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Dendritic solids resulting from an adaptive numerical solution of a two-scale model for
solidification. The corresponding temperature field increases monotonically from the lower
left to the upper right. The adaptive algorithm computed only the solids highlighted in
dark-gray. The remaining solids are interpolated between computed solids. More details
are presented in Section 3.
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Abstract

In this dissertation two combinable numerical solution schemes are developed that — either
in combination or on their own — allow for an efficient numerical solution of two-scale
models that describe physical processes with changing microstructures via the combination
of partial differential equations on a macro- and a microscopic length-scale.

Furthermore, a two-scale phase-field model is established, that describes in a porous
medium a pore-scale precipitation and a Darcy-scale diffusion process of in a fluid dissolved
particles. One of the developed solution schemes is used in order to solve this model
efficiently in a large time-space-cylinder. Numerical results show the interdependence of
the pore-scale precipitation and the Darcy-scale diffusion process.

Zusammenfassung

In dieser Dissertation werden zwel effiziente numerische Losungsverfahren fiir zweiskalige
Modelle entwickelt. Durch die Kombination von partiellen Differentialgleichungen auf einer
makro- und einer miskroskopischen Langenskala beschreiben die dabei betrachteten Mod-
elle physikalische Prozesse bei denen die sich Mikrostruktur im Laufe der Zeit dndert. Da
die beiden Verfahren konsistent zueinander sind, garantiert ihre Kombination eine weitere
Effizienzsteigerung.

Des Weiteren wird ein zweiskaliges Phasenfeldmodell entwickelt, welches in einem pordsen
Medium auf der Mikroskala einen Ablagerungsprozess von in einem Fluid gelosten Partikeln
und auf der Darcyskala deren Diffusion beschreibt. Zur effizienten numerischen Losung
in einem groBen Raum-Zeit-Zylinder wird eines der beiden entwickelten Verfahren verwen-
det. Numerische Resultate belegen die gegenseitige Abhangigkeit des Ablagerungs- und
des Diffusionsprozesses der gelosten Partikel.






1 Introduction

Many technically relevant processes exhibit a priori unknown microstructures that evolve in
time. Important examples are solidification processes with dendritic or eutectic microstruc-
tures [16, 43], flow in porous media with changing pore geometry as a consequence of
elastoplastic deformations and deposition or desorption of matter, and microstructures in
epitaxial growth of thin solid layers [24]. Due to huge differences in relevant length and
possibly also time scales, it is usually not feasible to simulate such processes by a direct
numerical discretization of a full model. A much more promising approach is the usage of
homogenization or averaging techniques, that were originally developed with the aim to
find purely macroscopic models with suitable constitutive laws that model the properties of
the microstructure [15, 32, 34]. The application of those methods to processes with evo-
lution of a priori unknown microstructures typically leads to full two- or multi-scale models
that combine differential equations on the smallest scales with homogenized differential
equations on the macroscopic scales [19]. Both scales are coupled: the macroscopic fields
influence the evolution of the microstructures, and the microscopic fields enter to the ho-
mogenized equations via averaged coefficients. A direct discretization of such a two-scale
model requires, besides the solution of the macroscopic problem, typically the solution of
a full microscopic cell problem for every node of a macroscopic numerical grid. This leads
to a huge numerical complexity and limits the application to problems with comparatively
small macroscopic grids.

In this thesis two efficient numerical solution schemes for two-scale models are devel-
oped. As mentioned before, it is the shear number of the microscopic problems that makes
a direct numerical solution of the two-scale model demanding. Therefore, in order to accel-
erate the computation, both developed schemes accelerate the solution of the microscopic
problems. The first one minimizes adaptively the number of the microscopic problems that
are solved. On contrary, the second one minimizes their complexity. Consequently, the
two schemes are consistent with one another. Numerical results for a sample two-scale
model show the efficiency of both solution schemes. Both schemes accelerate the solution
significantly and, in addition, they largely preserve the accuracy of a direct discretization.
Since they are consistent with one another, it is perfectly possible to combine them in
order to gain a further increase of efficiency.

The considered sample two-scale model describes a solidification process in a binary
mixture with strong heat and weak solute diffusion. The model consists of a macroscopic
homogenized heat equation for the macroscopic temperature and for each point of the
macroscopic grid of a microscopic problem. The microscopic problems describe the evolu-
tion of the microscopic concentration of one part of the mixture as well as the evolution of
the microscopic phase-field that describes the solidification process. Unlike sharp-interface
models, phase-field models do not distinguish sharply between the two phases liquid and
solid. In fact the phase-field varies smoothly from its liquid to its solid value within a small
phase transition region. A brief introduction into phase-field modeling and the method of
homogenization is presented in Section 2. The evolution of the temperature in a macro-
scopic node influences continuously the solidification process in the microscopic problem
of the same macroscopic node: the smaller the temperature the faster the increase of the
solid. Vice versa, the latent heat that is released during solidification in the microscopic
problem in a macroscopic node influences continuously the evolution of the temperature
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in the same macroscopic node: the more latent heat is released the higher the increase of
the temperature.

The adaptive solution strategy established in Section 3 — the first of the two in this
thesis developed solution schemes — is applicable to every two-scale model on condition
that the variables on the different scales depend continuously on each other. Exploiting
this condition, the key to an efficient solution is the reuse of already computed microscopic
solutions as approximation to the solutions of other microscopic problems. Provided that
two microscopic problems are influenced by similar macroscopic fields, the solution of the
one problem is, due to the solutions’ continuous dependence on the influencing macroscopic
fields, a good approximation to the solution of the other problem.

Fundamental to this strategy is the distinction between similar and unsimilar macro-
scopic fields. Considering the sample problem, a metric is developed that measures the
distance of temperature evolutions. By definition, two temperature evolutions are similar
provided that their distance is not larger than a certain tolerance. The scheme subdivides
the set of macroscopic nodes into active and inactive nodes. Whereas the microscopic
problems in active macroscopic nodes are solved, the microscopic data in inactive nodes
is not computed but approximated by the microscopic data of active nodes with similar
temperature evolutions. The set of active macroscopic nodes is updated adaptively: it is
coarsened if possible and refined if necessary. Initially only one macroscopic node is active.
Inactive nodes are added successively to the set until to every inactive node at least one
active node exists with a similar temperature evolution. On contrary, active nodes are
removed successively from the set until the temperature evolutions of all active nodes are
unsimilar.

The adaptive update of the set of active nodes assures an efficient numerical solution
of the two-scale model. The coarsening accelerates the solution. Due to refinement
the solution maintains its level of accuracy in comparison to a direct discretization. The
smaller the tolerance the higher the accuracy and the more nodes are active. Numerical
results indeed show that, in comparison to a direct discretization, the adaptive strategy is
very efficient. It enables to accelerate the solution tremendously and at the same time to
largely maintain the accuracy.

A reduction of the number of the microscopic problems that are solved vyields a reduc-
tion of the required memory resources. This is of importance especially in three space
dimensions. Section 3 presents an adaptive solution to a discrete two-scale problem in
three space dimensions. The macroscopic numerical grid consists of 24,000 nodes. Fur-
thermore, the microscopic grid consists of 216,000,000 nodes. Without regard to the fact
that to solve in each step of time 24,000 microscopic problems each with 216,000,000
degrees of freedom takes what feels like an eternity, in order to store the 24,000 solutions
gigantic memory capacities are required. Therefore, this problem is in principle not solvable
by a direct discretization. However, the adaptive strategy allows to solve it.

Whereas the adaptive strategy reduces the number of the microscopic problems that
are solved in course of a simulation, the second in Section 4 developed solution scheme
reduces the complexity of the microscopic problems. The sample two-scale model poses
several challenges for model reduction: parameter dependency via the macroscopic tem-
perature, high dimensionality, the coupling of the concentration and the phase-field, time-
dependency and non-linearities in the partial differential equations describing the evolution
of the concentration and the phase-field.
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These challenges are addressed by a combination of the following approaches. Firstly,
the high dimensionality of the microscopic model is addressed by a Proper Orthogo-
nal Decomposition (POD) strategy [35, 58], i.e. a snapshot-based generation of a low-
dimensional approximation space and projection of the detailed microscopic model to this
subspace. Different POD spaces for the different field variables are generated resulting
in coupled reduced models. Secondly, the non-linearity and the parameter-dependency are
addressed by the Empirical Interpolation Method [2], which enables to efficiently evaluate
local parametric discretization operators as in [14, 18]. Thirdly, the high solution complex-
ity is addressed by a partitioning of the reduced models. This means, that not only one
set of bases is generated, but several sets of reduced bases for different solution regimes.
During the simulation a switching between these sub-models is realized by an orthogonal
projection. Since the usual partitioning criteria turn out to be inapt for the sample prob-
lem, the criterion used is a problem-specific one. It is obtained via a feature extraction of
the present reduced solution.

To use a problem-specific feature extraction in order to partition the solution space is a
new conceptional contribution. For the considered sample problem, it is the volume of the
solids. Since the preferred growth directions of the solids are prescribed by parameters,
which as well as the initial conditions are the same in all microscopic problems, solids with
similar volumes are also of similar shape. The main principle of the partitioning strategy
is in the offline phase to subdivide the set of snapshots into subsets with respect to the
volume and to construct from each subset one basis set. In the online phase a reduced
solution is searched for in the span of a certain basis set if the volume of the solid (of the
reduced solution of the previous time-step) is an element of the interval of the volumes
that are covered by this basis set.

The established reduced two-scale model consists of a detailed macroscopic problem
for the temperature and of reduced microscopic problems for the concentration and the
phase-field. It comprises a full offline-online decomposition for the reduced microscopic
problems. In the offline phase, the reduced bases, the projection operators for basis
change, and further quantities are precomputed. This phase is accepted to be costly,
but only performed once. The online phase of the reduced microscopic model is of low
order complexity — completely independent of the detailed microscopic discretization'’s
complexity — and allows the reduced scheme to be used rapidly and multiply, i.e. for all
macroscopic nodes and all steps in time. Numerical results show the efficiency of the
reduction scheme. While the accuracy of the detailed solution is largely maintained, the
computation time is reduced significantly.

Both developed schemes allow for an efficient numerical solution of the sample two-
scale problem. However, their approaches are completely different. The one reduces the
number of the microscopic problems. On contrary, the other one reduces their complexity.
Consequently, the efficiency for the sample problem is further increasable by a combination
of the schemes. What distinguishes them is their applicability to other two-scale problems.
Since the reduced two-scale model is developed from snapshots of the sample problem,
its solution qualifies only for an approximation to the sample problem’s detailed solution.
For example, it does not approximate the solution of a two-scale model for precipitation in
porous media. In order to approximate this detailed problem’s solution, the reduced model
has to be developed from snapshots of the detailed problem’s solution. That is in order to
adapt to a new problem, a new reduced model must be build in a new offline phase. On the
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contrary, the adaptive strategy is directly applicable to every two-scale model on condition
that the variables on the different scales depend continuously on each other. What simply
has to be adjusted is the metric that compares the evolution of the macroscopic fields and
possibly the tolerance that limits the distance of similar evolutions.

Unlike the first two topics, which are primarily dealing with the development of numerical
algorithms, the third topic of this thesis in Section 5 is devoted to the modeling and
simulation of a physical process. The process of interest is precipitation in a porous
medium whose pore-space is occupied by three substances: water, oil and a solid. The
motivating background is the observation that the pore-space of a porous medium is
usually occupied by many different substances like water, oil, air, .... Some substances
can contain dissolved particles, others not. For example salt can dissolve in water but not
in air or oil. Therefore, if a crystalline solid of salt is surrounded by water on the one side
and oil on the other, then salt-particles can only dissolve in the water. Thus, in contact
with water the solid can recede, but nothing happens when it is in contact with oil. The
reverse reaction is also possible: dissolved particles in the water can precipitate on the
solid or on the grain — the boundary of the pore-space. The concentration of particles is
constantly equal to zero in the oil and to one in the solid. On contrary, due to precipitation,
dissolution and transport, it is variable in the water.

The combination of several modern modeling techniques results in an upscaled model
that allows for an efficient numerical solution. Firstly, a pore-scale phase-field model is
developed. The model describes the evolution of three phase-fields and the evolution
of the concentration of the dissolved particles in the water. Besides by precipitation and
dissolution, the evolution of the concentration is also influenced by diffusion. Motivated by
the Diffuse Domain Approximation method introduced in [44], each phase-field is treated
as a smooth approximation to the characteristic function — in the sharp-interface sense
— of one of the three substances involved: water, oil and solid. Within a small phase-
transition region a phase-field varies smoothly from 1 inside a region occupied by one of
the substances to 0 inside the regions occupied by the two other substances. A formal
asymptotic analysis shows that the solution of the phase-field model approximates in the
limit, that is for the width £ > 0 of the phase-transition regions tending to zero, the solution
of a suitable sharp-interface model. Secondly, considering a situation with periodically
distributed grains and solids with a period of scale € > 0, the application of a formal
periodic homogenization technique to the pore-scale model yields in the limit for e — 0
a two-scale model. It is a suitable approximation to the original problem if the dissolved
particles in the water diffuse on the Darcy-scale. It consists of a macroscopic homogenized
diffusion equation for the concentration of particles in the water, and, for each point of
the macroscopic domain, of local cell problems for the evolution of the three phases.
The variables on the different scales are continuously interdependent: the growth of the
microscopic solid is influenced by the macroscopic concentration of the dissolved particles
in the water, and vice versa the change of the pore structure influences the evolution of
the concentration. Thirdly, based on the adaptive solution strategy developed in Section
3, exploiting these continuous inter-scale dependencies, an adaptive scheme is developed
that allows for an efficient numerical solution.

In summary, a novel efficiently solvable model is established that describes Darcy-scale
diffusion and pore-scale precipitation in porous media with three phases occupying the
pore-space. Numerical results of the upscaled problem demonstrate the interdependence
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of the evolution of the three phases and the evolution of the concentration of the dissolved
particles in the water. The higher the concentration the faster the solid grows. The larger
the volume fraction of the water on the pore-space volume, the stronger the Darcy-scale
diffusion of the dissolved particles.

What the three topics of this thesis have in common is that all of them deal with two-
scale models. Two of them are devoted to the development of numerical strategies aiming
for efficient solutions. The third one discusses a physical process that is fundamental to
e.g. prognosis models for soil salinization.

The outline of this thesis is the following. Section 2 provides a brief introduction
into phase-field modeling and homogenization. Furthermore, it presents an estimate for
the difference of microscopic solutions of the sample problem, that hints at a suitable
metric in order to measure the distance of the macroscopic temperature evolutions. The
main results of this thesis are presented in the Sections 3 - 5. Section 3 presents the
adaptive solution strategy for two-scale models, Section 4 the reduced two-scale model
for solidification in a binary mixture, and finally Section 5 is devoted to the modeling and
simulation of the described precipitation process in porous media. Every section comprises
a short introduction such that it is understandable independently of the other ones.

Section 3 results from joint work with Christof Eck, which is published by J. Comp.
Phys., [49]. Section 4 results from joint work with Bernard Haasdonk, which is published
as preprint [50] and accepted for publication by Adv. Comput. Math.. Section 5 results
from joint work with |. Sorin Pop and Christian Rohde.






2 A two-scale phase-field model for solidification

Throughout this thesis two-scale phase-field models are considered. The Sections 3 and
4 use two-scale phase-field models for solidification as showcases in order to validate
the developed numerical solution schemes. Section 5 develops a two-scale phase-field
model for precipitation in a porous medium, where it firstly develops a pore-scale phase-
field model that approximates a suitable sharp-interface limit, and thereafter it applies a
homogenization technique to the pore-scale model that results in an upscaled two-scale
phase-field model. However, since such a detailed construction and description is presented
for the first time in Section 5 and there is no background material presented in the Sections
3 and 4, this section provides a brief introduction into phase-field modeling and into the
theory of homogenization. It is based on [20, 21, 22] considering a phase-field model for
solidification in a binary mixture with evolution of equiaxed dendritic solids. Details on
solidification and dendritic growth can be found in e.g. [16, 43]

2.1 The microscopic phase-field model

The transformation of a thermodynamic system from one phase of matter to another
is called phase transition. A transition from liquid to solid is called solidification, and
vice versa melting. In a simple setting of no undercooling, the material is liquid if its
temperature is above the equilibrium melting point T, € R, and solid if the temperature is
below. During solidification latent heat L > 0 is released, and absorbed in the process of
melting. The process of lowering a material’s temperature below its melting point is called
undercooling if the material does not become solid, but instead stays liquid. Undercooling
occurs for example if no seed is available around which a solid can grow.

In case of a mixture, the equilibrium melting point Ty, = Ty(c) € R depends on the
composition of the material and on the melting points of the pure components. Typically,
the composition is described by concentrations ¢ = (cy, ..., cn) €10,1]", 37 ¢ =1,
where n is the number of the components. The composition of the mixture usually differs
at the solid-liquid interface, that is in liquid it is ¢, € [0, 1]” and in solid ¢; € [0, 1]". The
difference ¢, — ¢ is called miscibility gap.

Dendritic solids, or simply dendrites, result from instabilities in the liquid-solid interface.
Such an instability may be driven by heat or solute diffusion. Equiaxed dendrites typically
result from heat diffusion, and it is usually solute diffusion that causes the evolution of
columnar dendrites. The symmetrical shape is caused by the crystal structure of the solid
material. Figure 2.1 sketches both types of dendrites.

An equiaxed dendritic crystal evolves from a small solid kernel in an undercooled melt.
The latent heat that is released during the solidification has to be transported away from
the interface through the liquid phase. This is only possible if the temperature in the
liquid surrounding the solid is smaller than in the solid itself. Consequently, if a small
perturbation in the interface occurs, caused by the crystal structure for instance, then the
forefront of the perturbation is surrounded by a colder liquid than the rest of the solid.
The steeper the temperature gradient, the faster the latent heat released is carried away.
Consequently, the forefront advances rapidly and evolves into a dendritic finger, whereas
the remainder of the interface advances only slowly.

Sharp-interface (Sl) and phase-field (PF) models are two well-known model classes that
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Figure 2.1: Columnar (on the left) and equiaxed dendritic structures, [22].

are widely used in literature in order to model phase transitions and solidification processes.
See for example [9, 12, 13]. S| models distinguish sharply between the phases and use
hypersurfaces to model the interfaces, [57]. Dealing with hypersurfaces is, however, de-
manding from the analytical point of view, because singularities may occur if for example
two interfaces collide, as well as from the numerical point of view, since the computational
mesh must track the interface.

Unlike SI models, PF models do not distinguish sharply between the phases. In fact it
is assumed that a transition from one phase to another is smooth. Such a transition takes
place in a typically very thin phase transition region of order £ > 0. It is assumed, that
inside this region the material 1s in an intermediate state between the two pure phases.
An order parameter ¢ — the phase-field — describes the transition. It varies smoothly
from its liquid value —1 to its solid value 1. The evolution of ¢ is modeled by a partial
differential equation. Usually it is possible to justify a phase-field approach by an asymptotic
expansion that shows that the solution of the PF model converges to the solution of a
suitable SI model if the width of the phase transition regions tends to zero. Therefore, the
phase-field is interpretable as smooth approximation to the phase-indicator functions in a
sharp-interface setting as depicted in Figure 2.2. Such an asymptotic expansion is carried
out e.g. in [10] but also in Section 5 of this thesis. The justification can also be made
more rigorous as e.g. shown in [11].

The remainder of this subsection presents a phase-field model for solidification in a
binary mixture and specifies the conditions that must be met such that the model is
well-posed, [21, 22]. Initially, the notation of various types of function spaces is fixed. Let
M c RV be an open domain with sufficiently smooth boundary and let M denote its closure.
The space L,(M) with r € [1, co] contains all Lebesgue-measurable functions f : M — R
such that |f|" is (Lebesgue-)integrable if r < oo, or whose essential supremum exists if
r = oo. C*(M) denotes the space of all functions f : M — R which have continuous
derivatives in M up to order a € N. It is distinguished between the space C* containing
the functions with continuous derivatives of order o, and the set C*~! of functions with
Lipschitz-derivatives of order a — 1. The space W*(M) denotes the Sobolev space for an
integer a or the Sobolev-Slobodeckii space for a non-integer a which contains all functions
whose derivatives up to order a belong to L,(M). For r = 2 this space is also denoted by
H*(M) = W$(M). The spaces with vanishing traces (for sufficiently big o) are denoted

by C&(M), W*(M) and H*(M). Their dual spaces are W-*(M) = (Wro;(r_l)(M)> , and
the corresponding space H~*(M). The anisotropic generalizations of these spaces for a
time-space cylinder / x M with an interval / are denoted by C*P(I x M), W*B(] x M)
and H*P(l x M). The first index a indicates the regularity with respect to the time and
the second index B that with respect to the spatial derivatives. In case of o = 3 only one
index is present.
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Figure 2.2: Behavior of the phase-field ¢ in a cross-section through the diffuse interface
between liquid and solid: ¢ varies smoothly from —1 in liquid to 1 in solid. For the width
& > 0 of the phase-transition region tending to zero the phase-field ¢ converges to the
function xs — Xe, where xs denotes the characteristic function of the region occupied
by the solid in a sharp-interface setting, and x, the characteristic function of the region
occupied by the liquid.

The following assumptions shall hold in the remainder of this section.

Assumption 2.1. Suppose Q C RV is a domain of dimension N € {2,3} with Lipschitz
boundary I = 8Q2 with outer-normal nr, and J(T) is a time-interval J(T) = [0, T] with
T >0. Let T, Ty, Ts,¢,c1, G, d,P1, - J(T)x Q2 — R and X, Xy, Xo : J(T) x Q — RN,
Suppose the tensors K = K(¢), D, = Di(¢) € COL(R; RMN) are symmetric, elliptic and
bounded, where

ko|z|? < z2"Kz < ky|z|? and do|z|? < z" D1z < dy|z|? for all z € RV (2.1)

with constants 0 < kg < k; and 0 < dy < d; that are independent of ¢. Suppose D, =
Ds(c, ¢) € COL(R?; RNN) js Lipschitz and bounded with constants that are independent of
(c,9), and Dy(c,¢) =0 forc ¢ [0,1]. Let Tr € HY(J(T)xQ), To € WL2(J(T) xQ) with
anr>1+%, ¢ € W2™2/*1(Q) with 1 + 8 <s51<3,51<r, 6€e[0,1], ¢o € W2™2/%(Q)
with s, > N+ 2, and Vo - n- = 0 on . Suppose q : RN x R® — R is measurable and
satisfies the growth-condition

[a(X. T, c, )| < Co(1+[T]+|cl) (2.2)

with a constant Coy > 0 that is independent of (X, T, c,¢), and that q is Lipschitz in the
sense

IQ(XL 11, ¢, ¢1) - Q(Xz. Ts, &, ¢2)’

2.3
<CTi = Tol + |61 — 0] + |61 — al) + Co(1 + Tal = laa) [ Xs — Xol 23)

with constants Cy, C, > 0 that are independent of (X1, X2, T1, T2, 1, G, ¢1, d2). Suppose
L, o, & > 0 are positive constants and p(¢) = 3(1 — ¢?)>.

Let T = T(t, x) denote the temperature, ¢ = c(t, x) the concentration of one com-
ponent of the binary mixture and ¢ = ¢(t, x) the phase-field. The following phase-field
model models a solidification process in a binary mixture.
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NI
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Figure 2.3: Double-well potential p(¢) = (1 — ¢?)°.
Problem 2.2. Given Tr : J(T) x I — R and Ty, co, g : Q — R, find functions T =
T(t,x), c=c(t,x) and ¢ = ¢(t, x) that satisfy

O:T + £6:0 — V (K(¢)VT) =0 in J(T) x Q
0rc — V- (D1(¢p)Vc) — V- (Dax(c,d)Vep) =0in J(T) x Q2
ag?8p — AP+ p'(¢) + q(Vh, T, c.9) =0 in J(T) x Q2

T=Tr on J(T) x T,

— (D1(¢)Vc + Do(c,p)V@) -nr =0 on J(T)x T, (2.4)
—Vé-nr=0 on J(T) x T,

T(0,x) = To(x) in Q,

c(0, x) = co(x) in €,

#(0, %) = ¢o(x) in Q.

The parameter L > 0 describes the latent heat that is released during the phase transi-
tion from liquid to solid. K = (Kj;(¢));",_, the heat conductivity and Dy = (D1,;());,_,
the solute diffusivity. The term V - (Ds(c, $)V@) generates transition layers in the con-
centration field from transition layers in the phase-field and thereby realizes the miscibility
gap. The function p is a double-well potential which is minimal in liquid and solid, see
Figure 2.3. The Laplacian of ¢ enforces the smooth transition from liquid to solid. The
width of the phase transition regions is proportional to the parameter £ > 0. Their actual
width is determined by a competition between —£2A¢ and p'(¢). a > 0is a time relaxation
parameter. The function g describes the deviation from the equilibrium melting point and

triggers the dendritic growth.

Theorem 2.3. Let the Assumption 2.1 hold true. Then a unique weak solution (T, c, ¢)
to the Problem 2.2 exists. [t satisfies T € W}2(J(T) x Q), ¢ € WE2(J(T) x Q) and
¢ € WEA(J(T) x Q).

Proof. Section 3.1 in [22]. O

2.2 The two-scale phase-field model

The Problem 2.2 is able to describe the evolution of an arbitrary number of equiaxed den-
drites within a solidification process in a binary mixture. However, from the numerical point
of view the number of dendrites that can be computed is limited. This is due to the fact,
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Figure 2.4: Homogenization for € — 0.

that the phase transition regions need to be resolved by a very fine computational mesh.
Therefore, an increasing number of dendrites comes along with an increasing number of
unknowns. Even a fast computer allows only the simulation of a few crystals within an
acceptable computation time. In particular this holds true in a three dimensional spatial
setting.

A much more promising approach, allowing in the end the simulation of more than only
a few crystals, is to identify and separate different length scales in the process. This is
done by a formal asymptotic expansion with respect to the scale € > 0 of the dendrites.
Considered is a sequence of problems with periodically distributed dendrites of varying
scale € and a limit problem for € — 0 is constructed, see Figure 2.4. The heterogeneous
material is replaced by a homogeneous fictitious one, whose global characteristics are a
good approximation of the heterogeneous ones, [15]. Therefore, the limit problem for
e — 0 is used as an approximation to the original problem for situations with small but
non-vanishing scale e.

This subsection provides a brief introduction into the theory of homogenization and
very briefly recapitulates the formal asymptotic expansion of the model in Problem 2.2
that was presented in [21]. The interested reader is referred to [15, 32, 34] for more
details on homogenization.

Homogenization deals with problems involving different length scales. An example is
heat conduction in a fine binary mixture whose two components conduct the heat differ-
ently fast. The heterogeneous material is replaced by a fictitious homogeneous material
whose macroscopic characteristics are a good approximation of the original ones. For that
purpose, a family of problems is considered which depend on a scale parameter ¢ > 0,
and the limit for ¢ — 0 of the solutions of the problems is studied. In many cases the
solutions converge and their limit can be represented as a solution of a (different) homog-
enized problem. The theory aims at the construction of this homogenized problem, which
is used as approximation to the original heterogeneous problem for situations with small
but non-vanishing scale €.

An initially periodic microstructure is generated by

T30 = T8 (. %), a?0) = & (x. %) 87 (x) = ¢ (x,

€

o X

) inQ (2.5)

with functions T¢%, c§%, ¢ € C°(Q:C%4(Y)). The subscript # in the notation of a
function space indicates that its elements satisfy periodic boundary conditions with respect
to y € Y. The Figure 2.5 sketches the discrete situation. The domain Y is a unit cell,
that is Y is a bounded, simply connected Lipschitz domain satisfying the property that
the whole space RM can be represented as a union of shifted copies of the closure Y with
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Figure 2.5: The pure microscopic grid (2, and the two-scale grid Qp, X Yp,.

vanishing intersection of their interiors. For simplicity it is assumed that Y = [0, 1]V. The
set C),(Y') contains all periodic continuous functions in RV with the periodicity cell Y.

Let (Te, e, ¢e) = (Te, e, de)(t, x) be the solution to Problem 2.2 on scale € > 0 with
the above initial data. Since a limit problem shall be constructed, the existence of an
asymptotic expansion of the solution is assumed,

Te(t,x) =320 €T (t,x, %),
c(t,x) =>7€c(t,x, %), (2.6)
bc(t, x) =D 2 €'di (t'X' %) '

with Y-periodic functions T;,¢;, ¢; - J(T) x Q2 xY — R for i =0,1,.... The existence of

the asymptotic expansion is not guaranteed. However, the assumption is justified in [21].
The gradient of a function x — u(x, %) is given by

Vu(x, %) =Veu(x, %)+ 1v,u(x, %), (2.7)

€
where V, resp. V,, denotes the gradient with respect to the first resp. the second variable
of u.
In order to obtain a well-defined asymptotic limit problem some of the parameters are
scaled in dependence of ¢,

¢ =€ty a=¢e2ay D;=eD D,=eDY. (2.8)

The size of a dendrite is proportional to €, consequently the width of the phase transition
regions must be proportional to €. The relaxation parameter o is scaled such that the
total factor a& remains constant in the third evolution equation of Problem 2.2. Since
it is typical of binary mixtures that heat diffuses rapidly but solute only slowly, only the
solute diffusivities are scaled by €.

The asymptotic expansion (2.6), the formal relation (2.7), the scaling of the parameters
(2.8) and Taylor expansions for the functions depending on the solution (T, ¢, ¢.) with
expansion point (Tg, co, o) are employed in (2.4), the coefficients of the different powers
of the scale € are compared and the limit problem is constructed. Finally a two-scale
model is obtained that is suitable for material with fast heat and slow solute diffusion. The
temperature is assumed to be essentially constant on the microscopic scale, whereas solute
transport is neglected on the macroscopic scale. The model consists of a homogenized
macroscopic heat equation for the temperature and for each point of the macroscopic
domain of a microscopic cell problem for the concentration and the phase-field.

The macroscopic homogenized heat equation for the macroscopic temperature 7 =
T(t, x) reads

BT +L£8:0" — V, (K (¢)V,T) = 0in J(T) x Q. (2.9)
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The averaged phase-field

$(t.x) =& f, d(t.x.y) dy (2.10)

depends on the solution of the local microscopic cell problem. The effective heat conduc-
tivity K* depends also on the local phase field, that is

Ky (@(t, x,¥)) = w7 Jy Sker Ki(@(t, %, ¥)) (G + 8, Hi((t, x, ¥))) dy  (2.11)
with the unique solutions H; of the cell problems
-V, - (K(¢)V,H)) =€ -V,K(p)in J(T)xQxY for j=1,..., N (2.12)

with periodic boundary conditions on @Y and the constraint fy H;dy = 0. The macro-
scopic equation is supplemented by a Dirichlet boundary condition and an initial tempera-
ture T(0, x) = To(x) for all x € Q.

The microscopic cell problems for the microscopic concentration ¢ = c¢(t, x,y) and
the microscopic phase-field ¢ = ¢(t, x, y) describe the liquid-solid phase transition in the
binary mixture,

0rc—V, - (Di(p)V,yc) =V, - (Da(c,®)Vyd) =0in J(T) x 2 x Y,

0t — 0,0+ p'(@) + (V. T.c.) =0 in J(T) x Qx Y. (2.13)

It is completed by periodic boundary conditions on 0Y and the prescribed initial data
c(0,x,y) = c(x,y) and ¢(0, x,y) = ¢o(x,y) for all (x,y) € QA x Y.

