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Introduction
The physics of the 20th century was dominated by the fascinating eects of quantum
mechanics and relativity.

However, a satisfactory unication of both theories could

never be achieved. Quantum gravity [1] is still an open problem  not a theory. The
purpose of this thesis is not to solve this problem, but to provide customized, theoretical
tools which can model future experiments acting at the interface of gravity and quantum
mechanics.
Special attention is paid to a geometrical interpretation of the underlying physics.
In particular, we study three dierent aspects: (i) we consider how Newtonian gravity
enters into the quantum evolution of matter waves, (ii) we study relativistic quantum
elds in the presence of arbitrary curved spacetime and (iii) we investigate the geometrical eects of quantum state space on the evolution in interferometric setups  also
including entanglement. For the analysis of quantum states we employ the instructive
tool of quasi-probability distributions in phase space.

At the Interface of Gravity and Quantum Physics

Although gravity [2] aects ev-

eryone's daily life, relativistic phenomena on Earth are incredibly small. This behavior
changes if we consider physics on large scales, for instance, the behavior of stars, galaxies, clusters or even the entire universe.
Moreover, quantum physics  as a theory originally developed to explain the smallest
things in the world  regains signicance when we try to understand our universe in a
complete and consistent way. Besides theoretical models explaining the early universe,
where in a few millionths of a second the elementary particles of matter (quarks and
electrons) were created, the present universe still gives rise to striking quantum eects.
In this context, quantum eld theory (QFT) has become a well-established, fundamental theory of modern physics.

In particular, QFT in curved spacetime [3, 4] is

the preferred tool of theoretical physicists for describing relativistic quantum physics
in arbitrary curved spacetime.

Despite the fact that gravity is solely included as a

non-quantized background, this theory reveals new insights into the eld of relativistic
quantum evolutions as well as the general eects of the spacetime structure on physical
notions such as energy or particles.
The most prominent prediction is probably the Gibbons-Hawking eect [5, 6] and
the related Hawking radiation [7] arising in black hole spacetimes. Hence, one of the
biggest experimental tasks is the verication of such phenomena and thus the transfer
of relativistic quantum theories into the laboratory.
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For this purpose, quantum optical experiments based on matter-wave interferometry
with atoms [810] are promising candidates. Indeed, matter waves directly probe gravity
by their total mass (energy) and at the same time couple to external quantum elds by
means of their internal structure (composite systems on the level of molecules, atoms,
electrons and protons, quarks, etc.).

Matter-Wave Interferometers

The new era of matter-wave interferometry was initi-

ated in 1924 by Louis de Broglie [11].

The particle-wave complementarity combines

the property of matter to behave as particles as well as waves.

In analogy to light

interferometer experiments [12, 13] the wave nature of matter has led to early proposals for matter-wave interferometry [1417]. Signicant progress in quantum optics, for
instance the ability to manipulate internal atomic states by radio-frequency resonance
demonstrated by Rabi et al. [18] and the long-time coherence experiments by Ramsey [19], made accessible new standards for precise frequency measurements, nuclear
magnetic resonance spectroscopy and actually enabled quantum information gates. In
the late 20th century, techniques for a coherent manipulation of atoms pioneered atom
interferometry [2022].
Because of the absence of a unied theory of gravity and quantum mechanics, atom interferometry experiments on Earth or in micro-gravity environments provide a rst step
for testing theories concerning the Einstein equivalence principle [23, 24], string-theoryinspired dilaton models [25] or related models giving rise to fundamental constants
depending on time [26]. Especially quantum tests of the universality of free fall [2729]
are worth mentioning as a complement to conventional classical tests [30, 31].
Interference experiments with macroscopic quantum objects such as Bose-Einstein
condensates or ensembles of cold atoms are aiming at even longer interrogation times.
As a consequence several free-fall facilities are now available, for example atomic fountains [32], drop-tower facilities [33, 34], parabolic ights [35, 36], sounding rockets [37]
or space platforms [38], making a universal theoretical framework even more necessary.
We emphasize that in weak-eld environments gravity just enters into the Schrödinger
equation as the regular Newtonian potential which tremendously simplies theoretical
calculations.
Especially, light-pulse atom interferometers have become an important tool for absolute gravimetry [3942], gradiometry [4345], acceleration and rotation measurements [40, 4648] or for testing general relativity [49, 50]. Although gravitational waves
have already been observed directly [51] and indirectly [52, 53], alternative detector
schemes based on atom interferometry [5456] may become relevant for future gravitational -wave astronomy beyond the usual frequency bands of optical interferometers.
The specic feature that atoms in a light-pulse atom interferometer are freely falling
between subsequent laser pulses makes them the most precise inertial sensors. Within a
very good approximation only gravitational or inertial forces aect the free-falling atoms
and the accumulated, typical phase shifts are given by

2

∆ϕ ∼ kaT 2

for accelerations and
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∆ϕ ∼ k(v 0 × Ω)T 2

1

for rotations . The rst experimentally realized light-pulse interfer-

ometer with cold neutral atoms was developed by Kasevich and Chu [22, 32, 57]. This
interferometer is characterized by a

π/2 − π − π/2 -pulse

sequence that splits, redirects

and recombines the atoms in a coherent manner. Atom interferometers based on such a
laser pulse sequence are the direct analogue to common Mach-Zehnder interferometers
for light, with the roles of atoms and light interchanged.

Representation-Free Description

For the calculation of phase shifts and related quan-

tities like the contrast of the interference signal, various approaches are available: Path
integrals [58] are frequently used to determine the phase shift for relativistic trajectories [50] or the ABCD-formalism [59, 60] to obtain the matter-wave propagator (which
was incorporated later in a ve-dimensional spacetime approach [61, 62]).

More re-

cently, representation-free descriptions based on operator methods have gained attention [10, 63, 64]. For a comprehensive collection of the literature concerning phase calculations and the associated approaches, we refer to Refs. [9, 10].
In this thesis, we mainly focus on operator-based approaches.

In particular, our

representation-free approach [10] provides a straightforward method for obtaining the
phase shift and the visibility for arbitrary interferometer geometries taking into account
local accelerations, gradients and rotations of the device.

We pursue a description

entirely based on operator algebra mathematically acting at the very heart of quantum
mechanics.
In this way, we separate the quantum properties of initial states from the quantum
eects originating in the algebra of Heisenberg operators. In order to compare classical
with quantum states, we employ quantum phase-space distributions [65].

Especially

Wigner functions [6668] are most-suited to describe and illustrate ensembles of quantum particles in phase space.
The representation-free description of atom interferometry provides a general theoretical framework for arbitrary interferometer geometries in the presence of external
potentials and non-inertial forces. We apply and extend this approach in dierent ways:
Entanglement as a key feature of quantum mechanics is a useful resource in quantum metrology. We generalize the representation-free approach in order to eciently
describe many-particle entanglement in light-pulse atom interferometers. In the context
of the phase-estimation process, we additionally study how initial conditions and the
uncertainty principle aects the interferometric signal.
Moreover, in the presence of a time-dependent Hamiltonian, a quantum state accumulates, apart from a dynamical phase, a geometric phase. Within our general approach
we investigate the geometrical eects due to internal as well as the external quantum
degrees of freedom and introduce the notion of geometric phases in atom interferometry.

1 Here Ω and a are the rotation rate and the acceleration with respect to a reference frame in which
the lasers are at rest.
vector

T

denotes the time separation between the laser pulses with associated wave

k.
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We emphasize that in many cases parts of the interferometer can be modeled by a
local Lorentz invariant theory or even within a non-relativistic approximation, although
the global properties of curved spacetime will still aect the interferometer device as
a whole. Hence, we provide dierent relativistic and non-relativistic models describing
the building blocks of an atom interferometer. Such models at hand, the calculation of
a full interferometer sequence can be performed in a straightforward manner.

Outline of the Thesis

We start in Section 1 with a non-relativistic approach and

model matter-wave interferometry in the presence of a general quadratic potential. Our
representation-free description [10] incorporates the internal and the external dynamics in terms of unitary beam-splitter matrices and time-evolution operators, respectively. Moreover, it turns out that the total interferometer phase is a consequence of
the non-commutativity of generalized beam splitters, which combine the internal with
the external operators. A perturbative approach for the external evolution takes into
account arbitrary time-dependent, quadratic Hamiltonians. At the end of the section,
we present the ground-state detection probability for the Mach-Zehnder as well as for
multi-path geometries.
In Section 2 we discuss two-path interferometers and their application to quantum
state tomography. Based on the Weyl-Wigner correspondence, we propose two methods which can directly measure the Wigner function and its characteristic function.
Regarding the phase-estimation process, we highlight in Section 3 the role of the initial
conditions and the uncertainty principle with respect to the interferometric signal.
Section 4 is devoted to relativistic concepts in quantum physics. After considering
some simple examples of matter-wave phase shifts in interferometric setups, we investigate arbitrary quantum evolutions based on dynamical eld models. In particular, we
consider multipartite systems in curved spacetime as well as the matter-light interaction
by eective models within relativistic quantum eld theory.
In the last two sections, we revert to a non-relativistic description of interferometry
and pay special attention to the structure of internal and external Hilbert space. Section 5 investigates the geometrical eects on the atomic internal and motional degrees
of freedom. Here we separate geometrical from dynamical phase contributions and propose an interferometer that can measure the geometric phase acquired by the motional
state. In particular, we introduce geometric phases in continous-variable phase space
based on the non-commutativity of displacement operators.
The beam splitters used in our operator approach can be generalized to many-particle
quantum states (see Section 6), which allows an ecient description of entanglement
and quantum spin squeezing particularly useful to improve the phase sensitivity.
In order to keep the paper self-contained, we summarize concepts, methods and detailed calculations in several appendices.

4

1. Representation-Free Description of
Atom Interferometers
Matter-wave interferometry can be modeled by a representation-free description solely
based on operators. The advantage of such an approach is that the unitary evolution
within the interferometer can be described by beam splitters and free evolution, which
can be nally incorporated in a generalized beam splitter accounting for both, the internal and the external evolution. Hence, the formalism [10] presented in this section
provides an ecient description of matter-wave interferometers. In particular, we analyze in general the eects of an arbitrary interferometer sequence on the internal as well
as on the external degrees of freedom of the matter wave.

1.1. Matter-Wave Interferometry in Quadratic Potentials
Matter-wave interferometry uses the ability to manipulate the internal, the external or
both degrees of freedom. Thereby, the interferometer is composed of a sequence of beam
splitters which determines the specic interferometer geometry.
Our compact formalism (presented in this section) is applicable to arbitrary beam
splitter models as long as the eects on the external degrees of freedom are negligible on
the timescales of the beam-splitting process. For instance, by modifying the interaction
model also double Bragg diraction [69] can be eciently described.

In particular,

any internal level structure reducible to an eective two-level system (e.g.

Raman

transitions) is given in an exact way. With no loss of generality, we apply our formalism
to light-pulse atom interferometers where the beam-splitting process is governed by
atom-light interactions.

1.1.1. Total Hamiltonian
A two-level system (atom) with the internal ground state
state

| 1 ⟩ shall be given.

|0⟩

and the internal excited

In the presence of a radiation eld the atomic two-level system

undergoes Rabi oscillations where the corresponding semi-classical Hamiltonian can be
written as

Ĥ(t) = Ĥe (t) + Ĥi (t) =

p̂2
σ̂3
+ Ve (t, x̂) + ~ωa − d̂ E(t, x̂).
2m
2

(1.1)

In addition to the standard atom-eld Hamiltonian of quantum optics [7072], the above
Hamiltonian takes into account a time-dependent external potential

Ve .

Moreover, in
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light-pulse atom interferometers most of the time the lasers are o and the atom is freely
propagating in the external potential. Hence, the total Hamiltonian is decomposed in

Ĥe (t), governing the atomic external motion, and an internal
Ĥi (t) including the atom-light interaction. Especially, the external Hamiltonian consists of the kinetic energy of the atom (momentum p; atomic mass m) and
the external potential Ve (t, x̂). For weak external potentials or equivalently for short

an external Hamiltonian
Hamiltonian

laser pulses the atomic external motion can be neglected on the timescale on which the
atom oscillates between its internal states (Rabi oscillations). The associated internal
Hamiltonian is determined by the internal level splitting with energy
teraction term linearly coupling the dipole operator

∗

~ωa ,

and the in-

Ê .

and the electric eld

The

d̂ ≡ d σ̂+ + d σ̂− contains the atomic raising and lowering operators,
σ̂− = | 0 ⟩⟨ 1 |, and the dipole transition element d. Finally, we note
electric eld Ê ≡ E(t, x̂) explicitly depends on the position operator x̂, which

dipole operator

σ̂+ = | 1 ⟩⟨ 0 |
that the

d̂

and

becomes important for the total interferometer phase as well as for the atomic external
motion.

1.1.2. State Description
A matter wave with two internal degrees of freedom plus external ones is given by

| Ψ ⟩ = α | ψ (0) ⟩ | 0 ⟩ + β | ψ (1) ⟩ | 1 ⟩.

(1.2)

The total atomic state is a superposition of atoms being in the internal ground state

| 0 ⟩ and the internal excited state | 1 ⟩ with corresponding external states | ψ (0) ⟩ and
| ψ (1) ⟩, respectively. The state | Ψ ⟩ is assumed to be normalized (α2 + β 2 = 1) and the
orthonormal internal states are spanning up a two-dimensional Hilbert space.

1.1.3. Interferometer Sequence
The key elements of interferometers are beam splitters (internal dynamics) and free
propagation zones in between. In the case of light-pulse atom interferometry, the beam
splitters are short laser pulses and on each laser pulse, described by a unitary time
evolution

Ûi ,

a free evolution

Ûe

of the atom in the external potential follows. Hence,

the nal state can be written as a sequence of unitary evolutions

| Ψ(tn +τn ) ⟩ = Ûi (tn +τn , tn ) ... Ûe (t1 , t0 +τ0 ) Ûi (t0 +τ0 , t0 ) | Ψ0 ⟩.
The above separation of the internal dynamics

Ûi

and the external dynamics

(1.3)

Ûe

is jus-

tied for suciently short laser pulses or weak external elds as one can neglect the
external atomic motion during the pulse durations

τn .

For a discussion on eects of

various external potentials on the beam-splitter process, we refer to Ref. [73].

How-

ever, we emphasize that for usual experimental parameters on Earth or in the Earth
gravitational eld the main contribution to the nal interferometer phase scales with
the intermediate times between the laser pulses, i.e. with the external dynamics, rather
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than with the pulse durations. That is why we model in Section 1.2 the beam-splitter
process as a quasi-instantaneous process with respect to the free evolutions.

Figure 1.1.: Detail of an interferometer sequence: The interaction zone (dashed gray

Ûi ) of a laser eld and an atom (black solid line = center-of| 0 ⟩, causes a superposition of | 0 ⟩ and | 1 ⟩. The superposition weight is governed by the interaction
time τ . Afterward, a free-propagation zone follows (external dynamics;
operator Ûe ). Free propagation is meant to include the external potential

region; operator

mass motion), initially in the internal ground state

but no laser interaction is present.

In conclusion, we have shown that the nal state in an arbitrary light-pulse atom
interferometer can be written as a sequence of the unitary operators
dynamics and

Ûe for the external dynamics (Fig. 1.1).

Ûi

for the internal

In the following, we analyze in de-

tail the external as well as the internal dynamics to show that the commutator relations
of these operators yield the phase shift for arbitrary interferometer pulse sequences.

Internal Dynamics

We have already discussed for light-pulse atom interferometers

τ . Thus,
Ĥe (t) = 0,

that the external atomic motion can be neglected during the pulse duration
the kinetic energy as well as the external potential can be set to zero, i.e.
and the total Hamiltonian, Eq. (1.1), reduces to

Ĥi (t) = ~ωa

σ̂3
− d̂ E(t, x̂).
2

(1.4)

Ĥi (t) acts on the internal
| 0 ⟩ and | 1 ⟩ via the dipole

It is important to mention that the internal Hamiltonian
degrees of freedom, but also couples the internal states

dˆ = d | 1 ⟩⟨ 0 | + d∗ | 0 ⟩⟨ 1 | to the external degrees of freedom. Indeed, due to
position operator x̂ in the electric eld, the interaction term (second term in the

operator
the

above internal Hamiltonian) acts on both degrees of freedom.
The time evolution for an arbitrary initial state of the form given in Eq. (1.2) can
formally be written as

| Ψ(t)⟩ = Ûi (t, t0 ) | Ψ(t0 ) ⟩.

Here the unitary operator for the

internal dynamics

Ûi (t, t0 ) = T

− ~i

e

∫t
t0

dt′ Ĥi (t′ )

(1.5)
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is governed by the time-dependent Hamiltonian (1.4) and

T

denotes the time-ordering

operator. In Section 1.2 we will further specify the above unitary operator and deduce
a beam-splitter matrix for the internal dynamics.

External Dynamics

The free propagation between two laser pulses takes into account

the time evolution within the external potential

Ve .

Here free propagation means that

no laser interaction is present but the eects of the external potential are included.
Thus, the propagation in the external potential is governed by the time-dependent
Hamiltonian

Ĥe (t) =

p̂2
+ Ve (t, x̂),
2m

(1.6)

where the rst term corresponds to the kinetic energy of the matter wave, and the
second to the potential energy, both part of the total Hamiltonian (1.1). Note that the
external Hamiltonian (1.6) solely acts on the external degrees of freedom, that is on

| ψ (0) ⟩

and

| ψ (1) ⟩.

Finally, the familiar Schrödinger equation maps the initial state

| Ψ(t0 ) ⟩

onto the

nal state

| Ψ(t) ⟩ = Ûe (t, t0 ) | Ψ(t0 ) ⟩
via the time-evolution operator

Ûe (t, t0 ).

(1.7)

For general quadratic Hamiltonians we spec-

ify in Section 1.1.5 the external time evolution. In particular, external potentials up to
quadratic order in position (for instance gravitational accelerations plus gravity gradients) are included as a special case.
However, before we present explicit terms for the internal as well as the external time
evolutions, we provide below the ground-state detection probability for a matter-wave
interferometer.

1.1.4. Probability
The probability of detecting an atom in the ground state

| 0⟩

at position

x

after an

arbitrary sequence of laser pulses and free propagations reads

|ψ (0) (tn , x)|2 = |⟨ x | ⟨ 0 | Ψ(tn ) ⟩|2 .
Here the state

| Ψ(tn ) ⟩

after the last laser pulse at time

(1.3). Further, we have omitted the pulse length

τn

tn

(1.8)
is given by the sequence

in the notation. The ground-state

detection probability irrespective of position becomes

∫
P |0⟩ (tn ) =
R3

8

d

3

x |ψ (0) (tn , x)|2 .

(1.9)
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Note that any further free propagation

Ûe (tn+1 , tn )

within the external potential after

the last beam splitter does not alter the probability.
calculating the probability

P |0⟩ (tn+1 )

with the state

This can be easily checked by

| Ψ(tn+1 ) ⟩ = Ûe (tn+1 , tn ) | Ψ(tn ) ⟩.

In other words, the probability to nd the atom in the internal ground state after a
given pulse sequence is determined right after the last beam splitter at time

tn .

1.1.5. General Quadratic Hamiltonians
The free propagations in a matter-wave interferometer are only aected by the external
potential. An elegant description of matter-wave interferometry can be attained when
the external evolution is governed by a quadratic Hamiltonian. As a result, one arrives
at a compact description of matter-wave interferometry based on the well-known canonical description of quantum mechanics for a general quadratic Hamiltonian where the
time-evolution matrix is symplectic. We refer to our review article [10] for a detailed
analysis and especially for the understanding of the underlying symplectic structure of
the canonical formalism of classical dynamics as well as its counterpart in quantum
mechanics [74, 75].

In the following we use a quadratic Hamiltonian for the external

degrees of freedom which prescribes the external atomic motion in a potential being at
most quadratic in position.
The most general form of a quadratic Hamiltonian is given by

Ĥe = He (ξ̂) = F(t) + G T(t) ξ̂ +

1 T
ξ̂ H(t) ξ̂ .
2

(1.10)

The subscript  e indicates that the Hamiltonian serves as our model Hamiltonian for

2N -dimensional phase-space
N -dimensional position operator x̂

the external dynamics. In addition, we have introduced the
vector operator

ξ̂ = (x̂, p̂)T

which consists of the

N -dimensional momentum operator p̂. The time-dependent rst- and secondG(t) and H(t) are a 2N -dimensional vector and a 2N × 2N matrix,
respectively. Moreover, F(t) is a scalar function which imprints a physically irrelevant
and the

order coecients

energy oset to the Hamiltonian; for convenience we set it to zero.

Heisenberg Picture and the Representation-Free Description

Since the origin of the

interferometer phase shift changes for dierent representations, see Ref. [63] for an interpretation of the phase shift in position or momentum representation, a representationfree description (solely based on operators) will circumvent such interpretation problems.

Moreover, since we are just dealing with operators, it is useful to go to the

Heisenberg picture. Indeed, in this way the internal as well as the external time evolutions yield time-dependent operators so that we only have to use operator algebra
methods in order to eciently describe matter-wave interferometry.

ξ̂ = (x̂, p̂)T acts on the external degrees of freedom.
In the Heisenberg picture the operator ξ̂ , which corresponds to the Schrödinger picture,
The phase-space vector operator
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becomes time-dependent

ξ̂ H = ξ̂ H (t) = Û † (t, t0 ) ξ̂ Û (t, t0 ) .

(1.11)

In the following notation we omit the argument  t since time is implicitly included in
the subscript H for the Heisenberg picture.
In quantum mechanics, position and momentum operators obey the canonical commutation relations, which transfer into the compact form

[

Here

Jik

]
ξˆH,i , ξˆH,k = i~ Jik .

(1.12)

determine the structure constants (corresponding to the above commutator)

and are given as the components of the symplectic form

J ≡

(

0 1N
−1N 0

)

.

(1.13)

In this way, the commutation relations for the conjugate variables, that is position and
momentum, enforces the underlying symplectic structure of quantum phase space represented by the symplectic form

J ∈ RN ⊗N .

Note that the

2N -dimensional phase space

also allows a description for a many particle theory. Nevertheless, for entangled particles the observables of the individual particles no longer commute and the commutator
relations will possess structure constants dierent from those dened by Eq. (1.13). It
is worth mentioning that our formalism also includes the description of such entangled
particles as long as the correct structure constants

Heisenberg Equation of Motion
Hamiltonian (1.10) becomes

Jik

are used.

In the Heisenberg picture the general quadratic

ĤH,e = Û † (t, t0 ) He (ξ̂) Û (t, t0 ) = He (ξ̂ H ).

This immedi-

ately induces the following Heisenberg equation of motion
dξ̂ H
dt

=

i

~

[
]
ĤH,e , ξ̂ H = J H(t) ξ̂ H + J G(t) ,

(1.14)

which is a linear, inhomogeneous equation with the general solution presented below.

General Solution

The general (time-dependent) solution of the Heisenberg equation

of motion can be written as usual as the sum of a homogeneous solution and a particular
solution [10]

∫t
ξ̂ H = T (t, t0 ) ξ̂ + T (t, t0 ) dt′ T −1 (t′ , t0 ) J G(t′ ) .

(1.15)

t0
Here we have introduced the time-evolution matrix

T (t, t0 ) ∈ R2N ⊗2N ,

which is a

symplectic matrix and fullls the homogeneous part of the Heisenberg equation of motion. Since for time-dependent second-order coecients

T (t, t0 )

10
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can not analytically be determined, we pursue a perturbative approach next.
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Perturbative Approach for Time-Dependent Hamiltonians
trix

T (t)

The time-evolution ma-

induces in the Heisenberg picture the time propagation of the Schrödinger

phase-space operator, where

(h)

ξ̂ H = T (t) ξ̂ is the homogeneous solution of the Heisenberg

equation of motion, see Eqs. (1.14) and (1.15). The time-evolution matrix takes into
account the evolution governed by the quadratic part of the general Hamiltonian (1.10).
In general, the quadratic part can be time-dependent because of the second-order coecient

H(t).

However, if the time-dependence is just a small perturbation to the

unperturbed second-order coecient

H0 ,

that is

H(t) = H0 + λHI (t)
with a small perturbation

T (t)

can be deduced.

λHI (t),

(1.16)

a recursive formula for the time-evolution matrix

In particular, such a perturbative approach is useful to deal

with time-dependent (gravitational, magnetic, etc.) gradients of the external potential.
We will explicitly see in Section 1.2.2 how the gradients are taken into account by the
second-order coecient

H(t).

In the previous section we have already mentioned that the time-evolution matrix

T

has to fulll the homogeneous part of the Heisenberg equation of motion (1.14). Thus,
we get via the ansatz (1.16) the following homogeneous equation of motion
dT

(t)
= J [H0 + λHI (t)] T (t) .
dt

(1.17)

In order to arrive at a recursive formula for the solution of the above dierential equation, we write the time-evolution matrix as a power series

T = T (0) + λT (1) + λ2 T (2) + . . .
where

T

λ

(1.18)

shall be a small perturbation parameter. Using the power series to substitute

in Eq. (1.17) yields
d
dt

(

)
(
)
T (0) + λT (1) + . . . = J [H0 + λHI (t)] T (0) + λT (1) + . . . .

(1.19)

λ=0
T (0) (t, t0 ) = exp{J H0 (t − t0 )}.

The very rst terms on both sides correspond to the unperturbed part, where
and the time evolution for the zeroth order is given by
Further, the linear independence of each order in

λ

induces the recursive formula for

λ ̸= 0
d
dt

T (n) (t, t0 ) − J H0 T (n) (t, t0 ) = J HI (t)T (n−1) (t, t0 ) .

(1.20)

Finally, the main result can be written as an integrated recursive formula for the orders

n>0
∫t
T (n) (t, t0 ) = dt′ T (0) (t, t′ ) J HI (t′ ) T (n−1) (t′ , t0 ) .

(1.21)

t0
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To conclude, the solution of the previous equation allows a perturbative treatment
of time-dependent Hamiltonians.

In particular, linear perturbations in the general

quadratic Hamiltonian are also included by the rst-order coecient

G(t). Indeed,
HI (t) to the

the recursive formula (1.21) takes into account quadratic perturbations

unperturbed Hamiltonian but also enables a perturbative solution for Eq. (1.15) which
depends on

G(t).

In this way, one can deal with arbitrary time-dependent accelerations

and inertial forces (e.g. vibrations) via the rst-order coecient

G(t).

Needless to say, the separation (1.16) in an unperturbed part and a small perturbation is not restricted to time-dependent problems.

Indeed, any small deviation from

the actual Hamiltonian can be perturbatively treated. For instance, the Earth's gravity
gradient is small compared to the local gravitational acceleration so that the perturbative approach can be used (although the eects of gravity gradients can be anyway
determined fully analytically, see Appendix C).
Since we are especially interested in a compact description of atom interferometers,
we combine both the internal and the external dynamics in the following section.

1.2. Generalized Beam Splitter
In the current section we specify the internal dynamics and represent the atom-light
interaction as a beam-splitter matrix acting on the internal as well as on the external
degrees of freedom. We emphasize that the presented formalism still allows a versatile
and compact description of atom interferometry with special focus on light-pulse atom
interferometry. It turns out that the atom-light interaction and the free propagation
can be combined by means of a generalized (time-dependent) beam-splitter matrix.

1.2.1. Generalized Beam-Splitter Matrix
In Section 1.1 we have already discussed the key elements of atom interferometers,
i.e. the atomic internal and external dynamics. We are interested now in a compact
description combining both dynamics. Finally, we arrive at a generalized beam-splitter
matrix for the atom-light interaction and the external motion.

Atom-Laser Interaction

The atom-light interaction is modeled as a two-level system

interacting with a semi-classical electric eld of two counter-propagating lasers. The associated interaction term is part of the internal Hamiltonian (1.4). Since we can neglect
the external motion (for short laser pulses or weak external potentials) and assume a
constant electric eld amplitude during the atom-laser interaction, the internal Hamiltonian becomes time-independent. The atom-light interaction under these assumptions
is studied in detail in Appendix A. As a result, the unitary time-evolution operator

12
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Eq. (1.5), can be written in the

(
Ŝn(Θ)
Here the subscript

kn

sequence;

and

=

n
φn

{| 0 ⟩, | 1 ⟩}

basis as the following matrix

−i sin Θ2 e−i[kn x̂+φn ]
cos Θ2

cos Θ2

+i[kn x̂+φn ]

−i sin Θ2

e

stands for the

nth

)
.

(1.22)

atom-light interaction of the interferometer

denote the wave vector and the phase of the

respectively. Moreover, we have introduced the pulse area

Θ,

nth

laser pulse,

which can be arbitrar-

ily chosen by the pulse duration or the laser amplitude. It is important to recognize
that the notation was changed from
evolution

Ûi

to

Ŝ (Θ)

in order to emphasize that the internal

Ûi is a quasi-instantaneous process with respect to the external time evolution.

For a straightforward generalization of the beam-splitter matrix it is useful to introduce the displacement operator

i

D̂(χ) = D̂(χx , χp ) ≡ e ~ [χp x̂−χx p̂] .
The displacement vector

χ ≡ (χx , χp )T

(1.23)

determines the phase-space displacement in-

duced by the position and the momentum operator. Further properties of the displacement operator can be found in Appendix B.4.
Hence, the beam-splitter matrix (1.22) of the

nth atom-light interaction can be rewrit-

ten in the following way

(
Ŝn(Θ)

=

−i sin Θ2

+iφn D̂(χ̄

e

Here the phase-space displacement vector

~kn

of the

nth

−i sin Θ2

cos Θ2

n)

−iφn D̂(−χ̄ )
n
Θ
cos 2
e

χ̄n ≡ (0, ~kn )T

)
.

(1.24)

accounts for the photon recoil

laser pulse. It is crucial to emphasize that in atom interferometry the

beam splitter not just mixes the internal modes but also acts on the external degrees
of freedom.

Heisenberg Picture

The aim of this subsection is to provide a generalized beam-

splitter matrix which allows a compact description of arbitrary interferometer pulse
sequences.
To deal with the external dynamics, we use the free-evolution operator

Ûe

and trans-

form the beam-splitter matrix (1.24) into the Heisenberg picture

ŜH,n = Ûe† (tn , t0 ) Ŝn(Θ) Ûe (tn , t0 ) .
(Θ)

(1.25)

One immediately sees from Eq. (1.24) that the displacement operator will become time-

D̂H,n ≡ Ûe† (tn , t0 ) D̂(χ̄n ) Ûe (tn , t0 ). Next,
we separate the eects of the external dynamics in the displacement operator D̂H,n into

dependent due to the transformation (1.25):
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two parts.
We have already discussed that the external evolution

Ûe (tn , t0 ), governed by a general
T (tn , t0 ) fullling the

quadratic Hamiltonian, can be split into: (i) the time evolution

homogeneous Heisenberg equation of motion, and (ii) the time evolution which accounts
for the inhomogeneity, see Eqs. (1.14) and (1.15), respectively. To deal with the eects
of the inhomogeneity, it is convenient to introduce the (time-dependent) generalized
phase

1
Φn ≡ φn +
~
Φn

Since

∫tn

′

dt

′
′
χT
n (t , tn ) G(t ) .

(1.26)

t0

is a scalar-valued function, one can interpret it as a generalization of the

constant laser phase

φn

in Eq. (1.24).

Further, the time evolution

T

(which corresponds to the homogeneous solution

(h)

ξ̂ H =

T (tn , t0 ) ξ̂ of the Heisenberg equation of motion) induces a time-dependent displacement
vector

χn ≡ T (t0 , tn ) χ̄n .

(1.27)

In this way the displacement vector takes into account phase-space translations due to
the photon recoil,

χ̄n ≡ (0, ~kn )T , plus translations due to the external potential.

Both

eects are combined in the (time-dependent) displacement operator

i T

D̂(χn ) = e− ~ χn J ξ̂ .

(1.28)

Note that in Eq. (1.27) the arguments of the time evolution are exchanged with respect
to the homogeneous solution because we have shifted the time-dependence from

χ̄n

via the identity

form

J,

J T (tn , t0 ) = T T (t0 , tn ) J .

(h)

ξ̂ H

to

In addition, we recall the symplectic

Eq. (1.13).

Finally, after the transformation (1.25) the beam-splitter matrix (1.24) of the

nth

laser pulse becomes

(
(Θ)
ŜH,n

=

−i sin Θ2 e−iΦn D̂(−χn )
−i sin Θ2 e+iΦn D̂(χn )
cos Θ2
cos Θ2

)
.

(1.29)

We call the matrix a generalized beam splitter to emphasize that the beam splitter takes
into account the usual internal mode mixing but also acts as a phase shifter due to the
external dynamics.
So far we have assumed that the external evolution is governed by a general quadratic
Hamiltonian. At rst sight, it seems that anharmonic potentials cannot be considered.
However, one can introduce branch-dependent potentials to overcome this limitation.
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Indeed, branch-dependent potentials (locally quadratic for each interferometer branch)

χn and Φn for each
±
±
vectors χn and phases Φn

dierently modify the time evolution of

internal state.

