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1

Introduction
A deeply embedded concept of quantum physics is the wave-particle duality, stating that
all elementary particles show properties not only attributed to their particle nature, but
also character of waves. An intriguing consequence of the wave type behavior of charged
particles was discussed in 1959 by Y. Aharonov and D. Bohm in [2]. They considered
the arrangement displayed in figure 1.1. A coherent beam of electrons is coherently split
into two paths that enclose an area penetrated by the magnetic flux Φ and recombined
afterwards, yielding interference fringes of the two partial waves. The path along which
the electrons travel in this ideal consideration is free of the magnetic flux density but not
free of the magnetic vector potential A. Along their trajectories around the magnetic
flux
the phase of the electron wave function acquires an additional contribution of δΦ =
R
A B dA. Depending of the difference in the phase of the two partial waves, they interfere
constructively or destructively. In consequence of the flux quantization, a variation of
the magnetic flux density changes the phase of the electron wave function in an periodic
manner with the amount of enclosed elementary flux quanta Φ0 = h/e. The oscillatory
shift of the interference fringes is denoted as Aharonov-Bohm oscillations.

x x x
x
x
x x x



x
x
x
x

B=0
B=0

Figure 1.1

Schematic illustration of a geometry showing Aharonov-Bohm oscillations. A
coherent electron beam
from the left is split around an area A containing the
R
magnetic flux Φ = A B dA and recombines afterwards. The amplitude of the
electron beam on the right oscillates with a periodicity corresponding to a
magnetic flux change of h/e.
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B

Figure 1.2

Schematic illustration of a metal ring penetrated by a magnetic field along
the rotation axis.

R. G. Chambers [15] in 1960, G. Möllenstedt [74] in 1962 and A. Tonomura1 [100]
in 1982 observed the shift of interference fringes on an extended screen for electrons
traveling in free space around a magnetic coil, proving experimentally the existence of
Aharonov-Bohm oscillations. In contrast to these experiments carried out in free space
it has been doubted that interference effects like the Aharonov-Bohm effect could occur
in metals, where the movement of electrons is diffusive and governed by scattering off
from impurities. Inelastic scattering events will scramble a stable phase relation and thus
will average out any interference effects. But in contrast, elastic processes will retain
the phase relation [109]. In 1981 D. Yu. Sharvin and Yu. V. Sharvin [122] analyzed the
electrical resistance of a metal ring made of Mg with d = 1 µm in diameter threaded by a
variable magnetic flux density. The device was cooled down to liquid helium temperature.
A schematic representation of the experiment is given in figure 1.2. But instead of a flux
period of h/e as expected for the Aharonov-Bohm effect they observed periodic resistance
modulations with h/2e in periodicity, that attenuated rapidly with increasing magnetic
field.
This behavior was theoretically predicted by B. L. Al’tshuler, A. G. Aronov and B. Z. Spivak [6] applying the theory of weak localization shortly before the experiment. The basic
principle of weak localization is displayed in figure 1.3. Here, in the quantum mechani1

In 1989 A. Tonomura in [99] shows another intriguing observation of an interference effect obtained
from single electrons passing a double-slit arrangement. Here, interference fringes are found in the
ensemble average over many single events. The interference pattern of the electrons matches to the
ones obtained from propagating light waves.

(a)
Figure 1.3

2

(b)

Principle of weak localization. For every closed loop (a) with a clockwise trajectory, there is another one following the same trajectory in opposite counterclockwise direction (b). Both paths yield the same phase. This coherent interference of all closed loops retuning to their origin enhances the resistivity.
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Schematic illustration of the magnetic flux enclosed due to weak localization.

cal consideration of the electron transport in a material along a certain path connecting
two arbitrary points in space one has to include the sum of all possible trajectories.
Every closed self-intersecting path can thereby be described by a clockwise and a counterclockwise trajectory resulting in the same phase. This coherent interference is present for
all pairs of complementary scattering trajectories and increases the probability of electrons
being bound to closed loops. In the electrical transport this localization gives rise to an
increased resistivity that can also be observed up to weak magnetic fields. The experiment
of D. Yu. Sharvin and Yu. V. Sharvin [122] turns out to not be a two-path experiment like
it is depicted in figure 1.1, but it rather shows the magnetic flux density dependence of the
weak localization, as it is depicted in figure 1.4. As a consequence of the full round-trip a
halving in the periodicity of the flux change with h/2e is obtained. This h/2e periodicity is
sometimes referred to as Al’tshuler-Aronov-Spivak oscillations. In follow up experiments
in 1985 by S. Washburn and R. A. Webb [110] resistance modulations with a change in
the magnetic flux corresponding to h/e were observed in a metal Al ring. In addition, the
Fourier spectra showed traces of a higher modulation periodicity of h/2e [109]. Unlike
before, the modulations persisted unattenuated to large magnetic fields beyond B > 10 T.
Further experiments trying to investigate the Aharonov-Bohm effect in solid state devices focused on GaAs/AlGaAs semiconductor heterostructures due to various advantageous reasons compared with the metallic devices. The first benefit is the two-dimensional
electron system forming at the heterojunction of the semiconductor compounds, restricting the carrier motion already to a planar arrangement. However, the most intriguing
advantages compared with metallic devices are the much larger mean free path in combination with a small effective electron mass in the semiconductor. As a consequence
of these, it opens up the possibility to observe quantum mechanical effects, such as interference and quantum confinement, already on a mesoscopic length scale. In addition,
the use of state-of-the-art micro-lithography patterning techniques allows to create various paths arrangements such as loops guiding the electrical current. It further allows
to include more elaborate elements within these loops showing quantum mechanical effects themselves. These can on one hand be narrow constrictions in the two-dimensional
electron system, denoted as quantum point contact resulting in a quantization of the
conductance value [106, 115]. On the other hand quantum dots can be formed, that are
microscopically small conductive areas, where the Coulomb repulsion of the electrons leads
to single-electron charging effect [28]. A schematic representation of a device structure
containing a single loop is displayed in figure 1.5. Additional placeholder boxes sketched in
red display the regions where quantum dots or quantum point contacts may be introduced
in the current path of the device.
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QD/QPC


Figure 1.5

Schematic layout of a device based on a two-dimensional electron system.
Patterning of the semiconductors allows to fabricate paths for the electrons
(blue), including a well defined loop threaded by the magnetic flux Φ. In
addition, elements like quantum dots (QD) or quantum point contacts (QPC)
can be introduced in the paths the electrons take, symbolized by the red
placeholder boxes.

The first Aharonov-Bohm interferometer experiment in a two-dimensional electron system in a semiconductor GaAs/AlGaAs-heterostructure was reported by S. Datta [23] in
1985. A closed ring shape, similar to the one displayed in figure 1.6 but without the additional elements, was realized by an etching process in the heterostructure. The sample
was cooled to liquid helium temperature. In the interval between zero magnetic field and
a magnetic flux density of B = 0.5 T conductance oscillations showing Aharonov-Bohmlike behavior with a period of h/e were observed, matching to the given area of the device.
Exposing the two-dimensional electron systems to large magnetic field of several Tesla
opens up the regime of the quantum Hall effect, that introduces a further possibly beneficial restriction of the electron movement. The formation of distinct plateaus in Hall
resistance at particular values RH = h/ne2 (n ∈ N, the Planck constant h and the elementary charge e) in combination with simultaneously vanishing longitudinal resistance
in a magneto-transport measurement of a two-dimensional electron system are the two
phenomena denoted as the quantum Hall effect, discovered by K. v. Klitzing [55] in 1980.
While the quantization condition is fulfilled, the electrical current is passing through the
biased device without being affected by dissipation.
Impelled by a possible interpretation of the quantum Hall effect by M. Büttiker [11, 12],
known in literature as the edge-state picture, where the electrical current is presumed to
pass in chiral edge-states [37] through the device without being scattered seems to make a
quantum Hall system an ideal candidate for a two-path experiment in a solid state device.
M. Büttiker [13] proposed to build an open electric Mach-Zehnder interferometer using a
so-called antidot system with two parallel quantum point contacts in a Hall bar geometry
as adjustable coherent beam splitters. Indeed, many experiments show Aharonov-Bohmlike conductance oscillations and were interpreted in the edge-state picture. Among these
are: The first realization of an antidot system by C. G. Smith et al. [96] in 1989, a twopath arrangement with a single quantum dot as precisely tunable scattering center in one
interferometer arm by A. Yacoby in 1995 [117], followed by a parallel double quantum dot
arrangement in 2002 by A. W. Holleitner and coworkers [41, 42], and last but not least
a representation of an electronic Mach-Zehnder interferometer by Y. Ji of the research
group of M. Heiblum [46].
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But although the edge-state picture of the quantum Hall effect impresses with its simplicity, it is far from revealing the microscopic origin of the quantum Hall effect. Experiments with a scanning probe technique were able to determine the full potential profile
and therefore the non-equilibrium current distribution under quantum Hall conditions:
K. L. McCormick [71] in 1999, P. Weitz [114] in 2000, E. Ahlswede [3] in 2002 and most
recently K. Panos [29, 81, 82, 83]. Their observations show different regimes with both
current flowing near the edges and current flowing within the bulk of a Hall bar structure.
This clearly contradicts the edge-state picture as microscopic theory. Instead of assuming
a priori current-carrying edge-states, the real current distribution has to be calculated
from the Hall potential present in the system in order to obtain a microscopic description. D. Chklovskii, B. Shklovskii and L. Glazman showed in 1992 [16] that electrostatic
screening leads to the formation of regions with different electrical compressibility in the
two-dimensional electron system. Later R. R. Gerhardts and coworkers [65, 79, 35, 93]
applied a self-consistent Thomas-Fermi approximation and calculated the Hall potential
profile under bias. Within the self-consistent description it was confirmed that the external biased current uses states belonging to incompressible strips, that differ in their local
arrangement to a great extend from the edge-state picture.
In consequence, the previously anticipated current flow in the edge-state picture and the
rigid definition of areas incorporated in two-path arrangements cannot be made. Instead,
the two-dimensional electron system in any device arrangement has to be considered selfconsistently:
• In quantum dots tuned to the quantum Hall regime, where a ’dot-in-dot’ system
forms due to the compressible and incompressible landscape, a change in the magnetic flux density was found to result in a breathing of the flux enclosing compressible
rings of the dots [72].
• Upon investigation by M. Kataoka [49] it was found that Coulomb-charging effects
are present in antidot devices being linked with the flux quantization and thus appear as Aharonov-Bohm-like modulations in electrical transport measurements [94].
These two exemplary chosen observations raise reasonable doubt in the interpretations
made in the edge-state picture, that claims interference effects as the origin of the conductance modulations seen in two-path experiments made under quantum Hall conditions.
The two-path arrangements have to be reconsidered in respect to their previous interpretation in the edge-state picture and have to be analyzed self-consistently.
The aim of this work is to investigate further the origin of the Aharonov-Bohm-like conductance modulations found in two-path arrangements built on two-dimensional electron
systems tuned to the regime of the quantum Hall effect. For this purpose a versatile device
structure was designed to cover all reported configurations presumed to show AharonovBohm-like interference phenomena combined into a single device. A scanning electron
microscopy micrograph of the arrangement used in this work is displayed in figure 1.6.
Areas in which the two-dimensional electron system is removed mechanically are shaded
in blue, while metallic top-gate electrodes used to individually deplete and functionalize
the arrangement are of a golden color. The structure offers the operational setting with
two parallel quantum point contacts enclosing an antidot as well as with two quantum
dots. Hence, it inherently offers the intermixing operational configuration with one quantum dot and a quantum point contact in addition. All operational configurations feature
a common source and drain reservoir in the parallel arrangement. Both the quantum dots
5
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air-bridge

quantum dot /
quantum point contact

500 nm

Figure 1.6

False color SEM micrograph of the device structure used in this thesis. Areas
shaded in blue are etched into the wafer and the 2DES is removed mechanically. Metal top-gates and air-bridge structures are represented in a golden
color. Quantum dots and quantum point contacts are formed using the three
finger gates countering the central etched groove. The depleted area in the
two-dimensional electron system by the central groove can be tuned in-situ via
the top-gates attached to the long side of the groove in horizontal direction.
An air-bridge structure allows to tune these gates without segregating the
two-dimensional electron system and thus enables common electron reservoirs
on either side of the arrangement.

and the quantum point contacts are formed using the three metallic top-gates countering
the central groove in vertical direction. The device structure was designed to furthermore
be able to create an in-situ change of the area enclosed in between the two paths without
affecting the operating conditions. This is achieved via tuning the electrostatic depletion
of the gates attached in horizontal direction to the central groove. A feature highlight
thereby is the three-dimensional air-bridge structure making the electrical connection to
the gates attached to the groove, allowing an unsegregated two-dimensional electron system to either side of the whole arrangement of gates. This versatile technique offers
the possibility for both a direct comparison of all operational configurations and allows
to investigate in-situ the area dependence in the electrical transport without averaging
over different geometrically altered device structures. The inclusion of quantum dots as
precisely tunable scattering centers offers in addition the possibility to explicitly include
or exclude many-body effects like the Kondo effect in the two-path arrangement. With
the Kondo effect being present simultaneously on both quantum dots a Ruderman-KittelKasuya-Yosida type interaction may be explorable.
The thesis is organized in three parts: Part I introduces the theoretical foundations
necessary for the experiments discussed in part II. In the first part opening with chapter 2
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the properties two-dimensional electron system are introduced, including the Landau
quantization in magnetic fields that leads to the quantum Hall effect for large magnetic
field strengths. Chapter 3 summarizes the present picture of the quantum Hall effect based
on the self-consistent model. Part I concludes in chapter 4 dealing with quantum point
contacts and quantum dots, respectively. The experimental results discussed in part II are
separated into the different operational modes. The device structure and measurement
set-up are introduced in detail in chapter 5. The parallel configuration of two quantum
point contacts denoted as antidot system is discussed in chapter 6, the configuration with
two quantum dots in chapter 7 to 9 and the intermediate configuration with a quantum
point contact and a quantum dot in chapter 10. The experimental results of this work
are compared with other experiments in literature in chapter 11. Followed by a synopsis
and the conclusion, that an Aharonov-Bohm interference effect cannot be observed under
quantum Hall conditions, in chapter 12 in English and in chapter 13 in German language,
respectively. The thesis closes in part III with additional technical information about
processing steps and the measurement equipment as well as additional measured data.
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Part I
Fundamentals
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2

Basic Properties of Two-Dimensional
Electron Systems
This chapter describes the basic properties of two-dimensional electron systems (2DES)
including the formation of Landau levels in magnetic fields. There exist many materials and material compositions that host two-dimensional electron systems. The 2DES in
graphene, an atomically thin sheet of carbon, has caught a lot of interest [77]. In 2004
a new material composition of transition-metal oxides was reported to form a 2DES at a
LaAlO3 /SrTiO3 heterojunction, that even can be superconducting [80, 68]. However, the
system of choice for the aim of this work is a modulation-doped Alx Ga1−x As/GaAs1 semiconductor heterostructure with a 2DES close to the structural surface. The key benefit of
this material is the large mean-free path on the length scale of several micro-meter. The
low effective electron mass m∗GaAs = 0.067 m0 leads to a large Fermi wavelength on the
scale of λF ≈ 100 nm. This allows to use feasible feature sizes to see quantum confinement
effects: quantum dots behaving as artificial atoms and quantum point contacts showing
quantized conductance values.

2.1 Two-dimensional Electron Systems in an
AlxGa1−xAs/GaAs Heterostructure
In an Alx Ga1−x As/GaAs heterostructure, a stacking of different semiconductors, the twodimensional electron system (2DES) forms at the heterojunction interface between the
two materials, where the Alx Ga1−x As layer is partially n-doped with Si. The stacking
of the semiconductor compounds is created via state-of-the-art molecular beam epitaxy
achieving a precision on atomic scale. The complete layer sequence is sketched in figure 2.1
for the layer composition used in this work. The substitution with Al in GaAs results
according to Vegard’s law [107] in a small change of lattice constant. Yet, the mismatch
in the lattice constants is small enough to grow these layers on top of each other without
1

Non-chemical abbreviation as (Al,Ga)As/GaAs.
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growth direction
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2DES

10 nm GaAs cap layer
20 nm AlGaAs
20 nm AlGaAs:Si
20 nm AlGaAs spacer
2DES below heterojunction
500 nm GaAs
superlattice
50 x (2.8 nm GaAs/ 10 nm AlGaAs)
300 nm GaAs buffer layer
GaAs wafer substrate

E
Figure 2.1

To the right: Layer composition of the Alx Ga1−x As/GaAs heterostructure
used in this thesis. The 2DES resides near the heterojunction 70 nm below the
surface. On the left: Sketch of the position of the minimum in the conduction
band with respect to the growth direction. The Fermi level is denoted by εF .

significant stress. Due to this reason, a mono-crystalline structure is obtained with an
energy band bending in growth direction.
With the offset in the conduction band minimum between the GaAs and the Alx Ga1−x As
semiconductor it is more favorable for the electrons of the Si donors to accumulate in the
GaAs layer. There they feel the attractive Coulomb potential of the positively ionized
donors and will therefore accumulate near the heterojunction close to the donors forming
a triangular potential well, confining the electrons towards the GaAs/(Al,Ga)As heterojunction. In plane of the semiconductor layer the movement of the electrons remains
unrestricted. The conduction band bending in growth direction is displayed to the left
hand side in figure 2.1. The eigenvalues of the electrons are given by
ε(i, kx , ky ) = εz,i +

~2 kx2 ~2 ky2
+
,
2m∗
2m∗

(2.1)

where the electrons in the GaAs plane are considered as free particles with an effective
mass m∗ . εz,i with i ∈ N0 are the discrete energy eigenvalues due to the confinement of the
electrons in the triangular potential well in z-direction. The corresponding eigenfunctions
are described by Airy functions [1]. The strict two-dimensional electron system only
forms if the Fermi energy εF lies in between the lowest two sub-bands εz,0 < εF < εz,1 ,
and for sufficient low thermal activation energy suppressing inter-band excitations. The
first condition can be engineered by matching the composition of the semiconductor layer
sequence, the second by cooling the system to low temperatures, typically at and below
the temperature of liquid Helium. The two-dimensional electron system has compared
with a three-dimensional material a constant density of states given by
D(ε) = D0 =

gs m∗
,
2π~2

(2.2)

where gs = {1, 2} accounts for the spin degeneracy. Due to the constant density of states
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the Fermi energy
εF =

2π~2
ns
gs m∗

(2.3)

depends linearly on the carrier density ns of the 2DES.

2.2 Hall Bar Geometry
Patterning the heterostructure into a Hall bar geometry offers an electrical connection to
the 2DES that allows to determine the basic parameters of the 2DES such as the charge
carrier density and mobility in magneto-transport measurements.
A standard Hall bar configuration is displayed in figure 2.2. It features several Ohmic
contacts to the 2DES that can be either used to inject or retract a current or can be
used as voltage probes. In magneto-transport measurements at low magnetic fields the
electrical properties of the 2DES like the charge carrier type and their density ns as well
as their mobility µ can be determined. With a current I applied through the device both
the longitudinal resistance Rxx = Vxx /I and the Hall resistance Rxy = I/Vxy are taken at
voltage probes located on the same and opposite side of the device, respectively. With
the Drude relation one obtains [22]
L 1
L
ρxx =
W
W ens µ
B
= ρxy =
.
ens

and

Rxx =
Rxy

(2.4)
(2.5)

I
Vxy
W
B

2DES

L
Vxx

y

z
x

Figure 2.2

Schematic illustration of a typical Hall bar geometry with Ohmic metal contacts (yellow) to the 2DES (red). The current I passes through the device
and the voltages Vxx and Vxy along the longitudinal and across the transversal
direction are probed, respectively. For determining the carrier mobility µ, the
width W of the Hall bar and the length L between the voltage probes has to
be known.
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The transversal Hall resistance scales linear with the magnetic flux density, whereas
the longitudinal resistance is a constant value independent from it, but depends on the
width W and length L of the device. From the Hall resistance one obtains the charge
carrier density ns and for zero magnetic field the mobility µ. Knowing both allows to
make an assumption of the mean free path of the electrons in the 2DES [22]
√
h
µ ns ,
lm = vF τ = √
2π e

(2.6)

with vF the Fermi velocity and τ the mean scattering time. For normal carrier densities
and intermediate mobility the mean free path is of the order of several micrometers.

2.3 Landau Quantization of a Two-Dimensional
Electron System
The final part of the chapter covers the description of the 2DES under an applied magnetic
field, confining the electron motion on cyclotron orbits. This changes the constant density
of states at zero magnetic field to a quantized energy spectrum denoted as Landau levels.
The spectrum can be obtained by solving the single-particle Schrödinger equation
"

(p̂ − eA)2
) ψ(x, y, z) = εψ(x, y, z)
2m∗
#

(2.7)

for non-interacting particles in the magnetic vector potential A. By choosing the Landau
gauge in combination with a coordinate transformation and a separation ansatz for the
wave function one obtains the Schrödinger equation of an harmonic oscillator with its
eigenenergies referred to as Landau levels with
εn = ~ωc



1
n+
2



,

(2.8)

with n ∈ N0 and the cyclotron energy ωc = eB/m∗ . The
√ extension of the wave function
due to the magnetic confinement is given with Rn = lB 2n + 1 that equals the classical
cyclotron radius of an electron in a magnetic field with the kinetic energy εn and with
lB =

q

~(eB)−1 ,

(2.9)

referred to as the magnetic length. In the consideration so far the spin of the electrons
has not been included. Accounting for all contributions the single-particle energy of the
electron in the 2DES of the heterostructure is given by


εn,s = εz,0 + n +

1
∗
~ωc + s gGaAs
µB B ,
2


(2.10)

∗
with the Zeeman energy EZ = s gGaAs
µB B, where s = ±1/2 accounts for the two spin
∗
orientations, gGaAs = −0.44 is the effective Landé factor of GaAs and µB the Bohr magneton. With the quantization in energy the constant density of states for zero magnetic
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field turns in the presence of the discrete energy spectrum in the magnetic field to
D(ε) = nL

X

δ (ε − εn,s ) ,

(2.11)

n,s

where nL = ~ωc D0 = eB/h is the degeneracy of the Landau level.
In an ideal system the Landau level would be according to equation (2.11) a series of
sharp δ-functions. However, in a real system due to scattering at impurities and the finite
temperature the Landau levels are broadened, with a linewidth of Γ = ~/τi , where τi is
the time between two scattering events. For a low separation with Γ > ~ωc one expects
only a small modulation of the density of states unless for Γ < ~ωc the level separation
exceed their width. This marks the boundary between the classical behavior observed
in low magnetic fields and the quantum mechanical behavior at high fields due to the
Landau level separation.

2.3.1 Landau Level Filling Factor ν
It is convenient to describe the 2DES with the so-called (Landau level) filling factor ν. It
is a dimensionless parameter that is defined by the number of occupied Landau levels for
a fixed magnetic flux density for the electron sheet density of the 2DES,
ν≡

h
ns
=
· ns .
nL
eB

(2.12)

Generally the filling factor will not be an integer number and for zero temperature
there will be n = int(ν) Landau levels occupied, where the next level will in general
only be partially occupied. In an alternative view, in case of a homogeneous 2DES the
filling factor is the ratio of the total amount of electrons Ns present in the systemic area
Lx · Ly and the total amount of flux quanta penetrating this area. With the magnetic
flux Φ = B Lx Ly and Φ0 = h/e the elementary flux quantum one obtains
ν≡

Ns
ns L x L y
h
=
· ns .
=
Φ/Φ0
B Lx Ly e/h
eB

(2.13)

In conclusion, the filling factor ν describes the number of electrons per flux quantum.

2.3.2 Tilted Landau Levels in Electric Fields: Local Current
Densities
In presence of an electrostatic potential gradient, equation (2.7) has to be modified. With
a contribution in the 2DES plane in y-direction only, an electric field Ey = −e dV (y)dy
is present that leads to
"

(p̂ − eA)2
− eEy ψ(x, y, z) = εψ(x, y, z) .
2m∗
#

(2.14)
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The eigenenergies of the electrons in the 2DES are shifted to [3]
εn = ~ωc



1
m∗ E 2
n+
−
+ ey Ey ,
2
2 B2


(2.15)

and the Landau levels appear tilted along the y-direction. This results in a drift velocity
for each electron due to the electric field perpendicular to both the electric and the
magnetic field. The local current density in x-direction is given for a homogeneous electric
field in y-direction via
jx = −ν

e2
e2 dV (y)
= ν Ey .
h dy
h

(2.16)

This condition is even locally valid for any smooth varying electrostatic potential V (x, y)
[66]. By integrating in y-direction over regions of constant filling factor ν the total current Ix in x-direction is obtained with
∆Ix (∆V ) =

Zy2
y1

dy jx (y) = −ν

e2
∆V .
h

(2.17)

Obviously, the current depends only on the absolute voltage drop between y1 and y2 but
not on the details of the electrostatic potential variation in between both points.
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Quantum Hall Effect
The quantum Hall effect manifests itself by the formation of plateaus in the Hall resistance
in certain magnetic field regimes with simultaneously vanishing longitudinal resistance
along the 2DES, as shown in figure 3.1. It requires large magnetic flux densities of several
Tesla and low temperatures of a few Kelvin in order to be observed. The Hall resistance
plateaus, connected to
Rxy =

h
,
i e2

(3.1)

(with i ∈ N), were discovered by K. von Klitzing1 in 1980 [55]. The quantization relies on
natural constants and is independent of the host material for the 2DES. In comparison of
equation (2.5) with (3.1) the Hall resistance with the quantized values are only expected
for certain ratios of
e
ns
=i ,
B
h

(3.2)

that matches exactly the definition in equation (2.12) for i = int(ν), id est the filling
factor has to take integer values.
With increasing quality of the 2DES carrier mobility and for even lower temperatures
also fractional numbers f = p/q for ν with p = 1, 2, 3, ... and q = 3, 5, 7 have been
found2 [97]. However, there are some exceptions with an even denominator, with f = 5/2
and f = 7/2 as the most prominent factors.

3.1 Present Picture of the Quantum Hall Effect
The microscopic properties of the 2DES are determined by the electron-electron interaction and the capability of the charge carriers to screen an electrostatic potential gradient
by redistributing themselves. These interactions, considered in a self-consistent model,
lead to the present macroscopic picture of the quantum Hall effect.
1
2

Nobel price in 1985.
Nobel price in 1998 for H. L. Störmer, D. Tsui and R. B. Laughlin
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Figure 3.1

Transport measurements of a 2DES in a Hall bar geometry showing both the
longitudinal and transversal resistance as a function of a perpendicularly applied magnetic field. Reprinted from [112] by permission of the Royal Society,
copyright (2011).

Electrostatic screening inherently gains a large significance at the edge of the 2DES
where the electron density reduces from the bulk value to zero over a typical length scale
of a micrometer [112]. A change in the charge carrier density can arise due to various
reasons, amongst others by metal gates giving rise to a full or partial depletion in the
2DES, by a physical edge or by the inhomogeneous ionized donor concentration in the
heterostructure. For the microscopic picture of the quantum Hall effect an important
parameter is the electro-chemical potential of the 2DES with
µelch (r) = µch (r) − eφ(r) ,

(3.3)

composed of the sum of the chemical potential µch and the electrostatic energy −eφ. The
first contribution is the amount of chemical energy required to add or remove an electron
while the latter is the electrostatic contribution to the energy of an electron. In equilibrium
the electro-chemical potential is a constant for the 2DES. Nevertheless, changes in the
carrier density and electrostatics can be present thereby shifting the weighting of the two
components with respect to each other. For large magnetic fields, the presence of Landau
18
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levels strongly affects the behavior of the chemical potential with the discretized density
of states in the two-dimensional system. A self-consistent local Thomas-Fermi approximation was used by R. R. Gerhardts and coworkers [65, 79, 35, 93] in order to calculate the
electron density in thermodynamic equilibrium by assuming a constant electro-chemical
potential by
ns (r) =

Z

D(ε) · fFD (ε − µelch (r) + eφ(r)) dε ,

(3.4)

where D(ε) is the density of states from equation (2.11) and fFD is the Fermi-Dirac
distribution function. One uses the Poisson equation to relate the local electrostatic
potential φ(r) with the local electron density ns (r). Boundary conditions of the device
are added. From both the electrostatic and the chemical potential, the electron density
is determined and the latter is then used to determine again the electrostatic energy and
chemical potential in the next loop. This approach further allows to introduce a local
Ohm’s law in the iterative loop and thereby describes an out-of-equilibrium situation
under an applied bias [93]. They found for finite magnetic fields two neighboring regimes
of different character in the 2DES, illustrated in figure 3.2, which are described in the
following:
• Compressible Strips:
At a certain distance from the physical edge, the electron density starts to rise. In
this region the Landau level is pinned to the Fermi energy. This allows an easy
redistribution of charge carriers to screen electrostatic potential gradients resulting
in a flat electrostatic potential while the chemical potential increases smoothly. In a
sense these regions show metallic behavior, that can be characterized by the (inverse)
compressibility [25]
κ−1 = n2s

∂µch
,
∂ns

(3.5)

that describes the capability of adding particles to the system. For these regions the
compressibility is finite and they are denoted as compressible. Moving even further
into the bulk of the 2DES, the lowest Landau level is completely occupied and
decreases in energy. The next following higher Landau level approaches the Fermi
level, becomes pinned as they intersect and is filled by electrons. This evolution
continues with all higher Landau levels until the filling factor of the bulk is reached.
• Incompressible Strips:
The areas of the 2DES in between the compressible regions have (at zero temperature) either fully occupied or empty Landau levels. These regions behave incompressible, id est the electron concentration remains constant with completely
filled Landau levels. The Fermi level is lying between the topmost filled and the
next empty Landau level. Any electrostatic potential variation can therefore not be
screened by rearranging electrons at the Fermi level in these areas and there will be
no current due to an applied electric field aligned in the direction of the field itself.
These region behave at first glance - no states at the Fermi energy - as an insulator.
The position and width the compressible and incompressible strips can be estimated
if the carrier density is known for zero magnetic field [16]. Both depends on the total
magnetic flux density applied perpendicularly to the 2DES. In order to be occupied by
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Sketch of the Landau levels at the edge of a 2DES. Due to electrostatic screening compressible (dark blue) and incompressible strips (light blue) are present.
Occupied states are drawn as solid black dots, unoccupied as white dots and
partially filled as half-filled dots, respectively.

electrons the width of the incompressible strip has to exceed the spatial extension of the
wave function (magnetic length), see equation (2.9).

3.2 Current Distribution in the Two-Dimensional
Electron System under Quantum Hall Conditions
In presence of an electric field the Landau levels tilt. This tilt causes a continuous drift of
all states in perpendicular direction to both the electric and magnetic field, as discussed in
chapter 2.3.2. Electrostatics potential gradients naturally arise due to the screening at the
edge including incompressible strips. As seen from equation (2.17) the integral current
is independent of the progression of the electrostatic potential drop across the device.
A cross-cut through a Hall bar showing the potential and current distribution around
an integer filling factor is displayed in figure 3.3a for an equilibrium situation. Local
currents densities in the incompressible region encircle the adjacent compressible regions
as a persistent current. In equilibrium however, integrating over the current density for
the entire cross-cut of the device yields zero current. This is due to the fact that the
current densities belonging to the different edges of the device are orientated in opposite
directions. The cancellation of a net current is also present for local fluctuations changing
the compressibility within the bulk of the 2DES. Out of equilibrium with an applied bias
the Hall voltage is superimposed to the local electric fields in the incompressible strips
while the compressible areas will perfectly screen the external potential, as it is displayed
in figure 3.3b. In comparison with equilibrium, a steeper drop in the Landau levels on
one sample edge emerges while simultaneously the drop at the other is reduced which in
turns enhances, respectively reduces the local current density in the incompressible strips.
20

3.2 Current Distribution in the Two-Dimensional Electron System under Quantum Hall
Conditions
E

Landau level


elch

V


elch

ħc
y
x

(a)
Figure 3.3

(b)

Sketch of Landau level 2DES in a cross-section through a Hall bar device
alongside with the local current densities in the incompressible strips (black
arrows in light blue shaded areas). (a) Equilibrium condition: The current
densities (black arrows) are opposite in direction and cancel out. (b) Out
of equilibrium with an applied bias V : The current densities are enhanced
respectively reduced by the change of slope in the electrostatic potential of
the incompressible strips. A net current (red arrows) is obtained in both strips
flowing in the same direction.

The integration over the entire cross-cut of the device results in a net current with
I=

e2
int(νbulk ) VH ,
h

(3.6)

where VH is the Hall voltage. The external current passes the device in the incompressible
strips with contributions from both edges with a net current in the same direction on
both edges. Any local variation in the compressible and incompressible landscape will
shift the current density locally, but the integral relation is maintained.
Although for a quantum Hall plateau the longitudinal resistance vanishes and the external current is passed along the device with zero dissipation within the incompressible
strips, it does not exclude dissipation in the device in total. The electrical power RH I 2
is dissipated at the entry points of the current near the injecting Ohmic contacts to the
2DES. These dissipative regions are denoted as hot spots [54]. In two-terminal measurements, using the current injecting contacts, the resistance3 of the Hall bar is comparatively
as large as the Hall resistance measured in a four-terminal configuration.
The current distribution in the 2DES in the quantum Hall regime for an applied bias
was determined experimentally with scanning probe techniques, id est by P. Weitz et
al. [114]. This technique is capable to determine the Hall potential profile in a device
under quantum Hall conditions and allows to deduce the current distribution within. The
self-consistent description of the 2DES with the compressible and incompressible regions
is in good agreement with these experimental results [3].
3

It is affected for instance by the serial resistance of the Ohmic contacts to the 2DES.
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3.3 Evolution of Electrically Compressible and
Incompressible Strips in the Two-Dimensional
Electron System with Magnetic Field
The position and width of the compressible and incompressible strips depends on the
magnetic field strength the 2DES is exposed to. The evolution of the compressible and
incompressible strips in a 2DES ranging in the magnetic field over a quantum Hall plateau
is sketched in figure 3.4. Starting out from a non-quantized resistance on the low magnetic
field side, the 2DES is fully compressible (dark blue). On entering the plateau from the
lower magnetic field side incompressible strips (light blue) form at the edges that are connected throughout the device. They carry both a persistent current around the device as
well as a superimposed external current. The Hall voltage drop occurs across the incompressible strips at the edges while the sample center remains compressible. This quantum
Hall effect regime is therefore referred to as edge-enabled. Increasing the magnetic flux
density further the incompressible areas widen until they merge and expand over the bulk
of device. Long range potential fluctuations and inhomogeneities in the bulk can still lead
to the formation of compressible droplets in the bulk of the 2DES. This regime is referred
to as disorder dominated. At the upper end of the Hall resistance plateau the incompressible bulk shrinks until the 2DES turns fully compressible again and the quantization
breaks down. An applied current enters the 2DES via hot spots (bright ivory) near the
injecting Ohmic contacts. The potential of the source (red) and drain (green) contact is
present all along the outermost compressible strip at the edge of the device.
In summary, in the microscopic picture of the quantum Hall effect, the 2DES features
regions of electrical compressible and incompressible strips. Their distribution and width
depends on the local filling factors present in the 2DES, that in turn is determined by the
magnetic flux density and the electron density. The quantized Hall resistance arises from
the fact that the Hall voltage drops over the incompressible strips connected through the
Hall bar with a locally integer filling factor. These incompressible strips carry the Hall
current, without being affected by dissipation themselves. In contrast, the compressible
strips in the quantum Hall regime will only mediate their potential value. The quantization condition in between two quantum Hall plateaus breaks down as there is scattering
in between the compressible edges of the 2DES in the Hall bar.
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The evolution of compressible and incompressible areas in the 2DES in equilibrium over a quantum Hall plateau. Before entering the quantized plateau
on the low magnetic field side the bulk of the 2DES is fully compressible (dark
blue). On entering the quantized plateau at the low magnetic field side well
pronounced incompressible strips are present near the edges of the device and
in front of the Ohmic contacts while the bulk remains compressible. With
increasing magnetic field the width of the incompressible strip grows and the
bulk turns incompressible. For the large magnetic field range of the plateau
the landscape is dominated by disorder in the 2DES leading to compressible droplets in the mainly incompressible bulk of the 2DES. To the upper
end of the plateau at large magnetic field the incompressible region shrinks
again. As the bulk returns to be fully compressible the conductance becomes
non-quantized again. Adopted from [112] by permission of the Royal Society,
copyright (2011).
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4

Basics of Quantum Point Contacts
and Quantum Dots
This chapter describes the basic characteristics of quantum point contacts and quantum
dots. After a short sketch of the techniques used to fabricate these, first the quantum
point contact leading to a quantization in the conductance followed by quantum dots
leading to single-electron charging are described. The description of the quantum dots is
based on a phenomenological model sufficiently describing electrical transport measurements.
Common to both elements discussed here is a further confinement of the electrons in the
2DES to the range of the Fermi wavelength. This can be achieved by simple geometrical
pattering. Basically two different fabrications techniques, as sketched in figure 4.1, can be
utilized. In the first method, material of the heterostructure is partly removed, mechanically dissolving the 2DES permanently. While this technique is robust, it lacks a versatile
tuning ability. The second method uses negatively biased metallic top-gate to electrostatically deplete the 2DES. This method allows in general more elaborate gate patterns
including three-dimensional structures and offers the reversibility of the depletion, if the
voltages applied to the gates are set back to zero.

4.1 Quantum Point Contacts
A quantum point contact (QPC) is a narrow constriction introducing a spatial restriction
in the charge carrier movement in between two conducting regions without being restrictive. A schematic illustration using two metal top-gates is displayed in figure 4.2a. First
experimental results on quantum point contacts were reported in 1988 by B. J. van Wees
et al. [106] and D. A. Wharam [115]. If the width of the constriction is of the order of
the Fermi wavelength, a quasi one-dimensional conducting channel forms and the conductance values becomes quantized.
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heterostructure

Heterostructure with a 2DES (red) below the wafer surface. A depletion in the
2DES can arise either by mechanically removing partially the wafer material
or by electrostatic depletion via metal top-gates.

4.1.1 Conductance Quantization
In figure 4.2b the measured two-terminal conductance through a quantum point contact
is displayed as a function of the voltage applied to the top-gates. By applying a more
negative gate voltage the width of the conducting channel reduces and the conductance
drops in a step-like fashion with ∆I/VDS = 2 e2 /h. Here, starting from a pinched-off
channel at the left hand side of the gate voltage axis, three small plateaus with a quantized
conductance turning to a non-quantized conductance in the more positive gate voltage
limit are observed (red trace).
In an ideal case and for sufficiently low temperatures the constriction of the quantum
point contact can be considered as a wave guide connecting both reservoirs on either
side, each in thermal equilibrium but with a finite source-drain voltage VDS applied between them. Within the constriction only certain discrete energy sub-bands N ∈ N can
contribute to the electric transport [101], each carrying an equally distributed amount
of current IN = e2 /h VDS given by the product of the Fermi velocity and the density of
states [105]. The conductance through the point contact is obtained by the summation
over all contributing modes [24]
G=

I
2e2
2e2
=
Tr(t† t) ≈
N,
VDS
h
h

(4.1)

which is a special limit of Landauer’s formula [63] containing the transmission matrix
elements t. The conductance can only take an integer multiple N of the elementary
conductance quantum 2 e2 /h, with the factor of two due to the electron spin degeneracy. The integer number of modes is determined by the width of the constriction, that
can be tuned by the gate voltage. In consequence, the conductance changes in steps of
∆I/VDS = 2 e2 /h. The number of observed steps thereby depends on the boundary conditions of the system. The quantized conductance value of the quantum point contact
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(a) Schematic layout of a quantum point contact as a constriction with
length L and width W , respectively. The bias applied to metal gates (yellow)
allows to tune the width of the constriction. (b) Two-terminal conductance
for B = 0 T (red) and for B = 2.8 T (blue). The difference in the quantized
conductance values changes from ∆I/VDS = 2 e2 /h at zero magnetic field to
∆I/VDS = 1 e2 /h in the presence of the quantum Hall effect at large magnetic
fields. The gate voltage axis corresponds to the blue trace, while the red is
shifted for a better visibility. Data are taken at T = 50 mK with two different
devices.

is being determined by the details of the potential in the constriction region and series
resistances. It may thus not be particular accurate in comparison with the conductance
values obtained for the quantum Hall effect. Deviations within the range of 10% of the
quantized conductance values can still be considered as good [24].

4.1.2 Quantum Point Contacts in Magnetic Fields
During the course of this work, quantum point contacts will be used at magnetic fields
in the regime of the quantum Hall effect. With a magnetic field of B = 2.8 T the steps
in between the quantized conductance values reduce to ∆I/VDS = 1 e2 /h, see blue trace
in figure 4.2b. The conductance plateaus feature a larger extend on the gate voltage
axis in combination with a more precise quantized value as compared with the data for
zero magnetic field (red). Here, the conductance quantization is no longer determined
by a certain number of allowed modes. Instead, the quantum point contact has to be
considered as a narrow constriction within the Hall bar, that alters the evolution of the
compressible and incompressible strips. The width of the constriction and the charge
carrier gradient determine pattern of compressible and incompressible strips within, that
will without loss of generality deviates from the compressible and incompressible pattern
present in the bulk of the leads. In consequence, the two-point conductance across the
quantum point contact results from the quantum Hall effect and depends on the local
filling factor of the incompressible strip going through the narrow constriction.
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4.2 Quantum Dots
A quantum dot (QD) is in general a three-dimensional box confining the free carrier motion in all dimensions. In a 2DES the quantum dot1 is created by patterning the 2DES
such that a small region of appropriate size is separated from the 2DES acting as source
and drain electron reservoirs. A typical diameter of the quantum dots examined in this
work is of the order of d ≈ 120 nm. A schematic representation using metal top-gates is
sketched in figure 4.3a. Tunneling barriers between the quantum dot and the reservoir
allow the exchange of electrons between the quantum dot and the reservoirs. In consequence of the three-dimensional confinement a discretized energy spectrum is present
on the quantum dot, that can be accessed experimentally. With the discretized energies a quantum dot is often compared to an artificial atom. However, it is to note that
the energy spectrum depends on the details of the confining potential, yielding a unique
spectrum for each and every device and has to be determined individually in experiments.
Tuning the voltage applied to the top-gates defining the quantum dot allows to observe
distinct peaks in the two-terminal conductance with a zero conductance value in between,
as displayed in figure 4.3b. These resonances are not caused by the discretized energy
spectrum of the quantum dot alone, but arise from the electron-electron interaction. The
suppression of the electrical current is referred to as the Coulomb-blockade.
1

There are also different realizations of quantum dots, such as colloidal semi-conductor quantum dots [86]
and self-assembled quantum dots [73].
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(a) In combination with several gates a small area can be separated from the
2DES. Tunneling barriers allow the exchange of electrons with the reservoirs
(black arrows). (b) Two-terminal conductance at B = 6.6 T as a function
of the plunger gate voltage of the quantum dot. Single-electron tunneling
peaks with a finite conductance and valleys with a zero conductance value are
obtained, also denoted as Coulomb-blockade oscillations. Data are taken at
T = 50 mK with a source-drain bias of VDS = 10 µV.
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Energy diagram of the quantum dot illustrating the single-electron charging
thresholds thereby omitting the single-particle energy eigenstates. The charging energy EC is required to either add or remove an electron to and from
the quantum dot, respectively. The spacing of two charging thresholds yields
twice the charging energy. In this state the quantum dot is in the regime of
Coulomb-blockade.

A heuristic capacitive model can be used to describe the Coulomb-blockade effect and
the single-electron tunneling peaks observed experimentally. For a weak tunnel coupling
of the quantum dot to the surroundings leads one can consider the electrons in the 2DES
either to be fully localized on the dot or in the leads, respectively. Changing the number
of electrons confined on the quantum dot by either adding or removing a single charge requires, due to the electron-electron interactions within the quantum dot, a certain amount
of energy
EC =

e2
,
2CΣ

(4.2)

denoted as the single-electron charging energy2 , with the total electrostatic capacitance
of the quantum dot CΣ and the electron charge e. If this energy cannot be provided by
the system, for instance by a sufficient low thermal energy kB T < EC , electrical transport
is blocked. This state is denoted as Coulomb-blockade. A series of charging thresholds
in energy is present, that have to be overcome in order to add electrons to the quantum
dot. A schematic illustration of this ladder of threshold values in energy is displayed in
figure 4.4. If the charging-energy is provided by the system, a single electron can enter the
quantum dot from the reservoirs and leave it again and thus enables electrical transport.
A double occupation with more than one electron is suppressed by the electron-electron
interaction. In consequence, current through the quantum dot consists of sequential tunneling events of single electrons, denoting the peaks in the conductance as single-electron
tunneling peaks.
This basic model is in qualitative good agreement with large quantum dots that feature
an equidistant spacing of the charging thresholds, denoted as the metallic limit. For small
2

Sometimes an alternative definition with EC =

e2
CΣ

can be found.
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quantum dots however, the single-particle energies gain a large significance, resulting in a
non-equidistant spacing of the charging thresholds [98]. Here, the confinement potential
alters significantly with the number of confined electrons and so does the spectrum of the
single-particle energies in the confinement potential. The quantum dots examined in this
work range in between both limits, where the influence of the single particle energies can
be observed from the non-equidistant single-electron tunneling peaks in figure 4.3b, but
it is not the dominant effect in the transport measurements.

4.2.1 Electrical Transport Through a Single Quantum Dot
In order to enable electrical transport through quantum dots, the Coulomb-blockade has
to be lifted. This can be achieved by tuning the electrostatic potential of the quantum dot
via a plunger gate shifting the charging thresholds up or down in energy. Alternatively
by applying a finite source-drain bias between two reservoirs the quantum dot is coupled
to also allows to give rise to a charge exchange from and onto the dot.
The mechanism lifting the Coulomb-blockade for both tuning the gate voltage and the
DC source-drain bias is summarized in figure 4.5. The main panel shows the interplay of
both tuning parameters (charge-stability diagram) with regions of Coulomb-blockade and
adjacent regimes of single-electron tunneling, for which an electron enters the quantum
dot from one reservoir and subsequently leaves to the other depending on the sign of
the voltage bias. Several cross-cuts for either the gate voltage VG or the source-drain
bias VDS are shown, including the corresponding energy ladder diagram and the current
respectively the conductance as a function of the tuning parameter chosen in the cross-cut:
• Single-Electron Tunneling Peaks:
In the vertical cross-cut, tuning the gate voltage at zero source-drain bias yields
a series of single-electron tunneling peaks, displayed in the upper right panel of
the figure. Their spacing on the gate voltage axis is determined by the electrostatic contribution plus the eigenenergy of the state used in the quantum dot. The
conductance can reach a value of I/VDS = 1 e2 /h at the apex of the peak [9].
• Current-Voltage Characteristic:
In the second method for a fixed gate voltage the source-drain bias is detuned, see
panel to the lower right of the figure. The energy difference between the charging
threshold and the electro-chemical potential of the leads reduces with increasing
bias, but the current remains zero in the regime of Coulomb-blockade. At a certain
(0 )
bias value Vth for either bias direction the charging level aligns with the respective
electro-chemical potential of either lead and current can flow. It leads to a non-linear
current-voltage characteristic varying with the gate voltage.
The combination of both tuning parameter limits the regime of the Coulomb-blockade,
leading to the diagram in the main panel of the figure. The central yellow almost rhombic
shaped areas are the regime of Coulomb-blockade with a fixed number of electrons confined
on the quantum dot. For an increasing bias value the energy difference needed to be tuned
by the plunger gate of the quantum dot reduces, defining the boundary of the Coulombblockade regime in the interplay of both parameters. From the extremal extension of
the Coulomb-diamond on both the DC source-drain bias and the gate voltage axis one
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Electrical transport through a quantum dot for the interplay of the sourcedrain bias and the plunger gate voltage (charge-stability diagram). Line-cuts
in the source-drain bias at different gate voltage settings on the right hand
side illustrate the non-linear current-voltage characteristic. Another line-cut
along the gate voltage axis is displayed for zero bias that features a series of
single-electron tunneling peaks. The ground-state charging thresholds of the
quantum dot define the regime of Coulomb-blockade (yellow) in the chargestability diagram. In the adjacent regime the fluctuations between N ↔ N +1
electrons on the quantum dot are energetically allowed. In addition to the
ground-state, excited states can be present in the confining potential of the
quantum dot, leading to additional lines in the charge-stability diagram.
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obtains [113]
|VDS | =
|VG | =

e
CΣ
e
.
CG

and

(4.3)
(4.4)

It allows to calculate the charging energy and the conversion factor for a gate voltage shift
as resulting shift of the electrostatic potential of the quantum dot. In the neighboring
areas (light red and blue) for a positive and negative source-drain bias, respectively, a
fluctuation by one electron is energetically allowed.
The electrical transport through a quantum dot structure used in this work, obtained
for the interplay of both the plunger gate voltage and the DC source-drain bias, is displayed in figure 4.6. In the upper panel of the figure the DC current data is displayed,
while the lower displays the differential conductance dI/dVDS acquired simultaneously. In
total five Coulomb-diamonds are present showing zero current or a zero differential conductance, respectively. Their border line becomes blurry as the gate voltage is increased
to a more positive value thereby increasing the tunnel coupling strength of the dot to the
leads. For a weak tunnel coupling strength at a more negative gate voltage the sharp
diamond shape is recovered. From the largest Coulomb-diamond in the plot the charging
energy of the quantum dot is determined with EC = 1 meV. The shape of the diamond
also reflects the symmetry of the tunneling barriers to either reservoir, id est for a regular
diamond shape as obtained here, the strength of the tunnel coupling to both the source
and the drain reservoir is similar. In addition to the ground-state transition defining the
Coulomb-diamonds, excited states are present leading to steps in the current-data and to
peaks in the differential conductance map in the regimes of single-electron tunneling.
In summary, tuning both the source-drain bias and the plunger gate voltage allows
to extract valuable information about the quantum dot, such as the charging energy.
However, it is evident that the pure electrostatic model fails to comprise all interactions
present in a real device, but catches reasonably well the experimental observations in
the electric transport. The electrons on the dot have rather to be considered as an
interacting many-electron system in the confinement potential. But already in the simple
consideration of a harmonic trapping potential the addition of a surplus electron results in
a rich spectrum of ground and excited states due to the electron-electron interaction that
increases in complexity with an increasing number of confined electrons [84]. However, the
exact shape of the confinement potential plays a minor role in transport measurements
which can sufficiently be characterized by the charging thresholds as the difference in
energy required to add or remove an electron to the ground state of the system. Additional
transitions of charges were observed in small quantum dots that can be attributed to
excited states in the confinement potential [111, 113]. These form additional charging
thresholds that can be used to both add or remove an electron to or from the quantum
dot, respectively. One has to note that a ground and excited state belonging to the same
number of electrons confined on the dot cannot be occupied simultaneously, prohibited
by the Coulomb-blockade effect.
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Figure 4.6

Electrical transport data of a quantum dot for the interplay of the source-drain
bias and the plunger gate voltage (charge-stability diagram). (a) Current
flowing through the quantum dot. (b) Differential conductance of (a) with
dI/dVDS obtained via lock-in technique with a small AC modulation applied
to the source-drain bias. Symmetric diamond shaped regions of Coulombblockade are obtained. In addition, a fair amount of excited states is present in
the regime of single-electron tunneling. The charging energy of the quantum
dot yields EC = 1 meV. Taken at base temperature of T = 50 mK in the
cryostat.

33

4 Basics of Quantum Point Contacts and Quantum Dots

4.2.2 Kondo Effect in a Quantum Dot System
In the presence of a spin-degenerate charging threshold of a quantum dot another mechanism, the Kondo effect, can be present lifting the Coulomb-blockade. It is referred to
as Kondo effect due to similarities to the resistivity changes found in metals with dilute
magnetic impurities [108, 60].
In case of a two-fold degenerate charging threshold, an electron with either spin up or
spin down can occupy the quantum dot. A simultaneous occupation with two electrons
of both spin orientations is suppressed by the charging energy. However, the spin of the
electron on the quantum dot can virtually swap by exchanging the confined electron on
the quantum dot with an electron from the leads with opposite spin orientation. In consequence, a many-body spin singlet state is formed [31], as displayed in figure 4.7a. This
gives rise to a finite conductance, even in the presence of the charging energy and a constant number of electrons confined on the quantum dot [20]. It leads to an effective narrow
peak in the density of states pinned at the electro-chemical potential of the leads [58], as
displayed in figure 4.7b. In consequence, the Coulomb-blockade is lifted independent of
the relative position of the charging threshold of the quantum dot to the electro-chemical
potential of the leads. A narrow differential conductance peak at zero source-drain bias
voltage is present on the source-drain voltage axis in between any two single-electron tunneling peaks on the gate voltage axis where the requirement of the two-fold degenerate
level is met [116], see figure 4.7c. In an ideal case, the tunneling barriers should be completely transparent yielding a conductance value of I/VDS = 2 e2 /h [76, 30, 116, 104]. The
Kondo effect can only be observed, if the thermal energy lies below a certain threshold,
denoted as the Kondo temperature kB TK . The Kondo temperature is proportional to the
linewidth Γ of the conductance peak [20, 58]
√
(4.5)
TK ∝ U Γe−π(µ−ε)/2Γ .
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(a) A quantum dot with a spin-degenerate level. The electron on the dot couples to electrons of opposite spin in the leads forming a spin singlet, depicted
by the dotted ellipse. (b) Energy diagram illustrating the effective density of
states pinned to the electro-chemical potential of the leads. (c) Gate voltage
trace in the presence of the Kondo resonance at zero source-drain bias. Despite the Coulomb-blockade, a finite conductance value is obtained, in unitary
limit with I/VDS = 2 e2 /h.
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Differential conductance as a function of the source-drain voltage and the
plunger gate voltage (charge-stability diagram). Kondo resonances at VDS = 0
are visible at zero bias in three adjacent Coulomb-blockade regions. Data are
taken at B = 0 T at the base temperature of the cryostat of T = 150 mK at
the sample site.

Due to the inverse exponential dependence of the Kondo temperature on the tunnel
coupling of the quantum dot to the leads, it is feasible to increase the tunnel coupling to
access the Kondo regime experimentally. Interestingly, the Kondo effect in a quantum dot
and the one obtained in bulk metal show exactly the opposite behavior, with an increase
of the conductance for the first and a decrease for the latter, while both obey the same
logarithmic temperature dependence.
In figure 4.8 the differential conductance for the interplay of the source-drain bias and
the plunger gate voltage (charge-stability diagram) of a single quantum dot of the device structure used in this thesis is displayed. Due to the reduced finite life-time of the
electron confined on the dot the Coulomb-diamonds are smeared out. Within all three
adjacent diamonds a peak of increased conductance at zero source-drain bias VDS is obtained. The unitary limit of the Kondo resonance with I/VDS = 2e2 /h is not reached as
either the coupling strength of the dots to the leads is too low or system temperature too
high. The occurrence of the Kondo resonance is expected to alter between two adjacent
Coulomb-blockade regions with a different occupation number of electrons as an effect
of an odd-even transition with spin-pairing for the electrons on the quantum dot taking
place, reported for instance in [31]. However, a possible orbital degeneracy of the underlying quantum mechanical energy levels of the quantum dot as well as correlations effect
due to the electron-electron interaction are omitted. By taking these into account [85]
the simple odd-even degeneracy of the N -electron ground state cannot be expected and
Hund’s rule for occupation applies. This covers the occurrence of the Kondo resonance in
adjacent Coulomb-blocked regions like it is observed in figure 4.8 and in other experiments
in literature [90].
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In summary, the formation of a Kondo resonance lifts the Coulomb-blockade and yields
a finite conductance value at zero source-drain bias. The presence of an effect relying on a
two-fold degenerate spin level might pose an interesting operating regime for the two-path
arrangement the quantum dots are embedded into.

4.2.3 Quantum Dot Systems in Magnetic Fields
In this final section, the observations in the electrical transport made in quantum dots
operated at magnetic field strengths required to observe the quantum Hall effect are discussed.
The conductance of a quantum dot in the presence of the quantum Hall effect is displayed in figure 4.9 for the interplay of the magnetic flux density and the plunger gate
voltage. The quantum dot is tuned to a regime of a strong tunnel coupling to the leads.
The graph features a regular checkerboard pattern with alternating regions of larger and
smaller conductance values. The differential conductance as a function of the source-drain
bias versus the combined trace in the plunger gate voltage and the magnetic field marked
by the solid black line in the graph is displayed in figure 4.9b. Three Coulomb-diamonds
in the interplay of the source-drain bias and the gate voltage are obtained, but they are
smeared out due to the strong tunnel coupling of the dot to the leads. The region with
the enlarged conductance value in figure 4.9a thereby shows two peaks in the differential
conductance shifted symmetrically to zero bias. The splitting of the peaks in the sourcedrain bias corresponds to the Zeeman energy for the value of the magnetic flux density
around B = 2 T. In the neighboring Coulomb-diamonds this feature is absent.
The 2DES of the leads as well as in the quantum dot region itself are both composed of
compressible and incompressible strips in the presence of the quantum Hall effect at large
magnetic fields. For a quantum dot the alternation of compressible and incompressible
strips forms a ’dot-in-dot’ arrangement [72], as it is sketched in figure 4.10. The compressible strip of the lowest Landau level thereby forms the outer perimeter of the dot while
regions with higher filling factors are present in the center of the dot, each separated by
an incompressible strip in between. The configurations 1 to 6 marked in the figure are
exemplary illustrated by the respective numerals in figure 4.9a. Generally the value for
the filling factors present in the dot will be smaller than compared with the value of the
filling factors found in the bulk of the leads. The tunnel coupling of the dot to the leads
occurs mainly to the outermost compressible strip due to a closer spatial distance.
With an unpaired electron spin in any compressible strip, the Kondo effect can occur in
principle in any of these strips. As the outermost compressible strip features the strongest
tunnel coupling it thus yields the highest Kondo temperature of all compressible regions
present in the quantum dot. In presence of the quantum Hall regime the total spin in the
compressible region of the perimeter of the dot can be altered in two ways:
• Changing the Occupation Number:
In the first method the total number of electrons confined on the quantum dot
changes by tuning the electrostatic potential of the quantum dot via the plunger
gate voltage.
• Magnetic Field:
In the second mechanism the increase of the magnetic flux density increases the
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(a) Conductance for the interplay of plunger gate voltage of the quantum dot
versus the magnetic field within the regime of the quantum Hall effect. A distorted checkerboard pattern of enhanced conductance due to the Kondo effect
is present. The depicted configurations 1 to 6 match the respective ones
displayed in figure 4.10. Data taken at VDS = 25 µV. (b) Differential conductance as a function of the source-drain voltage and the plunger gate voltage
taken along the black solid line marked in a). A fully developed Zeeman splitting of the Kondo resonance is obtained in comparison with figure 4.8. Data
taken in the range of B = 2 T.
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Schematic view of the electron density profile of the quantum dot in the selfconsistent Thomas-Fermi approximation. The quantum dot, like the 2DES
in the bulk of the leads, is composed of compressible and incompressible
strips. With an unpaired electron spin in any compressible strip the Kondo
effect can be present. However, with the strongest tunnel coupling of the
outer compressible perimeter of the dot to the leads it has the highest Kondo
temperature. The Kondo effect is most likely to be only present there. With
the spin-configuration changing as either the degeneracy of the Landau levels
increases alongside with the magnetic field or as the dot occupation with the
gate voltage changes a regular checkerboard pattern of Kondo resonances
can be present.

degeneracy of the Landau level and by adding a flux quantum to the dot an electron
from the center of the dot is redistributed to the edge of the quantum dot. The
total number of confined electrons on the quantum remains unchanged.
In consequence, in the interplay of both methods a regular switching between paired and
an unpaired spins is present. It leads to a pattern of high and low conductance values due
to the alternating presence of a Kondo resonances in the interplay of the magnetic field
and the plunger gate voltage as seen in figure 4.9a for a sufficient strong tunnel coupling
or a sufficient low working temperature, respectively. This pattern is generally referred
to as the Kondo checkerboard [52].
In summary, tuning the quantum dot in the regime of the quantum Hall effect offers
an elegant possibility to explicitly include or exclude the Kondo resonances relying on the
spin-configuration present in the quantum dot.
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5

Device and Measurement Set-up
This chapter gives a description of the device and the measurement set-up used in this
thesis. At first the working principle and the fabrication process of the device structure
are illustrated. In the second part the measurement set-up is described. This covers the
cryogenic environment as well as the electronic measurement set-up.

5.1 Design Goals for the Device
The aim of the thesis is to investigate electrical transport through two quantum dots in a
parallel arrangement. Both quantum dots thereby share the same leads, denoted as source
and drain, defining the two-path arrangement. A geometry of an open system is chosen,
with the leads expanding freely to each side of a quantum dot. The direct electrostatic
interaction between the dots should be negligible. The device concept is intended to offer
high versatility:
• Changing Functionality:
The gates defining the quantum dots shall be patterned such, that one can change
the functionality of the quantum dot to a quantum point contact instead. This
allows to investigate the electrical transport through a single quantum dot with a
reference channel in parallel as well as through two parallel quantum point contacts,
as tunable constrictions.
• In-situ Tunability:
One of the key features is to tune a depletion area in between the quantum dots
in-situ via a gate structure. This avoids on one hand statistics taken from different
cool downs of slightly geometrical modified devices. On the second hand is allows to
investigate in-situ the electrical transport for a changing effective distance between
the quantum dots in the leads.
To meet the prior defined requirements the device layout shown in figure 5.1 was developed. The basis is a (Al,Ga)As/GaAs heterostructure with a two-dimensional electron
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Figure 5.1

A top view true to scale design sketch of the device. The 2DES of the heterostructure is buried some tenth of nanometers below the surface. The center
area of a bright ivory color is etched down below the 2DES level. Metal splitgates, marked in yellow, are used to define quantum dots or quantum point
contacts. A metal air-bridge structure highlighted in ocher color provides electrical connection to the side-gates at the groove in diagonal direction. Gates
set to a negative bias cause a depletion in the 2DES underneath and around
it, as indicated by the areas marked in gray color.

system (2DES) buried some tenth of nanometers below the surface. In the center, a rectangular groove (light ivory color) is etched into the substrate down below the level of
the 2DES which thereby is removed. At the short side of the rectangle the two quantum
dots shall be defined. The groove therefore expands at those sides into two small vertical
trenches. The extensions are countered by three metal top-gate electrodes each (yellow
color). With a bias voltage applied, the split-gates will electrostatically deplete the 2DES
underneath (areas marked in gray color). The outermost split-gates are situated vis-àvis to the trenches of the groove and form the tunneling barriers of the quantum dots.
The middle gate is shorter in length and serves as plunger gate to shift the electrostatic
potential of the respective quantum dot. The heterogeneous approach of etching and
metal top-gates allows to use the advantages of both techniques. While the etched groove
strongly reduces the direct electrostatic interaction of both quantum dots nearby, the splitgates allow both a precise tuning and small quantum dot structures below d < 100 nm
in diameter. At the long sides of the rectangular groove a metal pad (yellow color) is
deposited reaching over its edge. This gate is denoted as side-gate in the following. It is
countered in horizontal direction by a finger-gate and on the diagonal by a larger second
quadratic pad. The horizontal finger-gate can be used to separate the upper from the
lower part in the device plane, but it is usually not biased and the 2DES underneath is
not depleted. The quadratic pad serves as foundation for a metal bridge (ocher color) to
the side-gates. The air-bridge structure allows to apply a voltage to the side-gates, and
thus to tune the depletion underneath it, without depleting the 2DES below the bridge
itself.
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5.2 Device Working Principle
The metal split-gates provide a large degree in flexibility of the operational modes of
the device. With no bias applied to the gate electrodes the 2DES underneath will not
be depleted. This offers the possibility by using just a single out of the three vertical
finger-gates countering the etched groove to create a quantum point contact rather than
a quantum dot.