Article [20] proves that if the Assumption 2.1 is met then a unique weak solution to the
two-scale problem (2.9)-(2.13) exists. The interested reader is referred to [21] for details
on the construction of this model and to Section 5 carrying out in detail the construction
of a two-scale model for precipitation in porous media.

Obviously, the assumption of periodically distributed dendrites is highly unrealistic from
the physical point of view. From the numerical point of view it is, however, at least
very helpful. The dendrites in the two-scale model can be computed in parallel, due to
the periodic boundary conditions in the microscopic problems, whereas they need to be
computed simultaneously in the pure microscopic model. The simultaneity of the pure
microscopic model limits the number of the dendrites that can be simulated to a very few.
The number is still limited in the two-scale model, but its limit is much higher.

2.3 Further analysis of the two-scale model’s microscopic problem

The adaptive solution strategy to be developed in Section 3 cracks the limitation of the
number of the dendrites that can be computed by the discrete two-scale model. It solves
only those microscopic problems (2.13) that are influenced by outstanding macroscopic
temperature evolutions. The microscopic data of unsolved problems is approximated by
the data of solved problems. This approach is based upon the observation that two
microstructures develop similar features if they develop from similar initial states and if
their evolution is influenced by similar temperature evolutions. This subsection shows that
the L,(Y')-distance of two microscopic solutions of (2.13) at any point in time ty € J(T) is
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bounded by a multiple of a weighted L ([0, to])-distance of the two influencing temperature
evolutions.

Let (-, -), denote the dual pairing in H'(Y'). Furthermore, let H},(Y') denote the closure
of C2(Y') for the H'-norm. Recall that the subscript # in the notation of a function space
indicates that its elements satisfy periodic boundary conditions with respect to y € Y. The
microscopic problem (2.13) in x € €2 has the following variational formulation.

Problem 2.4. Find functions ¢ = c(-, x,-), ¢ = ¢(-, x,-) € HY2Y(J(T) x Y) that satisfy
the initial conditions c(0, x,y) = co(x,y) and ¢(0, x,y) = ¢o(x, y) such that for all test
functions v, w € Hy, (J(T) x Y) the equations

Lo ©cc vy + [, (D1(@)Vyc + Da(c, $)V,0) - V,vdy) dt =0, (2.14)
Sy (€20:d, w)y dt+

2 (2.15)
+ Limy (V00 - Vyw + (0 () +a(VR, T, ¢, ¢)) wdy) dt =0

hold.

Theorem 2.5. Let the Assumption 2.1 hold true. Assume T® e L (J(T)), ¥, ¢l €
WZ25(Y) for 8 =12 withs > 1+ % Let 1 <7 <s A>0and wy, = wy(t) := e
Then the two unique solutions (¢, ¢M) resp. (c®,¢®)) of the problems (2.14) and
(2.15) with initial data (c$V, ¢{") resp. (c{?, ¢?)) and temperature evolution T® resp.
T®@ satisfy

D i (HWA (uW—u®) HLx(J(T);Lz(v)) + HW% (u—u) ||L2(J(’7');H1(Y))>

2.16
<c() (HWA (TO_T@) L m) (2:10)

2)

1 _ [
Loy T D u—co H“o —Uo

with a constant C(\) depending exponentially on \.

Proof. Lemma 3.2 in [20] proves that a unique solution (c, ¢) to the problem (2.14) and
(2.15) exists. It satisfies ¢ € [0, 1] and ¢, ¢ € W22(J(T)xY). The following proof follows
the argumentation of a part of the proof of Lemma 3.2 in [20] that proves the validity of
(2.16) for A=0and 7 =2.

Let & > 0 be sufficiently large and x;, be the indicator-function of the time-interval
J(to) = (0, to] for to € J(T). For the first solution (cV), $(!)) take the test functions
v=x,Ws (¢ —c@)in (2.14) and w = kxe,wZ (¢ — ¢@) in (2.15). For the second
solution take —v and —w. The four equations are summed up and processed in the
following. Please note that wy and 0w are of course elements of L..(J(tp)).

Define

(U, v}y, = f_j(to) (u,v)y dt,
(U V)te = [yuy U vy dt, (2.17)

I Mlrs.to = 11 L, (ucto):iLsv)),

where 1 < r, s < oo.
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For u=c® —c® and 1y = V) — @

follows

resp. u = ¢ — @ and uy = ¢ — p?, there

(O, wiu),

= [Jyey O (3UPWR) — 3070w dy dt (2.18)

=3 (W2t} (0} 12,00 — N0l E,0v) ) = M WAL oy

Define DY = D;(¢®) and DY = D,(c®, ¢®) for £ =1,2. Then

DV, c® — DPv,c@ + DIV, ¢ — DIV, ¢

=DV, (e — @) + (D)~ D) v,,c@ + (219
n Dél)Vy (¢(1) _ ¢(2)) n <D§l) _ D§2)> v, 62

The ellipticity (2.1) of D; yields

[waVy (c® — C(2)>Hi2(J(to)><Y)

2.20
<C (D(l)V (¢ —c®),v, (M - c@) Wf) (2.20)
to
D> is bounded, thus for an arbitrarily small n > 0 it follows
DO, (61 — ¢@) v, () — @ Wz)
(D2, (0~ )7, (- ) ), oo

<[V, (¢ = @), +C) [wmy (0 — )]l -

Due to the Lipschitz-properties of D; and D,, the absolute R of the integral on J(t5) XY
of the remaining terms of (2.19) scalar multiplied by V, (¢*) — ¢(?)) is bounded by

R= ‘ ((p{"-Df) v,c@+ (D -DP) v,¢2), 9, (cD-c®) 3

to

<n|[wav, (¢ —c@)|3,  +
+C(n) ||V, :
+cm) (HV e + Hvyfb@)llwto) lws (60 — @)

(2.22)

0,0,t HWA C(l) - C(2) H

p1.p1.t0

with > 4 - = 3. The index o is calculated from the embedding W}2(J(to) x Y) <

Lo(J(to); WL(Y)), thatis o = S\,N+J;2)§ fors < N+2,0<oofors=N+2and o= oo for

s> N+ 2, see chapter 18 in [4]. Duetos > 1+ % itiso > N+2and p; <2+ +. For
u=c® —c@ resp. oV — @ follows

1—
‘|W>\U’|p1,p1,t0 S C ||W>\LI||“2 2,to ”W>\u||2,pl:,1t0 (223)
with u; = % and w, = %, see Theorem 6.4.5 in [3]. The parameter p, is

chosen such that the embedding H*(Y) < L,,(Y) holds, that is p, < oo for N = 2 and
p> < 6 for N = 3, see again chapter 18 in [4]. Due to the restriction 2 < p; < 2+ 7 it is
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always possible to find an appropriate p> such that 0 < u; < 1 and 1 < u, < oo are well
defined. This yields

bl vt <TIWAUNT, ey vy T C0) Wl o1, (2.24)

with an arbitrarily small n > 0. Therefore R in (2.22) is bounded by

R <0l () +C DI (e
+C(m (wa (6D=¢@)|2 .+ ws (6D=8@)7 iy - |
The Lipschitz-condition (2.3) of g, ¢) = q(V, 9", T®, ) 1) for i = 1,2,
l<m<s  m=max(:2.2),
2<T13<5, T = 25, (2.20)
Ts = max (T2, T4) ,
and an arbitrary small n > 0 yield
‘(q(l) — @, (¢ — @) ug),
<Co (IT® = TO| 4| — c@| 4§D — ¢@| |$D) — ¢ w2),
+ G (A4 [T+ [cD]) [V (60 = ¢@)[ [6D = 2 )
<G o (T = T, 0+ Co o (e = <) .
+ Caf|ws (80 = D), 5., + 1 [ W37y (60 = 6], |

+ Cs(MUITall Ly ey + 202 [ wa (8D = 6|7,

<Co [lwn (TO = TN ey + G llmn (¢ = e[, +

+1|waVy (¢80 = )5, + Co(m) [[wa (60 = 67,

for certain constants Co, . . ., Cs > 0.

Since p’ is Lipschitz, the embedding W22(J(T)xY) <= Loo(J(T)xY) (for s > 1+ N/2)
in combination with ¢; = max(7s, 2,2 + 6) for all 0 < § < oo and ( = &5, and the
constant

C=2 H (6D)% + ¢Dg@ + (@)% +1 . (2.28)
yield
(P/(@9) = P (6), (69 = ¢@) u3),,
< ‘(2 <(¢(1>)2 +pW PO+ (¢ +1) (PV—¢@) , (1 —¢2) Wf)t
g (2.29)

ce|pi -9

¢1/2.2,t0
<C o (00—
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The combination of the estimates from above, a sufficiently small » > 0 and a suffi-
ciently large k > 0 yield

S (W80 [ (1D =u®) ()7, + lwa ¥, (WD -u@)3, )
2 2
<Co(M K)Dueec Huél)—uéz) )L2(Y) (2.30)

Loy (J(0))
+ Co(n, A) Zu:c,d) ” Wi (“(1)_“(2)) Hzl,Z,to ’

with constants Cqy, C;, Co > 0.
Because of Gronwall's Lemma, 2 < &; < oo, Young's inequality and the definitions

£C (1, ) Jwn (TO-T@)

i(s) == wa(s) || (cM—c®) (S)HLQ(Y) for all s € [0, to],
7(s) := wa(s) || (8 =8@) (5)]| ,y, for all s €0, to], (2.31)

sy |- @) (1)_ 40 1 _T
W(to) - HCO “ La(Y) + Hd)o ¢O Lo(Y) - HWA (T T ) Lr (J(t0))
for to € J(T), the following implications are valid for certain constants Co, . . ., Cs >0,
i(to)* + V(to)?
2/&

o e 2/&1 e
<CoW(ty)? + Gy ( Sy 0(S) 1d5> e ( [PR76) lds)
=0(to) + V(t0)® < G (Com”/(to)& + Co [y ()5 + V(s)" dt> (2.32)
=0i(tg)* + V()" < Ca(to)*
=0(to) + V(to) < Cuw(ty) < Cs.
This finally proves the Theorem. []

Remark 2.6. The condition T > 1 in Theorem 2.5 is essential. This is due to the fact
that, in order that the Holder inequality for |T® — T@| |pM) — ¢ in (2.27) holds true,
71 = 1 yields 7o = oo . But, if T, = oo then {1 = Ts = T> = oo and the implications
(2.32) do not hold.

Fix1<7<s,A>0and ty € J(T). The weighted metric d,

d(Ty, Tas to, A, T) = Q/fj(to) e M=t |(Ty — T») (1)|” dt. (2.33)

measures the distance of two temperature-evolutions T1, T, € Ls(J(t)) in the time-
interval J(tp). It is equipped with a fading memory if the history parameter A does not
vanish. The larger \ the faster the memory fades i.e. the smaller the significant time-
interval.

An obvious consequence of Theorem 2.5 is the following one.

Corollary 2.7. Let the assumptions of Theorem 2.5 be met. If Cél) = Céz) and d)(()l) = d)éz),
then for all ty € J(T) there follows

”(C(l) o C(z)) (tO)HLz(Y) + H(Cb(l) o d’(z)) (tO)HLg(Y)

2.34
<CA) d(TW, T 15, X, 7). (2-34)



Therefore, the distance of two microscopic solutions is bounded by the product of a
constant, that depends amongst others exponentially on A, and the d-distance of the
two influencing temperature evolutions. That is, the solution of the microscopic problem
depends continuously on the influencing temperature evolution.

Corollary 2.7 presents the key to an adaptive solution scheme for the two-scale model.
Disregarding the constant, the in the next section developed adaptive strategy assumes
that the solution of a microscopic problem approximates appropriately the solution of
another microscopic problem as long as the d-distance of their two influencing temperature
evolutions is not larger than a certain threshold.



3 A fast and accurate adaptive solution strategy for two-
scale models with continuous inter-scale dependencies

Abstract

This section presents a fast and accurate adaptive algorithm that numerically solves
a two-scale model with continuous inter-scale dependencies. The considered sample
two-scale model describes a phase transition of a binary mixture with the evolution of
equiaxed dendritic microstructures. It consists of a macroscopic heat equation and a
family of microscopic cell problems that model the phase transition of the mixture.
Both scales are coupled: the macroscopic temperature field influences the evolution of
the microstructure and the microscopic fields enter to the macroscopic heat equation
via averaged coefficients.

Adaptivity exploits the constitutive assumption that the evolving microstructure de-
pends in a continuous way on the macroscopic temperature field: macroscopic nodes
with similar temperature evolutions use the same microscopic data. A suitable met-
ric compares temperature evolutions and adaptive methods select active macroscopic
nodes. Microscopic cell problems are solved for active nodes only; microscopic data in
inactive nodes is approximated from microscopic data of active nodes with a similar
temperature evolution. The set of active nodes is updated in course of the simula-
tion: active nodes are deactivated until all active nodes have unsimilar temperature
evolutions, and inactive nodes are activated until for every inactive node there exists
at least one active node with a similar temperature evolution.

Numerical examples, in two and in three space dimensions, show that the adaptive
solution is only slightly less accurate than the direct solution, but it is computation-
ally much more efficient. Therefore, the adaptive algorithm enables the solution of
two-scale models with continuous inter-scale dependencies on large computational
macroscopic and microscopic grids within an acceptable period of time for computa-
tion.

3.1 Introduction

Many technically relevant processes exhibit a priori unknown microstructures that evolve
in time. Important examples are solidification processes with dendritic and eutectic mi-
crostructures [16, 43], flow in porous media with changing pore geometry as a consequence
of elastoplastic deformations and deposition or desorption of matter, and microstructures
in epitaxial growth of thin solid layers [24]. Due to huge differences in relevant length and
possibly also time scales, it is usually not feasible to simulate such processes by a direct
numerical discretization of a full model. A much more promising approach is the usage of
homogenization or averaging techniques, that were originally developed with the aim to
find purely macroscopic models with suitable constitutive laws that model the properties
of the microstructure [15, 32, 34]. The application of those methods to processes with
evolution of a priori unknown microstructures typically leads to full two- or multi-scale
models that combine differential equations on the smallest scales with homogenized differ-
ential equations on the macroscopic scales [19]. Both scales are coupled: the macroscopic
fields influence the evolution of the microstructures, and the microscopic fields enter to
the homogenized equations via averaged coefficients. A direct discretization of such a
model typically requires the solution of a full microscopic cell problem for every node of
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Figure 3.1: Columnar (on the left) and equiaxed dendritic structures, [22].

a macroscopic numerical grid. This leads to a huge numerical complexity and limits the
application to problems with comparatively small macroscopic grids.

The aim of the Adaptive Strategy is to crack this limitation. It intends to solve only a
small fraction, adaptively selected, of all the microscopic problems of the two-scale model.
Fundamental to this strategy is the constitutive assumption that declares that the evolving
microstructure depends in a continuous way on the macroscopic fields. Consequently, the
key to an efficient algorithm is to reuse already computed data of microscopic problems for
other microscopic problems with similar macroscopic data. This approach is different to
existing methods for the efficient solution of multi-scale models, see e.g. [33, 56], insofar
that this approach still solves full microscopic problems but tries to reduce their number
as far as possible. It has some similarity to the method in [53], that uses a database
approach for solidification processes: a directional/columnar solidification problem (see
Figure 3.1) is studied, and the microscopic problems in the multi-scale model are replaced
by simplified sample problems with prescribed temperature evolutions that are obtained by
a global iterative procedure. Contrary to that, this section’s Adaptive Strategy is mainly
based on an efficient adaptive "online" selection of relatively few microscopic problems
that are solved, "online" within one single solution of the two-scale model. This is in
particular reasonable if the microscopic problems are comparatively hard to solve, as it is
the case for the equiaxed dendritic growth problem (see Figure 3.1) to be discussed here.

The organization of this section is as follows: Subsection 3.2 briefly describes the
two-scale model to be solved, Subsection 3.3 develops the Adaptive Strategy, and finally
Subsection 3.4 presents numerical results, in two and also in three space dimensions, that
show the efficiency and the accuracy of the Adaptive Strategy.

3.2 The considered two-scale model

Many solidification processes develop dendritic microstructures of equiaxed morphology.
Equiaxed structures grow from small solid kernels that nucleate in an undercooled melt.
During solidification these kernels develop dendritic instabilities, for more details see e.g.
[43] or [16]. To control these instabilities, models for dendritic growth must account for
curvature undercooling and possibly also kinetic undercooling. The phenomenologically
simplest model is the Stefan problem with Gibbs-Thomson effect, [57]. In contrast to
the Stefan problem, a phase field model approximates the sharp transition layer between
the solid and the liquid phase by a diffuse phase transition region, [9, 36, 48]: the phase
transition is described by a phase field ¢, which smoothly varies from its liquid value ¢, to
its solid value ¢s.

The two-scale model is obtained by the application of a homogenization technique,
under the assumption of fast heat diffusion and slow solute diffusion, to a phase transition
model describing a solidification process of a binary mixture (a large Lewis number, that
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Figure 3.2: The macroscopic €24, and the local microscopic grid Y, .

is a large ratio of thermal to solutal diffusivity, is typical of mixtures). The model consists
of a macroscopic homogenized heat equation, and for each point of the macroscopic
domain of a microscopic cell problem with periodic boundary conditions. For details on
the homogenization see [20, 21, 23] or the brief recapitulation in Section 2.

3.2.1 The macroscopic homogenized heat equation

The macroscopic heat equation in dimensionless form reads
8T = KA T +18:¢". (3.1)

It must be solved for the macroscopic temperature field T = T (t, x) in the macroscopic
time-space cylinder Q) o = I, X Q consisting of the time interval I, = [0, tenq] and
the macroscopic domain Q C RV for space dimension N € {2,3}. The averaged phase
field

$(t.x) = b [, ¢(t.x.y) dy (3.2)
depends on the microscopic cell problem in macroscopic point x. Consequently, %th)(t, x)y
describes the averaged latent heat that is released during the phase transition from liquid
to solid in the microscopic cell problem of x € €2. Parameter K describes the heat conduc-
tivity, which is independent of the phase field. The macroscopic equation is supplemented
by a Neumann boundary condition and an initial temperature condition T (0, x) = To(x)
for all x € Q.

3.2.2 The microscopic cell problems

The microscopic cell problems describe the liquid-solid phase transition for a binary mixture
depending on a temperature T that is taken from the solution of the macroscopic problem.
The governing equations in dimensionless form are

k.U =16, (@[1 + (1 — k)U]) +

51— AR (3.3)
+ 9, - (2221509, U + AN 1 (1 - K)UJOp ).
7O = — ¢* — A (1 — ¢*)* (T + Mc U) + W2V, - (A(A)’ V, ) +

N Vv, 0> 0A(A)? (3'4)
+ W > =10, ( yzd)' a(aijé))

The microscopic problem in macroscopic point x € 2 must be solved for the microscopic
chemical potential U = U(t, x, y) and the microscopic phase field ¢ = ¢(t, x,y) on the
time-space cylinder Q;,_ v = I, X {x} x Y, see Figure 3.2. It depends on the the
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macroscopic temperature T = T (t, x). Phase field ¢ varies smoothly from its liquid value
¢, = —1 to its solid value ¢s = 1. The initial conditions Uy(y) for the chemical potential
and ¢o(y) for the phase field are independent of the macroscopic grid point. The equations
are supplemented with Y-periodic boundary conditions for U and ¢. The domain Y is an
interval in RV, N € {2, 3}.

The equations (3.3) and (3.4) are introduced in [36, 48]. Their model is physically
more realistic than the phase field model in [21]. The authors of [36, 48] study the issue
of length scales, in particular the width of the phase transition region. They present
results that illustrate the utility of their model for simulating dendritic solidification for
large ratios of the thermal to the solutal diffusivity. Here, their model is extended to
the described two-scale model. The numerical examples in Subsection 3.4 depend on
the physical parameters proposed in [48]: k = 0.15, A = 3.1913, a, = 0.6267 and
Mc,, = 0.5325. The microscopic thermal diffusivity is assumed to be infinitely large, such
that 7 reduces to T = ToA(A)* Mcy (1 + (1 — k)U), [48]. The numerical discretization
scales out the measure W, of the interface width and the relaxation time 7y, see Subsection
3.2.3. Function

A(R)=1-e(3-4[A}), h=-5, (3.5)

triggers the dendritic growth, depending on the outward normal /i to the solid phase and
the strength € > 0 of the anisotropy, [37]. Function A(#) yields four favored directions
of dendritic growth in two space dimensions and six in three. The dendrites grow along
the principal directions ¢;, j = 1,..., N, where ¢, is the j-th unit vector of RM. In the
numerical examples, parameter € = 0.02 is used in two space dimensions and € = 0.04 in
three.

The two-scale model does not include stochastic perturbations (noise) in the equations
for the chemical potential. Such perturbations are used to trigger the sidebranching into
dendrites of second and higher order. Therefore, the numerical results will only show
primary dendrites. In fact the model is intended as a "simple" model case for the Adaptive
Strategy. The applicability of the strategy to models with stochastic perturbations is
discussed in Subsection 3.5.

3.2.3 Discretization of the two-scale model

The macroscopic as well as the microscopic problems are discretized by explicit finite
difference methods with respect to the time on a uniform partition /¢, «, = {t, € I+, |
t,=nk; n=0,....N, N= tk—td} of the time interval with time-step size k; = 0.0187g,
[48]. With respect to the space standard second-order finite differences are used on uniform
rectangular grids Qp,, and Y;,, where hy = c4h, is the macroscopic and h, = 0.4W, the
microscopic mesh-size, [48]. As in reference [37], a nine-point isotropic stencil in two
space dimensions and a 19-point isotropic stencil in three dimensions, [46], discretizes
V, - (A(A)*V,$). The macroscopic heat conductivity is K = KOVX—E. These specifications
scale out the measure W, of the interface width and the relaxation time 73. The factor
Ko of the macroscopic heat conductivity, the final time te,q, the domains €2, and Y}, and
the boundary condition for the macroscopic temperature are specified in the numerical

examples subsection.
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The time discretization decouples the macroscopic and the microscopic problems: at
first, in each time step, all (active) microscopic problems are solved (at first the phase field
equation is solved and afterwards the equation for the chemical potential) with temperature
values taken from the previous time step, then the macroscopic problem is solved.

3.3 The adaptive solution strategy

Aim of the Adaptive Strategy is to solve the two-scale model efficiently: this means on
the one hand to considerably reduce the number of cell problems that are computed,
but on the other to obtain an accurate solution anyway. Background of the Adaptive
Strategy is the constitutive assumption that microstructures evolving at similar macro-
scopic conditions, given by similar evolutions of the macroscopic fields, develop similar
features. Consequently, already computed data of a microstructure evolution in a cer-
tain macroscopic node may also be used as the data in another macroscopic node with
a similar temperature evolution. A suitable metric deg(T1, T2) compares the evolutions of
two temperatures T; and T,, and a tolerance limits the distance de of similar tempera-
ture evolutions. Macroscopic nodes whose microscopic cell problems are solved are called
active nodes; the remaining nodes are called inactive. Initially, only one macroscopic node
is active. Na(t,) denotes the set of active nodes at time t, = nk;. It is constructed by
adding nodes to and removing nodes from the previous set of active nodes Na(t,_1). This
is done according to the following steps:

1. The First Refining Routine ensures that the macroscopic nodes with “highest” and
“lowest” temperature evolutions are active.

2. The Coarsening Routine successively deactivates (removes active nodes from Npj)
active nodes whose temperature evolutions are very similar to that of another active
node. This step is crucial to reduce the number of active nodes and thereby the
required numerical effort.

3. The Second Refining Routine successively activates (adds inactive nodes to Nu)
inactive nodes that do not possess at least one active node with a similar temperature
evolution. This step is crucial to ensure a good approximation of the two-scale
model’s solution.

The routine that approximates microscopic data in inactive nodes is subdivided into two
parts: transfer of data and type of approximation. The Adaptive Strategy provides two
methods to transfer microscopic data from active to inactive macroscopic nodes:

1. The Interpolation Transfer Method interpolates the data of several or all active nodes.

2. The Single Transfer Method uses only the data of the active node with the most
similar temperature evolution.

Moreover, the Adaptive Strategy provides two different methods to approximate the

_ y y . .
discrete release of latent heat (®(t,, x) — ®(t,_1,x) )/k: in inactive nodes x:

1. The Complete Approximation Method approximates Cb(t,,,x)y and Cb(tn_l,x)y by
the microscopic data transferred from the same active nodes by a Transfer Method
for time t,,.

2. The Separate Approximation Method approximates d(t,, x)y by a Transfer Method
for time t,, and dD(tn,l,x)Y by the same Transfer Method for time t,_;.

The following subsections describe the Adaptive Strategy in detail.
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3.3.1 Comparison of macroscopic temperature evolutions

A fundamental part of the Adaptive Strategy is the distinction between similar and unsimilar
temperature evolutions. This distinction depends firstly on the distance of the temperature
evolutions, and secondly on the tolerance that defines an upper bound for the distance
of similar temperature evolutions. What is needed in order to measure a distance of two
temperature evolutions, is a suitable metric that takes history into account. Typically,
such a metric has the form
1/T
de(T1 Toit) = de(Te, Tai t A7) = (Jy w(t =siNTH(Tu = T) ()7 ds) ., (3.6)

0

with a suitable weight function w, e.g.
w(t —s; ) := e 2(=5) with a History Parameter A\ > 0. (3.7)

The History Parameter X\ determines the significance of a value of the difference | T; —T5|
in the past: if \is large, then only the values of | T; —T5| in the recent past of t are relevant.
In other words, if A > 0 then the metric is equipped with a fading memory; the larger the
History Parameter the faster the memory fades. An advantage of dg is the possibility to
compute its values recursively:

de(T1, T2; (n+ 1)kt)

—ATk T kt —AT(kt—s) T 1T (38)
- (e tde(Ty, Tas nke)™ + [ e 20e=9) (T} = T,) (nke + 5)| ds) .
In the numerical examples, Formula (3.8) is used with the approximation
fokt e Ake=S)| (T, — T5) (nky + 5)|" ds =~ k| (T1 — T>) (nke)|™. (3.9)

Corollary 2.7 shows that a certain multiple of the distance of two temperature evolu-
tions measured in this weighted L,-norm defines an upper-bound for the distance of the
two corresponding evolving microstructures measured in the L,-norm in the microscopic
domain. Of course, this relation is valid only for the simple model considered in Section 2,
but nevertheless the numerical results show that the strategy works well with this metric.

Some useful definitions. Say T,, Is the temperature evolution in macroscopic node x;
and T,, in xo. Ty, and T,, are called similar (at time t with tolerance tol(t)) if their distance
de(Ty,, Ty, t) is not larger than tol(t). On the contrary, T,, and T,, are called different in
case that they are not similar. Furthermore, if, in comparison to all temperature evolutions,
Ty, is the temperature evolution with the smallest (largest) distance to T,,, then T, is
called most similar to (most different to) T,,. The same relations as for their temperature
evolutions also hold for the macroscopic nodes x; and x»: for instance, x; and x» are called
similar if and only if their temperature evolutions T,, and T,, are similar.

What is of special interest are the two following types of relations between macroscopic
nodes: active to inactive, and active to active. On the one hand, if all active nodes are
different to an inactive node, then the inactive node is activated; on the other hand, if a
pair of similar active nodes exists, then one of them is deactivated. In order to avoid a
permanent update of Ny, it is wise to use a smaller tolerance for the relation of two active
nodes than for the relation of inactive to active nodes. Therefore, the Refining Tolerance
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tol, defines the upper bound for the distance of similar temperature evolutions of an inactive
and an active node, and the Coarsening Tolerance tol. defines the upper bound for the
distance of similar temperature evolutions of active nodes. In order to scale appropriately,
tol, depends on the distance of the two most different temperature evolutions on the
(whole) macroscopic grid: a possible choice is ¢, 1 - MaXx zeq, {de (T, Tx; ty)}, where
parameter 0 < Go,.1 < 1 influences the number of active nodes. Because the refining
tolerance tol, gives an upper bound for the distance between the temperature evolutions
of an inactive node and a similar active node, and because of possible error propagation
with increasing time, it may be plausible to increase tol, relatively with increasing time.
Consequently, with ¢, 0 > 0 and 0 < ¢,.1 < 1, Refining Tolerance tol, is defined as

tol,(t) := (1 ¥ G- tL) - Grol,1 - Maxezeq, 1de (T Tri 1)} (3.10)
The Coarsening Tolerance tol.(t) is defined as a fraction of the Refining Tolerance:

tolc(t) = ol - tol (t) with 0 < ¢, < 1. (3.11)

3.3.2 The first refining routine

The farther below the solidification point a temperature evolves, the quicker proceeds the
solidification in the corresponding microstructure. Therefore, the First Refining Routine
ensures that the set of active nodes N4(t,) contains macroscopic nodes with the "highest"
and the "lowest" temperature evolution. The artificial temperature evolutions

Tmax(tn) == MaXxeq,, T.(t,) and Thin(t,) == MiNxeq, T.(tn) (3.12)
help to define the sets Qr,  (t,) and Q7. (t,) of such macroscopic nodes:

QTmax(tn) = arg minXthg {dE(TXv Tmax; tn)} '

) (3.13)
QTmm(tn) = arg mInXEth {dE(TXI Tmin; tn)} .

In order to avoid a permanent update of N,, an inactive node x' € Q. (t,) UQ7t . (t,)
is activated only if x’ is different to all active nodes with tolerance ¢y, - tol(t,):

dE(TXf, Tya; tn) > Gol, tO|r(tn) V x? € NA(tn) with Crol, > 0. (314)

In case there is more than one inactive node in Qr,  (t,) U Q7. (t,) that fulfills condition
(3.14), then the nodes to be activated are chosen with respect to the selection criteria of
the Second Refining Routine. Please note that the First Refining Routine adds at most

two inactive nodes to the set of active nodes.

3.3.3 The coarsening routine

The Coarsening Routine ensures that active nodes are not similar to each other. In other
words, the Coarsening Routine avoids the calculation of similar microscopic problems. At
first, all similar active nodes are collected in M<(t,), the set of active nodes that may be
deactivated. Then, until M<(t,) is empty, nodes x¢ € M<(t,) are successively deactivated,
that is x© is removed from the set of active nodes as well as from M<(t,); moreover, all
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nodes of M¢(t,) that (after the deactivation of x¢ € M¢(t,)) are different to all the other
active nodes, all those nodes are also removed from M¢(t,). All the active nodes are
different to each other if and only if the set M¢(t,) is empty. A node x° € M¢(t,) to be
deactivated is selected either randomly or with respect to the following criteria. The first
criterion

x¢ & Mg§(t,) == M(t,) N {arg MINL e, (t) {de(Tx, Tmax; tn) } U

. 3.15
U arg minxen, e,y {de(Tx, Trmin; th) }}, (5:19)

ensures that neither an active macroscopic node with the highest nor an active node with
the lowest temperature evolution is deactivated.
The second criterion

x¢ € M{(t,) ;= arg minxeMC(tn)\Mg(t,,) {dE(Tx, Tee(x o) tn)} : (3.16)

with the set Ni(t,) := {x? € Na(t,) | de(Tx, Txa;ts) > tolc(t,)} containing all different
active nodes to x, and with the first element X°(x, t,) of arg mingens(t,) {de(Tx, Tx: ta)},
guarantees that the remaining active nodes are more different (concerning the distance
of temperature evolutions) from their most similar active node than the one which is
deactivated.

The third criterion

x€ € M5(t,) := arg min,epe(t,) {1x — X°(x, to)l} - (3.17)

effects that the remaining active nodes are farther away (concerning Euclidean distance
on the macroscopic domain) from their most similar active node than the one that is
deactivated. Finally, the first element of MS(t,) is deactivated.