When

we introduce dierent displacement

for each transition ele-

ment [76], we can include anharmonic eects on length scales comparable to the branch
separation in the external degrees of freedom [64]. At the same time, state-dependent

±
χ±
n and Φn . For
+
instance ~kn describes the momentum kick corresponding to the transition from the
−
internal ground state | 0 ⟩ to the internal excited state | 1 ⟩ and ~kn the vice versa pro-

laser interactions due to dierent laser kicks are also implemented by

cess. We call such a beam splitter an asymmetric beam splitter which nally can deal
with all these eects by using the substitution

D̂(±χn ) → D̂(±χ±
n)

and

±Φn → ±Φ±
n

in the generalized beam-splitter matrix (1.29).
In summary, we have modeled the atom-light interaction by the beam-splitter matrix (1.22). To account for the external motion, the transformation into the Heisenberg
picture has given the generalized phase (1.26) and the time-dependent displacement
operator (1.28).

As a result, the generalized beam splitter (1.29) now combines the

internal evolution as well as the external evolution governed by a general quadratic
Hamiltonian. In the following the generalized beam splitter will serve us as a building
block for our interferometer description and enables a compact description of arbitrary
interferometer pulse sequences.

Beam Splitter and Mirror

Any interferometer is based on the superposition principle

of quantum mechanics. Therefore, the crucial point is the implementation of an equallyweighted superposition of a quantum state. In atom interferometry we obtain such a
fty-fty beam splitter by setting the pulse area

(π)

Θ = π/2

| 0 ⟩ − i e+iΦn D̂(χn ) | 1 ⟩
√
,
2
| 1 ⟩ − i e−iΦn D̂(−χn ) | 0 ⟩
√
.
|1 ⟩ =
2

ŜH2,n | 0 ⟩ =
(π)

ŜH2,n

For pedagogical reasons, we have assumed the internal states

(0, 1)T

(1.30a)

(1.30b)

| 0 ⟩ ≡ (1, 0)T

and

|1⟩ ≡

as incoming states. To invert the internal populations and to redirect the external

motion, it is useful to apply mirrors (Θ

= π)

ŜH,n | 0 ⟩ = −ie+iΦn D̂(χn ) | 1 ⟩ ,
(π)

ŜH,n | 1 ⟩ = −ie−iΦn D̂(−χn ) | 0 ⟩ .
(π)

(1.31a)
(1.31b)

Thus, in both cases (π -pulse and
phase combined with a

π/2-pulse) the internal states accumulate a relative
±iΦn D̂(±χ ), where the sign depends on the
displacement −i e
n

incoming state. Moreover, these time-dependent phases and displacements will generate
the total interferometer phase shift and determine the visibility.
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1.2.2. Perturbative Treatment for Time-Dependent Coecients
In the previous section we have dened the generalized phase
displacement operator

D̂(χn ),

Φn and the time-dependent

both including the eects of the external motion.

To

specify the external dynamics we introduce the potential

1
Ve (t, x) ≈ Ve (ρ(t)) − m g T (t) [x − ρ(t)] + m [x − ρ(t)]T Γ(t) [x − ρ(t)] .
2

(1.32)

Here we expand the external potential up to second order (harmonic approximation)

ρ(t) and dene the local acceleration g(t) ≡ g(ρ(t); t). Moreover, Γik (ρ(t); t) ≡ 1/m ∂i ∂k Ve (t, x)|x=ρ(t) are the components of the time-dependent
gradient Γ(t). On the one hand, the above potential can be used to describe the grav-

around the position

itational potential where the gravitational mass of the matter wave directly couples to
the gravitational eld. On the other hand, one can think of other coupling potentials,
for instance the interaction between the (atomic) spin in a magnetic eld or electric
charges in electric elds, both corresponding to the same mathematical model. Thus,
the presented formalism holds true for various physical problems even though we restrict
ourselves to the gravitational eld in the following. Note that the harmonic approximation is well-suited for high-precision measurements as long as the expanding point

ρ(t),

usually dening the rest frame of the lasers, is suciently close to the atomic

center-of-mass motion. Depending on the chosen reference frame, the local acceleration

g(t)

additionally takes into account inertial forces, e.g. due to vibrations.

For constant local accelerations and gradients the rst- and second-order coecients

G

and

H

of the general quadratic Hamiltonian (1.10) become time-independent. We

derive in Appendix C the time evolution for this scenario.

Moreover, to stay in line

with the perturbative approach given in Section 1.1.5, we calculate the time-evolution
matrix

T

perturbatively, see Eqs. (C.4)-(C.6), although for constant gradients also an

analytical solution can be given, see Eq. (C.3).
Eq. (C.7), and the generalized phase

Φn ,

Finally, the displacement vector

Eq. (C.8), are presented.

χn ,

Beyond this, we

show now how to deal with arbitrary time-dependent Hamiltonians.
The main result of our perturbative approach, valid for arbitrary time-dependent
Hamiltonians, is the series expansion (1.18) combined with the recursive formula (1.21).
Here the recursive formula determines the time-evolution matrix

T

to any desired or-

der which serves as the starting point for a straightforward calculation of all relevant
interferometric quantities, for instance the generalized phase (1.26) or the displacement
vector (1.27).

Generalized Phase for a Single Laser Pulse

For time-dependent (gravitational, mag-

netic, etc.) gradients the second-order coecient can be decomposed as

(
0
H(t) = H0 + HI (t) =
0
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0
1
m 1N

)

(
)
m Γ(t) 0
+
.
0
0

(1.33)
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The unperturbed part

H0

induces the free time-evolution matrix

T (0) ,

Eq. (C.4). The

recursive formula (1.21) then yields correction terms due to small eects of the gradient

Γ(t).

Finally, we obtain for the generalized phase up to rst order in

1
Φn = φn +
~

∫tn
dt

′

[

T (0) (t′ , tn ) χ̄n + T (1) (t′ , tn ) χ̄n + . . .

]T

Γ

G(t′ )

t0

∫tn ∫t′
′
′
′
′′ T
′′
′
′
′′ ′′
= φn − dt′ kT
n g(t ) [t − tn ] + dt dt kn Γ(t ) g(t ) [t − t ][t − tn ] + . . . .
∫tn

t0

t0

tn
(1.34)

Γ(t) and local acceleration
G(t) ≡ (−mg(t), 0)T ∈ R2N

This result is valid for an arbitrary time-dependent gradient

g(t).

In addition, we have used the rst-order coecient

which just accounts for the local acceleration. Needless to say, for constant gradients
and local accelerations the above equation reduces to the generalized phase given in
Eq. (C.8). Moreover, for a vanishing gradient (Γ

Φn = φn +

= 0)

we get the phase

1 T
k g [tn − t0 ]2 ,
2 n

(1.35)

which clearly shows that the interferometer is sensitive to the projection of the local
acceleration on the wave vectors

kn .

However, the second term vanishes if the lasers

stand perpendicular to the local acceleration

g.

1.3. Compact Description of Interferometry
In the previous section we studied the internal as well as the external evolution in an
atom interferometer. As a result, we have arrived at the generalized beam splitter (1.29)
which combines the internal mode mixing (here the atom-light interaction) and the
external dynamics in the context of the Heisenberg picture. Further, we have applied
a perturbative approach to handle time-dependent external potentials. In the following
we show that any interferometer geometry, dened by its specic ordering of laser pulses,
can be written as a sequence of such generalized beam splitters.

1.3.1. Arbitrary Interferometer Geometries
Any interferometer based on an internal or external two-level system consists of beam
splitters creating an arbitrary superposition of the incoming states

|0 ⟩

and

| 1 ⟩.

More-

over, the free evolution in between subsequent beam splitters yields a state-dependent
phase accumulation.

In general, a nal beam splitter recombines the states and a

state-dependent detection enables to measure the relative phase shift induced by the
interfering states.
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In light-pulse atom interferometry life becomes more complicated.

Since every in-

ternal transition coincides with a momentum kick by the absorbed or emitted photon,
the beam splitter is not just mixing the internal states but also spatially separating
the quantum state. In other words, the external center-of-mass motion becomes statedependent. We have already mentioned this internal-external coupling in the context of
the interaction Hamiltonian, see Section 1.1.3. At the end, an arbitrary interferometer
sequence shows many spatially separated branches, see for example Fig. 1.2.

In the

Schrödinger picture the nal state right after the last beam splitter therefore reads

(Θ1 )

| Ψ(tn ) ⟩ = Ŝn(Θn ) Ûe (tn , tn−1 ) · · · Ûe (t2 , t1 ) Ŝ1
Here we have used the separation ansatz (1.3) and

(Θ0 )

Ûe (t1 , t0 ) Ŝ0

| Ψ0 ⟩ .

(1.36)

| Ψ0 ⟩ denotes the initial state for the

external and internal degrees of freedom, see Eq. (1.2). We can omit the subscript e in
the following since the internal time evolution is uniquely determined by the operator

Ŝ

and the external one by

Û .

Figure 1.2.: With growing complexity light-pulse atom interferometers show a network of

interferometer paths due to the coupling of the internal and external degrees
of freedom during the beam-splitting process. The straight lines denote the
atomic center-of-mass motion aected by the photon recoil (of absorbed and

tn . With no loss of generality, we
| 0 ⟩ as initial state. For clearness, the eect

emitted photons) at the interaction times
choose the internal ground state

of the external potential on the atomic motion is omitted. Note that such
a sketch shall not present the exact external motion but provides a clear
depiction to classify the interferometer geometry.

1.3.2. Final State
The nal state can be given in a compact form by recalling the transformation (1.25)
of the beam-splitter matrix into the Heisenberg picture

| Ψ(tn ) ⟩ = Û (tn , t0 ) ÛI | Ψ0 ⟩ .

(1.37)

Here the interferometer operator

(Θ )

(Θ

)

(Θ )

(Θ )

n−1
· · · ŜH,11 ŜH,00
ÛI ≡ ŜH,nn ŜH,n−1
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is dened by the characteristic sequence of generalized beam splitters fully describing the specic interferometer geometry.
used

For instance, the in experiments commonly

π/2 − π − π/2 -pulse sequence (Mach-Zehnder interferometer) corresponds to the
(π/2)
(π)
(π/2)
ÛMZ = ŜH,2 ŜH,1 ŜH,0 . The explicit calculation of the matrix elements

operator

for this important case is presented in Appendix G. Finally, we emphasize that for
any given interferometer geometry the calculation of the characteristic operator
straightforward, using Eq. (1.29).

ÛI

is

Moreover, in Section 1.2 we have also seen that

state-dependent momentum transfers and path-dependent potentials can be taken into
account by slightly modifying the generalized beam splitter.

1.4. Probability of Ground-State Detection
We discuss now the ground-state probability of detecting the matter-wave in the internal
ground state after an arbitrary pulse sequence. In particular, we introduce the so-called
vertex rule to handle all interferometer paths contributing to the nal interference
signal.
The probability of detecting the matter-wave in the internal ground state

|0 ⟩

at the

end of an arbitrary interferometer is given by

P̃ |0⟩ (tn ) = Tr i,e {ρ̂(tn ) | 0 ⟩⟨ 0 |} .

(1.39)

ρ̂(tn ) =
†
Û (tn , t0 ) ÛI ρ̂(t0 ) ÛI Û (tn , t0 ) and the trace runs over the internal and external degrees

Here the state after the nal laser pulse is denoted by the density operator

†

of freedom. With no loss of generality we choose the ground state

|0⟩

as initial state.

Performing the trace over the internal degrees of freedom gives

P |0⟩ (tn ) = Tr e {M̂ ρ̂e (t0 ) M̂ † }

(1.40)

M̂ ≡ ⟨ 0 | ÛI | 0 ⟩ solely acting on the external
The external operator M̂ governs the total external dynamics since

where we have dened the operator
degrees of freedom.

the internal degrees of freedom were already traced out. Note that the free-evolution
operator

| 0 ⟩⟨ 0 |.

Û (tn , t0 ) does not alter the probability because it commutes with the projector
Û (tn , t0 ) Û † (tn , t0 ) = 1 nally yields the result (1.40).

The unitarity relation

1.4.1. External Operators and the Vertex Rules
For the ground-state probability we recognize that the external operator
operator

ÛI ,

M̂

and the

respectively, include the interferometer details. Hence, we want to specify

both operators next and introduce the vertex rule to address this problem.
With no loss of generality we choose the Mach-Zehnder pulse sequence to illustrate
the main idea of the vertex rule.

Based on these considerations, the application to

multi-path interferometers will be straightforward.
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Mach-Zehnder Interferometer

π/2−π−π/2 -pulse sequence
π/2-pulse equally splits the initial state
ground state | 0 ⟩ and the internal excited

Fig. 1.3 shows the typical

of a Mach-Zehnder interferometer. Here a short
into a coherent superposition of the internal
state

| 1 ⟩.

Due to the photon recoil associated with each atom-light interaction, the atom

gets a momentum kick

~kn

spatially separating the internal states. A subsequent

π-

pulse redirects the atomic external paths and simultaneously inverts the internal states

|0⟩

and

| 1 ⟩.

Finally, a

π/2-pulse

coherently recombines the internal states and writes

the (relative) interferometer phase into the populations of

|0 ⟩

and

| 1 ⟩.

Figure 1.3.: Mach-Zehnder interferometer: An atomic wave function initially in the in-

ternal ground state
at time

t0 ;

|0⟩

is coherently split by a

π/2-pulse

(dashed gray line

atom-light interaction) ending in a superposition of

|0 ⟩

and

| 1 ⟩.

Inuences coming from a potential coupling to the external degree of freedom (center-of-mass motion) cause a state-dependent phase accumulation
of the coherently superimposed states

| 0 ⟩ and | 1 ⟩ (time interval T1 ; free
π -pulse (dashed gray line at time

evolution = no laser eld). Afterward, a

t1 )

redirects the two atomic paths (black lines).

lution (time interval

T2 )

a nal

π/2-pulse

at time

After a second free evo-

t2

coherently recombines

the internal states. For clearness, but without loss of generality, the eects
of the external potential are omitted in the sketch. However, photon recoils
are taken into account to depict the spatial separation of the interferometer
branches.

The Mach-Zehnder operator

ÛMZ

characterizes this pulse sequence and the detailed

calculation of its matrix elements can be found in Appendix G. The result is the matrix (G.1) which depends on the generalized phase
placement operator

D̂(χn )

Φn ,

Eq. (1.26), as well as the dis-

dened in Eq. (1.28). Due to its generality, we get a rather

lengthy expression for the Mach-Zehnder operator. However, it includes the full information about the geometry: It provides the phase shifts and displacements and takes
into account all possible branches of a Mach-Zehnder interferometer. More precisely,
each matrix element corresponds to the propagation of an external state. For instance,
the matrix element

M̂ij = ⟨ i | ÛMZ | j ⟩ with i, j ∈ {0, 1} describes the propagation of the

external state corresponding to the scenario in which we initially start in the internal
state

|j ⟩

and end in

| i ⟩.

At the end of this chapter we will see that any interferometer

geometry can be understood by such elementary matrices
two-path interferences.
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Vertex Rules

An arbitrary interferometer geometry is characterized by its vertices

(interaction points) connecting the internal states. Whenever an interaction, described

|0⟩ →
D̂(±χn ) is

by the generalized beam splitter (1.29), is stimulating internal transitions from

|1⟩

or

| 1 ⟩ → | 0 ⟩,

an additional phase factor

−ie±iΦn

and a displacement

accumulated; see also Eq. (1.31). The displacement operator accounts for the photon
recoil and the external motion whereas the phase shift contains, amongst others, the
laser phase

φn

imprinted by the

nth

interaction.

nth

vertex

symbol

phases/displacements

emission

−ie−iΦn D̂(−χn )

absorption

−ie+iΦn D̂(+χn )
node

symbol

prefactor

node (50:50)



√1
2

general node

◦

arbitrary

Table 1.1.: Vertex rules: Imprinted phases and displacements by the generalized beam

splitter. Whenever a transition between initial states takes place, the state
±iΦn
accumulates the phase factor −ie
and the displacement D̂(±χn ). Additionally, each internal superposition is in general accompanied by a branching
of the interferometer, which is indicated by nodes. For an arbitrary superposition the node attaches a weight to the external branches. For example, a
50:50 node (π/2-pulse) corresponds to the prefactor

√
1/ 2.

In general, any beam-splitting process results in a branching of the interferometer.
This is indicated by a node, see Fig. 1.4, which additionally attaches a weight to the
interferometer branches. For example, every 50:50 node (π/2-pulse) corresponds to the
factor

√
1/ 2,

see Eq. (1.30). In contrast, nodes associated with arbitrary pulse areas

Θ,

i.e. an arbitrary weighted superposition of the internal states, show the sine and cosine
prefactors given by the generalized beam-splitter matrix (1.29). We emphasize that this
becomes relevant for the description of impure

π-

or

π/2-pulses

which corresponds to

slightly dierent pulse areas. We summarize these rules in Table 1.1. Next, we apply
the vertex rules to a Mach-Zehnder interferometer.
When we consider the upper path in the Mach-Zehnder geometry, Fig. 1.4, we can
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Figure 1.4.: Mach-Zehnder geometry:

When we start in the ground state

| 0⟩

and go

along the upper or the lower path (paths are sketched by solid lines), we get
±iΦn
for every vertex, which we will cross, the term −ie
D̂(±χn ). In addition,
every 50:50 node corresponds to the factor

√
1/ 2.

The resulting displacement

z and in momentum p
| 0 ⟩ in the exit port (parallel solid lines) as well as of the
state | 1 ⟩ in the other port (parallel dotted lines). The ground

operator sequence induces displacements in position
of the nal state
nal excited

state is detected at the end.

easily get the nal upper state

)(
) 1
1 (
| ψ (0) (t2 ) ⟩upper = √ −ie−iΦ1 D̂(−χ1 ) −ie+iΦ0 D̂(+χ0 ) √ | ψ (0) (t0 ) ⟩
2
2

(1.41)

in case of a ground-state detection. Indeed, the upper path consists of two vertices at
the times t0 and t1 and two 50:50 nodes; each vertex brings in one phase factor and one
√
displacement. Each node corresponds to the factor
the time dependence is included in the phases

Φn

1/ 2.

We want to stress again that

and the displacements

χn .

The nal state for the lower path shows the same total number of vertices and nodes
but at dierent times

)(
) 1
1 (
| ψ (0) (t2 ) ⟩lower = √ −ie−iΦ2 D̂(−χ2 ) −ie+iΦ1 D̂(+χ1 ) √ | ψ (0) (t0 ) ⟩ .
2
2

(1.42)

In the end, exactly these dierent times in the phase factors and displacements are the
reason for the interferometer phase shift. Moreover, the relative displacement between
the two paths will also aect the interference visibility.
To conclude, the nal state for the ground-state detection is given by the superposition
of the upper path, Eq. (1.41), and the lower path, Eq. (1.42),

}
1 { +i[Φ0 −Φ1 ]
e
D̂(−χ1 ) D̂(χ0 ) + e+i[Φ1 −Φ2 ] D̂(−χ2 ) D̂(χ1 ) | ψ (0) (t0 ) ⟩
2
≡ M̂ | ψ (0) (t0 ) ⟩ .
(1.43)

| ψ (0) (t2 ) ⟩ = −

In the last step we made the connection between the result based on the vertex rule and
the explicit calculation of the matrix element

M̂ ≡ ⟨ 0 | ÛMZ | 0 ⟩

done in Appendix G.

Finally, we remark that the vertex rule analogously provides the other three matrix
elements
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1.4.2. Generalized Displacement Operator
The purpose of the current section is to provide a compact expression for the relative phase shifts and displacement of two dierent paths in an atom interferometer.
Therefore, we introduce the generalized displacement operator for the Mach-Zehnder
geometry and afterward give the general expression for arbitrary paths.

Mach-Zehnder Geometry
(| 0 ⟩,

| 1 ⟩)

So far we permitted all possible initial as well as nal states

which yield the four matrix elements

⟨ i | ÛMZ | j ⟩; i, j ∈ {0, 1}.

now the standard scenario in which we initially start in the internal state

1
ÛMZ | 0 ⟩ =
2

(

−e+i[Φ1 −Φ2 ] D̂(−χ2 ) D̂(χ1 ) {1 + D̂MZ }
−i

e

+iΦ1 D̂(χ )
1

We consider

|0 ⟩

)

{1 − D̂MZ }

.

(1.44)

This propagation is motivated by the previous section and exactly calculated in Appendix G. In addition, phases and displacements corresponding to the lower path have
been factored out and just yield a global, physically irrelevant phase.

The relative

phase and displacement in phase space between the upper and the lower path can be
summarized by the generalized Mach-Zehnder displacement operator dened as

D̂MZ ≡ e+i[Φ0 −2Φ1 +Φ2 ] D̂(−χ1 ) D̂(χ2 ) D̂(−χ1 ) D̂(χ0 ) .
Note that the expression (1.44) still includes both exit ports.

(1.45)

Indeed, the rst and

second vector components correspond to the atom nally being in the ground state
or in the excited state

| 1 ⟩.

|0 ⟩

By using the following identities for displacement operators [77],

D̂(−χ1 ) D̂(χ2 ) D̂(−χ1 ) = D̂(χ2 − 2χ1 )

(1.46)

and

D̂(χ1 ) D̂(χ0 ) = D̂(χ1 + χ0 )

i χT J χ
1
0

e 2~

,

(1.47)

we are able to combine the sequence of displacement operators into just one eective
displacement operator accompanied by an additional phase term

i

T

D̂MZ = e+i[Φ0−2Φ1+Φ2 ]+2~ χ0 J (χ0−2χ1+χ2 ) D̂(χ0 −2χ1 +χ2 ).

(1.48)

The additional quantum phase term has its physical origin in the non-commutative
property of the canonical operators

x̂

and

p̂

in the displacement operators

D̂(χn ),

see

Eq. (1.47). In contrast, the identity (1.46) does not show any quantum phase corrections. The reason for that is its bilinear form: the phase correction coming from the
product of the displacement operator

D̂(−χ1 ) on the left cancels out with the correction
D̂(−χ1 ) on the right. This statement is valid

coming from the displacement operator

for all two-path interferometers as long as we assume symmetric momentum kicks for
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the upper and the lower interferometer path. Otherwise, the left and the right displacement operators show dierent displacement vectors,

χ+
1

and

χ−
1

(see the discussion of

Eq. (1.29)), and one obtains additional phase corrections in the sense of Eq. (1.47).
For a straightforward generalization to arbitrary interferometer pulse sequences, it is
useful to dene the Mach-Zehnder phase

ΦMZ ≡ Φ0 − 2Φ1 + Φ2

(1.49)

as well as the Mach-Zehnder displacement vector

χMZ ≡ χ0 − 2χ1 + χ2 .

(1.50)

Finally, we can write the generalized displacement operator (1.48) in the compact form

i

T

D̂MZ = e+iΦMZ + 2~ χ0 J χMZ D̂(χMZ ) .

(1.51)

We emphasize that the phases present in the generalized displacement operator will
contribute to the total interferometer phase. The advantage of the above generalized
displacement operator is that it is form-invariant for arbitrary symmetric multi-pulse
sequences; only the characteristic quantities

ΦMZ

and

χMZ ,

including the information

about the exact pulse sequence, will be dierent. In Section 2 we will discuss in detail
such symmetric geometries, in particular, the multi-loop geometry.

Multi-Path Geometries
output ports.

An interferometer shows in general a variety of input and

Usually, one is just interested in

⟨ ψout | ⟨ out | Û |

in ⟩

| ψin ⟩

which

is the transition amplitude connecting one input port with one output port by an
arbitrary number of paths in between. Hence, the interference signal at the output port

| ψout ⟩ =

∑

i

| ψi ⟩

is the sum over all possible interferometer paths contributing to

this port. Here the wave packets

| ψi ⟩,

each following an interferometer path, have to

overlap spatially to see interference  otherwise the visibility drops to zero. Thereby,
one can describe the nal motional state

| ψout ⟩ =

N
∑

(

| ψi ⟩ = Ûglobal

1+

i=1

N
−1
∑

)
(i)

Ûrel

| ψin ⟩

(1.52)

i=1

by a global evolution and relative evolutions.

Moreover, the above bracket can be

identied as a bunch of two-path interferences with respect to the global path.
emphasize that for probability measurements

We

|⟨ ψout | ψin ⟩|2 the global evolution becomes

irrelevant.
When the external motion is governed by a general quadratic Hamiltonian, we already
know that the relative evolutions are given by generalized displacement operators

i

T

Ûrel = wi D̂i = wi e+iΦi + 2~ χ0 J χi D̂(χi ) .
(i)
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Here each path is weighted by the factor

wi ≡

∏

(i)
n vn , which is the result of all vertices

arising in a path, see the vertex rules in Table 1.1.

Indeed, at each vertex the laser

(i)
pulse area determines the weighting factors vn of the
(i)
equally-weighted superposition (π/2-pulse) one has vn
In addition, the relative phase shift of the

∑

ith

nth node.
√
= 1/ 2.

For instance, for an

interferometer path is given by the

(i)
sum Φi ≡
n αn Φn of the individual phase contributions Φn , Eq. (1.26), stemming
(i)
from the nth laser pulse. The prefactors αn can be again deduced from the vertex
rules and the superscript  i  indicates the

ith

path with respect to the global one. For

example, the Mach-Zehnder interferometer shows two interfering paths. With no loss
of generality, we choose the lower path as the global one, see Eq. (1.44). This in turn
implies

(1)

(1)

α0 = 1, α1 = −2

and

(1)

α2 = 1 ,

see Eq. (1.49).

In analogy, the relative displacement with respect to the global path is given by

χi ≡

∑

(i)
n αn χn . Here the phase-space displacement vector

χn

corresponds to the

nth

laser pulse, see Eq. (1.27).

1.4.3. General Probability
Using the results of the previous section, it is clear that the detection probability at
each output port, that is after projecting the total state

| out ⟩

ρ̂ = Û ( | in ⟩⟨ in | ⊗ ρ̂e ) Û †

onto

and tracing over all exit ports, reads


P = Tre {M̂ ρ̂e M̂ † } ∝ 1 +

∑


) ∑
wi 2 Re Tre {D̂i ρ̂e } +
wi wj Tre {ρ̂e D̂†j D̂i } .

i

i,j

(

(1.54)
This is the generalization of Eq. (1.40) and the operator

M̂ ≡ ⟨ out | Û | in ⟩ ∝ 1 +

∑

wi D̂i

(1.55)

i
solely acts on the external degrees of freedom and propagates the motional state
the input port

c ∈ C.

| in ⟩

to the exit port

| out ⟩.

Moreover,

Re(c)

ρ̂e

from

indicates the real part of

Finally, it is important to note that just the relative unitary evolutions (1.53)

are relevant while the global phase shifts and global displacements induced by

Ûglobal

do not alter the detection probability. In the following section we will show how the
above result reduces in the case of two-path interferometers, which are based on SU(2)
interferometry.
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2. Two-Path Interferometry and the
Direct Measurement of Quantum
States
So far we have considered multi-path interferometers and described the external evolution by generalized displacement operators. The acquired phases and displacements
were deduced from our vertex rules. We discuss now two-path interferometers, that are
interferometers consisting only of two interfering external branches. With no loss of generality, we choose the Mach-Zehnder interferometer as paradigmatic example. Based on
these considerations we present a natural generalization to multi-pulse sequences, e.g.
the multi-loop geometry.

2.1. Mach-Zehnder Probability
In Section 1.4 we have already discussed the Mach-Zehnder geometry in the context
of the vertex rules as well as its characteristic displacement sequence and phase shifts.
In particular, with the time evolution (1.44) we nd for the matrix element of the
Mach-Zehnder operator

M̂ = ⟨ 0 | ÛMZ | 0 ⟩ = −
Clearly, the external operator

M̂

1
2

+i[Φ1 −Φ2 ]

e

D̂(−χ2 ) D̂(χ1 ) {1 + D̂MZ }.

(2.1)

is the two-path version of Eq. (1.55) just showing

one generalized displacement operator

D̂MZ

that fully describes the Mach-Zehnder two-

path interference. We emphasize that the physically irrelevant global displacements and
phase shifts of both interferometer branches play no role for the detection probability.
Indeed, when we employ the above result, the ground-state detection probability (1.40)
becomes

P |0⟩ (t2 ) = Tre {M̂ ρ̂e (t0 ) M̂ † } =

(
)]
1[
1 + Re Tre {D̂MZ ρ̂e (t0 )} .
2

(2.2)

Moreover, the trace over the external degrees of freedom can be identied as the characteristic function [78]

η[ρ̂e (t0 )](χMZ ) = Tre {D̂(χMZ ) ρ̂e (t0 )} ,

(2.3)

which is dened in Appendix B and includes the full information of a physical state.
Since the characteristic function can be used as a phase-space description of the initial
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(external) density operator

ρ̂e (t0 ), it has to be a function in phase space, here indicated
χMZ as argument. Hence, the ground-state detection

by the phase-space displacement

probability reads in terms of the characteristic function

P |0⟩ (t2 ) =

(
)]
i T
1[
1+ Re e+iΦMZ + 2~ χ0 J χMZ η[ρ̂e (t0 )](χMZ ) .
2

(2.4)

As we will see, the characteristic function determines the visibility of the interferometer
and contributes an additional term to the total interferometer phase.
When we express the characteristic function in terms of its associated Wigner function, which is a real function (see Appendix B.1),

∫
η[ρ̂e (t0 )](χMZ ) =

d

2N

ξ

− ~i χT
MZ J ξ

e

W[ρ̂e (t0 )](ξ) ,

(2.5)

R2N
the above ground-state probability can be brought into the most convenient, nal form


∫
1
P |0⟩ (t2 ) =
1+
2


d

2N

ξ

W[ρ̂e (t0 )](ξ)

cos (∆ϕMZ (ξ)) .

(2.6)

R2N
Here we have introduced the total Mach-Zehnder phase

∆ϕMZ (ξ) ≡ ΦMZ +

]T
1 [ χ0
+ ξ J χMZ
~ 2

(2.7)

composed of the Mach-Zehnder phase (1.49) and a phase contribution coming from the
non-closed interferometer geometry (χMZ

̸= 0

in Wigner phase space). For the rest of

this work we call an interferometer closed, if the nal external states fully overlap in
phase space, that is their nal displacement vanishes.
In conclusion, we arrived at one of the key results, Eq. (2.6), which is the most general
expression for the ground-state detection probability for a Mach-Zehnder pulse sequence
in the presence of an external quadratic potential. We emphasize that all phase terms
in Eq. (2.7) depend on the specic interferometer geometry, which is formally included
in the subscript MZ of

ΦMZ

and

χMZ .

But more importantly, the total interferometer

phase is a consequence of the non-commutative property of canonical operators: On
the one hand, the time evolution included in

ΦMZ

and

χMZ

stems from the Heisenberg

equation of motion (1.14) and thus from the commutator of the Hamiltonian
the operator

ξ̂ H ;

ĤH

with

on the other hand the composition of displacement operators yields

commutation relations in the context of Baker-Campbell-Hausdor corrections, which
enter the total phase.

In conclusion, the phase shift measured by the interferometer

can be understood as a quantum mechanical eect based on commutation relations of
canonical observables.
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2.2. Multi-Loop Geometry
In the previous section we discussed the Mach-Zehnder geometry. Now, we will concentrate on multi-loop geometries as depicted in Fig. 2.1. To cite two examples where
multi-loop geometries become particularly important, we want to mention (i) interferometers with two symmetric loops (known as buttery or gure-eight geometries,
see Refs. [10, 20, 44, 46, 47, 7986]), allowing the direct measurement of gradients, or (ii)
a

10-loop

interferometer which accumulates a periodic phase change due to dark en-

ergy [87]. However, in this work we are interested in a general and compact description
rather than the experimental applications.

π/2-pulses, which create a superpo| 0 ⟩ and the internal excited state | 1 ⟩,

Figure 2.1.: Multi-loop geometry: In between two

sition of the internal ground state
(n−1)

π -pulses

redirect the atom. The atomic center-of-mass motion (black

solid lines) becomes entangled with the internal states

|0⟩

and

|1⟩

via the

laser pulses (dashed gray lines).

In general, the nal state after an interferometer pulse sequence is given by

| Ψ(tn ) ⟩ = Û (tn , t0 ) ÛI | Ψ0 ⟩,

(2.8)

see Eq. (1.37). Hence, for a multi-loop geometry (Fig. 2.1) the interferometer operator
reads

(π)

(π)

(π)

(π)

2
2
ÛI = ŜH,n
ŜH,n−1 · · · ŜH,1 ŜH,0

and accounts for the

π/2-pulse

at the beginning (time

the multi-loop geometry as well as the

(n−1) π -pulses

t0 )

(2.9)

and at the end (time

tn )

of

in between.