5.2 Device Working Principle
Two contact terminals to the 2DES are situated on the right and left hand side of the
device serving as source and drain contact, respectively. The combination of the etched
groove with the metal top-gates set to a negative bias forms two parallel constrictions
where the electrons transverse the device. The influence of this two-path arrangement
on the electric transport properties shall be studied by a variable Aharonov-Bohm phase
introduced by a magnetic field applied perpendicularly to the 2DES.
The operational situation of the device with the split-gates set to a negative voltage
and with two connections to the 2DES is shown in figure 5.2a. The air-bridge structures
are not drawn for a better lucidity. Inside the constriction of the device two quantum
dots (dark blue ellipses) reside that are tunnel coupled to both the common source and
drain reservoir on either side. The side-gates deplete the 2DES underneath them. The
electric transport through the device can only occur by single-electron tunneling via the
quantum dots. The Coulomb repulsion prohibits that each quantum dot is occupied by
more than one electron that contributes to the transport. In consequence single-particle
contributions become a dominant feature. The two parallel quantum dots mimic a doubleslit experiment for single electrons in a solid state device. In the quantum mechanical
consideration the electron passes either quantum dot with a certain probability amplitude
and they will interfere with their own partial waves as they pass the arrangement. The
discrete tunneling events should give rise to an interference contribution that is observable
in the electrical current as an ensemble averaged value over many single tunneling events.
But unlike the interference fringes seen on a screen in an optical interference experiment,
here the electrical current in the device only gives a single value for a fixed phase relation
determined by the device arrangement. One therefore needs a tunable phase in order to
observe any interference effects.
The measurement set-up allows to apply an out-of-plane magnetic field. This will introduce a tunable phase Φ = B · A in between the two different paths an electron can use
to transverse the device, where B is the magnetic flux density and A the enclosed area
between the two possible paths indicated by the red ellipse in figure 5.2a. The voltage
applied to the side-gates at the etched groove thereby determines the size of the depleted
area underneath in the 2DES. By changing the applied bias to the side-gates the depletion
can be varied in size, as it is shown in figure 5.2b. With a more negative bias the depleted
area increases. This offers the possibility to investigate the influence of the magnetic flux
on the conductance of the device for both parameters independently from each other on
the same device. Changing either parameter of the enclosed magnetic flux should allow
to observe interference patterns in the conductance of the device.
At high magnetic fields the 2DES forms a quantum Hall system. The 2DES is no longer
uniform but decomposed into compressible and incompressible strips. The strip pattern
follows the contour of the depletion areas at the central groove and at the biased metal
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A top view sketch of the device. A magnetic field is applied out of plane.
(a) The Aharonov-Bohm phase Φ = B · A depends on magnetic flux density B
and the effective area A (red ellipse) that is enclosed in between the twopaths available for an electron (black dot). (b) The bias applied to the sidegates defines the depleted area underneath the gates in the 2DES. For a more
negative bias it grows in size.
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Schematic view of the compressible/incompressible strip pattern evolving at
a high magnetic field. Compressible and incompressible strips are marked in
dark and light blue, respectively. The external Hall current IH is indicated by
the black arrows. The compressible strips at the sample edge and the antidot
are (a) spatial fully separated in case of a shallow confinement potential rise
or (b) overlap in case of a steep potential rise. Both cases yield the same
conductance value. Regions of higher filling factors may be present in the bulk
of the leads, but they are not connected throughout the device. This renders
the details of the strip pattern in the leads to be unimportant (shaded area).
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(a) Schematic view of the compressible/incompressible strip pattern evolving
at a high magnetic field. Compressible and incompressible strips are marked
in dark and light blue, respectively. Both quantum dots are tunnel coupled to
the same compressible strips on either side of the device. (b) The compressible
strips act as connection and can be tuned in length with varying depletion
around the central groove.

top-gates, likewise it seams the edges of the Hall bar. An expected distribution of the strip
pattern is displayed in figure 5.3 for the case of only slightly biased vertical split-gates
without the definition of quantum dots. The external Hall current (black arrows) flows
dissipation-less through the incompressible strips (light blue) of the 2DES. The electrochemical potentials of the source and drain contact are carried by the compressible strips
(dark blue) following the top and bottom device edge, respectively. The steepness of
the electrostatic potential at the edge of the device determines whether the compressible
strips are spatially fully separated or merged (compare figures 5.3a and 5.3b). In the
electrical measurement both situations cannot be distinguished from one another as they
yield the same conductance value.
The strip pattern in the 2DES changes with the split-gates defining two quantum dots,
rather than narrow channels, as depicted in figure 5.4a. Here, both quantum dots are
coupled to the same compressible strip in each reservoir, seaming the depleting gates and
etched groove next to the quantum dots. Within each lead, the path along the compressible strip in between the two quantum dots can be thought of as an effective distance
between the dots, that can be tuned in-situ via the side-gates. The stronger the side-gate
deplete the 2DES, the larger is the effective distance electrons have to travel in the compressible strip from one quantum dot before reaching the other, see figure 5.4.
In the electrical transport measurements the current flowing through the device as well
as the differential conductance are investigated with the main focus of attention on the
variation of magnetic flux density and the area change induced by the side-gate voltage.
Furthermore the source-drain bias as well as the temperature dependence are investigated.
I have used all three different operational configurations the device geometry offers: the
combination of two quantum point contacts (chapter 6), the operation mode with two
quantum dots (chapter 7 to chapter 9) and the intermediate combination of a quantum
dot and a quantum point contact (chapter 10).
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5.3 Fabrication Process
The fabrication process is done by conventional semiconductor processing technology. It
consists of seven major processing steps that are divided into two different fabrication techniques. At first a coarse patterning is done using optical lithography. Three processing
steps pattern a Hall bar structure with contacts attached to it into the (Al,Ga)As/GaAs
heterostructure. Due to the limitations in size and accuracy the further treatment is done
by electron beam lithography. The remaining four processing steps pattern the previously
described device structure in the center of the Hall bar device. For convenience, nine devices are patterned in parallel on a single heterostructure piece of 4.5 mm by 4.5 mm in
size. In a final step the wafer is cut into single device structures that are separately
mounted and wire bonded to a chip carrier as it is shown in figure 5.5.
The wafer substrate used is an (Al,Ga)As/GaAs heterostructure grown in house by
M. Hauser from the MBE service group of W. Dietsche and has the internal label #81925.
The layer composition is displayed in chapter A of the appendix. The 2DES resides under the (Al,Ga)As/GaAs heterojunction 70 nm below the surface. It shows a carrier
concentration of n = 3.8 · 1015 m−2 and a mobility of µ = 98 m2 V−1 s−1 measured at a
temperature of 4.2 K in a dark environment. With those values the mean free path is of
the order of lm ≈ 14 µm.

1 mm

Figure 5.5

46

Photograph of a single device device mounted and wire bonded in a chip
carrier.

5.3 Fabrication Process

5.3.1 Optical Lithography
The optical lithography processes patterns the substrate into a Hall bar like structure
with a total of 24 terminals attached to it. The three stacked major processing steps are
summarized in the following. A detailed description of the full optical lithography process
is given in chapter A.1 of the appendix.
An image of a device structure taken by an optical microscope is shown in figure 5.6a.
In the first step, the relief structure of the mesa containing the 2DES is prepared by
wet chemical etching with the mask shown in figure 5.6b. All areas not covered by the
mask are removed and only the remaining elevated part of the wafer still hosts the 2DES.
The second and third step create the terminals to the device. They can be either ohmic
contacts to the 2DES or simple metal top-gates. The terminals count 12 for each type.
An ohmic contact has two neighboring metal top-gates and vice versa. In both cases the
materials are deposited by high vacuum thermal evaporation. In the second step, using
the mask shown in figure 5.6c, the materials for the ohmic contacts are deposited and
subsequently alloyed into the wafer. They are composed of an eutectic of gold, germanium
and nickel. In the third step, prepared by the mask shown in figure 5.6d, the metal topgates and a ring structure are deposited onto the sample. These structures consist of
a layer of gold with a layer of chromium as underlying adhesion promoter. The metal
ring structure surrounding the mesa allows to bundle up several wire connections to any
terminal type as a single one. This concludes the coarse pattering by optical lithography.

5.3.2 Electron Beam Lithography
Further processing of the vital parts of the device center area is done by electron beam
lithography. In total four stacked fabrication steps are required, each with an overlay
accuracy of less than d < 10 nm. The pattering is performed only in the central square
part of the Hall bar, highlighted in figure 5.6a. The complete EBL process is described
in detail in chapter A.2 of the appendix.
A scanning electron micrograph of the active device area is shown in figure 5.7a. In the
first step a marker system, that cannot be seen in the image section, for the alignment of
the following processing steps is created. During the second step the central groove with
finger extensions (light blue areas) is created by reactive ion etching in a gaseous environment. In addition, the region in between the three vertical metal split-gates is removed.
It ensures that the influence of the 2DES in between the gates to both reservoirs or quantum dots, respectively is strongly suppressed1 . The mask used for this step is shown in
figure 5.7d. The depth for the etching process is chosen such that the (Al,Ga)As/GaAs
heterojunction of the wafer is removed. A sectional view through the two finger extensions of the central groove is shown in figure 5.7c. The cross-cut is prepared out of the
substrate by ion milling with a focused gallium ion beam. The dark area resembles the
wafer substrate, while the light part is evaporated metal that is used to make the cutaway
view. It clarifies that the etching depth, even in the small trenches, is lower than the
position of the heterojunction and the 2DES definitely is removed. In the third step the
planar metal top-gates for the quantum dots and the side-gates as well as connector pads
1

In earlier device structures without these areas instabilities of the quantum dots or leakage underneath
the threefold finger-gates were presumed to occur. With the introduction of the additional etched
areas the occurrence of these errors significantly reduced.
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Figure 5.6
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(b)

(d)

(a) Image of a complete device structure taken by an optical microscope.
The indicated center square part of the device is patterned by electron beam
lithography. (b),(c),(d) Dispersive technical drawing of the optical lithography
mask for etching, ohmic contacts and top-gate electrodes, respectively.

5.3 Fabrication Process
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Figure 5.7
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False colored SEM micrographs: (a) Top view of the device. The dark blue areas are etched away, the golden parts are metal top-gates and bridges. (b) Side
view of two bridges without metal gates. (c) Focused ion beam prepared sectional view through the etched finger trenches from figure (a). The bright
upper part is evaporated metal, the lower dark is wafer substrate. (e),(f),(g)
Dispersive view of the EBL masks for RIE etching, top-gates and air-bridges,
respectively.

are deposited. The corresponding mask is displayed in figure 5.7e. The top-gates are
composed of a layer of gold, with an underlying layer of chromium as adhesion promoter.
In the forth and final step the metal air-bridges connecting the side-gates and the outlying
metal pads are deposited. The corresponding mask is shown in figure 5.7f. The bridge
and its pillars consist of a massive single gold layer. The adhesion to the substrate is provided by the metal gold pads underneath the bridge pillars. The metal deposition of the
both fabrication steps occurs via high vacuum thermal evaporation. A side view of two
air-bridges without metal top-gates is shown in figure 5.7b. The lower boundary of the
bridge is hovering approximately d ≈ 200 nm above the wafer surface. This concludes the
fabrication process. The single devices are separated from one another and are separately
mounted and wire bonded to a chip carrier.
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5.4 In a Two Path Arrangement: Area of Depletion
Encircled
The area free of electrons of the 2DES in between the two constrictions in the Hall
bar is the combination of the etched groove and the depletion caused by the side-gates.
It is of special interest as it enters into the Aharonov-Bohm phase for the case of an
applied magnetic field. It can be approximated either by taking the sharp geometrical
shape or by an ellipsoidal approximation. The estimated region is sketched in figure 5.8.
The geometry defined by the EBL mask yields an area of A = (0.70 ± 0.03) µm2 that
already accounts for the discrepancy between the design size and the fabricated device
(highlighted as red area). In consequence of the etching process the 2DES forms not
directly at the mesa edge. An additional increment normal to each etched geometry2 of
about d = 100 nm is present. This leads in the geometrical approximation to a ’dead’
area without electrons of A = (1.11 ± 0.04) µm2 (highlighted in blue). A more convenient
approach is the approximation of an ellipsoidal shaped area (black line). The vertical
half-axis with a = (0.65 ± 0.01) µm is given by the distance from device center to the
midway position between the etched and metal finger-gates. The horizontal half-axis
with b = (0.55 ± 0.02) µm expands over the side-gates resulting in an enclosed area of
A = (1.12±0.06) µm2 . The ellipsoidal approximation is in good agreement with the sharp
geometrical one and shall be taken for the ease of use in later evaluations of the active
area.
2

The estimation is based on experiments with quantum point contacts defined by a heterogeneous
combination of etched and metal top-gates.

500 nm

Figure 5.8
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Estimation of the area without electrons around the central groove of the
device. The shape of the geometry is indicated in red with the ’dead’ area
free of electrons around it marked in blue. The area covered by the black
ellipse is in good agreement with the estimated depletion of the geometry.

5.5 Cryogenic Set-up

5.5 Cryogenic Set-up
All measurements are performed under cryogenic conditions. The sample is cooled to the
base temperature of an Oxford Instruments top loading 3 He/4 He dilution refrigerator model TLM 400. The sample itself is directly inserted into the 3 He/4 He liquid. A
superconducting magnet allows to apply a magnetic flux density of up to B = 16.5 T
perpendicular to the 2DES plane. While the temperature of the mixing chamber reaches
down to T = 0.05 K, at the sample position in the tail of the cryostat the temperature
will be slightly higher. A temperature probe situated in the tail of the cryostat yields
about T = 0.15 K. The elevated temperature is caused by heat transfer via the wiring
along the sample holder.
The electronic temperature of the 2DES can be different though. It can be determined
through the line shape of a single-electron-tunneling peak of a quantum dot. Under the
condition that the linewidth is small compared with both the thermal energy and the
level spacing hΓ  kB T  ∆E, the tunneling rate Γ takes the form [9]


G(VG , T ) = Gmax · cosh−2 

e CCGΣ VG
2kB T


.

(5.1)

0.8
measurement
fit with T = (0.12 ± 0.05) K
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h
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Knowing the capacitances CG and CΣ , taken from the charge-stability diagram of the
quantum dot, one can use the temperature T as fitting parameter, with e being the elementary charge, kB the Boltzmann constant, and Gmax and VG the maximum conductance
value and the position of the peak on the gate voltage axis, respectively.
A series of single-electron-tunneling peaks taken around zero bias together with the
temperature estimation based on the formula above are shown in figure 5.9. Although
the fit for the temperature yields a large error, the electronic temperature with T =
(0.12 ± 0.05) K matches more to the one of the surrounding bath with T = 0.15 K in the
tail rather than to the one of the mixing chamber with T = 0.05 K of the cryostat. It
allows the temperature measured in the tail of the cryostat to be taken as an upper bound
approximation for the electronic temperature of the device.
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Figure 5.9

Coulomb-blockade oscillations with the temperature approximation via equation (5.1). The 2DES temperature matches the environment in the tail of the
cryostat with T = 0.15 K. Data points are extracted out of a charge-stability
diagram at zero bias.
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5.6 Electrical Measurement Set-up
The electrical set-up allows to apply a source-drain voltage VDS and measure simultaneously the DC current flowing at source and drain as well as the differential conductance dI/dVDS obtained by lock-in technique. It is mainly composed of self-made electronic modules. A list of all devices can be found in chapter B of the appendix.
A schematic diagram of the electrical set-up is shown in figure 5.10. The two-terminal
conductance of the attached device is measured with a self-made current-voltage (I/V)converter. It applies an DC bias voltage to the source and drain line of the device. The
current flowing in between its two lines is converted to an output voltage with a conversion
ratio of the order of Vout = 10 nA/V. A self-made adder module adds an AC modulation
with an effective amplitude of VAC = 2 µVPP at a frequency f = 23.14 Hz provided by a
frequency generator to the source line of the I/V-converter. The modulation is extracted at
the amplified level at the drain line of the I/V-converter and fed into a lock-in amplifier.
The reference TTL signal from the frequency generator is fed to the lock-in via optocouplers to avoid ground loops. The voltages applied to the metal top-gates are filtered
by a self-made active Buttherworth filter of second order from low frequency noise. The
bias voltages of the source and drain line of the I/V-converter as well as the voltages
applied to the gates are provided by a self-made digital-analogue converter as voltage
supply unit (VSU). All read-out values from the set-up are probed by digital multimeter
(DMM). The electrical set-up is connected to a computer terminal. Data acquisition and
the setting of parameters is done by a command line program called measkern3 .
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6

Two Parallel Quantum Point
Contact Constrictions
This chapter covers the electrical transport through a narrow constriction in the Hall bar
device formed by two quantum point contacts which resemble a single constriction with an
antidot in the center. A magnetic field is applied perpendicularly to the 2DES plane. The
combination of the magnetic field and the repulsive potential hill formed by the antidot
traps electrons. Allowing for scattering of electrons from one edge of the constriction to the
other constriction via the antidot leads to periodic conductance modulations as a function
of small magnetic flux density changes matching the Aharonov-Bohm phase given by the
geometry of the device. Detailed measurements of the magnetic field strength, antidot size,
temperature and source-drain voltage are presented. As already described in literature,
single-electron charging of the antidot seems to be the plausible mechanism leading to
the periodic rearrangements in the compressible/incompressible landscape around the
antidot.

6.1 Reinterpretation as an Antidot in a Wider
Constriction
A quantum antidot is a repulsive potential hill, typically of circular shape that fully
depletes locally the 2DES as it is shown in figure 6.1a. Besides intrinsic defects in the
heterostructure, it can be realized artificially either by etched grooves in the substrate or
by metal split-gates set to a negative bias voltage. The latter configuration allows the insitu tunability of the size of the depletion of the 2DES around the antidot by changing the
voltage applied to the metal split-gates. Antidots have been widely studied with magnetic
fields applied perpendicularly to the 2DES. The magnetic field leads to a confinement of
electrons around the antidot even in an open system. Antidots are therefore often referred
to as the counterpart of a quantum dot where the electrons are confined in an attractive
potential in the 2DES.
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Antidot system in the edge-state picture. (a) Potential bending across a small
Hall bar with the antidot in the center. Like on the edges of the sample
the Landau level crosses the Fermi-energy and give rise to chiral edge-states.
(b) Schematic top view of the device used in this thesis. With the QPC
constrictions partly pinching off, the current in the edge-states is divided (red
dots) and the edge-state paths enclose an area with magnetic flux Φ. The
arrangement resembles an electric Mach-Zehnder interferometer.

6.1.1 Interpretation as a Mach-Zehnder Interferometer
It was proposed by M. Büttiker in [13] that an antidot embedded in a narrow Hall bar
could be used to build an open electric Mach-Zehnder interferometer. Likewise as in its
optical analogue the photon beam is divided, here coherent beam splitters for the electrons
have to be realized. In a 2DES this can be achieved by quantum point contacts when a
magnetic field is applied and the sample tuned to the quantum Hall regime. From the
description of the quantum Hall effect by Büttiker [11, 12] it is claimed that - based on
edge-states discussed by B. I. Halperin [37] - the Hall current flows in chiral edge-states.
The edge of the sample, just as the repulsive potential of the antidot, causes the Landau
levels to bend upwards, so that they cross the Fermi-energy. Wherever a Landau level
crosses the Fermi-energy an edge-state forms, as it is shown in figure 6.1a. The chiral
motion of the electrons performing skipping orbits in the channel defines the direction
of the current flow in the edge-states. The QPC in a quantum Hall system is able to
select the number of edge-states n passing through it by setting its working point on a
quantized conductance plateau of I/VDS = ne2 /h. In between two plateaus the edge-state
belonging to the highest occupied Landau level quenches. The edge-state is no longer
fully transmitted through the QPC. The probability T for electrons to pass the QPC
drops to a value T < 1 below unity. Due to current conservation, electrons are reflected
with the probability of R = 1 − T from the QPC and propagate along the other edge of
the device back to the contact from where they were injected. This effectively splits the
current flowing in the edge-state at the QPC and it acts as a coherent beam-splitter for
electrons. The coherence length along the edge-states has been stated to be of the order
of several tenths of micrometer [87]. Furthermore, the magnetic flux density is used to
change the phase of the electrons in the MZI.
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6.1 Reinterpretation as an Antidot in a Wider Constriction
The proposal of Büttiker can be realized with the device geometry used in this thesis. A
sketch of the device is shown in figure 6.1b. The antidot itself consists of the central groove
(bright ivory) with the side-gates (yellow pads), set to negative bias, attached to it. The
metal air-bridges are not drawn for a better lucidity. The magnetic field sets the filling
factor of the 2DES to ν = 1. A single edge channel on either side of the sample as well as
around the antidot is present. Two biased split-gates next to the central groove form two
QPC beam splitters on the verge of the antidot at its opposite sides. The edge channels
are pushed further towards the antidot by the QPC gates until the QPC quenches the
impinging edge channel and the electrons propagating along the edge-states are partly
reflected. The reflected electrons from one QPC are guided to the other QPC, where
they recombine with the edge-state of the other edge. The points where the edge-states
split and recombine are marked by red dots in the figure. By propagating along the edge
of the antidot the electrons in the edge-states acquire a phase that influences the total
probability of an electron to pass through the MZI arrangement from source to drain of
the device [18]. The Aharonov-Bohm phase Φ = 2πBA/Φ0 is determined by the magnetic
flux density B through the area A enclosed by the edge-states around the antidot, where
Φ0 = h/e is the elementary flux quantum [18]. As the magnetic flux density is varied,
the phase in the loop changes and gives rise to Aharonov-Bohm-like oscillations in the
conductance of the device. With the QPC constriction set midway in between the lowest
conduction plateau and pinch-off, the probability for reflection and transmission are equal.
In general, for the case of two symmetric QPCs the visibility is predicted to be highest [18].
Conductance modulations as a function of the magnetic flux density are shown in
figure 6.2 for the device interpreted in this work. The magnetic field of B = 10 T corresponds to a filling factor of ν = 1 in the bulk of the 2DES. The QPC conductance
value are set to I/VDS = 0.5 e2 /h and correspond to an equal splitting of the propagating
electrons at the beam splitters. The trace is taken at the base temperature of T = 50 mK
with a source-drain bias of VDS = 25 µV. The Aharonov-Bohm-like oscillations appear
with a period of δB = (3.27 ± 0.02) mT. The conductance modulates at a magnitude of
∆I/VDS = (0.046±0.008) e2 /h. The average conductance value of the signal is determined
by the two QPC beam splitters. From the magnetic flux density period the enclosed area
can be estimated with A = (1.27 ± 0.01) µm2 . This deviates by 13 % from the estimation
of the area free of electrons around the antidot with A = (1.12 ± 0.06) µm2 from chapter 5.4. The deviation can be attributed to the actual position of the edge-states being
further away from the side-gates.

6.1.2 Evaluation of the Edge-State Picture
Although it is intriguing to apply the edge-state picture, the drawback is that it accounts
for the general net current that is driven through the device. However, it does not reflect
the microscopic picture of the actual current distribution given by the electron density
variation inside the sample. It was already pointed out by M. Büttiker in [13] that the
true current distribution can only be obtained in a self-consistent analysis that determines
the Hall potential profile, like the true charge carrier densities are determined by Poisson
equation. One has to consider carefully if this simple edge-state picture of guided electrons
that are capable to be coherently split is applicable.
The electron density profile at the edge of a 2DES has been treated in an electrostatic approach by D. Chklovskii, B. Shklovskii and L. Glazman in [16]. It was found
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Aharonov-Bohm-like conductance oscillations in an electric Mach-Zehnder interferometer based on an antidot geometry. The magnetic field sets the bulk to
a filling factor of ν = 1. The periodicity of the conductance modulations yields
δB = (3.27 ± 0.02) mT at a magnitude of Delta(I/VDS = (0.046 ± 0.008) e2 /h.
The data are taken at the base temperature of T = 50 mK at a source-drain
bias of VDS = 25 µV.

that the electron density profile shows regions of constant electron density which behave
incompressible. This behavior was confirmed by K. Lier and R. R. Gerhardts in [65]
by a self-consistent Thomas-Fermi approximation. The microscopic interpretation of the
quantum Hall effect has already been discussed in detail in chapter 3. The compressible
strips at the edges of the 2DES have occupied and unoccupied states available at the
Fermi level and carry the electro-chemical potential of the contacts into the sample. The
states in the incompressible strips are fully occupied, so they cannot screen an external
electrostatic potential gradient and the resulting potential bending across the strip leads
to a current flow perpendicular to the potential gradient. In the self-consistent approach
the Hall current is distributed in the incompressible strips of the sample. Experiments
using a scanning probe technique allow to determine the full Hall potential landscape and
therefore the non-equilibrium current distribution, for instance P. Weitz et al. [114]. They
support the self-consistent description of compressible and incompressible regions. For the
non-equilibrium situation of an applied source-drain bias, R. R. Gerhardts et al. [35, 79]
confirmed that the external Hall current flows dissipation-less inside the incompressible
strips of the 2DES as observed experimentally. Therefore the interpretation of the MZI
setup built by an antidot arrangement, like it has been proposed by M. Büttiker [13], has
to be reconsidered within the self-consistent approach of compressible and incompressible
strips.
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6.2 Current Flow in the Self-Consistent Microscopic
Picture of the Quantum Hall Effect
The charge carrier gradient in the 2DES caused by the repulsive potential of the antidot
with a perpendicularly applied magnetic field leads in the self-consistent ansatz to the
formation of a compressible and incompressible strip pattern around the antidot. The
potential distribution for the two parallel quantum point contacts enclosing an antidot
used here is shown in figure 6.3. The magnetic field sets the bulk filling factor of the
leads to ν = 1. A compressible strip seams the contour of the depletion zone around the
antidot (dark blue ring). The upper and lower compressible border of the sample (dark
blue) carry the electro-chemical potential of the source and drain contact, respectively.
The filling factor inside both QPC constrictions is set to a local filling factor1 νl = 1 by
the voltage applied to the metal finger top-gates. The electrostatic potential taken at the
cross-cut through the antidot center is shown in the right panel of the graph. The potential profile in equilibrium (for zero bias) is indicated by the gray line. With the bias −VDS
applied to the source contact of device the slope of the electrostatic potential profile in
the incompressible strip changes (dark solid line) with respect to the equilibrium at zero
source-drain bias. An additional electric field EH appears. This results in a net current
1

The nomenclature of the local filling factor will be motivated, when scattering across the constriction
is discussed.
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Schematic illustration with a cross-cut of the potential bending due to the
compressible/incompressible strip pattern around the antidot geometry. Two
QPCs define a local filling factor of νl = 1 (light blue) in the center of the
constrictions. The bulk filling factor in the leads remains unchanged. A
compressible strip in the 2DES seams the antidot contour (dark blue ring).
The Hall current (black arrows) runs dissipation-less through the constrictions
with νl = 1. The electrostatic potential cross-cut in gray corresponds to zero
source-drain bias and black with a finite bias of −VDS , respectively.
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flow inside both constrictions from the left to the right (black arrows). The potential of
the compressible antidot strip is determined by the distribution of the net current between
the upper and the lower constriction. Here, it is set to be symmetric and the potential
resides midway between the source bias and the ground potential at drain.
This behavior stands in contrast to the description of the current distribution within the
edge-state model. Although there are two paths for the Hall current around the antidot
region in the self-consistent model, the origin of the current distribution is different. Here
the Hall current is carried inside incompressible regions with fully occupied states below
the Fermi level. It is determined solely by the Hall voltage drop between the upper and
lower edge of the 2DES, independent of the details of the voltage drop along the cross-cut
through the device. This renders the splitting of the Hall current into different paths in the
incompressible strips unimportant for the conductance value of the device. Compressible
droplets in the 2DES of a Hall bar, like the antidot resembles, have also been observed
in the measurements using a scanning probe technique determining the Hall potential
landscape [3]. Their occurrence does not change the quantized Hall conductance. In
consequence, it is unlikely that the conductance modulations in the antidot
system can be seen as a coherent interference effect of electrons propagating
from the source to the drain of the device.

6.2.1 Interaction of the Compressible Antidot Ring with the
Edges of the Two-Dimensional Electron System
In order to enable the antidot compressible strip to affect the transport through the device, it has to interact with the potential carrying compressible edges of the device. The
interaction can be introduced by changing the width of the constrictions close to the antidot. At first a well developed incompressible strip is present within the QPC constriction
separating both compressible region. With a more negative voltage applied to the splitgate the compressible edge of the sample is pushed further towards the compressible strip
around the antidot. As the distance in between shrinks, the overlap of the electron wave
functions of both compressible regions increases. This enables electrons to be exchanged
over the incompressible potential barrier and thus couples the compressible ring of the
antidot to the compressible edge of the sample. The Hall voltage drop is thereby effectively diminished by electron scattering. This results at first in a reduction of the drift
velocity of the electron states below the electro-chemical potential within the region of
the QPC. In this regime of weak coupling the compressible/ incompressible
landscape in the 2DES within the QPC is no longer well defined. However, a
Hall potential drop can still be present. To denote this situation we will use
the nomenclature of a local filling factor νl for the QPC, deviating from an
integer value. Without coupling of the compressible annulus around the antidot to a
compressible edge the local filling factor νl takes an integer value.
Let us first discuss the asymmetric case for the lower constriction remaining on the
local filling factor νl = 1 while the upper one is set to νl < 1 by the gate voltage. The
filling factor in the bulk of the leads remains unchanged. The 2DES strip pattern together
with a potential cross-cut taken at the antidot is illustrated in figure 6.4. The width of
the upper constriction reduces as the compressible regions of the edge and the antidot are
pushed towards each other. A close up of the potential cross-cut of the upper constriction
is illustrated in figure 6.4b. The overlap of the electron wave function in the compressible
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(a) Schematic illustration with a cross-cut of the potential bending due to the
compressible/incompressible strip pattern around the antidot geometry. The
upper constriction is set a local filling factor of νl < 1 and couples the antidot
compressible ring to the upper compressible edge at source potential (azure blue
connection). The lower constriction is set to a local filling factor of νl = 1.
The bulk filling factor of the leads remains unchanged. The potential of the
compressible ring converges to the value of the source potential and the net
current flows only in the lower constriction (black arrow). The dotted gray
electro-chemical potential cross-cut serves as guide to the eye illustrating the
previous situation with integer local filling factors in both constrictions as a
reference. (b) Not-to-scale enlargement of the constriction region highlighted
in orange in (a). The wave function of the electrons in the compressible regions
(gray shaded areas) overlap (blue) and allow a transfer of electrons bridging
the constriction in between. For simplicity the overlap is sketched for equal
energy of the wave functions.
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Schematic illustration with a cross-cut of the potential bending due to the
compressible/incompressible strip pattern around the antidot geometry. Both
constrictions are set to a local filling factor to νl < 1 and allow charge exchange
across them (azure blue connection). The charge exchange from source to
drain reduces the Hall voltage drop across the entire device (red curve) and the
conductance of the device reduces. The dotted gray electro-chemical potential
cross-cut serves as guide to the eye illustrating the previous situation with
integer local filling factors in both constrictions as a reference.

region bridges the upper constriction allowing the charge transfer across it. While the
upper constriction allows charge exchange between the upper compressible edge of the
sample and the compressible antidot ring (azure blue connection in figure 6.4a) no charge
exchange occurs via the lower one. This coupling to one edge lifts the electro-chemical
potential of the compressible antidot strip and it will converge towards the potential of
the upper compressible edge at source level. In consequence, the Hall voltage in the
upper constriction drops to zero, whereas the full Hall voltage will drop across the lower
constriction leading to a current flow only through this constriction (black arrow).
The inverted configuration with the coupling of the compressible antidot ring solely
to the lower compressible edge at the drain potential shows the same behavior but with
opposite characteristic. The electro-chemical potential of the antidot compressible strip
converges towards the value of the lower edge and the Hall voltage drops entirely across
the upper constriction. The net current in the lower constrictions reduces to zero and it
fully flows in the upper one.
The situation becomes different if both constrictions deviate from the quantized conductance value, as it is illustrated in figure 6.5. Both constrictions are set to a local filling
factor νl < 1 and coupling of the antidot compressible region to both compressible edges is
obtained, while the bulk filling factor in the leads remains unchanged at ν = 1. Likewise
to the previous scenario the electro-chemical potential of the antidot compressible ring
increases towards the value of the upper edge, but the transfer of electrons to the lower
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compressible edge occurring at the same time shifts the electro-chemical potential to the
value of the lower edge. In consequence, the electro-chemical potential of the antidot will
remain between the levels of both edges. The charge exchange across both constrictions
permits a continuous draining of electrons from one compressible edge via the compressible antidot ring to the other edge of the device. In the cross-cuts of the potential bending
is assumed that the constant bias of −VDS is only applied to the source side of the device
and both the compressible ring as well as the drain potential will rise in energy due to
the coupling. Without loss of generality it is further assumed that the coupling to both
edges to the antidot compressible region is symmetric and its electro-chemical potential
will stay midway between the applied source and the lifted drain potential. The Hall
voltage drop across the entire device reduces compared with case without charge transfer
(gray potential cross-cut). This reduces at first the drift velocity of the electron states in
both constrictions. In consequence, the Hall current reduces (smaller black arrows) and
the conductance of the device decreases. The amount of scattered charge carriers between
the compressible edges thereby determines how large the reduction in the measured twoterminal conductance will be.
Common to the edge-state picture and in the self-consistent ansatz, the conductance values of both constrictions at the antidot have to deviate from a quantized conductance values to alter the transport through the device. The current distribution and the underlying
mechanism are completely different though. In the edge-state picture the coherent
edge channel split and recombine giving rise to interference contributions in
the transport as the reflection channel is modulated by the Aharonov-Bohm
phase. In contrast, the self-consistent approach suggests that the external
current is modulated by scattering of electrons between the upper and lower
compressible edge region reducing the drift velocity of the electronic states
below the electro-chemical potential. The origin of the conductance modulations
with the magnetic flux change will be clarified in the following.

6.3 Interplay of two Parallel Constrictions Around
the Local Filling Factor One: My Experimental
Observations
The predictions of the self-consistent model are verified by investigating the interplay of
both constrictions at and below a local filling factor of νl ≤ 1 in the constriction. Both
constrictions are varied against each other in conductance between the lowest quantum
Hall plateau with I/VDS = 1 e2 /h and complete pinch-off. The conductance of the device
examined in the interplay of the two gate voltages tuning the two constrictions is displayed
in figure 6.6 as color map. The magnetic field is set to B = 6.26 T that corresponds to a
filling factor of ν = 2 in the bulk of the leads2 . The bias was chosen with VDS = 25 µV.
The graph features six regions with different behavior that are described in the following.

2

The bulk values of the filling factors are determined in a quantum Hall measurement without a bias
applied to the gates of the device thereby corresponding to a standard Hall bar geometry.

61

6 Two Parallel Quantum Point Contact Constrictions

1.2

2b

1

2a

-1.40

conductance I/VDS

h

e2
h

i

lower QPC gate voltage [V]

-1.30

0.6
-1.50

-1.60

4a

6

3a

5

4b

3b
0

-1.00

-0.80

-0.60

upper QPC gate voltage [V]

(a)

1

2a

2b

6





X

X

S

D



B
y



x

(b)
Figure 6.6

62


(c)

(d)

(e)

(a) Color-coded conductance map for the interplay of both quantum point
contact gate voltages, tuning the transition between the conductance plateau
of I/VDS = 1 e2 /h and pinch-off at a magnetic field of B = 6.26 T. The
source-drain bias is set to VDS = 25 µV at the base temperature of T =
50 mK. The conductance stays quantized with I/VDS = 1 e2 /h as long as one
QPCs remains on the plateau value. Regimes with diverse current distribution
are marked from 1 to 6 . Conductance modulations (diagonal features)
occur at simultaneous transition of both QPCs in regime 6 . The magnetic
field strength sets the bulk filling factor of the leads in the range of ν = 2.
(b)-(e) Schematic drawing of the coupling of the compressible ring around the
antidot to the edges of the device. For a description, see text.

6.3 Interplay of two Parallel Constrictions Around the Local Filling Factor One: My
Experimental Observations
• Regime 1:
Both constrictions have a local filling factor of νl = 1. This situation is sketched in
figure 6.6b. The compressible ring around the antidot is isolated. The net current
(black arrows) is divided among both constrictions. It runs dissipation-less through
the incompressible strips in the constrictions driven by the local Hall voltage drop.
The conductance is quantized with I/VDS = 1 e2 /h.
• Regime 2a/b:
Asymmetric combination of the local filling factors with νl < 1 in the upper constriction and νl = 1 in the lower one. The antidot compressible ring couples to
the source potential of the upper sample edge, as illustrated in figure 6.6c. The
coupling reduces the Hall voltage drop across the upper constriction to zero while
increasing it to the full value at the lower one. The net current flows solely in the
lower constriction (black arrow).
In regime 2b the upper constriction is fully pinched-off, as it is shown in figure 6.6d.
The compressible region around the antidot is no longer separated and merges with
the compressible upper edge of the device.
In both regimes the entire Hall voltage drops across the incompressible center of
the lower constriction of the device and the conductance stays quantized with
I/VDS = 1 e2 /h.
• Regime 3a/b:
Interchanged situation compared with regime 2a/b. The upper constrictions now
remains on a filling factor νl = 1, while the lower one quenches the incompressible
lower strip (3a) or is pinched-off (3b).
• Regime 4a/b:
Only a single constriction remains open, while the respective other one is already
closed completely. The normal transition from the quantized conductance plateau
with I/VDS = 1 e2 /h to pinch-off for a single constriction occurs. Regime 4a and 4b
correspond to the pinch-off of the lower or upper constriction, respectively.
• Regime 5:
Both constriction are pinched-off and the conductance is zero. The device is divided
into a left part at source and a right part at drain potential, respectively.
• Regime 6:
In this region the simultaneous transition from the conductance plateau to pinch-off
of both QPCs occurs. The antidot compressible strip is coupled to both the source
and drain edge of the device simultaneously, as sketched in figure 6.6e. Electrons
can be exchanged from the compressible source to the drain edge of the device
via the compressible region around the antidot. This scattering between the edges
reduces the Hall voltage drop across the entire device. The measured two-terminal
conductance of the device reduces. Astonishingly at first there are unexpected
periodic conductance modulations running from the upper right to the lower left
in this region of the diagram. Their origin is uncovered by later experiments. The
modulations in the conductance emerge from a change of the enclosed area of the
compressible ring around the antidot.
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6.3.1 A Gedankenexperiment within the Edge-State Picture
The coupling of the compressible ring around the antidot to a single compressible edge
of the sample leaves no fingerprint in the two-terminal conductance measurement. The
potential of the compressible antidot ring will change and thus the distribution of the
net current in between both constrictions, but the conductance stays quantized with
I/VDS = 1 e2 /h. In the interpretation of the edge-state picture for this situation, as
illustrated in figure 6.7, the QPC of the upper constriction would coherently split the
edge-state. In a gedankenexperiment the reflected part encloses the complete antidot
structure and recombines with the same edge-state. It thereby also encloses the AharonovBohm flux, as it would if both constrictions act as beam splitter. The lower edge-state
stays undisturbed. Obviously the electrons propagating along the upper edge have no
possibility to be reflected. Is it obvious that a transmission probability of T = 1 is valid
with the possible path via the antidot for any case of flux enclosed in the antidot loop?
Can we state that the upper edge has T < 1? In principle two different arrangements for
scattering are possible as they are sketched in figures 6.7b and 6.7c:
• In the first case both edge-state and antidot are separated and electrons of the edgestate scattered off by the QPC are transferred to the antidot and comes back at the
same edge position after passing around the antidot.
• In the second case displayed in figure 6.7c the edge-state forms a closed loop around
the antidot with a short-cut connection in between.
This later configurations resembles a kind of Michelson interferometer with the AharonovBohm phase as tuning parameter for the upper edge channel. As the magnetic flux density
changes one would expect to see interference effects in the signal of the current in the upper
edge channel except the system self-consistently maintains unity transmissions
probability. Current conservation requires T = 1 in this picture, but does the wave
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(c)

Edge-state picture with a single QPC beam splitter in an antidot arrangement.
(a) In a gedankenexperiment the upper edge channel interferes with itself,
while the lower channel remains undisturbed. (b),(c) Interaction of the edgestate and the antidot edge-state with (b) scattering from the edge-state to
the antidot edge and (c) a single closed edge-state around the antidot with a
short-cut connection in between.
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Variation of the magnetic flux density with a working point chosen in
regime 2a and regime 6 marked in figure 6.6. The periodic modulations occur only in regime 6 . There is no difference in the signal taken in regime 2a
for the source and the drain connection of the device. The data are taken at
a source-drain bias of VDS = 10 µV.

function picture? With a magnetic flux change there is a change in phase associated for
a fixed enclosed area. The eigenfunction around the antidot will change with a magnetic
flux change (see chapter 6.4). Another view might be that as reflection in a single edge
is not possible in the edge-state picture, the current would have to be modulated already
at the injection in the contacts by a varying transmission coefficient of the contact, what
clearly contradicts the edge-state picture of the quantum Hall effect.
The gedankenexperiment sketched above is realized experimentally by the tuning upper
constriction to a filling factor νl < 1, while the lower one is set to νl = 1. This corresponds
to the operating regime 2a in figure 6.6. The measurement setup used in the course of
this thesis allows to measure the current in both the source and drain connection to the
device. A comparison of both signals taken under the variation of the magnetic flux
density for this choice of working point is displayed in figure 6.8. The variation of the
magnetic flux density does not yield a periodic modulation of the measured conductance,
neither in the source nor drain contact of the device. Both signals perfectly match,
as one expects for a pure two-terminal device. The noticeably high noise level of the
data is attributed to the choice of a very low source-drain bias of VDS = 10 µV. The
graph also shows the Aharonov-Bohm-like periodic conductance modulations obtained in
regime 6 of figure 6.6 for a comparison. The absence of modulations for the chosen
operating point where the compressible ring around the antidot is connected
to a single edge is naturally expected within the self-consistent description
of the quantum Hall effect. The edge-state picture of interference in edge channels
requires the additional assumption of self-consistent phase adoption as sketched above.
The configuration in figure 6.7c can be realized with a more controllable scattering center
using a quantum dot, covered in chapter 10.
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6.3.2 Joint Transition of Both Constrictions to Pinch-Off
The dependence of the magnitude of the conductance modulation with respect to the
strength of the coupling is investigated. Both constrictions are set to a working point with
a filling factor νl < 1, where the compressible region around the antidot interacts with
both compressible edges of the device. The constrictions are simultaneously driven from
the quantized conductance plateau to pinch-off. The conductance modulations observed
for a variation in the magnetic flux density are shown in figure 6.9. The combination of the
gate voltages is taken along the black line in the upper left panel. The main panel shows
the characteristic of both constrictions on the gate voltage axis versus the magnetic field
variation. On the Hall plateau with I/VDS = 1 e2 /h there are no modulations visible. They
set in as both constrictions deviate from the quantized conductance value. The amplitude
of the modulations increases till the QPCs conductance reaches about I/VDS = 0.7 e2 /h
and stays constant down to I/VDS = 0.3 e2 /h where it starts to decrease again. This
behavior is highlighted in the inset to the upper right of the figure, where separate linecuts at different absolute conductance values are shown. The conductance modulations
are visible until both QPCs are closed completely. A favorable working point with a high
visibility of the modulations and insensitive to small changes in the gate voltage of the
quantum point contacts is the center region of the transition from the plateau to pinch-off
with I/VDS = 0.5 e2 /h as conductance value.
A second thing to note is that the phase of the modulation is not constant for a fixed
magnetic field. The extrema of the modulation shift to a higher value of magnetic flux
density for a higher bias voltage at the metal split-gates. The shift in phase originates
from different periodicities in the modulation caused by an area change of the compressible
region around the antidot with the applied gate voltage. Near the conductance plateau
of I/VDS = 1 e2 /h at a gate voltage of VG = −0.836 V the modulation period yields
δB = (3.64 ± 0.05) mT. It is reduced to δB = (3.45 ± 0.01) mT close to the pinch-off
point at VG = −0.870 V. These periods correspond to an effective area the compressible
ring encloses of A = (1.14 ± 0.02) µm2 and A = (1.20 ± 0.02) µm2 , respectively. Counter
to intuition the area of the compressible area grows with a stronger depletion around the
split-gates. At a first glance one would expect that by setting a more negative voltage to
the metal top-gates the potential minimum of the constriction is pushed further towards
the antidot and the compressible region shrinks. But in a second consideration it is
the increasing electrostatic potential φ that shifts the compressible region around the
antidot outwards. In the self-consistent description the electro-chemical potential µelch =
[µch − eφ] is constant. As the electrostatic potential grows, the position of the same
electron concentration (chemical potential) is shifted. In consequence, the compressible
ring forms at a different position compared with the smaller depletion zone around the
metal gate. The effect is illustrated in figure 6.10. The red equipotential lines reside
further away from the yellow metal gate with lowering the applied gate voltage. The
compressible ring (dark blue) is pushed further towards the antidot in the region where
the actual constriction is formed, but the growth of the area to the sides of the top-gate
overcompensates this effect. The same effect caused the periodic modulations that were
obtained in the variation of both constrictions with respect to each other in regime 6 of
figure 6.6.
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Conductance modulations as function of magnetic field and QPC characteristic. Both QPCs are driven in parallel from the conductance plateau to pinchoff (black line in the upper left inset). The conductance modulations are
present all over the transition region with a period of δB = (3.49 ± 0.02) mT
in the center between the plateaus. The inset on the upper right shows linecuts taken at different voltages of the QPC gates. Data are obtained with a
source-drain bias of VDS = 25 µV.
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Not-to-scale illustration of the compressible region (dark blue) around the
antidot (bright ivory). The compressible region forms at a different position
with increasing electrostatic potential of the metal finger-gate. The enclosed
area of the compressible ring grows in size. Although the compressible region
is pushed towards the antidot in the region of the finger gate, the growth in
area over-exceeds this effect. The dotted blue line in the right figure panel
serves as guide to the eye for the situation sketched in the left figure panel.
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6.4 Small Antidot Acts as a Ring Shaped Coulomb
Island: Single-Electron Charging
In the description of the compressible region around the antidot and its surroundings in
the self-consistent model the size and shape of the compressible strip around the antidot have been neglected so far. The connection of the compressible antidot ring to both
edges results in scattering of electrons from the upper to the lower compressible edge that
reduces the measured two-terminal conductance of the device. It will be shown, that
the size of the compressible ring around the antidot breathes periodically as the enclosed
magnetic flux φ = B · A is detuned. Moreover, the smaller the compressible area the
compressible ring encloses the more important is the electron-electron interaction.
The typical radius of an antidot is of the order of half a micron. The width of the
compressible strip depends on both the magnetic length lB and the electrostatic potential
gradient in the 2DES around the antidot and is of the order of a few tenths of nanometers.
The area of the compressible annulus is shown in figure 6.11. In an approximation using
the Landau level degeneracy nL as electron density and the covered area of the compressible strip, the number of confined electrons within compressible ring around the antidot
is estimated to be only a few hundred.
The compressible strip around the antidot allows charge transfer from and to the compressible edges of the Hall bar, by tuning the local filling factor in the QPC constrictions
to νl < 1. With the size of the compressible ring around the antidot being small enough,
the electron-electron interaction in the compressible ring gains importance. It may affect
the charge transfer in between the compressible edges of the Hall bar via the antidot
compressible strip. In case of a weak coupling to the compressible edges the compressible annulus around the antidot can be considered quasi isolated (with its incompressible
surrounding 2DES): the number of electrons confined in the compressible strip can be
considered as good quantum number [94]. This allows to use the picture of single-electron

RAD
rAD
B
Figure 6.11
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Schematic comparison of the compressible strip width to the lateral expansion around the antidot. The representation is not to scale. Typical radii
rAD of antidots are in the range of a micrometer and less, with the annulus
width of the compressible strip RAD − rAD of the order of a few tenths of
nanometer.

6.4 Small Antidot Acts as a Ring Shaped Coulomb Island: Single-Electron Charging
tunneling via the compressible annulus. The same model has successfully been used in the
description of the electric transport through weakly coupled quantum dots. The model
presented here for the antidot system is a summary based on the work of S. Ihnatsenka,
C.B.J. Ford, M. Kataoka, W.-R. Lee and H.-S. Sim [43, 94, 49, 95, 64].

The electrons in the compressible strip around the antidot have to be considered as
a many-particle state, that can be constructed out of single-particle electron wave functions. Without electron-electron interaction and by choosing a symmetric gauge the single~ = ~r × p~ with
particle wave function has eigenstates of the angular momentum operator L
eigenenergies ~m of the quantum number m. For a circular geometry the wave function
for the lowest Landau level is given by [14]
φm (~r) = q

1
2m π(m − 1)!lB



z
lB

m−1

2
2
e(−|z| /4lB ) ,

(6.1)

with z = x + iy being the complex coordinate of the 2D plane and m ≥ 0 the orbital quantum number. This state encloses an integer number m of flux quanta with
m = BAm /Φ0 , where Φ0 = h/e is the elementary flux quantum and Am the enclosed area
by the mth state [94]. With an adiabatic change in the magnetic flux density δB < ∆B,
smaller than Φ0 /A, the wave function reduces its lateral extension to keep the enclosed
flux B · Am constant. √The change in radius of the wave function in the circular geometry yields ∆rm ∝ − Am δB/B [94]. This spatial shift causes the electron density of
the many-body state to shift inwards closer to the center of the antidot, see figure 6.12.
The displacement of electron charge with respect to the positive ion background of the
2DES material host results in a charge imbalance in the proximity of the antidot. In the
framework of a constant interaction model discussed in the following it can be considered
mathematically as an accumulation of excess charge [49] .

In an analogue description to a quantum dot one associates a charging energy for the
compressible annulus around the antidot that arises from the electron-electron interaction. With the assumption that the antidot potential varies smoothly on the scale of the
magnetic length lB , it is given in the constant interaction model by [94]
EC (B0 + δB) =
=

[N e − QG − QB (δB)]2 X
+
εi
2CΣ
i
X
δq 2
+
εi ,
2CΣ
i

(6.2)

where N is the total number of electrons in the single-particle states, e is the elementary
charge, QG is the change in charge by a gate nearby, QB (δB) the magnetic flux dependent
excess charge, CΣ = CS + CD + CBG is the total capacitance with contributions of the
coupling to source, drain and a back-gate, respectively and εi is the single particle energies
of the electrons. All contributions to the effective charge of the antidot can be summarized
as δq. The charging energy for adding or removing additional electrons to the compressible
ring has to be reached in order to allow electrical transport via the compressible strip. If
the energy is not available the system remains Coulomb-blockaded as a consequence of
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(a) Not-to-scale schematic view of the compressible strip around the antidot
(bright ivory) highlighting the capacitive couplings to source, drain and a
back-gate. A magnetic field is applied out-of-plane. (b) The electrons (black
dots) in the compressible strip shift inwards with increasing magnetic flux
density trying to keep the magnetic flux enclosed by the compressible ring
constant. Due to the same reason, the electrons in the incompressible region
shift towards the compressible ring. By occupying less space - compared with
the dotted circle serving as a guide to the eye reference for the extension from
figure panel (a) - the electron-electron interaction rises. This can be treated
mathematically as an accumulation of excess charge.

the electron-electron interaction. The recharging can occur if
EC |δq±e = EC |δq

(6.3)

is satisfied. This condition is fulfilled as δq = ±e/2 is reached for the excess charge [94].
P
P
εi |B+δB are on such scale independent of the
The single particle energies
εi |B =
i

i

magnetic flux density and thus do not enter in the recharging condition.
The magnetic field dependence of the excess charge from equation (6.2) can be derived
by considering a fixed number of N electrons confined in the compressible strip and the
preservation of the enclosed magnetic flux. By demanding δΦ = δ(πr2 B) = 0 one directly
finds that the compressible ring reduces in radius by δr = −r δB/(2B) for an increasing
magnetic flux density. Both the compressible and incompressible regions around the
antidot move towards the center, as it is shown for the radial configuration in figure 6.12b.
With electrons in the compressible ring confined to a smaller space and their interactions
become stronger, increasing the electrostatic potential. A cross-cut of the potential profile
along the red trace of the figure is displayed in figure 6.13. The rising electrostatic
potential changes the potential bending. In consequence, a free state from the partially
filled compressible strip is transferred to the incompressible region that is subsequently
occupied. The additional charge of δq = −2πr e ne,ν δr has thereby to be transfered to
the incompressible region in order to match the electron density ne,ν = e B ν h−1 . Here,
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the filling factor ν = 1 is used. The combination of both relations yields the charge
accumulation [94]
δq(B) = e

A ∆B
,
Φ0

(6.4)

with the elementary charge e, the flux quantum Φ0 = h/e and the enclosed area A.
The charge accumulation rate dq/dB therefore corresponds to one elementary charge per
magnetic flux period A ∆B. By adding the charge of an electron in the neighborhood
of the compressible strip the charging energy gets shifted by the same amount allowing
one electron to leave the compressible ring. For the case of allowed charge relaxation between the compressible strip around the antidot and the compressible
sample edge one therefore expects to observe a discharging of the antidot
compressible strip with a periodicity related to the magnetic flux quantum.
Due to the loss of one electron the electrostatic potential of the compressible ring drops
and its radius increases, as displayed in figure 6.13c. On the resonance for discharging,
the antidot compressible ring can be occupied again by an electron from the edges. In
consequence, the radius of the compressible antidot ring fluctuates with the quantity of
electrons confined in the compressible ring, see figures 6.13b and 6.13c. With further increasing magnetic flux density the resonance condition for transferring an electron to the
edges is lost. The number of electrons on the compressible ring returns to its initial value
as an electron from the incompressible surroundings is recaptured [50]. With a change in
the magnetic flux density by one flux quantum the electrostatic potential returns to its
initial value, see figure 6.13d. In the whole process a flux quantum is added to the ring
and the compressible strip returns back to its original position thereby maintaining the
initial number of electrons [50].
The reduction in the conductance emerges as the recharging threshold is reached and
electrons are exchanged in between the compressible ring of the antidot and source and
drain, respectively. The amount of scattered charge across the device thereby modulates
the conductance of the device. The electron-electron interaction yields the charging energy
EC as a threshold level that has to be overcome in order to allow electron transport via the
compressible ring. In between the resonances the compressible ring is Coulomb-blockaded
and the conductance returns to a higher value. It behaves like a Coulomb-blockaded
quantum dot, with the sole difference that the gate lever arm has been replaced by a
magnetic flux density change. The charge accumulation rate in the magnetic flux density
is one elemental charge e per magnetic flux quantum for the given geometry. The period
of the conductance modulation therefore relates to the expected h/e periodicity for an
interference effect. This illustrates that the periodic conductance modulations,
with their sinusoidal appearance seen in the measurements might not originate
from an interference effect of the electrons traveling around the antidot. It
might be rather the electron-electron interaction in the compressible ring in
combination with the change of its diameter under variation of the magnetic
flux density and the resulting single-electron charging occurring with a similar
periodicity as the Aharonov-Bohm effect.
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(d)

Potential profile of the 2DES taken along the red line from figure 6.12b for
different magnetic flux densities B0 < BC < (B0 + Φ0 /A). Occupied states
are drawn as solid black dots, unoccupied as white dots and partially filled
as half-filled dots, respectively. (a) Initial state at B0 with N electrons in
the compressible strip. The energy value of εF serves as reference. (b) With
increasing magnetic flux density the compressible antidot ring shrinks in
diameter by −δr, the electron-electron interaction increases and the electrostatic energy of the compressible ring rises until an electron from the
compressible ring can be removed with no additional cost in energy. (c) On
the resonance for discharging to (N −1) electrons the ring expands by −δr0 as
the electrostatic potential drops by 2δε = e2 /CΣ . The compressible ring can
either recover an electron from the incompressible bulk or from the edges of
the sample thereby transferring the system back to the initial compressible
state with N electrons. On the resonance for discharging the configuration
continuously changes between (b) and (c) (dotted arrow between the figure
panels). (d) The potential of the compressible ring returns to its original
position with N electrons, but with a flux quantum Φ0 added to the ring.

6.4 Small Antidot Acts as a Ring Shaped Coulomb Island: Single-Electron Charging

6.4.1 Experimental Evidence of Single-Electron Charging from
Literature
With antidot sizes in the range of micrometer in diameter, the charging energy can be
very small and the spacing of the single-electron tunneling peaks becomes narrow. The
fingerprint of distinct peaks is concealed within a sinusoidal appearance of the conductance modulation as they have a considerable overlap. It can be resolved either by smaller
antidots or by very low temperatures below T < 50 mK. In an experiment by V. J. Goldmann et al. [32] carried out at a temperature of T = 12 mK the single-electron tunneling
peaks are clearly resolved. The evolution of the peaks with raising temperature is shown
in figure 6.14. At T = 38 mK the thermal broadening is sufficient to shroud the distinct
single peaks and their shape is similar to those measured in this thesis.
In an antidot experiment with a nearby QPC charge detector M. Kataoka et al. [49] were
able to directly proof the redistribution of charges in the vicinity of the antidot system.
They show a coincident signal in the transconductance of the two parallel constrictions
with the antidot in the center and with the transconductance of the charge detector, as
seen in figure 6.15a. The periodic variation in the conductance of the antidot system is
accompanied by a steady increase in charge seen by the detector with a sudden relaxation

Figure 6.14

The temperature dependence of the single-electron tunneling peaks in an
antidot system. For low temperatures the peaks are clearly resolved and
take a sinusoidal appearance at elevated temperatures. The tunneling conductance GT is calculated from the measured Rxx vs. B data by subtracting
the quantized longitudinal resistance and inverting the resulting matrix via
2 − R (R
GT = (Rxx − RL )/[RH
xx − RL )], where RH and RL are the Hall
H
and longitudinal resistance, respectively. Reprinted figure with permission
from [32]. Copyright (2008) by the American Physical Society.
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(a)

(b)

(c)
Figure 6.15
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(a) The charge seen by a QPC charge detector shows a steady increase with
a sudden relaxation as the conduction in the antidot system is modulated
with the magnetic field in the range of filling factor νl = 1 and νl = 2.
(b) Conductance modulation and charge detector signal on the beginning of
the I/VDS = 2 e2 /h quantum Hall plateau. The charge redistributing near
the antidot is also seen on the conductance plateau, although no conductance modulation is observed. (c) Differential conductance as function of
the magnetic field B versus the DC bias VDS (charge-stability diagram) of
the antidot in the range of filling factor νl = 1 and νl = 2. The background
variation is subtracted for a better contrast. Dark regions correspond to
positions of peaks for the two left sub-figures and to positions of dips for
the two right ones. Reprinted figure with permission from [49]. Copyright
(1999) by the American Physical Society.
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at the lowest point of the periodic conductance modulation. In addition the authors prove
that recharging occurs even for the case that both constrictions are set to a quantized
conductance value. The charge detector shows the same steady increase in potential with
a sudden drop, see figure 6.15b. Scattering between the compressible edges is not possible
and the conductance stays quantized. The authors were furthermore able to measure
a charge-stability diagram of the compressible antidot ring, see figure 6.15c. It shows
Coulomb-blockade diamonds as one observes in typical quantum dots. The charging
energy of the order of EC = 0.2 meV that is one order in magnitude less than for typical
small quantum dots.

6.4.2 Higher Filling Factors in the Leads
So far the filling factors in the bulk of the leads were considered to match ν = 1, the
filling factors of the constrictions νl ≤ 1. The local filling factors inside the constrictions
can be tuned with the bias applied to the vertical finger-gates. They range from zero
with a complete pinch-off of the channel up to the filling factor in the bulk of the leads
given by the magnetic flux density. A possible compressible and incompressible strip
pattern for a filling factor of ν = 3 in the bulk and νl ≤ 1 in the constrictions is displayed
in figure 6.16. The compressible antidot annulus is coupled to the compressible edges
of the device allowing charge transfer. Incompressible areas with higher filling factors
are not connected throughout the device from source to drain and do not contribute to
the transport of the net current (black arrows). The single-electron tunneling via the
compressible ring around the antidot occurs only from the outermost compressible strip
of the edges of the device. The incompressible area around the compressible annulus of
the antidot separates it from the compressible areas of the higher filling factors. A charge
exchange from the compressible antidot ring to these compressible areas is not expected
to occur. The sample behaves as for the case of matching filling factors of the bulk ν = 1
and within the QPC constrictions with νl ≤ 1.
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Schematic illustration of the compressible (dark blue) and incompressible
(light blue) strip pattern for a local filling factor νl < 1 in the constriction
and with ν = 3 in the bulk of the leads.
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Conductance modulation in an antidot with a local filling factor of νl < 1
in the constriction around a magnetic field of B = 4.40 T at a magnitude of
∆(I/VDS ) = (0.060 ± 0.004) e2 /h. This value corresponds to a filling factor
of ν = 3 in the bulk of the device. The period of the modulation yields
δB = (3.50 ± 0.01) mT. The data are taken at a bias of VDS = 25 µV.

The situation sketched above is realized in the device at a magnetic flux density of
B = 4.40 T, which sets the bulk of the sample to a filling factor of ν = 3. The gates
of the constrictions are biased to accommodate the conductance to I/VDS = 0.5 e2 /h in
each. A variation in the magnetic flux density displayed in figure 6.17 shows as previously
periodic conductance modulations. The change of one magnetic flux quantum Φ0 = h/e
yields a period of δB = (3.50 ± 0.01) mT in the magnetic flux density, at a magnitude
of ∆I/VDS = (0.060 ± 0.004) e2 /h. In comparison to the case of an equal filling factor
in the bulk of the sample and in the constriction at a magnetic field of B = 10 T with
δB = (3.27 ± 0.02) mT periodicity at a magnitude of ∆(I/VDS ) = (0.046 ± 0.008) e2 /h
(see figure 6.2) the conductance modulations show qualitatively the same behavior with
respect to both the periodicity in the magnetic flux density and their magnitude. The
higher filling factors in the bulk do not change the general behavior of the device.
The reduction in the Hall voltage drop is caused by the scattering of electrons from one
edge via the compressible ring around the antidot across the device to the other edge,
thereby changing the electro-chemical potential µelch of the compressible areas involved
in the process. The potential distribution among the compressible areas is sketched qualitatively in figure 6.18 ignoring any equilibration lengths and scattering dynamics. The
electro-chemical potential has a high value (red) at the upper part connected to the source
and a low value (blue) at the lower part connected to the drain contact of the device.
The coupling of the compressible annulus around the antidot to the edges of the sample
is assumed to be symmetric and its potential value (purple) will always reside midway
in between the value of the outermost compressible strip belonging to the source and
drain contacts, respectively. Around the etched antidot the gradient in the electrostatic
potential is assumed to be shallow enough to allow well developed spatially separated
compressible strips. Two types of equilibration processes are depicted in the figure. At
the left hand side it shows the case for the potential gradient at the edge of the device
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compressible area (high µelch)
compressible area (low µelch)

Schematic illustration of the compressible and incompressible strip pattern
for a local filling factor νl < 1 in the constrictions and with ν = 3 in the
bulk of the leads. Equilibration of the electro-chemical potential occurs either along the sample edge or by the connection of all compressible strips to
ohmic contacts, ignoring any equilibration lengths and scattering dynamics.
The value of the electro-chemical potential is color coded. The scattering
of electrons from one compressible edge to the other via the antidot compressible ring increases the drain potential (dark to light blue color) while it
reduces the source potential (dark red to orange color).

being steeper than in the vicinity of the antidot in the center. The outermost incompressible strips are too small to separate the compressible areas from one another and
a single compressible area remains. At the crossover compressible strips with different
electro-chemical potential equilibrate, like it is shown at the lower left of the figure. The
second type of equilibration is sketched on the right hand side of the same figure. Here
the potential gradient is assumed to be shallow enough that the compressible strips are
well isolated throughout the device. For weak scattering across the incompressible strips
the device shows adiabatic transport and the equilibration of the strips a different electrochemical potential occurs in front of the ohmic contacts to the 2DES. In the device used
in this thesis, they are fabricated such that they behave as ’good contacts’ making a
connection to all compressible areas passing by [21]. Which of the process occurs cannot
be distinguished, but both are mentioned for the sake of completeness.
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6.5 Antidot with Multiple Compressible Rings
Around
A halved periodicity in the magnetic flux density of the periodic conductance modulations in devices with antidots has been reported by several groups [26, 50, 89, 61]. The
operational point of the constrictions at the antidots was thereby set to accommodate
compressible regions of several filling factors. A numerical simulation of an antidot system under quantum Hall condition was conducted by S. Ihnatsenka and coworkers [43].
They show that periodic conductance modulations appear on every transition region in
between two quantum Hall plateaus. But regardless of which transition region is chosen,
it always occurs with the same periodicity of ∆B = Φ0 /A, with Φ0 = h/e being the
flux quantum and A the area of the antidot. The periodicity halving as a result of two
independent processes of both spin species can be ruled out, since the phase shift of both
processes would have to be locked at π for a pure halving of the periodicity. Yet, it is determined by the single-particle-level spacing and the Zeeman energy and would therefore
vary in different experiments [43]. For this reason, electron-electron interaction has to be
considered in order to explain the periodicity halving.
The conductance of the constrictions in the experiments was set to a value higher
than I/VDS > 1 e2 /h that allows more compressible strips to form around the antidot.
Depending on the interplay of the extension of the electron wave function and the steepness
of the potential profile of the 2DES two different cases have to be considered. The first
being a shallow gradient or high magnetic fields with a small extension of the electron wave
function in radial direction of the antidot with respect to the width of the incompressible
barrier in between the compressible strips. The second being a steep potential gradient or
low magnetic field with an extension of the wave function comparably large to the barrier
width, respectively. In the first case all incompressible strips in the depletion regions are
well developed and isolate the compressible strips from each other. With a small overlap
of the electron wave functions the compressible strips can be considered well isolated with
a capacitive coupling among each other and towards the source and drain compressible
strips, respectively. The spatial splitting not only covers the orbital but also the spin-split
Landau levels. For the second case the incompressible strips are too narrow to separate
different compressible regions. The latter will therefore merge into a single compressible
strip. This is particularly true for low magnetic fields concerning the spin-splitting of the
Landau levels yielding only a slight displacement of electronic states belonging to different
spin orientations. Both conditions shall be discussed in the following.