As mentioned above, another possibility is random coarsening: if the First Refining
Routine is executed, then a randomly chosen active node of M<(t,)\ M§(t,) is deactivated,
otherwise, a randomly chosen active node of M¢(t,) is deactivated.

3.3.4 The second refining routine

The Second Refining Routine ensures that for every inactive node there exists at least one
similar active node. In other words, it ensures that the approximated microscopic data in
inactive nodes is accurate. At first, all inactive nodes without a similar active node are
collected in the set M"(t,). Then, until M"(t,) is empty, inactive nodes x" € M"(t,) are
successively activated, that is x" is added to Na(t,) and removed from M'(t,); moreover,
all nodes of M'(t,) that are similar to x" are also removed from M"(t,). There is a
similar active node to every inactive node if and only if the set M"(t,) is empty. A node
x" € M'(t,) to be activated is selected either, as in the Coarsening Routine, randomly or
with respect to the following criteria. The first criterion

X" € Mi(t,) := arg maxeemr(t,) {de (T Tragetn)i tn) } (3.18)

with the first element X?(x, t,) of arg minyaen,(t,) {de(Txe, Tx; tn)} (that is X¥(x, t,) is one
of the most similar active nodes to x), implies that x" is one of the elements of M'(t,)
that differ most from their respective most similar active node (concerning the distance
of temperature evolutions).
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The second criterion
x" € M5(t,) := arg maxxemr(z,) {1x — X (x, to)|} (3.19)

ensures that x” is one of the elements of Mj(t,) that are farthest away (concerning
Euclidean distance) from their respective most similar active node; thus, this criterion
ensures that the most similar active nodes are geometrically well distributed in order to
avoid agglomerations of them. Finally, the first inactive node of Mj(t,) is activated.

Another possibility, as in the Coarsening Routine, is random refining: a randomly chosen
element of M'(t,) is activated.

3.3.5 "New" microscopic initial conditions in newly activated macroscopic nodes

What is needed for the future solution of the microscopic problem of a newly activated
macroscopic node are accurate initial conditions. The Adaptive Strategy provides two
methods to gain those new initial conditions. The first method, the Retrospective Method,
computes the new initial conditions retrospectively: it solves the microscopic problem,
depending on the temperature evolution in the newly activated node, from initial time
until the time of activation minus one time-step. This method requires the knowledge of
the whole history of the temperature field for every macroscopic node. Since this needs a
lot of memory, the method provides the possibility to store these data with a larger time
increment than k; and to determine the data for the relevant numerical points in time by
linear interpolation. The second method, the Copy Method, that is considerably easier
to code efficiently than the Retrospective Method, approximates the new initial data by
the microscopic data of the active macroscopic node with the most similar temperature
evolution: it simply copies the current microscopic data of the most similar active node to
the newly activated node. On the one hand, it is the Copy Method that is implemented
easily, but on the other hand, it is the Retrospective Method that is most likely to produce
the more accurate results.

3.3.6 Approximation of the latent heat released in inactive macroscopic nodes

The latent heat released (CID(tn,x’)Y - CD(tn_l,x")Y)/kt in inactive macroscopic nodes x’
must be approximated. The approximation routine is subdivided into two parts: transfer
of data and type of approximation.

The Adaptive Strategy provides two methods for the transfer of data from active to
inactive nodes: Single Transfer (abbr.: ST) and Interpolation Transfer (IT), see Figure
3.3. The Single Transfer Method simply copies to an inactive node the microscopic data
of the most similar active node. On the contrary, the Interpolation Transfer Method
interpolates an inactive node’'s data between the data of several or all active nodes. Say
Ai(t,) € Na(t,) is the subset of all the active nodes that in time-step n contribute to the
interpolation of data in the inactive node x', and say 7(x', t,,) is the most similar active
node to x' at time t,. Common sense advises to correlate the weights of the contributions
to the distances of the temperature evolutions: the more similar an active node is to an
inactive node, the higher the weight of the active node’s contribution; consequently, the
weight w,i(t,, x?) of the contribution of x? € A,i(t,) at time t, to the interpolation of
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'\ : '\
O O
./O O
(a) Single Transfer. (b) Interpolation Transfer.
Figure 3.3: Approximation of microscopic data in inactive nodes: the Single in (a) and
the Interpolation Transfer Method in (b). Filled circles indicate active nodes, unfilled

circles represent inactive nodes, and a vector displays if an active node contributes to the
approximation of data in an inactive node.

microscopic data in the inactive node x' is defined as follows

o (80, x7) = (Ssocn, (o) Bt (80 59)) o (0, 7)
1, X = )?a(X/, tn), (3.20)
er‘(tn,Xa) = 1 ~ )
{ (dE(TXf, Txa; tn)) dE(TXi, Tia(x”,tn); tn), Xa # Xa(XI, tn).

The intention of the interpolation is to minimize possible under- or overestimations of
the latent heat released in inactive nodes. This may be achieved by the so called Equality
Condition. This condition is a constriction to the set A,i(t,). It requires that the half of
all active nodes x? € A,i(t,) have temperature evolutions higher and the other half lower
temperature evolutions than the temperature evolution of x’. By definition, temperature
evolution Ty is higher (lower) than T, if and only if T; has a smaller distance to Tax
(Twin) (of (3.12)) than T,. Say there are mj, active nodes with a higher and m, active
nodes with a lower temperature evolution than inactive node x', then the Equality Condition
constructs A,i(t,) as follows: in case of m, = m, every active node is contained in A,i(t,);
if m, > m, > 1 then A,i(t,) contains every active node with a lower temperature evolution
but only the m, most similar active nodes with a higher temperature evolution, it is vice
versa in case of my, > my > 1; if there are only active nodes with either higher or lower
temperature evolutions, then A, (t,) only contains the most similar active node X?(x’, t,).
Furthermore, the Adaptive Strategy provides the possibility to limit the maximum number
M, of active nodes that contribute to the interpolation of data in inactive nodes. If
the Equality Condition is invalid and in case that My < |Na(t,)| then A(t,) simply
contains the M, most similar active nodes. Otherwise, if the Equality Condition is valid
and My < |Na(t,)| then A.i(t,) is chosen not from all the active nodes but from the
subset that only contains the min(my, L%j) most similar active nodes with a higher and
the min(my, L%J) most similar active nodes with a lower temperature evolution than x'.

There are two types of approximation methods of the latent heat released: complete and

— — v
separate. Say d)QY = ¢(ty,x) forall n=1,...,N and for all x € Qp,,. The Complete
Approximation Method (abbr.: CA) interpolates, in case of the Interpolation Transfer
Method, the latent heat released in inactive nodes between the latent heat released of all

active nodes contained in A,i(t,),

—Y —_Y —Y TY
T-CA @7 =80 ~ Yo, WX/(tn,Xa)< A ) (3.21)
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In case of the Single Transfer Method (3.21) becomes

Y o oY a1
ST-CA: d)gl - ¢Q; ~ ga(xi’tn) - ;a(x’,tn) : (322)
On the contrary, the Separate Approximation Method (abbr.: SA) interpolates, in case
. . . —Y
of the Interpolation Transfer Method, separately each microscopic phase average ¢7] ,

Y L .
m = n — 1,n, between the phase averages ¢, of the contributing active nodes x? €
Ai(tm) at time t,,

pund _ ¢n—ly
IT-SA:~ X y (3.23)

—Y —
~ ZXaGAX,’(tn) WX/' (tny Xa) (an - ZX&EAX/'(tn—l) WX" (tnf]_, Xa) (p)r(la ! .

In case of the Single Transfer Method (3.23) becomes

—_—y
[ . (3.24)

n —_ .
Ra(x!tn) (X! th-1)

N —Y
ST-SA: ¢ — ¢/ 1 ~

3.3.7 Algorithm of the adaptive strategy in time-step n=1, ..., N

1. Update the distances of the temperature evolutions.

2. Update the set of active nodes Na(t,): First Refining, Coarsening, and Second
Refining Routine.

3. Solve the microscopic problems of the active macroscopic nodes.

Approximate the latent heat released.

5. Solve the macroscopic problem.

A

3.4 Numerical results

In order to evaluate the Adaptive Strategy’s quality, this subsection presents the results of
numerical computations. The Adaptive Strategy solves the two-scale model in two and in
three space dimensions. In two space dimensions, the set of parameters and the methods
of the Adaptive Strategy are opted for, and, afterwards, it is demonstrated that for the
refining tolerance tending to zero the adaptive solution converges to the direct solution;
solving the two-scale problem directly means, in contrast to solving it adaptively, to solve
the microscopic problem of every macroscopic node. Convergence is also demonstrated
in three space dimensions. Finally, the Adaptive Strategy solves the two-scale model on a
very large three-dimensional macroscopic grid; obtaining the corresponding direct solution
would, because every microscopic problem must be solved, require enormous computing
and memory resources.

An adaptive solution’s accuracy Is estimated by comparing its macroscopic temperature
solution T,qaptive tO the direct method’s temperature solution Tgiect. The error AT =
| Tdirect — Tadaptive| is measured in the discrete Lo-norm and the discrete L.-norm. These
norms can be taken for the discrete macroscopic space domain €2, or, with the discrete
time-interval Iy, = {th =n-ke |0 < n <N, N-k = tenq}, for the whole discrete
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time-space cylinder Qu, n, = ltpg ke X ny:

IAT(tn, Mz = |/ Zseas, 1AT (00, )P,

IATC, oz = /7t o IAT (40, ) 2 (3.25)
HAT(tnu ')“Q,oo = maXxEth |AT(tnyX)|.
IATC Ylgme = Mo IAT (£, )l

3.4.1 Numerical results in two space dimensions

The two-scale model to be solved in two space dimensions is given by the microscopic
problem (3.3) and (3.4) on the microscopic domain Y;,, = [0, 1600h,]* with space increment
hy = 0.4W,, and by the macroscopic heat equation (3.1) on the macroscopic domain Qp, =
[0,39h,] x [0, 19h,] with hy = 1600h,. Therefore, (25, consists of 800 nodes, each of them
governing one microscopic problem on Y}, consisting of 16012 nodes. The computation
time is from 0 to 10%k; with time increment k; = 0.0187,. On the macroscopic scale,
the effective heat conductivity Kj is chosen as 32000, and the boundary conditions of the
heat equation are the prescribed heat fluxes:

-5 041600 1 _
—3-107" - =555~ 33000 for x; =0,
VT -n=4¢ —15-107- 280 2 for x, =0, (3.26)
0 otherwise.

Put more simply, two parts of the boundary have cooling conditions, and the remaining two
parts are isolated. For the microscopic cell problems the boundary conditions are periodic.
The initial temperature T, the initial chemical potential U and the initial phase field ¢ are
specified for all x € €2, and all y €Y}, as

T(0,x) =-0.3,
u(0.x,y) =0, (3.27)
#(0.x,y) = tanh (~0.3 (| Ly — (800 800)| 5)).

By reason that the initial conditions of the microscopic unknowns U and ¢ are independent
of the macroscopic node x, they are equal for all the microscopic problems. Furthermore,
they (in combination with the initial temperature condition) imply that, initially, a small
solid kernel occupies the center of every microscopic domain and that each kernel is sur-
rounded by an undercooled melt.

Figure 3.4 presents the two-scale model’s direct solution. Solving the two-scale model
directly becomes very costly for large macroscopic grids, therefore the global grid is chosen
to be rather small. What is interesting to note in Figure 3.4 is that the fastest solidification
takes place in the microscopic problem of the macroscopic node (0,0)". This is due to the
fact, caused by the boundary condition on the macroscopic domain, that in every time-step
macroscopic node (0,0)" records the lowest temperature. In contrast, since macroscopic
node (39,19)" always records the highest temperature, this node’s microscopic problem
produces the smallest dendrite.
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Figure 3.4: Direct solution of the two-scale model in two space dimensions. The figure
in central position depicts the macroscopic temperature field at final time. The remaining
figures present the evolution of the dendritic crystals in the microscopic problems of the
corner nodes of the macroscopic grid. The crystals evolve from small initial solid kernels
in the center of the microscopic domains. Their current states (the contour of ¢ = 0) are
displayed every 10000 time steps.

3.4.1.1 Optimization of the adaptive strategy for ¢, ; = 0.1

The Adaptive Strategy depends on the History Parameter A and the norm parameter
T in the metric that measures the difference of temperature evolutions, on the toler-
ances for the refining and the coarsening routines, and on the initial set of active nodes
Na(0). In the computations to be presented, Na(0) consists of one node only. Moreover,
the Adaptive Strategy provides different methods to transfer data from active to inactive
nodes (Single (abbr.: ST) and Interpolation (IT) Transfer Method), and to compute the
latent heat released in inactive nodes (Complete (CA) and Separate (SA) Approximation
Method). The IT-methods for the transfer of data depend on the set of active nodes
that contribute to the interpolation. Furthermore, the Adaptive Strategy depends on the
method that approximates initial conditions for newly activated nodes. Inactive nodes to
be activated or active nodes to be deactivated are either chosen randomly or according to
the selection criteria presented above. This subsection explores these dependencies and
tries to optimize the Adaptive Strategy, that is to discover the parameters and methods
that result in the most accurate solution.

Unless definitions are explicitly given, the parameters and the methods of the Adaptive
Strategy are prescribed as follows: method IT-CA approximates the latent heat released
in inactive nodes, the set A,i(t,) of active nodes that contribute to the interpolation of
data of the inactive node x' is chosen with respect to the Equality Condition, at most
two active nodes contribute to an interpolation (that is M, = 2); parameters: \ =
0.1 and 7 = 1 in (3.6), G0 = 0 and Go,,1 = 0.1 in Refining Tolerance tol,, (3.10),
Ciol. = 0.2 in Coarsening Tolerance tole, (3.11), ¢o. = 0.01 in the tolerance (3.14) for
activating the nodes with the highest or the lowest temperature evolution; the set of active
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A AT oo [ATNo0e 18T lom | AT lloo [ATNoo [ATlos | [Nal [Nal”
10000 | 2.96e—4 1.27e—4 1.06e—4 |4.62e—5 3.58e—5 2.92e—5 |11.58 1.39
10 | 2.96e—4 127e—4 1.06e—4 |4.62e—5 3.58e—5 2.92e—5 |11.58 1.39
1 |296e—4 127e—4 1.06e—4 |4.60e—5 3.59e—5 2.88e—5 |11.57 1.40
0.1 | 1.75e—4 9.00e—5 6.6le—5 |2.96e—5 2.46e—5 1.65e—5 |12.26 1.55
0.01 | 1.36e—4 9.64e—5 4.75e—5 |4.64e—5 4.12e—5 2.12e—5 |12.57 141
0.001 | 8.14e—4 3.73e—4 2.88e—4 |1.66e—4 1.34e—4 9.83e—5 |12.64 147
0 |120e—3 4.49e—4 3.80e—4 |2.15e—4 1.66e—4 1.37e—4 |12.40 1.33

Table 3.1: Results of the Adaptive Strategy for ¢, = 0.2 and a varying History Parameter
M. The table describes the errors of the temperature field, measured in the L.,-norm
IIAT ||o o @and in the Ly-norm HATHQ > on the time-space cylinder Q, the average ||AT ||q o
and the standard deviation ||AT ||q o over time of the error measured in the L..(Q2)-norm
on the domain 0, AT |[a» and |AT|[a- in the L2(92)- -norm, and the average number of
active nodes |N,| as well as the standard deviation |NA] over time.

IAT oo AT oo AT llom | 18T loe AT l02 [ATlao | [Nal [Nal
1.75e—4 9.00e—5 6.61le—5 |2.96e—5 2.46e—5 1.65e—5 |12.26 1.55
1.1| 1.74e—4 8.97e—5 6.60e—5 |2.95e—5 2.44e—-5 1.66e—5 |12.26 1.54
15| 2.95e—4 1.28e—4 1.03e—4 |4.57e—5 3.67e—5 2.72e¢e—5 |11.59 1.33

|3

2 | 296e—4 127e—4 1.04e—4 |4.58e—5 3.6be—5 2.77e-5 |11.58 1.37
4 | 297e—4 127e—4 1.06e—4 |4.62¢—5 3.63e—5 2.86e—5 [11.58 1.36
8 | 297e—4 127e—4 1.06e—4 |4.64e—5 3.63e—5 2.90e-5 |11.57 1.39
16 | 2.97e—4 1.27e—4 1.06e—4 |4.65e—5 3.62e—-5 2.92e¢-5 |11.57 1.39

Table 3.2: Adaptive results for X = 0.1 and ¢, = 0.2 as well as a norm-parameter T.

nodes is initialized as Na(0) = (0,0)", it is not updated randomly but according to the
selection criteria described above; the Retrospective Method provides initial data for the
future microscopic solution of newly activated macroscopic nodes; for this purpose the
temperature is stored in every time step and in every macroscopic node.

This paragraph explores the Adaptive Strategy’s dependence on the parameters A, T,
Ciole» Crol,,0 @S Well as on the set A,;. Table 3.1 presents the dependence on the History
Parameter A. What surprises is that the Adaptive Strategy is least accurate in case that
the metric takes into account the whole history of the temperature evolutions (A = 0) in
order to measure differences. Furthermore astonishingly is that the accuracy for the metric
without a memory (A = 10000) is significantly higher than the accuracy for the metric
with the full memory (A = 0). An optimal choice of X seems to be 0.1: the accuracy
measured in the L,(Q)-norm is highest and measured in the L,.(Q)-norm is second best;
furthermore, the average number of active nodes is only slightly larger than this category’s
minimum. Table 3.2 explores the dependence on T: the numerical results show that the
adaptive results for 7 = 1 are only insignificantly worse than the most accurate results
for 7 = 1.1. Hence, in the following the weighted L;-norm is used to measure the
distance of temperature evolutions because it is significantly simpler to measure such a
distance in the weighted L;-norm than in any other weighted L,-norm with 7 > 1. The
results in Table 3.3 for variations of ¢ indicate that the coarsening tolerance should not
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Gote | 18T loe AT oo AT e | 1AT o2 ATl0o AT 0o | [Nl [Nal
0 3.35e—4 8.43e—5 9.08e—5 [5.88e—5 3.97e—5 4.34e—5 |12.62 1.27
0.1 | 7.45e—4 2.05e—4 2.23e—4 |9.38e—5 6.33e—5 6.92¢-5 |10.98 0.91
0.2 | 1.75e—4 9.00e—5 ©6.61le—5 |2.96e—5 2.46e—5 1.65e—5 |12.26 1.55
0.4 | 2.15e—4 1.06e—4 8.07e—5 |3.22e—5 2.69e—-5 1.77e-5| 9.97 0.77
0.8 | 2.25e—4 1.06e—4 7.94e—5 |3.53e—5 2.84e—5 2.09e—5 | 8.65 0.81

Table 3.3: Adaptive results for A = 0.1 and a varying coarsening tolerance parameter G, .

(>\v CtOlc)

AT @00 AT 000 [1AT [0

(4

AT lle2 AT o2 AT oz

[Nal [Na|”

(1,0)
(1,0.1)
(1,0.4)
(1,0.8)

1.90e—4
2.28e—4
2.94e—-4
2.90e—4

6.03e—5
9.52e—5
1.27e—4
1.26e—4

4.78e—5
7.78e—5
1.05e—4
1.04e—4

3.39e—5
3.55e—5
4 53e—-5
4 43e—5

2.65e—5
2.76e—5
3.55e—-5
3.49e—5

2.11e-5
2.22e—5
2.82e—5
2.74e—5

13.53 1.52
12.54 1.52
10.36 0.93
9.03 0.76

(0.01,0)
(0.01,0.1)
(0.01,0.4)
(0.01,0.8)

1.86e—4
1.86e—4
1.8le—4
2.49e—4

1.12e—-4
1.12e—4
1.07e—4
1.44e—-4

6.03e—5
6.03e—5
5.86e—5
6.95e—5

5.77e—5
5.77e—5
4.76e—5
5.78e—5

4.92e—5
4.92e—5
421e-5
5.28e—5

3.01e—5
3.01e—-5
2.22e—5
2.36e—5

12.68 1.37
12.68 1.37
10.43 0.97
8.80 0.93

Table 3.4: Some further adaptive results for varying A and G, .

[Nal”
1.55
1.64
1.60
1.02

AT ez
1.65e—5
2.29e—5
2.46e—5
6.05e—5

Coro | IAT oo AT oo AT lame | IAT [lo2
0 1.75e—4 9.00e—5 6.61e—5 |2.96e—5
0.05 | 2.13e—4 8.12e—5 6.14e—5 |3.62¢e-5
0.1 | 2.51e—4 1.04e—4 7.85e—5 |3.96e—-5
0.2 | 481le—4 1.26e—4 1.35e—4 |8.22e-5

AT |lo,
2.46e—5
2.80e—5
3.11e—5
5.57e—5

A
12.26
12.44
12.54
11.46

Table 3.5: Adaptive results for a varying refining tolerance parameter G, 0-

be too small. This observation is surprising because of the natural expectation that an
increasing number of active nodes results in an increasing accuracy. An explanation for
this phenomenon might be that a very small coarsening tolerance, somehow, prohibits the
activation of macroscopic nodes with potentially valuable microscopic data. The Adaptive
Strategy solves the problem most accurately for ¢, = 0.2. Table 3.4 presents some more
results of the strategy for variations of the parameters A and c¢.. What is interesting to
note is that for both History Parameters A = 1 and X\ = 0.01, contrary to A = 0.1, the
strategy produces the most accurate results for ¢, = 0. However, comparing accuracy
to cost of computation, the results presented in the Tables 3.1-3.4 suggest that the best
pair of parameters is (A, co.) = (0.1,0.2). Table 3.5 displays the dependence of the
strategy on the refining tolerance parameter ¢, 0: InCreasing Gy, 0 results in a significant
loss of accuracy; accordingly, this parameter does not have the desired influence, therefore
it should be chosen to be zero. What is presented in Table 3.6 are results of the Adaptive
Strategy depending on a varying strategy to select active nodes that contribute to the
interpolation of microscopic data in inactive nodes. These results advise to select those
active nodes with respect to the Equality Condition as well as to restrict their maximum
number to be two. In other words, the results advise to interpolate the microscopic data
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(eC, Ma) [ IAT llgo AT Tlae AT llace | 1ATllo2 TATllo2 AT oz | [Nal [Nal”
(0,2) [2.70e—4 8.05e-5 6.76e—5 [3.90e—5 3.00e—5 2.49e—5 |12.25 1.54
(1,2) |1.75e—4 9.00e—-5 6.6le—5 |2.96e—5 2.46e—5 1.65e—5 [12.26 1.55
(0,4) |8.59e—4 3.19e—4 2.46e—4 |2.84e—4 2.22e—4 1.77e—4|11.92 1.25
(1,4) |2.67e—4 7.98e—5 6.78e—5 |3.78e—5 2.79e—5 2.55e—5 |12.26 1.55
(0,8) |3.16e—3 1.19e—3 9.6le—4 |1.25e—3 9.60e—4 8.02e—4 [12.00 1.35
(1,8) |8.0le—4 1.82e—4 2.17e—4 |1.25e—4 7.80e—5 9.78e—5 [12.26 1.55
(0,|N4|) | 7.78e—3 2.29e—3 2.20e—3 |2.65e—3 1.91e—3 1.85e—3 |11.65 1.07
(1,|Na]) | 1.42e—3 2.96e—4 3.79e—4 |2.06e—4 1.23e—4 1.65e—4 |12.26 1.55

Table 3.6: Adaptive results for a varying method to select active nodes that contribute
to the interpolation of microscopic data in inactive nodes. eC = 1 claims that the active
nodes are chosen with respect to the Equality Condition, and otherwise without respect
to that condition. M, defines the maximum number of active nodes that contribute to an
interpolation; there is no upper bound for My = |Np|.

(2

Method | [AT llgse AT llose AT llose | 1ATlloo AT Tos AT as" | INAl [Nl
ST-CA | 43le—4 2.05e—4 1.4le—4 |[1.07e—4 8.83e—5 6.05e—5[11.82 1.20
IT-CA | 1.75e—4 9.00e-5 6.6le—5 |2.96e—5 2.46e—5 1.65e—5 |12.26 1.55
ST-SA | 7.40e—3 1.23e—3 1.18e—3 |2.74e—4 2.07e—4 1.80e—4 |12.03 1.32
IT-SA | 1.22e—3 4.08e—4 3.59e—4 |2.52e—4 1.83e—4 1.74e—4 |11.90 1.24

Table 3.7: Adaptive results for a varying method that approximates latent heat released
in inactive nodes. ST denotes the Single and IT the Interpolation Transfer Method for
the data, CA denotes the Complete and SA the Separate Approximation Method. The
Equality Condition and M, influence, of course, only the interpolation approaches IT-CA
and IT-SA.

of an inactive node only between the data of the most similar active node with higher and
of the most similar active node with lower temperature evolution. Furthermore, since for
every value of M, the performance of the method with respect to the Equality Condition
is significantly better than of the method without respect to that condition, the Equality
Condition seems to be fundamental to the adaptive solution’s accuracy. In conclusion, the
results presented in this paragraph suggest that quite an optimal choice for the parameter
set (X, T, Gl Crol,.0, €C, Ma) is (0.1,1,0.2,0,1,2).

This paragraph focuses on the Adaptive Strategy’s dependence on the method that
approximates the latent heat released in inactive nodes: there are two methods for the
transfer of data (Single (ST) and Interpolation Transfer (IT), of course with eC =1 and
M = 2 in case of IT) and two for the type of approximation (Complete (CA) and Separate
Approximation (SA)). Table 3.7 clearly reveals that the method IT-CA performs signifi-
cantly better than the other methods: the average number of active nodes is similar for
all methods, but method IT-CA’s accuracy is significantly higher than the other methods’
accuracy. The method ST-SA performs worst. This can also be seen in Figure 3.5, which
illustrates the final temperature solutions for the methods IT-CA and ST-SA. Indeed hard
to see, but the temperature field of ST-SA comprises some slight non-physical oscillations.
It is different with IT-CA: the temperature field is smooth. The non-physical oscillations
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(a) Method IT-CA. (b) Method ST-SA.

Figure 3.5: Adaptive macroscopic temperature solutions at final time in two-space dimen-
sions. Figure (a) presents the temperature for approximation method IT-CA, and Figure
(b) for ST-SA. The arrows in (b) point at some slight non-physical oscillations in the
temperature field for ST-SA.

(2

increment |||AT oo AT o [ATNlose |IATlloo AT 0o [ATlas" | NAl [NAl”
{1,10,100} | 1.75e—4 9.00e—5 6.61e—5 |2.96e—5 2.46e—5 1.65e—5|12.26 1.55
1000 | 1.75e—4 8.99e—5 6.61le—5 |2.95e—5 2.45¢—5 1.65e—5|12.26 1.55
10000 |1.75e—4 8.96e—5 6.60e—5 [2.85e—5 2.39e—5 1.55e—5|12.26 1.55
100000 |1.66e—4 8.76e—5 6.24e—5 |3.33e—5 2.73e—5 1.90e—5 |12.26 1.55

Table 3.8: Adaptive results for a varying time increment for storing the history of the
macroscopic temperature field. The increment influences the Retrospective Method.

in the temperature field of ST-SA arise, at least it is likely that they do, from the Separate
Approximation Method of the latent heat released in inactive nodes: for instance, assume
that firstly x? and x? are active nodes; secondly, as in the current example, that every
active node’s solid phase grows permanently, meaning the latent heat released in active
nodes is always positive; thirdly that x’ is an inactive node whose most similar active node
of time step nis x™ and of time step n+ 1 it is x%; then method ST-SA , see (3.24), ap-

proximates the latent heat released in x' in time step n+1 by ¢Q;§1 —EY, this difference
can be of negative value; and a negative latent heat released in an inactive node causes
a dent in the temperature field at the inactive node. Such dents are flattened out by the
interpolation strategy. Dents seem to be unlikely in case of the Complete Approximation
Method, this is because (taking into account the assumptions from above) latent heat
released is always positive in every macroscopic node. Finally in this paragraph, Figure 3.6
displays the errors of the temperature field for the different strategies, measured in the
L>(Q2)- and the L..(€2)-norm. All the errors grow with increasing time (disregarding a few
small time spans). The errors of ST-SA oscillate rapidly with large magnitudes. There is
also oscillation for IT-SA, but because of the interpolation on a smaller level. The errors
of the complete approximation strategies do not oscillate at all. A possible explanation for
the oscillations is again the "dent-production" of the Separate Approximation methods.
Table 3.8 shows the influence of the time increment for memorizing the history of
the temperature field on the performance of the Adaptive Strategy depending on the
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Figure 3.6: Lo(2)-norm ||AT ||, and Lo(2)-norm ||AT||, . of the error of the temper-
ature field on the macroscopic domain 2, as well as the number of active nodes |N,|, all
plotted versus the time step, for the Adaptive Strategy with method IT-CA in (a), ST-CA
in (b), IT-SA in (c) and ST-SA in (d). Please note that the left axes of the graphs do
not have the same limits.

Retrospective Method: for the moment surprising is the observation that the increment
does not influence the performance significantly, but this is only due to the fact that the
temperature in the activated macroscopic nodes either decreased at nearly constant rate
or was nearly constant itself.

Finally, the Adaptive Strategy is opted for the method that selects the active macro-
scopic nodes. The first line of Table 3.9, which presents average results of ten solutions
of the Adaptive Strategy with random initial active macroscopic node, suggests that if the
set of active nodes is updated by execution of all three update routines, meaning in partic-
ular the macroscopic nodes with highest and with lowest temperature evolution are always
active, and if macroscopic nodes are selected according to the criteria described above,
then the solution of the Adaptive Strategy is nearly independent of the one macroscopic
node that is active in the beginning. This can also be seen in Figure 3.7(a), which shows
the distribution of the active nodes on the macroscopic domain at final time t.,q for all
ten solutions: nine of ten solutions produce the same distribution. The average accuracy
decreases significantly in case that the macroscopic nodes with highest or lowest temper-
ature evolutions are active not by instruction but only if they are not similar to an active
node, that is only if their latent heat released is not approximated accurately enough. The
same is observed for the case that the macroscopic nodes to be activated or deactivated
are selected randomly: the average accuracy is significantly higher if the macroscopic
nodes with highest or lowest temperature evolutions are active by instruction (compare
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(RLRUAE) | [ATlow [8Tlom | AT Toz TATToz" | Nal TN
(1,0,1) 1.88e—4 3.9le—5 | 3.11e—5 4.68e—6 | 1225 1.10e-2
(1,0,0) 3.82e—4 3.08e—4 | 6.94e—5 b5.71le—5 | 11.99 5.26e-—1
(1,1,1) 252e—4 7.52e—5 | 4.16e—5 1.26e—5 | 11.19 6.94e—-1
(1,1,0) 4.69e—4 3.60e—4 | 9.29e—5 7.33e—5 | 10.97 8.96e—1

Table 3.9: Adaptive results for a varying method to select active macroscopic nodes. Rl
abbreviates random initial macroscopic node, that is RI=1 demands that the initial active
macroscopic node is chosen randomly. RU means random update of the set of active
nodes: the macroscopic nodes to be activated or deactivated are chosen according to the
selection criteria described above for RU=0, for RU=1 those nodes are chosen randomly.
AE abbreviates activating the macroscopic nodes with extreme temperature evolutions:
for AE=0 the First Refining Routine is omitted and the first criterion of the Coarsening
Routine is invalid, that means that the macroscopic nodes with highest or lowest temper-
ature evolutions are only active if their latent heat released is not approximated accurately
enough; for AE=1 they are always active. Each line of the table presents the results of ten
adaptive solutions: ||AT ||g.« IS the average and ||AT||Q,OOU is the standard deviation of the
ten errors of the temperature field measured in the L..-norm on the space time-cylinder

(o)

Q, ||AT || and HATHQQJ denote the same for the Ly-norm, and |Na| and |Na| are
the average and the standard deviation of the ten numbers of active macroscopic nodes
averaged over time.

the results of (RI,RU,AE)=(1,1,1) to the results of (RI,RU,AE)=(1,1,0)). Choosing the
active macroscopic nodes according to the selection criteria rather than randomly results
on average in a higher accuracy. What is also interesting to note in Figure 3.7 is that most
of the active nodes are around macroscopic node (0, O)T: this is due to the fact that this
is the subdomain of Q,  in which the differences in the temperature field are largest.

