#6)De(#af B2 EE 4 8D (#a).

3=
2
=

[

In this diagram, the four rectangles in the middle commute by definition of the 3-morphisms
#(VOQP), ¥OP and #V, #& and due to the naturality of the 3-morphism @, : #po#v =
%(u o). It remains to show that the two pentagons on the left and the right commute. As
a first step, we reduce the proof of the commutativity of these diagrams to the cases o = 0

or f = (g. For this, we consider the diagram

e(#(cOB)) . #e(FOB) o #e(aDK) (7.53)
Tpb 4R o

(#e(B)O#1e(r))
e(#p)elfa) o(#1, 10y He(a))
X5 e’ c(8)0®,(r)) Qﬂ%lg R
#e(ﬁ)D#e(g) o(® k) OFte(a))

#ip 5O g 1
Fele)e(®) Pe(F)Oe(8),e(@)Te(K)
#(e(a)Te(5) e #e(allp).
(a0 5)

The path on the outside in this diagram corresponds to the pentagon in diagram (7.52).
The two quadrilaterals in the diagram commute by the naturality of the 3-morphism @, , :
#Huo#v = #(vop) and by identity (5.33). The hexagon commutes if and only if the pentagon
in diagram (7.52) commutes for the case where a =y or 8 = 0.
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It is therefore sufficient to prove that the pentagon in the diagram (7.52) commutes for
=0p or B = 0. In the latter, it reduces to the diagram

oOK #lo K
e(#(adK)) #e(aOK) — #(e(a)Ue(K)) (7.54)
Z;}K,#ai J{He(t%le(m
#e(@me@g&@@#e(@m#d b oo e D).

We start by proving that this diagram commutes for basic 2-morphisms and the empty string
of 2-morphisms. For a = 0y, the 3-morphism i, g is trivial, and we have

-1 -1 1
Xa = (I)e(g)’ XolOK = (I)e(EDE)’ Fl(ay ea0) = Pe(B)0e(K) * (® e(K)D(I) (F ))

where the last identity follows directly with (5.34). Inserting this into (7.54), one finds that
the diagram commutes. For o = (e, 1), the 3-morphisms X, XaOk, o,k are trivial and

L#K #a = ’{;(;),18( (@ e(K)D#e( a)),

which shows that the diagram commutes. For a = (o, —1) diagram (7.54) corresponds to the
boundary of the following diagram

#E(K)DCX

#EL, era
dhe(K)Oa 2% (de(K) Do) —= B (HaDH L o (i)

Qe(li()DeaT a #1#6/(1(/ J{#(#QD(I)#E(K))

#1ox D##a#““ ##1#6(K O##a #(F#HaDl, k),

\_/

—1
sl (k)

where we used identities (5.39) and (5.41) to express O 4q(k)0q in terms of ©,. The pentagon
in this diagram commutes due to identities (5.39) and (5.41) and the quadrilateral due to the
naturality of the 3-morphism &, , : #vO#u = #(uOv). This proves that diagram (7.54)
commutes for basic 2-morphisms and the empty string of 2-morphisms.

The proof that this identity holds for general 2-morphisms a = (o, ..., @;) is by induction
over n. For n =1, « is a basic 1-morphism and this identity was shown above. Suppose that
the commutativity of diagram (7.54) is established for all strings o = (qy, ..., ) of basic
2-morphisms of length £ < n — 1 and let y = (ln’ ...,11) be a 2-morphism of length n. Set
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7.3. Strictification for Gray categories with duals

a=7y,p= (ln—l’ ...,11) and consider the diagram

#e(adK) Pe(alK),e(BUK) #(e (ﬁDK) #(ip, K00 K)#((e(ﬁ) e(K))

ofte(BOK) oe(adK)) (e(a)0e(K))) (7.55)
XaDKOXBDK\L #L:%\ Pe(@)0e(10).e(8)0e (1) l e(a08).1 ¢ ()
e(#(adK (e(@)0e(K)) LoD
Oe(ﬁ(ﬁﬂ)) 0#( (8)0e(K)) #(6(@)06(@)
Tk #a TR K, #Bl Fet@) o Meﬁme(ml q’e(mm#(@(ﬁ)oe(a))T
#e(K)O (#1e(roO#te() #e(K)O
(e(#a) o e(#5)) o(#1e(r)H#e(B)) #(e(B) o e(a))
Q. r)O(F#e(a)o#e(B)
#e(K)D(xam T
- #e(K)O #e(K)UPe(a),e(8)
(#e(a) o #e(B))

The outer path in this diagram corresponds to the diagram (7.54) for 7. The quadrilateral at
the top of the diagram commutes due to the naturality of the 3-morphisms ®,, , : #po#v =
#wop), kuy : #FrO#p = #(pv) and @p : 1yup = #1p. The hexagon on the left of this
diagram commutes because identity (7.54) holds for « and 8. To show that the hexagon on
the right of the diagram commutes, we set v = 7 = 1 in (5.33) and use the naturality of the
tensorator. This yields the diagram

Ru,1 g OKp,1 g

(#1xO#p) o (#1xkO#p) #(uHK) o #(pUK)
#1xOoyt D#pl DuFe(RR D) 0K uKl
1 O(H 0 #p) Sy O () #((po w)OK)
#1kO#(p o p).

The triangle in this diagram commutes due to the naturality of the tensorator and the outer
pentagon due to identity (5.33). This implies that the inner hexagon commutes as well and
hence the hexagon on the right in diagram (7.55). This shows that identity (7.54) holds for ~
and concludes the proof that # : § — ﬁop is a strict 3-functor of strict tricategories for which
all coherence data is trivial.
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7. Strictification of tricategories with duals

To prove the identity ## = 1, note that it is obvious for 1- and 2-morphisms. For 3-
morphisms ¥ : a = ¢/, it holds if the following diagram commutes

e(##Y)
() et o) E e ) 2 D) (7.56)

o 8 (o] 66 Oé’ B
\ (@) L ! #xa,] @) 7 A

#ie(a) -5 ##teld)

e(®)

The three quadrilaterals at the top of the diagram commute by definition of the 3-morphism
# #V, #¥ and by naturality of the 3-morphism ©. The triangles commute if and only if for
all 2-morphisms «, we have

Oc(a) = Xgta * #Xav (7.57)
For o = (0 this follows directly from identity (5.39), which implies
- -1
Ocor) = Orep = ﬂI’#e(F) #L (1) = Xt # X0
Similarly, for basic 2-morphisms a = («, z), we have

’ #X(a 1) = O - #1#04 =0, = ®e(a,1)
Xﬁ #X —1) — l#a #@ = G#a = Ge(a,—1)7

where we used the identity #0, = ©4, from Lemma 5.3.14 in the second line. The proof that
identity (7.57) holds for strings a = (a,, ..., @;) of basic 2-morphisms is by induction over the
length n of the string. For n = 0,1 this was shown above. Suppose that the identity (7.57) is
established for all 2-morphisms a = (a,...,a;) of length 0 <k < n and let v = (v, ,..,7,)
be a string of basic 2-morphisms of length n. Then identity (7.57) holds for v if and only 1f
the following diagram commutes fora =+ and 8= (v ,...7,)

-1
#Pe(8),e(a)

##(e(a) 0 e(B)) ——— #(#e(B) o #e(a))

-1
q)#em),M l#(x;aoxlx)

##te(a) o ##e(B) #(e(#D) o e(#a))

Oc(aop)

95(a>°9e<ﬁ>l W#XB l‘l’a%a),e<w>
e(a) oe(B) ~gatizs #e(F#a) o #e(#5))

The triangle at the bottom of the diagram commutes by induction hypothesis. The curved
subdiagram at the left commutes due to identity (5.40) and the subdiagram at the right due
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7.3. Strictification for Gray categories with duals

to the naturality of the 3-morphism ®,,, : #p 0 #v = #(vop). This shows that the diagram
(7.56) commutes for all 3-morphisms ¢ : @ = o' in § and that the 3-functor # : § — Sop
satisfies ## = 1.

3. To define the 3-functor of strict tricategories * : § — G, we set * to be trivial on the
objects and 1-morphisms of §. For a basic 2-morphism (o, z) we set *(«, z) = (a*,2) and
extend * to general 2-morphisms via

*(op, oy a1) = (o, ko), *(0p) =0p.

It follows that x is strictly compatible with the composition [J of 1- and 2-morphisms as well
as the horizontal composition, preserves the unit 1- and 2-morphisms and satisfies x x(a) = «
for all 2-morphisms . We also have the identities

xe(Dp) = e(x0p) = 1op), xe(a,1) =e(x(a, 1)) = a*,
xe(a, —1) = x#a, e(x(a, —1)) = # * a.

To obtain a 3-morphism *¥ : *a’ = *a for each 3-morphism ¥ : a = o/ we consider the
3-morphism &, : xe(a) = e(x a) given by

Sr = Lipyr &) = Lsas Ea1) = Ay
§(an.ar) = Ear @+ 0 &ay

and set

e(x0) = £q - #e(W) €50

The strict compatibility of x with the vertical composition of 3-morphisms is a direct con-
sequence of the definition. The strict compatibility of * with the horizontal composition is
equivalent to the commutativity of the diagram

§p08a xe(P)oxe(W)

e(x(aof)) < xe(f) o xe(a) =— *e(f') o xe(a) .

