Contents

1. Introduction

23

2. Theoretical Background
2.1. Conservation Laws in Physics . . . . . . . . . . . . . . . . . . . . .
2.2. Ionic Solutes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.3. Hydrodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.4. Coupling of Ionic and Flow Dynamics . . . . . . . . . . . . . . .
2.5. Electrostatics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.6. The Electrokinetic Equations . . . . . . . . . . . . . . . . . . . . .
2.7. Poisson-Boltzmann Theory and Electrostatic Screening . . . .
2.8. Electrokinetic Transport – Electroosmotic Flow, Electrophoresis
2.9. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

31
31
34
36
39
40
40
42
44
50

3. Computational Methods
53
3.1. Non-Linear Finite Elements . . . . . . . . . . . . . . . . . . . . . . 55
3.2. Time-Dependent LB-EK Solver . . . . . . . . . . . . . . . . . . . . 59
3.3. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3

4. Reducing Spurious Flow in Simulations of Electrokinetic Phenomena
4.1. The Origin of Spurious Fluxes and Spurious Flows . . . . . . .
4.2. Problems with the Literature Remedy . . . . . . . . . . . . . . .
4.3. Demonstration Systems . . . . . . . . . . . . . . . . . . . . . . . .
4.4. Simulations of a Nanopore . . . . . . . . . . . . . . . . . . . . . .
4.5. An Improved Fluid Coupling to Reduce Spurious Flow . . . . .
4.6. Resulting Reduction in Spurious Flow . . . . . . . . . . . . . . .
4.7. Finite Element Simulations of a Nanopore . . . . . . . . . . . .
4.8. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5. Electrokinetic Effects in Conical Nanopores
5.1. LB-EK Model for Conical Low-Aspect-Ratio Pores
5.2. FEM Model for Glass Micro and Nanocapillaries .
5.3. Quantifying the Model Accuracy . . . . . . . . . .
5.4. Rectiőcation Effects in Glass Nanocapillaries . . .
5.5. Summary . . . . . . . . . . . . . . . . . . . . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

6. Nanoparticle Translocation through Conical Nanopores: A
nite Element Study of Electrokinetic Transport
6.1. FEM Model for Colloid Translocation . . . . . . . . . . . . .
6.2. Translocation, Trapping, and Current Modulation . . . . .
6.3. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
7. Selective Trapping of DNA using Glass Microcapillaries
7.1. Experimental Setup and Methods . . . . . . . . . . . . .
7.2. Modeling and Simulation Methods . . . . . . . . . . . .
7.3. Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
7.4. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . .
8. Conclusion

.
.
.
.

.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

71
72
74
78
80
82
85
90
93
95
97
101
105
109
115

Fi117
. . . 118
. . . 122
. . . 125

.
.
.
.

.
.
.
.

.
.
.
.

127
128
131
135
145
147

9. Future Developments
153
9.1. Particle Coupling for LB-EK . . . . . . . . . . . . . . . . . . . . . . 153

4

Contents

9.2. Octree-based Reőnement for LB-EK . . . . . . . . . . . . . . . . . 156
Bibliography

159

Appendix

176

A. Acknowledgements

177

B. Declaration

179

Contents

5

Zusammenfassung

Diese Dissertation handelt von Computermodellen für elektrokinetische
Transportphänomene in Systemen weicher Materie. Wir entwickeln und
verbessern Modelle und numerische Algorithmen für die Simulation von
Leitfähigkeit, elektroosmotischem Fluss (EOF) und druckgetriebener Strömung elektrolytischer Lösungen, sowie der Elektrophorese von Biomolekülen
und kolloidalen Teilchen in diesen Flüssigkeiten. Die Algorithmen derer wir
uns bedienen basieren nicht auf einer Linearisierung der zugrundeliegenden
Gleichungen, was es uns erlaubt hochgradig nichtlineare Phänomene, wie sie
z.B. an Nanoporen auftreten, zu untersuchen. Unsere verbesserten Modelle
führen zu einer Verringerung des notwendigen Rechenaufwands dieser Simulationen um mehrere Größenordnungen, wodurch wir die Längenskalen
typischer Mikroŕuidiksysteme abbilden können und dabei gleichzeitig auch
noch die kleinsten Strukturen der Strömung und der Ionenverteilungen auflösen. In Zusammenarbeit mit der experimentellen Arbeitsgruppe von Ulrich
Keyser (Cavendish Laboratories, University of Cambridge, UK) untersuchen
wir konische Mikro- und Nanoglaskapillaren. Unsere Simulationsmethoden
erweisen sich dabei als unverzichtbares Hilfsmittel zur Aufklärung unintuitiver Gleichrichtungseffekte des Ionenstroms und elektroosmotischen Flusses.
Wir zeigen, dass Kapillaren dieser Art dafür geeignet sind, Biomoleküle
und andere Nanopartikel zu charakterisieren und zu manipulieren. Auf-
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grund ihrer einfachen und günstigen Herstellung bilden konische Mikround Nanoglaskapillaren vielversprechende Hilfsmittel zur Separation und
Vorkonzentrierung von Analyten in zukünftigen Mikroŕuidikgeräten mit
medizinischer Anwendung (Lab-on-a-Chip devices).
Diese Arbeit ist wie folgt strukturiert. Wir beginnen in Kapitel 2 mit einer
detaillierten Herleitung der Gleichungen für Diffusion-Advektion, Elektrostatik und Hydrodynamik, die unser Modell zur Beschreibung von Elektrolyten
auf nano- und mikroskopischer Ebene bilden. Im Anschluss daran beschreiben wir, wie diese sogenannten elektrokinetischen Gleichungen mit den
Theorien für Gleichgewichtssysteme nach Poisson-Boltzmann und DebyeHückel zusammenhängen, aber wie sie im Gegensatz zu diesen Theorien
auch auf Nichtgleichgewichtssysteme anwendbar sind. Wir schließen diese
Einführung des für unsere Zwecke relevanten theoretischen Hintergrunds
mit einer Diskussion von elektrostatischer Abschirmung, elektroosmotischem
Fluss und Elektrophorese, die den Gegenstand unserer Untersuchungen
bilden, ab.
Kapitel 3 handelt von den beiden numerischen Methoden, die wir zur Lösung der elektrokinetischen Gleichungen verwenden. Die erste dieser beiden
Methoden basiert auf der Methode der őniten Elemente (FEM) und erlaubt
es uns, unter Verwendung eines adaptiven, an die Systemgeometrie angepassten Gitters, Näherungslösungen für die stationären elektrokinetischen
Gleichungen zu bestimmen. Wir verwenden diese Methode zur Modellierung
der Nano- und Mikroglaskapillaren, die den Gegenstand unserer Untersuchungen in Kapitel 5, 6, and 7 bilden. Leider macht es der zusätzliche
Aufwand für die Verwaltung des unstrukturierten Gitters der Methode der
őniten Elemente unmöglich, dieses Modell mit Molekulardynamiksimulationen (MD) zu koppeln um letztendlich ein Modell zu schaffen, das auch die
internen Freiheitsgrade von Biomolekülen in wässrigen Elektrolytlösungen
abdeckt.
Aus diesem Grund treiben wir erheblichen Aufwand in der Entwicklung
einer zweiten Methode für die Lösung der zeitabhängigen elektrokinetischen
Gleichungen, die sich ideal zur Kopplung mit MD Simulationen eignet. Diese
zweite Methode, von hier an LB-EK genannt, basiert auf einer Kombinati-
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on von őniten Differenzen, diskreten Fouriertransformationen, sowie der
Gitter-Boltzmann-Methode für hydrodynamische Systeme. Eine erste Version dieser Methode wurde ursprünglich von Capuani et al. vorgeschlagen,
welche sie für Untersuchungen von Sedimentation und der Elektrophorese
geladener Kugeln anwandten [1, 2]. Wir weichen in mehreren Punkten von
der ursprünglichen Formulierung der Methode durch Capuani et al. ab, um
sie für Nanoporensysteme anwendbar zu machen, in denen sehr viel stärkere
elektrische Felder auftreten. Wir dokumentieren diese Verbesserungen in
Kapitel 3.2 und 4, sowie den Veröffentlichungen [3ś5].
In Kapitel 4 zeigen wir sowohl theoretisch, als auch mittels Numerik, dass
in Simulationen elektrokinetischer Phänomene häuőg künstliche Strömungen und Flüsse auftreten, die Ergebnisse verfälschen und die Simulationen
unnötig aufwändig machen. Wir beweisen ebenfalls, dass die bisherigen
Ansätze zur Unterdrückung dieser Artefakte durch Capuani et al. [6] nur
im thermodynamischen Gleichgewicht korrekte Ergebnisse liefern und dass
sie für Nichtgleichgewichtssysteme Diskretisierungsfehler höherer Ordnung
erzeugen, die exponentiell mit dem elektrischen Feld und der Größe der
Gitterzellen skalieren. In Simulationen der Elektrophorese von geladenen
Kolloiden sind diese Diskretisierungsfehler typischerweise unerheblich, in
Simulationen von Nanoporen, in denen lokal sehr große elektrische Felder
auftreten, können sie jedoch erheblich sein. Wir zeigen auf, dass sich diese exponentiell unbegrenzten Fehler durch eine geeignete direkte Diskretisierung
der relevanten Gleichungen vermeiden lassen.
Um unphysikalische Strömungen in Simulationen elektrokinetischer Phänomene zu vermindern, schlagen wir eine Methode vor, die die Fluidkopplung der elektrokinetischen Gleichungen um einen zusätzlichen Gradiententerm, der den Idealgasdruckgradienten der ionischen Spezies repräsentiert,
erweitert. Wir zeigen, dass die Lösungen für das Strömungsfeld aufgrund
einer Symmetrie der elektrokinetischen Gleichungen invariant unter dieser
Transformation sind. In Simulationen mittels der beiden vorgestellten numerischen Verfahren jedoch, reduziert diese Transformation unphysikalische
Strömungsartefakte um mehrere Größenordnungen. Wir veriőzieren die
Vorteile unserer modiőzierten Fluidkopplung mittels Simulationen eines
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Nanoporensystems, anhand derer wir demonstrieren können, dass unser
Kopplungsschema die gleichen Resultate wie die in der Literatur bisher
verwendeten Verfahren liefert, jedoch mit einem um mehr als eine Größenordnung reduzierten Rechenaufwand.
Diese erheblichen Verbesserungen im Bezug auf Stabilität und Rechenaufwand erlauben es uns Systeme auf Längenskalen von 100 µm bis 1 cm
in unseren Computermodellen abbilden zu können. Untersuchungen dieser
Art besprechen wir im Detail in Kapitel 5, 7 und 6, sowie den Publikationen
[7ś9].
Der übrige Inhalt dieser Arbeit befasst sich mit Untersuchungen von Phänomenen, die von der Forschungsgruppe um Ulrich Keyser im Zusammenhang
mit konischen Mikro- und Nanoglaskapillaren gemacht wurden [10, 11].
In Kapitel 5 präsentieren wir ein Simulationsmodell, das mittels der FEM
die elektrokinetischen Gleichungen für eine Geometrie löst, die diesen spitz
zulaufenden Nanoglaskapillaren entspricht. In Abwesenheit von anderen
Nanopartikeln und unter dem Einŕuss eines externen elektrischen Feldes fungiert diese Nanopore als Gleichrichter für den Ionenstrom und die Strömung
des Elektrolyten.
Wir reproduzieren die Befunde der Quellen [12, 13] und erweitern diese,
was hauptsächlich durch verbesserte Gitter und die in Kapitel 4 besprochenen Verbesserungen der Fluidkopplung ermöglicht wird. Wir untersuchen
den Einŕuss der endlichen Systemgröße auf die Strömung und den Ionenstrom mit dem Ergebnis, dass dieser asymptotisch für große Systeme mit
der inversen Länge der Kapillare skaliert. Um das experimentelle System
mit Kapillarlängen im Bereich von mm bis cm realitätsgetreu in der Computersimulation abzubilden, sind Kapillarlängen von 20 µm und 100 µm der
umgebenden Reservoire notwendig. Unsere Methoden zur Reduzierung von
unphysikalischen Strömungen erlauben es uns ebenfalls, zu zeigen, dass
advektiver Transport von Ionen vernachlässigt werden kann. Abschließend
bestimmen wir die Salzkonzentration unter der Rektiőzierungseffekte maximal ausfallen und diskutieren relevantes Grenzverhalten.
Diese sorgfältige Charakterisierung des FEM Modells und die enge Übereinstimmung dessen Ergebnissen mit dem Experiment geben uns die Notwen-
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dige Sicherheit, dieses Modell mit Zuversicht auf die komplexeren Szenarien
in den Kapiteln 6 und 7, die von der Translokation und dem Einfangen
von Kolloiden und (Bio-)Molekülen, sowie deren Charakterisierung mittels
Mikro- und Nanoglaskapillaren handeln, anzuwenden.
Kapitel 6 erweitert das FEM Modell für konische Nanoglaskapillaren um
ein translokierendes Nanoteilchen. Hierbei beobachten wir Effekte, die denen in den Quellen [14, 11, 15] ähneln. Durch Variation von Parametern wie
der Salzkonzentration und der angelegten Spannung können wir drei Hauptmerkmale dieses Systems identiőzieren, die für weiterführende Experimente
zur Translokation durch Nanoporen interessant sind.
Erstens kann die Translokation nur unter hoher Salzkonzentration stattőnden. Für niedrige Salzkonzentrationen beobachten wir ein Einfangen
des Teilchens an der Porenöffnung und Abstoßung des Teilchens von der
Öffnung, je nach Richtung des externen elektrischen Felds. Möglicherweise
kann dieser Effekt durch zusätzliche Gradienten überwunden werden [16ś
22]. Andererseits könnte die Tatsache, dass das Teilchen eingefangen wird
auch nützlich sein, da Methoden existieren, die sich den Teilcheneinfang
anstatt deren Translokation zunutze machen um sie zu charakterisieren [23].
Zweitens ist die Modulation der Leitfähigkeit durch das translokierende
Teilchen am größten wenn positive Spannungen ( E -Feld zeigt aus der Pore
heraus) bei hoher Salzkonzentration angewandt werden. Drittens reicht
die Signalstärke aus um die Teilchentranslokation anhand der Modulation
des Leitfähigkeit zu beobachten. Sie zeigt eine kubische Abhängigkeit vom
Teilchenradius und ist nur schwach linear abhängig von dessen Oberŕächenladung. Diese Ergebnisse ähneln denen von Lan et al. [14] Im Fall von großen
Teilchen kann die Signalstärke bis zu 40 % der Leitfähigkeit der leeren Pore
betragen. Unsere Simulationen zeigen, dass die konischen Nanokapillaren,
die in der Arbeitsgruppe um Ulrich Keyser hergestellt werden [10ś13] sich
zur Teilchencharakterisierung eignen und Teilchen verschiedener Radien
sehr genau unterscheiden können. Wir erwarten ähnliche Leitfähigkeitssignale wie sie für andere Nanoporensysteme beobachtet wurden [14, 15,
17], soweit die von uns optimierten Parameter zum Einsatz kommen.
Unsere Untersuchungen in Kapitel 7 konzentrieren sich darauf, unsere
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Ergebnisse auf Translokation durch Mikrokapillaren abseits der Symmetrieachse zu erweitern, sowie darauf, externe Druckdifferenzen einzubeziehen
[19], da bekannt ist, dass dies die Translokation erheblich beeinŕusst. Wir
untersuchen die Fähigkeit dieser Art von Pore, Teilchen einzufangen, da die
räumliche Lokalisierung von Nanoteilchen erheblichen Nutzen birgt.
Unsere experimentellen Mitarbeiter, die Gruppe um Ulrich Keyser, haben
in Experimenten nachgewiesen, dass DNA der Lambda-Phage mittels einer
Kombination von EOF, druckgetriebener Strömung und Elektrophorese an der
Spitze günstig herzustellender Mikroglaskapillaren aufkonzentriert werden
kann. Weiterhin haben sie gezeigt, dass die DNA durch einfaches Invertieren
der angelegten Spannung in die Kapillare transportiert werden kann.
Mit unseren Computermodellen auf Basis der elektrokinetischen Gleichungen widmen wir uns Untersuchungen zu der Frage ob dieses System
dazu genutzt werden kann, Makromoleküle speziőscher elektrophoretischer
Mobilität aufzukonzentrieren. Wir identiőzieren Parameter für die Salzkonzentration, Oberŕächenladungsdichte der Kapillare, Spannung, Druckdifferenz, und den Durchmesser der Kapillaröffnung, die zu einem ausgeprägten
Einfangeffekt von Teilchen mit experimentell relevanten Mobilitäten führen.
Ebenfalls im Einklang mit den Experimenten beobachten wir, dass die Ansammlung der DNA bei Invertierung der Spannung nicht länger gefangen ist,
sondern sich in zwei Teile teilt, von denen sich einer in die Kapillare hinein
und der andere zurück ins Reservoir bewegt.
In unseren Simulationen beschränken wir uns nicht auf die Vereinfachung
nur Partikel auf der Symmetrieachse des Systems zu betrachten, wie sie aktuell in in der Literatur typischen Untersuchungen gemacht wird [24, 14, 17,
15]. Wir stellen fest, dass diese Vereinfachung ein vollständiges Verständnis
des Einfangeffekts verhindert. Die Moleküle in unserer Falle bilden keine
statische Struktur, stattdessen bildet sich eine Region unmittelbar vor der
Kapillaröffnung in der DNA kontinuierlich zirkuliert.
Unsere Ergebnisse zeigen, dass die Mikrokapillarfalle sehr speziősch auf
Makromoleküle gegebener Mobilität eingestellt werden kann, die sie dann
aus der Lösung aufkonzentriert. Diese Tatsache, zusammen mit den günstigen Herstellungsmethoden für konische Mikroglaskapillaren, demonstriert
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deren Potenzial als Teil diagnostischer Instrumente [7].
Wir schließen mit der Beobachtung, dass methodische Verbesserungen
und die stetig steigende Rechenleistung endlich dazu führen, dass Simulationen auf Basis der elektrokinetischen Gleichungen technologisch relevante Längenskalen abbilden können und dokumentieren unsere laufenden
Anstrengungen diese Simulationen mit partikelbasierten MD Modellen zu
koppeln in Kapitel 9.
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Abstract

This dissertation deals with computer models for electrokinetic transport
phenomena in soft matter systems. We develop and improve models and
numerical algorithms to simulate ionic currents, electroosmotic and pressure
driven ŕow, as well as electrophoresis of biomolecules and colloidal particles
in electrolytic solution. The algorithms we develop do not linearize the
underlying equations, consequently allowing us to treat highly nonlinear
phenomena as they appear, e.g., in nanopore systems. Furthermore, we
are able to reach experimentally and technologically relevant length scales
of typical microŕuidics systems while resolving the smallest structures of
the ŕow and the ionic distributions. This is made possible by reductions
in the necessary computational effort of these simulations by several orders of magnitude due to our improved models and numerical schemes.
In collaboration with the experimental group of Ulrich Keyser (Cavendish
Laboratories, University of Cambridge, UK), we investigate conical glass
micro and nanocapillaries. Our simulation methods prove to be instrumental
in explaining the non-intuitive rectiőcation effects these systems exhibit
in the ionic current and electroosmotic ŕow (EOF). We demonstrate that
these capillaries can be used to characterize and manipulate biomolecules
and other nanoparticles. Together with the cheap and facile fabrication
methods developed by the Keyser group, this makes conical glass micro and
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nanocapillaries promising tools for őltering and pre-concentrating analyte
solutions in future medical microŕuidic lab-on-a-chip devices.
This dissertation is structured as follows. In Chapter 2 we start out by
deriving in detail, the diffusion-advection, electrostatic, and hydrodynamic
equations that form our model to describe the dynamics of electrolytes on
the nano and micro-scale. After this derivation, we describe how these socalled electrokinetic equations relate to equilibrium Poisson-Boltzmann and
Debye-Hückel theory, but extend to non-equilibrium situations. We őnish
our introduction of the relevant theory with a comprehensive discussion of
electrokinetic phenomena that are central to our investigations, including
Debye screening, electroosmotic ŕow, and electrophoresis.
In the following Chapter 3, we introduce the two numerical methods we
use to solve the electrokinetic equations. The őrst one of these methods is
based on the őnite element method and solves the stationary electrokinetic
equations using an adaptive grid conforming to the system geometry. We use
this method to model the glass micro and nanocapillary systems which form
the subject of our investigations in Chapter 5, 6, and 7. Unfortunately, the
overhead from managing the unstructured grid used in the őnite element
method makes it unfeasible to couple this scheme with molecular dynamics
(MD) simulations to ultimately produce a model including the internal
degrees of freedom of biomolecules in aqueous electrolytes.
This is why we spend considerable development effort on a second scheme,
which solves the time-dependent electrokinetic equations and is ideally suited
to be coupled to MD simulations. This second scheme, henceforth referred
to as LB-EK is based on a combination of the őnite volume method, őnite
differences, discrete Fourier transforms, as well as the Lattice-Boltzmann
method for hydrodynamics. A variant of this scheme was őrst proposed by
Capuani et al. and used to investigate sedimentation and electrophoresis
of charged spheres [1, 2]. We deviate from the original formulation of the
method by Capuani et al. in a number of ways to extend its applicability to
nanopore systems involving electric őelds of much higher magnitude. We
document these improvements in Section 3.2, as well as Chapter 4 and 9
and Refs. [3ś5].
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In Chapter 4 we show both theoretically and numerically that simulations
of electrokinetic phenomena frequently suffer from spurious ŕow and spurious ŕuxes that can distort results and make their numerical treatment
unnecessarily costly. We also show that previous approaches to suppress
these artifacts by Capuani et al. [6] produce correct solutions to the electrokinetic equations only in equilibrium and incur higher-order discretization
errors in non-equilibrium situations that grow exponentially with the local
electric őeld and the grid size. While these errors remain small for simulations involving electrophoresis of charged colloids, they can be signiőcant
in simulations of nanopores, where strong local electric őelds exist. We
demonstrate that a suitable direct discretization of the relevant equations
eliminates these exponentially unbounded errors.
We proposed a method to reduce spurious ŕow in numerical simulations of
electrokinetic phenomena that involves adding an additional gradient term
to the ŕuid coupling in the electrokinetic equations, namely the gradient
of the ions ideal gas pressure. We demonstrate that due to a symmetry
of the electrokinetic equations, this change does not affect the solutions
for the ŕuid velocity, but does decrease spurious ŕow by several orders of
magnitude using both the time-independent LB-EK solver and the stationary
őnite element solver. We verify the advantages of our improved coupling
scheme with simulations of a nanopore, showing that using our improved
coupling method with a coarse mesh produces the same results as using a
őne mesh and the traditional coupling scheme used in the literature to date,
but with more than an order of magnitude reduction in computational cost.
The signiőcant improvements in stability and computational cost ultimately allow us to reach physically relevant length scales ranging from
100 µm to 1 cm. These investigations are detailed in Chapter 5, 7, and 6, as
well as a number of publications [7ś9].
The remainder of this thesis deals with investigations of phenomena observed in conical glass micro and nanocapillaries by the Keyser group [10,
11]. In Chapter 5 we present a simulation model using the őnite element
method to solve the electrokinetic equations in a geometry representing
these tapered glass-nanocapillaries. In the absence of nanoparticles, the
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nanopore functions as a current and ŕow rectiőcation device, when placed
in a saline solution and when an external electric őeld is applied over it.
We reproduce the rectiőcation results originally observed in Refs. [12, 13]
and expand on them. This expansion is made possible in large part by our
improved meshing and modiőcation of the ŕuid forcing term presented in
Chapter 4, which strongly reduces spurious ŕow [3]. We study the őnite-size
effect on the ŕow and current and őnd it to asymptotically scale with the
inverse length of the capillary. To faithfully represent the experimental
systems with capillary lengths in the mm to cm range requires simulation
of a 20 µm capillary and 100 µm of the surrounding reservoir. Our reduced
spurious ŕow algorithm also allows us demonstrate that advection of the
ions can be safely ignored. Finally, we identify the optimum ionicity for
achieving rectiőcation and discuss the various limiting behaviors.
This diligent characterization of the FEM model and the close correspondence of its results with experimental obervations allow us to conődently
apply it to the more complex scenarios presented in Chapter 6 and 7 dealing
with the translocation and trapping of colloids and (bio-)molecules, as well
as their characterization using glass micro and nanocapillaries.
Chapter 6 extends the FEM model for conical glass nanocapillaries to
include a translocating nanoparticle. Here we őnd similar effects as originally observed (both experimentally and numerically) in Refs. [14, 11, 15].
Varying the environmental parameters, such as ionicity and applied voltage
(or equivalently direction of the externally applied E -őeld), has allowed us
to identify three key features of this system, which are of signiőcant interest
to experiments on nanopore translocation.
First, translocation can only take place at high ionic strength. For low ionic
strength we observe both particle trapping at the pore oriőce and particle
repulsion from the oriőce, depending on the direction of the applied electric
őeld. It might be possible to overcome this effect by means of additional
gradients [16ś22]. Alternatively, methods characterizing trapped instead of
translocating particles might be possible [23]. Second, the modulation of the
ionic current by the translocating particle is largest when a positive voltage
( E -őeld pointing out of the pore oriőce into the bulk) is applied at high
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ionic strength. Third, the signal strength is sufficient to observe the particle
translocation and has a cubic dependence on the radius of the particle, while
it is only weakly linearly dependent on its surface charge. This result is
similar to that obtained by Lan et al. [14] The signal strength can be as much
as 40 % of the base current for large particles (see Figure 6.3). Therefore, our
calculations indicate that the conical nanocapillaries produced in the Keyser
group [10ś13] are suited as a particle characterization device, which can
sensitively discriminate between particles with different radii. They should
give similar current signals as observed for other nanoporous systems [14,
15, 17], provided the optimized parameters identiőed here are employed.
Our studies in Chapter 7 focus on extending our results to off-axis calculations for translocation of particles through microcapillaries, as well as imposing external hydrodynamic pressure differences over the nanopore [19], as
these have been shown to strongly impact the translocation event. We will
study the observed trapping ability of the pore, as the precise localization of
particles is also of signiőcant beneőt.
Our experimental collaborators Ð the group of Ulrich Keyser Ð have
shown experimentally that inexpensive glass microcapillaries can be used to
accumulate λ-phage DNA at their tip through a combination of EOF, pressuredriven ŕow, and electrophoresis. They further showed that this accumulated
DNA can be transported into and through the capillary simply by reversing
the applied voltage.
With this effect having been demonstrated experimentally, we then investigate the ability of this system to accumulate macromolecules with speciőc
mobilities using our simulations based on the electrokinetic equations. We
identify a set of parameters for the salt concentration, surface charge density
of the capillary, applied voltage, pressure difference, and capillary oriőce
diameter that exhibits a strong trapping effect for particles with experimentally relevant electrophoretic mobilities. Also in line with the experiments,
the trap discontinues when the electric őeld reverses and the accumulated
DNA splits into two parts: one moving into the capillary and one moving
away from it into the bulk.
In our simulations, we go beyond the on-symmetry-axis approximation
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that is typically made in the literature to-date [24, 14, 17, 15] to study
the trapping of nanoparticles and other analytes. We őnd that this off-axis
approach is crucial to understanding the way particles trap. Speciőcally, our
traps are not static structures; instead, a region in which the DNA moves in a
recirculating pattern close to the tip forms when the right combination of external pressure and electric őeld is applied. Thus, the on-axis result can lead
to false impressions of the physics of trapping at nano- and microcapillary
tips.
Our results demonstrate that a trap using glass microcapillaries can be
őnely tuned to concentrate macromolecules with very speciőc mobilities
from solution. This, together with the cheap and facile fabrication of our
system, makes glass microcapillaries show a great deal of promise for the
use as analytic devices [7].
We conclude that methodological improvements and growing computational power őnally allow numerical simulations based on the continuum
electrokinetic equations to break into technologically relevant length scales.
Closing in Chapter 9, we document our on-going efforts to couple the continuum methods presented in this thesis with particle based MD models to
further the vision of computer guided optimization of microŕuidic devices
and biomolecular nanomachines.
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This thesis mainly discusses the topics of publications 2, 3, and 6. The
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1