This subsection opted the Adaptive Strategy for its methods and parameters in depen-
dence on the parameter ¢y, 1 = 0.1 of the refining tolerance (3.10). The next ubsection
will prove that for ¢, 1 tending to zero the solution of the Adaptive Strategy converges
to the direct solution.

3.4.1.2 Convergence of the adaptive strategy for ¢, ; — 0

The previous subsection opted the Adaptive Strategy for in dependence not only on the
fixed parameter c¢,,,.1 = 0.1 of the refining tolerance (3.10) but also in dependence on
the Retrospective Method, which retrospectively computes the new initial data of newly
activated macroscopic nodes. Contrary to that, in this subsection the parameter ¢y, 1 is
varied. Moreover, not the Retrospective Method but the Copy Method is used, meaning
that the microscopic data of the most similar active node is used as new initial condition
for a newly activated node. The other methods and parameters are given as listed in the
beginning of the Subsection 3.4.1.1. Table 3.10 provides at least three interesting infor-
mations. Firstly, as expected, the adaptive solution for ¢,,.;1 = 0.1 for the Copy Method is
less accurate than for the Retrospective Method (compare line three of Table 3.10 to line
one of Table 3.8). Secondly, assuming that the optimal choice of methods and parameters
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Figure 3.7: Results for the same Adaptive Strategies as in Table 3.9. Figure (a) depicts
the distribution of the active macroscopic nodes on the macroscopic domain in the end of
the time-interval for the ten solutions of the Adaptive Strategy with (RI,RU,AE)=(1,1,1):
the marker colors indicate in how many solutions a macroscopic node is active. Figure
(b) depicts the same for (RI,RU,AE)=(1,1,0), (c) for (RI,RU,AE)=(1,0,1) and (d) for
(RI,RU,AE)=(1,0,0).

(2

Got | I18T llg.e AT Tl 18T Moo | 1AT llgo [ATl02 [1ATllao" | INAl [Nl
1 |[126e-2 2.88e—3 3.46e-3 |2.8le—3 1.78e—3 2.18e—-3 | 2.00 0.00
0.316 |2.49e-3 6.13e—4 7.12e—4 |4.18e—4 2.64e—4 3.24e—4 | 4.00 0.01
0.1 |2.14e—4 8.30e—5 b5.76e—5 |4.76e—5 3.84e—5 2.82e—5| 12.26 1.55
0.0316 | 3.87e—4 1.43e—4 1.28e—4 |5.76e—5 4.23e—5 3.92e—5 | 29.52 3.89
0.0316*| 1.47e—4 6.35e—5 4.25e—5 |3.19e—5 2.64e—5 1.79e—5 | 32.03 4.14
0 |0.00e+0 0.00e+0 0.00e+0 |0.00e+0 0.00e+0 0.00e+0 [799.82 10.23

Table 3.10: Adaptive results for A = 0.1, 7T = 1, Gol. = 0.2, Gto,.0 = 0, Gol, = 0.01, eC =
1, Ma = 2, IT-CA, Na(0) = (0,0)", the Copy Method and a varying refining tolerance
parameter Ce,1. For 0.0316" it is ¢, = 0.1 instead of ¢, = 0.2,

of the Adaptive Strategy for the Retrospective Method is equal for the Copy Method, a
little surprising is the observation that for ¢, .1 = 0.0316, in contrast to ¢,.1 = 0.1, the
optimal coarsening tolerance parameter is ¢, = 0.1 rather than ¢, = 0.2. However, the
most important observation in Table 3.10 is, thirdly, that the adaptive solution converges
to the direct solution for the refining tolerance tending to zero. For ¢,,.1 = 0, the solution
of the Adaptive Strategy is equal to the direct solution, only the initial condition of the
temperature field circumvents that all macroscopic nodes are always active.
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Figure 3.8: Direct solution of the two-scale model (on the small macroscopic grid) in
three space dimensions. Figure (b) depicts the macroscopic temperature field at final time
on some boundary parts of the macroscopic domain. Figure (a) presents the dendritic
microstructure in the end of the simulation in macroscopic node (0, 0, O)T: because of the
macroscopic boundary conditions, this node always records the lowest temperature and,
consequently, its dendritic microstructure is always largest. Figure (c) shows the smallest
dendrite in the end of the time-interval, it is located in macroscopic node (6, 4, 2)T.

3.4.2 Numerical results in three space dimensions

Now, the Adaptive Strategy solves the two-scale model in three space dimensions. At first,
on a small macroscopic grid, it is shown that the adaptive solution converges to the direct
solution. Afterwards, the Adaptive Strategy solves the model on a huge macroscopic grid.

3.4.2.1 Convergence of the adaptive strategy for ¢, ; — 0

The two-scale model to be solved in three space dimensions is given by the microscopic
problem (3.3) and (3.4) on the microscopic domain Yj,, = [0, 600h,]* with space increment
hy, = 0.4W,, and by the macroscopic heat equation (3.1) on the macroscopic domain
Qp, = [0,6hy] x [0,4hg] x [0, 2h,] with hy = 600h,. Therefore, Q2 consists of only 105
nodes, but each of them is governing one microscopic problem on Y}, consisting of 6013
nodes. The computation time is from 0 to 12000k, with time increment k; = 0.018715. On
the macroscopic scale, the effective heat conductivity Kg is chosen as 600, the boundary
conditions of the heat equation are prescribed heat fluxes:

1 04600 1 _
0.25 5606 * .018 * 00 for x; =0,
0.2 T5005 * o018’ " g5 Tor xe =0,

VT .n—{ 7 12000 0018 800 (3.28)
oL _.04600 _1 for x3 =0, |

0 otherwise.

Thus, as in the two-dimensional setting, some parts of the boundary have cooling condi-
tions, and the remaining parts are isolated. The initial temperature T, the initial chemical
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(o

Gora (8T llo.ce [8T Moo 18T oo |1AT oo AT llop AT oo | [Nl [Nal”
1 [3.73e—3 6.5le—4 9.47e—4 |7.9le—4 4.46e—4 6.54e—4| 2.00 0.01
0.316 | 6.79e—4 1.25e—4 1.73e—4 |1.48e—4 8.37e—5 1.22e—4 | 3.30 0.46
0.1 |2.23e—4 3.90e—5 6.0le—5 |2.56e—5 1.36e—5 2.17e—5| 8.05 1.06
0.0316|1.95e—4 2.58e—5 4.50e—5 |1.19e—5 6.21e—6 1.0le—5 | 21.38 5.22
0 |0.00e+0 0.00e+0 0.00e+0 |0.00e+0 0.00e+0 0.00e+0 [104.91 1.92

Table 3.11: Adaptive results of the Adaptive Strategy in three space dimensions for X =
0.1, 7=1,Go. = 0.1, Gol,0 = 0, Gol, = 0.01,eC =1, May =2, IT-CA, Na(0) =(0,0,0)7,
the Copy Method and a varying refining tolerance parameter i, 1-

potential U and the initial phase field ¢ are specified as (V x € Qp,,V y € Y},)

T7(0, x) = —0.25,
U@, x,y)=0, (3.29)
(0, x, y) = tanh (—0.3 (’hiey — (300, 300, 300)T] _ 5)) .

Consequently, a small solid kernel occupies, surrounded by an undercooled melt, the center
of every microscopic domain. Figure 3.8 presents the corresponding direct solution.

Table 3.11 shows that the solution of the Adaptive Strategy converges to the direct
solution for the refining tolerance tending to zero — to put it simply, this observation
shows that the Adaptive Strategy works accurately not only in two but also in three space
dimensions.

3.4.2.2 Adaptive Solution on a Huge Macroscopic Domain

Finally, Figure 3.9 presents the solution of the Adaptive Strategy with ¢, 1 = 0.1 on the
large three-dimensional macroscopic grid 25, = [0, 39hy] x [0, 29h,] x [0, 19hg]. Therefore,
2j, consists of 24000 nodes and each of them is governing one microscopic problem on
Y, consisting of 6013 nodes. The physical parameters are the same as in Section 3.4.2.1,
the only difference is the heat conductivity K, = 4.8 - 10* and the boundary condition

VT n=cr o 502 Lo with of = —1.6 for x; = 0, ¢ = —1.1 for x, = 0,
cr = —0.9 for x3 = 0 and ¢ = 0 otherwise. Most of the active nodes are accumulated

near (0,0,0)7, that is in the subdomain of 2, where the temperature values differ most.

Solving the problem directly requires, in every step of time, to solve each and every
one of the 24000 microscopic problems. This requires enormous computing and memory
resources. Contrary to that, the Adaptive Strategy solves, in every step of time, on
average only 13.03 microscopic problems — despite this large reduction of numerical effort
the resulting temperature field is smooth.

3.5 Conclusion and outlook

The presented numerical results indicate that the Adaptive Strategy is a very powerful
ingredient for an accurate and fast algorithm to solve two-scale models with continuous
inter-scale dependencies. For the considered sample model, the strategy’'s performance
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Figure 3.9: Solution of the Adaptive Strategy for ¢.,,1 = 0.1 of the two-scale problem on a
huge three-dimensional macroscopic grid. Figure (a) shows the final temperature solution
on some parts of the boundary of the macroscopic domain, (b) depicts the distribution
of the active macroscopic nodes (indicated by balls) in the end of the time-interval, and
Table (c) presents their coordinates.

depends in particular on the refining tolerance: the smaller the tolerance the higher the
computational effort but also the solution’s accuracy. What is surprising is the low depen-
dence of the adaptive results on the History Parameter A. On the contrary, the method
that approximates the latent heat released in inactive macroscopic nodes influences the
adaptive result significantly: the result is most accurate for the method IT-CA (Inter-
polation Transfer of data from active to inactive nodes and Complete Approximation of
latent heat released); the worst result is exhibited with the method ST-SA (Single Transfer
of data and Separate Approximation); the other approximation methods perform slightly
worse than the method IT-CA. Another important tool of the Adaptive Strategy is the
Equality Condition: interpolating the microscopic data of an inactive node only between
the microscopic data of the active node with the most similar higher temperature evolution
and of the active node with the most similar lower temperature evolution, increases the
adaptive solution’s accuracy significantly.

In order to justify the Adaptive Strategy mathematically, it is intended to prove an error
estimate of the type

190t ) = 6Pt )y + IUD () = UR(E ]|

<C-dge (T(l), Tt N T) (3.30)
for the solutions (¢, U®) of the microscopic problem (3.3) and (3.4) to temperature
evolutions T@(t) for £ = 1,2. Corollary 2.7 proves such an error estimate for a similar
two-scale model for A > 0 and 1 < 7 < s if T®™ and T® are s-th power integrable
functions.

Models that include sidebranching of dendrites usually use stochastic perturbations in
the equations for the temperature field or the field of the chemical potential. The Adaptive
Strategy’s method that selects microscopic cell problems that are numerically computed



depends only on the difference of temperatures. Hence, it is in principle possible to ap-
ply the strategy directly to a corresponding model with stochastic perturbations of the
chemical potential. There are two possibilities to handle stochastic perturbations within
this strategy. The first method computes for each active node only one sample with a
randomly generated perturbation. It is likely that the number of active nodes increases,
because the latent heat that enters to the macroscopic heat equation may be changed by
the stochastic perturbations. Due to the same reason the difference between the results
for the direct approach and the Adaptive Strategy may increase; but this would also be
the case for two solutions of the direct approach with different perturbations. The second
method computes the microscopic cell problems for several or many different stochastic
perturbations and uses the mean value of the latent heat in the macroscopic equations.
In this case it is likely that the accuracy of the Adaptive Strategy is similar to that of the
Adaptive Strategy for the (physical) case without perturbations. However, the compu-
tation of the cell problems is numerically expensive, therefore the solution of several cell
problems for one active node increases the required numerical effort considerably.

Further improvements of the Adaptive Strategy may be possible with a method that
approximates the microscopic data in inactive nodes not only by microscopic data com-
puted in the current time step but also by data computed in previous time steps; this will
be a topic of future research. Nevertheless, in its current state, compared to the direct
solution, the Adaptive Strategy already provides a tremendous increase of computational
speed while loosing only little accuracy.
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4 A POD-EIM reduced two-scale model for crystal growth

Abstract

Complex physical models depending on microstructures developing over time of-
ten result in simulation schemes that are very demanding concerning computational
time. The two-scale model considered in the current presentation describes a phase
transition of a binary mixture with the evolution of equiaxed dendritic microstructures.
It consists of a macroscopic heat equation and a family of microscopic cell problems
modeling the phase transition. Those phase transitions need to be resolved by very
fine computational meshes leading to the demanding numerical complexity.

The current study presents a reduced version of this two-scale model. The re-
duction aims at accelerating the microscopic model, which is parametrized by the
macroscopic temperature, while maintaining the accuracy of the detailed system. Pa-
rameter dependency, non-linearity, time-dependency, coupled field-variables and high
solution complexity are challenging difficulties. They are addressed by a combination
of several approaches: Proper Orthogonal Decomposition (POD), Empirical Interpo-
lation Method (EIM) and a partitioning approach generating sub-models for different
solution regimes. A new partitioning criterion based on feature extraction is applied.

The applicability of the reduction scheme is demonstrated experimentally: while
the accuracy is largely maintained, the dimensionality of the detailed model and the
computation time are reduced significantly.

4.1 Introduction

Many technically relevant processes exhibit a priori unknown microstructures that evolve
in time. Important examples are solidification processes with dendritic and eutectic mi-
crostructures [16, 43], flow in porous media with changing pore geometry as a consequence
of elastoplastic deformations and deposition or desorption of matter, and microstructures
in epitaxial growth of thin solid layers. Due to huge differences in relevant length and
possibly also time scales, it is usually not feasible to simulate such processes by a direct
numerical discretization of a full model. A much more promising approach is the usage of
homogenization or averaging techniques, that were originally developed with the aim to
find purely macroscopic models with suitable constitutive laws that model the properties of
the microstructure [15, 32, 34]. The application of those methods to processes with evo-
lution of a priori unknown microstructures typically leads to full two- or multi-scale models
that combine differential equations on the smallest scales with homogenized differential
equations on the macroscopic scales [19]. Both scales are coupled: the macroscopic fields
influence the evolution of the microstructure, and the microscopic fields enter the homog-
enized equations via averaged coefficients. A direct discretization of such a model typically
requires the solution of a full microscopic cell problem for every node of a macroscopic
numerical grid. This leads to a huge numerical complexity and limits the application to
problems with comparatively small macroscopic grids.

The present study presents a model reduction approach for a two-scale model for crystal
growth. The procedure aims at the reduction of the microscopic model in order to acceler-
ate the overall model. The problem poses several challenges for model reduction: parame-
ter dependency via the macroscopic temperature, high dimensionality, several coupled field
variables, time-dependency and non-linearity in the microscopic model. Correspondingly,
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several modern reduction strategies need to be combined. First, the high dimensionality of
the microscopic model is addressed via a Proper Orthogonal Decomposition (POD) strat-
egy [35, 58], i.e. snapshot-based generation of a low-dimensional approximation space and
projection of the detailed microscopic model to this subspace. Different POD spaces for
the different field variables are generated resulting in coupled reduced models. The non-
linearity and parameter-dependency is addressed by the Empirical Interpolation Method
(EIM) [2], which enables to efficiently evaluate local parametric discretization operators
as in [14, 18]. Finally, the high solution complexity demands for partitioning approaches of
the reduced models. This means, that not only one set of bases is generated, but several
sets of reduced bases for different solution regimes. During the simulation a switching be-
tween these sub-models is realized by orthogonal projection. The criterion for partitioning
is not time [17] nor some implicit partitioning [47, 59], but a partitioning according to a
problem specific criterion that is obtained via a feature extraction of the present solution.

The reader is referred to other methods for the efficient solution of multi-scale models
as e.g. [33, 56] as well as the adaptive strategy of Section 3, which are different to the
current approach, which has some similarity to the method introduced in [53] using a
database approach. In [53] the microscopic problems in the multi-scale model are replaced
by simplified sample problems with prescribed macroscopic fields which are obtained by
a global iterative procedure. Some further approaches of model reduction for multi-scale
methods can be found in the literature, as the combination of these fields is currently
a very active direction. Reduced basis approaches for cell problems in stationary two-
scale problems have been presented in [5, 45]. An instationary problem of polymeric flow
involving macroscopic and microscopic models and their reduction has been shown in [40].
Projection-based approaches in the spirit of multi-scale FEM can also be found in [1, 38].
In contrast to these, the considered microscopic model is a coupled nonlinear system, that
requires more complex approximation procedures to obtain successful reduction.

The organization of this section is as follows: Subsection 4.2 describes the detailed
two-scale model to be solved, Subsection 4.3 introduces the reduced two-scale model, and
finally Subsection 4.4 presents numerical results in two space dimensions which show the
reduced model’s efficiency.

4.2 The detailed two-scale model

Many solidification processes develop dendritic microstructures of equiaxed morphology as
illustrated in Figure 4.1. Equiaxed structures grow from small solid kernels that nucleate
in an undercooled melt. During solidification these kernels develop dendritic instabilities,
for more details see e.g. [16] or [43]. To control these instabilities, models for dendritic
growth must account for curvature undercooling and possibly also kinetic undercooling.
The phenomenologically simplest model is the Stefan problem with Gibbs-Thomson effect,
[57]. In contrast to the Stefan problem, a phase-field model approximates the sharp
transition layer between the solid and the liquid phase by a diffuse phase transition region,
[9]: the phase transition is described by a phase-field ¢, which smoothly varies from its
liquid value ¢, to its solid value ¢s.

The detailed two-scale model is obtained by the application of a homogenization tech-
nique, under the assumption of fast heat diffusion and slow solute diffusion, to a micro-
scopic model describing a solidification process of a binary mixture. The two-scale model
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Figure 4.1: Columnar (on the left) and equiaxed dendritic structures, [22].

consists of a macroscopic homogenized heat equation, and for each point of the macro-
scopic domain of a microscopic cell problem with periodic boundary conditions. For details
see [20, 21, 23] or the brief recapitulation in Section 2. Please note that the here consid-
ered model results from the model considered in Section 2 by the substitution ¢ = u — ¢,
the specifications L =1, D; =1, D, = —1 and K(¢) = K € R and the commutation of
the liquid and the solid value of the phase-field.

4.2.1 The macroscopic homogenized heat equation

The macroscopic heat equation in dimensionless form reads
8. T — KAT = 8,9 . (4.1)

It is solved for the macroscopic temperature field T = T(t, x) in the macroscopic time-
space cylinder Q = /I, x Q consisting of the time interval /;_, = [0, tenq) and the macro-
scopic domain 2 C R2. The averaged phase-field

Bt x) = k[ o(t.xy) dy (4.2)

depends on the microscopic cell problem in macroscopic point x, where Y denotes the mi-
croscopic cell domain; 0,¢(t, x)y describes the averaged latent heat that is released during
the phase transition from liquid to solid. The parameter K describes the heat conductivity,
which is independent of the phase-field. The macroscopic equation is supplemented by
a Neumann boundary condition and a constant initial temperature T7(0,x) = T, for all
x € Q.

4.2.2 The microscopic cell problems

The microscopic cell problems describe the liquid-solid phase transition of a binary mixture.
The governing equations in dimensionless form are

Bt — Ayu = B, (4.3)
ag?0rp — 20+ p'(¢) — a(T, u, ¢) = 0. (4.4)

The microscopic problem in a macroscopic point x € 2 must be solved for the micro-
scopic chemical potential u = u(t, x, y) and the microscopic phase-field ¢ = ¢(t, x, y) on
the time-space cylinder I, x {x} x Y, see Figure 4.2. It depends on the macroscopic
temperature T = T (t, x), hence the microscopic model is a parametrized model, where
the macroscopic temperature represents the varying parameter. The phase-field ¢ varies
smoothly from its liquid value —1 to its solid value 1. The equations are supplemented by
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Figure 4.2: The macroscopic $2,, and the local microscopic grid Yy,.

Y -periodic boundary conditions for u and ¢ and initial conditions uy(y) for the chemical
potential and ¢o(y) for the phase-field which are independent of the macroscopic grid
point. The domain Y is a rectangle in R?. The function p(¢) = 3 (1 — ¢*)” is a double-
well potential with minima zero in &=1. The function q triggers the dendritic growth and
realizes the deviation from the equilibrium melting point,

q(T u,¢) =12(1 - ¢%)-

- arctan (5—2(—u — T)oo (1 + oy (_1 iy (2% 3 1)))) | (4.5)

The constants a, &, 0p and o, are specified in Subsection 4.4.

The model does not include stochastic perturbations in the equations for the chemical
potential. Such perturbations could trigger the sidebranching into dendrites of second and
higher order [41]. Therefore, the numerical results will only show four primary dendrites.
In fact, the model is intended as a "simple" model case for the reduction scheme to be
developed in Subsection 4.3.

4.2.3 The discretization of the two-scale model

The macroscopic as well as the microscopic problems are discretized with respect to the
time by the Crank-Nicolson-method with a uniform time-step size k; := tenq/K: with total
step number K; introducing the discrete time instants t, := nk;,n = 0, ..., K:. With
respect to the spatial discretization, standard second-order finite differences are used on
uniform rectangular grids €2, and Yj,, where hy = H,zh, is the macroscopic and h, the
microscopic mesh-size. Furthermore introduced is ¢"(y) as approximation of ¢(t,, x,y),
where the x-dependency is suppressed for ease of the notation of the microscopic problem,
and similarly u"(y), T"(x), WY for x = (X0, X1) € Qp,, ¥ = (Yo, 1) € Yh,. The discrete
phase-field equation reads

(1425 + 25 (0"0))) 6" 0) = 27 Xyev, ")
=(1- 24+ 25 (142(0°0))) 80 + 25 Sy, )8+ (4.6)
+25q(T", u"(y), ¢"(¥)),

with the central node y = (y,)1) and its neighbors Y, (y) = {(vo + he, y1), (Vo —
he, v1), Yo, Y1 + he), (Yo, Y12 — he) }, the discrete equation for the chemical potential

<1 + 2/]_?) u”“(y) _ sztZz ye?hl(y)U,H_l(J_/)

(4.7)
= (1-3) 0 0) + £ rer, )" 0) + (6710) = '),
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and the discrete equation for the temperature
(1 25) 77100 — 45 T (0T R)

- <1 2ktK> T(x) + /;thg XX, oo l" (x) + <<I5”+1(X) — ¢"(x) > (48)

with the central node x = (xp,x1) and its neighbors Xp (x) = {(xo + hg, x1), (X0 —
hg, x1), (X0, X1 + hg), (X0, x1 — hg)}. Stability considerations resp. linearization arguments
yield the quadratic-term on the left-hand side of discretization (4.6), resulting from the
approximation

p(®) =2 ((¢7)° - ¢)
2 ((67)° +3(¢")* (¢"* — ¢") — ¢") (4.9)
=2 (3(¢")* " —2(¢")° = 9") .

The time discretization decouples the macroscopic and the microscopic problems: at
first, in each time step, all microscopic problems are solved (at first the phase-field equation
is solved and afterwards the equation for the chemical potential) with temperature data
from the previous time step, then the macroscopic problem is solved.

As the microscopic model is reduced, a compactly written vector-matrix formulation is
provided in the following, which is more accessible than the above detailed formulation.
For this define H := |Y},| as the (high) dimension of the field variables of the microscopic
model and introduce the vectors of degrees of freedom (DOF) ¢}, := (¢"(v))yev,,, uf; ==
(u"(¥))yew, € R assuming a suitable enumeration of Y;,. First, for each given macro-
scopic temperature T = T"(x),x € Qj, the phase-field is updated by determining db”“
from

Lo n(9))0) " = ru(@, uiy, T). (4.10)

where L, ,, € R"*"is a matrix and r,; € R”*! a vector which depend nonlinearly on their
arguments. Then, the chemical potential u”Jr1 is computed by

Lu,HHH = Fpup + ( nH ¢ ). (4.11)

where L, ,,, F,; € RP* are constant matrices. Hence, the potential problem will be simple
to reduce, the phase-field model, however, will require more complex treatment.

4.3 The reduced two-scale model

This subsection develops a reduced version of the detailed two-scale model. Because the
detailed macroscopic problem is by far not as hard to solve as the detailed microscopic
problems, only the microscopic problems are reduced. Therefore, the reduced two-scale
model consists of a detailed macroscopic problem for the temperature and reduced micro-
scopic problems for the chemical potential and the phase-field.

The reduced model must account for the parameter dependency in the microscopic
model (via the macroscopic temperature T in each point x € € ), the nonlinearities
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on both sides of the microscopic phase-field equation (4.6) or rather (4.10), the time-
dependency, i.e. good approximation of complete trajectories, a high solution variability as
is expected in evolution of phase boundaries, and the coupling of the microscopic equations
for the potential and the phase-field. To consider this, a POD for the trajectory treatment,
EIM for the nonlinearities and parametrization and a partitioning approach to account for
different solution regimes will be applied.

As typical in parametrized model reduction procedures, the overall reduction process
consists of an offline and an online phase. In the offline phase, the reduced basis and
further quantities are precomputed, this phase is accepted to be costly, but only performed
once. The online phase of the reduced model then will be of low order complexity and
allows the reduced scheme to be used rapidly and multiply, i.e. for all macroscopic nodes
and all times.

4.3.1 The offline phase

In the offline phase, all data required in the online phase has to be computed. Therefore,
the following steps are processed.
1. Solve the detailed two-scale model and collect snapshots
(a) of the microscopic phase-field solution Q;“ of (4.6)/(4.10) to the set Iy,
(b) of the microscopic solution of the chemical potential uf;* of (4.7)/(4.11) to
the set I1,,
(c) and of the right hand side rg , = rg (¢}, uf,, T") of equation (4.6)/(4.10) to
the set I1,.
The choice of macroscopic nodes to draw trajectories from, and the sampling step
width of the trajectories will be varied and specified in the experiments.
2. Construct two reduced bases by POD:
(a) CD¢ = {QD¢>,1' Cey (p¢’/\/¢} C Spaﬂ(ﬂd)) with size N¢> = |CD¢
(b) and ¢, ={w,1,..., ©Yun, C span(M,) with size N, = |d,].
For A=¢,uand i=1,..., Na, the Ny vectors @a ; are exactly the eigenvectors of
the correlation operator of 1, corresponding to the Np largest eigenvalues. If the
eigenvalues \; are sorted decreasingly, then N, is the smallest number fulfilling the
condition >,y A = (1 —€pop) D i1 n, A With a tolerance 0 < epop < 1.

]

The reader is referred to [35, 58] for further details on POD.

3. Perform the offline phase of the Empirical Interpolation Method to generate an ap-
proximation of the microscopic phase-field model. Use as training data the snapshot
set [1,, define the tolerance 0 < € < 1, determine the indices Yy, C Yy of the
magic points and generate the collateral basis GDg’, cf. [14, 18]: training snapshots
L¢,HQ';,+1 — ry as required for the considered model are always zero, therefore snap-
shots of only r,; are used. Furthermore, with respect to the five-point-stencil dis-
cretizing the spatial derivatives, determine the indices Yy,, C Yy of the magic points’
neighbors, but only of those neighbors which are not magic points themselves, i.e.
YuNYy,, = 0. Define Y;; = Yy UYy,, and introduce an enumeration by Yy, (/) = Yu (/)
foralli=1,..., IYul and Yy, (i) = Y, (i —|Yum|) forall i = |Yu|+1, ..., Yl +1Yn,, |-
The online phase of the Empirical Interpolation will be involved in the next subsec-
tions.

4. Determine the reduced operators required for the solution of the reduced model;
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details on the operators are described in the following.

Although these offline quantities comprise two reduced bases and the interpolation
points, this set of quantities is denoted a reduced basis set B = {®y, P, Yu, i -

Numerical results presented in Subsection 4.4 indicate that it is not practical to use
only one basis set. Aim of the reduced model is on the one hand to obtain a solution in
much less online time than needed for the detailed model, but, what is also important, on
the other hand the reduced solution should be a good approximation of the detailed one.
Therefore, as always, it is a competition between accuracy and cost of computation. Ac-
curacy increases with increasing numbers Ng, N, and |Yj,|. Contrary to this relation, speed
of computation increases with decreasing numbers Ng, N, |Yu| and |Yy,,|. In order to keep
those numbers low but still to gain accurate results, it is advisable to use a partitioning
approach to obtain multiple basis sets. Such procedures have been developed and applied
successfully in literature. For example, partitionings of the input parameter domain can be
realized, e.g. via the hp-RB [25, 26, 27] or P-partitioning [30] approach. A partitioning of
the time-axis can be applied to reduce complexity over time [17]. Also implicit partitioning
approaches have been developed [47, 59] based on unsupervised learning approaches.

In this study, a problem-specific feature extraction is used to partitioning the solution
space. This is a new conceptional contribution. The main principle of the partitioning
strategy is in the offline phase to subdivide the set of snapshots into subsets with respect
to a certain criterion and to construct from each subset one basis set. In the online phase
a reduced solution is searched for in the span of a certain basis set if the solution of
the previous time-step fulfills the distinguishing condition of that special basis set. The
utilized criterion is the volume of the solid phases: the number of primary dendrites and
their growth directions are prescribed by parameters, which as well as the initial condition
are the same for all the microscopic problems, altogether they imply that microscopic
solutions with similar solid phases’ volumes also have similar shapes.

The proposed partitioning scheme is more suitable to the present application than the
other schemes described above: a partitioning of the input parameter domain is inappro-
priate because the input parameter changes in time, therefore the input parameter domain
consists of trajectories; a partitioning with respect to the time is unsuitable because the
growth rate of a dendrite depends on the input parameter and therefore not explicitly on
the time; it is the additional prior knowledge of volume growth that draws a distinction to
unsupervised clustering procedures: as including prior knowledge is important in machine
learning, the volume size is used as a distinctive feature characterizing solution regimes.

In the following the construction of the Nz € N\ {0} basis sets By, . . ., B, in the offline
phase is explained. For every snapshot Sy that is collected while solving the detailed model,
the corresponding volume v (S) of the solid phase is determined, that is

VH(S) = VH(S( rlzl+1)) - % + %Z(yo,yl)eYhed)nH—‘rl(yO!.yl)- (412)

Say Ns 4 is the total number of snapshots of the phase-field, Ns, of the chemical potential
and Ns, of the right hand side. The volumes for the snapshot set Iy are ordered by size,
the minimum vo = minscn, v4(S) as well as the maximum volume vy, = maxsen, Vi(S)
are determined, and for i = 1,..., Ng — 1 value v; is equal to the /- LNNigj—th smallest
volume. Then each of the snapshot-sets [y, [1, and I1, is subdivided into N subsets
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Mg, Mpnge Mua, oo Mung and M1, ..., T, according to the following criterion
Mai ={S €Ma|vica —es(Vicr — Vi) < vu(S) < vi+eg(Vigr — Vi) } (4.13)
fori=1,...,Ngand A = ¢,u, r, with v_y = vy and vy,41 = va, and 0 < eg < 1. If €p

is zero, then all the subsets [y, have the same cardinal number. If €z is larger than zero,
then the intersection of two subsets [y ; and [y ;41 might contain more than only one
snapshot. Allowing intersections pursues the objective to guarantee smooth transitions
from one basis set to a neighboring one in the online phase. Finally, for i =1,..., N the
basis sets B; = (®g,;, o, Yiri, Vi) are determined according to the steps 2.-4. from the
subsets of snapshots 14, I1,; and [1,;. The reason for the subdivision of the snapshots
into subsets with similar cardinal numbers is the expectation that this results in similar
cardinal numbers Ng, Ny, |Yu| and |Yy;| for all the basis sets B;, i = 1,..., Ng. If the sizes
of all basis sets are similar, then not only the accuracy but also the cost of computation
is on the same level for the whole set of basis sets.