6.5.1 Separated Compressible Strips
Let us first focus on spatially well separated compressible rings as the more general case.
The main focus is on the evolution to two compressible rings around the antidot, while
the model can be expanded to any number of compressible annuli. A schematic view of
the different compressible and incompressible strips according to the self-consistent approach is shown in figure 6.19. Two separated compressible regions around the antidot
are present, labeled by the index i ∈ {1, 2}. They both couple to the compressible source
and drain reservoir and a back-gate, simplified by only a single index each. Among each
other they are coupled via C12 . For the expansion of the model with a higher number of
separate compressible regions enclosing the antidot the spatial splitting is given by the
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separation of compressible strips belonging to different Landau levels. A similar configuration has been reported to emerge in quantum dots with a ’dot-in-dot’ structure of
compressible areas [72, 39]. Both the compressible antidot strips and the ’dot-in-dot’ contract in size with increasing magnetic flux density and the electron-electron interaction
increases. With more compressible areas coupled amongst each other, it can be energetically more favorable to redistribute electrons between the compressible strips within the
magnetic flux density change required to add a single flux quantum to the system [39].
The capacitive interaction model of the antidot, where the increasing electron-electron
interaction in the compressible strip around the antidot can be treated as the accumulation of excess charge, can be expanded in the same way as the quantum dots to several
compressible strips [64].
The potential bending of the compressible strips of the antidot in the self-consistent
model is shown in figure 6.20a. Each compressible ring confining a fixed number of
electrons encloses a fixed number of flux quanta. With an increase of the magnetic flux
density both rings will reduce in size to keep their enclosed flux constant. As for a single
compressible ring only the outer edges are relevant, since the partially filled compressible
strips shield the increasing potential at the innermost edge of the compressible ring. One
can treat it as each compressible strip builds up excess charge as either the magnetic field
or the antidot potential is varied until an electron leaves as the charging threshold for
single-electron tunneling is reached. For the magnetic field the accumulation rate dq/dB
is given by [94]
δqi (B) = e

Ai ∆Bi
,
Φ0

(6.5)

where e is the elementary charge, Φ0 = h/e the elementary flux quantum and ∆Bi =
Φ0 /Ai is the magnetic flux density period. Each of the compressible strips has its own
0
0
charging energy EC,i = δqi2 /2CΣ,i
depending on the capacitance CΣ,i
= CΣ,i + C12 that
accounts for the cross-coupling. The accumulated excess charge can be relaxed either
by a recharging event to the compressible sample edges or by internal charge exchange
between the two compressible strips. Which of the processes is favored now depends on
the strength of the capacitive cross coupling of the compressible annuli and the charge
accumulation rate as well as the initial excess charge value.
The arrangements of the two compressible strips around the antidot connected to the
same source and drain resembles closely experiments with two electrostatically coupled
quantum dots [38]. A charge-stability diagram illustrating the degeneracy lines in energy
for charge relaxation of the compressible annuli, depending on the ratio of the capacitances
of the compressible rings to the environment and the cross capacitance between them,
can be drawn. In comparison with the double quantum dot structure where the charge
degeneracy lines are obtained from the interplay of gate voltages Vgate,1 vs. Vgate,2 tuning
the energy thresholds of the quantum dots against each other, here the degeneracy is
obtained from the charge accumulation rate δq1 (B) vs. δq2 (B) for each compressible
strip, that are linked via the common variable of the magnetic flux density. It is sketched
in figures 6.21a for the case of intermediate capacitive coupling. For zero coupling strength
a square pattern for the charge degeneracy lines is obtained (dotted lines). The crosscoupling deforms the square lattice to a honeycomb lattice with a charge degeneracy
line for both compressible regions, where charge is transfered between the outer and the
inner compressible ring. The charge exchange with the outer ring occurs at the red lines
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Antidot system with a local filling factor of 1 < νl < 2 in the constrictions.
Schematic view of the compressible (dark blue) and incompressible (light
blue) strip pattern in the 2DES. (b) Schematic view illustrating the capacitive coupling of the compressible strips to the source and drain leads and a
back-gate accounting for all other electrostatic influences. The compressible
strips of the antidot are capacitively coupled to each other.
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Potential profile taken along the red line from figure 6.19b. Occupied states
are drawn as solid black dots, unoccupied as white dots and partially filled as
half-filled dots, respectively. The compressible strips are occupied by N and
M electrons, respectively. With an increasing magnetic flux density both
compressible antidot rings reduce in diameter from (a) to (b). From each
compressible strip an empty state is donated to the incompressible area that
is subsequently occupied and the recharging threshold for the compressible
strips is reached.

6.5 Antidot with Multiple Compressible Rings Around
and with the inner one at the blue line, respectively. For simplicity an equal excess
charge accumulation rate is assumed for both compressible annuli. The strength of the
cross coupling determines the slope and length of the degeneracy line. In the limit of
strong coupling a rhomboid shaped charge-stability diagram, displayed in figure 6.21d, is
obtained. Depending on the initial charge distribution two transition types of different
characteristic, denoted as type I and type II, respectively are possible.
• Type I:
Both compressible rings exchange electrons with the edges as their energy threshold
is reached in an independent process. The energetic degeneracy for the internal
charge relaxation is never obtained. Each strip will cause a modulation by a single
flux quantum h/e, but with a periodicity according to the enclosed area by either
strip. With only a faint difference in the area the periodicity can be considered to
be the same. The fingerprint of the type I transition is the alternation of the singleelectron tunneling peak amplitudes, as it is sketched in figure 6.21b. It corresponds
to the trace along the black arrow I in the charge-stability diagram for the case of
intermediate coupling strength. The tunneling distance for the innermost strip is
larger and thus the amplitude of the single-electron tunneling peaks (shown in blue)
will be smaller compared with ones belonging to the outer strip (shown in red) with
a shorter tunneling distance. The relative phase shift between the two conductance
modulations depends on the initial charge distribution of the strips and the coupling
strength. At a small phase shift the overlap of the peaks can yield a double peak
structure. In the regime of strong capacitive coupling, displayed in figure 6.21e, the
single-electron tunneling peaks become equally spaced.
• Type II:
The second process is governed by internal charge relaxation. In contrast to the
type I process, the recharging condition for the inner ring to the edge is never
reached. With increasing magnetic flux density the excess charge of the inner ring
is relaxed by charge transfer to the outer one, which in turn subsequently recharges
to the edges as its recharging threshold gets shifted. The single-electron tunneling
peaks therefore do not alter in amplitude. For an intermediate coupling a double
peak structure like it is shown in figure 6.21c is obtained for the trace II marked
in the charge-stability diagram. Their spacing depends on the capacitive coupling
strength κ. The charge relaxation occurs half way between the double peak with the
smaller spacing. In the limit of strong capacitive coupling, displayed in figure 6.21f,
the double peaks get equally spaced and an exact periodicity halving is obtained at
an equal amplitude.
When the charge accumulation rate for both compressible rings is not equal, the transitions in the charge-stability diagrams marked by the black arrows occur at a different
tilt angle. It will give rise to transitions from the type I behavior to type II and vice
versa. A transition between both types can also be introduced, if the capacitive coupling
strength between the compressible annuli changes, e.g. for large changes in the magnetic
flux density. If the coupling strength of the innermost compressible ring to the edge is
small and its single-electron tunneling peak is very low, the transition between both types
can show as a change between the single h/e and the halved h/2e periodicity.
The model can be expanded to an arbitrary number of fully enclosing compressible
rings around the antidot, determined by the working point of the conductance in the
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Transition of type I and type II in an antidot system with two compressible
rings. (a),(d) Charge-stability diagram for (a) intermediate and (d) strong
coupling strength. Energetic degeneracy threshold for recharging the outer
and inner ring is marked in red and blue, respectively. The degeneracy for
charge transfer between the inner to the outer ring is shown as light gray.
The two possible transitions of type I and type II are indicated by the black
arrows. (b)-(c),(e)-(f) Sequence of conductance peaks as a function of the
magnetic flux density for intermediate and strong coupling, respectively:
(b),(e) Transition of type I, where each compressible ring recharges to the
edges of the sample, for (b) intermediate and (e) strong coupling strength.
The two processes (red and blue) have different amplitudes and spacing. The
latter depends on the coupling strength, with equal spacing in the strong
coupling limit. (c),(f) Type II behavior with internal charge relaxation and
recharging to the edges solely by the outer ring for (c) intermediate and
(f) strong coupling strength. The gray triangles in the type II conductance
traces mark the position of the internal the charge relaxation between the
two compressible regions. The spacing of the peaks depends on 0 < κ < 1/2,
which is proportional to the coupling strength between the compressible rings
with the limit of κ = 1/2 for strong coupling. Concept from [64].
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QPC constrictions. The expansion of the model with a charge-stability diagram for four
compressible rings is given in reference [64]. It yields a four-dimensional charge-stability
diagram with four different types of transitions. In the equivalent to the type II for two
compressible strips equally spaced single-electron tunneling peaks with a periodicity of
h/4e can be obtained.

6.5.2 Merged Compressible Strips
The halved h/2e period marks a special case for all possible fractions of h/e. If the radial
expansion of the wave function is comparably large to the incompressible barrier between
the compressible annuli, the latter cannot be considered well isolated from one another
and can be thought of as a single compressible strip, like it is shown in figure 6.22. For
the two-terminal conductance measurement in a quantum Hall device it cannot be distinguished from the case of spatially separated strips. However, for the breathing of the
compressible/incompressible landscape around the antidot two additional cases not discussed in literature have to be considered. The first being a merging compressible strip
consisting of two orbital Landau levels and the second a single orbital spin-split Landau
level with a possible small spatial displacement of the two spin species. Both cases differ
in the spatial displacement of the compressible regions with respect to each other and
thus give rise to a different behavior. Extending the nomenclature present in literature
these shall be denoted in the following as type III and type IV, respectively.
• Type III:
A transparent incompressible region in between the two compressible strips around
the antidot originating from different orbital Landau levels merge to a single compressible region. The potential cross-cut at the antidot in radial direction is dis-
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Antidot system with a local filling factor νl < 2 in the constrictions.
Schematic view of the compressible (dark blue) and incompressible (light
blue) strips pattern in the 2DES.
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Potential profile taken across the merged compressible ring in figure 6.22.
White and black dots are empty and occupied states, respectively.
(a),(b) Merged compressible strip with two orbital Landau levels. Within the
spatial reduction of −δr of the compressible strip with increasing magnetic
flux density only a state from the upper level is provided to the incompressible surroundings while the states of the lower level are screened (red
ellipse). The charge accumulation and period of the conductance modulation matches therefore the case for a single compressible strip with h/e flux
modulation period. (c),(d) Merged single spin-split Landau level displayed
with a small spatial separation for a better illustration. Both spin orientations are present within the reduced radius −δr0 for increasing magnetic flux
density. Both levels provide an empty state (red ellipse) effectively doubling
the charge accumulation rate and giving rise to modulations with halved
h/2e flux modulation period.

6.5 Antidot with Multiple Compressible Rings Around
played in figure 6.23a. With increasing the magnetic flux density the combined
compressible region shrinks in diameter to keep the flux enclosed constant resulting
in an increase in the electrostatic energy of the compressible region, see figure 6.23b.
At the outer perimeter of the compressible strip an empty state is provided to the
incompressible bulk that is subsequently occupied. This process occurs only for the
upper orbital Landau level. For the lower level in energy within the spatial reduction −δr all the states already are fully occupied. The charge accumulation rate of
δq(B) = eΦ0 /A∆B, where ∆B is the flux density period for the enclosed area A
of the merged compressible strip therefore coincides with the one of a single compressible strip. Lower periodicities in the conductance modulation are not expected
as there will only be one perimeter for charging yielding only the fundamental h/e
period.
• Type IV:
For the case of a single spin-degenerate orbital Landau level the spatial shift of the
two spin species is much smaller or even negligible compared with the case of two
merged orbital Landau levels in type III and can even be absent. The corresponding potential cross-cut in radial direction of the antidot is displayed in figure 6.23c
with a small spatial shift for a better illustration. In this scenario both spin-split
Landau levels are present in the reducing area −δr of the compressible region as the
magnetic flux density is increased. From both levels an empty state3 is provided to
the incompressible surroundings and the charge of δqσ = −2πr eσ ne,ν δr for both
spin orientations σ has to be provided to match the electron density in the enlarging
incompressible region, see figure 6.23d. This effectively doubles the charge accumulated in that area and results in a charging rate of δq(B) = 2eΦ0 /A∆B, where ∆B
is the flux density period for the enclosed area A of the merged compressible strip.
One therefore expects to observe periodicities of h/2e here, where no spatial separation but a spin-degeneracy is present. Nevertheless for the case of a conductance
value set lower than I/VDS < 1 e2 /h per QPC one spin orientation is filtered out by
QPC constriction, even for the case of a merged degenerate compressible strip and
thus only the fundamental h/e flux period is achieved.

6.5.3 Experimental Validation of Multiple Antidot Strips from
Literature
In the experiment of M. Kataoka et al. [49] with QPC charge detector nearby the antidot
system, shown in figure 6.15, the charge accumulation and its relaxation with a halved periodicity occurs for the case of a filling factor νl < 2 in the constrictions compared with the
case with a filling factor νl < 1. The charge-stability diagram shows Coulomb-blockade
diamonds as function of the magnetic flux density versus the applied source-drain bias for
the case of the halved periodicity as well, but the size of the diamonds alternates. The
larger diamond is caused by the charge transfer to the outermost, the smaller one to the
innermost compressible strip, respectively.
M. Kato et al. [51] investigated an antidot in the regime of type II transitions with a
halved h/2e periodicity in a titled magnetic field. As the tilt angle of the device increases
the cyclotron energy of two spin species reduces. This transfers the pure halved period
3

In case of thermal excitations with the thermal energy kB T > gµB B exceeding the Zeeman splitting.
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caused by internal charge relaxation to the fundamental h/e period, see figure 6.24a. The
authors show in addition the dependence of the type I process with two independent
tunneling processes. The double peak turns to two distinct peaks as the Zeeman energy
matches the level spacing and turns back to the double peak structure as the tilt is increased further.
The experiment by V.J. Goldmann et al. [32] used an antidot system with very wide
constrictions of d = 750 nm spacing, compared with d = 180 nm used in the thesis here.
This allowed them to reach higher quantum Hall plateaus at lower magnetic fields with
conductance modulations at the transition regions in between. All fractions of the fundamental period up to h/6e are observed, as displayed in figure 6.25. Their line shape can
also be explained by the capacitive interaction model from W.-R. Lee and H.-S. Sim [64]
taking the spatially separated higher spin split Landau levels into account.

(a)

(b)
Figure 6.24
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(a) Conductance modulation in an antidot system with a halved modulation
period in the regime of internal charge relaxation. With increasing tilt angle
of the device towards the magnetic field orientation the double peak structure
diminishes with decreasing the cyclotron energy and leads to the fundamental
period. (b) Conductance modulation in the regime of two separate tunneling
processes as a function of the tilt angle. Reprinted with permission from [51].
Copyrighted by the Physical Society of Japan.

6.5 Antidot with Multiple Compressible Rings Around

Figure 6.25

Conductance modulations at the transitions region in between different quantum Hall plateaus. Every fraction of the fundamental modulation period up
to h/6e is achieved. The tunneling conductance GT is calculated from the
2 − R (R − R )], where
measured Rxx vs. B data as GT = (Rxx − RL )/[RH
xx
L
H
RH and RL are the Hall and longitudinal resistance, respectively. Reprinted
figure with permission from [32]. Copyright (2008) by the American Physical
Society.
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6.6 My Experimental Findings
In this section the conductance modulations with h/e and h/2e periodicity observed in
the device structure used in this thesis are investigated and discussed in the framework of
the single-electron charging model discussed before. Although they own the same period
as the Aharonov-Bohm interference effect, here it seems to be plausible to interpret the
conductance modulations as single-electron tunneling mediated scattering between the
compressible edges while tuning the magnetic flux.

6.6.1 Fundamental Conductance Modulation
The fundamental h/e period is observed as the conductance in the constrictions is set
below I/VDS < 1 e2 /h. The QPC constrictions at the antidot set to a local filling factor νl < 1 thereby allow only a single non-degenerate compressible ring to evolve around
the antidot repulsive potential. The potential distribution for this choice of working point
and the strip pattern in the 2DES is shown in figure 6.5. The conductance modulations
are observed over a large range in the magnetic field strength as well as in a wide range
of area variation. In figure 6.26 a magnetic field trace from zero to B = 10 T for a
conductance value set by the QPCs below I/VDS < 1 e2 /h is shown. There are larger
changes in the average conductance with the fine h/e periodic conductance modulations
all along the trace at a mean period of δB = (3.50 ± 0.01) mT, determined by a fast
Fourier-transform (see inset). These small h/e periodic modulations are too fine to be
seen in this diagram4 . The bulk filling factor ν passes through all values down to a value
of ν = 1 with increasing magnetic field. It thereby affects strongly the potential landscape
in the 2DES and influences the working points set by the QPC conductance values. These
changes are presumed to cause the large conductance modulations seen in the diagram.
In addition, the position and width of the compressible ring around the antidot changes
depending on the absolute magnetic field strength. The outermost perimeter of the compressible ring around the antidot thereby determines the magnetic flux density period of
the h/e periodic conductance modulations, e.g. with δB = (3.72 ± 0.02) mT at B = 6 T
or δB = (3.28 ± 0.02) mT at B = 10 T, respectively. It is remarkable that the periodic
conductance modulations occur already at very low magnetic flux density of B = 0.2 T.
With the bias applied to the side-gates at the antidot the depletion zone in their vicinity can be tuned in size. This allows either direct observation of the area dependence
at a fixed magnetic flux density or the subjection of the magnetic flux density change in
the relation to the enclosed area by the compressible ring. The adjustability of the flux
period by the side-gates is shown in figure 6.27. The modulation period reduces from
δB = (3.10 ± 0.03) mT to δB = (2.69 ± 0.02) mT as the side-gate voltage decreases to
more negative values and the depleted area underneath the gates grows, like it is shown
in right-hand figure panel. Both side-gates are driven simultaneously. The change in the
flux density period yields ∆B/∆VSG = (0.73 ± 0.03) mT/V, where ∆VSG is the change
in the voltage applied to the side-gates. In terms of the area the compressible annulus
encloses, a change of ∆A/∆VSG = −(0.37 ± 0.01) µm2 /V can be achieved. The period in
the magnetic flux density thereby reduces for a more negative side-gate voltage ∆VDS < 0,
whereas the area grows.
4

An enlargement of the full trace can be found in the appendix in section C.1.6.
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Conductance modulations with the constrictions set below I/VDS < 1 e2 /h.
Full magnetic field trace from zero up to B = 10 T.
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Conductance modulations with different side-gate (yellow pads) voltages at
a source-drain bias of VDS = 25 µV. The period changes depending on
the depletion size from δB = (3.10 ± 0.03) mT at VSG = −0.8 V to δB =
(2.69 ± 0.02) mT at VSG = −1.4 V. Curves are offset for a better view.
The depletion area grows as shown in the right figure panel with decreasing
side-gate voltage.
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Color-coded graph of the conductance modulations of the antidot system in
the parameter space of magnetic field and the depletion size determined by
the side-gates. The bias voltage is set to VDS = 25 µV. The continuous shift
in the average of the conductance in side-gate voltage direction is caused
by a continuous drift in the working point of the QPCs. The periodicity
yields δB = (3.26 ± 0.01) mT in the magnetic flux density and δVSG =
(2.76 ± 0.04) mV for the area change, respectively.

The mapping of the parameter space of magnetic flux density and area variation allows
to determine the scaling of the conductance modulations. The color-coded conductance
map of figure 6.28 shows the periodic conductance modulations with respect to both
parameters. It highlights the stability of both parameters with respect to each other.
The source-drain bias voltage was set to VDS = 25 µV. The conductance modulates
in the range of ∆I/VDS = 0.06 e2 /h around an average value of I/VDS = 0.4 e2 /h set
by the constrictions. The decrease in the absolute value of I/VDS with more positive
side-gate voltage is due a continuous shift in the working point of the QPCs, but the
magnitude of the modulation stays constant. The change in the magnetic flux density that
is required to add a flux quantum yields δB = (3.26 ± 0.01) mT. In the area dependence,
respectively the lateral expansion of the area caused by the side-gates, the periodicity
is δVSG = (2.76 ± 0.04) mV. Both side-gates were thereby changed in parallel. This
corresponds to an area change of δA = 940 nm2 per period. In the following the ellipsoidal
approximation of the enclosed area from figure 5.8 shall be considered. Here, the vertical
extension of the ellipse is fixed by the position of the QPCs. In consequence, the size
change can only affect the horizontal half-axis, that yields about δr = 0.2 nm. This shows
that the stability of the enclosed area of the compressible strip around the antidot on a
nanometer scale is vital to obtain stable conditions. The slope of the iso-flux lines shows
Aharonov-Bohm scaling, e.g. for an increasing magnetic flux density the area has to
reduce in size to keep the flux constant, that is achieved here by a more positive side-gate
voltage.
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6.6.2 Conductance Modulations with Halved Periodicity in the
Magnetic Flux
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By changing the conductance of the QPC constrictions from the transition region between
the lowest quantum Hall plateau and pinch-off to the transition region of the next higher
quantized plateau, two compressible rings evolve around the antidot and a change in the
conductance modulations periodicity from h/e to h/2e is expected. The landscape of
the compressible and incompressible strips in the 2DES for this choice of working point is
shown in figure 6.22. In the common transition from I/VDS = 2 e2 /h quantum Hall plateau
to pinch-off of both QPCs displayed in figure 6.29 both modulation periodicities with h/e
and h/2e are obtained. The conductance modulations are absent on the conductance
plateaus and appear with the fundamental h/e period in the lower and with the halved
h/2e period in the transition upper region (with one or both spin orientations present),
respectively. The apparent phase shift of the modulations originates from the change of
the enclosed area caused by the QPC gate voltages.
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Conductance modulations as function of magnetic field and the combined
QPC characteristic from the I/VDS = 2e2 /h quantum Hall plateau to pinchoff. The modulations appear in the transition regions between the conductance plateau of I/VDS = 1 e2 /h to complete pinch-off and between the
plateaus with I/VDS = 1 e2 /h and I/VDS = 2 e2 /h with h/e and h/2e periodicity, respectively. The inset shows line-cuts taken from the main graph.
Data are obtained with a source-drain bias of VDS = 25 µV.
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6.6.3 Halved Periodicity in the Edge-State vs. the
Self-Consistent Picture
The conductance modulations with the halved periodicity as a function of the magnetic
flux density versus the antidot gate voltage tuning the size of the depletion is displayed in
figure 6.30a. Compared with the equivalent measurement of the conductance map with
the h/e periodicity from figure 6.28 both modulation frequencies in the magnetic flux density and the area dependence double. The iso-flux lines thereby maintain the same slope.
All parameters of the device were kept unaltered in between both measurements except
the local filling factor set by the QPC constrictions. It was changed from 0 < νl < 1 for the
measurement displayed in figure 6.28 to 1 < νl < 2 for the measurement in figure 6.30a,
respectively. The comparison of both modulation frequencies is shown in figure 6.30b
and 6.30c as a function of magnetic flux density and area dependence, respectively. The
curves are line-cuts taken from color-coded conductance maps of the figures 6.28 and
6.30a. The periodicity in the magnetic field reduces from δB = (3.26 ± 0.01) mT to
δB = (1.60 ± 0.01) mT and the side-gate variation from δVSG = (2.76 ± 0.04) mV to
δVSG = (1.35 ± 0.01) mV, respectively. The graphs show a pure modulation with h/2e
periodicity for both parameters with no sign of a double peak feature or of alternating
single-electron tunneling peak amplitudes. The halved period in the conductance modulation always appears simultaneously in both parameters of size and magnetic flux density.
Most remarkable is the change in the peak-to-peak value of the conductance
of the halved periodicity found here, that has not been reported elsewhere in
literature. It is of the order of ∆I/VDS = (0.21 ± 0.02) e2 /h and thus three times
larger than ∆I/VDS = (0.07±0.01) e2 /h in the case of the fundamental h/e period.
One has to note that the mean value of the conductance set by the QPCs is
three times larger as well. Obviously, the periodic conductance modulation scales
with the Hall voltage drop across the QPC constrictions. This observation is discussed
within the framework of both the edge-state picture and the self-consistent model of the
quantum Hall effect in the following.
• Edge-State Picture:
For the interpretation using the edge-state picture of current carrying edge-states,
as displayed in figure 6.31 for a filling factor of νl < 2, a different behavior would be
expected. With the conductance of the QPC constrictions set to 1 e2 /h < I/VDS <
2 e2 /h one expects in this picture that only the innermost edge-state gets scattered
off the QPC while the one closer to the edges can pass it, remaining undisturbed at
a transmission probability of T = 1. In consequence, both edge-states contribute to
the Hall current through the device, but only one edge-state would give rise to the
magnetic flux dependent periodic modulations in the conductance. With only one
edge-state interfering, their magnitude should be comparably large as for the choice
of filling factor νl < 1 with a single edge-state in the constrictions.
• Self-Consistent Picture:
The observation of a different magnitude in the conductance modulations can be
expected within the self-consistent model of the quantum Hall effect, compare figure 6.19. In case of νl < 2 additional electronic states below the electro-chemical
potential are present belonging to a higher Landau level, compared with νl < 1. The
value of the Hall current flowing through the constrictions is determined by the Hall
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(a) Color-coded graph of conductance map of an antidot system in the parameter space of magnetic field and size of the antidot (tuned by the sidegates) showing a stable h/2e modulation. The bias voltage is set to VDS =
25 µV. Besides for the different filling factor 1 < νl < 2 in the constrictions
the same setting were chosen as used for the measurement of figure 6.28 with
0 < νl < 1. A comparison of the modulation frequencies taken from (a) and
figure 6.28 is shown as a function of (b) magnetic field and (c) area variation
at a fixed magnetic field of B = 4.40 T. The periodicity in the magnetic flux
density changes from δB = (3.26±0.01) mT to δB = (1.60±0.01) mT and the
side-gate variation from δVSG = (2.76 ±0.04) mV to δVSG = (1.35 ±0.01) mV,
respectively.
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Figure 6.31
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Schematic top view of the device using the edge-state description of the
quantum Hall effect. The conductance of the QPC constrictions is set to the
interval 1 e2 /h < I/VDS < 2 e2 /h. Only the current in the edge-states in the
center of the constriction are scattered (red dots) and enclose an area with
magnetic flux Φ. The edge-states close to the edges do not scatter and are
transmitted with unit probability T = 1. Only the scattered edge-states can
give rise to flux dependent periodic conductance modulations.

voltage drop and the number of contributing Landau levels with states below the
electro-chemical potential. The change in the Hall voltage drop due to scattering
between the edges changes the drift velocity of all these electronic states. Hence,
the current modulates at the full scale and not only partially, as expected from the
previous edge-state picture.
In conclusion, the observation made here with a scaling of the magnitude
of the magnetic flux dependent conductance modulation clearly contradicts
the expectations from the edge-state picture but is fully covered within the
self-consistent model of the quantum Hall effect.

6.6.4 Magnetic Field Dependence of the Combined QPC
Conductance
In order to observe higher fractions h/ne of the fundamental conductance modulation period (with n ∈ N) the conductance value of the QPC constrictions was set to higher values.
One would expect h/3e as the conductance modulation periodicity at the transition from
the local filling factor 2 < νl < 3, if
• the charge carrier gradient in the constrictions allows three spatially separated compressible annuli around the antidot or
• in the case of merged spin-degenerate annuli if two spatially separated orbital annuli
are present.
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Figure 6.32

Conductance of the lower quantum point contact as function of the gate
voltage versus magnetic field. Two traces in the magnetic field traversing
several conductance plateaus are marked in red and black, respectively.

In a first step the conductance plateaus of the single QPCs with respect to the magnetic
field were analyzed before using again the parallel configuration of both QPCs. The conductance of solely the lower constriction, while the upper one was pinched-off, is displayed
in figure 6.32. Several conductance plateaus are obtained. The same measurement was
taken for the inverted configuration using only the upper constriction while the lower one
was closed. In the following two different traces at fixed gates voltages of the QPCs,
marked in red and black, are discussed. They traverse a different number of conductance
plateaus of a single QPC, but are chosen to match the number of conductance plateaus
for both the lower and upper QPCs simultaneously5 .
Trace Passing Two Conductance Plateaus
The QPC gates of both constrictions are set to traverse only the two lowest conductance
plateaus, as illustrated exemplary by the red trace in figure 6.32 for the lower QPC. The
combined conductance of the antidot system is taken as a function of the magnetic field.
The overview of the trace is shown in figure 6.33a. The h/ne conductance modulations are
too small to be seen on this scale of the graph6 . The first thing to note is the absence of a
clear conductance plateau at low magnetic fields in the interplay of both QPCs, although
the conductance of a single QPC taken alone yields a stable quantized conductance value
(compare with figure 6.32). Two regions with a different behavior in the combined conductance are present. The division occurs around a critical value Bc = 3.4 T for this sample.
At magnetic flux densities below the critical value the combined conductance of both
QPC constrictions reaches a value close to the sum of both individual contributing conductance values of each single QPC. This observation can also be found in literature [53].
However, the combined conductance features strong variations between I/VDS = 2 e2 /h
5
6

The common operating point of both QPCs can be seen in figure C.2 of the appendix.
An enlargement can be found in the appendix in section C.1.7.
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(a) Magnetic field trace of both constriction simultaneously driven along the
red trace marked in figure 6.32. The bias voltage is set to VDS = 25 µV. A
change in the behavior of the combined conductance occurs at Bc = 3.4 T.
In low field part with B < Bc the combined conductance value fluctuates
strongly. There is no quantized conductance plateau in contrast to the conductance quantization of each single QPC constriction, compare with figure 6.32. Both the fundamental h/e and halved h/2e conductance modulation period are obtained here. For the high field with B > Bc the system
shows well developed quantum Hall plateaus. (b) Enlargement of the conductance above Bc for the area marked in the high field part. In between
both quantum Hall plateaus with 1 < νl < 2 a pure h/2e periodic conductance modulation is obtained.

6.6 My Experimental Findings
and I/VDS = 4 e2 /h. This points to intense changes in the potential landscape in the
2DES which causes substantial changes of the current distribution within the 2DES. Below the critical magnetic field value Bc one can therefore not assume pristine conditions
with well separated compressible regions around the antidot7 . Further investigations of
the interaction of the compressible region around the antidot with its surroundings in the
rich and complex potential landscape below Bc is required, but is not topic of this thesis.
As the magnetic field increases to a value above Bc the 2DES evolves into the quantum
Hall system with a well defined potential landscape in the 2DES. The conductance reduces
to a common I/VDS = 2 e2 /h quantum Hall plateau8 that matches the expectation from
the conductance of the single QPCs, see figure 6.32. The conductance modulations are
absent on the quantum Hall plateau as expected. At the transition region between the
quantum Hall plateaus of I/VDS = 2 e2 /h and I/VDS = 1 e2 /h, depicted in figure 6.33b, a
pure h/2e conductance modulation occurs. On both quantum Hall plateaus the modulations are absent as expected.
The crossover between the high and the low field behavior above and below Bc occurs
as the magnetic length lB reduces to a value well below the geometrical width of the QPC.
The overlap of the electron wave functions in the compressible strips of the edges and the
compressible ring around the antidot gets negligible. At the crossover point of Bc = 3.4 T
the magnetic length yields lB |3.4 T = 14 nm that fits a few times into the constriction
of the point contact, where the geometrical width with d = 180 nm between the metal
top-gate and the central grove can be used as an upper bound. A relative comparison of
both extensions, the width of the quantum point contact constrictions (red arrows) and
the width of the compressible strips (black arrows), is shown in figure 6.34 for different
magnetic fields above and below the threshold value. In case of a magnetic flux density
B > Bc one can consider the compressible ring and the compressible edges to be fully separated with the incompressible strip in the center of the constriction being broad enough
to sustain the Hall voltage drop across it. In consequence, the combined conductance is
quantized, compare with figure 6.33a. Here, in case of a spin degenerate Landau level
with the conductance value of I/VDS < 2 e2 /h one observes the halved h/2e periodic conductance modulation. In case of B < Bc the magnetic length approaches a length-scale
comparable to the geometric width of the QPC constriction. The compressible annuli
around the antidot and the compressible edges of the Hall bar cannot be considered to be
well separated. In consequence, one cannot obtain a quantum Hall system.
Trace Passing Conductance Plateaus of Different Conductance Values
In a second combination of QPC conductance values the trace marked by the black line
of figure 6.32 was investigated. Here the gate voltages of the QPCs are chosen such that
with increasing magnetic field more than two conductance plateaus for each single QPC is
passed. The magnetic field trace for the combined conductance of both QPCs, displayed
in figure 6.35, shows the same general behavior with two regimes of different character
as in the previous case. The critical magnetic field value Bc = 3.4 T separating both
An enlargement of the combined conductance in the magnetic flux density below Bc showing both
a h/e and h/2e periodic conductance modulation can be found in figure C.3 in chapter C.1 of the
appendix.
8
A comparison of the interplay of both QPC constrictions for a magnetic field strength above and below
Bc highlighting the different behavior between the quantum Hall regime for B > Bc and the scattering
dominated regime otherwise is displayed in figure C.4 in chapter C.1 of the appendix.
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Schematic illustration of the geometric width of the two quantum point contact constrictions of the device (space in between the red arrows) and the
expansion of the electron wave function proportional to the magnetic length
(in between the black arrows) for (a) B < Bc and (b) B > Bc .

regimes coincides in value with the previous choice of the operating point. Below the critical magnetic field no quantized plateau in the combined conductance can be identified.
Although conductance plateaus higher than I/VDS > 2 e2 /h for each QPC are present in
the low field region only periodic conductance modulation of either h/e or h/2e occur. A
triplication that would require three well separated compressible strips around the antidot
indicated by a common quantized conductance with I/VDS = 3 e2 /h is neither visible in
the measurement itself nor by a Fourier analysis (see inset). In the high field regime above
Bc only the quantum Hall plateau with I/VDS = 2 e2 /h is achieved. Consistent with the
previous case the conductance modulations are absent on the plateaus and a pure h/2e
periodicity occurs on the transition from filling factor two to one.
In summary, from the presence of a quantized conductance of the QPCs taken separately
as a function of the magnetic flux density one cannot deduce the behavior of the antidot
system with both QPCs used in parallel. Only for strong magnetic fields where the
quantization of the conductance of the single QPCs is determined by the quantum Hall
effect this justification can be made. In this regime one can assume a stable potential
landscape with well developed compressible and incompressible regions around the antidot
with the incompressible region in the center of the constriction being able to sustain
the full Hall voltage drop across it. However, for a magnetic field strength B > Bc =
3.4 T required to operate the device in this regime, only the quantum Hall conductance
plateau of I/VDS = 2 e2 /h in combination of both QPCs was obtained. This limits
the observation for the periodicity of the flux dependent modulations to h/2e. For a
magnetic field below B < Bc the combined conductance of the QPCs in the antidot system
does not yield quantized plateaus although they are present for each QPC individually.
Strong fluctuations in the potential landscape of the 2DES are expected to be present
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Figure 6.35

Magnetic field trace of both QPC constriction simultaneously along the black
trace marked in figure 6.32 with an inset showing the Fourier spectra. Only
for values above a critical magnetic field Bc the common conductance reaches
a quantized plateau.

as the combined conductance features large fluctuations with changing magnetic flux
density. Yet, both the fundamental h/e as well as the h/2e flux period in the conductance
modulations can be observed in this regime.

6.6.5 Temperature Dependence
Another parameter of interest is the temperature range in which the conductance modulations appear. In between consecutive measurement the temperature of the cryostat was
raised manually by the heating unit of the mixing chamber. In figure 6.36 the temperature
dependency of the h/e modulation is shown. The temperature values shown were taken
in the tail of the insert of the cryostat at a place close to the sample. This temperature
probe has the advantage that it corresponds more closely to the sample temperature than
the one taken in the mixing chamber of the cryostat. First to notice is that the base temperature yields T = 50 mK in the mixing chamber while the temperature at the sample
side is roughly T ≈ 100 mK higher at the beginning of the measurement. The working
points of the constrictions were chosen with I/VDS = 0.5 e2 /h. The curves for higher
temperature are offset for a better view. With raising temperature the conductance modulation decreases in amplitude until it is barely visible around T ≈ 340 mK and vanished
above T > 500 mK. For the estimation of an upper bound this yields a thermal energy of
Etherm = 43 µeV.
The behavior of the amplitude of the h/2e modulation with respect to the temperature
is shown in figure 6.38. The increments between consecutive measurements are smaller
compared with the h/e case. As previously the bias voltage was set to VDS = 25 µV and
the temperature was monitored in the cryostat tail near the sample. The conductance
value of the constrictions is set to I/VDS = 1.6 e2 /h. With T = 144 mK the lowest temper99
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Temperature dependent measurements of the conductance modulation with
h/e periodicity. The modulations are taken at a conductance of I/VDS =
0.5 e2 /h of the QPC constrictions, with a bias of VDS = 25 µeV. The curves
for higher temperatures have an offset for a better visibility.
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Dependence of the amplitude of the conductance modulation with increasing temperature. The data points are taken from measurements shown in
figure 6.38 and are fitted by an exponential function.
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Temperature dependent measurements of the conductance modulation with
h/2e periodicity. The modulations are taken at a conductance of I/VDS =
1.6 e2 /h for the QPC constrictions. The curves for higher temperatures have
an offset for a better visibility.
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ature is slightly higher than in the previous case. Again the amplitude of the modulation
degrades homogeneously on all peaks with increasing temperature until they are no longer
visible at a temperature above T > 500 mK. The dependence of the amplitudes of the
conductance modulation is shown in figure 6.37. The data points are fitted by an exponential function. A similar exponentially decreasing amplitude of single-electron tunneling
peaks in quantum dot structures is expected for the temperature range below T < 1 K
for the case kB T ' ∆E  e2 /C of comparable thermal energy and level spacing and has
been predicted by I.O. Kulik and R.I. Shekhter [62] and C.W.J. Beenacker [9], respectively.
The distinctive single-electron charging levels of the compressible annulus around the
antidot that reduces periodically the conductance as the magnetic flux is varied were
unable to be resolved within the temperature range the experimental set-up offers. For
low temperatures a series of well isolated dips in the conductance are expected. However,
for the investigated range the conductance modulations take a sinusoidal appearance as
the single-electron resonances are broadened, leading to a large overlap. The interplay of
the thermal broadening and tunnel coupling strength of the compressible region of the
antidot to the edge of the sample determines the width of the single-electron tunneling
dips. But even for a low coupling strength, by setting the conductance value in both
constrictions close to a value of I/VDS = 1 e2 /h and at the lowest accessible temperature
the appearance of the conductance modulations remains sinusoidal, as seen in figure 6.9
close to the conductance plateau.

6.6.6 Bias Dependence
The amplitude and the stability of the conductance modulations were investigated as function of the applied source-drain voltage for both accessible periodicities. In figure 6.39
color-coded graphs of the modulations with the h/e periodicity as a function of the magnetic field in the bias interval of VDS = ±200 µV are shown. The bulk of the sample leads
is set to the range of filling factor ν = 2. The first graph 6.39a displays the only deviation in the source-drain current with the mean value of the current-voltage characteristic
subtracted for a better illustration. The conductance modulations are symmetric in their
appearance to zero bias, but opposite in sign. The modulation amplitude increases from
zero bias to its maximum at about VDS ≈ ±50 µV and decreases again until it vanishes
around VDS ≈ ±170 µV. For an even larger bias the measurements show no sign of a resurgence of the modulations9 . The amplitude and contrast of the modulations is higher for
positive bias and can be attributed to different coupling strength of the antidot compressible area to the source and drain potential. The second graph 6.39b shows the differential
conductance acquired at the same time. The highest contrast is in the low bias regime
up to VDS ≈ ±20 µV. As a good balance for both types of data acquisition a bias of
VDS = 25 µV is suitable. In contrast to the data obtained by measuring the current in the
device, shown in figure 6.39a, the differential signal exhibits a phase transition by π at a
fixed magnetic field. It occurs in both positive and negative bias direction, with a transition in the phase around VDS ≈ ±35 µeV. In the proximity of the phase turning point, the
visibility of the conductance modulations is slightly reduced. However, the phase jump
is not recovered in the data showing the deviation of current from the I/V characteristic displayed in figure 6.39a, acquired simultaneously. The emerging phase jump for the
differential conductance will be discussed more in detail for the halved periodicity.
9

The bias interval of VDS = ±400 µV is displayed in figure C.1 in chapter C.1 of the appendix.
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Figure 6.39

Color-coded bias dependence of the conductance modulations for the fundamental periodicity. (a) Relative deviation in the current. The average of
the I/V curve has been subtracted for a better visibility of the modulation.
(b) Differential conductance measured by a lock-in technique.
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By taking the finite bias range where the conductance modulation appear the charging energy of the antidot can be extracted. At a higher bias the systems is no longer
Coulomb-blockaded and undergoes multi electron tunneling events. The conductance is
no longer modulated as a function of magnetic flux density or by area variation. At this
limit in the bias voltage with VDS = ±170 µV where the modulation in figure 6.39 ceases,
the charging energy yields about EC = 85 µeV for the compressible annulus area around
the antidot10 .
The bias windows of the h/2e conductance modulations was investigated with a focus
of whether the halved periodicity reduces to the fundamental at first before vanishing.
This behavior would point to two separate mechanisms. A color-coded map of the modulated current is displayed in figure 6.40a. The mean on the current-voltage characteristic
of the device has been subtracted as previously to highlight the modulation. The magnetic field range sets the bulk of the sample to the range of filling factor ν = 3. The
conductance modulations are not strictly opposite in sign with respect to zero bias. The
working point degraded slightly during the measurement in the range around zero bias
and shifted the resonance condition as it can be seen by the slight curvature at zero bias
in data of figure 6.40b. The amplitude of the conductance modulations increases with
larger source-drain bias voltage and reaches a maximum peak-to-peak signal of about
δI = 280 pA at a bias voltage of VDS = ±50 µV. Thereafter it decreases and vanishes at
around a bias of VDS ≈ ±200 µV. The modulation periodic stays the same in the whole
bias range. A reemergence of any periodic modulation for a higher bias was not observed.
The limits of the bias range yields a charging energy in the range of EC = 100 µeV for
the compressible ring. It is slightly larger compared with the case of the fundamental h/e
period, but the overall bias dependence is the same. In the differential conductance shown
in figure 6.40b the π-phase jump is more pronounced than for the fundamental periodicity
displayed in figure 6.39b. It even exhibits a visibility dip in the signal with completely
diminishing conductance modulations. The regions next to the vanishing modulations are
shifted in phase by π. The phase jumps occur for both bias directions, around a bias value
of VDS = ±52 µeV. Close to the visibility dip for positive bias, the differential data are
affected by a large disturbance (black arrow). Here, the lock-in ran into an error during
the continuous data acquisition.
I. Neder et al. [75] report a ’lobe-pattern’ with respect to the bias voltage with the same
behavior of diminishing differential conductance values with subsequent π phase jumps
measured in a two-path arrangement. While the two parallel quantum point contacts
enclosing an antidot used here allowed to observe two lobes, the measurements of I. Neder
et al. showed up to three. The simultaneous data acquisition of differential and integrated
data allows to uncover the origin of the ’lobe-pattern’ in the differential conductance map.
Three line-cuts marked in figure 6.40 at a fixed magnetic field for both the differential
conductance and the deviation in the current from the I/V characteristic are shown in
figure 6.41. The traces marked in red and blue color start out from a positive and
negative amplitude, respectively. The trace marked in gray is taken at the boundary of the
10

The coupling to a single edge already allows a charge exchange between the compressible antidot
ring and the edge, even if the other constriction maintains its quantized value, see figure 6.8. The
charge fluctuations on the antidot compressible region changes the electrostatic potential. Knowing
the charging energy of the antidot its influence on the conductance can be estimated with δI/VDS ≈
0.1 e2 /h for the applied bias and fits to the noise level in the data of the figure.
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Color-coded bias dependence of the conductance modulations with h/2e periodicity. (a) Relative deviation in the current. The average of the I/V curve
has been subtracted for a better visibility of the modulation. (b) Differential
conductance measured by a lock-in technique.
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Figure 6.41

Line-cuts through the ’lobe-pattern’ at the positions marked in figures 6.40a
for the deviation in the current of the I/V characteristic as lower curves
and through figure 6.40b for the differential conductance as upper curves,
respectively. Displayed are the data points with overlying lines as guide to
the eyes.

conductance modulation in between the red and blue trace, where the I/V characteristic
is not modified by the magnetic flux density. The lower curves of the graph correspond
to the traces for the deviation of the I/V characteristic, the upper ones to the differential
conductance, respectively. The graph shows the data points taken from the line-cut with
superimposed lines as a guide to the eye. The deviation of the I/V curve of the red (blue)
trace increases (decreases) with the applied bias, until it reaches a maximum (minimum),
decreases (increases) thereafter and vanishes. Along the line-cut marked in gray the I/V
characteristic is not affected by the magnetic flux density and its deviation is zero. The
differential conductance corresponds to the derivative dI/dVDS of the I/V characteristic
with respect to the bias voltage VDS . Along the trace marked in gray, it corresponds to
the average I/V characteristic of the device. At the bias values, where the modulation
of the I/V characteristic is extremal in the red and blue trace, the derivative dI/dVDS
yields the same value as for the average non-modulated I/V characteristic. In the region
around these bias values, the differential measurement is unable to resolve the deviation
from the I/V characteristic by the way it is measured. With the magnetic flux dependent
deviation of the I/V characteristic reaching a maximum or minimum with increasing
voltage bias VDS , the derivative dI/dVDS of the differential conductance changes its sign
with the traversal of these extremal points and thus yields a jump by π in the differential
data. The ’lobe-pattern’ in the differential conductance map simply arises due to the fact
that the magnetic flux dependent deviation of the I/V characteristic is not monotonic with
respect to the applied source-drain bias voltage. The lock-in measurement delivers the
derivative of the I/V characteristic and hence causes the ’lobe-pattern’ with a vanishing
visibility and a subsequent phase jump of π for the modulations as a measurement artifact.
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6.7 Conclusion
The conductance through two parallel quantum point contact constrictions with an antidot structure in between, in presence of a magnetic field applied perpendicularly to the
2DES, was investigated. Periodic conductance modulations with a period of Φ0 = h/e in
the magnetic flux were found, matching the geometrical size of the antidot plus a ’dead’
zone free of electrons around. Both quantum points contacts were thereby set to a noninteger local filling factor νl < 1 by tuning the conductance value to I/VDS < 1 e2 /h. In
addition, a precise halving of the periodicity to h/2e was obtained if the quantum point
contacts were tuned to a value in between the two quantum Hall conductance plateaus
of 1 e2 /h < I/VDS < 2 e2 /h. The results were discussed within the adversing frameworks
of the quantum Hall effect, the edge-state picture and the self-consistent model. Within
both models periodic conductance modulations are expected for a variation of the magnetic flux enclosed within the antidot area, but they differ with respect to the physical
origin giving rise to the modulations. In the edge-state picture one expects an interference
effect of the current running along the chiral edge-states, whereas in the self-consistent
model scattering of charges between the compressible edges of the device modulates the
Hall current flowing in the compressible strips. The experimental results obtained in this
work clearly favor the latter self-consistent description of the quantum Hall effect.
Although the periodic conductance modulations exhibit the magnetic flux period of h/e
expected for the Aharonov-Bohm interference effect, their origin relies on the self-consistent
reaction of the compressible ring around the antidot to a change in the magnetic flux. The
compressible/ incompressible landscape in the 2DES around the antidot breathes while
tuning the magnetic flux in order to keep the enclosed magnetic flux constant. This is
accompanied by a shift in the electrostatic potential of the compressible ring. The rising
electrostatic potential changes the potential bending. In consequence, a free state from
the partially filled compressible strip is transferred to the incompressible region that is
subsequently occupied. This leads to a periodic charge redistribution of one electron per
flux quantum to the border region of the compressible strip. In case of a non-integer
local filling factor νl < 1 for the quantum point contact - describing the coupling of the
compressible edges of the Hall bar to the compressible ring around the antidot - a charge
transfer between the compressible regions becomes possible. The increasing electrostatic
potential of the compressible ring with increasing magnetic flux density can be relaxed
by single-electron tunneling to the compressible edges of the Hall bar. If both quantum
point contacts are set to a local filling factor νl < 1, electrons can be transfered between
the compressible edges of the Hall bar via the antidot compressible ring without any additional cost in energy. In case of an applied source-drain bias the scattering between the
compressible edges mediated by single-electron tunneling reduces the Hall voltage drop
across the device and thus decreases the two-terminal conductance. With further increasing magnetic field the compressible strip expands back to its initial position with one flux
quantum being added to the flux threaded area. The electrostatic potential of the compressible ring reduces and the resonance condition for single-electron tunneling is lost. A
charge transfer between the compressible edges is no longer possible and the conductance
increases again, completing the breathing cycle. The conductance modulations hence
show a magnetic flux density period closely related to h/e. However, for the elevated
temperatures in the experiment, the single-electron tunneling peaks have a large overlap
and take a sinusoidal appearance rather than showing a distinct Coulomb-blockade.
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From the finite source-drain bias range the conductance modulations are present in
the tuning parameters of the magnetic flux density and the source-drain bias (chargestability diagram), the charging energy of the compressible annulus around the antidot
was determined to be of the order of EC = 0.1 meV. In the differential conductance map of
the same tuning parameters a ’lobe-pattern’ in the applied bias, like it has been reported
by I. Neder et al. [75], emerges that is not recovered in the electrical current flowing in
the device. Here, one observes that the amplitude of the conductance modulations caused
by the magnetic flux density change is a non-monotonic and non-linear function of the
applied bias with at least one extremal point. Its derivative, the differential conductance,
therefore shows sign changes and the ’lobe-pattern’ in the differential data emerges as an
artifact rather than a true feature.
In the analysis of the conductance modulations as both a function of the magnetic flux
density and the area the compressible ring encloses (tuned by the side-gates) the iso-flux
lines show a so-called Aharonov-Bohm scaling, id est a larger magnetic flux density is
compensated by a smaller depletion caused by the side-gates at antidot to keep the enclosed flux constant.
In addition to the fundamental h/e conductance modulation period also h/2e in periodicity were observed with both local filling factors set by the quantum point contacts
to 1 < νl < 2. The halved modulation period was discussed to arise from two different
mechanisms in the self-consistent model:
1. Spatially Separated Compressible Strips:
In case of both a small magnetic length compared with the geometrical width of the
point contact and a shallow potential gradient within the quantum point contact
two spatially separated compressible rings around the antidot can be present. As
discussed in literature [64] a strong capacitive cross-coupling between the spatially
separated strips results in a halved period of the conductance modulations.
2. Degenerate Compressible Strip:
In this work, the theory was extended to degenerate compressible strips, where the
spatial separation is absent. In case of a spin-degenerate compressible strip the
charge of one electron per spin orientation is redistributed to the compressible /
incompressible border. In consequence the breathing occurs at the doubled rate
in the magnetic flux density, resulting in the h/2e conductance modulation period.
Whereas in case of a degenerate orbital compressible strip only the fundamental h/e
period is obtained.
A full spatial separation of the compressible rings around the antidot allows in principle
to observe periodic conductance modulations with n−1 h/e as periodicity. However, the
regime with n > 2 was not accessible due to the limitation in the geometrical width of
the quantum point contacts of the device used here. It is therefore most likely that only
the spin-degenerate mechanism was present giving rise to the h/2e periodic conductance
modulations seen here.
Two observations made in the course of this thesis pose serious questions on the interpretation using the edge-state picture of interfering currents. These are for once the absence
of a magnetic flux density dependent conductance for a single edge channel, discussed
as a gedankenexperiment. However, the most striking argument against an interference
effect is the increased magnitude of the conductance modulations scaling with the Hall
108

6.7 Conclusion
voltage when tuning the QPCs from νl < 1 to νl < 2. This scaling is not expected to occur
in the edge-state picture, where only the innermost edge-state gives rise to interference.
However, in the self-consistent model in the presence of a potential bending all electronic
states below the electro-chemical potential contribute to the Hall current. Compared
with νl < 1 additional electronic states belonging to a higher Landau level are present
here. The scattering from one compressible edge to the other affects the drift velocity of
all these states. In consequence, the amplitude of the periodic conductance modulations
is expected to scale with the number of contributing electronic states below the electrochemical potential from all Landau levels, as observed experimentally.
In summary, the self-consistent model of the quantum Hall effect is able to account for
all features observed experimentally. It rules out an interference effect as the cause for
the periodic conductance modulations. With these results it is doubtful that any type
of interferometer for an electrical current built from a 2DES tuned to the quantum Hall
effect can be realized in combination with quantum point contacts as building blocks for
a device.

109

7

Two Parallel Quantum Dots
- Single-Electron Tunneling Regime
In this chapter the device structure is used to define two quantum dots in a parallel
arrangement between a common source and drain reservoir. I investigated the electric
transport in this two-path configuration. As variable phase between the two quantum
dots a small magnetic flux density change as well as the area enclosed in between the
two parallel paths can be tuned. At first this configuration was examined around zero
magnetic field. Later experiments were done in the regime of stronger magnetic fields
where an electrical compressible and incompressible strip pattern is present along the
2DES edges. In the presence of an applied magnetic field with the compressible and
incompressible landscape, conductance modulations with the period of h/e flux change
are observed. I investigated different operational points of the quantum dots and the
source-drain bias dependence.

7.1 Double-Slit Experiment in a Solid State Device
The parallel arrangement of the quantum dots forms two possible pathways the electrons
can use to traverse the device from source to drain, as sketched in figure 7.1. The two
quantum dots (dark blue ellipses) are defined at the upper and lower side of the central
groove by the vertical extensions of the groove and the three negatively biased metal
top-gates vis-à-vis. The side-gates in horizontal direction at the groove (yellow pads)
are biased and deplete the 2DES underneath. The air-bridge connections to the sidegates are not drawn for simplicity reasons. Both quantum dots are tuned to the regime
where single-electron tunneling is present. This allows the simultaneous transport through
both paths of the device. The Coulomb interaction of the electrons confined on a single
quantum dot suppresses that more than one electron at the same time contributes to the
electric transport through that single quantum dot. In a sense the two quantum dots
mimic an analog to the double-slit experiment for single electrons in a solid state device.
The working principle has been discussed in detail in chapter 5.2. Here, in the presence
of a magnetic field a variation of enclosed magnetic flux in between the two quantum dots
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Figure 7.1

(b)

A top view sketch of the device. A magnetic field can be applied out of plane.
(a) The phase depends of the magnetic flux Φ = B · A enclosed by the effective
area A (red ellipse) that is enclosed in between the two paths available for an
electron (black dot). (b) The side-gates (yellow pads) can be used to define
the depleted area underneath the gates in the 2DES free of electrons (gray).
For a more negative bias it grows in size.

is expected to give rise to Aharonov-Bohm modulations in the electrical current flowing
through the device.

7.2 Interplay of Two Parallel Quantum Dots at Zero
Magnetic Field
In a first stage the electrical transport through the device is examined at zero magnetic
field. This allows to determine the characteristic of the interplay of the two quantum dots
tuned both to the single-electron tunneling regime.
Varying the voltage applied to the plunger gate of a quantum dot a series of singleelectron tunneling peaks can be passed. In the combination of the parallel arrangement
varying both plunger gates of the quantum dots against each other allows to determine
a two-dimensional charge-stability diagram, as it is displayed in figure 7.2 as a colored
conductance map. A regular rectangular checkerboard pattern in the conductance is
obtained. The single-electron tunneling peaks for the upper and lower quantum dot appear
as straight lines of enhanced conductance along the horizontal and vertical axis direction,
respectively marking the energetic degeneracy for adding and removing an electron from
the respective dot. In between the single-electron tunneling peaks the number of electrons
confined on the quantum dots is fixed. Their quantity changes by one electron as a
single-tunneling peak is passed (white numerals). The rectangular checkerboard pattern
showing no traces of a honeycomb structure clarifies that there is no direct electrostatic
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Figure 7.2

Combined conductance as a function of the two gate voltages VUG and VLG of
the upper and lower quantum dot, respectively. A regular checkerboard pattern is present with [N, M ] ∈ N0 electrons confined (white numerals) on the
upper and lower dot, respectively. As a consequence, the graph is referred to
as charge-stability diagram of the double dot configuration. The two quantum
dots show no direct electrostatic cross-coupling among them, but a slight electrostatic influence of the plunger gate of the respective other quantum dot is
present. On the single-electron tunneling peak the charge of the quantum dot
fluctuates by one electron. In the intersection regions of the single-electron
tunneling peaks of both quantum dots (red circle) electrical transport is possible through both dots simultaneously. Common to both quantum dots being
tuned to a more positive gate voltage is a seemingly higher conductance value
in the respective other quantum. This is a caused by a non-zero conductance
value in between the single-electron tunneling peaks for the larger gate voltages adding to the conductance value of the other quantum dot. The data
are taken at a source-drain DC bias of VDS = 25 µV at zero magnetic field
B = 0 T and at the base temperature of the cryostat with T = 50 mK.

cross-coupling between both quantum dots. This behavior was intended by the design of
the device in order to form two independent paths. However, the single-electron tunneling
lines of both dots are slightly tilted with respect to each other. The tilt is caused by a
small electrostatic influence of the plunger gate of the respective other quantum dot. At
the intersection of the two single-electron tunneling peaks, electrical transport through
the device occurs simultaneously through both quantum dots (red circle).
A close-up of an intersection of the single-electron tunneling peaks of both quantum
dots as the operating regime of interest is displayed in figure 7.3. At the intersection an
apex with an enhanced conductance is present. Yet, it is slightly less than the sum of the
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Conductance of a single intersection of two single-electron tunneling peaks.
A clear apex of enhanced conductance with a peak value of I/VDS |1 =
(1.46 ± 0.3) e2 /h is visible at the intersection point (black arrow 1 ). However, the peak value is smaller than the sum I/VDS |Σ = (1.56 ± 0.3) e2 /h
of the contributions of either dot taken alone with conductance values of
I/VDS |2 = (0.81 ± 0.2) e2 /h for the lower dot (black arrow 2 ) and I/VDS |3 =
(0.76 ± 0.2) e2 /h the upper dot (black arrow 3 ), respectively. The white
arrow marks a working point common on the flanks of both single-electron
tunneling peak. The data are taken at a DC bias of VDS = 35 µV at B = 0 T.
The inset shows the crossing as a top view color map.

contributions in the conductance of either quantum dot taken separately, id est for the
apex the conductance yields I/VDS |1 = (1.46 ± 0.3) e2 /h (black arrow 1 ) whereas the
sum of the conductance value of each quantum dot yields I/VDS |Σ = (1.56±0.3) e2 /h with
its contributions of I/VDS |2 = (0.81 ± 0.2) e2 /h for the lower dot (black arrow 2 ) and
I/VDS |3 = (0.76±0.2) e2 /h (black arrow 3 ) for the upper dot, respectively. This behavior
of a reduced conductance at the apex of the intersection is a common observation made
for any investigated crossing of the single-electron tunneling peaks. The full addition of
the conductance values at the intersection of the single-electron tunneling peaks points
to two independent transport channels connected in a parallel arrangement. The slight
reduction in the common conductance at the intersection may arise due to a small coherent
interaction of the two quantum dots in the common transport that should give rise to a
magnetic flux dependent contribution to the common conductance [56].
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7.2.1 Simultaneous Electrical Transport by Varying the
Enclosed Magnetic Flux
The plunger gates of both quantum dots are tuned to the apex region of the intersection of
the single-electron tunneling peaks of either dot in order to ensure simultaneous transport
through both quantum dots, like it is illustrated by the black arrow 1 in figure 7.3. The
change in the magnetic flux is introduced by tuning a magnetic field that is applied
perpendicularly to the 2DES. The variation in the magnetic flux density around zero
magnetic field is displayed in figure 7.4. The full trace between B = [−0.5, 0.5] T is
displayed in the inset of the figure. With increasing magnetic field the average conductance
value reduces significantly. This reduction originates from both a shift of the singleelectron tunneling peak in the gate voltage parameter space and the reduction of its
linewidth under the magnetic field increase1 . Without compensation, the working point
changes from the peak into the range of the flanks of the single-electron tunneling peaks,
as highlighted by the white arrow in figure 7.3, and the conductance value reduces. An
enlargement of the area around zero magnetic field is displayed as the blue trace and for
the range between B = [−0.5, −0.4] T as the red trace, respectively. Around zero magnetic
Both effects are observed at intersections of single-electron tunneling peaks while maintaining the
operating points of both quantum dots and solely increasing the magnetic flux density.
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Conductance at a crossing point of two single-electron tunneling peaks under
variation of the magnetic flux density. The full trace from B = −0.5 T to
B = 0.5 T is displayed in the inset in the middle. The upper blue trace
(upper axis) corresponds to the region around zero field, where no clear sign of
a magnetic flux dependent transport is present. A periodic modulation shown
in the red enlargement (lower axis) with a periodicity of δB = (3.12±0.07) mT
at a magnitude of ∆I/VDS = (0.040 ± 0.004) e2 /h sets in around B = ±0.4 T.
In comparison, the latter data feature a lower average conductance value. It is
caused by a change of the working point as the single-electron tunneling peaks
shift with the magnetic field change. The data are taken at VDS = 25 µV DC
bias and at base temperature.
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Schematic illustration of the compressible/incompressible strip pattern for
this device in the quantum Hall regime. The quantum dots are coupled to the
outermost compressible strip at the depletion border. Compressible regions
further to the bulk are decoupled by the incompressible areas in between. The
details of the distribution of the compressible strips in the area of the bulk
of the leads becomes unimportant (shaded area). The region of interest in
the 2DES is only in close proximity to the quantum dots with the enclosed
effective area indicated by the dotted red line.

field there is no sign of a magnetic flux dependence obtained in the conductance. However,
small periodic modulation with a periodicity of δB = (3.12 ± 0.07) mT as seen in the red
trace of the figure set in at around a magnetic flux density of B = ±0.4 T for both magnetic
field orientations. The absence of the periodic modulations for |B| < 0.4 T is most likely
attributed to the open geometry of the system2 . With both leads expanding freely to
both sides of the quantum dots, as seen in figure 7.1a, the minimal area A is given by
the depletion zone in between the two quantum dots, but there is no limitation for larger
areas. This results in many different phases and the flux dependent contributions in the
electrical transport average out. The absence of the periodic conductance modulations
around zero magnetic field was observed at any investigated single-electron tunneling
intersection. For a finite magnetic field periodic modulations were obtained, matching
with h/e in period to the flux penetrated area in between the two quantum dots. In
comparison with the antidot system of two parallel quantum point contacts realized with
the same device structure discussed in chapter 6 the modulations observed here set in
at a slightly larger magnetic field value. Based on the observations made in the antidot
system one can expect a compressible and incompressible strip pattern along the edges
of the 2DES to form already at this low magnetic flux density of |B| > 0.4 T, that
corresponds to a magnetic length of lB = 40 nm.
A possible distribution of the strip pattern of the 2DES is sketched in figure 7.5 for a
low magnetic flux density leading to high filling factors in the bulk regions of the leads.
Due to the spatial distance, the tunneling probability for electrons on the quantum dots
will be higher to the closest compressible strip directly at the edge, rather than to the
further outlying compressible strips in the bulk. The compressible strip closest to the
2

A closed ring like geometry built in a 2DES was investigated by S. Datta in [23] showing periodic
conductance modulations around zero magnetic field.
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edge thereby spatially confines the electrons and yields an upper bound for the expansion
of the area (red dotted line) that enters the phase of the wave function of the electrons
passing the device from the left to the right hand side. Electrons in the compressible
strips lying further outwards are isolated by the potential barrier of the incompressible
strip in between and do not contribute to the electric transport as long as the potential
gradient in the 2DES in front of the quantum dots is shallow enough. This renders the
details of the strip pattern insignificant in the bulk of the leads. With the periodicity of
δB = (3.12 ± 0.07) mT in the magnetic flux density the area enclosed in between the two
quantum dots is estimated with A = (1.32±0.03) µm2 , that is larger than the expectation
with A = (1.12 ± 0.06) µm2 from chapter 5.4, but can be attributed to the actual position
of the compressible strips.