Introduction
Electrokinetic transport phenomena play a major role in the dynamics of
macromolecules and colloidal particles in solution. The intricate interplay
between diffusion, electrostatics, and hydrodynamics makes them an interesting topic for theoretical research. Applications based on electrokinetics
comprise, among others, the detection, characterization and separation of
biomolecules, colloids and ions [25ś31, 14, 17, 15, 32], microŕuidic pumping and rectiőcation mechanisms [33ś37, 13, 38], active particles [39ś45],
and model systems for living cells [46].
It is this author’s opinion that out of all the possible future applications
of electrokinetic phenomena and simulations, the ones pertaining to the
structure and function of proteins, DNA, and other biomolecules, provide
the biggest potential beneőt to humanity. The structure and dynamics of
biomolecules Ð and therefore all of biochemistry Ð are understood on the
most basic level, the level of individual atoms and electrons, and the forces
that move them [47]. In practice, using this knowledge to determine the
structure and function of these biomolecules accurately is only possible for
the smallest specimen [48].
Proteins form the nano-machines that drive everything in living organisms
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[49]. Different proteins possess different three-dimensional shapes and
electronic structures that allow them to move, to form larger structures
by binding to other proteins, and to catalyze chemical reactions, to name
just a few of their functions [49ś51]. While the three-dimensional shape
of a protein is intricate and complicated, its basic structure is that of one
or more polymers, chaining a large number of amino acids into a simple
one-dimensional string, often exceeding millions of amino-acids in length
[51]. The speciőc amino-acid sequence then determines how the protein
folds into its three-dimensional shape [52, 47]. The different amino-acid
sequences forming the different proteins are encoded in an organism’s DNA
(or RNA), another polymer consisting mainly of a reduced set of amino-acids
Ð the nucleic acids.
Being able to easily read an organism’s genetic code, to deduce the shape of
a protein from its sequence, and being able to deduce the protein’s function
from its shape, would change the very basics of medicine. We would be able
to create our own nano-machines to carry out tasks on a molecular level in
a living organism [50]. We wouldn’t have to start from scratch designing
these nano-machines either, instead we could work with a massive library
of proteins carefully optimized for speciőc functions by billions of years of
evolution in existing organisms [53, 47].
For decades, molecular biologists have worked on determining the sequence, structure, and function of individual proteins, but progress is slow,
tedious, and expensive [54, 47]. Proteins need to be synthesized in sufficient
quantities and purity for analysis. Methods such as X-ray diffraction, nuclear
magnetic resonance imaging (NMR), or electron cryomicroscopy (cryo-EM)
can then reproduce the structure and amino-acid sequence of the sample,
if it can be crystallized [55, 51, 56, 47]. But even if all of this succeeds,
one obtains only the static structure of the protein at very low temperature
and in an environment very different from the one found in living cells,
which consists of a warm liquid electrolyte solution crowded by a large
number of different biomolecules. While observing functioning proteins
in vivo has been achieved for multiple proteins using different ŕuorescent
microscopy variants, it remains a hard problem in general [57ś60]. Since
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the advent of affordable and reliable methods for genetic manipulations,
laboratories have often adopted an łend-to-endž approach to deducing a
protein’s function [53]. Given the amino-acid sequence of a protein, they
knock out the corresponding gene-sequence in an organism and observe it
for missing functions [61]. Those then serve as a starting point for further
elucidating the protein’s role in the organism.
Since the dynamics of biomolecules are understood on the level of individual atoms and electrons, computer simulations can, in principle, produce
their structure, motion, and interactions, given only their amino-acid sequence [56]. In practice, this is only possible for very small proteins and
DNA/RNA strands due to the excessive computational power required to
solve these problems using current simulation methods [48]. A wide variety
of methods for this purpose exists today, each presenting a different trade-off
between accuracy and required computational resources.
At the most accurate but also most resource intensive level, wave-function
based ab-inito quantum chemistry methods determine the electronic structure and positions of nuclei by solving the Schrödinger equation possibly
including relativistic corrections and nuclear quantum effects [62, 63]. These
methods can be arbitrarily exact, but are limited to systems containing tens
to hundreds of atoms. Methods based on density functional theory reformulate the problem of determining the electronic structure in terms of a
functional which depends only on the electron density instead of the multiparticle wave function and whose minimum is the ground state electron
density for a given system [64, 65]. Unfortunately, this functional contains a
term modelling the effect of electron exchange and correlations whose shape
is not known. Empirical and semi-empirical expressions for this exchangecorrelation term allow for solutions of varying accuracy and computational
demands for systems containing up to several thousands of atoms [66ś69].
Classical all-atom molecular dynamics (MD) methods further reduce the
computational cost (and accuracy) by modeling the electronic degrees of
freedom implicitly as interaction potentials of the nuclei [70]. These interaction potentials can either be obtained from more detailed quantum
mechanical simulations as discussed above, or as empirical expressions with
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free parameters to be set through matching observables of the simulated
system with experimental data [71, 72]. MD methods allow for the simulation of millions of atoms and millisecond time scales, and can therefore
be used to study the conformational dynamics of biomolecules [73ś75].
Since electronic degrees of freedom are only implicitly represented, chemical
reactions can only be studied in the most rudimentary terms [76]. So called
quantum mechanics molecular mechanics (QMMM) methods reintroduce
the electronic structure only at very speciőc subdomains of the simulation,
such as the catalytically active site in an enzyme [77]. They can simultaneously sample the conformational degrees of freedom, while still allowing
for accurate representation of chemical reactions, but require some prior
knowledge about the dynamics and function of the investigated biomolecule
[78ś80].
The major limitation of all of these methods is the maximum system size
that can be simulated using current computational capabilities. Apart from
very exotic cases (such as astrochemistry), one needs to model a biomolecule’s
environment. In the systems we want to consider, the biomolecules are
immersed in an aqueous electrolyte at room temperature, where the only
relevant long-ranged interactions are electrostatics and hydrodynamics. The
necessary size for the simulation is dictated by the maximum interaction
length. For reasons that are going to be discussed in detail in Section 2.7,
electrostatic interactions are screened with a salt concentration dependent
screening length ranging from 0.3 nm to 1000 nm. Often, no screening
effect exists for hydrodynamic interactions and the relevant length scale is
determined by the system geometry.
When studying equilibrium properties such as free-energy landscapes for
the conformation of a biomolecule, only conservative interactions, i.e., those
that contribute to the system’s energy, play a role, but not hydrodynamics.
Of those conservative interactions, electrostatics is the most long-ranged,
but due to the aforementioned screening effect, direct simulation of such a
system is often tractable.
However, when studying non-equilibrium processes such as electrophoresis
or nanopore translocation, hydrodynamic interactions between biomolecules
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as well as biomolecules and system boundaries often play a major role [81,
74, 82, 83]. In those cases, the necessary size of the simulation is dictated
by the system geometry. In technologically relevant microŕuidic systems,
this size can reach 100 µm or more. Current computational capabilities do
not allow for the direct simulation of such systems using any of the methods
mentioned above, since a single µm3 already contains about 3.3 × 1010 water
molecules and up to 1.2 × 109 ions. Hence, a further reduction in the degrees
of freedom is necessary.
To this end, a number of mesoscopic hydrodynamic methods have been
proposed. They all share the idea to replace the explicit water molecules
in the simulation by a system with signiőcantly less degrees of freedom,
that nevertheless retains the momentum transport properties and thermal
ŕuctuations of water [84ś86]. Both of these are important, the former
because it mediates hydrodynamic interactions between immersed particles,
the latter because it produces the correct distributions of the immersed
particles’ degrees of freedom.
We will focus on Lattice-Boltzmann (LB), a mesoscopic ŕuid method
based on discretizing the Boltzmann equation [84, 87, 88]. The Boltzmann
equation models the dynamics of a many-body system in terms of the singleparticle phase space distribution function in a mean-őeld description. The
propagation of this phase space distribution contains two contributions: one
pertaining to the unimpeded streaming of particles according to their velocity; and a second one pertaining to local momentum exchange between
particles due to their interactions. This second contribution is represented
by the so-called collision operator, different choices of which make the Boltzmann equation an important tool for modeling systems from a wide range
of őelds, such as plasma physics, soft matter physics, and even acoustics.
LB uses a regular, in our case cubic, grid to discretize the spacial phase
space coordinates and a őnite number of velocity phase space coordinates.
These are chosen such that phase space density is transported from one
spacial grid point to its neighbors in every streaming step. In between two
streaming steps, particle densities belonging to one spacial node undergo
a collision step represented by linear relaxation of the nodes velocity dis-
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tribution towards the local equilibrium Maxwell-Boltzmann distribution.
The ŕuid bulk and shear viscosities are encoded in the rates of this relaxation. Thermodynamically consistent ŕuctuations can be introduced through
stochastic contributions to the ŕuid stress in the relaxation step [84, 88].
We will discuss LB in detail in Section 3.2.3. For now it suffices to say that it
produces solutions to the incompressible, ŕuctuating Navier-Stokes equation
in the limit of low Mach number (velocities much smaller than the speed of
sound). Mature particle coupling schemes for LB include moving boundary
conditions, as well as less computationally intensive schemes exchanging
momentum between an immersed particle and the ŕuid at one or a collection
of coupling points [84, 89].
After having replaced explicit water particles by an LB ŕuid, the computational effort to simulate biomolecules in solution is no longer dominated
by the surrounding ŕuid. For all but the lowest salt concentrations, though,
most effort is still expended on the immersed ions instead of the biomolecule.
An approach to model the ionic species on a continuum mean-őeld level
similar to the mesoscopic ŕuid methods approach leads to the electrokinetic
equations [1]. These equations model the diffusion of ions due to density
gradients, their migration in an electric őeld, as well as their advective
motion with the water ŕow. Together with the Navier-Stokes equations
modeling the water ŕow, and the Poisson’s equation for the electric őeld,
they form a coupled non-linear system of PDEs approximating the dynamics
of electrolyte solutions. A detailed derivation of the electrokinetic equations
and their implications including electrostatic screening, electroosmotic ŕow,
and electrophoresis, will be given in Chapter 2.
We will use two different schemes to solve these equations numerically: the
őnite element method (FEM) to solve the stationary electrokinetic equations
in systems with cylindrical symmetry; and a combination of LB, FFT based
methods, őnite volumes, and őnite differences to solve the time-dependent
electrokinetic equations, the so-called LB-EK algorithm [1, 90].
This work contributes to realizing the vision of wide-spread use of protein
nano-machines in human medicine in two distinct ways. Firstly, we develop
and improve methods for the numerical solution of the electrokinetic equa-
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tions [3]. These efforts entail an improved coupling scheme for ion and ŕuid
dynamics that reduces numerical artifacts in electrokinetic ŕow őelds by
several orders of magnitude, and signiőcantly reduces the required computational effort; we eliminate errors of higher-order in the electric őeld in the
LB-EK scheme, extending its applicability to nanopore systems that comprise
regions of extremely high electric őeld strength; and we work on different
schemes to couple the LB-EK method with particle simulations, including
adaptive and dynamic reőnement [5], and moving boundary conditions. We
document these efforts in Chapter 3, 4, and 9. We are conődent that our
improvements and extensions of the LB-EK scheme will make it possible to
directly simulate the dynamics of biomolecules and other nanoparticles in
microŕudic devices.
The improvements to the ion ŕuid coupling, paired with a highly problemspeciőc mesh allow us to reach technologically relevant length scales in our
simulations using the őnite element method. The second way in which we
contribute to the vision laid out here is by using this method to model existing
micro and nanoŕuidic systems that allow experimentalists to characterize
and manipulate biomolecules and other nanoparticles on the scale of individual molecules. We speciőcally focus on the glass micro and nanocapillary
systems investigated by our experimental collaborators in the group of Ulrich
Keyser (University of Cambridge). Our numerical models prove instrumental
in explaining counterintuitive effects of the electroosmotic ŕow [12, 38], and
allow us to demonstrate the ability of this system to discriminate between
nanoparticles of different size by means of the current modulation induced by
their translocation [9] . We further explain how these glass microcapillaries
can accumulate λ-phage DNA at their tip using a combination electrophoresis, pressure driven ŕow, and the intricate electroosmotic ŕow caused by
the capillary, as was observed in the experiment by our collaborators [7].
Our simulations allow us to explore the large parameter space around the
experimentally realized system to show that this trapping effect can be tuned
to accumulate particles of very speciőc electrophoretic mobilities. Together
with the fact that the trapped molecules can be delivered up into the capillary by simple reversal of the electric őeld, these results prove that the glass
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microcapillaries manufactured by the Keyser group form a promising candidate for a device to őlter and preconcentrate speciőc biomolecules out of
solutions on a very small scale Ð a necessary ingredient for the widespread
application of microŕuidic devices in medicine.

30

1 | Introduction

Chapter

2

Theoretical Background
In the following sections we will discuss the system of partial differential
equations that form the electrokinetic equations, as well as the classical
electrokinetic phenomena that they model, such as electrostatic screening,
electroosmotic ŕow, and electrophoresis. Since equations modeling the
conservation of particle numbers, mass, and momentum form important
parts of the electrokinetic equations, we will start by discussing physical
conservation laws in general before moving on to the speciőc thermodynamic,
electrostatic, and transport properties.

2.1. Conservation Laws in Physics
Due to special relativity, all conservation laws in physics must be local conservation laws. To illustrate why that is, consider the classical ladder paradox
as depicted in Figure 2.1. The paradox deals with a ladder which is too
long to őt inside a garage when both the ladder and the garage are at rest.
Due to length contraction, there is some speed at which the ladder őts into
the garage as seen from the rest frame of the garage. Figure 2.1a depicts
this situation: the ladder moves through the garage at a speed, such that
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time by the corresponding speed of light delay. The Lorentz transformation
ensures that their separation in time does not exceed the speed of time delay
in any reference frame, therefore preventing the possibility of any causal
link of the two events in any reference frame, resolving the paradox.
For exactly this reason, all conservation laws in physics must be local
conservation laws. It is impossible that something whose overall amount is
conserved, disappears at one place and simultaneously appears at another.
If this were the case, there would always be reference frames in which the
conserved quantity appears at one place before it has disappeared at another,
or disappears at one place and only later appears at the other. In these
reference frames the amount of the supposedly conserved quantity would
vary. Therefore, the only way in which the overall amount of a quantity
can be constant in all reference frames is if the conserved quantity moves
continuously.
For the mathematical description of a conservation law, this means that
for the density ρ of a conserved quantity, there is always an associated ŕux
j , and that this ŕux fulőlls a continuity equation of the shape
(2.1)

∇ · j = −∂ t ρ.

Integrating over an arbitrary volume V illustrates that Equation (2.1)
indeed describes a conservation law. After applying Gauss’s theorem to the
left hand side, we are left with
Z
∂V

〈 j , n̂〉 dA = −∂ t

Z

ρ d V,

(2.2)

V

where ∂ V forms the boundary of V , and n̂ an outward pointing normal vector.
In this form, the continuity equation states that any increase/decrease to
the amount of the conserved quantity contained in V over time happens as
a ŕux of the conserved quantity into/out of V . Since this statement holds
for any volume V , it implies local conservation.
In the following chapters, we will use continuity equations like Equa-
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tion (2.1) to formulate the conservation of ionic concentrations, mass, and
momentum. It is important to note that this continuity equation holds
independently of the prescribed shape of the ŕux. The speciőc transport
properties of the system under consideration are then encoded in exactly
this ŕux expression.

2.2. Ionic Solutes
In the following, we will introduce the governing equations for the dynamics
of two ionic species: a positive species denotes by the index ł+ž, as well as a
negative species denoted by the index ł − ž. Generalizing the equations for
any number of ionic species is straight-forward. These species’ densities form
conserved quantities. As discussed in Section 2.1, their density őelds c± and
the associated ionic ŕuxes j± must therefore fulőll a continuity equation of
the form
(2.3)

∂ t c± = −∇ · j± .

Together with the surrounding water, these ionic species form an electrolyte. We will model the motion of these dissolved ions due to gradients in
the ionic concentrations, electric őelds, as well as motion of the surrounding
water.
For now, we will consider the motion of the ionic species in a referenceframe co-moving with the local ŕuid velocity. There, the dynamics of the
dissolved ionic species can be modeled as diffusive. This allows us to derive
the ionic ŕuxes from a free energy under the local equilibrium approximation.
Equivalently to Poisson-Boltzmann theory, the free energy density in the
electrokinetic equations consists of an ideal-gas part and a contribution to
the internal energy due to electrostatic interactions:
 P
 

f {c± (r )} = ± kB Tc± (r ) log Λ3± c± (r ) − 1 + z± ec± (r )Φ(r ) .
{z
} (2.4)
|
{z
} |
ideal gas contribution
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Here, the Λ± denote the ionic species’ thermal de Broglie wavelengths, z±
their valencies, and Φ(r ) the electrostatic potential. kB denotes the Boltzmann constant, T the absolute temperature of the electrolyte (which we
assume to be constant in space and time), and e denotes the elementary
charge.
The chemical potentials of the two ionic species are then given by
γ± (r ) = Dc± f (c± ) = kB T log(Λ3± c± (r )) + z± eΦ(r ),

(2.5)

where Dc± denotes the Fréchet derivative with respect to the őeld c± . The
above expression őnally allows us to derive a őrst-order approximation to the
thermodynamic driving force as the gradient of the chemical potential (2.5)
and to use this driving force to formulate an expression for the diffusive ŕux:

j±diff = µ± c± (−∇γ± ) = −D± ∇c± − µ± z± ec± ∇Φ.

(2.6)

Here, D± and µ± denote the diffusion coefficient and the mobility of the
respective ionic species, which are related by the Einstein-Smoluchowski
relation D± /µ± = kB T . [91, 92]
Expressing the ionic ŕuxes in a reference frame at rest results in an additional contribution j±adv due to the advection of ions with the local ŕuid ŕow
őeld u . The őnal expression for the total ionic ŕuxes assumes the shape of a
diffusion-advection equation and reads:
j± = −D± ∇c± − µ± z± ec± ∇Φ + c± u .
|
{z
} |{z}
j±diff

(2.7)

j±adv

For systems with characteristic length scales in the nanometer range,
the ionic ŕux is completely dominated by the diffusive contribution j±diff ,
which allows one to neglect the advective contribution j±adv to the total ionic
ŕux j± . This approximation corresponds to the low-Péclet number limit.
The Péclet number Pe = Lu/D, with L the characteristic length scale of the
geometry, arises in the de-dimensionalized form of the diffusion-advection
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equation (2.7) and quantiőes the magnitude of the advective ŕux j±adv relative
to the diffusive ŕux j±diff . We investigate the quality of this approximation
for our model system in Section 5.3.
In the following sections we will derive expressions for the electrostatic
potential Φ and the ŕow őeld u .

2.3. Hydrodynamics
The ŕow dynamics of the electrolyte are a result of the conservation of mass
and momentum. For these conservation laws, the situation is complicated
over the description in Section 2.1 by the fact that the two are coupled, and
that the momentum density is a vector őeld rather than a scalar őeld.
Consider the mass density ρ , the purely advective mass ŕux ρu , as well as
the momentum density given by the same expression ρu and the associated
momentum ŕux, the so-called stress tensor Π̄ . In analogy to Equation (2.1),
the continuity equations for mass and momentum read
∇ · (ρu) = −∂ t ρ,
∇ · Π̄ = −∂ t (ρu) + f .