How the Ng basis sets B, ..., By, are used to construct the reduced solutions in the
online phase is explained in this paragraph. In the beginning of every time-step n+ 1 the
new i.e. appropriate basis set is determined, that is at first the volume v,’\7,¢ of the solid
phase is determined, for the old i.e. current basis set B; that is

i, =3+t (1 . 1)0 (4.14)

n
— Ny, i
and if vi_; < vy < v, then B; is the appropriate basis set. Contrary to the offline phase,
it iIs vo = —oo and vy, = oo In the online phase in order to capture all possible volume
sizes, including those exceeding the training data range. If the current and the appropriate
basis set differ, then the reduced solutions of the previous time-step n are orthogonally
projected into the span of the appropriate basis set, that is

_ T o T
Dpi = L0iP0.i O, Uy = PujPuillh, i (4.15)
where for A= ¢, uand £=1,..., Ng the columns of the matrix ®, , € R*Nat are equal

to the DOF-vectors of the POD-basis ®5,. Completing this, the current basis set turns
from B; to the appropriate B;.

If a reduced model with multiple basis sets instead of only one is used, then what must be
determined additionally in the online phase is only the appropriate basis set and potentially
the projection of the phase-field and the chemical potential, where the projection matrices
9},&19&, are precomputed in the offline phase. The volumes of the solid phases are
computed anyway because they are parameters of the macroscopic problem.

4.3.2 The reduced model for the chemical potential

In the online phase, the reduced chemical potential uf* € R"! is determined by the
following equation, which is simply a Galerkin projection of (4.11), i.e. multiplication by
9[ from the left and inserting the reduced quantities. As the system matrix is constant,
the system can be inverted resulting in

Uit = (@ L, n®,) ) (Eut,uf, + 24 (607 - 47, ). (4.16)
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where ®, € R"MNv is the matrix with columns equal to the DOF-vectors of the current
appropriate POD-basis ®,, and ®, € R"M is the matrix with columns equal to the
DOF-vectors of the current appropriate POD-basis ®.

The matrix operating on uf, as well as the matrix operating on the difference @’,{Zl —

n
F Ny
are constant for all times: they are precomputed in the offline phase. Consequently, what

remains to be computed in the online phase, in order to determine the reduced solution
”*1 of the chemical potential, are two small matrix vector products only.

4.3.3 The reduced model for the phase-field

The standard Empirical Interpolation system approximating the detailed system (4.10) for
the phase-field reads

Py'Lou(Bn,), Padh," = o' rn(@ly, u, T, (4.17)

with Ly (@7, )v € RYmLH and rH(qb Luf T)Y € RI1 where the index Yy, denotes
M

that only the rows belonging to the maglc points’ indices are considered. This system is
not suitable because a high-dimensional system must be solved in the online phase and,
furthermore, it is unknown whether the system is of full rank.

Therefore, Q(’;’ is eliminated from the equation by a suitable biorthogonal matrix mul-
tiplication, resulting in

Loy (@, )80 = rviy(n, i, T, (4.18)

with a matrix £¢,YM@7\/¢) € RYmlNo 3 vector ryM(Q”d),g’,(,u,T) € R"I1 and a scalar T
which is the detailed macroscopic temperature solution of time-step n at the location of
the microscopic problem in the macroscopic domain. This system is suitable because it is
low-dimensional. It is solved for Q’@l by a Least-Squares procedure via the pseudoinverse,

as it will be overdetermined in general.
The matrix and the vector are defined as follows

L¢>,YM (@7\%) = L(@X,d) )IY/\}Qd”

n n n n ~ n n n (419)
EYM(Q%:HNU: T") = &Y&Q¢QN¢ +£YM(QN¢vHNuv ),
with L@?\%) € Rl defined as
2k 6k n 2 : :
1+ ah; + qe <<ZYM9¢¢ ) ) for j =1,
<L@7\’¢)>i1 = 2ah2 if Y3;(j) is a neighbor of magic point Y, (i), (4.20)
0 otherwise,
and R € Rl defined as
— 5—?2 ig; for j =1,
R = 2ah2 if Yy;(J) is a neighbor of magic point Yy (/), (4.21)

0 otherwise,
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with the restriction-matrices Ty, € R* and 1,. € RMi" defined as

1 for j = Yu(i), 1 forj = Yy(i),
o \ = 4.22
<Iym)u { 0 otherwise, <IYM)i,j 0 otherwise. ( )

and finally with
<EYM (g’:’qs'gx/“' Tn))/

:3—25 ((IYM9¢>9XI¢)/>3 +4q ((Vyd)*), T (IYMgugn’Vu)i ’ (IY’V’Q‘pQX%)/) '

where (Vyd)*)u. is the approximation of the j-th derivative of ¢" in the /-th magic point:
without going into the details here, in order to obtain the j-th derivatives in the magic
points simply a matrix-vector product must be computed, where the matrix is similar to
the restriction matrix Ty. and the vector is the former reduced solution.

Many of the products of the reduced system (4.18) are precomputed in the offline
phase, what still has to be computed in every time step n+ 1 in the online phase is

1. the matrix vector products of 7, ®, € RN and Q,,(/(b € RY! as well as of

(4.23)

Ty, @, € RN and uyf, € RM+1 —in order to obtain the values of ¢ and v in the
magic points,

2. the matrix vector products of AjT,.®, € RImlNs 3nd @’,(/¢ € RV — in order to
obtain the j-derivatives of ¢ in the magic points, with a suitable A; € RuYil,

3. the first diagonal of matrix L@;’%) € R"IVul and the product of the two matrices
L(Q'/(/(b) e RYmLYil and Ty Py € RIulNe — in order to obtain the left-hand side
matrix A&m@%ﬂ of (4.18),

4. the product of Rr,.d, € RN and Q’/(/d) € RM1  the vector
EYM(9”¢,Q’,(,U, T") € R"I1 and the sum of these two vectors — in order to obtain
the right hand side vector LYM(QX/¢,g',(,U, T") of (4.18),

5. and finally, the Least-Squares solution Q@l € RVl of (4.18).

All of these computations for the online phase of the reduced models are completely
independent of the high dimension H. The computational complexity only scales with
Ng, Ny, [Yum| and |Yy;]. This is true for the reduced systems, but as well the projection oper-
ations for a basis set change and the averaging procedure for coupling into the macroscopic

temperature equation. Consequently, the reduced model provides an ideal offline-online
decomposition.

4.4 Numerical results

In order to evaluate the reduced two-scale model’s quality, this subsection presents the re-
sults of numerical computations. In particular compared are reduced to detailed numerical
results. At first in order to show that the reduced model features a possible reproduction
of detailed results, the detailed and the reduced solution are compared for a setting with
a small time-space cylinder. In a second step, on a larger time-space cylinder, it is shown
that the reduced model not only produces accurate results but also speeds up the compu-
tation significantly. And finally in a third step, generalization abilities of the reduced model
are investigated.
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This paragraph defines the different detailed models to be solved or to be approximated
by reduced models in the following subsections. Equations (4.6)/(4.10) and (4.7)/(4.11)
describe the microscopic model to be solved on the microscopic domain Yj, = [0, Hyhy)?
with space increment h, = 0.005, and the macroscopic heat equation (4.8) is to be
solved on the macroscopic domain Q= [0, Hg1hg] % [0, Hg2hg] with space increment
hg = Hgh,. Therefore, Qp,, consists of (Hg1+1)-(Hy2+1) nodes, each of them governing
one microscopic problem on Y}, consisting of (H, + 1)? nodes. The computation time is
from 0 to Kik; with time increment k; = 2e-6. On the macroscopic scale, the effective
heat conductivity K is larger than zero, and the boundary conditions of the heat equation
are the prescribed heat fluxes

- 2Cboundary—f|ux for X1 = 0,
VT -n= — Choundary-flux for Xo = O, Choundary-flux > 0. (424)
0 otherwise,

Put more simply, two parts of the boundary have cooling conditions, and the remaining two
parts are isolated. For the microscopic cell problems the boundary conditions are periodic.
The initial temperature T, the initial chemical potential u and the initial phase-field ¢ are
for all x € Qp, and for all y € Y}, specified as

T(0,x) = —0.1,
u(0,x,y) =-0.1,

(0, x, y) = tanh (0.25 <\/2/1,2 <hiey" — %>2 B 5)) .

By reason that the initial conditions of the microscopic unknowns v and ¢ are indepen-
dent of their location on the macroscopic domain, they are equal for all the microscopic
problems. Furthermore, they (in combination with the initial temperature condition) imply
that, initially, a small solid kernel occupies the center of every microscopic domain and
that each kernel is surrounded by an undercooled melt. The microscopic physical param-
eters are specified as a = 5, £ = 0.01, oo = 5000 and o; = 0.5. Consequently, the
different models to be solved differ only in the following variables: the number of micro-
scopic nodes H, > 0 in both dimensions, the number of macroscopic nodes Hy1 > 0 in
the first and Hgo > 0 in the second dimension, the number of time-steps K; > O, the
macroscopic boundary temperature outflow-constant G,oundary-flux > 0 and the macroscopic
heat conductivity K > 0.

A reduced solution’s accuracy is estimated by comparing its macroscopic tempera-
ture solution T,q to the detailed method's temperature solution Tyer. The error AT =
| Tred — Tqet| is measured in the discrete L,- and L.,-norms on the discrete macroscopic
space domain £2,, or on the whole discrete time-space cylinder Qy, n, = ltq.ke X Qny:

IAT (0, )lle2 = | /1 Een, AT (ta )12,

IATC oz = v/ 77 oo IAT (6, B2 (4.26)
IAT (tn, )llg.00 = Maxcen,, IAT (£, %)l
IAT ¢ lgme = Maxaco, . WIAT (t, e

(4.25)
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(a) Temperature field. (b) Solid phases. (c) Solid phases’ volumes.

Figure 4.3: Results of the detailed two-scale model on the small time-space cylinder.
Figure (a) depicts the macroscopic temperature field in the end. Figure (b) presents the
initial (inner circle) and the final solid phase in the macroscopic node (0,0). Figure (c)
illustrates the evolution of the volumes of the solid phases in the macroscopic corner-nodes
(0,0), (0,4), (9,0) and (9,4), listed from largest to smallest volume.

Unfortunately, a small temperature-error is only a necessary but not a sufficient condi-
tion for a good reduced approximation of the detailed microscopic solution. Therefore,
if a reduced solution with a small temperature-error exists, then also the errors of the
microscopic reduced solutions are measured in the discrete L.-/Ly-norm in the discrete
microscopic time-space cylinder Q* = /¢, k. X 2}, X Y, where €2} ~represents only the
four nodes in the corners of the macroscopic domain, which are (0,0), (Hg1,0), (0, Hg2)
and (Hy1, Hg2). Evaluating all microscopic solutions would require an enormous amount
of memory, therefore only the solutions in the corners are evaluated. Furthermore, in the
subsections 4.4.2 and 4.4.3 with large time-space cylinders, the microscopic solutions are
evaluated only every 50 steps in time. Still, this evaluation-strategy seems not to be too
unreasonable because, due to the macroscopic boundary conditions, macroscopic corner
node (0, 0) records the lowest and (Hg 1, Hg2) the highest temperature in every time-
step, and therefore the microscopic solutions characterized by the largest and the smallest
dendrite are evaluated. The two remaining corner nodes represent dendrites in between.

4.4.1 Results on a small time-space cylinder

The detailed two-scale model to be solved in this subsection is completed by the following
set of parameters: H, = 50, Hg1 = 10, Hygo = 5, Kt = 50, Groundary-flux = 2€-3 and
K = 2000. This model-setting is designed in order to test only whether the reduced model
is capable of reproducing detailed results. The other important feature of reduced models,
the increase of computational speed is, alongside of accuracy of course, a topic of the next
subsection. Figure 4.3 illustrates the detailed model’s macroscopic temperature solution,
its microscopic phase-field solution in the macroscopic node (0,0) and the evolutions of
the volumes of the solid phases in the macroscopic corners nodes.

The reduced models to be evaluated in the following are constructed from snapshots
produced by the detailed solution with snapshot-time-increment s, = 1, that is every
microscopic solution participates in their construction. For 50 microscopic problems and
50 steps in time this results in 2500 snapshots of the phase-field, of the chemical potential
and of the right-hand side.
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(epop.€er) | Ny Ny [Yul Yyl | AT loe AT e
(led.1e4) | 2 3 14 46 | 338e-3 1.96e3
(le-5,1e-5) 2 4 23 58 4.03e-3 2.78e-3
(le-6, 1e-6) 3 5 28 63 2.58e-3 5.94e-4
(le-10,1e-10) | 9 14 58 112 | 1.20e-5 2.4le-6
(le-14,1e-4) | 21 30 14 46 7.81e-2 7.13e-2
(le-14,1e-5) | 21 30 23 58 1.32e-7 3.34e-8
(le-14,1e-6) | 21 30 28 63 2.69e-7 6.31e-8
(le-14,1e-10) | 21 30 58 112 | 1.34e-7  1.90e-8
(le-14,1e-14) | 21 30 114 251 | 2.35e-8 4.10e-9

Table 4.1: Results of reduced two-scale models on the small time-space cylinder. The
reduced models are characterized by one basis set and varying tolerances epop and €eg;.

Table 4.1 presents results for reduced models consisting of one basis set only for varying
tolerances epop and €g;. For a diminishing epop, the tolerance that influences the con-
struction of the POD-bases for ¢ and u, the sizes Ny and N, of the two bases ®4 and
increase, of course. Certainly as well, for a diminishing eg; the number of the magic points
|Yum| increases. Also increasing is the number |Yy;|: for larger tolerances it is nearly a factor
of five in |Yy| versus |Y};|, which is caused by the five-star finite difference discretization;
for smaller tolerances many of the magic points’ neighbors are magic themselves. The er-
ror results imply that it is not necessary to use tolerances eppop and €g, of the same order.
But, comparing the results for (€pop, €g/) = (1e-4, 1le-4) and (epop, €g/) = (le-14, 1e-4),
in order to produce accurate reduced results, the size of the POD-basis for the phase-field
Ng must not be larger than the number of the magic nodes |Yy,|. This is due to the fact
that the system of linear equations (4.18) for the reduced phase-field is under-determined
for Ny > |Ym|. What is of great importance and what justifies the reduced model, is that,
disregarding some insignificant deviations, for diminishing tolerances the errors decrease:
the reduced model is capable of at least reproducing the detailed macroscopic temperature
solution.

Table 4.2 presents results for reduced models consisting of a variable number of basis
sets and a varying tolerance €z, with smallest tolerances epop = € = 1le-14. For constant
€ but an increasing Ng the average sizes Ny, N, |Yu| and |Yy;| of the basis sets decrease,
but unfortunately also the accuracy. The last observation can be explained by the constant
tolerance ez: the larger the number of basis sets, the smaller the intersection of the basis
sets, and therefore the larger the projection errors. Increasing €5z yields an increasing
accuracy. At first sight it is surprising that the error of (N, €5) = (10, 1) is larger than for
example of (Ng, e5) = (2,0.1), but this may explained with projection errors: in case of
only a few basis sets with a small €z, the projection error may be smaller than for the case
with a larger N and a larger €z, but in the latter case the errors add up for each change
of the basis set. Still, because the error is not significantly larger for models with a larger
number of basis sets, and because the online computation time decreases significantly for
decreasing sizes of the basis sets, therefore it is the reduced models with multiple basis
sets that are more suitable for situations with larger time-space cylinders.

As mentioned before, small temperature errors are only a necessary condition for a
good reduced approximation of the detailed microscopic solution. Therefore, Table 4.3
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(Ns.es) | N No  Yul Vil |[IATllom [IAT oo
(1,-) 21 30 114 251 2.35e-8 4.10e-9
(2,0.1) | 16.50 24.00 93.50 212.00 | 5.53e-8 2.24¢-8
(4, 0.1) 13.75 19.50 81.00 174.75 | 2.78e-7 7.68e-8
(10,0) 10.90 1520 66.60 146.10 | 1.86e-6 1.15e-6
(10,0.1) | 11.30 15.50 68.70 151.20 | 3.92e-7 1.30e-7
(10,0.2) | 11.60 15.90 69.90 153.60 | 2.51e-7 6.28e-8
(10,0.5) | 1250 17.50 74.80 163.50 | 1.34e-7 5.50e-8
(10,1) 13.80 19.30 80.90 178.40 | 8.60e-8 4.30e-8
(20,0.1) | 10.10 13.95 58.75 128.25 | 2.98e-6 1.43e-6

Table 4.2: Results of reduced two-scale models on the small time-space cylinder. The
reduced models are characterized by epop = €/ = 1e-14, a varying number of basis sets
Ng and a varying tolerance €z. If a reduced model consists of more than one basis set,
then the numbers Ny, N, |Yi| and |Yy,| present the average sizes of all basis sets.

(Ns. €pop.€e1) | AT lloos AT o2 | [[Adllo-oe  [1AGlle2 | [AUllo oo [1Aullo:2

(1,1e-5,1e-5) 4.03e-3 2.78e-3 | 2.14e-2  5.82e-3 1.27e-2  5.88e-3
(1,1e-14,1e-5) 1.32e-7 3.34e-8 | 4.11e-6 1.72e-7 | 3.73e-6 1.38e-7
(1,1e-14,1e-14) | 2.35e-8 4.10e-9 | 3.4le-6 8.69e-8 | 2.12e-6  5.54e-8

(2,1e-14,1e-14) 553e-8 2.24e-8 | 2.37e-6 1.27e-7 1.30e-6  9.99e-8
(4,1e-14,1e-14) | 2.78e-7 7.68e-8 | 3.52e-6  4.82e-7 | 2.47e-6  4.54e-7
(10,1e-14,1e-14) | 3.92e-7 1.30e-7 | 7.82e-6 7.51e-7 5.60e-6 7.26e-7
(20,1e-14,1e-14) | 2.98e-6  1.43e-6 1.81e-5 2.77e-6 1.02e-5 2.73e-6

Table 4.3: Results of reduced two-scale models on the small time-space cylinder. The
reduced model is characterized by varying parameters Ng, €epop and €g;. In case of multiple
basis sets it is eg = 0.1.

documents the errors of the microscopic solutions for some reduced models: as could
be expected in view of the excellent overall macroscopic temperature approximation, the
tighter the tolerances the smaller also the microscopic errors.

This subsection showed that the reduced model is capable of reproducing the detailed
solution. The next subsection will show that the reduced model also produces accurate
results on a larger time-space cylinder. Besides that, it will also show that the reduced
model can be solved much more efficiently than the detailed one.

4.4.2 Results on a large time-space cylinder

The detailed two-scale model to be solved in this subsection is completed by the parameters
Hy, = 200, Hg1 = 20, Hgo = 10, Ky = 50000, Cpoundary-flux = 5e-6 and K = 200.
Therefore, this setting, called setting Sp, is characterized by a larger time-space cylinder
than the previous subsection’s setting. Figure 4.4 illustrates the result of the detailed
two-scale model. Because of the boundary conditions it is always the macroscopic corner
(0, 0) which records the lowest temperature and therefore the largest solid.

A reduced model is constructed from snapshots which are produced by the detailed
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Figure 4.4: Results of the detailed two-scale model on the large time-space cylinder. Figure
(a) depicts the macroscopic temperature field in the end, Figure (b) presents the initial
(inner circle) and the final solid phases in the macroscopic corner nodes (0,0) (largest),
(0,9) (second-largest), (19,0) (third-largest) and (19,9), and Figure (c) shows the final
microscopic chemical potential in (0, 0).

model’s solution. In course of the detailed simulation 10,000,000 microscopic problems
are solved (50,000 time-steps times 200 macroscopic nodes). What is done in order
to preselect the snapshots that are utilized in a reduced model's construction, is that
the detailed two-scale model is solved adaptively. The interested reader is referred to
Section 3 for details on the adaptive solution strategy. Fundamental to it is the fact
that microstructures develop similar features if they are influenced by similar temperature
evolutions. Consequently, a microscopic solution can be approximated by the solution
of another microscopic problem if the problems are influenced by similar temperature
evolutions. Exercising this observation, the strategy selects microscopic problems to be
solved and approximates the remaining problems’ solutions.

The applied adaptive strategy is characterized by the following parameters: A = 0.1,
T=1, Gol, = 0.2, Go,0 =0, o, = 0.01, RU=0, eC =1, Ms =2, IT-CA, Na(0) = (0,0),
the Copy Method and a refining tolerance parameter ¢, 1 = 0.01. The last parameter
is straight proportional to the maximum distance of an approximated and at least one
solved microscopic problem’s influencing temperature evolution: the smaller it is the more
microscopic problems are solved. Without going into details, the choice ¢g,; = 0.01
is a good compromise between cost of detailed offline computation and reduced online
accuracy: on average 52.18 microscopic problems are solved per time-step, topping out at
77, resulting in an adaptive offline temperature solution with the errors ||AT ||g.co = 3.35€-
4 and |AT ||g» = 8.93e-5 compared to the non-adaptive detailed solution.

The ultimate objective is to construct a (non-adaptive) reduced model which is a good
approximation of the (non-adaptive) detailed model, desirably an even better approxima-
tion than the adaptive solution whose snapshots are used to construct the reduced model.
Again without going into details, numerical results indicate that it is not suitable to pro-
duce snapshots with a constant time-step-increment s;: for an oversized s; the accuracy
especially in the very beginning (due to rapid changes in the initially constant chemical
potential) is weak, on the other hand the smaller s; the more memory is needed. In fact a
reasonable compromise is the increasing snapshot-increment s.: until the 100-th time-step
the increment is 1, then until the 200-th it is 2, until the 500-th 5, until the 1000-th 10,
until the 2000-th 25, and afterwards 50. Therefore, 53974 (i.e. around 0.5% of all possibly
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t.n((0,0)) | 1595 | 0.73 127 146 261 | 357 814 12.66
ton((19,0))| 1479 | 140 268 323 646 | 503  7.78  10.80
t.n((0,9)) | 1536 | 0.88 157  1.84 348 | 394  7.84  10.59
t,n((19,9))| 1347 | 1.89 374 486 962 | 7.13 12.03 14.97

o 1489.25| 1.04 189 224 420 | 451 858  11.96

Ny - 81.16 60.84 60.84 48.04 | 49.16 41.60 36.93
N, - 68.04 49.12 49.12 39.32 | 40.46 34.86 31.25
7 - 12448 12448 89.72 58.88 | 70.84 59.22 51.24
1Y - 304.40 304.40 254.04 194.44 | 216.26 191.34 172.38
AT || @.00 - 7.12e-6 9.02e-6 1.29e-5 1.18e-3|4.56e-5 6.08e-5 4.77e-4
AT |0 — | 4.28e-7 1.02e-6 1.62e-6 1.52e-5|1.5le-6 2.156-6 4.49¢-6

Table 4.4: Run-time and speed-up results on the large time-space cylinder. The reduced
models are characterized by the common parametereg = 0.1 and the varying parameter set
(Ns, €pop, €e1). For the detailed solution the value t,,(x) represents the time in seconds
that one Intel(R) Xeon(R) CPU E7- 4830 © 2.13GHz needs to solve the microscopic
problem in the time-space cylinder Iy, «, x {x} X Yy,, and t,, represents the average time.
For the reduced solutions, which are computed on the same CPU, it is not the absolute
time but the speed-up compared to the detailed solution that is presented.

computed) microscopic solutions are used to construct the reduced models presented and
evaluated in the following.

Table 4.4 states the time needed to solve the microscopic problems in the macroscopic
corner nodes for the detailed and some reduced models, the sizes of the basis sets and the
temperature error of the reduced solutions. Certainly, the tighter the tolerances epop and
€g; and the smaller the number of basis sets, the more time is needed to solve the reduced
model but also the more accurate are the solutions. A good compromise for efficiency is
the reduced model consisting of 100 basis sets which was constructed with respect to the
tolerances eppop = 1e-13, €g; = 1le-5 and eg = 0.1: compared to the detailed solution the
microscopic problems are solved 8.5 times faster on average but the maximum error of the
temperature is only 6.08e-5. For this reduced model Figure 4.5 illustrates how the growth
of the volume of a solid phase affects the utilized basis set building the reduced solution:
the larger the volume the larger the index of the utilized basis set. Also for this model
Figure 4.6 depicts its solution’s error compared to the non-adaptive detailed solution. The
error of the temperature is small in the beginning but it increases rapidly in the very end
of the time-interval. Approximately the same holds for the error of the microscopic phase-
field and chemical potential in the macroscopic node (0,0). Contrary to that the errors
of the smaller solids remain on nearly the same level throughout the whole time-interval.
More probably than not this is due to the fact that the reduced model is constructed from
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Figure 4.5: Results on the large time-space cylinder of the reduced model with parameters
Ns = 100, €pop = le-13, €g; = 1e-5 and € = 0.1. Figure (a) illustrates the evolution
of the solid phases’ volumes and (b) the evolution of the utilized basis sets, both in the
macroscopic corner nodes.
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Figure 4.6: Results on the large time-space cylinder. Figures (a)-(c) depict results of the
detailed adaptive model and Figures (d)-(f) results of the reduced non-adaptive model
with parameters Ng = 100, epop = le-13, eg; = 1le-5 and eg = 0.1; the reduced model
is constructed from the detailed adaptive solution. Figures (a) and (d) illustrate the
respective L .(Q2)- (dark-gray) and L,(2)-error of the temperature solutions compared to
the non-adaptive detailed solution. Figures (b) and (e) show the respective L..(Y)-errors
of the microscopic phase-fields in the macroscopic corner nodes and (c) and (f) of the
microscopic chemical potentials in the macroscopic corner nodes (0,0) (dashed), (19,0)
(dotted), (0,9) (dark-gray) and (19,9).

snapshots which are mostly related to smaller solids. Nevertheless, all errors are smaller
than the errors of the adaptive detailed model whose snapshots were used to construct
the reduced model. Consequently, preselecting snapshots by the adaptive strategy has the
desired effect: the offline phase is computed faster than without the preselection and the
reduced model’s accuracy is significantly greater than of the underlying adaptive detailed
solution.
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3 3 3 3 3 > 3
R R R T S
v v v v v
B ® ® ® ® % s
SR R R < B
v v v v v
? ? ? * B % s
S & < 2 < 5 5

Overall 14.00h 11.72h 7.41h 5.18h | 472h 524h T7.40h
SubdivSnaps| 1.80% 2.19% 3.46% 4.95% |3.24% 1.78% 0.93%
POD 15.89% 17.73% 28.87 % 42.97%|14.61% 6.16% 2.27%
EIM 73.95% 72.21% 54.91% 35.74 %|47.40% 32.56 % 17.12%
Mapsintra | 8.36% 7.87% 12.76 % 16.33%|34.73% 59.47 % 79.65 %
Mapsinter [ 0.01% 0.01% 0.01% 0.01% |0.02% 0.03% 0.03%

Table 4.5: Run-time on the same computer as in Table 4.4 of the offline phases of the
same reduced models as in Table 4.4, that is the reduced models are characterized by
the common parameter eg = 0.1 and the varying parameter set (Ng, €pop, €g/). 'Overall’
gives the offline phases’ overall duration measured in hours, 'SubdivSnaps’ refers to the
subdivision of the snapshots in order to produce Ng reduced basis sets, 'POD’ to the POD
procedures developing the approximation spaces for the phase-field and the chemical po-
tential, 'EIM’ to the EIM addressing the non-linearity of the high-dimensional phase-field
equation (4.6)/(4.10), 'Mapsintra’ refers to the pre-computation of the constant map-
pings used in the online phase in order to compute the reduced solutions, and "Mapsinter’
refers to the pre-computation of the constant projection operators for basis change in the
online phase.

Table 4.5 tabulates the duration of the offline phases of the reduced models considered
in the previous paragraph. Clearly, if N is fixed, the smaller the tolerances epop of the
POD-procedure and €g, of the EIM, the longer the duration of the offline phase. If epop
and eg, are fixed, then the larger the number Ng of the basis sets, the smaller the POD-
procedures’ and EIM’s share in the overall duration of the offline phase, and contrariwise
the larger the share of the procedure that pre-computes the constant mappings in the
online phase. Since none of the offline phases takes more than 14 hours, the duration of
all seven reduced models’ offline phases is very acceptable.

Finally, the last Figures 4.7 and 4.8 of this subsection present results of the construction
of the reduced model with parameters Ng = 100, €epop = 1e-13, €g; = le-5and e = 0.1.
The first figure shows that the different basis sets are responsible for different intervals of
solid volumes: if a reduced solution’s solid phase's volume is located in the specific interval
of a basis set, then the reduced solution of the next step in time is constructed by this basis
set. Furthermore, it indicates that the sizes of the basis sets are maximal for basis sets
correlated to medium volume sizes, and that they differ significantly. These observations
indicate that the partitioning method may be optimized. Finally, the figure describes for
a sample basis set the decay of the eigenvalues of the two correlation operators of the
snapshots for the phase-field and the chemical potential: those decays are rapid implying
that the system comprises a strong ability to be compressed. The Figure 4.8 illustrates the
differences of the basis sets: for example the location of the magic points moves from the
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Figure 4.7: Results on the large time-space cylinder of the reduced model with parameters
Ns = 100, €pop = le-13, €g; = le-5 and € = 0.1. Figure (a) depicts the maximum
(light-gray) and minimum of the intervals of the volumes of the solid phases which are
constructed by the different basis sets; basis set 0's minimum is zero and basis set 99 is
not bounded from above, but the largest volume of the training data is only 0.1684. Figure
(b) shows the sizes Ny (dashed), N, (light-gray) and |Yy| of the basis sets. And Figure
(c) depicts for basis set 49 the decay of the logig of the eigenvalues of the correlation
operator of the underlying snapshots for the phase-field (dashed) and for the chemical
potential (light-gray) and furthermore the decay of the error of the Empirical Interpolation
Method for the increasing number of magic nodes.

center of the microscopic domain for basis sets related to small volumes to outer regions
for larger volumes. This is due to the fact that, disregarding one point in (0, 0), the magic
points are always located in the phase transition zones of the microstructures. The inner-
to-outer-movement holds also for the characteristic shapes of the principal modes of the
POD-bases.

The different sizes of the basis sets explain for example why it takes nearly twice as
long to solve the reduced model in (0,0) as in (19, 9): in course of the simulation all the
basis sets are used to construct the solution in (0, 0), but for (19, 9) only the smaller basis
sets.

In this subsection a reduced model with parameters Ng = 100, €epop = 1e-13, €g; = le-
5, e = 0.1 was constructed that is very efficient: alongside accurate results, the model
is solved in much less time than the detailed model. The next subsection is devoted to
the macroscopic conditions that must be fulfilled such that the reduced model still delivers
accurate results.

