
Mathematical Modeling and Sensitivity Analysis of
Lumped-Parameter Model of the Human

Cardiovascular System

zur Erlangung des

Doktorgrades der Naturwissenschaften (Dr. rer. nat.)
im Fachbereich Mathematik und Informatik

der Freien Universit•at Berlin

vorgelegt von
Raheem Gul

aus Abbottabad, K.P.K, Pakistan

January 2016



Erstgutachter: Prof. Dr. Christof Sch•utte

Zweitgutachter: Prof. Dr. Stefan Bernhard

Disputation am: 27. 01. 2016

i



Abstract

In this thesis, a lumped-parameter model of the systemic circulation is developed
and sensitivity analysis (local and global) is applied to quantify the impact of input
parameters on output variables. The thesis is divided into two major parts, (1)
cardiovascular (CV) modeling and (2) sensitivity analysis. In the CV modeling
part, the major arteries of the systemic circulation are modeled explaining the
elastic and the visco-elastic vessel walls behavior. In thesensitivity analysis part
of the thesis, two local sensitivity analysis (LSA) and three variance-based global
sensitivity analysis (GSA) methods are applied on a full andpartial cardiovascular
system (CVS).

LSA is applied on a linear elastic model of arm arteries (with and without
anastomosis). While GSA is applied on MACSim (Major Arterial Cardiovascular
Simulator), visco-elastic model of the CVS and carotid bifurcation. The main aim
of this research work is to provide a general framework of parameter estimation
using sensitivity analysis. However, the objectives of this thesis are summarized as:

� Formulate a reliable and clinically relevant model of the systemic circulation
using the lumped-parameter approach (linear elastic and visco-elastic).

� Identify and rank the most important CV parameters, which contribute most
on the output uncertainty. Furthermore, these sensitive parameter can be
accurately estimated from measurements.

� Find the optimal measurement locations and optimal time regions in pressure
and 
ow waves, which are very helpful in the parameter estimation.

� Find a GSA method for multi-compartment lumped-parameter model of the
CVS on the basis of computational cost, simplicity and straightforward im-
plementation.

� Discuss and explain the combine e�ect ofvasodilation and vasoconstriction
in linear elastic model of MACSim (Major Arterial Cardiovas cular Simulator)
by considering the sensitivity of the boundary resistance.

� Study di�erent levels of stenosis and aneurysm in visco-elastic model of the
CVS. The study could bene�t medical students and doctors to understand
the dependence of hemodynamic variables on CV model parameters.

ii



Deutsche Kurzzusammenfassung

Die grundlegenden physikalischen Eigenschaften des Herz-Kreislaufsystems lassen
sich durch dimensionsreduzierte parametrisierte Multi-Kompartiment-Modelle mit
Hilfe von computergest•utzten Rechenverfahren e�zient beschreiben. Einblicke in
das Verhalten des Herz-Kreislaufsystems bietet dabei vor allem die Ver•anderung
von Modellparametern.

In dieser Dissertation werden die systemischen Hauptarterien des menschlichen
Kreislaufsystems in 122 Kompartimente (Knoten oder Segmente) unterteilt. Die Zu-
standsvariablen (Druck und Fluss) eines jeden Segments werden durch 3-elektrische
(RCL ) bzw. 4-strukturelle Parameter (Eldh ) beschrieben. In computergest•utzten
Herz-Kreislaufmodellen stellen die Parameter die Hauptquelle der Unsicherheit dar,
weil diese sich direkt auf die Unsicherheit der Zustandsvariablen und damit auf die
Verl•asslichkeit des Modells auswirken. Bei der Erstellung von patienten-spezi�schen
Herz-Kreislaufmodellen die sich zur Untersuchung von Herz-Kreislauferkrankungen
eignen, werden die Parameter aus patienten-spezi�schen Messdaten gesch•atzt. In
Multi-Kompartiment Herz-Kreislaufmodellen gibt es eine Vielzahl von elektrischen
und strukturellen Parametern, eine genaue Sch•atzung aller Parameter aus gegebe-
nen Messdaten ist deshalb nur bedingt m•oglich. Ein m•oglicher Ausweg aus dieser
Situation ergibt sich durch die Quanti�zierung der ein
uss reichsten Modellparame-
ter bez•uglich der Zustandsvariablen erg•anzt durch optimale Messstellen und Zeitr•au-
me, um aus den patienten-spezi�schen Daten die ein
ussreichsten Parameter zu
sch•atzen.

In dieser Arbeit wurden die Modellparameter mit Hilfe der Sensitivit•atsanalyse
bez•uglich ihrer Wichtigkeit geordnet, sowie optimale Messstellen und Zeitr•aume
in den Druck- und Flusswellenformen identi�ziert. Hierf•u r wurde die lokale Sen-
sitivit•atsanalyse auf die Armarterien und die globale Sensitivit•atsanalyse auf eine
Karotis Bifurkation und den gesamten Herz-Kreislauf angewendet. Die Ergebnisse
zeigen eine starke Ortsabh•angigkeit der Sensitivit•at bez•uglich Druck und Fluss, d.h.
in jedem Ort des arteriellen Netzwerks ergab sich eine unterschiedliche Ordnung
der ein
ussreichsten Parameter. Grunds•atzlich erwiesensich der Durchmesser, die
L•ange des Gef•a�es und der Widerstand des Blut
usses, speziell an den Gef•a�enden
als ein
ussreiche Parameter des Herz-Kreislaufsystems. Weiterhin bietet die vor-
liegende Arbeit eine Orientierung f•ur Experimentatoren, welche Messgr•o�en (Druck
und Fluss), an welchen Orten (optimale Messstellen) und zu welchen Zeiten bei der
Sch•atzung von ein
ussreichen Parametern ber•ucksichtigt werden sollten. Die opti-
malen Druck-/Flussmessungen, die zur Sch•atzung von ein
ussreichen Parametern
verwendet werden sollten, h•angen stark vom Ort im Netzwerkab, wohingegen sich
die optimalen Zeitr•aume im Druck- und Flussverlauf bez•uglich der einzelnen Pa-
rameter gleichen, d.h. in der fr•uhen Systole, End Systole und fr•uhen Diastole.
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CHAPTER1

Introduction

1.1 The cardiovascular system

Blood 
ow through the cardiovascular system (CVS) plays a crucial role in trans-
porting and distributing the nutrients, oxygen and water to the body and removing
the metabolic by-products (CO2, water) away from the body tissues. It is also re-
sponsible to regulate the body temperature as well as adjustoxygen and nutrients
supply in various physiological situations (homeostasis)[1]. Therefore, the impor-
tance of circulatory system is very obvious and malfunctionof the system can cause
various fatal diseases.

The circulatory system consists of the three major components, heart , blood
and vessels. The blood is pumped out from the heart to the peripheral vessels
(arteries, capillaries, veins). Arteries take the oxygenated blood away from the
left ventricle to the organs. Nutrients, water and oxygen are exchanged in the
capillaries, known as exchange system. The de-oxygenated blood is collected in the
veins and sent back to the heart (right ventricle). From the right ventricle the blood
is pumped out into the lungs, where, de-oxygenated blood gets oxygen and releases
CO2 to the air sacks of the lungs. Finally, the fresh blood (oxygenated) returns to
the left ventricle.

1.1.1 Types of blood circulation

Blood circulation can be divided into three parts:

1. The systemic circulation is a network of the vessels that carry oxygenated
blood away from the left ventricle to the body and de-oxygenated blood back
to the right ventricle.

2. The pulmonary circulation are the vessels that carry de-oxygenated blood
from the right ventricle to the lungs and oxygenated blood from the lungs to
the left ventricle.

3. The coronary circulation are the vessels that supply blood to the cardiac
tissues.

A graphical representation explaining the types of circulation is given in �gure (1.1,
left).
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1.1.2 Structure of an artery

In general, the arteries are composed of three layers,tunica intima (inner layer),
tunica media (middle layer) and tunica externa (outer layer). Moreover, the lumen
is the inside space of an artery, where the blood 
ows. The three layers of an artery
can be seen in �gure (1.1, right).

1.1.3 Classi�cation of arteries

On the basis of structures and functions, arteries are classi�ed into three categories:

Elastic arteries
Elastic arteries have large diameter ranging from 1cm to 2:5cm. Due to the large
(lumen) area, these arteries are also known as low-resistance vessels. Elastic arteries
have a large number of collagen and elastin �laments in thetunica media, which
help in storing the blood during systole and to maintain a relatively constant pres-
sure in arteries. The aorta, common carotid, subclavian, pulmonary and common
iliac arteries fall in the category of the elastic arteries.

Muscular arteries
In the circulatory system, the basic function of muscular arteries is to distribute
blood to the di�erent organs of the body. Their diameter is in between 1cm and
0:2mm. They have high amount of smooth muscle �bers in thetunica media, which
help to regulate the blood 
ow.

Arterioles
The arterioles have a small lumen diameter ranging from 10�m to 0:2 mm and
play an important role in maintaining and regulating the per ipheral blood pressure.

In physiological terms, the behavior of the vessel walls is visco-elastic. The elas-
tic property provides the "energy storing mechanism", like a compressed spring or
electrical capacitor, to store the blood during the systole. The viscous property
dissipates the energy transmitted to the vessel walls during systole. In diastole, the
stored blood is pushed to the downstream of the arterial tree, as a result, a smooth
pulsatile blood 
ow occurs in the circulatory system [2] , see �gure (1.2).

1.2 History of cardiovascular modeling

In 13th century, Ibn Al-Na�s (1213-1288) was the �rst physician who described cor-
rectly the pulmonary circulation [6]. Before the work of Ibn Al-Na�s, the common
theory of blood circulation was that the food is converted into blood in the liver and
then work as a fuel. Later on in 1628, William Harvey (1578-1657) demonstrated
experimentally that the blood is pumped from the heart and circulate in the body.
He published "An anatomical study of motion of the heart and of the blood of
animals". This was the �rst publication in the Western world , claiming that the
heart is responsible for the blood circulation.

In 1738, Daniel Bernoulli (1700-1782) investigated the laws governing the blood
pressure. He also published his well-known Bernoulli's equation, which relates the
blood pressure to the blood velocity. The �rst pulse wave propagation model for
in-viscid 
uid was introduced by Leonhart Euler (1707-1783) in 1775 [7]. After L.
Euler, Thomas Young (1773-1829) presented a mathematical model describing the
wave-like nature of blood 
ow, that was not recognized in the Euler's model.

In 1838, Jean Lonard Marie Poiseuille (1797-1869) and in 1839, Gotthilf Hein-
rich Ludwig Hagen (1797-1884), independently derived a physical law that explained
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Figure 1.1: Types of the blood circulation (left) and the structure of an artery
(right).

the relationship between the pressure drop and blood 
ow under steady 
ow con-
ditions. Later on, The physical law, known as Hagen-Poiseuille law was published
by Poiseuille in 1840 and 1846. In the �eld of cardiac physiology, several important
contributions were made by Otto Frank (1865-1944). Out of those, "Windkessel
e�ect" and "Frank-Starling law of the heart" are signi�cant . In 1890, O. Frank
published "Fundamental form of arterial pulse", which was � rst ever most theory
of "Windkessel e�ect" in the �eld of blood circulation.

In 1955, John R. Womersley (1907-1958) derived the exact solution of viscous

uid in a circular tube under a periodic pressure gradient [17]. In case of a complex
vascular network, the exact 3D-solution of 
uid 
ow problem s are not easy to obtain.
However, Noordagraaf [23], Westerhof [22] and Avolio [14] used the concept given
by O. Frank (Windkessel theory) and constructed the electrical analog model of the
major arteries in the systemic circulation. In their study, the major arteries of the
systemic circulation were divided into �nite number of arte rial segments (nodes or
compartments). Each segment was represented by an electrical circuit, composed
of a resistor, inductor and capacitor.

Due to complex geometrical structure, 3D simulations of theblood 
ow in the
arterial network are beyond the capability of current computing facilities. In this
context, multiscale modeling is an important concept in which desired vascular
structures are modeled with 3D and lower dimensions (1D, OD)are used to provide
boundary conditions to built a patient-speci�c CV model [8{ 12].

From the last few decades, lumped-parameter models of cardiovascular system
have gained attention to study various normal and pathological conditions [15].
Lumped-parameter models are simple, computationally lessexpensive and explain
the physics of the real-world problems well enough.
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Figure 1.2: Blood 
ow through a compliant vessel during systole (left) and diastole
(right).

1.3 Lumped-parameter model of the CVS

Although 3D modeling of 
uid 
ow in the cardiovascular syste m gives detailed
simulations, the complex model derivations and implementations make it compu-
tationally expensive. As mentioned before, the current computing facilities do not
allow a 3D simulations of whole cardiovascular system. However, it is possible to
derive more simple and less computationally expensive models using 1D and 0D
modeling approaches [20, 28]. Lumped-parameter models of CVS have received in-
creasing attention in the last few decades. In order to understand the relationship
between the pressure and 
ow, many researchers have used 0D models to mimic
blood 
ow and pressure in the human circulatory system [13,14,21{23,25{27]. Im-
portantly, the lumped-parameter models describe the physics of the problem in a
simple way and changing the model parameters give insight tothe behavior of the
whole (partial) CVS .

Lumped-parameter models can be divided into two subgroups,namely mono-
compartment models and multi-compartment models.

1.3.1 Mono-compartment models

In a mono-compartment models, the whole vessel network is represented with a
single electric circuit, composed of resistance, inductance and compliance (RLC ).
The �rst two-element ( RC in parallel) mono-compartment model was introduced
by Otto Frank in 1899. The model explained aortic pressure decay in the diastolic
phase, but cannot capture the high frequency components of pressure re
ections
in the vessel network. Later on, Westerhof [16] and Burattini [13] developed more
sophisticated three-element Windkessel model (RCR) for the CVS. Westerhof et
al. also added blood inertia in the three-element Windkessel model and proposed
a four-element Windkessel element. The major limitation of mono-compartment
model is that it cannot describe the pressure and 
ow-rate changes in speci�c or
desired locations of the arterial network. Therefore, multi-compartment lumped-
parameter models are suitable to study and analyze the overall behavior of the
cardiovascular system.

1.3.2 Multi-compartment models

In multi-compartment approach, the arterial network is div ided into multiple seg-
ments or compartments. Each compartment is represented by an electrical circuit
consisting of RLC . The values ofR, L and C are calculated from the blood vessel
properties (Young's modulus, diameter, length of the vessel, wall-thickness, viscos-
ity of the 
uid, etc) [14, 22, 23]. In order to construct a full vessel network, the
electrical compartments are connected together using appropriate in-output and
bifurcation conditions. The bifurcation conditions are derived from the laws of con-
servation of mass and momentum. Before constructing a detailed vessel network,
it is important to know and consider the characteristics of the vessel segments i.e.
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their mechanical behavior, in-output boundary conditions, etc. Detailed derivations
of di�erent vessel compartments, explaining the appropriate vessel descriptions are
given in [11,21].

Although multi-compartment lumped-parameter models give a detailed and ac-
curate description of the CVS, but in practice, it is very di� cult to estimate plenty
of model parameters from measurements to built a patient-speci�c model. In prin-
cipal, it is not possible to estimate all model parameters from measurements, as
the estimation of more parameters need more measurements. However, estimation
is possible, if we identify optimal measurement locations in the CVS for important
parameters. In this regard, sensitivity analysis can be used in �nding important pa-
rameters as well as optimal measurements locations during the estimation process.

1.4 Cardiovascular diseases

Cardiovascular diseases (CVDs) are the number one cause of death worldwide. Ac-
cording to World Health Organization (WHO), 17.5 million pe ople died in 2012 due
to CVDs, representing 31% of all global deaths. Out of these deaths, 7.4 million
were due to coronary heart disease and 6.7 million were due tostroke [3]. Among
many cardiovascular risk factors (high cholesterol, diabetes, inactivity, excessive use
of alcohol, etc), hypertension (high blood pressure) is thesingle biggest risk factor
of CVD and widely used for diagnosis the heart attack and stroke. The World
Heart Federation stated that, at least 950 million people world wide are su�ering
from high blood pressure and number is increasing day by day [4]. Another study
published by WHF estimated that in 2025, 1.56 billion peoplewill have high blood
pressure [5].

1.4.1 Arteriosclerosis

Arteriosclerosis is one of the major cause of high blood pressure. Arteriosclerosis
is the hardening and thickening of the vessel walls in which the elasticity of the
blood vessels decreases and as a result, the blood pressure increases. These vessels
abnormalities can occur due to the calci�cation of the vessel walls (Monkeberg's
arteriosclerosis), growing age (medial arteriosclerosis) and the fatty deposits on the
inner most layers of the arteries (atherosclerosis). In atherosclerosis, the severe wall
thickening (stenosis) narrow the blood vessels and limits the blood 
ow beyond the
stenosis. The obstruction of blood 
ow causes failure of theorgans and structures
or ischemia; a restriction in blood supply to organs or structures tissues.

1.4.2 Aneurysm

An aneurysm is the abnormal widening or ballooning of the blood vessels due to
a weak thin vessel wall. Aneurysms commonly occur in the abdomen (abdominal
aortic aneurysms, AAA) or the brain (cerebral aneurysms, CA). An AAA is known
as silent killer, because in most of the cases there are no symptoms of abnormal ves-
sel enlargement. A ruptured aneurysm can cause life-threatening blood loss, which
leads to death.

In this thesis, arti�cial stenosis and aneurysm are createdby changing model param-
eters (blood 
ow resistance or diameter) and the impact of vessel abnormalities on
pressure and 
ow of cardiovascular system are studied through sensitivity analysis.
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1.5 Uncertainty analysis

Computational cardiovascular models are very useful in theunderstanding of phys-
iological and pathological processes as well as to study andanalyze the behavior
of the whole (partial) circulatory system. Cardiovascular models also play a vital
role in designing and constructing patient-speci�c modelsusing clinically obtained
measurements.

From the derivation of physical laws of hemodynamics to the computer simu-
lations of the computational cardiovascular models, thereexist several sources of
uncertainty which make the model unreliable and less predictive. Uncertainty must
be reduced to achieve a reliable and predictive cardiovascular model that allow the
investigations of the cardiovascular diseases.

1.5.1 Sources of uncertainty

Mainly, the sources of uncertainty are model parameters, in-output boundary con-
ditions, spatio-temporal variabilities of parameters, structure and numerical uncer-
tainty. The structural uncertainty comes from the lack of kn owledge while deriving
mathematical models from physical laws and numerical uncertainty comes from
numerical errors.