(2.8)
(2.9)

Here, the external force density f acting on the ŕuid serves as an additional
source density for momentum.
In the following, we deal exclusively with low Mach number ŕows, i.e.,
ŕows whose velocity is much slower than the speed of sound. In this situation,
compression effects of the ŕuid are negligible and we can assume the ŕuid to
be incompressible, setting ∂ t ρ = 0, and ρ = const. The continuity equation
for the ŕuid mass (2.8) then simpliőes to
∇ · u = 0.

(2.10)

The assumption of incompressibility further simpliőes the treatment of the
ŕuid ŕow in that it allows us to forgo modeling the heat ŕux explicitly.
Note that the electrolyte mass density ρ does in principle vary with the
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therefore must be proportional to the projector û ⊗ û , the square of the ŕow
velocity magnitude u, as well as the ŕuid density ρ . The symmetric form
of the stress tensor Π̄ implies that no rotational momentum is transported
through the ŕuid by means of internal forces.
Combining Eqs. (2.9) ś (2.11) and the requirement for constant density
results in the well known incompressible Navier-Stokes equations

ρ ∂ t u + (u · ∇)u = −∇p + η∇2 u + f ,

(2.12)
(2.10)

∇ · u = 0.

The expression for the external force density f will be discussed in detail in
Section 2.4 and 4.
2.3.1. Stokes Flow
If we nondimensionalize the Navier Stokes equations (2.12), using a characteristic velocity ũ and length L to substitute
u ′ = u/ũ, p′ = p/ρũ2 , f ′ = f L/ũ, ∂ t ′ = L/ũ ∂ t , ∇′ = L∇,

(2.13)

we őnd that the dimensionless form of the Navier-Stokes equations (2.12)
only depend on a single, dimensionless parameter, called the Reynolds
Number Re = ρ L ũ/η:
∂ t ′ u ′ + (u ′ · ∇′ )u ′ = −∇′ p′ +
∇′ · u ′ = 0.

1 ′2 ′
∇ u + f ′,
Re

(2.14)
(2.10)

In a typical microscopic soft-matter system system (L ≈ 10−9 to 10−5 m,
ũ ≈ 10−6 m/s) containing water at room temperature (η ≈ 10−3 Pa s, ρ ≈
103 kg/m3 ), the Reynolds number is of the order Re ≈ 10−8 to 10−4 . Asymptotic analysis reveals that for Re → 0, the terms on the left-hand-side of the
Navier-Stokes equations (2.12) are sub-dominant, which allows us to use the
simpler stationary Stokes equations, neglecting the convective momentum
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ŕux:
η∇2 u = ∇p − f ,
∇ · u = 0.

(2.15)
(2.10)

2.4. Coupling of Ionic and Flow Dynamics
As we can see from Equation (2.7), ŕow causes ion motion through simple
advection. Coupling in the opposite direction plays an important role in
electrokinetic phenomena Ð ion motion due to electric őelds causes ŕow.
The coupling in this direction is modeled through a hydrodynamic body
force that depends on the ionic concentrations and the electric őeld. This
ŕuid coupling body-force is commonly chosen as
f = ϱE = −

P

± z± ec± ∇Φ,

(2.16)

where ϱ denotes the charge density (due to the distribution of ions), and
E = −∇Φ denotes the electric őeld.
This driving force f simply represents the net force caused by the electric
őeld and acting on all the ionic species. The electrokinetic equations neglect
high frequency effects on time scales short enough to resolve the ballistic
motion of the ions. In this picture, an electric őeld instantaneously leads to
a proportional ŕux of ions. In this stationary situation, there cannot be any
momentum change in the ionic species: all momentum added to the ionic
species by the electric őeld must therefore be transported into the ŕuid.
This formulation of the coupling force is the one predominantly used
in the literature for analytic as well as numeric investigations [46, 34, 33,
13, 38, 25, 37, 36, 35, 93, 31]. We will show in Chapter 4 that using this
coupling term generally leads to artifacts in discretization schemes that can
only be suppressed by employing an excessively őne resolution that comes
with equally excessive computational demands. We will propose a modiőed
coupling term in Chapter 4 that doesn’t suffer from the same problems, and
we will show that this modiőcation forms a symmetry of the electrokinetic

2.4 | Coupling of Ionic and Flow Dynamics

39

equations, so that employing this modiőed coupling in place of the literature
expression (2.16) described here yields the same results but at a massively
reduced computational cost.

2.5. Electrostatics
The electrostatic potential Φ fulőlls the Poisson equation:
∇ · (ϵ∇Φ) = −ϱ = −

P

± z± ec± .

(2.17)

Here the charge density ϱ is given in terms of the ionic species concentrations
c± . The permittivity ϵ = ϵ0 ϵ r (r ) is the product of the vacuum permittivity ϵ0
and the local relative permittivity ϵ r (r ) of the medium.
Working in the Coulomb gauge, the electric potential is solely determined
by the charge distribution and there is no contribution due to changing
magnetic őelds, which makes Equation (2.17) exact. We further exclude
all magnetic effects Ð a valid approximation for aqueous solutions of ions
without permanent magnetic moments, where currents are typically so small
that the magnetic őelds they cause can safely be neglected.

2.6. The Electrokinetic Equations
To summarize, the time-dependent electrokinetic equations are given by the
following system of coupled, non-linear, partial differential equations
∂ t c± = −∇ · j± ,
j± = −D± ∇c± − µ± z± ec± ∇Φ + c± u,
P
∇ · (ϵ∇Φ) = − ± z± ec± ,
P
η∇2 u = ∇p + ± z± ec± ∇Φ,
∇ · u = 0.
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(2.3)
(2.7)
(2.17)
(2.15)
(2.10)
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They form a continuum mean-őeld model for the coupled dynamics of ions
and ŕow in an electrolyte.
Note that only the continuity equation for the ionic concentrations (2.3)
prescribes a time evolution. The remaining equations for the electric and
ŕow őeld are stationary equations whose only time dependence is implicitly
given through their coupling to the ionic concentrations. The fact that the
electrokinetic equations only model the processes on the slowest time scale,
namely the relaxation of the ionic concentrations, is one of the reasons why
they form a very efficient tool for simulations when applicable.
In a typical simulation of soft matter systems, the time scales of the ballistic
ion motion τb , the ŕow relaxation τν , and the double layer relaxation τDL
are sufficiently separated to make it valid to only explicitly model processes
on the slowest one. To illustrate this, consider ions of mass m = 35 u with
diffusion constant D = 10−9 m2 /s, dissolved in water with a dynamic viscosity
ν = 10−6 m2 /s at room temperature T = 300 K, and at a concentration such
that the Debye length (to be discussed in Section 2.7) λ D = 2 nm. If the
relevant geometric length scale L = 10 nm, then the three time scales are
τb = mD/kB T ≈ 10−14 s,

(2.18)

τν = L 2 /ν ≈ 10−10 s,

(2.19)

τDL = Lλ D /D ≈ 10

−8

s.

(2.20)

More important limitations to the applicability of the electrokinetic equations are those imposed by the mean-őeld approximation. In aqueous solution at room temperature, the mean őeld model is valid only for moderate
concentrations of monovalent ions [94, 95]. For multivalent ions, complex
ionic molecules, high ionic bulk concentrations (approaching 1 mol/l), or at
very highly charged surfaces (with surface potentials exceeding ζ = 150 mV
as for quartz glass), correlation effects between ions become important,
which are not covered by the mean-őeld approximation. The model shares
these limitations with classical Poisson-Boltzmann theory, since it assumes
the same free energy for the ionic species.
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In contrast to Poisson-Boltzmann theory, the electrokinetic equations do
allow for net ŕuxes of ions and can be used in non-equilibrium situations.

2.7. Poisson-Boltzmann Theory and Electrostatic Screening
The Poisson-Boltzmann equation can be recovered as a special case of the
stationary electrokinetic equations in situations where the boundary conditions imply a system in thermodynamic equilibrium, as we will show in the
following.
In thermodynamic equilibrium, there is no net ŕux of ions j± = 0 and no
net ŕow u = 0. In this case, the electrokinetic equations reduce to
0 = −D± ∇c± − µ± z± ec± ∇Φ,
P
∇ · (ϵ∇Φ) = − ± z± ec± .

(2.21)
(2.17)

Equation (2.21) possesses a closed-form solution in shape of the Boltzmann
distribution

c± = c±0 exp − z± e(Φ − Φ0 )/kB T ,

(2.22)

where Φ0 denotes an arbitrary electric reference potential, and c±0 denotes
the concentration the ionic species assume at locations of said reference
potential. Typically, one uses the electrolyte bulk (far from any charged
surface) as reference and sets Φ0 = 0 V.
Combining the Boltzmann distribution (2.22) with the Poisson equation
(2.17) yields the non-linear Poisson-Boltzmann equation
∇2 Φ = −

X z± ec 0

±

±

ϵ


exp − z± e(Φ − Φ0 )/kB T .

(2.23)

For symmetric, monovalent ionic species (c±0 =: cs , z± = ±1), it assumes the
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familiar shape
∇2 Φ =


2ecs
sinh e(Φ − Φ0 )/kB T .
ϵ

(2.24)

Linearizing the exponential term in the Poisson-Boltzmann equation (2.23)
around the reference potential Φ0 yields the Debye-Hückel approximation
∇2 Φ = −

X z± ec 0

±

±

|

ϵ
{z }
=0

+

X z 2 e2 c 0
±

±

ϵkB T
{z }

±

|

(Φ − Φ0 ),

(2.25)

=:κ2 =1/λ2D

where the constant term vanishes due to electroneutrality. While the nonlinear Poisson-Boltzmann equation (2.23) lends itself to analytic calculations
only in very few special cases, the linearized Debye-Hückel equation (2.25)
can be solved for a wide range of geometries.
What all these solutions have in common, is that charged surfaces are
surrounded by a concentration of counterions that exceeds that of the bulk
electrolyte, and that coions are depleted in their vicinity. As a result, the
electric potential decays exponentially fast on a length scale λ D , called the
Debye length, which is given by the electrolyte parameters
λD =

X
±

z±2 e2 c±0
ϵkB T

−1/2

.

(2.26)

This diffuse cloud of predominantly oppositely charged ions surrounding
a charged object is called the double layer. The double layer screens the
electrostatic interactions of any charged object immersed in the electrolyte.
Therefore, electrostatic interactions effectively become short-ranged and
restricted to a few Debye lengths in a phenomenon referred to as Debye
screening. The Debye screening length ranges from λ D = 0.3 nm to 10 nm in
symmetric aqueous electrolytes at room temperature with concentrations of
monovalent ions ranging from cs = 1 mol/l down to 1 mmol/l.
The signiőcance of the Debye length extends to the non-linear case, as the
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non-linearity only strengthens the screening effect [96]. At a distance of at
most a few Debye lengths from a highly charged surface, the potential will
have decayed sufficiently for the Debye-Hückel approximation to become
accurate once more.

2.8. Electrokinetic Transport ś Electroosmotic Flow,
Electrophoresis
Transport processes inherently are non-equilibrium phenomena and can
therefore not be modeled by Poisson-Boltzmann theory. The electrokinetic
equations discussed in Section 2.6, however, cover these processes. In the
following, we will discuss electroosmotic ŕow (EOF) and electrophoresis,
which deal with ŕow and transport of charged particles in electrolytes caused
by externally applied electric őelds and mediated by ionic solutes.
2.8.1. Electroosmotic Flow
Figure 2.2a depicts the situation occurring in EOF. A negatively charged
surface (gray) and its positively charged double layer (red) are exposed to an
external electric őeld (green) acting in the positive x -direction parallel to the
charged surface. The charged surface is őxed and remains stationary, while
the electrolyte ions move under the effect of the electric őeld. Within the
double layer, the excess of positive counterions and the depletion of negative
coions to the charged surface results in net motion of ions in direction of
the externally applied electric őeld. This net motion of ions introduces
net momentum into the ŕuid, thereby causing ŕuid ŕow in direction of
the electric őeld. At the charged surface, the ŕow velocity vanishes, since
charged surfaces typically do not permit slip in polar solvents such as water.
Several Debye lengths from the surface, the bulk ŕuid remains electroneutral
Ð no net force is transferred by the ions to the ŕuid, resulting in no further
shear and ŕow of constant velocity. The resulting ŕow őeld containing only
a small region of strong shear within a few Debye lengths of to the charged
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Here we used Poisson’s equation (2.17) for the second equality, expressing
the charge density in terms of the electric potential. The pressure gradient
in the x -direction vanishes due to the translational symmetry of the problem.
For the same reason, both the electric őeld and the ŕow őeld can only
depend on the y -coordinate. Flow in the y -direction must vanish due to
incompressibility and the no-slip boundary condition at the charged surface.
Integrating twice from ∞ to y and requiring ∂ y u x (∞), Φ(∞), and
∂ y Φ(∞) to vanish, yields

η u x ( y) − u x (∞) = ϵEΦ( y).

(2.28)

ϵζ
u x (∞) = −
E,
η
|{z}

(2.29)

Evaluating this expression for y = 0 and making use of the no-slip boundary
condition u x (0) = 0 produces the desired expression for the electroosmotic
ŕow velocity

=:µe

where ζ denotes the electrostatic potential at the charged surface (with respect to the bulk potential) Ð the so-called ζ-potential Ð and µe = u x (∞)/E
denotes the electroosmotic mobility of the surface.
Note that the electroosmotic ŕow velocity scales linearly with the applied
electric őeld E and the ζ-potential of the charged surface. This velocity
does not explicitly depend on electrolyte properties such as the ionic concentrations, but these properties do indirectly affect the mobility, since the
potential drop ζ from the surface to bulk strongly depends on the Debye
length. For high salt concentrations (small Debye lengths), the strong electrostatic screening reduces the ζ-potential and thereby the electroosmotic
mobility heavily Ð high salt concentrations suppress electroosmotic ŕow.
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2.8.2. Electrophoresis
Consider now the case of a charged object moving in an electrolyte under the
inŕuence of an electric őeld. Assuming the simplest possible geometry Ð that
of a moving plate of inőnite extent as depicted in Figure 2.2b, the situation
is completely equivalent to EOF as discussed in the preceding Section 2.8.1.
Figure 2.2 compares these two equivalent perspectives and demonstrates
that EOF and electrophoresis are related by means of a Galilei transform
between the rest frame of the surface and the rest frame of the ŕuid far from
the surface.
The situation becomes signiőcantly more complicated for a compact object
due to the lack of translational symmetry and the fact that the size of the
object L provides a second length scale in addition to the Debye length λ D .
Here, analytical results are known only under some additional assumptions.
Early results for two different limiting cases are those by Smoluchowski [97],
Debye and Hückel [98], and Henry [99].
Smoluchowski showed that the electrophoretic mobility of a charged
sphere matches that for the inőnite plane in the thin double layer limit
λ D ≪ L (illustrated in Figure 2.3a):
µe =

ϵζ
η

(2.30)

To obtain this result, he further assumed that the externally applied electric őeld represents only a small perturbation of the equilibrium system
( E ≪ ζ/λ D ); that the electric permittivity of the sphere ϵ = 0, making the
electric őeld in the double layer parallel to the surface; and he neglected
advective transport of ions (Pe = 0), a well justiőed assumption for micro
and nanoscopic systems where diffusive transport of ions outstrips advective
transport by several orders of magnitude.
Debye and Hückel subsequently deduced the electrophoretic mobility for
thick double layers λ D ≫ L (illustrated in Figure 2.3b):
µe =

2ϵζ
3η
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(2.31)
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Deviating from Smoluchowski’s approach for the thin double layer, Debye and
Hückel assumed that the permittivity of the sphere matches that of the ŕuid,
which makes the externally applied electric őeld completely homogeneous.
Henry revisited these derivations and demonstrated that the difference
between Smoluchowski’s result for small Debye lengths and Debye and
Hückel’s result for large Debye lengths is due to the direction of the electric
őeld in the double layer: parallel to the surface for λ D ≪ L in Smoluchowski’s
derivation, and a homogeneous electric őeld for λ D ≫ L in Debye and
Hückel’s case.
Henry went on to show that Smoluchowski’s result for thin double layers
indeed holds not only for spheres, but for objects of any shape, as long
as the electric permittivity of the object is signiőcantly lower than that of
the surrounding ŕuid and the Debye length is signiőcantly smaller than
all geometric features of the object. Debye and Hückel’s result for the
electrophoretic mobility in the thick double layer limit holds for any shape
and permittivity simply because the objects inŕuence on the structure of
ŕow and double layer is insigniőcant due to its small size. Henry’s insights
explain the apparent independence of the electrophoretic mobility of objects
of different geometry often observed in experiments.
For Debye lengths λ D comparable with the size of the object L , the electrophoretic mobility does depend on the speciőc shape and permittivity of
the object. Later developments include different kinds of expansions and
approximations for the electrophoretic mobility in this intermediate range of
Debye lengths λ D ≈ L [100ś102], as well as similar results for soft colloids
[26, 27], and colloids in dense suspension [103].
Another line of research develops and employs numerical methods to
evaluate electrophoretic mobilities under more general conditions. O’Brien
and White obtained the őrst results by numerically solving linear equations
resulting from a perturbation expansion of the electrokinetic equations [104].
We will discuss two modern methods to solve the electrokinetic equations
numerically in detail in Chapter 3. Particle based methods do not rely on
the approximations made in the derivation of the continuum electrokinetic
equations. These methods therefore make it possible to study phenomena
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positive counterions and a deőciency of negative coions over their respective
bulk concentrations. The externally applied electric őeld (green arrow)
acting in the positive x -direction causes a force in the negative x -direction
acting on the particle, and an equal and opposite force acting on the double
layer.
The particle and its double layer exchange momentum through two interactions. The őrst interaction is electrostatic (green wiggle): the external
electric őeld perturbs the double layer, moving its center of charge in direction of the electric őeld away from the particle. This causes an electrostatic
force acting on the particle in the opposite direction of the direct electric
force exerted by the external electric őeld. This process is referred to as
łrelaxationž. The second interaction is hydrodynamic (blue wiggles): the
negative particle moves in the negative x -direction, while the positive counterions predominantly making up the double layer are driven in the positive
x -direction by the external electric őeld. Both particle and ions exert a
drag force on the ŕuid, exchanging momentum through viscous friction in a
process called łretardationž.
The stationary velocity of the particle Ð and by that its electrophoretic mobility Ð is determined by these two momentum exchange mechanisms. The
stationary velocity of the particle is that velocity, for which the momentum
imparted on the particle by the external electric őeld is canceled exactly by
the momentum the double layer and the solvent exchange with the particle.

2.9. Summary
We have derived in detail, the diffusion-advection, electrostatic, and hydrodynamic equations that we use to describe the dynamics of electrolytes
on the nano and micro-scale (Section 2.1 ś 2.5). Together, these form the
coupled, non-linear system of partial differential equations known as the
electrokinetic equations (Section 2.6). After this derivation, we describe how
the electrokinetic equations relate to equilibrium Poisson-Boltzmann and
Debye-Hückel theory, but extend to non-equilibrium situations (Section 2.7).
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We őnish with a comprehensive discussion of electrokinetic phenomena that
are central to the investigations in this thesis, including Debye screening,
electroosmotic ŕow, and electrophoresis (Section 2.7 and 2.8).

2.9 | Summary
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Chapter

3

Computational Methods
As discussed in Chapter 2, the electrokinetic equations can be solved analytically for a number of special cases, giving insight into phenomena such
as electric double layers and electrostatic screening [114], EOF [115], and
electrophoresis in the limit of high [115, 116] and low [98] salt concentrations. Analytical techniques based on őrst order perturbation expansions of
the applied electric őeld have been used to determine the electrophoretic
mobility of bare colloids and colloids homogeneously grafted with polymers
and polyelectrolytes [100ś102, 28, 26, 27].
Electrokinetic phenomena can also be simulated using mesoscopic methods such as dissipative particle dynamics [117, 118], multi-particle collision
dynamics [119ś121], or hybrid particle-lattice-Boltzmann algorithms [122ś
124, 107, 125, 126]. See Refs. [127] and [128] for a more thorough review
of these different mesoscopic methods.
However, these particle-based algorithms are generally restricted to systems on the nanoscale, and analytical techniques based on perturbation
theory cannot model non-linear effects caused by large applied electric őelds.
For systems on experimental length scales with few symmetries, the fully
non-linear, coupled equations must be solved numerically. In recent years,
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growing computational power has allowed researchers to simulate electrokinetic phenomena on experimentally relevant length and time scales using
continuum simulations of the electrokinetic equations [36, 13, 38, 129, 17,
15, 14].
One popular method to solve the continuum electrokinetic equations is the
őnite element method, a technique that involves reformulating the equation
in the so-called weak formulation and using a őnite set of basis functions
to derive a discrete equation system that can be solved numerically. FEM
simulations of the electrokinetic equations have been used to investigate
electrophoresis of macromolecules, electroosmotic ŕow in nanopores [36, 13,
38], and translocation of colloids [14, 17, 15] and DNA [129]. In Section 3.1,
we will give a description of the őnite element method for non-linear systems
such as the electrokinetic equations.
Capuani et al. developed an alternative to the őnite element method by
devising a numerical algorithm that combines the őnite volume method
(FVM), őnite difference method (FDM), and Lattice-Boltzmann method
(LBM), henceforth referred to as LB-EK [6]. They later used the algorithm
to investigate the electrophoretic mobility of charged spherical particles as a
function of the ratio of the Debye length to the particle size and the Péclet
number. [2]
We pursue the development of simulation schemes for electrokinetic phenomena based on both of these techniques simultaneously for the following
reasons: the availability of versatile FEM modeling and solver suites such as
COMSOL Multiphysics allows us to address questions raised in the experimental investigations of our collaborators immediately, and with minimal
development effort. These questions concern rectiőcation effects in glass
nanocapillaries [9] as detailed in Chapter 5; their ability to detect, characterize, and manipulate colloids and (bio-)molecules [9, 7] as detailed
in Chapter 7 and 6; as well as pumping effects [8] and active motion of
colloidal particles [39], both of which are not part of this thesis.
For reasons we will discuss in Section 3.1, the FEM is unsuitable for timedependent simulations coupling the electrokinetic equations with MD models
for biomolecules. The LB-EK scheme with its explicit time-stepping is much
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better suited for this purpose. After introducing LB-EK in Section 3.2, we
document our ongoing work of improving and extending this method in
Chapter 4 and 9 with the aim of eventually making it applicable to the vision
laid out in Chapter 1.

3.1. Non-Linear Finite Elements
We use the őnite element method to solve the stationary variant of the
electrokinetic equations summarized in Section 2.6. By requiring that the
time derivative in the continuity equations (2.3) to vanish (∂ t c± = 0), and
combining it with the expressions for the ionic ŕuxes (2.7), we obtain
0 = ∇ · (D± ∇c± + µ± z± ec± ∇Φ − c± u),
P
∇ · (ϵ∇Φ) = − ± z± ec± ,
P
η∇2 u = ∇p + ± z± ec± ∇Φ,

(3.1)

∇ · u = 0.

In order to solve these equations using the FEM, one must reformulate
them in the so-called weak form. In the weak formulation, we multiply
both sides of the equations by a test function ϕ and integrate over the
whole domain, rather than requiring that the őelds c , Φ, u , and p satisfy the
partial differential equations (3.1) directly (the strong form). As an example,
carrying out this procedure for Poisson’s equation yields
Z
⇔

2

ϕ∇ Φ d V = −

Z

Ω

Ω

Z

Z

Ω

∇ϕ∇Φ d V =

ϕϱ/ϵ d V

ϕ∇Φ d A +

ϕϱ/ϵ d V,

(3.2)

Ω

∂Ω

|

Z

{z

}

=0, since ϕ(∂ Ω)=0

using Green’s őrst identity and assuming that the test function ϕ vanishes
on the domain boundary, and that ϵ is spatially homogeneous.
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To őnd an approximate solution, one chooses a őnite number of basis
(ansatz) functions bi (r ) to expand the unknown electrostatic potential Φ(r )
and the charge density ϱ(r )
Φ(r ) =

P

k Φk bk (r ),

ϱ(r ) =

P

(3.3)

k ϱk bk (r ).