4.4.3 Generalization ability: variation of the macroscopic problem

The reduced model is constructed from microscopic solutions whose developments are
manipulated by certain temperature evolutions. Hence, it can be expected that if a setting
S produces temperature evolutions that are similar to the reduced model’s training data
evolutions, then the reduced solution is expected to be accurate for the setting S.

Table 4.6 specifies the parameters of three settings and the setting Sy of the previous
subsection used to construct the reduced model with parameters Nz = 100, epop = 1e-13,
€e; = le-5 and €g = 0.1. In order to clarify the situation: the settings and the detailed
but also the reduced solutions change, although the reduced model remains the same.
Figure 4.9 illustrates the detailed macroscopic temperature solutions for the settings Sy,
S, and Ss; the solution of Sy is depicted in Figure 4.4. The shape of all solutions is
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Figure 4.8: Results on the large time-space cylinder of the reduced model with parameters
Ng = 100, €pop = le-13, €g; = 1e-5 and eg = 0.1. Figure (a) presents the distribution
of the magic points on the microscopic domain for the basis sets 0, 49 and 99: dots mark
the magic points, the inner circle represents the initial solid phase and the larger dendrite
the largest solid phase of the training data. Figure (b) shows the principal mode of the
POD-basis for the phase-field for the same basis sets and Figure (c) depicts the same for
the chemical potential.

Setting Hg,l Hg,Q Choundary-flux K
So 20 10 5e-6 200
S 20 10 6e-6 200
S5 20 10 4e-6 200
S3 50 20 7e-6 500

Table 4.6: Generalization ability: variation of the macroscopic problem. Tabulated are
the varying parameters of the macroscopic settings So, S1, S» and S3. Common to all of
them are H, = 200 and K; = 50000.

similar, but the minimal temperature of Sy is significantly smaller than of Sy whose itself
is significantly smaller than of S,. This can also be deduced from the results presented
in Table 4.7 comparing not only the detailed macroscopic temperature solutions of the
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(a) Sp: temperature. (b) S»: temperature. (c) Ss3: temperature.

Figure 4.9: Generalization ability: variation of the macroscopic problem. The figures depict
the final macroscopic temperature fields for the setting S1, S» and Ss. The solution for
So is illustrated in Figure 4.4.

difference | [[AT]leoc [[ATlle2 | Adlloioc  [Adllasc 1Adll@s0  [1AB0;00
r(So) — d(So) | 6.08e-5 2.15e-6 | 7.13e-4 12le-d 1.40e-4  8.40e-5
d(S1) —d(So) | 5.39e2 1.2le2 | 1.80e+0 1.04e+t0 1.71le+0  6.09¢-2
r(S1) —d(S1) | 1.53e-1 2.12e-3 | 2.22e+0  1.25e-3  6.30e-2  8.40e-5
d(S,) — d(So) | 5.38e2 1.23e2 | 1.91e+0 1.05e+0 1.69e+0  6.16e-2
r(S;) —d(Ss) | 1.78e-3  3.27e-5 | 1.1le-1 7.56e-4  6.56e-3 8.40e-5
r(S3) — d(Ss) | 5.60e3 4.68e5 | 550e1 579e4 4.38e3  4.90e4

Table 4.7: Generalization ability: variation of the macroscopic problem. Tabulated are the
differences of the solutions of the macroscopic temperature and the microscopic phase-
fields in the corner nodes of the macroscopic domain. For the macroscopic setting S,
the term r(S;) indicates the reduced and d(S;) the detailed solution. Q: denotes for
i=1,..., 4 the time-space cylinder Iy, «, % {xi} X< Y, with x; = (0,0), xo = (Hg1,0),
X3 = (O, Hg'2) and Xy = (Hg,lv Hg,2)-

settings Sp, S; and S, but also their microscopic phase-field solutions. Furthermore, for
all settings the respective reduced is compared to the respective detailed solution.

Because the minimal temperature decreases faster over time for setting S; than for
So the largest dendrite of S; grows faster than of Sy resulting in volumes of 0.2029
and 0.1684 in the end. Consequently, as the training data does not contain the largest
dendrites of Sy, they differ significantly: the most appropriate phase-field POD-basis is not
appropriate enough to produce an accurate reduced approximation. For smaller dendrites
the approximations are noteworthy better. The reduced solution for setting S, is much
more accurate because the largest dendrite is only of volume 0.1344. Still, the error is
not immaterial. The same holds for the setting S3 with a larger macroscopic domain and
a larger diffusivity K. At least the dendrites related to smaller volumes are approximated
quite accurately.

Finally, Figure 4.10 presents results for the setting S4, which is equal to Sz, only the heat
fluxes on the boundary of the macroscopic domain are different: it is %VT -n=—1.4e-
5 for both vertical and —7e-6 for both horizontal boundaries in (4.24)9. In the end, the
largest dendrite’s volume is 0.1587 which is smaller than of the largest dendrite of setting
S1. Again, the reduced approximation of the smaller dendrites is accurate, but for the
largest it is weak: the fingers of the dendrite are a little longer in the reduced but the body
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Figure 4.10: Generalization ability: variation of the macroscopic problem. The error of the
reduced compared to the detailed temperature solution is ||AT ||g.. = 5.67e-3 or rather
|AT ||o2 = 8.41e-5. Figure (a) depicts the detailed temperature solution in the end,
(b) the difference of the reduced and the detailed phase-field solution in the end in the
macroscopic node (0,0), and Figure (c) the logio of the L..(Y)-errors of the microscopic
phase-fields in the macroscopic nodes (0, 0) (dashed), (8,3) (dotted), (16, 6) (dark-gray)
and (24,9).

is a little smaller than in the detailed solution.

The numerical results presented in this subsection indicate that the correctness of the
reduced model does, as expected, neither depend on the size of the macroscopic domain nor
on the shape of the macroscopic temperature field. It is only the temperature evolutions
influencing the microscopic problems in the online phase that are fundamental to precision.
The closer they are to the offline evolutions influencing the training data, the more accurate
is the reduced solution.

4.5 Conclusion and outlook

The combination of several modern procedures for treating time and parameter dependency
as well as non-linearity induced a successful model reduction scheme for a nontrivial two-
scale model. The complex reduced model comprises a full offline-online decomposition,
hence its computational complexity is completely independent of the detailed discretization
complexity. Minor new methodological contributions presented in this section are the
solution of reduced systems via Least-Squares instead of Galerkin, and the partitioning
approach adapted from problem specific feature extraction with projection-based basis
change.

A possibility for extension would be an improved basis generation. As described, the
number of snapshots for various trajectories is a problem in case of many time-steps and
many nodes. Presumably, the POD-Greedy procedure developed in [29, 31] could be
applied for the construction of provably quasi-optimal approximation spaces. Also the
derivation of error estimators could be a possible future direction for the considered two-
scale model.
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5 Upscaling of a tri-phase phase-field model for precipi-
tation in porous media

Abstract

By combination of several modern modeling techniques, a numerically efficiently
solvable two-scale phase-field model is developed. It models a precipitation process
in a porous medium whose pore-space is occupied by three phases. A solid P is
attached to the grain, and two fluids P; and P> occupy the non-solid pore-space. Only
the fluid P; can contain dissolved particles that can precipitate on the solid P;. The
reverse reaction is also possible, that is solid particles of P; can dissolve in P;. The
concentration of particles in P is variable, due to precipitation and diffusion, whereas
it is zero in P> and one in Ps.

A pore-scale phase-field model is established that approximates in the limit, for
the width of the phase-transition regions tending to zero, a suitable sharp-interface
model. Well-posedness is shown for the phase-field equations with given sufficiently
regular concentration. The analysis of the coupled problem is part of future research.
By homogenization a two-scale model is derived. It is suitable for settings where the
dissolved particles in Py diffuse on the Darcy-scale.

Numerical solutions of the upscaled problem demonstrate the interdependence of
the evolution of the three phases and the evolution of the concentration of the dissolved
particles in Py.

5.1 Introduction

This section introduces a model that describes a precipitation or rather dissolution process
in a porous medium. The medium’s pore-space is occupied by three substances: two
immiscible, incompressible fluids and a solid. Let P, denote water, P oil and P; solid.
The motivating background is the observation that the pore-space of a porous medium is
usually occupied by many different substances like water, oil, air, .... Some substances
can contain dissolved particles, others not. For example salt can dissolve in water but not
in air or oil. Therefore, if a crystalline solid of salt is surrounded by water on the one
side and oil on the other, then the salt can only dissolve in the water. Thus, in contact
with water the solid can recede, but nothing happens when it is in contact with oil. The
reverse reaction is also possible: dissolved particles in the water can precipitate on the
solid or on the grain — the boundary of the pore-space. The concentration of particles is
constantly equal to zero in the oil and to one in the solid. On contrary, due to precipitation,
dissolution and transport, it is variable in the water.

The combination of several modern modeling techniques results in an upscaled model
that allows for an efficient numerical solution. Firstly, a pore-scale phase-field model is
developed. The model describes the evolution of three phase-fields and the evolution
of the concentration of the dissolved particles in the water. Besides by precipitation and
dissolution, the evolution of the concentration is also influenced by diffusion. Motivated by
the Diffuse Domain Approximation (DDA) method introduced in [44], each phase-field is
treated as a smooth approximation to the characteristic function — in the sharp-interface
sense — of one of the three substances involved: water, oil and solid. Within a small
phase-transition region a phase-field varies smoothly from 1 inside a region occupied by
one of the substances to O inside the regions occupied by the two other substances. A
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formal asymptotic analysis shows that the solution of the phase-field model approximates
in the limit, that is for the width £ > 0 of the phase-transition regions tending to zero,
the solution of a suitable sharp-interface model. Secondly, considering a situation with
periodically distributed grains and solids with a period of scale € > 0, the application of
a formal periodic homogenization technique to the pore-scale model yields in the limit for
€ — 0 a two-scale model. It is suitable for settings where the dissolved particles in the water
diffuse on the Darcy-scale. It consists of a macroscopic homogenized diffusion equation
for the concentration of particles in the water, and, for each point of the macroscopic
domain, of local cell problems for the evolution of the three phases. The variables on the
different scales depend continuously on each other: the growth of the microscopic solid is
influenced by the macroscopic concentration of the dissolved particles in the water, and
vice versa the change of the pore structure influences the evolution of the concentration.
Thirdly, based on the adaptive strategy of Section 3, exploiting these continuous inter-
scale dependencies, an adaptive discrete solution scheme is developed that allows for an
efficient numerical solution.

The reason behind the preference of a phase-field model to e.g. a sharp-interface model,
is its simpler manageability in terms of mathematical analysis, upscaling and numerical
discretization. The developed pore-scale phase-field model bears a slight resemblance
to a model introduced in [54]: both models utilize a pore-scale phase-field formulation
describing a precipitation process in a porous medium. However, there are considerable
differences. Firstly, the [54]-model considers only two substances, one solid and one liquid
containing dissolved particles. Secondly, due to the complicated structure of the evolution
equation for the concentration of the particles in [54], homogenization seems to be at
least very challenging if not impossible, whereas it is quite straightforward for this article’s
model. Thirdly, the same holds for the generalizability to more than three substances.
Whereas it is questionably whether it is at all possible to generalize the [54]-model to
three substances, a generalization to more than three substances is straightforward for
this article’s model. Section 5.5 hints at how to generalize.

This section is organized as follows. Section 5.2 introduces the pore-scale phase-field
model and shows that its solution approximates in the limit the solution of a suitable
sharp-interface model. Well-posedness is shown for the phase-field equations for a given
sufficiently regular concentration. Section 5.3 develops the upscaled model as well as
the proposed discrete efficient adaptive solution scheme. Finally, Section 5.4 presents
numerical results of the upscaled model in two spatial dimensions that document the
interdependence of the concentration of the dissolved particles on the Darcy-scale and the
change of the pore structure.

5.2 The pore-scale model

This section briefly discusses the sharp-interface model that is approximated by the pro-
posed pore-scale phase-field model. Next, it develops the pore-scale phase-field model and
shows that the model describes a perfect mixture almost everywhere in the time-space
cylinder — a perfect mixture in the sense that the sum of the three phase-fields equals
one and that each phase-field is greater or equal to zero. Finally, this section shows that
the solution of the phase-field model approximates in the limit for the width of the phase
transition regions tending to zero the solution of the sharp-interface model.
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Figure 5.1: The considered pore-scale situation. The domain Q2 consists of the pore-space
P, the grain G, which is located in the center of 2, and the grain-boundary ¢ = 0G. The
boundary I'p of the pore-space P satisties [p = [q U [g, where [q = OS2 denotes the
outer-boundary of 2. The pore-space is occupied by the two immiscible and incompressible
fluids Py in P; and P in P3, the solid Ps in P;, and their interfaces I'7,, {5 and [3;. The
solid Ps is attached to the boundary ¢ of the grain G. The fluid P, occupies the left and
the fluid P> the right part of the non-solid pore-space.

5.2.1 The sharp-interface model

Consider a time-interval J(T) := (0, T], T > 0, with J(T) = [0, T], and a spatial domain
Q CRY de {23}, with a boundary q = Q. Q is subdivided into the pore-space P, a
grain G and the boundary g of the grain, that is 2 =P UG U lg. The boundary Ip of
the pore-space P equals [qU 5. Let np be the outer-normal to [». The pore-space P is
occupied by three substances P, i € | := {1,2,3}: two immiscible, incompressible fluids
P; (e.g. water) and P (e.g. oil) and a solid P;. The substances occupy three disjoint time-
dependent a priori unknown regions P;(t), Ps(t) and P;(t). These regions are separated
by the moving interfaces 3(t) = 0P (t) NOPs(t), i,j € I and j > i, where the normal
n; to [3(t) points into the domain P?(t). Therefore,

P =P () U P (t) UP3(t) UL (1) UT5(t) U Ts(t). (5.1)

Throughout this section it is assumed that, as depicted in Figure 5.1, the solid P; surrounds
the grain which is located in the center of the pore-space P, and that P; is initially fully
surrounded by the two fluids P; and P, where P, occupies the left and P, the right part
of the non-solid domain P\ P;(t) of the pore-space.

The fluid P, in P7(t) contains dissolved particles that can precipitate on the P;-part
OP7(t) N Ig of the grain-boundary g as well as on the boundary 5(t). The domains
Ps(t) resp. P;(t) are occupied by the fluid P, resp. P;. The concentration u of particles is
fixed in these regions. By assumption, P, does not contain particles, hence u = 0 in P5(t).
Furthermore, let p > 0 be the fixed concentration of particles in the solid region P5(t).
The following sharp-interface model accounts for the diffusion process of the dissolved
particles’ concentration v in P{(t), for mass conservation at the moving interfaces and for
the precipitation process.

Problem 5.1. Given the constant diffusion coefficient D > 0, the normal velocity v{, of
the moving interface [7,(t) and the normal velocity v of [}5(t), the concentration p > 0
of particles in the solid Ps, and the initial condition uy : P{(0) — R, find the concentration
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u satisfying

Oty — DAu=20 in J(T) x P(t),

—DVu-n=0 on J(T) x (0P (t) N Ip),

— DVu-np=viu on J(T) x I,(t), (5.2)
—DVu-nsz=v(u—p)onJ(T)xI5(t),

u(0, x) = up(x) in P;(0).

The Rankine-Hugoniot conditions in (5.2), that is the third and the fourth equation,
ensure the conservation of mass at the moving interfaces of P7(t), due to u=0in P5(t)
and u=pin P;(t).

The a-priori unknown normal velocities are prescribed by the following kinetic conditions

vi, = —0ki on J(T) x [35(t),
Vis = —0kiz — f(u) on J(T) x 5(¢), (5.3)
Vis = —0koz on J(T) x [55(t),

with the constant surface tension o > 0 and the mean curvatures k;; of the interfaces
/',-j(t), iI,j €1, > 1 In order to ensure that the interfaces do not leave the pore-space,
the following conditions are imposed

vi» = min(0, —ok1p) on J(T) x (I,(t) N Ip),
vis = min(0, —oky3 — f(u)) on J(T) x (I5(t) N Ip), (5.4)
vy = Min(0, —oka3) on J(T) x (I55(t) N Ip),

where v/} denotes in this case the velocity of the moving interface [33(t) into the outer-
normal direction np. It is assumed that an initial configuration P7(0), P5(0) and P;(0) is
given.

The rate function f(u) drives the precipitation process. Many examples of rate functions
for precipitation can be found in the literature, as for example in [55, 39]. The function
used here is a simple linear function

f(u) = cuolu—cun), (5.5)

with a constant slope 0 < ¢,9 < oo and a constant threshold 0 < ¢,; < p separating
precipitation and dissolution. If the concentration is larger than the threshold, then dis-
solved particles precipitate and the solid increases. Vice versa it recedes in case that the
concentration is below the threshold.

Remark 5.2. /n general, the surface tension of a solid is anisotropic because of the crys-
talline structure. For simplicity only constant isotropic tensions are considered. Hence,
the numerical results do not show dendritic growth. In two spatial dimensions, since the
surface tensions o are assumed to be equal, Young's law

sin(©1) __ sin(©2) __ sin(©3) (5.6)

g g g

where ©1, ©1 and ©3 denote the angles between the interfaces as depicted in Figure 5.3
on page 89, yields that if the three interfaces I,(t), I5(t) and [55(t) meet, then they
meet at an angle of 120°.
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Remark 5.3. From the physical point of view, the boundary [3;(t) separating oil and
solid should be immobile, and the boundary 75(t) separating water and solid should only
be affected by precipitation. However, this sharp-interface model is modeled so that its
solution is approximated by the solution of the phase-field model developed below. Since
the evolution of a phase-field model type diffuse interface is always affected by the in-
terface’s curvature, the mean curvatures of the sharp-interfaces [3;(t) and [55(t) affect
their evolution. Further details are presented in Section 5.2.3.

5.2.2 The phase-field model

The aim is to develop an upscaled model that allows for an efficient numerical solution.
Because it is usually much easier to deal with phase-field instead of sharp-interface models
when it comes to numerical simulations as well as upscaling, the sharp interface model of
the previous subsection is approximated by a phase-field model. According to the three
considered pure states P;, P> and P, three phase-fields are invented. For / € /, the phase-
field ¢;(t, x) is treated as a smooth approximation to the characteristic function x;(t, x)
of the sharp-interface domain P?(t).

At first, this subsection develops a system of three evolution equations for the three
phase-fields. Thereafter, motivated by the Diffuse Domain Approximation (DDA) method
in [44], the sharp-interface model's evolution equation in (5.2), which models the diffusion
process for the concentration u of particles in the fluid region P7(t), is transformed into
an equation that is valid in the whole pore-space P. Additional source terms approximate
the Rankine-Hugoniot condition at the interfaces /,(t) and 5(t). Without going into
details here, the phase-field ¢, plays a crucial role in the transformed equation due to the
fact that it approximates the characteristic function of the fluid region P7(t).

For ease of the presentation the development of the phase-field model is subdivided
into two parts. Firstly, the evolution equations for the phase-fields are developed for a
given concentration. Secondly, for a given phase-field, the equation for the concentration
is developed. Clearly, the two parts are coupled in the end.

5.2.2.1 The evolution equations for the phase-fields ® = (¢, ¢-, ¢3)

For i € I, the phase-field ¢,(t, x) is treated as a smooth approximation to the charac-
teristic function x;(t, x) of the sharp-interface domain P?(t). Therefore, it must satisfy

0 < ¢; <1, and the sum of the phase-fields has to equal one. Consequently, the admissible
states of ® = (¢, ¢, ¢3) belong to

S={V=(, v ecl0lP|X,,v=1}. (5.7)

The Allen-Cahn type equations developed in the following guarantee that if the initial state
®(0,x) € S for a.e. x € P then the solution ®(t,x) € S for a.e. (t,x) € J(T) xP. The
evolution of the system is driven by the gradient of a free energy U(®) and, additionally,
the diffuse interface region %(t) separating the liquid domain P(t) and the solid P{(t)
is driven by the precipitation process.

The free energy U(®P) is given by

U(®) = [, 3W(D(t,x)) + 262>, IVi(t, x)|? dx. (5.8)
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Figure 5.2: Contour plots in barycentric coordinates for ® = (¢, ¢o, ¢3) € S. The bottom
left corner represents the pure fluid ﬁf, that is ® = (1,0,0), the top corner the fluid ﬁ;’
and the bottom right corner the solid ﬁ;’ . The Figure (a) depicts the contour plot of the
potential W, (b) of the indicator y15 of the diffuse interface T .5 separating the fluid P,
and the solid ﬁg, and (c) of the interpolation function gs with 6 = 1e—6.

The potential W = W(®),

W (D) =23, 07 (1-¢)°, (5.9)
with the partial derivatives
Oy W () = 4 (¢ — 3¢7 + 2¢%) for i €1, (5.10)

: : - —d
is non-convex in & and minimal for the pure states P;,

Pl ={deS|¢ =1} (5.11)

It is maximal for ® = (l 11

1.3.3). In sub-domains where only two phases are present it
coincides with a potential that is suitable for a setting with only two phases. Both W and

Os,W are Lipschitz in S, since for ®;, ®, € S it follows

(W (®1) =W (P2)] <183, [ — ¢l

18, (W (®1) — W (D2))] < 421 — ¢ - (5.12)

Figure 5.2a depicts a contour plot of W in §. Both, U resp. W are special cases of a
free energy resp. a potential developed in [6, 7]. The authors also propose the handling
of W utilized in the following: besides the derivative 9y W also the derivatives 8, W for
J € I\{i} appear in the evolution equation for the phase-field ¢;. This yields ¢1+@po+¢s =1
almost everywhere. In [6, 7] a Cahn-Hilliard flow model is developed. Unlike Cahn-Hilliard
equations, Allen-Cahn type equations guarantee the property ¢; € [0,1] for i € [. As it
is shown below, it is fundamental to the well-posedness of the evolution equation for the
concentration that ¢; € [0, 1]. Therefore, Allen-Cahn type equations are preferred.

The idea of phase-field modeling is to replace sharp interfaces by diffuse ones. The
diffuse interface regions /—,j’(t) approximating the sharp-interfaces I'5(t), for /,j € | with
| < J, are characterized by

ro(t) == {xeP|d(t,x) e Ty}, for t € JT), (5.13)
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with the diffuse interface states
—d
I_U = {¢€S‘¢/+¢j:1, d),‘.d)jG(O,].)}. (514)

For example within the diffuse interface I'%(t) separating the pure sub-domains PZ(t) and
P4(t), where for j € |

PI(t) = {x e P | d(t,x) € P}, for t € J(T), (5.15)

]

the phase-field ¢; varies smoothly from 1 in PZ(t) to 0 in P9(t). Vice versa, since ¢»
approximates the characteristic function of P{(t), ¢ varies smoothly from 0 in PZ(t) to
1in P{(t).

The force f;, that models the precipitation process of the dissolved particles in PA(t)
on the boundary of P¢(t), must vanish in the sub-domains where ¢; or ¢ vanish. This is
in the diffuse interfaces % (t) and %(t) and in the pure regions PE(t), PS(t) and PS(t).
A suitable choice is

i:SXR =R, (P, u)=alysz(d)f(u), (5.16)

where f(u) is the rate-function defined in (5.5) of the precipitation process and the function
Y13,

Y131 S = [0, 1], 113(P) = 4 ¢1 ¢, (5.17)
vanishes in
T12U T3 UPLUP,UPs. (5.18)

Therefore, the indicator ;3 > 0 vanishes everywhere in the pore-space except for the
regions where both ¢; and ¢s do not vanish. It is maximal for & = (3,0,3), that is
exactly in the middle of I %(t). Figure 5.2b depicts a contour plot of 7y;3(®) in S. The
parameters a and £ are parameters of the evolution equation to be given in the following.

Since the diffuse interfaces % (t) and %(t) are not driven by precipitation, and since
the effect of the precipitation in the interface region % (t) on ¢, must be contrary to the

effect on ¢s, the driving forces £, and f3 are defined by

HL(P,u) =0,

f(P, u) = —A(P, u) = —ay3(P) F(u). (5.19)
Furthermore, define
Gi(®, u) = (Zjel\{i} (99, — 0s, ) W (<1>)) + fi(®, u) for i € 1. (5.20)

The forces f; are locally Lipschitz. Especially, if 1, > € S and |u], [uz] < d < oo then

17 (D1, u1) — 1 (P2, o))
<40 (Juy — | + cuo(d + cu1) Doimr 5 |d1) — d2,1) -
Hence, the equations (5.12) and (5.21) yield Lipschitz estimates for the functions G;,
iel,inS x[-d,d.
The considerations from above result in the following problem for the unknown phase-
fields in dependence on a given sufficiently regular concentration wv.

(5.21)
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Problem 5.4. Given the parameters o, & > 0, the concentration u : J(T) x P — R,
the functions G;(®, u) defined by (5.20), the potential W (P) defined by (5.9), the
driving forces f;(®, u) defined by (5.16) and (5.19), and the initial condition &, =
(1.0, 2.0, P30) : P — S, find the phase-fields ® = (¢1, Po, ¢3) satisfying

20 — 220¢; + G{(P,u) =0 in J(T) x P,
—3¢2V¢; - np =0 on J(T) x Ip, (5.22)
®(0, x) = do(x) inP.

The parameter a > 0 defines a time relaxation parameter that equals % with the
constant surface tension o > 0 (see Section 5.2.3). Since the width of the diffuse interface
regions is determined by a competition between the Laplacian term in (5.22) and the sum
of the derivatives of the potential (see (5.20)), it is proportional to the parameter £ > 0 .

Section 5.2.2.4 proves that a weak solution ® to the Problem 5.4 indeed satisfies
® € S almost everywhere in J(T) x P if ®g(x) € S almost everywhere in the pore-space.
Furthermore, Section 5.2.3 shows that the limit-interfaces I'5(t) of I¢(t) for £ — 0 evolve

with normal velocities that satisfy the kinetic conditions (5.3) of the sharp-interface model.

5.2.2.2 The evolution equation for the concentration u

In the following, the sharp-interface model’'s evolution equation in (5.2) in J(T) x Pi(t),
which models the diffusion process for the concentration u of particles in the fluid P, is
transformed into an equation that is valid in the whole pore-space J(T) x P. The trans-
formation is motivated by the Diffuse Domain Approximation (DDA) method introduced
in [42, 44]. Additional source terms approximate the Rankine-Hugoniot conditions on the
sharp interfaces ', (t) and [ 5(t), that is on the interfaces separating the regions occupied
by P7(t) and Ps(t) as well as by P (t) and P;(t). It is assumed that the phase-fields are
given and that they are always in an admissible state, that is ® € S in ﬁ x P.

Remark 5.5. Let Mi(t) C M CRY t€[0,T], let¢:[0,T] x M — [0,1] be a smooth
approximation to the characteristic function x(t) of My(t), and let ny, resp. ny, be the
outward-normal to OM resp. OM;. In [44] a matched asymptotic expansion shows that
the solution uy of the DDA model

O:((@+6)ug) = V- ((¢+6)Vug) — gal V| = 0in (0, T] x M,

5.23
—(¢p+0)Vug-ny=0 on (0, T] x oM, ( )
converges to the solution us of the sharp-interface model
Orus — Aus =0 in (0, T] x My(t),
e (0,71 > M(t) (5.24)

—Vus-ny, = Vv"us — gs on (0, T] x OM;(t),

for the width & > O of the interface region in the the DDA model tending to zero. In the
sharp-interface setting, v" denotes the outward normal velocity of the evolving boundary
OM;(t), and the function gs : (0, T] x OMy(t) — R is defined only on OM(t). In
the DDA model, the function g4 : (0, T] x M — R is an extension of gs to the whole
space. The parameter § > 0 appears in the DDA-model in order to ensure well-posedness.
This regularization is necessary since ¢ might vanish somewhere in M. For the matched
asymptotic expansions in [44] it is § = &.
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Let & : J(T) x P — S be given and sufficiently regular. Motivated by the DDA
method, the phase-field ¢; : J(T) x P — [0, 1] is treated as a smooth approximation to
the characteristic function x1(t) of the region P7(t) occupied by the fluid P; in the sharp-
interface setting (5.2). In order to approximate the two Rankine-Hugoniot conditions in
(5.2) on the sharp-interface [7,(t) and [35(t), a function g : J(T) xP — Ris defined that
interpolates between them. This interpolation procedure is necessary because, as depicted
in the Figures 5.1 on page 77 and 5.3 on page 89, the considered sharp-interface setting
allows for the existence of triple junctions 7,5(t) in which the three sharp-interfaces I,(t),
[75(t) and [35(t) meet. In the diffuse setting, the sharp interfaces I'3(t) are approximated
by the the diffuse interfaces J(t) characterized in (5.13). In the diffuse triple junctions
Ia5(t), approximating 5,5(t), all three phase-fields ¢1, ¢» and ¢5 exist. Hence,

Fe.(t) = {x €P| d(t x) € Tins}, for t € J(T), (5.25)
where

T = {P €S| b1, 05 € (0,1)}. (5.26)

An interpolation is required only in these diffuse triple junctions.
For 6 > 0 define

1 if 6 =0and ® = (1,0,0),
gs:S —[0,1], gs(P) = b _ o (5.27)
Gotd3+6 — 1—¢1+6 else.

Recall that ® € S vyields ¢1 + ¢> + ¢p3 = 1 and ¢, > 0 for / € |. Therefore, gs is defined
everywhere in S. For a fixed ¢; € [0, 1), the function gg 4,

Go.pn - [0.1 = 1] = [0, 1], Go.¢,(d3) = Go(d1. 1 — d1 — 3, ¢3) (5.28)

interpolates linearly between 0 for ¢3 = 0 and 1 for ¢3 = 1 — ¢p;. The closer ¢, gets to 1,
the steeper the slope of gg,. For a fixed 1 < p < oo, the function

’1—¢1,(P—1)(1—¢>1) — p-1 if p< 0,
Jo.p - [O, 1) — [0, 1], gO,p((pl): gO(d)l p P ) P p (529)
9o(¢1,0,1—¢1) =1 else,
is constant.

For i € I, define the diffuse phase boundaries

ret) = {xeP|o(tx)eT }, for t € JT), (5.30)
where

T={deS|¢ e (01} (5.31)
Assuming that the phase-fields ® are smooth and that V¢, = —%Vd)l and Vg3 =

—%V(ﬁl in the diffuse phase boundary [¢(t), then the interpolation function gq is con-
stant on every path trough 7(t) that is orthogonal to the level curves of ¢;. This means,
in particular, that the interpolation function go is equivalent to 1 in [%(t) and to O in
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/‘f’z(t). Figure 5.2c on page 80 depicts a contour plot of gs on S, where g5 is a smooth
approximation to gg if 6 > O.

The diffuse phase interface ¢(t) of the pure phase PZ(t) moves with the normal
velocity v/ = 22 into the direction of the outer-normal n; = —2%.. Therefore, the

L Vel Vel
function g, finally defined by

g:J(T)xP =R, g(t,x) =p v go(P(t, x)), (5.32)

interpolates between the two Rankine-Hugoniot interface conditions of the sharp-interface
model (5.2). Multiplying g and |V¢;] results in

9IVei| = p v go(P)|Vi| = p %ﬁ; 9o(P)[V 1| = p go(P) O:1. (5.33)

In sum, for given phase-fields ® € &, these considerations yield the following DDA
model for the concentration u.

Problem 5.6. Given the constant diffusion coefficient D > 0, the smooth phase-fields
® : J(T) x P — S, the reqularization parameter & > 0, the concentration p > 0 of
particles in the solid Ps, the interpolation-function go(®) defined by (5.27), and the initial
condition ug : P — R, find the concentration u satisfying

Or((¢1 +6)u) — DV - ((¢1 +8)Vu) — pgo(®)0:¢p1 = 0 in J(T) X P,
—D(¢1 +6)Vu-np=0 on J(T) x Ip (5.34)
u(0, x) = up(x) inP.