By definition, the paths on the boundary correspond to the 3-morphisms e(x(¥o®)) and
e(x®oxW), and the parallelogram in the middle commutes due to the identity e(¥od) =
e(¥) o e(®). As we have £g 0 &y = &u0p for all 2-morphisms a, 8 by definition, the diagram
commutes and we obtain E(M) = (*@o*\ll) for all composaT)le 3-morphisms ¥, ®. The
identity xxW = 1 then follows from the identity A}, = A, for all 2-morphisms « in a spatial

Gray category G and the compatibility of x with the horizontal composition.
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7. Strictification of tricategories with duals
The strict compatibility of the 3-functor * with the composition [J corresponds to the

commutativity of the diagram

e(x(¥0P))

(7.58)

e((x2)0(x¥))

for 3-morphisms P : g’ = B, ¥ o = « and 2-morphisms o,/ : F = G, ﬁ,ﬁ’ : H =
K. In this diagram the expression O denotes the opposite composition [J of 2-morphisms
B0a = (GOB) o (adH) from (5.28) and from Lemma 5.3.3 i). The two rectangles in the
middle of the diagram and the curved quadrilaterals at the top and bottom of the diagram
commute by definition of the 3-morphisms x(¥O®), ¥OP, x*POxW. To show that the two
curved quadrilaterals at the left and right of the diagram commute, we note that it is sufficient
to prove this for the case where either @ = 0 or 8 = k. In the latter, the diagram reduces
to

e(x(a0K)) <25 se(alK) (7.59)

—1 ~
L*a,Kl *La’Kl

e(xa)le(K) £ +e(e)e(K),

which clearly commutes if @ = 0 or @ = (a, 1). For o = (o, —1), we consider the following
diagram whose boundary corresponds to the diagram (7.59)

A*(#KDQ))

#x (#KOa) — s s(FHal#14k) «(#a0#14x) (7.60)

I
#(# KO *' g,
A#Kual / M M #QD@#\KJ\

( #r#HHED0) e (el ) |, oo # o+ #(HaDK)

B FAFRYL Y pe 0
fﬂ#K,*a *F#QDKT /

#xal#lyk # *x #H#al K xF#FalJK

}%‘Nm

# x oK
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7.3. Strictification for Gray categories with duals

The two triangles in this diagram commute due to identity (5.42). The parallelogram at the
top of the diagram commutes due to the naturality of the 3-morphisms &, , : #vO#u =
#(pOv) and the quadrilateral on the right of the diagram due to the naturality of the 3-
morphism I, : *# * #4 = p. The heptagon in this diagram can be subdivided as

# * ##(#K0a)
*(01,,,.004) HHRR o 41
# % (#KOa) P # o (kO #a) <54 5 #(FaO# 1 4k )
R 1y g #r(yOf#a)  #at(#a0®yx)
F#HxK a,
# 5 oy # o (#LrO#HQ) <y #(#a0K)
#U:;1K,*##a
#(x#1 kO x ##a)
#0001 Rkl g i «T o0
# « #Ha0# * #1g
#*W o)
HxtH o, H#L o
*(F#QDFlK)
# x #H#oOK k(k# * HHAD *x # x #1k) sx#aK.
*F#QDK

The upper quadrilateral in this diagram commutes due to relation (5.41) and the rectangle
below it by naturality of the 3-morphism &, , : #vO#up = #(uOv). The quadrilateral at
the bottom of the diagram commutes due to the naturality of the tensorator and the hexagon
on the right due to identity (5.38). The heptagon on the left commutes by naturality of
the tensorator and of the 3-morphisms k., : #vO#u = #(ubv), ®p : lyp = #1p, T)y -
x#x#pu = pand ©, : ## = p together with identity (5.36). Hence, the diagram commutes,
which implies that diagram (7.60) commutes. This in turn proves the commutativity of
diagram (7.59) for 2-morphisms a = («a, —1).

For general 2-morphisms o = (a,,,...,a;) the commutativity of diagram (7.59) follows
directly from the identities (7.46) and £,03 = £3 © & This proves that * defines a strict
3-functor of strict tricategories x : G — G° with trivial coherence data and xx = 1.

4. Tt remains to prove the identity *#x*# = 1. It is obvious that this identity holds for
1- and 2-morphisms. To prove that it holds for 3-morphisms ¥ : a = 3, we consider the
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7. Strictification of tricategories with duals

diagram

e(x#xF#W)

*Hpa WHEL
*Hx \If
(# Q)ﬁ *#xe

*#*X;I *#*Xﬁ

wtpstte(a) T Dhsitte()

e(¥)

The three rectangles and the curved quadrilateral at the top of this diagram commute by
definition of # W, %W, and the curved quadrilateral at the bottom commutes due to the
naturality of T'. It is therefore sufficient to show that the curved subdiagrams at the left and
the right commute, which amounts to the relation

De(a) - 7 * X; Yo ¥ Xt " §£;ﬁ2 = le(a)

for all 2-morphisms « in §. For a = @E, the 3-morphisms §xq, {#x#q are trivial, and this
relation reduces to =7 I

Fl . *# * (I>8(E) . *@7;1 = 11

e(F) e(F) e(F)’

which holds by (5.36). For a = (a,1), {4#e and X are trivial, and from equation (5.42)
one obtains

Ty - *#A;O} - kO = 1.

For a = (o, —1), equation (5.42) together with the identity #0, = O, in Lemma 5.3.14
and the naturality of A, implies

Fyo KA * @;1 Ay = Lya.
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7.3. Strictification for Gray categories with duals

To prove the identity for general 2-morphisms a = (« , ), it is sufficient to show that

e
the following diagram commutes

se(#xftay) o ... o xe(#xfta,)

*Xiﬁgno'uo*xiigl
*Popa ..., *
s#e(x#a,)o...0 *#e(i#gl)e(fﬁig(’ﬁ%}) (e(x#ay,) 0 ... 0e(x#ay))
*#gﬁgno...o*#gigl *#({iﬁgno...ofiﬁgl)
*P e(#ay),- xe(#aq)
cfre(dha,) o .o x e ) EL BN o (e(ftan) o .. o e(fta,))
*#*X;:LO"'O*#*X;E *#*(X;;O---OX;,IL)
*Putre(ay),..., s #e(ay)
«# k#re(ay) 0. . ox# xffe(a)) <— g x (Fe(ay)o... o #e(ay))
Fﬁ@n)o...ofe(gl) *#*Cbal ,,,,, o,
Le(a)

x# x #(e(a,) 0. .. oe(ay)).

The upper two rectangles commute due to the naturality of the 3-morphism ®,, ,, : #po#v =
#(vop). The rectangle at the bottom commutes due to identity (5.37). This shows that the
diagram commutes and the 3-functors of strict tricategories #: 3 —§_, x: § — 5% satisfy

*#x# = 1.

5. To show that the Gray category § is equivalent to G, we note that the evaluation defines a
strict 3-functor of strict tricategories e : § — G. As the evaluation is strictly compatible with
the horizontal and the vertical composition and with all unit morphisms, the only coherence
data of this 3-functor is given by the 3-morphisms iy g : e(a)0e(K) = e(odK), ipg :
e(F)Oe(B) = e(FOPB). As in the proof of Theorem 5.3.11, it is therefore sufficient to show
that for all composalﬁe 3-morphisms o : F' = G, 8 : H = K the 3-morphisms iy g = lo,KOlF 3
are natural in both arguments and satisfy conditions analogous to (5.33), (5.34) and (5.35)
as well as i1, 4 = a1, = le(q)- The naturality and the compatibility with the unit-morphisms
are a direct consequence of the definitions. Condition (5.33) follows from the commutative
diagram (7.45) and Condition (5.35) from the commutative diagrams (7.47) and (7.48). This
shows that the evaluation defines a 3-functor of strict tricategories e : § — G.

We construct an embedding 3-functor f : § — G that will be a lax 3-functor of strict
tricategories. For this, we set f(a) = a for all objects, f(F) = (F,1) for all 1-morphisms
, fla) (ar, 1) for all 2-morphisms of § and f(I') = T for all 3-morphisms of §. This
defines for all objects a,b a 2-functor f, : G(a,b) — G(a,b) with the coherence data given
by the invertible 3-morphisms 1,0, : f(1) o f(v) = f(pov) and 11, : Dpp) = f(1F) for all
1-morphisms F' and composable 2-morphisms p, v in G.

The 2-morphisms ¢, : f(1.) = 15 from Definition A.4.10 and their inverses are given by
te = t;1 = (11,,1). The invertible pseudo-natural transformation Kabe : O(foe X fap) = fa,cO
is determined by the 2-morphisms (1rgg, 1) @ f(G)Of(F) = f(GOF) and the invertible 3-
morphisms 1,0, : (lgox, 1)o(f(1)Of(v)) = f(uOv)o(1rom,1) for all pairs of composable
1l-morphisms G, F' and H, K and 2-morphisms p: F'= G, v: H = K in G. It is easy to show
that the coherence conditions in Definitions A.4.10 and A.3.6 are satisfied and, consequently,
f defines a lax 3-functor of strict tricategories f : § — §.

It follows directly that ef = 1g. The lax 3-functor of strict tricategories fe : § — §
is given by fe(a) = a, fe(F) = (e(F),1), fe(a) = (e(a),1) and fe(I') = . A natural

e(a,)o...oe(ay)
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7. Strictification of tricategories with duals

isomorphism of lax 3-functors of strict tricategories n : fe — 1 is given by the trivial 1-
morphism (), : @ — a for each object a of G together with the invertible pseudo-natural
transformation of 2-functors 1,3, — (fe)qp that is determined by the 2-morphisms ngp =
(1ec F), 1) : fe(F ) = F for each l-morphism F : a — b and the invertible 3-morphism
Na = le)  (le@); 1)ofe(a) = ao(lyp),1) for each 2-morphism « : F = G. A direct
calculation Shows that the consistency conditions in Definitions A.4.12 and A.3.10 are satisfied
and that this defines a natural isomorphism fe — 1 of lax 3-functors of strict tricategories.
It also follows directly that en = 1.:e — e and nfe =14 : fe — fe.

The invertible pseudo-natural transformation nf : f — f is determined by the 2-morphisms
(1p,1) : f(F) = f(F) for each 1-morphism F' and the 3-morphisms 1, : ((a,1),(1p,1)) =
((1g,1), (o, 1)). A modification ¥ : nf = 1 is therefore given by the trivial 2-morphism
(1, for each object a of G and the invertible 3-morphisms 11, : (nf)r = 0¢). This implies
eV =1y, tenf = lof = 1gf = 1143 = ely = 1gp = 114 and it concludes the proof that the
Gray categories § and § are equivalent.

6. By definition, the lax 3-functor of strict tricategories f : § — § satisfies xf = fx*.
As the 3-functors are the identity on the objects, a natural isomorphism Y : #f — f#
is determined by an invertible pseudo-natural transformation of 2-functors y :T# fap —
(f#)ap for each pair of objects a,b. This natural isomorphism is given by the 2-morphisms
XF = (lgp, 1) : f#(F) = #f(F) for each 1-morphism F'in § and the invertible 3-morphisms
Xp = Ly (1pa, )gopﬁf(ﬁ) = f#(1)oyp(14r, 1) for each 2-morphism p : F' = G. It follows
directly that all coherence conditions in Definitions A.4.12 and A.3.10 are satisfied.