7.3 Interplay of Two Parallel Quantum Dots at a
Finite Magnetic Field
A finite magnetic field was found to be the prerequisite to be able to observe periodic
conductance modulations in this device configuration. In the next step, the dependence
of the magnetic flux density on the interplay of the two quantum dots in the combined
transport is analyzed.

7.3.1 Common Conductance Value at the Single-Electron
Tunneling Intersections: Presence and Absence of
Conductance Modulations versus Magnetic Flux
By investigating several single-electron tunneling intersections in the charge-stability diagram for various ranges in magnetic field strengths and among different samples, changes
in the common conductance values at the crossings with respect to the contributing conductance values of the single quantum dots were found. In all cases the conductance
value at the apex of the intersection was less than the sum of the contributions of the
conductance values of either quantum dot, but two distinct types of behavior were found:
A common conductance value larger than each contributing conductance value, or a common conductance value matching the value of I/VDS = 1 e2 /h present for at least one of
the two quantum dots.
Evolution of the Different Intersection Behavior in the Magnetic Field
In order to investigate the influence of the magnetic flux density on the behavior of the
common conductance value and character of the single-tunneling peak intersections a
charge-stability diagram of the parallel double quantum dot structure was taken at zero
magnetic field. Subsequently the charge-stability diagram was retaken with increasing
magnetic fields in steps of ∆B = 0.5 T without readjusting the tunneling barriers of
the quantum dots. In principle two types of different behavior in the evolution of the
single-electron tunneling intersections from zero to strong magnetic fields are obtained:
• Evolution Type I:
The first type of behavior found is displayed in figure 7.6. At the intersection of the
single-electron tunneling peaks at zero magnetic field in panel (a) of the figure an
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(a)-(h) Evolution of a single-electron tunneling peak intersection turning to an
apex-less common conductance with increasing magnetic field from B = 0 T
to B = 3.5 T. The enhanced conductance value at the apex reduces with
increasing magnetic flux density and vanishes around B = 2.5 T. The data
are taken at a bias of VDS = 25 µV.
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apex of significantly enlarged conductance value close to the sum of the contributing values of both quantum dots is visible. The linewidth of both single-electron
tunneling peaks is rather small and the conductance drops rapidly to a value close
to zero as a function of the gate voltage. With increasing the magnetic field from
panel (b) to (h) both the linewidth and the overall conductance of the single-electron
tunneling peaks reduces. A clear apex of enlarged conductance directly at the crossing is present for all magnetic field values. However, with increasing magnetic flux
density its peak conductance value reduces with respect to the contributions of the
conductance values of the single quantum dots.
• Evolution Type II:
The second type of evolution of a single-electron tunneling intersection is displayed
in figure 7.7. The linewidth for zero magnetic field displayed in panel (a) of both
single-electron tunneling peaks is considerably larger than in the previous case.
The conductance of the single-electron tunneling peaks thereby reduces to only
a finite value as a function of the gate voltage. Directly at the intersection the
common conductance features an apex with an enhanced value that is considerably
lower than the sum of the contributions of either quantum dot. For an increasing
magnetic field from panel (b) to (h) at low magnetic fields the apex in the combined
conductance is well developed at first but reduces further and diminishes completely
at large magnetic flux density values. With increasing magnetic field strength the
linewidth of the single-electron tunneling peaks shrinks and the overall conductance
reduces. The transition to the apex-less intersection occurs in the interval between
B = 2.0 T and B = 2.5 T. Within this magnetic field range the transition of
several intersections of single-tunneling peaks to an apex-less common conductance
in the charge-stability diagram were observed. However, the flat-top behavior is only
present if at least one of the quantum dots reaches a conductance of I/VDS = 1 e2 /h.
In the figure panel (g) for B = 3.0 T the conductance of the quantum dot drops
below I/VDS < 1 e2 /h for the larger single-electron tunneling peak contributing to
the intersection and a slight apex at the center of the crossing is obtained, but
diminishes again for B = 4.0 T at which the conductance of the single-electron
tunneling peak returns to I/VDS = 1 e2 /h.
Both types of evolution of the common conductance values described above were found
in the course of the same measurements of the charge-stability diagram. The difference
in their behavior is emergent only for sufficiently large magnetic field strengths above
B > 2.5 T at which a well developed compressible and incompressible landscape is present
in the 2DES in front of the quantum dots. The unique characteristic of the apex-less
common conductance is puzzling and seems to be linked to the conductance value of
I/VDS = 1 e2 /h of the single quantum dots. Reaching this conductance value at large
magnetic field values without retuning the tunneling barrier of the single quantum dots
can only be obtained by a sufficiently large initial linewidth of the single-electron tunneling
peaks at zero magnetic field.
Comparison of Enhanced and Non-Enhanced Common Conductance
Both the enhanced conductance and the missing apex at the intersection of single-electron
tunneling peaks are examined in large magnetic field strength, where the separation in
both distinct types of behavior is well pronounced. Both types of the common conductance
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Comparison of two different intersections of single-electron tunneling peaks.
The data are taken at a bias of VDS = 25 µV at base temperature and a
magnetic flux density of B = 6.6 T. (a) An enhanced conductance with a clear
apex at the intersection is present. However, its peak value is significantly
less than the contributing conductance values of each quantum dot taken
separately. (b) A flat top behavior with a conductance capped at I/VDS =
1 e2 /h without a dominant increase of the conductance at the intersection
point.
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at the intersection are displayed in figure 7.8. The data were taken on the same device
with the tunneling barriers of the quantum dots defined at the particular large magnetic
flux density of B = 6.6 T :
• Enhanced Common Conductance:
In figure 7.8a both conductance values of the single-electron tunneling peaks contributing to the intersection feature a comparably large conductance value in the
range of I/VDS ≈ 0.4 e2 /h. At the center of the intersection a significant apex
of enhanced conductance is present. However, its peak conductance value with
I/VDS ≈ 0.6 e2 /h is well below the sum of the conductance contributing values of
each quantum dot taken separately.
• Capped Common Conductance:
At the intersection shown in figure 7.8b the conductance values of each singleelectron tunneling peaks are comparably large as well, but here with a conductance
value of the order of I/VDS ≈ 1.0 e2 /h. Directly the crossing point a well defined
apex of an enhanced conduction is absent. Instead, the conductance value of the
quantum dots with I/VDS ≈ 1 e2 /h is maintained. This capping behavior of the
common conductance value was observed as long as one quantum dot reaches the
conductance value of I/VDS ≈ 1 e2 /h. The capping at any other than this particular
conductance value was never observed.
In the data displayed in the figure 7.8 the conductance values of the single-electron
tunneling peaks contributing to each intersection were both comparably large. The observation of either type with an enlarged or a capped conductance value at the crossing
point of the single-electron tunneling peaks is not restricted in their occurrence to the combination of equivalent conductance values as displayed here. The capping behavior occurs
also in the combination of deviant conductance values3 as long as one of the quantum dots
features a conductance value of I/VDS = 1 e2 /h. Nevertheless as both single-electron tunneling peaks of the quantum dots feature a conductance values well below I/VDS < 1 e2 /h
there will always be an apex with an enlarged conductance value at the intersection, like
it is shown in figure 7.8a, independent of the magnetic field strength. It is to note that a
reduction with a dip in the combined conductance value at the intersection below a value
less than the larger value of both contributing conductance values of the single-electron
tunneling peaks was never observed.

7.3.2 Properties of the Intersections with a Capped Common
Conductance
The capping of the combined conductance value of the single-electron tunneling peak intersections in the charge-stability diagram at large magnetic fields is unexpected. The
properties of these types of intersections are examined further by varying external parameters such as the source-drain DC bias and the magnetic field orientation. In addition
the influence of the capping on the magnetic flux dependent conductance is of particular
interest.
3

A capped intersection obtained in the deviant combination of conductance values of I/VDS ≈ 1 e2 /h
and I/VDS ≈ 0.5 e2 /h, respectively is displayed in figure C.10 in chapter C.2 of the appendix.
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Magnetic Field and DC Bias Dependence
At first the missing apex at the intersection was examined as both a function of the
source-drain DC bias and the magnetic field orientation. An intersection with a flat-top
capping at I/VDS = 1 e2 /h is shown in figure 7.9 for a magnetic field of B = ±4 T in
combination with a source-drain bias of VDS = ±25 µV. For all combinations of the
magnetic field orientation and the sign of the applied DC bias a qualitatively similar
behavior with an absent enhancement of the conductance at the intersection is obtained.
Due to the large change in the magnetic flux density during the reversal from B = 4 T
to B = −4 T the parameter space of the single-electron tunneling peaks were shifted
slightly in the plunger gate voltage parameter of the quantum dots. The behavior of the
capped common conductance value is furthermore found to be independent of the rather
low source-drain bias that has been used in the experiments4 .

4

For data using up to VDS = ±100 µV in comparison with VDS = ±25 µV DC bias, see figures C.8
and C.9 in chapter C.2 of the appendix.
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absolute value of the conductance, regardless of the sign of the current.
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Variation of the magnetic flux density taken at the single-tunneling peak
intersections from figure 7.9 at (a) the center of the intersection and (b) in the
region of the flanks of the single-electron tunneling peaks. (a) No modulation
of the conductance is obtained for either bias direction or orientation of the
magnetic field. (b) Conductance modulations are present that change in sign
depending on the sign of the applied voltage bias for a fixed magnetic field
orientation.

7.3 Interplay of Two Parallel Quantum Dots at a Finite Magnetic Field
Magnetic Flux Dependent Conductance
The second property of interest is the behavior of the magnetic flux dependence in the
combined conductance for the capped intersections in the charge-stability diagram. The
working point was chosen directly in the center of the intersection, as displayed by arrow 1 in figure 7.9a, for all different combinations in sign of the applied source-drain bias
as well as the orientation of the magnetic field as previously. The common conductance
for the variation of the magnetic flux density is displayed in figure 7.10a. Astonishingly
the conductance stays constant at the value of the operating point with I/VDS = 1 e2 /h.
The absence of the modulation of the conductance at the center of the flat-top
intersection is independent of both the sign of the applied bias as well as of
the magnetic field orientation. In addition to the working point directly at the center
of the intersection a second operating point in the range of the flanks of the single-electron
tunneling peaks were examined, as illustrated by arrow 2 in figure 7.9a. Astonishingly
in the magnetic flux variation, displayed in figure 7.10b, periodic conductance modulations are observed here. They match in periodicity the magnetic flux change of h/e for the
given area of depletion in between the two quantum dots. There is no qualitative difference
obtained in the modulations for any combination of magnetic field orientation or DC bias.
In summary, the absence of an apex at the intersection was found to be
independent of both the magnetic field orientation as well as of the sign of
the applied source-drain bias. In addition directly at the center of the capped
intersection the magnetic flux periodic conductance modulations were absent,
while they are recovered in the flank region of the single-electron tunneling
peaks. The absence of an apex at the intersection in combination with absent
magnetic flux dependent conductance modulations was found furthermore to
be independent from the conductance value of the respective other quantum
dot5 .

7.3.3 Area Dependence
In addition to the magnetic flux density change, the geometry used here allows the variation of the area enclosed between the two quantum dots in order to affect the enclosed
magnetic flux. The area is thereby defined by the depletion of the etched groove in between the quantum dots in addition to the depleted regions of the metallic side-gates
attached to it. The operating point is chosen as previously directly at the intersection
of two single-electron tunneling peaks, as illustrated exemplary by the black arrow 1 in
figure 7.3.
A change in the enclosed magnetic flux can be obtained by changing the area free of
electrons around the etched groove in between the two quantum dots. This is achieved
by tuning the depletion underneath and to the side of the metal side-gates attached
to the groove. There are two possible approaches in order to obtain the magnetic flux
dependence ∆Φ = ∆(BA):
• Static Operation at Different Area Sizes:
This method uses different but static voltages applied to the side-gates and thus
different sizes of the deleted regions in between the two quantum dots, see illustration
5

For a deviant combination of conductance values see figure C.10 in chapter C.2 of the appendix.

125

7 Two Parallel Quantum Dots - Single-Electron Tunneling Regime

VSG = −0.3 V
VSG = −0.4 V

1.25

conductance I/VDS

h

e2
h

i

1.5

1
0.75
0.5
0.25
3.42

3.43

3.44

3.45

magnetic field [T]

(a)
Figure 7.11

(b)

(a) Periodic conductance modulations as a function of the magnetic flux
density change at different voltages applied to the side-gates at the etched
groove in between the quantum dots. The data are taken at a voltage bias
of VDS = 5 µV. (b) Growth of the area free of electrons with lowering the
applied voltage to the side-gates (yellow pads).

1.2

no compensation
compensation

conductance I/VDS

h

e2
h

i

1
0.8
0.6
0.4
0.2
0
-0.41

-0.4

-0.39

side-gate voltage [V]

Figure 7.12

126

Conductance modulations as a function of the enclosed area by in-situ varying the side-gate voltage. As a side effect the electrostatic potential of the
side-gates shifts the single-electron charging thresholds of the quantum dots
out of resonance (red curve) that can be compensated by the plunger gates
of the dots (blue curve). The period yields δVSG = (1.62 ± 0.01) mV at a
fixed magnetic field of B = 6.6 T. The data are taken at VDS = 25 µV DC
bias.

7.3 Interplay of Two Parallel Quantum Dots at a Finite Magnetic Field
in figure 7.11b. In consequence, the magnetic flux periodicities of the modulations
observed in the conductance displayed in figure 7.11 differ for the different area sizes.
The periodicity reduces from δB = (3.73 ± 0.02) mT to δB = (3.44 ± 0.05) mT
while the side-gate voltage is tuned to a more negative value and the depleted
area underneath the gates grows. In this approach both side-gates were used in
parallel with the same bias voltage applied to them. The reduction in the magnetic
flux density period yields ∆B/VDS = (0.29 ± 0.03) mT, where VSG is the voltage
applied to the side-gates. In terms of the magnetic flux threaded area, a change of
∆A/VSG = −(0.09 ± 0.01) µm2 /V can be achieved by this method.
• In-situ Dynamic Area Variation:
In the second approach a static magnetic flux density is set while the area enclosed
by the two quantum dots is tuned in-situ in size by a dynamic variation of the
voltage applied to the side-gates. In figure 7.12 periodic conductance modulations
with periodicity in the side-gate voltage δVSG = (1.62 ± 0.01) mV at a magnetic field
of B = 6.6 T are displayed. However, as a side effect the electrostatic potential of
the side-gates affects the charging thresholds of the quantum dots (uncompensated
red curve of the figure). By determining the dependency of the shift of the singleelectron tunneling peaks of both quantum dots with respect to the side-gate voltage
this drift can be compensated6 as shown for the blue curve.
For the interplay of the side-gate and the plunger gate voltage affecting the single-electron tunneling
thresholds see figure C.19 in chapter C.2 in the appendix.
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Color-coded conductance modulations in the parameter space of magnetic
field and size of the area enclosed between the two quantum dots (tuned
by the side-gate voltage). The data are taken at a bias of VDS = 25 µV.
The periodicities yield δB = (3.56 ± 0.03) mT for the magnetic flux density
and δVSG = (1.67 ± 0.01) mV for the side-gate voltage at a magnetic field of
B = 6.6 T.
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The dynamic area variation in combination with a magnetic flux density change allows
to observe the conductance modulations as a function of both parameters of the enclosed
magnetic flux, as displayed in figure 7.13. The magnetic iso-flux lines thereby show
Aharonov-Bohm behavior, id est a smaller magnetic flux density is required to maintain
the same magnetic flux for a growing area (for a more negative side-gate voltage). The
periodicities yield δB = (3.56 ± 0.03) mT for the magnetic flux density and δVSG =
(1.67 ± 0.01) mV for the area change proportional to the side-gate voltage at a magnetic
field of B = 6.6 T, respectively.

7.3.4 Bias Dependence
Another parameter of interest is the source-drain bias applied to the device as it affects
also the single-electron tunneling peaks of the quantum dots and might give rise to an
upper bound for the observation of the periodic conductance modulations. The periodic
modulations are investigated as previously at the apex of the intersection of two singleelectron tunneling peaks at a finite magnetic field.
In figure 7.14 the color-coded graph show the conductance modulations within the bias
range of VDS = ±120 µV. The periodicity of the modulations yields δB = (3.44±0.01) mT
around a magnetic flux density of B = 6.6 T. The bulk of the leads is set to the range of
filling factor ν = 2. The graph displays solely the deviation of the source-drain current.
The mean value of the current-voltage characteristic determined for each bias value has
been subtracted for a better visibility. The modulations are symmetric in their appearance
around zero bias with their amplitude opposite in sign for reversing source-drain bias. The
modulation amplitude increases from zero bias to its maximum at about VDS ≈ ±30 µV
and decreases again until it vanishes at around VDS ≈ ±80 µV. The qualitative similar
behavior of the modulation amplitude with a non-monotonicity in the magnitude with respect to the applied source-drain bias was also seen in the antidot system from chapter 6.
The non-monotonic behavior of the modulation amplitude gives rise to a ’lobe-pattern’
with an apparent shifts in phase by π for the conductance modulations in the differential
conductance7 as a measurement artifact, see detailed discussion in chapter 6.6.6. However,
in the data obtained from the deviation of the current from the average value displayed in
figure 7.14 for a large bias value, especially in the positive bias direction, at VDS > 75 µV
a faint conductance modulation with a π phase shift in the DC current is visible (areas in
between the black dotted lines). The magnitude of the conductance modulations for this
bias regime are roughly twice as large as the noise level of the measurement and hard to
detect. The phase shift here might arise from transitions of excited states in the quantum
dots, but its origin is unknown and needs further investigation not done in this thesis. It
might be the cause for the higher amount of lobes in the differential ’lobe-patterns’ seen
by I. Neder et al. [75] as compared with the data of this thesis.
The applied source-drain bias to the device also affects the single-electron tunneling
peaks of the quantum dots. In figure 7.15 the differential conductance as a function of
the DC source-drain bias VDS and the quantum dot plunger gate voltage VG is displayed
in the vicinity of the two single-electron tunneling peaks used as working points for the
measurement shown in figure 7.14. They were acquired for each quantum dot while
the respective other was tuned to a Coulomb-blockade valley with a zero conductance
7

For the ’lobe-pattern’ analysis see figure C.6 and C.7 in chapter C.2 of the appendix.
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Color-coded bias dependence of the conductance modulations as function of
the magnetic flux density. Displayed is the deviation in the DC current with
the mean value of the current-voltage characteristic curve subtracted for a
better visibility. The modulation amplitude reverses sign with the sign of
the source-drain bias. For a large bias a faint modulation shifted in phase
by π is present (dotted lines as guide to the eyes).

value. Both single-electron tunneling peaks reach a similar conductance value close to
I/VDS = 0.8 e2 /h, but they differ in linewidth for both the gate voltage axis as well as
with respect to the source-drain bias. The latter might be of interest for determining the
bias range in which the conductance modulations are present. For the lower quantum dot
the return to zero differential conductance in the Coulomb-diamond with single-electron
tunneling is beyond the range of the diagram and consequently cannot be a limiting factor.
On the other hand for the upper dot the return to zero differential conductance occurs in a
much smaller bias range8 of VDS ≈ ±150 µV. This still exceeds the source-drain bias range
of about VDS ≈ ±80 µV where the conductance modulations are obtained roughly by a
factor of two. Reaching a differential conductance of zero outside a Coulomb-blockade
diamond corresponds to a constant DC current at large source-drain bias values. The
finite source-drain bias window of the periodic conductance modulations is therefore not
limited by reaching the situation of a constant value in the electrical current.
In summary, in the configuration of the two parallel quantum dots the best
signal-to-noise ratio of the conductance modulations with respect to the applied source-drain DC bias is obtained at around VDS = 25 µV. At this value
the highest modulation magnitude is found. This is why most of the previous
and following conductance data are taken at this particular voltage bias.
8

Validated by a cross-cut through the charge-stability diagrams at the apex of the single-electron tunneling peak given in figure C.18 in chapter C.2 of the appendix.
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Differential conductance map of the source-drain bias and the plunger gate
voltage in the vicinity of the single-electron tunneling peaks of (a) the upper
and (b) the lower quantum dot used as the common working point for the
data displayed in figure 7.14. The respective other dot was tuned deep into
to a Coulomb-blockaded regime. The data are taken at a magnetic field of
B = 6.6 T.
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7.4 Magnetic Flux Dependence in the Vicinity of
Single-Electron Tunneling Intersections
So far the focus for the choice of working point in the charge-stability diagram of the
parallel quantum dots was directly at the center of the intersection of two single-electron
tunneling peaks. Here however, with at least one quantum dot contributing I/VDS =
1 e2 /h to the common conductance the magnetic flux dependent conductance modulations
are absent, but they are present in the flanks of the intersections. This observation
turns the focus towards the flanks of the intersections, where the periodic conductance
modulations are obtained for each and every intersection. Of particular interest thereby
are the four possible regions in the common flanks that can be used for the analysis of
the magnetic flux dependent conductance modulations.

7.4.1 Continuous Transition Through the Intersection
In the first step the magnetic flux was varied while the working point at the intersection
of the single-tunneling peaks in the charge-stability diagram was iteratively varied. This
allows to explore the regimes where the conductance modulations are present in the
vicinity of the intersection. In the charge-stability diagram a trace was chosen as marked
in the insets of figure 7.16. The main graphs display the conductance obtained as the
magnetic flux density is varied versus the tuning of the quantum dots. Both types of
behavior found for the intersections with an enhanced conductance at the crossing and
with the capped value at I/VDS = 1 e2 /h are compared:
• Transition with Enhanced Common Conductance:
For the first type of intersection displayed in figure 7.16a the magnetic flux dependent modulations are obtained at the apex of the enhanced conductance in the
charge-stability diagram. They reach down into both flank regions to either side of
the peak along the cross-cut used as operating point.
• Transition with a Capped Conductance:
For this type of crossing displayed in figure 7.16b the conductance modulations
diminish as the conductance value at the intersection reaches I/VDS = 1 e2 /h for
both quantum dots and reappear as the conductance drops after the traversal of
the center of the crossing. Two additional cross-cuts through the charge-stability
diagram9 , where the operating point of one of the quantum dots is maintained and
solely the respective other dot is detuned, show qualitatively the same behavior.
The periodic conductance modulations are absent near the apex of the crossing,
but are observed in every flank region contiguous to the capped intersection in the
charge-stability diagram.

7.4.2 Modulation Magnitude in the Flanks of the Intersections
For a single intersection in the charge-stability diagram four different operating points, as
marked by the white dots in figure 7.17 situated each within the regions of the common
flanks of the crossing, can be adressed. These operating points differ in the probability of
the quantum dot of being occupied by either N or N +1 electrons. The different occupation
9

See figure C.11 in chapter C.2 of the appendix.
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Comparison of two different cross-cuts through the intersections of singleelectron tunneling peaks from the same device at a magnetic flux density of
B = 6.6 T. The data are taken at a bias of VDS = 25 µV at base temperature. With the change of the magnetic flux density, periodic conductance
modulations are obtained for the different the working points along cross-cut
through the intersection of the single-electron tunneling peaks (white lines in
insets). (a) Intersection with a clear apex at the crossing point. The conductance modulations are clearly visible at the very apex with a conductance
value I/VDS < 1 e2 /h. (b) Intersection without an apex at the crossing point.
The modulations diminish near the apex, but are present in the flanks.

7.4 Magnetic Flux Dependence in the Vicinity of Single-Electron Tunneling Intersections
probabilities for a single quantum dot for N + 1 electrons with the energy difference
of the charging threshold with respect to the electro-chemical potential of the leads in
equilibrium is summarized in figure 7.18. At the apex of the single-electron tunneling
peak the quantum dot is equally occupied by either N or N + 1, see red shaded area in
figure 7.18a. As the charging level of the quantum dot is tuned higher or lower in energy
with respect for the electro-chemical potential of the leads the occupation probability
differs. With the charging threshold lower than the electro-chemical potential of the
leads, as shown in figure 7.18b, the quantum dot has a higher probability of being occupied
with N + 1 electrons rather than with N electrons. For the inverse situation displayed in
figure 7.18c the probability of being occupied with N + 1 is lower than for the occupation
with N electrons. In the analogy of the double-slit experiment, sketched in figure 7.19b,
the quantum dots have to be ’unoccupied’ in order to allow single-particle interference.
The notion of being ’unoccupied’ thereby considers the time intervals with an occupation
of the quantum dot with N electrons, although the quantum dot can energetically be
occupied by one surplus electron with N + 1 electrons in total. In the single-particle
picture interference is quenched as one of the channels is blocked and a quantum dot is
being occupied with its maximum number of N + 1 electrons. In consequence, a larger
occupation probability like displayed in figure 7.18b offers a reduced amount of time
intervals in which the precursor for interference with two ’unoccupied’ quantum dots is
met. One can therefore presume a change in the magnitude of the periodic conductance
modulations arising from all four combinations of the different occupation probabilities
that can be found for the distinct operating points at each flank marked in figure 7.17.
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A single intersection of single-electron tunneling peaks with a flat-top crossing at I/VDS = 1 e2 /h. Four operating points in the vicinity of the crossing in
the combined flanks of the single-electron tunneling peaks are marked (white
dots 1 to 4 ). The data are taken at a magnetic flux density of B = 6.6 T
with a source-drain bias of VDS = 25 µV at base temperature.
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(d)

Energy representation of a single quantum dot. The center of the resonance
peak is tuned to different positions in energy with respect to the equilibrium
electro-chemical potential of both leads. The quantum dot has (a) an equal,
(b) a higher and (c) a lower probability of being occupied with N + 1 electrons, respectively. (d) Out-of-equilibrium scenario for a small source-drain
bias.
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(a) Interference through the two parallel quantum dots in the single-particle
picture. In analogy to the double-split experiment, interference can only
occur if both dots are simultaneously ’unoccupied’ in the same time interval.
(b) One channel gets blocked as the quantum dot is ’occupied’ by an electron
(black circle on lower quantum dot).

7.4 Magnetic Flux Dependence in the Vicinity of Single-Electron Tunneling Intersections
Each flank region thereby corresponds to a higher or lower occupancy probability for
either quantum dot, id est for operating point no. 1 the occupation probability for the
upper quantum dot is higher than for operating point no. 2 .
The typical linewidth of the single-electron tunneling peaks of the quantum dots used
in this experiments, as illustrated in figure 7.20a, exceeds the small DC source-drain bias
of VDS = 25 µV applied for the measurements. This allows to use the considerations made
above for the occupation probability also for the case of the finite but small bias used here.
The different operating points marked in figure 7.17 were analyzed with respect to the
magnitude of the periodic conductance modulations. In order to assure the comparability
of the different working points, the modulation magnitudes have to be taken symmetrically to either side of the very apex of the single-electron tunneling peaks. For this
purpose different measurements taking the magnetic flux dependent conductance for the
variation of the magnetic flux density versus the continuous evolution from one operating
point i towards another one j were made. With the labels given in figure 7.17, three traces
→
− →
−
→
−
through the operating points were taken, denoted by 13, 23 and 34, respectively. These
cross-cuts yield a peak in the conductance as the working point reaches the apex of the
single-electron tunneling peak10 . The magnitudes of the conductance modulations, taken
in the flanks symmetrically spaced to either side of this peak of the cross-cut, obtained
from these measurements are compared in figure 7.20. The comparison of the operating
points { 1 , 3 } with both quantum dots changing to opposite flanks of the single-electron
tunneling peak is given in the figure panel 7.20a. The panels 7.20c and 7.20c display
the comparison of the operating point { 2 , 3 } and { 3 , 4 } with a change to opposing
flanks solely for the lower and upper quantum dot, respectively. The working point of the
respective other quantum dot, not being detuned, stays in the region the same flank. One
has to note that all three measurements share operating point no. 3 , but for the reason of
being comparable the value of the modulation magnitude is taken individually from each
of the different measurements. This ensures, that the values of the other operating points
compared with operating point no. 3 are symmetrically spaced to the apex of the crosscut. The conductance modulations taken equidistant to the peak of the cross-cuts show
similar mean values in the conductance. The peak of the cross-cut can thus considered to
be symmetric11 . The magnitude of the modulations at the different working points and
their ratio are summarized in table 7.1. Indeed, an asymmetry is obtained in the comparison of the modulation amplitude taken at the different operating points chosen on either
side of the single-electron tunneling intersection. A ratio of 2 : 3 in the magnitude of the
conductance modulations is found for the pair of working points { 1 , 3 } and { 2 , 3 } in
favor with a larger modulation for operating point no. 3 . But in the comparison with the
operating points { 3 , 4 } within the error-range no change in the modulation amplitude
is obtained.
In terms of the occupation probability as discussed above, a more negative gate voltage,
see sketch in figure 7.18c, refers to a lower occupation probability of the quantum dot. It is
expected to enhance the amount of time intervals in which the quantum dot is ’unoccupied’
and thus increases the number of tunneling events sustaining single-particle interference.
The full data of the measurements are displayed in figure 7.16b and figure C.11 in chapter C.2 of the
appendix.
11
Validated by a fit of a symmetric function to the cross-cut of the intersection, see figure C.12 in
chapter C.2 of the appendix.
10
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(a),(c),(e) Conductance modulations as a function of the magnetic field for
different operating points (OP no. i, j ∈ { 1 , 2 , 3 , 4 }) marked in (b),(d)
and (f), respectively. The curves are offset next to each other for a better
view. The dataset is extracted from a continuous transition from operating point i to j taken symmetrically to the apex of the transition (see figures 7.16b and C.11). This assures that the correct working points are kept.
The data are taken at a bias of VDS = 25 µV around a magnetic flux density
of B = 6.6 T.
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Table 7.1 Magnitude in units of e2 /h and the ratio of the conductance modulations taken
on either flank of the single-electron tunneling intersection from figure 7.20 at
the operating points i, j ∈ { 1 , 2 , 3 , 4 }. The magnitude for operating point
no. 3 is determined for each measurement individually.

→
−
cross-cut 34
OP no. 1

0.078 ± 0.004
0.124 ± 0.009

0.110 ± 0.007

0.102 ± 0.008
0.068 ± 0.005

OP no. 4
ratio (OP no. 3 /j)

→
−
cross-cut 13

0.139 ± 0.005

OP no. 2
OP no. 3

→
−
cross-cut 23

0.89 ± 0.10

1.42 ± 0.17

1.50 ± 0.24

This assumption is supported by the measured data that features a significant increase
in the magnitude of the periodic conductance modulations for these type of operating
points in comparison with the higher occupation probability at the opposite flanks of the
single-electron tunneling peaks.

7.4.3 Dependence While Tuning the Quantum Dots Through
Their Resonances
In a similar two-path configuration, with only a single quantum dot in combination with
a parallel reference channel, magnetic flux dependent periodic conductance modulations
can be found as well, id est in [117, 91]. The modulation is found both in the magnetic flux
density and the area dependence. The periodicity with h/e in both parameters thereby
matches to the magnetic flux threaded area in between the two paths. This type of device configuration can also be obtained for the device geometry investigated here and will
be discussed in chapter 10. Several groups proposed a way to measure the phase of the
periodic conductance modulations for the traversal through the single-electron tunneling
peak. As the quantum dot is tuned with its charging threshold through the resonance with
the electro-chemical potential of the leads a phase shift occurs. This type of phase shift
shall be denoted as transmission phase shift in the following and allows to distinguish it
from the phase (shift) of the periodic conductance modulations. It is anticipated that the
transmission phase shift maps onto the phase found for the periodic conductance modulations. This mapping was found experimentally [91], but the value of the phase shift
in the conductance modulations thereby depends on the number of electrons confined on
the quantum dot as reported by M. Avinun-Kalish in [7] and reaches ’universal’ behavior
with phase changes of π for quantum dots with more than 14 confined electrons12 .
Is it possible to follow the same approach to determine the phase change for the configuration of two parallel quantum dots studied here? In contrast to the single dot configuration,
here two resonances can be passed simultaneously in addition to the transition through
only one single-electron tunneling peak.
12

The phase changes by π for the traversal of the single-electron tunneling peak from being occupied
with N to N + 1 electrons. Here, it corresponds to the transition from a more negative to a more
positive plunger gate voltage.
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In order to obtain the full evolution of the phase of the periodic conductance modulations the conductance map of the magnetic flux density and the plunger gate voltage of
the quantum dot was acquired:
• Tuning Through Two Resonances:
A simultaneous transition through both single-electron tunneling peaks of an intersection in the charge-stability diagram is displayed in figure 7.21. Panel (a) of the
figure displays the conductance values, while panel (b) features solely the conductance modulation from which the background of the single-electron tunneling peaks
has been subtracted for a better lucidity. One has to note that during the measurement two sudden changes, marked by the black arrows in the gate voltage axis, are
present. Here, two redistribution events of charges in the vicinity of a quantum dot
shift the single-electron tunneling peak resulting in the abrupt change of the conductance value. The iso-phase lines are determined by the maximum or minimum
of the magnetic flux dependent conductance modulations in the parameter space of
the plunger gate voltage tuning the charging threshold of both quantum dots and
the magnetic flux density. In the stable regions of the measurements they show a
piecewise linear slope, see black solid lines in figure 7.22b. A comparable tilt of the
iso-phase lines of the periodic modulations was obtained in the antidot system in
chapter 6.3.2 while detuning the gate voltages, where the tilt was caused by a change
in the magnetic flux threaded area. Here however, the magnetic flux density period
yields the same values with δB = (3.55 ± 0.04) mT and δB = (3.56 ± 0.02) mT taken
at either side of the resonance of the single-electron tunneling peak, respectively.
For a transition through a single-electron tunneling peak, that can be approximated
by a Breit-Wigner resonance, the transmission phase is expected to change smoothly
by π in an s-shaped manner. However, even for a broad resonance the evolution
of the phase should occur mainly within the linewidth of the resonance. Here instead, a linear dependence in the phase of the conductance modulations
is found. In addition the phase does not converge to a fixed value far
away from the resonance peak. In consequence, by taking only two line-cuts
for different gate voltage values, one could willingly claim any phase shift, id est a
shift by π sketched by green solid line in figure 7.21. This emphasizes that the full
evolution of the phase of the periodic conductance modulations as a function of the
dot’s plunger gate voltage has to be known in order to make a reliable statement on
the phase changes. A clear statement of the phase shift by tuning the quantum dot
in this configuration can therefore not be made. Another thing to note, here both
quantum dots were detuned and thus the change in transmission phase should be
either additive yielding 2π or cancel out.
• Tuning Through a Single Resonance:
In a second approach, for a different sample, only one quantum dot was tuned
through the single-electron tunneling peak, while the other one was kept at its
operating point. This procedure offers the advantage that only one of the two
resonances used in the electrical transport is detuned and the phase of the periodic
conductance modulations should solely depend on the one that is detuned. The
corresponding conductance map displayed in figure 7.22 shows both the conductance
as well as solely the periodic modulations without the background conductance.
Here however, the evolution of the iso-phase lines (black dotted line) is inverted and
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Figure 7.21

(a) Conductance map of the magnetic flux density versus the combined
plunger gate voltage of both quantum dots. Flux dependent conductance
modulations are present for the traversal through both single-electron tunneling peaks. The tilt of the iso-phase lines (position of maximum or minimum of the conductance modulations, marked exemplary in panel (b) by
the black solid line) is not caused by a difference in the magnetic flux density
period. It yields δB = (3.55 ± 0.04) mT and δB = (3.56 ± 0.02) mT at either
side of the resonance, respectively. (b) Extracted modulations out of (a) by
subtracting the mean conductance value. In between the endpoint of the
green solid line a phase shift of π can be claimed from the data. Two sudden
changes in the measurement are present, marked by the black arrows at the
gate voltage axis. The data are taken at a source-drain bias of VDS = 25 µV.
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(a) Conductance map of the magnetic flux density versus the plunger gate
voltage of a single quantum dot. Flux dependent conductance modulations
are present during the traversal of the single-electron tunneling peaks, but
diminish as the apex reaches a conductance of I/VDS = 1 e2 /h. The (inverse) slope of the iso-flux lines (highlighted in panel (b) as black solid line)
may arise from a low occupation number of the quantum dot, see reference [7]. There is no difference in the periodicity of the modulations depending on the gate voltage, id est with δB|VG =−0.95 V = (3.45 ± 0.03) mT
and δB|VG =−0.99 V = (3.43 ± 0.04) mT, respectively. (b) Conductance modulations extracted from (a) without the background conductance of the
single-electron tunneling peak. The data are taken at a source-drain bias
of VDS = 25 µV.

7.5 Influence of the Electron Spin on the Electric Transport
shows the inverse tilt compared with the previous measurement from figure 7.21.
Based of the values taken for the more positive gate voltages to the apex of the singleelectron tunneling peak, the evolution of the phase of the conductance modulations
is again more linear than s-shaped, see solid black line in figure 7.22b. At the more
negative gate voltage values to the apex of the peak the measurements is affected
by too many instabilities to make out a clear trend of the phase, see black solid
zig-zack line.
In summary, both measurements with either the transition through the
resonance of a single quantum dot or the simultaneous transition through both
resonances of the two dots feature a linear non converging evolution of the
phase. This contrasts the findings of the typical s-shaped evolution of the transmission
phase through the (Breit-Wigner type of) resonance of the single-electron tunneling peak
of the quantum dot found in the two-path experiments with only a single quantum dot
and a reference channel [91, 7]. With the linear behavior found here, a solid statement of a
change in the phase of the periodic conductance modulations obtained for the combination
of two parallel quantum dot cannot be made.

7.5 Influence of the Electron Spin on the Electric
Transport
Up so far in the consideration of the electric transport through the quantum dots the
spin of the electrons involved in the tunneling processes has not been considered. If the
periodic conductance modulations observed under variation of the magnetic flux enclosed
in between the two dots are caused by an interference effect, the spins of the electrons
participating in the process have to be considered. The electrical transport through each
the quantum dot shall be considered in the following as transport channel providing the
transmission for one or for both spin orientations. The interplay of these two transport
channels and the compressible leads thereby determines whether interference can occur
or not. In order to maintain interference both channels have to match with the spin
orientation they provide to the one present in the leads. In the picture of single-electron
tunneling two extreme cases for the compressible leads have to be considered: (1) A spin
polarized compressible strip allowing only one spin orientation and (2) a spin-unpolarized
lead. Both cases are reviewed in the interplay with the two transport channels in the
following.

7.5.1 Expectations in Case of Spin Polarized Leads
In the first consideration the compressible leads are assumed to be spin polarized with the
same spin orientation. Here two possible configurations for the transport channels have
to be taken into account as illustrated in figure 7.23. Only one of the spin polarizations
for the leads is displayed in the figure, as the inverse polarization leads to the same
configuration. The same arguments applies to the restriction to a single spin orientation
in the transport channel.
1. Identical Transport Channels:
Both transport channels feature the same spin orientation, sketched in figure 7.23a
by the white arrows, matching the one present in the compressible leads, depicted
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Tunneling processes in the parallel arrangement of two quantum dots accounting for the electron spin. The compressible strip in both leads is assumed to be spin polarized with the same spin orientation (black arrows).
Only one spin polarization is displayed as the inverse configuration leads to
the same results. (a) Both channels offer the same electron spin orientation,
indicated as white arrows, as the incident one from the leads, depicted by
the black arrow. The white arrows thereby mark only the spin-orientation
allowed in the channels not the occupancy of the quantum dots. Interference
is expected to be present in this configuration. (b) Both channels have an
adverse spin configuration. Interference is quenched, but not the electrical
transport.

by the black arrows. In this configuration interference is possible. Both channels
may thereby offer also the inverse spin orientation, but as this spin orientation is
not present in the leads it has not to be taken into account here.
2. Adverse Transport Channels:
The transport channels as shown in figure 7.23b have adverse spin configurations.
The electrical transport through the structure can still be maintained, but interference is no longer possible.
3. Leads Adverse to Both Channels:
For the sake of completeness the configuration with an adverse spin configuration
in both channels opposite to the polarization in the leads has to be mentioned (not
displayed). Here, the electrical transport through the device structure would be
suppressed as well. Otherwise spin-flip processed have to be involved to enable
electric transport.

7.5.2 Expectations in Case of Spin Unpolarized Leads
In the second consideration the compressible strips of the leads are unpolarized and offer
both spin orientations. For the interplay with the two transport channels four different
types of configurations as summarized in figure 7.24 have to be considered. For simplicity
the figure displays the restriction in the channels for one spin orientation only, as the
opposite orientation yields the same results:
1. Two Unrestricted Channels:
In figure 7.24a, only those electrons in the leads (black arrows) with the same
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Tunneling processes in the parallel arrangement of two quantum dot accounting for the electron spin. Both spin orientations are present in the leads for
the incident electron (black arrows). (a) Both channels offer the same spin
orientation (white arrows) for the incident electrons (black arrows) and interference can occur. (b) One channel offers only a single spin orientation.
Interference is still possible, but its probability is reduced compared with (a).
(c) Both channels are restricted to the same spin orientation. With the unpolarized leads interference can occur. (d) The channels feature adverse
spin orientations that quenches interference, but not the electrical transport
through the channels.

spin orientation as provided by the two channels (white arrows) can give rise to
interference in the combined transport. This configuration features the highest
number of processes that support interference in the electrical transport.
2. One Restricted Channel:
In the interplay of one, to a certain spin orientation, restricted channel and an
unrestricted channel, as sketched in figure 7.24b the spin of the incident electrons
have to match the orientation of the restrictive channel in order to allow interference. Compared with the previous case of two unrestricted channels the number of
interference maintaining processes reduces.
3. Equal Transport Channels:
In the configuration from figure 7.24c both channel are restricted to the same spin
orientation. Interference and electrical transport is only possible for the corresponding polarization present in the leads.
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4. Adverse Transport Channels:
With adverse spin orientations present in the channels as sketched in figure 7.24a
coherent transport sustaining interference is not possible. Yet from an energetic
point with both spin orientations present in the leads the electrical transport is
maintained.
The amount of interference maintaining channels shall be reviewed in the following.
The compressible strips of the leads are thereby assumed to be spin unpolarized. In total
there are nine different combinations of restrictions in the two channels. Two out of these
nine combinations in total have adverse spin orientations and rule out interference. For
six out of the remaining seven interference maintaining combinations there is at least one
restriction to a spin orientation present in either channel. In the remaining combination
there are no restrictions present in any channel. If the probability of interference maintaining processes changes when tuning the quantum dots through different single-electron
tunneling peaks, a spin pattern in the magnetic flux dependent periodic conductance
modulations could emerge. For the scenario of adverse spin orientations in both channels,
as depicted in figure 7.24d, interference can even expected to be absent.

7.5.3 No Appearance of Spin Restrictive Transport Channels in
the Measurements
In order to shed some light on the presence of spin restrictive channels of the two quantum dots in the parallel arrangement the mean peak-to-peak magnitude of the periodic
conductance modulations is analyzed for several adjacent single-electron tunneling intersections. By going from one intersection of the single-electron tunneling peaks to its
direct neighbor the presence of a restriction to a certain spin orientation in one transport
channel might change, while the one of the other channel is conserved and vice versa,
depending on the choice of the detuned quantum dot. Based on the previous discussion of
spin-restrictive channels through the quantum dots, one might be able to draw inferences
for the restriction from changes in the magnitude of the periodic modulations or from
even the absence of the modulations.
A charge-stability diagram taken at a large magnetic field of B = 10 T is displayed in
figure 7.25. Reference for the labels is the intersection I,1 to the lower left of the diagram
(red circle) with the lowest plunger gate voltage for both quantum dots. The operating
point is thereby chosen directly at the center of the intersection (red arrow). The labels of
neighboring intersections expand to the right and upward to higher plunger gate voltages
determining an array of 4 × 4 intersections. These are labeled in columns with Roman
numerals for the upper quantum dot and in rows with Arabic numerals for the lower
quantum dot, respectively. The numerals increase to more positive plunger gate voltages.
The conductance modulations around the magnetic flux density of B = 10 T were taken
right at the center of the apex of the intersections of the single-electron tunneling peaks.
However, an absence of the periodic modulations was neither observed here nor
in any other measurement among various samples and for different magnetic
field strengths13 , that would point to an opposite spin orientation in both transport
channels. The peak-to-peak values of the conductance modulations14 of all intersections is
This includes also the capped intersections at I/VDS = 1 e2 /h, as for these the conductance modulations
are always present in the area of the flanks of the intersections in the charge-stability diagram.
14
The single traces are displayed in figures C.13 to C.16 in chapter C.2 of the appendix.
13
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Figure 7.25

Combined conductance as a function of the gate voltages of both quantum
dots. Reference is the intersection I,1 marked by the red circle in the chargestability diagram. The working points are chosen directly at the center of the
crossing (red arrow). Columns expand to the right and rows upwards, labeled
with increasing Roman and Arabic numerals, respectively. The data are
taken at a source-drain bias of VDS = 25 µV at a magnetic field of B = 10 T.
Two regimes of common Coulomb-blockade of both dots are marked by a
red and cyan cross, respectively.

summarized in table 7.2. The conductance modulations feature similar mean conductance
values in the range of I/VDS = 0.4 e2 /h to I/VDS = 0.6 e2 /h. The rows and columns of the
table are analyzed in the following for the presence of a regular pattern in the magnitude
of conductance modulations. The notion of a higher or lower modulation magnitude in the
discussion is related to the relative difference with directly neighboring operating points
rather than with the absolute values found:
• Row 1:
A strictly alternative behavior of high and low modulation magnitudes is found
throughout all columns, starting with a high value in column I.
• Row 2:
As previously in row 1, starting from a high value in column I a strictly alternating
magnitude is found.
• Row 3:
The alternative pattern starting from a large magnitude is found again in this row,
but only well pronounced from column I to III. There is only a small difference in
the magnitude between column III and IV.
• Row 4:
This row features the same pattern as found within row 3, starting again from a
high magnitude and with a small change between column III and IV.
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Table 7.2 Comparison of the magnitude of the conductance modulations in units of e2 /h
for the single-electron tunneling intersections from figure 7.25.

column I

column II

column III

column IV

row 4

0.157 ± 0.025

0.066 ± 0.013

0.229 ± 0.021

0.201 ± 0.005

row 3

0.196 ± 0.017

0.106 ± 0.014

0.245 ± 0.012

0.198 ± 0.013

row 2

0.172 ± 0.011

0.085 ± 0.009

0.231 ± 0.009

0.107 ± 0.008

row 1

0.228 ± 0.016

0.062 ± 0.007

0.196 ± 0.014

0.131 ± 0.015

• Column I:
An alternating behavior, starting with a high value in row 1, of the modulation
magnitude is found within this column. However, the pattern is less pronounced
than the one found within the rows.
• Column II:
The modulation magnitude starts at a low value in row 1 and increases steady
towards row 3. Then it drops back at row 4 to a value comparably large as in row 1.
• Column III:
Within the variance, the magnitude of all rows is comparably large.
• Column IV:
This column features low values for the modulation magnitude in row 1 and 2 and
high values in row 3 and 4, respectively.
From only the relative differences in the magnitudes of neighboring intersections of
single-electron tunneling peaks no regular pattern is found, that is consistent for both
directions in the charge stability diagram and would thus allow to deduce possible spinrestrictive channels. So far, the absolute value of the conductance modulations has been
omitted from the discussion. It shall be considered in the following in a graphical representation of the data from table 7.2 displayed in figure 7.26. The scheme displays a
mapping of high ’H’ and low ’L’ conductance values, with the threshold separating in
between the high and low category chosen with a magnitude of ∆I/VDS = 0.150 e2 /h for
the conductance modulations, respectively. With this choice of threshold, a strictly alternating pattern is found for the upper quantum dot (along the columns) with alternating
high and low magnitudes for all combinations with single-electron tunneling peaks of the
lower quantum dot. However, a pattern of changes for the lower quantum dot (along the
rows) is not found. At best it can be considered to be absent, but even this statement
cannot be made considering the value of intersection IV, 3. A regular pattern sustaining
the presence of restrictions to a certain spin orientation in the either transport channel
would have to be fully consistent for both quantum dots (along the columns and rows of
the figure), which is not found here.
Another thing to note, concerning the absolute values of the conductance modulations
is the ratio in the magnitude from neighboring intersections from either one column or
row to the next. In the simple picture discussed earlier, for the case of spin unpolarized
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Figure 7.26
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A possible mapping of the number of processes maintaining interference in
the channels of the two parallel quantum dots based on the data from table 7.2. Two unrestricted channels are represented by ’H’, a single restriction
by ’L’, respectively.

leads, a change from two unrestricted channels to a single restriction in either channel
halves the number of interference maintaining processes. This would consequently cause
a change by a factor of two in the magnitude of the conductance modulations. Here
however, it is found to range from a factor of two to a factor of three, e.g. in row 4
the ratio yields for columns III/II = 3.2 ± 0.1. These factors exceed the prediction of a
factor of two by far. It cannot be expected within the simple model of transport channels through the quantum dots being either restrictive to a certain spin orientations or not.
In summary, from the analysis at different single-electron tunneling intersections in
the charge-stability diagram, changes in the magnitude of the periodic conductance modulations are found in the experiment. If the conductance modulations were caused by
interference, one could expect changes in the magnitudes of the conductance modulations
for the assumption of possible restriction certain spin orientation in the transport channels
through the quantum dots. These changes in the magnitude are predicted to arise from
the change of the number of interference maintaining processes. There should even exist a
configuration where interference is excluded from the electric transport. One has to stress
the fact that the absence of the periodic conductance modulations was never observed in
any sample or for any magnetic field strength examined in the course of this thesis. In
addition, from the varying magnitude a regular consistent pattern for both quantum dot
of restricted and unrestricted channels cannot be drawn. This points to an even richer
and more complex behavior in the transport through the two parallel quantum dots, that
cannot be covered in the simple model of restrictive and unrestrictive transport channels.
This also poses the question of the character of the transport channels involved in the
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process. In order to occupy the quantum dot with an additional electron two requirements
have to be fulfilled:
1. The energy difference of the charging energy EC has to be overcome, id est by tuning
the charging threshold in resonance via a gate voltage, and
2. a suitable quantum mechanical single-particle state has to be present on the quantum dot.
In the considerations of the transport channels, these single-particle states were only
considered to pose a possible restriction to a certain electron spin, but their density of
states has been neglected. For the case of dense spectrum of the single-particle levels
accessible in the range of the charging energy of the quantum dot, the presence of a spin
restriction might get lifted in any case. In consequence there will always be the possibility
to pass either spin orientation in the transport channels. It hence allows to obtain the
conductance modulations at each and every intersection of two single-electron tunneling
peaks, as it is seen experimentally. For future experiments it might therefore be desirable
to realize even smaller quantum dots where, in comparison with the quantum dots used
here, the density of states of the single-particle levels exceeds the electrostatic charging
energy. Ideally, an individual single-particle state is present as transport channel. By
chance, it might give rise to the absence of the periodic conductance modulations15 or
even a dip in the common conductance of a single-electron tunneling intersection as the
smoking gun for the interference effect as the origin of the conductance modulations, if the
adverse spin configuration of the two transport channels can be accessed experimentally.

15

Including both the very apex and the flank regions of the intersection.
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7.6 Conclusion
This section summarizes the experimental results in the arrangement of two parallel quantum dots connected between common leads for the operating regime of single-electron
tunneling.
The interplay in the common conductance of two parallel quantum dots was analyzed.
In a charge-stability diagram a rectangular checkerboard pattern of intersecting singleelectron tunneling peaks was found. From the shape of the checkerboard pattern a direct
electrostatic cross-coupling among the quantum dots can be excluded, as it is intended
by the device design. The combined electric transport through both quantum dots of
the device is present at the intersections of two single-electron tunneling peak belonging to either dot. At these intersections a pronounced apex in the conductance value is
present. At zero magnetic field a small mismatch was observed between the value of the
combined conductance compared with the sum of the contributions to the conductance
values of both quantum dots taken separately. This indicates that the transport through
the two quantum dot channels are no longer independent. It might be interpreted in
favor of an interference effect. In the following the two quantum dots were tuned via the
gate voltages to be operated directly at the apex in the center of the intersection of two
single-electron tunneling peaks. A magnetic field applied perpendicularly to the 2DES
was varied to introduce a variable magnetic flux that should affect the electrical transport. At low magnetic fields no sign of a magnetic flux dependence in the conductance
was found. In case of a magnetic field strength exceeding |B| > 0.4 T a small periodic
conductance modulation was found. Its periodicity in the magnetic flux density corresponds to h/e matching the ’dead’ area free of electrons in between the quantum dots.
At these magnetic flux densities one can assume that a compressible/incompressible landscape within the 2DES starts to form. This strip pattern provides an upper bound for
the area enclosed between the two dots. Without this upper bound restriction around
zero magnetic field modulations in the conductance may be present, but are averaged out.
The periodic conductance modulations were found to be obtainable at any intersection
of two single-electron tunneling peaks. In addition to the magnetic flux density change,
periodic conductance modulations matching h/e in periodicity were obtained by in-situ
tuning the area free of electrons in between the two quantum dots by the voltage applied
to the side-gates. In combination of both methods, tuning the magnetic flux density and
with an in-situ area change, iso-flux lines showing so-called Aharonov-Bohm scaling were
found. Within the applied source-drain bias a finite range with pronounced conductance
modulations was observed. Within this bias range a non-monotonic behavior of the modulation magnitude of the periodic conductance modulations with increasing source-drain
bias was found. It agrees qualitatively with the results obtained for the antidot system
from chapter 6 giving rise to a ’lobe-pattern’ as an artifact, like discussed in chapter 6.6.6.
The periodic conductance modulations were found for each and every combination of
two single-electron tunneling peaks of either quantum dot and for any magnetic field
strength investigated. There was one exception found to this behavior, if at least one of
the contributing quantum dots yielded a conductance value of I/VDS = 1 e2 /h. In this
case the common conductance value of both dots became capped at a flat apex-less intersection with exactly this particular conductance value. Here, the periodic conductance
modulation were absent. However, they were present when the working point was tuned
to the flank region on these single-electron tunneling peak intersections. This behavior
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was found to be independent from both the magnetic field orientation and the applied
source-drain DC bias. A reduction with a dip in the combined conductance at the intersection below the value contributed by the larger single-electron tunneling peak was never
observed.
In the analysis of the conductance modulation across several single-electron tunneling
peak intersections it was observed that the magnitude of the periodic conductance modulations varied. The ratio in the modulation magnitude in between adjacent intersections
of single-electron tunneling peaks in the charge stability diagram was found to be in the
range of factor two to three. A regular pattern in the ratio of the modulation magnitude that would point to restrictions to certain spin orientation in the transport channels
through the quantum dots was not obtained. This points to a rich and complex behavior
in the transport channels through the two parallel quantum dots. The magnitude of the
periodic conductance modulations was furthermore found to vary in between the four
different combinations of flanks of the same intersection of two single-electron tunneling
peaks used as working point. It has been found that a reduced occupation probability
seems to enhance the modulation magnitude in favor of single-electron tunneling events.
The phase of the periodic conductance modulations was analyzed as a function of the
magnetic flux density and the plunger gate voltage of the quantum dot. The plunger
gate allows to tune the single-electron tunneling threshold through the resonance with
the electro-chemical potential of the leads. By traversing through this resonance of the
single-electron tunneling peak a phase shift of π is expected to occur, that should map
onto the phase of the periodic conductance modulations. But instead of a saturation
of the phase far away from the resonance with a typical s-shape of the iso-phase lines,
here a linear dependence was found. In consequence, a sustainable statement of a phase
shift of the periodic conductance modulations while tuning the quantum dot through its
resonance cannot be made.
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Two Parallel Quantum Dots
- Evolution of a Theoretical Model
In order to track down the mechanism leading to the magnetic flux dependent conductance
modulations, the experimental observations are reviewed once again within the framework
of single-electron tunneling describing the mechanism of the electrical transport through
the device arrangement studied here.

8.1 Single-Electron Tunneling in the Parallel
Arrangement
In a simple picture of the electrical transport through a quantum dot is a tunneling
process through two sequential tunneling barriers. Neglecting thermal broadening, the
conductance versus gate voltage - shifting the quantum dot energy level - takes the shape of
a Breit-Wigner function for single-electron tunneling in case of noninteracting electrons [9]
I/VDS = g

Γ
e2 Γl Γr
,
h Γl + Γr (ε/~)2 + (Γ/2)2

(8.1)

where g accounts for the degeneracy of the resonance with g = 1 for single-electron tunneling1 , ε is the energy difference of that level from the electro-chemical potential of the
reservoirs and Γl , Γr are the tunneling rates through the left and right barrier, respectively.
In the parallel arrangement with two quantum dots one can expect to reach a maximum
in the conductance with I/VDS = 2 · 1 e2 /h if the transport occurs via two independent
channels. However, experimentally the value taken at the intersections of two singleelectron tunneling peaks was found to be always smaller than the sum of its contributing
conductance values of the single quantum dots. For zero magnetic field the combined conductance value is just a little less than the sum of the contributing conductance values.
1

A value of g = 2 would be obtained in a single quantum dot if both spin orientations were independent.
This is not the case in for this type of operating regime in the experiments discussed here.
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channel 1

e-


channel 2

Figure 8.1

Interference is supposed to be absent if the transport channels through the
quantum dots feature adverse spin orientations.

The absence of a magnetic flux dependent contribution to the common conductance for
a small magnetic field variation around zero field thereby might emphasize the presence
of two independent channels. Alternatively the absence of a magnetic flux dependent
contribution to the conductance might be attributed otherwise to the open geometry of
the system resulting in an unrestricted area A washing out a stable phase relation and
thereby shrouds interference contributions in the common electrical transport.
With increasing magnetic flux density, however, the common conductance value reduces
significantly below the value of the sum of the conductance values contributed by each
dot. In addition, periodic conductance modulations in the magnetic flux density are
present. Their magnetic flux periodicity yields h/e for the flux threaded area defined
by depletion in between the two quantum dots. The most extreme situation for the
common conductance value was obtained when at least one of the two quantum dots
contributes a value of I/VDS = 1 e2 /h to the common conductance2 . In this case the
common conductance is capped at this particular value of I/VDS = 1 e2 /h. At the center
of the capped intersection no periodic conductance modulations are observable. At a first
glance this could be interpreted as if there is not the right spin configuration present in
the quantum dots in order to obtain interference. The corresponding situation is sketched
in figure 8.1 with the two transport channels through the quantum dots allowing only
adverse spin orientations. For an incident electron of either spin orientation in the leads
(sketched only for spin up) only one channel offers the right spin orientation in order to
maintain electrical transport. But experimentally the periodic conductance modulations
are recovered as soon as the conductance of both quantum dot reduces to a value below
I/VDS < 1 e2 /h taken at the flanks of the single-electron tunneling peaks. The character
of the transport channel in terms of the spin orientation involved in the electric transport
may not be different whether the conductance value reaches its theoretical maximum or
not. In consequence the restrictions to certain spin orientation should be maintained
during the transition through the resonance of the single-electron tunneling level. This
rules out the basic assumption of opposite spin orientations made above as the cause
for the absence of the periodic conductance modulation as well as the capped common
2

The combination with both quantum dots contributing I/VDS = 1 e2 /h to the common conductance
behaves in the same way.
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conductance values of both quantum dots. The question why the periodic conductance
modulations appear at each and every flanks of the single-electron tunneling peaks, but
vanishes exclusively at those intersections where at least a single quantum dot contributes
I/V ds = 1 e2 /h to the common conductance remains unanswered at this point.

8.2 Asymmetries in the Transmission Probability of
Both Dots
In the presence of the magnetic field applied perpendicularly to the 2DES one might be
tempted to assume that the electrical current flow is directed due to the cycloid motion
of the electrons in the magnetic field, as it is sketched by the black arrows in figure 8.2a.
In a naive approach an electron impinges onto the upper dot has a certain transmission
probability t1 to pass the device from the left to the right hand side. Due to current
conservation the reflection coefficient r = 1 − t1 determines the probability of a particle
reaching the lower quantum dot. The electron then has the probability t2 to pass here
from the left hand to the right side of the device or it is reflected again. The highest transmission probability through a quantum dot is obtained for its extremal conductance value
of I/VDS = 1 e2 /h. In this picture the transmission probability of the first quantum dot
determines the amount of electrons that reach the second one. If the transmission probability of the first quantum dot to be seen by the impinging electrons with t1 = 1 reaches
unity, every electron passes this quantum dot. In this picture the second downstream
quantum dot does not participate in the electric transport. In this case the common conductance would be capped at the value of I/VDS = 1 e2 /h, determined by the maximum
conductance of the quantum dot and interference will not occur as there is effectively
only one transport channel. As soon as the transmission reduces to t1 < 1 by tuning
the quantum dot from the apex to the flanks of the single-electron tunneling peak, both

t1
t‘
1-t1




t2

B
‘

B
(a)
Figure 8.2

1-t

B
(b)

(a) Under the assumption of directed currents (black arrows) in the presence
of a magnetic field, different transmission probabilities ti should lead to a
different conductance value under reversal of the magnetic field orientation
(gray arrows). (b) Alternative description of the arrangement of the two
quantum dots. The system is considered to have only a single transmission
probability.
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paths are available and interference is possible. This might be a possible explanation for
the vanishing conductance modulations seen experimentally at the capped intersection
with I/VDS = 1 e2 /h of single-electron tunneling peaks. But for a given asymmetry in
the values of the transmission probabilities t1  t2 in combination with a reversal of
the current flow direction, see gray arrows in figure 8.2a by reversing the magnetic field
orientation, one therefore would expect to obtain different magnitude of the magnetic flux
dependent modulation in the conductance. However, this behavior is not observed in the
experiments. The modulation magnitude is found to be symmetric for both the sign of
the applied DC source-drain and the orientation of the magnetic field. This applies to any
investigated combination of single-electron tunneling peaks. As consequence the picture
of two quantum dots each with a unique transmission probability that might influence
each other fails. The arrangement of the two parallel quantum dots has rather to be
considered with a combined transmission probability t0 , where the electrons see the whole
system of both quantum dot, as depicted in figure 8.2b.

8.3 Full Modulation to Zero Conductance
The periodic conductance modulations at the single-electron tunneling peaks were never to
be found to cause full destructive interference with a vanishing conductance value. Instead
it has been found that the modulations are always obtained with a finite background
conductance. The non-modulated background conductance can arise from several reasons:
1. Scattering:
The electron passing the device, as sketched in figure 8.3, scatters inelastically e.g.
by impurities or phonons along its trajectory thereby loosing its coherence. In
addition the quantum dot itself is occupied by N electrons that interact with the
electron temporarily confined on the topmost charging threshold and give rise to
decoherence as well.
2. Occupied Quantum Dots:
With the quantum dots tuned to a single-electron tunneling peak they exhibit continuous charge fluctuations. In order for an electron to be capable to interfere with
its own partial waves, the charging levels of the resonances of both quantum dots
have to be ’unoccupied’ simultaneously. As the charge fluctuations on the quantum dots are a statistical process this requirement cannot be fulfilled for every time
interval. For these time intervals of occupied quantum dots normal magnetic flux
independent transport is obtained.
3. Adverse Spin Occupation:
The compressible strips the quantum dots are tunnel coupled to can be considered
without loss of generality to be spin unpolarized. The quantum dots as transport
channels in turn might be restrictive to certain spin orientations. Only if both
channels allow for the same spin orientation the interference can be maintained.
Under the assumption that one channel is restrictive to one spin orientation while
the other allows for both orientations, as illustrated in figure 7.23b, a non-interfering
electrical transport channel is present.
All of the effects discussed above have in common that the electrical transport from
source to drain through the channels of both quantum dots is maintained, but the coherence is either lost or interference itself is not possible. In consequence, there will always
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channel 1
e-


channel 2
Figure 8.3

An electron passing the parallel arrangement of the two quantum dots gets
scattered inelastically (black arrow) along the trajectory (red curve) thereby
loosing its coherence. The electrical transport still occurs but without contributions to a magnetic flux dependent interference.

be a certain background transmission that is independent of the magnetic flux variation.
Without loss of generality, the current in the device can be considered as the sum of coherent and incoherent contributions. In addition to single-electron tunneling, a two-electron
cotunneling process can occur. Here, an electron leaves the quantum dot while simultaneously one from leads occupies the quantum dot again, giving rise to a finite conductance
even within the regime of Coulomb-blockade. This is an elastic process in terms of energy
and consequently might still maintain interference independent of the operational setting
of the quantum dots.