For the upscaling in Section 5.3, the numerical simulations in Section 5.4 and for the
analysis of Problem 5.6, the interpolation-function go(®) in the evolution equation (5.34)
is substituted by the continuous approximation gs(P).

It is important to note that though the unknown concentration v is determined in the
whole domain, it describes only the concentration of particles in the region PZ(t) occupied
by the fluid P;. Contrarily, the function (P, u, p) = ¢1u+ ¢zp describes the concentration
in the whole pore-space, thatis & = v in PI(t), G =0in P¢(t) and i = pin P{(t).

Remark 5.7. In case that the fluid Ps is non-existent, that is if o =0 in J(T) x P, then
the evolution equation of the Problem 5.6 is equivalent to

0:((¢1 +0)(u—p)) = DV - ((¢1 +6)Vu) =0, (5.35)

since go(P) =1 if ¢ = 0. This equation is of the same structure as a substitute of the
diffusion equation for the concentration of particles in a phase-field model introduced in
[54] describing a precipitation process as well. The substitute reads

0 =0; ((k(¢) +0) (u—p)) = DV - ((k(¢) +06)Vu). (5.36)

The unknown u = ﬁ + p substituted the original unknown concentration c, the phase-
field ¢ varies smoothly from —1 for liquid to 1 for solid, k(¢) varies smoothly from 1
for liquid to O for solid. Consequently, k(¢) is the counterpart of the present function
¢1 — both of them indicate the fluid phase in which the particles can dissolve. The
main distinguishing feature compared to the [54]-model is that the present model deals
with three instead of only two phases. Therefore, the present model is classifiable as an

extension of the two-phase model in [54] to a multi-phase setting.
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5.2.2.3 The combined pore-scale phase-field model

The Problems 5.4 and 5.6 assume that either the phase-fields & or the concentration
u are given. Their coupling results in the following problem.

Problem 5.8. Given the parameters a,&, D,d,p > 0, the functions G;(®, u) defined by
(5.20), the potential W (®) defined by (5.9), the driving forces f;(P, u) defined by (5.16)
and (5.19), the interpolation-function go(®) defined by (5.27), and the initial conditions
®o = (P1.0, P20, P30) : P — S and uy : P — R, find the phase-fields & = (¢1, ¢2, p3) and
the concentration u satisfying

al?0ip; — 220 + Gi(P,u) =0 in J(T) x P,
0:((¢1 +6)u) — DV - ((¢1 + 0)Vu) — pgo(P)0:pr = 0 in J(T) x P,
— 38V -np =0 on J(T) x Ip,
7
—D(¢1 +6)Vu-np=0 on J(T) x Ip, (5.37)
®(0, x) = Po(x) in P,
u(0, x) = up(x) inP.

5.2.2.4 Analysis of the Problem 5.4

In this subsection it is proven that, firstly, the subspace S of the admissible states of
® is an invariant subspace of the solution operator ®¢ — ® of Problem 5.4, secondly, if
a classical solution ® to Problem 5.4 exists and the given data v is bounded, then the
increase of the system'’s free energy U (defined in (5.8)) is bounded as well.

Let (-,-)» denote the dual pairing in H*(P). Using standard notation, define the
function-spaces

V(T) := L(J(T): HY(P)) N HY(JI(T): HY(P)"),
W(T) :={V = (v1, 2, 3) € (Loo(J(T) x P))* | (5.38)
V(t,x) €S for a.e. (t,x) € J(T)x P},
and the abbreviations

(v.w) = (v, W) yryxp = [y (V. W)p dE,
(vow) = (V. W) yryxp = [ yiryep YW dx dt, (5.39)
|-l =1l umxp) for 1 < r < oo.

The Problem 5.4 has the following weak formulation.

Problem 5.9. Given the parameters o, > 0, the concentration u € L. (J(T) x P),
the functions G;(P, u) defined by (5.20), the potential W(P) defined by (5.9), the
driving forces fi(®, u) defined by (5.16) and (5.19), and the initial condition &, =
(P10, P20, P30) € S fora.e. x € P, find the phase-fields ® = (¢1, P, p3) € V(T)3
such that the initial condition is satisfied and such that the three equations

<a£28td>,, V,'> + (%£2V¢,‘, VV,') + (G,(CD, LI), V,') =0 (540)
hold true for all test-functions v; € Lo(J(T); HX(P)).
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Theorem 5.10. The Problem 5.9 is uniquely solvable. The unique weak solution ® satisfies
® € V(T)> N CUT); Lo(P))*> n W(T). (5.41)

Proof. This proof follows the outline of the proof of Theorem 2 in Section 9.2 of [28]. It
aims at applying Banach’s fixed point theorem to the solution operator 7 of a linearized
version of the weak Problem 5.9 in the space

X7 = C(J(T); Lo(P))> n W(T) (5.42)
with the norm
IVIIxr := 2Zie) maxcgey Vi) | opy, V= (v, va, vs) € X7 (5.43)
Step one. Instead of the non-linear system (5.40), consider the linear system
(20,0, vi) + (32V ¢, Vvi) + (Li, vi) = (Li, vi) — (Gi(D, u), vi) (5.44)

with the initial condition and the given concentration u € L (J(T) x P) of the weak
Problem 5.9, prescribed input data & = (¢, 9o, ¢3) € W(T), and a constant L > 0
which is specified in the following. Since G,(®, u) € Lo(J(T) x P), Theorem 10.3 and
Lemma 10.4 of [51] (or Lemma 7.3 of [52]) imply that a unique weak solution ¢, €
V(T)NC(J(T); Lo(P)) of (5.44) exists for i € /.

Step two. This step shows that the solution ® = (¢1, ¢o, ¢3) satisfies & € W(T).
Summing up the three equations (5.44) with the test-functions v; = vix;, = ($1+do+ds—
1) xt, with the indicator-function ., of the time-interval J(to) = (0, to] € (0, 7] = J(T)
yields, since v(0) =0, >, (éi,v) =1 and >, (Gi(P, u), v) =0,

0=, (€28, v) + > ic; 362V, V) + 3., (L, v)
— Vel (Ldiv) + X (Gi(®,u), v)
a 2
=8 (V)11 py — IV (O ) ) + 3E2 NV VI, (5.45)
+ 2 ier (Ldiiv) — (L, v)
=& V()17 py + 2E2 IV VIZ,, + LIV,
Hence, > ., ¢i(t,x) =1 for a.e. (t,x) € J(T) x P.
Define the cut-off function [-]_ : x — [x]_ = min(0, x) and fix
L > 12+ 40y ofllulloe + Gun). (5.46)
Since ® € Sit is
Zje/\{i}(afbf - a¢j) W(&))
=8 (¢ — 367 +267) — 4 (¢ — 3¢ +24])
—4 (=B —8) - 30— b — B + 20— b~ §))
~5 (9, - 362 + 287) — 4 (¢, - 367 + 26Y)
— 4 (=i + 387 — 27 — & + 3] — 265 + 64id; — 6679, — 64:¢;)
=12 (¢; — 3¢7 +2¢7 — 2¢i; + 207 ¢; + 26:47)
=12 ¢;(1 — 3; + 247 +2¢;(—1 + ¢; + ¢;)),
— ——

<1 <0

(5.47)
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and since ¢;(0) > 0, the following inequality holds true

SN L ipy + 2NV 1B, + LN,
= (a€?0:¢i, (0] Xuo) + (2°V 0, VD] Xe,) + (Lr (] Xso)
= (Ldi — Gi(®, u), [$]_ xx)
(L + (Zenin(@s — 0) W(®)) + £(®. 0. |18 | xs,) (5.48)
(i (L + 12+ 4a€|f (u)]). || 1)
(¢ (—L + 12+ 4aécyo(|ulloot + €u1)) . (D] Xto)
0

Hence, ¢;(t,x) > 0 for a.e. (t,x) € J(T) x P.
In summary, ® = (¢1, Po, P3) € W(T).
Step three. Define the solution operator

~

T X1 — X7, T(®) =, (5.49)

with the solution ® = (¢y, ¢, ¢3) of the linear system (5.44) to the input data ®. The
following considerations prove that 7T is a strict contraction if T > 0 is small enough.
Using for / € | the test-functions v; = (¢1, — ¢2.1)Xys, in (5.44) for the solution ®; =
(¢1’1,¢1’2,¢1’3) to the input data Cbl = (¢1'1,¢1'2,¢1'3), CDO and u, and Correspondingly
—v; for the solution ®> = (¢ 1, $2.2, ¢&3) to the input data &, = (21, P22, 023), Do and
u, defining @; := @1, — ¢».; and b, = @M — qSQ,,-, and summing up the six equations yields
Z/e/ (0452 <at$iv %xt& + %52 (VE,-, VE/Xto) +L (51 5»&0))
= ielL (‘ﬁiva’Xto) — > ic13 (fi(&)l, u) — f/(&)2, U)@/xto) (5.50)

= e e (96, = 9g)) (W ($1) =W (¥2))  $ixes)

The equality of the initial conditions and of the input data v, the Lipschitz continuities
(5.12) of 0pW(P) and (5.21) of fj(P, u), and Holder's and Young's inequality for an
arbitrary m > 0 yield

Sier (o€ @07y + 362V, + L1

SLZ/EI <Bi 2.t HafHZto
+ 4o cuo(llulloc,ty + Cu1) D j1 3 H%Hz o “$/||2,t0 (5.51)
4250 Senn ([0, + 6], ) 1Bz

2 — 112
<C(L Aot cuo(lulloes + €un).42,m) Ky |81, +15ie (Bl

i

Fixing m < L results in
_ 5 2
Dl H(D/(tO)HLQ(P) <C el 2.t

SCT Ziel maxteﬁ ‘

é

(5.52)

5, .,
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for each ty € J(T). The constant C > 0 is independent of the initial condition ®q, the
solutions ®; and ®, and the input data ®; and ®,. Maximizing the left-hand side with
respect to ty yields

HT(&DI) - T(&)2)HXT = chl - CDZHXT <VvCT ||CB1 - (T)z (5.53)

L,

Consequently, the solution operator 7T is a strict contraction as long as T > 0 is so small

such that VCT < 1.

Step four. Fix ty € J(T) such that v/Cty < 1 and hence T : X, — X, is a strict
contraction. Banach's fixed-point theorem proves the existence of a solution to the non-
linear weak Problem 5.9 in the time-space cylinder J(t;) x P. Since the choice of tg
is independent of the solution and the initial data, this argumentation is repeatable if
necessary. That is if to < T. A solution exists not only on (0, ty] x P but also on
(to, 2tg] X P, ..., (|T/to] to, T] x P, where the solution in the end of a preceding time-
interval defines the initial condition of a subsequent time-interval. Therefore, a solution to
the weak Problem 5.9 exists in the space W(T)NV(T)3NC(J(T); Lo(P))3. The solution’s
uniqueness follows from the application of Gronwall’s inequality to (5.51). ]

The previous theorem proved that the solution ® of the weak Problem 5.9 is in an
admissible state almost everywhere in the time-space cylinder. The following theorem
shows that if a classical solution ® to the Problem 5.4 exists, then the increase of the
system’s free energy U defined in (5.8) has a bounded increase.

Theorem 5.11. For a classical solution ® = (¢1, ¢2, ¢3) of the Problem 5.4, the increase
of the system’s free energy U defined in (5.8) is limited,

CoXier 10eilIZ, )
2U(P) < if(u=c,1 AP1ps=0)V (t,x) € J(T) x P, (5.54)
Cillrds(u — cu )7, oy — C2Dics Hatqb/Hiz(P) else,

with constants Cy, C1, Co > 0.

Proof. The evolution equation of the Problem 5.4, 0,(¢; + ¢» + ¢3) = 0;1 = 0, the
definition of the driving forces (5.16) and (5.19), and Young's inequality for an arbitrary
n > 0 yield

FU(P) =5 [,3W (d>) + 3823 IVl

= [, 30W () + 2623, 8: [Vi|* dx

= [ 2ic) (306 W (®) Bey + 262V ¢; - V (8,1)) dx
= fp ict (O W (@) (20:¢i— 02— Ori) + 362V ¢ - V (8:91)) dx

>ier ((205,—09,—8p,) W (®) — 36*A¢r) 0:4; dx (5.55)
= fp er (FH(D, 1)Beg; — € (8e¢r)” dx) dx
= [p4ald1dsf(u) O (b3 — d1) + D) —€? (8:1)* dx
<= [[4d1dsf(U))12,p) — (@ —1ma®) €23, 18:di 1L, oy

SCZ;;) lu— Cu,1||L2(7>) — (@ —ma?) &Y ||5t¢/||i2(73) -
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s
I_23

e
Figure 5.3: The three phases and their interfaces.

Consequently, if 0 < n < a!, the boundedness of u results in an upper bound for the

free energy’'s increase. In particular, if f(u) = 0 that is if u = ¢, 1 in regions of P where
¢1¢3 > 0 then the free energy decreases monotonically. []

Remark 5.12. The analysis of Problem 5.6 for the concentration u with given phase-fields
and of the combined problem 5.8 is a part of future research.

5.2.3 The asymptotic behavior for £ — 0

In this subsection the formal asymptotic limit of Problem 5.8 for the parameter £ — 0 is
analyzed. Since £ is proportional to the width of the interface regions in Problem 5.8, the
matched asymptotic expansion method describes the transition from the phase-field model
to its sharp interface limit. As usual in the literature, e.g. [8], the method realizes a spatial
decomposition: firstly, the outer regions far away from the interfaces, secondly, the inner
regions near the interfaces of two phases far away from the other interfaces and, thirdly,
the inner regions near triple junctions where three interfaces meet. Figure 5.3 illustrates
the situation. The variables are expanded in powers of £ in each region. In a region where
two expansions are valid, the expansions are matched.

Let (®¢, ) = (d1e, Pae, P3¢, Ue) be a sufficiently smooth solution to Problem 5.8 with
the parameter £ > 0 and with 6 = £. The following considerations show that if £ — 0
then the pore-space is subdivided into regions where &, ~ 5‘11 =(1,0,0), ﬁ;’ =(0,1,0)
or ﬁ;’ = (0,0,1), that is into regions occupied by an approximately pure fluid Py, by
an approximately pure fluid P and into regions occupied by an approximately pure solid
Ps. In the limit, the interfaces ['%(t) and %(t) evolve with speed equal to their mean
curvature. The evolution of interface ['%(t) is influenced by the precipitation reaction. It
evolves with the normal velocity —ok13 — f(c). Hence, these limit-interfaces evolve with
normal velocities that fulfill the kinetic conditions (5.3) in the sharp-interface setting. Due
to the fact that the potential W(®) is symmetric, and consequently the surface tensions
of the three interfaces are equal, [8] shows that the angles between the limit-interfaces
in triple junctions must be of 120° in a two-dimensional spatial setting. Furthermore, it
is shown that the limit-solution ug satisfies in the region occupied by the approximately
pure fluid P; the evolution equation, and on the limit-interfaces the Rankine-Hugoniot
conditions of the sharp-interface problem 5.1.
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5.2.3.1 The expansions and their matching conditions

The outer expansions (®°Ut, y°“t) to the solution (P, ug) are given by

PO (£, x) = ($9 (¢, x), B9 (£, x), $3" (£, X))
= (D 058 (6, X), S50 €684 (8, ), T €85 (2, %)), (5.56)
U, x) = 0, €2 ().

Near an interface far away from the other interfaces, the coordinates x € P are trans-
formed into local curvilinear coordinates. The transformation is derived from the level sets
I',-‘é(t), el

/‘,—f’E(t) ={x € P | ¢ie(x) =0.5}. (5.57)

It is assumed that the level sets '%(t) are sufficiently smooth and for £ — 0 smoothly
approach limit-interfaces /',‘(t), where the index £ denotes 'limit" as s denotes 'sharp’ and
d 'diffuse’. Exemplarily considered is the situation for the interface l—f’3(t) that separates
the two fluids PZ(t) and P§(t) and that is far away from the other interfaces. It is assumed
that % (t) = I7.(t) = §:(t) = {5(t) smoothly for £ — 0. For x € P, let r(t, x)
denote the signed distance from x to % .(t), where r is negative for x in P and positive
in P;. In addition, let s be a measure of arc length from some fixed point, and let yg(t, s)
be the point on % .(t) at arc length s. Then (r, s) is a local orthogonal coordinate system

and any point x in a neighborhood of % .(t) is representable by
X = ye(t,s)+rne(t,s), (5.58)

where ng(t, s) is the normal to % .(t) in y(t, s) pointing into P§ (t). [12] shows that the
coordinates (r, s) = (r, s)(t, x) satisfy

IVrl=1, Vr-Vs=0, 08;r=—-v" Ar= 20 (5.59)

14Kkr+Mr2;

where v”, k and [1 denote the normal velocity, the mean and the Gaussian curvature of
the moving interface /_1"3'5(1‘). It is assumed that the normal velocity v and the mean
curvature k satisfy the expansions

V=V OE), k= ko + O(E), (5.60)

where v and ko denote the normal velocity and the mean curvature of [5(t). Finally
introduce the coordinates z = £~1r and the inner expansions ¢}" of ¢, ¢ and u'" of g,

"t z,5) =>2,¢ ’1”,(t z,5),
un(t,z,s) =2, &ul"(t, z,s).

In an overlapping region the inner and the outer expansions shall describe the same
function. This is realized by matching conditions. For that purpose, the outer expansions

are written in terms of the local coordinates (t, z, s), where the outer normal ng(t, s) and
the point y¢(t,s) (see (5.58)) are expanded as follows

ng(t,s) =372, &ni(t, s),
Ye(t,s) = > 2o &' nia(t, s)yi(t,s), n1 = 1.

(5.61)

(5.62)
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Let y_1,» denote the limit at the free interface /% .(t) from the side of P (r,z < 0) and
Y+1/2 the one on the right (r,z > 0), that is on the side of P5. In [12] it is shown that
equating the inner- and the outer-expansions yields the following matching conditions

lim,_ 400 (Pi'?o(f,Z' s) = @G (L, Ya1y2),
lim,sioe (O11(E, 2, 5) — (VOSE(E, ya12) - o) (1 + 2)) = @94 (L, Yiry2).
_ . (5.63)
lim,— 100 0.0 0(t, 2, 5) = 0,
M, t00 0,011 (t, 2, 5) = VU (t, Yi1/2) - o,
and
lim, o0 Ug'(t, 2, 5) = UG (L, Yir/2),
im,_po0 (U(t, 2, 5) = (VUSUH(t, ya1y2) - o) (v1 + 2)) = U (¢, yr1)2), (5.64)

lim, 400 O,u"(t, z,5) =0,

lim;_i00 0-01"(t, 2, 5) = VUG (t, yi1/2) - Mo
For the inner expansions w'’(t, z, s), w'" € {¢", ¢, ¢4, u'"}, the following relations hold

Ow'n = —%Y”GZW’”+(8t+6t§-vs)w’”, | (5.65)
Vi (KV, W) = 28, - (K8,w'™™) + +(Ar)KO.w'" + O(1),

where Ayr = Ko + O(€') holds in a small neighborhood of % (), and where K is a
sufficiently smooth diffusion tensor.

5.2.3.2 The outer expansions

Substituting the outer expansions (5.56) into the first evolution equation of (5.37) of
Problem 5.8 yields a sequence of problems. For i € | the O(1) problem consists of the
equation

>jengiy (Ba — Bg) W (494, 654, 0547) = 0'in J(T) x P. (5.66)
The solutions that are considered are
P = (74, P, P5Y) € {P P = 5} =1{(1,0,0),(0,1,0),(0,0,1)}. (5.67)

The zeros 5‘1 i € I, minimize the potential in (5.66). The remaining zeros ®, as e.g.
(3,3.0) and (% £, 1), are not considered because they are unstable due to

B9, Y en iy (Bp, — By ) W (P) <0 foriel. (5.68)

Therefore, substituting the outer expansions into the first evolution equation of (5.37)
subdivides the pore-space P into P-, P>- and Ps-regions.
The problem at O(£1) for i € | reads

8¢out ( out 4 6(¢out ) 4 ZZE/\{/} (bOUt ( out 4 6((1)? )
— 4a¢out outf( out), if | = 1, (5 69)
o, if | =2, '

4a¢out Outf'( out)' If / — 3
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If dgUt € {P P P } the left-hand side is equal to 8¢°“t 42@@\{/} @74t and the

right-hand side vanishes. Consequently, if ®§“t € {P P P } then the three equations
yield ¢94" = ¢4 = ¢$%°. The condition 3 7=, & Z,E, °“t = 1 yields at O(&) the

condltlon D oic ®2F = 0. In summary, if PV € {Pl, P2, P3}, these considerations yield

i€l
0o 63 gi = 0
Define
PeUt(t) == {x € P | " (t, x) € ﬁ‘f’}, for t € J(T). (5.70)

As already shown in [44], if d3¥t = P thatisif 975" = 1, substituting the outer expansions
into the second evolution equation of (5.37) ylelds, since § = &, at O(£°) the equation

O:us"t — DAuS' =0 in J(T) x P2U(t), (5.71)

due to 0:¢% = 0 and go(1,0,0) = 1. Hence, the sharp-interface model's evolution
equation in (5.2) for the concentration in J(T) x P7(t) is recovered.

If dgut € {Po”t P } no equation at O(£°) results from the substitution, since ¢9'¢f =
0. At O(El) the problem reads

O:ud"t — DAuS" = 0in J(T) x P (t) and in J(T) x P2U(t), (5.72)
since § = £ and due to the fact that ¢74f, $94f = 0 if PGt € {5;,5‘31}.
5.2.3.3 The inner expansions ¢;” at O(£°) near 'Y, (), I5.(t) and [ (1)
Near the interface of [ .(t) that separates PPU!(t) and PU!(t) in a region far away

from the remaining interface regions 25(t) r2d3£(t) and s (t), it is assumed that
" = 0. Consequently, substituting the inner expansions (5.61) into the first evolution

equation of (5.37) results for i = 1 in an equation that is, due to ¢5" = 0 and hence
Py =1 — ¢!, equivalent to
a0 — FE7 07 + 60/ (¢1") + 4/ p(¢1)f (u) = 0, (5.73)

where p(¢) = ¢?(1 — ¢)2. Following the argumentation in [54], that is substituting the
inner expansions (5.61) into (5.73) and collecting the terms of order £° yields the second-
order ordinary differential equation

—302¢" + 6p'(¢7) = 0. (5.74)

Due to the first matching condition in (5.63), equation (5.74) is supplemented by the
interface conditions

n(t, —o0,5) =1, 00, 5) = 0. (5.75)

(
Due to the condition ¢\"(t,0,s) = 3 and the assumption that I_13£(t) converges for
_ 1

¢ —0to I_f3( ). ¢'5(t.0,5) = 3 as well. Since p(3 +2) = p(3 — z) and since p is
non-negative, 20, (8 P "0)? = 60,p(¢!"y), and due to the first and the third matching
conditions in (5 63), the second-order problem (5.74) reduces to the initial value problem

0:05 = =4/ p(o) = =4 (1 — ) . ¢1(0) = 3. (5.76)
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Separation of variables yields the unique, strictly decreasing solution

Fo(t.2,5) = ¢0(2) = Tremsy- (5.77)
As a consequence,

¢Yo(t z,5) =1 — @ o(t,z,s) = (5.78)

_ 1
1+exp(—4z)"
Similar calculations can be carried out near the remaining two interfaces I‘f’zg(t) and

Is5¢(t). They result in equivalent expressions for ¢ (t, z, s) and ¢/ (t, z, s) near [ (t).

5.2.3.4 The inner expansions u'" at O(§7?) near [} .(t) and [ .(t)

The following argumentation holds in the neighborhood of /%, .(t) as well as in the one of
'L e(t). Fori € {23} fixed, substituting the inner expansions (5.61) in the neighborhood
of I .(t) into the second evolution equation of (5.37) results at O(£72) in the equation

8, (¢80, uy") = 0. (5.79)

As already shown in [44], integration from —oo to z € R, the condition ¢{"y(t,z,s) >
0V z € R, and the third matching condition in (5.64) yield

o,ui" = 0. (5.80)
5.2.3.56 The inner expansions ¢;” at O(¢') near 7, (), [5(t) and [ (1)

Following the argumentation in [54], that is substituting the inner expansions (5.61) near
the interface /% .(t) into (5.73) and collecting the terms of order £' yields the equation

(—%85 + 6P”(¢i1r,70 ) 1= (O‘Vo + 37 &0)8 ¢ 40@&70(1 - gbi’?o)f(ué” : (5.81)
=L (@)=L — A7)

The equation is supplemented by the condition that ¢;(400) is bounded because of the
second matching condition (5.63). The operator L is a Fredholm operator of index zero.
Therefore, the Fredholm alternative yields that the equation has a solution iff A(¢{%)) is
orthogonal to the finite-dimensional kernel of L. Because 9,¢", € ker(L) (see (5.74)),
because 8,9y = —4¢ (1 — ¢}"y) holds true, and because v{', ko and u" are independent
of z, the solvability condition implies

0= [ A(¢Yo) O:1 dz
= (0w + 3Ko) [ (0.0 )2 dz—4af<u )f Bo(1 = @) 0,91, dz
=—4(avf + 2ko + af (i) [7_ o1, 1)0.¢ dz (5.82)
—4(avo+ ko + af (ui) [ x 1—x)dx
=2 (av§ + 2ko + af (uff ) .
Set

o=30"", (5.83)
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where o > 0 describes the surface tension in the sharp-interface problem 5.1 with the
kinetic conditions (5.3) of the moving interfaces. The linear growth of the rate-function
f and the first matching condition in (5.64) yield

v§ = —oko — F(u§" (t, y_1/2)) for z = —oc. (5.84)
Near the interfaces I7 .(t) and [, .(t) a similar argumentation leads to the equation
(=362 +6p"(¢%))) @51 = (@vg + 3k0)2.¢%, (5.85)

for ¢5',. Consequently,
v§ = —0ko. (5.86)

Therefore, the moving interfaces’ kinetic conditions (5.3) of the sharp-interface model are
recovered at O(&1).

5.2.3.6 The inner expansions u'" at O({™') near % .(t) and [ (1)

Substituting the inner expansions (5.61) in the neighborhood of % .(t) into the second
evolution equation of (5.37) results at O(£71) in the equation

—D0, - (10:u1") = v (ug" — ). $1, (5.87)

since 8,uy" = 0, and since g(Py") = 1 due to ¢4y = 0. As already shown in [44], since
vy, uf" and p are independent of z, integrating from —oo to oo, and the first matching
condition in (5.63) imply

—Do,u" = v§(uy" — p). (5.88)
The first and the fourth matching condition in (5.64) yield
SDVU(tyo172) - 1o = V(U (t, y-12) — P). (5.89)

Since g(®y’) = 0 in the neighborhood of I (), a similar argumentation as in the
neighborhood of % () yields in the neighborhood of I} .(t) the equation

—DVug" (t, y_1/2) - no = V§ug" (t, y_1/2). (5.90)

Thus, the sharp-interface model’s Rankine-Hugoniot conditions in (5.2) at 7,(t) and
[5(t) are recovered at O(£71).

5.2.3.7 Conclusion

The asymptotic analysis showed that the solution to the limit problem 5.8 for & — 0
approximates the solution of the sharp-interface problem 5.1 with the kinetic conditions
(5.3) for the moving interfaces. The analysis of the asymptotic behavior of the solution
ug near the interface 5 .(t) as well as near triple junctions is a part of future research.
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5.3 Upscaling

The pore-scale phase-field Problem 5.8 established in the previous section is able to de-
scribe the evolution of the three phases and the diffusion process of the concentration on
an arbitrarily large domain with an arbitrary number of phase transition regions. However,
from the numerical point of view, the model is not suitable for situations with a large num-
ber of phase transition regions. This is due to the fact that in a numerical discretization
such a phase transition region needs to be resolved by a very fine computational mesh.
This leads to an increasing number of unknowns for an increasing number of phase transi-
tion regions. In order to develop a suitable model, a homogenization technique is applied
to the Problem 5.8.

For that purpose, the idealized situation with periodically distributed grains and phases
in the pore-space with a period of scale € > 0 is considered. The homogenization technique
aims at constructing a limit problem for € — 0 for a sequence of problems on a varying
scale €. This limit problem is used as an approximation to the Problem 5.8 for situations
with small but non-vanishing scale €. It bridges the gap between the pore-scale and the
scale of the diffusion process

5.3.1 The perforated spatial domain

Let € > 0 be a small positive parameter. The spatial domain Q C RY, d € {2,3}, with
boundary ' = 052, includes no longer only one perforation but many. The grains — these
perforations — are small of scale €. Therefore, the ration of the scale of the microstructure
and the scale of the diffusion process is of order €.

The grains are periodically distributed with a period of scale €. In order to model such a
situation, it is assumed that €2 is a finite union of cubes with edge-length €. Thereto, let Y
be a unit cell of dimension d with volume 1 — for simplicity it is assumed that Y = (0, 1)?
holds — and let Wq be the unique subset of Z9 that satisfies

Q = Upen, {e(w+Y)}. (5.91)

Let no denote the outer-normal to . The unit cube Y is subdivided into two regions,
the grain G, located in the center of Y, and the pore-space P. The grain-boundary g
separates G and P and OY is the outer boundary of Y, that is

Y=GUIlgUP. (5.92)

Let ng be the normal to [ that points into the grain. The total pore-space P¢ of the
porous medium is given by

P =Unen, {e(w+P)}. (5.93)

Its outer-boundary coincides with the boundary o of €2, whereas its inner-boundaries
coincide with the total grain surface, that is

[pe = QU (Upew, {e(w + g)}). (5.94)

Let npe denote the outer normal to [pe.
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5.3.2 The sequence of problems with varying scale ¢
Define
Ge (D, u) = (zje,\{,} (B, — By) W (q>)) Y efi(d, u) for i € 1. (5.95)

The scaling of f; is explained below.
The following problem on scale € > 0 is a slight modification of the Problem 5.8.

Problem 5.13. Given the fixed scale € > 0, the parameters o, &, D, 6, p > 0, the functions
Ge (P, u) defined by (5.95), the potential W(®) defined by (5.9), the driving forces
fi(P, u) defined by (5.16) and (5.19), the interpolation-function gs(®) defined by (5.27),
and the periodic initial conditions ®.o = (Pe.1.0, Pe2.0, Pe30) : P¢— S and uco : P¢ — R,
find the phase-fields ®. = (¢1.¢, P, P3.c) and the concentration u. satisfying

0f?0;¢ic — 2620 + Ge i(Pe, te) =0 in J(T) x P*,
Or((¢1,e1+0)ue) — DV - ((h1+0)Vue) — pgs(Pe)Orpre = 0 in J(T) x P,
— 38V npe =0 on J(T) x Ipe,

(5.96)
— D(¢1e + 6)Vue - npe =0 on J(T) x Ipe,
®(0, x) = P o(x) in P¢,
Ue(0, X) = te0(x) in Pe.