The natural isomorphisms x : #e — e# and £ : xe — ex are obtained from the coherence
data of G. As the 3-functors of strict tricategories #e : § — Gop and e# : G — Gop,
as well as xe : § — G and ex : § — G agree on the objects and fmorphisms of
§, such natural isomorphisms are specified uniquely by natural isomorphisms between the
3-functors (#e)rq, (e#)rc @ G(F,G) — Gop(#e(F),#e(G)) and between the 3-functors
(xe)r.q, (ex)rg : §(F,G) — GP(xe(F), *e(G)). They are determined by the invertible 3-
morphisms x, : #e(a) = e(#a) and &, : *e(a) = e(xa) for each 2-morphism « : F = G.
That they satisfy the consistency conditions in Definitions A.4.12 and A.3.10 was shown,
respectively, in the second and third part of the proof. O

Theorem 7.3.2 explicitly constructs a Gray category § and strictifications * : § — G,

# § = gop of the 3-functors of strict tricategories x : § — G, # : § — G,,. This
construction has the benefit that it is conceptually clear and concrete and allows one to verify
the properties of the strictified 3-functors by direct computations. It remains to show that
the Gray category § with the strict 3-functors of strict tricategories x : § — §%, #:5— 9

is again a Gray category with strict duals in the sense of Definition 5.3.7 and to clarify Wthh

additional relations hold in the strictified Gray category.

Theorem 7.3.3 For every spatial Gray category G, the associated Gray category G from
Theorem 7.3.2 is a Gray category with strict duality functors in the sense of Definition 7.3.1.

Proof.

1. For each pair of objects ¢, d of G, the 3-functor x : § — G defines a strict 2-functor
*: G(c,d) = G(c,d)°P that is trivial on the objects of G(c,d) and satisfies *x = 1. To show
that this gives §(c, d) the structure of a strict pivotal 2-category, it is sufficient to construct
for each 2-morphism g a 3-morphism coev,, : 0g = poxp that satisfies the conditions in
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Definition 5.3.7 and in (5.4). This 3-morphism is defined by

e(coev,) = (Le(u) © €u) - coeVe(y),

where coev,(,) denotes the corresponding 3-morphism in §. The identity HUcoev, UK =
coev i, from Definition 5.3.7 follows from the commutative diagram (7.61) and the anal-

ogous diagram with the 1-morphism on the left.

E(M&Dl )

oeve(uOK) e(plK)og, 0Kk

le(rok) — e(pOK) o xe(udK) —— e((poxp) IK) (7.61)

Wxﬂe( ZM,KO*Z;I

e(poxp)Ue(K)
\

That the 3-morphism coev, : )¢ = pox* p satisfies the conditions (5.4) is a consequence
of the following three commutative diagrams and the analogue of the second diagram for the

composite (x coevﬁgﬁ);(ﬁg coevw)

e(coev,,) 10 COev,, Ok[1

lg —— e(poxp) ————— e(povoxvoxy)

e(/‘)ofe%i)ocoem\ Te(MOI/)Oﬁuoe(*M)
) -

e(p) o xe(p) e(pov) o xe(v) o e(xu)

e(,u)ocoevdy)\o*etp;\ Te(/ﬁol’)o*e(”)ogu

e(pov) o xe(v) o xe(p)

e(coevyon
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e(coevﬁgﬁ)

e(poxpop)
e(N)OEuO*uT

e(p)ogpoe(p) e(poxcoev, )

a
[}
15
<

2
=
o
o
—~
=
=

e(p)oxe(corw )

e(p) o xe(p) o e(p) e(p) o xe(p) o xe(xp) —"" e(p)

\ e(p)o* coevy(y,,
\ e(p)ouone(xp) | & " A
N\ e(p)oe(xp)o i //

i(ﬂ) o e(ku) o xe(xpu)

e(p)ocoev, ¢ (,)

e(coev,,)

Lea)

coeve(ﬁ)
cloven) | o ()08,

e(v) o e(xv) <W@e(z) o xe(v) e(p) o xe(p) | e(W)oe(xp)

=
\ e(u)o*e(\ml %e(m

e(v)oe(x¥)

This shows that for all objects ¢, d the 2-category G(c,d) is strict pivotal and that the first
condition in Definition 5.3.7 is satisfied.

2. The 3-functor # : § — G defines the dual of each 1-morphism F': ¢ — d and by defini-
tion satisfies # # F = F, #(FOG) = #GO#F, #0. = (.. It remains to construct the fold
2-morphisms Epi: 0 = Lﬁﬁﬂ and the triangulator 3-morphisms 7' F(xn FM)Q(@Q F) =
0r and to show that they satisfy the conditions in Definition 5.3.7. We define B

My, = o, ng = (), 1) : 0a = FO#E,  e(Tp) = Ter).-

for all 1-morphisms F : ¢ — d and all non-empty 1-morphisms G : ¢ — d. Conditions (2) (b)
in Definition 5.3.7 then hold by definition. As the 3-morphisms Zﬂp Hy L Ko, and éﬁp and the
analogous 3-morphisms for 1 are trivial, the remaining identities in (2) (c), (d) then follow
directly from the corresponding properties of the fold 2-morphisms and the triangulator in G.
This shows that (G, *, #) is a Gray category with strict duals in the sense of Definition .

3. To prove the identity # coev,, = coev,y,,, consider the diagram in (7.62). The triangle at
the top and the pentagon at the bottom of the diagram commute by definition of coev, ,, and
# coev,,. The two triangles on the left commute by (5.4). The upper polygon in the middle

commutes since it can be decomposed into diagrams whose commutativity was established in
the proof of Theorem 7.3.2. The lower polygon in the middle which involves the 3-morphisms
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# coev,(,) and coev,.(,) commutes by definition of the 3-morphism A,,,). This shows that
the diagram (7.62)commutes and proves the identity # coev,, = coev,,,.

e(coev, 4,,)

Ve (s#p) e(xF1)0 sz

Lie(q) — e(x#p) o xe(x#p)

COCVue(#u) T 1
o SR

se(F#p) o e(F#u) #xe(p

T*XHIZ/
*e(ﬁ)o#e(

s#te(p) o #e(p) !\ #(e(poxp))

X(BQ (D*E(E),e(ﬁ) \ T#(e(u‘)ogu)

#loa) ————— #(e(p) o xe(p))

# coeve(y)
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A. (Higher) categories

In this appendix, we summarize basic concepts and results about categories, tensor categories,
bi- and tricategories.

In this work we consider classes of mathematical objects such as the category of small
categories (categories for which the objects form a set) and we assume we work in a fixed
Grothendieck universe in order to avoid set-theoretical issues. Our notational conventions on
categories are the following.

— Categories are named with curly letters A, B.

— Objects of a general category A are written in small Latin letters a, b, c. We often write
a € A for an object a of a category A.

— 1- morphisms are written in upper case Latin letters F' : a — b.
— Unit morphism for objects x are denoted 1, : x — .

— Functors between categories are denoted using straight upper-case Latin letters F : A —
B. The identity functor on a category A is denoted by 14.

— A natural transformation n between functors F, G is denoted with small Greek letters
n:F—G.

— General 2-morphisms in a category are also named with small Greek letters and written
with a double arrow, e.g. p: F' = G.

— General 3-morphisms between 2-morphisms p,  in a 3-category are denoted using upper-
case Greek letters and a triple arrow as for example ® : p = k.

— The space of morphisms between two objects a,b € A is denoted Hom 4(a, b) and some-
times, if it is unambiguous, just by Hom(a,b). The endomorphisms Hom(a,a) of an
object are also denoted End(a).

— The composite of two morphisms in a category A is denoted f o g and sometimes just

by fg.

A.1. Basic category theory

In this section we recall basic concepts such as linear, additive and abelian categories. The
following definitions are summarized from [52]. Let C denote the field of complex numbers.

Definition A.1.1 A category A is called C-linear, if

i) the morphism spaces Hom(a,b) between all objects a,b € A are vector spaces over C,
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A. (Higher) categories

ii) the composition Hom(b, ¢) x Hom(a,b) — Hom(a, ¢) is bilinear for all objects a,b,c € A.

For all objects a, b of a C-linear category, there is a unique morphism 0 : ¢ — b, given by the
0-element in the vector space Hom(a,b). We call this morphism the zero morphism between
a and b.

Definition A.1.2 Let A be a C-linear category. A direct sum of two objects ay,as € A is
an object a1 ® a of A together with morphisms ij : a; — a1 ® az and p; : a1 ® az — a;, for
7 =1,2, such that

pri1 = lay, Pp2i2 = lay, 411+ i2p2 = lay@as- (A.1)
Definition A.1.3 An additive category A over C is a C-linear category A for which

i) there exists an object 0 € A, with Hom(a,0) = Hom(0,a) = 0 for all objects a € A.

ii) For any two objects a,b € A, there exists a direct sum a b in A.

Definition A.1.4 Let A be an additive category.
i) A kernel of a morphism f :a — b in A is an object ¢ € A together with a morphism
k:c— a, such that
a) fk =0 is the zero morphism between ¢ and b,
b) for all objects d € A and all morphisms h : d — a, such that fh = 0, there exists
a unique morphism h' : d — ¢ such that kh/ = h.
it) A cokernel of a morphism f:a — b in A is an object x € A together with a morphism
r:b— x, such that
a) rf =0 is the zero morphism between a and x,
b) for all objects y € A and all morphisms h : b — vy, such that hf =0, there ezists a

unique morphism h' : x — y such that h'r = h.

Kernels and cokernels are unique up to unique isomorphisms if they exist and thus one speaks
of the kernel and the cokernel of a morphism, see [52]. A morphism f : a — b in a category A
is called a monomorphism, if for all morphism g1, g2 : d — a, the equality fg; = fgo implies
g1 = g2. A morphism f : a — b is called an epimorphism, if for all morphism ¢1,g2 : b — d,

the equality g1 f = gof implies g1 = go.
Definition A.1.5 ( [4]) An abelian category A is an additive category A such that:

i) Every morphism f in A can be written as the composite of an epimorphism followed by
a monomorphism.

ii) Every morphism f in A has a kernel ker(f) and a cokernel coker(f).

ii1) If a morphism f : a — b has the zero object with the zero morphism 0 : 0 — a as kernel,

i.e. ker(f) =0, then f is the kernel of the cokernel of f.
iv) If coker(f) =0, then f is the cokernel of the kernel of f.
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A.1. Basic category theory

Definition A.1.6 A functor F : A — B between additive categories A and B is called addi-
tive, if F is C-linear on the spaces of morphisms, i.e.