We can substitute the corresponding generalized beam splitters (1.29) into Eq. (2.9)
and arrive at an explicit expression for the interferometer matrix

ÛI .

Afterward, we

can determine the ground-state detection probability. However, we want to derive the
probability in an alternative way. We use the vertex rules to obtain the characteristic
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quantities

ΦI

and

χI

of the multi-loop geometry. Therefore, we recall that every vertex

corresponds to a phase factor

−ie±iΦn

and a displacement

D̂(±χn )

(see Table 1.1).

Thus, each interferometer geometry belongs to a specic combination of displacements
and phases. Remember, for the Mach-Zehnder geometry this yields the characteristic

ΦMZ ,

quantities

Eq. (1.49), and

χMZ ,

Eq. (1.50). The combination of both quantities

determines the generalized displacement operator

D̂MZ ,

Eq. (1.51).

When we apply the vertex rules to the multi-loop geometry, it is obvious by induction that the characteristic quantities are given by the generalized interferometer
phase

[
]
ΦI = Φ0 + 2 −Φ1 + Φ2 −... +(−1)n−1 Φn−1 +(−1)n Φn

(2.10)

and the interferometer displacement vector

[
]
χI = χ0 + 2 −χ1 + χ2 −... +(−1)n−1 χn−1 +(−1)n χn .

(2.11)

Indeed, since a multi-loop geometry starts with the same vertices as the Mach-Zehnder
geometry, the rst and the second term in Eqs. (1.49), (2.10), and Eqs. (1.50), (2.11) has
to be the same. Moreover, every

π -pulse

corresponds to two vertices (upper and lower

path), which yields the additional factor of

2.

Since subsequent beam splitters always

change the internal state and therefore the momentum, the sign for each term alternates.
Since the particular interferometer geometry solely enters in the characteristic quantities

ΦI

and

χI ,

we can combine the sequence of phases, Eq. (2.10), and displacements,

Eq. (2.11), in the generalized displacement operator

i

T

D̂I = e+iΦI + 2~ χ0 J χI D̂(χI )

(2.12)

by analogy to the Mach-Zehnder one, Eq. (1.51), and in the sense of its generalization,
Eq. (1.53).
Moreover, the results derived for the Mach-Zehnder geometry also holds true for the
multi-loop case (except for an alternating sign in the equations for the probability;
compare Eq. (2.2) with (2.13)).

ΦMZ , χMZ

and

D̂MZ

Indeed, since Eqs. (2.2)-(2.7) include the quantities

only as parameters, we can substitute them by the corresponding

multi-loop ones given by Eqs. (2.10)-(2.12). Therefore, we get via the external operator

M̂ ≡ ⟨ 0 | ÛI | 0 ⟩

the ground-state detection probability for a multi-loop geometry

P |0⟩ (tn ) = Tre {M̂ ρ̂e (t0 ) M̂ † } =

(
)]
1[
1 + (−1)n Re Tre {D̂I ρ̂e (t0 )} ,
2

(2.13)

which is nally determined by the displacement operator (2.12). The alternating sign

(−1)n

stems from the dierent number of vertices for each path of a multi-loop geome-

try. Every vertex is associated with an additional factor of  −i, see Table 1.1, and the
number of vertices per path determines the nal phase of each path. Thus, for an odd
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number of

π -pulses

(e.g. Mach-Zehnder geometry) there is no dierence in the number

of vertices per path and therefore no dierence in the number of  −i. However, for an
even number of

π -pulses

one path always shows two vertices more than the other one

and we obtain the relative phase shift

(−i)2 = −1.

In conclusion, for every additional

π -pulse in the interferometer sequence, the sign alternates in the ground-state detection
probability (2.13).
Finally, we remark that multi-loop geometries arise from appropriate chosen time
separations

Tn

for the laser pulses. Then, the upper and the lower path cross each other

between subsequent laser pulses.
intervals

Tn

However, since we can arbitrarily choose the time

(and in addition account for asymmetric momentum kicks in the beam

splitters), our formalism allows a description of general multi-pulse geometries. But in
practice, multi-loop geometries (with equal loop areas) are used in order to benet from
cancellation eects in the total interferometer phase and from an improved visibility; for
example to measure in rst order gradients of the external potential. In particular, the
inuence on the visibility becomes clear when we discuss next Gaussian initial states.

2.3. Probability for Gaussian Initial States
The most general expressions for the ground-state detection probability of a MachZehnder interferometer, Eq. (2.6), and a multi-loop interferometer, Eq. (2.13), significantly simplify if we restrict ourselves to the class of Gaussian states.

In fact, this

restriction is in accordance with thermal cloud experiments in atomic fountains [22, 40],
but also with BEC experiments using multi-pulse sequences.

Indeed, atoms initially

trapped in a harmonic potential are described by the density operator

ρ̂.

Afterward,

they are launched adiabatically and perpendicular to Earth's surface. At the moment
of turning o the trapping potential, the atomic cloud is given by
corresponds to a state at the mean position

χx

D̂(χ) ρ̂ D̂† (χ),

which

with the mean initial momentum

χp .

Additionally, we will show at the end of this subsection that a nal non-vanishing
displacement

χI

results in a decreasing visibility or, in other words, a loss of contrast

of our interferometer.

2.3.1. Wigner Function
The Wigner function of a general Gaussian state

(G )

W[ρ̂e

](ξ) = √

1
(2π)6 detΣ

(G)

ρ̂e

is given by

− 12 (ξ−⟨ξ̂⟩)T Σ−1 (ξ−⟨ξ̂⟩)

e

(2.14)

(G)

⟨ξ̂⟩ ≡ Tre {ρ̂e ξ̂} and the
1 ˆˆ
ˆ ˆ
corresponding positive denite covariance matrix is dened as Σik ≡ ⟨ξ
2 i ξk + ξk ξi ⟩ −
⟨ξˆi ⟩⟨ξˆk ⟩; i, k ∈ {1, ..., 6}. Note that the choice of ⟨ξ̂⟩ and Σ fully determines the Gaussian
where the mean value of the Gaussian distribution reads
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state and therefore the Wigner function. Such Gaussian states can be used to describe
thermal states, but also coherent or squeezed states.

Gaussian Unitary Operations

We emphasize that the general quadratic Hamilto-

nian (1.10) induces Gaussian unitary operations which means that the unitary transformation (1.7) preserves the Gaussian character of the external state. In particular,
we will see that the full quantum evolution of the above Gaussian Wigner function can
be described by a translation and (symplectic) rotation of the mean value of the Gaussian distribution, while the symplectic property preserves the canonical commutation
relations, Eq. (1.12), and thus the area in phase space. For further details we refer to
Appendix B.7 and Refs. [10, 75, 88].

2.3.2. Characteristic Function
The associated characteristic function for Gaussian states follows from the symplectic
Fourier transform of the Wigner function

∫

(G )

η[ρ̂e ](χI ) =

d

2N

ξ

− ~i χT
I Jξ

e

(G)

W[ρ̂e

](ξ)

(2.15)

R2N
and can be written in the following way (see Appendix B.2)

T Σ0 (J χ )+ i ⟨ξ̂ ⟩T (J χ )
I ~ 0
I ,

η[ρ̂(eG) ](χI ) = e− 2~2 (J χI )
1

where its time-dependence is included in the displacement vector
value
state

⟨ξ̂ 0 ⟩ and the initial covariance
(G)
(G)
ρ̂e ≡ ρ̂e (t0 ). We recognize

function in the displacement vector
phase

⟨ξ̂ 0 ⟩T (J χI )/~.

matrix

Σ0

(2.16)

χI .

The initial mean

are determined by the initial Gaussian

that the rst term of the exponent is a Gaussian

χI

while the second term brings in the additional

These two terms will give us the visibility and an additional

contribution to the total interferometer phase.

2.3.3. Mach-Zehnder Probability
With the characteristic function (2.16) at hand, the ground-state detection probability
(2.4) for Gaussian states can be written for the Mach-Zehnder case in the very compact
and common form

(G)

P|0⟩ (t2 ) =

1
[1 + VMZ cos (∆ΦMZ )]
2

known from Ramsey interferometry. Here we have introduced the visibility
total Mach-Zehnder phase
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∆ΦMZ

(2.17)

VMZ

and the

for Gaussian states, dened and discussed below.
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Visibility

The bilinear form in the exponent of the visibility

T Σ0 (J χ

VMZ ≡ e− 2~2 (J χMZ )
1

MZ )

(2.18)

is originally coming from the characteristic function (2.16) with
ferometer displacement. The visibility decreases (VMZ

< 1,

χI ≡ χMZ

interferometers, which means for a non-vanishing displacement vector
depends on the covariance matrix

Σ0 .

as nal inter-

see Fig. 2.2) for non-closed

χMZ ̸= 0,

and

By squeezing the initial state appropriately we

can modify the covariance matrix and therefore improve the visibility. To compensate
for the loss of visibility due to the eects of gradients and rotations (see for instance the
discussion of the displacement vector

χMZ

in our article [10] and the results presented

in Section 3.2), we can choose suitable time-asymmetric interferometer pulse sequences
to achieve nearly closed interferometers (χMZ

≈ 0)

and therefore also improve the visi-

bility [76].

Figure 2.2.: Probability of ground-state detection: Tuning the total Mach-Zehnder phase

∆ΦMZ will oscillate the probability of nding the atom in the ground state
| 0 ⟩ after a Mach-Zehnder pulse sequence. Thereby, the visibility VMZ determines the amplitude. If the interferometer shows a non-closed geometry in
phase space, the visibility decreases (VMZ

Total Phase

< 1).

Besides the visibility, the second term in the exponent of the character-

istic function (2.16) yields a correction to the Mach-Zehnder phase

ΦMZ .

Hence, the

total phase shift for a Mach-Zehnder pulse sequence is given by

∆ΦMZ = ΦMZ +

]T
1 [ χ0
+ ⟨ξ̂ 0 ⟩ J χMZ .
~ 2

(2.19)

There are three terms contributing to the total phase: (i) The rst term is the generalized Mach-Zehnder phase (1.49) which takes into account the eect of a linear external
potential (e.g. local acceleration

g ).

(ii) The second term is a correction coming from the

composition of displacement operators: In this sense, it is a Baker-Campbell-Hausdor
correction due to the ordering of displacement operators, which includes non-commuting
canonical operators [77]. (iii) The last term is the additional phase coming from the
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characteristic function (2.16): It takes into account the initial position as well as the
initial momentum of the wave packet. Indeed, the initial phase-space coordinate

⟨ξ̂ 0 ⟩

only arises for a non-vanishing displacement vector, which is the case for gradients or
rotations. Hence, dierent initial conditions will lead to dierent state-dependent phase
accumulations.

2.3.4. Multi-Loop Geometry
In analogy to the Mach-Zehnder case, Eq. (2.17), the ground-state detection probability (2.13) for initial Gaussian states in a multi-loop interferometer can be written
as

(G)

P|0⟩ (tn ) =

1
[1 + (−1)n VI cos (∆ΦI )] .
2

(2.20)

Here the total interferometer phase shift reads

∆ΦI = ΦI +

]T
1 [ χ0
+ ⟨ξ̂ 0 ⟩ J χI .
~ 2

(2.21)

The visibility is given in general by

T Σ0 (J χ )
I

VI = e− 2~2 (J χI )
1

≤1

(2.22)

and is reduced below one, if the interferometer shows a non-closed geometry in phase
space (χI

̸= 0).

Both the phase shift and the visibility include the characteristic inter-

ferometer quantities

ΦI ,

Eq. (2.10), and

χI ,

Eq. (2.11).

Up to that point, we have developed a compact and versatile description for atom
interferometers. In particular, we investigated two-path interferometers and provided
the associated quantum evolution for the class of Gaussian states.

In the following

section we will apply our approach in the context of quantum-state tomography and
show how to measure phase-space distributions by means of two-path interferometry.

2.4. Direct Measurement of Quantum States via Atom
Interferometers
The aim of quantum-state tomography is to determine or at least characterize a quantum
state. In general, the pure or mixed state, describing the physical system by a density
matrix, is deduced from a set of measurements. The set of quantum operators associated
with these measurements build a complete basis of the corresponding Hilbert space and
the measurements of an ensemble of identically prepared states nally yield complete
information on the quantum state.

For Hilbert spaces (with continuous or discrete

variables) linear inversions, e.g. the Radon transform [89], can be used to recover the
initial quantum state.
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Due to statistical and systematical errors the state estimation is never perfect. Usually one employs statistical inference methods as the maximum likelihood approach,
which determines a physically density matrix maximizing the probability of a given
experimental data set. When the solution is not unique, for example when the number of unknown parameters is larger than the dening equations, one can use the socalled maximum-entropy approach maximizing the von Neumann entropy. For a review
on state tomography (and especially its applications) in quantum optics, we refer to
Ref. [90].
Apart from the approaches based on statistical inference and data analysis, we propose an interferometric method directly measuring both the Wigner function and its
characteristic function. We show that the external quantum state can be determined
by phase-space interference of the atomic external degrees of freedom.

In particular,

the formalism is embedded in the context of light-pulse atom interferometry, but can be
further generalized for arbitrary evolutions based on quantum superpositions in phase
space. Indeed, it was shown in Ref. [91] that a quantum state of any system can be
represented by a quasi-probability distribution in phase space, i.e. a formalism not only
for continuous-variable problems but also for SU(N ) systems. Such systems are relevant for quantum gravity, string theory and more sophisticated extensions of quantum
mechanics. The generalization, however, is outside the scope of this work.

2.4.1. The Direct Measurement of the Characteristic Function
From the discussion of the Mach-Zehnder interferometer, see Eqs. (2.2)-(2.4), and the
generalization to multi-loop geometries, Eq. (2.13), we know that the ground-state
detection probability for any two-path interferometer can be written in terms of the
characteristic function

P |0⟩ =

]
i T
1[
1 ± Re{e+iΦI + 2~ χ0 J χI η} .
2

(2.23)

Here the plus or minus sign depends on the explicit number of vertices in each interferometer path (see the discussion of Eq. (2.13)) and we have used the denition (B.7) for
the characteristic function

η ≡ η[ρ̂e (t0 )](χI ) = Tr e {ρ̂e (t0 ) D̂(χI )}
being the expectation value of the symmetric-ordered displacement operator
Eq. (B.8).

(2.24)

D̂(χI ),

We recall that here the displacement operator describes the nal relative

displacement of the two interferometer branches. When we additionally use the abbreviation
teristic

Φ̃ ≡ ΦI + iχT
0 J χI /(2~) and denote the real and imaginary part of the characfunction by ηr ≡ Re{η} and ηi ≡ Im{η}, respectively, we get from Eq. (2.23)
2P |0⟩ − 1 = Re{e+iΦ̃ η} = ηr cos Φ̃ − ηi sin Φ̃.

(2.25)
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For clearness, but without loss of generality, we have assumed an interferometer pulse
sequence with an equal number of vertices per path. This is for instance the case for
the ground-state detection probability in a Mach-Zehnder interferometer.
Since the Wigner function is real (W

= W∗ ) and

the characteristic function is simply

the inverse symplectic Fourier transform of the Wigner function, see Eq. (B.10), we
obtain the symmetry relation

η(χ) = η ∗ (−χ).

Hence, the real and the imaginary part

of the characteristic function,

ηr (χ) = ηr (−χ)

and

ηi (χ) = −ηi (−χ),

(2.26)

are symmetric and anti-symmetric, respectively. Via the relation (2.25) and the above
symmetry properties of the characteristic function we arrive at

2P|0⟩ (±χ) − 1 = ηr (χ) cos Φ̃(±χ) ∓ ηi (χ) sin Φ̃(±χ) ,

(2.27)

which reads in matrix notation

(

)
)(
) (
2P|0⟩ (χ) − 1
cos Φ̃(χ) − sin Φ̃(χ)
ηr (χ)
=
.
ηi (χ)
2P|0⟩ (−χ) − 1
cos Φ̃(−χ) sin Φ̃(−χ)

(2.28)

For the sake of simplicity, we have omitted the subscript I in the relative displacement
indicating the specic interferometer geometry.
With Eq. (2.28) at hand one just has to measure the ground-state probabilities

P|0⟩ (±χ)

and determine the inverse of the matrix on the left-hand side. As a result,

we obtain the characteristic function

η(χ)

for a given interferometer sequence, which

is specied by the corresponding phase-space displacement vector

χ ≡ χI .

Since the

characteristic function is one possible representation including full information on the
state (the density operator, the Wigner function and the Wigner characteristic function
are just connected by equivalence transformations, see Appendix B), the quantum state
and thus the density operator
for a grid of dierent

χ.

ρ̂e (t0 ) can be reconstructed by repeating the measurement

We emphasize that our method is useful to investigate quan-

tum states in particular areas in phase space without the knowledge of the complete
phase-space distribution.

2.4.2. Measuring the Wigner Function
In the previous section we have shown that the characteristic function can be directly
recovered by measuring the ground-state detection probability for dierent phase-space
displacements. As we did not choose a particular geometry, the approach can be applied
to arbitrary two-path interferometers. We propose now a new type of interferometer
which allows the direct measurement of the Wigner function.

Bouncing Interferometer
a mirror at time
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The key feature of the interferometer shown in Fig. 2.3 is

totally inverting the momentum of the atomic wave packet. Such
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a mirror is called a specular mirror [92]. In the following we do not want to discuss
in detail the experimental realization of the specular mirror. We just emphasize that it
can be done in principle, for instance by evanescent waves [92, 93]. In order to adopt a
specular mirror in the context of our operator approach, one can use the parity operator

Π̂

to model a specular mirror, see Ref. [92]. The denition, properties and further

identities associated with the parity operator are presented in Appendices B.3 and B.6.
For completeness, we mention that the explicit experimental realization of the specular mirror may induce additional phase shifts besides the common ones coming from
the laser pulses. However, these phases will not aect the main idea of measuring the
Wigner function.

Figure 2.3.: Bouncing geometry: In the standard conguration (two-path geometry de-

picted in red) the rst and the nal beam splitters are usual light pulses
as in a Mach-Zehnder interferometer.

However, while the upper interfer-

ometer branch is freely evolving in an external potential, the lower branch
includes a true mirror bouncing the atomic wave packet, i.e.

totally in-

verting all momenta. When the interferometer is running in the blue or the
red conguration, the second beam splitter at time
recoil

| ψA ⟩.

~kB

or

~kA = −~kB

t2

induces the photon

giving rise to the nal external states

Measuring the interference signal in both congurations

A

| ψB ⟩ or
B for

and

dierent pulse separations and in the presence of external potentials, that
is producing distinct nal displacements, allows for a direct measurement of
the initial Wigner function (state tomography).

This new type of interferometer shall be a two-path interferometer where the initial
and the nal beam splitters are given by usual light-pulses as in a Mach-Zehnder setup.
However, while the upper branch is freely evolving within the external potential (for
instance a gravitational background eld), the lower branch includes a specular mirror
bouncing the atomic wave packet at time t1 . To solely address the lower interferometer
branch, one can think of a diraction mechanism, e.g. Bragg-diraction, which mimics
the specular mirror and where the momentum transfer of the upper wave packet is
suppressed due to Doppler detuning. This detuning is coming from the photon recoil of
the rst beam splitter and the eects of an external gradient. Hence, the nal external

37

2.4. DIRECT MEASUREMENT OF QUANTUM STATES VIA ATOM INTERFEROMETERS

state

| ψA ⟩ = M̂A | ψ0 ⟩

(2.29)

of a bouncing interferometer is fully determined by the external operator

M̂A ≡

(
)
(
)]
1[
Û (t2 , t0 ) + −i e−iφ2 D̂(−χ̄2 ) Û (t2 , t1 ) Π̂ Û (t1 , t0 ) −i e−iφ0 D̂(−χ̄0 ) .
2
(2.30)

Indeed, the rst term (upper interferometer branch) is just the free evolution
in the external potential, see also Eq. (1.7).

Û (t2 , t0 )

On the other hand, the second term

(lower interferometer branch) includes three dierent contributions:
(ii) free evolutions and (iii) the specular mirror.

(i) laser pulses,

They correspond to (i) momentum

kicks (phase-space displacements) due to the photon recoil of the two lasers with laser
phases

φ0

and

in between.

φ2 ,

(ii) unitary external evolutions

Û

and (iii) the parity operator

Π̂

The parity operator totally inverts the momentum of an incoming wave

packet and thus models the specular mirror. To become familiar with the action of the
parity operator on dierent states or conjugate operators, we present in Appendix B.3
various representations and properties of

Π̂.

Further, one can introduce the parity operator in the Heisenberg picture

Û † (t1 , t0 ) Π̂ Û (t1 , t0 ) which in turn yields
| ψA ⟩ =

[
1
Û (t2 , t0 ) 1 −
2

−iΦ2

e

Π̂H,1 ≡

]
D̂(−χ2 ) Π̂H,1 e−iΦ0 D̂(−χ0 ) | ψ0 ⟩.

(2.31)

This expression can also be derived by means of the vertex rules, see Table 1.1, where
the time-dependent phases

Φn

and displacements

D̂(χn )

are dened in Eqs. (1.26) and

(1.28), respectively. Thus, the time evolution of the lower interferometer branch relative
to the upper branch is fully characterized by the unitary operator

Ûrel ≡ e−i[Φ2 +Φ0 ] D̂(−χ2 ) Π̂H,1 D̂(−χ0 ).

(2.32)

Moreover, the external state (associated with the interferometer in conguration

A,

see

Fig. 2.3) can be written in the compact form

| ψA ⟩ =
Detection Probabilities

[
]
1
Û (t2 , t0 ) 1 − Ûrel | ψ0 ⟩.
2

The probability to detect an atom after the total interferom-

eter sequence in the exit port

A

is given by

PA = Tre {ρ̂e M̂A† M̂A } =
where

ρ̂e

(
)]
1[
1− Re Tre {ρ̂e Ûrel } ,
2

(2.34)

is an arbitrary density operator describing the initial external state (especially

for pure states
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(2.33)

ρ̂e = | ψ0 ⟩⟨ ψ0 |); M̂A ≡

1
2

Û (t2 , t0 ) [1 − Ûrel ]

denotes the propagator
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corresponding to a bouncing interferometer. Note that
propagating the external state to the exit port

A.

M̂A

1

is a non-unitary operator

The above result is in accordance

with Eqs. (2.2) and (2.13) valid for a Mach-Zehnder interferometer or a multi-loop interferometer with

Ûrel

now being the relative evolution of the two interferometer branches.

We emphasize that the plus or the minus sign is coming from the dierent number of
laser pulses in the upper and the lower interferometer branch (each laser pulse is accompanied by a factor of

(−i),

see Eq. (2.30)).

A,

In full analogy to the interferometer geometry
bouncing geometry

B

Eq. (2.33), the nal state for the

reads

| ψB ⟩ = M̂B | ψ0 ⟩ =

[
]
−i iΦ2
e
D̂(χ2 ) Û (t2 , t0 ) 1 + Ûrel | ψ0 ⟩.
2

(2.35)

Here the lower interferometer branch is aected by the laser pulse and the mirror (at the
times

t0

and

t1 ,

respectively) while the upper branch only sees a laser pulse at time

t2

but with opposite momentum transfer, see Fig. 2.3. Moreover, since the number of laser
pulses is the same for the upper and the lower branch, both branches get a prefactor

(−i),

which in turn yields a plus sign for their superposition; compare the square brackets
in Eqs. (2.33) with (2.35). Hence, although both geometries
same relative evolution

Ûrel ,

PB =

B

ρ̂e .

A

and

B

depend on the

B,

after a bouncing interferometer is given by

(
)]
1[
1+ Re Tre {ρ̂e Ûrel } .
2

Measuring both detection probabilities
associated with

and

they dier in their global phases and displacements. The

probability of being in the upper port

in the conguration

A

PA

and

(2.36)

PB , that is running the interferometer

respectively, will directly yield the Wigner function

The results will be shown next.

Direct Measurement of the Wigner Function
relative time evolution

We derive in Appendix G.3 that the

Ûrel in a bouncing interferometer is directly related to the Wigner

function via

⟨Ûrel ⟩ ≡ Tr {ρ̂e Ûrel } = (2π~)N eiΦrel W[ρ̂e ](χrel ).

(2.37)

Hence, the dierence of the detection probabilities

∆P ≡ PB − PA = (2π~)N cos Φrel W[ρ̂e ](χrel )

(2.38)

directly provides the Wigner function W[ρ̂e ](χrel ) at the phase-space position
Eq. (G.21).

χrel ,

Here we have used once more that the Wigner function is a real func-

tion.

1 In

the context of generalized selective measurements,

surement operator for the measurement result

A

M̂A

denotes in general a non-unitary mea-

in a subsystem. However, the quantum evolution of

the total system is unitary; see also the discussion in Section 5.5.
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Moreover, for purely quadratic potentials the displacement vector reduces to

χrel =
where

χ2 ≡ T χ̄2

χ0 − χ2
,
2

(2.39)

is the time-evolved second laser recoil

χ̄2 ≡ (0, ~k2 ).

We recall from

Section 1 that time evolutions in external quadratic potentials are represented in phase
space by symplectic rotation matrices

T.

In order to scan the Wigner function in Eq. (2.38), one can either change the laser
wavelength and thus the recoil

χrel

or adjust the symplectic rotations

T

by means of

dierent pulse timings or time-dependent external potentials, e.g. magnetic elds.

2.5. Summary
So far we have presented a straightforward and versatile method for determining the
phase shift and the visibility for arbitrary interferometer geometries.

We pursued a

representation-free description in the context of light-pulse atom interferometry [10]
entirely based on operator methods. In particular, we have shown that such an operator approach can be utilized for two-path interferometers and even for more advanced
geometries showing multi-path interference eects, e.g. interferometric networks.
We considered the Mach-Zehnder geometry as a paradigmatic example well-known
in atom interferometry.

Thereby, we used the vertex rules as a useful graphical tool

and provided the ground-state detection probabilities for the Mach-Zehnder and the
multi-loop geometry.

The restriction to the class of Gaussian states has signicantly

simplied the ground-state detection probability as well as the explanation for the loss
of contrast (visibility) arising in non-closed interferometer geometries.
Finally, we focused on quantum state tomography and suggested two methods to
determine external quantum states by means of two-path interferometry. Indeed, measuring the ground-state detection probability yields the (Wigner) characteristic function
as an alternative representation possessing full information of the quantum state. On
the other hand, directly measuring the Wigner function is achieved by a new type of
interferometer including a totally reecting mirror.

Since our formalism is based on

general quadratic potentials, adjusting the laser pulses or the external elds induces the
required phase-space displacements. We emphasize that this method is useful to investigate particular areas in phase space without the knowledge of the complete phase-space
distribution.
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3. The Role of Initial Conditions and
the Uncertainty Principle
In this section special attention is paid to the initial conditions, i.e. the initial quantum
state, concerning the phase-estimation process of quantum metrology in the context
of light-pulse atom interferometers. Further, we analyze how the uncertainty principle
of ordinary quantum mechanics aects the interferometric signal.

For that issue we

employ the previously developed representation-free description as a general theoretical
framework for arbitrary interferometer geometries in the presence of external potentials
and non-inertial forces.

3.1. Two-Path Interferometers
We have already discussed that the detection probability

P

is the typical quantity of

interest in interferometer experiments. For a general quadratic Hamiltonian, Eq. (1.10),
which captures the eects of arbitrary time-dependent uniform accelerations (gravitational or inertial), time-dependent gradients and time-dependent rotations, the probability of detecting an atom in the ground state

|0 ⟩

after an arbitrary pulse sequence is

given in the most convenient form by

P |0⟩

[ ∫
1
=
1 + d2N ξ
2

]
W[ρ̂e (t0 )](ξ) cos (∆ϕ(ξ)) .

(3.1)

1

This is the generalization of Eq. (2.6) valid for SU(2) interferometry in general . The
integration has to be taken over the entire phase space described by the phase-space
vector

ξ ≡ (x, p)T ∈ R2N ,

where

x

is the

N -dimensional

position vector and

p

the

corresponding momentum vector. In addition, the phase

]T
]
1 [ χ0
1[ T
∆ϕ(ξ) = Φ +
+ξ Jχ = Φ+
x χp − (p + ~k0 /2)T χx
~ 2
~

(3.2)

Φ

in-

cludes among others uniform accelerations such as gravitational or inertial ones.

It

accounts for interference eects and consists of two dierent contributions: (i)
is not of relevance for the later discussion.

1 Depending

(ii) The second contribution includes

on the specic pulse sequence (especially the number of laser pulses applied on each

interferometer path), one has to use a minus sign rather than a plus sign in Eq. (3.1). However, for the
following discussion this fact is irrelevant.
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the symplectic form, Eq. (1.13), and stems from a non-vanishing displacement vector

χ ≡ (χx , χp )T ∈ R2N

describing the relative displacement in phase space of the

atomic wave functions after a given interferometer pulse sequence.

For instance this

is the case for gravity gradients, asymmetric pulse-timings, rotations of the lasers or
more general for lasers in non-inertial reference frames [10, 76]. Moreover, the second
phase term can be further subdivided: (a) the phase contribution corresponding to the
photon recoil

χ0 = (0, ~k0 )T

is a quantum mechanical correction associated with the

non-commutativity of the order of the laser pulses and the time evolutions of the atom
within the external potential (which is dierent for each interferometer path). (b) The
contribution depending on the phase-space vector

ξ ≡ (x, p)T

yields a phase shear, that

is a phase that varies across the atomic cloud [94]. But more important, it brings in
the initial conditions via the Wigner function, which means the expectation values
and

⟨p̂0 ⟩.

⟨x̂0 ⟩

To have some explicit expressions at hand and to facilitate the connection to familiar
results, we provide next the phase-space displacement for a Mach-Zehnder interferometer (MZI), see Fig. 1.3.

3.2. Mach-Zehnder Displacement
We present in Table 3.1 the components of the MZ displacement vector

χ = χMZ

which

are directly related to the phase contributions depending on the phase-space coordinate

ξ ≡ (x, p)T , see Eq. (3.2).

The phase-space displacement is given to rst order for three

important scenarios in which the interferometer is no longer closed: (i) a MZI with an
asymmetric pulse timing

T1 ̸= T2 ,

(ii) a MZI with a uniform rotation rate

Ω

of the

lasers, and (iii) a MZI in the presence of a constant potential gradient dened by the
matrix

Γik (x′ ) = 1/m ∂i ∂k Vext (x)|x=x′ .

For arbitrary time-dependent rotations and

gradients, higher order corrections, or for the combination of these eects we refer to

T = T1 = T2 , the phase
2
Φ = ΦMZ , Eq. (1.49), for a MZI is given (to rst order) by the well-known result kT
0g T .

our review article [10]. Note that for a symmetric pulse timing

Since the pulse timing and the rotation of the lasers can be experimentally adjusted
and controlled to achieve

χ = 0,

we will focus in the following on the gradients.

We will see that gravity gradients will play a crucial role for high-precision measurements and especially for the phase estimation in tests of the universality of free fall
(UFF) by dierential acceleration measurements with two simultaneous atom interferometers [27, 29, 95].

3.3. The Eects of Initial Conditions for Gaussian States
Now, we use Gaussian initial states to exemplify how the initial conditions have an
eect on the phase estimation in cold atom and BEC experiments. Moreover, one can
easily understand in which way the preparation process and the corresponding errors
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displacement

rst order

χx
χp

0
+ ~k
m {T1 − T2 }
0

χx
χp

2
− 2~
m (Ω × k0 )T
0

χx
χp

3
0
+Γ ~k
m T
−Γ~k0 T 2

asymmetric pulse
timing
Sagnac eect
(rotating lasers)
Gradient

Table 3.1.: Components of the Mach-Zehnder displacement vector

χMZ = (χx , χp )T

to

rst order for asymmetric pulse timings, uniformly rotating lasers (Sagnac
eect) and constant gradients

Γ

(e.g. gravity).

aects the measured interference signal.

3.3.1. Phase-Space Distribution and Interference Signal
The normalized Wigner function for a general Gaussian initial state is given in Eq. (2.14)
and is uniquely dened through its mean value and its covariance matrix. Since the initial density operator

(G)

ρ̂e (t0 )

will be the result of an experimental preparation process,

this process will thus x the parameters

(G)

⟨ξ̂ 0 ⟩ ≡ Tr {ρ̂e (t0 ) ξ̂}

and

Σ0

although they

might be unknown. Let us now discuss how the mean value and the covariance matrix
contribute to the interferometer signal.

The measured interference signal is given by the ground-state detection probability

P |0⟩

which takes on the very compact and familiar form (2.20). The probability depends

on the visibility (or contrast)

V,

Eq. (2.22), and the total interferometer phase

∆Φ

for

Gaussian states, Eq. (2.21). The visibility shows a bilinear form in the exponent and
depends on

Σ0 .

Full visibility

contrast associated with

χ ̸= 0

V = 1

is achieved if, and only if

χ = 0.