8.3.1 Conductance Modulations in the Cotunneling Regime
The presence of cotunneling processes on the magnetic flux dependent conductance can
be investigated at a working point in between single-electron tunneling peaks. Here, the
quantum dots are Coulomb-blockaded and for a weak tunnel coupling strength of the
dots to the leads the conductance is zero. Although single-electron tunneling is energetically not allowed, elastic cotunneling of two electrons is always possible. For the
parallel arrangement of the two quantum dots the Coulomb-blockade regime of both dots
is present in the areas in between single-electron tunneling intersections, as seen in the
charge-stability diagram in figure 7.2. This regime is of particular interest as it allows to
give further insight into the mechanism leading to the periodic conductance modulations
by effectively switching off the second of the above mentioned processes. The presence of
the conductance modulations in this regime could point to an interference effect based on
elastic cotunneling modulated by the magnetic flux in between both quantum dots.
The operating point of both quantum dots is set into neighboring regimes of Coulombblockade in the center in between four single-electron tunneling peaks marked by the red
and light blue crosses in the insets of figure 8.4, respectively. The variation of the magnetic flux density around B = 10 T for both operating points is displayed in the main
panel of the same figure, with the colors matching the markers in the inset. Small conductance modulations with a periodicity of δBred = 3.30 mT matching with h/e to the
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Conductance in the Coulomb-blockade regime of both quantum dots between
four single-electron tunneling intersections marked by the red cross from figure 7.25 at a varying magnetic flux density around B = 10 T. There is a
clear yet tiny periodic modulation starting off from zero conductance resulting in a full modulation in the conductance. The data are taken at a bias of
VDS = 25 µV.

enclosed area are obtained, in agreement with the periodicities taken at the intersections
of the single-electron tunneling peaks nearby3 . In contrast to a working point set on top
of the intersection region of two single-electron tunneling peaks, here a full modulation
down to a conductance value of zero is obtained. The peak-to-peak magnitude
of the conductance modulations yields ∆I/VDS = (0.014 ± 0.001) e2 /h, which is up to a
factor of 14 smaller compared with the magnitude taken at the adjacent single-tunneling
peak intersections. The neighboring Coulomb-blockaded regime (light blue cross) yields
qualitatively the same behavior. The presence of cotunneling is not restricted to the high
magnetic field range and was also observed for lower magnetic field values of B = 3.4 T,
see figure C.17 in chapter C.2 of the appendix. The baseline in the Coulomb-blockade
regime of the periodic modulations is zero as well. The ratio of the modulation amplitude compared with the values taken at the top of the adjacent single-electron tunneling
intersections are in the range of one order of magnitude for this low magnetic field measurement.
These results seem to substantiate the allegation that the periodic conductance modulations are caused by an interference effect through the parallel double dot structure.
The transitions of the quantum dots involved in the process are elastic cotunneling events
that have a significantly lower probability to occur, but are fully coherent as there will
never be a time interval where only one of the quantum dots is ’occupied’. The most
vigorous argument is that the conductance modulations feature a zero conductance baseline that is also expected in a normal interferometer where at full destructive interference
the intensity is zero. In consequence, one might be tempted to interpret the conductance
modulations as an interference effect.

3

Intersections in figure 7.25 labeled with I, 3,I, 4,II, 3 and II, 4, respectively. Magnetic flux density
variations taken here are displayed in figures C.15 and C.16 in chapter C.2 of the appendix.
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8.4 Conductance Modulations as an Interference
Effect?
In the evaluation of the experimental observation made in this work the question arises
of whether the two parallel quantum dots can be considered as an analog to a double-slit
experiment for electrons in a solid state device or not? Linked to this is the question of the
origin of the periodic conductance modulations as an interference effect of single electrons.
From the data acquired in this work, basically two items would support the mechanism
of interference of electrons passing the two-path configuration:
1. Sinusoidal Modulation:
A rather simple issue is the sinusoidal appearance of the conductance modulations
that would fit to a coherent superposition of the partial waves of a single-electrons.
2. Aharonov-Bohm Phase:
Most intriguing is the h/e periodicity of the conductance modulations that is anticipated for the Aharonov-Bohm effect.
On the other hand, two observations made here contradict interference as the origin of
the periodic conductance modulations:
1. Absent Modulations:
The absence of a periodic modulation at the capped crossings at I/VDS = 1 e2 /h,
while they are present in the flanks of the same intersection, cannot be linked to
unity transmission probability of one of the contributing transport channels.
2. Destructive Interference:
If interference were present, both a constructive and destructive phase has to be
present while tuning the magnetic flux. However, a dip in the common conductance
at an intersection of single-electron tunneling peaks that would correspond to destructive interference was never observed and clearly contradicts interference effects
to be present.
Although seemingly the right periodicity of the conductance modulations is observed
the missing destructive interference raises reasonable doubt that interference is the origin
of the periodic conductance modulations. In consideration of interference one makes the
assumption that the area in between the two quantum dots is constant and the change
in the phase of the electron wave function arises solely from the change in the magnetic
flux density. If one drops this assumption, what other mechanism could be present here?
Can a self-consistent change of the magnetic flux threaded area, as it was discussed in the
antidot system from chapter 6.4, be also present here resulting in the same h/e periodicity.
Two consequences arising from the self-consistent model discussed there are transferred
to the arrangement of two quantum dots and will be discussed in the following.
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8.5 Charging Effect of the Surrounding 2DES
In the antidot system with two parallel quantum point contacts in chapter 6.4 it was
found that the susceptibility of the compressible ring around the antidot to changes in
the magnetic flux lead to periodic conductance modulations. Here, tuning the magnetic
flux density caused the compressible strip to periodically breathe, giving rise to singleelectron tunneling mediating a scattering channel between the edges of the 2DES that
reduced to overall conductance of the device. This breathing of the compressible area
occurs for each flux quantum added to the system and thus yields a h/e periodic conductance modulation matching in periodicity the area free of electrons in between the
two quantum point contacts. In the setting considered here, a similar effect can be presumed in presence of a closed wave function connected through both quantum dots and
the compressible regions seaming the depleted edges in the 2DES close to the quantum
dots. As the quantum dots are sensitive electro-meter, they should be able to detect the
charge rearrangements in their surroundings. The shift in the electrostatic energy caused
by the additional charge nearby shifts the charging threshold of the quantum dot. This
manifests itself, as sketched in figure 8.5, in a translation of the single-electron tunneling
peak of the quantum dot by ∆VG on the plunger gate voltage axis. The value of ∆VG can
experimentally be determined by tracing the maximum displacement of a certain fixed
conductance value on the gate voltage axis while the magnetic flux through the area in
between the two quantum dots is varied, see left hand panel in figure 8.5.
An evaluation of the strength of this effect can be made from the relation of the shift of
the charging threshold with respect to the charging energy of the quantum dot. Within
the constant-interaction model, the shift of the electrostatic potential and therefore the
shift of the charging threshold of the quantum dot by adding a charge is compensated by
a gate voltage shift
∆µ = e

CG
∆VG .
CΣ

(8.2)

The gate voltage shift is normalized by the ratio of the dot’s capacitances to its surroundings. Experimentally the shift of the single-electron tunneling peaks can be estimated by
using the iso-conductance lines in figure 8.6. It yields a shift of ∆VG = 5.2 mV for the gate
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Shift of the single-electron tunneling peak of quantum dot as an electrical
charge is brought in the vicinity of the quantum dot (right hand panel). In
the presence of the additional charge the single-electron tunneling peak is
shifted (red curve) in the gate voltage axis.
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Conductance map of the magnetic flux density versus the combined plunger
gate voltage of both quantum dots. The iso-conductance lines in the flanks
of the peak yields a shift of ∆VG = 5.2 mV for the gate voltage axis. Two
sudden changes in the measurement are present, marked by the black arrows
in the gate voltage axis. The data are taken at a bias of VDS = 25 µV.
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Figure 8.7

Simulated conductance map of the two parallel quantum dot as a function of
the magnetic flux density versus the plunger gate voltage of a quantum dot.
The periodic conductance modulations are shifted on the gate voltage due to
a recharging of the surroundings of the quantum dots. The amount of shift
on the gate voltage axis is constant at every position on the single-electron
tunneling peak.
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voltage of the upper quantum dot. The total capacitance yields CΣ,UQD = 8.9 · 10−17 F
and the gate capacitance CG,UQD = 1.9 · 10−18 F of the upper quantum dot, that are determined by measuring the differential conductance as a function of the source-drain bias and
the plunger gate voltage of the quantum dot separately. With these values the shift of the
charging threshold of the quantum dot according to equation (8.2) yields δµ = 0.11 meV.
This change is on the order of 12 % of the charging energy of EC,UQD = 0.9 meV.
With an effect this large, the shift of the single-electron tunneling peak should be
easily recovered all along the resonance in the conductance map of the gate voltage and
the magnetic flux density as in the simulation displayed in figure 8.7. However, in the
experimental data of figure 8.6 the apex of the single-electron tunneling peak remains
at its gate voltage value. In addition, the magnitude of the iso-conductance lines in the
diagram furthermore changes depending on the distance to the apex of the single-electron
tunneling. This behavior is not present in the simulated case of the pure electrostatic
shift.

8.6 Breathing of Compressible Strips
In the presence of an applied magnetic field the 2DES is composed of compressible and
incompressible strips. Any area free of electrons enclosed by a compressible strip in the
2DES penetrated by a magnetic flux is susceptible to changes in the magnetic flux density.
Also the dot-in-dot structure inside of a single quantum dot is periodically affected by
magnetic flux density changes.

8.6.1 Dot-in-Dot Structure of the Quantum Dots
The area of the quantum dots as intended by the design of the structure is very small
and can be estimated4 with AQD = 1.1 · 10−14 m2 . With this area, changing the enclosed
flux by a single flux quantum requires a magnetic flux density change of δB ≈ 380 mT.
This is at least two orders of magnitude larger than the periodic conductance modulations
obtained in the experimental data. A breathing of the quantum dots can therefore be
ruled out as origin for the periodic conductance modulations obtained at the periodicity
of δB ≈ 3.5 mT.

8.6.2 Compressible Strips Close to the Quantum Dots
The periodic conductance modulations are not caused by an electrostatic shift of the
single-electron tunneling thresholds due to the presence of an additional charge in their
vicinity. However, the effect leading to a rearrangement of charge in the surrounding of
the antidot arises due to the spatial reduction of the closed wave function enclosing the
antidot (see chapter 6). This h/e periodic breathing might also occur in the configuration
here for the landscape in front of the quantum dots. A qualitative sketch of the process is
displayed in figure 8.8a. A closed wave function is expected to incorporate both quantum
dots as well as the compressible strips close to the quantum dots (white dotted line). In
case of an increasing magnetic flux density δB the wave function will reduce in size to
preserve the enclosed magnetic flux. It thereby acts against the electrostatic potential
4

Estimation of an ellipsoidal quantum dot with a short half-axis of a = 50 nm and a long half-axis of
a = 70 nm, respectively.
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created by the etched groove with the side-gates attached to it. At a certain threshold it
will be energetically favorable to add a magnetic flux quantum to the wave function and
relax to a larger perimeter with a lower electrostatic energy. In consequence, a reiterative
breathing (white arrows) of the wave function while tuning the magnetic flux with a periodicity of one flux quantum φ0 = h/e occurs. With the electrostatic potential landscape
being shallow in the regions of the quantum dot tunneling barriers - compared with the
electrostatic potential formed by the etched groove or metal top-gates - the spatial reduction in the perimeter of the closed wave function is expected to occur mainly here. In
contrast to the antidot configuration from chapter 6, here the spatial reduction is present
on the inner perimeter of the compressible landscape facing towards the patterned area
free of electrons. This is illustrated by the red area in the enlargement of the right hand
figure panel. In consequence, the periodic breathing could tune the tunneling barrier of
the quantum dots on a magnitude observable in the experiments. The tunnel coupling
of the quantum dots to the leads is thereby expected to increase as the wave function
reduces its extension. Hence, the linewidth of the single-electron tunneling peak broadens
and its conductance value may increase, unless the peak conductance value already yields
the maximum of I/VDS = 1 e2 /h. Both processes are sketched qualitatively in figure 8.8b
as blue and red curve, respectively. Applying this qualitative hypothesis the expected
conductance for tuning the magnetic flux density versus the quantum dot plunger gatevoltage in figure 8.9 can be drawn. In this situation both quantum dots are considered
as coherent system with only a single transmission probability, as depicted in the insets.
Both the non-capped behavior as well as the capped conductance value at I/VDS = 1 e2 /h
of the single-electron tunneling peak intersection are illustrated. The variation of the
linewidth and height of the single-electron tunneling peak repeats at a rate of one flux
quantum in the magnetic flux density. Interestingly, this simple model reproduces qualitatively similar results as obtained experimentally, compare with figure 8.6. However,
the finite tilt of the iso-phase line (connecting the maximum or minimum of the conductance modulations) seen in the experimental data requires an additional mechanism5 to
be present.
The reiterative change of the tunneling barriers was only discussed qualitatively so far,
but the strength of the process has to be evaluated quantitatively. For this purpose,
the two quantum dots are considered as a coherent system that is described by a total
transmission probability, as depicted in figure 8.2b. The arrangement is considered as
two sequential tunneling barriers in one dimension leading to resonant tunneling. The
transmission coefficient through a resonant system as a function of the energy of an
incident particle relative to the resonance energy Epk reads [24]


E − Epk
Ttot (E, Γ, Tpk ) = Tpk 1 +
Γ/2

!2 −1


.

(8.3)

It takes the form of a Breit-Wigner resonance (centered around Epk ), where Tpk is the
transmission coefficient of the peak and Γ is the FWHM of the resonance. In case of
small, but equal transmission coefficients for the tunneling barriers of both quantum dots
a perfect transmission6 is obtained with Tpk = 1, independent of however opaque the
5
6

A possible influence of the plunger gate-voltage is discussed in chapter C.2.11 of the appendix.
Approximation for small transmission coefficients leads to Tpk ≈ (4T1 T2 )/(T1 + T2 )2 , where Ti with
i ∈ {1, 2} is the transmission coefficients of a single barrier.
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(a) A closed wave function (white dotted line) connected throughout the two
quantum dots and the compressible strips nearby is expected to be present.
While detuning the enclosed magnetic flux, the wave function will breathe
periodically (white arrows) at the rate of one magnetic flux quantum. The
spatial reduction is expected to occur mainly in the region of the tunneling
barriers of the quantum dots, as illustrated in red on the right hand figure
panel. The tunneling barriers are expected to be detuned by the breathing.
(b) In consequence, the linewidth of the single-electron tunneling peak broadens (blue). In addition, the peak conductance value can increase (red) unless
it already yields the maximum conductance value of I/VDS = 1 e2 /h.
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Qualitative estimation of the conductance taking a magnetic flux dependent
breathing of the linewidth of the single-electron tunneling peaks into account.
The periodic conductance modulations emerge as the tunneling barriers of the
quantum dots alter with the magnetic flux density change. Here, both quantum dots are considered as a coherent system with only a single transmission
probability, as depicted in the insets. Conductance modulations of a nominally conductance value of I/VDS = 1 e2 /h for (a) non-capped and (b) capped
intersection.
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individual barriers are [24]. A quantitative estimation on the change of the transmission
coefficient ∆Ttot (E, Γ, Tpk ) of equation (8.3) can be made using calculus of variations
dT (E, Γ)
dT (E, Γ)
∆Γ +
∆Tpk
∆Ttot (E, Γ, Tpk ) =
dΓ
dTpk
#

"



=

 8Tpk (E
h

"

#



− Epk ) Γ 
Γ2
∆Γ
+
∆Tpk ,

i2
Γ2 + (E − Epk )2
Γ2 + 4 (E − Epk )2
2

"

#

(8.4)

with the change ∆Γ and ∆Tpk obtained from the experimental data. In the variational
calculus two cases can be considered:
1. Unity Peak Transmission:
In case of a transmission coefficient Tpk = 1, the variation of the transmission
coefficient in equation (8.4) turns to zero directly on resonance (E − Epk ) = 0. This
matches the behavior found experimentally for the case of a capped intersection
of single-electron tunneling peaks with at least one quantum dot contributing a
conductance value of I/VDS = 1 e2 /h to the common working point (compare with
figure 7.16b).
2. Non-Unity Peak Transmission:
In case of a non-unity peak transmission coefficient Tpk < 1 the change ∆Tpk 6=
0 results in a variance of the transmission through the system even directly on
resonance (E −Epk ) = 0. This matches the behavior observed experimentally in case
of each single-electron tunneling peak contributing a conductance value I/VDS <
1 e2 /h to the common working point (compare with figure 7.16a).
Case 1 shall be considered in the following quantitative estimation, as it poses a more
convenient way to extract the variance of ∆Γ from the measured data. The conductance
of the two parallel quantum dots as a function of the magnetic flux and the plunger
gate voltage of a single quantum dot is displayed in figure 8.10. With the conductance value of I/VDS = 1 e2 /h the peak transmission coefficient refers to Tpk = 1. The
projection of the single-electron tunneling peak on the gate voltage axis allows to extract Γs = α × 9.82 mV and Γl = α × 12.57 mV as the small and large linewidth7 , respectively and thus determines ∆Γ = Γl − Γs . For the detuning from the peak of the
resonance (E − Epk ) = α × 5.2 mV is chosen (blue line in figure 8.10a). Inserting these
values and Γ = Γs in equation (8.4) yields ∆T (E, Tpk , Γ) = 0.14 for the transmission coefficient. This value agrees reasonably well to the peak-to-peak value of the
conductance modulations of ∆I/VDS = (0.11 ± 0.02) e2 /h, displayed in figure 8.10c.
In the next step the link between a single tunneling barrier and its transmission probability is made using the WKB-approximation8 . The transmission probability through a
potential barrier of arbitrary shape can thereby be approximated via
− ~2

TB ≈ e

Rx2 √
x1

2m∗ [V (x)−E] dx ,

(8.5)

The energy scale of the gate voltage axis has to be related to the charging energy EC of the quantum
dot, resulting in a correction factor of α = 0.0097 (see figure C.20 in chapter C.2 of the appendix).
8
Acronym for Wentzel-Kramers-Brillouin.

7
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(a) Combined conductance of the two quantum dots as a function of the
magnetic field and plunger gate voltage (top-view representation of the data
from figure 7.16b). (b) Projection of the data from (a) on the gate voltage
axis in order to extract the linewidths Γs = α×9.82 mV and Γl = α×12.57mV
with α = 0.0097, respectively (lines as guide to the eyes). (c) Conductance
as a function of the magnetic field taken along the cross-cut marked in blue
in (a). The average peak-to-peak value yields ∆I/VDS = (0.11 ± 0.02) e2 /h.
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Qualitative electrostatic potential cross cut through the quantum dot (black
solid line). The effective potential for an electron can be approximated by
an inverse parabola (red dotted line) with a height of V0 .

where V (x) denotes the potential barrier and E is the energy of the electron in the 2DES
with the effective mass m∗ = 0.067 me passing the barrier. The potential cross cut through
a quantum dot is qualitatively sketched in figure 8.11. The effective potential V (x) in
the one-dimensional approximation can be modeled by an inverse parabola (red dotted
line). It shall be defined as V (x) = −ax2 + V0 , where a > 0 denotes the curvature of
the parabola and V0 the maximum. The transmission
probability yields
after integration
q
q
V0 −E
V0 −E
using the curvature dependent boundaries x1 =
and x2 = −
a
a
− ~2

√

TB = e

=e

= e− ~

π

Rx2 √

[−ax2 +V0 −E]

x1

√
2

−~

2m∗


2m∗

√

√
x

dx

V −E
V0 −E−ax2 + 20√a

2

√
2m∗ (V0 −E)/ a

√V


arctan

√

√

ax

V0 −E−ax2

.

0 −E
a

x2 =

√V

x1 =−

0 −E
a

(8.6)

In the considerations above the periodic conductance modulations
are presumed to arise
q
from a variation of the width of the tunneling barrier d = 2 (V0 − E)/a. Replacing the
curvature a by solving equation (8.6) one obtains
d(TB , V0 − E) =

π2

ln (TB )
h
√
√
.
∗
V0 − E
2m

(8.7)

By variational calculus the change of the width of the tunneling barrier is evaluated as
a function of the varying tunneling probability,
∆d(TB , V0 − E) =

h
1
∆TB
√
√
.
π 2 2m∗ V0 − E TB

(8.8)

A value for the effective potential barrier height shall be approximated with (V0 − E) =
5 meV. Using the relation between ∆Γ/Γ = ∆TB /TB one obtains a change in the
tunneling barrier width of ∆d = 1.9 nm. This value has to be compared to a
change in the circumference9 of the closed wave function of about ∆U = 1.3 nm.
9

Calculated from ∆U = 2πδr with the change in the radius of δr = 0.2 nm, deduced from the magnetic
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Even if one accounts for the presence of four tunneling barriers, the change in circumference of the closed wave function and the change in the width(s) of the tunneling barriers
are of the same order of magnitude for the chosen tunnel barrier height.
In summary, a breathing of a closed wave function enclosing both quantum
dots and the compressible strips close to the dots yields both qualitatively
and quantitatively a picture matching the observations made experimentally.
The breathing affects the tunneling barriers of the quantum dots and thus alters both the linewidth and the peak conductance value of the single-electron
tunneling peaks. Here, both quantum dots were considered to form a coherent system described by a single transmission coefficient. The peak conductance value will only be modulated, if it deviates from its maximum value
of I/VDS = 1 e2 /h. This mechanism can assumed to be the origin of the h/e
periodic conductance modulations found in this operating regime with two
parallel quantum dots considered as a single coherent system. In the presence
of decoherence the breathing mechanism of the closed wave function breaks down and
the two quantum dots have to be considered separately. In consequence, one obtains a
coherent and hence modulated contribution to the conductance as well as an incoherent
flux independent contribution. This might explain the reduced combined conductance of
both quantum dots to a value below the sum of both contributing conductance values of
either quantum dot.

flux density period.
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8.7 Conclusion
In consideration of the experimental observations made in the common transport through
the two parallel quantum dots reasonable doubt arose whether the periodic conductance
modulations are caused by an interference effect as anticipated or not. The observations
made here contradict the consideration of the device arrangement as an equivalent of a
double-slit experiment in a solid state device. Instead, a modulation of the tunneling
barriers of the quantum dots due to a self-consistent breathing of a closed wave function
incorporating both quantum dots and the compressible strips nearby was found to yield
both a qualitative and a quantitative good agreement with the experimental data.
A key signature for interference is the presence of partial or even full destructive interference. Only in the regime of cotunneling through the quantum dots conductance
modulations with a baseline of a zero conductance value were found, that could be interpreted in favor of a full destructive interference. However, if destructive interference
were present, other signatures like a dip in the common conductance at the intersection
of two single-electron tunneling peaks would be observable. But with these being absent
an interference effect as the mechanism leading to the periodic conductance modulations
was questioned.
Following the observations made for the antidot configuration with two parallel quantum point contacts from chapter 6, the breathing of a closed wave function was considered
for the configuration used here. The closed wave function incorporates both quantum dots
and the compressible strips the quantum dots are tunnel coupled to. The breathing occurs
at the rate of one magnetic flux quantum and thus causes the h/e periodic conductance
modulations in the magnetic flux, matching the area free of electrons in between both
quantum dots. As a consequence of the breathing, the effects of a rearrangement of charges
to the compressible/incompressible border close to the quantum dots and an influence on
the quantum dot tunneling barriers were considered. A pure electrostatic shift of the resonances of the quantum dots as the consequence of the periodic rearrangement of charges
close to the quantum dots could be ruled out to occur at the magnitude required to match
the observations made experimentally. The periodic breathing of a closed wave function
was expected to affect the shallow potential profile of the quantum dot tunneling barriers.
Both the linewidth of the single-electron tunneling peaks and the peak conductance value
may change. The theory of resonant tunneling through two sequential barriers was used
to model the transport through the quantum dots, considered as a single coherent system.
Variational calculus of the total transmission coefficient was applied in order to make a
quantitative estimation of the effect within the breathing model. It yielded a change in
the total transmission coefficient that was related to the width of the individual tunneling
barriers of the quantum dots using the WKB-approximation. With basic assumptions
for the tunneling barrier, a change in the barrier width was found to be present at the
order of magnitude matching the change in the circumference of the closed wave function
deduced from the magnetic flux density period. The model accounts for both cases seen
experimentally, with and without a modulation of the conductance value directly at the
apex of a single-electron tunneling peak intersection. However, in presence of decoherence
the breathing mechanism of the closed wave function breaks down and the two quantum
dots have to be considered as two separate objects. In consequence, one obtains a coherent modulated as well as an incoherent flux independent contribution to the common
conductance.
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8.7 Conclusion
This framework also covers the observation of the conductance modulations obtained in
the regime of cotunneling. Here, the tunneling barriers are affected by the breathing of the
closed wave function as well. And last but not least, the finite source-drain bias range for
the conductance modulations can be understood. The presence of a closed wave function
around the two quantum dots that is required for the breathing mechanism is affected
by the increasing potential step forming with increasing bias. Due to the source-drain
bias there will be inelastic relaxation leading to decoherence in the wave function encircling both quantum dots. The breathing mechanism of the enclosed magnetic flux will no
longer be present and thus no conductance modulation will occur for a sufficient large bias.
In conclusion, the presence of Aharonov-Bohm like interference effects in this configuration with two parallel quantum dots can be excluded. This arrangement cannot be
considered as a solid-state equivalent of a double-slit experiment. All observations support a self-consistent periodic breathing of a closed wave function connected throughout
both quantum dots and the compressible strips nearby. As consequence of the breathing,
a modulation of the quantum dot tunneling barrier occurs and the conductance of the
device shows h/e periodic conductance modulations.
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9

Two Parallel Quantum Dots - Kondo
Regime

This chapter covers as previously the simultaneous electrical transport through two parallel quantum dots. Here, both quantum dots are tuned to the Kondo regime rather than to
a single-electron tunneling peak. This operational mode is investigated close to zero magnetic field, where the Kondo effect emerges as a sharp peak in the differential conductance
at zero bias as well as for intermediate magnetic field strengths, where the regular Kondo
checkerboard pattern is found. For this operational mode with two Kondo resonances,
conductance modulations corresponding with h/2e to the magnetic flux enclosed between
the two quantum dots are observed. I investigated the temperature and the source-drain
bias dependence of this operational mode. In addition, the presence of a RKKY-type of
coupling between the two Kondo resonances was studied.

9.1 Behavior at Low Magnetic Fields
The zero-bias anomaly peak of the Kondo resonance develops only for temperatures below
the Kondo temperature. This threshold depends on the strength of the tunnel coupling
strength of the dot to the leads and decreases for a stronger coupling. Experimentally,
while being at the lowest temperature of the cryostat, for both dots the tunnel coupling
is increased until the Kondo temperature threshold is undershot. The differential conductance as a function of the source-drain bias VDS with respect to the plunger gate voltage
VG of the lower quantum dot1 of the device structure used in this thesis is displayed in
figure 9.1. The magnetic field is set to B = 0.5 T. Ideally the magnetic field would be
set to zero, but from the experience of the previous operational mode with single-electron
tunneling peak intersections a finite magnetic field in this range is required in order to
observe the conductance modulations. The Coulomb-diamonds in the charge-stability diagram are smeared out due to the reduced life-time of the electrons on the dot. A clear
resonance at zero source-drain bias is present, lifting the Coulomb-blockade. The differ∗
ence in energy of the two spin species with the Zeeman energy ∆EZ = gGaAs
µB B = 13 µeV
1

For the upper dot see figure C.23 in section C.2 if the appendix.
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Figure 9.1

Differential conductance of the lower quantum dot as a function of the plunger
gate voltage VG and the DC source-drain bias for a strong tunnel coupling of
the dot to the leads. A single Kondo resonance at VDS = 0 is visible one
of the Coulomb-blockade regions (black dashed line). The data are taken at
B = 0.5 T at the base temperature of the cryostat of T = 150 mK at the
sample site.

is too low to be resolved2 . The unitary limit with a conductance value of I/VDS = 2 e2 /h
is not reached. While obtaining the data, the upper quantum dot was tuned deep into
Coulomb-blockade in the regime of a weak tunnel coupling to the leads. Kondo resonances
were obtained for both quantum dots simultaneously.
The interplay of both quantum dots in the plunger gate voltage is shown in figure 9.2 as
a conductance map. In the center of the diagram, between the single-electron tunneling
peak intersections, the Kondo resonances are present for both dots simultaneously. With
each Kondo resonance being lower in the conductance value than the adjacent singleelectron tunneling peaks the combination of both resonances appears as local minimum
(black cross) between four higher single-electron tunneling peaks (black dots). At the
combined Kondo resonance of the two dots the conductance drops rapidly as the temperature is increased, see figure 9.3. This behavior is anticipated for the Kondo effect.
The conductance as a function of both the magnetic flux density and the area enclosed
between the two path via the quantum dots, varied by the side-gates attached to the etched
groove, is shown in figure 9.4. The working point was chosen at the simultaneous presence
of a Kondo resonance in each quantum dot, marked by the black cross in figure 9.2.
Conductance modulations are present for both tuning parameters with a periodicity of
δB = (3.16 ± 0.03) mT for the magnetic flux density and δVSG = (25.3 ± 0.1) mV for
the side-gate voltage at a fixed magnetic field of B = 0.5 T, respectively. It corresponds
2

∗
With gGaAs
= −0.44 being the Landé g-factor of GaAs and µB Bohr’s magneton.
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Common conductance of two parallel quantum dots as a function of the
plunger gate voltages. A Kondo resonance is present in both dots in the
shallow local minimum (black cross) in the conductance between four singleelectron tunneling peaks (black dots). The data are taken at a source-drain
bias of VDS = 25 µV at B = 0.5 T at base temperature of the cryostat with
T = 50 mK.
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Figure 9.3

Temperature dependence of the common Kondo resonance in both quantum
dots, marked by the black cross in figure 9.2.
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Conductance modulations at the common Kondo resonance in both quantum
dots, marked by the black cross in figure 9.2. (a) Conductance as a function
of the magnetic flux density with a period of δB = (3.16 ± 0.03) mT and
(b) the area change induced by the side-gate voltage at a fixed magnetic field
of B = 0.5 T at a periodicity of δVSG = (25.3 ± 0.1) mV.

well with the change of one flux quantum δΦ0 = h/e for the area enclosed by the two
paths around the quantum dots. There is no difference in between the operational mode
of the combination of the two Kondo resonances and the combination of two singleelectron tunneling peaks. Both yield the fundamental h/e periodicity of the conductance
modulations for both the magnetic flux and area dependence, respectively. For the area
dependence scaling with δA ∝ 1/B one has to account for the absolute magnetic value,
if one compares the periodicity with the results in chapter 7. An influence of a higher
harmonic component in the conductance modulations for the combination of two Kondo
resonances that is anticipated by W. Itzumida in [44] is not observed. This might be
attributed to the fact that the Kondo resonances are rather weak, far from their unitary
limit. However, W. G. van der Wiel in [104] reports conductance modulations in similar
geometry for the combination of a single quantum dot tuned to a Kondo resonance close
to the unitary limit and a reference arm in the 2DES set to a similar conductance value
as the quantum dot. There, conductance modulations occur only with the fundamental
h/e periodicity as well. The magnetic field strength there was set to B = 0.4 T at a
temperature of T = 15 mK. These experimental conditions match reasonably well to the
conditions used here.
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9.2 Behavior at High Magnetic Fields
The Kondo effect can also be observed at magnetic flux densities, where the compressible
and incompressible strips evolve in the 2DES. Just as the leads of the system, the quantum
dot decomposes into a dot-in-dot structure of compressible and incompressible regions [72].
The single-electron tunneling to the leads occurs due to the spatial distance mainly to
the outermost compressible strip of the dot originating from the lowest Landau level.
The presence of an unpaired electron spin in the compressible strip gives rise to the
Kondo effect, if the Kondo temperature threshold is reached. The total spin in the outer
compressible region of the quantum dot can be altered by either increasing the plunger
gate voltage or by changing the magnetic flux density - in the first case with the change
of the occupation number of the electrons and in the second case by redistribution of
electrons from regions of higher to lower Landau levels, respectively. Both processes in
combination lead to the formation of a regular pattern of high and low conductance values
in the interplay of the magnetic flux density and the plunger gate voltage as it is shown
in figure 4.9, referred to as the Kondo checkerboard [52]. The combination of the Kondo
checkerboard of both quantum dots as a function of the magnetic field and the plunger
gate voltage is displayed in figure 9.5. The plunger gate of the upper dot is fixed while only
the plunger gate of the lower dot is varied against the magnetic field. In consequence, the
upper quantum dot alternates between regimes of enhanced conductance for the presence
of a Kondo resonance and regimes of single-electron marked by the regimes 1a/b and
2a/b in figure 9.5, respectively. The checkerboard pattern of the lower dot adds to the
conductance of the upper one. Within the combined pattern different combinations for
the presence of Kondo resonances and single-electron tunneling peaks can be addressed:
• Regime I:
Combination of two Kondo resonances.
• Regime II:
Combination of two single-electron tunneling peaks, matching the operational mode
in chapter 7.
• Regime III:
Mixed combination with a Kondo resonance in the lower quantum dot and a singleelectron tunneling peak in the upper dot, respectively.
• Regime IV:
Inverse configuration to III, with a single-electron tunneling peak for the lower
quantum dot and a Kondo resonance in the upper dot, respectively.
The combined conductance through the two quantum dots was investigated for all of
these four different regimes. Both the magnetic flux density as well as the area in between
the two quantum dots was varied. The operating regimes were chosen as illustrated
exemplary in figure 9.5. The combined conductance is displayed in figure 9.6 for both
parameters of the magnetic flux3 . Periodic conductance modulations are obtained with a
different periodicity depending on the operational regime:
3

For combinations of operating regimes in direct neighborhood, see figure C.24 in section C.2 of the
appendix.
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Figure 9.5

Conductance of both quantum dots tuned to the regime of Kondo resonances.
The magnetic field varies against the plunger gate voltage of the lower quantum dot, while the upper plunger gate has a fixed gate voltage. In the regimes
1a/b (2a/b) the Kondo resonance absent (present) in the upper dot. On top,
the Kondo checkerboard pattern of the lower quantum dot is visible. All
combinations with and without a Kondo resonance can be addressed (marks
I − IV ). The data are taken at VDS = 25 µV source-drain bias.

• Regime II:
For the combination of two single-electron tunneling peaks a period of δBS,S =
(3.42 ± 0.01) mT for the magnetic flux density and δVS,S = (6.14 ± 0.08) mV for the
voltage applied to the side-gate were obtained, respectively. Both periods match
with Φ0 = h/e the magnetic flux threaded area in between the two quantum dots
and are in accordance with the results obtained in chapter 7.
• Regime I:
In the combination of two Kondo resonances at intermediate magnetic fields, unlike
for the case of low magnetic fields, a change in the periodicity is observed. With
δBK,K = (1.70 ± 0.01) mT the magnetic flux density and δVK,K = (3.12 ± 0.01) mV
the side-gate voltage the periodicity exactly halves compared with regime II. Both
periods thereby match with h/2e to the area enclosed in between the two quantum
dots.
• Regimes III and IV:
For the inter-combination of a Kondo resonance and a single-electron tunneling peak
only the fundamental period with h/e is obtained. In comparison with regime II
the current through the device is affected by a stronger noise level.
In summary, a h/2e periodic conductance modulation matching the area
free of electrons between both quantum dots was obtained only for the combination of two Kondo resonances as working point (regime I). Any other
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Combined conductance for the combinations of Kondo resonances (K) and
single-electron tunneling peaks (S) of both the upper and lower quantum
dot, as illustrated in figure 9.5. (a) Conductance modulations in the magnetic flux density yield periodicities of δBS,S = (3.42 ± 0.01) mT, δBK,K =
(1.70 ± 0.01) mT, δBK,S = (3.35 ± 0.08) mT and δBS,K = (3.34 ± 0.09) mT, respectively (b) Periodic conductance modulations are present for the variation
of the side-gate voltage. They yield a period of δVS,S = (6.14 ± 0.08) mV and
δVK,K = (3.12 ± 0.01) mV taken at B = 1.97 T, respectively. The conductance
modulations for the single-electron tunneling peaks match the expected h/e
periodicity of the area free of electrons. For the combination of two Kondo
resonances the periodicity of the conductance modulations exactly halves and
matches accordingly to h/2e. The data was acquired at a source-drain bias of
VDS = 25 µV in both measurements.
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combination of working points of Kondo resonances or single-electron tunneling peaks only yields a h/e periodicity. This observation was made in several
devices investigated at intermediate magnetic field strengths.

9.2.1 Temperature Dependence
The temperature scaling of the h/2e conductance modulations is of particular interest
as the occurrence of the Kondo resonance depends on the system temperature itself. A
fall-back to the fundamental h/e period as the critical Kondo temperature TK is exceeded
would support the link between the halved modulation periodicity and the presence of
the Kondo effect. In between each step of a series of measurements the temperature of
the cryostat was raised manually by the heating unit of the mixing chamber. In figure 9.7
the temperature dependence of the halved h/2e modulation is displayed as a function of
the side-gate voltage. The read out values for the temperature in the diagram are not
the ones of mixing chamber but were taken in the tail the cryostat close to the measured
device. Due to thermal heating through the sample holder wiring the temperature is
about ∆T = 100 mK higher than the base temperature of T = 50 mK in the mixing
chamber. These values relate better to the electronic temperature of the 2DES. The
curves for elevated temperatures are offset for a better illustration. The amplitude of
the conductance modulations degrades quickly with raising temperature until it vanishes
above T > 450 mK. The halving of the periodicity of the modulations is persistent within
in the complete temperature range where the modulations are present. A fall-back to the
fundamental period is not observed. In comparison with the temperature scaling of the
Kondo resonance taken at zero magnetic field, displayed in figure 9.3, here the conductance
modulations cease where still a clear but broadened Kondo resonance is present. This
explains the observation of the halved periodicity even at elevated temperatures.
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Temperature dependence of the conductance modulations with the halved
h/2e periodicity as function of the side-gate voltage. The temperature value
is taken in the tail of the cryostat close to the sample position. The curves for
higher temperatures have an offset for better visibility. The data were taken
at a DC bias of VDS = 25 µV and a magnetic field of B = 1.97 T.

9.2 Behavior at High Magnetic Fields

9.2.2 Bias Dependence
Usually the Kondo resonance is sharply confined around zero source-drain bias at zero
magnetic field. For large magnetic flux densities the spin-degenerate resonance splits.
The split resonance appears at a finite source-drain value symmetric to zero bias. The
amount of the splitting is determined by the Zeeman energy. For a magnetic flux density
of B ≈ 2 T as used here a full developed splitting of the Kondo resonance is obtained. As
the presence of the halved h/2e conductance modulation seems to be linked to the Kondo
resonance, it will therefore be sensitive to the applied source-drain bias voltage, that can
be used to tune in and out of the Kondo resonance(s).
In figure 9.8 the color-coded graph in panel (a) displays the deviation of the sourcedrain current from the current-voltage characteristic within the DC source-drain bias
range of VDS = [−150 mV, 250 mV]. The mean value obtained for each DC bias value
has been subtracted for better lucidity of the periodic conductance modulation. These
are symmetric in their amplitude and opposite in sign with respect to zero bias. Two
different modulation periodicities are obtained depending on the applied bias. A smaller
periodicity at low bias and a larger periodicity at larger bias, respectively. The transition
between both periodicities occurs at around VDS ≈ ±60 µV. Two line-cuts taken at a
fixed source-drain bias of VDS = 20 µV and VDS = 80 µV are displayed in figure 9.8b.
The periodicities yield δB = (1.62 ± 0.01) and δB = (3.21 ± 0.04), that corresponds
to the area in between both quantum dots with h/2e for the low bias and with h/e for
the larger bias, respectively. The larger h/e period can be observed up to a bias value
of VDS = ±150 µV. The amplitude of the h/2e conductance modulation increases with
increasing source-drain bias until it reaches a maximum VDS ≈ ±40 µV and then starts
to decrease again. In consequence of the non-monotonic behavior of the amplitude of
the conductance modulations the differential conductance as a function of the magnetic
flux density and the source-drain bias yields a ’lobe-pattern’ with an apparent π-phase
shifts4 . This observation has been already discussed in detail for the antidot system in
chapter 6.6.6. Here however, due to the fall-back from the h/2e to the h/e conductance
modulation period an additional ’lobe’ is present.
In comparison with the splitting of the Kondo resonance for a magnetic flux density of
B = 2 T the Zeeman gap of |EZ | = 25 µeV is roughly half the value of the source-drain
bias range of VDS ≈ ±60 µV for which the h/2e modulation period is obtained. From the
presence of the conductance modulations with the halved periodicity even at zero bias5
one can assume that the Kondo resonances have a linewidth of Γ = 25 µeV as an upper
bound estimation. With this estimation, the source-drain dependence obtained from the
measurement agrees qualitatively the expected behavior. Only for the low bias region the
Kondo resonance is present and gives rise to the halved h/2e modulation period. For a
larger bias setting the transport is maintained by single-electron tunneling or cotunneling
processes and the fundamental h/e period is obtained. Although the degeneracy of both
spins is lifted by the magnetic field, the separation of the split Kondo resonance around
zero bias is not complete. If it was, for either a larger magnetic field or a narrower
linewidth Γ of the Kondo resonance, the fundamental h/e period should be present around
zero source-drain bias as well.
4
5

For the ’lobe-pattern’ analysis see figures C.25 and C.26 in chapter C.2 of the appendix.
See differential conductance in figure C.25b in chapter C.2 of the appendix, that was acquired simultaneously with figure 9.8a.
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Color-coded bias dependence of the conductance modulations as function of
the magnetic flux density obtained for the interplay of two Kondo resonances.
(a) Relative deviation in the current with the mean value for each bias setting
subtracted for a better visibility. In the low bias region conductance modulations with a magnetic flux density change of δB = (1.62 ± 0.01) mT and for
large bias with δB = (3.21 ± 0.04) mT are present matching with h/2e and
h/e the area between the quantum dots, respectively. The transition occurs
in the range of VDS = ±60 µV.

9.3 Ruderman-Kittel-Kasuya-Yosida Interactions
In retrospective, the absence of the h/2e periodicity for the case of the Kondo resonance
investigated at low magnetic fields in chapter 9.1 could be attributed a false choice in the
source-drain bias with VDS = 25 µV exceeding the linewidth of the Kondo resonance. In
consequence only h/e in periodicity was obtainable.

9.3 Ruderman-Kittel-Kasuya-Yosida Interactions
The magnetic moment of an electron not contributing to the conduction band of a bulk
metal can induce a spin-polarization in the conduction band electrons. Two of these
magnetic moments can show an indirect exchange coupling amongst them although they
are spatially separated. This type of interaction, the Ruderman-Kittel-Kasuya-Yosida
(RKKY) interaction, has been known from the late 1950’s [88, 48, 121]. This carrier mediated exchange interaction is also predicted to occur in quantum dot devices [103, 8, 17].
Might this type of interaction lead to the h/2e conductance modulation period observed
here?
In semi-conductor quantum dots the RKKY interaction is claimed to be observed [19,
102] for different geometries compared with the one used in this thesis. In the experiment from N. J. Craig et al. in [19] the RKKY interaction is claimed to compete with a
two-channel Kondo impurity. This competition leads to the suppression of the Kondo resonance in one of the two quantum dots, as due to the exchange interaction a spin-singlet
state is formed. In another experiment by D. Tutuc et al. in [102] the RKKY interaction
emerges as a change in the temperature dependence of the Kondo resonances. However,
the most striking signature of the RKKY interaction, namely the alternation of the sign
of the exchange integral J(r) as a function of its argument [8], where r is the spatial
separation of the two magnetic moments, has been eluded. The device geometry used in
the course of this thesis should offer the possibility for the investigation of exactly this
spatial separation of two magnetic moments. With the formation of compressible and incompressible strips in the 2DES for an applied magnetic field, the connection in the leads
between the two quantum dots becomes restricted. The strip pattern thereby follows the
depleted edges formed by the side-gate structures and the etched groove separating the
two quantum dots. A possible distribution of the strip pattern is displayed in figure 9.9.
Without loss of generality one can assume the strips well separated from one another.
In this simple picture, the connection between the two quantum dots is given only by
the compressible strip closest to the sample edge, see red dotted line in figure 9.9a. Its
length is parameterized by the depletion region of the side-gate at the central groove in
between the quantum dots. The size of the area free of electrons in the 2DES can be
changed in-situ with the negative voltage applied to the side-gates. This allows to change
the effective parameterized distance in between the dots while simultaneously keeping all
other parameter of the device unaltered6 . The stronger the side-gates deplete the 2DES,
the larger is the effective distance electrons have to travel from one quantum dot before
reaching the other, see figure 9.9b. But can the RKKY interaction cause the halved h/2e
periodicity in the conductance modulations observed by detuning the effective distance
via the side-gates in case of the combined transport with both quantum dots tuned to the
Kondo regime?
6

The influence of the varying electrostatic potential of the side-gates shifts the single-electron tunneling
thresholds, that has to be balanced by the plunger gate voltages of the quantum dots.
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(a) Schematic view of the compressible/incompressible strip pattern evolving
at a high magnetic field. Compressible and incompressible strips are marked
in dark and light blue, respectively. Both quantum dots are tunnel coupled to
the same compressible strips on either side of the device. (b) The compressible
strips act as connection and can be tuned in length with varying the depletion.

For the configuration used in this thesis with two parallel quantum dots, as sketched
in figure 9.9, the Hamiltonian for the RKKY interaction can be obtained by second order
perturbation theory [103, 92]
X
1
1
2
HRKKY = JRKKY (φ, r)
Xσσ
0 Xσσ 0 ,
2
σσ 0

(9.1)

n
where JRKKY (φ, r) is the coupling constant and Xσσ
0 is the Hubbard operator describing
the spin state of the n-th dot. By applying a Keldysh Green function technique [92] one
obtains RKKY oscillations in the coupling parameter J of a 1D free-electron gas [119].
For large distances kF r  2π between the two quantum dots it reads [103]

JRKKY (φ, r) ' −

πJ 2 ρ2 ~vF kF
cos(2kF r)[2 + 2 cos(φ)] ,
4r

(9.2)

where ρ is the density of states, vF and kF are the Fermi velocity and wave vector, respectively and r the spatial separation of the two quantum dots in term of the connecting
lead and φ = 2πΦ/Φ0 with Φ0 = h/e is the magnetic flux enclosed in between the two
quantum dots. The coupling constant from equation (9.2) shows an oscillation for both
the magnetic flux φ as well as for the spatial separation r of the two magnetic moments.
For a variation in the magnetic flux density it is possible to reduce the magnitude of
the exchange coupling, but it is impossible to change its sign as the phase dependency
enters with [2 + 2 cos(φ)] ≥ 0 in (9.2). The reversal of the sign with the interchange from
ferromagnetic to anti-ferromagnetic coupling and vice versa can only be induced via a
variation in the spatial separation r. It is therefore expected to observe a change in the
conductance as the effective distance parameterized by the compressible strips running
along the depletion region of the side-gates is altered.
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In order to obtain the halved periodicity of the periodic conductance modulation in
the magnetic flux from cos(2φ) ∝ cos2 (φ) the arguments of the trigonometric function
in equation (9.2)
2kF r = πA B/Φ0

(9.3)

have to match. An estimation for a reasonable wave vector can be made as the area A
in between the two quantum dots, the magnetic flux density of B = 2 T and the spatial
separation of r = 2 µm are known. The estimations yields kF = 4.2 · 108 m−1 for the wave
vector required to cause the halved period in the conductance modulations. One has
to note, that in equation (9.2) the Fermi wave vector enter via the Fermi velocity vF =
~kF /m∗ for the assumption of a Fermi see of electrons at zero magnetic field. Here,
it would correspond to the value of kF to vF = 7.24 · 105 m/s. However, both of these
quantities are not relevant for a quantum Hall system with the presence of Landau levels.
In consequence, a comparison of the value obtained above mapped to the quantum Hall
system cannot be made directly. In the following two considerations are made.
• Quantum-Mechanical Consideration:
The only relevant velocity in a quantum Hall system is the drift velocity vD = E/B
obtained from the expectation value of the momentum operator7 , where E is the
electric field present over the incompressible strip and B is the magnetic flux density. However, with the flat electrostatic potential in the compressible strips, the
quantum dots are coupled to, the drift velocity is effectively zero. For the assumption that an RKKY interaction might be mediated by the drifting states in
the incompressible strips the drift velocity shall be approximated. Due to the small
voltage bias, the electric field can be approximated with the cyclotron energy and the
width of the incompressible strip, that is on the order of several times the magnetic
length lB |B=2 T ≈ 20 nm. A rough estimation can be made with d = 100 nm resulting in E = 3.55 · 104 V/m. In consequence a drift velocity of vD = 1.73 · 104 m/s is
obtained, deviating from the requirement in equation (9.3) by one order in magnitude.
• Semi-Classical Considerations:
Another idea is to compare the wave vector to a semi-classical approach. The
electrons in the two-dimensional system perform moving cyclotron orbits, that can
be assigned with an effective wave vector kx = m∗ E/(~B) [67], using the same
dependence of the electric field and the magnetic flux density as the drift velocity. In
consequence, using the same values for the electric field and the magnetic flux density
as above yields kx = 1.0 · 107 m−1 mismatching again by one order of magnitude the
requirement deduced from equation (9.3).
In conclusion, the requirement of equation (9.3) in order to cause the halved h/2e periodic
conductance modulations as a consequence of the RKKY interaction cannot be made in
the quantum Hall system. Moreover, the change in the periodicity of the modulations can
be observed in the magnetic flux density dependence as well, hence without changing the
effective distance in the leads in between the two quantum dots. The h/2e conductance
modulation period can therefore not be linked to the RKKY interaction.
7

From the Schrödinger equation in a magnetic field, compare equation (2.14).
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Figure 9.10

Conductance modulations induced by a change in the side-gate voltage.
Both quantum dots are tuned to a Kondo resonance at a magnetic field
of B = 1.97 T with a source-drain bias of VDS = 25 µV. Conductance modulations with the halved h/2e period are obtained (blue solid line). A refined
measurement (red points) yields qualitatively the same behavior with the
same period. No signature of a RKKY interaction is obtained. The electrostatic influence of the side-gates on the quantum dots was compensated
using the plunger gates.

The distance dependence of the connection between the two quantum dots might still
show traits of the RKKY interaction in the conductance measurements. Using the sidegates the path connecting the two quantum dots was tuned, see figure 9.10. Two measurements with a normal and a high resolution (using smaller increments in the gate voltage)
were made. Both yields only the h/2e periodicity in the conductance modulations. There
is no evidence of an additional oscillation in the conductance induced by the RKKY interaction. The absence of an influence of the RKKY interaction might be attributed to a
too large initial spatial separation of the two quantum dots that is already enough to the
reduce the effect of the RKKY interaction below the detection limit.
In consequence, no traits of the RKKY interaction were observed here. The estimation
using equation (9.2) proves that the RKKY interaction cannot be the origin of the periodic
conductance modulations with h/2e in periodicity.

9.4 Breathing Model in Presence of the Kondo Effect
Interestingly enough a numeric simulation of two parallel quantum dots by W. Itzumida
in [44] predicts the change of the conductance modulation periodicity from h/e to h/2e
for the combined electrical transport through two parallel quantum dots in the presence
of two Kondo resonances. Here however, Aharonov-Bohm interference is presumed to
give rise to the periodic conductance modulations. From the self-consistent breathing of
a closed wave function enclosing both quantum dots this effect has been ruled out to be
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the origin of conductance modulations. How can the halved period arise in this breathing
model?
The key difference between the transport through the quantum dots in the regime of
single-electron tunneling and the Kondo regime is the spin degeneracy of the charging
level occupied on the quantum dot. In presence of the spin degeneracy of both quantum
dots the closed wave function can be spin degenerate as well. In consequence, one can
consider the charge of two electrons - one per spin orientation - to be involved in the
breathing process. The reduction in the spatial extend of the wave function acts against
the increasing electrostatic potential of the area free of electrons in between the two
quantum dots. With twice the charge in the closed wave function it will the energetically
favorable to add a flux quantum to the closed wave function and relax to a larger perimeter
at half the rate with h/2e while tuning the magnetic flux - compared with the case of a
closed wave function for one spin orientation showing a h/e periodic modulation.
The requirement of a breathing of a spin degenerate two-particle closed wave function
is supported with the data obtained for the working point with only one quantum dot
tuned to the Kondo regime while the respective other dot is tuned to the regime of singleelectron tunneling. Without any changes in the potential landscape of the 2DES in the
bulk of the leads, here only h/e periodic conductance modulations were obtained. This is
due to a restriction to a single electron spin orientation by the single-electron tunneling
peak allowing only a single spin orientation for the closed wave function.
In anticipation of the measurements using a single quantum dot connected in parallel
with a quantum point contact in chapter 10.3.2 the data corroborates the theory of a
spin degenerate closed wave function. There, with the quantum dot tuned to a Kondo
resonance a h/2e periodic conductance modulations can only be observed, if the quantum
point contacts allowed a local filling factor of 1 < νl < 2. If the constriction was tuned
to a conductance value I/VDS < 1 corresponding to a local filling factor of νl < 1 only
h/e periodic conductance modulation were obtained. In consequence, the presence of spin
degenerate closed wave function results in a breathing with twice the rate giving rise to
the halved h/2e periodicity in the conductance modulations.
In conclusion, the h/2e periodicity of the conductance modulations can only
occur in presence of a breathing of a spin degenerate wave function enclosing
the area free of electrons in between the two quantum dots. Lifting the spindegeneracy of the closed wave function by tuning either a quantum dot to a
single-electron tunneling peak or by tuning a quantum point contact to a local
filling factor νl < 1 allows only a breathing of a closed wave function based on
one spin orientation. In consequence, the conductance modulation yields only
h/e in periodicity.
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9.5 Conclusion
This section concludes the experimental configuration of two parallel quantum dots. In
this recent chapter the quantum dots were tuned to the regime of Kondo resonances rather
than to the regime of single-electron tunneling. Here, the period of the periodic conductance modulations changed to a halved h/2e periodicity.
By increasing the tunnel coupling of the quantum dots to the leads the critical Kondo
temperature TK was raised and a Kondo resonance formed at zero source-drain bias. For
the combination of two zero-bias conductance peaks at a magnetic field of B = 0.5 T periodic conductance modulations matching with h/e the area enclosed by the two quantum
dots were obtained by detuning the magnetic flux. This observation matches to the results obtained for the combination of two single-electron tunneling peaks from the previous
chapter 7. In agreement with this observation is the experiment of W. G. van der Wiel [104],
reporting the presence of conductance modulation associated with the fundamental h/e
periodicity for a single quantum dot tuned to a zero-bias Kondo resonance in combination
with a reference channel.
In contrast to the Kondo resonances at low magnetic fields, a different observation in
the conductance modulations was made in the regime of the Kondo checkerboard pattern
at stronger magnetic fields. Here, the degeneracy of the quantum dot giving rise to
the Kondo effect emerges from the number of electrons confined on the compressible
strips the quantum dot is composed of. Due to the presence of the large magnetic field
the spin-degenerate Kondo resonance is split by the Zeeman-energy and appears at a
finite source-drain bias. In this regime for the combination of two Kondo resonances
the conductance modulation period yielded h/2e, matching the area free of electrons in
between both quantum dots. For the combination of a single Kondo resonance in one
quantum dot with a single-electron tunneling peak in the other only the fundamental h/e
periodicity was obtained. In order to substantiate the link of the halved periodicity of
the conductance modulations with the Kondo effect both the temperature as well as the
bias dependence was investigated. The aim was to investigate whether a fall-back to the
fundamental h/e period occurs once the prerequisite of Kondo effect is lost. From the
temperature dependence this question remained elusive. For elevated temperatures the
periodic conductance modulations diminished, but nevertheless a broad Kondo resonance
remained. In the source-drain bias dependence indeed a fall-back from the halved h/2e
to the fundamental h/e modulation period was observed as the bias was increased to
a value larger than the Zeeman gap plus the linewidth of the Kondo resonances. This
experimentally confirmed the link of the halved h/2e periodicity to the interplay of two
Kondo resonances in the parallel arrangement of the two quantum dots. Why the change of
the modulation periodicity was not observed for low magnetic field where the degeneracy
of the Kondo resonance is not lifted remains unclear. It might be attributed to the trivial
choice of a source-drain bias value exceeding the linewidth of the Kondo resonance.
The presence of a RKKY type of interaction of two magnetic moments has been predicted to also be present for two quantum dots tuned to the Kondo regime [103, 8, 17].
Traits of the RKKY interaction have claimed to be observed experimentally [19, 102].
However, the explicit dependence of the RKKY interaction on the distance of the two
magnetic moments remains elusive. The device design used in this work was intended
to investigate exactly this distance dependence. However, the halved h/2e period in the
conductance modulations observed while detuning the effective distance between the two
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quantum dots was found not to be linked to the RKKY interaction. Unfortunately no
evidence of the RKKY interaction was found in the transport measurements. With the
interaction strength decaying with increasing spatial separation of the two magnetic moments, the large initial separation of the two quantum dots might have already been
sufficient to reduce a possible influence of the RKKY interaction below the detection
limit. In order to investigate further in this direction a sustainable shrink of the device
geometry would be necessary and can be subject to further investigations.
Instead, the origin of the halved period of the conductance modulations is related to
the spin degeneracy present on the quantum dots and the leads allowing a breathing with
of a spin degenerate closed wave function.
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Combination of a Quantum Dot and
a Quantum Point Contact
In this chapter the electrical transport through a narrow constriction in the Hall bar
formed by a heterogeneous combination of a quantum dot and a quantum point contact is investigated. The configuration combines effects from both previously investigated
homogeneous combinations of either elements in chapter 6 and chapter 7 to chapter 9,
respectively. A decent magnetic field is applied perpendicularly to the 2DES plane forming areas of different compressibility. Tuning the magnetic flux through the area free
of electrons in between both the quantum dot and the point contact leads to periodic
conductance modulation matching with h/e the enclosed area. Tuning the quantum dot
to the Kondo regime changes the periodicity of the modulations to h/2e, if the working
point of the quantum point contact is set accordingly. Measurements for different magnetic field strength, depletion size and source-drain voltage are presented. The previously
used self-consistent breathing of a closed wave function is applied to the configuration
discussed here.

10.1 In View of the Self-Consistent Microscopic
Picture of the Quantum Hall Effect
The two-path arrangement with the combination of the quantum point contact as a narrow constriction channel in the 2DES with the quantum dot connected in parallel has
a current distribution sharing analogies to the one present in the antidot system from
chapter 6. This is in particular true for the case of an applied magnetic field giving rise
to compressible and incompressible regions in the 2DES.
At first the device layout, displayed in figure 10.1, is considered at a magnetic field
strength close to zero. The upper top-gates define a quantum dot at the upper border of
the etched groove in the center. The quantum point contact is formed at the lower edge
of the groove by a single top-gate. The inverse configuration of both elements, id est with
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A top view sketch of the device for the operating mode with one quantum dot
and a point contact. The magnetic flux Φ = B · A is enclosed by the effective
area A (red ellipse) in between the two paths available for an electron (black
dot) from the left to the right hand side of the device. The side-gates (yellow
pads) can be used to tune the area free of electrons (gray) in the size. For a
more negative bias it grows in size.

the quantum dot defined at the lower end of the groove is equivalent. The area free of
electrons in between both elements can be tuned by the voltage applied to the side-gates
attached to the central groove. Two paths are present for an electron passing from the left
hand side to the right hand side of the device, where in one path a quantum dot situated
as controllable scattering center.
Based on the observation from the previously examined configurations, a decent magnetic field applied out of plane to the 2DES has to be present in order to observe periodic
conductance modulations. The charge carrier gradient in the 2DES being present at the
sample edges and around biased top-gates in combination with the magnetic field leads
the formation of a compressible and incompressible strip pattern in the 2DES, see detailed
discussion in chapter 3. This pattern determines the current distribution in the device
and linked to it the working principle. A possible distribution of the strip pattern in the
2DES is displayed in figure 10.2 alongside with a cross-cut of the electrostatic potential
of both the quantum point contact and the quantum dot. The magnetic field sets the
bulk filling factor of the leads to ν = 1. The upper and lower compressible edge of the
sample (dark blue) carry the potential of the source and drain contact, respectively. The
compressible strip seaming the contour of the central groove with the side-gates attached
to it defines a rigid outer perimeter for the area enclosed in between the quantum dot
and the quantum point contact. The compressible strips of both sample edges pass the
constriction defined by the point contact. The compressible strip belonging to the upper
edge thereby encloses the groove and both side-gates completely. As a consequence the
quantum dot is tunnel coupled solely to this compressible strip that passes on its either
side. The constriction of the quantum point contact can be considered as if it defines
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Schematic illustration of the compressible (dark blue) and incompressible
(light blue) strip pattern for the combination of a quantum dot and a point
contact. The point contact is set to a local filling factor of νl < 1, while
the bulk of the leads remains unchanged. A source-drain bias of −VDS is
applied. The potential bending on the right hand side displays the voltage
drop without (gray curve) and in the presence of scattering (black curve)
across the point contact channel. A non-zero voltage across the quantum
dot VQD = Vxx 6= 0 is present only in the case of scattering and gives rise to
transport (white arrow) through the quantum dot in addition the external
Hall current passing the quantum point contact (black arrow).

a local filling factor that can deviate from the value in the bulk of the leads. With a
source-drain bias applied to the device a net current flows inside the incompressible strip
passing the point contact (black arrow). Without scattering between the compressible
edges for an integer local filling factor νl inside the constriction of the quantum point
contact the full Hall voltage drop occurs solely across the incompressible strip within the
constriction (gray electrostatic potential). In this situation the longitudinal voltage drop
Vxx is zero. With the quantum dot coupled to the same compressible edge of the device
the voltage drop across it is determined by VQD = Vxx = 0 and its contribution to the
current through the device in total gets negligible. The single-electron charging level of
the quantum dot can be tuned to resonance with the electro-chemical potential of the
compressible strip. In this situation single-electron tunneling between the dot and the
compressible strip is present, but the net current will be zero. The situation changes
in the presence of scattering across the constriction for non-integer local filling factors
(black electrostatic potential), as discussed in chapter 6.2 for the antidot system with two
point contacts. This scattering across the point contact gives rise to a non-zero Vxx as an
effective source-drain bias across the quantum dot leading to electrical transport (white
arrow) via the quantum dot in addition to the Hall current present in the incompressible
strip passing the quantum point contact (black arrow). A sketch displaying the electrochemical potential values is shown in figure 10.3. The potential values of the compressible
strip at source potential (red) decreases (dark orange), while the compressible strip at
drain potential (blue) increases (light blue) in the presence of scattering between the
compressible edges of the device across the quantum point contact. In total the electric
current through the device consists of two contributions arising from different origins, the
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Equilibration of the electro-chemical potential of the compressible strips in
the presence of scattering across the point contact ignoring any equilibration
lengths and scattering dynamics. The electric transport occurs via both the
quantum dot (white arrow) and the point contact (black arrow). Equilibration of the electro-chemical potential occurs either along the sample edge or
by the connection of all compressible strips to ohmic contacts.