F(zf +wg) = 2F(f) + wF(9g), (A.2)
for all f,g € Homy(a,b) for all a,b € A and all z,w € C.

If A and B are additive categories, the direct product A x B of A and B is again an additive
category with objects a xb for a € A and b € B and morphism spaces Homy « 5(axb,a’ xb') =
Homy(a,a’) x Homg(b,b'), where we define 2(f x g) = 2f x zg and (f x g) + (f' x ¢) =
(f+f)x(g+4) forall zeC, f, f € Homy(a,b) and g, ¢ € Homs(c, d).

Definition A.1.7 A functor F : AXB — C between additive categories A,B,C is called
biadditive if it is additive in each argument.
Definition A.1.8 Let M be an abelian category over C.

i) A subobject of an object m € M is an isomorphism class of monomorphisms i : ¢ — m.
Two monomorphisms i : ¢ — m and j : d — m are called isomorphic if there exists an
isomorphism k : ¢ — d with jk = 1.

ii) A quotient object of an object m € M is an isomorphism class of epimorphisms p : m —
x. Two epimorphisms p:m — x and q : m — y are called isomorphic if there exists an
isomorphism t : x — y with tp = q.

iii) Ifi: c — m represents a subobject of m, the quotient object corresponding to the cokernel
of i is denoted by m/c.

iv) An object m € M is called simple, if the only subobjects of m are the zero object and m
itself.

v) An object m € M is said to have finite length if there exists a sequence of subobjects
0=mo—>my — ... > my, =m for an €N, such that each quotient object m;1/m; is
simple for i € {0,...n —1}.

vi) The category M is called semisimple if every object is isomorphic to a finite direct sum
of simple objects.

vii) A semisimple category is called finite semisimple if it has finitely many isomorphism
classes of simple objects.

The following lemma can be found for example in [53].

Lemma A.1.9 Let M be a finite semisimple abelian category. Let {m;}icr be a finite set of
representatives of the isomorphism classes of simple objects in M. Then the composition in
M induces for all m,m’ € M an isomorphism

@®; Homy(m, m;) ® Homy¢(m;, m") — Homy(m, m').
Lemma A.1.10 Let M and N be finite semisimple abelian categories.
i) For every functor F : M — N, both left and right adjoint functors ezist.

ii) Every functor G : M — Vect is representable, i.e. there exists an object m € M and a
natural isomorphism Homye(m, —) — G.
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A. (Higher) categories

A.2. Tensor categories and algebra objects

In this section we introduce categories with additional structures. These structures are of-
ten given in terms of functors and natural transformations. The natural transformations
appearing in these definitions are also called constraints in the sequel.

Monoidal categories and fusion categories

Definition A.2.1 A monoidal category C is a category together with a biadditive functor
®:CxC—=C, an object 1¢ € C, and natural isomorphisms wgy,Z (z®yY)Rz =20 (Y 2),
)\g le®x — z, and pg 2 ® 1le — x, called monoidal constraints, for all objects x,y,z € C,

such that the following diagrams commute:

(z®@y)®=2)
TQY,z,w
Aw \
(z® (y®2)) ) ® (2 @ w) (A.3)

c
J"‘@c,y@z,w wa Y,2Qw
1, Qw’

‘L®wy z,w
z®((y®z) @w) r® (Yo (z@w)),
and
we
(ze1)®y 2@ (1®y)
\pg@j (A.4)
1@y

T®Y

Whenever this is unambiguous, we simply write w, A and p for the constraint isomorphisms.
A monoidal category C is called strict if the constraint morphisms wyy ., Az and p, are the
identity morphisms for all possible objects in C.

If C is a monoidal category, then there is a monoidal category C™" with the same objects and
morphisms as € but reversed monoidal product z @™V y =y ® x.
Definition A.2.2 Let C and D be monoidal categories.
i) A monoidal functor F : € — D consists of

a) A functor F:C— D,

b) for any two objects x,y € C, a natural transformation @§7y :®(F x F) = F®,

¢) an isomorphism ®f : 19 — F(1¢),

such that the following axioms are satisfied.

a) For all objects x € C, the diagrams

AD
F(z) ® 1o PE(2) . 1p ®F (z) F(x) .
f@@; F(psﬁ J@E@l F(Agﬁ (A.5)
(P;,le q)lie,:c
F(z) ® F(1lg) —S F(z ® 1¢) F(le) ® F(z) —=% F(1le ®x)
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A.2. Tensor categories and algebra objects

commute.

b) For any three objects x,y,z € C, the following diagram commutes

(F(z) © F(y)) ® F(2) “2E 250 (2) @ (F(y) @ F(2)
l¢5y®1 J}@@Qz
F(z ®y) ® F(z) F(z) ® Fy ® 2) (A.6)

F F
"I)x®y7z Jq):v,z@z
F(wg,y,z)

FlzRy) ®z) —————— F(z® (y ® 2)).

v) A monoidal natural transformation n : (F,®F @) — (G, ®S  ®%), between monoidal

x, Y’ x,y’
functors F,G : € — D consists of a natural transformation n : F — G, such that the
diagrams
e, oF
Flz) @ F() —— F(z ®y) lp —— F(1e)
Jﬁz@ﬁy lnz@)y {)? J’Wle (A?)
g
G(z) ® G(y) — Gz ®y) G(Le),

commute for all objects x,y € C.

vi) Two monoidal categories C and D are called equivalent if there exists a monoidal functor
F:C — D that is an equivalence of categories.

It is shown by Mac Lane, see [52], that every monoidal category is equivalent as a monoidal
category to a strict monoidal category. In the rest of this section we will assume that all
monoidal categories are strict.

Definition A.2.3 Let C be a monoidal category.

i) A right dual of an object x € C is an object x* € C, together with morphisms ev, :
r*®x — 1 and coev, : 1 = x ® x* satisfying the so-called snake identities

(1; @ evy) - (coevy ®1,) = 14, (A.8)

and
(evy ®1g+) - (14« @ coevy) = 1. (A.9)

The morphisms ev, and coev, are called (right) duality morphisms of x.

ii) A left dual of an object x € C is an object *z € C, together with morphisms ev), : t@*x —
1 and coevl, : 1 — *x @ x satisfying the identities

(ev, ®1;) - (1, ® coevl) = 1, (A.10)

and
(1 ®ev),) - (coev), @1xy) = 1. (A.11)

The morphisms ev), and coev’, are called (left) duality morphisms of x.
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A. (Higher) categories

ii1) A monoidal category C is said to have right (left) duals if every object of C has a right
(left) dual object. In case every object of C has both a right and a left dual object, C is
satd to have duals and C is called rigid.

Let € be a rigid monoidal category. The duality morphisms define the linear maps of vector
spaces

eVg gt Home(d,c® ) 3 f = (eve®1;) o (¢" ® f) € Home(c* ® d, z), (A.12)
and

coev,, 4, : Home(c® d, z) 3 f — (c® f) coev,, € Home(d, *c ® ) (A.13)

for all objects ¢,d,z € C. The proof of the following lemma is straightforward.

Lemma A.2.4 Let C be a rigid monoidal category. The linear maps (A.12) and (A.13) are
natural in all three arguments and mutually inverse isomorphisms of vector spaces.

The proof of the following lemma can be found for example in [18].

Lemma A.2.5 Let C be a monoidal category.

i) Dual objects are unique up to isomorphisms. If x* and & are right dual objects of x with
duality morphisms evy : x* @ x — 1 and eV, : T @ v — 1, respectively, then there is a
unique isomorphism ¢ : x* — I, such that evy(¢ ® 1) = ev,.

ii) If C has right duals, and we choose for every object x € C a right dual object x*, then
the map C > x — z* € C™ extends canonically to a monoidal functor (.)* : € — €™V,
called the right duality functor. For all other choices of right dual objects, there is
a canonical monoidal natural isomorphism between the corresponding duality functors.
Analogously, if C has left duals, by choosing specific left duals we obtain a left duality
functor *(.) : € — €™,

iii) If C has both left and right duals, there is a is a canonical isomorphism *(c*) — c.

This lemma allows in particular to speak of the right duality functor for a monoidal category
with right duals. The right dual of a morphism f : x — y hereby is the following morphism
oyt — o™
JF=(evy®1z) o (1yx @ f ® 1+) 0 (1y+ @ coevy). (A.14)
If € has right duals, if follows directly from this lemma that the double dual functor is a
monoidal functor (.)** : € — C.

Definition A.2.6 Let C be a monoidal category with right duals.
i) A piwotal structure a on C is a monoidal natural isomorphism
a: ()" —ide. (A.15)

A rigid monoidal category with pivotal structure is called a pivotal category. A strict
pivotal category is a strict monoidal category with duals and pivotal structure such that
the functor (.)** is the identity and the pivotal structure is the identity natural trans-
formation.
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A.2. Tensor categories and algebra objects

ii) Let f € Home(c,c) be a morphism in a pivotal category. The right trace of f is defined
as
trf'(f) = eV.(f ® a+;) coev, € End(1¢) (A.16)

and the left trace is defined as
trl(f) = evy((a+2) ' ® f) coev’, € End(1e). (A.17)

The left dimension of an object x € € is defined as dim"” = tr’(1,) and the right
dimension as dim®™ = trf(1,).

i) A pivotal structure a on C is called spherical if tr”(f) = tr(f) for all f € Home(c, c)
and all c € C. In this case C is called a spherical category.

The following is shown in [7], see also [55].

Proposition A.2.7 FEvery pivotal category is equivalent as a monoidal category to a strict
pivotal category.

Definition A.2.8 ( [18]) i) A tensor category C over C is a C-linear abelian category
with biadditive monoidal structure, finite dimensional Hom-spaces and right and left-
duals for all objects, for which every object is of finite length and in which the tensor
unit 1e is a simple object.

ii) A tensor category C is called a fusion category if it is finite semisimple as abelian
category.

iit) A pivotal (spherical) fusion category C is a fusion category C that is in addition a pivotal
(spherical) category.