The loss of

is discussed in Ref. [76]. But more important, the total

phase shift

∆Φ = Φ +
depends on the mean value
dependent of

Σ0 !

]T
1 [ χ0
+ ⟨ξ̂ 0 ⟩ J χ
~ 2

⟨ξ̂ 0 ⟩ = (⟨x̂0 ⟩, ⟨p̂0 ⟩)T

(3.3)

of the initial wave packet, but is in-

The covariance matrix only enters the visibility, Eq. (2.22). At this

point, we recall that the dynamics, i.e. the time-dependence of the atomic wave packet,
has been absorbed in the displacement vector

χ ≡ χ(t)

in analogy to the Heisenberg

picture.
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In the presence of a gravity gradient one immediately gets from Table 3.1 the phase
shift

[

∆ΦMZ ≈ ΦMZ − kT
0 Γ ⟨x̂0 ⟩ +
where

2
2
ΦMZ ≈ kT
0 [1N − 7/12 ΓT ]gT

(

⟨p̂0 ⟩ ~k0
+
m
2m

)

]
T T2 ,

(3.4)

and higher order terms in the matrix

Γ

are ne-

glected. Although the result is well-known in the literature [39, 40, 60], our discussion
emphasizes two important aspects. The phase depends on the initial conditions because

χ ̸= 0.

the interferometer is not closed, i.e.
mean the position mean value

⟨x̂0 ⟩

Moreover, initial conditions more precisely

and the momentum mean value

⟨p̂0 ⟩

of the initial

phase-space distribution.

3.3.2. Gravity Gradients in Dierential Measurements
Tests of the universality of free fall (UFF) with atom interferometers [9698] are based
on simultaneous dierential measurements with two atomic species

A

and

B,

see Refs.

[27, 29, 95]. The relevant quantity is the dierential phase shift

[
B
T A
B
2
T A
∆ΦA
MZ − ∆ΦMZ ≈ k0 (g − g )T − k0 Γ

]
A
B
⟨p̂
⟩
−
⟨p̂
⟩
0
0
B
⟨x̂A
T T 2.
0 ⟩ − ⟨x̂0 ⟩ +
m

(3.5)

In order to emphasize the role of the initial conditions, we have assumed equal wave
vectors

k0

as well as equal pulse separations

interferometers (species).

T,

which are in general dierent for both

In addition, we have neglected terms associated with the

ΓA (x′ ) − ΓB (x′ ) 2

dierence in the gradients

for both species which are obviously much

smaller than the contributions shown in Eq. (3.5).
A real violation of the UFF (i.e.

g A ̸= g B )

phase, see the rst term in Eq. (3.5).
a violation (even though

gA = gB )

would give rise to a non-zero dierential

However, the gradient term can mimic such

if the centers of the initial atomic clouds do not

overlap. Thus, one of the biggest challenges for tests of the UFF is to prepare the initial
wave functions in such a way that the relative initial mean position (and momentum)
almost vanish to guarantee that the corresponding phase contribution is below the
target accuracy. Note that the precision of the relative mean values is not limited by
any fundamental theorem.

3.4. Uncertainty Relations and their Quantum Mechanical
Interpretation in Experiments
The phase-space dynamics in atom interferometry for general quadratic potentials is
subjected to the symplectic structure of quantum mechanics, in particular the standard

2 This

dierence corresponds to a real violation of the UFF (in second order) and is not because of

the position dependence of the gravity gradient.
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symplectic group. Indeed, the canonical formalism of classical mechanics as well as quantum mechanics brings in the symplectic structure. Moreover, the non-commutativity
of quantum mechanical operators yields the canonical commutation relations for the
position and the momentum operator in the compact expression, Eq. (1.12),

[
]
ξˆi , ξˆk = i~ Jik ,

where

Jik

(3.6)

are the components of the symplectic form (1.13) for a

2N -dimensional phase

space. According to the uncertainty principle of Robertson [99], any commutation relation implies an inequality for the quantum uctuations associated with the observables.
Hence, any quantum mechanical probability distribution with parameters deduced from
a set of non-commuting operators, e.g. the symmetrical ordering of

x̂

and

p̂

yields the

Wigner distribution W(x, p), has to fulll an inequality constraining the quantum uctuations (moments of the distribution). For a Wigner function of an arbitrary mixed
state with covariance matrix

Σ,

for instance the Gaussian state (2.14), one gets the

uncertainty relation [100, 101]

(
det

where

1
Σ + i~ J
2

)
≥ 0,

(3.7)

(Σ + i~/2 J ) is a Hermitian and positive semi-denite matrix .
2-dimensional phase space the above inequality reduces to the well-known Ken-

For a

nard uncertainty relation

Σxx Σpp ≥
Here

Σxx = ⟨x̂2 ⟩ − ⟨x̂⟩2

and

~2
.
4

Σpp = ⟨p̂2 ⟩ − ⟨p̂⟩2

(3.8)

denote the variances in position and

momentum, respectively.
Now we are in the position to answer the central question: How does the uncertainty
principle aects high-precision measurements? The key point is to carefully distinguish
the theoretical and experimental interpretation of

⟨x̂0 ⟩, ⟨p̂0 ⟩

and

Σ0 .

For the discus-

sion we assume that the experimental preparation process and the interferometer pulse
sequence are always performed under identical conditions, i.e. each experimental run
starts with the same

(G )

ρ̂e (t0 )

and thus with the same

When the atomic phase-space quadratures (e.g.

⟨ξ̂ 0 ⟩

and

Σ0 .

position or momentum) are mea-

sured, the quantum state collapses and the observable takes on a certain value. Repeating the preparation and measurement process, the position or momentum probability
distribution can be recovered to arbitrary precision for a suciently large number of
measurements
termine

⟨x̂0 ⟩

N.

and

The spread of the distributions yield

Σ0

while the mean values de-

⟨p̂0 ⟩.

The quantum nature only enters through the mutual dependence of the values for

Σ0 ,

but does not spoil the measurement principle, i.e. the (classical) statistical determination of the mean values to any desired precision.

However, from a practical point of
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view the uncertainty principle gives an estimate for the performance of that procedure.
Indeed, because of the particle nature of the atoms (shot noise), the standard error
(SE) in the experiment for

⟨x̂0 ⟩

by classical statistics: SE(⟨x̂0 ⟩)
product of the variances

Σxx Σpp

after N independent measurements is given
√
√
√ ⟨p̂0 ⟩ √
Σxx / N and SE(⟨p̂0 ⟩) ∼ Σpp / N , where the

and

∼

obeys the uncertainty principle, see Eq. (3.8). Needless

to say, one obtains the same result by measuring an atomic cloud of
as the atoms are uncorrelated.

N

atoms as long

Moreover, the Gaussian Wigner function, Eq. (2.14),

Σ0 ∈ R3N ⊗ R3N (for a 6N -dimensional phase space) directly
takes into account the general case of N correlated atoms while fullling the generalized
with a covariance matrix

uncertainty relation, Eq. (3.7).
If

∆Φ,

⟨ξ̂ 0 ⟩

and the interferometer sequence are identical in each run, the same applies to

that is the phase does not uctuate due to quantum mechanics, but solely shows

classical statistical errors.

Hence, the atoms will be distributed among the two exit

| 0 ⟩ and | 1 ⟩ according to Eq. (2.20). Extracting the probability P from a nite
N will result in the standard error SE(P ) because of the particle
nature of the atoms (shot noise). In the same way, the extracted phase ∆Φ has an error
SE(∆Φ) depending especially on the visibility V , Eq. (2.22). Since the latter involves Σ0 ,
the uncertainty principle enters SE(∆Φ). Experimentally, a loss of precision due to small

ports for

number of repetitions

visibilities can be compensated by increasing the number of measurements implying a
reduced performance.

On the other side, squeezing of the initial state modies the

Σ0

and thus by an appropriate squeezing procedure the visibility

covariance matrix
can be improved.

Since the visibility not only depends on

Σ0

but also on

χ,

one

can alternatively adjust the latter to signicantly improve the visibility and hence the
performance of the interferometer without touching the uncertainty principle. In line
with this, see also Ref. [96], it becomes clear that for

χ = 0 the dependency

of

V

on

Σ0

drops out and the impact of the uncertainty principle is eliminated  without touching
it.
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4. Relativity in Quantum Evolutions
In the previous sections we have developed a compact description of atom interferometers solely based on operators. We studied the external as well as the internal evolution
in the presence of general, time-dependent quadratic Hamiltonians. In the following we
will show how this formalism can be generalized to relativistic scenarios. In particular,
special attention is paid to the matter-light interaction within a relativistic covariant
formulation as well as the implementation of the principle of general covariance in quantum evolutions.

In order to become familiar with basic concepts of general relativity, in Section 4.1
we introduce the Einstein equivalence principle. In Section 4.2 we consider some simple
examples concerning proper time dierences and the associated phase shifts in interferometric setups. Afterward, we will investigate arbitrary quantum evolutions based on
dynamical eld models and come upon the problem of dening a unique vacuum (or initial quantum state) and the related particle ambiguity in curved spacetimes. It will be
crucial to properly dene and quantize all involved quantum states, elds and operators
in a given curved spacetime, see Section 4.3. As an example, we investigate multipartite
systems interacting with a global quantum eld in Section 4.4, i.e.

localized subsys-

tems (particle detectors) in the presence of a globally quantized eld. For the special
case of matter-light interactions we use a toy model within a relativistic quantum eld
theory. This eective eld theory will include the relevant physical processes originally
coming from quantum electrodynamics (QED). Based on that model, we deduce different rst-quantized Hamiltonians, which will depend on the applied approximations
(see Section 4.5). Finally, within the one-mode approximation we discuss matter-light
interactions in terms of particle detectors and bound states in Section 4.6. Further, the
connection between a one-particle theory and a multi-particle theory is made.

Since the following investigations on relativistic quantum evolutions are fundamental
and quite general in their treatment, we want to say some words about how this ts into
the context of matter-wave interferometry. Needless to say, any interferometer corresponds to a special realization of a general quantum evolution propagating all (internal
and external) quantum degrees of freedom forward in time.

Thereby, the relativistic

external motion in terms of geodesics is commonly discussed in detail, but no (or less)
attention is paid to the beam-splitting or guiding process in atom interferometers [50],
neutron interferometers [102] or even for quantum superpositions of atomic clocks [103].
Indeed, relativistic eects in light-pulse atom interferometry have already been studied
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in some cases.

For example, atom interferometers can be used to measure the non-

linearity of the gravitational eld and its spatial curvature [50, 104] or the inuence of
gravitational waves on atom interferometers [5456, 105108]. However, the discussions
are mainly of semi-classical nature. In contrast, we will discuss matter-light interactions
in a fully quantized framework. We describe the interactions in terms of massive quantum elds and radiation elds (e.g. laser elds) and concentrate on the exact denition
and quantization of all involved states and operators in curved spacetimes.

4.1. Some Comments on the Einstein Equivalence Principle
The Einstein equivalence principle is a consequence of the formulation of modern physics
in the language of special relativity, the metric theory in general relativity, Maxwell
equations and the description of spin-1/2 particles by the Dirac equation.

However,

to derive Einstein eld equations more restrictions are needed, like the strong equivalence principle.

The three dierent and operationally dened aspects of the Einstein

equivalence principle are [109]:

Weak Equivalence Principle

The weak equivalence principle, also known as the uni-

versality of free fall, states that any point-like particle falls with the same acceleration
in the presence of a gravitational eld. Therefore, the ratio of gravitational mass
and inertial mass

mg /mi

mi

mg

are independent of the particles nature. In other words, the ratio

can be set to one.

Moreover, the mass-energy relation

E = mc2

includes all energies (kinetic and poten-

tial) such that the electromagnetic, strong and weak interactions contribute to the total
rest mass

m.

This will become important for the description of bound and multi-particle

systems in Section 4.6.2.

Principle of Local Lorentz Invariance

For point-like regions within the gravitational

eld the local spacetime is the at Minkowski spacetime of special relativity.

This

means, when tidal forces can be neglected in a small region of spacetime, the gravitational eld seems to be homogeneous. In Section 4.5 we will use the principle of local
Lorentz invariance to obtain an eective matter-light interaction deduced from a local
relativistic quantum theory in second quantization.

Principle of the Universality of Gravitational Redshift

The principle of the universal-

ity of gravitational redshift describes a local position invariance. Irrespective of the used
spacetime coordinates, an experiment performed under the same (initial and boundary)
conditions will lead to the same results. For instance, quantum eld theory in curved
spacetime is truly based on this principle and, especially, triggers the idea of proper
operators, see Section 4.4.1.
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4.2. A First Hint for Relativistic Eects in Interferometers
Atom clocks, as a specic realization of an atom interferometer, are nowadays the
standard devices for measuring time [110]. The underlying physical principle is based on
the quantum interference of internal energy eigenstates (e.g. atomic hyperne states).
Due to the achievable high resolution of state-of-the-art clocks, the laser recoil onto
the atoms has to be taken into account.

Future improvements in the precision will

additionally demand the implementation of relativistic eects of both, kinematic and
gravitational origin. To illustrate these eects, we consider in this section the simple
motion of de Broglie waves within special relativity as well as in the context of a (rstorder) gravitational extension, which can actually be done within a geometric framework
of Newtonian gravity.

4.2.1. Proper Time Dierence due to Kinematics in Flat Spacetime
1

A moving clock

shows per denition the proper time

τ

and ticks with the proper

time interval
dτ

=

ds

(4.1)

c

being an invariant under Lorentz transformations.
shows the Minkowski coordinate time

t.

Note, a clock at rest (dx

= 0)

Moreover, the spacetime interval ds can be

ηµν = diag(+1, −1, −1, −1) as follows
[
]
v 2 (t)
2
2
µ
ν
2 2
ds = (c dτ ) = ηµν dx dx = c dt
1− 2
= c2 dt2 γ −2 .
(4.2)
c
√
−1
In the last step we have used the special relativistic factor γ ≡ dt/dτ =
1 − v 2 (t)/c2 .
Hence, the time dilation for an arbitrary moving observer A with coordinate velocity
v A (t) ≡ dxA /dt relative to an inertial observer with coordinate time t reads
∫ √
v 2 (t)
τA = dt 1 − A2 .
(4.3)
c
We assume that a second observer B is starting at the same spacetime position as
observer A, but with coordinate velocity v B (t) ≡ dxB /dt. After a total time interval T
both worldlines shall again overlap, that is xA (T ) = xB (T ). As a result, the observers
A and B have accumulated dierent proper times τA,B giving rise to the proper time

decomposed via the Minkowski metric tensor

dierence

∆τ ≡ τB − τA .

(4.4)

In the following we show that for matter-wave interferometers (including atomic clocks)
the phase shift has kinematic contributions in the above sense. In gravitational elds,
however, additional proper time dierences (gravitational redshifts) will appear.

1 Here

a clock shall be a point-like object with internal quantum degrees of freedom, at least an

internal two-level system with energy eigenstates

|0 ⟩

and

| 1 ⟩,

respectively.
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4.2.2. Phase Shift Induced by Proper Time Dierence in Newtonian
Gravity
It was already pointed out by Louis de Broglie [11] that the phase, which is accumulated
during the free evolution of a matter wave, is related to the proper time of the associated
particle. The generalization to arbitrary free motions reads

∫
∫
mc2
mc2 √
gµν dxµ dxν .
Φ=−
dτ = −
~
~
Hence, the phase

Φ is a measure

(4.5)

of proper time along the geodesic of a massive particle

(= free motion in a given spacetime metric of a matter-wave packet with average rest
energy

mc2 ).

In particular, the specic form of the metric tensor

gµν

induces kinetic as well as

gravitational contributions. For weak gravitational elds (ϕg

≡

GM/r

≪ c2

being the

gravitational potential), it is sucient for massive particles to approximate the metric
tensor by the temporal component

gii ≈ −1,

g00 (r) ≈ 1 + 2ϕg (r)/c2

and the spatial component

which in turn yields

√
∫
2ϕg
mc2
v2
Φ≈−
dt
1+ 2 − 2
~
c
c
(t, r). For simplicity, we
v ≡ v(t) = dr(t)/dt. For

(4.6)

in global coordinates

restrict ourselves to radial motions with

coordinate velocity

a more sophisticated description of mo-

tions within black hole spacetimes, for example Schwarzschild spacetime, we refer to
Appendix D.5.
It is clear that a matter-wave interferometer, which is based on the quantum superposition of wave packets following dierent worldlines

A

and

B

(see Fig. 4.1), gives rise

to phase contributions


∆Φ ≡ ΦB − ΦA = −

mc2
~



∫
B

due to proper time dierences.


(
)
∫
∫
1
NR 1
dτ − dτ  −→
dt
mv 2 − mϕg
~
2

(4.7)

A

In the last step we have applied the non-relativistic

limit, i.e. the rst-order expansion in

1/c2

of the relativistic square root in Eq. (4.6).

One can immediately identify the non-relativistic residue of proper time as the classical
Lagrangian

LNR = mv 2 /2 − mϕg .

Note, in an atomic Mach-Zehnder interferometer the phase contribution due to the
proper time dierence (4.7) can even vanish [111, 112]. Thus, for specic interferometer
geometries the concept of proper time becomes abundant [112, 113].
In a real experiment, however, it must be guaranteed that the wave packets really
follow the worldlines

A

and

B.

That is the reason why additional interaction phases

(due to the atom-light interactions, see Section 1.2 and Refs. [10, 112], or due to other
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Figure 4.1.: Proper time dierence of massive particles in quantum superposition: In the

presence of a curved spacetime, given by the metric tensor
ordinates

(t, r),

gµν

in global co-

massive particles with dierent velocities and/or separated

in spacetime will measure distinct proper times

τ

and thus conclude to accu-

mulate dierent quantum phases. In the most simple interferometric setup
a wave packet (= initial quantum distribution associated with a massive
particle) shall be coherently split. The quasi-instantaneous beam-splitting
process, for instance by laser pulses, can be described within a local Lorentz
frame (indicated by the gray light cone). Afterward, the superimposed wave
packets simultaneously follow the worldlines

A

and

B

(dashed lines). Fur-

ther, we assume a closed interferometer geometry, that means that the nal
wave packets overlap. In general, the relative phase between A and B shows,
H
∆Φ = −mc2 /~ dτ due to their proper time

among others, a contribution
dierence.

Especially for gravitationally induced metrics, this phase shift

can be identied with special relativistic (kinematic) and gravitational time
dilations (redshift).

external elds guiding the wave packets) will contribute to the total interferometer
phase.

In fact, the relativistic motion in terms of geodesics is commonly discussed

in detail, but no or less attention is paid to the beam-splitting or guiding process in
atom interferometers [50], neutron interferometers [102] or even for superpositions of
atomic clocks [103]. This makes it necessary to provide a joint relativistic framework
involving all parts of the quantum evolution. Moreover, in arbitrary curved spacetimes
it is essential to properly dene and quantize all involved quantum states, elds and
operators with respect to inertial or non-inertial observers.

Most of the chapter is

devoted to this task.

4.3. Quantum Evolution in Curved Spacetime: A Canonical
Formulation
From standard quantum mechanics it is known that the Hamilton operator generates
time translations of a given quantum state.

However, in curved spacetime there is

no global time in general and dierent observers (at rest or moving) in spacetime will
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naturally choose dierent parametrizations to describe the same physical phenomena.
Usually, a physical experiment is modeled by a set of Hamiltonians each describing a
part (subsystem) of the total system. In order to obtain a Hamiltonian for the total
quantum system, it is often useful to dene sub-Hamiltonians with respect to dierent
reference frames (observers) in which it is natural to use the corresponding coordinate

2

as parametrization. Next, we provide a well-dened prescription to re-parametrize

time

the Hamiltonians of the subsystems to obtain a common time parametrization for the
total system. We emphasize that in arbitrary curved spacetimes there will be no unique
parametrization. However, when specic spacetime symmetries exist, one can achieve a
natural parametrization fully determining the quantum evolution of the entire system
in curved spacetime.

4.3.1. Equations of Motion in Quantum Field Theory
First of all, we emphasize that the quantization within the Hamilton formalism is equivalent to the usual canonical quantization procedure based on the Lagrangian density.
Indeed, in the framework of quantum eld theory in curved spacetime (non-quantized
symmetric metric

gµν )

the Euler-Lagrange equation

(

∂ L̂
∂ ϕ̂a
for a set of elds

3

− ∂ν

∂ L̂
∂(∂ν ϕ̂a )

with Lagrangian density

)
=0

(4.8)

L̂ ≡ L(ϕ̂a , ∂ν ϕ̂a ; gµν )

is equivalent to the

following Heisenberg equation of motion [114, 115]
dF [ϕ̂a , π̂a ; t]
dt
Here

F [ϕ̂, π̂; t]

=

] ∂F [ϕ̂ , π̂ ; t]
a a
ĤH (t), F [ϕ̂a , π̂a ; t] +
.
~
∂t
i

[

(4.9)

ϕ̂ ≡ ϕ̂(x) and the associated
π̂ ≡ π̂(x; gµν ) = ∂ L̂/∂(∂0 ϕ̂), and the Hamilton operator is related

is a general functional of the eld operator

canonical momentum

to the Lagrangian density via

∫
ĤH ≡
where

Ĥ ≡ Ĥ(gµν )

d

3

) ∫
x π̂ ∂0 ϕ̂ − L̂ =
(

d

3

x Ĥ,

(4.10)

denotes the Hamilton density. Note, in the Heisenberg picture the

quantum states are time-independent while the eld operators, and thus the physical observables, are propagated in time according to the Heisenberg equation of motion (4.9).

2 If the observer is at rest with respect to this reference frame, the coordinate time will be the proper
time, i.e. the physical time measured by the observer.

3 The

set of scalar elds

ϕ̂a ,

indicated by the subscript  a, can be the components of a vector eld,
Âµ (x), or can be used to describe a physical system composed

for instance of the electromagnetic eld
of several elds (subsystems).
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Massive Scalar Field
with mass

m

As an example, the Lagrangian density of a scalar eld

L̂(x) =
where

ϕ̂ ≡ ϕ̂(x)

minimally coupled to gravity is given by

µ ≡ mc/~

)
1 √ ( µν
−g g ∂µ ϕ̂ ∂ν ϕ̂ − µ2 ϕ̂2 ,
2

(4.11)

denotes the inverse Compton wave length of the particle and

g

is the

g . The Euler-Lagrange equation (4.8) immediately
) µν
 + µ2 ϕ̂ = 0, which is known as the Klein-Gordon equa√
√
µν
µν
tion in curved spacetime [3] with  ≡ g ∇µ ∇ν = g (1/ −g ∂µ )( −g ∂ν ) being the
d'Alembert operator; the covariant derivative ∇µ reduces to a partial derivative ∂µ for
determinant of the metric tensor

(

yields the eld equation

a scalar eld.

4.3.2. (3+1)-D Spatial-Temporal Spacetimes
In particular, for a (3+1)-dimensional spacetime with line element

2

ds

= A(x) (dx0 )2 − Bij (x) dxi dxj ,

(4.12)

i, j = 1, 2, 3, the canonical conjugate momentum becomes π̂(x) =
√
∂ L̂/∂(∂0 ϕ̂) = B/A ∂0 ϕ̂ and the corresponding Klein-Gordon equation reads
√
√
√
(4.13)
∂0 ( B/A ∂0 ϕ̂) − ∂i ( AB B ij ∂j ϕ̂) + ABµ2 ϕ̂ = 0.

spatial components

Here

B ≡ B(x)

is the determinant of the spatial components

ric at spacetime position

x ≡

(x0 , x).

Bij (x)

of the met-

Note that the special form of the line ele-

ment (4.12) includes several physical important metrics, e.g. the Schwarzschild metric
or the Friedmann-Lemaître-Robertson-Walker metric. Finally, the scalar product (inner product of two solutions

ϕ̂(x)

and

ϕ̂′ (x)

of the Klein-Gordon equation in curved

spacetime [3]) is dened by

′

∫

(ϕ̂, ϕ̂ ) ≡ i

d Σµ

√

←
→
−g g µν ϕ̂† ∂ν ϕ̂′

=i

Σ

with dΣµ

d

3

x

)
B( †
ϕ̂ ∂0 ϕ̂′ − ϕ̂′ ∂0 ϕ̂† ,
A

≡ nµ d Σ.

Σ

is orthogonal to the future-directed unit vector

In particular, for the line element (4.12) the second equality

holds and clearly highlights the symplectic structure
uct (4.14).

(4.14)

Σ0

where the spacelike hypersurface

nµ

√

∫

Ω of the Klein-Gordon inner prodΣ0

Indeed, the slicing of the metric by spacelike Cauchy hypersurfaces

induces a phase-space formulation for the Klein-Gordon eld [4]

′

′

′

∫

(ϕ̂, ϕ̂ ) ≡ Ω([ϕ̂, π̂], [ϕ̂ , π̂ ]) = i

d

3

(
)
x ϕ̂† π̂ ′ − ϕ̂′ π̂ †

(4.15)

Σ0

√
where π̂(x) ≡ ∂ L̂/∂(∂0 ϕ̂) =
B/A ∂0 ϕ̂ is the canonical conjugate momentum to
eld operator ϕ̂(x). Moreover, the equal-time canonical commutation relations

the
are
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given by

[ϕ̂(x), ϕ̂(x′ )] = [π̂(x), π̂(x′ )] = 0

and

[ϕ̂(x), π̂(x′ )] = i~ δ 3 (x − x′ ) with x ≡
x. We further note

(x1 , x2 , x3 )T being the spatial components of the spacetime position
that the existence of a conserved current density

←
→
ĵν ≡ ϕ̂† ∂ν ϕ̂′

(4.16)

in a globally-hyperbolic stationary spacetime (also including static spacetimes) preserves
the symplectic form (4.15), see for instance Ref. [116].

4.3.3. Field Decomposition
There exists further a full set of functions

uk ≡ uk (x)

which are mode solutions of the

Klein-Gordon equation and are orthonormal with respect to the inner product (4.14),
that is

(uk , ul ) = −(u∗k , u∗l ) = δkl

and

(uk , u∗l ) = 0.

Hence, the eld operator can be

expanded in a set of these mode functions

ϕ̂(x) =

∑
[âk uk (x) + â†k u∗k (x)]

(4.17)

k
where

âk ≡ (uk , ϕ̂)

â†k ≡ (ϕ̂, uk )

and

are the expansion coecients.

spacetime the positive frequency modes are chosen as

uk (x)

In Minkowski

∗
while uk (x) are the negative

ones. However, in a curved spacetime there are in general innitely many possibilities to
choose the mode functions which makes it impossible to dene a global vacuum. Indeed,
dierent sets

{uSk } of mode functions uSk (x) correspond to dierent vacuum states | 0S ⟩,

which are dened as usual via the action of the annihilation operator on the associated
vacuum

âSk | 0S ⟩ = 0.

Bogoliubov Transformations

We have seen that in an arbitrary curved spacetime

the expansion of the eld operator

ϕ̂(x)

is not unique. With no loss of generality, we

consider two dierent sets of mode functions

{uIk }

and

{uII
k },

respectively. Hence, the

decomposition of the eld operator with respect to these functions reads

ϕ̂(x) =

∑[

]
] ∑[
II † II ∗
.
)
âII
u
+
(â
)
(u
âIk uIk + (âIk )† (uIk )∗ =
l
l
l
l

Since

âSk ≡ (uSk , ϕ̂)

(4.18)

l

k

are just the expansion coecients and

{uSk }

provide a complete

orthogonal basis with respect to the inner product (4.14), the annihilation and creation
operators of the two sets

S = I, II

must be connected via the so-called Bogoliubov

transformations [3, 117]

âIk =

]
∑[
∗
II †
αlk âII
+
β
(â
)
l
lk
l
l

âII
l =

∑[

]
∗ I
∗
αlk
âk − βlk
(âIk )† .

k

I
I
II ∗
αlk = (uII
l , uk ) = (uk , ul ) and
II
I
∗
−(ul , (uk ) ) originate from the expansion of the mode functions.

Here the Bogoliubov coecients
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∗
βlk = (uIk , (uII
l ) ) =

4.3. QUANTUM EVOLUTION IN CURVED SPACETIME: A CANONICAL FORMULATION

4.3.4. Particle Content and the Static Vacuum
From the previous considerations it becomes clear that the notion of particles in the

N̂k ≡ â†k âk becomes ambiguous, i.e. it depends on the
S
dierent sets of modes {uk }. Indeed, the number of particles in the vacuum state,
I
seen by a particle detector based on the rst set of modes {uk }, is per denition zero:
⟨N̂kI ⟩I ≡ ⟨ 0I | (âIk )† âIk | 0I ⟩ = 0. However, the same detector will measure the particle
sense of number operators

content

⟨N̂kI ⟩II ≡ ⟨ 0II | N̂kI | 0II ⟩ =

∑

|βlk |2

(4.20)

l
of the vacuum state

| 0II ⟩,

which is originally dened with respect to the modes

{uII
k }.

Although, in general, there is no unique vacuum in a curved spacetime, the (3+1)dimensional spacetime (4.12) allows for the denition of a natural vacuum if it is assumed to be static, that is

A(x) = A(x)

and

Bij (x) = Bij (x)

become independent of

time. The dening equation for the mode function of the static vacuum is then given
via the Klein-Gordon equation (4.13)

√
∂02 uk

−

√
A
∂i ( AB B ij ∂j uk ) + A µ2 uk = 0.
B

(4.21)

uk ∝ e−iωk t where
coordinate time of the static metric and the constant ωk > 0 denes the
particle with respect to the global time-like Killing eld ∂t . This means,

The mode function is then associated with the positive frequency part

t

denotes the

energy of the

for a static spacetime one can always nd a time coordinate in such a way that there
exist equal-time surfaces orthogonal to the Killing trajectories [116].

For a physical

denition of the vacuum in the presence of external electromagnetic and gravitational
elds for spin zero particles, we refer to Ref. [118].

In particular, in Minkowski spacetime the global Killing vector elds corresponding
to time translations in dierent inertial frames (the frames are connected by Lorentz
boosts) possess the same global vacuum state [119].

Thus, all inertial observers in

Minkowski spacetime have the same notion of particles. However, uniform accelerated
observers in Minkowski spacetime, i.e.

observers with a metric dierent from

ηµν

in

their rest frames, will see a thermalization of the Minkowski vacuum (Unruh eect).
In Appendix D, we summarize the important facts concerning the Minkowski spacetime and, in particular, introduce the Minkowski and Rindler modes being crucial for
the derivation of the Unruh temperature.

Finally, we mention that a closely related

phenomenon is also known for a Schwarzschild spacetime describing non-rotating black
holes. The associated thermalization of the asymptotic past vacuum (observer at innity, no gravity) seen by an observer within the gravitational eld (observer in the
asymptotic future) is called the Hawking eect; see Appendix D.5.
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For the problematic of symmetries on subregions of curved spacetimes just implying
local and no global Killing elds (with associated local vacua), we refer to the detailed
discussion in Ref. [120].

4.4. Multipartite Systems in Curved Spacetime
So far we have seen that in curved spacetime the particle content of a physical state is
ambiguous due to the arbitrariness of the eld decomposition in a complete set of mode
functions. For a physical experiment, however, it is convenient to choose proper coordi-

4

nates

[2, 121124] in which the naturally dened (positive frequency) mode functions

locally yield a distinct notion of energy.
Indeed, in view of the energy-time uncertainty relation the coordinate time in local
coordinates corresponds to the proper time generating time translations in the freefalling frame.

As a result, dierences between energies (energy with respect to the

associated Killing vector

∂τ

of the locally in rst-order at metric) can be calculated

in the free-falling frame. These energy dierences will nally correspond to transition
frequencies of emitted particles and the interaction of the free elds, e.g. of the matter
and the light elds, can be described by an Unruh-DeWitt-type detector model. We will
discuss the Unruh-DeWitt model in Section 4.4.2 and afterward present an extension
also valid for (electromagnetic) vector elds.
But rst, we do not specify the interaction Hamiltonian and just assume that the total
system consists of free parts and interaction parts. In general, parts of the Hamiltonian
(subsystems) are allowed to be distributed in spacetime while each part itself shall be localized. Naturally, each subsystem will use local coordinates with dierent proper times
(and proper energies/Hamiltonians). In order to address the problem of multipartite
systems in curved spacetime, we take into account proper coordinate transformations
to arrive at a common time parametrization of the entire system. Moreover, we assume
that the curved spacetime possesses a global time-like Killing vector eld in order to get
a well-dened global notion of particles, that is a unique vacuum. However, observers
in their proper reference frames (with associated spatial mode functions dened in their
local Cauchy surface) will see particle creation out of this (unique) global vacuum.
We have already mentioned that a unique global vacuum always exists for globallyhyperbolic stationary spacetimes [4, 116], where the spatial mode functions with respect
to the global Cauchy surface can be associated with purely positive solutions of the
canonical equations of motion (Heisenberg equation of motion) for the entire system.
Apart from that, we note that the notion of particles in arbitrary spacetimes (no global
symmetries) only becomes a serious problem when the frequency of the time-evolved
mode functions correspond to timescales smaller than the change of the metric.