Using the Galerkin approach, the test function ϕ(r ) is approximated using
the same basis functions bi (r ) as for the unknown őelds. For a őxed ϕ(r )
the integral on the left-hand side is linear in Φ, allowing us to consider
each basis function individually. The relation (3.2) is then fulőlled for any
P
ϕ(r ) = i ϕi bi (r ):
X
k

|

Φk

Z

∇bi (r )∇bk (r ) d V =

X
k

Ω

P {z
k K̄ik Φk

}

|

ϱk /ϵ

Z

bi (r )bk (r ) d V

(3.4)

Ω

{z

f i (ϱ)

}

Decomposing the domain into a mesh of small sub-domains of, for example,
triangular shape and choosing basis functions bi (r ) that are only non-zero
on one of these mesh elements ensures that the matrix K̄ is sparse, which
facilitates efficient computation.
Choosing polynomials as the ansatz functions on each of these sub-domains
allows for the exact evaluation of the integrals numerically. In the case
of equations with smooth solutions, such as the electrokinetic equations,
the accuracy of the FEM approximation beneőts more from increasing the
polynomial order of the ansatz functions than from increasing the mesh
resolution, for the same computational cost [130].
Ultimately, one is left with a system of linear equations for the coefficients
of the solution Φk
K̄ Φ = f (ϱ),

(3.5)

where Φ and ϱ are the vectors consisting of all the coefficients Φk and
ϱk , respectively. Applying this procedure to the diffusion-advection and
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hydrodynamic parts of Equation (3.1) yields similar equation systems. The
coupling between the different equations is reŕected by the fact that both
the operator K̄ and the right-hand side f can depend on the solutions of
the other equations. Combining the resulting discretized equations into one
system yields


K̄ 1 (Φ, u)

0
0
|

0
K̄ 2
0

  
  
0
0
0
c






= 0 .
0
f2 (c)
Φ −
K̄ 3
0
f3 (Φ, c)
u
{z
}

(3.6)

F ([c,Φ,u])

where K̄ 1 represents the discretized version of all the diffusion-advection
equations in (3.1), K̄ 2 and f2 represent Poisson’s equation as previously
derived in Equation (3.5), and K̄ 3 and f3 represent Stokes’ equations (2.15).
The discrete vector c contains all coefficients of the FEM approximation for
the ionic concentrations, Φ contains these coefficients for the electrostatic
potential, and u contains them for the ŕuid velocity (and pressure).
The discretized and fully coupled equation system (3.6) is non-linear due
to the coupling between the different equations. This equation system can be
solved using Newton’s method, which yields the following iteration scheme:


 
 

cn
cn
cn+1 − cn








DF
Φn
Φ n  ,
Φn+1 − Φn = −F
un
un
u n+1 − u n

(3.7)

where DF denotes the total derivative of the non-linear operator F as deőned
in Equation (3.6).
To summarize, the above described procedure and iteration scheme now
allow us to guess an initial solution of the electrokinetic equations; in many
cases the iteration scheme will then converge to the correct solution. In
simulations involving very high surface charges, or a strong imposed voltage
bias at the boundaries, the iteration scheme (3.7) can diverge. An initial
guess closer to the actual solution őxes this problem. That is why in these
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situations one slowly ramps up the surface charge or the voltage bias over a
series of simulations, using each one’s solution as the initial guess for the
next.
The ŕexibility, accuracy, and computational efficiency of the őnite element
method have made it an extremely popular choice for the numerical modeling
of the electrokinetic equations. There are now many powerful and userfriendly simulation codes based on the őnite element method, for example the
COMSOL simulation package which we use for our investigations. However,
in Chapter 4 we show that care must be taken when carrying out őnite
element simulations of electrokinetic phenomena due to the occurrence of
spurious ŕuxes and ŕows, the magnitude of which can easily exceed physical
ŕuxes and ŕows if not properly controlled.
Our experiences with applying the FEM to electrokinetic phenomena
shows that the main bottleneck using this technique is the need for a problem
speciőc mesh. Existing meshing algorithms are unaware of phenomena that
emerge due to the coupling of equations with different character, such as
double layers. Adaptive meshing algorithms, which automatically reőne the
grid during the iterative solution process perform well for simple systems,
such as the electrophoresis of a charged sphere of a size comparable with
the Debye length. Unfortunately, they fall short for complex geometries,
especially when highly anisotropic mesh elements are required to keep the
computational load feasible. Research that eliminates the requirement for
the mesh to conform to the system geometry might eventually alleviate these
issues [131, 132], but until these methods are widely available, manually
crafting of problem speciőc meshes as we will demonstrate in Section 5.2.2
is unavoidable.
The same reasons make the FEM unsuitable for schemes coupling the
electrokinetic equations with MD simulations of biomolecules. The overhead
for constant remeshing or similar measures accommodating moving particles make it intractable to reach sufficient simulation times using current
computational capabilities. Keep in mind that as opposed to macro-scale
simulations, simulations of nano-scale particles involve thermal ŕuctuations,
which impose the need for extensive averaging to obtain meaningful results.
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Nevertheless, the FEM represents an invaluable tool in investigating electrokinetic phenomena, as our investigations using the FEM in Chapter 5, 7,
and 6 show.

3.2. Time-Dependent LB-EK Solver
In this section, we will discuss the LB-EK method őrst introduced by Capuani
et al. [6] in the variant we use for our simulations. The changes we made
were necessary to eliminate errors that arise in the original scheme for
extremely high electric őeld strengths such as those in nanopores. We detail
these improvements in this section, as well as in Chapter 4.
3.2.1. Propagating the Ionic Concentrations
In a time-dependent scheme such as LB-EK, it is essential to conserve the
density of the ionic species to numerical precision: a drift in the net amount
of ionic species would otherwise lead to a change in the net charge of the
system and signiőcantly inŕuence, e.g., mobilities and conductivities.
For this reason, LB-EK propagates the densities according to the continuity equation (2.3) using a őnite volume scheme on a regular cubic grid.
This scheme calculates the discrete ionic ŕuxes between neighboring grid
nodes using a symmetric őnite difference approximation of the diffusive ŕux
expression j±diff = −D± ∇c± − µ± z± ec± ∇Φ:
diff
j±,i
(r ) = −D±

c± (r ) − c± (r + di )
|di |
c± (r + di ) + c± (r ) Φ(r + di ) − Φ(r )
×
.
− µ ± z± e
2
|di |

(3.8)

diff
Here j±,i
(r ) denotes the ŕux of species ± from the node at position r to its
neighbor at position r + di .
The advective ŕux contribution j±adv = c± u in Equation (2.7) is discretized
using a volume of ŕuid scheme, which virtually displaces a grid cell by
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according to the local ŕuids displacement u∆t in one time step ∆t . The
discrete advective ŕux is then determined such that the őnite volume scheme
propagates exactly the ionic concentrations contained in the overlapping
region between neighboring cells (assuming the concentrations within the
cells are homogeneous).
The total ŕuxes j± = j±diff + j±adv are then used to propagate the associated
concentrations c± in time, according to the őnite volume representation of
the continuity equation (2.3):
ck (r , t + ∆t) = ck (r , t) − ∆t

P

i

Ai jki (r , t).

(3.9)

We discretize the diffusive ŕux using face and edge neighbor nodes, and the
advective ŕux using face, edge, and corner neighbors. It is instructive to think
of these ŕuxes as quantities associated with the links between nodes rather
than the nodes themselves. This explains why one only needs to consider a
set of 13 ŕuxes per node, and why the scheme conserves densities down to
arithmetic precision: whatever density is subtracted from one node due to
outgoing ŕux, will be added to its neighbor, conserving the net density.
This scheme maintains isotropy despite the underlying regular cubic
grid, provided the weighting factors Ai = A. The remaining constant A
is chosen such that the discrete system reproduces the correct mean square
displacement (MSD) for the ionic species in a situation of vanishing electric
őeld and ŕuid velocity:
P

i

c(r + di , ∆t)di2 = 6D∆t,

c(r , 0) = δ r .

(3.10)

This explicit propagation scheme is limited in stability. Using an implicit
scheme would in principle allow for much larger time steps at the cost of
having to solve a system of equations at every time step. However, since the
LBM (and MD simulations) imposes a limit on the time step already, this
advantage of an implicit scheme would be negated and the explicit scheme
is the more sensible choice.

60

3 | Computational Methods

3.2.2. FFT based Poisson Solver
To solve Poisson’s equation (2.17) for the electrostatic potential, we őrst
assume that the electric permittivity ϵ is constant, allowing one to express
Poisson’s equation (2.17) as
∇2 Φ = −

4πl B kB T
ϱ,
e2

(3.11)

P
with the net charge density ϱ = ± z± ec± and the Bjerrum length l B =
e2 /(4πϵkB T ). To avoid unnecessary interpolation in the coupling between
electrostatics and ion and ŕuid dynamics, we discretizing Poisson’s equation
(3.11) using a symmetric 7-point őnite difference stencil for the Laplacian on
the same regular cubic grid as for the őnite volume scheme in Section 3.2.1.
The resulting system of coupled linear equations assumes the following
shape:
−4πh2 l B kB T
ϱ(x, y, z) = Φ(x + h, y, z) + Φ(x − h, y, z)
e2
+ Φ(x, y + h, z) + Φ(x, y − h, z)

(3.12)

+ Φ(x, y, z + h) + Φ(x, y, z − h)
−6Φ(x, y, z)

Here, h denotes the grid spacing. Capuani et al. [6] solve this system
using an iterative successive over-relaxation (SOR) scheme that beneőts
from the previous time step’s solution as an initial guess. We deviate from
this approach by using a method based on discrete Fourier transforms (DFT)
to solve the discretized Poisson equation (3.12). This solver delivers superior
precision at comparable computational cost for moderate system sizes and exhibits more favorable asymptotic scaling (O(n log n) instead of O(n4/3 )). The
one drawback of this method compared with the successive-over-relaxation
scheme is that the electric permittivity ϵ (and thereby the Bjerrum length
l B ) must be spatially homogeneous.
We use fast Fourier transforms (FFT) to obtain the DFT ϱ̂(k) of the charge
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distribution, then multiply with the DFT of the exact Green’s function for the
discrete Poisson problem (3.12) with periodic boundary conditions to obtain
the DFT of the electrostatic potential Φ̂(k), which assumes the following
form:
2πh2 l B kB T /e2

ϱ̂(k), k ̸= 0


X
2πk j
−3

cos
N
j
j∈{x, y,z}

Φ̂(k) = − 

(3.13)

Φ̂(0) = 0.

(3.14)

The desired real space representation of the electrostatic potential Φ(r )
results from applying inverse FFT to this Fourier space representation.
3.2.3. The Lattice-Boltzmann Method for Hydrodynamics
To solve Stokes’ equations (2.15, 2.10), Capuani et al. employ a compressible
single-relaxation-time Lattice-Boltzmann scheme [1]. We őnd that the extreme shear rates in double layers very close to no-slip boundaries Ð typical
features of EOF and electrophoresis, as discussed in Section 2.8 Ð lead
to unphysical slip using such a simple collison model. We instead use a
two-relaxation-time Lattice-Boltzmann scheme that minimizes these effects
and produces highly accurate results for EOF and electrophoretic mobilities,
even at moderate grid resolution [4].
To help readers understand these (unfortunately vital) details, we provide
a thorough introduction to the Lattice-Boltzmann method in the following
sections.
The Boltzmann Transport Equation
Lattice-Boltzmann does not directly discretize the Navier-Stokes equations
(2.12, 2.10), instead it approximates the Boltzmann transport equation. Our
aim for this section is to introduce the Boltzmann transport equation and to
illustrate how to recover the Navier-Stokes equations.
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The Boltzmann transport equation describes the time evolution of the
classical single particle phase space distribution. For non-interacting particles
(an ideal gas), it reads

F
d
f x (t), v (t), t = ∂ t f + v · ∇ x f + · ∇ v f = 0,
dt
m

(3.15)

where we have used the chain rule for the őrst equality. Recall that in phase
space, trajectories don’t cross, therefore you always őnd the same particles
along a trajectory. The Boltzmann equation for an ideal gas (3.15) expresses

exactly this fact Ð that the density along a phase space trajectory x (t), v(t)
stays constant.
In the case of scattering due to collisions of the particles amongst each
other, we introduce the collision operator C [ f ] which provides the change
of the phase space distribution due to interactions of the particles. Using the
collision operator, the Boltzmann transport equation states
∂t f + v · ∇x f +

F
· ∇ v f = C [ f ].
m

(3.16)

At őrst glimpse this equation seems simpler than the Navier-Stokes equations (2.12, 2.10) due to its linearity. The whole complexity of the problem is
hidden in the collision operator C which provides the change of an arbitrary
phase space distribution due to interactions of the constituent particles. This
object is exceedingly complex and there is no chance that we could model
it realistically. Luckily, that is not necessary, as any collsion operator which
conserves mass and momentum and acts locally (particles interact through
short ranged interactions) will reproduce the Navier-Stokes equations.
The simplest choice for a mass and momentum conserving collision operator is given by the so-called single relaxation time (SRT) collision operator

C [ f (x , v , t)] =


1  eq
f ρ(x ), u(x )) − f (x , v , t .
τ

(3.17)

with f eq the velocity distribution in thermal equilibrium Ð a Boltzmann
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P(v)

v

Figure 3.1.: Velocity distribution of molecules at two different position in
a typical subsonic room temperature ŕow. Blue: Fluid at rest
(close to a no-slip boundary). Red: Fluid at a position of őnite
velocity. The macroscopic ŕuid velocity represents only a small
perturbation to the thermal motion of the ŕuid particles.
distribution in the kinetic energy (with the same mass and average velocity
as the local ŕuid).
The assumption of a linear relaxation towards the equilibrium distribution
is certainly justiőed for typical subsonic ŕow problems at room temperature,
where the macroscopic ŕow velocity is small compared to the thermal velocities of the particles. Figure 3.1 depicts the velocity distribution of ŕuid
particles in this situation. Under these conditions, the SRT collision operator
can be understood as a linearization of the actual collision operator, which
is non-linear and highly complex.
Given the SRT collision operator, the Boltzmann transport equation reads
∂t f + v · ∇x f +

F
1
· ∇ v f = ( f eq − f ).
m
τ

(3.18)

To obtain the desired macroscopic quantities, such as the ŕuid density
ρ(x , t), and the ŕow velocity u(x , t), we have to integrate out the unnecessary microscopic degrees of freedom (the molecular velocities v ). One does
so by forming so-called hydrodynamic modes (products of f with powers of
v ). Applying this procedure to the Boltzmann transport equation as a whole,
yields information about the following macroscopic quantities:
R
0th mode R3 · f v 0 d3 v Ð Conservation of the particle number (continuity
equation),
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R
1st mode R3 · f v 1 d3 v Ð Conservation of momentum (Navier-Stokes equations),
R
2nd mode R3 · f (v − u)2 d3 v Ð Conservation of energy (Heat ŕux equation).

For the sake of brevity, we will explicitly carry out this calculation for the 0th
mode only1 :
∂t

Z

3

fd v

R3

Z

+ ∂αx

F
vα f d v + α
m
3

R3

=n

Z

∂αv

1
fd v =
τ

R3

= nuα

3

Z

f 0 − f d3 v

R3

=0

=0

Here we employ Einstein notation in the index α. Using the normalization of
the distribution function for the őrst term, the deőnition of the macroscopic
velocity u for the second term, the fact that f → 0 for |v| → ∞ for the third
term, as well as the fact that the equilibrium distribution f eq is chosen such
that it locally represents the same particle density as the non-equilibrium
distribution f for the fourth term, we end up with
∂ t n + ∂α (nuα ) = 0,

(3.19)

which in vector notation reads
ṅ + ∇ · (nu) = 0.

(3.20)

As expected, this matches the continuity equation (2.8) apart from units.
The result for the 2nd mode does not only yield the Navier-Stokes equations,
but also the relation between the relaxation time τ in the SRT collision
operator and the shear viscosity η of the ŕuid.

1
As opposed to the 0th mode, non-trivial expansions and truncations have to be carried out
for the higher modes.
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Lattice-Boltzmann
Lattice-Boltzmann uses a simple őnite difference discretization for the time
derivative in the Boltzmann transport equation (3.16):



f x (t) + v(t)∆t, v (t), t + ∆t − f x (t), v(t), t
d
f x (t), v (t), t ≈
dt
∆t
(3.21)

Using a regular grid for the spatial coordinate x , and a őnite number of
discrete velocities ci chosen such that they transport density populations
from one grid node to the next in one time step, yields the following explicit
propagation scheme:

 ∆t  eq

f x + ci , ci , t + ∆t = f x , ci , t +
f − f x , ci , t .
{z
} |τ
|
{z
}
streaming

(3.22)

collision

A typical choice for such a grid is the D3Q19 grid (3 dimensions, 19
discrete velocities) depicted in Figure 3.2.
The discrete scheme is naturally divided into two parts that can be continuously iterated: the streaming step (Figure 3.3), during which velocity
populations are moved to neighboring nodes according to their lattice velocity; and the collision step (Figure 3.4), during which the velocity populations
of one grid node are relaxed towards their local equilibrium distribution.
3.2.4. MRT and TRT Collision Operator
The difference between the SRT LB scheme employed by Capuani et al.
and the two-relaxation-time (TRT) LB scheme we employ lies in the discrete collision operator. Recall the discrete SRT collision operator from
Equation (3.22):
C [ f (x , ci , t)] =

66


∆t  eq
f − f x , ci , t
τ

(3.23)
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Further Reading
For more detailed derivations and further information about force terms,
boundary conditions, particle coupling, and thermalization, we recommend
Refs. [135, 136, 89, 88, 87].

3.3. Summary
In this chapter, we have introduced two methods to numerically solve the
electrokinetic equations, allowing for the accurate modeling of EOF, electrophoresis, and pressure driven ŕow.
The őrst one of these methods is based on the őnite element method
and solves the stationary electrokinetic equations using an adaptive grid
conforming to the system geometry. We use this method to model the glass
micro and nanocapillary systems which form the subject of our investigations
in Chapter 5, 6, 7, as well as further topics not part of this thesis [8, 39].
Unfortunately, the overhead from managing the unstructured grid used in
the őnite element method makes it unfeasible to couple this scheme with
MD simulations to ultimately produce a model for biomolecules in aqueous
electrolytes. This is why we spend considerable development effort on a
second scheme.
This second scheme is based on a combination of the őnite volume
method, őnite differences, discrete Fourier transforms, as well as the LatticeBoltzmann method for hydrodynamics. This LB-EK scheme was őrst proposed by Capuani et al. and used to investigate sedimentation and electrophoresis of charged spheres [1, 2]. We deviate from the original formulation of the method by Capuani et al. in a number of ways to extend its
applicability to nanopore systems involving electric őelds of much higher
magnitude. We document these improvements in Section 3.2, as well as
Chapter 4 and 9 and Refs. [3ś5].
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Chapter

4

Reducing Spurious Flow in
Simulations of
Electrokinetic Phenomena
The work detailed in this chapter is part of the following publication:
G. Rempfer, G. B. Davies, C. Holm, J. de Graaf. łReducing spurious
ŕow in simulations of electrokinetic phenomena.ž In: The Journal of
Chemical Physics 145.4 (2016), p. 044901.
URL: https://doi.org/10.1063/1.4958950
We show in this chapter that extreme care must be taken when discretizing
the electrokinetic equations, and that if the conventional form of the electrokinetic equations based on the available literature [34, 25, 33, 6, 2, 36,
37, 35, 31] is used, signiőcant errors arise. In the best case scenario, these
errors can be controlled by using highly reőned grids, requiring signiőcant
computational effort. In the worst case scenario, they lead to incorrect and
unphysical results.
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We will present a new model that reduces errors due to spurious ŕow at
constant computational cost by incorporating an additional gradient term
into the hydrodynamic part of the continuum electrokinetic equations. While
the problems and solutions we discuss are relevant to any discretization
method or non-equilibrium electrokinetic phenomenon, we illustrate the
issues and improvements using the two commonly used schemes discussed
in Chapter 3: a numerical solver for the time-dependent electrokinetic
equations őrst proposed by Capuani et al. [6], and a solver for the stationary
electrokinetic equations based on the őnite element method [36].
We carry out simulations of a stationary charged sphere in an electrolyte
solution using both methods. We show őrstly the presence of spurious ŕow
even in equilibrium, and then the corresponding reduction of spurious ŕow
by several orders of magnitude using our improved model that incorporates
a gradient term into the hydrodynamic part of the electrokinetic equations.
Finally, we simulate a charged nanopore system and show that the scheme including our proposed gradient term reproduces the correct physics, whereas
methods based on the current literature do not.

4.1. The Origin of Spurious Fluxes and Spurious Flows
Spurious ŕuxes appear both in the time-dependent electrokinetic model (Section 2.6) and the stationary electrokinetic model (Equation (3.1)), though
the magnitude and shape of these artifacts depend on the speciőcs of the
solver. They originate in the near-cancellation of different contributions to
the physical ionic ŕuxes and physical ŕuid ŕows in non-equilibrium situations,
and in the exact cancellation in equilibrium situations. Due to discretization
errors and limited arithmetic precision, such scenarios involving near/exactcancellation are hard to treat correctly in numerical schemes.
Consider a system in thermodynamic equilibrium where all ŕuxes and
ŕows vanish. Assuming that the ŕow velocity actually is zero in the FEM
solution, for the ŕux expression 2.7 to vanish, its őrst and second term should
cancel. Let [c] be the degree of the polynomial ansatz functions for the ionic
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concentrations, and [Φ] that for the electric potential, then these two terms
should be of the same degree. This yields a relation for the polynomial
degrees of the ansatz functions. Poisson’s equation (2.17) yields a similar
expressions, and these expressions read
[c] − 1 = [c] + [Φ] − 1,

(4.1)

[Φ] − 2 = [c].

(4.2)

The only way to fulőll these equations simultaneously is to set [c] = −2
and [Φ] = 0, neither of which is a viable choice: the former because having
a polynomial of order −2 is impossible; and the latter because a piecewise
polynomial of degree 0 (i.e., a constant) is not compatible with the weak form
of the electrokinetic equations typically used in őnite element simulations,
which contain a gradient term in the electrostatic potential. This means
that the conditions necessary to eliminate spurious ŕuxes exactly cannot be
realized in an FEM simulation of the type described in Section 3.1. Similar
issues prevent the pressure gradient and external force Equation (2.16) in
Stokes’ equations (2.15) from canceling, which leads to spurious ŕow.
Discretization errors manifesting themselves in this manner in FEM simulations is entirely expected. Only if the exact (strong) solution could be
represented as a linear combination of the ansatz functions could this effect
be avoided. One way to minimize these effects is to simply increase the grid
resolution. This works because polynomials of different order can better
approximate one another on smaller domains. The required increase in grid
resolution to sufficiently suppress spurious ŕow and ŕuxes far exceeds the
resolution necessary to accurately treat the gradients in the double layer, and
therefore comes with a hefty increase in calculation time, which is extremely
undesirable.
Despite the fact that in the Capuani et al.[6] scheme there are no ansatz
functions, spurious ŕuxes still occur due to the near cancellation of the two
terms in the diffusive ŕux expression (2.6). Spurious ŕows still occur because
of the near cancellation between the pressure gradient and the applied force
in Stokes’ equations (2.15). The coupling of the ionic ŕux (2.7) and the
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hydrodynamic ŕow (2.15) further enhance both these artifacts.