Graphical calculus for monoidal categories We summarize the well-known graphical cal-
culus for monoidal categories, see e.g. [4]. The symbol = is used to indicate that a certain
diagrammatic expression represents an algebraic expression. Objects in € and the monoidal
product are represented by the following diagrams.

cZle, decz|d |c. (A.18)

Morphisms are represented by labeled boxes, and we do not distinguish objects from their
unit morphisms. All diagrams are read from top to bottom. The composition is given by
vertical connection of boxes.

C

c f c
f:c—>d§[:|f, gof= T4 =[__Jyof- (A.19)
d 7Y b
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A. (Higher) categories

An unlabeled box represents a Hom-vector space:

o

Hom(c,d) = -

d
The monoidal product of two morphisms f :c — d and g : a — b is depicted as follows:
c a
feg=Cf CJ9-
d b

The interchange law f ® g = (f ® idy)(idg ®g) = (id. ®¢)(f @ idy) has the following graphical

expression:
c
L_1f |
d

The graphical notation suppresses the unit obJect and the associativity constraint in €. Due
to Mac Lane’s coherence theorem for monoidal categories, a graphical expression uniquely
defines a morphisms in € once parentheses and unit objects are specified for the incoming
and outgoing objects.

The evaluation and coevaluation morphisms for the right duals are depicted as follows:

eve = C*U c, coev,= ﬂ , (A.20)
c c*

and the rigidity axioms read:

The graphical notation for left duals is analogous. If € is a pivotal category, we will often
suppress the pivotal isomorphism and identify right duals and left duals, so the left evaluation

reads
c*
c c* = ¢ *e (A22)
*e

The right dual of a morphism f : ¢ — d is defined by:
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A.2. Tensor categories and algebra objects

The left dual of a morphism is defined analogously using the left duality, and the map coev’c’ da

in equation (2.14) reads
, cl |d q |d
CORV,. g 4 - — .
T *c T

Definition A.2.9 An algebra (object) in a monoidal category C is an object A € C together
with a multiplication morphism u: A® A — A, and a unit morphism n : 1 — A, such that
the associativity and unit constraints hold:

Algebra objects

Ao Ao A L As4 1o A
id
llA@# i# % \
A® A a A A® A a A.

An algebra A in C is called haploid if Home(1, A) ~ C as a vector space.

Given an algebra A in a monoidal category € it is natural to consider the modules over
this algebra in €. However we will need to consider more general modules over A in a module
category .M over C, see Definition 2.1.1 for the definition of a module category. The following
definition is given for a strict monoidal category C and a strict module category M. It is
straightforward to deduce the analogous definition in the non-strict setting.

Definition A.2.10 A module over an algebra A € C in a left C-module category ;M is an
object M € , M together with a morphism o : A>M — M, such that the diagrams

(A A)sM 2N 4oy 15 M
lidA®a la / X
p®id s
A M 2 M A M = M

commute. There is an analogous definition for modules in a right C-module category.
An intertwiner between two A modules (M, «) and (N, ) over A is a morphism ¢ : M — N
in M, such that the diagram

id
ADML@iADN
o)
M ¢ N

commutes.
There are analogous definitions for left modules. The subspace of Home(M, N) consisting
of the intertwiners between M and N is denoted Hom (M, N).

Given an algebra A in a monoidal category € and a left C-module category M, the module
objects of ,M as objects together with the intertwiners as morphisms between them form a
category Mod4( ,M). If € is abelian, Mod 4( M) is an abelian category .
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A. (Higher) categories

Remark A.2.11 Let .M, be a bimodule category and A an algebra object in €. Then the
category Mod 4( ,M,,) of left module objects in ,M,, is canonically a right D-module category.
More specifically, if (M, «) € Moda( M,,), then (M <d, a<idy) is also an A-module.

Definition A.2.12 ( [30]) An coalgebra (object) in a monoidal category C is an object C' € C
together with a comultiplication morphism A : C — C® C and a counit morphism e : C — 1,
such that the coassociativity and counit constraints hold:

C = oX=Ye: C 2 oX=Ye:
id
lA A®1 ilc®A \ %1:
CoC—0eCaC 1eC.

The graphical notation of these structures is as follows. The multiplication and unit of an
algebra A are represented as.

and the associativity and unit constraints take the form

P e

An intertwiner ® : M — N between algebra modules M and N corresponds to

M

oL ) M

N oL
N

The comultiplication and the counit of a coalgebra C' are depicted as

A:A\, Egl'

The graphical expression of the coassociativity and counit axioms is

Aol

Definition A.2.13 ( [14,30]) Let C be a monoidal category.

i) A separable algebra A € € is an algebra (A, p,n) for which there exists a morphism
A:A— A® A with po A =idy and

Aop=(p®ida)o (ida ®A) = (idg @p) o (A ®idy). (A.24)
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A.2. Tensor categories and algebra objects
ii) A Frobenius algebra in C is an algebra (A, u,m) that is also a coalgebra with structures

e:A—>1land A: A— A® A, such that (A.24) is satisfied.

In graphical notation relation (A.24) reads :

- - . (A.25)

Lemma A.2.14 ( [14, Proposition 2.7]) For an algebra (A, p,n) in a fusion category C,
the the category Mod(A) is semisimple if and only if A is separable.

The following Frobenius algebras are particularly important in applications to conformal field
theory [29].

Definition A.2.15 ( [30]) A Frobenius algebra A in C is called
i) special if there exist B1, 4 € C* such that

= B, = B, | (A.26)

it) symmetric if

= . (A.27)

Condition 7)) can be extended to any algebra A with a morphism e € Home(A4, 1).

Lemma A.2.16 ( [27]) Let A be a special symmetric Frobenius algebra in C. Then the
dimension of A satisfies dime(A) = p18a4 # 0. We can normalize € and A such that B =
dim®(A) and S = 1.

Lemma A.2.17 ( [29]) If an algebra A is haploid and has dimension! dim®(A) # 0, then
it is symmetric for any choice of € € Home(A, 1).

Let € be a pivotal fusion category. With the pivotal structure we will identify left and right
dual objects in the remainder of this section, (A.22). The dual M* of a right A-module (M, p)
inherits a canonical left A-module structure

M* M |M*

n the proof [29, Cor. 3.10] the assumption dim®(A) # 0 is implicitly present. We thank I. Runkel for this
information.
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For a right A-module (M, p™) and a left A-module (X, p*), there is a notion of the monoidal
product M ®, X over A, see e.g. [30]. The monoidal product M ® , X is an object in € that is
defined as the cokernel of the map (p™ ®@idx) — (idy ®p*) : M@ A® X — M ® X. When A
is a normalized special Frobenius algebra, then M ® 4 X is equal to the image of the following
projector P: M @ X — M ® X:

pP= 5 . (A.29)

It follows from the properties of A, that Po P = P.

Proposition A.2.18 Let A be a special haploid Frobenius algebra in a pivotal fusion category
C. There is an natural isomorphism Hom o(M, N) ~ Home(1, N ®, M*) for M, N € Mod(A).

Proof. This follows from the fact that the inner hom object of M and N is N ® 4, M*, see [18].
]

A.3. Bicategories

Definition A.3.1 A bicategory B consists of the following data:
i) a collection of objects a,b € Obj(B),

ii) for any two objects a,b a category B(a,b), whose objects are called 1-morphisms and
denoted F,G : a — b and whose morphisms are called 2-morphisms and denoted 1 :
F = G. The composition of 2-morphisms in B(a,b) is called vertical composition,

iii) for any three objects a,b,c a functor o : B(b,c) x B(a,b) — B(a,c), called horizontal
composition, and for any object b a functor I : I — B(b,b), where I is the unit category
with one object and one morphism. The image of I, on the object of I is called 1, : b — b
and the image on the morphism is called 11, : 1, = 1p,

iv) for any three 1-morphisms F :c — d, G:b— ¢ and H : a — b, invertible 2-morphisms
wpgp:(FoG)oH = Fo(GoH),

v) for any 1-morphism F : a — b invertible 2-morphisms )\% s IyoF = F and ,0% :Fol, =
F,

such that the 2-morphisms w%} a F,A}i and P% are natural in their arguments and the following
diagrams commute for all 1-morphisms where these expressions are defined

(FoG)oH)oK

B
/ WK
B
""F,G,HOlK

(Fo(GoH))oK (FoG)o(HoK) (A.30)

B B
JwF,GoH,K WE .G ,HoK

1pow?®
Fo((GoH)oK) sl Fo(Go(HoK)),
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A.3. Bicategories

wl%
(Fol,) oG nLe Fo(lgoG)
L nan
lFO)\G
Fod.

A 2-category B is a strict bicategory B, i.e. a bicategory, in which all 2-morphisms wg,QF,
)\% and p%; are identities.

Example A.3.2 i) A bicategory B with one object is precisely a monoidal category B.
On the other hand, for every bicategory B and every object b of B, the category B(b,b)
is a monoidal category. Thereby, the horizontal composition in B takes the place of the
monoidal product from Definition A.2.1.

i1) An important example for a bicategory is the Cat, the bicategory with (small) categories
as objects, functors as 1-morphisms and natural transformations as 2-morphisms. The
vertical composition in the category Cat(A, B) for two categories A, B is given by the
usual composition of natural transformations: If n: F — G and p : G — H are natural
transformations, the natural transformation p -7 is defined by its components (p- 1), =
PG(a) © Mo O @ € A. Together with the usual composition of functors as horizontal
composition, Cat is a 2-category. Analogously, there is a 2-category Cat®®* of finite
semisimple abelian categories, additive functors and additive natural transformations

The notion of equivalence of categories can be formulated in a general bicategory as follows.

Definition A.3.3 Let B be a bicategory.

i) Two objects b,c in B are called equivalent, if there exist 1-morphism F : b — ¢ and
G : ¢ — b together with invertible 2-morphismsn: F oG = 1. and p: Go F = 1.

ii) An adjoint equivalence (f,g,a, ) between objects b and ¢ in B consists of 1-morphisms
f:b—cand g:c— b, together with isomorphisms « : fg — 1. and B : 1, = gf,
such that the snake identities (A.8) and (A.9) hold in the monoidal categories B(b,b)
and B(c,c).