4 Usually,

this proper reference frame is locally spanned up by an orthonormal tetrad which is

Fermi-Walker transported [121]. See also Refs. [2, 122, 123] for the denition of Fermi coordinates.
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4.4.1. The Principle of Relativity Implies Proper Operators
In the Heisenberg picture the eld equations are determined by the Heisenberg equation
of motion, Eq. (4.9), where the Hamiltonian

ĤH (t)

explicitly depends on time even

if it was time-independent in the Schrödinger picture.

By using the chain rule, the

Heisenberg equation of motion can be rewritten as
dF̂ [t(τ )]
dτ

=

dt dF̂ (t)
dτ

dt

=
t=t(τ )

i

[(

~

)
]
∂ F̂ [t(τ )]
ĤH [t(τ )] , F̂ [t(τ )] +
,
dτ
∂τ
dt

(4.22)

F̂ [t(τ )] ≡ F [ϕ̂a (x), π̂a (x); t(τ )] is an arbitrary functional of the conjugate eld
ϕ̂a (x) and π̂a (x), evaluated along the worldline x(τ ) and parametrized by the
local proper time τ . Here the global coordinates (t, x) are the quantization coordinates
where

operators,

covering the entire spacetime in which a unique canonical quantization can be performed
(unique global vacuum). When we now dene the following local operators

F̂ (n) (τn ) ≡ F̂ [t(τn )],
seen by an observer with proper time

(n)

ĤH (τn ) ≡

dt
dτn

ĤH [t(τn )],

(4.23)

τn , the Heisenberg equation of motion in the local

coordinate frame reads
dF̂

(n) (τ )
n
dτn

=

[
] ∂ F̂ (n) (τ )
(n)
n
ĤH (τn ), F̂ (n) (τn ) +
.
~
∂τn
i

(4.24)

We see that the Hamiltonian in Eq. (4.23) for the local observer with proper time

τn

becomes modied by the redshift factor dt/dτn . Hence, the proper coordinate transformation

′

xµ → xµ

5 t

connecting the global coordinate time

with the proper time

τn

yields an overall energy shift for the local observers. We note that the identications,
Eq. (4.23), as the correct local operators are the consequence of the principle of relativity, or more concrete of the Universality of Gravitational Redshift (UGR). Indeed, the
local position invariance of UGR states that any physical (measurable) phenomenon is
invariant under the specic choice of coordinates as long as the boundaries and initial
conditions are the same. We recall that a short summary of the Einstein equivalence
principle is given in Section 4.1. Thus, the proper coordinate transformations just relabel the quantities while the spacetime geometry itself is unchanged. In other words,
the entire spacetime (covered by several coordinate patches with local restricted metric
tensors

gµν )

determines the whole physics while arbitrary coordinate transformations

do not change the real observable phenomena (principle of general covariance).

Proper Energy Eigenstates

We emphasize again that the expectation value

(n)

⟨ĤH (τn )⟩

of the Hamiltonian (4.23) in a local coordinate patch is the physical energy measured by

5 The

spacetime is assumed to be a globally hyperbolic stationary spacetime with global Killing

vector eld

∂t .

57

4.4. MULTIPARTITE SYSTEMS IN CURVED SPACETIME

the local observer in his rest frame. Here one assumes that the local observer describes
all physical phenomena with respect to local coordinates for which the Killing vector

∂τn

generates time translations in the comoving reference frame.

(n)

| El

proper energy eigenstates

(n)

⟩ ≡ | El (τn ) ⟩

(with

l = 0, 1, 2, ...)

The instantaneous
are assumed to be

the eigenstates dened by the eigenvalue equation

(n)

Ĥ (n) | El

(n)

⟩ = El

(n)

| El

⟩.

(4.25)

Here the physically correct Hamiltonian for the comoving observer is given by

∫
Ĥ
which is the Hamilton density

(n)

≡

d

3

ξn Ĥ(τn ),

Ĥ(τn ) ≡ Ĥ(gµν (τn )),

local space-like hypersurface, e.g.

(4.26)

see Eq. (4.10), integrated over the

spanned up by Fermi-normal coordinates

(τn , ξ n ).

This means that the Hamilton operator governs the time evolution of an operator

µ̂(τn ) ≡ ei/~Ĥ
in the familiar way, where

µ̂

(n) τ

n

µ̂(0) e−i/~Ĥ

(n) τ

n

(4.27)

shall be an arbitrary operator acting on a locally dened

Hilbert space. For example, the generators of the Poincaré group, where the Hamiltonian implements local time-translation boosts (see Section 4.6.2), build a complete set
of local relativistic operators acting on the external degrees of freedom.
On the other hand, since a localized compound system can be always represented by
a local Hilbert space (irrespective of its composition), internal degrees of freedom are
included as well. Later,

µ̂

will be the monopole moment of a two-level particle detector

(atom) with internal energy eigenstates

Multipartite System

| E0 ⟩ = | 0 ⟩

and

| E1 ⟩ = | 1 ⟩.

One can model a multipartite system in curved spacetime solely

by local Hamiltonians, describing the free elds and local couplings of the elds, and
use the prescription (4.23) to obtain a consistent parametrization of the entire system
in terms of a global time coordinate. In such a way, the dynamics of the multipartite
system is fully determined by the Heisenberg equation of motion (4.9). Moreover, the
total Hamiltonian for the multipartite system is built up by single Hamiltonians with
respect to local proper times which is often the easier and natural way.

4.4.2. Multipartite System Interacting with a Quantum Field
In this section we specify the interaction of subsystems with a quantum eld and provide the total Hamiltonian for the multipartite system. For the sake of simplicity, we
assume a local coupling to a scalar eld which is well described by the Unruh-DeWitt
model. Later, we will extend the model for (electromagnetic) vector elds and discuss
alternative models.
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Unruh-DeWitt Model

The simplest local coupling to a scalar eld is given by the

following interaction Hamiltonian

ĤUDW = λ(τ ) µ̂ ϕ̂[x(τ )].
Here

µ̂

(4.28)

denotes the monopole moment of a detector, for instance a two-level system,

while the eld operator

ϕ̂[x(τ )]

shall be a scalar eld in second quantization.

are assumed to be subsystems of the entire system.
function parametrized by the proper time

τ

In addition,

of the detector.

λ(τ )

Both

is a switching

The interaction Hamil-

tonian (4.28) is known as the Unruh-DeWitt Hamiltonian [125]. Next we show how a
multipartite system, consisting of multiple detectors interacting with a quantum eld,
can be described by a total Hamiltonian for the entire system.

Point-Like Detectors

To specify the monopole moment, the detector is chosen to be a

point-like two-level system with

µ̂ = (σ̂+ + σ̂− ).

Note that other linear coupled detector

models are for instance given by a particle in a box [126], a harmonic oscillator [127]
or even a further quantum eld [126], but all show the same phenomenology.

For

those alternative detectors one just has to use the associated annihilation and creation
operators (in rst or second quantization) rather than the Pauli raising and lowering
operators

σ̂+

and

σ̂− .

In particular, particle detectors based on quantum harmonic oscillators can be used
to study problems beyond perturbation theory, especially interesting for strong or longtime couplings. However, for our purposes and especially for the matter-light interaction
in atom interferometers, the two-level detector model is sucient for the moment. We
introduce in Section 4.5 a full second-quantized model for all subsystems justifying the
following treatment.

We already know that the eld decomposition of a scalar eld

ϕ̂

in mode functions

becomes ambiguous in curved spacetimes. That is the reason why we have to be careful
in deducing the total Hamiltonian including the free eld and the detectors, which are
in general dened with respect to their own proper reference frames. For simplicity, we
consider rst the interaction of one detector with one quantum eld.

One Detector Plus Quantum Field

In order to achieve a consistent parametrization

of the total system (detector and quantum eld), we choose as parameter the proper
time

τ

of the detector.

Hence, the total Schrödinger Hamiltonian for the two-level

system (detector) interacting with the quantum eld

Ĥ(τ ) = ~ω

ϕ̂

reads

)
∑(
σ̂3
dt ∑
+
~ωk b̂†k b̂k + λ(τ ) [σ̂+ + σ̂− ]
b̂k vk + b̂†k vk∗ .
2
dτ
k

(4.29)

k
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Here the rst two terms are the free Hamiltonians for the two-level system (proper
energy separation

~ω )

and the quantum eld (global mode frequency

6 ω ),
k

both sum-

marized by

Ĥ0 ≡ ~ω

dt ∑
σ̂3
+
~ωk b̂†k b̂k .
2
dτ

(4.30)

k

We emphasize that in the rest frame of the detector the free quantum eld gets an overall
energy scaling given by the redshift factor dt/dτ , compare Eq. (4.23) with Eq. (4.30).
For an accelerated detector this energy scaling can be interpreted as an eective Doppler
shift of the eld frequencies

ωk .

Hence, although the free-eld Schrödinger Hamilto-

nian is time-independent with respect to the coordinate time

t

(quantization frame),

the detector sees a time-dependence coming from the redshift factor, e.g. gravitational,
Doppler or cosmological shifts. In the same way, the Schrödinger interaction Hamiltonian

Ĥint (τ ) ≡ λ(τ ) [σ̂+ + σ̂− ]

∑(

)
b̂k vk [x(τ )] + b̂†k vk∗ [x(τ )]

(4.31)

k

vk ≡ vk [x(τ )], corre†
sponding to the annihilation and creation operators b̂k and b̂k , are functionals of the
is explicitly time-dependent because the spatial mode functions

spatial position

x(τ )

of the detector.

Multipartite System in the Presence of a Quantum Field

With the Unruh-DeWitt

model, where a detector is locally coupled to a scalar eld, and the above considerations
for a two-level system as a detector, the extension to a multipartite system is straightforward. Indeed, even if each subsystem (eld or detectors) was naturally dened with
respect to its proper times, there exists a coordinate transformation which connects their
proper reference frames and implies the prescription (4.23) for the sub-Hamiltonians.
Finally, one arrives at a global parametrization of the multipartite system and the total
Hamiltonian of

Ĥ(t) =

j

∑

detectors interacting with a quantum eld can be written as

~ωk b̂†k b̂k

+

∑ dτj
j

k

)]
+ b̂†k vk∗ [xj (t)] .

dt

[
~ωj

(j)
∑(
σ̂3
(j)
(j)
+ λj (t) [σ+ + σ− ]
b̂k vk [xj (t)]
2
k

(4.32)

Here we have chosen as global parametrization the coordinate time
zation frame with coordinates

(t, x)).

t

(global quanti-

We emphasize that for a curved spacetime with

a static metric there always exists a global Killing vector eld, which allows a unique

6 The

canonical quantization procedure of the scalar eld is done in a coordinate frame with asso-

ciated global Killing eld
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giving rise to positive frequencies (energies)

ωk > 0

of the mode functions.
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decomposition of the quantum eld in mode functions, see Eq. (4.21).
between the Schrödinger mode functions

vk

The relation

and the mode functions in the interaction

picture are given in Appendix E.

We bring to mind that the vacuum
tion coordinates

(t, x)

b̂k | 0 ⟩ = 0

with respect to the global quantiza-

is called the static vacuum.

It is clear that each detector can

decompose the quantum eld in its own right by mode functions with respect to its
proper time (and associated proper energy) and will see the static vacuum as a state
with a particle content dierent from zero.

In other words, because of the naturally

chosen proper coordinate patches, an observer comoving with the detector sees Doppler
shifts and, in general, particle creation out of the static vacuum. Note that the coordinate transformations alone not necessarily imply particle creation (mixing of creation
and annihilation operators) but the causal structure of spacetime arising from dierent
coordinate patches becomes crucial and even induces quantum correlations.
For example, for black holes the dierence between Schwarzschild coordinates and

7

Kruskal coordinates
vacuum [125].

gives rise to the particle creation out of the Hartle-Hawking

Hence, in our language the associated Gibbons-Hawking eect (Ap-

pendix D.5) can be described by a bipartite system, see Eq. (D.35), where a detector
using Schwarzschild coordinates does not have support on the entire spacetime. Thus,
one has to trace out the second detector separated by an event horizon. This loss of
information creates the mixed quantum state (D.37) out of the vacuum, which originally is a pure vacuum-state in Kruskal coordinates. For further details of this vacuum
thermalization as well as the connection to the Unruh eect, we refer to Appendix D.
In addition, we provide in this appendix the transformation properties of physical quantities (e.g. energy, time, temperature, etc.) in dierent spacetimes associated with the
non-inertial relative motion of observers/detectors.

4.4.3. Wave Functions of Real Atoms as a Probe of Curved Spacetime
In this section we want to show that if the detector is a spatially smeared object,
e.g. real atoms, it is still possible to describe the interaction with a Unruh-DeWitt-type
Hamiltonian.

However, the atom (quantum detector) even feels the eects of curved

spacetime on the length scale of the spatial spread of its wave function and not just by
its center-of-mass motion (or stationary position) in spacetime.
Indeed, one can think of an atom probing an arbitrary curved spacetime by means of
its corresponding proper energy shifts. Starting with the Dirac or Klein-Gordon equation for a one-electron atom in curved spacetime, one can calculate the Hamiltonian
of the Dirac (Klein-Gordon) equation in Fermi-normal coordinates also including corrections to the electromagnetic eld. As a result, one obtains shifted energy levels, see
Ref. [128], where the corresponding frequencies can be measured by a further detector

7 Kruskal

coordinates cover the entire spacetime of the maximum extension of the Schwarzschild

solution, see Eq. (D.34) for the corresponding line element.
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comoving with the atom, i.e. a hypothetical detector at the center of mass of the atom.
In particular, one assumes that the atom is in free fall along a geodesic and the time
scale of radiation is smaller then the time rate of change the curvature (Riemann tensor)
along the spacetime trajectory (which is the usual case in physical scenarios). This is
especially important to get an Hermitian Hamiltonian generating time translations with
respect to the proper time of the atom. We emphasize that the Hamiltonian is Hermitian with respect to the locally curved scalar product, which is conserved when the
elds satisfy the Dirac equation in curved spacetime, and thus provides an appropriate
dynamical description of physical states in Hilbert space.
Further, it is natural to interpret the dierence of energy levels as the proper energy of emitted or absorbed photons measured by an observer in the atomic rest frame;
(the same idea was also used in Section 4.4.1 where proper operators were introduced
within the framework of general relativity, that is the principle of general covariance
was used). Of course, the frequencies seen by other observers are additionally Doppler,
gravitational or cosmological shifted. Especially, for a gravitational curved spacetime
the corrections to the hydrogen spectrum can be found in Ref. [129].
If one is interested in the transition between two energy eigenstates of the atom in
the presence of a radiation eld, it is sucient to consider in the rest frame of the atom
the interaction Hamiltonian

∫
Ĥint =

~ d3 k
√
(2π)3 2ωk

∫
d

3

)
[
](
ξ F (ξ) g σ̂+ eiωa τ + σ̂− e−iωa τ ĉk wk [x(τ, ξ)] + ĉ†k wk∗ [x(τ, ξ)] .
(4.33)

We explicitly show in Appendix E how the time dependencies in the mode functions

wk

can be deduced from the standard Unruh-DeWitt Hamiltonian in the Schrödinger

picture. The Unruh-DeWitt-type Hamiltonian (4.33) includes a two-level system with
lowering and raising operators

σ̂−

and

σ̂+ , respectively. The energy eigenstates, associ~ωa , are dened in the atomic comoving frame

ated with the proper energy separation

(τ, ξ ). The particles (photons) of the external (electromagnetic) eld are given by the
creation and annihilation operators
smearing function

F (ξ)

ĉ†k

and

ĉk

of the

kth

eld mode.

Moreover, the

takes into account the spatial atomic prole given by the wave

functions of the corresponding ground and excited states. Note, in Ref. [130] smeared
interactions were a priori suggested. However, we emphasize that they are implicitly included by detector models based on quantum elds. Such detector models have already
been discussed in the early days of quantum eld theory in curved spacetime [126]. In
Section 4.5.1 we will show by a second-quantized approach how the smearing function
naturally enters within quantum eld theories.
In the approximation of a point-like atom (F (ξ)
dent coupling frequency

g ≡ g(τ ),

≈ δ(ξ))

Unruh-DeWitt Hamiltonian (4.28). The monopole moment
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the interaction Hamiltonian reduces to the standard
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here corresponds to the
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atomic two-level system while the eld operator
eld along the worldline

x(τ )

ϕ̂[x(τ )] takes into account the radiation

of the atom. The mode functions (for the smeared and

the point-like case) are given by

wk [t(τ, ξ), x(τ, ξ)] = e−iωk t(τ,ξ) vk [x(τ, ξ)],
vk [x(τ, ξ)] are the spatial mode functions with respect to
ordinates (t, x), see Eq. (4.31) or Appendix E for further details.
where

(4.34)
the quantization coWe recall that

(τ, ξ)

are the proper coordinates spanning up the atomic rest frame. Further, the annihilation and creation operators are the expansion coecients of the quantum eld, that is

ĉk ≡ (wk , ϕ̂)

and

ĉ†k ≡ (ϕ̂, wk ).

8

Quantum Electrodynamical Interaction

We remark that under some circumstances

the interaction Hamiltonian (4.33) can be actually used to simulate the quantum electrodynamical Hamiltonian

ĤQED ≈

e
p̂ Â(t, x)
m

(4.35)

minimally coupling in Coulomb gauge the electromagnetic vector potential
the momentum operator

p̂

(in rst order of the coupling constant

e

Â(t, x)

to

= electric charge).

For the relation between both Hamiltonians, Eqs. (4.33) and (4.35), see for instance
Ref. [131].
In many cases the minimal coupling, Eq. (4.35), can be further reduced to the dipole

Ĥdipole ≡ d̂ [Ê(t, x) + v(t)/c × B̂(t, x)] between the electromagnetic eld
(locally described by the eld strengths Ê and B̂ ) and the atomic dipole operator d̂.
Only when the (angular) momentum of the electron cannot be neglected, the p̂ Â(t, x)
interaction

coupling brings in additional terms.

In particular, when the atomic center-of-mass

motion (electron plus nucleus) becomes relevant it is sucient to include a Röntgen
term [67], which is the electric eld seen by the moving atom with velocity

v(t) ≡ ⟨v̂(t)⟩

in the local Lorentz frame. Further, it was shown in [132] that a matter eld described
by the Klein-Gordon equation minimally coupled to gravity and to the Maxwell eld,
e.g.

an electron in an atom, directly yields a coupling of the above dipole form and

in rst relativistic order both

Ê

and

B̂

do not show any gravitational modications.

We emphasize that the corresponding local Hamiltonian in this case is still Hermitian
with respect to a at scalar product, which means that the Hamiltonian induces time
translation with respect to the Minkowski time as the proper time of a comoving observer. Needless to say, distant observers in spacetime and/or in relative motion will
see graviational, Doppler and cosmological shifts.

4.4.4. Localized Detector Interacting with the Radiation Field
In the previous section we have mentioned that the energy spectrum can be derived
from a Klein-Gordon (or Dirac) equation in curved spacetime for an electron within the

8 For

example when the spin character of the electron can be neglected.
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electric potential of the nucleus. As a result, one obtains an Hermitian Hamiltonian with
respect to a locally at or even curved spacetime (in rst order of the Riemann-tensor in
normal coordinates) giving rise to well-dened internal energy levels of the atom. Based
on these considerations it is clear that on a higher level the entire atom (electron plus
nucleus) can be in turn treated as a localized rst-quantized pseudo-particle with total
mass

M

and proper energy

E = M c2

of this distinct energy spectrum. In combination

with the fact that in the comoving frame the velocity of the atom vanishes, the atomlight interaction becomes

Ĥ = Ĥ0 − d̂ Ê[xa (τ )].

(4.36)

Here the electric eld has to be evaluated along the wordline

xa (τ ) of the atom.

Similar

to the Hamiltonian (4.29), valid for a scalar eld interacting with a two-level system,
Eq. (4.36) is the generalization for a vector eld (electromagnetic radiation eld). For
the rest of the section we are working in the interaction picture; for details see Appendix E. The free Hamiltonian for the atomic two-level system and the radiation eld
reads

Ĥ0 ≡ ~ωa

σ̂3 ∑
+
~ω̃k ĉ†k ĉk .
2

(4.37)

k

ω̃k ≡ ddτt ωk

We emphasize that
(τ, ξ ), whereas
coordinates

ωk denotes
(t, x).

is the eld frequency seen in the atomic rest frame

the positive frequency in the quantization frame with global

In general, the electric eld can be deduced from the global electromagnetic fourpotential [67, 133]

Â (x) ≡
ρ

3 ∫
∑
r=0

]
[
k
ρ
−iωk t(τ )
†
iω t(τ ) v ∗ [x(τ )]
A(k)
ε
(k)
ĉ
(k)
e
v
[x(τ
)]
+
ĉ
(k)
e k
r
k
r
r
k
(2π)3/2
d

3

(4.38)
canonically quantized in Lorenz gauge. The four-vector
mode

9
functions

operators.

where

ĉr (k)

Âρ (x)

is decomposed in global

†
and ĉr (k) are the corresponding annihilation and creation

The scalar, transversal and longitudinal modes are characterized by the

polarization four-vectors

ερr

with

r = 0, 1, 2, 3. A(k) ≡

√

~/(2 ωk ϵ0 )

denotes the eld

amplitude.
Especially to circumvent the fact that the radiation eld does not show any scalar or
longitudinal photons, there are several procedures available. For example, the formalism
of Gupta and Bleuler uses a Lorenz condition which is solely fullled on the level of
expectation values

9 For

⟨ Ψ | ∂ρ Âρ | Ψ ⟩ = 0.

As a result, the average number of scalar

example, for a Schwarzschild or Rindler spacetime the global mode functions along the radial

(or acceleration) direction can be found in Ref. [134].
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photons and longitudinal photons are equal and cancel each other in the average energy

⟨Ĥrad ⟩

of the radiation eld [67, 133]. This is in accordance with the experiment where

solely transversal photons (r

= 1, 2)

have been detected so far.

These matters of fact justify the use of

Ê = −∂t Â, i.e.
Â,

the electric eld as the partial

time derivative of the transversal vector potential

Ê[x(τ )] = i

2 ∫
∑
r=1

[
]
k
−iωk t(τ )
†
iω t(τ ) v ∗ [x(τ )] .
E(k)
e
(k)
ĉ
(k)
e
v
[x(τ
)]
−
ĉ
(k)
e k
r
r
k
r
k
(2π)3/2
d

3

(4.39)
Here

E(k) ≡ ωk A(k) =

√
~ ωk /(2ϵ0 )

denotes the electric eld ampliude and

are the two transversal polarization vectors.

We recall that the canonically quanti-

zation procedure was done with respect to the quantization coordinates

~ωk for
wk [x(τ )] = exp{−iωk t(τ )} vk [x(τ )]
ated with a global energy

er (k)

the photon.

(t, x)

associ-

In other words, the mode functions

are uniquely dened by the boundaries of a given

spacetime.

Figure 4.2.: The canonical quantization of the radiation eld is done with respect to

the global coordinates

(t, x)

covering the whole static spacetime, in which

a well-dened (unique) vacuum exists.

The worldline

xa (τ )

of the atomic

center-of-mass motion is parametrized by the proper time associated with
the local (e.g.

Riemann or Fermi-Walker) coordinates

(τ, ξ).

Hence,

denotes the proper energy separation between the atomic ground
excited state

|1 ⟩

| 0⟩

~ωa
and

in the rest frame of the localized two-level system.

Dipole Approximation and the Atomic Prole

The atomic worldline

xa (τ ),

along

which the electric eld and thus the mode functions have to be evaluated, is naturally
given by the atomic center-of-mass motion, see also Fig. 4.2. In particular, if the spatial
atomic spread can be neglected, that is the transversal electric eld does not change
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over the size of the atom, the dipole approximation can be used

Ê(x) = Ê(t(τ, ξ), x(τ, ξ)) ≈ Ê(t(τ ), xa (τ )) = Ê(τ, ξ = 0).

(4.40)

Note, although the atomic prole can be neglected in the electric eld, it is very well
included in the dipole interaction (4.36) via the dipole operator

d̂ ≡ e ξ̂ = d σ̂+ eiωa τ + d∗ σ̂− e−iωa τ .
Indeed, the local position operator

ξ̂

can be expanded in proper energy eigenstates

(4.25) associated with the atomic ground

∫

d ≡ e ⟨ 1 | ξ̂ | 0 ⟩ = e
d∗ ≡ e ⟨ 0 | ξ̂ | 1 ⟩ = e

(4.41)

d

3

∫
d

3

|0 ⟩

|1 ⟩

and excited state

ξ ψ1∗ (ξ) ξ ψ0 (ξ) =
ξ ψ0∗ (ξ) ξ ψ1 (ξ) =

∫

d

3

ξ F (ξ)

d

3

ξ F ∗ (ξ).

∫

(4.42)

(τ, ξ) and
σ̂− ≡| 0 ⟩⟨ 1 |, respec-

The integration is taken over the spatial hypersurface in proper coordinates
the raising and lowering operators are given by

σ̂+ ≡| 1 ⟩⟨ 0 |

and

tively. In the last step we have additionally made the connection between the atomic
wave functions

ψi (ξ) ≡ ⟨ ξ | i ⟩ and the smearing

function

F (ξ) now becoming a vector

(rather than a scalar function as in Eq. (4.33)).
Hence, the detector (atomic two-level system) point-like couples to the radiation eld
but the dipole operator additionally takes into account the spatial atomic spread, i.e.
its wave function. We emphasize that the above dipole approximation is always valid
as long as the wavelength

λ = 2π/k

of the radiation emitted or absorbed by the atom

is large compared to the atomic radius, i.e. the distance of the electron with respect to
the nucleus. This is always the case for optical transitions in atoms (λ
high gamma rays (E

≈ M eV )

≈ 5000Å)

or for

emitted by nuclei.

Beyond the Dipole Approximation

When the dipole approximation (4.40) is never-

theless not valid, e.g. when the electromagnetic mode functions and thus the radiation
eld varies on the length scale of the atomic radius, one can use an interaction Hamiltonian similar to the one given in Eq. (4.33), where the spatial integration also includes the
quantum eld (the mode functions

wk

will explicitly depend on

ξ ).

We will come back

to this issue in the following section when we discuss eective interactions of localized
quantum elds.

4.5. Eective Quantum Field Theory for Two-Level Particle
Detectors
This section is devoted to operationally based and relativistic eld models. In particular, we are interested in an eective model for the matter-light interaction applicable
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to atom interferometry. Such a model at hand, the calculation of a full interferometer
sequence becomes a rather lengthy but simple task as long as the interaction and the

10

free atomic motion

can be separated (which can always be done in rst-order approx-

imation). The explicit, but straightforward calculation of an interferometer sequence is
omitted in this thesis and will be discussed elsewhere. However, we note that combining
the results presented in this section with the non-relativistic calculations of Sections 1
and 2 directly provides the desired results by replacing the non-relativistic trajectories with the relativistic ones (that are governed by the geodesic equation of a distinct
background spacetime or an external force relativistically guiding the atoms). For the
special case of gravitational-induced phase shifts, relativistic calculations concerning
free-falling and guided atoms can be found in Ref. [135].
Next, we will deduce a detector model which eectively describes the beam splitters (matter-light interaction) of arbitrary interferometer sequences as a scattering process.

This model is dened in an operational sense, e.g.

similar to a Glauber-type

detector [136, 137], but based on dressed/physical states and without the need of the
rotating-wave approximation. The underlying fundamental quantum eld theory, from
which the eective detector will be deduced, is a local and relativistic theory.

4.5.1. The Interaction Model in Second Quantization
The Unruh-DeWitt-type Hamiltonian, introduced in Section 4.4.2, is the usual detector
model to describe the particle content of a quantum eld. However, when the interaction
time is nite, which is the case in real experiments, an Unruh-DeWitt detector at rest
will sometimes click even if the quantum eld is in the vacuum state. On the other
hand, a physical detector should stay in its ground state and should not detect any
real particles as the total system of detector and eld shall be in a stable bound state.
In order to get rid of the particle creation arising from nite interaction times, one
can introduce an operational detector model; more precisely, reproducing the correct
response function of the detector for given boundary conditions.

The main idea is

to consider dressed states (rather than bare states) of the detector in the presence of
a quantum eld. In doing so, one obtains eigenstates of the total Hamiltonian being
independent of the detection time. Thereby, we apply a similarity transformation known
as clothing or dressing transformation in relativistic quantum theories [138, 139].
Such a clothed/dressed particle approach can be applied to all renormalizable relativistic
quantum eld theories with minimal assumptions about the form of interactions while
the S-operator and all related quantities remain unchanged and nite.

Total Hamiltonian of the Toy Model
scalar elds,

ϕa (x), ϕb (x)

and

ϕc (x),

For the sake of simplicity, we use three neutral

to describe the ground-state atom (sector A), the

excited atom (sector B) and the radiation eld (sector C of the eld-theoretical Fock

10 Free

motion in the sense of no laser is present.
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space). The total Hamiltonian for the interacting quantum elds reads

Ĥ = Ĥa + Ĥb + Ĥc + Ĥint .

(4.43)

Ĥ0 ≡ Ĥa + Ĥb + Ĥc .
†
d k ωa (k) âk âk for instance is the ground-state Hamiltonian with

Here the Hamiltonian of the free elds is given by
over,

Ĥa =

∫

3

More-

(a)

N̂k

≡

â†k âk being the number operator of the k th mode and associated dispersion relation
ωa (k) = (k2 + m20 )1/2 . The Hamiltonians Ĥb and Ĥc are dened analogously, but
ωb (k) = (k2 + m̄20 )1/2 for the excited atom and ωc (k) = |k| for the radiation eld.
For the interaction of the elds we assume a weak local coupling given by the Hamiltonian

Ĥint = (2π)3/2 µ

∫

d

3

x ϕa (x) ϕb (x) ϕc (x)

with

µ ≪ ωc , m0 , m̄0 .

In momentum

space, the interaction Hamiltonian reads in the Schrödinger picture

∫
Ĥint = µ

(
)(
)(
)
d[k1 k2 k3 ]
†
†
†
√
âk1 + â−k1 b̂k2 + b̂−k2 ĉk3 + ĉ−k3 ,
23 ωa (k1 ) ωb (k2 ) ωc (k3 )
(4.44)

where d[k1 k2 k3 ]

≡

d

3

k1 d3 k2 d3 k3 δ 3 (k1 + k2 + k3 )

denotes the volume element on the

momentum shell. Note, since we eectively describe with Eq. (4.44), among others, the

11 ,

photon absorption by an atom

the mass dierence

∆m0 ≡ m̄0 − m0

between the par-

ticle A and the (meta-stable) particle B has to be of the same order as the photon energy

ωc

(particle C), see also Figs. 4.4 and 4.5 for the discussion of the energy-momentum

spectrum. To get rid of unphysical contributions to the interaction Hamiltonian, we
apply a similarity transformation.

d
Ĥ d = Ĥ0 +Ĥint
shall be scattering equivalent to the original Hamiltonian Ĥ = Ĥ0 + Ĥint . Here Ĥ is the
already renormalized Hamiltonian from which the usual scattering operator Ŝ (scatterDressed Theory and its Poincaré Invariance

A dressed Hamiltonian

ing matrix) and associated properties are derived, e.g.
Note that the free Hamiltonian

Ĥ0

the energies of bound states.

is left unchanged. Moreover, the scattering equiva-

lence forces the total Hamiltonians to be related by a unitary similarity transformation

Ĥ d = Ûd Ĥ Ûd† ,

where

Ûd = exp(iΦ̂)

a Hermitian operator.

denotes the unitary dressing operator;

Φ̂

being

Such a similarity transformation, which is elsewhere known

as clothing or dressing transformation [138, 140], can be always applied to renormalizable quantum eld theories [139] as for example quantum electrodynamics [141].
Thus, the usual Tomonaga-Schwinger-Feynman renormalization procedure [142] can be
reformulated in the language of this transformation, which yields Hamiltonians solely

11 In

the full QED theory, the photon absorption by an atom, i.e. photon absorption in an electrone−  p+ , rst appears in third-order perturbation theory in e and is given by the process

proton collision
ˆ , where
dˆ† â† dâĉ

â ∼

electron,

dˆ ∼

proton and

ĉ ∼

photon. Our toy model eectively accounts for this

three-particle process by the ABC-dynamics governed by the interaction Hamiltonian (4.44).
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written in terms of dressed/physical interactions in all orders of perturbation theory.
Thereby, the minimal assumptions on the form of interactions are (i) relativistic invariance, (ii) cluster separability, which states that distant experiments yield uncorrelated
results [142], (iii) niteness and (iv) elementary particles of the dressed theory are stable
with well-dened masses

m

and one-particle energies

ω(k) =

√
k 2 + m2 .