1.5.2 Propagation of uncertainty

Propagation of uncertainty is the quanti�cation of uncerta inty in the model outputs
(pressure and 
ow) caused by uncertain input parameters (electrical and structural).
Uncertainty in model parameters is propagated through Monte Carlo sampling with
a known probability distribution (pdf), Latin hypercube sa mpling, log-normal dis-
tribution and normal distribution. The ultimate goal of unc ertainty propagation
is to evaluate the low-order moments (mean and variance), torepresent the model
output variability in a compact way.

1.5.3 Parameter calibration, inverse uncertainty quanti� ca-
tion

A mathematical model is basically a simpli�cation of real-world system (physical
system) and in case of complex cardiovascular system, a realbehavior of hemody-
namics cannot be produced even if we have a most detailed model. However, if the
model has no signi�cant disagreement with the real system, then, the discrepancy
between model outputs and the measurements of the real system can be reduced by
estimating the important (key) model parameters (parameter calibration). In this
context, the model parameters which contribute most on output uncertainty can
be estimated accurately from the measurements. In this way,the structural uncer-
tainty can be converted into parametric uncertainty, which shows the importance
of the model parameters in building a reliable and predictive cardiovascular model.

1.6 Sensitivity analysis

Lumped parameter model of the CVS consists of plenty parameters. For reliable,
predictive and patient-speci�c CV models, the uncertainty in the model outputs
should be reduced by estimating the important CV parameters. A patient-speci�c
model could be achieved by estimating the model parameters using clinically ob-
tained investigations (measurements). An important step in the parameter esti-
mation process is to �nd a subset of important parameters and�x less important
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parameters on their nominal values (factor �xing). This is b ecause, only the impor-
tant model parameters can be estimated accurately from the given measurements.
Sensitivity analysis is the study of how the uncertainty in the output of a mathe-
matical model or system (numerical or otherwise) can be apportioned to di�erent
sources of uncertainty in its inputs [45].

1.6.1 Local sensitivity analysis (LSA)

In LSA, a parameter value is perturbed around its nominal value once at a time,
keeping all other parameters �xed at their nominal values [18,44]. The procedure is
repeated for all parameters one by one to study the e�ect of individual perturbations
on the output variables. Although, LSA is common, simple, easy to implement and
computationally less expensive, it does not explore the e�ect of entire parameter
spaces on output variables as well as the interactions between the parameters [19].

1.6.2 Global sensitivity analysis (GSA)

The drawbacks associated with LSA can be perceived using GSA. The GSA quan-
ti�es the interactions e�ects among the parameters and alsoexplores the impact of
entire feasible parameter spaces on output variables [45{49]. The only drawback of
GSA is, its computational cost.

In this work, two local sensitivity analysis (LSA) (one fact or at a time, rela-
tive norms sensitivity) and three variance-based global sensitivity analysis (GSA)
methods (Sobol, FAST, sparse grid) are applied on di�erent arterial structures.

1.7 Motivation and aims of the thesis

The basic aim of this work is to formulate a whole (partial) cardiovascular model
of the systemic circulation and perform sensitivity analysis (local and global) to
quantify the impact of input parameters on output variables. The ultimate goal
of research is to provide a framework for parameter estimation on the basis of
sensitivity analysis, to build a patient-speci�c CV model. The key objectives of the
thesis are summarized as follows:

� Formulate a reliable and clinically relevant model of the systemic circulation
using lumped parameter approach (linear elastic and visco-elastic).

� Apply sensitivity analysis (local and global) on di�erent a rterial structures
(carotid bifurcation and arm arteries with and without anas tomosis), to ana-
lyze and study the behaviors of the arterial structures in normal and patho-
logical situations.

� Find a suitable method for global sensitivity analysis on the basis of simplicity,
straightforward implementation and less computational cost.

� Identify and rank the most important cardiovascular parameters, that con-
tribute most on output uncertainty.

� Finding less important parameters, that can be �xed on their nominal values.

� Perform sensitivity analysis for MACSim (Major Arterial Ca rdiovascular Sim-
ulator), to guide experimentalists what to measure and where to measure to
estimate the important CV parameters.

� Apply sensitivity analysis with respect to boundary resistance for MACSim
to study the impact of vasodilation and vasoconstriction on pressure and 
ow
in the arterial network.
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� Explain the impact of stenosis and aneurysm on pressure and 
ow in the
various parts of the systemic circulation. The analysis could help the medical
doctors to detect the CVDs (stenosis and aneurysm) in early stages.

� Discuss and explain the network location and temporal dependent sensitiv-
ities, which are useful in �nding optimal measurement locations in di�erent
arterial structures and optimal time regions in pressure and 
ow waves to
estimate the model parameters.

1.8 Thesis outline

In chapter 2, a detailed derivation of lumped parameter models (linear elastic and
linear visco-elastic) of systemic circulation is given. Chapter 3 explains, the e�ect of
electrical and structural parameters on pressure and 
ow inthe linear elastic model
of the arm artery (with and without anastomosis). In chapter 4, three variance-
based GSA methods are brie
y discussed and applied on a linear visco-elastic model
of the carotid bifurcation. Moreover, we discuss the ranking of important electrical
and structural parameters, factor �xing, locations and tim e-dependent sensitivities.
In Chapter 5, the method of Sobol is applied on the linear elastic model of MACSim
to �nd the impact of diameter and boundary resistance on output variables. We
also discuss di�erent levels of stenosis and aneurysm and their impact on other
locations of visco-elastic CVS. Finally, in chapter 6, the conclusion of the research
work and future directions are discussed.
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CHAPTER2

Lumped-Parameters Model of the CVS

2.1 Introduction

Cardiovascular diseases are one of the major problems in todays medicine and the
number of patients increases worldwide. To �nd the most e�ci ent treatment, prior
knowledge about function and malfunction of the cardiovascular system is required.
To identify the CV diseases in early stage, suitable methodsneed to be developed.
Mathematical modeling is a powerful tool for prediction and investigation of car-
diovascular diseases. Over the last few decades many researchers have attempted
to model the partial or full cardiovascular system [29{32]. The basic objective of
these models is a better understanding of the cardiovascular system in an inex-
pensive and non-invasive way. Fortunately, there are largenumber of CV models
(3D,1D,0D) available in the literature. The selection of appropriate model dimen-
sionality, from 0D to 3D can be chosen according to the given scenarios, objectives
and applications [33].

There are four major di�culties associated with the CV model ing:

� Formulation of models for a large and complex vessel network.

� Computational cost for solving high dimensional CV models (3D,2D).

� The inaccuracy and unreliability in the model outputs, caused by input factors
(model parameters, initial and boundary conditions, etc).

� Selection or estimation of the key parameters to built a patient-speci�c CV
model.

It has been investigated, that the lumped-parameter models, drawing an analogy be-
tween electrical circuits and 
uid 
ow, are simple, computa tionally inexpensive and
e�ective methods to model the human cardiovascular system.In lumped-parameter
models, the continuous variation of hemodynamic state variables is represented by
a �nite number of variables, de�ned at speci�c vascular segments. Although, the
model has low spatial resolution, it is still useful to assesthe overall performance
of the whole cardiovascular system or subsystems, like the carotid bifurcation, the
arm arteries, arterial anastomosis or femoral arteries etc.

For reliable model predictions, the output uncertainty in such models needs to
be reduced. The output uncertainty could be minimized by estimating those model
parameters, which contribute most on output uncertainty. T he identi�cation of the
important model parameters can be done by sensitivity analysis, which further can
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Mechanical system Electrical system Hydraulic system
Stress (� ) Voltage (V) Pressure (p)
Time derivative Current ( I ) Flow rate (q)
of strain ( d�

dt )
Viscosity (� ) Resistance (R) Blood viscosity (R)
Mass (m) Inductance (L ) Blood inertia ( L)
Elastic modulus (E) Compliance (C) Wall compliance (C)

Table 2.1: Analogies between mechanical, electrical and hydraulic systems.

be estimated using clinically obtained measurements. In forthcoming chapters (3, 4,
5), a detailed explanation on the identi�cation and ranking of important parameters
and factor �xing is given.

In this chapter, the mathematical formulation of the lumped -parameter models
(linear elastic and visco-elastic) is derived by decomposing the CVS into single ar-
terial segments with prescribed in-output boundary conditions. In the next step,
the detailed arterial network of the systemic circulation is derived using appropri-
ate bifurcation conditions, that result from the laws of conservation of mass and
momentum.

2.2 Lumped-parameter model of a vessel segment

Lumped parameters models can be derived from the 3D Navier-Stokes equations
of incompressible and Newtonian 
uid in a straight rigid cyl indrical tube. By in-
tegrating over the cross section after considering the simpli�ed assumptions and
by further integrating over space, we get system of coupled ODEs, describing the
variation in time for average pressure and 
ow rate [11,20].The lumped parameters
models are also known as 0D models as they do not consider variations in space.

2.2.1 Electrical analogy

In lumped-parameter approach, a vessel segment is represented by an electrical
circuit, which is the combination of a resistor, inductor and capacitor. There exist
an analogy between the 
ow in a tube and 
ow of a current in an electric circuit.
The electrical potential or voltage (V) corresponds to the driving pressure di�erence
(� p) in the vessel segment, current (I ) is analogous to the blood 
ow (q), resistor is
represented as viscous 
ow resistance , capacitance is analogous to the compliance of
the vessel (C), inductor is replaced by blood inertia (L) andimpedance corresponds
to terminal (boundary) resistance (Rb). See table (2.1) and �gure (2.2) for complete
description.

2.2.2 Formulation of an elastic segment

Pressure and 
ow equations at non-terminal segments:
Let us consider a single compliant vascular segment with diameter (d), vessel length
(l) and wall-thickness (h). The equivalent electrical circuit representation (L -
inverted) of compliant vessel segment is given in �gure (2.1, B). Let ( pin , qin ) and
(pout , qout ) are the pressure and 
ow rate at the inlet and outlet of the vascular
segment respectively. Ifpin and qout are the prescribed boundary conditions, then
after applying Kirchho� current and voltage laws, we get system of two di�erential
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equations:

_qin =
pin

L
�

pout

L
�

R qin

L
(Flow equation) (2.1)

_pout =
qin

C
�

qout

C
(Pressure equation) (2.2)

Where, qin and pout are the state variables,R is the viscous 
ow resistance,L is
the blood inertia and C represents the vessel compliance. In �gure (2.1), variables
in the red color represent the state variables.

Pressure and 
ow at terminal segments:
As mentioned in section 1.3, in multi-compartment modeling the arterial network
is divided into a �nite number of vessel segments. Includingmore and more vessel
segments makes the model complicated and computationally expensive. Finally, it
is not practically feasible to model tens of billions of capillaries. In order to close the
arterial network and accommodate the cumulative e�ects of capillaries beyond the
terminal segments, the cascade connection of two linear elastic, L and L -inverted
electrical circuits (T-element) is used, see �gure (2.1, A). Applying Kirchho� laws,
the following linear �rst order system of ordinary di�erent ial equations are obtained,

_qin =
2 pin

L
�

2 p
L

�
2 R qin

L
(Flow equation)

_p =
qin

C
�

qout

C
(Pressure equation)

_qout =
2 p
L

�
2 pout

L
�

2 Rb qout

L
(Flow equation) (2.3)

Where, pin and pout are the prescribed boundary conditions andqin , p and qout are
the state variables. At the terminal segment pin is the pressure obtained from the
previous segment andpout is 15mmHg , the mean venous pressure is used to calcu-
late the boundary out
ow, qout . For more detail of in-output boundary conditions,
see section 2.3.1.

Viscous 
ow resistance (R):
Resistance to the blood 
ow mainly depends on the three factors, (i) diameter of
the vessel (d), (ii) length of the vessel (l) and (iii) blood viscosity ( � (0:004P a s)).
Out of these, the diameter is the most important parameter. This is because the
diameter of the vessel changes during systole and diastole and even small changes
in the diameter lead to the large change in the resistance.

The value of R can be calculated from the Poiseuille's equation, which describes
the relation between pressure drop, �p and the steady blood 
ow, q through a
uniform and sti� blood vessel,

q =
� p � ( d

2 )4

8 � l
=

� p
R

where, (2.4)

R =
8 � l

� ( d
2 )4

(2.5)

Eqn. (2.4) is also known as Ohm's law of hydrodynamics. Generally, R is obtained
from the Poiseuille's law, but in practice it can be measuredfrom Ohm's law of
hydrodynamics.

Vessel compliance (C):
The ability of a vessel wall to expand and contract with changes in pressure is
known as vessel compliance (C). The inverse ofC is volume elasticity i.e. Ev = 1

C .
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Figure 2.1: Single segment of a compliant vessel and its linear elastic (A,B) and
visco-elastic (C,D) circuit representations.

In other words, the pressure-volume relationship is quanti�ed in two ways, in terms
of compliance,C and elasticity, Ev (bulk modulus). Compliance is calculated using
the following equation, where, � V is the change in blood volume, and �p is the
change in pressure,

C =
� V
� p

(2.6)

Vessel compliance,C can also be obtained from blood vessel properties,

C =
2 � ( d

2 )3 l
E h

(2.7)

Blood inertia:
Blood inertia, L plays a role in accelerating and decelerating the blood withevery
heart beat. L relates pressure drop, �p to the rate of change of 
ow dq

dt . Mathe-
matically it can be written as,

� p = L
dq
dt

(2.8)

The numerical value of L can also be obtained using the blood vessel properties.
Starting from the Newton's law of motion relating, force (F ), mass (m) and accel-
eration (a = dv

dt ) as,

F = m a = m
dv
dt

(2.9)
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In case of a vessel of lengthl,

F = � p A; and

m = � V:

Where, A is the luminal cross-section area of the vessel,� (1050kg=m3) is the blood
density and V is the volume of blood in a compliant vessel. From the de�nition of
volumetric 
ow rate,

q = v A; taking derivative

_q =
dv
dt

A

dv
dt

=
_q

A
(2.10)

Substituting the values of F , m and dv
dt in eqn. (2.9), we have,

� p A = � V
_q

A

� p =
� l
A

_q; where

L =
� l

� ( d
2 )2

(2.11)

2.2.3 Formulation of a visco-elastic segment

For the derivation of electrical circuits describing the visco-elastic nature of the
vessel walls (�gure 2.1, C, D), the same in-output boundary conditions described
in section 2.2.2 are used.

Pressure and 
ow equations at non-terminal segments:

_qin =
pin

L
�

pout

L
�

Rqin

L
(Flow equation) (2.12)

Before the deriving the pressure equation, it is important to know the mechanical
behavior of the vessel wall, which is not purelyelastic, it exhibits viscoelasticnature
in the cardiovascular system. The dual nature of vessel walls can be represented by
Voigt model [13, 56, 57]. The mechanical representation of Voigt model consists of
a spring and a dash pot in parallel, where, the spring and the dash pot represents
elastic and viscous behavior of the material respectively,see �gure (2.2). Mathe-
matically, the stress-strain relationship and their time-dependencies can be written
as,

� = E�
|{z}

Elastic component

+ �
d�
dt|{z}

Viscous component

(2.13)

Where, � is the stress,E is the elastic modulus,� denotes strain, � is the viscosity
of the material and d�

dt is the time derivative of the strain.
The electrical analog of the Voigt model can be obtained by considering resis-

tance (R) and capacitance (C) in series. Applying Kircho�'s current and voltage
laws we get,

V =
1
C

Q
|{z}

Elastic component

+ R
dQ
dt| {z }

Viscous component

(2.14)
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Figure 2.2: Mechanical and its equivalent electrical representation of the Voigt
model.

Where, V is the voltage, C is the capacitance,Q denotes charge,R is the resistance
and dQ

dt = I is the current.
In case of arterial vessels the stress-strain or voltage-charge relationship can be

simpli�ed in terms of pressure-volume relationship. The corresponding equation
which explains the visco-elastic nature of vessels wall will be,

p =
1
C

Qc
| {z }

Elastic component

+ Rd q
| {z }

Viscous component

(2.15)

Where, p is the pressure (pout in our case), C is the compliance of the vessel,Qc

denotes blood volume,Rd is the viscous part of the vessel anddQ c
dt = qc is the blood


ow through the vessel.
By letting pout = p and taking the derivative of eqn. (2.15) we get,

_pout =
qc

C
+ Rd _qc (2.16)

Where,

qc = qin � qout ; and (2.17)

_qc = _qin � 0 (2.18)

By substituting eqns. (2.12), (2.17) and (2.18) into eqn. (2.16), we get the �nal
equation for the pressure,

_pout =
Rd

L
pin +

� 1
C

�
RdR

L

�
qin �

qout

C
�

Rd

L
pout (2.19)

Pressure and 
ow at terminal segments:

_qin = �
2R
L

qin �
2
L

p +
2
L

pin (Flow equation)

_p =
� 1

C
�

2RRd

L

�
qin �

4Rd

L
p +

� 2RbRd

L
�

1
C

�
qout

+
2Rd

L
pin +

2Rd

L
pout (Pressure equation)

_qout =
2
L

p �
2Rb

L
qout �

2
L

pout (Flow equation) (2.20)
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Figure 2.3: Simpli�ed model geometry of the systemic circulation with input pres-
sure time series, linear elastic and linear visco-elastic circuit elements for non-
terminal and terminal segments in the arterial network.

2.3 Network structure and model equations

To generate the arterial model of the whole systemic circulation, we used domain de-
composition (DD) method [34], in which the major arterial network is decomposed
into a number of vascular segments (nodes), where the parameters are approxi-
mately constant. Each non-terminal and terminal segment ina network structure
is represented by its non-terminal and terminal electricalcircuit (linear elastic and
visco-elastic) respectively. In total, the CV model under consideration contains
Ns = 122 segments, including N t = 25 terminal segments ( ) and remaining
Nnt = 96 non-terminal segments ( ). The node 0 ( ) is used for input pressure
time series, see �gure (2.3).

At each non-terminal segment of the model, a system of two �rst order di�er-
ential equations is obtained, representing �rst equation for 
ow ( q) and second for
pressure (p). On the other hand, at the terminal segment, we have two 
ow and
one pressure equations. During analysis, the extra one 
ow solution is dropped, as
both are identical. We end up with a system of 2� Ns + N t di�erential equations.

Decomposition into vascular segments, however, requires relations between the
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Figure 2.4: Model geometry for merging and diverging 
ows atjunctions.

arterial segments to reconstruct the network structure of the arterial tree. Therefore,
we de�ne bifurcation conditions for the mother and daughter vessels as follows:

q1 = q2 + q3; (diverging) (2.21)

q3 = q1 + q2; (merging) (2.22)

p1 = p2 = p3 (2.23)

These conditions are derived from conservation of mass and momentum, i.e. pres-
sure is constant and 
ow has to be conserved at the bifurcation (see �gure 2.4). For
more details see [28].