Remark A.3.4 Due to the coherence theorem for bicategories, see e.g. [50], every equation
in a bicategory can be written in strict form, omitting the coherence 2-morphisms. It is
unambiguous to insert these 2-morphisms back in the equation to obtain an expression for
the non-strict bicategory at hand. We will follow this convention from now on. This argument
allows us also to extend the graphical calculus from monoidal categories for bicategories. As
shown in Example A.3.2 i), a monoidal category is the same as a bicategory with one object.
On the other hand, for every bicategory B and every object a of B, B(a,a) is a monoidal
category, so the graphical calculus is defined for B(a,a). Moreover it can be readily seen that
if we consider composable 1- and 2-morphisms, the graphical calculus is well defined for the
whole of B with 1-morphisms labeling lines and 2-morphisms labeling boxes as in (A.18) and
(A.19). For example, if F,G :a — b and K, H : ¢ — b are 1-morphisms in B and n : F = G
and p: K = H are 2-morphisms, then the horizontal composite of n and p can be expressed
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as follows

nep=Cn [ 1p-

G K

We require two notions of opposites for 2-categories. We start by introducing the relevant
notation. For a category € we denote by C° the opposite category and for a morphism
f € C(a,b) by f € (€°P)(b,a) the corresponding morphism with source and target reversed.
We denote by ~ the composition of morphisms in C, e. g.

P g =(g- 1)

Similarly, we denote for a functor F: C — D by F?: CP? — D the opposite functor with
FoP(fP) = (F(f))°? and for a natural transformation v: F — G by vP: G? — F° the
opposite natural transformation defined by v°?(a) = v(a)?. In particular, if v is a natural
isomorphism, then (v°?)~! is a natural isomorphism from F° to G°P.

Definition A.3.5 Let C be a bicategory. Then C°P denotes the corresponding bicategory with
both products reversed

i) (CP)(a,b) = C(b,a)? for objects a, b
it) a’P? o B = (B o) for composable 1- or 2-morphisms «, 3,
and C,p, the bicategory with the same vertical but opposite horizontal product
iii) (Cop)(a,b) = C(a,b) for objects a, b
i) Hop o Kop = (K 0 H)gp for composable 1- or 2-morphisms H, K.

In the sequel we will abuse notation and simply denote a morphism f°P by f whenever it is
clear from the context to which category f belongs.

Definition A.3.6 A 2-functor F: C — D between bicategories C, D is given by the following
data

i) A function Fo : Obj(€) — Obj(D).
i) For all objects a,b of C, a functor Fqp : Cop — Drya),Fob)-
iii) For all objects a,b,c of C a natural isomorphism ®ape: o (Fpe x Fup) — Fo 0. These
determine, for all 1-morphisms H : a — b, G : b — ¢, a invertible 2-morphism ®¢ pr :
Fo,o(G)oFqp(H) = Fac(Go H).

w) For all objects a, an invertible 2-morphism ®4: 1g;(q) — Fa,a(1a)-

The function Fq, the functors F,p and the 2-morphisms ®q g and @, are required to satisfy
the following consistency conditions
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v) For all 1-morphisms H : a — b:

Fap(H) =Fqp(H)o 1Fy(a) 1k, 4 (1)°%Pa
7 i : Foo(H)oF,q(1
= 1gy) © Fap(H) b(H) o Faa(la)

. A.32
J‘beIFa,b(H) \ J‘I)H,la ( )
P

1y, H

Fb,b(lb) (¢} Fa,b(H) s Fa,b(H o 1(1) = Fa,b(lb o H) = Fa7b(H)

vi) For all 1-morphisms H :a — b, G:b— ¢, K : ¢ — d, the following diagram commutes

P gol

F ( )OFbc( OFab( )Hde(KOG)OFab( ) (A33)
\LIOQGH lchoG,H
Fe ( JoF a,c (GoH) PrcGon Fa,d<K oGoH).

A 2-functor is said to have strict units if the 2-morphisms ®, are all identities, and it is
called strict if the 2-morphisms ®g r and ®, are all identities. In this case, one has

Fac(GoH)=Fyc(G)oFap(H)  1ry@a) = Faalla)
Definition A.3.7 The horizontal composite of two 2-functors
F = (Fo,Fap. @5 1, ®5) : €= D, and G=(Gp,Gyp, OF 1, BS) 1 € — €
is the 2-functor G o F with the following data
i) the function (GoF)g = Gg o Fp: Obj(€) — Obj(€&).
i) For all objects a, b of C, the functor (GoF)ap = Grya),Fov)°Fab * Cap = E(GF)o(a),(GF)o(b)-

iit) For all objects a,b,c of © and all 1-morphisms K : a — b and H : b — ¢, the invertible
2-morphism

G
CE o) F)

5% Gryv).Foe)Foe(K) © Gpy(a)Fo() Fas (H) GFy(a),Fo(e) (Fo,e(K)Fap(H))

_ GF()(CL) Fo(c )Fa C(KO H)

iv) For all objects a, an invertible 2-morphism

° (bl(:; (a) Ga a( )
PG LoFg(a) — Cro(a) Fo(a) (LFo(@) = GFu(a) Fo(Faa(la):

Definition A.3.8 Let F: € — D be a 2-functor of bicategories.

i) The opposite FP: CP — D is determined by the following data
— (FP)o = Fp
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- (FP)uc = (Fe,m)”
— (DP) 0 = (Dy1,) P
— (9P)a = (B5")”,

where the right-hand involves the 1-categorical opposites.

)

ii) The corresponding opposite 2-functor Fop: Cop — Doy is determined by
- (FOP)O = I:0
— (Fop)mc =Fa.n
- ((I)Op)l/:u = q)u,l/
- ((I)OP)G = ‘I)G~

Note that the choice of the coherence data for F” and F,, is determined unambiguously by
the coherence data of F and the source and target of the coherence isomorphism. Hence it is
justified to abuse notation and denote the 2-functors F°” and F,, again F. In the following,
we will use the notation F°? and F,, only to emphasize their relations.

A 2-functor G: B — C° has an associated contravariant 2-functor G: B — € given by
G(a)”? = G(a). In the sequel we will abuse notation and define a contravariant 2-functor
G: B — C to as 2-functor G: B — C°, that we call again G. The product FG of the
contravariant 2-functor G followed by the 2-functor F': € — D is defined as the contravariant
2-functor associated to F°? G and denoted again by F'G. Similarly, if F' is a contravariant
2-functor, then the product FG = F” G is an ordinary (covariant) 2-functor.

In the following, we will also require the notion of cubical and opcubical 2-functors between
certain 2-categories. Our definition is a special case of the definition of cubical and opcubical
2-functors from [33, 38].

Definition A.3.9 Let C,D and & be 2-categories. A 2-functor F : € x D — & with coherence
isomorphisms

g F((G1,Ga)) o F((H1, He)) — F((G1 0 Hy), (G2 0 H2)),

for o-composable 1-morphisms G = (G1,G2) and H = (Hy, Ha) in € x D is called (op)cubical,
if the 2-morphism ®q p is the identity in case G or Hy (G2 or Hy) is an identity 1-morphism.

The following notion of natural 2-transformation of 2-functors adopts the convention of
[33,38] and is sometimes also referred to as ‘oplax 2-transformation’.

Definition A.3.10 i) A natural 2-transformation p : F — G between 2-functors F,G :
C — D is given by the following data:

a) For all objects a of C, a 1-morphism p, : Fo(a) — Go(a).
b) For all objects a,b of C a natural transformation
Pa,b - (Pb o _)Fa,b — (_ o pa)Ga,by
where — 0 pa : DGy(a),Go6) — PFo(a),Go) a1d pb © —  DEga)For) — DFo(a),God)

denote the functors given by pre- and post-composition with p, and py. These
natural transformations determine for all 1-morphisms H : a — b a 2-morphism

PH * Py © Fa,b(H) — Ga,b(H) O Pa-
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The 1-morphisms pg and 2-morphisms py are required to satisfy the following consis-
tency conditions:

a) For all 1-morphisms H : a — b and K : b — ¢ the following diagram commutes

ol
pe o Fo(K) o Fop(H) 255 Gy o(K) 0 py o Fop(H)

lloqn(’}] llOPH

Pec © Fa,c(K o H) Gb,c(K) © Ga,b(H) O Pa

PKoH

Ga,o(K o H) o py.
b) For all objects a of C the following diagram commutes

1G0(a) O Pa = Pa = Pa © 1F0(a)

Y,ol
llO(I’a \

Pa © Fa,a(la) $ Ga,a(la) O Pq-

ii) A pseudo-natural transformation p : F — G of 2-functors F,G : € — D is a natural 2-
transformation of 2-functors in which all 2-morphisms pp : pq o Fop(H) — Gap(H) 0 pq
are isomorphisms.

ii1) A pseudo-natural transformation p is called an equivalence if all the 1-morphisms pg
are equivalences in the bicategory D, see Definition A.3.3 i).

iv) A 1-identity natural 2-transformation p : F — G between 2-functors F and G such that
Fo(a) = Fo(a) for all objects a of C is a natural F 2-transformation p such that all
1-morphisms p, are the identities for all objects a of C.

v) A natural 2-isomorphism is a pseudo-natural transformation which is a 1-identity nat-
ural 2-transformation.

Definition A.3.11 Let p = (pa,pap) : F = G and p = (pa, pap) : G = H be natural 2-
transformations between 2-functors F,G,H : € — D. The composite p-p : F — H is the
natural 2-transformation with the following data

i) For all objects a of C, the 1-morphism (- p)a = a © pa : Fo(a) = Ho(a).
ii) For all objects a,b of C and all 1-morphisms K : a — b , the 2-morphism

(- p)ic 1w 0 py o Fap(K) 225 1y 0 Gop(K) 0 pu 2524 Hy (K © pig © pa-

Definition A.3.12 Let p = (pa,pap) : F = G and 7 = (74,7ap) : F = G be natural 2-
transformations between 2-functors F = (Fo,Fap, P i, Pa), G = (Go, Gap Y i, Vo) : C —
D. A modification ¥ : p = T is a collection of 2-morphisms Y, : p, = 7, for every object a
of G such that for all 1-morphisms H : a — b

T (Yoo lr, ) = (L, ) © b) - pH

A modification is called invertible if all 2-morphisms ¥, are invertible.
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Such as functors and natural transformations between two categories form a category, for
two bicategories A and B, there is a bicategory Bicat(A,B) with objects 2-functors F,G :
A — B, 1-morphisms natural 2-transformations 7, p : F — G and 2-morphisms modifications
d:n—p.