Under these conditions for multi-particle scattering, the Hamiltonian can be transformed order by order in perturbation theory. For instance, the rst-order of the dressing
operator

Φ̂ ≈ Φ̂1 ∼ µ

induces the transformation

d
Ĥint
,1 = Ĥint,1 + i[Φ̂1 , Ĥ0 ].

The new

Hamiltonian is then given by the expansion [138141]

1
d + Ĥ d + . . . ,
Ĥ d = eiΦ̂ Ĥ e−iΦ̂ = Ĥ + i[Φ̂, Ĥ] − [Φ̂, [Φ̂, Ĥ]] + . . . = Ĥ0 + Ĥint
,1
int,2
2
(4.45)
where the subscript indicates the order of perturbation (e.g. here in orders of
the case of QED, in orders of

e≡

µ

or, in

electric charge).

Since the unitary transformation

Ûd

leaves the commutators of the Poincaré group

invariant, the Hamiltonian remains a Lorentz invariant quantity. Hence, the new Hamiltonian

Ĥ d

is Poincaré invariant, that is there exists a dressed boost operator

K̂ d

such

d
that the generators of spatial translation P̂ , rotation Jˆ, time translation Ĥ and boosts
d
K̂ fulll the usual commutation relations of the Poincaré group. Note that P̂ and Jˆ
are the generators of the bare theory.
In contrast to the above transformation of the eld-theoretical Hamiltonian, one can
also use the original Hamiltonian

Ĥ

but applies the (inverse) unitary transformation to

the bare particle creation (annihilation) operators

α̂† = Ûd† â† Ûd
The dressed operators

α̂ and α̂†

and

α̂ = Ûd† â Ûd .

correspond to the new vacuum

(4.46)

| 0 ⟩d = Ûd† | 0 ⟩ such that

all dressed particle observables can be described within the dressed Hilbert (Fock) space,
i.e. observables associated with physical predictions are interpreted within the dressed
theory. In particular, the number operator

N̂d ≡ α̂† α̂

corresponds to the particle plus

its virtual cloud (= dressed particle).
For our eld-theoretical toy model, this especially means that the dressed vacuum

| 0 ⟩d

α̂† | 0 ⟩d and γ̂ † | 0 ⟩d , are imposed to
â† → α̂† , b̂† → β̂ † and ĉ† → γ̂ † become

as well as the physical one-particle states,

be eigenstates of the total Hamiltonian, where

the dressed creation operators. Since the atomic excited state is eectively described
by the meta-stable particle B ,

β̂ † | 0 ⟩d

will be no eigenstate of the total Hamiltonian.

Both transformations (active versus passive) are mathematically equivalent and are
just dierent representations preserving the expectation values, i.e. the Hilbert inner
product. In particular, the transformation of the Hamiltonian will alter the time evolution while the observables (Schrödinger operators) are the bare ones.

In contrast,
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transforming the particles means that the original Hamiltonian stays the same and just
becomes a new function of the physical/dressed particle operators

Ĥ ≡ H(â, b̂, ĉ) = H(Ûd α̂ Ûd† , Ûd β̂ Ûd† , Ûd γ̂ Ûd† ) = F(α̂, β̂, γ̂).

(4.47)

In the following we will use the latter representation in terms of dressed particles.
Thus, the interaction Hamiltonian of our toy model, Eq. (4.44), can be rewritten as

∫
Ĥint ≈ µ

(
)
d[k1 k2 k3 ]
†
†
†
√
α̂k1 β̂−k
γ̂
+
α̂
β̂
γ̂
.
k
k
3
2
−k
−k
2
1
3
23 ωa (k1 ) ωb (k2 ) ωc (k3 )

We recall that the unitary transformation

Ûd ≈ 1 + iΦ̂1

(4.48)

can be chosen such that the un-

desired energy-non-conserving contributions vanish (e.g. the unphysical terms

α̂β̂γ̂

or

α̂† β̂ † γ̂ † ). For further details see Ref. [137] or, more general, Ref. [140, 143] for the dress-

ing approach and the associated transformations in the context of interacting nuclear
or elementary particles in terms of eective quantum eld theories.
Finally, it is crucial to note that the above interaction Hamiltonian corresponds to
the Hamiltonian of the renormalized theory but expressed in terms of dressed particles.

| k ⟩ ≡ | 1k ⟩ of the mode labeled by k
is by denition an eigenstate of the free Hamiltonian Ĥ0 and at the same time also of
2
12
2 1/2 . In the dressed
the total momentum P̂ 0 . The eigenvalue reads E0 (k) = (k + m0 )
theory, however, | k ⟩d is by denition the eigenstate of the Hamiltonian Ĥ = Ĥ0 + Ĥint
and | k ⟩ is just the zeroth-order approximation. In the relativistic case, the renormalized

Physical Masses

The one-particle eigenstate

energy has to be given again by the energy-momentum relation

E(k) ≡ ω(k) =
but now

m

√

k2 + m2 ,

(4.49)

denotes the physical mass of the dressed particle.

Time Evolution in Terms of Localized States

In the following we are solely working

with dressed particles and therefore omit the sub- and superscripts d of all dressed
quantities. In particular, we will investigate the photon absorption by an atom in the
framework of our toy model.
Starting point is an atom initially being in its ground state, which shall be described
by the generic state

∫
| gA , 0B , 0C ⟩ ≡

d

3

k g(k) α̂k† | 0 ⟩ .

(4.50)

g(k) denotes the distribution function in sector A of the eld-theoretical toy model,
†
which plays the role of a wave-packet prole consisting of one-particle states α̂k | 0 ⟩.
Here

12 The

total momentum for a multi-particle system is dened here by
†
the number operator N̂i (p) ≡ âi (p) âi (p) for each particle i.
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In other words, the shape function
state.

g(k)

determines the localization of the physical

Possible localization types are (i) point-like localization, (ii) localization in a

nite region (i.e. functions with compact support), or (iii) decaying functions.
In analogy to the atomic ground state (4.50), the radiation eld shall be represented
by the superposition

|r⟩ ≡

and weighted by the shape

∫

k r(k) | k ⟩ of one-particle states | k ⟩ ≡ | 1k ⟩ = γ̂k† | 0 ⟩
function r(k) in sector C. Hence, the total initial state can
d

3

be written as

| Ψi ⟩ = | gA , 0B , rC ⟩

(4.51)

where the excited atomic state is not occupied (= no particles in sector B).
We have already mentioned that in the dressed particle approach the time evolution is
governed by the original Hamiltonian

Ĥ = Ĥ0 + Ĥint

but expressed in terms of dressed

operators. In the interaction picture, the dressed operators in the Hamiltonian (4.48)

13

thus become time-dependent as follows

α̂k1 → α̂k1 e−iωa (k1 ) τ ,

β̂k2 → β̂k2 e−iωb (k2 ) τ

In rst order of the coupling

µ,

and

γ̂k3 → γ̂k3 e−iωc (k3 ) τ .

(4.52)

we thus obtain the nal state after the total interaction

| Ψf ⟩ = [1 − i

∫ τ /2

′
int (τ )] | Ψi ⟩;

τ

I
Ĥint

in the interaction picture corresponds to Eq. (4.48) but with time-dependent op-

via the time evolution

erators (4.52) due to the free evolution

−τ /2 dτ

′ Ĥ I

time

the Hamiltonian

exp{−iĤ0 τ }.

In particular, the probability amplitude of nding a particle B with momentum

k

after such an interaction reads

∫τ /2 ∫∞
−i[ωa (k−k3 )−ωb (k)+ωc (k3 )] τ ′
e
⟨ 0 | β̂k | Ψf ⟩ = −i µ dτ ′ d3 k3 √
g(k − k3 ) r(k3 ) .
23 ωa (k − k3 ) ωb (k) ωc (k3 )

(4.53)

−τ /2 −∞

Here we have applied the orthogonality relation

⟨ k | k′ ⟩ = δ(k − k′ )

several times.

| 0 ⟩ denotes the dressed vacuum and the interaction was dened on shell
(k1 + k2 + k3 = 0), see the Hamiltonians (4.44) and (4.48). Especially, for the relevant
†
process α̂k1 β̂−k γ̂k3 in Eq. (4.53) the nal integration over the momentum shell yields
2
the relation k1 = k − k3 .
Note that

The Role of the Shape Functions
functions.

13 The

So far we have allowed arbitrary localized shape

However, we know that lasers possess a natural linewidth.

Moreover, the

spatial distribution is assumed to be rigid in the instantaneous atomic rest frame (spatial hy-

persurface), which means that the spatial and the temporal components of the wave functions factorize,
see also Eq. (4.53).
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manipulation of atoms with lasers drastically restrict the participating mode functions
because the radiation eld (laser) itself is originally prepared by atoms (medium of
the laser). Hence, the natural linewidth of the laser determines the smallest variance
in the frequency spectrum (besides other eects like Doppler broadening etc.)

and

the associated shape functions will induce a high-frequency cut-o in the absorption
amplitude (4.53).
We emphasize that for particle detector models a spatial detector prole can regularize the excitation rate of the detector and the associated eld correlation function
(two-point Wightman function) becomes Lorentz invariant [144].
Further, we can assume that the momentum uctuations of the probed atoms (described by their ground

g(k)

e(k) shape functions in sectors A and B) are
k ≪ m20 , m̄20 . In other words, the Compton

and excited

2

much smaller than their rest masses:

wavelength is much smaller than the spatial distribution of the atomic wave functions.
Hence, we obtain

ωa (k) ≈ m0 , ωb (k) ≈ m̄0

and

ωc (k) = |k| ≡ k ,

which implies the

energy relation

Ω ≡ −ωa (k − k3 ) + ωb (k) − ωc (k3 ) ≈ ∆m − k3 = Ω(k3 )
with

∆m ≡ m̄0 − m0

(4.54)

being the atomic rest-mass dierence.

The Atomic Wave Functions Determine the Shape of the Detector Especially for
∫
| g, 0, r ⟩ → | 0, e, r′ ⟩, where | e ⟩ ≡ d3 k e(k) β̂k† | 0 ⟩ models the excited
′
atomic state and | r ⟩ the nal radiation eld, one obtains via Eq. (4.53)

the transition

′

′

⟨ 0, e, r | Ψf ⟩ = −i µ ⟨ 0, 0, r | 0 ⟩

d

−∞

∫τ /2

∫∞

∫∞
3

k3

d

3

k g(k − k3 ) e(k)

−∞

dτ

−τ /2

′

√

iΩ(k3 ) τ ′

e

23 m0 m̄0 k3

r(k3 ) .
(4.55)

Here we can identify the integration over the atomic wave functions

g(k)

and

e(k)

as

the eective shape function

∫∞
d(k) ≡ d3 k ′ g(k′ − k) e(k′ ) =

1
(2π)3

∫∞
d

3

˜ eikξ
ξ d(ξ)

(4.56)

−∞

−∞

solely depending on the internal structure of the detector. We recall that the detector/
atom is rigid in its instantaneous rest frame
tribution

˜
d(ξ)

(τ, ξ),

which means that the spatial dis-

of the detector decouples from its time evolution in the four-dimensional

(Minkowski) spacetime. For instance, Rindler coordinates as a special case of FermiWalker coordinates fulll this rigidity (= equal proper distance on the spatial hypersurface for each proper time slice labeled by

72

τ ).

4.5. EFFECTIVE QUANTUM FIELD THEORY FOR TWO-LEVEL PARTICLE DETECTORS

Response Function

The atomic transition probability, irrespective of the nal (or-

thonormal) eld states

P =

| r ′ ⟩,

∑

thus can be written as

⟨ 0, e, r′ | Ψf ⟩

r′

2

∫∞

µ2
=
m0 m̄0

−∞

2
3

k
√ d(k) fk (Ω) .
2k
d

(4.57)

In the last step we have introduced the spectral response function

fk (Ω) ≡ r(k)
which includes the shape function

r(k)

sin[Ω(k) τ /2]
,
Ω(k)

(4.58)

of the radiation eld.

In general, the notion of localization given by

r(k)

and expressed in proper coordi-

nates, which corresponds to a distinct time-slicing of spacetime, will change due to the
motion of the detector relative to the radiation eld (time-dependent Doppler eect).
However, for short transition times

τ

the motion can usually be neglected and the spatial

part of the radiation eld becomes stationary during the detection process. Temporal
and spatial components factorize with respect to the proper coordinates

(τ, ξ)

of the

detector. We emphasize that the time-slicing, yielding spatial simultaneity surfaces, is
covariant in the sense that the instantaneous orthonormal vector to these hypersurfaces
can be chosen arbitrarily. For an overview of the related covariant canonical quantization of a localized scalar eld embedded in a spacetime with arbitrary spatial 3-surface

Σ,

see for instance Ref. [145].

Further note that the spectral response function

fk (Ω)

is independent of the com-

position of the detector and just represents the bath of particles which the detector
sees.

4.5.2. Eective Hamiltonian for a First-Quantized Detector
In this section the detector is assumed to be a rst-quantized two-level system with

| 0 ⟩D

being the ground and

| 1 ⟩D

being the excited state of the detector. The radiation

eld is still given by the generic state

|r ⟩ ≡

∫

d

3

k r(k) | k ⟩,

where

| k ⟩ ≡ γ̂k† | 0 ⟩

are the

one-particle states in second quantization. In other words, we are dealing with a rstquantized smeared detector probing a quantum eld and the detector shall eectively
possess the same transition probability (4.57) as the original eld theory.

We show now that in the presence of the initial state

| 0 ⟩D ⊗ | r ⟩ the correct transition

amplitude is obtained for the Schrödinger interaction Hamiltonian

(e)

Ĥint = g

∫
d

3

[
]
˜ σ̂+ Φ̂+ (ξ) + d˜∗ (ξ) σ̂− Φ̂− (ξ)
ξ d(ξ)

(4.59)
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with

√
g ≡ µ/ 4m0 m̄0 ≪ 1

as coupling constant.

The eld can be identied as the

Fourier decomposition in the local Lorentz frame of the detector

∫

−

[
]
3
k
√
γ̂k† e−ikξ + γ̂k eikξ .
(2π)3 2ω(k)
d

Φ̂(ξ) ≡ Φ̂ (ξ) + Φ̂ (ξ) =
+

(4.60)

We recall that in the interaction picture the raising and lowering operators as well as

σ̂± → σ̂± e±i∆mτ and Φ̂± (ξ) → Φ̂± (τ, ξ)
with the mode functions exp{−i[ω(k)τ + kξ]} of the eld. Here ω(k) = |k| ≡ k is
the operationally dened energy of the photon in mode k. Note that the positive en+
ergy/frequency part Φ̂ (x) does not correspond to that of the original radiation eld
ϕ̂c (x). The dressing transformation has induced a dierent partitioning of the eld-

the eld operator become time-dependent:

theoretical sectors in such a way that the photon absorption, originally based on a local
relativistic quantum theory, eectively became a non-local process (see Section 4.5.4
and especially Eq. (4.72) for an explicit example). However, it does not matter whether
the underlying theory was local or non-local as long as the experimentally accessible
world, i.e. physical reality, is correctly described. In the following we explicitly calculate
the transition rate for the eective, operational model.

The transition probability for the photon absorption by the detector reads

P =

∑

′

|A(r , τ )| =
2

∑

r′

′

∫τ /2

| ⟨ 1 |D ⟨ r |

r′

dτ

′

(e)

Ĥint (τ ′ ) | 0 ⟩D | r ⟩|2 .

(4.61)

−τ /2

Hence, the important quantity is the transition amplitude for the excitation process

| 0 ⟩D → | 1 ⟩D ≡ σ̂+ | 0 ⟩D

of the detector, which becomes with the eective Hamilto-

nian (4.59) and the radiation eld (4.60)

∫τ /2 ∫∞
∫∞
3
d k
′
3 ˜
′
′
√
A(r , τ ) ≡ g ⟨ r | dτ d ξ d(ξ)
γ̂k eikξ eiΩ(k)τ | r ⟩
(2π)3 2ω(k)
−τ /2 −∞

−∞

∫∞ 3
∫τ /2
d k
= g⟨r | √
d(k) r(k) dτ ′ eiΩ(k)τ | 0 ⟩.
2ω(k)
′

−∞

(4.62)

−τ /2

Here we have used the abbreviation (4.54) for the time dependence due to the interaction
picture, i.e.

exp(iΩ(k)τ ) ≡ exp(i∆mτ ) exp(−iω(k)τ ).

Moreover, the second line of

Eq. (4.62) follows from

∫
γ̂k | r ⟩ =
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k r(k′ ) γ̂k γ̂k† ′ | 0 ⟩ = r(k) | 0 ⟩

3 ′

(4.63)
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and the substitution (4.56) for the shape function

d(k)

of the detector.

When we

nally sum over all possible radiation states, we obtain the transition probability

∑

P =

′
2
r′ |A(r , τ )| for our eective detector model, which is the same as for the original eld

theory, see Eq. (4.57).

Coherent Radiation States

So far we allowed for arbitrary radiation states

| r ⟩.

How-

ever, for many quantum optical experiments (also including atom interferometers) the
radiation state is given by a coherent state, i.e. a classical-like quantum state with a
large average photon number. The general denition for a multi-mode coherent state
reads



∫ [
 ∑
]
| rcoh ⟩ ≡ D̂ | 0 ⟩ ≡ exp
γ(k) γ̂k† − γ ∗ (k) γ̂k
|0 ⟩



(4.64)

k
being a displaced vacuum with the eigenvalue equation
mode

γ̂k | rcoh ⟩ = γ(k) | rcoh ⟩ for each

k.

In combination with the identity (4.63), one immediately obtains for an initial coherent radiation state the transition amplitude
implies the substitution of

r(k) | 0 ⟩

Acoh .

Indeed, the eigenvalue equation

in the transition amplitude (4.62) by

γ(k) | rcoh ⟩.

As a result, the corresponding probability (for a continuous mode spectrum) becomes

P =

∑

|Acoh (r′ , τ )|2 = g 2

r′

∫∞
−∞

2
3

k
sin[Ω(k) τ /2]
√ d(k) γ(k)
Ω(k)
2k
d

,

(4.65)

γ(k) is the coherent amplitude distribution for each radiation mode k.
√ d(k) represents the atomic wave prole (shape function of the detector)
g ≡ µ/ 4m0 m̄0 ≪ 1 is the coupling constant.
where

recall that

Physical, Point-Like Detectors within the Eective Model

We
and

As a nal example in

this section, we consider a point-like detector with spatial prole

˜ ≈ δ (3) (ξ − ξ ).
d(ξ)
D

Hence, in the interaction picture the eective Hamiltonian (4.59) reduces to

[
]
(e)
Ĥint (τ ) = g σ̂+ (τ ) Φ̂+ (τ, ξ D ) + σ̂− (τ ) Φ̂− (τ, ξ D ) ,
where we have used that the time evolution of the detector
is governed by its internal energy separation

∆m.

(4.66)

σ̂± (τ ) ≡ σ̂± exp{±i∆mτ }

In addition, the positive frequency

part of the eld

∫
Φ̂+ (τ, ξ D ) ≡

3
k
√
γ̂k e−iω(k)τ
(2π)3 2ω(k)
d

(4.67)
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with

(Φ̂+ )† = Φ̂−

detector.

has to be evaluated at the spacetime position

xD = (τ, ξ D )

of the

Note that the detector position was assumed to be at the origin of its co-

moving frame, i.e. ξ D = 0, and we have employed
uk [x(τ, ξ)] = exp{−i[ω(k)τ + kξ]}.
Especially for an initial coherent state

the local Minkowski mode expansion

| rcoh ⟩, see Eq. (4.64), the transition probability
| 0 ⟩ to the excited state | 1 ⟩ ≡ σ̂+ | 0 ⟩

that the detector goes from the internal ground

reads in terms of the eective Hamiltonian (4.66)

P =

∑

∫τ /2

|⟨ 1, r |

r′

Here

′

dτ

′

(e)

∫τ /2

Ĥint | 0, rcoh ⟩| = g
2

−τ /2

2

dτ

′

∫τ /2
dτ

′′ i∆m[τ ′ −τ ′′ ]
e

Gcoh (τ ′′ , τ ′ ).

(4.68)

−τ /2 −τ /2

Gcoh (τ ′ , τ ) ≡ ⟨ rcoh | Φ̂− (τ ′ , ξ D ) Φ̂+ (τ, ξ D ) | rcoh ⟩ ∼

∫

d

3

k |γ(k)|2

denotes the two-

point correlation function for a coherent state and evaluated at the position of the
detector. Note that in Eq. (4.68) all possible nal radiation states

| r′ ⟩

were assumed

to build up a complete set of states (and can be always completed by adding states of
unallowed transitions).
When we additionally demand equal time interaction, the correlation function reduces
exactly to the eld intensity known from the original Glauber model [136]. Indeed, in

Ê = Ê er is fully described by
−
⟨Ê (τ, ξ) Ê + (τ, ξ)⟩ = I(τ, ξ) is the

quantum electrodynamics a linear-polarized electric eld
the scalar eld

Ê(τ, ξ)

such that

GGlauber (x, x) =
x = (τ, ξ).

intensity of light at the spacetime position

Next, we will consider correlation functions in general and make the connection between the Unruh-DeWitt interaction and detector models in terms of dressed particles
and states originating in the similarity transformation.

4.5.3. General Covariant Correlation Function and the Ambiguity of
Initial States
In the previous section we have seen that the photon absorption out of a coherent state
can be described by a dynamical and dressed model.
coherent states (with correlation function

Gcoh )

Of course, the restriction to

was just an example.

quantum states, given by the initial density operator

ρ̂,

For arbitrary

we can dene the two-point

correlation function

G(x′ , x) ≡ ⟨ϕ̂(x′ ) ϕ̂(x)⟩ ∼ Tr {ρ̂ Φ̂− (τ ′ , ξ ′ ) Φ̂+ (τ, ξ)} ≡ G[xµ (τ ′ , ξ ′ ), xµ (τ, ξ)],

(4.69)

where in the second step we have applied the similarity transformation, see Section 4.5.1.
Since the above correlation function is a c-number, it is most natural to claim general
covariance, i.e the coordinate system becomes irrelevant in the sense of general relativity. Hence, a general coordinate transformation will additionally change the notion of
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simultaneity, that is inducing a new time-slicing, and more importantly the denition of
initial states becomes ambiguous on a curved spacetime (and thus the notion of quantum correlations). However, the correlation function

G(x′ , x)

itself will stay invariant.

Indeed, the two-point correlation function is typically associated with global features
of spacetime or at least at a physically accessible part of spacetime staying invariant
under such transformations (symmetry of spacetime) [3].

To mention two examples,

where the correlation function is well dened but the particle content is not, see for
instance the Unruh and the Hawking eect. There, the denition of the vacuum (initial
state) associated with a global spacetime diers from the vacuum just dened within a
region of spacetime and separated by an event horizon.
Probably, one will never answer the question what the correct decomposition of

G(x′ , x)

is, and thus the physically correct particle description.

In general, one is

compelled to introduce the notion of particles depending on boundary conditions and
the used quantum measurement process. This particle ambiguity is thus closely related
to the lack of a preferred coordinate system in general relativity.
In our case, the performed similarity transformation additionally implies a specic
decomposition in positive and negative frequency parts, as shown in Eq. (4.69), and
the detector will never click in the presence of the vacuum. Indeed, the dressing of
the particles was chosen in such a way that all unphysical transitions were hidden in
the unitary similarity transformation and thus in the new states

ρ̂d .

That is the reason

why the dressed approach emphasizes the interpretation in terms of localized physical
particles. On the other hand, the commonly used Unruh-DeWitt model emphasizes the
global elds and describes their quantum uctuations (virtual particles). In conclusion,
the more objective quantity is provided by the value of the correlation function

G(x′ , x),

being independent of any detector model and any coordinates.

Concluding Remarks

Even if for a given model no particle creation takes place (no

mixing of positive and negative eld contributions), the positive (negative) part of the
eld operator

Φ̂± [x(τ, ξ)]

always depends on the mode functions given by boundary

conditions and usually dened with respect to a local coordinate system.

Thus, the

decomposition in temporal and spatial parts will very well depend on the chosen proper

(τ, ξ);

coordinates

see the next section for an example.

Further, it is crucial that in the Unruh-DeWitt model the transition probability

PUDW ∼

∑

m |⟨ m |

µ̂(0) | m0 ⟩|2 FUDW (m − m0 ),

where the vacuum response function is

given by [3]

∫ ∫
′
FUDW ≡ dτ dτ ′ eim[τ −τ ] ⟨ 0 | ϕ̂(x′ ) ϕ̂(x) | 0 ⟩,

(4.70)

m) as well
| 0 ⟩⟨ 0 | → ρ̂f ≡ | ψ ⟩⟨ ψ |. In

includes arbitrary detector transitions (sum over all nal detector states
as all possible nal eld states

| ψ ⟩,

i.e.

transitions
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contrast, the dressed model is based on a detector with distinct transition energy

∆m.

Moreover, due to the specic dressing transformation, all counter-rotating terms are
shifted from the Hamiltonian to the new quantum (vacuum) state (which circumvents
detector excitations while, simultaneously, the eld vacuum would be populated).

4.5.4. Non-Local and Non-Inertial Two-Level Systems
Any interferometric experiment can be reduced to elementary two-path interference
eects (see Section 1). Hence, it it sucient to study external two-mode interferometry
within a relativistic framework. As a result, one obtains a relativistic description capable
of dealing with arbitrary interferometric sequences (e.g. those arising in light-pulse atom
interferometers).
In the following we consider an eective two-level system, which takes into account
the external relativistic motion of the corresponding internal states (being in quantum
superposition) and, in particular, the in general non-inertial motion between the twolevel system (atom) and the radiation eld. The underlying theory will be the eective
eld-theoretical model developed in the previous sections.

Eective, Non-Local Radiation Field during the Beam-Splitting Process

Starting

point of our discussion is the Schrödinger interaction Hamiltonian (4.59) eectively
describing the interaction of localized eld states (originally formulated in second quantization). In this section, the initially localized detector represents the atomic two-level
system while the quantum eld (electromagnetic eld) is denoted by

Φ̂(x).

In the local

Lorentz frame, co-moving with the detector, we use the notation

∫
Φ̂ [x(τ, ξ)] ≡
+

3
k
√
γ̂k uk [x(τ, ξ)]
3
(2π) 2ω(k)
d

(4.71)

for the eld component corresponding to the particle absorption by the detector; for
details see Section 4.5.1. The vice versa process, that is the particle creation while the
detector goes from the excited

Φ̂− (x′ ) = (Φ̂+ (x′ ))† .

| 1 ⟩D

into the ground state

| 0 ⟩D ,

is associated with

It is crucial that the quantum eld in the Heisenberg picture has

to be evaluated at dierent spacetime positions due to the spatio-temporal spread of the
detector during the internal evolution. In other words, the splitting process will induce
pairwise correlations between the two states, where the induced non-local coupling is
reected by the Heisenberg picture of the eective eld decomposition

Φ̂ = Φ̂+ (x) + Φ̂− (x′ ).
This means that the initially positive mode functions

xµ

≡

xµ (τ, ξ) and

x′µ

≡

xµ (τ ′ , ξ ′ ), respectively.

(4.72)

uk (x)

have to be evaluated at

Within our detector model these

spacetime positions can be identied as the wordlines associated with the internal states.
Indeed, since a quantum superposition is accompanied by two dierent momentum
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states, see Eqs. (4.55) and (4.56) for the momentum transfer due to the photon, the
corresponding branches (dening the interferometer) separate in external Hilbert space.
In general, an arbitrary curved background metric will additionally amplify this eect

14 .

and will even mix spacetime components

If the background metric does not solely act on the center-of-mass position and/or
center-of-momentum, but even aects the wave function of each branch, the associated
correlations will alter (e.g. given by the covariance matrix

Σ

determining an external

Gaussian state on each branch).
Next, as a further simple example including spatial correlations, we consider the atomlight interaction in an interferometer in which the atoms are in non-inertial motion with
respect to the laser pulses.

Non-Inertial Motion

For simplicity, we assume that the total interferometer sequence

shall generate a two-path interferometer with a small branch separation (which in turn
implies small tidal eects due to the background metric). However, the entire interferometer  more precisely the center-of-momentum with respect to both interferometer
branches  shall show a relativistic (and in general non-inertial) motion relative to the
lasers. Note that this scenario is a special case of the quantum evolution of an initially
localized wave packet, which was discussed in detail in the previous sections. Indeed,
the atoms in the interferometer are associated with an external wave packet and for
the case of a two-path interferometer one just has to consider two peaks, building the
interferometer branches. Since we further assume that the interferometer does not see
any tidal eects, the atoms can locally be described by proper coordinates with a unique
notion of energy (in the sense of energy density located at the center-of-momentum).
As an example, we consider a non-inertial motion with uniform acceleration
the atoms are naturally described by Rindler coordinates
shall be given in terms of Minkowski coordinates

(τ, ξ)R

a,

that is

while the laser eld

(t, x).

The radiation frequency seen by the Rindler observer

ω̃(τ ) = c |k̃(τ )| = ω exp{−aτ /c}
15 .

is explicitly time-dependent because of the relativistic Doppler shift

Further, the

atom-eld detuning becomes

∆(τ ) = ωa − ω̃(τ ),
where

ωa

(4.73)

denotes the atomic frequency dened with respect to the Rindler coordinates.

Thus, we arrive at the interaction Hamiltonian

Ĥi (τ ) = ~∆(τ )
14 The
15 The

[
]
′
σ̂3
+ g(τ ) σ̂+ e+i[k̃(τ ) ξ+φ] + σ̂− e−i[k̃(τ ) ξ +φ] ,
2
ν

∂x
∂x
g .
gµ′ ν ′ = ∂x
µ′ ∂xν ′ µν
T
four-wavevector (ω/c, k)
reads ω̃(τ ) =

mixing is a result of the general coordinate transformation with
Doppler-shifted zero component of the Minkowski

µ

(4.74)

ω (1 − (v(τ )/c)2 )1/2 /(1 − v(τ )/c). For a Rindler observer we get from Eqs. (D.10) and
velocity v(τ ) = dx[t(τ )]/dt = c tanh (aτ /c), which in turn yields ω̃(τ ) = ω exp{−aτ /c}.

(D.8a) the
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which shows similarities with the non-relativistic one, Eq (A.5). Note that for the coordinate transformations between the Rindler and the laser frame one can always use
an instantaneous Lorentz boost giving rise to the radiation phase

k x(τ, ξ) = ω̃(τ ) τ − k̃(τ ) ξ

k µ xν = ω t(τ, ξ) −

in Minkowski or Rindler coordinates, respectively. For the

laser we have treated the radiation eld as monochromatic and used as initial eld
state a coherent state, see Eq. (4.64). Hence, this simple interaction Hamiltonian can
be understood as a rst generalization of the point-like case, see Eq. (4.66), where the

Gcoh (x′ , x) ≡ ⟨ rcoh | Φ̂− (τ, ξ ′ ) Φ̂+ (τ, ξ) | rcoh ⟩
′
at equal times, but accounts for the spatial correlation due to ξ and ξ . We emphasize
′
that | rcoh ⟩ denotes the transformed/dressed coherent state and thus Gcoh (x , x) still

two-point correlation function is given by

16 .

includes all counter-rotating terms with respect to the bare operators
implicitly included in the dressed coupling

This fact is

g(τ ).

In summary, the interaction Hamiltonian (4.74) becomes time-dependent due to the
uniform acceleration inducing a time-dependent Doppler shift of the entire Rindler
frame with respect to the (Minkowskian) laser frame; this yields the detuning

∆(τ ).

However, such a detuning can always be compensated by chirping the laser frequency,
which eectively converts the laser frame into the non-inertial (Rindler) frame, see also
Ref. [112]. Note that the coordinate transformations relating both frames are purely
classical.
This is in analogy to the classical roots of the Unruh and the Hawking eect [146].
Indeed, the normal mode decomposition of the eld is coming from the classical domain.
There is no need for the second quantization. And the transformations of the amplitudes (operators) in the Unruh or the Hawking eect does not depend on the classical or
quantum behavior (kinematics or dynamics) of the eld but only on the decomposition
of the eld in dierent set of modes. Thus, the heart of the Unruh, Hawking and related
detector eects is the classical transformation between these sets based on special or
general relativity. However, to have non-vanishing uctuations of the initial (vacuum)
eld state, quantum theory comes into play. Nevertheless, even in a classical setting
the power spectrum of Doppler-shifted plane waves can be related to black-body radiation [147]. With the help of quantum theoretical interpretations one can argue that
classical Minkowski waves are accompanied in Rindler spacetime with a power spectrum
reminiscent of the Planck spectrum with associated thermal uctuations. These results
especially show that even for (semi-)classical elds, there is a deep connection between
plane-wave modes, accelerated frames and thermal environments.