2.3.1 In-output boundary conditions

The total length of blood vessels in human cardiovascular system is approximately
60,000 miles [11]. Practically, it is impossible to model tens of billions small arter-
ies and capillaries in the circulatory system. A more practical solution is to lump
together all nodes downstream from the terminal segments. The capillaries are con-
sidered as resistance vessels, so that a terminal resistance (Rb) is used to represent
the cumulative e�ect of microcirculation beyond the termin al segments. Moreover,
in the terminal segments, a constant pressure boundary condition, pout is applied
(Dirichlet boundary condition). The value of pout is taken 15mmHg (2000 P a),
the mean venous pressure to calculate the boundary out
ow,qout (eqns. 2.3, 2.20).
Also, pin is used as an input boundary condition at segment 0, with a cardiac cycle
time is 0.8 sec (75 beat/min), see �gure (2.3).

2.3.2 Diverging and merging 
ows at junctions

Blood 
ow at junctions plays an important role in normal and p athological condi-
tions of the cardiovascular system. In this section, we brie
y discuss pressure and

ow at junctions for both diverging (at bifurcations) and me rging blood 
ows. In
the arterial system, merging 
ow conditions appear in the context of anastomosis.

2.3.2.1 Diverging blood 
ow

Diverging 
ows occur at the bifurcation of the vessels, see �gure (2.4, right) . Ac-
cording to the conservation of mass, the 
ow at node 1 is,q1 = q2 + q3 and the
total pressure is constant at the bifurcation, i.e. the output pressure at node 1 is
the input pressure for both nodes 2 and 3.

2.3.2.2 Merging blood 
ow

To model the merging 
ows at junctions has a great importance to understand
the e�ect of anastomosis and bypass in the cardiovascular system, see �gure (2.4,
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left). These type of 
ows also occur in vascular grafting andarteriovenous �stula
(AVF). According to the conservation of mass, the 
ow at node 3 is, q3 = q1 + q2

and according to the law of conservation of momentum, the total pressure remains
continuous at node 3.

2.3.3 Formulation of the linear elastic CV model

With all essential information at hand, now we are able to derive a full cardiovas-
cular model for both elastic and visco-elastic vessel wall behaviors (see �gure 2.3).

Pressure and 
ow equations for linear elastic model:

Flow equations:

_qi =
pi � 1 � pi � R i qi

L i
for i 6=

8
><

>:

8; 19; 20; 24; 30; 33; 39; 43; 49;

61; 66; 82; 87; 89; 90; 92; 93; 94;
106; 108; 111; 113; 120

_q8 =
p5 � p8 � R8q8

L 8
; _q19 =

p15 � p19 � R19q19

L 19

_q20 =
p14 � p20 � R20q20

L 20
; _q24 =

p5 � p24 � R24q24

L 24

_q30 =
p26 � p30 � R30q30

L 30
; _q33 =

p4 � p33 � R33q33

L 33

_q39 =
p37 � p39 � R39q39

L 39
; _q43 =

p41 � p43 � R43q43

L 43

_q49 =
p46 � p49 � R49q49

L 49
; _q61 =

p55 � p61 � R61q61

L 61

_q66 =
p41 � p66 � R66q66

L 66
; _q82 =

p76 � p82 � R82q82

L 82

_q87 =
p69 � p87 � R87q87

L 87
; _q89 =

p37 � p89 � R89q89

L 89

_q90 =
p36 � p90 � R90q90

L 90
; _q92 =

p90 � p92 � R92q92

L 92

_q93 =
p90 � p93 � R93q93

L 93
; _q94 =

p4 � p94 � R94q94

L 94

_q106 =
p101 � p106 � R106q106

L 106
; _q108 =

p106 � p108 � R108q108

L 108

_q111 =
p94 � p111 � R111q111

L 111
; _q113 =

p4 � p113 � R113q113

L 113

_q120 =
p116 � p120 � R120q120

L 120
(2.24)

Pressure equations:
At non-furcation nodes:

_pi =
qi � qi +1

Ci
(2.25)
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At furcations:

_p4 =
q4 � q5 � q33 � q94 � q113

C4
; _p5 =

q5 � q6 � q8 � q24

C5

_p14 =
q14 � q15 � q20

C14
; _p15 =

q15 � q16 � q19

C15

_p36 =
q36 � q37 � q90

C36
; _p37 =

q37 � q38 � q39 � q40 � q89

C37

_p41 =
q41 � q42 � q43 � q66

C41
; _p46 =

q46 � q47 � q49

C46

_p55 =
q55 � q56 � q61

C55
; _p69 =

q69 � q70 � q87

C69

_p76 =
q76 � q77 � q82

C76
; _p94 =

q94 � q95 � q111

C94

_p101 =
q101 � q102 � q106

C101
; _p106 =

q106 � q107 � q108

C106

_p116 =
q116 � q117 � q120

C116
(2.26)

At terminal nodes:

_qin =
2 pin

L
�

2 p
L

�
2 R qin

L

_p =
qin

C
�

qout

C

_qout =
2 p
L

�
2 pout

L
�

2 Rb qout

L
;

for i =

8
><

>:

7; 18; 19; 23; 29; 32; 38; 39; 42;

48; 60; 65; 81; 86; 88; 89; 91; 92;

93; 105; 107; 110; 112; 119; 122

(2.27)

2.3.4 Formulation of the visco-elastic CV model

Pressure and 
ow equations for non-terminal nodes:

Flow equations:
Flow equations for linear- and visco-elastic models are identical (see section 2.3.3).

Pressure equations:
At non-furcation nodes:

_pi =
Rdi pi � 1

L i
+

� 1
Ci

�
Rdi R i

L i

�
qi � 1 �

qi

Ci
�

Rdi pi

L i
(2.28)
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At furcations:

_p4 =
Rd4 p3

L 4
+

� 1
C4

�
Rd4 R4

L 4

�
q3 �

q5 + q33 + q94 + q113

C4
�

Rd4 p4

L 4

_p5 =
Rd5 p4

L 5
+

� 1
C5

�
Rd5 R5

L 5

�
q4 �

q6 + q8 + q24

C5
�

Rd5 p5

L 5

_p14 =
Rd14 p13

L 14
+

� 1
C14

�
Rd14 R14

L 14

�
q13 �

q15 + q20

C14
�

Rd14 p14

L 14

_p15 =
Rd15 p14

L 15
+

� 1
C15

�
Rd15 R15

L 15

�
q14 �

q16 + q19

C15
�

Rd15 p15

L 15

_p36 =
Rd36 p35

L 36
+

� 1
C36

�
Rd36 R36

L 36

�
q35 �

q37 + q90

C36
�

Rd36 p36

L 36

_p37 =
Rd37 p36

L 37
+

� 1
C37

�
Rd37 R37

L 37

�
q36 �

q38 + q39 + q40 + q89

C37
�

Rd37 p37

L 37

_p41 =
Rd41 p40

L 41
+

� 1
C41

�
Rd41 R41

L 41

�
q40 �

q42 + q43 + q66

C41
�

Rd41 p41

L 41

_p46 =
Rd46 p45

L 46
+

� 1
C46

�
Rd46 R46

L 46

�
q45 �

q47 + q49

C46
�

Rd46 p46

L 46

_p55 =
Rd55 p54

L 55
+

� 1
C55

�
Rd55 R55

L 55

�
q54 �

q56 + q61

C55
�

Rd55 p55

L 55

_p69 =
Rd69 p68

L 69
+

� 1
C69

�
Rd69 R69

L 69

�
q68 �

q70 + q87

C69
�

Rd69 p69

L 69

_p76 =
Rd76 p75

L 76
+

� 1
C76

�
Rd76 R76

L 76

�
q75 �

q77 + q82

C76
�

Rd76 p76

L 76

_p94 =
Rd94 p93

L 94
+

� 1
C94

�
Rd94 R94

L 94

�
q4 �

q95 + q111

C94
�

Rd94 p94

L 94

_p101 =
Rd101 p100

L 101
+

� 1
C101

�
Rd101 R101

L 101

�
q100 �

q102 + q106

C101
�

Rd101 p101

L 101

_p106 =
Rd106 p105

L 106
+

� 1
C106

�
Rd106 R106

L 106

�
q101 �

q107 + q108

C106
�

Rd106 p106

L 106

_p116 =
Rd116 p115

L 116
+

� 1
C116

�
Rd116 R116

L 116

�
q115 �

q117 + q120

C116
�

Rd116 p116

L 116

(2.29)

Pressure and 
ow equations for terminal nodes:

_qi =
2pi � 1

L i
�

2pi

L i
�

2R i qi

L i

_pi =
4Rdi pi

L i
+

� 2Rdi Rb

L i
�

1
Ci

�
qout +

� 1
Ci

�
2Rdi R i

L i

�

+
2Rdi pout

L i
+

2Rdi pi � 1

L i

_qout =
2pi

L i
�

2pout

L i
�

2Rbqout

L i
;

for i =

8
><

>:

7; 18; 19; 23; 29; 32; 38; 39; 42;
48; 60; 65; 81; 86; 88; 89; 91; 92;

93; 105; 107; 110; 112; 119; 122

(2.30)

2.3.5 Arterial geometry and physiological data

The geometry of arterial network and parameter values were taken from [23]. At
each artery segment there are 3-electrical (R i ; Ci ; L i ) and 4-structural parameters
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Figure 2.5: Simpli�ed anatomy of the arm arteries (left) and model geometry of
brachial, superior ulnar collateral anastomosis with posterior ulnar recurrent (SUC-
PUR), ulnar and radial arteries (right). The number of segments is Ns = 15 (with-
out anastomosis) andNas = 18 (with anastomosis), both with N t = 3 terminal
nodes.

(E i ; l i ; di ; hi ). The values of electrical parameters can be obtained from structural
parameters, using the relationships given in eqns. (2.5), (2.7) and (2.11). The
nominal parameter values are given in appendix A.6. For arterial anastomosis the
value of parameters are taken from [24] and given in appendixA.5.

2.4 Important cardiovascular structures under con-
sideration

Two important cardiovascular structures, arm arteries (with and without anasto-
mosis) and carotid bifurcation are extensively studied using sensitivity analysis, see
�gures (2.5) and (2.6). In chapter 3, a linear elastic model of the arm arteries is
considered for local sensitivity analysis, while in chapter 4, a linear visco-elastic
model of carotid bifurcation is taken for global sensitivity analysis. For better read-
ability, the segments are renumbered in arm artery and carotid bifurcation. The
geometry of the arm artery is taken from the �gure (2.3) and segments from 9-23
are renumbered as 1-15. On the other hand, the geometry of thecarotid bifurcation
is taken from MACSim (see �gure 2.7) and nodes number 90-95 are renumbered
as 1-6. The derivation of both structures can be obtained from sections 2.3.3 and
2.3.4, however, the additional anastomosis equations are given below:

2.4.1 Model equations with anastomosis

From the network structure of the arm artery with SUC-PUR ana stomosis, it is ev-
ident, that the 
ow will split at nodes 3 and 6 and will merge at node 11. Further,
the inlet pressure at node 11 is the same as in nodes 6 anda3, see �gure (2.5). The
additional equations for three nodes of SUC-PUR anastomosis are,

Anastomosis 
ow equations:

_qa1 =
p3 � pa1 � Ra1 qa1

L a1

_qa2 =
pa1 � pa2 � Ra2 qa2

L a2

_qa3 =
pa2 � p6 � Ra3 qa3

L a3

(2.31)
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Figure 2.6: Simpli�ed anatomy (top, left) and model geometry of RCC, RIC and
REC arteries with number of nodes Ns = 6 and terminal nodes N t = 2 (top,
right). Each non-terminal and terminal node of carotid bifu rcation is modeled by
its corresponding non-terminal and terminal electric circuit (bottom).

Anastomosis pressure equations:

_p3 =
q3 � q4 � qa1

C3
; _pa1 =

qa1 � qa2

Ca1

; _pa2 =
qa2 � qa3

Ca2

_pa3 =
qa3 + q6 � q11

C6 + Ca3

(2.32)

According to the conservation of momentum the pressure at nodes 6 and a3 is
identical.

2.5 MACSim (Major Arterial Cardiovascular Sim-
ulator)

MACSim is a physical 
ow simulator developed for research and teaching purposes,
e.g. early detection of stenoses and aneurysms and their impact on the pressure and

ow waves at di�erent locations of the circulatory system [7 5]. The model consists of
an arti�cial 1:1 replica of linear-elastic model of human circulatory system, where,
the major arteries are divided into 96 nodes, including one heart node ( ), 62
non-terminal ( ) and remaining 33 terminal nodes ( ) (see �gure 2.3). Each non-
terminal and terminal node is represented by its corresponding non-terminal and
terminal linear-elastic Windkessel element. The model equations for MACSim can
easily be derived using section 2.3.3. Foe further details,see Chapter 5.
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Figure 2.7: MACSim model geometry of systemic circulation with input pressure
time series and linear elastic circuit elements for non-terminal and terminal seg-
ments.

2.6 State representation of the model

The state representation is a compact way to model a physicalsystem as a set of
input, output and state variables related by �rst order di�e rential equations [43]. In
this representation, there is a system of two equations: an equation for determining
state x t of the system (state equation), and another equation to describe the output
yt of the system (observation equation). The matrix form can bewritten as

_x t = Ax t + Bu t ; (2.33)

yt = Cx t + Du t : (2.34)

Here, x t , is the state vector of the system,ut the input vector and yt , the observation
vector. The dynamics of the system is described by the state dynamics matrix,
A 2 M (n � n). The input matrix, B 2 M (n � i ) speci�es the time dependency on
boundary conditions (BC) applied at in- and out
ow location s and the observation
matrix, C 2 M (m � n) de�nes the observation locations within the state-space
system, i.e. the nodal location in the network. Here, m denotes the number of
observations. Finally, the input to observation matrix, D 2 M (m � i ) models
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the in
uence of the input vectors and accounts for the observation of the BC.
Besides its computational advantage, the state-space formallows the integration of
experimental measurements (observations) into the model building process. This
step is essential for the adjacent model parameter estimation from experimental
measurements, that are planned in a future study. The state vector, x t , contains
the 
ow and pressure functions at all network locations, whereas, the output vector,
yt contains the 
ow and pressure at observed nodesi . The state representation
matrices, A, B , C and D of linear elastic, linear visco-elastic vessel segments and
carotid bifurcation are given in appendices A.1, A.2 and A.3respectively.

2.6.1 Numerical solvers

As the model under consideration is LTI-MIMO (linear time in variant-multiple in-
puts and multiple outputs) system, the MATLAB built in solve rs 'lsim' and 'ode45'
were used to solve the model equations, (2.33) and (2.34). The MATLAB solver,
lsim is very useful in GSA to get a reasonable measure of sensitivity analysis with
a�ordable computational cost. The simulations in this thesis are carried out on a
personal computer with an Intel Core 2 Duo (2.10 GHz) processor and 3 GB mem-
ory. The overall computational cost of LSA and GSA methods applied on partial
or complete CV system is given in appendix A.9.

23



CHAPTER3

Local Sensitivity Analysis of Arterial Anastomosis

3.1 Introduction

With growing interest in the prediction and diagnosis of cardiovascular diseases, dif-
ferent mathematical models have been developed and applied. Lumped-parameter
models (electrical analogy to 
uid 
ow) have shown to be an e� ective approach
in modeling the human cardiovascular system [20{23, 25{28,43]. A mathematical
model is a simpli�ed version of the real-world problem. The reliability of the CV
models in medical decision making depends upon the accuracyof the model out-
puts. Model outputs mainly rely on input factors i.e. parameters and their feasible
regions, in- and output boundary conditions, model structure and spatio-temporal
variabilities. In practice, the values of all input factors are not precisely known,
which further introduce uncertainty in the outputs due to th e imprecision in input
factors.

In order to make cardiovascular models more predictive, to explain the most im-
portant features of the real process, the output uncertainty can be reduced through
sensitivity analysis. In sensitivity analysis, the uncertainty in the outputs of a math-
ematical model or system can be apportioned to di�erent sources of uncertainty in
its inputs [36,48{52]. Sensitivity analysis is a powerful approach to �nd in
uential
and therefore important cardiovascular system (CVS) parameters [35{38]. In order
to reduce the output uncertainty, important parameters can further be estimated
using clinically obtained measurements.

The simplest and e�cient form of the sensitivity analysis is to vary one model
parameter at a time by a given amount and examine the impact onoutput results.
The analysis could be repeated for all model parameters independently at di�erent
times. The method is known as local sensitivity analysis (LSA) or one-factor-at-a-
time (OFAT) [18,19,44].

Before performing the sensitivity analysis, it is important to know the input and
output quantities of interest (QoI) in a CV model. In this wor k, LSA is applied on a
linear elastic model of the arm artery (with and without anastomosis). The output
quantities of interest are the pressure and the 
ow at all nodes of the arm artery,
whereas, electrical and the structural parameters are considered as input quantities
of interest.
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3.1.1 Scope of the current work

In this study, we are interested how structural changes, like for example anastomosis
in
uence local sensitivities. Anastomoses are the interconnection between vessels,
which provide a collateral circulation and also act as a second rout of blood 
ow
when main vessels are blocked by plaque, atherosclerosis orstenosis, to minimize
the damages at tissue level.

In the context of anastomosis, another important concept is valve-less 
ow.
William Harvey published a report explaining "impedance de�ned 
ow", which
explained a mechanism for valve-less 
ow [39]. Later on, Weber [40] stated that
the heart is not able to pump blood alone, but there are other forces which help
in circulation. There are several structural aspects in thecardiovascular system,
which control the blood 
ow or simply create valve-less 
ow l ike, viscous and inertial
e�ects and also elastic properties of two vessels [41]. Details of the valve-less 
ow
mechanism are given in [42] and will not be discussed here in detail. Further, we
will not discuss turbulent e�ects that appear in merging 
ow s at the end-to-side
anastomosis, which mainly depend upon the angle and 
ow rateof the merging
vessels.

In this work, a lumped-parameter model of anastomosis around the elbow joint
(SUC-PUR) is presented. The luminal diameter or equivalently the 
ow resistance
is an important parameter, the study concentrates on the sensitivity of the pressure
and 
ow with respect to the viscous 
ow resistance and the boundary resistance.

Keeping in mind the geometry of the arm arteries (with and without anastomo-
sis) with in- and output quantities of interest, the aims of study are summarized
as,

1. Identify the most in
uential CV parameters on the hemodyn amic state vari-
ables, pressure and 
ow.

2. Finding optimal measurement locations and optimal time regions in the 
ow
and pressure waves w.r.t. each CV parameters. The information can further
be used in setting the optimal measurement locations of state variables to
estimate the most in
uential CV parameters.

3. Discuss and explain the clinically relevant cardiovascular parameters in the
arterial anastomosis.

With this work, we also intend to validate di�erent methodol ogies of local sensitivity
analysis, using a simple example problem of the arm artery toshow the principle
agreement with Ohm's law of hydrodynamics. However, the method could be used
to analyze more complex CV networks.