4.2. Problems with the Literature Remedy
Before we move on to the main results of this chapter, namely the reduction
of spurious ŕow in simulations of electrokinetic phenomena in both timedependent solvers and őnite element method solvers, we must őrst present
some results regarding the time-dependent solver based on FVM, FDM, and
LBM introduced by Capuani et al. [6] and described in Section 3.2.
Capuani et al. propose a reformulation (4.3) of the diffusive contribution
to the ŕux expression (2.7) to reduce spurious ŕuxes [6]. However, we
show here that this reformulation (4.3) is only strictly equivalent to the
diffusive contribution of the physical ŕux (2.6) in the continuum limit and
leads to higher-order errors in the discretized version (3.8). These higherorder contributions are in fact unbounded and increase exponentially with
the local electric őeld. In the investigations by Capuani et al. concerning
electrophoresis and sedimentation of charged particles [6, 2], the local
electric őelds were sufficiently small to suppress these errors. However, this
reformulation is undesirable in simulations where large electric őelds appear,
e.g., in the simulation of nanopores, as we will demonstrate in Section 4.4.
Capuani et al. calculate the discrete ionic ŕuxes between neighboring grid
nodes using a őnite difference approximation of the diffusive ŕux expression
(2.6). Deviating from our description of the algorithm in 3.2, they transform this continuum expression into the following form instead of directly
discretizing it:
j±diff = −D± exp



 


−z± eΦ(r )
z± eΦ(r )
∇ c± (r ) exp
kB T
kB T

(4.3)

They claim that this form of the expression suppresses spurious ŕuxes, since
the gradient is applied to an approximately constant term if the concentrations are close to equilibrium, thus minimizing numerical errors.
After applying a symmetric őnite difference discretization over the link
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between two neighboring nodes, this expression becomes





z± eΦ(r )
z± eΦ(r + di )
D±
exp −
+ exp −
×
2 |di |
kB T
kB T





z± eΦ(r + di )
z± eΦ(r )
− c± (r + di ) exp
.
c± (r ) exp
kB T
kB T

diff
j±,i
(r ) =

(3.8)

diff
Here j±,i
(r ) denotes the ŕux of species ± from the node at position r to its
neighbor at position r + di .
To illustrate that this discretized expression is in fact not equivalent to the
direct discretization of the diffusive ŕux (4.6), consider the ŕux of a single
homogeneously distributed species of concentration c :

jidiff (r ) =






zeΦ(r + di )
zeΦ(r )
Dc
exp −
+ exp −
×
2|di |
kB T
kB T





zeΦ(r + di )
zeΦ(r )
exp
− exp
kB T
kB T

(4.4)

By setting ∆i Φ(r ) := Φ(r + di ) − Φ(r ), this can be expressed as


ze∆i Φ(r )
Dc
sinh −
|di |
kB T

∆i Φ(r )
D
=−
cze
+ O ∆i Φ(r )2 ,
kB T
|di |

jidiff (r ) =

(4.5)

from which one recovers the correct expression j diff = −µcze∇Φ to őrst
order only. The error grows exponentially with the potential difference of
neighboring cells ∆i Φ, which results in an additional upper limit for the grid
spacing, depending on the maximum of the electric őeld in the system.
It is worth noting that this higher-order effect only occurs in non-equilibrium
situations and does not change the equilibrium distribution, as can be seen
by setting the ŕux in the discrete expression (3.8) to zero and separating
the expressions involving the concentrations and the potentials. The fact
that typical test cases for this algorithm either involve equilibrium systems
or linear responses with small electric őelds is most likely the reason why
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this deőciency remained undetected for so long.
In order to eliminate this unbounded, exponentially increasing error in
the scheme by Capuani et al. [6], we instead employ a direct discretization
of the diffusive part of the physical ŕux (2.6) using a őnite difference scheme
for the gradient across the links, connecting the nodes at position r and
r + di :
diff
j±,i
(r ) = −D±

c± (r ) − c± (r + di )
|di |
c± (r + di ) + c± (r ) Φ(r + di ) − Φ(r )
×
− µ ± z± e
2
|di |

(4.6)

In order to illustrate the differences between the scheme by Capuani et al.
(3.8) and our modiőed expression (4.6), we simulate a system consisting
of two parallel no-slip plates containing a homogeneous density of a single,
uncharged species. A spatially and temporally constant force density acting
on the dissolved species along the channel creates a parabolic ŕow proőle.
The fact that the dissolved species is uncharged allows it to remain homogeneously distributed, which in turn causes the Fickian diffusion term in
the ŕux density (2.7), −D∇c , to vanish. This system corresponds exactly to
the well-known Poisseuille ŕow setup Ð the homogeneous neutral species
merely acts as a means to apply a homogeneous force density to the ŕuid.
The ŕuid’s viscosity and the solute’s diffusion coefficient were chosen such
that the magnitudes of advective and diffusive/migrative transport are approximately equal (Pe = 1). In this setup, the potential Φ is not given by
Poisson’s equation but instead just prescribed externally.
Figure 4.1 shows how the reduced ŕux density j̃ = jh/(µckB T ) varies with
the reduced force density f˜ = f h/kB T for the above described Poiseuille ŕow
system, where h denotes the grid spacing and µ the solute’s mobility. The
colored regions of Figure 4.1 show the analytical results. The blue region
shows the advective contribution to the reduced ŕux, j̃ adv , which is identical
in both our direct discretization scheme and in the Capuani et al. scheme,
since the ŕuid motion is solved by a lattice-Boltzmann solver in both cases and
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by the red colored region.
It is important to note that in many systems, including the ones investigated by Capuani et al. [6], the difference is negligible. However, these errors
become signiőcant and important in systems involving strong local electric
őelds, such as the much researched biological and solid state nanopores.
These pores typically connect reservoirs of an electrolyte solution otherwise separated by a thin membrane. Due to the high conductivity of the
electrolyte, most of the voltage drops at the nanopore, creating very strong
local electric őelds. Typical measurements include the ionic current through
the nanopore as well as the electroosmotic ŕow. Both of these are nonequilibrium effects and therefore suffer from the discussed discretization
errors.
In non-equilibrium situations, we therefore recommend that our direct
discretization method (Equation (4.6)) be used. In Section 4.6, we carry
out several simulations using the time-dependent solver based on FVM,
FDM, and LBM introduced by Capuani et al. [6] and described in Section 3.2.
When carrying out these simulations, we use the direct discretization method
(4.6) that we propose here, rather than the ŕux reformulation method (3.8)
presented by Capuani et al. [6]

4.3. Demonstration Systems
To illustrate the issues with spurious ŕuxes and ŕows, we simulate two
systems. The őrst is a commonly encountered system, a charged sphere at
rest immersed in an electrolyte solution.
Section 4.3.1 describes the simulation set up and parameters we use when
carrying out time-dependent simulations based on FVM, FDM, and LBM
introduced by Capuani et al. [6] and described in Section 3.2, incorporating
our direct discretization improvements as described in the previous Section 4.2. Section 4.3.2 describes the simulation setup and parameters used
in őnite element simulations of the charged sphere system.
The second system we simulate is a charged nanopore. Section 4.4 de-
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scribes the simulation setup and methods of a charged nanopore system,
which we simulate to illustrate how spurious ŕuxes and ŕows can completely
invalidate simulation results. For this system, we only carry out őnite element
simulations.
4.3.1. Time-Dependent LB-EK Simulations of a Charged Spherical Colloid
We use the time-dependent LB-EK solver for the electrokinetic equations as
described in Section 3.2. The speciőcs of the investigated system consisting
of a charged sphere at rest in an electrolyte solution enter the simulation
through initial and boundary conditions, as well as material parameters.
The ŕuid velocity, as well as the normal ŕux of ionic species at the sphere’s
surface is zero (no-slip and impermeable). We introduce the sphere’s surface
charge by charging the outermost layer of the boundary nodes accordingly.
The simulation domain is a cubic box, whose outer boundaries are periodic
in all directions. Our own numerical experiments have shown that a distance
of 5λ D , between the sphere’s surface and the periodic boundary is sufficient
to eliminate őnite-size effects if the system is charge neutral. We ensure
charge neutrality by adding the necessary amount of counterions in addition
to the salt ions.
We use two oppositely charged monovalent ionic species at equal concentrations of c̄± = 1 mmol/l resulting in a Debye length of λ D = 9.7 nm for a
Bjerrum length of l B = 0.7 nm (water at 300 K), and a sphere of radius 10 nm
with a surface charge σ = −0.03 C/m2 . These are typical parameters for
experimental systems. The grid resolution is h = 1 nm, sufficient to resolve
the Debye length.
4.3.2. Finite Element Simulations of a Charged Spherical Colloid
The parameters and boundary conditions in the őnite element simulation
of the stationary electrokinetic equations 3.1 are the same as described
above. The only difference we make is at the outer boundary, where we
model a bulk ŕuid instead of a periodic system: we set the ionic species’
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concentrations to their bulk value, the electrostatic potential to zero, and
require the normal stress of the ŕuid to vanish. Setting the normal stress
to zero implies no momentum exchange with the outer boundary, but still
allows ŕuid ŕow through the boundary. This is possible because momentum
is only transported through viscous friction and not through convection in
Stokes’ equations (2.15). Charge neutrality is not enforced explicitly but is
achieved through the coupling with the reservoir at the outer boundary for
sufficiently large simulation domains.
We take advantage of the fact that the domain can be divided nonuniformly and use much smaller mesh elements in the region close to the
sphere’s charged surface, where we expect strong gradients in all of the
őelds. At the sphere surface, we place mesh elements of size λ D /20 and
gradually increase the element size to λ D /4 at a distance of 90 nm from the
sphere’s surface at the outer domain boundary, where we expect bulk-like
behavior. We can afford such a high resolution by taking advantage of the
cylindrical symmetry of the system. As ansatz functions, we use piecewise
polynomials of degree 3 for the ionic concentrations, degree 2 for the electrostatic potential, and degree 2 and 1 for the ŕuid velocity and pressure,
respectively.

4.4. Simulations of a Nanopore
As an example with particularly pronounces spurious ŕow, we simulate a
charged nanopore system that comprises two electrolyte reservoirs connected
by a pore in the shape as depicted in Figure 4.2. The inner boundaries of the
nanopore (No. 2, yellow) carry a negative surface charge σ = −0.01 C/m2 .
We apply a potential difference to the pore by setting the electrostatic potential to 0 V at the lower bulk boundary condition (No. 1, blue) and to a
non-zero voltage at the upper bulk boundary.
We use the same condition of no normal stress for the ŕuid as in the
sphere system described in Section 4.3.2. The remaining boundaries at the
membrane separating the reservoirs and along the sides of the simulation

80

4 | Reducing Spurious Flow in Simulations of Electrokinetic Phenomena

mesh elements at all but the bulk boundaries. These two meshes result in
discretized equation systems with 26, 895 and 367, 431 degrees of freedom,
respectively.
In Section 4.7, we will show that one obtains similar results for the coarse
and őne grid simulation if one implements the improved ŕuid coupling
(4.10), which we introduce in Section 4.5, and that the results differ wildly
using the traditional ŕuid coupling (2.16).

4.5. An Improved Fluid Coupling to Reduce Spurious Flow
In order to reduce the magnitude of spurious ŕow, we propose a correction
to the ŕuid coupling force (2.16), which does not eliminate spurious ŕow
entirely, but decreases it by several orders of magnitude without increasing
the computational cost, in contrast with the transformation (3.8) involving exponentials employed by Capuani et al. [6] We demonstrate that in
typical applications, this reduction of the magnitude of the artifacts is sufőcient to obtain correct results in simulations of electroosmotic ŕow and
electrophoresis.
We modify the hydrodynamic driving force (2.16) so as to minimize the
spurious ŕow contribution to the ŕuid velocity őeld u . Note that Stokes’
equations (2.15) possess a symmetry that allows us signiőcant freedom in
choosing this force term f , as any force term modiőed only by a gradient
őeld will not change the resulting velocity őeld u .
To explain this, consider Stokes’ equations:
η∇2 u = ∇p − f ,
∇ · u = 0.

(2.15)
(2.10)

Note that both the velocity u and the pressure p are unknowns and that p
needs to be chosen in such a way, that the solution for the velocity őeld u
in Equation (2.15) also fulőlls the incompressibility constraint (2.10). For
appropriately chosen boundary conditions, the solutions for u and p are
unique (apart from a constant offset in the pressure). We can therefore add
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any gradient őeld ∇ω to the force density
η∇2 u = ∇(p′ − ω) − f ,
| {z }

(4.7)

p

because this gradient őeld can be absorbed into the pressure gradient. Due
to the uniqueness of solutions, this modiőed pressure őeld p′ − ω has to
match the solution for the pressure p from the unmodiőed Stokes’ equations
(2.15), and the velocity őeld u remains unchanged.
Another argument for the same fact is based on the Fourier-space representation of Stokes equations:
η(−k2 )û = ik p̂ + fˆ∥ + fˆ⊥ ,
i〈k, û〉 = 0

(4.8)
(4.9)

Here, û and p̂ denote the Fourier transforms of the ŕow őeld u and pressure
őeld p. We have split the Fourier transform of the force density into a component fˆ∥ parallel to the wave vector k , and a component fˆ⊥ perpendicular
to it.
The incompressibility constraint (4.9) requires that û not have a component parallel to k , while Stokes equations (4.8) show that û consists of a
component perpendicular to k due to fˆ⊥ , as well as a component parallel
to k due to p̂ and fˆ∥ . The only way both equations (4.9) and (4.8) can
simultaneously hold is if the pressure p̂ exactly cancels the ŕow contribution
due to fˆ∥ . In the real space representation, this force component fˆ∥ is exactly
that component of the force f , that derives from the gradient of a scalar
őeld. This proves that any gradient őeld component of the force f will be
canceled by a pressure buildup and not inŕuence the ŕow őeld.
To reduce the issues with spurious ŕow, we propose an extension of the
hydrodynamic driving force (2.16) in the form of a gradient őeld corresponding to the ionic species’ ideal gas pressure. The hydrodynamic driving force
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extended in this way reads
f =−

X

(kB T ∇c± + z± ec± ∇Φ) .

(4.10)

±

The advantage of this choice is that the force density acting on the ŕuid
vanishes in equilibrium. To explain this property, note that by deőnition,
both the ŕow velocity and the ionic ŕuxes vanish in equilibrium
j± /µ± = − kB T ∇c± − z± ec± ∇Φ = 0,

(4.11)
(4.12)

u = 0.

Stokes’ equations (2.15) for this equilibrium situation reveal that the modiőed force density (4.10) does not lead to a pressure build-up
0 = ∇p +

X
±

(kB T ∇c± + z± ec± ∇Φ).
|
{z
}

(4.13)

z± ec± ∇Φ.

(4.14)

=0

The common coupling force (2.16) on the other hand, does not vanish in
equilibrium and must be countered by a pressure build-up in the ŕuid to
fulőll the condition of zero ŕow velocity
0 = ∇p +

X
±

This effect is especially strong in electric double layers, where the charge
density and electrostatic potential gradients are large. In numerical schemes,
exact cancellation, especially when gradients are involved, is usually problematic. If the discretization does not allow for this to be fulőlled exactly,
spurious ŕow must occur. But even if the discretisation scheme would allow
for this cancellation, numerical errors can still cause spurious ŕow.
Finally, we should remark that our proposed corrected coupling force
(4.10) can be expressed via the diffusive ŕux (2.6) or the chemical potential
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(2.5)
f =

X

j±diff /µ± = −

±

X

c± ∇γ± .

(4.15)

±

The őrst equality allows one to interpret the modiőed force density (4.10) as
a friction coupling, since the diffusive ŕux normalized by the ions’ mobility
j±diff /µ± represents exactly the drag force acting between the ions and the
ŕuid. The second equality demonstrates that our proposed modiőed force
density (4.10) is the net thermodynamic driving force, which must vanish
in equilibrium.
Using the modiőed force density, Stokes’ equations read
η∇2 u = ∇p′ +

X

(kB T ∇c± +z± ec± ∇Φ).

(4.16)

±

|

{z

=∇p

}

4.6. Resulting Reduction in Spurious Flow
To demonstrate the improvement offered by our new coupling force, we
simulate a charged sphere in an electrolyte solution using both the timedependent LB-EK scheme by Capuani et al. [6] as described in Section 3.2
and 4.3.1, and the FEM solver as described in Section 3.1 and 4.3.2.
In this system, ions of opposite charge to the sphere form a double layer
in the vicinity of the sphere’s surface. After a period of time, all ions will
have rearranged into an equilibrium conőguration. In the absence of any
external forces, the system should then be completely at rest.
This exact equilibrium solution for both methods requires the ŕuid pressure gradient to cancel the ŕuid coupling force, as demonstrated by Equation (4.14) for the traditional coupling force (2.16), and by Equation (4.13)
for the corrected coupling (4.10). Due to discretization errors, spurious
ŕuxes and ŕows occur, as described in Section 4.1.
Figure 4.3 shows the comparison between the traditional force coupling
term (2.16) and our improved force coupling term (4.10) using FEM sim-
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errors vary from 8.69 × 10−9 a.u. to 3.82 × 10−4 a.u., which represents a
reduction by a factor of 20. However, the true reduction in the cancellation
error is actually much larger than this because the largest errors occur at
the sphere’s surface, the value of which we are unable to evaluate due to
difficulties in calculating the pressure gradient at a no-slip boundary using
the LB-EK scheme. We show later in this section that the true reduction in
the cancellation error is a factor of 125.
Due to the linearity of Stokes’ equations (2.15), the spurious ŕow decreases
by the same factor as the cancellation errors shown in Figure 4.3 and 4.4.
Therefore, we expect a two order of magnitude reduction in the spurious ŕow
velocity using our improved scheme (4.10) as compared with the traditional
coupling scheme (2.16). It should be noted that the converse is true: a
reduction in spurious ŕow of a factor α implies a reduction in the cancellation
error by the same factor α.
Figure 4.5 shows the ŕow őelds obtained from the FEM simulation for the
traditional coupling (2.16) (left-hand side) and our improved coupling (4.10)
(right-hand side). Since these are simulations of an equilibrium system, the
exact solution for the ŕow őeld is a ŕuid at rest. The spurious ŕow velocity
using the traditional scheme (2.16) varies from 0 m/s to 7.83 × 10−5 m/s at
the sphere’s surface, while in our improved scheme (4.10) (right-hand side),
the maximum spurious ŕow velocity varies from 0 m/s to 5.01 × 10−7 m/s,
which is the 2 orders of magnitude reduction that we expect.
The black ŕow lines denote the shape of the ŕow őeld, while the blue
color denotes the ŕow magnitude. Figure 4.5 shows that, as expected, the
spurious ŕow velocity for the corrected ŕuid coupling (4.10) (right-hand
side) is reduced by the same factor as the cancellation error between the
pressure gradient and the coupling force. For comparison, the ŕow resulting
from the simulations with the traditional ŕuid coupling (2.16) is shown
on the left-hand side: there is a two orders of magnitude difference in the
spurious ŕow velocity between the traditional coupling and our improved
coupling.
The ŕow őeld from the simulations using the LB-EK scheme and corresponding to Figure 4.4 is shown in Figure 4.6. Using the traditional
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the net ŕuid ŕow through the nanopore. The ŕow is caused exclusively by the
applied voltage difference through electroosmosis, as we keep the pressure
at the upper and lower reservoir boundary the same. The electroosmotic
ŕow is created at the inner pore boundaries (No. 2 in Figure 4.2) Ð the
only charged boundaries in the system. These boundaries are negatively
charged, and the electroosmotic ŕow is therefore oriented in the direction of
the electric őeld. We expect ŕow in the positive direction for positive voltage
bias, no ŕow in the case of no bias, and ŕow in the negative direction for
negative voltage bias. This is because there is an excess of positive ions in the
double layer in the vicinity of the charged nanopore surface. These positive
ions move in the direction of the applied electric őeld, in turn driving ŕuid
ŕow in the same direction.
Figure 4.7 shows the net ŕuid ŕow through the pore as a function of the
applied voltage bias for all combinations of coarse and őne mesh, as well as
traditional (2.16) and improved (4.10) ŕuid coupling. For the combination
of (i) coarse mesh and the traditional ŕuid coupling (2.16) (blue squares),
spurious ŕow dominates the ŕuid behavior, leading to completely incorrect
results, including ŕow in equilibrium: for zero applied voltage bias, the net
ŕow rate should be zero, which is not the case.
A common technique to reduce spurious ŕow is to increase the grid resolution, at signiőcant computational cost. In this nanopore simulation, the setup
using the őne mesh results in an equation system with 367.431 unknowns,
while the setup using the coarse mesh results in only 26.895 unknowns,
making the őne-mesh simulation at least a factor of 13.7 times more expensive, possibly much more if a linearly scaling solver can not be used. For the
combination (ii) a őne mesh and traditional ŕuid coupling (2.16) (green
diamonds), the results are indeed physically sensible with a net-ŕow rate of
zero for zero applied voltage bias.
The third combination (iii) of a coarse grid and our improved coupling
term (red circles) highlights the importance of our results. Our improved
coupling force (4.10) is able to reproduce the same physics as (ii) without the
increase in computational cost that comes with increasing the grid resolution,
as we predicted in Section 4.5. We measure a factor 14 speedup in calculation
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our improved coupling (iii), and at the same time reduces computational
cost compared with a őne mesh and traditional coupling (ii).