Hall current driven by the Hall field and the current through the quantum dot driven by
the non-zero longitudinal voltage drop. The equilibration of the different potential values
of the compressible strips1 can occur either along the edge (left hand side) or in front of
the ohmic contacts to the 2DES (right hand side).
In summary, the compressible and incompressible strip pattern and the
resulting current distribution in the 2DES for decent magnetic fields transfers
the parallel arrangement with an equal voltage drop over of the quantum dot
and the quantum point contact for zero magnetic field to a configuration with
different voltages across the corresponding elements:
VQPC ∝ VDS
VQD ∝ Vxx .

and
(10.1)

In the limits of equation (10.1) for a quantized conductance value at a quantum Hall
plateau of the point contact with Vxx = 0 the total current passing the device is determined solely by the conductance of the narrow point contact channel, while the current
in the quantum dot gets negligible. In the other limit of a closed-off point contact the
voltage across the quantum dot is given by VQD = VDS . Without loss of generality, in the
intermediate case the longitudinal voltage drop Vxx = VQD < VDS will be smaller than
the source-drain bias VDS and the common conductance in the parallel arrangement will
accordingly be smaller than the sum of both contributions taken in absence of the respective other one, id est the conductance values of the quantum dot taken at a closed point
contact added to the value obtained for the quantum point contact with the quantum dot
tuned to the Coulomb-blockade regime.
1

Discussed in more detail in chapter 6.4.2.
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10.1 In View of the Self-Consistent Microscopic Picture of the Quantum Hall Effect

10.1.1 In Case of Multiple Compressible Strips
For the considerations made so far only a single compressible edge was present in the
device. With a lower magnetic field strength both the bulk filling factor and the local
one defined by the constriction the situation is different. Higher filling factors with more
compressible regions are present in the 2DES, as sketched in figure 10.4 for a filling factor
νl < 2 in the constriction and ν = 3 in the bulk of the leads. Depending on the steepness
of the potential profile in the 2DES the compressible strips at the edges can either be
spatially separated or are degenerate and merge into a single one. Incompressible regions
belonging to a higher filling factor other than the one defined by the point contact are
not connected throughout the device and do not contribute to the net current. Due to
a smaller spatial distance the quantum dot can be considered to tunnel couple only to
the nearest compressible strip. Tunneling through the potential barrier of the closest
incompressible strip to further outlying compressible strips in the bulk have a reduced
probability to occur. If adiabatic transport [21] was present, one might expect so see
a difference in the electric transport in between the situation of merged and separated
compressible strips. However, for the geometrical width of the quantum point contact constriction adiabatic transport can be ruled out. Scattering across the constriction channel
from one compressible edge of the sample to the other will affect the electro-chemical
potential of all compressible strips passing the constriction whether they are spatially
separated or not. In consequence the separation into two contributions to the net current
through the device, given by different effective bias voltages for the quantum dot and
point contact as discussed in equation (10.1), can therefore also be expected for higher
filling factors inside the constriction channel.
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Schematic illustration of the compressible/incompressible strip pattern for
the combination of a quantum dot and a point contact with a local filling
factor νl < 2 in the constriction and ν = 2 in the bulk of the leads for (a) well
separated compressible strips and (b) for a degenerate merged compressible
strip.
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10.2 Interplay of a Quantum Dot and a Quantum
Point Contact
The predictions based on the current distribution in the strip pattern of the 2DES within
the self-consistent model of the quantum Hall effect are validated with experimental data.
The quantum dot is tuned to the regime of single-electron tunneling. The interplay in the
common conductance with a series of single-electron tunneling peaks is taken with and
without the quantum point contact in parallel at both a decent and a low magnetic field
strength.
Behavior at High Magnetic Fields
Three gate voltage traces of the quantum dot are shown in figure 10.5a for different
working points chosen for the point contact constriction. The magnetic field strength of
B = 6.26 T sets the filling factor of the bulk in the leads in the range of ν = 2 and ensures a
robust compressible and incompressible strip pattern. With the point contact pinched-off
completely only transport through the quantum dot occurs, yielding pure single-electron
tunneling peaks as a function of the gate voltage (red trace) with a baseline at zero
conductance. In a second measurement the point contact is set to the quantized Hall
conductance plateau of I/VDS = 1 e2 /h (blue trace). The single-electron tunneling peaks
are absent as expected for the quantized conductance that corresponds to a vanishing
longitudinal voltage drop. The measured conductance value is solely determined by the
quantum point contact. The intermediate setting with a conductance of the point contact
set to I/VDS = 0.5 e2 /h (black trace) shows signatures of both elements. Single-electron
tunneling peaks of the quantum dot are obtained with their baseline determined by the
conductance value of the point contact constriction. The shift of the single-electron tunneling peaks on the gate voltage axis is caused by the electrostatic influence of the point
contact gate affecting the charging threshold of the quantum dot. A second thing to note
is that the peak amplitudes of the single-electron tunneling peaks with respect to their
baseline are less than for a completely pinched off quantum point contact. This behavior matches the predictions made in equation (10.1) with VQD 6= VDS for the expected
strip pattern in the 2DES for this device geometry. The continuous transition of the
conductance of the point contact from the quantized Hall plateau with I/VDS = 1 e2 /h
to pinch-off versus the quantum dot gate voltage is displayed in figure 10.5b. The signature of the quantum dot is absent on the conductance plateau and emerges as soon as
the conductance deviates from the quantized value. The peak amplitude of the singleelectron tunneling peaks with respect to their baseline thereby increases the further the
conductance of the quantum point contacts reduces and reaches its maximum value for
the pinched-off constriction.
In retrospect, for the combination of two quantum dots from chapter 7.3.1 the peak
conductance value of an intersection of two single-electron tunneling peaks was found to
be less than the sum of the contributing conductance value taken separately. There, in
the presence of incoherent transport with a current passing one quantum dot the effective source-drain voltage present for the respective other quantum dot may be reduced
to a value below the applied source-drain voltage as well. In consequence, in the combined electrical transport the full addition of the quantum dot conductance values taken
separately cannot be reached.
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Figure 10.5

Common conductance for the combination of a quantum dot with a point
contact in parallel. (a) Single-electron tunneling peaks of the quantum dot
for a pinched-off point contact (red), for a conductance set to the quantized
Hall plateau of I/VDS = 1 e2 /h (blue) and with the intermediate setting
of the conductance to I/VDS = 0.5 e2 /h (black). (b) Conductance taken
at the continuous transition of the quantum point contact from the lowest
quantum Hall plateau with I/VDS = 1 e2 /h to pinch-off in combination with
single-electron tunneling resonances of the quantum dot. The conductance
values obtained in the interplay of both elements match the predictions of
equation (10.1) for the self-consistent description of the quantum Hall effect.
The data are taken at a magnetic field of B = 6.26 T with a source-drain
bias of VDS = 10 µV. The data displayed in (a) are line-cuts taken from (b).
The black arrow marks exemplary the regime of combined transport through
both elements.
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Behavior at Low Magnetic Fields
For the antidot system it was observed that below the magnetic flux density threshold of
Bc < 3.4 T the combined transport deviates from the expected values obtained for the
single elements, see chapter 6.6.4. This was attributed to the fact that the narrow constrictions are not a pristine quantum Hall system and scattering between the compressible
edges across the constriction channel is present. The latter arises from a sufficiently large
extension of the electron wave function in comparison with the geometrical width of the
channel in the 2DES. For the combination of a quantum dot and a point contact in the
common conductance at a magnetic field below this critical value one therefore expects
to see a deviation of the previously found current distribution at a large magnetic field
strength. In figure 10.6 the conductance is displayed for the interplay of both the quantum
dot and point contact for a moderate magnetic flux density of B = 1.97 T. In this magnetic
field range the quantized conductance value of the point contact2 yields I/VDS = 2 e2 /h.
In contrast to the previously examined situation for large magnetic field, displayed in
figure 10.5b, here the signature of the single-electron tunneling peaks of the quantum dot
is not restricted in their occurrence to the transition region between the quantized conductance plateau and pinch-off. Pronounced single-electron tunneling peaks are present
also within the plateau region of the quantized conductance with I/VDS = 2 e2 /h. However, in analogy to the previous findings for the pristine situation at large magnetic fields
the peak amplitude of the single-electron tunneling peaks is reduced to a smaller value
compared with the values obtained for the closed-off point contact. In consequence, the
estimation of equation (10.1) seems to be partially valid for this regime in the magnetic
flux density, but with the notion of a non-zero Vxx for a quantized conductance value of
the point contact.
Determined by the conductance quantization of the point contact and not by the quantum Hall effect.
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Common conductance for the combination of a quantum dot with a point
contact in parallel taken at a moderate magnetic flux density of B = 1.97 T.
Single-electron tunneling peaks are present on the plunger gate voltage axis
of the quantum dot, while the point contact features the transition from
the lowest conductance plateau with I/VDS = 2 e2 /h to complete pinchoff. In contrast to figure 10.5b the signature of the quantum dot is also
obtained on conductance plateau of the quantum point contact, but reduced
in magnitude. The source-drain bias was set to VDS = 25 µV.

10.2 Interplay of a Quantum Dot and a Quantum Point Contact

10.2.1 Simultaneous Electrical Transport with a Variable
Magnetic Flux Density
The variation of the magnetic flux enclosed in between the two path-ways through the
device is expected to give rise to a magnetic flux dependent contribution in the common
conductance of both elements. The operating point of the device is set to a regime
where transport occurs through both the quantum dot and the point contact channel
simultaneously, exemplary illustrated by the black arrow in figure 10.5b.
The variation of the magnetic flux density for this choice of operating point is shown in
figure 10.7. Conductance modulations with a periodicity of δB = (3.47 ± 0.02) mT in the
magnetic flux density are present. The period corresponds to an effective area enclosed
in between the quantum dot and the point contact with A = (1.19 ± 0.01) µm2 . It fits
reasonably well with the estimation of the area free of electrons around the etched groove
and the side-gates with A = (1.12 ± 0.06) µm2 from chapter 5.4.
As this operational regime can be considered as the intermixing combination of both the
previously examined antidot system from chapter 6 and the combination of two quantum
dots from chapter 7 to 9, similar strategies will be used here. The following issues with
their influence on the periodic conductance modulations shall be investigated for this
configuration:
• The working point of the quantum point contact for both a quantized conductance
value and for values chosen in the transition region in between two quantized values.
• The operational setting of the quantum dot for both the single-electron tunneling
regime and in the presence of a Kondo resonance.
• And last but not least, the parameters independent from the working points such
as the dependence of the size of the magnetic flux threaded area or the source-drain
bias.
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Figure 10.7

Conductance modulations as function of magnetic field. The periodicity of
the modulations yields δB = (3.47 ± 0.02) mT. The data are taken at a
source-drain bias of VDS = 25 µV with a base temperature of T = 50 mK of
the cryostat.
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Common conductance of the parallel arrangement of a quantum dot with
a point contact. Single-electron tunneling peaks are present on the plunger
gate voltage axis of the quantum dot, while the point contact features the
transition from the lowest conductance plateau with I/VDS = 2 e2 /h to complete pinch-off. The single-electron tunneling peaks are obtained on the
conductance plateau of the point contact in addition to the transition region
and the regime of complete pinch-off. Regions of single-electron tunneling
(S.E.T.) and Kondo resonances are marked exemplary by black and white
areas, respectively. The data are taken at B = 1.97 T with a source-drain
bias of VDS = 25 µV.

In order to cover all of these aspects, different values of magnetic field strength have to
be investigated, as the Kondo resonances with the Kondo checkerboard pattern3 requires
a rather low magnetic field strength.
An exemplary illustration of all operating regimes for both the quantum point contact
and the quantum dot is represented in figure 10.8 for low magnetic fields. The graph
displays the common conductance of the quantum dot and the point contact as a function
of both the quantum dot plunger gate voltage and the point contact gate voltage. While
the quantum point contact features the transition (marked as white square) from the
conductance plateau with I/VDS = 2 e2 /h (marked by black square) to pinch-off the
quantum dot features both single-electron tunneling peaks (marked as black ellipse) and
Kondo resonances (marked as white ellipse), respectively. In the low magnetic field range
required for the Kondo resonance scattering across the point contact channel is also present
for a quantized conductance value. In consequence, the signature of the quantum dot
is present here alike as in the transition region and for complete pinch-off. Different
combinations of these operational regimes are discussed in the following.

3

The alternation of the resonance condition depending on the spin degeneracy on the dot leads to the
so-called Kondo checkerboard pattern as either the dot occupancy or the degeneracy of the Landau
levels is changed, see figure 4.9 in chapter 4.2.2.
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10.3 Tuning the Quantum Point Contact in Case of
two Different Operational Settings of the
Quantum Dot
The occurrence of the magnetic flux dependent periodic conductance modulations relies on
the presence of scattering between the compressible edges. This scattering is introduced by
tuning the conductance value of the point contact in the presence of a large magnetic field
to a regime where its value is not quantized. By keeping the quantum dot fixed either at
a single-electron tunneling peak or at a Kondo resonance the point contact conductance is
detuned continuously versus the magnetic flux density. It allows, equally to the approach
for the antidot system in chapter 6.3.2, to determine the optimum working point for the
observation of the periodic conductance modulation for this arrangement here depending
on the magnetic field strength and operating mode of the quantum dot.

10.3.1 Quantum Dot Tuned to a Single-Electron Tunneling Peak
In the first configuration the quantum dot is tuned to a single-electron tunneling peak
while the point contact undergoes the transition from the lowest conductance plateau to
complete pinch-off. Figure 10.9 displays the conductance modulations obtained by variation of the magnetic flux density versus the operational setting of the point contacts. Both
the high and low magnetic field range related to the experimental settings corresponding
to figure 10.5b and 10.6 are investigated, respectively.
• High Magnetic Fields:
For a high magnetic field value at B = 6.26 T displayed in figure 10.9a the conductance modulations emerge as soon as scattering across the constriction sets in and
the conductance starts to deviate from the quantized value I/VDS = 1 e2 /h of the
quantum Hall plateau. They persist until the point contact closes off completely
and yield a periodicity of δB = (3.47 ± 0.02) mT matching with h/e to the device
structure. The residual conductance in case of the closed point contact is determined by the quantum dot. Along the point contact characteristic the modulations
appear to be shifted in phase giving rise to iso-flux lines running diagonal across
the transition region of the point contact. This behavior was observed also for the
antidot system and is attributed to the change in the area free of electrons the compressible strip around the etched groove encloses, see discussion in chapter 6.3.2. In
accordance with the experimental findings of the antidot system, the periodic conductance modulations for the case of large magnetic fields are best to be observed
with a conductance value chosen at midway of the transition between the quantum
Hall plateau and pinch-off.
• Low Magnetic Fields:
The low magnetic field range in the vicinity of B = 1.97 T shown in figure 10.9b
displays the transition from the quantized conductance plateau of I/VDS = 4 e2 /h
to pinch-off with the plateau of I/VDS = 2 e2 /h in between. The conductance
modulations are present in both transition regions between the plateaus as well
as on the conductance plateau of I/VDS = 2 e2 /h itself. For this magnetic field
strength the 2DES is not a pristine quantum Hall system. Yet, from the results
obtained from the antidot system from chapter 6.6.4 one can assume the presence of
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Conductance modulations as function of magnetic field and the point contact
gate voltage. The data are taken at a bias of VDS = 25 µV. The quantum dot
is set to a single-electron tunneling peak. The insets shows line-cuts taken
from the main graphs. (a) The modulations appear only in the transition
regions between conductance plateau I/VDS = 1 e2 /h and pinch-off with a
period of δB = (3.47 ± 0.02) mT at a magnetic field strength of B = 6.26 T.
There are no modulations on the conductance plateau. (b) Transition of the
point contact from the I/VDS = 4 e2 /h conductance plateau to pinch-off at a
moderate magnetic field strength of B = 1.97 T. Conductance modulations
with a period of δB = (3.27 ± 0.01) mT appear in both the transition regions
and on the conductance plateau with I/VDS = 2 e2 /h.

10.3 Tuning the Quantum Point Contact in Case of two Different Operational Settings
of the Quantum Dot
compressible strips for this magnetic field. At the conductance plateau of I/VDS =
4 e2 /h the modulations are absent indicating that scattering across the channel
is no longer present. The period of δB = (3.27 ± 0.01) mT of the conductance
modulations is slightly different from the high magnetic field measurement, but
both measurements were taken with a different sample piece. The tilted iso-flux
lines emerge due to the same reasons as for the case of a large magnetic field. In
contrast to the high magnetic field regime the best visibility of the modulations
is obtained for a conductance value of the quantum point contact directly on the
conductance plateau of I/VDS = 2 e2 /h.

10.3.2 Quantum Dot Tuned the Kondo Regime
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In a second combination the quantum dot is tuned to a Kondo resonance. The interplay
of the magnetic flux density and the conductance set by the constriction channel is displayed in figure 10.10. The presence of the Kondo checkerboard pattern on the quantum
dot is thereby limited to the low magnetic field range. The data directly relates to the
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Conductance modulations as function of magnetic field and the point contact characteristic from the I/VDS = 4 e2 /h conductance plateau to pinchoff. The quantum dot is tuned to a Kondo resonance. The modulations
appear in the transition regions between as well as on the conductance
plateaus. The inset shows line-cuts taken from the main graph. On the
conductance plateau with 2 e2 /h the modulations take the halved h/2e periodicity with δB = (1.64 ± 0.03) mT. With lowering gate voltage one spin
orientation is filtered out and the period increases to δB = (3.24±0.07) mT
corresponding to h/e. Data are obtained with a source-drain bias of
VDS = 25 µV.
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measurement displayed in figure 10.9b taken on the same sample with the sole difference
that the quantum dot is tuned to a Kondo resonance rather than to a single-electron
tunneling peak. On the conductance plateau of the point contact with IDS /VDS = 2 e2 /h
conductance modulations with δB = (1.64 ± 0.03) mT corresponding to the halved h/2e
periodicity are present. At the onset of the modulations close to the I/VDS = 4 e2 /h
conductance plateau, a strong component of the fundamental h/e modulation with only
a weak signature of the halved h/2e periodicity is observed. As the conductance of the
point contact reduces below I/VDS < 2 e2 /h the periodicity of the modulations reduces
to the fundamental h/e mode, see inset of the figure. With the point contact closing the
conductive channel off further one of the spin orientations is filtered out. In combination,
both the quantum dot with the Kondo resonance as well as the point contact with a conductance value around I/VDS = 2 e2 /h feature the ability to pass both spin orientations
simultaneously that is required in order to observe the halved h/2e modulation period.
Otherwise, only the fundamental h/e modulation can be obtained. The optimal setting
of the conductance value in the presence of a Kondo resonance on the quantum dot is a
conductance value of I/VDS = 2 e2 /h for the point contact.

10.4 Tuning the Quantum Dot in Case of Fixed
Operational Settings of the Quantum Point
Contact
In the following, the inverse strategy detuning the quantum dot is chosen while fixing
the operational regime of the quantum point contact to the optimal conductance value,
depending on the magnetic field strength. Tuning the quantum dot through its resonances in combination with a magnetic flux density variation allows to determine the
optimal setting for the highest visibility of the conductance modulations in this configuration. In addition it might allow to extract the phase change of the periodic conductance
modulations for the traversal through the resonance of the quantum dot.

10.4.1 Conductance Modulation Asymmetry
In figure 10.11a the conductance for the interplay of the magnetic flux density and the
quantum dot plunger gate voltage with the transition through a single-electron tunneling
peak is displayed. A large magnetic field of B = 6.26 T is chosen. The quantum point
contact is fixed at a conductance value of I/VDS = 0.3 e2 /h determining the baseline
of the conductance value in the diagram. Conductance modulations as a function of
the magnetic flux density are present at the apex and along the flanks of the singleelectron tunneling peak of the quantum dot. Their period matches to the fundamental
h/e change in the magnetic flux. It is noticeable that the visibility of the conductance
modulations is not symmetric to the very apex of the single-electron tunneling peak
(dotted black line). The modulation magnitude is higher for a more positive gate voltage
applied to the quantum dot. Two line-cuts in the diagram for the operating points no. 1
and 2 taken symmetrically to either side to the apex of the single-electron tunneling
peak marked in red and blue, respectively, are displayed in figure 10.11b. The difference
in the magnitude of the modulations is well pronounced with a factor in their ratio of
OP no. 1 / 2 = 1.45 ± 0.29 with the larger modulation for a more positive plunger
gate voltage for the operating point no. 1 . The asymmetry with a larger modulation
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(a) Conductance as a function of the magnetic flux density in combination
with the quantum dot plunger gate voltage while the point contact is fixed
at I/VDS = 0.3 e2 /h determining the baseline for the conductance value.
The magnitude of the conductance modulations changes for the transition
through the single-electron tunneling peak. (b) Magnetic flux density variation taken at the cross-cuts marked in (a) in red and blue, respectively.
The change in magnitude yields a factor of OP no. 1 / 2 = 1.45 ± 0.29
between the different sides of the single-electron tunneling peak. The data
are obtained with a source-drain bias of VDS = 25 µV.
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Conductance as a function of the magnetic flux density versus the plunger
gate voltage of the quantum dot. The conductance of the point contact is fixed at I/VDS = 0.3 e2 /h yielding the baseline of the conductance
value. Conductance modulations are present at the single-electron tunneling peaks and expand into the regions of Coulomb-blockade. For the transition through each single-electron tunneling resonance a phase shift of π
is obtained. Data are obtained with a source-drain bias of VDS = 25 µV.

amplitude in the favor of a more positive gate voltage with respect to the apex of the
single-electron tunneling peak was observed at several single-electron tunneling peaks4
and in different samples. The difference in the magnitude of the conductance modulations
in favor of a more positive (operating point no. 1 like) gate voltage for similar device
configurations can also be found in data reported from other groups, id est A. Yacoby et
al. in [117]. The opposite behavior, similar to the observation made in chapter 7.4 for two
parallel quantum dots, with a larger modulation in favor of a more negative (operating
point no. 2 like) gate voltage can also be found in literature, id est R. Schuster in [91].
An enlarged view of the previous conductance map from figure 10.11a expanding over
several single-electron tunneling peaks of the quantum dot is displayed in figure 10.12.
Conductance modulations appear at the single-electron tunneling peaks and expand into
the Coulomb-blockade regions. The asymmetry is clearly visible for the two top most
single-electron tunneling peaks with a larger magnitude at a more positive plunger gate
voltage with respect to the apex of the peaks.

4

For the directly neighboring single-electron tunneling peak see figure C.27 in chapter C.3 of the appendix.
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10.4.2 Phase Dependence While Tuning Through the Quantum
Dot Resonance
In the equivalent device configuration with a single quantum dot and a reference channel,
A. Yacoby [117] was the first to probe the phase shift of the periodic conductance modulation for the traversal of the quantum dot through a single-electron tunneling resonance.
There, a rigid phase of the periodic conductance modulations was found for consecutive
resonances, that was later attributed to the closed two-terminal configuration. The phase
of the periodic conductance modulations is thereby restricted to a fixed value of either 0 or
π and can make only sharp jumps in between both values [36]. This restriction is imposed
by the demand of an even function I/VDS (Φ) = I/VDS (−Φ) of the conductance with the
magnetic flux threading the area in between the two paths [120]. In consequence, the link
between the phase of the periodic conductance modulations and the transmission phase of
the quantum dot is lifted. Later R. Schuster [91] found that this type of restriction to the
phase of the conductance modulations is absent in multi-terminal device layouts. There,
the evolution of the phase of the periodic conductance modulations follows the expected
behavior of the phase evolution of the Breit-Wigner resonance assumed for the singleelectron tunneling peak. The phase changes by π for the traversal of the single-electron
tunneling peak from being occupied with N to N + 1 electrons5 . A smooth change in
phase is reported by H. Aikawa et al. in [4] measuring the complete conductance map
for the interplay of magnetic flux density and plunger gate voltage tuning through the
resonance of the quantum dot. In addition, differences in phase by π were reported by
Y. Ji in [47] and even 2π by H. Kobayashi in [59] by using only single line-cuts at various plunger gate voltages of the dot, respectively. One thereby has to emphasize that
the phase shift found for the transition through a single-electron tunneling peak depends
on the number of confined electrons, as reported by M. Avinun-Kalish in [7] and reaches
’universal’ behavior with phase changes of π for quantum dots with more than 14 confined
electrons.
The issue of determining the phase of the periodic conductance modulations is retaken
in the device structure examined here. The periodic conductance modulations acquired
as a function of the magnetic flux density while continuously tuning the quantum dot
via the plunger gate voltage through a resonance are displayed in figure 10.11a. For a
better lucidity figure 10.13 displays only the periodic conductance modulations of which
the mean conductance value for each gate voltage setting is subtracted. The iso-phase
lines6 show the typical s-shaped evolution expected for a Breit-Wigner resonance of the
quantum dot. Far away from the apex of the single-electron tunneling peak (marked by
the black dotted line) the phase converges to a stable value. For the traversal through the
resonance of the quantum dot the expected change in phase by π is obtained (green solid
line). The directly neighboring single-electron tunneling peak shows the same type of
phase evolution7 . An overview of the phase evolution over three adjacent single-electron
tunneling peaks is displayed in figure 10.14. The configuration with one quantum dot in
combination with a parallel channel as examined here matches to the behavior that is
found in experiments by others in equivalent device designs [7, 4, 47].
That corresponds here to the transition from a more negative to a more positive plunger gate voltage.
Connecting the extremal values of the periodic modulations as a function of the gate voltage.
7
See figures C.27a and C.28 in chapter C.3 of the appendix.
5
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Extracted deviation in the conductance from figure 10.11a. The averaged
conductance value for each gate voltage setting has been subtracted for
a better lucidity of the modulation, removing the single-electron tunneling
peak as background signal. The modulation period yields δB|VG =−0.812 V =
(3.47 ± 0.02) mT and δB|VG =−0.955 V = (3.46 ± 0.05) mT to each side of the
resonance peak, respectively. The black arrows on the gate voltage axis
mark the linewidth of the single-electron tunneling peak.
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Extracted deviation in the conductance from figure 10.12. The mean conductance value for each gate voltage value has been subtracted for a better
lucidity of the periodic modulation. An iso-phase line is highlighted by the
dotted black line as guide to the eyes.

10.5 Magnetic Flux Dependence at Optimal Settings
In conclusion, the combination of a quantum dot and a point contact the best visibility
with the largest modulation amplitude for the conductance modulations is obtained for
an operational point chosen in the flank of the single-electron tunneling peak towards a
more positive gate voltage. The optimal conductance value of the point contact for large
magnetic fields is situated in the center of the transition region at I/VDS = 0.5 e2 /h from
the lowest quantum Hall plateau of I/VDS = 1 e2 /h and pinch-off. For an intermediate
magnetic field strength the best visibility of the conductance modulations is obtained
for the quantized conductance value of I/VDS = 2 e2 /h of the point contact, as long as
scattering between the compressible edges across the constriction is present.

10.5 Magnetic Flux Dependence at Optimal Settings
Previously, the optimal operational settings for both the quantum point contact and the
quantum dot were determined for both the regime of single-electron tunneling and the
Kondo resonances. These working points are used in the following to investigate the
periodic conductance modulations with respect to changes in the magnetic flux threaded
area in between the quantum dot and the quantum point contact as well as with respect
to the applied source-drain bias voltage.

10.5.1 Area Dependence
The magnetic flux enclosed in between the quantum dot and the point contact is varied
by in-situ changing the area free of electrons via the side-gate voltage for a fixed magnetic
flux density. The electrostatic influence of the side-gates on the single-electron charging
threshold of the quantum dot has to be compensated by its plunger gate, see chapter 7.3.3.
For the operational mode of the device displayed in figure 10.8 a fixed conductance value
of the quantum point contact in combination with the quantum dot set to either a singleelectron tunneling peak or to a Kondo resonance is chosen.
• Single-Electron Tunneling:
The common conductance as a function of both parameters of the enclosed magnetic
flux is displayed in figure 10.15 as a color-coded conductance map. The quantum
dot is tuned to a single-electron tunneling peak. Conductance modulations with
a periodicity of δB = (3.24 ± 0.04) mT in the magnetic flux density and δVSG =
(5.98 ± 0.13) mV in the side-gate voltage at a fixed magnetic field of B = 1.97 T
are obtained, respectively. Both correspond to the fundamental h/e period. The
iso-flux lines obey the so-called Aharonov-Bohm scaling with a negative slope for
the side-gate voltage axis, id est a smaller magnetic flux density is required to keep
the same amount of magnetic flux in an enlarging area.
• Kondo Regime:
The equivalent data set obtained with the sole difference of the quantum dot tuned
to a Kondo resonance rather than to a single-electron tunneling peak is displayed
in figure 10.16. In comparison with the fundamental h/e modulation, displayed in
figures 10.16b and 10.16c, the period yields δB = (1.61 ± 0.03) mT in the magnetic
flux density and δVSG = (2.97 ±0.03) mV in the side-gate voltage, respectively. This
corresponds to the h/2e periodicity. The halving of the modulation period is present
in both tuning parameters simultaneously. In consequence the same slope of the isoflux line as for the fundamental h/e modulation is obtained. In contrast to the
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Figure 10.15

Common conductance as a function of the magnetic flux density and the
side-gate voltage tuning the depleted area underneath. The quantum dot
is tuned to a single-electron tunneling peak. Conductance modulations
are present with δB = (3.24 ± 0.04) mT for the magnetic flux density and
δVSG = (5.98 ±0.13) mV for the side-gate variation at a fixed magnetic field
of B = 1.97 T, respectively. The periodicity matches for both parameters
to h/e of the enclosed magnetic flux. The data are obtained with a sourcedrain bias of VDS = 25 µV.

observation made in the antidot system of two parallel point contacts
in chapter 6.6.2, the amplitude of the conductance modulations found
here is of the same order of magnitude for both periodicities. The different
overall mean conductance value is attributed to the higher conductance value of the
Kondo resonance with respect to the single-electron tunneling peak of the quantum
dot.

10.5.2 Bias Dependence
The source-drain bias value in this configuration is another parameter of interest as the
Kondo resonance condition of the quantum dot is lost for a too large voltage bias. The
conductance modulations are investigated as previously for both a single-electron tunneling peak and for the presence of a Kondo resonance.
• Single-Electron Tunneling:
At first the occurrence of the conductance modulations as a function of the applied
source-drain bias for the single-electron tunneling peak is investigated. Figure 10.17
displays the deviation in the current through the device as a function of the magnetic
flux density and the source-drain bias range of VDS = ±150 µV. The mean value
of the current-voltage characteristic for a fixed voltage bias was thereby subtracted
from the data for a better visibility. The fundamental h/e conductance modulations with a period of δB = (3.47 ± 0.04) mT in the magnetic flux density appear
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(a) Common conductance as a function of the magnetic flux density and
the side-gate voltage. The quantum dot is tuned to a Kondo resonance.
Conductance modulations with the halved h/2e periodicity are present.
Besides for the different operational modes of the quantum dot, the same
parameters setting were chosen as for the measurement in figure 10.15. A
comparison of the conductance modulation periodicities taken from (a) and
figure 10.15 are shown as a function of (b) magnetic field and (c) area variation at a fixed magnetic field of B = 1.97 T, respectively. The periodicity
in the magnetic flux density changes from δB = (3.24 ± 0.04) mT to δB =
(1.61 ± 0.03) mT and the side-gate variation from δVSG = (5.98 ± 0.13) mV
to δVSG = (2.97 ± 0.03) mV matching a change in magnetic flux by h/e
and h/2e, respectively. The data are obtained with a source-drain bias of
VDS = 25 µV.
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Figure 10.17

Source-drain bias dependence of the conductance modulations as function
of the magnetic flux density obtained for a single-electron tunneling peak
in combination with a point contact. Displayed is the deviation in the
DC current with the mean value of the current-voltage characteristic curve
subtracted for a better visibility. The periodicity in the magnetic flux
density yields δB = (3.47 ± 0.04) mT.

symmetric to zero bias. Their magnitude increases from zero bias until it reaches
a maximum at about VDS ≈ ±50 µV and decreases again until it vanishes around
VDS ≈ ±100 µV. The non-monotonicity in the modulation amplitude, as discussed
in chapter 6.6.6, leads to the ’lobe-pattern’ with an apparent phase shifts of π in the
differential conductance8 . This observation agrees to both previous configurations
with two quantum dots and for the antidot system due to the same reason. The limit
in bias voltage of the configuration with one quantum dot and the point channel
agrees qualitatively to the operating setting of two quantum dots from chapter 7.
• Kondo Regime:
In the following, the quantum dot is tuned to a regime of a Kondo resonance where
the periodicity of the conductance modulation is halved. This change is expected
to occur only within a limited source-drain bias range with subsequent fall-back to
the fundamental mode before the modulations diminish completely with increasing
bias, based on the observation made in the configuration with two quantum dots
tuned each to a Kondo resonance from chapter 9. In figure 10.18 the conductance
modulations within the source-drain bias range of VDS = ±150 mV are displayed.
The graph shows like previously the deviation of the source-drain current subtracted
for a better view from the mean value of the current-voltage characteristic. The conductance modulations are symmetric to zero bias and opposite in sign as expected.
8

The differential conductance map of figure 10.17 is displayed in figures C.29 alongside with line-cuts
at fixed magnetic flux densities in figure C.30 in chapter C.3 of the appendix.
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Figure 10.18

Source-drain bias dependence of the conductance modulations as function
of the magnetic flux density obtained for a Kondo resonances in combination with a point contact. (a) Color-coded deviation in the DC current with
the mean value of the current-voltage characteristic curve subtracted for a
better visibility. (b) Cross-cut at fixed source-drain voltages in (a) showing
the current in the device. The larger bias trace is offset for a better visibility. At a low bias conductance modulations with a magnetic flux density
change of δB = (1.64 ± 0.01) and at large bias with δB = (3.27 ± 0.04) are
present matching with h/2e and h/e, respectively the are free of electrons
between the quantum dot and the point contact. The transition between
both modulation frequencies occurs in the range of VDS ≈ ±60 µV.
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Two line-cuts displayed in figure 10.18b are taken at a fixed source-drain bias with
VDS = 20 µV for a low and VDS = 80 µV for a large bias value, respectively. Two different periodicities are obtained for the investigated source-drain bias range with the
transition between the halved h/2e periodicity at low bias to the fundamental h/e
periodicity around VDS ≈ ±60 µV. The periodicities yield δB = (1.64 ± 0.01) mT
and δB = (3.27 ± 0.04) mT, respectively. The fundamental period is observed beyond the investigated bias range. The non-monotonic change in the magnitude of
the periodic conductance modulations with respect to the applied source-drain bias
is present for this operational mode as well. But in combination with the transition
from the h/2e to the h/e modulation period, the differential conductance9 features
additional lobes in the ’lobe-pattern’.
In summary, a qualitatively similar behavior of the source-drain bias dependence of the
periodic conductance modulations is found as in the previous experimental operational
setting with two quantum dots. The occurrence of the halved h/2e periodicity with
the fall-back to the fundamental h/e period as the bias is increased beyond the Zeeman
splitting of the Kondo resonance, as discussed in chapter 9.2.2, yields a unique fingerprint
for both device configurations using quantum dots. In comparison with the configuration
of two quantum dots from chapter 9 the range of the halved periodicity expands to a
slightly larger bias value in the single dot configuration examined here. This might be
attributed to a broader Kondo resonance for the single quantum dot investigated here.

9

The differential data are displayed in figure C.31 with line-cuts at fixed magnetic flux density in
figure C.32 in chapter C.3 of the appendix.
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10.6 Towards an Interpretation
This section reviews the experimental observations in the parallel arrangement of a single
quantum dot and a reference channel from a theoretical perspective.

10.6.1 Breathing of the Closed Wave Function
For both the antidot configuration from chapter 6.4 and for the combination of two quantum dots in chapter 8.6 it was found that a self-consistent breathing process by tuning
the magnetic flux modulates the conductance of the device. The periodicity of the conductance modulations matches closely to h/e accounting for the flux threaded area free
of electrons. In this configuration, it requires a closed wave function connected throughout the quantum and the compressible strip the quantum dot is connected to, passing the
quantum point contact. A qualitative sketch of the process for the configuration used here
is displayed in figure 10.19. The reiterative breathing of the closed wave function (white
dotted line) is illustrated by the white arrows. In consequence, two different mechanisms
can be considered to give rise to the periodic conductance modulations observed here.
• Tunneling Barriers of the Quantum Dot:
Illustrated by the red arrows is the change of the transmission probability of the
quantum dot modulating both the linewidth and the peak conductance value of the
single-electron tunneling peak, as discussed in detail in chapter 8.6.

X

X
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B
Figure 10.19



y
x

Schematic illustration of the breathing of the closed wave function (white
dotted line) connected throughout the quantum dot indicated by white arrows. In consequence of the breathing two different mechanisms are present
giving rise to the changes in the conductance. Illustrated by the red arrows
is the change in the tunneling barriers of the quantum dot, as discussed in
chapter 8.6. In addition, illustrated by the black arrow is the change in the
spatial distance of the compressible strips belonging to either edge of the
device, affecting the scattering probability between the compressible strips.
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• Scattering Between the Compressible Edges:
In addition, the breathing leads to a periodic change in the spatial distance of the
compressible strips belonging to the different edges of the 2DES within the region
of the quantum point contact, as illustrated by the black arrow. This in turn affects
the scattering between the two edges and directly changes the Hall current (dark
blue arrow) driven by the Hall field, see discussion in chapter 6.2.
With the combined conductance in this configuration being the sum of the contributions
of the quantum dot and the quantum point contact both processes will contribute to
the periodic conductance modulation. But with the same dependence in the magnetic
flux change it cannot be distinguished which of the processes is the dominant one. In
retrospect of the antidot experiment in chapter 6, the variation of the Hall current due to
changes in the spatial distance of the compressible edges may also be present there.
In case of the quantum dot tuned to a Kondo resonance and with a local filling factor
1 < νl < 2 for the quantum point contact the presence of a spin degenerate closed wave
gives rise to the halved h/2e periodicity in the conductance modulations, see discussion
in chapter 9.4.
In summary, a periodic breathing of a closed wave function enclosing the quantum dot
and connected throughout the point contact constriction can be considered to be the
origin periodic conductance modulations observed in this configuration. Depending on
the boundary conditions for the operational regime of both the quantum dot and the
point contact a modulation period of h/e or h/2e can be obtained, respectively.

10.6.2 Phase Evolution while Tuning the Quantum Dot
Through a Resonance
The combined conductance in a two-terminal configuration through the parallel arrangement of a quantum dot and an open reference channel can be described via [36]
Γ
B sin (ξ − β)
kB T


πΓ
εF − ε
+ [1 + cos (φ − χ)] y
cosh−2
,
kB T
2kB T

g =g0 + [1 + cos (φ − χ)] x

(10.2)

where φ is the magnetic flux density, g0 , x, y are positive coefficients, ξ is a real phase shift
depending on the geometry of the device and Γ = (1 + cos(φ − χ))−1 Γ is the magnetic flux
independent linewidth of the resonance of the quantum dot. The phase of the periodic
modulations is represented by χ. Both the amplitude B and the transmission phase β
are functions of (εF − ε)/(kB T ). The transmission phase β of the quantum dot thereby
takes the values π/2 for ε = εF directly at the resonance and approaches zero or π for
ε → −∞ or ε → ∞, as displayed in figure 10.20 respectively. Equation (10.2) describes
the common conductance as a function of both the plunger gate voltage of the quantum
dot (via the term containing the energy of the system) and the magnetic flux density. The
equation consists of three terms, that can be characterized in their order of appearance
as:
1. Background Conductance:
The first term describes the background conductance, being independent from both
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Energy representation of the single-electron charging threshold on the quantum dot (QD) and the surrounding compressible regions (CR), including
the phase shift while passing the resonance (red trace). The quantum dot
is detuned from the resonance with the charging threshold (a) below and
(b) above the electro-chemical potential of the compressible surroundings,
respectively.

the magnetic flux density and the gate voltage. It is the largest contribution to the
common conductance, as the other terms are multiplied by the factor Γ/kB T  1.
2. Modulation Term:
The second term is considered as interference term in [36], but here it shall be considered in the notion of contributing the h/e periodic modulation in this configuration.
It depends explicitly on the geometry of the arrangement with the phase ξ.
3. Resonance Term:
The final contribution describes the phase shift while passing the resonance of the
quantum dot itself.
An assumption for the phase dependence of the periodic modulations in equation (10.2)
has to be made while tuning the quantum dot through the resonance of a single-electron
tunneling peak. Here, the identical evolution of the phase of the periodic conductance
modulations χ as for the transmission phase β of the quantum dot is used. Using equation (10.2) allows to obtain the simulated conductance map as a function of the gate
voltage and the magnetic flux density, as displayed in figure 10.21. Periodic conductance
modulations are present on the magnetic field axis. Their iso-phase (white dotted line
in panel 10.21a) shifts as the quantum dot is tuned through the single-electron tunneling peak. The phase evolution during the traversal of the resonance is highlighted in
panel 10.21b, where the mean conductance value of each gate voltage value has been
subtracted for a better lucidity. The phase of the periodic modulations shows the typical
curved s-shaped evolution through the resonance of the quantum dot. This simulation
agrees qualitatively to the results obtained experimentally, compare with figure 10.13.
In summary, the phase of the periodic conductance modulations seen experimentally in
chapter 10.4.2 agrees qualitatively to the simulations of the common conductance from
equation (10.2). The typical s-shaped phase evolution predominantly within the linewidth
of the resonance is reproduced in the simulation.
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Simulation of the combined conductance value in equation (10.2) as a function of the magnetic flux density and the quantum dot gate voltage. The
apex of the single-electron tunneling peak is indicated by the black dotted
line. (a) Conductance map with iso-conductance lines (black solid) and an
iso-phase line (white dotted). (b) Conductance modulation with the background of the single-electron tunneling peak being subtracted for a better
lucidity. It shows the typical curved evolution of the phase of the periodic conductance modulations as it is expected for the transition through
a Breit-Wigner resonance.

10.7 Conclusion

10.7 Conclusion
The device structure was operated with the heterogeneous combination of a quantum dot
and a point contact. In a sense it is the inter-combination of the antidot system from
chapter 6 and the configuration with two parallel quantum dots from chapter 7 and shares
some similarities with both configurations.
As in the both previous configurations with a homogeneous combination of either quantum point contacts or quantum dots a finite magnetic field is required to observe periodic
conductance modulations. Within the self-consistent model for the 2DES in an applied
magnetic field the sum of two contributions to the total current through the device have
to be considered. The first is the current contribution running through the point contact driven by the Hall field. The second is the current passing through the quantum
dot determined by the longitudinal voltage drop. Due to the geometrical arrangement
of the device scattering from one compressible edge across the point contact channel to
the other compressible edge has to be present in order to give rise to a non-zero voltage
drop across the quantum dot. As a result, the effective source-drain bias voltage applied
to the quantum dot differs from the one applied to the external contacts of the device.
In consequence, the common conductance value of both elements yields a value lower
than the sum of either element taken separately at the full source-drain voltage. The
reduced common conductance is therefore not the consequence of a coherent interaction
in this configuration. In retrospect, the reduced combined conductance value seen for the
interplay of two quantum dots from chapter 7.3.1 may arise in the presence of incoherent
transport due to the same reason of a different effective bias voltage present at either
quantum dot, deviating from the applied source-drain bias.
Periodic conductance modulations were obtained for the variation of both parameters
of the magnetic flux. They match in periodicity to h/e the enclosed area in between the
quantum dot and the point contact. In the interplay of the magnetic flux density and the
area free of electrons so-called Aharonov-Bohm scaling was observed. In this configuration
the periodic modulations were considered to arise as well as in the other two configurations
from the self-consistent breathing of a closed wave function seaming the etched groove
passing the point contact and connected throughout the quantum dot. Two different
mechanisms were considered here to give rise to the periodic conductance modulations.
The breathing can lead on one hand to a distance dependent scattering probability across
the quantum point contact. On the other hand it could alter the transmission coefficient
of the quantum dot. Both processes can be present, but one cannot differentiate which
of the processes is the dominant one.
The choice of the operating point for the quantum point contact matches the behavior
found in the antidot system from chapter 6. At high magnetic fields with the conductance of point contact set to a quantum Hall plateau the full Hall voltage drops solely
across the incompressible strip in the point contact channel, resulting in an absence of the
longitudinal voltage drop in the quantum Hall system. The periodic conductance modulations appear only for a non-zero longitudinal voltage drop in the quantum Hall system
as effective voltage bias across the quantum dot. This is achieved as the conductance of
the point contact deviates from a quantized Hall conductance plateau with a non-integer
local filling factor νl for large magnetic fields. For lower magnetic fields the point contact
channel is not a pristine quantum Hall system. Scattering is present across the width of
the constriction although the conductance takes a quantized value. Here, the conductance
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modulations are also obtained on the conductance plateau of the point contact in addition
to the regions in between the plateaus.
The conductance modulations were obtained at every single-electron tunneling peak.
They were present directly at the apex of the peaks and expanded to both sides in the
Coulomb-blockaded regime. An asymmetry in the magnitude of the conductance modulations was found for operating points chosen symmetrically to either side of the very apex
of the single-electron tunneling peak. The larger modulation was obtained for more positive plunger gate voltages for both different single-electron tunneling peaks and among
different samples. Similar results were found in data reported by A. Yacoby [117] obtained
in an equivalent device configuration. The opposite behavior, similar to the observation
made in chapter 7.4 for two parallel quantum dots, with a larger modulation in favor of a
more negative gate voltage can also be found in literature, reported by R. Schuster in [91].
Investigating the conductance of the single-electron tunneling peak versus the magnetic
flux density revealed the link between the phase transition expected for the single-electron
tunneling peak of the quantum dot (Breit-Wigner type of resonance) and the phase of
the periodic conductance modulations. The difference in energy of the charging level of
the quantum dot with respect to its compressible surroundings causes an additional phase
shift by π in the conductance modulations seen experimentally. Similar data in literature
have been observed [7, 4, 47].
The quantum dot was tuned to the Kondo regime by increasing the tunnel coupling
of the quantum dot to the leads, thereby raising the critical Kondo temperature. This
resulted in a halving of the periodicity of the conductance modulation from h/e to h/2e
matching the area of device. The quantum point contact had thereby to be tuned to a local
filling factor 1 < νl < 2 in order to observe the periodicity halving. Otherwise, for νl < 1
only the h/e period was observed. In the source-drain bias dependence of the modulations
the halved h/2e periodicity fell back to the fundamental h/e mode for a bias value chosen
beyond the value of the Zeeman gap plus the linewidth of the Kondo resonance. This
observation is in accordance to the one made in chapter 9 for the operational setting
with two quantum dots tuned each to a Kondo resonance. The observation of the halved
periodicity relies again on the breathing of a spin degenerate wave function in the presence
of the Kondo effect. As in both previous examined configurations, the amplitude of
both the h/e and h/2e conductance modulations was found to be non-monotonic with
the applied source-drain bias and lead to the artificial ’lobe-pattern’ in the differential
conductance. The single Kondo resonance in this configuration examined here as well
as the interplay of two Kondo resonances in the combination of two quantum dot both
feature the halving of the conductance modulation period as a unique fingerprint in the
conductance modulations obtained involving quantum dots.
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with Data from Other Authors
In this chapter all three possible experimental configurations, as there are the antidot
system with two parallel quantum point contacts, the combination of two quantum dots
and the combination of a single quantum dot with a reference channel, investigated in the
course of this thesis are compared with experimental work found in literature.

11.1 Two Parallel Quantum Point Contacts
In this section the antidot system from chapter 6 with two parallel quantum point contacts
is compared with a subset of reported antidot experiments: V. J. Goldman et al. [32],
M. Kataoka et al. [49] and A. Kou et al. [61], respectively. The experimental conditions
of all configurations are summarized in table 11.1. It features the material properties
of the Alx Ga1−x As/GaAs heterostructures, the lithographic pattering technique for the
device, the shape of the antidot and its area, the width of the quantum point contact
constrictions as well as the measurement conditions with the system temperature and the
data acquisition technique, respectively. The gist of the table is the main experimental
observation with the presence of integer fractions of the fundamental (n−1 , m−1 ) h/e period
of the conductance modulations with n ∈ N in the magnetic flux density and m ∈ N for the
variation of the antidot area, respectively. The main findings and the unique characteristic
of each experiment is reviewed in detail in the following. Before entering the discussion
the main results of this work are briefly recalled:
• Periodic Conductance Modulations:
Periodic conductance modulations with a sine line appearance were observed as a
function of the magnetic flux density and for changes in the effective area of the
antidot free of electrons. In order to observe the modulations, scattering across both
quantum point contact channels has to be present simultaneously. The period of the
modulations was found to match with either h/e or h/2e the magnetic flux threaded
effective area free of electrons, depending on the choice of operating regime set by the
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Lithographic QPC width [nm]

Measurement temperature [mK]

Lithographic antidot area [µm2 ]

Shape

Illumination [light color/dark]

Electron mobility [m2 V−1 s−1 ]

Electron density [1015 m−2 ]

Heterojunction depth [nm]

Substrate

1,2,3,4,5,6

lock-in, AC current
IAC = 100 pA − 500 pA
at f = 5.4 Hz

750

12

0.025

circle

top-gates within etched
grooves

red light

n.a.

1.1

320

GaAs/AlGaAs

Goldman et al.

n.a.

1,2

lock-in,
transconductance with up to
VDS = 10 µV DC bias

450

50

0.09

square

metal top-gates

red light

370

2.2

n.a.

GaAs/AlGaAs

Kataoka et al.

(1,1),(2,1)

1

1,2 (3,4)

lock-in, current bias I =
0.3 nA at f = 101 Hz

500 (large sample)

10

0.79 / 3.14

circle

top-gates with screening
top-gate

dark

1200

1.6

230

GaAs/AlGaAs

Kou et al.

(1,1),(2,2)

1,2

1,2

DC current measurements plus lock-in

120

50

0.70

polygon

etched groove and topgates

dark

98

3.8

70

GaAs/AlGaAs

This Work

Table 11.1 Comparison of the experimental antidot systems from V. J. Goldman et al. [32], M. Kataoka et al. [49] and A. Kou et al. [61]
with the configuration used here.

Magnetic flux density period [n−1 Φ0 ]

n.a.

n.a.

simultaneous presence
of higher modulation
period in both parameters

Unique characteristic

Combined (magnetic flux density / area)
[n−1 Φ0 , m−1 Φ0 ]

Data acquisition

Patterning

Gate voltage period (area) [m−1 Φ0 ]

n.a.

QPC charge detector
nearby

higher modulation periodicity only in the magnetic flux density

global backgate to determine effective charge
around the antidot

220

11.1 Two Parallel Quantum Point Contacts
quantum point contacts. Higher fractions n−1 e/h of the fundamental modulation
periodicity with n ≥ 3 were not obtained.
• Magnetic Flux Density vs. Area:
In the combination of varying both the magnetic flux density and the area free of
electrons forming the antidot, iso-conductance lines with Aharonov-Bohm scaling
were found for both modulation periodicities. Each periodicity was thereby found
to be always present simultaneously in both parameters of the magnetic flux.
• Source-Drain DC Bias:
The source-drain bias yields only a finite range in which the conductance modulations are present. This range in the DC bias is linked to the charging energy of the
compressible strip around the antidot.

11.1.1 V. J. Goldman et. al
In [32] V. J. Goldman uses the smallest lithographic size of all antidots in the comparison
in combination with the largest lateral extension of quantum point contact constrictions.
Due to the deep 2DES the preparation of the metal top-gates does not occur on the
surface of the heterostructure but within d = 150 nm down to d = 180 nm deep trenches
prepared by wet chemical etching. The device furthermore provides a global backgate.
It allows to tune the electron density of the 2DES rather than the effective area of the
antidot itself. In the following three important observations made in [32] are discussed:
• Backgate Characteristic:
Detuning the backgate allows to determine the effective charge confined around the
G
, where ε is the lowantidot [33]. It is obtained via the relation q = εεd0 Φ0 ∆V
∆B
1
temperature dielectric constant and d is the distance to the backgate [32]. It yields
an effective charge corresponding to one electron for a filling factors of ν = 2 defined
locally in the point contact contritions near the antidot.
• Magnetic Flux Density:
In the magnetic flux density all fractions of the periodic conductance modulations
∆Φ = n−1 h/e with n ∈ {1, 2, 3, 4, 5, 6} were obtained, see figure 6.25.
• Influence of Temperature:
The temperature evolution of the periodic conductance modulations within the
range of T = 12 mK up to T = 50 mK was investigated, see figure 6.14. At the
low-temperature side distinct peaks in the tunneling conductance were found, sustaining the single-electron tunneling via the compressible strip around the antidot.
At elevated temperatures due to thermal broadening of the single-electron tunneling
peaks a more sine like conductance modulation is obtained.
In comparison with the device investigated in this thesis an outstanding number of fractions of the fundamental magnetic flux period is found. This issue can be accounted for
the combination of a small antidot area and the spacious quantum point contact constrictions. With the small antidot size a large fundamental period in the magnetic flux density
is present as an ideal precursor for observing higher fractions. The second prerequisite for
higher fraction is met by the wide constrictions, resulting in a shallow potential gradient
1

In GaAs it yields εr = 12.4 [10].
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in the 2DES that allows multiple spatially separated compressible strips around the antidot. For choosing a comparable environmental temperature, both experiments feature
a similar sine-like signature of the conductance modulations. Concerning a comparison
with the backgate dependence no statement can be made as it has not been investigated
here.

11.1.2 M. Kataoka et al.
In [49] M. Kataoka also choses a rather small antidot. The unique characteristic of the
device, shown as the SEM micrograph in figure 6.15a, is a quantum point contact in close
proximity to the antidot, separated from the 2DES surrounding the antidot by a metal
gate. If biased, the separate quantum point contacts allows to measure charge fluctuations in its surroundings, including the region around the antidot. The experimental
observations in [49] cover:
• Magnetic Flux Density:
Periodic conductance modulations in the magnetic flux density matching with h/e
and h/2e to the magnetic flux threaded area around the antidot were obtained, see
figure 6.15b.
• Charge Detector:
The charge detector point contact shows a steady increase in charge with a sudden
relaxation occurring periodically alongside with the periodic conductance modulations measured across the antidot, see figure 6.15a. The charging was found to be
present even for setting the constrictions around the antidot to a local filling factor
of νl = 2, where the periodic conductance modulations were absent, see figure 6.15b.
• Source-Drain DC Bias:
The source-drain DC bias applied to the antidot was investigated. With the charge
detector the signature of single-electron tunneling and Coulomb-blockade was found
to be present for the antidot system, see figure 6.15c. It verified the charging of the
area surrounding the antidot as the origin of the periodic conductance modulations
observed in the transport and allowed to extract the charging energy.
In comparison with the observation made in my thesis the results here fully coincide with
my findings. Of particular interest thereby is the source-drain bias applied to the antidot
that yields a comparable range for the charging energy of the compressible ring around
the antidot in both experiments.

11.1.3 A. Kou et al.
In [61] A. Kou used a device with an area closest to the one examined in this work. The
device displayed in figure 11.1 uses only metal top-gates. A three-dimensional stacking
of metal gates with an insulation layer in between is used. It allows to utilize the lower
metal gate structure, partly underlying the upper layer, as a screening gate to the 2DES.
The antidot is defined via this technique. Two different sizes of antidot gates were investigated, both resulting in consistent observations. The 2DES properties in [61] allowed
to investigate the configuration for both the integer as well as the fraction quantum Hall
effect:
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Figure 11.1

(a) False colored SEM micrograph of the device with depleted gates shown
in yellow and unbiased or screening gates in blue. (b) Cross-cut through the
white dotted line in (a). (c) Schematic layout highlighting the filling factor
distribution. Reprinted figure with permission from [61]. Copyright (2012)
by the American Physical Society.

1. IQHE with Local Filling Factors νc = {1, 2} in the Constrictions2 :
• Magnetic Flux Density:
Periodic conductance modulations in the magnetic flux density with fractions
of n−1 h/e with n ∈ {1, 2} were obtained, see figure 11.2. Consistent fractions
of the fundamental period with n ∈ {3, 4} in the magnetic flux density are
mentioned but not displayed.
• Magnetic Flux Density vs. Area:
Both parameters of the magnetic flux, the magnetic flux density and the effective area of the antidot, were investigated with respect to each other, see
figure 11.2. The iso-flux lines show a positive slope and display AharonovBohm scaling for both filling factors. Surprisingly only the periodicity of the
magnetic flux density halves, while the periodicity in the area dependence is
maintained.
2. FQHE with Local Filling Factor νc = 2/3 in the Constrictions2 :
• Magnetic Flux Density vs. Antidot Area:
The periodicities of the conductance modulations changes in both the magnetic
flux density and the area dependence. The effective magnetic flux threaded
area is extracted from the magnetic flux density period. It was found that the
depletion zone around the antidot gate is about d = 100 nm smaller compared
with the operational setting with integer filling factors.
In comparison with my data, the most outstanding fact here is the observation of a
higher fraction of the fundamental conductance modulation period restricted to only one
parameter of the magnetic flux, the magnetic flux density. The asynchronous change of
2

Obtained from the diagonal resistance across the quantum point contact.
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Figure 11.2
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Resistance across the antidot and the corresponding two-dimensional Fourier
power spectra as a function of the magnetic flux density and the gate voltage tuning the effective antidot area. The background signal is subtracted
for a better view. The local filling factors in the constrictions were chosen with νc = 1 (a), νc = 2 (b) and νc = 1/3 (c), respectively. The
dominant peaks in the power spectra are marked by the dashed lines, located at (1.4 mT−1 , 3.6 mV−1 ) for (a), (2.7 mT−1 , 3.6 mV−1 ) for (b) and
(1.1 mT−1 , 5.6 mV−1) for (c), respectively. Reprinted figure with permission
from [61]. Copyright (2012) by the American Physical Society.

11.1 Two Parallel Quantum Point Contacts
the modulation periodicity was never obtained for any operational setting investigated
in the course of my work. I always observed the modulation periodicity matching with
either h/e or h/2e the magnetic flux threaded area simultaneously for both the magnetic
flux density and the area dependence. The scaling of the iso-flux lines in the parameter
space of the magnetic flux density and the effective antidot area reported by A. Kou are
therefore only consistent with my data for the choice of filling factor νl < 1. In analogy
to [32], A. Kou extracts from the gate voltage dependence via e∗ = δVG /∆VGν=1 the
effective charge e∗ involved in the process, where ∆VGν=1 is the change in the gate voltage
obtained from the h/e periodic conductance modulation [61]. In their case it yields for
both investigated integer filling factors an effective charge of one electron, while for my
data with the halved period in the area dependence of the antidot an effective charge of
two electrons would be obtained. (For the sake of completeness the effective charge with
the above mentioned definition for the fractional filling factor of ν = 2/3 is discussed. It
yields the effective charge of 2/3e. This findings contrasts other reports of an effective
charge of 1/3e determined in measurements at the same filling factor using a scanning
single-electron tunneling transistor [69].)

11.1.4 Remarks
In summary, all antidot experiments show periodic conductance modulations in the magnetic flux density. The periodicity of the modulations are integer fractions of n−1 h/e of
the fundamental n = 1 modulation, matching the magnetic flux enclosed by the antidot.
The number of observed fractions thereby depends on the width of the quantum point
contacts, where for larger lithographic width of the channel a higher amount of fraction
of the conductance modulations is obtained. This observation is in agreement with all
antidot experiments. In contrast, for the second parameter of the magnetic flux, the effective area of the antidot free of electrons, a deviant behavior is found. Whereas in my
data the halved modulation with h/2e occurs always simultaneously in both parameters
of the magnetic flux there can also be an asynchronous combination with h/2e found in
the magnetic flux density while obtaining only h/e in the area dependence. Interestingly,
both experiments feature comparable antidot sizes and differ only in the material parameters of the 2DES such as electron density and mobility. Other experiments invoke a
backgate for tuning the 2DES density rather than the size of the depleted antidot area directly. The change of the 2DES induced by the backgate also yields periodic conductance
modulations as it affects the compressible and incompressible landscape at the edges of
the device. But these modulations are not comparable to ones obtained by tuning the
antidot size directly. The difference in the area dependence among different antidot devices raises questions that can be subject to both further theoretical and experimental
investigations. An advanced device design with a quantum point contact serving as charge
detector nearby might be most suitable for these future experiments.
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11.2 Two Quantum Dots
In this section the experimental configuration from chapter 7 with two parallel quantum
dots contacts is compared with other experiments from A. W. Holleitner et al. [42, 41] as
well as theoretical considerations by H. Akera [5] and W. Izumida et al. [44]. The experimental conditions of all configurations is summarized in table 11.2 with the key experimental parameters. The table also highlights the main observations with the presence of
periodic conductance modulations matching to the magnetic flux threaded area in between
the two quantum dots. The conductance modulations thereby occur at (n−1 , m−1 ) h/e
fractions of the fundamental mode, where n ∈ N denotes fractions obtained in the magnetic flux density and m ∈ N the ones for the variation of the area enclosed in between
the two quantum dots. Before discussing the main results of the different experiments,
the key findings of this work are recapped:
• Periodic Conductance Modulations:
As both quantum dots are tuned simultaneously to a single-electron tunneling peak,
periodic conductance modulations are obtained matching with h/e the area enclosing the magnetic flux in between the two quantum dots. The presence of these conductance modulations is not restricted to the center of the resonance of the quantum
dots. It occurs also for operating points in the flanks of the single-electron tunneling
peaks and with a low magnitude even within the Coulomb-blockade regime.
• Magnetic Flux Density vs. Area:
The conductance modulations were thereby obtained by either changing the magnetic flux density or by altering directly the effective area free of electrons in between
both quantum dots. In the interplay of both parameters, iso-flux lines with so-called
Aharonov-Bohm scaling were observed.
• Kondo Regime:
If both quantum dots were tuned simultaneously to a Kondo resonance rather than
to a single-electron tunneling peak, the conductance modulations change to a periodicity matching a magnetic flux change of h/2e. Interestingly, the higher fraction
of the fundamental modulation period occurs only for Kondo resonances induced in
moderate magnetic fields but not for a zero-bias peak at zero magnetic field. As
previously the presence of the h/2e occurs simultaneously in both parameters of the
magnetic flux, the magnetic flux density and the effective area free of electrons in
between the two quantum dots.
• Source-Drain DC Bias:
The range in the applied source-drain DC bias for which the conductance modulations are present was found to be limited in range to a few tenth of micro-volt
around zero bias.
• Phase Dependence:
The phase of the periodic conductance modulations was found to change in a linear
fashion without converging to a stable value as the quantum dots are tuned through
the resonance of a single-electron tunneling peak.
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n.a.
metal top-gates with supporting
resist structures

90
1.7
80
n.a.
metal top-gates with supporting
resist structures

Heterojunction depth [nm]

Electron density [1015 m−2 ]

Electron mobility [m2 V−1 s−1 ]

Illumination [light color/dark]

n.a.
n.a.
higher fractions of the conductance modulations

1
n.a.
n.a.
designed for a direct coupling
between both QDs

Magnetic flux density period [n−1 Φ0 ]

Gate voltage period (area) [m−1 Φ0 ]

b

a

Deduced from the magnetic flux density period.
Electronic temperature of the 2DES determined by temperature dependent measurements.
c
Occurs simultaneously in both parameters of the magnetic flux, but the direct interplay was not measured.

Unique characteristic

Combined (magnetic flux density / area)
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n.a.
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Data acquisition
1 (2,3,4)
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Measurement temperature [mK]
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1.7
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Patterning
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GaAs/AlGaAs

Substrate
90

A. W. Holleitner et al. - II

A. W. Holleitner et al. - I

no direct coupling between both
QDs

(1,1),(2,2)c

1,2

1,2

DC current measurements plus
lock-in

50

0.70

etched groove and top-gates

dark

98

3.8

70

GaAs/AlGaAs

This Work

Table 11.2 Comparison of the experimental configuration of two parallel quantum dots from A. W. Holleitner et al. [41] (I) and [42] (II) and
the configuration of this work.

11.2 Two Quantum Dots
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11.2.1 A. W. Holleitner et al. - I
In [41] A. W. Holleitner uses a device structure with two parallel quantum dots with
the focus on a large direct inter-dot coupling. A three-dimensional structure with metal
top-gates is used. It is displayed in figure 11.3. Elevated metal parts are supported by
Calixarene, a high resolution negative tone resist for electron beam lithography [27]. The
resist layer in between the metal and the heterostructure reduces the influence of the
biased top-gate on the 2DES. In consequence, this technique allows to only deplete the
2DES at the places where the gate is not supported by the resist. This enables a device
with a common source and drain reservoir for both quantum dots. Due to the direct
coupling J a complex interplay of the two quantum dots is obtained. The results of [41]
taken at a magnetic field strength around B = 0 T include:
• Periodic Conductance Modulations:
With the working point chosen at an intersection of two single-electron tunneling
peaks, as illustrated in panel (a) of figure 11.4, periodic conductance modulations
were observed under variation of the magnetic flux density, see figure panels (b)
and (c). The periodicity of the modulations matches to a magnetic flux change of
h/e to the area in between the quantum dots. Only a single modulation periodicity
is present in the Fourier spectra. With only one quantum dot tuned to a singleelectron tunneling peak no modulations in the conductance were obtained, see figure
panel (d).
• Phase Locking:
From the fact of reaching a minimum in the conductance modulations at comparable
magnetic flux density values at two similar samples the authors claim to observe
phase-locking of the conductance modulations, see black triangles in the panels (b)
and (c) of figure 11.4.

Figure 11.3
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(a) False colored SEM micrograph of the device with metal gates (yellow)
partly supported by a electron beam resist (blue area). With the resist
underneath the metal the influence of the gate to the 2DES is significantly
reduced, allowing to tune the quantum dots without segregating the 2DES
into two parts. (b) Schematic sketch of the working principle. Each quantum
dot is coupled to a common source and drain reservoir. Both dots are in
close proximity resulting in a direct coupling J between them. Reprinted
figure with permission from [41]. Copyright (2001) by the American Physical
Society.