Lemma A.3.13 Let F: A — B be a 2-functor between bicategories A and B. If (f,g,«, )
is an adjoint equivalence between two objects x and y in A, then (F(f),F(g),F(a),F(B)) is an
adjoint equivalence between Fo(z) and Fo(y) in B.

Proof. The proof of this statement is a combination of the proof that monoidal functors
respect duality and the fact that functors respect isomorphisms. O

Definition A.3.14 Let A, B be bicategories. Two 2-functors F,G : A — B are called equiv-
alent, if they are equivalent as objects in Bicat(A, B).

It is straightforward to see that two functors F and G are equivalent if and only if there exists
a pseudo natural transformation p : F — G that is an equivalence.
The following definitions are taken from [62].

Definition A.3.15 Let X, Y be bicategories.

i) A 2-functor F : X — Y is called an external equivalence of bicategories, if there erists a
2-functor G : Y — X and and equivalence idy >~ F o G in Bicat(Y,Y) and an equivalence
idy ~ GoF 4n Bicat(X,X).

it) A 2-functor F : X — Y is called a biequivalence, if

a) F is biessentially surjective, i.e. for all objects y in Y there exists an object x in X
such that F(x) is equivalent toy in'Y.

b) The functors Fop : X(a,b) — Y(Fo(a),Fo(b)) are essentially surjective and fully
faithful for all objects a,b in X.

For the following statement see e.g. [62].

Lemma A.3.16 The two notions of equivalence of bicategories in Definition A.8.15 agree,
i.e. a 2-functor F : X — Y is an external equivalence of bicategories if and only if it is a
biequivalence.

A.4. Tricategories
The following definition is a slight modification from [38, Def. 3.1.2].
Definition A.4.1 A tricategory T consists of the following data

i) A set of objects a,b € Obj(T).

ii) For any two objects a,b a bicategory T(a,b) of 1- and 2-morphisms with horizontal
composition o and vertical composition -.
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iii)

vi)

vii)

A.4. Tricategories

For any three objects a, b, c, 2-functors
O:T(b,c) x T(a,b) — T(a,c), (A.34)
called OJ-product of 1-morphisms.

For any object a a 2-functor I, : I — T(a,a), where I denotes the unit 2-category with
one object 1, one 1-morphism 11 and one 2-morphism 11,. The image of the functor I,
on the object of I is the 1-morphism also denoted I, : a — a.

For any four objects a,b,c,d, an adjoint equivalence a : (O x 1) = O(1 x O), called
associator. More precisely, a consists of a pseudo-natural transformation

Ox1

T(e,d) x T(b, ) x T(a,b) T(b,d) x T(a,b) (A.35)

1xml {a lm

T(c,d) x T(a,c) T(a,d),

O

and, a pseudo-natural transformation o= : O(1 x O) — O(O x 1), such that a and a~
form an adjoint equivalence, see Definition A.3.3.

For any two objects a,b, there are adjoint equivalences | : O(I, x 1) = 1 and r :
O(1 x I,) = 1, called the unit 2-morphisms,

T(b,b) x T(a,b)
Iyx1
////” i \\41\ (A.36)
T(a,b) ! T(a,b)
and
T(a,b) x T(a,a)
ig//) I \\QLN (A.37)
T(a, b) T(a,b)

By definition of an adjoint equivalence, | and r are pseudo-natural transformations.
Furthermore there are corresponding pseudo-natural transformations I~ : 1 = O(I x 1)
and r~ : 1= 0(1 x I,).

For all objects a, b, c, an invertible modification

‘J’2 1xIx1 73 Ox1 ‘,J_,Q T2 IxIx1 9,3 Ox1 Tg
7 N
\M 1xD/ 05 I 1 = (A.38)
g2 4 g g2 4,7

where we used for example the abbreviation T3 = T(b,c) x T(b,b) x T(a,b).
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viii) For all objects a,b,c, an invertible modification X

T3 T3
Ix1x1 Hlxl Ox1 le/' llXD Ox1
A
72 - 7?2 = 72 72 ]/a 72 (A.39)
; S RN
T ! T T : T
iz) For all objects a,b,c, an invertible modification p
g3 __Ox1 g2 3 Ox1 g2
P
Ix1xI /IX{IXD/ l‘:’ = Ix1xI 1xI % J{D (A.40)
TZ 1 rJ~2 O T rJ~2 O T 1 T
z) For all objects a,b,c,d, e, an invertible modification
’3'4 Ox1x1 rJ,3
Ix1x 1xOx1 Ox1
/ \ %Xl \
‘T3 73 Ox1 ‘3.2
1xa
IXD\‘ %D “ %
2
T 5 T
Mﬂ (A.41)
rJ.4 Ox1x1 ‘J’g
Ix1x Ox1
73 ol 7 e 7
O
2
T 5 T

This data is required to satisfy the following three axioms. In the first aziom, the unmarked
isomorphisms are isomorphisms induced by the naturality of the associator a.
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\a)
L (K(IMG)F K(JHG)F)
/ . al \
(KTmG)F 7 b K(J(HG)F))

(KJYH)G)F K(J(H(GF))

\ b (1)

(KJ)H)(GF) —% (K.J)(H(GF))
oy (EUHGO)F
/ \

L EEme)F = K((IHG)F)

7 ~ /(al) ~
(K(JH)G)F ,, KWmen e KR
(a1)11 \ R ll(m)
(KHHG)F =~ (K(JH)(GF) —% K((JH)(GF)) —% K(J(H(GF))
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(A.43)

iii)

(A.44)
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Remark A.4.2 Our definition of a tricategory differs from [38] in that we replaced the
arrow of the right unit r~ in the definition of the pseudo natural transformation p in [38]
with its adjoint 7. Consequently the axioms (A.43) and (A.44) have a different shape. It is
straightforward to see that the two definitions are equivalent.

The most general notion of 3-functor between tricategories is as follows [38, Definition 3.3].

Definition A.4.3 Let T and T be tricategories. A S-functor F : T — T’ consists of the
following data

i) A function Fq : Obj(T) — Obj(77).
i) For all objects a,b of T, a 2-functor Fop : T(a,b) — T (Fo(a), F(b)).

iii) For all objects a,b,c of T, an adjoint equivalence x : ' o (F x F) = F o, hence a
pseudo-natural transformation

T(b,¢) x T(a,b) =55 T'(Fo(b), Fo(c)) x T'(Fo(a), Fo(b))

F / F (A

T(a,c) F T'(Fo(a), Fo(c))

iv) For each object a of T, an adjoint equivalence v : Iéo(a) = Fol,, hence a pseudo-natural
transformation

Fo(a)

T'(Fo(a), Fo(a))

\ ﬂ / (A.46)

v) For objects a,b,c,d of T, an invertible modification

FxFxF g
XX
FXF TQ
(A.47)
FxFxF
X ><X

<J~2

/w\
\ /

/\5
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vi) For objects a,b of T, invertible modifications

72 g2
I'x1 FX{ o Ix1 ﬂﬂk
Y
- S - 7’ (A.48)
Ix1
F}\ ﬂl F}\ F}\ 1\/“1 F}\
T’ - T T’ ! T
g2 g2
<1’ Fx{ o ! HTN
§
g g2 X g g/ - g’ (A.49)
F/[ 1x1 ﬂ’" F/{ F/{ ‘/d FW\
I
g’ T T’ !

This data is required to satisfy the following axioms.

i) For all 1-morphisms K, J, H,G for which the following diagrams are defined, the follow-
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ing equation holds.

F((KJ)H)G
X/((( N) )Qw
F(KJ)H)FG T2 F(K (JH)FG X R(E(IH)G
x1
/ M /
(F(KJ)FH)FG (F ))FG Jw K((JH)Q))
(x1)1 1 (FK (FJFH) FG a /
o FRF
(FKF.J)FH)F / \
FG) 1Fa
X/
(FKF.J) FHFG FJ FH)F FKF(J
1x
1
1(1x)
FK (FJ(FHFG)) — S FK(FJF(H G))
F((KJ)H)G
X/((( ) )Ql)
, F(KJ)H)FG Fa F(K(JH))G)
(F(KJ)FH)FG w FIK((JH)G))
X (HG)) J Fr
(x1)1 F(KJ)(FHFG)  1x / Fa F(la)
~ g F(K
(FKFOFH)FG ~ xl ' F(K(J(HG)))
\ 1y (FKFJ
—
(FKF.J) FHFG FKF )

FK( FJ FHFG)) %FK FJF( HG

ii) In the following we denote by I the unit 1-morphism in the corresponding category.
For all 1-morphisms G, H for which the following diagrams are defined, the following
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equation holds.

Fa

F(GH)
N
F(GI)FH bw 1y FGF(IH)
—__ a "
X1 (FGFI)FH — % FG(FIFH)

(1)1
I 61 \(h)l ~ /Ulv

F(rl) F(11)
N (FGI)FH - FG(IFH)
a Frl <p 1FI
FOFH — [ S F(G(IH))
T ———
F(GH) Fa F(GI)H)
4 Fu
F(1r)
1 F(11)

~

FGFH “—— ) X F(G(IH))

Remark A.4.4 According to our change in convention regarding the definition of a tricat-
egory in relation to [38], we adapted also the definition of a 3-functor. One arrow in the
definition of 0 was reversed and the axiom (ii) takes a different shape. It is straightforward
to see that the two definitions are equivalent. Note that our conventions appear to be more
natural since the shapes of the modified axioms are more symmetric.

The higher structures that relate two 3-functors are 3-natural transformations, 3-modifications
and perturbations (called tritransformation, trimodification and perturbation in [38]). How-
ever, we will only require the notions of 3-natural transformations and 3-modifications and
these only in a stricter setting.

First note, that bicategories form a tricategory as follows.

Proposition A.4.5 ( [33]) There is a tricategory Bicat with objects Bicategories A, B, 1-
morphisms 2-functors F,G : A — B, 2-morphisms natural 2-transformations n,p : F = G and
3-morphisms modifications I' : n — p.
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The following definition is a generalization of the biequivalences of bicategories to biequiv-
alences of objects in arbitrary tricategories, see [33,38].

Definition A.4.6 A biequivalence between two objects a and b in a tricategory T is a 1-
morphism f : a — b in T for which there exists a 1-morphism g : b — a such that fUg
is biequivalent to 1y in the bicategory T(b,b) and gOf is biequivalent to 1, in the bicategory
T(a,a).