4.8. Summary
We have shown both theoretically and numerically that simulations of electrokinetic phenomena frequently suffer from spurious ŕow and spurious
ŕuxes that can distort results and make their numerical treatment unnecessarily costly. We have also shown that previous approaches to suppress
these artifacts by Capuani et al. [6] produce correct solutions to the electrokinetic equations only in equilibrium and incur higher-order discretization
errors in non-equilibrium situations that grow exponentially with the local
electric őeld and the grid size. While these errors remain small for typical
simulations, such as for the electrophoresis of charged colloids, they can
be signiőcant in simulations of nanopores, where strong local electric őelds
exist. We demonstrated that a direct discretization of the relevant equations
eliminates these exponentially unbounded errors.
Finally, we have proposed a method to reduce spurious ŕow in numerical
simulations of electrokinetic phenomena. Our method involves adding an
additional gradient term to the ŕuid coupling in the electrokinetic equations,
namely the gradient of the ions ideal gas pressure. We demonstrated that
due to a symmetry of the electrokinetic equations, this change does not
affect the solutions for the ŕuid velocity, but does decrease spurious ŕow by
several orders of magnitude using both the time-independent LB-EK solver by
Capuani et al. [6] and a őnite element solver to simulate a charged sphere in
an electrolyte solution. We veriőed the advantages of our improved coupling
scheme with simulations of a nanopore, showing that using our improved
coupling method with a coarse mesh produces the same results as using a
őne mesh and the traditional coupling scheme used in the literature to date,
but with more than an order of magnitude reduction in computational cost.
Our results have particularly important implications for the numerical
simulation of non-equilibrium phenomena such as electroosmotic ŕow in
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nanopores. If simulations are carried out according to the commonly-used
algorithms in the present literature, they may lead to inaccurate and unphysical results.
The signiőcant improvements in stability and computational cost achieved
through the improvements detailed in this chapter ultimately allow us to
reach physically relevant length scales ranging from 100 µm to 1 cm. These
investigations are detailed in Chapter 5, 7, and 6, as well as a number of
publications [7ś9], some of which are not discussed in this thesis.
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Chapter

5

Electrokinetic Effects in
Conical Nanopores
The work detailed in this chapter is part of the following publication:
G. Rempfer, S. Ehrhardt, C. Holm, J. de Graaf. łNanoparticle Translocation through Conical Nanopores: A Finite Element Study of Electrokinetic Transport.ž In: Macromolecular Theory and Simulations 26.1
(2017), p. 1600051.
URL: https://doi.org/10.1002/mats.201600051
After having introduced the necessary theory and computational methods
in Chapter 2 and 3, we will spend the remainder of this thesis discussing a
number of applications in the őeld of micro and nano-ŕuidics. Speciőcally, we
will investigate the ability of glass micro and nanocapillaries to manipulate
and characterize molecules and colloidal particles.
The use of microŕuidic structures to characterize colloidal particles, by
measuring the dip of the ionic current as the particle moves through a
channel, has a long history, dating back to the simple Coulter counter for
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red blood cells [137ś140, 16, 141]. This phenomenon is well-understood
in the simple channel geometry and known to be related to the exclusion
of ions from the conduit leading to a lower current, i.e., a modiőcation of
the resistance. Breakthroughs in fabrication have pushed the boundaries
of traditional microŕuidic devices to the nanoscale. Nanopores, especially,
have received considerable attention because they are often envisioned to
enable low-cost DNA sequencing [142]. Understanding the principles of
DNA translocation through a nanopore using theoretical and numerical
modeling is, sadly, exceptionally challenging [143ś147, 29, 148ś150, 129,
74, 7]. In addition, fully accurate sequencing of large strands of DNA has
not been achieved to date, which raises questions concerning the feasibility
of pore-based characterization [151].
However, conduit current measurements of nanoparticles translocating
through (conical) nanopores have recently been experimentally achieved
and theoretically modeled [14, 18, 11, 16, 15, 152]. This problem also
appears simpler than molecular translocation, as it can be investigated by
solving the coupled system of electrokinetic (Stokes, Poisson, and NernstPlanck) equations with appropriate boundary conditions. It was found that
electrokinetic simulations capture experimental results on translocation
of nanoparticles well. This has led to further investigation, in which the
sensitivity of the modulations in the ionic current conducted by the pores
during the translocation process was exposed [14, 15, 152]. Finally, means
by which to control the translocation process have been investigated [17].
Unfortunately, the complicated geometrical problem posed by a nanoparticle
translocating through a nanopore makes it difficult to get a handle on the
problem analytically and generally one must resort to numerical methods.
Even the simpler problem of pure electroosmotic ŕow (i.e., without a DNA
or nanoparticle) through a nanopore can only be analytically tackled in
highly simpliőed geometries using rough approximations [38, 13]. Recent
experimental studies have shown that even these relatively simple systems
comprised of only a conical nanopore display rich behavior when they are
immersed in a saline solution and an electric őeld is applied. Namely, these
asymmetric pores have the ability to rectify current and ŕow and are a ŕuid-
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dynamic analogue of a diode [153ś155, 38, 13]. Numerical approaches
and limited theoretical work have proven quite successful in capturing the
experimental trends and furthering understanding of the underlying physical
principles [156ś158, 38, 13].
In this chapter, we solve the electrokinetic equations numerically using the
LB-EK and FE method as discussed in Chapter 3 to investigate the problem
of current and ŕow rectiőcation in conical nanopores. We thus remain in the
regime, for which previous studies have shown the electrokinetic equations to
perform well in describing experiments. We will start out with a qualitative
discussion of the relevant electrokinetic effects using a simpler model for a
low-aspect-ratio pore based on the LB-EK method. This simple model will
also illustrate the need for large-scale simulations using a suitable adaptive
resolution scheme.
We will then develop such an adaptive resolution scheme based on the
őnite element method, where we use improved meshing and the improved
ŕuid coupling introduced in Chapter 4 to allow for accurate simulation of
large nanopores, as e.g. considered in the Keyser group [10, 11]. We will
diligently characterize properties of the model, such as őnite-size effects
and the accuracy of the low Péclet number approximation before using the
model to investigate the electrokinetic effects of these glass capillaries.
Ultimately, this leaves us with a trustworthy computational model, capable
of faithfully reproducing experimental results for conical glass micro and
nanocapillaries. In the following Chapter 6 and 7, we will then employ
this model to investigate the ability of glass micro and nanocapillaries to
characterize and manipulate colloidal particles and (bio-)molecules.

5.1. LB-EK Model for Conical Low-Aspect-Ratio Pores
Consider a low-aspect-ratio nanopore like the one depicted in Figure 5.2
and 5.1 with an oriőce radius comparable to the Debye length and negative
surface charge. The parameters for the system discussed here are similar
to the ones detailed in Section 5.2 but not of importance to the following
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qualitative discussion.
Figure 5.2 shows that the double layer (red) of the charged pore and
barrier surface (black) undergoes signiőcant polarization upon application
of a voltage, even assuming a charge of equal sign to the negatively charged
surface (blue) for high voltages. Figure 5.1 shows that this double layer
polarization causes near complete voltage drop over the barrier, as well as
focusing of the electric őeld and enormous electric őeld strengths in the
pore. Note that this effect is purely a result of double layer polarization, as
the model does not allow for dielectric contrast between the ŕuid and the
barrier.
These enormous őeld strengths at the pore cause another another peculiar
polarization effect for voltages of 0.6 V and above: there are regions of
opposite charge to the (already polarized) double layer on both sides of the
barrier in front of the nanopore, where the fast transport of ions through
the pore due to the electric őeld exceeds the diffusive replenishing of ions
from the bulk reservoir. The negative surface charge of the pore and barrier
break the symmetry and make this region much more pronounced on the
positive voltage end.
For low voltages, the EOF assumes the expected shape, following the direction of the electric őeld. For higher voltages, however, a region of opposite
ŕow with recirculating vortices develops at both ends of the pore. This
ŕow structure can be explained by the two polarization effects mentioned
previously. As Figure 5.1 shows, the electric őeld at the pore oriőces possesses a component parallel to the barrier, which drives EOF towards the
pore (in direction of the electric őeld) at the positive voltage side, where
the double layer is positively charged. At the negative voltage side, where
the double layer is negatively charged, EOF is also driven towards the pore
(opposite to the electric őeld). The polarization region oppositely charged
to the double layer directly in front of the pore further enhances the vortices,
which explains why they form for voltages as low as 0.4 V on the positive
voltage side, where this region is more pronounced, while 0.8 V or more are
required to form vortices at the low voltage side, where the polarization
region is less pronounced.
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Figure 5.2.: Simulations of double layer polarization and EOF in a conical
low-aspect-ratio nanopore using the LB-EK algorithm.
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5.2. FEM Model for Glass Micro and Nanocapillaries
We are now going to use the FEM scheme introduced in Section 3.1 to
produce a model for glass micro and nanocapillaries that does not suffer
from the same limitations as the one based on the LB-EK scheme.
5.2.1. Geometry, Boundary Conditions, Material Parameters, and Solver
Let us start by introducing the boundary conditions that specify the nanocapillary. Figure 5.3 shows the system under investigation, a conical nanocapillary
connecting two reservoirs, which models the experimental setup of Laohakunakorn et al. [38] We employ cylindrical coordinates: radial r and axial z ,
with respective unit vectors r̂ and ẑ . A conical nanocapillary with length
L = 20 µm, angle α = 5°, and oriőce radius rm , which we vary from 7.5 nm
to 150 nm, extrudes from a circular barrier of radius R = 2.5L and width
W = 0.15L , separating two hemispherical reservoirs containing aqueous
saline solution (teal), see Figure 5.3a. Circular arcs with a (smoothing)
radius R1 connect the capillary surface to the barrier (gray), see Figure 5.3a.
Likewise, we use circular arcs with a smoothing radius R2 to connect the
inner and outer capillary surface to the ŕat front, see Figure 5.3. The relative
permittivity of the solution is homogeneous and is assumed to be that of
water, ϵr = 78.5, while the capillary and barrier have ϵr = 4.2 to match that
of silica. The capillary carries a surface charge density σp = −0.125 e/nm2
(yellow), which agrees with typical experimental values [38, 13].
We impose no-slip boundary conditions (u = 0) on the surface of the
capillary, barrier, and sphere; and vanishing normal stress at the edges of the
reservoirs (red, blue), see Figure 5.3a. The condition of vanishing normal
stress at the reservoir boundaries prevents momentum exchange with the
reservoirs, while still allowing ŕuid ŕow into and out of the reservoirs. This
is possible since momentum in Stokes’ equations (2.15) is only transported
through hydrostatic pressure and viscous stress, but not through convection.
We include two ionic solute species with valencies z± = ±1 and diffusion
coefficients D± = 2 × 10−9 m2 s−1 , corresponding to those of K+ and Cl− . The
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ions’ mobilities result from the Einstein-Smoluchowski relation [91, 92] with
a temperature T = 298.15 K. We apply no-ŕux boundary conditions at the
capillary, barrier, and sphere and impose bulk ionic concentrations cs ranging
from 1 × 10−4 M to 1 M at the reservoir boundaries, see Figure 5.3a.
We also use the reservoir boundaries to impose an external electric őeld,
driving ion currents and EOF through the pore. We apply constant electric
potential boundary conditions to both reservoir boundaries, setting the
lower reservoir boundary (blue) to the reference voltage of 0 V and applying
voltages in the range of −1 V to 1 V to the upper reservoir boundary (red).
Consequently, positive voltages correspond to an electric őeld pointing from
the capillary oriőce into the bulk (in the direction of −ẑ ), while for negative
voltages the E -őeld points in the direction of ẑ . Henceforth, we will discuss
the direction of the E -őeld in terms of the sign of the applied voltage. We
employ surface-charge boundary conditions on the sphere (orange) and pore
(yellow), while the barrier carries no surface charge (black) and there is a
smooth transition between the capillary and the barrier, see Figure 5.3a.
Using the FEM to solve the electrokinetic equations numerically, as described in Section 3.1 with the mesh from Section 5.2.2 leaves us with a
coupled system of non-linear equations detailed in Equation (3.6). Whether
the Newton iteration scheme (3.7) used to solve this system converges,
depends on the prescribed boundary conditions, the mesh, and the initial
guess for the solution. For the system introduced here, with a mesh suitably
discretizing the double layers as described in Section 5.2.2, and negative
applied voltages, convergence is achieved with a very simple initial guess for
the solution, namely the constant őelds u = 0, Φ = 0, and c± = cs . Positive
applied voltages require a better initial guess. We start with simulations
for negative applied voltages as low as Umin = −1 V, increasing the voltage
in steps of ∆U = 0.1 V up to Umax = 1 V, using each run’s solution as the
initial guess for the next. With this approach, we achieve convergence for all
parameter sets without any further manual input.
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mesh like the one depicted in Figure 5.4. Highly anisotropic triangular
elements lead to ill-conditioned equation systems after discretization through
the FEM, which is why we discretize the double layers using quad elements,
as we found this approach useful for other őnite-element calculations as
well [39, 3, 44, 7, 159]. This allows us to discretize the large gradients in
the normal direction of the charged surfaces optimally, while at the same
time taking advantage of the slow variation of the őelds parallel to these
surfaces. The thickness of the quad layer linearly decreases towards the
capillary oriőce, since this layer would otherwise make contact with the
simulation domain boundary at r = 0, which would introduce at least one
highly anisotropic triangular element.

5.3. Quantifying the Model Accuracy
We have performed a detailed analysis of inŕuence of geometric parameters,
including the smoothing of the nanopore tip and capillary-barrier transition, the barrier thickness, the shape of the electrodes, the surface charge
smoothing, and the reservoir size. For a length of L = 20 µm there is a 4 %
deviation from the result for an inőnitely long pore, as the őnite-size-scaling
results in Figure 5.5 show. The relative error for both, the electric current,
and the electroosmotic ŕow is the highest for positive voltages (1 V) at high
salt concentrations (1 M). For other combinations of applied voltage and salt
concentration, the errors are signiőcantly reduced. The őnite-size effects of
both the electric current, and the ŕow, asymptotically scale with the inverse
length of the capillary L −1 for large capillary lengths L . As the solid lines
in Figure 5.5 show, there is a subdominant L −2 contribution noticeable for
capillaries of length L = 2 µm and shorter.
Based on these scaling results, we carry out all further simulations with
pores of length L = 20 µm. The barrier thickness has no signiőcant inŕuence
on the current and ŕow in the system [160]. At the previously established
length of 20 µm, the inŕuence of details of the capillary’s back entrance is
smaller than the őnite-size errors, i.e., the part of the capillary closest to the
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upper reservoir. These details include the corner smoothing radius, whether
the barrier carries a surface charge, and whether the capillary’s surface
charge transitions into the uncharged barrier smoothly or discontinuously,
see Figure 5.3. While the reservoir size does inŕuence simulation results signiőcantly, these effects can be eliminated without incurring much additional
computational cost by extending the reservoir radius to R = 2.5L = 50 µm
with a very coarse mesh. The details of the nanopore tip lead to more significant variation of the current and ŕow, as is to be expected. However, we
found that the variation of the measured currents and ŕow velocities is less
than 2 % for tip smoothing radii R2 in the range of 1 nm to 4 nm, which is
why we use R2 = 3 nm in all following simulations.
In contrast to similar models for solid state nanopores, where the pore
walls are usually assumed as perfect insulators, [36] the őnite permittivity
in our model allows the electric őeld to permeate the capillary walls and the
barrier. We őnd that this permeability inŕuences the ionic distributions at
the capillary tip and at the barrier in the upper reservoir signiőcantly, but
for capillaries of length L = 20 µm or longer, again only the conditions at the
tip of the capillary play a noticeable role for the electric current and EOF.
Another question concerns the importance of the advective transport of
ionic species in the diffusion-advection equations (2.7). It is known for nanoscale systems that the diffusive transport dominates the ion dynamics. Neglecting the advective contribution to the ion ŕux reduces the computational
cost of these simulations signiőcantly as it allows the diffusion-advection
and the electrostatics equations (2.17) to be solved separately from Stokes’
equations (2.15).
To verify whether this simpliőcation is valid in this much larger system, we
run simulations at low (1 mM) and high (1 M) salt concentrations with and
without the advective contribution to the ionic ŕux and measure the ionic
current through the pore. We expect the largest deviations to occur at low
salt concentrations and with high voltages, since these are the conditions
that maximize the electroosmotic ŕow. In addition to that, a lower salt
concentration leads to a larger Debye length, which places more ions further
from the capillary surface, where the ŕow velocities are higher. Both these

5.3 | Quantifying the Model Accuracy

107

effects lead to a stronger inŕuence of the ŕow on the ionic distributions.
Figure 5.6a demonstrates that the errors are indeed the largest for low salt
concentrations and high voltages, but even for these parameters, the errors
do not exceed the ones from the őnite-size effect. That is why we neglect
the advective ion ŕux in all further simulations.

5.4. Rectiőcation Effects in Glass Nanocapillaries
Before investigating the more interesting problem of colloidal and molecular
translocation, and the possibility to use this nanocapillary as a device to
characterize and manipulate nanoparticles, we characterize the empty capillary system in terms of its conductivity and electroosmotic ŕow properties.
This type of nanocapillary system has been subject to extensive experimental
study by our collaborators, the Keyser group [12, 38] and we speciőcally
tailored our geometry to be representative of their experimental system.
Figure 7.1 shows how our simulation setup corresponds to the experimental
setup, the only difference being the size of the oriőce (7.5 nm to 150 nm
here, and 0.5 µm to 4 µm in Chapter 7).
Apart from the inŕuence of advective ion transport, Figure 5.6 also shows
the pronounced rectiőcation effect for the ionic current exhibited by conical
glass nanocapillaries. This effect is due to a massive increase in the net charge
carrier concentration in the pore for negative voltages [13]. Figure 5.7a
shows that the net ionic concentration in the tip of the pore can increase
by nearly two orders of magnitude in this case. This increase in the charge
carrier concentration causes a corresponding increase in the conductivity,
albeit not as large, since the conductivity of the capillary is also dependent
on the charge carrier concentration further back in the capillary, which is
more weakly affected (also shown in Figure 5.7a).
The rectiőcation effect of the EOF shows exactly the opposite dependence
on the direction of the E-őeld. For negative voltages (high charge carrier
density), the conductivity of the pore is high, which results in weaker E-őelds
in the pore, driving weaker EOF. A second factor inŕuencing the strength of
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In our őnal investigation of the empty pore system, we quantify the
rectiőcation ratio of the ionic current and the electroosmotic ŕow as a function of the salt concentration (given in terms of the Debye length). The
rectiőcation ratio is the absolute of the ratio of the current (or ŕow) for
U = 1 V and U = −1 V. That is, the current rectiőcation is deőned as
RI = |I(−1 V)/I(1 V)| with the net current I . Similarly the ŕow rectiőcation is RQ = |Q(1 V)/Q(−1 V)| with the net water ŕow Q (measured through
the narrowest part of the tip). The ratio of the current is inverted, so that
both rectiőcation ratios lie in the interval [1, ∞). We expect the rectiőcation
ratio for the ionic current RI to approach 1 (no rectiőcation) for large and
small Debye lengths, where large and small is relative to the features of the
geometry.
Figure 5.10 shows these rectiőcation ratios for capillaries with three
different oriőce diameters: rm = 7.5 nm, rm = 75 nm, and rm = 500 nm.
Figure 5.10a depicts the electric current’s rectiőcation ratio RI , while Figure 5.10b depicts the rectiőcation ratio of the EOF RQ . We now explain the
observed peaks and structures in the rectiőcation ratios.
In the limit of inőnitely small Debye length, the Smoluchowski limit of
high salt concentration [92], the ionic concentrations assume their bulk
values everywhere, independently of the applied voltage. The conductivity
then does not depend on the direction of the applied voltage. EOF is created
in the double layer, since this is the only part of the volume, where the
hydrodynamic driving forces of the two ionic species do not cancel. When
the double layer is thin compared to the surface geometry features, the
situation matches that of a ŕat wall for which there is no asymmetry.
In the limit of inőnitely large Debye length, the so-called Hückel limit [98],
there are only counterions and their distribution extends inőnitely far from
the charged object (the capillary). In the vicinity of the capillary and on the
scale of its size, the ion density is constant and independent of the applied
voltage, leading to no rectiőcation. Note that we do not reach this limit in
all cases, as the extreme differences in length scale that are obtained for
such low salt concentrations make the electrokinetic equations difficult to
solve in the nanopore geometry.
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Figure 5.10.: Rectiőcation ratio of the ionic current RI (a) and the electroosmotic ŕow velocity RQ (b), both measured at the nanocapillary oriőce. The rectiőcation ratios are given as functions
of the Debye length λ D and the oriőce diameter rm . The rectiőcation ratios asymptotically approach 1 (no rectiőcation)
in the limits of inőnitely small (Smoluchowski) and inőnitely
large Debye length (Hückel). Signiőcant rectiőcation ratios are
achieved in the intermediate regime, where the Debye length
is comparable to the oriőce diameter.
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In the intermediate regime for the Debye length, we expect the conical
shape of the nanopore to break the symmetry, which creates rectiőcation
ratios RI,Q ̸= 1 for the electric current and ŕuid ŕow. As expected, the
maximum lies at higher values for λ D , which is comparable to the capillary
oriőce diameter Ð the relevant geometric scale. This optimum in rectiőcation
could prove relevant to tuning the sensitivity of this nanopore system for
particle characterization, since, as we will see next, translocation signals are
strongest for high salt concencentrations (or equivalently small λ D ).

5.5. Summary
We have presented a simulation model using the őnite element method to
solve the electrokinetic equations in a geometry representing the tapered
glass-nanocapillaries (conical nanopore), that are used e.g. by the Keyser
group [10, 11]. We validated this model by reproducing the known rectiőcation properties for the ionic current and electroosmotic ŕow through these
nanocapillaries.
In the absence of nanoparticles, the nanopore functions as a current and
ŕow rectiőcation device, when placed in a saline solution and when an
external electric őeld is applied over it. We reproduce the rectiőcation results
originally observed in Refs. [12, 13] and expand on these. This expansion
is made possible in large part by our improved meshing and modiőcation
of the ŕuid forcing term presented in Chapter 4, which strongly reduces
spurious ŕow [3]. The őnite-size effect on the ŕow and current are studied
and found to asymptotically scale with the inverse length of the capillary. To
faithfully represent the experimental systems with capillary lengths in the
mm to cm range requires simulation of a 20 µm capillary and 100 µm of the
surrounding reservoir. Our reduced spurious ŕow algorithm also allowed
us demonstrate that advection of the ions can be safely ignored. Finally,
the optimum ionicity for achieving rectiőcation is identiőed and the various
limiting behaviors are discussed.
This diligent characterization of the FEM model and the close correspon-
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dence of its results with experimental obervations allow us to conődently
apply it to the more complex scenarios presented in Chapter 7 and 6 dealing
with the translocation and trapping of colloids and (bio-)molecules, as well
as their characterization using glass micro and nanocapillaries.
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Chapter

6

Nanoparticle
Translocation through
Conical Nanopores: A
Finite Element Study of
Electrokinetic Transport
The work detailed in this chapter is part of the following publication:
G. Rempfer, S. Ehrhardt, C. Holm, J. de Graaf. łNanoparticle Translocation through Conical Nanopores: A Finite Element Study of Electrokinetic Transport.ž In: Macromolecular Theory and Simulations 26.1
(2017), p. 1600051.
URL: https://doi.org/10.1002/mats.201600051
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Our observations for the pure EOF system, as well as their correspondence
to literature results, gives us conődence applying our numerical scheme to
study the translocation of a nanoparticle through the nanopore. This part of
our investigation is in a similar vein as the work by Refs. [14, 11, 15], where
the translocation of a nanoparticle was considered along the symmetry axis
of the pore. However, we do not consider an externally imposed pressure
difference, as in Ref. [17, 16, 18] We őnd that the translocation event has a
measurable impact on the current through the pore Ð up to 50 % compared
to the base current. Similar nanoparticle translocation effects have been
numerically and experimentally considered by the group of White [14, 15]
and we obtain comparable signal shapes.
We show that to achieve the strongest translocation signal, a high salt
concentration should be used in combination with an electric őeld that points
into the bulk out of the pore oriőce. High salt and an oppositely directed
őeld leads to a much weaker signal. Despite not having an external pressure
difference [16ś18], we őnd that translocation is not guaranteed. High salt
concentrations allow for unimpeded translocation through the nanopore. For
low salt concentrations, the sphere may become trapped close to the pore
oriőce, or even strongly repelled from the oriőce, preventing translocation.
For high salt and favorable őeld direction, the pore system shows remarkable
sensitivity to the size and charge of the sphere, which we also characterize,
and that are in line with earlier observations by Refs. [14, 162ś167]

6.1. FEM Model for Colloid Translocation
After having validated our simulation model with the empty nanocapillary,
we can move on to a more challenging problem. In this section, we place a
spherical colloid along the symmetry axis (see Figure 6.1b) and systematically
investigate the inŕuence of salt concentration, applied voltage, particle
surface charge, and particle size on the translocation of the colloid and
on the ionic current. We consider only negative surface charges for the
capillary, as is typical in experiments [14, 17, 15, 38, 13], and a like-charged
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nanosphere to prevent the particle sticking to the pore wall.
We do not directly simulate the dynamics of the sphere translocation.
Instead, we utilize the separation of time scales between the development of
the concentration proőles and ŕuid ŕow on the one hand, and the motion of
the sphere on the other hand to decouple these two problems. By measuring
the force at each point along the z -axis, the presence of force traps and
barriers can be detected. We evaluate the total force acting on the sphere
using the following surface integral
In order to determine the effect of the sphere moving through the pore on
the symmetry axis, we compute the total force on the sphere Ft , which we
can split into an electric Fe and a hydrodynamic (mechanical) Fh component.
Ft = Fe + Fh =

Z

σP E dA +

Π̄ n̂ dA,

(6.1)

∂C

∂C

Π̄ = p1̄ − η ∇u + ∇u

Z

T



,

(6.2)

Here ∂ C denotes the surface of the particle, n̂ a unit normal vector to the
particle’s surface oriented into the particle, Π̄ the Stokes stress tensor, and 1̄
the identity matrix. Note that we ignore thermal ŕuctuations, which could
move the sphere away from the symmetry axis. This reduction is necessary
since solving the full three-dimensional (3D) problem (as for the low-aspectratio pores of Tsutsui et al. [140, 152]) is computationally prohibitively
expensive. The force is positive if it points in the ẑ direction (from the lower
reservoir into the pore oriőce).
We also consider the current I through the pore (as a function of the
sphere position) and the signal strength S = | (I − I0 ) /I0 |, with I0 being the
current in the absence of the sphere. Note that this deőnition of the signal
strength results in purely positive values for S , irregardless of whether the
current decreases (resistive pulse) or increases (conductive pulse) in the
presence of the particle. For the parameters documented in this work, we
only observe resistive pulses. We also deőne Sm ≡ maxz S , the maximum
signal strength. Figure 6.2 shows the force and signal strength S curves for
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Figure 6.2.: The force F experienced by a sphere of radius a = 3.5 nm
with surface charge σs = −0.125 e nm−2 , and the current signal
strength S measured during the translocation event as a function
of the sphere position z divided by the pore radius rm = 7.5 nm.
(a-d) The total Ft (red, thick solid), hydrodynamic Fh (blue, thin
solid), and electric Fe (green, thin dashed) force in pN. The
panels show: (a) a positive applied voltage U = 1 V and a bulk
salt concentration of cs = 1 M, (b) U = −1 V and cs = 1 M, (c)
U = 1 V and cs = 1 mM, and (d) U = −1 V and cs = 1 mM; as also
indicated using the labels. (e) Close-up of the total force Ft for
cs = 1 mM; U = 1 V (red solid) and U = −1 V (blue dashed). (f)
The current signal strength S during translocation for U = 1 V
and cs = 1 M (red), U = −1 V and cs = 1 M (orange), U = 1 V
and cs = 1 mM (green), U = −1 V and cs = 1 mM (blue); the
horizontal grey line indicates 1 %.
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four combinations of salt concentration and applied potential: cs = 1 M and
1 mM, and U = ±1 V. In all cases the colloid radius is a = 3.5 nm, and the
surface charge density is σs = −0.125 e nm−2 ; the sphere carries the same
surface charge density as the pore and is roughly half the oriőce diameter
in size.