Let C%(Y) denote the set that contains all periodic continuous functions in R? with
periodicity cell Y. The periodicity of the initial data is generated by the conditions

Geio(X) = Po,io(X, f) for i € I and ueo(x) = U o(X, f) (5.97)

with functions ¢ ;0. Uoo € Lo(PS; CL(Y)).
In order to obtain a suitable asymptotic limit problem for € — 0, it is fundamental to
scale certain parameters in dependence of €. Let

€ =€y and o = € 2oy with &g, ap > 0. (5.98)

Since the volume of a grain is proportional to €9, the volume of a surrounding solid phase
is proportional to €?. Consequently, the width £ of the diffuse interface regions must be
proportional to €. The relaxation parameter « is scaled such that the product aé? remains
constant. Recalling (5.16), (5.19) and (5.95), the functions fi(P,, u.) and (P, ue)
appearing in the first equation of (5.96) are scaled by € such that

efi(Pe, te) = —€fz(De, ) = e &y13(Pe) F(Ue) = g &oY13(Pe) F(1e). (5.99)

The function H(Pe, ue) = 0. The regularized interpolation-function gs(®) substituted
Jgo(®P) in the second equation of (5.96) such that Taylor expansions of the interpolation-
function exist.

5.3.3 The formal asymptotic expansions

Let (O, te) = (P1e, Poe, B3, Ue) be the unique solution to the Problem 5.13 of scale e.
In order to study the limit € — 0, the existence of asymptotic expansions

d),'ye(t,X) = Zj.io €j¢,‘J(f,X, E) for i €/,

u(t, x) =32 u(t, x, %), (5.100)
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of the solution is assumed. Please note that the existence of such an expansion is not
guaranteed. It is a part of future research to justify the assumption.

Employing the asymptotic expansions, Taylor expansions with the expansion point
(1.0, B20, P30, Ug) for the functions depending on the solution (¢1 ¢, Poe, P3.e, Ue), as well
as the formal relation

Vv (x, %) =V (x, %) +2V,v (x, %), (5.101)

€

where Vv and V,v denote the gradients with respect to the first and the second variable
of a function v = v(x, y), into (5.96) on the scale €, comparing the coefficients of different
powers of € and letting the scale parameter € tend to 0O, results in the following problems
on the different scales.

5.3.3.1 The ¢ 2-problem and the ¢ !-condition on the boundary

The O(e 2)-terms in the evolution equations and the O(e~!)-terms in the boundary con-
ditions of (5.96) give

— DV, - (10 +0)V,tp) =0in J(T) x Qx P,

5.102
— D(¢10+06)Vyug-ng=0 on J(T)xQxIg, ( )

where ug is Y-periodic with respect to y. This implies that the solution vy = up(t, x) is
independent of y.

5.3.3.2 The ¢ !-problem and the ¢’-condition on the boundary

Since ug = up(t, x), the O(e~1)-terms in the evolution equations and the O(e)-terms
in the boundary conditions of (5.96) give

=DV, - ((¢10+0)Vyu1) = DV, (¢10+6) - Vxto in J(T) x 2 x P,

5.103
— D(¢p10+06)Vyur - ng = D($1,0+ 0) Vit - ng on J(T)xQxIg, ( )

where w1y is Y-periodic with respect to y. Because of the linear structure of the problem,
the solution u; can be expressed in terms of 8, up, that is

n(tx, ) = Gt x) + Xy w(t, x, V)0, to( . %), (5.104)

with an arbitrary function i;(t, x) which plays no role in the final form of the limit problem,
and with the unique solutions w; of the cell problems (for j =1, ..., d)

— DV, - ((¢p10+6)V,w;) = DV, (10 +6) - € in J(T) x Qx P,

5.105
—D(¢p10+06)Vyw; - ng = D(¢p10+06)ej-ng on J(T) xQx g, ( )

where w; is Y-periodic with respect to y and its average in P vanishes, and ¢; is the j-th
unit vector of RY.
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5.3.3.3 The €-problem and the ¢!-condition on the boundary

The O(e%)-terms in the evolution equations and the O(e!)-terms in the boundary con-
ditions of (5.96) give

C0g30uBi0 — 3630, 010 + (Ljen s (85 —s) W (o))
aofoms(Po)f (o) ifi=1,
= —fi(Po, ug) =—4 0 ifi=2 inJ(T)xQxP,
— ap&oV13(Po)f (o) if 1 =3, (5.106)
Ot ((¢1.0 + 6)uo) — pgs(Po)O:rb10—
— DV ((¢10+6) (Veto+ Vytn)) — DV, - A=0 in J(T)xQxP,

— 38V, bio-ng =0 on J(T) x Qx g,
—DA-ng =0 on J(T)xQxIg,
where
A= (p10+0) (Vi1 + V) + P11 (Vxtio + Vyu1), (5.107)

and where ¢, o and wu, are Y-periodic with respect to y. In order to dispose of the term
—DV, - Ain the second evolution equation, the equation is integrated over the domain P.
Since ug is independent of y, the periodicity of ¢ o, ¢1.1, 41 and u, yields the homogenized
equation

— ——P
8 (1070 to) — DV (K(¢r +08)Vxth) ~ ps(®0)Bro =0 (5.108)
in J(T) x Q, where for all functions v : J(T) x Q x P - R

v(t,x,-)P = WllfP v(t,x,y)dy (5.109)
and
(K(v(t, x,-)), = ﬁ Jp v(tx.y) (8;+0,w(tx.y))dy for 1 <i,j<d. (5.110)

Remark 5.14. /n [32] it is proven that the effective diffusion tensor K(¢10 + 0) is sym-
metric, elliptic and bounded.

5.3.4 The two-scale model

The limit problem is a two-scale one, which is used as approximation of the pore-scale
Problem 5.8 for situations with small but non-vanishing scale parameter €. It bridges the
gap between the pore-scale and the scale of the diffusion process. For ease of the presen-
tation the subscript 0 referring to the scale €° is omitted in the following. The two-scale
model consists of a macroscopic homogenized equation that describes the evolution of the
macroscopic concentration u = u(t, x) of the dissolved particles in the fluid P, and at
each point of the macroscopic domain of microscopic cell problems with periodic boundary
conditions that describe the evolution of the microscopic phase-fields ® = ®(t, x, y). The
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variables on the two scales are coupled: the macroscopic equation depends on averaged
values of the solution of the local cell problems and, vice versa, the macroscopic concen-
tration appears in the driving forces of the phase-field equations in the local cell problems.
What is important to note is that the microscopic problems in different macroscopic nodes
do not influence each other directly. Therefore, they can be computed in parallel.

The macroscopic problem and the family of microscopic cell problems have the following
formulation.

Problem 5.15. Given the parameters o, &, D,6,p > 0, the functions G;(®, u) defined
by (5.20), the potential W (®) defined by (5.9), the driving forces f;(P, u) defined by
(5.16) and (5.19), the interpolation-function gs(®) defined by (5.27), the averaging u"
of functions u : J(T) x Q x P — R defined by (5.109), the effective diffusion coefficient
K(¢1+9) defined by (5.110), and the initial conditions g = (¢1.0, 2.0, $30) : QXP — S
and ug : 2 — R. Find the macroscopic concentration u satisfying

8¢ (@45 u) = DV (K(91+3)Vt) = pgs(®)0:fs =0 in J(T) x 2,
—DK(¢p1+06)Vyu-ng=0 on J(T) x Iq. (5.111)
u(0, x) = up(x) in Q.

For every x € Q) find the Y -periodic microscopic phase-fields ® satisfying for i € |

a£26td),- - %£2Ay¢,‘ + G,'(CD, U) =01n J(T) x P,

5.112
— 28V, - ng =0 on J(T) x Ig. ( )
For every x € Q and for j = 1,..., d find the Y-periodic microscopic solution w; with
vanishing average in the pore-space P satisfying
— DV, - +0)Vyw;) =DV, -¢ inJ(T)xP,
v (&1 +8)Vyw) =DVydy g in J(T) (5113

— D(¢1 +0)Vyw; - ng = D(¢1 +6)e; - ng on J(T) x Ig.

5.3.5 An adaptive discretization of the two-scale problem 5.15

Problem 5.15 is discretized explicitly in time. The spatial derivatives are discretized by
standard second-order finite differences on uniform rectangular grids €2,, and Y}, where
hy > 0 denotes the macroscopic and h, > 0 the microscopic space-increment. The discrete
pore-space Pj, as well as the physical and numerical constants are specified in the Section
5.4 presenting the results of numerical computations. The time-increment At must, owing
to the CFL-condition and the multiplier of v in (5.111), satisfy

A"t < ¢(D) (5 + mineq,, 1t 1, x)%) n, (5.114)

where t, denotes the discrete time in step n and the constant ¢(D) > 0 depends on the
diffusion coefficient D. The Figure 5.4 illustrates the macro-micro configuration.

It is demanding to compute the microscopic parameters for the macroscopic problem
in every grid point of the macroscopic domain. The solution of a microscopic problem
depends continuously on the evolution of the macroscopic concentration. Exploiting this
property, the two-scale model is solved adaptively in the sense of the strategy of Section
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Qp B |

g 4

Figure 5.4: The macroscopic $2,, and the local microscopic grid Yy,.

3. A metric dg measures the distance of two concentration evolutions u(-, x) and u(-, X)
on the time-interval J(T') in two macroscopic nodes x, X € Qp,,

de(u(-, x), u(-, %); t,A) = [y e X9 |u(s, x) — u(s, X)| ds, (5.115)

where A > 0 is a parameter. A microscopic problem is solved for active macroscopic
nodes only, the microscopic data of inactive macroscopic nodes is interpolated between
the microscopic data of active nodes. Initially, the set of active nodes contains only one
macroscopic node. It is updated in course of the simulation. That is, it is refined if
necessary, that is if the minimal dg-distance between an inactive and all active nodes
exceeds an upper bound. Vice versa, it is coarsened if possible, that is if the de-distance
between two active nodes falls below a lower limit. The interested reader is referred to
Section 3 for more details on the strategy.

The following algorithm solves the adaptive discrete problem.
Setn=n+1and t,=t,_1+ A"t.
Adjust the set A" of the active macroscopic nodes.
For every node in A" solve (5.112) for ¢5 and @5 and set ¢7 =1 — ¢5 — ¢5.
For every node in A" solve (5.113) for wy and wj.

Approximate the microscopic parameters ¢, + 573, K(¢1+90) and g(;(dD)thblP in Qp,.
Solve the macroscopic problem (5.111) for u".
. Restart ift, < T.

Fundamental to the adaptive strategy is that the initial conditions of the microscopic
problems are at least very similar. Therefore, as it is in some of the settings considered in
the Section 5.4, if these initial conditions differ, then the set of macroscopic nodes must
be subdivided into subsets with respect to these initial conditions. That is, for M initial
conditions of the microscopic problems M subsets Q(h’g"), m=1,..., M, of macroscopic
nodes 2, are constructed. For each of the subsets one adaptive solution strategy is
applied for.

For completeness, the parameters of the adaptive strategy are specified as follows, see
Section 3: A = 0.1, G|, = 0.2, G, = 0.01, RU=0, eC =1, My = 2, IT-CA, the initial
set of active nodes contains one node of every subset Q%’g"), the Copy Method, and the
refining tolerance is defined as

NSO AN~

tol(t) :=Crol, MaXm=1, .M MaX, zeq(m {de (u(-, %), u(-, %); t, A}, (5.116)

-3/2

where ¢, = 10 if not stated otherwise.

5.4 Numerical results

This section presents numerical solutions of the two-scale Problem 5.15 in two spatial
dimensions. To begin with, it presents results that document that the free energy U(d)
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test T H91 ng Ug D G He M o1 ¢2,0,0 Cug
E | 155 200 2 20 1 0
A 105 8 8 03 5e+2 01100 2 10 1 100
S; | 15550 25 05 2e+4 05200 1 20 0 100
So 0.5 1 1

S3 0.5 2 1

S3 0.3 2 1

Table 5.1: The varying parameters of the different tests. The test E refers to the test
that examines the evolution of the free energy U(®). Since only the microscopic problems
are regarded in E, the macroscopic parameters are not specified. The test A refers to the
tests demonstrating the accuracy of the adaptive strategy’s results. The four tests Sy,
S,, S3 and S, differ from each other only in the parameters that are specified for all of
them.

in the microscopic pore-space decreases monotonically if the driving forces vanish. Next
it demonstrates the accuracy of the adaptive strategy’s results. Finally, it presents the
results of four tests Sy, ..., S, that expose the interdependence of the change of the pore
structure and of the evolution of the macroscopic concentration of the dissolved particles
in P.

Table 5.1 specifies the varying parameters of the different test settings E, A, S1, S,,
Sz and S4. The test E refers to the test that examines the evolution of the free energy
U(®), and A refers to the tests demonstrating the accuracy of the adaptive strategy’s
results. The discrete time-interval Jan(T) ranges from O to T, where the time-increment
A"t = 0.001(6 + Minxeq,, d)l(tn,l,x)%) is time-dependent. The microscopic domain
Yy, is perforated by a small spherical grain Gy, of radius hy, where h, = 0.1 defines the
microscopic space-increment h,. Let H, denote the number of the microscopic nodes in
both space dimensions. Then, the microscopic domain Y}, and the pore-space P, are
given by

Yh, = {¥h, = (kihe, kahe) | ki ko € {0, 1,.. ., He}t o Pr, = Yo, \ Gn,- (5.117)
The grain is located in the center of Y}, that is

Gy = { Vi, € Y | [y, — 27 He||, < e}, (5.118)

where || - ||> denotes the Euclidean norm. Therefore, the pore-space Py, consists of H7 —1
nodes, due to the periodic boundary conditions. The edge-length hy = H,h, of Y}, defines
the macroscopic space-increment hy. The macroscopic domain €,

Qp, = {xn, = (kihg, kahg) | ki € {0, 1, ..., Hy1}, ke €{0,1,..., Hyo}}  (5.119)

consists of (Hg1 + 1)(Hg2 + 1) nodes. On the macroscopic scale, the initial condition ug
of the concentration is constant, the diffusion coefficient D is constant and the following
Neumann-boundary condition on Jan:(T) x 8y, is prescribed,

G if x; = Hg, hy,
S if xp = Hg,hy, (5.120)

DK(¢1+5)VXU'thg= >
0 elsewhere,
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Figure 5.5: The initial phase configurations for the parameters M = 2 and ¢00 = 1 in
the microscopic pore-space Py, in the two sub-domains Q(l) and 9(2 of the macroscopic
domain $2,,. The black points in the very center of Py, in (b) and (C) represent the small
spherical grains G,,. Each grain is surrounded by a solid P5 (light-gray). To a solid’s left
is a fluid P, (dark-gray) and to its right a fluids P,. The radii ry ., of the initial solids
are constant in both sub-domains QE{:) for m = 1,2. They are related to each other via
roo = 4rp1. The colored phase domains P; are separated by the boundaries ¢; = % for
1€l

where G > 0 is constant and na, is the outer-normal to 0€2,,. Therefore, across two
parts of the boundary dissolved particles are transported into €2,,. The remaining two
parts are isolated. The regularization parameter satisfies 6 = 1le—4. The microscopic
physical parameters are specified as follows: the time relaxation coefficient o« = 100, the
to the width of the phase-transition regions proportional parameter & = 0.25, and the
concentration p of particles in the solid P; satisfies constantly p = 1. The parameters of
the rate-function f, defined in (5.5), appearing in G; in the first evolution equation of the
Problem 5.15, satisfy ¢, ;1 = 0.5 defining the threshold and the slope c,, is constant.
What remains to be specified is the initial configuration of the phase-fields. The grain
is surrounded by a spherical solid Ps. If the parameter ¢, 0 = 0 then the non-solid pore-
space is completely occupied by the fluid P. Contrarily, if ¢o00 = 1 then only the left
part of the non-solid pore-space is occupied by the fluid P, and the right one by the fluid
P,. If the parameter M = 1, then all solids have the same initial radius ro;. Contrarily,
if M =2, then the domain €2, is subdivided into the two sub-domains Qg) = Qp, \ Qi)

and Qi), where

Qi;) - {th thg

e |22 3|2 ] |42 03] 252 | ]} 5.120)

with the floor function x — |x| = max{k € Z | k < x}. If M = 2 then the solids in Q"

are initially of radius ro,1, and in Q{2 they are initially of radius ryo = 4ro1. The initial
configuration for M = 2 and ¢,00 = 1 is illustrated in Figure 5.5. Please note, that if
¢200 = 0 then the fluid P, does not emerge out of nothing, that is if ¢o00 = O then
$2 = 0 in Jane(T) x Qp, X Pp,. The phase-fields are initialized by ® = (¢1,0, $2.0. $3,0).
which is in accordance with the equation (5.77).
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Figure 5.6: Results of test E with vanishing driving forces on the time-interval Jyn:(15.5).
Figure (a) depicts the evolution of the free energy difference U(P(t)) —U(Dy) in dark-gray
(resp. light-gray) for the microscopic problems in the sub-domain Qg,i) (resp. QE,? ) of the
macroscopic domain Q. The initial free energy satisfies U(®g) = 11.36 everywhere in
Qg) and U(®y) = 17.48 in Qi). The Figures (b) and (c) depict the positive and the
negative portion of the difference ¢3(15.5) — ¢3(0) for the microscopic problems in Qi),
where [], : x = [x], = max(0, x) and []_ : x = [x]_ = min(0, x).

5.4.1 Test E: the evolution of the free energy

Figure 5.6a illustrates for test E the evolution of the free energy U(®), defined in (5.8),
for the microscopic problems in the two sub-domains vai) and Qg). The driving forces are
constantly equal to zero, since ¢,0 = 0 (see (5.5)). In both sub-domains the free energy
decreases monotonically in Jxn:(15.5). Their rapid decreases in the beginning are the result
of presumably slightly non-compatible initial conditions ®y; non-compatible in the sense
that the initial phase transition regions differ slightly from the regions that result from
the evolution equations. However, the monotonous decrease matches the expectation of
a dissipative free energy that was raised by Theorem 5.11. The Figures 5.6b and 5.6¢
show that the initial spherical phase P; converges to its equilibrium state, that is towards
a lense between the two fluids. Because the surface tensions o of the three phases are
equal, the three interfaces meet at an angle of 120° in equilibrium according to Young's
law and according to the results presented in Section 5.2.3.

5.4.2 Test A: the quality of the adaptive strategy

The results of test A presented in Figure 5.7 show that the adaptive solution converges
to the non-adaptive solution for the refining tolerance parameter ¢, of (5.116) tending
to zero. The parameters of test A are similar to the parameters of test S;. However,
since the microscopic problem of every macroscopic node has to be solved for the non-
adaptive solution, test A solves the Problem 5.15 in a much smaller time-space cylinder
than S4. Since, the adaptive result converges rapidly to the non-adaptive result, and since
Ctol, = 1073/2 for the tests Sy, ..., S4, the results of Sy, ..., S, are trustworthy.

Moreover, these results show that it is indeed not efficient to compute the microscopic
parameters for the macroscopic problem in every macroscopic node.

Without going further into details here, Figure 5.11d depicts the distribution of the
adaptive strategy’s active macroscopic nodes in the macroscopic domain 2, .
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0.75 1 1.03e—2  3.25e—3  4.00

~ . 10742 | 3.02e—3 1.04e—3 6.00
' 107! | 3.0le—3 5.86e—4 16.06

0.65 10732 | 277e—3  5.46e—4 42.16

0 1072 | 8.60e—4 1.4le—4 68.20
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(a) Macroscopic u. (b) Convergence for cto, — 0.

Figure 5.7: Convergence of the adaptive solution to the non-adaptive solution of test A
for the parameter ¢, of the refining tolerance (5.116) tending to zero. The Figure (a)
depicts the macroscopic concentration of the non-adaptive solution in the end of the time-
interval Jan:(10.5). The table’s first column denotes the parameter c¢,,. The second resp.
the third column present the L .- resp. Lo-norm of the difference Au of the adaptive and
the non-adaptive macroscopic concentration solution in the discrete time-space cylinder
Jant(10.5) x Q4. In addition, the fourth column presents the average number [Na| of
active nodes in Jan:(10.5).

5.4.3 The tests S;, S5, S; and S,

The tests S;, So, S3 and S, solve the two-scale Problem 5.15 on a large time-space
cylinder Jane(15.5) x Qp, X Py, The macroscopic domain 25, = [0,49h,] x [0, 24h]
consists of 1,250 nodes, each of them governs one microscopic problem in P, consisting
of 40,000 nodes. Consequently, the product €25, x Pp, consists of 5e+7 nodes. Since it is
very demanding to solve these tests non-adaptively, the adaptive strategy is applied with
Crol, = 1073/2,

The tests differ in the following parameters: in the initial constant macroscopic con-
centration ug of the dissolved particles in the initial fluid P;; in the parameter M, that
is in the condition whether the macroscopic domain is subdivided into two sub-domains
Qi and Q' due to two initial radii of the initial solids in the microscopic problems; and
in the parameter ¢, o, that is in the condition whether the fluid P, exists. The initial
volume fraction E,OP of the spherical initial solid P; of radius r, = 20h, equals 0.0314,

and @5 = 0.5028 if r, = 80h,.

5.4.3.1 The test S;

Figure 5.8 illustrates the results of test S;. Since ¢o00 = 0 the fluid P, is not exis-
tent at any time at any location. Due to M = 1 all initial solids are of radius ry1 = 20h,,
that is the initial solids’ volume fraction of the pore-space volume equals 0.0314. The
initial concentration vy = 0.5 matches the threshold ¢,; = 0.5 of the rate-function in
(5.5). Therefore, the existing phases P; and Pz are almost constant in the very beginning
of Jan(15.5), because whether precipitation nor dissolution reactions take place.

The concentration u is never smaller than the threshold and never larger than 0.9 in
Jane(15.5) % 2p,. Due to the transport of particles into (25, across the right and across
the upper boundary (5.120), the macroscopic node (49,24)" records all the time the
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Figure 5.8: Results of test Sy in the end of the time-interval Jan:(15.5). The Figure (a)
depicts the macroscopic concentration u, (b) displays the macroscopic ratio @P of the
solid’s volume in the local pore-space, and (c) illustrates the configuration of the phases
in the pore-space in the macroscopic node (49,24)". Since the fluid P, is not existent in
the beginning and hence at any time, only the fluid P, and the solid P; show up.

0.65 0.7 0.75 0.8 0.05 0.1 0.15
[ TN ]
24 24 200,
) ‘ ) ‘ )
0 0
0 49 0 49 0
X, X, 0 y, 200
(a) Macroscopic u. (b) Macroscopic @5 . (c) Phases in (49,24)".

Figure 5.9: Results of test S, in the end of Jpnt(15.5).

highest concentration, and (0,0)" the lowest. Consequently, due to the fact that the
more dissolved particles in the fluid P, precipitate on the solid P; the higher the particles
concentration v is in Py, the microscopic solid region advances most quickly in (49,24)7
and most slowly in (0,0)". Since the solids P; are completely surrounded by the fluids Py,
the solids advance uniformly in all spatial directions. In the end of Jan:(15.5), the volume
of the solid in (49,24)T is around eight times as much as the initial solid’s volume, whereas
the volume of the solid in (0,0)" is only around twice as much. Thus, the macroscopic
fields v and @P increase smoothly and monotonically on €2, from the left to the right

- : . —P ..
and from the bottom to the top. The little perturbations in the ¢5 -field result from the
adaptive solution.

5.4.3.2 The test S

Figure 5.9 depicts the results of test S,. Test S, differs from S; only in the parame-
ter ¢o.0.0: the fluid P> is existent in S, but not in S;. The same qualitative macroscopic
results of the concentration u and of the volume fraction @P hold for the two tests.
However, since the fluid P is existent in S, and due to the fact that only the fluid P;
contains dissolved particles that can precipitate on a solid P, a solid advances as a result
of precipitation only in contact with the fluid P;.
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Figure 5.10: Results of test Sz in the end of Jan:(15.5).

Besides precipitation, the evolution of a diffuse interface [%(t) is influenced by its mean
curvature. Whereas the diffuse interfaces %(t) and % (t) evolve exclusively with mean
curvature flow. Since the mean curvature of an interface '%(t) is zero, the interfaces
ra(t) remain constant. Due to o = 100, the surface tensions o of the three phases are
very small, that is o = % = 0.0075 according to (5.83). Consequently, the evolution of

the diffuse interface %(t) is dominated by the precipitation process. The diffuse interface
4 (t) is almost constant. As a result, the change of the phases P; is not worth mentioning.

5.4.3.3 The test S;

The results of test S; are presented in Figure 5.10. Test Ss differs from S, only in
the parameter M. That is, in 53 the macroscopic domain 2, is subdivided into the two

sub-domains Q%) = Qp, \ Qgé) and Qfg) as depicted in Figure 5.5, where
Q12 = {Xn, € Q, | x4, € [12hg,36hg] x [6hy, 18] } . (5.122)

The initial solid is of small radius 20h, in Q) and of large radius 80k, in Q7. Therefore,
$s0 =0.0314in Q) and ¢5~ = 0.5028 in Q.

Since the initially constant concentration u increases most quickly in the macroscopic
node (49,24)", due to the Neumann boundary condition (5.120), the solid region in
(49,24)T advances most quickly. Nevertheless, the largest solid is all the time located
in (36,18)". Because the volume fraction of the fluid Py in Qi) is significantly smaller

than in QfY), the diffusion of the concentration v is significantly weaker in Q{2 than in
Q(hi). The Figure 5.10a depicts an edge in the concentration field in 2, exactly where the

Figure 5.10b depicts an edge in the volume fraction field @P. An edge in @P corresponds
to an edge in the volume fraction field EP of the fluid P;. This is due to

& =1-6 —ds (5.123)

and @P is almost constant in Jan¢(15.5) x 24,. This observation of stronger and weaker
diffusion is of importance, because it matches the following real world phenomena. If the
pore-space is clogged, clogged in the sense that the volume fraction of the fluid P, is very
small, then the dissolved particles in P, cannot diffuse on a macroscopic length scale.
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Figure 5.11: Results of test S, in the end of Jant(15.5). Figure (d) illustrates the dis-
tribution of the adaptive strategy’s active nodes on the macroscopic domain: a dark dot
denotes an active node in the end of Jxn:(15.5), and a light dot signalizes that a node
was active but became inactive in course of the simulation. The dashed line marks the
sub-domain Qi).

5.4.3.4 The test S,

Finally, Figure 5.11 presents the results of test S,. Test S, differs from Sz only in the
parameter ug. In S, the initial concentration ug = 0.3 of dissolved particles in P; is below
the threshold ¢, ; = 0.5 of the rate-function f defined in (5.5). Consequently, the solids
recede in the beginning of Jan:(15.5), that is solid particles of P dissolve in the fluid P;.
Due to the dissolution and the transport of particles across the boundary of €2, the con-
centration v in P; increases. From the moment the concentration exceeds the threshold,
the solid regions advance again as a result of precipitation. The edges in the concentration
field and in the volume fraction field @P in {25, are not as distinct as in S3. This is due

to the initial retreat of the solids in S4 and the resulting larger volume fractions EP. The
larger ¢, the stronger the diffusion.

What is also depicted in Figure 5.11 is the distribution of the active macroscopic nodes
of the adaptive strategy. Only the microscopic problems in active macroscopic nodes are
solved. Most of them are located in the areas of €2, with steep slopes in the concentra-
tion field, since steep slopes yield (in general) outstanding concentration evolutions. The
evolutions of the concentrations in the areas of {2, with moderate slopes are usually very
similar. On average 85.57, that is only around 7%, of the 1,250 macroscopic nodes are
active in Jan:(15.5).



5.5 Conclusion and outlook

The combination of, firstly, three pore-scale Allen-Cahn type equations modeling the evolu-
tion of three phase-fields that are treated as a smooth approximation to the characteristic
functions of the three sub-domains of the pore-space that are occupied by three different
substances — two immiscible and incompressible fluids P, and P, and a solid P; that is
attached to the grain — in a sharp-interface model, secondly, a pore-scale Diffuse Domain
Approximation (DDA) [Li et al., Commun. Math. Sci. 7(1), 81-107, 2009] equation
approximating with the help of the phase-fields — in their role as a smooth approximation
to the characteristic functions — a sharp-interface model's evolution equation describing
the concentration of dissolved particles in the fluid P; as well as the Rankine-Hugoniot
condition on the moving sharp interface of Py, thirdly, the application of a homogenization
technique to the pore-scale model, and finally, the adaptive solution strategy of Section
3, resulted in a numerically efficiently solvable two-scale tri-phase phase-field model for
precipitation in a porous medium with three phases.

This section proved that, if the initial condition of the phase-fields represents a perfect
mixture, in the sense that the sum of the phase-fields equals one and each phase-field
is greater or equal to zero, then the Allen-Cahn type equations model a perfect mixture
as well. A formal asymptotic analysis showed that the pore-scale phase-field model ap-
proximates in the limit, that is for the width of the phase-transition regions tending to
zero, a suitable sharp-interface model. The presented numerical results of the upscaled
model demonstrate the interdependence of the change of the pore structure and of the
evolution of the macroscopic concentration of the dissolved particles in P;. In addition,
they show that the smaller the volume fraction of the fluid P, of the pore-space the weaker
the diffusion of the particles in P, on a macroscopic length-scale.

In order to generalize the model to a situation with N > 3 phases, the following parts of
the model need to be adjusted. N Allen-Cahn equations are required to model the evolution
of N phase-fields that smoothly approximate the N characteristic functions in a suitable
sharp-interface model, the potential W(®) needs to have N minima, and the function
g(®) must interpolate the Rankine-Hugoniot conditions on the N — 1 parts (0P (t) N
OP,(t)),..., (0P (t) N OPy(t)) of the moving boundary of the fluid P;,. Whereas this
generalization is straightforward, including fluid flow into the model is tricky. Since Allen-
Cahn equations are not mass conservative, it is possible that if the fluids flow through
the pore-space that one of them is fully absorbed by the the solid. On the contrary,
Cahn-Hilliard equations ensure the conservation of mass, but it is well known that they
cannot guarantee that the phase-fields stay within the bounds zero and one. However, it
is fundamental to the DDA method that the phase-fields stay within these bounds.

Besides the inclusion of fluid flow into the problem, an analysis for the pore-scale as
well as for the upscaled phase-field model is a major part of future research. Furthermore,
future research aims at analyzing the interpolation of the Rankine-Hugoniot conditions in
the diffuse triple junctions.
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6 Conclusion and outlook

This dissertation dealed with three topics. Section 3 and Section 4 were devoted to the
development of numerical schemes that allow for an efficient solution of two-scale models.
On contrary, the aim of the research presented in Section 5 was to model and simulate a
pore-scale precipitation process and a Darcy-scale diffusion process of in a fluid dissolved
particles in a porous medium. This process Is of great interest for e.g. prognoses of soil
salinization.

The numerical results presented in the sections 3 and 4 show the efficiency of both
established solution schemes. In comparison to a direct discretization, both schemes
enable to accelerate a two-scale model’s solution significantly and nevertheless to obtain
accurate results. What is important to note is that the results presented in the sections 4
and 5 show that, as it was claimed in Section 3, the developed adaptive solution strategy
is not only applicable to the sample two-scale model but also directly to other ones on
condition that the variables on the different scales are continuously interdependent. What
simply has to be adjusted is the metric that compares the evolution of the macroscopic
fields.

Whereas the research on the two numerical schemes is in principle concluded, it is in full
progress on the precipitation model. Promising future directions of research are, firstly,
a theoretical analysis of the coupled pore-scale problem 5.8 on page 85, secondly, the
analysis of the asymptotic behavior of the concentration u of the pore-scale problem 5.8
in the diffuse interfaces that separate oil and solid as well as in the diffuse triple junctions
where all three phases are existent, thirdly, a theoretical analysis of the upscaled problem
5.15 on page 99, fourthly, the inclusion of fluid-flow into the model, fifthly, the increase
of the number of the phases that occupy the pore-space, and, sixthly, the adaption of
the model reduction scheme proposed in Section 4 to the upscaled problem 5.15, just to
mention a few.
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