Definition A.4.7 A triequivalence F : T — 8 between tricategories T and 8 is a 3-functor F
such that

i) F is triessential surjective, i.e. every object s of 8 is biequivalent in 8 to an object F(t)
for an object t of T,

ii) each 2-functor Fop @ T(a,b) — 8(Fo(a),Fo(b)) is a biequivalence.

Lemma A.4.8 Let F : T — 8 be a triequivalence between tricategories. Then for all objects
a,b in T the 2-functors Foyp : T(a,b) = 8(Fo(a), Fo(b) are biequivalences.

Definition A.4.9 A strict tricategory is a tricategory (G,0,0,-) in which the composition
O is strictly associative and unital. A strict tricategory is called (op)cubical if the following
additional conditions are satisfied

i) For all objects a,b the bicategory G(a,b) is a strict 2-category.
Z’L) 11a o 11a = 11a.

ii1) Each 2-functor O : §(b,c) x G(a,b) — G(a,c) is (op)cubical, i. e. the invertible coherence
3-morphisms
Oup : (10Opg) o (10ve) — (g1 o v1)O(pe 0 vo)

for = (p1,p2),v = (vi,12) € §(b,c) x G(a,b) are identity 3-morphisms if pi or vy (12
or vy ) is an identity 2-morphism.

Definition A.4.10 A laz 3-functor F : G — G between strict tricategories G, G consists of
i) a function Fg : Ob(G) — Ob(S),
it) 2-functors Feq: G(c,d) — G(Fo(c), Fo(d)) for all objects c,d of G,
iii) an equivalence of 2-functors
Kede: O(Fae x Feg) = FeeO
for all objects ¢, d, e of G.

w) an invertible 2-morphism t. : Fec(1c) — 1y () for all objects ¢ of G,

such that the following consistency conditions are satisfied
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v) For all objects b,c,d,e of G

(oce (O 1)) © (Dcae 1)) = (mpae(Tx ) o (O x )

In this formula I is the identity functor, the unnamed product is the composition [ in
Bicat, and o is the horizontal composition of pseudo-natural transformations.

vi) For all objects c,d of G, keea(I X Fee(1le)) = ‘i‘(chyd X tc), where I. is the strict functor
from the trivial 2-category that has image the object 1. of G(c, c) and i. is considered as
a natural transformation of 2-functors ic : Fec(le) — Iry(c)-
vii) For all objects c¢,d of G, keqa(Ig X I) = ﬁ(Ad X ]'Fc,d)'
The lax 3-functor is called a 3-functor of strict tricategories, if additionally
viti) K is a natural isomorphism,
iz) for all objects ¢ of G, Fee(le) = 1gy(e) and te = 17" =11,

We call the map Fo and the maps of F. 4 the mappings of F, while all the other data is called
coherence morphisms or coherence data of F.

Unpacking the definition of a 3-functor of strict tricategories leads to the following explicit
description of the coherence data for F. The 2-functors F, 4 have as coherence data a collection
of invertible 3-morphisms

q)p,,u : Fc,d(,u) o Fc,d(V) — Fc,d(:u o V)

for all o-composable 2-morphisms u, v in G(c¢,d) and for each 1-morphism G in G(c¢,d) an
invertible 3-morphism

¢ 1k, y6) — Fea(la),
which satisfy the axioms in Definition A.3.6. The natural isomorphisms of 2-functors k¢ g e
are characterised by invertible 3-morphisms

Rup: Fd,e(:u) ﬁ Fc,d(y) - Fc,e(/‘LDV)

for all [J-composable morphisms p € §(d, e), v € G(c,d). The conditions in Definition A.3.10
take the following form:

i) For all 1-morphisms G; € G(d, e), G2 € G(c,d) one has
Fa,e(G1)OF4(G2) = Feo(G10Go). (A.50)
ii) For all 2-morphisms p,p € G(d,e) and v,7 € G(c,d) such that p,p and v, 7 are o-
composable, the following diagram commutes
- _ Fu,vOFp,r
(Fae(1)OFca() S (Fae(p)OFca(r)) —  Fee(uly) © Fee(plir) (A.51)
E’Fd,e(/'L)’FC,d(V)7Fd,e(p)ch,d(T) l l(DuDlngT
(Fae(1)5F ae(p)) O (Fea(v)oFea(r)) Fee((uBv) o (7))
@uwﬁémTl l Do)
)0

ce((op)O(vor)).

Fie10 ) O Fealv o 7) —
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iii) All 1-morphisms G € G(d,e), H € G(c, d) satisfy

Ir, . om) = @Ol . (A.52)
[ore mleys
Fae(1e)OF.a(1g) Fee(lonm) = Fee(1c01g).

Kig,1g

Condition v) in Definition A.4.10 states that the diagram

~ ~ 1E|nu,p ~
Fae(v)OFca(p)OFy o(p) — Fae(v)OFp a(u0p) (A.53)

lliw‘ﬁl J{“wﬂﬂ

KvOu,p

Fee(vOu)OFy o(p) — > Fio(vOulp)

commutes for all 2-morphisms p € §(b,c), p € G(c,d), v € G(d, e), and conditions (2), (3) in
Definition A.4.10 read

Rul, = 1Fc,d(ﬂ): Fc,d(:“’) = Fc,d(ﬂ)lch,c(lc) — Fc,d(ﬂmlc) - Fc,d(ﬂ)a
Kigu = 1F, 4 Fea(p) = Fa.a(1a)OFca(p) — Fea(1aOp) = Fea(p).

The notion of a 3-functor of strict tricategories in Definition A.4.10 thus corresponds to a
trihomomorphism in [38, Def 3.3.1] for which the adjoint equivalence x in [38, Def 3.3.1] is
a natural isomorphism given by the invertible 3-morphisms «,, and for which the adjoint
equivalence ¢ and the invertible modifications w,, ¢ in [38, Def 3.3.1] are trivial.

There is an obvious composition of 3-functors of strict tricategories, that is a special case
of the general composition of 3-functors between tricategories considered in [38]. Although in
general the composition of 3-functors between tricategories is not strictly associative, this is
the case for 3-functors between strict tricategories.

Lemma A.4.11 LetF: G- H, G:H —- K, H : KX — L be 3-functors of strict tricategories.
Then H(GF) = (HG)F.

Proof. In [38, Prop. 4.2.3|, explicit expressions for a natural transformation « : H(GF) —
(HG)F are given. It is easy to see that for strict tricategories, the data from which « is
constructed consists entirely of identity mappings and morphisms. O

Finally, there are notions of opposite 3-functors for strict tricategories. Let F: T'— S be a
3-functor of strict tricategories. This has data (Definition A.4.10)

— a function Fp : Ob(T) — Ob(8),
— 2-functors Fyp : T(a,b) = 8(Fo(a), Fo(b)) for all objects a,b of T

— For O-composable 2-morphisms p and v, 3-isomorphisms
et F()OF(v) = F(uv)

The first opposite is the 3-functor of strict tricategories F°P: TP — S°P with data

— (FP)g =Fy
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A. (Higher) categories

— (FP)op = (Fa ), using the opposite of 2-functors

— (Kop)yw — (K“;,;lt)Op'

The second opposite is the 3-functor of strict tricategories F,,: Tp,, — Sop with data
— (Fop)o = Fo

— (Fop)ap = (Fap)op, using the opposite of 2-functors

- (“070)1/,# = Kup-

Again, all coherence data is unambiguous and we denote the 3-functors F? and F,, by F.

Definition A.4.12 A natural 3-transformation w : F — G between lax 3-functors F =
(FQ,FQd,HE’C’d,LE), G = (GQ,qu,/igc’d,Lg) 2§ — G of strict tricategories consists of the
following data:

i) For all objects ¢ of § a 1-morphism w. : Fo(c) — Go(c)

ii) For all pairs of objects ¢,d of G a natural 2-transformation of 2-functors
Wed * (WdD_)Fc,d — (_ch)Gc,d;

such that for all triples b, c, d the following diagrams commute

(wdD—)D(Fbﬁ X qu) (wd‘j—)’ﬁf,cyd B
= 0(1 x (wg0O-))(Fpe X Fea) (wal—)Fy 48]

iD(lch,d) wp, a0
01 % (-Te)(Foe % G .
= O((we0=) x 1)(Fye X Geq) (—Deop) Gp a0
O(wp, e x1)
l’ ’ %b)ﬁ(b;,c,d
O((—Bws) x 1)(Gp,c X Ge,a)
= (—ow)D(Gbﬂ X Gc,d);
wCDFQC(l ) &) Gc,c(lc)[lwc We
10(cr) W i(bl) o1
Fe (L(;)CDI o1 G /¢
We WCDFC,C(lc) — Gc,c(lc)ch-

Here, —Ow. : G(Go(c),d) — G(Fo(c),d) and wqd— : G(¢ Fo(d)) — G(& Go(d)) denote the 2-
functors defined by pre- and postcomposition with w. with respect to the composition (1. The
natural 2-transformations w.q determine for all 1-morphisms H : ¢ — d in' G a 2-morphism
WH wdDFC’d(H) = Gc,d(H)ch.

A natural 3-transformation w is called a natural 3-isomorphism, if the 1-morphisms w. are
invertible and all natural 2-transformations w.q are pseudo-natural transformations.
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Definition A.4.13 Let F = (FO,qu,/{Ede,LE) : G5 Gand G = (GO’GC,d»“cheaLS) 0§ —

G be 3-functors of strict tricategories and w = (WeyWe,d)sn = (NesNea) = F = G natural

transformations. A modification ¥ : w = n consists of the following data:
i) For every object ¢ of G a 2-morphism ¥, : we = 1. in G.
ii) For every pair of objects c¢,d of G, an invertible modification V.4 : (10¥.) o weq =
Tle,d © (\Ille).

These determine for all 1-morphisms H : ¢ — d a 3-morphism
Uy (1Fc,d(H)D\IIC) owyg = Ny ©° (\Ildllec,d(H))'

A modification V is called invertible if all 2-morphisms V. are invertible.

Definition A.4.14 Two strict tricategories G, G are called equivalent, if there exist lax 3-
functors of strict tricategories F : G — G and G : § — G together with invertible pseudo-natural

transformations 0 : FG — I and ¢ : GF — 1g.
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