6.2. Translocation, Trapping, and Current Modulation
At high salt concentration, the hydrodynamic force coming from the EOF
always dominates the electric force, and the particle moves along the direction of the applied őeld (since the ŕow is in that direction). For U = 1 V,
the movement is from the top reservoir into the bottom one and vice versa
for U = −1 V, see Figure 6.2b. This means that the sphere can translocate
through the nanopore at high salt concentrations. In all cases there is a
clear current signal jump as the particle comes close to the pore oriőce. This
indicates that the region near the oriőce contributes most to the signal and
not the main body of the pore, even at the relatively small pore angle of
α = 5°. This is in agreement with the őndings of Tsutsui et al. for short
nanopores [152].
We obtain a signal strength of Sm = 0.040 for U = 1 V and Sm = 0.008
for U = −1 V for the cs = 1 M case, see Figure 6.2; the former providing
a clearer measurement. The base current I0 is comparable in both cases:
I0 = 26 nA (U = 1 V) and I0 = −31 nA (U = −1 V), respectively. Hence, the
difference in Sm is due to the current carrying species. The presence of the
negatively charged sphere in the pore oriőce effectively doubles the amount
of double layer, which has overall more K+ ions than Cl− ions, with the K+
ions being closer to the surface. Thus, when the sphere is in the pore oriőce,
a new rectifying structure is formed, which has the same current rectiőcation
properties as the original, hence the observed difference in Sm .
At low ionic strength, the particle displays interesting behavior, see Figure 6.2d/e. When a positive voltage is applied, the total force in both
reservoirs points towards the oriőce, as can be seen from the change in
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sign of the force at z ≈ −20 nm (z/rm ≈ 3). This means that the particle
becomes trapped at this point. The change in sign of the total force can be
explained as follows. In the lower reservoir, the electric force dominates
over the hydrodynamic force close to the oriőce, whereas inside the pore the
hydrodynamic force dominates (close to the oriőce); since both forces point
in opposite directions, the net effect is the formation of a trapping zone. The
reason why the direct electric force is greater than the hydrodynamic force
coming from the EOF in the lower reservoir is that the double layer extends
outward from the pore at low ionicity [13]. Our trapping is thus different in
nature from that observed when an external hydrostatic pressure difference
is applied [16ś18].
Further investigation is required to determine whether the trapping point
is an inŕection point or a true trap that extends beyond the z -axis in the
radial direction; this requires fully resolved 3D simulations which go beyond
the scope of the current investigation. However, this feature is problematic
in either case, as the system becomes unsuited to extract particle properties
by means of translocation. For pores of a signiőcantly bigger radius, one can
model the translocating particle implicitly by giving an equation of motion
in terms of the electric őeld and ŕow őeld from the FEM simulation. This approach can be applied to off-axis translocation without added computational
cost [7], as we explain in detail in Chapter 7.
For a negative applied voltage at low ionic strength, a large current signal
is observed, see Figure 6.2. Unfortunately, in this case the force points away
from the pore oriőce in both reservoirs, and the inversion in direction takes
place at z = 0 nm, see Figure 6.2e. Thus, the particle is repelled from the pore
oriőce in both reservoirs, preventing translocation. The reason for this is the
same as for the positive applied voltage at low ionicity, however, the direction
of the effect is now reversed. The observation of a bi-directional repulsion
leads us to conclude that translocation is not possible in this case. Thus,
to obtain translocation and a decent signal, high salt concentrations and
positive voltages are required (for negatively charged pores and particles).
Considering the above, we study the maximum signal strength Sm as
a function of the sphere radius a and surface charge σs for U = 1 V and
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dependence of the current signal on the particle size was considered. Lan
et al. also considered the inŕuence of the particle size on the length of the
translocation effect. However, we do not do so here, as our quasi-static
method prevents us from establishing the translocation time with sufficient
accuracy.

6.3. Summary
We extended the FEM model for conical glass nanocapillaries introduced
in Chapter 5 to include a translocating nanoparticle. Here we őnd similar
effects as originally observed (both experimentally and numerically) in
Refs. [14, 11, 15]. Varying the environmental parameters, such as ionicity
and applied voltage (or equivalently direction of the externally applied E őeld), has allowed us to identify three key features of this system, which are
of signiőcant interest to experiments on nanopore translocation.
First, translocation can only take place at high ionic strength. For low
ionic strength we observe both particle trapping at the pore oriőce and particle repulsion from the oriőce, depending on the direction of the applied
electric őeld. It might be possible to overcome this effect by applying a hydrostatic pressure difference between the two reservoirs [16ś19], a salt density
difference [20], a temperature difference [21], or a magnetic őeld [22]. Alternatively, methods characterizing trapped instead of translocating particles
might be possible [23].
Second, the signal strength Ð deőned as the change in electric current
through the pore during the translocation, with respect to the base current
without the sphere Ð is largest when a positive voltage ( E -őeld pointing
out of the pore oriőce into the bulk) is applied at high ionic strength or
a negative voltage is applied at low ionic strength. Since the latter is excluded for translocation, one should use the nanopore to perform particle
characterization by translocation at high ionicity and positive voltage.
Third, the signal strength is sufficient to observe the particle translocation
and has a cubic dependence on the radius of the particle, while it is only
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weakly linearly dependent on the surface charge of the particle. This result is
similar to that obtained by Lan et al. [14] The signal strength can be as much
as 40 % of the base current for large particles (see Figure 6.3). Therefore, our
calculations indicate that the conical nanocapillaries produced in the Keyser
group [10ś13] are suited as a particle characterization device, which can
sensitively discriminate between particles with different radii. They should
give similar current signals as observed for other nanoporous systems [14,
15, 17], provided the optimized parameters identiőed here are employed.
Our studies in Chapter 7 focus on extending our results to off-axis calculations for translocation of particles through microcapillaries, as well as imposing external hydrodynamic pressure differences over the nanopore [19], as
these have been shown to strongly impact the translocation event. We will
study the observed trapping ability of the pore, as the precise localization of
particles is also of signiőcant beneőt.
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Chapter

7

Selective Trapping of DNA
using Glass
Microcapillaries
The work detailed in this chapter was carried out in collaboration with the
research group of Prof. Ulrich F. Keyser, Cavendish Laboratory, University of
Cambridge, UK. Ulrich Keyser’s group was responsible for the experimental
part of the investigation. These results are part of the following publication:
G. Rempfer, S. Ehrhardt, N. Laohakunakorn, G. B. Davies, U. Keyser,
C. Holm, J. de Graaf. łSelective Trapping of DNA Using Glass Microcapillaries.ž In: Langmuir 32.33 (2016), pp. 8525ś8532.
URL: https://doi.org/10.1021/acs.langmuir.6b02071
Analytic biochemistry possesses a large variety of methods to purify and preconcentrate macroscopic amounts of analyte molecules for further processing.
These methods are based on precipitation, centrifugation, gel electrophoresis,
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chromatography, and affinity techniques, to name just a few [168, 169].
Lab-on-a-chip devices, on the other hand, have only nano- to micro-liters of
solution at their disposal, and the resulting samples need to be processed on
a similarly small scale, which poses a much greater challenge. Lab-on-a-chip
devices have applications in, e.g., the low-cost and large-scale screening of
DNA [170]. In the last decade, a number of methods based on microŕuidics
and electrokinetic effects have been proposed to purify samples on the
microscale.
In this chapter, we show, by experiment, how to concentrate DNA using
glass microcapillaries similar to those used by Ying et al. [171, 172] However,
in contrast to their mechanism based on dielectrophoresis, we use capillaries
with oriőce diameters of several micrometers in which dielectrophoresis
plays no role [172]. Instead, we use a mechanism based on a combination of
pressure-driven ŕow, EOF, and electrophoresis to control the DNA accumulation in a fashion more similar to the technique of Huang et al. [173], but
relying on cheap glass microcapillaries instead of comparatively elaborate
lithography and etching techniques.
Using őnite element simulations of the electrokinetic equations [36, 13,
38, 9, 14, 17, 15, 129, 174], we determine the electrophoretic mobility
of trapped particles depending on the applied voltage and pressure bias,
as well as the salt concentration and the pore surface charge. Our results
demonstrate that it is possible to maintain a high degree of control over
the analyte accumulation despite the more complicated geometries of glass
micro-capillaries. These numerical results, combined with our experimental
proof of concept of λ-phage DNA trapping, could pave the way for cheap
microŕuidics device capable of sequentially purifying, pre-concentrating,
and delivering samples of different analyte molecules from a mixed solution.

7.1. Experimental Setup and Methods
We use two Ag/AgCl electrodes to apply a voltage between the back end of
a glass capillary and the reservoir in contact with the capillary’s tapered tip
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as shown in Fig. 7.1a. The electrode located in the reservoir at a distance of
several millimeters from the capillary oriőce serves as the ground electrode
providing the reference potential. In the following, we will refer to the
voltage of the working electrode inserted into the back of the capillary as the
voltage applied to the system. Positive voltages correspond to an electric őeld
directed from the back of the capillary, through the tapered capillary tip and
the capillary oriőce, into the lower reservoir. Negative voltages correspond to
an electric őeld in the opposite direction, from the lower reservoir, through
the capillary oriőce and tip, to the electrode in the back of the capillary. A
pressure difference between the two ends of the capillary can be established
by őlling the reservoirs to different heights. For őner control, the reservoirs
can be sealed from the top using a Perspex block, after which pressure can
be applied using a microŕuidic pressure controller (Fluigent).
The reservoir surrounding the capillary tip contains λ-phage DNA. Translocating DNA molecules through the capillary oriőce modulates the ionic
current between the two electrodes. We monitor this current and use its
modulations to trigger the capturing of images using a ŕuorescence microscope. The ŕuorescence microscope observes a small volume around the
tapered end of the glass microcapillary. Details of this setup can be found in
Ref. [10]
The microcapillary was produced by pulling apart borosilicate glass capillaries (Hilgenberg, inner diameter 0.376 mm, outer diameter 0.5 mm) using
a programmable infrared laser puller (P-2000, Sutter Instruments). This
produced tapered microcapillaries with oriőce diameters ranging from 3 to
10 µm. The capillary is subsequently assembled into a polydimethylsilane
(PDMS) matrix and mounted on a glass slide. Both reservoirs and the capillary are őlled with an aqueous KCl solution (5 to 1000 mM) containing
λ-phage DNA (48 kbp, New England Biolabs) and the intercalating cationic
dye POPO-3 iodide (Invitrogen) as well as 10 mM of 1× Tris-EDTA buffer
(Sigma Aldrich). The optimal dye-to-DNA ratio was determined by ŕuorimetry measurements to be 1:20 dye molecules to DNA base pairs, with a őnal
DNA concentration of 5 µM bp, or roughly 3.3 µg mL−1 . This optimal ratio is
dependent on salt concentration, and increases to around 1:6 at 1 M KCl.
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Photobleaching was observed, with a rate increasing as a function of laser
intensity; at the highest laser powers used, complete photobleaching within
the őeld of view occurred over a timescale of a few seconds. It is possible to
reduce photobleaching by adding an antioxidant such as β-mercaptoethanol;
however, we can mitigate these effects to an acceptable level by ensuring
that the DNA is in continuous ŕow.

7.2. Modeling and Simulation Methods
In this section we provide the details of our numerical modeling of the motion
of DNA through a microcapillary. First, we discuss the principles that govern
the motion of DNA, next we describe the means by which we determine the
EOF and the electric őeld in the capillary geometry, and we conclude with a
discussion of our numerical methods.
7.2.1. DNA Motion
DNA in aqueous KCl solution is strongly negatively charged and forms a
positive double layer with an excess of K+ ions and a Debye length ranging
from 10 nm to 0.3 nm for typical salt concentrations cs of 1 mM to 1000 mM for
the investigated systems, where the relative permittivity of water ϵr = 78.54
at temperature T = 298.15 K.
In the presence of an electric őeld, the negatively charged DNA molecule
and its double layer undergo electrophoresis as introduced in Section 2.8.2.
Therein, the DNA and Cl− ions move against the local electric őeld, while
most of the positively charged K+ ions surrounding the DNA move in the
direction of the electric őeld. Some K+ ions are strongly bound to and
co-moving with the DNA molecule, effectively reducing its charge [175].
In addition to this relative motion of DNA and ŕuid, the DNA also advects
with the local ŕuid velocity u . The ŕuid velocity several Debye lengths
from the charged DNA molecule remains unaffected by the DNA molecule’s
presence.
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As discussed in Section 2.8.2, the velocity of the DNA molecule v relative
to the surrounding bulk ŕuid ŕow u can be expressed through the DNA
molecule’s electrophoretic mobility µe for sufficiently small electric őeld
magnitudes E . This mobility depends on the intricate coupling of ion motion,
hydrodynamics, and electrostatics [98, 115, 25, 176]. The mobility decreases
with increasing salt concentration and increases with increasing length of
the DNA, but reaches a plateau at 400 DNA bases or more [177]. For a given
mobility, the velocity of a DNA molecule is therefore:
(7.1)

v = u + µe E.

In the experiments described in Section 7.1, the ŕuid velocity is given by a
superposition of the EOF and pressure-driven ŕow, which we discuss next.
7.2.2. Electrolytic Solvent
In a cylindrical capillary with no tapering, the pressure-driven ŕow assumes
the typical parabolic Poiseuille ŕow proőle, while EOF leads to a plug ŕow
proőle with a constant ŕow velocity everywhere except in the double layers of
the capillary walls and DNA molecules, where considerable shear allows the
ŕuid to fulőll the no-slip boundary condition. The ŕow proőles in our conical
capillaries deviate from this idealized situation due to pressure buildup in
the axial direction.
To evaluate the ŕow u due to EOF and pressure differences between the
reservoirs, as well as the electric őeld E , we solve the coupled system of
electrokinetic equations introduced in Section 3.1 in their stationary version,
reiterated here:
0 = ∇ · (D± ∇c± + µ± z± ec± ∇Φ − c± u),
P
∇ · (ϵ∇Φ) = − ± z± ec± ,
P
η∇2 u = ∇p + ± z± ec± ∇Φ,

(3.1)

∇ · u = 0.