3.2 Methods of local sensitivity analysis

For the purpose of evaluating the relative e�ect of CV parameters on the model
output at a single point, the normalized partial derivative provides a useful sen-
sitivity index. Normalized sensitivity coe�cients are obt ained by multiplying the
partial derivative with the ratio of nominal point estimate s as,

Sij =
@yi
@�j

�
� j

yi
; (3.1)

where yi is the i -th model output and � j is the j -th model parameter.
Another way to calculate sensitivity coe�cients ( Sij ), is the direct di�erential

method (DDM), which solves the system of di�erential equations for sensitivity
coe�cients (for complete derivation, see Appendix A)

_S = f � + J � S: (3.2)
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The sensitivity coe�cients matrix, S can be obtained by solving the model equations
(with and without anastomosis) simultaneously with the system (eqn. 3.2) using an
appropriate di�erential equation solver. Although the mod el under consideration
is linear and can be solved analytically, the solution of eqn. (3.2) is problematic.
Another drawback associated with DDM is, that the Jacobian needs to be de�ned,
which is time consuming for large-scale problems [44].

These shortcomings and the focus on more complex systems, persuade us to
apply the �nite di�erence approach to calculate the sensiti vity coe�cients, because
the method is simple easy to implement.

3.2.1 Sensitivity by �nite di�erence method

In local sensitivity analysis, parameters are varied segment wise by some portion
around a �xed value (nominal value) and the e�ects of individ ual perturbations
on the observations are studied [44]. Mathematically, the normalized sensitivity
coe�cients can be obtained using a �rst order �nite di�erence method as,

Sij =
@yi
@�j

�
� j

yi
= lim

� � ! 0

yi (� j + � � j ) � yi (� j )
� � j

�
� j

yi
;

'
yi (� j + � � j ) � yi (� j )

� � j
�

� j

yi
; (3.3)

where � � j = 0 :001� � j is the change in the model parameters. Eqn. (3.3) produces
a set of two sensitivity time series, Sij (t) (one for pressure and one for 
ow) per
parameter and per network node.

3.2.2 Sensitivities by using norms

Another method to quantify percentage changes in the state variables due to a
change in model parameters is to introduce a norm. To obtain ameasure that
validates the sensitivities, the mean Euclidean distancesof the observations are
computed with di�erent parameter sets, � 1 and � 2 . Here � 1 is the nominal parameter
set and � 2 is a parameter set with 0:1% change in� 1.

k� 1; � 2k:= mean
t 2 T

k yi (� 2; t) � yi (� 1 ; t) k2

kyi (� 1; t)k2
� 100 i = 1 ; 2; 3:::2� Ns :

3.3 Simulation setup

In this Chapter, two-LSA methods are applied on a linear elastic lumped-parameter
model of the arm arteries (with and without anastomosis). For the arm artery
without anastomosis the total number of segments (nodes),Ns = 15. At each node
3-electrical and 4-structural parameters are considered for sensitivity analysis. For
the arm artery anastomosis the number of segments (nodes),Ns = 18 and sensitivity
analysis was carried out with respect toR and Rb. The network equations are solved
by MATLAB built in solver, lsim and ode45. Initially the model was run for three
heart beats, so that a steady state condition was reached. Then the results from
last heart beat were used for sensitivity analysis.

For each electrical and structural parameter, there are twosensitivity time series
at each node, one for the pressure and one for the 
ow. In total, there are 2� Ns � K
sensitivity time series obtained. Where,K is the total number of parameters. The
time series obtained are large in number, so the mean of absolute sensitivities (MAS)
for each parameter is computed to analyze the sensitivity ofthe whole network.
Each cell in �gures (3.2), (3.4) and (3.6) represents the mean absolute value of
the time series, Sij (t). In these �gures, the results of sensitivity analysis can be
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Figure 3.1: Sensitivity pattern in arm arteries with anastomosis (right) and with-
out anastomosis (left), obtained by changing the values of structural and electrical
cardiovascular parameters.

interpreted with the help of �gure (3.1). Where, the matrix d iagonal displays the
sensitivities within the segments of variation itself and the o� diagonals are related
to the sensitivities of upstream and downstream segments

3.4 Results and discussion

The results of LSA are divided into two parts as,

1. Sensitivity analysis with respect to structural parameters, Eldh (without
anastomosis).

2. Sensitivity analysis with respect to electrical parameters, RCLR b (with and
without anastomosis).

In this context, network location and time-dependent sensitivities are discussed.
Also, the sensitivity results of structural parameters in the arm artery (without
anastomosis) are compared to the 2-norm of the distance vector of the state variables
of two time series.

3.4.1 Sensitivity analysis with respect to ( E,l ,d,h)

In this section, sensitivity with respect to E , l , d and h is studied for state variables
in the arm artery (without anastomosis). Moreover, location and time-dependent
sensitivities are also discussed. The sensitivity resultsof structural parameters in
the arm artery (without anastomosis) are �nally compared to the 2-norm of the
distance vector of the state variables of two time series.

3.4.1.1 Sensitivity analysis in the arm artery (without ana stomosis)

In the arm artery (without anastomosis), there are 60-structural parameters (E; l;
d; h), in
uencing all state variables. From �gure (3.2, A1), it is evident that E
has a small impact on the 
ow in the brachial artery, while no sensitivity was
found for the pressure. The sensitivity results of pressureand 
ow w.r.t E and h
are identical, as they appear linearly in the model equation(eqn. (2.7)). Flow is
sensitive w.r.t. l and d at the location itself in the brachial artery and has strong
upstream sensitivity within the brachial artery. Strong up stream and downstream
sensitivity was observed at node 11 (ulnar artery) (�gure (3.2, A2, A4)). Pressure
is also sensitive w.r.t. l and d at node 11 and has strong sensitivity within the ulnar
artery, see �gure (3.2, A3, A5).

The sensitivity results reveal, that d and l are the key parameters in the arm
artery, especially, in the brachial artery. More important ly, the sensitivity of the
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Figure 3.2: Sensitivity of the pressure and 
ow with respect to E , l , d and h. The
results reveal that l and d are the most important, while E and h are less important
CV parameters.

pressure and 
ow with respect to d and l is location-dependent.

Network location and time-dependent sensitivities:
Network location and time-dependent sensitivities play animportant role in �nding
optimal measurement locations in the arm artery and optimal time regions of the
state variables with respect to each parameter. The resultsof the time-dependent
sensitivity analysis contain several aspects that are important, especially, in the
estimation of cardiovascular parameters from pressure and
ow measurements. It
is well known, the parameters that have a strong in
uence on the pressure and 
ow
can be estimated with high accuracy, while less in
uential parameters cannot be
estimated at all. Thus, the identi�cation of optimal measur ement locations and
sensitive regions with the cardiac cycle could bene�t parameter estimation. For
example, during the parameter estimation if only sensitiveregions of the 
ow and
pressure waves are used in complement with optimal measurement locations, then
a better estimation of parameters is expected.

For 
ow, the optimal measurement locations of key parameters (l1; :::l6) and
(d1; :::d6) are in the brachial artery. Also, the optimal measurement locations ofd11

are in the brachail and the ulnar artery.
The time-dependent sensitivity of parameters was found in common time regions

i.e. at early systole, peak systole, end systole and end diastole. In �gure (3.3), time-
dependent sensitivities ofd3 and d7 are plotted against the pressure and 
ow waves
in the arm artery. For the 
ow, the optimal time regions are on ly in the end systole
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Figure 3.3: Time-dependent sensitivity of the pressure and
ow with respect to d3

and d7 in the arm artery.

and early diastole, while for the pressure, the optimal timeregions are early systole,
end systole and early diastole.

3.4.1.2 Results comparison with sensitivity by norms

In order to validate the sensitivity results, a comparison is made between the sen-
sitivity results of structural parameters (without anasto mosis) with those obtained
by using norms. As mentioned in section??, for structural parameters the total
number of sensitivity time series obtained is 2� Ns � K = 2 � 15 � 60 = 1800.
Therefore, it is not possible to present complete sensitivity results. In this work,
sensitivity of pressure and 
ow w.r.t. structural paramete rs is shown at node 7 (ra-
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dial artery). It was found that the diameter and length of vessel are most in
uential
parameters, while E and h were found less in
uential parameters. Moreover, the
norm computed for the wall thickness and elastic modulus hasidentical values (see
table 3.1 and table 3.2).

3.4.2 Sensitivity analysis with respect to (Ri ; Ci ; L i ; Rb)

This section describes the sensitivity of the state variables with respect to R, C
and L in the arm artery (without anastomosis). Also, the impact of 
ow control
parameters, R and Rb under di�erent conditions is discussed in the arm artery
anastomosis.

3.4.2.1 Sensitivity analysis in the arm artery (without ana stomosis)

The sensitivity of the 
ow with respect to the viscous 
ow res istance, R indicates
a small impact within brachial, radial and ulnar arteries. A strong sensitivity was
found at node 12 with signi�cant upstream e�ect on the brachi al artery (see �gure
3.4, C1). Pressure is sensitive at the location itself and has signi�cant downstream
sensitivity within brachial, radial and ulnar arteries. Wh ile, negligible e�ect was
found from radial to ulnar and from ulnar, radial to brachial arteries, see �gure
(3.4, C2).

The results indicate, that the 
ow is sensitive with respect to the compliance,C
and the blood inertia, L at the location itself within the brachial artery. Also, str ong
upstream sensitivity was observed from each node of the brachial artery. Pressure
is also sensitive in the brachial artery and has signi�cant downstream sensitivity on
radial and ulnar arteries, see �gure (3.4,C3, C4, C5, C6).

Network location and time-dependent sensitivities:
The optimal network locations for the 
ow and pressure measurements to estimate
f C1; :::C6g and f L 1; :::L 6g are in the brachial artery, see �gure (3.4, C3, C5). Also,
these parameter values can be accessed from the 
ow and pressure measurements at
radial and ulnar arteries (see �gure (3.4, C4, C6)). In �gure (3.5), time-dependent
sensitivity of the 
ow and pressure is plotted with respect to d3 and d7. For the

ow, the optimal time regions are only during the end systole and early diastole,
while for the pressure, the optimal time regions are early systole, end systole and
early diastole.
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N1 N2 N3 N4 N5 N6 N7 N8 N9 N10 N11 N12 N13 N14 N15

q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13 q14 q15

E 0.015 0.019 0.014 0.019 0.016 0.019 0.024 0.018 0.027 0.013 0.004 0.005 0.005 0.003 0.002
l 0.029 0.028 0.021 0.029 0.027 0.037 0.050 0.049 0.052 0.025 0.007 0.008 0.008 0.006 0.003
d 0.064 0.062 0.047 0.060 0.063 0.061 0.103 0.068 0.073 0.033 0.015 0.014 0.020 0.014 0.007
h 0.015 0.019 0.014 0.019 0.016 0.019 0.024 0.018 0.027 0.013 0.004 0.005 0.005 0.003 0.002

Table 3.1: Sensitivity of E , l , d and h at node 7 of the arm artery (see �gure (2.5), without anastomosis) and their corresponding percentage change
in 
ow at each node. In agreement to sensitivity computations the norm is large for change ind.

N1 N2 N3 N4 N5 N6 N7 N8 N9 N10 N11 N12 N13 N14 N15

p1 p2 p3 p4 p5 p6 p7 p8 p9 p10 p11 p12 p13 p14 p15

E 0.001 0.001 0.001 0.002 0.002 0.002 0.004 0.003 0.004 0.004 0.001 0.001 0.001 0.001 0.001
l 0.002 0.003 0.003 0.004 0.004 0.003 0.007 0.006 0.009 0.009 0.002 0.002 0.002 0.002 0.002
d 0.004 0.005 0.007 0.006 0.008 0.008 0.009 0.008 0.011 0.012 0.004 0.005 0.005 0.005 0.005
h 0.001 0.001 0.002 0.002 0.002 0.002 0.004 0.003 0.004 0.004 0.001 0.001 0.001 0.001 0.001

Table 3.2: Sensitivity of E , l , d and h at node 7 of the arm artery (see �gure (2.5), without anastomosis ) and their corresponding percentage change
in pressure at each node. In agreement to sensitivity computations the norm is large for change ind.

31



F
lo

w
 n

o
d
e
s

R mean absolute sensitivity (MAS) for flow

 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15
0

0.1

0.2

0.3

0.4

0.5

0.6
C

1

P
re

ss
u
re

 n
o
d
e
s

R mean absolute sensitivity (MAS) for pressure

 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

C
2

F
lo

w
 n

o
d
e
s

C mean absolute sensitivity (MAS) for flow

 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15
0

0.1

0.2

0.3

0.4

0.5

0.6

C
3

P
re

ss
u
re

 n
o
d
e
s

C mean absolute sensitivity (MAS) for pressure

 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

C
4

Sensitivity nodes

F
lo

w
 n

o
d
e
s

L mean absolute sensitivity (MAS) for flow

 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15
0

0.1

0.2

0.3

0.4

0.5

0.6C
5

Sensitivity nodes

P
re

ss
u
re

 n
o
d
e
s

L mean absolute sensitivity (MAS) for pressure

 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

C
6

Figure 3.4: E�ects of viscous 
ow resistanceR (top), vessel complianceC (middle)
and blood inertia L (bottom) on pressure and 
ow in the arm arteries. Changes
in the vessel compliance,C and blood inertia, L in the brachial artery have strong
local e�ects on the 
ow and have signi�cant downstream e�ect s on radial and ulnar
arteries.

3.4.2.2 Sensitivity analysis in the arm artery (with anasto mosis)

Blood 
ow in the SUC-PUR anastomosis (collateral circulation) depends on the size
and mainly on the diameter of the anastomosis i.e. smaller diameters reduce the

ow in the anastomosis and vice versa. In this study, we focuson the end-to-side
anastomosis and show the sensitivity of the anastomosis structure on the pressure
and 
ow by changing the 
ow resistance, R and the boundary resistance,Rb. More-
over, four di�erent sensitivity scenarios of the arterial anastomosis are discussed,
which are explain below.

(a) E�ect of R when, f RCL ga ' f RCL gb:
In order to study the in
uence of 
ow resistance through the arterial anastomosis,
identical values of RCL are taken for both anastomosis and its parallel brachial
artery, i.e. f RCL ga ' f RCL gb. Here f RCL ga are parameter values of anastomosis
nodes (a1, a2 and a3) and f RCL gb are parameter values of brachial nodes which
appear in parallel to anastomosis nodes (4, 5 and 6). The equality sign means that
corresponding anastomosis nodes have identical parametervalues, segment wise as
its counterpart brachial nodes.

As it is mentioned earlier, the diameter or equivalently the blood resistance plays
an important role in pressure and 
ow distribution in the car diovascular system, so
we limit our study to changes in the blood resistance in the arterial anastomosis.
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Figure 3.5: Time-dependent sensitivity of the pressure and
ow with respect to R3,
C3 and L 3 in the arm artery.

Flow has small sensitivity with respect to R at nodes 1,2, and 3. More importantly,
changingR in the anastomosis or its counter part brachial artery has identical local
and upstream/downstream in
uence on each other (see �gure 3.6, E1). Pressure
is sensitive forR at the �rst three nodes and has small downstream sensitivityon
all following nodes. Also, pressure is sensitive within radial and ulnar arteries, see
�gure (3.6, E2).

(b) E�ect of R in ideal case:
A physiological network with an arterial anastomosis is taken, based on parameter
values given in appendix A.5. Flow is sensitive w.r.t.R at the �rst three nodes and
has small downstream in
uence on the brachial artery, particularly, a strong sensi-
tivity is observed on the anastomosis. Flow is also sensitive within the anastomosis.
(see �gure 3.6, E3). Pressure is sensitive at the location itself and has signi�cant
downstream sensitivity on the following nodes, see �gure (3.6, E4).

(c) E�ect of R in ideal case with largeRb:
When a body has no physical activity then the boundary resistance (Rb) has a
large value (here,Rb = 30 � Rb). By increasing Rb, 
ow will reduce and pressure
increase near the terminals. A strong sensitivity is observed with respect to R in
the brachial artery with strong downstream sensitivities on the radial, ulnar and
anastomosis, particularly, at node 8, 13 anda3 (see �gure 3.6, E5). Pressure has
small sensitivity in the brachial artery with negligible do wnstream impact on all
following nodes (see �gure 3.6,E6).
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Figure 3.6: E�ects of viscous 
ow resistance, R and boundary resistance,Rb on
the pressure and 
ow at di�erent locations of the arterial an astomosis. From the
results, it is seen that, the 
ow has small sensitivity w.r.t . R in the brachial artery
and has strong downstream in
uence, mainly on the anastomosis.

(d) E�ect of R in ideal case with smallRb:
Physical activities lead to a reduction in the boundary resistance,Rb (in our study,
Rb = R b

30 ), which increases the blood 
ow and decreases mean cardiovascular pres-
sure. As a result, the cardiac output will increase. These are the temporary changes
which appear only when we do some physical exercise.

Another arti�cial reason for low terminal resistance is the implantation of arteri-
ovenous �stula (AVF), which is an abnormal connection between a peripheral artery
and a vein. Again 
ow is sensitive for R in the brachial artery and has signi�cant
downstream e�ect on all following nodes, particularly at nodes 15,a2 and a3. Also,
pressure has small sensitivity in the brachial artery with negligible downstream in-

uence on all nodes. For the 
ow, a variation in R within the anastomosis has small
upstream sensitivity on the brachial artery, while for the pressure there are small

34



upstream e�ects on ulnar, radial and brachial arteries (see�gure 3.6, E7; E8).

3.5 Conclusion

The methods applied in this study, are seen as a �rst step towards cardiovascular
system identi�cation from cardiovascular measurements. In this work, we have ap-
plied local sensitivity analysis on a linear elastic lumped-parameter model of the
arm arteries with and without anastomosis. The results indicate a strong depen-
dence of the pressure and 
ow state variables onto a variation in vessel diameter.
Concerning to the elastic properties and the thickness of the arterial wall, a much
lower sensitivity was found.

Alternatively, 
ow is sensitive w.r.t. C and L in the brachial artery and has
shown signi�cant downstream e�ects on all following nodes. On the other hand,
pressure is also sensitive w.r.t.C and L in the brachial artery and has signi�cant
downstream e�ects on radial and ulnar arteries.

The method allows to determine network location and time-dependent sensi-
tivities, which are helpful in �nding optimal measurement l ocations and optimal
time regions in the cardiac cycle (e.g. early systole, end systole and end diastole).
These information can further be used for estimation of key CV parameters. For
example, if only sensitive regions of the 
ow and pressure waves are taken with
the complement of optimal measurement locations, then a better estimation of key
parameters is expected. The results of time-dependent sensitivity revealed, that
most of sensitivity was found in common time regions i.e. early systole, end systole,
early diastole and end diastole.