11.2 Two Quantum Dots

Figure 11.4

(a) Intersection of two single-electron tunneling resonance in the chargestability diagram of the two quantum dots. For a perpendicularly applied
magnetic field the amplitude of the intersection produces oscillations with
a period of δB = 16.4 mT (see inset). (b),(c) Measured data with averaged
curves (solid black) as guide to the eyes. The insets display the fast Fourier
transform of the conductance modulations. (d) With only one quantum
dot tuned to a single-electron tunneling peak, while the other is tuned into
the regime of Coulomb-blockade, no oscillations are obtained. Reprinted
figure with permission from [41]. Copyright (2001) by the American Physical
Society.
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In comparison with the experimental data in this work the material properties of the
2DES are very similar. The effective area size in between the two quantum dots used
here is smaller by a factor close to three. The observation of the periodic conductance
modulation matching with h/e to the magnetic flux threaded area is in agreement with
my findings. However, the statement of the observation of phase-locking of the periodic
conductance modulations deduced from only two data points obtained from different
samples has to be taken with caution (personal opinion).

11.2.2 A. W. Holleitner et al. - II
In a later experiment by A. W. Holleitner [42] a similar device configuration is used compared with the previously discussed experiment [41]. Here however, the focus was on
only weakly coupled quantum dots. A schematic view of the pattering technique and
the working principle of the device is given in panel (a) and (b) of figure 11.5. In figure
panels (c) and (d) the charge-stability diagram is displayed as top view map and in a
three-dimensional representation, respectively. Figure 11.6 displays periodic conductance
modulations as function of the magnetic flux density obtained at the working points indicated by the Arabic numerals corresponding to the ones marked in figure 11.5d. The
authors report a strong conductance modulation with a periodicity of h/e and the presence
of higher fractions deduced from the Fourier transform. However, the higher fractions of
the fundamental modulation with n−1 h/e for n ∈ {2, 3, 4} are only visible in the Fourier
spectrum displayed in panel 11.6b but not within the raw data.
I would like to remark that the Fourier representation is suggestive to the observation
of higher fraction of the fundamental h/e period. But from the experience gained in the
course of this work with the purity of the higher h/2e periodicity observed here gives rise
to doubts in the statement of the higher periodicities mentioned by the authors in [42].
The doubt arises due to the facts that on one hand the Fourier transform covers only few
periods of the modulation and on the other hand the variance of the data points is large.
These two issues lead to a strong influence of higher harmonics in the Fourier spectra as
artifacts rather than as true features.

11.2.3 H. Akera and W. Izumida et al.
From a theoretical perspective, the arrangement of two parallel quantum dots enclosing a
defined amount of magnetic flux in between corresponds to a representation of a two-path
Aharonov-Bohm experiment. In the ansatz used by H. Akera3 in [5] only single-electron
tunneling events are considered. The magnetic flux dependency is thereby not considered
within the electron wave function itself but it is part of the tunneling matrix elements.
Calculating the conductance through the parallel arrangement yields a periodic sinusoidal
modulation I/VDS |VDS =0 ∝ cos(φ) on a scale in the magnetic flux density much smaller
than the absolute magnetic field strength, with φ = 2πΦ/Φ0 composed of the magnetic
flux Φ enclosed in between the quantum dots and Φ0 = h/e the magnetic flux quantum [5].
The presence of the sinusoidal modulation in the common conductance is also reported
by others, id est by J. König et al. in [57] using a Green’s functions formalism. However,
for both approaches only the geometric layout with a closed loop in the vector potential
3

Chosen exemplary, but from the fact that more advanced theoretical investigations by W. Izumida et
al. [44, 45] start off from the same basic description of the system.
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Figure 11.5

(a) Schematic layout of the device fabrication. The patterning with Calixarene [27] allows three-dimensional metal gates that are not depleting the
2DES underneath. (b) Schematic layout of the device and its working principle: the magnetic flux Φ is enclosed in a small area in between the two
quantum dots. (c), (d) Intersection of two single-electron tunneling peaks in
the charge stability diagram as a gray scale map (c) and a three-dimensional
representation (d), respectively. Reprinted from [42], Copyright (2002), with
permission from Elsevier.

Figure 11.6

(a) Magnetic flux density dependence at the working points labeled by 1
to 6 within the charge-stability diagram in panel (d) of figure 11.5. (b) Fast
Fourier transform of the data in panel (a). Reprinted from [42], Copyright
(2002), with permission from Elsevier.
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is considered that in turn yields the Aharonov-Bohm oscillations. The material system of
the device structure in particular the leads is not taken into considerations.
In a more advanced approach W. Izumida et al. in [45, 44] explicitly included the
Kondo effect to be present in both quantum dots in addition to single-electron tunneling.
The authors here used the same approach with magnetic flux dependent tunneling matrix
elements as H. Akera used in [5]. Applying a numerical renormalization group method
W. Izumida shows in [45] that the Aharonov-Bohm oscillations in the combined transport
through the two quantum dots are affected by higher order terms of the fundamental
h/e periodicity in the presence of a Kondo resonance in each quantum dot. Later in [44]
W. Izumida demonstrates the change in the magnetic flux dependent conductance directly
as one quantum dot is tuned into a Kondo resonance while the other one is tuned to be
fixed to a Kondo resonance, see figure 11.7. The graphs displays the phase dependence
of the common conductance as a function of the tuning parameter x = (µ − ε1 )/U1 ,
describing the type of tunneling process present in quantum dot 1. For x ≈ 0 the quantum
dot shows only single-electron tunneling resulting in a modulated common conductance
with h/e periodicity. Tuning the quantum dot 1 into the Kondo resonance (0 < x < 1)
results in a strong higher harmonic of the fundamental oscillation. From the diagram for
x = 0.5 is seems that the fundamental h/e oscillation is replaced by the first harmonic
with h/2e in periodicity. At x > 1 the Kondo resonance is lost in quantum dot 1 and
the conductance oscillation returns to the fundamental h/e periodicity, but opposite in
phase.

Figure 11.7
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Phase dependence of the common conductance through an arrangement of
two parallel quantum dots enclosing magnetic flux, obtained by numerical
renormalization theory. Quantum dot 1 is tuned to from single-electron tunneling into and out of a Kondo resonance for 0 < x = (µ − ε1 )/U1 < 1,
while quantum dot 2 is fixed on a Kondo resonance and serves as reference
arm. Outside the Kondo regime for x < 0 and x > 1 the common conductance oscillates with I/VDS ∝ cos(ϕ), with ϕ = 2πeh−1 Φ−1 resembling
the fundamental h/e periodicity. Within the Kondo regime 0 < x < 1 (for
both quantum dots) a strong higher component in the modulation emerges.
Reprinted with permission from [44]. Copyrighted by the Physical Society
of Japan.

11.2 Two Quantum Dots

11.2.4 Remarks
The configuration of two parallel quantum dots enclosing magnetic flux in between is
considered more often as a subject of theoretical considerations for a more elaborate
Aharonov-Bohm setup rather than being investigated experimentally. The experimental observations of h/e periodic conductance modulations made by A. W. Holleitner and
coworkers [42, 41] match to ones obtained in this work for the operational regime of singleelectron tunneling. According to my present knowledge the experimental realization of
two parallel quantum dots tuned to Kondo resonances showing a conductance modulation with h/2e in periodicity is unique. Interestingly, the theoretical predictions made
by W. Izumida and coworkers [45, 44] exactly match the behavior observed in the course
of this work, with a halved h/2e periodic modulation in the presence of two Kondo resonances and h/e in periodicity otherwise. However, from the theoretical perspective an
interference effect is anticipated here that was found not to be the origin of the conductance modulations seen experimentally.

233

11 Comparison of all Configurations with Data from Other Authors

11.3 A Single Quantum Dot with a Reference
Channel
In the final section of this chapter the experimental configuration with a single quantum dot in combination with a reference channel, discussed in chapter 10, is compared
with a subset of other experiments of the same configuration by A. Yacoby et al. [117],
R. Schuster et al. [91] and M. Avinun-Kalish et al. [7] as well as with a theoretical investigation by W. Hofstetter et al. [40]. The experimental conditions of all experiments in
the comparison are condensed in table 11.3. The table displays as previously the main
properties of the experiments. It highlights the main results with the observation of periodic conductance modulations matching to the magnetic flux threaded area in between
the two paths of the structure. The conductance modulations can thereby occur at fractions (n−1 , m−1 ) h/e of the fundamental period, where n ∈ N denotes the fractions in the
magnetic flux density and m ∈ N the ones for the variation of the effective area. Before
discussing the main results of the different experiments the key observations obtained in
this work are recapped:
• Periodic Conductance Modulations:
In combination of a single-electron tunneling peak on the quantum dot and a conductance value of the quantum point contact allowing scattering across the constriction
channel, h/e periodic conductance modulations were observed. They emerged as
both a function of the magnetic flux density and the effective area enclosed by the
quantum dot and the point contact. The iso-conductance lines in the interplay of
both parameters of the magnetic flux feature the so-called Aharonov-Bohm scaling.
• Phase Dependence:
A saturating s-shaped change by π in the phase of the periodic conductance modulations was found while tuning the quantum dot through a single-electron tunneling
peak.
• Modulation Amplitude Asymmetry:
The comparison of the magnitude of the periodic modulations taken symmetrically
to the very apex of the single-electron tunneling peak revealed an asymmetry. The
magnitude changes by a ratio close to a factor of two in favor of a higher occupation
probability of the quantum dot, here for a more positive gate voltage.
• Kondo Regime:
Tuning the quantum dot at a Kondo resonance while retaining the setting of the
quantum point contact changes the periodicity of the periodic conductance modulations to match with h/2e the magnetic flux of the enclosed area. The change in
periodicity occurs thereby always in both parameters of the magnetic flux simultaneously and preserves the scaling of the iso-conductance lines.

11.3.1 A. Yacoby et al.
The experiment of A. Yacoby in [117] was the first to address the phase of the electrons
passing through a quantum dot. The SEM micrograph of the device structure is displayed
in figure 11.8. It is built from metal top-gates including three-dimensional gate structures.
A single quantum dot with a size of A = (0.4 × 0.5) µm2 and with approximately 200
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Table 11.3 Comparison of the experimental configuration of a single quantum dot in combination with a reference channel from A. Yacoby
et al. [117], R. Schuster et al. [91] and M. Avinun-Kalish et al. [7] and this work.
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Figure 11.8

SEM micrograph of the device. White shaded areas are metal gates. The
central metallic island can biased via an air-bridge expanding to the right.
Reprinted figure with permission from [117]. Copyright (1995) by the American Physical Society.

electrons confined is inserted into one arm of a ring connecting two reservoirs. In the
following three observations made in [117] are discussed:
• Phase Rigidity:
Periodic conductance modulations are obtained as the quantum dot is tuned to a
single-electron tunneling peak. Choosing the operating point at a similar position
of the resonance for neighboring Coulomb-peaks yields the same rigid phase of the
periodic conductance modulations, see figure 11.9.
• Phase Change:
In contrast, the phase of the periodic modulations taken at various points on the
same single-electron tunneling peak changes. An abrupt jump by π is obtained for
the traversal through the apex of the resonance, see figure 11.9.
• Modulation Magnitude Asymmetry:
Although not mentioned explicitly by the authors, an asymmetry in the magnitude
of the periodic modulations is obtained in the comparison of the left and right hand
side working points in figure 11.10. The larger modulation amplitude is found for a
more positive gate voltage.
In a later experiment by A. Yacoby reports in [118] in addition to the phase rigidity
the presence of a higher periodicity matching to h/2e with a full suppression of the fundamental h/e period, see figure 11.11. The circumstances for which the higher periodicity
can be obtained remains unspecified though.
In comparison with my experiment, both experiments yield periodic conductance modulations matching with a magnetic flux change of h/e the area enclosed in between the
quantum dot and the reference arm. However, the observations of both a rigid phase of
the conductance modulations amongst different single-electron tunneling peaks and the
abrupt jump in the phase by a value of π for the traversal of a single single-electron
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Figure 11.9

(a) A series of single-electron tunneling peaks and (b) the corresponding periodic conductance modulations marked as the working points A, B and C,
respectively. All conductance modulations are seen to be in phase. Reprinted
figure with permission from [117]. Copyright (1995) by the American Physical Society.

Figure 11.10

Evolution of the phase of the periodic conductance modulations along one
single-electron tunneling peak. (a) Level broadening, Γ at T = 0 (broken
line) and for kB T > Γ (dotted line) and the experimental data (solid upwards shifted line). (b) Series of conductance modulations taken at the
specified operating point from (a). (c) Summary of the phase obtained
from two measured peaks (solid empty circle and filled triangle, broken
lines as guide to the eyes). The expected behavior of a 1D resonant tunneling model is displayed by the solid black line. Reprinted figure with
permission from [117]. Copyright (1995) by the American Physical Society.
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Figure 11.11

The response of a modified Aharonov-Bohm ring (ring plus a potential
barrier). Periodic conductance modulations change gradually for increasing barrier height from h/e in periodicity to h/2e and back. Curves are
shifted vertically for clarity. Reprinted figure with permission from [118].
Copyright (1996) by the American Physical Society.

tunneling peak deviate from my findings. Again in accordance to my data is the observation of an asymmetry of the magnitude of the conductance modulation with a higher
amplitude in favor of a higher occupation probability of the quantum dot.

11.3.2 R. Schuster et al.
R. Schuster, who participated at the previously discussed experiments by A. Yacoby et al.,
used in [91] a more elaborate version of the prior device structure. A schematic description
alongside with an SEM micrograph image of the device is displayed in figure 11.12. The
key difference to the design used by A. Yacoby is the multi-terminal configuration using
an additional base region. Introducing more than two terminals is claimed to lift the
symmetry relations giving rise to the phase rigidity observed in the pure two-terminal
configuration. The main results of [91] discussed in the following are:
• Conductance Modulations:
Periodic conductance modulations with a periodicity of δB = 3.5 mT in the magnetic flux density were obtained for a magnetic flux density around B = 0 T, matching a change in the magnetic flux by h/e for the given area.
• Transmission Phase:
A smooth evolution of the phase of the periodic conductance modulations with a
value close to π was found to occur on the scale of width of the single-electron tunneling peak, see figure 11.13.
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Figure 11.12

(a) Schematic description of the device. It is composed of three different
regions: emitter E, collector C and a base region B in between. Reflector
gates R, indented to increase the measured signal, are marked in white.
The excitation voltage VEB between base and emitter is applied, while VCB
between base and collector is measured. The plunger gate P allows to tune
the quantum dot. (b) SEM micrograph image. The gray areas are metallic
top-gates. The central island is biased via an air-bridge structure. The
quantum dot has an area of A = (0.4 × 0.4) µm2 . Reprinted by permission
from Macmillan Publishers Ltd: Nature [91], copyright (1997).

Figure 11.13

(a) Single-electron tunneling peaks as a function of the plunger gate voltage.
(b) Conductance modulations taken at the positions marked in (a). The
curves are shifted vertically for clarity. (c) Resonance peak |tQD |2 , obtained
from the magnitude of the conductance modulations. The expected phase
evolution in a Breit-Wigner model (solid line) and the Lorentzian fit to
the resonance (dotted line) are displayed. Reprinted by permission from
Macmillan Publishers Ltd: Nature [91], copyright (1997).
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Figure 11.14

(a) Series of single-electron tunneling peaks as a function of the plunger
gate voltage. (b) Magnitude of the conductance modulations. (c) Phase
of the conductance modulations extracted at the marked points. The connecting lines serve as guide to the eyes only. The phase features a repetitive periodic behavior at each resonance with a sharp jump in between
two resonances. Reprinted by permission from Macmillan Publishers Ltd:
Nature [91], copyright (1997).

• Phase Lapse: Tuning the quantum dot through several neighboring resonances
reveals a similar phase evolution within each peak by a value of π with a sharp phase
laps by −π in between adjacent single-electron tunneling peaks, see figure 11.14.
• Modulation Magnitude Asymmetry:
From the conductance modulations displayed in figure 11.13b a clear asymmetry in
the magnitude of the conductance modulations is found, although not mentioned
by the author. The larger magnitude is found to occur for a lower occupation
probability of the quantum dot at a more negative gate voltage with respect to the
apex of the resonance.
In comparison with my devices a similar area is enclosed by the quantum dot and
the reference channel, deduced from the period of the conductance modulations reported
here. The smooth phase evolution by a value close to π for the transition through the
single-electron tunneling peak matches in both experiments. However, the sharp phase
lapse in between adjacent single-electron tunneling peaks is not observed in my experiment, compare with figure 10.14. Interestingly, in contrast to both the experiment of
A. Yacoby [117] and mine, here the opposite asymmetry in the magnitude of the periodic
conductance modulations with a larger amplitude for a lower occupation probability for
a more negative gate voltage was found.
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11.3.3 M. Avinun-Kalish et al.
A highly sophisticated device structure was examined by M. Avinun-Kalish et al. in [7].
The SEM micrograph image is displayed in figure 11.15c. The device features an emitter,
a collector and a base terminal in order to observe a smooth phase change in the periodic
conductance modulations. A biased quantum point contact with separate contacts to the
2DES is realized in close proximity to the quantum dot. It serves as charge detector for the
number of electrons confined in the quantum dot. It was found that the charge detector
was able to resolve changes in the occupation of the quantum dot although the singleelectron tunneling peak was below the detection limit in the transport measurements [7].
The key observations of [7] are discussed in the following:

(c)
Figure 11.15

(a) Conductance modulations in the magnetic flux density for various operating points chosen on a single-electron tunneling peak. The lines are
shifted for clarity in vertical direction. (b) Amplitude of the conductance
modulations as a function of the plunger gate voltage. (c) SEM micrograph image. The pattern defines three areas in the 2DES: emitter, collector and a base in between. A quantum dot is defined at the left border
of a central metallic island, connected via air-bridge structures. A quantum point contact with separate current path in the 2DES (dotted white
line) in close proximity to the quantum dot allows to measure accurately
the number of confined electrons on the quantum dot. The anticipated
current path through the arrangement is highlighted by the white dashed
lines. Reprinted by permission from Macmillan Publishers Ltd: Nature [7],
copyright (2005).
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(a)
Figure 11.16

(b)

Amplitude and phase of the conductance modulations with respect to the
occupation number of the quantum dot. Lines serve a guide to the eyes.
(a) For a low occupation of N = 1 to N = 5 a non-universal behavior of
the phase of the conductance modulations is found. A steady increase over
several adjacent single-electron tunneling peaks is obtained. (b) Universal
behavior for more than 15 electrons with a change by π for the traversal
through a single-electron tunneling peak and a lapse in between. Reprinted
by permission from Macmillan Publishers Ltd: Nature [7], copyright (2005).

• Conductance Modulations:
Periodic conductance modulations with a magnetic flux density period of δB = 2 mT
up to δB = 3.5 mT in a different sample were found matching to h/e in periodicity,
see figure 11.15a. Higher harmonics of n−1 h/e were reported to be at least four
order in magnitude smaller (presumably obtained from an FFT).
• Non-Universal Behavior:
For the quantum dot occupied with less than 10 electrons the phase evolution of the
periodic conductance modulation occurs in a non-universal fashion, see figure 11.16a.
The phase was found to evolute continuously from 0 over π to 2π for adjacent singleelectron tunneling peaks, but also phase lapses can be present.
• Universal Behavior:
With the quantum dot occupied by more than 15 electrons a universal behavior
of the phase evolution is found, see figure 11.16b. The phase changes by π for
the traversal of each single-electron tunneling peak, but lapses again in between to
neighboring single-electron tunneling peaks.
One has to note that all occupation numbers of the quantum dot were examined, but
not in a continuous fashion. For a large deviation in the number of confined electrons,
the quantum dot was retuned in its working points in between the different measurement
series [7].
In comparison with my experiment, the observation of a non-universal but continuous
evolution of the phase of the conductance modulations while tuning through a singleelectron tunneling peak for a low occupation number of the quantum dot matches to my
results. The phase lapse in between two single-electron tunneling peaks was not found.
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11.3.4 W. Hofstetter et al.
The conductance through a single quantum dot in combination with a parallel reference
channel enclosing a certain amount of magnetic flux is investigated from a theoretical
perspective by W. Hofstetter et al. in [40]. The authors explicitly include the Kondo
effect in their considerations and treat the system as a Fano arrangement, with the discrete
energy level provided by the quantum dot and the continuum in energy provided by the
reference channel. W. Hofstetter et al. chose a Green’s function approach that allows
to simulate the system using numerical renormalization group theory. The key signature
in this arrangement is the presence of the Kondo effect in the quantum dot. Besides the
lifted Coulomb-blockade an oscillation in the common conductance with I/VDS ∝ cos2 (φ)
is obtained [40], while it yields I/VDS ∝ sin2 (φ/2) otherwise [57]. The change of the
modulation period while tuning the quantum dot through a Kondo resonance is displayed
in figure 11.17. Outside the Kondo regime for ε/D = 0 and ε/D = −0.5 the fundamental
oscillation matching a magnetic flux change of h/e is obtained. In the presence of the
Kondo resonance for −0.5 < ε/D < 0 the first harmonic of the oscillation vanishes and
the second harmonic dominates, see Fourier power spectra in the inset of the figure. In
consequence, in presence of a Kondo resonance on the quantum dot an oscillation in the
common conductance with a halved periodicity corresponding to a change of h/2e in the
magnetic flux is obtained.

Figure 11.17

Oscillations of the linear conductance as a function of the magnetic flux
density for different level positions ε of the resonance on the quantum dot
with respect to the electro-chemical potential of the leads. The quantum
dot can be tuned out of a Kondo resonance for ε/D = 0 or ε/D = −0.5
or into a Kondo resonance for −0.5 < ε < 0, otherwise. Inset: Absolute
value of the Fourier coefficients |αn |. For the case of a Kondo resonance
on the quantum dot the first harmonic vanishes and α2 dominates, thus
effectively halving the oscillations periodicity to match h/2e as magnetic
flux change. Reprinted figure with permission from [40]. Copyright (2001)
by the American Physical Society.
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11.3.5 Remarks
Common to all experiments for the arrangement of a single quantum dot and a reference
channel is the observation of periodic conductance modulations corresponding to a change
in magnetic flux by h/e. Interestingly, most of the experimental data reported by others is
taken at a magnetic field close to zero. Noticeable among all experiments is an asymmetry
in the magnitude of the conductance modulations obtained for different working point
chosen on either side of the apex of the single-electron tunneling peak. However, a larger
modulation amplitude can be found for either a more negative or a more positive gate
voltage with respect to the value of the apex. It can therefore not be purely the occupation
probability of the quantum dot that changes with the working point on the single-electron
tunneling peak. This issue could be subject for further experimental investigations and
might give insight on the changes of the tunneling barriers of the quantum dot giving rise
to the conductance modulations. Again common to all experiments with a non strictly
two-terminal configuration is the change by π in the phase of the periodic conductance
modulations while tuning through a single-electron tunneling peak. Yet, from the absence
of a phase lapse in between two peaks my results are best compared with the observations
made for the regime of a low occupation number of the quantum dot by M. Avinun-Kalish
in [7].
While in my experiment a halving in the periodicity to h/2e in the conductance modulations can be achieved by tuning the quantum dot to the Kondo regime, the details that
lead to the observation of a halved periodicity by A. Yacoby in [118] remain unmentioned.
Quite intriguing is the prediction from a theoretical numerical simulation by W. Hofstetter et al. [40] of a halved oscillation period in the common conductance in the presence
of a Kondo resonance. However, this prediction is based on an interference effect in the
electrical transport through the device structure that was found not to be the origin of
the conductance modulations seen experimentally.
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The main focus of this work was the electric transport in a two-dimensional electron
system passing two precisely controllable and parallel constrictions, realized by quantum
dots and quantum point contacts, respectively, sharing common leads in high magnetic
fields. Three different combinations were investigated, as such the combination of two
quantum point contacts (a so-called antidot system), the combination of two quantum
dots as well as the intermediate combination of a quantum dot and a point contact. The
device developed for this work was realized using the two-dimensional electron system
of a GaAs/(Al,Ga)As heterostructure that was patterned into a Hall bar using standard
microlithography processing. From the parallel arrangement of the constrictions interference effects in the electrical transport were anticipated. By tuning the magnetic flux
density or by varying the ’area’ defined in between the two parallel constrictions revealed
periodic conductance modulations. Their periodicity agreed well to the area defined between the two constrictions. In all three different operational configurations a periodicity
of h/e as well as h/2e in the magnetic flux were observed. But although periodic conductance modulations were found, this work illustrated that these cannot be attributed
to an Aharonov-Bohm like interference effect.
By applying a strong magnetic field to the two-dimensional electron system a further
spatial restriction of the carrier movement is achieved by the quantum Hall effect. With
the parallel arrangement of two possible paths for the electrical current, in particular for
the interpretation of the quantum Hall effect in the edge-state picture, interference effects
are thought to arise in the electrical current. They should allow to observe AharonovBohm oscillations in the conductance [13]. However, the quantum Hall effect cannot be
described microscopically by the edge-state picture. Instead, the electron-electron interaction leads in a self-consistent consideration to the formation of compressible and
incompressible regions in the two-dimensional electron system close to the edges the sample [112]. This self-consistent model laid the foundation for the interpretation for the
configuration of two parallel quantum point contacts and was ascertained from the experiments of both the work of M. Kataoka [94] and this study. Later, the self-consistent
model has been successfully transferred to the operational configuration of two parallel
quantum dots as well as to the intermediate combination of both.
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At the beginning of this work, the expectation was high, that especially in the combination of two parallel quantum dots, interference effects could be observed. This expectation
was owed mainly to the fact that electric transport through the quantum dots is maintained by individual electrons. It was the tunneling of single electrons via two predefined
paths which fueled the expectation that electrons could interfere with their own partial
waves in the two-dimensional electron system of a solid state device. By tuning the magnetic flux enclosed in between the two quantum dots, Aharonov-Bohm oscillations were
expected to arise from this interference. At first, these expectations seemed to be confirmed in the data obtained in the course of this work. In the combined conductance of
the two parallel quantum dots, tuned to a single-electron tunneling peak each, periodic
conductance modulations with a characteristic h/e periodicity were observed, as expected
for the anticipated Aharonov-Bohm effect. The interpretation of the conductance modulations as consequence of the Aharonov-Bohm effect in this arrangement can widely be
found, especially in theoretical considerations, in literature [42, 5, 57]. However, in further
consideration of the data of this work reasonable doubt arose on this interpretation of the
measured data. If it were an interference effect, a clear evidence of destructive interference
would have had to be observed. But since the transport through the quantum dots cannot
sustain interference for each and every time interval1 , a full destructive signal with zero
conductance cannot be achieved. In consequence, no conclusions of a possible destructive
interference could be drawn from the amplitude of the conductance modulations alone.
Instead, the crossing points of the single-electron tunneling peaks provided sustainable
information. If here, instead of an increased combined conductance a reduction had been
observed, the evidence of a destructive interference would have been provided. However,
there was always an increase to be found in the common conductance directly at the apex
of the crossing point. This excludes both interference and the Aharonov-Bohm effect as
a possible cause for the h/e periodic conductance modulations. The approach of a selfconsistent model, on the basis of the enclosed quantized magnetic flux, arose from the
knowledge gained from the antidot system, for which the h/e periodic conductance modulations were observed as well. There, in the edge-state picture of the quantum Hall effect
these are considered to arise from interference as well, but this assumption was clearly refuted by the work of M. Kataoka [94]. Instead, the wave function of the electrons forming
the compressible area surrounding the antidot self-consistently changes its radius in order
to preserve the enclosed magnetic flux. This is accompanied by a shift in the electrostatic
potential of the compressible ring. In case of a non-integer local filling factor νl < 1 for the
quantum point contact - describing the coupling of the compressible edges of the Hall bar
to the compressible ring around the antidot - the increasing electrostatic potential of the
compressible ring with increasing magnetic flux density can be relaxed by single-electron
tunneling to the compressible edges of the Hall bar. If both quantum point contacts are
set to a local filling factor νl < 1, electrons can be transfered between the compressible
edges of the Hall bar via the antidot compressible ring without any additional cost in
energy. In case of an applied source-drain bias the scattering between the compressible
edges mediated by single-electron tunneling reduces the Hall voltage drop across the device and thus decreases the two-terminal conductance. With further increasing magnetic
field the compressible strip relaxes to a larger perimeter by adding a flux quantum. The
electrostatic potential of the compressible ring reduces and the resonance condition for
single-electron tunneling is lost. A charge transfer between the compressible edges is no
1

For instance in the case of one quantum dot being occupied.
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longer possible and the conductance increases again. In consequence, one obtains a h/e
periodic conductance modulation. The situation for two parallel quantum dots is different. There is no separated compressible strip between the two quantum dots. However,
it does not neglect the presence of a closed wave function connected throughout the two
quantum dots and the compressible strips close to the dots. This wave function will also
try to reduce its covered area in order to preserve the enclosed magnetic flux, if the magnetic flux density is increasing. It thereby acts against the electrostatic potential of the
area free of electrons in between the two quantum dots. At a certain threshold it will
be energetically favorable to relax to a larger perimeter by adding a flux quantum giving
rise to a periodic breathing in the magnetic flux. This more general case of a strong
coupling can also be present in the combination of two quantum point contacts set to a
low conductance value each. Here both the compressible strip around the antidot and the
compressible strips of the edges merge forming a coherent system. In case of two parallel
quantum dots this work demonstrated that the h/e periodic breathing process changes the
total transmission coefficient of the quantum dot system giving rise to the conductance
modulations. This change was related to the width of the individual tunneling barriers
of the quantum dots using the WKB-approximation. With basic assumptions for the
tunneling barrier, a change in the barrier width was found to be present at the order of
magnitude matching the change in the circumference of the closed wave function deduced
from the magnetic flux density period. Since the transmission through the quantum dot
can only increase under the contraction of the wave function, it thus explains in a simple
way why a reduction in the common conductance cannot be observed at the intersection
of two single-electron tunneling peaks.
Interestingly, the periodicity of the conductance modulations was found to change from
h/e to h/2e, if both quantum dots were tuned to the regime of a Kondo-resonance rather
than to a single-electron tunneling peak. The change in periodicity of the conductance
modulation was observed for the antidot system as well. There, the interplay of the either
several spatially separated compressible strips or a single spin-degenerate compressible
strip enclosing the antidot was found to be the origin. Here however, the halved h/2e
modulation period fell back to h/e in periodicity for increasing the source-drain bias beyond the value of the Zeeman energy, splitting up the Kondo-resonance, plus the linewidth
of the resonance itself - hence proving the link between the Kondo-resonances and the
change in the periodicity of the conductance modulations. As a possible mechanism
leading to the periodicity change observed here, the Ruderman-Kittel-Kasuya-Yosida interaction was considered, describing an electron mediated coupling between two magnetic
moments. This type of coupling has been predicted to be present for two quantum dots
tuned to the Kondo regime as well [103, 8, 17]. Yet, the halved h/2e period in the conductance modulations was found not to be linked to the RKKY interaction. Unfortunately
no evidence of the RKKY interaction was found in the transport measurements, although
anticipated to be present for detuning the effective distance in the 2DES in between the
two quantum dots. Instead, the origin of the halved period of the conductance can be
related to the special spin degenerate wave function connected throughout both quantum
dots tuned to the Kondo regime. Here, one charge per spin orientation acts against the
electrostatic potential. In consequence, the relaxation of the closed wave function occurs
at the doubled rate giving rise to the h/2e periodicity of the conductance modulations.
In summary, interference can be excluded as the cause of the periodic conductance
modulations for both the parallel combination of two quantum point contacts and for
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the combination of two parallel quantum dots. The self-consistent adoption of a closed
wave function to the magnetic flux density change prohibits an Aharonov-Bohm like interference effect, as the area and thus the two paths change while detuning the magnetic
flux density. As a logical consequence, the periodic conductance modulations seen in the
last remaining configuration of a quantum dot and a point contact are caused by the
self-consistent breathing as well. Here, in any combination of a single-electron tunneling
peak of the single quantum dot, h/e periodic conductance modulations were observed.
The change to a h/2e period was found again, if the quantum dot was tuned to a Kondoresonance while the quantum point contact was tuned simultaneously to a local filling
factor 1 < νl < 2. In consequence, it is questionable whether interference effects can be
observed in a two-dimensional electron system with a strong applied magnetic field at all.
Based on the findings of this work, interference can be ruled out for all of the three investigated parallel combinations of quantum point contacts and quantum dots, respectively.
In addition to the parallel arrangement of quantum point contacts a serial arrangement
exists, considered in literature as Fabry-Pérot configuration. There, h/e periodic conductance modulations as a function of the magnetic flux can be observed as well [78, 70].
They are interpreted, in accordance to the early antidot experiments, as interference in
the edge-state picture of the quantum Hall effect. However, this picture cannot be taken
for a microscopic interpretation of the current distribution in the regime of the quantum
Hall effect, which has already been presented impressively several times [114, 3, 81, 112]
and is also sustained by the findings of this work. In the case of the serial arrangement of
two quantum point contacts one therefore will have to consider a similar self-consistent
breathing of a wave function enclosing the magnetic flux in between the two point contacts as the cause for the observed conductance modulations in [78, 70].
Although the self-consistent breathing model covers all significant observations for every
investigated configuration in this work, some questions remain unanswered, which could
be investigated in future experiments.
• Can the asymmetry found in the amplitude of the conductance modulation, in case
of the operational configuration with either one or two quantum dots, be exclusively
explained by a different occupation probability for a symmetric distance to the peak
value of the single-electron tunneling peaks? A possible starting point for a future
investigation might be the consideration of a dynamic adaptation of the tunneling
probability of the quantum dot caused by a different occupation of the quantum
dots.
• Moreover it remains to clarify why in the case of a single quantum dot, the phase
change of passing the resonance of the single-electron tunneling peaks was transferred to the periodic conductance modulations, but not in the case of the combination of two quantum dots, which showed a linear phase evolution in the conductance
modulations.
• And last but not least, the question remains whether the selected feature size of the
device investigated here, and thus the associated distance between the two quantum
dots in the two-dimensional electron system, was already too large to be able to
detect an RKKY interaction. Here, one could try downsizing the device using
high-resolution electron beam lithography in order to enhance a possible RKKY
interaction.
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Zusammenfassung der Arbeit

Im Fokus dieser Arbeit stand der elektrische Transport in einem zweidimensionalen Elektronensystem durch eine parallele Anordnung zweier präzise kontrollierbarer Verengungen
in Form von Quantenpunktkontakten oder Quantenpunkten mit gemeinsamen Zuleitungen bei hohen Magnetfeldern. Untersucht wurden die Kombinationen aus zwei Quantenpunktkontakten, zwei Quantenpunkten sowie die Kombination eines Quantenpunktkontaktes mit einem Quantenpunkt. Die Basis der Probenstruktur bildet das zweidimensionale Elektronensystem einer GaAs/(Al,Ga)As Heterostruktur, aus der durch gängige
Mikrostrukturierung eine Hallbargeometrie hergestellt wurde. Durch die parallele Anordnung wurden Interferenzeffekte im Stromtransport erwartet. Wurde die magnetische
Flussdichte oder die „Fläche“ der Probe verändert, so traten periodische Modulationen im
Leitwert auf. Die Periodizität stimmte mit der durch die Probe geometrisch vorgegebenen
Fläche gut überein. In allen Kombinationen aus Quantenpunktkontakten und Quantenpunkten wurden Leitwertmodulationen mit einer Periodizität im magnetischen Fluss von
sowohl h/e als auch h/2e beobachtet. Doch obwohl Leitwertmodulationen im magnetischen Fluss beobachtet wurden konnte gezeigt werden, dass diese in keiner der drei hier
untersuchten Konfigurationen Aharonov-Bohm-ähnlichen Interferenzeffekten zugeordnet
werden können.
Ein wichtiger Kernpunkt beim Probendesign lag auf der Vielseitigkeit der gezielt für
diese Arbeit entwickelten Halbleiter-Struktur (s. Abbildung 5.7a), bei der jede Kombination aus Quantenpunktkontakt und Quantenpunkt auf ein und derselben Probe realisierbar sein sollte. Dies wurde sowohl durch die Verwendung von geätzten Bereichen
als auch durch das Aufbringen metallischer Oberflächenelektroden erreicht. Das Zentrum
der Probenstruktur bildet eine rechteckige geätzte Struktur an deren oberen und unteren Rand entweder Quantenpunktkontakte oder Quantenpunkte im Zusammenspiel mit
metallischen Oberflächenelektroden definiert werden. Dieser heterogene Ansatz minimiert
die direkte kapazitive Wechselwirkung der Quantenpunkte untereinander bei gleichzeitig
vollständiger reversibler Verarmung des zweidimensionalen Elektronensystems durch die
Oberflächenelektroden. Durch die Verarmung unterhalb der Elektroden kann der elektrische Transport durch die Probe nur durch die zwei so definierten und zum Stromtransport
parallel angeordneten Verengungen erfolgen. Eine weitere Besonderheit der Probenstruk249
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tur stellen zwei metallische Luftbrücken dar (s. Abbildung 5.7b). Sie kontaktieren zwei
inselartige Metallelektroden am seitlichen Rand des geätzten Bereichs, sodass das zweidimensionale Elektronensystem unterhalb der Brücke nicht verarmt wird. Im Folgenden
werden diese als „side“-Gates bezeichnet. Sie ermöglichen in-situ die Variation des Verarmungsbereichs der Inselelektroden zwischen den zwei parallelen Engstellen, ohne dabei die
gemeinsamen Zuleitungen zu unterbrechen. Im Zusammenspiel aller Oberflächenelektroden entsteht somit eine vielseitige Probenstruktur, die zum einen den direkten Vergleich
aller operativen Konfigurationen ermöglicht. Zum anderen erlaubt sie in-situ den elektrischen Transport in Abhängigkeit der Größe des Verarmungsbereichs zwischen den zwei
parallelen Wegen (s. Abbildung 5.8) zu untersuchen, ohne dass dafür verschiedene leicht
in der Größe modifizierte Proben hergestellt werden müssten.
Durch ein senkrecht zum zweidimensionalen Elektronensystem angelegtes starkes Magnetfeld werden durch den Quanten-Hall-Effekt die Wege der Elektronen entlang der
Probe besser geführt. Durch die parallele Anordnung der Engstellen im elektrischen
Transport zwischen den gemeinsamen Zuleitungen wurden - aufgrund der Interpretation des Quanten-Hall-Effekts im sogenannten Randkanalbild (s. Abbildung 6.1) - Interferenzeffekte im elektrischen Strom erwartet, welche als Aharonov-Bohm-Oszillationen
im Leitwert zu Tage treten [13]. Tatsächlich lässt sich der Quanten-Hall-Effekt mikroskopisch nicht durch das Randkanalbild beschreiben. Bei hohen Magnetfeldern entstehen durch die Elektron-Elektron-Wechselwirkung kompressible und inkompressible Streifen im Verarmungsbereich am Rand des zweidimensionalen Elektronensystems (s. Abbildung 3.3) [112]. Dieser selbstkonsistene Ansatz wurde in dieser Arbeit als Interpretation
für die Kombination zweier Punktkontakte zugrunde gelegt und anhand der experimentellen Ergebnisse von M. Kataoka [94] und der Ergebnisse dieser Arbeit nachvollzogen.
Darüber hinaus wurde der selbstkonsistente Ansatz erfolgreich auf die Kombination zweier
Quantenpunkte ebenso wie auf die Kombination eines Quantenpunktkontaktes und eines
Quantenpunktes übertragen. Im Folgenden werden die im Rahmen dieser Arbeit gewonnenen Erkenntnisse sortiert nach den untersuchten Konfigurationen zusammengefasst, um
anschließend ein Resümee und einen Ausblick zu geben.

13.1 Zwei parallele Quantenpunktkontakte - Antidot
Konfiguration
Die erste mögliche Kombination zweier paralleler Engstellen im zweidimensionalen Elektronensystem, realisiert durch zwei Quantenpunktkontakte, wird in Kapitel 6 beschrieben.
Diese Konfiguration wird bei großen Magnetfeldern auch als Antidot bezeichnet, da ebenso
wie beim Quantenpunkt1 Elektronen in einem, hier jedoch repulsiven, Potential gebunden werden. Der elektrische Stromfluss wurde in Abhängigkeit des angelegten Magnetfelds
untersucht. Die Quantenpunktkontakte wurden dabei auf einen nicht ganzzahligen lokalen Füllfaktor νl < 1 eingestellt, indem die Leitwerte der zuvor einzeln charakterisierten
Quantenpunktkontakte auf einen Wert von I/VDS = 0, 5 e2 /h eingestellt wurden. Bereits
bei kleinen magnetischen Flussdichten von B ≈ 0, 2 T traten periodische Modulationen
im Gesamtleitwert der Probe auf (s. Abbildung 6.2), welche bis zu Magnetfeldern jenseits
B > 10 T beobachtet werden konnten. Die Periodizität stimmte dabei mit der Änderung
eines Flussquants Φ0 = h/e der durch die Probengeometrie vom zweidimensionalen Elektronensystem ausgeschnittenen Fläche zwischen den zwei Punktkontakten überein. Diese
1

Engl.: quantum dot
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setzt sich aus der Fläche des geätzten Bereichs und der Verarmung im zweidimensionalen Elektronensystem unterhalb der sich daran anschließenden „side“-Gates zusammen.
Durch den Ätzprozess bildet sich das zweidimensionale Elektronensystem jedoch erst in
einem Abstand von d = 100 nm vom geätzten Bereich aus, sodass zur geometrischen
Fläche noch eine „tote“ Fläche frei von Elektronen hinzugerechnet werden muss. Die periodischen Leitwertmodulationen traten mit der gleichen h/e Periodizität auch bei der
direkten Änderung der verarmten Fläche zwischen den Quantenpunktkontakten mittels
den „side“-Gates auf. Im Zusammenspiel beider Parameter des magnetischen Flusses, der
Flussdichte und der eingeschlossenen Fläche, zeigten die Iso-Flusslinien der periodischen
Leitwertmodulationen eine sogenannte Aharonov-Bohm-Skalierung, bei der eine größere
magnetische Flussdichte mit einer kleinen eingeschlossenen Fläche ausgeglichen wird um
den magnetischen Fluss konstant zu halten (s. Abbildung 6.28). Zusätzlich zu den h/e
periodischen Leitwertmodulationen wurde die halbierte Periode mit h/2e beobachtet. Diese Periodizität konnte bei großen Magnetfeldern immer dann beobachtet werden, wenn
der Leitwert beider Quantenpunktkontakte auf 1 e2 /h < I/VDS < 2 e2 /h einstellt wurde.
Auch hier wurden die Leitwertmodulationen gleichzeitig in beiden Parametern des magnetischen Flusses beobachtet, sodass die gleiche Skalierung wie für die h/e Modulationen
erhalten blieb (s. Abbildung 6.30a).
Doch obwohl die periodischen Leitwertmodulationen die gleiche wie für den AharonovBohm-Effekt erwartete Periodizität aufweisen ist die Ursache der Modulationen keine
Interferenz von Elektronen, welche vor allem in älterer Literatur als Interpretation zu
finden ist [18]. Ursächlich ist stattdessen die selbstkonsistente Adaption des kompressiblen Rings, welcher sich bei angelegtem Magnetfeld im zweidimensionalen Elektronensystem am Rand um den Antidot ausbildet. Aufgrund des vom kompressiblen Ring eingeschlossenen quantisierten magnetischen Flusses führt eine Vergrößerung der magnetischen
Flussdichte zu einer räumlichen Reduktion des kompressiblen Bereiches, um den eingeschlossenen magnetischen Fluss konstant zu halten. Dabei erhöht sich das elektrostatische
Potential des kompressiblen Bereichs, welches die Potentialverbiegung ändert (s. Abbildung 6.13). Ein freier Zustand des kompressiblen Bereichs wird in den inkompressiblen
Bereich überführt und anschließend besetzt. Damit verbunden findet eine Ladungsumverteilung an den Randbereich des kompressiblen Ringes statt. Für den Fall eines nichtganzzahligen lokalen Füllfaktors νl < 1 innerhalb eines Quantenpunktkontaktes - welcher
die Kopplung des kompressiblen Rings an den kompressiblen Rand der Hallbar beschreibt
- ist ein Ladungsaustausch zwischen den kompressiblen Bereichen möglich. Das steigende
elektrostatische Potential des kompressiblen Rings um den Antidot kann durch Einzelelektronentunneln zum kompressiblen Rand wieder ausgeglichen werden. Besitzen beide
Quantenpunkte einen nicht ganzzahligen lokalen Füllfaktor können ohne weiteren Energieaufwand Elektronen über den kompressiblen Ring zwischen den kompressiblen Rändern
der Hallbar ausgetauscht werden. Für den Fall einer angelegten „source-drain“ Spannung
führt dies, durch eine von Einzelelektronentunnelprozessen getragene Streuung zwischen
den Probenrändern, zu einer Reduktion der über den Quantenpunktkontakten abfallenden
Hall-Spannung (s. Abbildung 6.5) und der gemessene Leitwert sinkt. Wird die magnetische
Flussdichte nun weiter erhöht geht der kompressible Bereich um den Antidot unter dem
Zugewinn eines Flussquants wieder in seine ursprüngliche Größe über. Das elektrostatische Potential des kompressiblen Ringes reduziert sich und die Resonanzbedingung des
Einzelelektronentunnelns geht verloren. Außerhalb der Resonanz befindet sich der kompressible Ring im Bereich der Coulomb-Blockade und aufgrund der fehlenden Streuung
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zwischen den Rändern erhöht sich der Leitwert wieder. Damit ist der Zyklus der selbstkonsistenten Adaption des kompressiblen Ringes abgeschlossen. Die durch die Änderung
im magnetischen Fluss hervorgerufene sich wiederholende periodische Größenänderung
des kompressiblen Rings um den Antidot erzeugt somit die Leitwertmodulation. Diese ist
mit ihrer Periodizität proportional zu h/e und damit mit der von der Aharonov-BohmInterferenz erwarteten Periode identisch. Aufgrund der kleinen Ladeenergie des kompressiblen Rings und der eher hohen Temperatur des zweidimensionalen Elektronensystems
konnte die für das Einzelelektronentunneln charakteristische Linienform nicht beobachtet
werden. Stattdessen ergibt sich durch die Überlagerung der Einzelelektronentunnel-Peaks
die beobachtete sinusartige Modulation im Leitwert.
Die Coulomb-Blockade im offenen System eines Antidots wurde von M. Kataoka et al.
in eindrucksvoller Weise durch einen Ladungsdetektor in Form eines dem Antidot nahegelegenen zusätzlichen Quantenpunktkontaktes gezeigt (s. Abbildung 6.15) [49]. Durch
den abgegrenzten Bereich in der „source-drain“-Spannung, in welchem die periodischen
Leitwertmodulationen beobachtet werden können (s. Abbildung 6.39a), lässt sich somit
die Ladeenergie des kompressiblen Bereichs um den Antidot bestimmen. Diese liegt für
die hier verwendete Proben bei EC = 0, 1 meV. Für einen entsprechend großen Wert für
die „source-drain“ Spannung befindet sich der kompressible Ring um den Antidot immer
im Bereich des Einzelelektronentunnelns und eine Veränderung des magnetischen Flusses
kann somit nicht mehr zu einem variierenden Leitwert führen. Im Rahmen dieser Messung zeigte sich, dass die Modulationsamplitude im Stromtransport sich zur angelegten
„source-drain“ Spannung nicht linear bzw. nicht monoton verhält. Aufgrund dessen entsteht bei einer differenziellen Messung mittels Lock-In ein, durch die Veröffentlichung von
I. Neder et al. [75] in der Literatur bezeichnetes, „lobe“-Muster2 (s. Abbildung 6.40b).
Dabei treten augenscheinlich ein Vorzeichenwechsel mit einer Phasenverschiebung von π
mit einem gleichzeitigen Verschwinden der Leitwertmodulationen im Übergangsbereich
dazwischen auf. Die gleichzeitig aufgenommenen Strom- und differenziellen Daten dieser
Arbeit zeigen deutlich, dass diese Beobachtungen reine Messartefakte sind und keinen
physikalischen Ursprung besitzen.
Eine wesentliche Besonderheit kommt der Modulation mit der halbierten h/2e Periode
zu (s. Abbildung 6.30), die im Rahmen dieser Arbeit in verschiedenen Arbeitsbereichen
der Probe beobachtet werden konnte. Innerhalb des selbstkonsistenten Modells wurden
hier zwei unterschiedliche Mechanismen, welche zu dieser Periodizität führen können,
diskutiert:
1. Räumlich getrennte kompressible Bereiche:
Bei kleinen magnetischen Längen im Vergleich zur geometrischen Breite der Quantenpunktkontakte können sich, im Zusammenspiel mit einem flachen Potentialverlauf innerhalb der Quantenpunktkontakte, räumlich getrennte kompressible Ringe
um den Antidot bilden (s. Abbildung 6.20). Wie bereits in der Literatur [64] diskutiert kommt es im Falle einer starken Kreuzkopplung beider kompressiblen Ringe
zu einer exakten Halbierung der Modulationsperiode.
2. Spinentarteter kompressibler Bereich:
In dieser Arbeit wurde die Theorie auf entartete kompressible Streifen erweitert,
bei denen eine räumliche Trennung nicht vorhanden ist (s. Abbildung 6.23). Liegt
ein spinentarteter kompressibler Streifen vor, so wird ein Elektron pro Spinrichtung
2

Engl.: Keule
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in den kompressiblen/inkompressiblen Randbereich verschoben. Als Folge dessen
tritt die selbstkonsistente Adaption des kompressiblen Ringes mit der doppelten
Rate auf und zeigt somit h/2e periodische Leitwertmodulation. Im Gegensatz dazu
erhält man für einen entarteten orbitalen Streifen nur die fundamentale h/e Modulationsperiode.
Im Falle einer vollständigen räumlichen Trennung mehrerer kompressibler Bereiche
könnten auch Leitwertmodulationen mit einer Periode von n−1 h/e für n ∈ N beobachtet
werden. Jedoch verhindert die, auf kleine Abstände optimierte, hier verwendete Geometrie der Oberflächenelektroden, dass noch kleinere Perioden als h/2e beobachtet werden
können. Erwähnenswert ist dabei die Veröffentlichung von V. J. Goldman et al. [32] in
der alle Periodizitäten bis zu h/6e gezeigt wurden (s. Abbildung 6.25).
Ein weiterer Punkt, welcher ebenfalls nicht mit einer Interferenz als mögliche Ursache
für die Leitwertmodulationen in Einklang zu bringen ist, ergibt sich aus dem Vergleich der
Amplituden der beiden Modulationsperioden für unterschiedliche lokale Füllfaktoren. Es
zeigte sich, dass im direkten Vergleich zwischen h/e und h/2e die Modulationsamplitude
mit der Hall-Spannung skalierte (s. Abbildung 6.30). Wurde der Gesamtleitwert beider
Quantenpunktkontakte verdreifacht, so stieg die Modulationsamplitude der Leitwertmodulation ebenfalls um den Faktor drei. Diese Skalierung wird im Randkanal-Bild nicht erwartet, da nur der innerste Randkanal zur Interferenz gebracht wird. Im selbstkonsistenten
Bild hingegen wird der Hall-Strom durch alle Zustände unterhalb des elektro-chemischen
Potentials getragen. Die Streuung von Elektronen zwischen den Probenrändern reduziert
somit die Driftgeschwindigkeit all dieser Zustände. Folglich erwartet man, wie experimentell auch beobachtet, dass die Amplitude der Leitwertmodulationen mit der Zahl der zum
Stromtransport beitragenden Landau-Niveaus skaliert.
Zusammenfassend lässt sich somit eine Interferenz als mögliche Ursache für die periodischen Leitwertmodulationen klar ausschließen. Es is daher fraglich ob überhaupt ein
Interferometer auf Basis eines zweidimensionalen Elektronensystems in Verbindung mit
dem Quanten-Hall-Effekt sowie mit Quantenpunkten realisiert werden kann.

13.2 Zwei parallele Quantenpunkte
Die zweite untersuche Anordnung in den Kapiteln 7 bis 9 widmet sich der Kombination zweier Quantenpunkte. Zunächst wurde der gemeinsame elektrische Transport durch
die parallelen Quantenpunkte ohne Magnetfeld als Funktion der Gate-Spannungen untersucht. Aus den Schnitten der Einzelelektronentunnel-Peaks ergab sich ein rechteckiges
Schachbrettmuster als gemeinsames Ladungsstabilitätsdiagramm (s. Abbildung 7.2). Aufgrund dieser Form konnte eine direkte elektrostatische Kreuzkopplung zwischen den Quantenpunkten ausgeschlossen werden. An den Kreuzpunkten der EinzelelektronentunnelPeaks der beiden Quantenpunkte findet der elektrische Transport gleichzeitig durch beide
Quantenpunkte statt. Dabei wurde ein stark ausgeprägter Peak im gemeinsamen Leitwert
beobachtet (s. Abbildung 7.3). Es zeigte sich, dass der gemeinsame Gesamtleitwert kleiner
war als die Summe der einzelnen Beiträge aus den Leitwerten der EinzelelektronentunnelPeaks der beiden Quantenpunkte. Jedoch konnte an keinem Kreuzungspunkt im Ladungsstabilitätsdiagramm eine Modulation als Funktion des magnetischen Flusses im gemeinsamen Leitwert beobachtet werden. Erst für Magnetfelder jenseits |B| > 0, 4 T traten
periodische Leitwertmodulationen auf, die eine Periodizität entsprechend mit h/e zur ein253
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geschlossenen Fläche zwischen den zwei Quantenpunkten zeigte (s. Abbildung 7.4). Bei
diesen Magnetfeldstärken kann davon ausgegangen werden, dass sich eine Landschaft aus
kompressiblen und inkompressiblen Bereichen im zweidimensionalen Elektronensystem
zu bilden beginnt. Durch die, zwischen den zwei Quantenpunkten gelegenen, „side“-Gates
wurde in-situ die vom magnetischen Fluss durchsetzte vom zweidimensionalen Elektronensystem ausgeschnittene Fläche verändert. Auch hier traten die h/e periodischen Leitwertmodulationen auf. Im Zusammenspiel beider Parameter des magnetischen Flusses
zeigte sich auch in dieser Konfiguration die sogenannte Aharonov-Bohm-Skalierung (s.
Abbildung 7.13). Darüber hinaus wurde die Abhängigkeit der Leitwertmodulationen von
der angelegten „source-drain“ Spannung untersucht. Dabei wurde ein endliches Intervall
in der „source-drain“ Spannung gefunden in dem die Leitwertmodulationen beobachten
werden konnten (s. Abbildung 7.14). Wie in der Antidot-Konfiguration trat hier ebenfalls
eine nicht monotone Amplitude der Modulation im Stromtransport in Abhängigkeit der
angelegten „source-drain“ Spannung auf. Für deren Ableitung, dem differentiellen Leitwert, ergibt sich somit ebenfalls wieder ein „lobe“-Muster.
In der Analyse der Leitwertmodulation für verschiedene jeweils benachbarte Kreuzungspunkte im Ladungsstabilitätsdiagramm wurden im Wert deutlich abweichende Modulationsamplituden gefunden (s. Tabelle 7.2). Dabei konnte eine Amplitudenänderung zwischen zwei direkt benachbarten Kreuzpunkten von bis zu einem Faktor drei beobachtet
werden. Ebenso wurde eine unterschiedliche Modulationsamplitude in den vier den Kreuzpunkt umgebenden gemeinsamen Flankenregionen der Einzelelektronentunnel-Peaks gefunden. Jedoch konnte kein regelmäßiges Muster identifiziert werden, welches auf eventuell
vorhandene Restriktionen der zum Stromtransport beitragenden Transportkanäle schließen ließe.
Im Weiteren wurden die Leitwertmodulationen als Funktion des Magnetfeldes und der
„gate“-Spannung der Quantenpunkte untersucht. Dabei wurde der Grenzwert zum Umladen des Quantenpunktes durch die Resonanz mit dem elektrochemischen Potential der
Zuleitungen verfahren. Für den Resonanzdurchgang wurde eine Phasenverschiebung von
π erwartet, die sich auf die Phase der Leitwertmodulationen abbilden sollte. Jedoch wurde
der, für die (Breit-Wigner) Resonanz des Quantenpunktes erwartete, s-förmige Verlauf einer konvergierenden Phase nicht beobachtet. Stattdessen hing die Phasenverschiebung der
Leitwertmodulationen linear von der „gate“-Spannung ab (s. Abbildung 7.21), ohne dass
sich dabei ein Grenzwert in der Phasenverschiebung einstellte. Aufgrund dieser Abstandsabhängigkeit kann somit keine belastbare Aussage über eine mögliche Phasenänderung
beim Resonanzdurchgang des Quantenpunktes gemacht werden.
Die periodischen Leitwertmodulationen konnten für jeden beliebigen Kreuzpunkt im
Ladungsstabilitätsdiagramm und jedwede Stärke des Magnetfeldes nachgewiesen werden.
Auffällig war dabei, dass der gemeinsame Leitwert am Kreuzungspunkt sich mit steigendem Magnetfeld immer weiter von der Summe beider beitragenden Leitwerte der
einzelnen Quantenpunkte entfernte. Im Extremfall für den Fall, dass mindestens einer
der zum Kreuzungspunkt beitragenden Leitwerte I/VDS = 1 e2 /h aufwies, nahm der gemeinsame Leitwert den Wert von I/VDS = 1 e2 /h an (s. Abbildung 7.8b). In diesem
Fall konnte keine periodische Leitwertmodulation im Zentrum des Kreuzungspunktes der
Einzelelektronentunnel-Peaks beobachtet werden. Wurde hier jedoch der gemeinsame Arbeitspunkt in die Region der gemeinsamen Flanken der Einzelelektronentunnel-Peaks verschoben, traten die Leitwertmodulation wieder auf. Dabei spielte weder das Vorzeichen der
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angelegten „source-drain“ Spannung noch die Orientierung des Magnetfeldes eine Rolle
(s. Abbildungen 7.9 und 7.10). Zu keinem Zeitpunkt konnte eine Reduktion im gemeinsamen Leitwert auf einen Wert kleiner als mindestens einer der zum Leitwert beitragenden
Einzelelektronentunnel-Peaks beobachtet werden.
In allen durchgeführten Messungen konnte die, für die Interpretation der Leitwertmodulationen als Interferenzeffekt, wichtige Beobachtung einer partiellen oder vollständigen destruktiven Interferenz nicht gemacht werden. Lediglich im Bereich des Kotunnelns
zweier Elektronen durch den Quantenpunkt tief in der Coulomb-Blockade fanden sich
schwache Leitwertmodulationen mit einem Basisleitwert von Null (s. Abbildung 8.4), wie
es für eine vollständige destruktive Interferenz erwartet werden würde. Wenn jedoch eine
destruktive Interferenz vorhanden wäre, so müssten sich dafür noch andere Anzeichen, wie
beispielsweise ein verringerter gemeinsamer Leitwert am Schnittpunkt zweier Einzelelektronentunnelpeaks, finden lassen. Letzteres konnte jedoch nie beobachtet werden. Damit
ergaben sich Zweifel an einer möglichen Interpretation der Leitwertmodulation auf der
Grundlage eines Interferenzeffekts einzelner Elektronen. Die Erkenntnisse der AntidotKonfiguration, bei der eine periodische Größenänderung des den magnetischen Fluss um
den Antidot einschließenden kompressiblen Rings die Leitwertmodulation verursacht, wurden auf die hier untersuchte Konfiguration zweier Quantenpunkte übertragen. Dabei wurde ein ähnlicher Effekt angenommen für den Fall, dass eine geschlossene Wellenfunktion
existiert, die die beiden Quantenpunkte und die an sie grenzenden kompressiblen Bereiche am Rand der Verarmungszone im zweidimensionalen Elektronensystem einschließt.
Die geschlossene Wellenfunktion wird bei wachsendem Magnetfeld zunächst ihre Ausdehnung reduzieren, um den eingeschlossenen magnetischen Fluss konstant zu halten (s.
Abbildung 8.8). Dabei arbeitet die Wellenfunktion gegen das elektrostatische Potential
der, aus dem zweidimensionalen Elektronensystem, zwischen den Quantenpunkten ausgesparten Fläche an. Ab einem bestimmten Grenzwert ist es energetisch günstiger die
Wellenfunktion unter Aufnahme eines Flussquants auf eine größere Ausdehnung mit einer
geringeren elektrostatischen Energie zu relaxieren. Die selbstkonsistente räumliche Adaption der Wellenfunktion erfolgt daher mit der Periodizität eines Flussquants Φ0 = h/e.
Zunächst wurde eine damit einhergehende periodische Ladungsumverteilung an den Rand
der kompressiblen Streifen in der Nähe der Quantenpunkte angenommen, welche eine
elektrostatische Verschiebung der Einzelelektronentunnel-Peaks verursachen könnte. Es
konnte gezeigt werden, dass dieser Effekt nicht zu den beobachteten Leitwertmodulationen führt (s. Abbildung 8.7). Als zweites wurde der Einfluss der periodischen räumlichen
Reduktion der geschlossenen Wellenfunktion auf die Tunnelbarrieren der Quantenpunkte selbst abgeschätzt. Dabei zeigte eine qualitative Analyse, dass eine Veränderung der
Linienbreite der Einzelelektronentunnel-Peaks die experimentellen Beobachtungen reproduzieren könnte (s. Abbildung 8.9). Für eine quantitative Abschätzung des Effekts wurde
für das Einzelelektronentunneln durch die Quantenpunkte resonantes Tunneln durch zwei
serielle Barrieren angenommen. Dabei wurden beide Quantenpunkte als ein kohärentes
Gesamtsystem mit einem Gesamttransmissionkoeffizienten aufgefasst. Mit Hilfe der Variationsrechnung des Gesamttransmissionskoeffizienten konnte die Änderung der Breite der
einzelnen Tunnelbarrieren der Quantenpunkte mittels der WKB-Näherung3 abgeschätzt
werden. Die Rechnung zeigte, dass eine Änderung der Breite der einzelnen Tunnelbarrieren
auf einer ähnlichen Größenskala wie Änderung des Umfangs der geschlossenen Wellenfunktion stattfindet, die sich aus der Periodizität der Leitwertmodulationen errechnen lässt.
3

Abkürzung für Wentzel-Kramers-Brillouin.
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Dabei bestätigte sich auch die experimentelle Beobachtung, dass für den Fall eines zum gemeinsamen Arbeitspunkt beitragenden Einzelelektronentunnel-Peaks mit einem Leitwert
von I/VDS = 1 e2 /h direkt am Scheitel des Kreuzpunktes im Ladungsstabilitätsdiagramm
keine Leitwertmodulationen auftreten. Treten zusätzlich zum kohärenten Transport inkohärente Prozesse auf, so kann sich keine geschlossene Wellenfunktion ausbilden. Folglich
müssen die zwei Quantenpunkte als separate Objekte angesehen werden. Insgesamt ergibt
sich somit ein vom magnetischen Fluss modulierter kohärenter und ein nicht modulierter
inkohärenter Anteil im gemeinsamen Transport durch das Quantenpunktsystem. Da die
selbstkonsistente Adaption der Wellenfunktion vom gewählten Arbeitspunkt unabhängig
ist, können die für den Bereich des Kotunnelns beobachteten Leitwertmodulationen auf
die gleiche Ursache zurückgeführt werden. Zu guter Letzt erklärt sich in diesem Modell
auch das endliche Intervall in der „source-drain“ Spannung in dem die periodischen Leitwertmodulationen beobachtet werden können. Mit wachsender „source-drain“ Spannung
kann die geschlossene Wellenfunktion durch inelastische Streuprozesse relaxieren. Durch
die damit verbundene Dekohärenz bricht der Mechanismus der selbstkonsistenten Adaption, eines von einer geschlossenen Wellenfunktion umschlossenen magnetischen Flusses,
zusammen und für eine zu große „source-drain“ Spannung wird daher keine Leitwertmodulation mehr zu erwarten sein.
Der gemeinsame Leitwert im parallelen elektrischen Transport durch die Quantenpunkte wurde neben dem Bereich des Einzelelektronentunneln auch im Kondo-Regime untersucht. Für die Kombination zweier Kondo-Resonanzen bei einem Magnetfeld im Bereich
um B = 0.5 T wurde ebenfalls eine h/e periodische Leitwertmodulation beobachtet, wie
sie an den bisher untersuchten Arbeitspunkten im Bereich des Einzelelektronentunnels zu
beobachten war. Bei hohen Magnetfeldern tritt bei hinreichend hoher Kondo-Temperatur
der Kondo-Effekt als regelmäßiges Muster im Parameterraum der magnetischen Flussdichte und der durch die „gate“-Spannung gegebenen Elektronenzahl auf dem Quantenpunkt auf (s. Abbildung 9.5). Hier wurde neben der bisher beobachteten h/e periodischen
Leitwertmodulation auch h/2e als Periode beobachtet (s. Abbildung 9.6). Diese konnte
dabei nur für die Kombination zweier Kondo-Resonanzen beobachtet werden und trat
sowohl für die Änderung der magnetischen Flussdichte als auch für die Variation der,
zwischen den zwei Quantenpunkten eingeschlossenen, Fläche auf. Für die Kombination einer Kondo-Resonanz in einem und einem Einzelelektronentunnel-Peak im anderen
Quantenpunkt trat lediglich die h/e periodische Leitwertmodulation auf. Um den Zusammenhang der halbierten Modulationsperiode mit dem Kondo-Effekt zu beweisen, wurden
sowohl die Temperaturabhängigkeit als auch die Abhängigkeit der „source-drain“ Spannung der Leitwertmodulationen untersucht. Die Temperaturabhängigkeit zeigte dabei,
dass die Leitwertmodulationen mit steigender Temperatur bereits lange vor der KondoResonanz abklingen (s. Abbildung 9.7). Bei wachsender „source-drain“ Spannung konnte
jedoch ein Übergang von der halbierten h/2e zur h/e Modulation beobachtet werden
(s. Abbildung 9.8). Der Grenzwert für den Übergang in der „source-drain“ Spannung
stimmte dabei mit der, durch das Magnetfeld gegebenen, Zeeman-Aufspaltung der KondoResonanz unter Einbeziehung der Linienbreite der Resonanz selbst überein. Damit ließ
sich die halbierte Periode der Leitwertmodulation klar dem Zusammenspiel zweier KondoResonanzen zuordnen. Warum die halbierte Periodizität nicht bei kleinen Magnetfeldern
beobachtet wurde blieb unklar. Eine einfache Erklärung wäre rückblickend jedoch eine,
für die Breite der Kondo-Resonanz, zu groß gewählte „source-drain“ Spannung.
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Befinden sich beide Quantenpunkte im Kondo-Regime, so könnte eine Ruderman-KittelKasuya-Yosida-Wechselwirkung4 zu Tage treten und für die halbierte Modulationsperiode
im Leitwert verantwortlich sein. Diese beschreibt im Allgemeinen eine durch Leitungsbandelektronen vermittelte Kopplung zweier magnetischer Momente, wie sie die zwei
Quantenpunkte im Kondo-Regime darstellen. In der Literatur gibt es bereits veröffentliche
Studien, die behaupten eine RKKY-Wechselwirkung zwischen zwei sich im Kondo-Regime
befindenden Quantenpunkten beobachtet zu haben [103, 8, 17]. Die hier in dieser Arbeit
verwendete Probenstruktur wäre jedoch in der Lage die bisher nicht beobachtete räumliche Abstandsabhängigkeit als Schlüsselsignatur für die RKKY-Wechselwirkung der beiden
magnetischen Momente zu zeigen. Dabei würde durch die „side-gate“ Elektroden in-situ
die, für Elektronen zurückzulegende, parametrisierte Wegstrecke zwischen den zwei Quantenpunkten eingestellt werden. In einer Abschätzung der RKKY-Wechselwirkung zeigte
sich jedoch, dass die halbierte Periode der Leitwertmodulationen nicht mit dieser in Verbindung gebracht werden konnte. Leider wurde kein Indiz für eine RKKY-Wechselwirkung
für diese Probengeometrie beobachtet. Da jedoch die Stärke der Wechselwirkung mit zunehmenden Abstand stark abfällt, könnte hier bereits ein zu großer Abstand der Quantenpunkte den Einfluss der RKKY-Wechselwirkung unter die Nachweisgrenze der Messapparatur gedrückt haben. Um speziell diesen Aspekt im Zusammenspiel zweier KondoResonanzen weiter zu untersuchen, wäre eine deutlich verkleinerte Probenstruktur in Betracht zu ziehen.
Vielmehr ist die halbierte h/2e Periode der Leitwertmodulationen auf die Spinentartung
der, die beiden Quantenpunkte einschließenden, geschlossenen Wellenfunktion zurückzuführen. Diese kann nur dann eine Spinentartung aufweisen, wenn sich beide Quantenpunkte im Bereich des Kondo-Regimes befinden. Da nun jedoch für jede Spinrichtung
eine Elementarladung gegen das elektrostatische Potential der zwischen den Quantenpunkten eingeschlossenen Fläche arbeitet wird die Relaxation der sich zusammenziehenden Wellenfunktion doppelt so schnell erfolgen. Als Folge dessen ergibt sich die doppelten
Modulationsfrequenz in der magnetischen Flussdichte.
Zusammenfassend lässt sich festhalten, dass basierend auf den Erkenntnissen dieser Arbeit keine Interferenzeffekte im elektrischen Transport durch die zwei parallelen Quantenpunkte beobachtet wurden. Diese Anordnung widerspricht somit eindeutig der Vorstellung
eines Doppelspaltexperiments im Festkörper. Alle experimentellen Beobachtungen lassen
sich im Rahmen der selbstkonsistenten räumlichen Adaption einer, den magnetischen
Fluss einschließenden, geschlossenen Wellenfunktion erklären. Aufgrund der Flussquantisierung tritt hier ebenfalls eine h/e bzw. für den Fall einer spinentarteten geschlossenen
Wellenfunktion eine h/2e periodische Modulation im Leitwert auf.