132

7 | Selective Trapping of DNA using Glass Microcapillaries

In this case, the concentrations c± represent the monovalent (z± = ±1)
K+ and Cl− ions present in the system. The ions’ diffusion coefficients
D± = 2 × 10−9 m2 /s are related to their respective mobilities µ± through
the Einstein-Smoluchowski relation D± /µ± = kB T .
We assume a viscosity η = 8.94 × 10−4 Pa s for the water ŕow. Due to the
small size (µm) and low ŕow velocities (mm s−1 ) in our microŕuidic system,
convective momentum transport and compressibility effects are insigniőcant,
as indicated by the small Reynold’s number Re ≈ 10−4 and Mach number
Ma ≈ 10−8 . In addition, the ŕuid ŕow relaxes on a time scale much faster
than the inhomogeneities in the ionic concentrations or the motion of DNA,
which makes Stokes’ equations (2.15) an excellent model for this kind of
ŕow.
7.2.3. Finite Element Model
Numerically solving the electrokinetic equations stated in Section 7.2.2 is
challenging because of the large discrepancy between the length scale of
the double layer (nm) and the system geometry (cm). We employ the őnite
element method using a highly adaptive mesh in combination with a carefully
crafted representative geometry (discussed in detail in Section 3.1 and 5.2)
to limit the computational effort to a level that allows us to investigate a vast
parameter space. We use the FEM solver suite COMSOL Multiphysics 5.1 to
carry out these calculations.
Figure 7.1b depicts this representative geometry, whose rotational symmetry we take advantage of to reduce the computational cost. The geometry
consists of a conical microcapillary with length L = 20 µm, inner opening angle α = 5°, and oriőce radius rm = 0.5 µm. The capillary extrudes
from a circular barrier of radius R = 2.5L and width W = 0.15L , separating two hemispherical reservoirs. The capillary carries a surface charge
σp = −0.02 Cm−2 , which fades out smoothly into the uncharged barrier, and
which we later vary. Both the capillary and barrier are impermeable to ions
and act as no-slip boundaries for the ŕuid. The relative permittivity of the
solution ϵr = 78.54 is homogeneous and chosen to be that of water, while the
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pore and barrier permittivities ϵp = 4.2 match that of borosilicate glass. A
voltage U = ±1 V and a pressure difference P = −250 Pa is applied over the
capillary via the hemispherical edges of the reservoirs, which are also used to
impose the bulk salt concentration cs for both ionic species. Hydrodynamic
exchange of momentum with the reservoir is prevented by imposing zero
normal stress as boundary condition for the ŕow at these boundaries.
7.2.4. Validation and Limitations
In Section 5.3, we documented a detailed analysis of the inŕuence of geometric parameters, including the length of the capillary, the smoothing
of the capillary tip, the barrier thickness, the shape of the electrodes, the
surface charge smoothing, and the reservoir size. For a length of L = 20 µm,
there is a 2 % deviation from the result for an inőnitely long pore (established via őnite-size-scaling). Thus our simulations are representative of the
experiment described in Section 7.1, where the pore is centimeters long.
Using the resulting solutions for the ŕow őeld u and the electric őeld
E , we determine a őeld of trajectories for DNA molecules of any given
electrophoretic mobility by integrating their equation of motion (7.1). We
validate this approach with simulations of a charged sphere with a diameter
of 10 nm explicitly represented as a spherical boundary on the symmetry
axis in the őnite element simulation and őnd excellent agreement.
While the approach described in Section 7.2.1 to 7.2.3 allows us to evaluate
trajectory őelds for a wide range of system parameters, we do so using
an important simpliőcation. Since the λ-phage DNA is not represented in
the FEM simulation for the electric őeld E and ŕuid ŕow u , we assume
there to be no electrostatic or hydrodynamic interactions between different
λ-phage DNA molecules. Furthermore, Equation (7.1) models λ-phage DNA
molecules as point particles, which neglects excluded volume interactions
and interactions of different parts of the same molecule. The lack of the
repulsive electrostatic and excluded volume interactions leads to minor
differences between the experimentally observed DNA distributions and
their simulated counterparts as shown in Section 7.3.
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7.3. Results
7.3.1. Experimental Observations
We use sample cells as described in Section 7.1 with a salt concentration of
10 mM KCl and apply a positive voltage of 500 mV between the capillary and
the reservoir containing the λ-phage DNA (electric őeld and EOF directed
out of the capillary tip). At a distance of several µm from the capillary oriőce,
the motion of λ-phage DNA is diffusion dominated. Within a radius of a
few µm, negatively charged λ-phage DNA moves to the capillary oriőce by
means of electrophoresis. Instead of translocating through the oriőce and
moving into the capillary, large amounts of λ-phage DNA accumulate in the
capillary tip over a time of 1300 ms and remain there, as indicated by the
large ŕuorescent intensity observed at the capillary tip in the images in
Fig. 7.2a.
In the next step, we immediately invert the applied voltage, switching
from an electric őeld directed out of the capillary to one directed into the
capillary, as shown in the őrst image ( t = 0 ms) of Fig. 7.2b. As the images
in the right column at progressively later times show, the accumulated DNA
breaks up: part of it exits through the capillary oriőce back into the reservoir
(to the right of the image); part of it moves further into the capillary (to the
left of the image).
In addition to controlling the motion and accumulation of λ-phage DNA
using an electric őeld, we can also control its behavior using pressure-driven
ŕow. To create a pressure bias between the two reservoirs, we vary the őlling
height of the two reservoirs. This creates pressure-driven ŕow through the
capillary superimposed with the EOF induced by the electric őeld.
As discussed in detail in section Section 7.2, EOF produces a plug ŕow
proőle in the capillary, whose ŕow magnitude is independent of the capillary
diameter. On the other hand, the ŕow magnitude of the pressure-driven
Poiseuille ŕow proőle scales quadratically with the capillary diameter. We
therefore expect pressure-driven ŕow to dominate the transport of DNA
molecules for capillaries of large diameter, and a combination of EOF and
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electrophoresis to dominate for capillaries of small diameter. Capillaries
with intermediate diameters are the most interesting for potential trapping
applications, since they should allow us to use both voltage and pressure
differences to control the DNA motion.
We again trap λ-phage DNA at the capillary tip by applying a positive
voltage to the working electrode. We then observe how the behavior of
the λ-phage DNA changes when we vary the direction and magnitude of a
superimposed pressure-driven ŕow. We őnd that for small oriőce diameters of
up to 4 µm, the DNA remains trapped at the capillary tip, but the shape of the
DNA accumulation can be heavily inŕuenced by the pressure-driven ŕow. We
conclude that for these oriőce diameters, the magnitude of pressure-driven
ŕow and EOF are comparable. Figure 7.2c shows the experiment carried
out using capillaries with a larger oriőce diameters of 8 µm. As expected for
these large oriőce diameters, we observe pressure-driven translocation of
λ-phage DNA, independently of the applied voltage.
7.3.2. Numerical Modeling of DNA Trapping
Using the experimental parameters for the applied voltage, pressure bias,
salt concentration, and capillary oriőce radius as a starting point, we carried
out a number of simulations, as described in Section 7.2, to identify a set
of system parameters and a particle mobility that result in a pronounced
trapping effect. This optimization results in the system depicted in Fig. 7.3a
with parameters of U = 1 V, P = −250 Pa, cs = 1 mM, and σp = −0.02 Cm−2 ,
and an electrophoretic mobility µe = −9.70 × 10−4 cm2 V−1 s−1 for the analyte
molecules, somewhat higher than those reported for λ-phage DNA ranging
from −4.25 cm2 V−1 s−1 to −7 cm2 V−1 s−1 at 1 mM salt concentration [178].
All of these parameters are experimentally relevant.
Figure 7.3a shows a small subvolume of the simulation domain at the tip of
the capillary for the system with the aforementioned optimized parameters.
The blue area represents the tapered capillary tip, the red streamlines depict
the trajectories of a small charged particle with the above mobility µe . The
trajectories were obtained using the equation of motion (7.1), with the
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electric őeld and ŕow proőle from the FEM simulation as input. The green
and blue arrows denote the direction of the pressure-driven ŕow and the
EOF on the inside of the capillary, respectively.
The shape of the trajectories clearly shows transport of analyte molecules
from the reservoir bulk to the capillary tip and a region directly at and in
front of the capillary oriőce, where they continuously recirculate. This effect
directly corresponds to strong accumulation of highly concentrated DNA
observed in the experiment (Fig. 7.2a).
Interestingly, the complicated interplay of EOF, pressure-driven ŕow, and
electrophoresis does not lead to a simple stalling of analyte molecules at the
capillary tip. Previous investigations based on one-dimensional transition
state theory as carried out by Hoogerheide et al. [24] for solid state nanopores
can therefore not be applied to this capillary based system. White et al. [14,
17, 15] have carried out studies using FEM based models similar to the one
presented here. They investigated the nanopore translocation of a colloidal
particle explicitly represented in the FEM simulation. They relied on the
cylindrical symmetry of the system and could therefore not study the offaxis dynamics of the colloidal particle. Tsutsui et al. [152] investigated the
off-axis translocation of a colloid through a solid-state nanopore and found
signiőcant differences to the on-axis translocation.
We previously investigated the EOF in this conical capillary geometry
and identiőed several counter-intuitive effects that are important to the
formation of this recirculation region [13, 38]. Firstly, the conical shape of
the capillary causes a depletion of ions inside of the capillary under low salt
conditions and with an electric őeld directed into the pore as in Fig. 7.3a
(U = 1 V) [13]. This effect enhances the electric őeld inside of the capillary
and drives strong EOF. Also due to the conical shape, the EOF assumes its
maximum magnitude at the capillary oriőce, where the electric őeld is the
strongest. The EOF then dominates the transport of DNA at the tip, creating
the recirculation region. Further up inside the capillary, pressure driven ŕow
transports DNA upwards into the capillary. Secondly, the EOF on the outside
of the capillary is oppositely directed to the EOF on the inside, because the
electric őeld follows the surface of the capillary in the vicinity of the capillary
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tip [38]. This EOF generated at the capillary’s outside surface dominates
the far őeld ŕow in the reservoir. For positive voltage (U = 1 V), this leads
to DNA being transported towards and into the trap from a capture region
in front of the capillary tip.
The gray-shaded background in Fig. 7.3a depicts the distance an analyte
particle travels from a given point. The motion of particles in the recirculation
region is limited to distances smaller than this trapping region. Consequently,
the trapping region is shaded in black/dark-gray, according to its diameter
of 1 µm to 2 µm. The region shaded in lighter gray marks the capture region
from which analyte particles are transported into the trapping region. This
capture region extends over 33 µm in the negative z-direction, all the way
to the boundary of the simulation domain. Even at that boundary, the
analyte molecules’ velocities due to advection and electrophoresis range
from 1 µm s−1 to 2.5 µm s−1 , signiőcantly above the average thermal velocity
of λ-phage DNA of 0.57 µm s−1 . Analyte molecules originating in the white
sub-volume do not become trapped: those molecules initially located more
than 0.4 µm deep inside the capillary tip move up into the capillary, while
particles located in the white region on the outside of the capillary move up
along the outer capillary surface.
The size and position of the simulated trapping region in Fig. 7.3a differs
from that of the experimentally observed λ-phage DNA accumulation. The
reasons for this are two-fold. Firstly, the optimized trapping parameters determined here do differ somewhat from the experimentally used parameters:
the salt concentration is lower (1 mM instead of 10 mM), the applied voltage
higher (1 V instead of 500 mV), and the pore oriőce diameter smaller (1 µm
instead of 4 µm). Such a change in the parameters to achieve trapping is
expected, due to the relative physical simplicity of our model. Secondly, the
simulation neglects the repulsive electrostatic and excluded volume interactions between different DNA molecules as discussed in Section 7.2. The
lack of repulsive interactions and the smaller oriőce radius explain why the
size of the trapping region in the simulations is smaller than that of the DNA
accumulation observed in the experiment (Fig. 7.2a).
Figure 7.3b depicts the system with reversed voltage (U = −1 V) and
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otherwise identical parameters. Trajectories originating from what used to
be the trapping region, marked by the black area in Fig. 7.3a, split up into
two populations from where they were previously recirculating. One part
of the molecules, which were previously trapped, now moves up into the
capillary, while the other part disperses back into the reservoir. This situation
directly corresponds to the experimental observations when reversing the
voltage from U = 1 V to −1 V as depicted in Fig. 7.2b. We therefore conclude
that our simulation model accurately captures the relevant physics of the
experimental system observed and described in Section 7.3.1.
This behavior for negative applied voltage can again be understood considering the EOF in the conical capillary geometry. DNA molecules inside
of the capillary get transported further up into the capillary by EOF and
pressure driven ŕow, as indicated by the blue and green arrows in Fig. 7.3b.
Again, ŕow in the reservoir is dominated by the oppositely directed EOF
generated on the capillaries outside surface. In the reservoir, DNA molecules
move down, away from the capillary tip due to this EOF and electrophoresis.
The reason that there is not an oppositely oriented recirculation region for
negative voltages is due to the fact that the capillary is driven into a state of
ion accumulation with the electric őeld directed into the capillary [13]. This
accumulation of ions causes higher conductivity and therefore lower electric
őelds and weaker EOF in the capillary. Under these conditions, the EOF at
the capillary oriőce is not sufficiently strong to reverse the ŕow locally.
7.3.3. Tuning the Trap for Molecules with Speciőc Mobilities
Having identiőed a set of parameters for this microcapillary based DNA
trap, we now perform a numerical, exploratory study to determine whether
this system can be tuned to trap a wide range of very speciőc molecules.
We restrict ourselves to a numerical study here, as this is the most suited
to consider a large parameter space and affords the most control over the
variation of external parameters. While the fabrication method for the
capillaries is relatively inexpensive and facile, performing a multitude of
experiments on different types of molecules and varying external parameters
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is time consuming and costly, thus going well beyond the scope of the current
work.
To determine the generality of capillary trapping, we varied the system
parameters for the voltage, the pressure difference, the salt concentration,
and the capillary surface charge, starting from the optimized parameters
identiőed in Section 7.3.2. The black crosses in Fig. 7.4 show for which
parameters (denoted on the x -axes) we carried out FEM simulations. For
every one of these points on the x -axes, we obtain a unique electric őeld E
and a ŕow őeld u . From these őelds, we derive trajectory őelds for analyte
particles of different mobilities µe (denoted on the y -axes) using the equation
of motion Equation (7.1). We manually inspect the resulting trajectory őelds
to determine whether a recirculation region as shown in Fig. 7.3a is present.
Since neither the electric őeld E nor the ŕow őeld u individually create such
a recirculation region, analyte particles of very low or very high mobility
do not get trapped. For intermediate values of µe a recirculation region
exists and its size can be varied continuously via the mobility µe . We deőne
the upper and lower bounds for the mobilities of trapped particles to be
those values of µe , for which the recirculation region disappears. We identify
these limits by bisection, which we can easily do, because only a single FEM
simulation is required for the whole bisection procedure. The error in the
mobility µe for these bounds is negligibly small and therefore not shown in
Fig. 7.4.
In the following, we refer to lower and higher mobilities in terms of their
absolute values, that is, higher mobilities are more negative, while lower
mobilities are mobilities closer to zero.
As Fig. 7.4 demonstrates, only particles with negative mobilities become
trapped for all of the investigated parameters. Due to symmetry, positive
analyte molecules can be trapped by applying the opposite pressure and
voltage to a device of the same geometry but with opposite capillary surface
charge.
Fig. 7.4a shows how the mobilities of trapped analyte particles vary with
the salt concentration. We őnd that at low salt concentrations of 0.1 mM,
a relatively wide range of mobilities between −1.08 × 10−3 cm2 V−1 s−1 and

7.3 | Results

143

−1.64 × 10−3 cm2 V−1 s−1 leads to trapping. Moderately increasing the salt

concentration to 3 mM gradually shifts the interval for the mobilities of
trapped particles to lower values and continuously increases the speciőcity
of the trap. At a salt concentration of 3 mM, only particles with mobilities in
the range from −6.90 × 10−4 cm2 V−1 s−1 to −7.09 × 10−4 cm2 V−1 s−1 become
trapped. Experimentally varying the salt concentration within this range
from 0.1 mM to 3 mM is very feasible.
Fig. 7.4b shows the range of mobilities of trapped particles as a function of
the capillary surface charge density. Varying the pore surface charge density
from −0.07 Cm−2 to −0.01 Cm−2 allows us to tune the mobilities of trapped
particles to very similar bounds as before when varying the salt concentration from 0.1 mM to 3 mM. At a surface charge concentration of −0.07 Cm−2 ,
analyte particles with mobilities in the range from −1.31 × 10−3 cm2 V−1 s−1
to −1.75 × 10−3 cm2 V−1 s−1 become trapped. With decreasing capillary surface charge density (in absolutes), this interval gradually moves to lower
mobilities and the trap becomes more speciőc. At a capillary surface charge
density of −0.01 C/m2 , only particles with mobilities in the range from
−5.97 × 10−4 cm2 V−1 s−1 to −6.71 × 10−4 cm2 V−1 s−1 become trapped. This
range overlaps with the range of reported mobilities for λ-phage DNA ranging from −4.25 cm2 V−1 s−1 to −7 cm2 V−1 s−1 at 1 mM salt concentration [178].
Varying the spatial distribution of the capillary surface charge density experimentally is non-trivial. However, surface charge can be controlled changing
the pH, or by using a wide range of available polyelectrolyte coatings, or even
coatings with lipid membranes. All of these surface coatings can suppress or
enhance EOF, leading to an effective surface charge that can be tuned over
a wide range.
Fig. 7.4c depicts the dependency of the trapped particle’s mobility as a function of the applied voltage. We vary the applied voltage from 0.8 V to 1.6 V
and őnd that in contrast with the other parameters, the voltage in this range
does not change the speciőcity of the trap drastically. At 0.8 V, particles with
mobilities between −8.21 × 10−4 cm2 V−1 s−1 and −9.70 × 10−4 cm2 V−1 s−1
become trapped. With increasing voltage, this interval moves to higher mobilities. At 1.6 V, particles with mobilities between −9.32 × 10−4 cm2 V−1 s−1
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and −1.27 × 10−3 cm2 V−1 s−1 become trapped. Electrolysis of water happens
for voltages exceeding 1.23 V, negatively impacting the experiment due to
pH shifts and bubble formation at the electrodes causing current instabilities
[179].
Finally, Fig. 7.4d shows how the applied pressure difference inŕuences the
mobilities of trapped particles. The lower limit for the mobility of trapped
particles is only weakly affected by varying the pressure difference in the
range from −400 Pa to −150 Pa and varies from −8.21 × 10−4 cm2 V−1 s−1
to −8.58 × 10−4 cm2 V−1 s−1 . The upper limit of mobilities leading to trapping, on the other hand, is signiőcantly affected by that change in pressure and changes from −8.58 × 10−4 cm2 V−1 s−1 at a pressure of −400 Pa
to −1.27 × 10−3 cm2 V−1 s−1 at a pressure of −150 Pa. These pressure differences can easily be achieved experimentally by closing the reservoirs and
connecting them to a microŕuidic pressure regulator.
Our results in Fig. 7.4 therefore suggest that varying the salt concentration
or the pore surface charge density within experimentally plausible values
offers the greatest speciőcity for trapping analyte molecules. Pressure variations in the region of −400 Pa to −350 Pa also offer a reasonable degree
of speciőcity, but varying the voltage has little effect on speciőcity. This is
in a sense fortuitous since voltages exceeding 1.23 V cause the undesirable
electrolysis of water. Our glass nanopore system therefore shows strong
promise as an inexpensive and useful experimental system for trapping
charged macromolecules with a high degree of control.

7.4. Summary
Our experimental collaborators, the group of Ulrich F. Keyser (Cavendish
Laboratories, University of Cambridge, UK) have shown experimentally
that inexpensive glass microcapillaries can be used to accumulate λ-phage
DNA at their tip through a combination of EOF, pressure-driven ŕow, and
electrophoresis. They further showed that this accumulated DNA can be
transported into and through the capillary simply by reversing the applied
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voltage.
Having demonstrated this effect experimentally, we then investigated the
ability of this system to accumulate macromolecules with speciőc mobilities
using őnite element computer simulations based on the electrokinetic equations. We identiőed a set of parameters for the salt concentration, surface
charge density of the capillary, applied voltage, pressure difference, and
capillary oriőce diameter that exhibits a strong trapping effect for particles
with experimentally relevant electrophoretic mobilities.
Also in line with the experiments, the trap discontinues when the electric
őeld reverses and the accumulated DNA splits into two parts: one moving
into the capillary and one moving away from it into the bulk.
In our simulations, we go beyond the on-symmetry-axis approximation
that is typically made in the literature to-date [24, 14, 17, 15] to study
the trapping of nanoparticles and other analytes. We őnd that this off-axis
approach is crucial to understanding the way particles trap. Speciőcally, our
traps are not static structures; instead, a region in which the DNA moves in a
recirculating pattern close to the tip forms when the right combination of external pressure and electric őeld is applied. Thus, the on-axis result can lead
to false impressions of the physics of trapping at nano- and microcapillary
tips.
Our results demonstrate that a trap using glass microcapillaries can be
őnely tuned to concentrate macromolecules with very speciőc mobilities
from solution. This, together with the cheap and facile fabrication of our
system, makes glass microcapillaries show a great deal of promise for the
use as analytic devices.
Our results will guide further experiments and we believe that they may
ultimately serve as the blueprint for the cheap, simple őltering and preconcentrating of analyte solutions in microŕuidic lab-on-a-chip devices.
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Chapter

8

Conclusion
We have laid out a vision including the computer optimized design of humanmade protein nano-machines as well as micro and nano-ŕuidic devices
which can characterize and manipulate biomolecules and other particles on
the nano-scale. We highlighted the transformative effects this technology
would have for modern medicine and discuss the obstacles in realizing it
with currently available methods, in particular the lack of computationally
feasible models for the dynamics of proteins and other biomolecules under
physiological and technologically relevant conditions.
After having recapitulated the relevant theory, we spent the remainder
of this thesis contributing towards realizing the vision in two distinct ways:
By signiőcantly improving existing computational methods for modeling
electrokinetic transport phenomena, extending their range of applicability
and reducing their computational demands, so that they can be used to
model systems on experimentally relevant length scales; and by using these
improved numerical schemes to construct computer models for existing
experimental systems, to explain the electrokinetic effects they utilize to
characterize and manipulate biomolecules and other nano-particles, and to
explore their capabilities beyond what is currently experimentally realized.
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In more detail, we developed a solver for the time-dependent electrokinetic equations based on a combination of the őnite volume method, őnite
differences, discrete Fourier transforms, as well as the Lattice-Boltzmann
method for hydrodynamics. This LB-EK scheme was őrst proposed by Capuani et al. [1] and used to investigate sedimentation and electrophoresis
of charged spheres [2]. We improved on the original formulation of the
method by Capuani et al. in a number of ways: we eliminated higher order
errors in the ionic currents and EOF for strong electric őelds; we minimized
unphysical boundary slip arising as a result of the extreme shear rates localized in the double layer for EOF and electrophoresis; and we reduced
artifacts due to spurious ŕow caused by numerical instabilities due to near
cancellation of contributions to the ionic ŕuxes and the hydrodynamic driving force. These improvements extend the applicability of the LB-EK solver
to nanopore systems involving electric őelds of much higher magnitude. We
detailed these improvements in Section 3.2, as well as Chapter 4 and 9 and
Refs. [3ś5]. The ongoing work coupling this method with particle based
models for biomolecules, and extending it to systems of much larger size
using an adaptive resolution scheme is documented in Chapter 9.
We used a second numerical scheme based on the őnite element method
to solve the stationary electrokinetic equations using an adaptive grid conforming to the system geometry. This scheme beneőts from some of the
same improvements we developed for the LB-EK scheme. We use this FEM
based method to study the conical glass micro and nanocapillaries subject
of experimental work by our collaborators in the Keyser group [10ś12, 38]
and documented in Chapter 5, 6, and 7, as well as further topics not part of
this thesis [8, 39].
The őrst part of our studies of these systems (Chapter 5) concerns the
rectiőcation properties for the ionic current and electroosmotic ŕow through
nanocapillaries. We reproduce the rectiőcation results originally observed
in Refs. [12, 13] and expand on these. This expansion is made possible in
large part by our improved meshing and modiőcation of the ŕuid forcing
term presented in Chapter 4, which strongly reduces spurious ŕow [3]. The
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őnite-size effect on the ŕow and current are studied and found to asymptotically scale with the inverse length of the capillary. To faithfully represent the
experimental systems with capillary lengths in the mm to cm range requires
simulation of a 20 µm capillary and 100 µm of the surrounding reservoir. Our
reduced spurious ŕow algorithm also allowed us demonstrate that advection
of the ions can be safely ignored. Finally, the optimum ionicity for achieving
rectiőcation is identiőed and the various limiting behaviors are discussed.
This diligent characterization of the FEM model and the close correspondence of its results with experimental obervations allowed us to conődently
apply it to the following more complex scenarios.
In Chapter 6 we extended the FEM model for conical glass nanocapillaries
to include a translocating nanoparticle. Here we found similar effects as originally observed (both experimentally and numerically) in Refs. [14, 11, 15]
Varying the environmental parameters, such as ionicity and applied voltage
(or equivalently direction of the externally applied E -őeld), has allowed us
to identify three key features of this system, which are of signiőcant interest
to experiments on nanopore translocation.
First, translocation can only take place at high ionic strength. For low
ionic strength we observe both particle trapping at the pore oriőce and particle repulsion from the oriőce, depending on the direction of the applied
electric őeld. It might be possible to overcome this effect by applying a hydrostatic pressure difference between the two reservoirs [16ś19], a salt density
difference [20], a temperature difference [21], or a magnetic őeld [22]. Alternatively, methods characterizing trapped instead of translocating particles
might be possible [23].
Second, the signal strength Ð the modulation of the ionic current through
the pore due to the translocating particle Ð is largest when a positive voltage
( E -őeld pointing out of the pore oriőce into the bulk) is applied at high ionic
strength or a negative voltage is applied at low ionic strength. Since the latter
is excluded for translocation, one should use the nanopore to perform particle
characterization by translocation at high ionicity and positive voltage.
Third, the signal strength is sufficient to observe the particle translocation
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and has a cubic dependence on the radius of the particle, while it is only
weakly linearly dependent on the surface charge of the particle. This result is
similar to that obtained by Lan et al. [14] The signal strength can be as much
as 40 % of the base current for large particles (see Figure 6.3). Therefore, our
calculations indicate that the conical nanocapillaries produced in the Keyser
group [10ś13] are suited as a particle characterization device, which can
sensitively discriminate between particles with different radii. They should
give similar current signals as observed for other nanoporous systems [14,
15, 17], provided the optimized parameters identiőed in Chapter 6 are
employed.
Similarly to our results for the trapping of a nanoparticle at the pore
oriőce, our experimental collaborators in the Keyser group have shown
experimentally that glass microcapillaries can be used to accumulate λ-phage
DNA at their tip through a combination of EOF, pressure-driven ŕow, and
electrophoresis. They further showed that this accumulated DNA can be
transported into and through the capillary simply by reversing the applied
voltage.
This effect being demonstrated experimentally, we then investigated the
ability of this system to accumulate macromolecules with speciőc mobilities
using our FEM based model for these capillaries. In Chapter 7 we identiőed
a set of parameters for the salt concentration, surface charge density of the
capillary, applied voltage, pressure difference, and capillary oriőce diameter that exhibits a strong trapping effect for particles with experimentally
relevant electrophoretic mobilities. Also in line with the experiments, the
trap discontinues when the electric őeld reverses and the accumulated DNA
splits into two parts: one moving into the capillary and one moving away
from it into the bulk.
In our simulations, we went beyond the on-symmetry-axis approximation
that is typically made in the literature to-date [24, 14, 17, 15] to study the
trapping of nanoparticles and other analytes. We found that this off-axis
approach is crucial to understanding the way particles trap. Speciőcally, our
traps are not static structures; instead, a region in which the DNA moves in a
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recirculating pattern close to the tip forms when the right combination of external pressure and electric őeld is applied. Thus, the on-axis result can lead
to false impressions of the physics of trapping at nano- and microcapillary
tips.
Our results demonstrate that a trap using glass microcapillaries can be
őnely tuned to concentrate macromolecules with very speciőc mobilities
from solution. This, together with the cheap and facile fabrication of our
system, makes glass microcapillaries show a great deal of promise for the
use as analytic devices.
The results presented in this work demonstrate that methodological improvements and growing computational power őnally allow numerical simulations based on the continuum electrokinetic equations to break into
technologically relevant length scales. Similar progress in particle based
models for biomolecules makes us conődent that direct simulations of the
dynamics of these molecules in micro and nanoŕuidic devices will actually
be possible. To realize the vision of computer guided optimization of such
devices and the molecules themselves, more work is necessary to couple our
continuum methods based on the electrokinetic equations with the particle
based MD models.

7.4 | Summary
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Chapter

9

Future Developments
9.1. Particle Coupling for LB-EK
Similar to the work that has been done coupling purely hydrodynamic LB
simulations with particle-based MD simulations [84, 180], we implement
two different particle coupling schemes for the LB-EK method.
The őrst represents particles as moving boundaries in the LB-EK scheme.
Such an approach yields highly accurate results, given a sufficiently resolved
grid, but is also fairly intensive in terms of computational resources. The
long-ranged electrostatic interactions of ionic species complicated the development of this method signiőcantly when compared to similar schemes
for purely hydrodynamic LB simulations [84, 180, 4]. Nevertheless, we
have completed the development of this scheme and successfully used it to
determine electrophoretic mobilities of colloidal particles [4].
For LB-EK simulations involving biomolecules however, we want to use
a computationally less intensive point coupling scheme similar to the one
we already use in coupled LB-MD simulations that represent ions explicitly
as coarse-grained MD particles [84, 181]. This scheme couples ŕuid and
particle through a frictional force proportional to the velocity difference of
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Figure 9.2.: A polyelectrolyte represented by a simple bead-spring particle
model (blue), surrounded by an increased counterion concentration modeled using the LB-EK scheme (red). The polyelectrolyte
translocates through a low-aspect-ratio nanopore (gray) under
the application of an external electric őeld (not shown).
order to recover correct distributions for the internal degrees of freedom of
polyelectrolytes.
Figure 9.3 shows a representation of the coarse-grained MD model for
double-stranded DNA developed by Weik et al. [181], one of the models
we eventually want to use in conjunction with LB-EK-MD for the direct
simulation of biomolecules as laid out in the introduction.

9.1 | Particle Coupling for LB-EK
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Figure 9.3.: Coarse-grained MD model by Weik et al. [181]. This model
correctly reproduces the mechanical properties and ionic distributions of double-stranded DNA in coupled LB-MD simulations.

9.2. Octree-based Reőnement for LB-EK
We were able to reach experimentally relevant length scales with the FEM
based solver due to our improvements of the ŕuid coupling and the adaptive
reőnement the FEM provides. The LB-EK method in its current state relies on
a regular cubic grid, requiring the whole simulation domain to be resolved
as accurately as the double layer.
To also reach length scales in the µm to cm range with the time-dependent
LB-EK, and eventually with the LB-EK-MD method, we require an adaptive
resolution scheme that comes with moderate overhead for the management
of the grid Ð unlike the FEM method, whose meshing overhead makes its
application to coupled particle simulations impossible. In collaboration with
the Mehl group, we develop such a scheme based on octree grids and the
p4est library [5, 193].
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