In the arm artery anastomosis, 
ow has small sensitivity w.r.t. R in the brachial
artery and has strong impact on the anastomosis. ChangingRb has strong e�ects
on the 
ow near the terminal and within the anastomosis. To quantify the results
and to compare the variation in state variables according toparameter changes, the
concept of norms was used. We found a good agreement to the sensitivity results of
structural parameter in the arm artery (without anastomosi s) with those obtained
using norms.

The methods applied, give satisfactory results if the cardiovascular parameters
are independent. In the real scenarios however, they are often interdependent like
e.g. the observation of a high correlation between the extension of the elastic walls
and the tangential tension caused by transmural pressure. To study these type of
e�ects in a more general way, global sensitivity analysis has to be applied, which
deals with variations in many parameters at a time.
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CHAPTER4

Global Sensitivity Analysis of Carotid Bifurcation

4.1 Introduction

In order to overcome the limitations of LSA, global sensitivity analysis (GSA) is
used in this Chapter [47{49, 51, 53{55]. GSA performs analysis over the entire
feasible region of input parameters and quanti�es the impact of parameters and
their interactions on output variables. From the last few decades, variance-based
GSA methods gained increasing attention among the practitioners. The history
of variance-based GSA methods has started with a Fourier implementation in the
seventies [51]. Later on, Sobol [48], Homma and Saltelli [49] put great contributions
to calculate main and total e�ect of input parameters on output variables. The
main e�ect or �rst-order index represents the contribution of each input parameter
on output uncertainty. While, the total e�ect of a parameter represents the �rst-
order e�ect plus higher-order e�ects due to interactions with other parameters.
Variance-based methods are useful for non-linear and non-monotonic systems, the
only di�culty related to these methods is their computation al cost. The general
scheme for performing variance-based GSA is summarized as:

� First, de�ne input and output quantities of interest (QoI).

� Assign probability density function (pdf) to each input par ameter.

� Generate the random numbers within the feasible regions of parameters from
a known pdf and evaluate the model outputs deterministically.

� Quantify the impact of input parameters on output variables.

A simpli�ed scheme of conducting GSA can be seen in �gure (4.1).
In this Chapter, special emphasis was given to three variance-based GSA meth-

ods (Sobol, FAST, sparse grid), applied on a lumped-parameter model of the carotid
bifurcation. However, the results (only electrical) obtained from GSA are also com-
pared with LSA (sensitivity using norms). The motivations b ehind using three GSA
methods are:

i To validate and verify the results obtained from one another.

ii Quantify the interactions e�ect between the parameters, as model is linear
but non-linear in parameters.

iii Finding a suitable GSA methodology on the basis of computational cost, sim-
plicity and straightforward implementation.
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Figure 4.1: A simpli�ed scheme for performing global sensitivity analysis (GSA).

The objectives of current research work are summarized as follow:

1. Quantify cause and e�ect relationships between input parameters (electrical
and structural) and output variables (pressure and 
ow).

2. Identify and rank the key parameters, that contribute most on output uncer-
tainty.

3. Discuss and explain the network location and temporal-dependent sensitivi-
ties, which are useful in �nding optimal locations in caroti d bifurcation and
optimal time regions in pressure and 
ow waves to estimate model parameters.

4. Finding least important parameters, that can be �xed on th eir nominal values
(factor �xing, model reduction and simpli�cation).

The Chapter is organized as follows: In section 4.2, three variance-based GSA
methods are brie
y discussed. A detailed working algorithm using Sobol method
is presented to calculate sensitivity indices in the carotid bifurcation. Moreover,
the convergence of sensitivity indices is also discussed. Simulations setup are ex-
plained in section 4.3. Results of prescribed GSA methods are discussed/compared
in section 4.4. Finally, conclusions are given in section 4.6.

4.2 Methods of global sensitivity analysis

In this section, three di�erent variance-based GSA methodsare brie
y discussed.
In variance-based GSA, the total output variance, V(Y ) of a model is apportioned
into its parameters. In
uential parameters contribute mos t on output uncertainty
as compared to the less in
uential parameters. The variance-based GSA is a model
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free method and is useful to investigate the interaction e�ects of parameters on
state variables. These methods provide themain e�ect (Si ) and total e�ect (ST i )
of each parameter on state variables.

4.2.1 Sobol variance decomposition method

Let us de�ne a model of the form Y = f (X ) = f (x1; x2; :::; xK ), where X is the
vector of K uncertain parameters, which are independently generated within a unit
hypercube i.e. x i 2 [0; 1]K for i = 1 ; 2; 3:::K . Compared to the other GSA meth-
ods, the Sobol's method is one of the most commonly used variance decomposition
method, because its ease of implementation. The method is primarily based on
the decomposition of output Y into summands of elementary functions in terms of
increasing dimensionality [45,46,48,49],

f (x1; x2; :::; xK ) = f 0+
KX

i

f i (x i )+
KX

i<j

f ij (x i ; x j )+ :::+ f 1;2;::;K (x1; x2; :::; xK ): (4.1)

In eqn. (4.1), f is integrable and f 0 is a constant function, de�ned as,

f 0 =
Z


 K

f (X ) dX: (4.2)

where, 
 K is a K -dimensional space of parameters. The total unconditionalvari-
ance can be obtained by,

V =
Z


 K
f 2(X ) dX � f 2

0 : (4.3)

From eqn. (4.3), the total unconditional variance can be decomposed in a similar
manner like in eqn. (4.1) as,

V(Y) = V =
KX

i

Vi (x i ) +
KX

i<j

Vij (x i ; x j ) + ::: + V1;2;::;K (x1; x2; :::; xK ) (4.4)

Where,

Vi = Vx i (Ex � i (Y jx i ))

Vij = Vx i x j (Ex � ij (Y j(x i ; x j ))) � Vx i (Ex � i (Y jx i )) � Vx j (Ex � j (Y jx j ))

:::

Here, V is the variance operator,E describes the mathematical expectation andx � i

denotes all parameters exceptx i . The main e�ect or �rst-order sensitivity index,
Si for the i -th parameter is then obtained by,

Si =
Vi

V
: (4.5)

Another popular variance based measure is the total e�ect [49]

ST i =
Ex � i (Vx i (Y jx � i ))

V

= 1 �
Vx � i (Ex i (Y jx � i ))

V
(4.6)

In general, the main e�ect is used to identify most important parameters and the
total e�ect is taken into account for factor �xing. The total e�ect , ST i of the i -
th parameter means �rst-order e�ect plus higher-order e�ect due to interactions
of the i -th parameter. In this study, the interaction e�ect between parameters are
negligible (< 2%), we used themain e�ect for factor �xing and ranking of important
parameters (for more details, see section 4.4).
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Figure 4.2: Random numbers, generated from Latin hypercubesampling and uni-
form distribution (left) and two dimensional (K=2) sparse g rid, based on Gauss-
Hermite collocation points with level of interpolation equal to 1 (5 collocation points
(
 )) and equal to 2 (17 collocation points (F )) (right). In Latin hypercube sam-
pling the parameter spaces are evenly covered, while in simple random sampling,
no random numbers fall in columns (0,0.4) and (0.5,0.6).

4.2.1.1 Input parameter distributions

The dynamic behavior of the cardiovascular system depends on input parameter dis-
tributions. For more accurate quanti�cation of uncertaint y and sensitivity analysis,
the parameter distributions should be estimated from medical data [58]. In practice,
experimental data is not easy to obtain. Due to limited data availability, the pa-
rameters are randomized within� 10% range of their nominal values. To cover the
entire range of parameter spaces with reasonable computational cost, Latin hyper-
cube sampling (LHS) was used. Moreover, LHS is capable of reducing the number
of runs necessary to stabilize the Monte Carlo simulations.A comparison between
LHS and Monte Carlo sampling (MCS) is given in �gure (4.2, left).

4.2.1.2 Estimation of sensitivity indices from Monte Carlo method

We present a detailed working algorithm to compute the main e�ect , Si using the
Monte Carlo method, we follow the steps, given in [45].

1. Generate two independent sampling matrices,A(N; K ) and B(N; K ) by using
LHS. Where, N is the total number of simulations and K is the number of
parameters.

2. De�ne matrix Ci , which is matrix A except the i -th column of matrix B.

3. Compute and save model runs for all parameter spaces usingmatrices A; B
and Ci i.e. YA (t; TS; N ) = f (A ), YB (t; TS; N ) = f (B) and YCi (t; TS; N; K ) =
f (Ci ), where, t are the time points for one heart beat with period tp = 0 :8s.
TS, represents the state variables (pressure and 
ow time series at six locations
of carotid bifurcation, NT S = 12) and N is the total number of model runs
(N = 10000).

4. Compute the time dependent main sensitivity index, Smain time and total sen-
sitivity index, Stotal time of each parameter at each time-point of the pressure
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and 
ow waves, using the estimator o�ered by Jansen [59,60].

Smain time = 1 �
1

2N � Vmain time

NX

n =1

(Y (n )
B � Y (n )

Ci
)2; where (4.7)

Vmain time =
1
N

NX

n =1

(Y (n )
B )2 � E 2

main time
; and

Emain time =
� 1

N

NX

n =1

Y (n )
B

� 2
:

Jansen's formula forStotal time proceeds as,

Stotal time =
1

2N � Vtotal time

NX

n =1

(Y (n )
A � Y (n )

Ci
)2; where (4.8)

Vtotal time =
1
N

NX

n =1

(Y (n )
B )2 � E 2

total time
; and

E total time =
� 1

N

NX

n =1

Y (n )
B

� 2
:

The total variances (V( :) ) and the expectations (E ( :) ) are also calculated at
each time-point of pressure and 
ow waves with respect to each parameter.

5. Finally, the main e�ect , Si and the total e�ect , ST i of each parameter on the
state variables are calculated as,

Si =
1

NT S

1
N t

N T SX

j =1

N tX

t =0

Smain time (t; j; i ); (4.9)

ST i =
1

NT S

1
N t

N T SX

j =1

N tX

t =0

Stotal time (t; j; i ) i = 1 ; :::; K (4.10)

In eqns. (4.9) and (4.10),NT S = 12 is the number of output variables (pres-
sure and 
ow time series at all locations) and N t = 80 is the number of
time-points [62].

4.2.1.3 Convergence analysis of sensitivity indices

To calculate the sensitivity indices of each parameter,N (K + 2) Monte Carlo sim-
ulations are executed. As it is mentioned earlier, the only drawback associated
with variance-based global sensitivity analysis is its computational cost. A gen-
eral question arises, how many simulations are required to achieve the convergence
of sensitivity indices (Si )? There exist several methods in the literature, which
monitor and check convergence of sensitivity indices. The central limit theorem
(CLT) and bootstrap method are the most popular and convenient to check the
convergence [61,63,64].

In this work, the bootstrap technique is used to �nd a 95% con�dence interval
(CI) of each parameter for each state variable, that lies within � 5% uncertainty as
compared to the mean value of all Monte Carlo simulations. The implementation of
the bootstrap method is very straightforward. The time dependent main sensitivity
indices are calculated forN = [250; 500; 1000; 1500; 2000; 2500; 3000; 3600;
5000; 10000]. After eachN -model run the bootstrap technique (B = 1000) is ap-
plied to �nd a 95% CI. As the total number of simulations incre ases, the standard
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Figure 4.3: Estimation of Si as a function of model runs per parameter to achieve
95% con�dence interval (CI). The results show the convergence ofSi of blood inertia
(L 5) on pressure and 
ow at node 5.

No. of L 5 sensitivity on 
ow at node 5 L 5 sensitivity on pressure at node 5
runs

Si SD CI Si SD CI
250 0.095 0.0020 [0.091, 0.099] 0.099 0.0031 [0.092, 0.104]
500 0.032 0.0014 [0.029, 0.034] 0.024 0.0020 [0.020, 0.028]
1000 0.053 0.0017 [0.049, 0.056] 0.022 0.0015 [0.020, 0.025]
1500 0.016 0.0011 [0.014, 0.018] 0.01 0.0016 [0.007, 0.014]
2000 0.013 0.0005 [0.012, 0.014] 0.04 0.0011 [0.038, 0.042]
2500 0.024 0.0012 [0.022, 0.027] 0.011 0.0016 [0.009, 0.015]
3000 0.032 0.0010 [0.030, 0.034] 0.027 0.0019 [0.024, 0.031]
3600 0.01 0.0007 [0.009, 0.012] 0.007 0.0012 [0.005, 0.010]
5000 0.009 0.0013 [0.007, 0.013] 0.025 0.0009 [0.023, 0.027]
10000 0.007 0.0004 [0.006, 0.008] 0.012 0.0011 [0.010, 0.015]

Table 4.1: Numerical values of convergence analysis given in �gure (4.3). It is evi-
dent that by increasing the number of simulations the standard deviation decreases
and sensitivity index of each parameter approaches to the mean values of all Monte
Carlo simulations.

deviation (SD) decreases, as a result, the sensitivity index for each parameter con-
verges to the mean value of all Monte Carlo simulations (see table 4.1). Figure (4.3)
shows, the convergence ofL 5 sensitivity index for both pressure and 
ow at node 5.
The minimum number of simulations for each parameter to achieve a uncertainty in
main sensitivity index lies within � 5% uncertainty as compared to the mean value
of all Monte Carlo simulations, is around 3000.

4.2.2 Fourier Amplitude Sensitivity Test (FAST)

The FAST method was originally presented by Cukier, R. I. et. al. in 1973 [51]. The
method calculates only themain e�ect of the model parameters. Later on, Saltelle
et al. proposed the extension to the FAST method, which calculates both main
e�ect and total e�ect like the method of Sobol [46]. The only di�erence lies in the
procedure of calculating the sensitivity indices. The key idea of the FAST method
is to transform K � dimensional integrals (eqns. 4.2, 4.3) into a one-dimensional
integrals as,

X i (s) = Gi (sin (! i s)) =
1
2

+
1
�

sin � 1(sin (! i s)) (4.11)

where, ! i is a set of linearly independent integer frequencies assigned to each un-
certain parameter and s 2 (�1 ; + 1 ). According to the Ergotic theorem [65] eqn.
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(4.2) and eqn. (4.3) can be computed as,

E =
1

2�

Z �

� �
f (s) ds

=
1

2�

Z �

� �
f [(G1! 1s); (G2! 2s); :::; (GK ! K s)]ds (4.12)

and variance will be,

V =
1

2�

Z �

� �
f 2(s) ds � E 2

=
1

2�

Z �

� �
f [(G1! 1s); (G2! 2s); :::; (GK ! K s)]2ds � E 2: (4.13)

Fourier series expansion off (s) in eqn. (4.13) gives,

V =
1X

i = �1

(A2
i + B2

i ) � (A2
0 + B2

0)

= 2
NX

i =1

(A2
i + B2

i ) (4.14)

where, A i and Bi are Fourier coe�cients de�ned as,

A i =
1

2�

Z �

� �
f (s)cos(is) ds

Bi =
1

2�

Z �

� �
f (s)sin (is) ds

Conditional variance for parameters x i to calculate Si can be calculated as,

Vi = 2
MX

m =1

(A2
m! i

+ B2
m! i

) (4.15)

Where, M is the maximum harmonic (M = 6). Fourier coe�cients are numerically
evaluated as,

A i =

(
1
N (y0 +

P m
l=1 (yl + y� l )cos( �il

N )) if l is even
0 otherwise

Bi =

(
1
N (

P m
l=1 (yl + y� l )cos( �il

N )) if l is odd

0 otherwise

where, q = N � 1
2 . Finally the main e�ect , Si is computed as,

Si =
Vi

V
: (4.16)

For a practical implementation and understanding of the FAST method, the reader
is referred to the on-line manual of SimLab, which provides afree development
framework for sensitivity and uncertainty analysis [76].
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4.2.3 Sparse Grid Stochastic Collocation method (SGSC)

SGSC is a sampled-based variance decomposition method usedfor uncertainty quan-
ti�cation (UQ) and sensitivity analysis (SA). The method co mbines the two ap-
proaches, stochastic collocation method and sparse grid technique [66{71]. The
implementation of the sparse grid (SG) method is similar to the Monte Carlo (MC)
method, except the choice of collocation points, which are obtained systematically
using polynomial approximation theory (Lagrange interpolation) and the Smolyak
algorithm.

4.2.3.1 Tensor product quadrature

Let f yi =1 :::K
j =1 :::mi g, prescribe collocation points in aK � dimensional hypercube, [0; 1]K ,

where mi and K are the number of collocation points and random dimension re-
spectively. For each random dimension,i = 1 ; ::; K , a one-dimensional Lagrange
interpolation formula for a smooth function f can be de�ned as,

U i (f ) =
miX

j =1

f (yi
j )l i

j (y): (4.17)

Here U i (f ) is the i -the dimensional Lagrange interpolation formula andyi
j are j -th

collocation points in the random dimension i . For multivariate, K > 1, we de�ne
the tensor product of the one-dimensional Lagrange polynomial as,

(U i 1 
 ::: 
 U i K )( f ) =
mi 1X

j 1 =1

:::
mi KX

j K =1

f (yi 1
j 1

; :::; yi K
j K

)( l i 1
j 1


 ::: 
 l i K
j K

): (4.18)

Eq. (4.18) is known as full tensor product. The problem with the full tensor
quadrature is that, the total number of collocation points i ncreases exponentially in
high dimensions, e.g. whenK � 1 andNp is the number of points in each dimension
then total number of collocation points in K -dimensional space ismi = N K

p . For
example, if we consider level 2 (17 collocation points for each parameter) for carotid
bifurcation, where K = 18 (R i ; Ci ; L i ), the total number of collocation points are
1:4063084� 1022, i.e. in a high dimensional space the full tensor product quadrature
is computationally too expensive.

4.2.3.2 Sparse grid (sparse tensor product)

For high dimensional problems, K � 1, the number of collocation points in the
tensor product eqn. (4.18) is very large, which makes the tensor product less e�-
cient and computationally expensive. In order to reduce collocation points obtained
by the tensor product, while keeping high accuracy in the solution, Smolyak intro-
duced sparse tensor product technique, known as sparse gridtechnique [72]. In the
Smolyak algorithm, the linear combinations of the tensor product formulas are used
in such a way that the product with a relatively small number of knots are used and
the interpolation property for K = 1 is preserved for K > 1. Smolyak quadrature
formula is written as,

S (q; K ) = S qf (y) =
X

q� K +1 �j i j� q

(� 1)q�j i j

�
K � 1
q � j i j

�
(U i 1 
 ::: 
 U i K )f (y) (4.19)

Where, ji j = i1 + ::: + i k with multivariate index i = ( i1; :::; i k) 2 [0; 1]K and q � K
is the level of interpolation. To compute S qf (y), we need to evaluate the function
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on the sparse grid. The set of collocation points of the sparse grid is thus collected
as,

H(q; K ) =
[

q� K +1 �j i j� q

(� i 1 � ::: � � i K ) (4.20)

Where, � i j are one-dimensional collocation points in dimensionj . In the current
study, we use the Smolyak algorithm based on Gauss-Hermite abscissas, which obeys
the standard normal distribution. For more details readersare referred to [50,73,74].
In �gure (4.2) (right), two dimensional (K=2) sparse grid po ints are shown, with
total number of collocation points 5 (level 1) and 17 (level 2).