13.3 Kombination aus Quantenpunktkontakt und
Quantenpunkt
Die letzte verbleibende heterogene Kombination eines Quantenpunktes und eines Quantenpunktkontaktes wird in Kapitel 10 behandelt. Diese stellt gewissermaßen eine Mischung
aus der Antidot-Konfiguration und der Kombination zweier Quantenpunkte dar und teilt
sich daher viele Gemeinsamkeiten mit diesen. Wie in den beiden vorangegangen Konfigurationen musste ein kleines Magnetfeld angelegt sein, damit periodische Modulationen
4

Abgekürzt RKKY.
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im Leitwert beobachtet werden konnten. Dabei wurden in Abhängigkeit der gewählten
Arbeitspunkte sowohl für den Quantenpunkt als auch für den Quantenpunktkontakt,
Leitwertmodulationen mit einer Periode von h/e beziehungsweise h/2e beobachtet (s. Abbildung 10.16). Nur für den Fall, dass der Quantenpunkt sich im Kondo-Regime befand
und gleichzeitig der Quantenpunktkontakt einen lokalen Füllfaktor zwischen 1 < νl < 2
aufwies, konnte die h/2e Periode in den Leitwertmodulationen beobachtet werden. Ansonsten wurde nur die h/e als Modulationsperiode beobachtet.
Bei endlichen Magnetfeldern muss für die gemeinsame Stromverteilung die Summe
zweier verschiedener Beiträge berücksichtigt werden. Der erste Beitrag ergibt sich aus
dem durch den Quantenpunktkontakt fließenden Strom, der durch das Hall-Feld zwischen den kompressiblen Rändern der Probe getrieben wird. Der zweite Beitrag ist der
Strom durch den Quantenpunkt. Dieser hängt jedoch im Bereich des Quanten-Hall-Effekts
vom longitudinalen Spannungsabfall ab, da der Quantenpunkt sowohl „source“- als auch
„drain“-seitig an ein und denselben kompressiblen Rand der Probe gekoppelt ist (s. Abbildung 10.2). Durch die spezielle Anordnung der Probenstruktur muss daher Streuung
von Elektronen über den Kanal des Quantenpunktkontaktes erfolgen, was wiederum für
einen von Null verschiedenen longitudinalen Spannungsabfall sorgt. Nur so ergibt sich eine
effektive „source-drain“ Spannung am Quantenpunkt. Als Folge dessen wird die am Quantenpunkt anliegende „source-drain“ Spannung bei angelegten Magnetfeldern sich von der,
an der Probenstruktur, angelegten „source-drain“ Spannung unterscheiden. Im gemeinsamen Leitwert durch die Probenstruktur erwartet man einen kleineren Wert als die Summe
der einzelnen Leitwerte des Quantenpunktes und des Punktkontaktes bei voller „sourcedrain“-Spannung, welcher experimentell auch beobachtet wurde (s. Abbildung 10.5). Der
im Vergleich zur Annahme einer echten parallelen Ersatzschaltung angenommene reduzierte Gesamtleitwert im gemeinsamen elektrischen Transport ist somit nicht auf eine
kohärente Wechselwirkung des Quantenpunktes mit seiner Umgebung zurückzuführen.
Rückblickend könnte somit auch die Abweichung des Gesamtleitwerts im Zusammenspiel
zweier paralleler Quantenpunkte aus Kapitel 7 von der Summe der einzelnen Leitwerte
der Einzelelektronentunnel-Peaks erklärt werden. Wird der Transport hier durch inkohärente Prozesse getragen, so müssen die Quantenpunkte wieder separat betrachtet werden.
Aufgrund der Stromverteilung durch die Quantenpunkte könnte sich hier eine kleinere, als
die an der Probe angelegten, „source-drain“ Spannung an den Quantenpunkten ausbilden.
Für die Variation beider Parameter des magnetischen Flusses wurden auch in dieser
Konfiguration h/e periodische Leitwertmodulationen beobachtet, die mit der zwischen
dem Quantenpunkt und Punktkontakt eingeschlossenen Fläche übereinstimmen. Wie zuvor zeigte sich im Zusammenspiel der magnetischen Flussdichte und der verarmten Fläche
die sogenannte Aharonov-Bohm-Skalierung (s. Abbildung 10.15). Auch hier konnten die
Leitwertmodulationen mit der selbstkonsistenten Adaption einer geschlossenen Wellenfunktion bei sich veränderndem magnetischen Fluss zurückgeführt werden, welche durch
den Quantenpunktkontakt und den beidseitig an den Quantenpunkt angeschlossenen kompressiblen Streifen verläuft (s. Abbildung 10.19). Zwei mögliche Mechanismen können in
dieser Konfiguration für die Leitwertmodulationen verantwortlich gemacht werden. Einerseits kann die Modulation des Leitwerts durch eine, durch die räumliche Adaption, veränderte Streuung über den Quantenpunktkontakt verursacht werden. Andererseits entsteht
durch die Atmungsmode auch eine sich ändernde Transmission durch den Quantenpunkt,
welche den Leitwert moduliert. Man kann jedoch keine Aussage darüber treffen, welcher
der beiden Prozesse der dominierende ist.
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Das Verhalten der Leitwertmodulation für die Änderung des Arbeitspunktes des Quantenpunktkontaktes reproduziert die aus Kapitel 6 im Rahmen der Antidot-Konfiguration
beobachteten Ergebnisse. Bei kleinen magnetischen Längen - im Vergleich zur geometrischen Breite der Quantenpunktkontakte - traten die Leitwertmodulationen nur für
Leitwerte des Punktkontaktes in den Übergangsbereichen zwischen den Quanten-HallPlateaus auf. Bei großen magnetischen Längen kann nicht von einem wohldefinierten
Quanten-Hall-System im zweidimensionalen Elektronensystem ausgegangen werden. Hier
wurden die periodischen Leitwertmodulationen sowohl in den Übergangsbereichen zwischen den quantisierten Plateaus im Leitwert als auch auf den Leitwertplateaus selbst
beobachtet. Aufgrund der, bei kleinen Magnetfeldern, großen magnetischen Länge tritt
hier die Streuung von Elektronen zwischen den kompressiblen Probenrändern auch für
die quantisierten Leitwerte auf.
Die Leitwertmodulationen konnten an jedem Einzelelektronentunnel-Peak beobachtet
werden. Sie treten dabei sowohl am Scheitelpunkt der Resonanz sowie in den Flanken
des Peaks auf. In der Analyse der Leitwertmodulation als Funktion der magnetischen
Flussdichte im Zusammenspiel mit der „gate“-Spannung des Quantenpunktes wurde hier
die, für den Resonanzdurchgang erwartete (Breit-Wigner) Phasenverschiebung mit dem
asymptotischen Grenzwert von π beobachtet (s. Abbildung 10.13). Ähnliche Beobachtungen sind für vergleichbare Probenkonfigurationen auch in den Daten anderer Veröffentlichungen zu finden [7, 4, 47].
Im direkten Vergleich der Modulationsamplitude zwischen den Flankenregionen ein
und desselben Einzelelektronentunnel-Peaks wurde eine Asymmetrie in der Amplitude
beobachtet (s. Abbildung 10.11). Bei einem zum Scheitelpunkt der Resonanz des Quantenpunktes symmetrischen Abstand in der „gate“-Spannung wurde eine um Faktor zwei
größere Amplitude zugunsten einer, zum Scheitelwert, positiveren „gate“-Spannung beobachtet. Diese so ausgeprägte Asymmetrie wurde an verschiedenen Peaks und an mehreren
untersuchten Proben festgestellt. Ähnliche Beobachtungen lassen sich in Veröffentlichungen mit vergleichbaren Probenkonfigurationen finden, wie beispielsweise von A. Yacoby
in [117]. Das entgegengesetzte Verhalten, wie es auch im Zusammenspiel zweier Quantenpunkte in Kapitel 7.4 beobachtet wurde, mit einer größeren Modulationsamplitude für
eine negativere „gate“-Spannung kann jedoch ebenfalls in der Literatur gefunden werden,
wie beispielsweise von R. Schuster in [91].
Als weiteren Arbeitspunkt für den Quantenpunkt wurde der Bereich des Kondo-Regimes
bei endlichem Magnetfeld untersucht. Hier konnte ebenfalls die halbierte h/2e Periode in
den Leitwertmodulationen als Funktion der beiden Parameter des magnetischen Flusses
beobachtet werden, sodass die gleiche Aharonov-Bohm-Skalierung wie für die h/e Modulation erhalten bleibt (s. Abbildung 10.16). Dabei musste der Quantenpunktkontakt
auf einen lokalen Füllfaktor von 1 < νl < 2 eingestellt werden. Andernfalls wurde hier
auch nur die normale h/e periodische Leitwertmodulation beobachtet. Ebenso wie für das
Zusammenspiel zweier Quantenpunkte konnte hier das Zurückgehen der halbierten h/2e
auf die h/e periodische Modulation als Funktion der angelegten „source-drain“ Spannung beobachtet werden, sobald diese im Wert die Zeemanenergie plus die Linienbreite
der Kondo-Resonanz überschritten hatte (s. Abbildung 10.18). Auch hier liegt die Ursache der halbierten Modulationperiode der Leitwermodulationen in der Spinentartung
der geschlossenen Wellenfunktion, die durch den Quantenpunkt und den Quantenpunktkontakt verläuft. Ebenso wie in den beiden vorherigen betrachteten Konfigurationen war
sowohl für die h/e als auch für die h/2e Modulation die Amplitude der Leitwertmodulationen als Funktion der angelegten „source-drain“ Spannung nicht monoton und führte
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damit zum „lobe“-Muster im differenziellen Leitwert. Zusammenfassend liefert sowohl
die Kondo-Resonanz eines einzelnen Quantenpunktes in Kombination mit einem Quantenpunktkontakt als auch das Zusammenspiel zweier Kondo-Resonanzen eine halbierte
Modulationsperiode im Leitwert als charakteristischen Fingerabdruck.

13.4 Resümee und Ausblick
Am Anfang dieser Arbeit war die Erwartung groß, dass vor allem in der Kombination
zweier paralleler Quantenpunkte Interferenzeffekte beobachtet werden könnten. Diese Erwartung war vor allem dem, mit einzelnen Elektronen stattfindenden, elektrischen Transport durch die Quantenpunkte geschuldet. Dabei waren es die Tunnelprozesse einzelner
Elektronen im zweidimensionalen Elektronensystem eines Festkörpers, die die Erwartung
schürten durch zwei vorgegebene Wege miteinander zur Interferenz gebracht werden zu
können. Durch den zwischen den Quantenpunkten eingeschlossenen magnetischen Fluss
bei einem, zum zweidimensionalen Elektronensystem senkrecht, angelegten Magnetfeld
wurden folglich Aharonov-Bohm-Oszillationen für die Interferenz der Elektronen erwartet.
Auf den ersten Blick schienen sich diese Erwartungen auch in den Messungen zu bestätigen. Im gemeinsamen Stromtransport durch die, auf jeweils einen EinzelelektronentunnelPeak eingestellten, Quantenpunkte traten mit veränderlichem magnetischem Fluss periodische Leitwertmodulationen mit der für den Aharonov-Bohm-Effekt erwarteten h/e
Periodizität auf. Die Interpretation dieser Leitwertmodulationen als Folge des AharonovBohm-Effekts findet sich, vor allem in theoretischen Überlegungen zu dieser parallelen Anordnung, in der veröffentlichten Literatur wieder [42, 5, 57]. Jedoch stellten sich aufgrund
der Ergebnisse dieser Arbeit alsbald Zweifel an dieser möglichen Interpretation der Messungen ein. Wenn es ein Interferenzeffekt wäre, hätten sich eindeutige Anzeichen für eine
destruktive Interferenz beobachten lassen müssen. Da jedoch der Stromtransport durch die
zwei Quantenpunkte im Regime des Einzelelektronentunneln in dieser Interpretation nicht
zu jedem Zeitintervall Interferenz erlaubt5 , kann keine vollständig destruktive Interferenz
mit einem Leitwert von Null erreicht werden. Somit lassen sich rein aus der Amplitudenmodulation keine Rückschlüsse auf eine mögliche destruktive Interferenz ableiten. Stattdessen liefert die Beobachtung der Kreuzungspunkte der Einzelelektronentunnel-Peaks
Aufschluss. Wäre hier statt einer Erhöhung eine Verringerung des gemeinsamen Leitwerts
zu beobachten gewesen, so wäre der Beweis für destruktive Interferenz erbracht. Es fand
sich jedoch immer eine Erhöhung des gemeinsamen Leitwertes direkt am Scheitelpunkt des
Kreuzpunktes. Das schließt somit eine Interferenz gemäß dem Aharonov-Bohm-Effekt als
mögliche Ursache für die h/e periodische Leitwertmodulation aus. Der Ansatz zu einer
selbstkonsistenten Interpretation, auf Basis des eingeschlossenen und quantisierten magnetischen Flusses, entsprang den in der Antidot Konfiguration gewonnen Erkenntnissen.
Hier wurden auch h/e periodische Leitwertmodulationen beobachtet. Diese werden im
Randkanalbild des Quanten-Hall-Effekts ebenfalls als Interferenzeffekte interpretiert [13],
was aber durch die Arbeit von M. Kataoka [94] als falsche Annahme widerlegt wurde.
Stattdessen wird die Wellenfunktion, welche den kompressiblen Bereich um den Antidot
beschreibt, ihren Radius selbstkonsistent ändern um den eingeschlossenen magnetischen
Fluss konstant zu halten. Dabei ändert sich das elektrostatische Potential des kompressiblen Rings. Für den Fall eines nicht-ganzzahligen lokalen Füllfaktors νl < 1 innerhalb eines
Quantenpunktkontaktes - welcher die Kopplung des kompressiblen Rings um den Antidot
5

Wenn beispielsweise einer der Quantenpunkte mit einem Elektron besetzt ist.
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an den kompressiblen Rand der Hallbar beschreibt - kann das, für ein steigendes Magnetfeld, steigende elektrostatische Potential des kompressiblen Rings durch Einzelelektronentunneln zum kompressiblen Rand der Hallbar wieder ausgeglichen werden. Besitzen
beide Quantenpunkte einen nicht ganzzahligen lokalen Füllfaktor, so können ohne weiteren Energieaufwand Elektronen über den kompressiblen Ring zwischen den kompressiblen
Rändern der Hallbar ausgetauscht werden. Für den Fall einer angelegten „source-drain“
Spannung führt dies, durch eine von Einzelelektronentunnelprozessen getragene Streuung
zwischen den Probenrändern, zu einer Reduktion der über den Quantenpunktkontakten abfallenden Hall-Spannung und der gemessene Leitwert sinkt. Wird die magnetische
Flussdichte nun weiter erhöht geht der kompressible Bereich um den Antidot unter dem
Zugewinn eines Flussquants wieder in seine ursprüngliche Größe über. Das elektrostatische Potential des kompressiblen Ringes reduziert sich und die Resonanzbedingung des
Einzelelektronentunnelns geht verloren. Aufgrund der fehlenden Streuung zwischen den
Rändern der Hallbar erhöht sich der Leitwert wieder. Diese sich ich wiederholende Atmungsmode verursacht die h/e periodische Modulation im Leitwert. Dieser Mechanismus
ist jedoch im Falle zweier paralleler Quantenpunkte nicht gegeben. Hier existiert kein abgeschlossener kompressibler Bereich zwischen den Quantenpunkten. Dies schließt jedoch
eine geschlossene Wellenfunktion nicht aus, die sich durch die beiden Quantenpunkte
und die daran angeschlossenen kompressiblen Bereiche erstreckt. Diese wird sich ebenfalls bei wachsender magnetischen Flussdichte zusammenziehen um den eingeschlossenen
Fluss konstant zu halten. Dabei arbeitet sie jedoch gegen das elektrostatische Potential des Randes der aus dem zweidimensionalen Elektronensystem ausgeschnittenen Fläche
an. Ab einem bestimmten Grenzwert ist es energetisch günstiger die Wellenfunktion unter
Aufnahme eines Flussquants auf eine größere Ausdehnung mit einer geringeren elektrostatischen Energie zu relaxieren. Dies führt auch hier zu einer periodischen selbstkonsistenten
Atmungsmode der geschlossenen Wellenfunktion. Dieser allgemeinere Fall einer starken
Ankopplung kann auch für die Antidot Konfiguration bei kleinen eingestellten Leitwerten der Quantenpunktkontakte angenommen werden. Hier verschmilzt der kompressible
Bereich um den Antidot mit den kompressiblen Rändern ebenfalls zu einem kohärenten
Gesamtsystem. Im Falle zweier paralleler Quantenpunkte konnte gezeigt werden, dass
die h/e periodische Atmungsmode der geschlossenen Wellenfunktion den Gesamttransmissionskoeffizienten des Quantenpunktsystems moduliert und damit den Ursprung der
beobachteten Leitwertmodulationen bildet. Dabei wurden beide Quantenpunkte als ein
kohärentes Gesamtsystem aufgefasst. Mit Hilfe der Variationsrechnung des Gesamttransmissionskoeffizienten konnte die Änderung der Breite der einzelnen Tunnelbarrieren der
Quantenpunkte mittels der WKB-Näherung abgeschätzt werden. Die Rechnung zeigte,
dass eine Änderung der Breite der einzelnen Tunnelbarrieren auf einer ähnlichen Größenskala wie Änderung des Umfangs der geschlossenen Wellenfunktion stattfindet, die sich aus
der Periodizität der Leitwertmodulationen errechnen lässt. Da sich bei der Kontraktion
der Wellenfunktion die Transmission durch den Quantenpunkt jedoch nur erhöhen kann,
erklärt sich somit auf einfache Weise, warum am Kreuzpunkt der EinzelelektronentunnelPeaks nie eine Verringerung im gemeinsamen Leitwert beobachtet werden kann. Für den
Fall, dass die geschlossene Wellenfunktion eine Spinentartung erlaubt, wie beispielsweise
im Kondo-Regime der Quantenpunkte, arbeitet je ein Elektron pro Spinrichtung gegen
das elektrostatische Potential des Randes an. Die Relaxation der Wellenfunktion erfolgt
daher mit der doppelten Rate und liefert die h/2e periodische Leitwertmodulation.
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Zusammenfassend kann somit sowohl für die parallele Kombination zweier Quantenpunktkontakte als auch für die parallele Kombination zweier Quantenpunkte eine Interferenz gemäß dem Aharonov-Bohm-Effekt als Ursache der periodischen Leitwertmodulationen ausgeschlossen werden. Damit ergibt sich als logische Konsequenz, dass auch
für die parallele Kombination eines Quantenpunktes mit einem Quantenpunktkontakt die
selbstkonsistente Adaption einer geschlossenen Wellenfunkton zu den hier ebenfalls beobachteten periodischen Leitwertmodulationen führt. Es ist daher fraglich, ob Interferenzeffekte in einem zweidimensionalen Elektronensystem mit einem angelegten Magnetfeld
überhaupt zu beobachten sind. Aufgrund der Erkenntnisse dieser Arbeit kann für alle
der drei untersuchten parallelen Kombinationen von Quantenpunktkontakten und Quantenpunkten eine Interferenz ausgeschlossen werden. Neben einer parallelen Anordnung
existiert auch die serielle Anordnung zweier Quantenpunktkontakte. Diese in der Literatur auch als Fabry-Pérot-Anordnung bezeichnete Struktur zeigt ebenfalls periodische
Leitwertmodulationen in Abhängigkeit des magnetischen Flusses [78, 70]. Dabei werden,
ähnlich zu den frühen Antidot-Experimenten, die periodischen Leitwertmodulationen als
Interferenz im Randkanalbild des Quanten-Hall-Effekts interpretiert. Dieses kann jedoch
nicht zur mikroskopischen Interpretation der Stromverteilung im Bereich des QuantenHall-Effekts herangezogen werden, was bereits mehrfach eindrucksvoll dargestellt wurde [114, 3, 81, 112] und auch durch die Erkenntnisse dieser Arbeit untermauert wird.
Für den Fall der seriellen Anordnung zweier Quantenpunktkontakte kann man daher eine ähnliche selbstkonsistente Adaption einer, den magnetischen Fluss zwischen den zwei
Quantenpunktkontakten einschließenden, geschlossenen Wellenfunktion als Ursache für
die in [78, 70] beobachteten Leitwertmodulationen annehmen.
Obwohl das selbstkonsistente Modell der Adaption einer geschlossenen Wellenfunktion
alle wesentlichen Beobachtungen für die im Rahmen dieser Arbeit untersuchten Konfigurationen abdeckt, bleiben noch einige Fragen offen, welche in zukünftigen Experimenten
untersucht werden könnten.
• Kann die in Kombination mit einem oder zwei Quantenpunkten gefundene Asymmetrie der Amplitude der Leitwertmodulation bei symmetrischen Abstand zum Scheitelwert des Einzelelektronentunnel-Peaks ausschließlich durch eine unterschiedliche
Besetzungswahrscheinlichkeit erklärt werden? Ein möglicher Ansatzpunkt könnte
dabei die Untersuchung einer dynamischen Anpassung der Tunnelwahrscheinlichkeit durch eine unterschiedliche Besetzung der Quantenpunkte bilden.
• Des Weiteren bleibt die Fragestellung zu klären, wieso bei einem einzelnen Quantenpunkt die Phasenverschiebung des Resonanzdurchgangs des EinzelelektronentunnelPeaks auf die periodischen Leitwertmodulationen übertragen wurde, nicht aber in
der Kombination zweier Quantenpunkte, die eine lineare Phasenverschiebung der
Leitwertmodulationen im Magnetfeld zeigte.
• Zum Schluss bleibt noch die Frage, ob die gewählte Strukturgröße und der damit verbundene Abstand der zwei Quantenpunkte im zweidimensionalen Elektronensystem
bereits zu groß gewählt war, sodass eine RKKY-Wechselwirkung nicht mehr nachgewiesen werden kann? Hier könnte jedoch mittels hochauflösender Elektronenstrahllithographie versucht werden eine deutlich kleinere Strukturgröße zu realisieren, um
eine mögliche RKKY-Wechselwirkung zu beobachten.
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A

Device Preparation

This chapter gives a detailed description of all steps involved in the device preparation.
The production process is divided into two major parts. The first is a patterning process
using optical lithography for the definition of a Hall bar like mesa structure with ohmic
contacts and top-gate electrodes. The second part defines the device itself on top of the
mesa using electron beam lithography.

Wafer Substrate
The wafer substrate is an (Al,Ga)As/GaAs heterostructure with a 2DES close to the
AlGaAs/GaAs heterojunction buried d = 70 nm below the surface. Its layer composition
is shown in figure A.1. It was grown by Maik Hauser from the MBE service group and
it carries the internal number #81925. Measured at T = 4.2 K, the carrier concentration
is n = 3.8 · 1015 m−2 and the electron mobility µ = 98 m2 V−1 s−1 .

10 nm GaAs cap layer
20 nm AlGaAs
20 nm AlGaAs:Si
20 nm AlGaAs spacer
2DES below heterojunction
500 nm GaAs
superlattice
50 x (2.8 nm GaAs/ 10 nm AlGaAs)
300 nm GaAs buffer layer
GaAs wafer substrate

Figure A.1

Layer composition and sequence of the heterostructure #81925. The 2DES
resides near the heterojunction d = 70 nm below the surface.
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Materials
During the processing the following chemicals are used:
• Acetone with cleanliness factor VLSI Selectipur c by BASF AG.
• Isopropanol with cleanliness factor VLSI Selectipur c by BASF AG.
• N-methylpyrrolidone (NMP) C5 H9 NO.
• Semico Clean 23 by Furuuchi Chemical Corporation.
• Deionized (DI) water.
• Gaseous nitrogen.
• Acids:
– Hydrochloric acid HCl (30%).
– Sulphuric acid H2 SO4 (96%).
– Hydrogen peroxide H2 O2 (31%).
– Silicontetrachloride SiCl4 as RIE agent.
• Resists and Developers:
– Optical resist S1805 by Shipley.
– Optical negative tone resist AZ5214E by Clariant.
– Optical developerAZ 726 MIF by Clariant.
– EBL resist AR-P 671 by Allresist GmbH with chlorobenzene (C6 H5 Cl) basis
and a solid fraction of 2.5 % of the polymer 950k.
– EBL resist PMMA 950 K A5 by micro Resist technology GmbH.
– EBL resist MMA (17.5%) MAA EL9 by micro Resist technology GmbH.
– EBL resist PMMA 200 K A3 by micro Resist technology GmbH.
– EBL developer methyl isobutyl ketone (MIBK, C6 H12 O) and isopropanol with
a mixing ration of (1:3).
– EBL resist remover AR 300-70 by Allresist GmbH.
• Metals for evaporation:
– Chromium, 99.98% purity,
– Gold, 99.99% purity,
– Germanium, 99.999% purity.
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Devices
The following devices in order of employment are used in the fabrication and analysis
process:
• Optical microscope Eclipse LV150 from Nikon.
• Spin coater from Ramgraber GmbH.
• Hot plate from Ramgraber GmbH.
• Temperature controlled ultrasonic bath Elmasonic MF 200 with f = 50 kHz by
Elma GmbH & CoKG.
• Mask Aligner MA6 by Süss MicroTec with a mercury luminous source, using a
wavelength of λ ≈ 320 nm.
• Plasma cell 100-E Plasma System by Technics Plasma GmbH.
• High vacuum coating plant Univex 450 by Leybold AG.
• Annealing Oven AZ450 by MBE Komponenten GmbH.
• EBL system eLine from the company Raith GmbH.
• Reactive ion etching system LE301 from Leybold AG.
• Wafer cutter HR 100 from Suss MicroTec.
• Scanning-electron-microscope Merlin by Zeiss.
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A.1 Optical Lithography
The mesa preparation process involves three steps of optical lithography, each with its
own mask and subsequent treatment such as wet chemical etching or vapor deposition of
metals with or without alloying. The optical mask is designed for a (4.5 × 4.5) mm2 large
wafer piece hosting in total nine independent device structures. The internal label of the
mask is R145. The process consists of three steps: mesa etching, alloying ohmic contacts
to the 2DES and evaporation of top-gate electrodes.

Mask
The mask generates a device structure with 12 ohmic contacts and 12 metal top-gates.
Each exposure step uses a different sub-mask layout. A dispersive view of all three submasks and the complete structure is shown for a single device in figure A.2. The first
sub-mask defines the mesa structure, the second the ohmic contacts to the 2DES and the
third finalizes the process with the top-gate electrodes. Alignment markers are used to
ensure the desired overlay accuracy.

A.1.1 Mesa Etching
The etching process described in this section uses wet chemical etching to create the mesa
structure out of the wafer material. All steps required in chronological order are: cleaning,
spin-coating resist, exposing the resist, developing and wet chemical etching as described
in the following.
Cleaning
If necessary the process is repeated until all contaminating dirt is removed.
1. The sample is cleaned in acetone in an ultrasonic bath for t = 2 min.
2. Hosing the sample with acetone.
3. Hosing the sample with isopropanol and blow-dry with nitrogen.
4. Inspection my an optical microscope for dirt residues.
Spin Coating Resist
The sample is spin coated using the positive tone resist S1805.
1. Spinning time is t = 30 s at 6000 rpm. Resist thickness is about dS1805 = 450 nm.
The lower part of the sample is cleaned by sliding it gently over a tissue drenched
in NMP.
2. Resist baking on a hot plate with T = 90 ◦ C for t = 120 s.
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100 µm

100 µm

(a)

100 µm

100 µm

(c)
Figure A.2

(b)

(d)

Dispersive technical drawing of the optical lithography mask for (a) etching,
(b) ohmic contacts and (c) top-gate electrodes. (d) overlay of all three mask
parts, as it is transferred to the wafer substrate.

Exposure and Developing
The spin coated sample is exposed with the optical mask for the mesa structure.
1. Expose with a duration of t = 8 s.
2. Develop in AZ 726 MIF for t = 45 s.
3. Stop the developing process, by rinsing sample in overflow basin of DI water. Blow
dry with nitrogen.
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Wet Chemical Etching
In this step all non-exposed areas in the resist are removed and an elevated mesa structure
containing the 2DES remains. The etching solution consists of H2 SO4 (96%), H2 O2 (31%)
and water with a volume mixing ratio of (1:8:1000). This yields an etching rate of roughly
50 nm/min.
1. Etch the sample in the etching solution for t = 90 s.
2. Rinse thoroughly in overflow basin of deionized water. Blow dry with nitrogen.
3. Remove all resist leftovers in acetone.

A.1.2 Ohmic Contacts
This sections deals with the creation of the ohmic contacts to the 2DES. The required
steps are spin coating resist, exposure, developing, cleaning, metal evaporation, lift-off
and alloying.
Spin Coating Resist
In this step the negative tone resist AZ5214E is used in combination with the image
reversal process triggered by a second exposure step.
• The cycling time is t = 30 s at 6000 rpm yielding about dAZ5214E = 1.4 µm resist
thickness.
• Bake the sample at T = 90 ◦ C on a hot plate for t = 240 s.
Exposure and Developing
In this exposure step the mask for the ohmic contacts is used.
1. First exposure for t = 4.5 s with exposure mode ’hard’.
2. Bake on a hot plate for t = 60 s at a temperature of T = 125 ◦ C to trigger the image
reversal process.
3. Second exposure using ’flood exposure’ mode and with a duration of t = 70 s.
4. Develop in AZ 726 MIF for t = 30 s.
Cleaning, Evaporation and Lift-off
The cleaning process is supposed to be very crucial to obtain low resistive contacts. The
metal evaporation has to be carried out immediately afterwards. The metals for the
ohmic contacts to the 2DES are deposited by high vacuum thermal evaporation. As
contact materials gold, germanium and nickel are used with an eutectic mixing ratio.
1. First cleaning in an O2 plasma with a power of P = 200 W for a duration of t = 30 s
at a pressure of p = 40 Pa in the recipient.
2. The sample is cleaned for a duration of t = 2 min with Semico Clean 23.
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3. Rinse the sample in an overflow basin of deionized water for t = 5 s.
4. Dip the sample into HCl (30%) for t = 5 s.
5. Rinse the sample again in the overflow basin of deionized water before blowing it
dry with nitrogen gas.
6. Transfer the sample immediately into the evaporation chamber and evacuate to
exclude any contamination.
Subsequent evaporation of gold, germanium and nickel at a pressure below p = 1 · 10−3 Pa
in the recipient and with the following parameters:
Au: Rate r = 0.2 nm/s, layer thickness dAu = 107.2 nm,
Ge: Rate r = 0.2 nm/s, layer thickness dGe = 52.8 nm,
Ni: Rate r = 0.1 nm/s, layer thickness dNi = 40 nm.
The excess material is removed in a lift-off process with acetone.
1. Soak the sample for a duration of t = 10 min in acetone.
2. Flush the sample using an acetone filled syringe equipped with a hollow needle until
lift-off is complete.
3. Rinse with isopropanol and blow dry with nitrogen gas.
Alloying
In the last step the eutectic of the contacts is alloyed into the wafer substrate. The
parameters used in the process were optimized in a lab report by Graumann [34]. The
atmosphere during alloying is a forming gas composed of 20% hydrogen and of 80%
nitrogen. The temperature evolution of the process consists of three steps:
1. Heating to T = 370 ◦ C and keep it for a duration of t = 120 s.
2. Heating up to the alloying temperature of T = 440 ◦ C and keep it for a duration of
t = 50 s while flushing the chamber with forming gas at a pressure of p = 3 · 104 Pa.
3. Cooling down to T = 100 ◦ C with a continuous gas flow.

A.1.3 Top-Gates
This section deals with the preparation of the top-gate electrodes. All steps required
in chronological order are: cleaning, spin-coating resist, exposing the resist, developing,
metal evaporation. All steps are carried out likewise as described in section A.1.2. Merely
the developing time of the resist is changed to t = 30 s.
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Evaporation
The top-gates consist of gold with an underlying coating of chromium as adhesion promoter. Evaporation of chromium and gold at a pressure below p = 1 · 10−3 Pa in the
recipient and with the following parameters:
Cr: Rate r = 0.2 nm/s, layer thickness dAu = 20 nm,
Au: Rate r = 0.2 nm/s, layer thickness dAu = 100 nm.

A.2 Electron Beam Lithography
This chapter describes the fabrication of the desired structures using electron beam lithography. The wafer material is prestructured into a Hall bar like mesa structure with ohmic
contacts as well as top-gates as described in section A.1.
The fabrication process involves cleaning, spin coating resist, exposure with electron beam,
development with subsequent treatments of reactive ion etching or metal evaporation followed by lift-off.

A.2.1 EBL Resists
Conventional patterns are exposed in a single layer of AR-P 671. Air-bridges as threedimensional patterns use a triple-layer-resist stack. The resists are applied drop wise.
Two drops are placed on the non spinning sample followed by another two directly after
spinning has started.
AR-P 671
The sample is coated by a single layer of AR-P 671.
1. The complete spin coating cycle is twofold, with a first step of t = 5 s duration at
3000 rpm followed by a second for t = 30 s at 8000 rpm. The resist thickness is about
dAR−P 671 = 120 nm.
2. Remove all resist from the lower surface of the sample by pulling it gently over a
tissue drenched in acetone.
3. Place the sample on a hot plate with T = 160 ◦ C for t = 60 s.
Air-Bridge
The triple layer resist is built of different PMMA and MMA resists. The build order from
bottom to top is PMMA 950 K A5 followed by MMA (17, 5%) MAA EL9 and finalized by
PMMA 200 K A3. The spin coating is carried out with 7000 rpm, 4000 rpm and 4000 rpm
respectively for a cycling time of t = 60 s each.
1. After spin coating the resist from the bottom surface of the sample is removed by
pulling it gently over a tissue drenched in acetone.
2. Bake on a hot plate with T = 180 ◦ C for t = 5 min.
3. Continue with the next resist until the structure is complete.
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A.2.2 Exposure
The machine parameters for the eLine EBL system used in the process are shown in
table A.1. They are crucial for the success and the reproducibility of the pattern. The
working distance with the highest possible stage position was chosen to be as small as
possible.
Table A.1 System parameters for the EBL eLine system.

eLine parameter

setting

stage z-position

28 mm

acceleration voltage

10 kV

aperture

7.5 µm

basic stepsize

1.9 nm

area step size

15.2 nm

line step size

15.2 nm

area dose

100 µC · cm−2

line dose

1000 pC · cm

The complete pattern for the device in displayed in figure A.3. The size of the pattern
is (121 × 121) µm2 to match the area defined by the optical mask, which is the base for
the device. The complete mask is created in three steps, that are aligned to each other
by marker crosses written by EBL prior to the first mask. For the first two masks the
single layer resist is used, while for the bridge structure the triple-layer-resist stack is
chosen. A dispersive view of the different masks is shown in figure A.4 for each step.
The structures to be RIE etched are written first, consisting of the light blue areas in
the picture. In the second step the top-gates, the dark blue, green, brown and red areas,
are written with subsequent metal evaporation. In the last step the three-dimensional
bridges (gray) and connector patches for the top-gates of the optical mask (black) are
exposed and evaporated. Due to size and proximity effect the dose for the structure is
not uniform. Thus the pattern is fractured into areas with different dose factors, which
are multiplied by the standard dose. The bridges consist of a pillar area with high dose
and a top part using the standard dose setting. A complete overview of the dose pattern
is given in table A.2.

A.2.3 Developing
The developing agent is MIBK:PROP (1:3). The developing time can be estimated according to the resist thickness via
dAR−P 671
t= 1+
100 nm

!

· 30 s.

(A.1)

Based on this estimation, the developing is carried out as follows:
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10 µm
Figure A.3

Complete mask of the EBL pattern including the marker system used in the
alignment process.

Table A.2 Dose pattern used for the different parts of the EBL mask.
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geometry

dose factor

type

etched finger-gates

0.6

line

metal finger-gates

0.6

line

bridge pillars

6.8

area

2DES border - tip (red)

0.65

line

2DES border - center (green)

0.6

area

2DES border - rear (blue)

0.8

area

A.2 Electron Beam Lithography

1 µm

1 µm

(a) RIE pattern

1 µm

1 µm

(c) pattern for the metal air-bridges
Figure A.4

(b) metal top-gate pattern

(d) complete overlay of all three masks

Dispersive view of the electron beam lithography mask for (a) RIE etching
mask, (b) metal top-gates and (c) air-bridges. (d) Overlay of all three mask
parts, as it is transferred to the wafer substrate.

1. Resist is developed for t = 60 s for single resist layer or for t = 240 s for the triplelayer-stack used for the air-bridges.
2. Development is stopped with isopropanol for t = 60 s and blown dry with nitrogen.
3. Remaining resist residues are removed with oxygen plasma prior to any further
treatment with P = 200 W for a duration of t = 10 s and at a pressure of p = 40 Pa.
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A.2.4 Pattern Transfer
The pattern transfer is done by either reactive ion etching and metal evaporation followed
by a lift-off process.
Reactive Ion Etching
The reactive ion etching process (RIE) removes the wafer material of the resist pattern
in a gaseous chemical reaction. The etching rate for the wafer substrate is known and it
is controlled with a reference sample etched at the same time to ensure the right etching
depth. A depth of d = 70 nm is chosen such that the 2DES of the wafer is removed. The
remaining resist is removed with acetone afterwards.
Evaporation and Lift-off
The metals for the gate structures are deposited by high vacuum thermal evaporation.
They consist of gold with an underlying coating of chromium as adhesion promoter. In
case of the air-bridges no adhesion layer is needed, as there is already an underlying gold
structure.
1. Evaporation of metal top-gates at a pressure below p = 1 · 10−3 Pa in the recipient
with the following parameters:
Cr: Rate r = 0.1 nm/s, layer thickness dCr = 5 nm.
Au: Rate r = 0.1 nm/s, layer thickness dAu = 20 nm.
2. Evaporation of metal air-bridges at a pressure below p = 1 · 10−3 Pa in the recipient
with the following parameters:
Au: Rate r = 0.5 nm/s, layer thickness dAu = 250 nm.
The excess material is removed in a lift-off process.
1. Soak for a duration of t = 90 min in the EBL remover AR 700-30 heated up T =
55 ◦ C.
2. Flush the sample using an acetone filled syringe equipped with a hollow needle until
all excess material is removed.
3. Rinse with isopropanol and blow dry with nitrogen gas.
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B

Measurement Devices
The following devices were used for the measurements:
• SR830 DSP lock-in amplifier from Stanford Research.
• Lock-in amplifier model 5210 from EG&G Instuments.

• DA16: Self-made 16bit digital-analogue converter with an output range of [−10 V, 10 V].
• M.A.G.I.C.1 module: An self-made active Butterworth filter of second order with a
cutoff frequency of f = 25 Hz for applying low noise voltages to top gates.
• I/V converter: Self-made current-voltage converter. Voltages can be applied to two
lines and a voltage proportional to the current flowing in the connected device is
given as output. The ratio is of the order of I ≈ 10 nA/V.
• DS345 frequency generator from Stanford Research.
• Self-made opto couplers to transmit TTL reference signals to interrupt ground loops.
• Digital multimeter model 2000 from Keithly Instruments.

1

Multiple Applying Gate Voltage Input Connector
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C

Additional Measurements
In this chapter additional measurements for the different configurations realized with the
device geometry used in this thesis are presented, with the antidot system of two parallel
quantum point contacts in chapter chapter C.1, the combination of two quantum dots in
chapter C.2 and the inter-combination of a quantum dot and a quantum point contact in
chapter C.3, respectively.
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C.1 Combination of Two Quantum Point Contacts
C.1.1 Voltage Bias dependence of the h/e Periodicity
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Figure C.1
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Source-drain bias dependence of the h/e conductance modulation. (a) Relative deviation in the current from the current-voltage characteristic. The
average of the I/V curve has been subtracted for a better visibility of the
modulation. (b) Differential conductance measured by a lock-in technique.

C.1 Combination of Two Quantum Point Contacts

C.1.2 Magnetic Field Dependence of the Quantum Point
Contact Characteristic
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Figure C.2

Quantum point contact characteristic versus magnetic field as a color map of
the conductance for (a) the upper constriction and (b) the lower one. Two
common trace of the magnetic field are marked in red and black respectively.
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C.1.3 Conductance Modulations below Bc showing h/e and h/2e
in Periodicity

3.6

conductance I/VDS

h

e2
h

i

Enlargement of the conductance modulations as a function of magnetic flux density of
figure 6.33a for the area marked in the low field part below Bc . The average conductance
varies in the range of δI/VDS = 1 e2 /h. On top of these large conductance fluctuations
there are smaller periodic conductance modulations with h/e periodicity alongside with
h/2e, see figure C.3. The latter halved periodicity requires a magnetic field strength larger
than B = 1 T. The graph displays the periodic conductance modulations undergoing a
transition from the h/e periodicity visible only at B = 1.79 T to a h/2e periodic modulation in the magnetic flux density. To the lower magnetic field side of the graph a double
peak structure in the conductance modulation is obtained. This behavior points to large
fluctuations in the 2DES surrounding the antidot due to the magnetic field changes.
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Enlargement of the conductance modulations a function of magnetic flux
density of figure 6.33a for the area marked in the low field part below Bc . A
transition from the h/e periodic conductance modulation at B = 1.79 T to
the h/2e modulation is present. On the low field side a double peak structure
in the conductance modulation is present.

C.1 Combination of Two Quantum Point Contacts

C.1.4 Magnetic Field Dependence of the Quantization of the
Combined Conductance
The combined conductance by varying the quantum point contacts with respect to each
other between 0 < I/VDS < 1 e2 /h for a magnetic field above and below Bc = 3.4 T.
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Figure C.4

Color-coded conductance map of two QPCs displaying the transition between
the conductance plateau of I/VDS = 2 e2 /h and pinch-off for magnetic fields
above and below Bc = 3.4 T. The source-drain bias is set to VDS = 25 µV.
(a) Data for B = 3 T < Bc . With both QPCs set to the quantized conductance plateau the common condutance is larger than I/VDS ≥ 2 e2 /h
and drops to the quantized I/VDS = 2 e2 /h value as either one of the QPCs
is closed off (black dotted lines). This illustrates that the system is not a
quantum Hall system. (b) Data for B = 4 T > Bc . The conductance stays
quantized with I/VDS = 2 e2 /h as long as one QPCs remains on the quantized
value as expected for a quantum Hall system.
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C.1.5 IQHE for Both Biased and Unbiased Metal Top-Gates
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Two-terminal quantum Hall measurement for unbiased (red) and with finite
bias of −0.8 V (blue) at the QPC metal split-gates. In case of the voltage
bias only the Quantum Hall plateaus with filling factor one and two can be
obtained.

C.1 Combination of Two Quantum Point Contacts

C.1.6 Magnetic Field Dependence of the h/e Periodicity
Both QPCs are set to 0 ≤ I/VDS ≤ 1 e2 /h. The magnetic field ranges from zero up to
B = 10 T. Enlargement of figure 6.26 from page 89.
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C.1.7 Magnetic Field Dependence of the h/e & h/2e Periodicity
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Both QPCs are set to I/VDS = 2 e2 /h and undergo the transition to pinch-off as the
magnetic field increases from zero to B = 10 T. Enlargement of figure 6.33a from page 96.
4
3.8
3.6
3.4
3.2
3
2.8
2.6
0

0.2

0.4

I/VDS

h

e2
h

i

magnetic field [T]
4
3.8
3.6
3.4
3.2
3
2.8
2.6
0.4

0.6

0.8

I/VDS

h

e2
h

i

magnetic field [T]
4
3.8
3.6
3.4
3.2
3
2.8
2.6
2.4
0.8

1

1.2

I/VDS

h

e2
h

i

magnetic field [T]
4
3.8
3.6
3.4
3.2
3
2.8
2.6
2.4
2.2
2
1.2

1.4

1.6

I/VDS

h

e2
h

i

magnetic field [T]
3.8
3.6
3.4
3.2
3
2.8
2.6
2.4
2.2
2
1.6

1.8
magnetic field [T]

290

2

I/VDS

h

e2
h

i

C.1 Combination of Two Quantum Point Contacts

4
3.8
3.6
3.4
3.2
3
2.8
2.6
2.4
2.2
2
1.8
2

2.2

2.4

I/VDS

h

e2
h

i

magnetic field [T]
3.4
3.2
3
2.8
2.6
2.4
2.2
2
2.4

2.6

2.8

magnetic field [T]
2.6

I/VDS

h

e2
h

i

2.8

2.4
2.2
2
2.8

3

3.2

magnetic field [T]

I/VDS

h

e2
h

i

2.4
2.2
2
1.8
3.2

3.4

3.6

magnetic field [T]

I/VDS

h

e2
h

i

2.2

2

1.8
3.6

3.8

4

magnetic field [T]

291

I/VDS

h

e2
h

i

C Additional Measurements

2.2
2
1.8
1.6
1.4
1.2
4

4.2

4.4

magnetic field [T]

I/VDS

h

e2
h

i

1.6
1.4
1.2
1
4.4

4.6

4.8

magnetic field [T]

I/VDS

h

e2
h

i

1.4

1.2

1
4.8

5

5.2

magnetic field [T]

I/VDS

h

e2
h

i

1.2

1

0.8
5.2

5.4

5.6

magnetic field [T]

I/VDS

h

e2
h

i

1.2

1

0.8
5.6

5.8
magnetic field [T]

292

6

C.1 Combination of Two Quantum Point Contacts

I/VDS

h

e2
h

i

1.2

1

0.8
6

6.2

6.4

magnetic field [T]

I/VDS

h

e2
h

i

1.2

1
6.4

6.6

6.8

magnetic field [T]

I/VDS

h

e2
h

i

1.2

1
6.8

7

7.2

magnetic field [T]

I/VDS

h

e2
h

i

1.2

1
7.2

7.4

7.6

magnetic field [T]

I/VDS

h

e2
h

i

1.2

1
7.6

7.8

8

magnetic field [T]

293

C Additional Measurements

I/VDS

h

e2
h

i

1.2

1

0.8
8

8.2

8.4

magnetic field [T]

I/VDS

h

e2
h

i

1.2

1

0.8
8.4

8.6

8.8

magnetic field [T]

I/VDS

h

e2
h

i

1.2

1

0.8
8.8

9

9.2

magnetic field [T]

I/VDS

h

e2
h

i

1

0.8
9.2

9.4

9.6

magnetic field [T]

I/VDS

h

e2
h

i

1

0.8
9.6

9.8
magnetic field [T]

294

10

C.2 Combination of Two Quantum Dots

C.2 Combination of Two Quantum Dots
C.2.1 Voltage Bias Dependence of the h/e Periodicity
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Figure C.6

Color-coded bias dependence of the conductance modulations as function of
the magnetic flux density. (a) Relative deviation in the current. The mean
value of the current-voltage characteristic has been subtracted for a better
visibility. (b) Differential conductance measured by a lock-in technique.
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Line-cuts through the ’lobe-pattern’ at the positions marked in figures C.6a
for the deviation in the current of the I/V characteristic as lower curves
and through figure C.6b for the differential conductance as upper curves,
respectively. Displayed are the data points with overlying lines as guide to
the eyes.
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C.2.2 Intersection of two S.E.T.-Peaks at Negative Voltage Bias
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Figure C.8

Behavior of an intersection of single-electron tunneling peaks at B = 3.2 T,
showing no addition of the conductance values for different source-drain bias
settings, with (a) VDS = −24 µV and (b) VDS = −100 µV, respectively.
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C.2.3 Intersection of two S.E.T.-Peaks a Positive Voltage Bias
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Behavior of an intersection of single-electron tunneling peaks at B = 3.2 T
for intermediate coupling strength, showing no addition of the conductance
values for different source-drain bias settings, with (a) VDS = +24 µV and
(b) VDS = +100 µV, respectively.
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C.2.4 Conductance Modulations at a Capped Intersection in
Combination with a Small and Large S.E.T.-Peak
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Figure C.10

(a) Intersection of two single-electron tunneling peaks with a capping of
the common conductance at I/VDS = 1 e2 /h for VDS = 25 µV at B = 4 T.
(b) Conductance modulations taken at the center (peak) position of the
intersection and in the common flanks marked in a). The conductance
modulations in the magnetic flux density around B = 4 T are absent for
the center of the intersection and appear on the flanks with a common
conductance less than I/VDS < 1 e2 /h. The data are taken at a sourcedrain bias of both VDS = ±25 µV.
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C.2.5 Conductance Modulations Across a Single S.E.T.-Peak at
S.E.T.-Intersection
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Figure C.11

300

Conductance in the interplay of the magnetic flux density versus the combined plunger gate voltage traces of both quantum dots marked in the insets. The cross-cuts are taken through the single-electron tunneling peak of
(a) the upper and (b) the lower quantum dot of the intersection displayed
in figure 7.17. Flux dependent conductance modulations are present at the
flanks of the single-electron tunneling peaks. They are absent at the apex
of the peak, but reemerge after the transition of the apex. The data are
taken at a bias of VDS = 25 µV.
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Figure C.12

Cross-cut through the single-electron tunneling peaks for (a) the upper
quantum dot extracted from figure C.11a, (b) the lower quantum dot extracted from figure C.11b and (c) the upper and lower quantum dot simultaneously, extracted from figure 7.16b. Data points are fitted by a shifted
cosh(x)−2 function.
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Conductance modulations at the indicated crossing in figure 7.25 and its
neighbors. Data are taken from all intersections with columns expanding
to the right and rows upward, labeled with increasing Roman and Arabic
numerals, respectively.
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Conductance modulations at the indicated crossing in figure 7.25 and its
neighbors. Data are taken from all intersections with columns expanding
to the right and rows upward, labeled with increasing Roman and Arabic
numerals, respectively.

303

1

0.8

0.8

I/VDS [e /h]

1

0.6

2

0.6

2

I/VDS [e /h]

C Additional Measurements

0.4

0.2

0.4

0.2

0
9.98

10
magnetic ﬁeld [T]

0
9.98

10.02

1

0.8

0.8

I/VDS [e /h]

1

0.6

2

0.6

0.4

0.2

0.4

0.2

0
9.98

10
magnetic ﬁeld [T]

(c) Intersection III,3
Figure C.15

304

10.02

(b) Intersection II,3

2

I/VDS [e /h]

(a) Intersection I,3

10
magnetic ﬁeld [T]

10.02

0
9.98

10
magnetic ﬁeld [T]

10.02

(d) Intersection IV,3

Conductance modulations at the indicated crossing in figure 7.25 and its
neighbors. Data are taken from all intersections with columns expanding
to the right and rows upward, labeled with increasing Roman and Arabic
numerals, respectively.
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Conductance modulations at the indicated crossing in figure 7.25 and its
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to the right and rows upward, labeled with increasing Roman and Arabic
numerals, respectively.
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C.2.7 Conductance Modulations in the Coulomb-Blockade
Regime
1.2

e2
h

i

-0.6

h
0.6

X

-0.7

conductance I/VDS

VLG [V]

X

0
-0.6

-0.5
VUG [V]

(a)

conductance I/VDS

h

e2
h

i

1

0.5

0
3.36

3.38

3.4

3.42

3.44

magnetic field [T]

(b)
Figure C.17
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(a) Charge-stability diagram of the double quantum dot structure with operating points marked at a single-tunneling intersection (S.E.T. - blue cross)
and in the regime of Coulomb-blockade (CB - red cross). (b) Variation in the
magnetic flux density at the working points marked in (a) with the traces
corresponding in color. The periodicity with δBS.E.T. = (3.78 ± 0.01) mT
and δBCB = (3.78 ± 0.02) mT match with h/e periodicity to the device design. The trace for the Coulomb-blockade regime is enlarged by a factor
of two for a better view. The ratio of the modulation magnitudes is of the
order of a factor of nine. The data are taken at B = 3.4 T at a source-drain
bias of VDS = 5 µV at the base temperature of the cryostat.
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C.2.8 Cross-cut Through Charge-Stability Diagram
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Figure C.18

Cross-cut through the apex of the single-electron tunneling peaks in sourcedrain bias direction of the charge-stability diagrams from figure 7.15.
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C.2.9 Interplay of Side-gate and Quantum Dot Plunger Gate
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Figure C.19
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Shift of the single-electron tunneling peaks of the (a) upper and (b) lower
quantum dot in the interplay of the side-gate voltage and the quantum dot
plunger gate voltages. The data are taken at B = 6.60 T with a bias of
VDS = 25 µV.
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C.2.10 Correction Factor for the Linewidth of a Single-Electron
Tunneling Peak
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Figure C.20

Conductance of the upper quantum dots as a function of the source-drain
bias and the plunger gate voltage. From the extend of the Coulomb diamond
with VDS = 0.85 mV and VG = 0.044 V the correction factor α = VDS /(2VG )
is obtained with α = 0.0097. Taken at a magnetic flux density of B = 6.6 T.
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C.2.11 Breathing Model in Presence of a Finite Gate-Voltage
Dependent Tilt
The breathing model from chapter 8.6 does not yield the finite slope of a line connecting
the extrema in the amplitude of the periodic modulations as seen experimentally. If
there is, however, an additional mechanism causing a finite tilt the conductance map as
displayed in figure C.21 would be obtained. The diagram shows for a fixed magnetic field
the same apparent phase shift of the periodic conductance modulations. A change in the
periodicity of the conductance modulations as origin of this finite slope, as it has been
observed for tuning the top-gates in the antidot system from chapter 6, can be excluded.
Another possible mechanism leading to the finite slope may be the previously discussed
breathing of the quantum dots for the varying magnetic field, see figure C.22. The graph
shows the conductance as a function of the magnetic field versus the plunger gate voltage.
As indicated by the black line a variation in the magnetic flux density can shift the singleelectron tunneling peak on the gate voltage axis both up or down. This would match
the different tilt direction connecting the extrema of the conductance modulations seen
experimentally. In a best-case scenario however, a shift of about ∆VG /∆B ≈ ±0.08 V/T
can be obtained at low magnetic fields. In comparison with the slope of obtained from
figure 7.21b at large magnetic fields with ∆VG /∆B ≈ 14 V/T it yields a difference of more
than two orders in magnitude. This makes the breathing of the quantum dot unlikely to
be the origin of the finite slope. However, with both different magnetic field values and
data obtained from two devices, further investigations may be required to fully exclude
the breathing of the quantum dot as underlying mechanism.
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Figure C.21
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Qualitative estimation of the conductance of the quantum dot system taking
a magnetic flux dependent breathing of the linewidth of the single-electron
tunneling peaks into account. For the assumption of a gate voltage dependent tilt of the line connecting the extrema in the amplitude of the modulations (black dotted line) qualitatively the same apparent phase shift (white
dotted line) on the gate voltage axis is obtained as observed experimentally,
compare with figure 7.21.
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Figure C.22

Conductance of a single quantum dot as a function of the magnetic flux
density versus the plunger gate voltage. The single-electron tunneling peaks
shift with increasing magnetic field on the gate voltage axis (black line).
Jumps indicate a charge redistribution between compressible areas in the
dot.
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C.2.12 Kondo Regime at Low Magnetic Fields
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Conductance as a function of the plunger gate voltage and the source-drain
bias (charge-stability diagram) of the upper quantum dot with a strong
coupling to the leads. A single Kondo resonance at VDS = 0 is visible in
the Coulomb-blockade region. The data are taken at B = 0.5 T at the base
temperature of the cryostat of T = 150 mK at the sample site.
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C.2.13 Kondo Regime at High Magnetic Fields
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Figure C.24

(a) Combined conductance with Kondo resonances (K) and single-electron
tunneling peaks (S) of both the upper and lower quantum dot in a direct
neighborhood. (a) Color-coded conductance map with working points 1 =
K, K, 2 = S, S, 3 = S, K and 4 = K, S for the upper and lower dot,
respectively. (b) Conductance modulations as a function of the magnetic
field yield δBS,S = (3.47 ± 0.04) mT and δBK,K = (1.75 ± 0.01) mT matching
h/e and h/2e in periodicity the area free of electrons in between the quantum
dots, respectively. For the inter-combination of Kondo resonance and singleelectron tunneling peak only faint traces of the fundamental h/e period are
seen. The source-drain bias was set to VDS = 25 µV.
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C.2.14 Voltage Bias Dependence of two Kondo Resonances
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Bias dependence of the conductance modulations as function of the magnetic flux density obtained for the interplay of two Kondo resonances.
(a) Relative deviation in the current with the mean value of the currentvoltage characteristic subtracted. At low bias the modulation period yields
δB = (1.62 ± 0.01) mT and δB = (3.21 ± 0.04) mT for large bias, matching
to h/2e and h/e the effective area, respectively. The transition occurs in
the range of VDS = ±60 µV. (b) Differential conductance of (a).
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Figure C.26

Line-cuts through the source-drain bias pattern at the magnetic field values
marked in figure C.25. The deviation in the current of the I/V characteristic
is displayed as lower curves and the differential conductance as upper curves,
respectively. Displayed are the data points with overlying lines as guide to
the eyes.
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C.3 Combination of a Quantum Dot and a Quantum
Point Contact
C.3.1 Magnitude Asymmetry Across an S.E.T.-Peak
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(a) Conductance modulations as a function of the magnetic flux density in
combination with the quantum dot plunger gate voltage. The modulation
magnitude changes with the transition of the single-electron tunneling peak.
The baseline of the conductance is the background of the point contact.
(b) Magnetic flux density variation taken at the traces marked in (a) in
red and blue, respectively. The change in magnitude yields a factor of
Op no. 1 / 2 = 1.95±0.39 between the different sides of the single-electron
tunneling peak. Data obtained with a source-drain bias of VDS = 25 µV.
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Extracted deviation in the conductance from the magnetic flux dependent
periodic conductance modulations from figure C.27a. The mean conductance for each gate voltage value has been subtracted for a better lucidity.
The black arrows on the gate voltage axis mark the linewidth of the singleelectron tunneling peak.
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C.3.2 Voltage Bias Dependence with an S.E.T. Peak
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Figure C.29

Color-coded bias dependence of the conductance modulations. (a) Relative
deviation in the current. The mean value of the current-voltage characteristic has been subtracted for a better visibility. (b) Differential conductance
measured by a lock-in technique. The periodicity in the magnetic flux density yields δB = (3.47 ± 0.04) mT, matching the depleted region of the
device.
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Line-cuts through the ’lobe-pattern’ at the positions marked in figure C.29
for the deviation in the current of the I/V characteristic as lower curves and
for the differential conductance as upper curves, respectively. Displayed are
the data points with overlying lines as guide to the eyes.
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C.3.3 Voltage Bias Dependence with a Kondo Resonance
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Figure C.31

Conductance modulations as function of the magnetic flux density vs.
source-drain bias in presence of a Kondo resonance. (a) Deviation in the current, with the mean value of the current-voltage characteristic subtracted.
At low bias modulations with a period of δB = (1.64 ± 0.01) mT and for
large bias with δB = (3.27 ± 0.04) mT are present, matching with h/2e and
h/e the effective area, respectively. The transition occurs in the range of
VDS ≈ ±60 µV. (b) Differential conductance.
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Line-cuts through the ’lobe-pattern’ at the positions marked in figure C.31
for the deviation in the current of the I/V characteristic as lower curves and
for the differential conductance as upper curves, respectively. Displayed are
the data points with overlying lines as guide to the eyes.
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