4.6. Atom-Light Interactions in Terms of Particle Detectors
and Bound States
In the previous sections we have discussed the interaction of a localized atomic two-level
system with a radiation eld in terms of the Unruh-DeWitt interaction as well as by

16 No
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an eective Hamiltonian based on dressed operators and localized eld states. For the
sake of simplicity, we are working again within the one-mode approximation for the
radiation eld. Keeping in mind the previous results, the multi-mode case should be
clear (but is denitely a non-trivial extension).

4.6.1. Dierent Particle Detector Models
This section summarizes the dierent models and highlights specic applications in the
context of atom-light interactions.

Unruh-DeWitt Model for Global Radiation Fields

The Unruh-DeWitt detector is

based on an idealized particle with internal quantum degrees of freedom (at least two
internal energy levels). We have already discussed that this detector (e.g. an idealized
point-like atom) couples via a monopole interaction to the global quantum eld. In particular, in the interaction picture and based on Eq. (4.36), the matter-light interaction
for a single radiation mode can be written as

Ĥint = −i d E [σ̂+ eiωa τ + σ̂− e−iωa τ ][ĉ w[xa (τ )] − ĉ† w∗ [xa (τ )]] .

(4.75)

Here we have assumed that the electric eld (4.39) is linear polarized along

e(k) and the

eld amplitude is given by

ω ≡ ωk = |k|.

√

E ≡ E(k̃(τ )) e(k)/ 2π
d shall

With no loss of generality,

for the single mode with frequency
be real. Further, we have used the

dipole approximation in which the mode function has to be evaluated at the atomic
center-of-mass position, see Eq. (4.40),

w[xa (τ )] = e−iωt(τ,0) v[xa (τ, 0)].
This means that the spatial variation

ξ

(4.76)

of the mode function over the size of the atom

(detector prole) can be neglected in rst order. We emphasize that the radiation eld
was quantized in a global quantization frame

(t, x)

and

w[xa (τ )]

are the corresponding

global mode functions evaluated along the worldline of the atom/detector.

Next, we

discuss the Glauber model for relativistic scenarios, which can be understood as an
approximation of the Unruh-DeWitt model.

Glauber Model in Relativistic Scenarios

The Glauber model, originally introduced

to describe operationally the physical detection of photons [136], is obtained by applying the rotating-wave approximation (RWA) commonly used in quantum optics [67].
Within the RWA one just considers interaction terms

σ̂− ĉ†

and

σ̂+ ĉ

of atoms emitting

(absorbing) a photon into (out of ) the radiation eld. Hence, the interaction Hamiltonian reduces to a Jaynes-Cummings-Paul-type Hamiltonian

Ĥint = −i ~

Ω0
[σ̂+ ĉ ei∆τ − σ̂− ĉ† e−i∆τ ],
2

(4.77)
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where

Ω0 ≡ 2|d E|/~

denotes the vacuum Rabi frequency.

relativistic scenario the Rabi frequency

Ω0 ≡ Ω0 [E(k̃(τ ))]

It is crucial that in the

as well as the detuning

∆ ≡ ∆(τ ) = ωa − ω̃(τ )
are functions of the proper time
rest frame

ω̃(τ ) = |k̃(τ )|

τ.

(4.78)

Indeed, the radiation frequency seen in the atomic

is Doppler shifted à la

kµ xνa = ωt(τ, 0) − kxa (τ, 0) = ω̃(τ ) τ

(4.79)

due to the atomic relativistic motion. Needless to say, the atomic center-of-mass position

xa (τ, 0)

per denition coincides with the origin of the atomic rest frame (center-

of-momentum frame), i.e.

ξa = 0

in proper coordinates (τ, ξ ).

However, the Hamil-

tonian (4.77) is an extension to the standard Glauber model additionally including
relativistic motions of the detector (point-like atom) relative to the radiation eld.

Finally, we note that the RWA is only valid if the interaction time of detecting the
eld is much longer than the timescale

ωa−1

associated with the internal atomic energy

separation. In this domain, the RWA neglects the fast oscillating terms corresponding to
virtual transitions and thus cannot see vacuum uctuations (in contrast to the UnruhDeWitt model).

Eective Model in terms of Physical Particles

In Section 4.5.2, we have deduced

from a toy model for localized elds in second quantization the eective interaction
Hamiltonian (4.59), which describes the interaction of a rst-quantized detector with
a localized quantum eld in the Schrödinger picture.

This Hamiltonian reads in the

interaction picture and in the one-mode approximation

(e)

∫

Ĥint = g
where

d

3

[
]
˜ σ̂+ (τ ) γ̂ u[x(τ, ξ)] + d˜∗ (ξ) σ̂− (τ ) γ̂ † u∗ [x′ (τ, ξ)] ,
ξ d(ξ)

(4.80)

u[x(τ, ξ)] = exp{−i[ω(k)τ + kξ]} denotes the Minkowski mode expansion in
x′ ≡ x[τ ′ (τ, ξ), ξ ′ (τ, ξ)] takes into account the Lorentz

the local Lorentz frame and

boost during the interaction.
Hamiltonian.

Note that the eective Hamiltonian is a Glauber-type

However, although both Hamiltonians, Eqs. (4.77) and (4.80), do not

show any counter-rotating terms, the dressed particles in Eq. (4.80) (with creation and
annihilation operators

γ̂ †

and

γ̂ ,

respectively) are associated with new states, which

still include the counter-rotating terms.

In contrast, in the Glauber model there are

no counter-rotating terms and thus it is just an approximation of the Unruh-DeWitt
model. A rigorous treatment of dressing the particles in QED can for instance be found
in Ref. [139].
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4.6.2. Mass-Energy Equivalence, Lorentz Boosts and Quantum
Superpositions in Static Spacetimes
In the dipole approximation, see Eqs. (4.40) and (4.76), one actually neglects fast atomic
motions during the light pulse, nonetheless, the photon recoil to the atom has to be
taken into account to get a correct description of free evolutions in atom interferometers.
Indeed, the photon recoil (Lorentz boost) creates a superposition in momentum space,
which in turn yields a spatial atomic separation during the free evolution. Hence, the
associated quantum states will in general show dierent kinematic phase contributions.
Since we are working now in the instantaneous rest frame of the atom (more precisely
in a center-of-momentum frame,

pa = ⟨p̂a ⟩ = 0,

where we additionally assume that the

center-of-mass position coincides with the origin of the comoving frame

ξ a = ⟨ξ̂ a ⟩ = 0),

the photon absorption will change the total atomic rest mass. Moreover, after the atomlight interaction (π/2-pulse) the atom is in quantum superposition, giving rise to the
interference of dierent mass states. These states can be interpreted as dierent centerof-momentum states seen by a global observer. Further, this is nothing more than a
special case of the multipartite Hamiltonian (4.32) but now for a bipartite system, where
each part is locally in a dierent mass eigenstate. Thus, we claim that each part of the
quantum superposition can be associated with an energy eigenstate where the reference
energy (global observer) is provided by the mode functions of the radiation eld. In the
following we will put these ideas into concrete terms.

Measured Energy and Constants of Motion

The locally measured energy of a free

particle in a static (1+1)-dimensional spacetime is given by

p0
E/c
(r)
(r)
Eobs = uobs · pgeodesic = √
=√
,
g00 (r)
g00 (r)
where

(r)

uobs

pgeodesic

is the four-velocity of a local observer maintained at a xed position

denotes the particle's four-momentum and

static metric in global coordinates
the energy

(4.81)

E = mc2 = const.

g00 (r)

r,

is the time component of the

(t, r), see Appendix D.7 for further details.

Moreover,

is a constant of the motion in global coordinates

(t, r),

in

which the spacetime shows a time-translational symmetry.

E = mSR c2 = const. is
the special relativistic energy dened by a distant observer sitting at innity (r → ∞),
where the Schwarzschild spacetime becomes asymptotically at. At the same time, E
For instance, for the Schwarzschild spacetime, see Eq. (D.53),

17 .

is the energy seen in the rest frame of the atom falling along a geodesic

17 In

proper coordinates the spacetime is at in a small region (local Lorentz frame).

When this

assumption is nevertheless not justied, the eects of local spacetime curvature, i.e. curvature on the
length scale of the atom, has to be included. In general, the energy

E

will then depend on the Riemann

curvature varying at dierent positions in spacetime; see Section 4.4.3 for a discussion of the eects of
local spacetime curvature on the atomic energy spectrum.
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(a)

(b)

Figure 4.3.: Energy-momentum conservation: The four-momentum of all interacting par-

ticles is conserved at each vertex. (a) Photon absorption: A ground-state
ν
atom (four-momentum p ) resonantly absorbs a photon γ such that an exν
cited atom (four-momentum p̄ ) is created. (b) Two-photon process: A
ground-state atom absorbs a photon
emits a photon

γ2

γ1

via a virtual atomic state and re-

with dierent energy (Raman transition).

Atoms, Clocks and Interferometers as Local Multi-Particle Systems

We already

know that locally the physics behaves as in at spacetime (local Lorentz frame). Hence,
for a local multi-particle system the following energy-momentum relation holds

∑
∑
( n En )2 − ( n cpn )2 ,

where

En /c

and

pn

are the components of the

nth

(M c2 )2=
particle's

four-momentum. In particular, for the center-of-momentum frame (COM) the energymomentum relation reduces to

M c2 =

∑

EnCOM = E COM = const.

(4.82)

n
This means that the observed total energy
total mass

M

2
multiplied by c , where

c

E COM

in the COM frame is the invariant

is the speed of light.

For example, when a ground-state atom fully absorbs a photon (i.e. a quantum of
energy

E = c|p|,

Fig. 4.3), the total energy of both particles

COM = E COM = M c2
E0COM + Eph
has to be constant, see Eq. (4.82).
energy

E COM ≡

(4.83)

Moreover, after the absorption process the total

COM | 1 ⟩
COM ⟨ 1 | Ĥ
COM

atomic excited state in the COM frame.

has to be the energy eigenvalue of the

It is interesting to note that the energies

are dened with respect to the joint COM frame of photon plus ground-state atom.
After the absorption, however, the excited atom is only present and
one-particle rest energy, where

M

M c2

has to be the

denotes the rest mass of the excited atom.

In analogy, one can dene the rest mass

m0

for the ground-state atom and the asso-

ciated rest energy (internal energy) then reads

m0 c2 .

Note that the ground-state rest

energy is the internal energy in the rest frame of the ground-state atom and not the

2

energy with respect to the joint COM frame (m0 c
are connected by a Lorentz boost, see Fig. 4.4.
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(a)

(b)

Figure 4.4.: (a) Energy-momentum spectrum:

Photon absorption by a two-level atom

= quantum transition between two mass shells with rest energy dierence

∆m0 . The dots indicates the resonant atomic states with energies m0 and
M , respectively, and dened with respect to their rest frames. For a given
ν
photon (null vector pν p |photon = 0 plotted in gray) only one transition is
on shell and thus conserves energy and momentum, i.e.

the total four-

momentum of ground-state atom plus photon is constant. The velocity of
the atom is given by
and

(E COM , pCOM )

v = p/E .

(b) The atomic rest frames,

(E, p)

before

after the photon absorption, are connected by a Lorentz

boost intimately related to the photon recoil

pph ≡ ~kph .

Needless to say,

due to the relative motion of the rest frames, the energy and momentum
of the measured photon dier in both frames, although the physical object
photon is an invariant (frame-independent null vector).

Finally, it is clear that for any local multi-particle system (ground-state atom, excited
atom, molecule, clock, interferometer, etc.), which is composed of dierent particles
(nuclei, electrons, quarks, photons, atoms, etc.), one can dene at a higher level a total
rest mass

M

for this bound system. Needless to say, the decomposition of the associated

rest energy in internal and external (kinetic) contributions

√
M c2 = c gµν pµ pν

(4.84)

is frame-dependent, while the rest mass itself is a coordinate-free quantity (general
covariant).

Non-Separability in the Photon Absorption and Casimir Operators

The fact that

the initial and the nal atomic states in the presence of photon absorption are associated
with dierent rest frames (local inertial frames) is an eect of the intrinsic non-locality
of the eective Lorentz invariant interaction and yields a non-separable total system.
Similar eects were already mentioned for the interaction of a quantum electromagnetic
eld with an external current [148] and in Ref. [149] the Lorentz invariance is even chosen as starting point for the corresponding

S

matrix (in particular for massless particles
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Figure 4.5.: Two-photon process (Raman transitions). Left: A photon with energy

~ω1

is absorbed o shell (virtual excitation). Afterward, a second photon (energy

~ω2 )

is emitted in such a way that the total two-photon process be-

comes on shell, i.e.

energy-momentum is conserved. The total energy
√
(∆m0 )2 + ∆p2 is given by the eective photon energy
∆E =
~ω ≡ ~(ω1 −ω2 ), while the photon momenta add up ~k ≡ ~(|k1 |+|k2 |) = ∆p.
change

Right:

Raman transition with co-propagating lasers.

mentum transfer

The eective mo-

~(|k1 | − |k2 |) ≪ ~k

is much smaller than for counter2
propagating lasers and the kinetic contribution ∆p to the total energy
change becomes negligible

∆E ≈ ∆m0 .

with spin 1 or 2, that is for photons and gravitons).

Moreover, non-local eects are

well-known in relativistic eld theories describing the time evolution of localized wave
functions (e.g. giving rise to a violation of Einstein causality [150, 151]). In the context of quantum theories, this is closely related to Fermi's two-atom problem, see [151]
and the references therein, which in turn goes back to the preparation of quantum
states and the non-local quantum correlations arising in multipartite systems (entanglement). These eects are deeply connected with the famous Einstein-Podolsky-Rosen
paradox [152], in which a local measurement inuences non-locally the outcome of distant measurements on the entire (quantum correlated) system. Hence, the description
of a non-local multipartite system (e.g. atomic ground and excited state plus photon)
can be indeed provided by a relativistic local quantum eld theory, see Section 4.5;
but in reality we just measure the initial and nal states by local measurements on the
subsystems, belonging to an in general non-separable total system.

That is the reason why one prefers operational formulations solely based on intrinsic
fundamental properties detached from any descriptional artefacts of the underlying
theory.

For example the Casimir operators (which are based on local symmetries in

the sense that they commute with all generators belonging to a given group theory)
fulll these requirements.

In particular, for a relativistic quantum eld theory there

exist two Casimir operators (local mass and spin) commuting with the generators of
the Poincaré group [153]. Hence, the total mass of the system can be identied with a
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local Hermitian operator

M̂ =

√
Ĥ 2 − (cP̂ )2 /c2

(4.85)

with positive eigenvalues. Needless to say, for distant observers the decomposition in
the Hamilton operator

Ĥ

and the total momentum operator

P̂

has to be done accord-

ing to Eq. (4.84). For the local Lorentz-invariant interacting theory we emphasize that
the operators

Ĥ

and

P̂

are locally associated with the unitary representation of the

Poincaré group and correspond to the multi-particle observables of total energy and
total momentum [149].
The non-separability comes in due to the denition of energy additionally including
interaction as the source for time-translations (dynamics) and the induced momentum.
In this sense, the dynamics necessary to get a nite Lorentz boost eectively creates
non-separability within the theory.

However, under some circumstances the eective

momentum transfer and thus the kinetic contribution to the total energy can be neglected, see also Fig. 4.5.

4.7. Summary and Outlook
This section was devoted to the discussion of relativistic concepts within quantum evolutions. Our starting point was Einstein's equivalence principle and simple propagations
of de Broglie waves in curved spacetime. In the context of matter-wave interferometers,
we have shown how proper time enters the total phase shift in gravitational environments. Note that in a standard Mach-Zehnder interferometer the proper time dierence
however vanishes [42, 43]. Hence, for specic interferometer geometries the concept of
proper time becomes abundant and solely Newtonian eects survive.
In a real experiment it must be guaranteed that the wave packets really follow the
desired worldlines. That is the reason why additional interaction phases due to matterlight interactions (or other external elds guiding the wave packets) will contribute.
To address this problem, we investigated arbitrary quantum evolutions, based on
dynamical eld models, and come upon the known problem of dening a unique vacuum (or initial quantum state) and the related particle ambiguity in curved spacetimes.
In paricular, we studied multipartite systems in curved spacetimes possessing a global
time-like Killing vector eld. Thus, the case when one retains a global notion of particles, that means a unique vacuum. However, observers in their proper reference frames
will naturally dene local Hamiltonians, which are associated with the time evolution
in terms of proper time rather than global time.

A re-parametrization of the local

Hamiltonians solves this problem and yields a common time parametrization, and thus
a well-dened description for the total quantum system. This approach especially provides a simple framework for interfering quantum clocks (usually based on internal
atomic or nuclear two-level systems) and further demysties proposed gravitational
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decoherence eects [103, 154]. Coming from eld-theoretical models, it is clear that
the local Hamiltonians of a multipartite system can be associated with any multi-mode
system (bosonic, fermionic) and is not restricted to two-level systems.
Since for the relativistic description of matter waves no (or less) attention is paid
to the beam-splitting or guiding process in atom interferometers [50], neutron interferometers [102] or quantum clocks, we studied interactions based on a simple toy model
in second quantization. As a result, we obtained a fundamental understanding of relativistic quantum evolutions applicable to describe multi-path interference or the self
interference of wave packets. Under some circumstances, it was even possible to introduce eective (detector) models simulating the matter-light interaction. If the detector
is a localized, but spatially smeared object, e.g. real atoms, it is still possible to describe
the interaction by generalized Unruh-DeWitt-type or Glauber-type detector models. Especially, for classical-like and localized eld states, e.g. a quantum coherent state, the
detector response gives rise to dipole-type interactions inducing phases very similar to

Φ=

∫

dx

µ k (x) known from WKB approximations [155, 156].18
µ

The key assumption concerning eective dynamical models is the scattering equivalence, i.e.

operationally dened detectors show the same transition probability as

the original quantum eld theory. In this context, the two-point correlation function

G(x′ , x) is playing the central role.

Indeed, each detector model can be identied with a

particular decomposition of the correlation function in eld operators and initial quantum states, which is intimately related to the notion of particles.
never answer the question what the correct decomposition of

Probably, one will

G(x′ , x)

is, and thus the

physically correct particle description. In general, one is compelled to introduce the
notion of particles depending on boundary conditions, symmetries and the used quantum measurement device (detector). This particle ambiguity is thus closely related to
the lack of a preferred coordinate system in general relativity. In conclusion, the more
objective quantity is provided by the value of the correlation function, being independent of any detector model and any coordinates.

Although these facts may seem sobering and may evoke awkwardness, experiments
ultimately tell us how the world behaves. Hence, one of the biggest tasks is to transfer
the above quantum theories into the laboratories. Thereby, matter-wave interferometers are promising candidates since matter-wave packets probe gravity by their total
mass (energy) and at the same time couple to quantum elds through their internal
composition (electrons, protons, quarks, etc.). Thus, future work should focus on the
implementation of physical detector models and, especially, their incorporation into
matter-wave interferometers as a fruitful extension to previous, relativistic descriptions
of atom interferometry [50, 135].
For example, eld-theoretical toy models are useful for the description of interactions
in matter-wave interferometers but, apart from that, the interferometer arms as a whole

18 Within
order in
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the WKB approximation this phase is exact for a spin 1/2 particle and is correct to lowest

for spin 0 particles in arbitrary static, background gravitational elds, see Ref. [156].
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can be treated in second quantization. A similar idea was pursued in Ref. [157], however,
in a purely non-relativistic scenario. A full second-quantized and relativistic approach
for the entire interferometer is for sure closely related to the non-separability arising
in our models. Indeed, we propose that the branches of the interferometer (building a
multipartite system) see an entangled radiation eld state due to the relative and in
general non-inertial motion associated with each branch. For Gaussian states following
two arms of an interferometer (= local symplectic operations on each partition (arm)

A, B of the N = (NA +NB )-mode Gaussian state), this should be observable and characterized by the degree of entanglement, e.g. the positivity of the partial transpose [158],
of the symmetric bipartite Gaussian state [159, 160] in

4N -dimensional

phase space.

Beyond this, one can treat the gravitational eld within linearized gravity (gravitoelectromagnetism) and consider gravito-coherent states for dierent average occupation
numbers.

Naively, one would think that there exists a Hamiltonian for the atomic

center-of-mass motion similar to the Jaynes-Cummings-Paul Hamiltonian in quantum
optics [67]. However, since the energy of the associated gravitational quasi-particle is
far away from internal atomic transitions, one cannot operate within the Lamb-Dicke
regime.

Further investigations are thus needed before an appropriate model can be

formulated.
On the other hand, the creation of phonons by (classical) gravitational waves in BECs
were already suggested [161]. We emphasize that our representation-free approach allows for the description of gravitational waves without introducing the concept of spacetime.

Indeed, although gravitational waves are spacetime variations, time-dependent

gravity gradients are sucient in the weak-eld approximation [162, 163].
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5. Geometric Phases in Atom
Interferometers
In the presence of a time-dependent Hamiltonian a quantum state accumulates, apart
from a dynamical phase, a geometric phase which solely depends on the topology of the
projective Hilbert space.
Here we investigate the topological eects of the internal as well as the external degrees of freedom in atom interferometers. Within the representation-free description of
light-pulse atom interferometers, we separate the geometric phase from the dynamical
phase contributions and propose an interferometer pulse sequence that measures the
external geometric phase.

Moreover, based on a general interferometric approach we

introduce the notion of geometric phases in symplectic continuous-variable phase space.
As an example, our formalism is applied to motional states in light-pulse atom interferometers.

We start in Section 5.1 with an overview of the existing literature about geometric
phases in quantum evolutions and especially the works concerning atoms.

After a

general discussion of the origin of geometric phases in atom interferometers, we consider
in Section 5.2 the internal evolution of an atomic two-level system. In particular, we
investigate the geometric phase induced by Rabi oscillations, which is intimately related
to the well-known Berry phase, but in the non-adiabatic regime. In Section 5.3 we study
the inuence of an external (gravitational) eld on the internal quantum evolution
and determine afterward the corresponding dynamical phase. We emphasize that for
interferometers based on Bragg diraction no internal quantum transitions take place
and the discussion of internal evolutions becomes redundant. Nonetheless, geometric
phases in external Hilbert space still exist. The remaining sections are devoted to this
topic.
In Section 5.4 we make use of our operator approach which fully describes the external
motion by means of generalized displacement operators. Since the induced kinematic
boosts act on the external Hilbert space, the generators of the associated translation
group give rise to the denition of a quantum geometric phase in external phase space.
For Mach-Zehnder-type interferometers we provide the corresponding dynamical phases
in Section 5.5. Finally, we introduce geometric phases within a general framework valid
for quantum evolutions of arbitrary mixed states and governed by general quadratic
Hamiltonians. For that purpose, we use in Section 5.6 the powerful tool of Gaussian
unitary operations which provides a simple interpretation in Wigner phase space.
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5.1. Overview
In 1984, Berry showed that a quantum system accumulates a geometric phase when its
state is adiabatically transported on a closed path in Hilbert space [164]. Here the topology of the projective Hilbert space solely determines the phase. Such a situation can
be implemented by a Hamiltonian depending on a time-dependent parameter. Indeed,
when the parameter is adiabatically changing in time, the state vector in Hilbert space
instantaneously follows the parameter. Moreover, due to the adiabaticity the system
remains in its eigenstate for all times but accumulates a geometric phase.
At the same time, Simon [165] geometrically interpreted Berry's phase in terms of
ber bundles. In particular, in Ref. [166] it was shown that a lift of the quantum state
can remove the dynamical phase from the total phase and especially under parallel
transport (horizontal lift) the dynamical phase even vanishes.
Aharanov and Anandan [167] dened a geometric phase for arbitrary cyclic quantum
evolutions. For the special case of an adiabatic evolution they achieved a gauge-invariant
generalization of the Berry phase.
In Ref. [168] Samuel and Bhandari further generalizes the geometric phase for nonunitary and non-cyclic evolutions. Their work is based on the Pancharatnam phase [169],
which compares the phases of two non-orthogonal states, e.g.

the relative phase (in-

terference) of two polarized light beams. The connection between the Pancharatnam
phase and the Berry phase was made by Ramaseshan and Nityananda [170], as well as
by Berry himself [171].
For readers who are not familiar with the above literature, Appendices F.1-F.4 summarize the mathematical methods and crucial ideas.

5.1.1. Relation to Earlier Work Concerning Atoms
To our knowledge the study of geometric phases in atom interferometers is restricted
so far to the internal degrees of freedom, see for instance [172174]. Only in Ref. [175],
where the scattering process of atoms from a standing light wave is investigated, the importance of the external degrees of freedom is mentioned. However, the associated Berry
phase is acquired within the standing light eld (and in the Raman-Nath approximation)
and is not due to a free external evolution. By contrast, in atom interferometers geometric phases arises in both internal as well as external quantum evolutions. Moreover, our
approach takes into account the full quantum description of the external atomic motion.
Further, we call attention to the experiment done in Ref. [174] although the authors
only consider internal degrees of freedom. There, the geometric phase in a time-domain
atom interferometer is measured in the presence of a time-dependent magnetic eld. It
is especially interesting since light-pulse atom interferometers show an analog eect. Indeed, the light pulses induce Rabi oscillations in the internal atomic degrees of freedom
giving rise to a geometric phase on the Bloch sphere.

We will see that the electro-

magnetic laser eld plays the role of the time-dependent magnetic eld used in typical
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Berry-phase experiments.
At this point we emphasize that our approach is universal in the sense that it captures
all above scenarios and provides a general framework for the description of two-level
systems in the presence of external, general quadratic Hamiltonians.

Further, it is

important to mention that our formalism not only accounts for point-like systems but
allows for the full quantum mechanical description of two-level systems (qubits) with
associated arbitrary external states. Thus, we are dealing with the unitary evolution of
a total quantum system where each part corresponds to a subspace of the total Hilbert
space

H = Hi ⊗He .

Finally, geometric phases can be dened with respect to the internal

or the external Hilbert spaces

Hi

and

He ,

respectively.

5.1.2. Origin of Geometric Phases in Light-Pulse Atom Interferometry
One type of geometric phase emerges in atom interferometers due to Rabi oscillations,
i.e.

the internal time evolution governed by the Hamiltonian

and (A.8), with

n̂(t)

Hi [n̂(t)],

see Eqs. (1.4)

being the time-dependent parameter (here Rabi vector).

the state vector in the internal Hilbert space

Hi

Thus,

of the atomic two-level system will

accumulate, apart from a dynamical phase, a geometric phase on the Bloch sphere. We
will discuss this in detail in Section 5.2.
However, we recall rst that for Bloch oscillations in atom interferometers the Rabi
vector reads



Ω cos[kx̂ + φ]
1  R
ΩR sin[kx̂ + φ]  ,
n̂(t) ≡
Ωe
∆

(5.1)

see Appendix A.2. The time dependence can have dierent reasons: (i) a time-dependent
laser detuning

∆ ≡ ∆(t)

(e.g.

by chirping the laser frequency, RAP-pulses, Doppler

detuning, etc.), (ii) the time dependence of
in the external Hilbert space

He ,

x̂ ≡ x̂(t) associated with the atomic motion

(iii) a spatial or temporary varying laser amplitude

which results in a time-dependent Rabi frequency
dierent laser phases

φ

ΩR ≡ ΩR (x̂, t),

or (iv) simply due to

for each laser pulse.

In Ref. [172] the geometric eects due to varying laser intensities and phases have
been already demonstrated within a Mach-Zehnder conguration. Additionally, the geometric phase in a Ramsey interferometer was measured by means of a time-dependent
Doppler detuning in curved wave fronts [173].
As a consequence, our work concentrates on two remaining parts: (i) the external
geometric phase induced by the atomic motion in the sub-Hilbert space
eects of the atomic motion on the internal geometric phase dened in

He and (ii) the
Hi . In general,

a spatial rotation of the laser, arbitrary relative accelerations or any other non-inertial
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motion between the laser and the atoms yield a time-dependent position operator

x̂(t)

and thus a non-trivial geometric phase on the Bloch sphere. This phase is imprinted
on the atomic two-level system as a global phase whenever the atom interacts with the
laser. Besides these internal geometric phases, the atom-light interaction will in turn

1 H
e

induce kinematic geometric phases in the external Hilbert space

(after tracing out

the internal degrees of freedom). Hence, the corresponding phase-space displacements
(boosts) give rise to a geometric phase due to the topology of external symplectic phase
space; in contrast to the topology of the internal phase space, which is given by the
curved surface of the Bloch sphere = projective Hilbert space

P(Hi )

for a two-level

system.

5.2. Rabi Oscillations and the Associated Geometric Phase
Besides the possible reasons for a time-dependent interaction Hamiltonian, it is also
crucial on which timescales the quantum evolution takes place.

For instance, in the

adiabatic regime the Bloch vector in state space adiabatically follows the Rabi vector
associated with the parameter space of the Hamiltonian.

Another possibility is non-

adiabatic cyclic evolution in state space where the nal Bloch vector is the same as the
initial one up to a phase. Last but not least, non-cyclic and non-adiabatic evolutions can
be accompanied by geometric phases. Hence, geometric phases arise in various physical
phenomena. We investigate next the corresponding situation in light-pulse atom interferometry.

In a standard atom interferometer [22, 39] subsequent laser pulses are applied to
the atom.

Due to the inuence of an external potential on the atoms position (e.g.

due to Earth's gravitational eld), the Rabi vector (5.1) is changing from pulse to
pulse. However, in between subsequent laser pulses the total Hamiltonian becomes timeindependent and the external quantum state is in an energy eigenstate of the external

2

Hamiltonian .

In other words, the energy is conserved for the free evolution within

the external eld (lasers are o ). On the other hand, the laser pulses induce internal
transitions and associated geometric Bloch phases, where the latter very well depends
on the instantaneous atomic position

x̂(tn ), but not on the trajectory in external Hilbert

space itself.
In the following we put these statements into specic terms and clarify the notion
of dynamical and geometric phases in the context of Rabi oscillations. Afterward, we
discuss geometric phases in the external Hilbert space.

1 Due

to the photon recoil for each internal transition (see the momentum boost

kx̂

in Eq. (5.1)),

the internal and the external evolution in an atom interferometer cannot be separated in general, giving
rise to an entangled internal-external atomic state.

2 For

the sake of simplicity, we assume constant rst- and second-order coecients for the general

quadratic Hamiltonian (1.10), that is, we explicitly neglect external eld uctuations.
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5.2.1. Dynamical Phase Acquired on the Bloch Sphere
The dynamical phase for a pure quantum state is dened as the time integral over the
instantaneous expectation values
states

| Ψ(t) ⟩

ϕd ≡ −

∫

need not to be eigenstates of a

dt ⟨ Ψ(t) |

Ĥ(t) | Ψ(t) ⟩/~. In general, the
Hamiltonian Ĥ(t) in contrast to the adia-

batic Berry phase.
On the other hand, the time-evolution operator (1.5) governs the internal dynamics
in an atom interferometer

| θ(t), ϕ(t) ⟩ = Ûi (t) | θ0 , ϕ0 ⟩
where

| θ0 , ϕ0 ⟩ ≡ cos (θ0 /2) | 0 ⟩ + eiϕ0 sin (θ0 /2) | 1 ⟩

(5.2)

describes the initial internal two-

level system on the Bloch sphere, see Fig. 5.1. As in the previous sections we do not
consider the time evolution due to the internal energy separation because (i) the eect
is small compared to the usual phase shifts in light-pulse atom interferometers and if
not, it can be easily taken into account afterward, see Section 5.3.3, and (ii) it would
only induce the typical phase of standard Ramsey-type setups; for a general multi-pulse
setup see Eq. (5.35).
While the atom-light interaction takes place, the Hamiltonian

Ĥi ≡ ~Ωe n̂σ̂/2

is

constant; for the details of the model and the associated approximations see Appendix A.
Thus, the induced dynamical phase due to one laser pulse (= Rabi oscillation with pulse
duration

τ)

becomes

∫τ
dt ⟨ θ(t), ϕ(t) |

ϕ̂d = −

Ωe
Θe
n̂σ̂ | θ(t), ϕ(t) ⟩ = −
n̂⟨σ̂⟩t=0 .
2
2

(5.3)

0

Θe ≡ Ωe τ for the eective pulse area.
Ĥi commutes with its time-evolution operator Ûi at each instant of time.
Note that the Rabi vector n̂ still includes operators acting on the external degrees of
freedom. Hence, ϕ̂d is an operator on the external Hilbert space He . Moreover, to
interpret the Rabi oscillation between the internal states | 0 ⟩ and | 1 ⟩ as a rotation on

In the last step we have used the denition
Needless to say,

the Bloch sphere, we have introduced the initial Bloch vector as follows



⟨σ̂⟩t=0
Here the azimuth angle

θ0


cos ϕ0 sin θ0
≡ ⟨ θ0 , ϕ0 | σ̂ | θ0 , ϕ0 ⟩ =  sin ϕ0 sin θ0  .
cos θ0
and the polar angle

ϕ0

(5.4)

describe the state vector on the Bloch

sphere right before the laser pulse is applied (initial state).
We immediately see that the dynamical phase (5.3) vanishes when the initial Bloch
vector

⟨σ̂⟩t=0

stands perpendicular to the Rabi vector

n̂.