Finally, the solution can be obtained by solving the cardiovascular model re-
peatedly on transformed collocation points.

4.2.3.3 Main e�ect sensitivity

The main e�ect of each parameter on output uncertainty can be computed as,

Sk =
V (E(f jyk ))

V (f )
; k = 1 ; :::; K (4.21)

where, V (E(f jyk )) is known as conditional variance (keepingyk �x) and V (f ) is
the total variance, which is de�ned as,

V (f ) = E(( f � E (f ))2) ' E (S qf 2) � (E (S qf ))2 (4.22)

where,

E(S qf ) =
Z

�
S qf (y)� (y)dy (4.23)

=
X

q� K +1 �j i j� q

(� 1)q�j i j

�
K � 1
q � j i j

�
E (U i 1 
 ::: 
 U i K )f (y) (4.24)

Where, � = � 1 � � 2 � ::: � � K , a K -dimensional domain and

E(U i 1 
 ::: 
 U i K )f (y)) =
mi 1X

j 1 =1

:::
mi KX

j K =1

f (yi 1
j 1

; :::; yi K
j K

)(wi 1
j 1


 ::: 
 wi K
j K

) (4.25)

Where, wi k
j k

are weights, mi , in random dimension i k (see [50] for more details).
Finally the conditional variance is calculated as,

V(E(f jyk )) =
Z

� k

 Z

� k
�

S qf (y)� (yk
� )dyk

�

! 2

� (yk )dyk �
� Z

�
S qf (y)� (y)dy

� 2

:(4.26)

In eqn (4.26), yk is the k-th parameter, � k is the one-dimensional parameter space
for yk , yk

� are other parameters thanyk and � k
� is the K � 1 dimensional parameter

spaces other than �k . A simpli�ed scheme for computing main e�ect using sparse
grid technique is given in �gure (4.4).

4.3 Simulation setup

The in-output quantities of interest (QoI), respective methods and their computa-
tional cost are given in appendix A.9. The Chapter mainly concentrates on GSA,
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Figure 4.4: A simpli�ed scheme for computing Si using sparse grid technique.

however, a comparison is made between the results of electrical parameters obtained
from LSA and GSA (see section 4.4.1.3).

Variance-based GSA methods are applied to a lumped parameter model of the
carotid bifurcation to identify most and least important el ectrical and structural
parameters. At each location, three electrical and four structural parameters are
considered for uncertainty and sensitivity analysis with � 10% variation in nominal
values.

To overcome the computational cost, network equations are solved by MATLAB
built in solver lsim , which is fast and e�cient solver for the LTI system. In our
case, the computational time for one simulation is 0.07s (see appendix A.9 for overall
computational cost). Initially the model was run for three h eart beats, so that a
steady state condition was reached. Then the results from last heart beat were used
for sensitivity analysis.

For each electrical and structural parameter there are two sensitivity time series
at each node, one for the pressure and one for the 
ow. For bothelectrical (K = 18)
and structural ( K = 24) parameters, there are, 2� Ns � K sensitivity time series.
Where Ns is the number of nodes andK is the total number of parameters. To
represent and analyze sensitivity time series in a compact form, the mean of absolute
values were taken over time with respect to each parameter. The numerical values
(%) of time series are given in �gure (4.8).

The values of themain e�ect , Si lies between 0 and 1. Parameters having higher
sensitivity values are considered to be most important and vice versa. For purely

additive models
KP

i =1
Si = 1 and for non-additive models

KP

i =1
Si < 1. The latter case

indicates interactions between the parameters, which can be explained by the total

e�ect , ST i . The di�erence 1�
KP

i =1
Si indicates the interactions among the parameters.

Generally, the main e�ect is used to identify most important parameters and the
total e�ect is considered for factor �xing. In our study, the main e�ect was used for

ranking the important parameters as well as factor �xing, as the di�erence, 1�
KP

i =1
Si

is less than 1%. Themain e�ect and the total e�ect of electrical parameters in the
carotid bifurcation are calculated using Sobol method and displayed in appendices
(A.7) and (A.8).

The results of the sensitivity analysis are divided into three parts, which are
explained below.
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Figure 4.5: 10000 Monte Carlo simulations of pressure and 
ow at nodes 1 and 5
(top). A large variation can be seen at the diastole and the peak of pressure and

ow waves. On the other hand, the output uncertainty of pressure and 
ow at node
1 is apportioned to input parameters (R i ; Ci ; L i ) (bottom).

4.4 Results and discussion

4.4.1 Sensitivity analysis of electrical parameters

In the carotid bifurcation, there are 18-electrical parameters (R i ; Ci ; L i ), in
uencing
all state variables. The main e�ect , Si was computed by averaging time-dependent
sensitivity over time for each state variables with respect to each parameter (see
�gure 4.6).

It is clearly evident, that the 
ow is sensitive w.r.t. R within RCC, RIC and
REC. A large upstream sensitivity can be seen due to the re
ections at the terminals
nodes (4 and 6) (see �gure (4.6,A1)). In contrast, the 
ow is sensitive w.r.t. C and
L at the �rst two nodes and has small downstream e�ect on the following nodes
(see �gure 4.6, A3; A5). On the other hand, the pressure is sensitive w.r.t. R at
the node itself. This indicates that most of the uncertainty comes from the node
itself or from the adjacent nodes. The fact that R shows higher impact on state
variables at the terminal nodes (4 and 6), over 0:88 and 0:70 respectively, suggests
the importance of well de�ned parameters at terminal nodes (see �gure (4.6,A2)).
For pressure,C and L are also in
uential at the �rst two nodes and have signi�cant
downstream in
uence on pressure at all following nodes (see�gure (4.6, A4; A6)).

4.4.1.1 Parameter �xing and model simpli�cation

Sensitivity analysis also plays an important role in factor �xing, that leads towards
model reduction and simpli�cation. Parameters having negligible impact on state
variables can be �xed at their nominal values without any loss of accuracy. This
information could bene�t during parameter estimation, where important parame-
ters are easy to estimate as compare to less important parameters. In this work,
parameters whosemain e�ect on all state variables is less than 5%, are �xed at
their nominal values. According to this criteria, the values of C and L in the RIC
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Figure 4.6: Main e�ect, Si of electrical parameters (R i ; Ci ; L i ) on pressure and 
ow
in the carotid bifurcation. Results reveal that R is most in
uential within RCC,
RIC and REC, particularly at the bifurcation and terminal no des (A1; A2), while C
and L show signi�cant e�ect at the inlet of the carotid bifurcatio n (A3; A4; A5; A6).

and REC arteries could be �xed at their base values (see �gure(4.8, top)).

4.4.1.2 Ranking of important parameters

In variance-based GSA, the output uncertainty is apportioned into di�erent sources
of uncertainty in its inputs, which helps in the ranking of im portant parameters. In
�gure (4.8, top), the uncertainty of each state variable is decomposed and assigned
to each input parameter (R i ; Ci ; L i ). Parameters with large sensitivity values are
ranked high and vice versa. We observed, the ranking of key parameters is location
dependent and di�erent for each state variable. In �gure (4.5), 10000 model runs
are plotted at node 1 and 5 to visualize the output uncertainty. Furthermore, pie
charts show the ranking of important parameters for pressure and 
ow at node 1.

For reliable model predictions, the output uncertainty can be reduced by estima-
tion of important parameters. In the parameter estimation process, themain e�ect
can be used to identify a subset of important parameters to estimate from a certain
set of state variables. For example, if we have in-vitro or in-vivo measurements at
nodes 3 or 4, then it is not possible to estimate the parameters at nodes 5 and 6,
due to the reason that the parameters at nodes 5 and 6 don't have in
uence on the
pressure and 
ow at nodes 3 and 4 (�gure 4.8, top).
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Figure 4.7: Sensitivity coe�cients of electrical parameters (R i ; Ci ; L i ) on pressure
and 
ow in the carotid bifurcation. Results reveal that R is important within RCC,
RIC and REC, particularly at terminal nodes ( B1; B2), while C and L show impact
on pressure and 
ow at the inlet of the carotid bifurcation ( B3; B4; B5; B6).

4.4.1.3 Results comparison with LSA

A satisfactory agreement can be seen between the results of local and global sen-
sitivity analysis (see �gures (4.6), (4.7)). Pressure and 
ow are sensitive w.r.t. R
within RIC and REC, particularly at the terminal nodes. On th e other hand, C
and L are more in
uential on the pressure and 
ow at the inlet nodes (1 and 2).
Furthermore, the ranking of important parameters are not the same except at the
few locations of the carotid bifurcation.

4.4.2 Sensitivity analysis of structural parameters

In this section, we discuss the sensitivity of state variables w.r.t. structural parame-
ters (E; l; d; h ) with � 10 % variation in their nominal values. Again, the main e�ect
was used for parameter ranking and factor �xing, because theinteraction e�ect be-

tween structural parameters is less than 2% i.e. 1�
KP

i =1
Si < 0:02. It is clearly seen,

that d is the most important parameter and hence needs to be estimated correctly
to reduce the output uncertainty (see �gure (4.8, bottom)) a nd �gure (4.9, C3; C4).

Flow is sensitive w.r.t. l and d and strong re
ections can be seen from terminal
nodes to the RCC artery (�gure (4.9, C1; C3)), while E and h are less important
parameters and could be �xed at their nominal values (�gure (4.8, bottom)). Pres-
sure is also sensitive forl and d and most of the uncertainty came from the node
itself or nearby nodes (�gure (4.9, C2; C4)). According to the factor �xing criteria
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Figure 4.8: Overall main e�ect (%) of electrical and structural parameters on state
variables. Main e�ect less than 1% is considered to 0. Results show that R, d and
l are the key parameters which cause most of the uncertainty inthe outputs.

described earlier,l (only in RIC and REC arteries), E and h can be �xed at their
nominal values. Each row in �gure (4.8, bottom), shows the ranking of important
structural parameters for each state variable, which further can help to identify the
subset of important parameters in the parameter estimationprocess.

4.4.3 Network location and time dependent sensitivities

The sensitivity of the cardiovascular parameters stronglydepends upon the locations
within the carotid bifurcation as well as the time regions in the pressure and 
ow
waves. Network location and temporal sensitivities play animportant role in �nding
optimal measurement locations in carotid bifurcation and optimal time regions of
state variables with respect to each parameter. These �ndings can further be used in
the parameter estimation process. From network location and temporal sensitivity
results, we observed the following �ndings:

1. Most sensitivity of parameters was found in common time regions i.e. at early
systole, peak systole and end diastole (�gures (4.10), (4.11)).

2. In time-dependent sensitivity analysis, few parametersshow a sensitivity peak
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Figure 4.9: The main e�ect of structural parameters (l i ; di ) on pressure and 
ow in
the carotid bifurcation. Results indicate that d and l are the key parameters and
have a strong upstream in
uences on state variables from theterminal nodes to the
RCC artery.

over a short period of time, which could lead to wrong sensitivity values if the
analysis is made over a short period of time (see �gure (4.11,E1; E2)).

3. At the terminal nodes, the sensitivity values of state variables w.r.t of each
parameter are identical, which is in agreement to the boundary conditions
chosen (�gure (4.10,D4; D6)) and �gure (4.11, E4; E6).

In �gures (4.10,4.11), we compare the network location and temporal sensitivities of
L 1 on all state variables, calculated by the three GSA methods.As the blood inertia
plays a role in acceleration (in systole) and deceleration (in diastole) of the blood,
most of the sensitivity was found in early systole, peak systole and end diastole,
where the 
uid is accelerated and decelerated respectively.

4.5 A general framework for parameter estimation

The sensitivity results obtained in this Chapter provide insights that enable the
experimentalists to optimize their experimental setups for estimating the key CV
parameters. Which is the �rst step to build a patient-speci� c CV model. The main
e�ect of parameters and location-dependent sensitivity provides a clear guidance
on what to measure (pressure or 
ow) and where to measure (locations) to estimate
key CV parameters. As a complement, time-dependent sensitivity provides optimal
time regions in the pressure and 
ow waves, which makes the estimation process
more precise. The framework is divided into two parts:

1. Factor �xing

i Apply global sensitivity analysis on the carotid bifurcat ion using the scheme
given in �gure (4.1).

ii Fix the parameters that have negligible impact on state variables. For exam-
ple, in case of electrical parameters, the values ofC and L can be �xed at
RIC and REC. While for structural parameters, the values of l (only in RIC
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Figure 4.10: Network location and temporal sensitivity of L 1 on 
ow at all locations
in the carotid bifurcation. Sensitivity can be seen in common time regions i.e. at
early systole, peak systole and end diastole. The results indicate that, L 1 can be
better estimated from 
ow measurements in the early systolethan from other time
regions.

and REC arteries), E and h can be �xed at their nominal values. See �gure
(4.8) for factor �xing.

2. Estimation of key parameters

iii Identify the key parameters, which contribute most on output uncertainty
and optimal measurement locations to estimate those important parameters
using the sensitivity results given in �gure (4.8). For example, to estimate the
parameter C2, it is recommended to take 
ow measurements at node 1 or 2,
or pressure measurements at node 2.

iv Apply a suitable optimization method to estimate the model parameters using
clinically obtained measurements or 
ow simulator data.

The parameter estimation framework given above is applicable for both a partial
and full CVS. For a full CVS, see Chapter 5, where GSA is applied to study some
clinically relevant CV parameters.

4.6 Conclusion

In this work, three variance-based GSA methods are applied on a lumped parameter
model of the carotid bifurcation. On the basis of computational cost, simplicity
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Figure 4.11: Network location and temporal sensitivity of L 1 on pressure in at all
locations of the carotid bifurcation. Pressure and 
ow are sensitive w.r.t L 1 at
common time regions i.e. at early systole, peak systole and end diastole. Moreover,
at the terminal nodes, the L 1 sensitivity on pressure and 
ow is identical, due to
the constant pressure boundary condition applied (compareE4 and E6 to D4 and
D6 in �gure (4.10)).

and straight forward implementation, it is recommended to use Sobol method to
calculate sensitivity measures. The methods were used to rank and identify most
important parameters as well as to �x less important parameters at their nominal
values. For each parameter, we have discussed optimal measurement locations in
the carotid bifurcation and optimal time regions in the pressure and 
ow waves.

The results of the present work are based on themain e�ect , because the in-
teraction e�ect among the parameters was found to be negligible. The key GSA
results of the carotid bifurcation are summarized as:

1. The study identi�es a subset of important parameters (electrical and struc-
tural), which e�ect state variables at di�erent locations. The rows in �gure
(4.8), show the ranking of most important parameters on the state variables.

2. Parameters having amain e�ect sensitivity of less than 5% on each state vari-
able are considered to be less important and are �xed at theirnominal values.
In general, 8-electrical parameters out of 18 and 16-structural parameters out
of 24 could be �xed at their nominal values. More precisely, at each loca-
tion, the subset selection of important parameters is di�erent for pressure and

ow. For a subset selection of important parameters on each state variable,
see �gure (4.8).

3. Network location and temporal sensitivities identify th e important measure-
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ment locations in the carotid bifurcation and important tim e regions in the
pressure and 
ow waves. Generally, time dependent sensitivity was found in
common time regions i.e. in early-systole, peak systole andend-diastole.
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CHAPTER5

Sensitivity Analysis of the CVS

5.1 Introduction

In the multi-compartment CV models under consideration, there are plenty of elec-
trical and structural parameters. MACSim has 95 arterial nodes (see section 2.5),
while the linear elastic and visco-elastic CV model contains 122 nodes (see section
2.3). At each node, 3-electrical and 4-structural parameters are in
uencing the state
variables. In total, MACSim has 285-electrical and 380-structural parameters with
33 extra boundary resistances,Rb at the boundary nodes. While, the linear elastic
and linear visco-elastic CV model contains 366-electricaland 488-structural param-
eters with 25 boundary resistances,Rb at the boundary nodes. For a patient-speci�c
CV model, it is not practically feasible to estimate all CV parameters accurately
from the given measurements.

A possible way out of this situation is to �rst quantify those parameters which
are the key driver of the model outputs and then estimate the key parameters
using patient-speci�c data. In this context, location dependent sensitivity analysis
could be used in �nding the optimal measurement locations to estimate the key
parameters in the arterial network.

In Chapter 3 and 4, LSA and GSA methods are applied to the arm arteries
and carotid bifurcation respectively. The results revealed, that the diameter, d and
the boundary resistance,Rb are the most important parameters. In this Chapter,
sensitivity analysis with respect to d and Rb is applied to the complete CVS. The
main objectives of this Chapter are:

1. Quantify the impact of Rb in MACSim for pressure and 
ow waves at di�erent
locations in the arterial network.

2. Study di�erent levels of stenosisand aneurysmsat each location of the visco-
elastic CV model by decreasing and increasing the diameter respectively.

3. Finding optimal measurement locations to estimate diameter in the CV mod-
els.

5.2 Sensitivity Analysis in MACSim

Currently, MACSim is used for teaching and research purposes like, early detection
of stenosis and its impact on rest of the cardiovascular system. In MACSim, the
stenosis in the arti�cial arteries are created by manually squeezing tube clamps
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Figure 5.1: Main e�ect sensitivity of diameter, d in MACSim for 
ow (top) and
pressure (bottom).

at di�erent locations of the systemic circulation [75]. Thi s way of creating and
analyzing the stenosis is quite time consuming. In this section, a linear elastic
model of MACSim is considered and e�ect of diameter (� 10%) is quanti�ed using
Sobol method. We also discuss the sensitivity ofRb on state variables and optimal
measurement locations ofd for parameter estimation. In section 5.3, a detailed
study of stenosis and aneurysms is given.

5.2.1 Sensitivity of the vessel diameter, d

Sobol method (N = 3000) is applied on the linear elastic model of MACSim to
study the impact of diameter (� 10% variations) on pressure and 
ow in the CVS.
The in-output quantities of interest (QoI) and the computat ional cost are given in
the appendix A.9.

Flow is sensitive w.r.t. the diameter at the location itself, ascending (nodes
1, 4, 5) and descending aorta (nodes 15, 22, 23, 24, 25) and hassigni�cant e�ect on
the left/right carotid bifurcations and the left/right arm arteries. Small sensitivity
can also be seen on downstream nodes from the descending aorta. A strong down-
stream and upstream e�ect from the left/right external ilia c arteries (nodes 40, 59)
and left/right arm arteries (nodes 6, 81) are observed (see �gure (5.1, top)).

Again, pressure is sensitive for the diameter at the location itself, ascending and
descending aorta, external iliac arteries and the left/right arm arteries. Also strong
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Figure 5.2: Main e�ect sensitivity of boundary resistance, Rb in MACSim for 
ow
(top) and pressure (bottom).

re
ections can be seen from these nodes (see �gure (5.1, bottom)).

5.2.2 Sensitivity of the boundary resistance, Rb

In the systemic arterial network, arterioles are the smallest vessels that contain
high number of smooth muscles in theirtunica media. When the smooth muscles
relax then the wall of arterioles become wide i.e. thelumen diameter of arterioles
increases. This increase in the diameter reduces the blood resistance, as a result,
blood 
ow increases. This phenomena is calledvasodilation and its opposite is
known as vasoconstriction. Vasodilation and vasoconstriction plays an important
role in controlling the blood 
ow distribution in the CVS [78 ].

In this section, Rb is used to study the e�ect of vasodilation and vasoconstriction
on the CV pressure and 
ow. The method of Sobol is applied to quantify the impact
of Rb on pressure and 
ow with N = 3000, the total number of simulations per
parameters. For convergence analysis, see section 4.2.1.3. The feasible region for
Rb(kgs� 1m� 4) = [ min (R) ; max(Rb)] = [5 � 107 ; 5� 109]. These values are simply
taken from the boundary nodes and natural variation.

For 
ow, Rb has strong sensitivity at node itself and its adjacent nodes. However,
nodes 52 (right iliaca interna), 53 (right iliaca interna), 57 (left iliaca interna),
58 (left iliaca interna), 70 (mesenterica inferior),71 (left renalis),72 (mesenterica
superior),76 (right celiaca), 79 (left celiaca) and 80 (left celiaca) have signi�cant
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Figure 5.3: Impact of a 30%stenosis on the pressure and 
ow in the visco-elastic
CV model.

upstream sensitivities (see �gure (5.2, top)).
For pressure,Rb has strong impact on node itself and nearby nodes. Also,Rb is

in
uential for above mentioned nodes, the only di�erence is, it has upstream as well
as downstream e�ect on pressure in the arterial network (see�gure (5.2, bottom)).

5.3 Sensitivity analysis in the visco-elastic CVS

As mentioned in Chapters 3 and 4, the diameter is the key parameter in the CVS. In
order to reduce the output uncertainty, the diameter should be estimated accurately
through the parameter estimation process. In this section,the variations of the
diameter is studied in the context of stenosisand anuerysm using the Sobol method
(N=3000). For in-output quantities of interest and computa tional cost see appendix
A.9.

5.3.1 Stenosis

In this section, di�erent levels of the arterial stenosis are created by decreasing the
diameter and the impact on the pressure and 
ow are quanti�ed. The study consists
30%, 60% and 90% arterialstenosis at each node of the CVS.
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Figure 5.4: Impact of a 60%stenosis on the pressure and 
ow in the visco-elastic
CV model.

30% stenosis :
In this study, the diameter at each node of the arterial network is decreased by
30% and e�ect of stenosis is quanti�ed for all state variables. For 
ow, the sen-
sitivity and re
ections can be seen within the individual st ructures, like left/right
carotid bifurcations, left/right legs, aorta and left/rig ht arm arteries. A signi�cant
upstream and downstream sensitivity is observed within theaorta (ascending and
descending), see �gure (5.3, top). For pressure, strong sensitivity is found at node
itself and at adjacent nodes. A strong upstream and downstream sensitivity is found
at the descending aorta (node 33), see �gure (5.3, bottom).

60% stenosis :
A signi�cant sensitivity is observed when the level of stenosis is increased by 60%.
For 
ow, signi�cant e�ects and re
ections from stenosis are seen within the struc-
tures. Figure (5.4, top) shows strong re
ections in the left/right carotid bifurcations
and the descending aorta (node 33). For pressure, strong sensitivity is found at the
node itself and nearby nodes. Only downstream sensitivity is observed at each node,
except the node 33. At node 33, strong upstream and downstream sensitivity can
be seen in �gure (5.4, bottom).

90% stenosis :
In case of severestenosis (90%), strong sensitivity within each individual structur e
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Figure 5.5: Impact of 90%stenosison the pressure and 
ow in the visco-elastic CV
model.

(carotid bifurcations, arms, legs, aorta) can be seen for both pressure and 
ow.
For 
ow, stenosisin the descending aorta has signi�cant downstream and upstream
e�ects. Also, each node has downstream sensitivity as well as re
ections within the
individual structures (see �gure (5.5, top). For pressure, strong downstream and
upstream sensitivity at each node, within the arterial structures is observed, see
�gure (5.5, bottom).

5.3.2 Aneurysm

An aneurysm is the abnormal widening or ballooning of the blood vessels due to a
weak thin vessel wall. Aneurysms can be classi�ed into two categories:

True aneurysm : is one that involves all three layers of the vessel wall.
False aneurysm : an aneurysm that forms outside of an artery wall due to the
leaking hole in an artery.

In this section, a true aneurysm is created in all segments by increasing the di-
ameter by 200% and 500% . Global sensitivity analysis (Sobol) is used to quantify
the impact of aneurysm on pressure and 
ow in the visco-elastic CVS.
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Figure 5.6: Impact of a 200%aneurysm on the pressure and 
ow in the visco-elastic
CV model.

200% aneurysm :
For 
ow, the impact of aneurysm is strong at the location itself and nearby nodes.
Due to the strong sensitivity at the location itself, the identi�cation of pressure and

ow sensitivity on other nodes is di�cult, see �gure (5.6, to p). For pressure, the
impact of the aneurysm is strong within the individual structures (carotid bifur-
cations, arms, legs, aorta). Most of the sensitivities are seen at the location itself,
in internal/external carotid bifurcations and in ascendin g/descending aorta. Also,
the aorta has signi�cant downstream sensitivity on following nodes, see �gure (5.6,
bottom).

500% aneurysm :
In order to study the severeaneurysm, 500% variation of the diameter is considered.
Flow is most sensitive at the location itself and adjacent nodes. Due to the large
sensitivity value at each location, the sensitivity of state variables at other loca-
tions cannot be identi�ed (�gure (5.7, top)). The sensitivi ty results of pressure are
identical for 200% and 500%aneurysm except at the ascending/descending aorta,
where high sensitivity values are observed (�gure (5.7, bottom)).
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Figure 5.7: Impact of a 500%aneurysm on the pressure and 
ow in the visco-elastic
CV model.

5.4 Optimal measurement locations to detect an
abdominal aortic aneurysm

An abdominal aortic aneurysm (AAA) is an abnormal widening in the lower part of
the aorta, see �gure (2.3) nodes 37, 40 and 41. Sensitivity analysis of a large AAA
guides the experimentalists what to measure (pressure and 
ow), where to measure
(optimal measurement locations) and which parts of the measurement should be
considered (optimal time regions) to detect an aneurysm. Byconsidering the 
ow
measurements, the AAA can be detected at the location itself, node 36 (aorta
thoracalis) and 35 (aorta thoracalis), see �gure (5.8, top). On the other hand, if the
pressure measurements are being considered then the aneurysm can be detected at
the location itself, nodes 38 to 52, 66 to 73 and 87 to 89, see �gure (5.8, bottom).
The optimal time regions for pressure and 
ow waves are earlysystole, end systole
and early diastole (see �gure (5.8)).

5.5 Potential applications

The study has two major potential applications and can be used in teaching and
research areas.
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Figure 5.8: Optimal measurement locations to detect the abdominal aneurysm
(500%) created at node 37 in the CVS (�gure (2.3)).

5.5.1 Education

Sensitivity analysis can be used for teaching purposes, like, early detection of vessel
abnormalities (stenosis, aneurysms) and their impact on the rest of the cardiovas-
cular system. These abnormalities are being created by decreasing (stenosis) and
increasing (aneurysm) the diameter of the vessel up to the di�erent levels. Also,
it helps medical teachers and students to observe the hemodynamical changes at
each node of the arterial network, while changing the diameter. With sensitivity
analysis medical students can perturb the diameter in orderto replicate the hemo-
dynamics they observe in patients [77]. In this way, medicalstudents can enhance
their understanding of hemodynamics.

5.5.2 Research

The results of sensitivity analysis can be used in model design and system identi�-
cation, i.e. to help experimentalists what to measure (pressure and 
ow) and where
to measure (optimal locations) to estimate the important parameters. As a com-
plement to the parameter estimation process, time-dependent sensitivity provides
the optimal time regions in the pressure and 
ow waves.
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CHAPTER6

Concluding Remarks and Future Directions

The thesis has successfully concluded the aims set out in section (1.7). One of the
main aims of this thesis was to built a multi-compartment lumped-parameter model
of CVS and apply sensitivity analysis (local and global) to quantify the impact of
input parameter to output variables. Prior to sensitivity a nalysis it is important to
know the in- and output quantities of interest (QoI). Within this work, the input
quantities of interest were electrical (R i ; Ci ; L i ; Rb) and structural parameters
(E i ; l i ; di ; hi ), while pressure and 
ow at each location of the CVS were the output
quantities of interest. The ultimate goal was to provide a parameter estimation
framework on the basis of SA to built a patient-speci�c CV model. In this Chapter
major results are summarized in section (6.1) and potentialfuture directions of this
research work are given in section (6.2).

6.1 Conclusion of the thesis

In Chapter 2, multi-compartment lumped-parameter model of human systemic cir-
culation was developed. The model has included the elastic and visco-elastic vessel
walls behavior. In multi-compartment CV model, the major ar teries of the sys-
temic circulation were divided into 122 vessel segments (nodes or compartments)
including one heart node for input pressure boundary condition. Each non-terminal
and terminal node was represented by its corresponding non-terminal and terminal
electric circuits (elastic and visco-elastic).

At each node, there were 3-electrical and 4-structural parameters in
uencing
the state variables (pressure and 
ow). That means, the complete CV model had
366-electrical or 488-structure parameters. For a patient-speci�c CV model, it is
not practically feasible to estimate a large number of CV parameters from patient-
speci�c data (measurements). In order to tackle this situation, sensitivity analysis
was used to quantify and rank the key parameters (estimands)and �x less sensitive
parameters at their nominal values.

In Chapter 3, two local sensitivity analysis methods (normalized partial deriva-
tive and norm sensitivity) were applied on a linear elastic model of the arm artery
(with and without anastomosis). Sensitivity analysis was carried out for electrical
and structure parameters. It was found that R, Rb and d were the most important
parameters. In the arm artery anastomosis,R was the most important parameter
in the brachial artery and its counterpart SUC-PUR anastomosis.

In order to overcome the limitations of LSA, GSA was examinedin Chapter 4.
Three variance-based GSA methods were applied on the visco-elastic model of the
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carotid bifurcation. As the model under consideration is linear but non-linear in
parameters, we expect some interactions e�ects among the parameters. Later on,
the results of GSA methods revealed the negligible interactions e�ects between the
parameters (< 2%). Therefore, we used themain e�ect to quantify and rank the
key parameters and for factor �xing. Pressure and 
ow were most sensitive w.r.t
RCL at the right common carotid (RCC) artery. Strong re
ections were observed
at bifurcations and terminal nodes. Due to the large sensitivity values of pressure
and 
ow w.r.t R and d at the terminal nodes, the sensitivity of state variables w.r.t.
other parameters was not identi�able. These results suggest a better remodeling of
the terminal nodes. In general 8-electrical out of 18 and 16-structural parameters
out of 24 were �xed at their nominal values. In the context of t ime-dependent
sensitivity analysis, most of the sensitivity was found in common time regions i.e.
early systole, peak systole and end diastole.

The computational cost is the main issue in GSA. In Chapter 4, the compu-
tational cost of three GSA methods was compared. On the basisof less compu-
tational cost, simplicity and straightforward implementa tion, Sobol method was
recommended with minimum number of simulations was 3000.

In Chapter 5, the method of Sobol was applied on the linear elastic model of
MACSim (Major Arterial Cardiovascular Simulator). The sen sitivity analysis of
state variables was carried out w.r.t. d and Rb. Pressure and 
ow were sensitive
w.r.t. d at the location itself, ascending (nodes 1, 4, 5) and descending aorta (nodes
15, 22, 23, 24, 25) and has signi�cant e�ect on left/right carotid bifurcations and
left/right arm arteries. A strong downstream and upstream e�ects from left/right
external iliac arteries (nodes 40, 59) and left/right arm arteries (nodes 6, 81) were
observed. These are the best measurement access points to estimate the diameter,
d.

Rb showed strong e�ect on the pressure and 
ow at the node itselfand its
adjacent nodes. However, signi�cant upstream sensitivities were found at nodes 52
(right iliaca interna), 53 (right iliaca interna), 57 (left iliaca interna), 58 (left iliaca
interna), 70 (mesenterica inferior), 71 (left renalis), 72 (mesenterica superior), 76
(right celiaca), 79 (left celiaca) and 80 (left celiaca).

One of the main aims of this thesis was to study di�erent levels of stenosis and
aneurysms at each location of the CVS. Di�erent levels of stenosis and aneurysms
were being created by decreasing (30%, 60%, 90%) and increasing (200%, 500%)
the diameter respectively at each location of visco-elastic lumped-parameter model
of the CVS. Furthermore, Sobol method was used to study the impact of stenosis
and aneurysmson each state variable. According to our analysis, when the level of
stenosisis increased by 60% then strong sensitivity was found withinthe individual
structure (arms, carotid bifurcations, legs, aorta). On the other hand, aneurysms
had strong impact on the pressure within the individual structure (carotid bifurca-
tions, arms, legs, aorta). Most of the sensitivity was observed at the location itself,
in internal/external carotid bifurcations and in the ascending/descending aorta.

Sensitivity analysis guides experimentalists what to measure (pressure and 
ow)
where to measure (locations) to estimate the key CV parameters. As a complement
to the parameter estimation, patient-speci�c data (if avai lable) or MACSim mea-
surements can be used to build a patient-speci�c CV model. Sensitivity analysis
also allows medical students to improve their understanding of the normal phys-
iology and pathology of the CVS. In Chapter 5, sensitivity w.r.t. d was studied
in detail, which could be used in the �eld of education and research. Doctors and
medical students can study the impact of stenosis and aneurysms on state vari-
ables in the CVS. With the help of sensitivity analysis students can perturb the
diameter in order to replicate the hemodynamics they observe in patients. On the
other hand, researchers can get optimal measurement locations (access points) to
estimate the diameter, which is according to our analysis, one of the major cause
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Figure 6.1: A general framework for parameter estimation using sensitivity analysis.

of uncertainty in the CVS. In section 4.5 and �gure (6.1), a parameter estimation
framework through sensitivity analysis is given, which wasthe main theme of this
thesis.

6.2 Future directions

As mentioned earlier, the main theme of this work was to develop a framework to
estimate important parameters, based on SA (�gure (6.1)). In the �rst instance,
important (key, in
uential) parameters in the carotid bifu rcation will be estimated
using measurements from a 
uid dynamical cardiovascular simulator (MACSim).
Other possible model improvements are:

1. Formulation of the closed loop CV model with the inclusion of a heart and
venous system. This will reduce the uncertainty that comes from the in-output
boundary conditions.

2. Include pressure-dependent compliance in the modeling framework, that bet-
ter explains the non-linear visco-elastic behavior of the vessel walls.

3. Lumped-parameter model of CVS has few limitations, like, incapability to
study the wave transmission phenomena, the e�ect of local vessel changes and
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the changes in the blood 
ow distributions. To overcome these limitations,
1D and 3D model will be used in the future [10].

4. Couple 1D models of desired vascular structures [79] withcomplete lumped-
parameter model of the CVS, developed in this thesis.
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APPENDIXA

Appendices

A.1 State representation matrices of the linear elas-
tic vessel segment

For non-terminal segment
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A.2 State representation matrices of the linear visco-
elastic vessel segment

For non-terminal segment
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A.3 State representation matrices of the carotid bifurcati on
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A.4 Direct Di�erential Method (DDM)

In this approach, the sensitivity coe�cients are derived by di�erentiating eqn. (2.33)
with respect to the model parameters,� as

@
@�

�
_x i

�
=

@
@�

�
Ax i + Bu

�
=

@fi (x; �; t )
@�

applying the chain rule and Clairaut's theorem, gives
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+ A(� )
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@xi
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_S = f � + J � S

Where, J is n � n, Jacobian matrix, f is right hand side function in eqn. (2.33),
f � = @fi

@� and S = @xi
@� .

A.5 Parameter values for the SUC-PUR anasto-
mosis

Nodes E l d h R C L
units kgm� 2s� 2 m m m kgs� 1m� 4 m4s2kg� 1 kgm� 4

� 105 � 10� 2 � 10� 3 � 10� 4 � 106 � 10� 11 � 106

16 8 6 2.3 1.95 349 0.366 15.16
17 8 6 2 1.7 611 0.277 20
18 16 6 1.8 1.53 931 0.112 24.75
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A.6 Parameter values for the arterial network

Young's Wall Blood Blood Wall Boundary
# Name of artery modulus Length Diameter thickness resistance Compliance inertia resistance resistance

E (kgm� 2s2) l (m) d (m) h (m) R (kgs� 1m � 4) C (kg� 1s2m4) L (kgm� 4) Rd Rb

� 105 � 10� 2 � 10� 3 � 10� 4 � 108 � 10� 10 � 107

1 Aorta ascendens 4 1 29.4 16.4 2.18 � 103 3.04 � 10� 10 1.55 � 104 3.29 � 107 |
2 Aorta ascendens 4 1 29.4 16.4 2.17 � 103 3.05 � 10� 10 1.54 � 104 3.28 � 107 |
3 Arcus aorta 4 3.98 28.8 16.1 9.42 � 103 1.15 � 10� 9 6.42 � 104 8.60 � 106 |
4 Arcus aorta 4 2 22.4 13.2 1.29 � 104 3.34 � 10� 10 5.33 � 104 2.99 � 107 |
5 A.subclavia 4 3.4 12.4 8.6 2.34 � 105 1.48 � 10� 10 2.95 � 105 6.76� 107 |
6 A.vertebralis 8 7.1 3.76 4.6 5.78 � 107 8.05 � 10� 12 6.71 � 106 1.24 � 109 |
7 A.vertebralis 8 7.7 3.66 4.5 6.99 � 107 8.05 � 10� 12 7.68 � 106 1.21 � 109 2.59 � 109

8 A.subclavia 4 6.8 8.06 6.6 2.62 � 106 1.06 � 10� 10 1.39 � 106 9.44 � 107 |
9 A.axillaris 4 6.1 7.28 6.2 3.53 � 106 7.45 � 10� 11 1.53 � 106 1.34 � 108 |
10 Aaxillaris 4 5.6 6.28 5.7 5.86 � 106 4.77 � 10� 11 1.89 � 106 2.09 � 108 |
11 A.brachialis 4 6.3 5.64 5.5 1.01 � 107 4.03 � 10� 11 2.64 � 106 2.48 � 108 |
12 A.brachialis 4 6.3 5.32 5.3 1.28 � 107 3.51 � 10� 11 2.97 � 106 2.85 � 108 |
13 A.brachialis 4 6.3 5 5.2 1.64 � 107 2.97 � 10� 11 3.36 � 106 3.36 � 108 |
14 A.brachialis 4 4.6 4.72 5 1.51 � 107 1.90 � 10� 11 2.76 � 106 5.26 � 108 |
15 A.ulnaris 8 6.7 4.3 4.9 3.19 � 107 1.06 � 10� 11 4.84 � 106 9.37 � 108 |
16 A.ulnaris 8 6.7 4.06 4.7 4.02 � 107 9.37 � 10� 12 5.43 � 106 1.06 � 109 |
17 A.ulnaris 8 6.7 3.84 4.6 5.02 � 107 8.10 � 10� 12 6.07 � 106 1.23 � 109 |
18 A.ulnaris 8 3.7 3.66 4.5 3.36 � 107 3.96 � 10� 12 3.69 � 106 2.52 � 109 3.24 � 109

19 Ainterossea volaris 16 7.9 1.82 2.8 1.17 � 109 8.30 � 10� 13 3.18 � 107 1.19 � 1010 3.24 � 109

20 A.radialis 8 7.1 3.48 4.4 7.89 � 107 6.68 � 10� 12 7.83 � 106 1.49 � 109 |
21 A.radialis 8 7.1 3.24 4.3 1.05 � 108 5.51 � 10� 12 9.04 � 106 1.81 � 109 |
22 A.radialis 8 7.1 3 4.2 1.42 � 108 4.48 � 10� 12 1.05 � 107 2.23 � 109 |
23 A.radialis 8 2.2 2.84 4.1 5.51 � 107 1.21 � 10� 12 3.64 � 106 8.28 � 109 3.92 � 109

24 A. carotis corn. sin. 4 5.9 7.4 6.3 3.20 � 106 7.45 � 10� 11 1.44 � 106 1.34 � 108 |
25 A. carotis corn. sin. 4 5.9 7.4 6.3 3.20 � 106 7.45 � 10� 11 1.44 � 106 1.34 � 108 |
26 A. carotis corn. sin. 4 5.9 7.4 6.3 3.20 � 106 7.45 � 10� 11 1.44 � 106 1.34 � 108 |
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27 A.car.ext.sin. 8 5.9 3.54 4.5 6.12 � 107 5.71 � 10� 12 6.29 � 106 1.75 � 109 |
28 A.car.ext.sin. 8 5.9 2.58 3.9 2.17 � 108 2.55 � 10� 12 1.18 � 107 3.92 � 109 |
29 A.car.ext.sin. 16 5.9 1.66 2.6 1.26 � 109 5.10 � 10� 13 2.86 � 107 1.96 � 1010 3.11 � 109

30 A.car.int.sin. 8 5.9 3.54 4.5 6.12 � 107 5.71 � 10� 12 6.29 � 106 1.75 � 109 |
31 A.car.int.sin. 8 5.9 2.58 3.9 2.17 � 108 2.55 � 10� 12 1.18 � 107 3.92 � 109 |
32 A.cerebri anterior sin 16 5.9 1.66 2.6 1.26 � 109 5.09 � 10� 13 2.86 � 107 1.96 � 1010 3.11 � 109

33 Arcus aorta 4 3.9 21.4 12.7 3.03 � 104 5.90 � 10� 10 1.14 � 105 1.69 � 107 |
34 Aorta thoracalis 2 5.2 50 12 1.40 � 103 2.12 � 10� 90 2.80 � 104 4.70 � 106 |
35 Aorta thoracalis 4 5.2 13.5 9 2.55 � 105 2.79 � 10� 10 3.81 � 105 3.58 � 107 |
36 Aorta thoracalis 4 5.2 12.9 8.7 3.06 � 105 2.52 � 10� 10 4.18 � 105 3.96 � 107 |
37 Aorta abdominalis 4 5.3 12.2 8.4 3.89 � 105 2.25 � 10� 10 4.76 � 105 4.44 � 107 |
38 A.renalis 4 5.9 8.7 6.9 1.67 � 106 1.11 � 10� 10 1.04 � 106 9.04 � 107 3.45 � 109

39 Amesenterica sup. 4 3.2 5.2 5.2 7.13 � 106 1.69 � 10� 11 1.58 � 106 5.88 � 108 3.75 � 109

40 Aorta abdominalis 4 5.3 11.6 8.2 4.77 � 105 1.98 � 10� 10 5.27 � 105 5.04 � 107 |
41 Aorta abdominalis 4 5.3 10.96 7.8 5.99 � 105 1.75 � 10� 10 5.89 � 105 5.69 � 107 |
42 A.mesenterica inf 4 5 3.2 4.3 7.77 � 107 7.48 � 10� 12 6.52 � 106 1.33 � 109 3.75 � 109

43 A.iliaca communis 4 5.8 7.36 6.3 3.22 � 106 7.21 � 10� 11 1.43 � 106 1.38 � 108 |
44 A.iliaca extema 4 5.8 5.8 5.5 8.35 � 106 4.04 � 10� 11 2.30 � 106 2.47 � 108 |
45 A.iliaca extema 4 2.5 5.8 5.5 3.60 � 106 1.74 � 10� 11 9.93 � 105 5.74 � 108 |
46 A.femoralis 4 6.1 5.4 5.3 1.16 � 107 3.56 � 10� 11 2.79 � 106 2.81 � 108 |
47 A.profundus 16 6.3 5.1 5.2 1.51 � 107 7.88 � 10� 12 3.23 � 106 1.26 � 109 |
48 A.profundus femor 16 6.3 3.72 4.6 5.36 � 107 3.46 � 10� 12 6.08 � 106 2.88 � 109 4 � 109

49 A.femoralis 4 6.1 5.18 5.2 1.38 � 107 3.20 � 10� 11 3.03 � 106 3.12 � 108 |
50 A.femoralis 4 6.1 4.98 5.1 1.61 � 107 2.90 � 10� 11 3.28 � 106 3.44� 108 |
51 A.femoralis 4 6.1 4.76 5 1.93 � 107 2.58 � 10� 11 3.59 � 106 3.87 � 108 |
52 A.femoralis 4 7.1 4.5 4.9 2.82 � 107 2.59 � 10� 11 4.68 � 106 3.86 � 108 |
53 A.poplitea 8 6.3 4.26 4.8 3.11 � 107 9.96 � 10� 12 4.64 � 106 1 � 109 |
54 A.poplitea 8 6.3 4.04 4.7 3.85 � 107 8.68 � 10� 12 5.16 � 106 1.15 � 109 |
55 A.poplitea 8 6.3 3.8 4.6 4.92 � 107 7.38 � 10� 12 5.83 � 106 1.35 � 109 |
56 A.tibialis anterior 16 7.5 2.6 3.9 2.67 � 108 1.66 � 10� 12 1.48 � 107 6.02 � 109 |
57 A.tibialis anterior 16 7.5 2.6 3.9 2.67 � 108 1.66 � 10� 12 1.48 � 107 6.02 � 109 |
58 A.tibialis anterior 16 7.5 2.6 3.9 2.67 � 108 1.66 � 10� 12 1.48 � 107 6.02 � 109 |
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59 A.tibialis anterior 16 7.5 2.6 3.9 2.67 � 108 1.66 � 10� 12 1.48 � 107 6.02 � 109 |
60 A.tibialis anterior 16 4.3 2.6 3.9 1.53 � 108 9.51 � 10� 13 8.50 � 106 1.05 � 1010 5.16 � 109

61 A.tibialis posterior 16 6.7 4.94 5.1 1.83 � 107 7.77 � 10� 12 3.67 � 106 1.28 � 109 |
62 A.tibialis posterior 16 6.7 4.38 4.9 2.96 � 107 5.64 � 10� 12 4.66 � 106 1.77 � 109 |
63 A.tibialis posterior 16 6.7 3.84 4.6 5.02 � 107 4.05 � 10� 12 6.07 � 106 2.47 � 109 |
64 A.tibialis posterior 16 6.7 3.3 4.4 9.20 � 107 2.69 � 10� 12 8.22 � 106 3.72 � 109 |
65 A.tibialis posterior 16 5.3 2.82 4.1 1.36 � 108 1.42 � 10� 12 8.91 � 106 7.02 � 109 5.65 � 109

66 A.iliaca communis 4 5.8 7.36 6.3 3.22 � 106 7.20 � 10� 11 1.43 � 106 1.38 � 108 |
67 A.iliaca extema 4 5.8 5.8 5.5 8.35 � 106 4.04 � 10� 11 2.30 � 106 2.47 � 108 |
68 A.iliaca extema 4 2.5 5.8 5.5 3.60 � 106 1.74 � 10� 11 9.93 � 105 5.74 � 108 |
69 A.femoralis 4 6.1 5.4 5.3 1.16 � 107 3.55 � 10� 11 2.79 � 106 2.81 � 108 |
70 A.femoralis 4 6.1 5.18 5.2 1.38 � 107 3.20 � 10� 11 3.03 � 106 3.12 � 108 |
71 A.femoralis 4 6.1 4.98 5.1 1.61 � 107 2.90 � 10� 11 3.28 � 106 3.44 � 108 |
72 A.femoralis 4 6.1 4.76 5 1.93 � 107 2.58 � 10� 11 3.59 � 106 3.87 � 108 |
73 A.femoralis 4 7.1 4.5 4.9 2.82 � 107 2.59 � 10� 11 4.68 � 106 3.85 � 108 |
74 A.poplitea 8 6.3 4.26 4.8 3.11 � 107 9.96 � 10� 12 4.64 � 106 1 � 109 |
75 A.poplitea 8 6.3 4.04 4.7 3.85 � 107 8.68 � 10� 12 5.16 � 106 1.15 � 109 |
76 A.poplitea 8 6.3 3.8 4.6 4.92 � 107 7.38 � 10� 12 5.83 � 106 1.35 � 109 |
77 A.tibialis posterior 16 6.7 4.94 5.1 1.83 � 107 7.77 � 10� 12 3.67 � 106 1.28 � 109 |
78 A.tibialis posterior 16 6.7 4.38 4.9 2.96 � 107 5.64 � 10� 12 4.66 � 106 1.77 � 109 |
79 A.tibialis posterior 16 6.7 3.84 4.6 5.02 � 107 4.05 � 10� 12 6.07 � 106 2.47 � 109 |
80 A.tibialis posterio 16 6.7 3.3 4.4 9.20 � 107 2.69 � 10� 12 8.22 � 106 3.72 � 109 |
81 Atibialis posterior 16 5.3 2.82 4.1 1.36 � 108 1.42 � 10� 12 8.91 � 106 7.02 � 109 5.65 � 109

82 Atibialis anterior 16 7.5 2.6 3.9 2.67 � 108 1.66 � 10� 12 1.48 � 107 6.02 � 109 |
83 Atibialis anterior 16 7.5 2.6 3.9 2.67 � 108 1.66 � 10� 12 1.48 � 107 6.02 � 100 |
84 Atibialis anterior 16 7.5 2.6 3.9 2.67 � 108 1.66 � 10� 12 1.48 � 107 6.02 � 109 |
85 Atibialis anterior 16 7.5 2.6 3.9 2.67 � 108 1.66 � 10� 12 1.48 � 107 6.02 � 109 |
86 Atibialis anterior 16 4.3 2.6 3.9 1.53 � 108 9.51 � 10� 13 8.50 � 106 1.05 � 1010 5.16 � 109

87 A.profundus 16 6.3 5.1 5.2 1.51 � 107 7.89 � 10� 12 3.23 � 106 1.26 � 109 |
88 A.profundus femoris 16 6.3 3.72 4.6 5.36 � 107 3.46 � 10� 12 6.08 � 106 2.88 � 109 4 � 109

89 A.renalis 4 3.2 5.2 5.2 7.13 � 106 1.69 � 10� 11 1.58 � 106 5.89 � 108 3.45 � 109

90 A.coelica 4 1 7.8 6.4 4.40 � 105 1.45 � 10� 11 2.20 � 105 6:87 � 108 |
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91 A.gastrica sin. 4 6.3 5.46 5.4 1.15 � 107 3.73 � 10� 11 2.82 � 106 2.68 � 108 4.24 � 109

92 A.lienalis 4 7.1 3.6 4.5 6.88 � 107 1.45 � 10� 11 7.32 � 106 6.91 � 108 3.75 � 109

93 A.hepatica 4 6.6 4.4 4.9 2.86 � 107 2.25 � 10� 11 4.55 � 106 4.43 � 108 3.54 � 109

94 A.anonyma 4 3.4 8.46 6.7 1.08 � 106 6.03 � 10� 11 6.35 � 105 1.65 � 108 |
95 A.subclavia 4 6.8 8.06 6.6 2.62 � 106 1.05 � 10� 10 1.39 � 106 9.44 � 107 |
96 A.axillaris 4 6.1 7.28 6.2 3.53 � 106 7.45 � 10� 11 1.53 � 106 1.34 � 108 |
97 A.axillaris 4 5.6 6.28 5.7 5.86 � 106 4.78 � 10� 11 1.89 � 106 2.09 � 108 |
98 A.brachialis 4 6.3 5.64 5.5 1.01 � 107 4.04 � 10� 11 2.64 � 106 2.47 � 108 |
99 A.brachialis 4 6.3 5.32 5.3 1.28 � 107 3.51 � 10� 11 2.97 � 106 2.84 � 108 |
100 A.brachialis 4 6.3 5 5.2 1.64 � 107 2.95 � 10� 11 3.36 � 106 3.36 � 108 |
101 A.brachialis 4 4.6 4.72 5 1.51 � 107 1.90 � 10� 11 2.76 � 106 5.26 � 108 |
102 A.radialis 8 7.1 3.48 4.4 7.89 � 107 6.68 � 10� 12 7.83 � 106 1.49 � 109 |
103 A.radialis 8 7.1 3.24 4.3 1.05 � 108 5.51 � 10� 12 9.04 � 106 1.81 � 109 |
104 A.radialis 8 7.1 3 4.2 1.42 � 108 4.48 � 10� 12 1.05 � 107 2.23 � 109 |
105 A.radialis 8 2.2 2.84 4.1 5.51 � 107 1.21 � 10� 12 3.64 � 106 8.28 � 109 3.92 � 109

106 A.ulnaris 8 6.7 4.3 4.9 3.19 � 107 1.06 � 10� 11 4.84 � 106 9.37 � 108 |
107 Ainterossea volaris 16 7.9 1.82 2.8 1.17 � 109 8.34 � 10� 13 3.18 � 107 1.19 � 1010 3.24 � 109

108 A.ulnaris 8 6.7 4.06 4.7 4.02 � 107 9.37 � 10� 12 5.43 � 106 1.06 � 109 |
109 A.ulnaris 8 6.7 3.84 4.6 5.02 � 107 8.10 � 10� 12 6.07 � 106 1.23 � 109 |
110 A.ulnaris 8 3.7 3.66 4.5 3.36 � 107 3.96 � 10� 12 3.69 � 106 2.52 � 109 3.24 � 109

111 A.vertebralis 8 7.1 3.76 4.6 5.79 � 107 8.05 � 10� 12 6.71 � 106 1.24 � 109 |
112 A.vertebralis 8 7.7 3.66 4.5 6.99 � 107 8.24 � 10� 12 7.68 � 106 1.21 � 109 2.59 � 109

113 A.anonyma 4 5.9 7.4 6.3 3.20 � 106 7.45 � 10� 11 1.44 � 106 1.34 � 108 |
114 A.car.com.dextra 4 5.9 7.4 6.3 3.20 � 106 7.45 � 10� 11 1.44 � 106 1.34 � 108 |
115 A.car.com.dextra 4 5.9 7.4 6.3 3.20 � 106 7.45 � 10� 11 1.44 � 106 1.34 � 108 |
116 A.car.com.dextra 4 3.1 7.4 6.3 1.68 � 106 3.91 � 10� 11 7.57 � 105 2:55 � 108 |
117 A.car.int.dextm 8 5.9 3.54 4.5 6.12 � 107 5.71 � 10� 12 6.29 � 106 1.75 � 109 |
118 A.car.int.dextm 8 5.9 2.58 3.9 2.17 � 108 2.55 � 10� 12 1.18 � 107 3.92 � 109 |
119 A.car.int.dextm 16 5.9 1.66 2.6 1.26 � 109 5.09 � 10� 13 2.86 � 107 1.96 � 1010 3.11 � 109

120 A.car.ext.dextra 8 5.9 3.54 4.5 6.12 � 107 5.71 � 10� 12 6.29 � 106 1.75 � 109 |
121 A.car.ext.dextra 8 5.9 2.58 3.9 2.17 � 108 2.55 � 10� 12 1.18 � 107 3.92 � 109 |
122 A.car.ext.dextra 16 5.9 1.66 2.6 1.26 � 109 5.09 � 10� 13 2.86 � 107 1.96 � 1010 3.11 � 109
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A.7 Main and total e�ect of electrical parameters
for 
ow in the carotid bifurcation
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A.8 Main and total e�ect of electrical parameters
for pressure in the carotid bifurcation
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A.9 Computational cost of sensitivity analysis meth-
ods

Input Output Model geometry Methods of SA Comput-
QoI QoI ational cost
Eldh (q; p) Arm artery Normalized partial 5 sec

derivative (LSA)

Eldh (q; p) Arm artery Norms (LSA) 5 sec

RCL (q; p) Arm artery Normalized partial 5 sec
derivative (LSA)

R; Rb (q; p) Arm artery anastomosis Normalized partial 7 sec
derivative (LSA)

RCL (q; p) Carotid bifurcation Sobol (GSA) 79 min
(N = 10; 000)

Eldh (q; p) Carotid bifurcation Sobol (GSA) 113 min
(N = 10; 000)

RCL (q; p) Carotid bifurcation FAST (GSA) 115 min
(M = 6 ; N = 10; 000)

RCL (q; p) Carotid bifurcation SGSC (GSA) 1920 min
(level 1)

RCL (q; p) Carotid bifurcation Norms (LSA) 4 sec
d; Rb (q; p) MACSim Sobol (GSA) 720 min

(N = 3000)

d (q; p) Visco-elastic CV Sobol (GSA)
model (N=3000) 1410 min
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