In this case the accumulated

phase will be purely geometric. We will illuminate this in the following sections.
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Comments on the Eigenvalue Equation

For a better comparison between our results

and the usual example of spinning quantum particles in a varying external magnetic
eld [167,176], we give some comments on the corresponding eigenvalue equation arising
in the dynamical phase (5.3).
The eigenvectors for the Rabi oscillations in a frame rotating with the radiation frequency ω shall be given by |θ0 , ϕ0 , n̂H ⟩. Due to the Heisenberg picture, the Rabi vector
n̂ → n̂H (t) is time dependent in the presence of an external eld (for instance the
gravitational eld).

Thus, the external eld is the reason for time-dependent eigen-

vectors of the two-level system associated with the interaction Hamiltonian

~Ωe n̂H σ̂/2.

Ĥi [n̂H ] ≡

However, the instantaneous energy eigenvalues are assumed to be con-

stant during the laser pulse, that is no external atomic motion during the pulse duration

τ.

The eigenvalue equation for one laser pulse therefore reads

Ĥi [n̂H ] | θ0 , ϕ0 , n̂H ⟩ = ~

Ωe
n̂H ⟨σ⟩t=0 | θ0 , ϕ0 , n̂H ⟩.
2

(5.5)

⟨σ̂⟩t=0 about
n̂H ⟨σ̂⟩t =
eigenstates |θ0 , ϕ0 , n̂H ⟩.

In other words, while the laser pulse rotates the initial Bloch vector
the Rabi vector

n̂H ⟨σ̂⟩t=0

n̂H ,

the projection of the Bloch vector on the Rabi vector

remains constant in time, thus dening the energy

On the other hand, since the Rabi vector varies from pulse to pulse, the energy eigenvalue alters on the timescale of the pulse separation

T ≫ τ

in a light-pulse atom

interferometer. This can be interpreted as a change of basis states while the internal
projective Hilbert space itself remains unchanged (gauge transformation).

5.2.2. Geometric Phase for Cyclic Evolutions on the Bloch Sphere
As an example, we consider the Rabi vector

n = (1, 0, 0)T

pointing in the x-direction.

For instance, this is the case for a resonant laser pulse without any external inuences

n̂ just become c-numbers. For
= 0) and assume as initial state the internal

on the atomic motion. Thus, the vector components of
simplicity, we set the laser phase to zero (φ

| 0 ⟩ ≡ | θ0 = 0, ϕ0 = 0 ⟩ pointing in the z-direction of the Bloch
2π -pulse the internal state is again the initial state up to a phase

ground state
After a

(
)
σ̂1
Ûi Θe = 2π, n = (1, 0, 0)T | 0 ⟩ = e−i 2π 2 | 0 ⟩ = e−iπ | 0 ⟩.
Here we have used the unitary operator

Ûi (Θe , n̂) ≡ exp{−iΘe n̂σ̂/2},

sphere.

(5.6)
Eq. (A.10),

for the Rabi oscillation. Remember that in our representation-free description of atom

Ûi (Θe , n̂) corresponds to the beam-splitter matrix Ŝn e ,
Eqs. (1.22) and (1.24), for the nth laser pulse. Since the Rabi vector is perpendicular to
the Bloch vector (see Fig. 5.1), the total accumulated phase π has a purely geometric
interferometry the operator

(Θ

)

origin.
In the following we consider the same scenario but allow for arbitrary initial states

| θ0 , ϕ0 ⟩ ≡ cos(θ0 /2) | 0 ⟩ + eiϕ0 sin(θ0 /2) | 1 ⟩.
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Figure 5.1.: Geometric phase in cyclic evolutions on the Bloch sphere. Left: When the

quantum state of a two-level system (= Bloch vector in red) stands perpendicular to the axis of rotation (= vector in blue), a

2π -rotation

(= cyclic

path depicted in red) yields the purely geometric phase ϕ = −π = ϕg . Right:
iϕ
An arbitrary state | θ0 , ϕ0 ⟩ ≡ cos(θ0 /2) | 0 ⟩ + e 0 sin(θ0 /2) | 1 ⟩ again accumulates the total phase

ϕ = −π

after a cyclic evolution. However, since the

Bloch vector rotates with a solid angle dierent from

90

degrees, dynami-

cal phases contribute to the total phase. In this case, the geometric phase

ϕg = ϕ − ϕd = π (cos ϕ0 sin θ0 − 1), which is the dierence between the
ϕ and the dynamical phase ϕd . Moreover, the geometric phase
is directly related to the oriented area A enclosed by the path on the Bloch
sphere ϕg = −A/2 (here the curved surface area A of the spherical cap).
reads

total phase

sphere is given when a

2π -pulse

is applied

−i 2π

e

σ̂1
2

| θ0 , ϕ0 ⟩ = e−iπ | θ0 , ϕ0 ⟩

and we arrive at the initial state apart from the characteristic spinor phase
for a rotation of

4π

(5.7)

π.

Further,

one obtains the exact initial state (phase and amplitude).

Since the global dynamical phase (5.3) becomes for a cyclic evolution on the Bloch
sphere

ϕd = −π n ⟨ θ0 , ϕ0 | σ̂ | θ0 , ϕ0 ⟩ = −π cos ϕ0 sin θ0 ,

(5.8)

the geometric phase (here the dierence between the global total and dynamical phase)
reads

ϕg = ϕ − ϕd = π (cos ϕ0 sin θ0 − 1).

(5.9)

This phase is the Aharanov-Anandan phase for a spin-1/2 system [167] and its magnitude

ϕg = −A/2

is half of the solid angle subtended by the curve traced on the Bloch

sphere (oriented area

A

enclosed by the cyclic motion of the state vector, see Fig. 5.1).
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In summary, we have investigated the topological eects for a cyclic evolution on the
Bloch sphere and separated the geometric phase from the dynamical phase contributions. In particular, the state vector oscillates on the Bloch sphere and accumulates a
global geometric phase in the sense of a generalization of the Berry phase [177, 178].
Moreover, it is not the parameter of the Hamiltonian which is cyclic, but the state itself
shows a cyclic evolution on the Bloch sphere.

5.3. Internal Pulse Sequences in the Presence of
Gravitational Fields
In this section we study the internal geometric phase induced by a sequence of laser
pulses. Thereby, the atomic motion due to an external (gravitational) eld gives rise
to a rotation of the Rabi vector. Thus, whenever an atom-light interaction takes place,
the state of the atomic two-level system will rotate about dierent Rabi vectors on the
Bloch sphere and the direction of this axial vector is determined by the instantaneous
atomic position.

In general, the Bloch vector will be no longer perpendicular to the

Rabi vector such that the state accumulates both dynamical and geometric phases.

Bloch Spheres in the Presence of External Motions

For a homogeneous gravitational

eld the atomic position operator in the Heisenberg picture is given by

x̂H ≡ xH (x̂, p̂; t) = x̂ +
Here

g = const.

1
p̂
t + gt2 .
m
2

(5.10)

denotes the local acceleration and the initial conditions are implied by

the Schrödinger operators

x̂ and p̂, respectively.

We already know that for homogeneous

elds the initial conditions have no impact on the relative phase shift in a standard
Mach-Zehnder interferometer (the relative displacement after a Mach-Zehnder pulse
sequence vanishes). In contrast, for harmonic external potentials, i.e. in the presence of
gradients, this statement is no longer true and the relative phase involves the gradient
in combination with the initial conditions.

In general, the Rabi vector (5.1) in the

Heisenberg picture reads



Ω cos[kx̂H + φ]
1  R
ΩR sin[kx̂H + φ] 
n̂H =
Ωe
∆(t)

(5.11)

and for the special case of a homogeneous gravitational eld the position operator

x̂H

is just given by Eq. (5.10).
Despite the fact that the Rabi vector depends on the operators

x̂ and/or p̂ generating

displacements (boosts) in external phase space, we can nevertheless use the Bloch-sphere
representation for the internal atomic state. Indeed, within our phase-space approach
for the external degrees of freedom we obtain for each trajectory in external phase space
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an associated Rabi vector. This justies the identication of

n̂H ≡ n(x̂H ) ≡ nH (x̂, p̂; t)

with the corresponding expression in Wigner phase space, called the Weyl-Wigner correspondence.

We emphasize that this identication is particularly simple for general

quadratic Hamiltonians (see Section 5.6). Indeed, the quantum Liouville equation [67],
which is the phase-space analogue to the Schrödinger equation for symmetrical-ordered
operators, propagates each phase-space point (of the initial phase-space distribution)
to the nal one. Moreover, in the case of general quadratic Hamiltonians this transport
is just given by the classical trajectory in external phase space. Hence, our approach
can be interpreted in such a way that each phase-space trajectory is accompanied by a
dierent manipulation of the internal state vector on the Bloch sphere. This will nally
lead to a dephasing eect.

Rabi Vector for Resonant Laser Pulses

We assume that each laser pulse is in res-

onance with the internal atomic transition, i.e. the detuning vanishes (∆

= 0).

Such

a situation can always be realized by chirping the laser frequency and is the common
scenario in standard atom interferometry [39]. Hence, one obtains



n̂H,n


cos[kx̂H,n + φn ]
=  sin[kx̂H,n + φn ] 
0

nth Rabi vector at time tn .
x̂H (t = tn ) for the position operator.
for the

(5.12)

Here we have used our usual notation

x̂H,n ≡

Moreover, the above Rabi vector implies a weak

gravitational eld (e.g. Earth's gravity) because we neglect the atomic external motion
during the laser pulse.

Otherwise, one can compensate at least the center-of-mass

motion by chirping the laser frequency.

Hence, the Rabi vector is constant for each

laser pulse but alters from pulse to pulse, giving rise to the main contribution to the
interferometer phase. Finally, we mention that Eq. (5.12) is valid for arbitrary atomic
trajectories in general quadratic potentials and not just for homogeneous external elds.

5.3.1. Global Mach-Zehnder Phase for Co-Propagating Lasers
Before we consider the general case in Section 5.3.2, we assume here two co-propagating
laser beams for each light pulse. Thus, the eective photon recoil for the two-photon

3

Raman transition vanishes , i.e.

~k = ~(|k1 | − |k2 |) ≈ 0,

and we can neglect the dis-

placement operators in the beam splitter (1.29). Moreover, the phase
reduces to the laser phase

Φn , see Eq. (1.26),

φn .

Exit Ports and the Associated Detection Probabilities

The nal state (1.43) for the

ground-state detection after a Mach-Zehnder pulse sequence with vanishing momentum

3 Absorption
momentum

~k2 .

of a photon with momentum

~k1

and stimulated emission of a second photon with
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transfer reads

⟨ 0 | Ψ(t2 ) ⟩ = ⟨ 0 | ÛMZ | 0 ⟩ | ψ0 ⟩ = −

)
1 ( i[φ0 −φ1 ]
e
+ ei[φ1 −φ2 ] | ψ0 ⟩ .
2

(5.13)

Here the initial state was assumed to be the internal ground state with associated
external state, that is

| Ψ0 ⟩ = | 0 ⟩ | ψ0 ⟩. By factoring
φMZ ≡ φ0 − 2φ1 + φ2 for the

using the abbreviation

Mach-Zehnder interferometer, we obtain

⟨ 0 | Ψ(t2 ) ⟩ = cos

(φ

MZ

2

)

out the phase

[φ0 − φ2 ]/2

and

characteristic laser phase in a

−iπ+i(φ0 −φ2 )/2

e

| ψ0 ⟩.

(5.14)

One immediately sees that the nal external state in the exit port

|0⟩

can be written

as an amplitude and a phase factor.

(a) First

π/2-pulse.

(b)

π -pulse.

(c) Second

π/2-pulse.

(d) Geodesic closing.

Figure 5.2.: Acquired geometric and dynamical phases of the internal two-level system in

a standard Mach-Zehnder interferometer: Whenever a light pulse is applied
to the atom, Rabi oscillations are induced.

The corresponding evolution

in internal Hilbert space can be visualized by rotations of the atomic twolevel system (state vector in red) on the Bloch sphere, see a)-c).

Due to

the dependence of the Rabi vector (axial vector in blue) on the external
degrees of freedom, i.e. the eects of the atomic external motion, the axis
of rotation changes from pulse to pulse giving rise to a global phase shift
after a

π/2π π/2-pulse

sequence.

In general, the spin state undergoes a

non-cyclic evolution on the Boch sphere (red path) and the acquired global
phase shows geometric as well as dynamical contributions. Only when the
state vector remains perpendicular to the axial vector for the entire evolution
 which for example can be achieved by properly adjusting the laser detuning
(not shown here)  the state will be parallel transported and the dynamical
phase vanishes. However, in a standard Mach-Zehnder interferometer this
parallel-transport condition is only fullled for the rst

π/2-pulse, see a).

To

obtain a well-dened notion of phase between the initial and the nal state,
the non-cyclic evolution can anyway be closed by a geodesic which does not
alter the geometric phase, see d). Here the shortest distance on the surface
of the sphere (green path) is the great-circle distance connecting both states.
In the experiment this closing is realized by a projection measurement of the
internal state onto the ground state
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When in an experiment all three laser phases are additionally chosen to be equal

φ0 = φ1 = φ2 ,

the Mach-Zehnder phase

φMZ = 0

vanishes as well as the second laser

phase contribution in Eq. (5.14) and we again arrive at

| ψ(t2 ) ⟩ ≡ ⟨ 0 | Ψ(t2 ) ⟩ = e−iπ | ψ0 ⟩,

which is the initial state apart from a minus sign. This global phase is well-known and
corresponds to the special transformation property of a spin-1/2 particle possessing a

4π -periodicity.

Moreover, we already know that this phase is intimately related to the

A enclosed on the curved
(ϕg = −π = −A/2, see Fig. 5.1).

topology of the Bloch sphere and corresponds to the area
surface of the Bloch sphere after a cyclic evolution

Hence, the external state gets a phase shift stemming from the geometrical induced
global phase on the internal Hilbert space (here Bloch sphere). In contrast, standard
Ramsey-setups [19], e.g. used for atomic clocks or spin-echo experiments [110], are interested in the relative internal phase (here given by

φMZ )

rather than global shifts.

This becomes clear in a more general sense by considering the nal state for both exit
ports after a Mach-Zehnder pulse sequence (see also Fig. 5.2)

[
(φ )
(φ )
]
MZ
MZ
| 0 ⟩ + eiφ2 sin
| 1 ⟩ | ψ0 ⟩,
| Ψ(t2 ) ⟩ = ÛMZ | 0 ⟩ | ψ0 ⟩ = eiφtot cos
2
2

(5.15)

| 0 ⟩ or | 1 ⟩. Here we have used
Eq. (G.3) and introduced the total phase φtot ≡ −π + (φ0 − φ2 )/2. Further, we emphasize once more that φMZ is the relative phase shift between the interferometer branches
of the same exit port whereas φtot is a global phase of the internal spin system. Note
that all atoms, i.e. atoms in both exit ports | 0 ⟩ and | 1 ⟩, occupy the same external
that is without the post-selection for the internal states

state due to the vanishing photon recoil for co-propagating lasers.
Finally, it is clear that the total phase

φtot

in Eqs. (5.14) and (5.15), which includes

the desired geometric phase shifts, cannot be measured by a usual Mach-Zehnder setup.
Indeed, it enters as a global phase canceling out in the detection probabilities

∫
P |0⟩ (t2 ) =

d

3

x |⟨ x |⟨ 0 | Ψ(t2 ) ⟩|2 =

1
[1 + cos φMZ ] ,
2

(5.16)

d

3

x |⟨ x |⟨ 1 | Ψ(t2 ) ⟩|2 =

1
[1 − cos φMZ ] .
2

(5.17)

R3

∫
P |1⟩ (t2 ) =

R3
However, to get rid of this problem we introduce in the following an advanced interferometer pulse sequence based on three-path interference.

Three-Path Interferometer

With the help of a reference state

where Rabi oscillations are driven between the reference state
ground

|0 ⟩

state.

To do so, we apply two additional

| Ψr ⟩ ≡ | r ⟩ | ψ ⟩, e.g.
| r ⟩ and the internal

state, one can measure the global phase via interference with the reference

π/2-pulses,

one before and the other one

after the actual Mach-Zehnder pulse sequence. The rst pulse creates a superposition
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between the internal ground and the reference state.
interferometer is implemented in the internal states

Afterward, the Mach-Zehnder

| 0⟩

| 1 ⟩.

and

Hence, after the

Mach-Zehnder pulse sequence the total state is in the superposition state

]
1 [
| Ψtot (t2 ) ⟩ = √ ÛMZ | 0 ⟩ − i | r ⟩ | ψ0 ⟩.
2

(5.18)

Here we have used that for co-propagating lasers the photon recoil vanishes and thus

4 | ψ ⟩.
0

the external reference state is just given by the initial one

In order to extract the

relative phase of the above quantum superposition, we apply right after the last MachZehnder pulse the second

π/2-pulse,

driving the transition

| 0 ⟩ ↔ | r ⟩,

and project the

total state onto the internal ground state

⟨ 0 | Ψtot (t+
2 )⟩ =
The time

t+
2

]
1[
⟨ 0 | ÛMZ | 0 ⟩ − e−i∆φr | ψ0 ⟩ .
2

(5.19)

indicates the state after the Mach-Zehnder pulse sequence and right after

the additional

π/2-pulse.

Note that the additional two

π/2-pulses

(before and after

the Mach-Zehnder interferometer) are dened in analogy to Eq. (1.30), but the excited
state

| 1⟩

is now the reference state

| r⟩

co-propagating lasers (no photon recoil).
dierence between these additional

and the displacement operator vanishes for
In Eq. (5.19),

π/2-pulses.

∆φr

denotes the laser phase

By chirping this phase dierence in a

null measurement, the total (global) Mach-Zehnder phase can be read out.

Indeed,

we have already seen in Eqs. (5.13) and (5.14) that the associated matrix element

⟨ 0 | ÛMZ | 0 ⟩ = A exp{iφtot }
and the phase φtot . Hence,

can be written in terms of the amplitude

A ≡ cos (φMZ /2)

the ground-state detection probability for our three-path

interferometer now becomes

∫
P|0⟩ (t+
)
=
2

d

3

2
x |⟨ x |⟨ 0 | Ψtot (t+
2 ) ⟩| =

]
1[
1 + A2 − 2 A cos(φtot + ∆φr )
4

(5.20)

R3
and allows us to determine the phase

φtot ≡ ±π + (φ0 − φ2 )/2

of a Mach-Zehnder

interferometer via interference with a reference system. Further, we can identify

cos2 (φ

MZ /2)

= P |0⟩ (t2 )

A2 =

as the usual ground-state detection probability of the Mach-

Zehnder interferometer, see Eq. (5.16), solely depending on the relative phase shift

φMZ .

Needless to say, the above considerations holds true for arbitrary external states. This
becomes clear since there is no momentum recoil, which in turn yields full overlap of
the external states over the whole interferometer sequence.

5.3.2. Pulse Sequences with Momentum Transfer
For pulse sequences with counter-propagating lasers the eective momentum transfer

χ̄ ≡ (0, ~k0 )T
4 We

due to photon absorption and emission has to be taken into account.

remark once more that the time evolution associated with internal energy separations is not

considered here, but can easily be included afterward.
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We already know that in our representation-free description the displacement operator

D̂

exactly accounts for such photon recoils (momentum boosts).

Moreover, in the

Heisenberg picture the displacement operators further generate the external atomic
motion in a homogeneous and/or quadratic potential.

Mach-Zehnder Interferometer

In analogy to the previous section, we are interested

in the global phase of a Mach-Zehnder interferometer, but now additionally include the
momentum kicks by the photons and the inuence of the gravitational eld.
The nal state for the ground-state detection after a Mach-Zehnder pulse sequence is
given by Eq. (1.43). By factoring out the displacements

D̂(−χ2 ) D̂(χ1 )

corresponding

to the lower interferometer branch, we can bring the state into the form

⟨ 0 | Ψ(t2 ) ⟩ = −

{
1 i[Φ0 −Φ2 ]/2
e
D̂(−χ2 ) D̂(χ1 ) eiΦMZ /2 D̂(−χ1 ) D̂(χ2 ) D̂(−χ1 ) D̂(χ0 ) +
2
}
+ e−iΦMZ /2 | ψ0 ⟩ .

(5.21)

For homogeneous external potentials (or closed interferometers in general) the nal

χMZ = 0 and the operator sequence reduces to the identity:
D̂(−χ1 ) D̂(χ2 ) D̂(−χ1 ) D̂(χ0 ) = D̂(χMZ ) exp{iχT
0 J χMZ /2~} = 1. Hence, the upper
and the lower interferometer branch just accumulate the relative phase ΦMZ while their
displacement vector vanishes

external states will completely overlap after the pulse sequence. As a generalization of
Eq. (5.14), we write the nal probability amplitude in the following compact form

(
⟨ 0 | Ψ(t2 ) ⟩ = ⟨ 0 | ÛMZ | 0 ⟩ | ψ0 ⟩ = cos

ΦMZ
2

)

iΦ|0⟩ D̂(χ − χ ) | ψ ⟩ .
0
1
2

e

(5.22)

Here we have used the denition (1.49) for the relative Mach-Zehnder phase shift

ΦMZ

and introduced the phase

Φ|0⟩ ≡ −π +

1
Φ0 − Φ2
+ χT
J χ2 .
2
2~ 1

(5.23)

This phase is the global phase acquired by the internal state after a Mach-Zehnder pulse
sequence (see also Eq. (5.15) and Fig. (5.2)).
contributions: (i) the characteristic

π

Moreover, it consists of three dierent

phase shift for a spin-1/2 particle after an overall

2π -rotation, (ii) a phase coming from the total phase change Φ0 − Φ2

between the initial

and the nal Rabi vector and (iii) a non-Abelian phase originating in the composition
of the two displacement operators, see the composition rule (1.47) for the generators of
the corresponding Weyl-Heisenberg group associated with the external Hilbert space.
For completeness, we also provide the expression for the second exit port, that is for
the atoms being in the excited state

| 1 ⟩,

⟨ 1 | Ψ(t2 ) ⟩ = ⟨ 1 | ÛMZ | 0 ⟩ | ψ0 ⟩ = sin

(

ΦMZ
2

)

iΦ|1⟩ D̂(χ ) | ψ ⟩ .
0
1

e

(5.24)
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It is worth mentioning that in contrast to the ground-state exit port, Eq. (5.23), the
phase

Φ|1⟩ ≡ −π + (Φ0 + Φ2 )/2

does not possess any phase contributions coming from

the non-commutativity of displacement operators. Indeed, since Eq. (5.24) only includes
one phase-space displacement, that is

Φ|1⟩ ,

χ1 ,

there is no quantum correction to the phase

whereas in Eq. (5.22) the quantum phase is coming from the application of two

subsequent displacements. In Section 5.4 we give a geometric interpretation of such a
quantum phase arising in external Hilbert space.
So far we have studied pulse sequences with and without momentum transfer and, in
particular, the eect of the external atomic motion on the relative and the global internal
phase shifts. It is important to note that both phases may still include dynamical phase
contributions. These dynamical phases will be determined next. Moreover, we will see
that under some circumstances the geometric phase can be interpreted afterward as the
dierence of the total phase and the dynamical phase acquired by the center-of-mass
motion along the interferometer branches, that is on the level of expectation values.
However, we can justify this statement only after the discussion of general external
states in Sections 5.5 and 5.6.

5.3.3. Internal Dynamical Phases in Multi-Pulse Interferometers
An atom interferometer can acquire dynamical phases either coming from the internal
evolution or from the external evolution, both governed by the total Hamiltonian (1.1).
Since the total Hamiltonian additionally includes interaction terms simultaneously acting in both Hilbert spaces

H = Hi ⊗ H e ,

one has to trace out one sub-Hilbert space in

order to talk about geometric and dynamical phases in the remaining part of the total
system.

In this section we will consider the dynamical phases arising in the internal

Hilbert space

Hi ,

i.e. phases imprinted on the internal spin state. However, since the

internal and the external degrees of freedom are in general entangled, the light pulses
(interaction terms) will induce non-trivial quantum evolutions of the internal system.
As an illustrative example, we determine the dynamical phases induced by a MachZehnder pulse sequence. Moreover, the dynamical eects of the internal energy separation

~ωa

is also discussed and the connection to interferometers with vanishing momen-

tum transfer is made. For completeness, we will rst summarize the dynamical phase
due to Rabi oscillations and afterward investigate the inuence of the external motion
during the free evolutions in an interferometer.

Internal Dynamical Phase due to Laser Pulses and Free Evolutions

The dynamical

phase acquired by the internal state during the laser pulse is determined by the energy
associated with the interaction Hamiltonian

1
ϕ̂d = −
~
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∫t

′

dt

0

Ĥi

⟨ θ(t′ ), ϕ(t′ ) | Ĥi (t′ ) | θ(t′ ), ϕ(t′ ) ⟩.

(5.25)
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Since the interaction Hamiltonian acts on the total Hilbert space, we only obtain a
c-number as phase after the integration over the external degrees of freedom.

First Laser Pulse When we initially start with the general state | θ0 , ϕ0 ⟩ ≡ cos(θ0 /2)
| 0 ⟩ + eiϕ0 sin(θ0 /2) | 1 ⟩, the accumulated phase after the rst laser pulse is given by
t∫
0 +τ0

1
ϕ̂d (τ0 ) = −
~

d t ⟨ θ0 , ϕ 0 |

Ûi† (t, t0 ) Ĥi Ûi (t, t0 ) | θ0 , ϕ0 ⟩ = −

τ0

(5.26)

t0

see also Eq. (5.3). Note that the interaction Hamiltonian
duration

Θ0
n̂⟨σ̂⟩t0 ,
2

Ĥi

is constant during the pulse

and commutes with its time-evolution operator

Ûi (t, t0 ),

driving the Rabi

oscillation. In the last step we have recalled the explicit expression for the interaction

Ĥi = ~Ωe n̂σ̂/2, the denition for the Bloch vector ⟨σ̂⟩t ≡ ⟨ θ(t), ϕ(t) |
σ̂ | θ(t), ϕ(t) ⟩ and performed the integration over the constant integrand. Further,
Θ0 ≡ Ωe τ0 denotes the pulse area of the rst laser pulse at time t0 .

Hamiltonian

Free Evolution

For the free evolution (laser is o ) there are no internal transitions

Ĥi = ~ωa σ̂3 /2 ≡
free evolution T1 ≡

and the Hamiltonian is just given by the internal energy separation

~n3 σ̂/2. Hence, the dynamical
t1 − (t0 + τ0 ) becomes
1
ϕ̂d (T1 ) = −
~
=−

∫t1

phase contribution during the

†(Θ0 )

dt ⟨ θ0 , ϕ0 | Ŝ0

Ûe† (t, t0 + τ0 ) Ĥi Ûe (t, t0 + τ0 ) Ŝ0

(Θ0 )

| θ0 , ϕ 0 ⟩

t0 +τ0

T1
ωa T1
†(Θ )
(Θ )
⟨ θ0 , ϕ0 | Ŝ0 0 σ̂3 Ŝ0 0 | θ0 , ϕ0 ⟩ = − n3 ⟨σ̂⟩t0 +τ0 .
2
2

Moreover, the Bloch vector

⟨σ̂⟩t0 +τ0

(5.27)

right after the rst pulse begins to rotate about

the z-axis on the Bloch sphere. Here the axis of rotation is dened by the Rabi vector

n3 = (0, 0, ωa )T , which solely depends on c-numbers during the free evolution (ΩR = 0).

Especially for a Mach-Zehnder interferometer the rst laser pulse creates an equallyweighted superposition of the ground and the excited state, dening the initial conditions for the subsequent free evolution, and implied by the beam-splitter matrix
Eq. (1.24).

(π/2)

Ŝ0

,

Hence, the dynamical phase during the rst free evolution in a standard

Mach-Zehnder interferometer vanishes (the state vector stands perpendicular to the axis
of rotation and

†(π/2)

⟨ 0 | Ŝ0

(π/2)

σ̂3 Ŝ0

| 0 ⟩ = 0).

This is rather paradoxical because the free evolution is usually associated with a
dynamical phase accumulation. Indeed, the solution is that we have neglected the time
evolution corresponding to the internal energies of

| 0 ⟩ and | 1 ⟩,

and just considered the

evolution of the total spin state (global phase). Thus, the relative phase shift due to this
internal energy separation
accumulation.

~ωa

can be interpreted as a state-dependent dynamical phase

Indeed, the internal states

|j⟩

with

j = {0, 1},

which are eigenstates

105

5.3. INTERNAL PULSE SEQUENCES IN THE PRESENCE OF GRAVITATIONAL FIELDS

Ĥi = ~ωa σ̂3 /2 and spanning ∫up the internal Hilbert space, acquire
iϕd (j) | j ⟩ with ϕ (j) ≡ − dt ⟨ j | Ĥ | j ⟩/~ = (−1)j ω T /2. On
i
a 1
d
the total spin state α | 0 ⟩ + β | 1 ⟩ in general shows global geometric as

of the Hamiltonian

the dynamical phase e
the other hand,

well as dynamical phases. And for a state lying in the equatorial plane of the Bloch
sphere (α

√
= β = 1/ 2)

one obtains a vanishing global dynamical phase, see Eq. (5.27),

although each internal state accumulates its own dynamical phase

Second Laser Pulse

In analogy to the rst pulse, Eq. (5.26), the dynamical phase due

to the second pulse with pulse duration

t∫
1 +τ1

1
ϕ̂d (τ1 ) = −
~

ϕd (j).

†(π/2)

dt ⟨ θ0 , ϕ0 |Ŝ0

τ1

is given by

Ûe† (t1 , t0 ) Ûi† (t, t1 ) Ĥi Ûi (t, t1 ) Ûe (t1 , t0 ) Ŝ0

(π/2)

| θ0 , ϕ0 ⟩.

t1
(5.28)

Since the interaction Hamiltonian

Ûi ,

Ĥi

again commutes with its time-evolution operator

we can rewrite the above expression and additionally use the Heisenberg picture for

the Rabi vector

n̂H,n ≡ Ûe† (tn , t0 ) n̂ Ûe (tn , t0 )

Ωe
ϕ̂d (τ1 ) = −
2

τ∫
1 +t1

†(π/2)

dt ⟨ θ0 , ϕ0 | Ŝ0

(π/2)

n̂H,1 σ̂ Ŝ0

| θ0 , ϕ 0 ⟩ = −

Θ1
n̂H,1 ⟨σ̂⟩t0 +τ0 .
2

(5.29)

t1
In the last step we have recalled the pulse area

Θ1 ≡ Ωe τ1

for the second pulse.

Further Free Evolutions and Laser Pulses in Mach-Zehnder Interferometers When
(π)
t1 is a mirror pulse Ŝ1 , we obtain for

we assume that the second laser pulse at time

the subsequent free evolution in a Mach-Zehnder interferometer (T2

1
ϕ̂d (T2 ) = −
~

∫t2

†(π/2)

dt ⟨ θ0 , ϕ0 | Ŝ0

†(π)

Û † (t1 , t0 ) Ŝ1

(π)

Note that we can omit the pulse durations

Ûi

Û † (t, t1 ) Ĥi

t1
(π/2)

× Û (t, t1 ) Ŝ1 Û (t1 , t0 ) Ŝ0
the free-evolution operator

≡ t2 − t1 )

Ûe

τn

| θ0 , ϕ0 ⟩.

(5.30)

in the notation as well as the index  e in

because in the following we are solely using

to indicate the quasi-instantaneous beam-splitter process and

Û ≡ Ûe

Ŝ

instead of

for the time-

evolution operator acting on the external degrees of freedom. The transformation (1.25)
of the beam-splitter matrix into the Heisenberg picture provides the expression

∫t2
dt
ωa T2
†(π/2) †(π)
(π) (π/2)
ϕ̂d (T2 ) = −
⟨ θ0 , ϕ0 | ŜH,0 ŜH,1 Û † (t, t0 )Ĥi Û (t, t0 ) ŜH,1 ŜH,0 | θ0 , ϕ0 ⟩ = −
⟨σ̂3 ⟩t1
~
2
t1

(5.31)
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where we have used once again the internal Hamiltonian

T2 . Further, ⟨ · ⟩t1 denotes
(π) (π/2)
| θ1 , ϕ̂1 ⟩ ≡ ŜH,1 ŜH,0 | θ0 , ϕ0 ⟩ .

ing the time interval
the state

Ĥi = ~ωa σ̂3 /2 = ~n3 σ̂/2

dur-

the expectation value with respect to

Finally, we have to determine the dynamical phase for the last

π/2-pulse

of a Mach-

Zehnder pulse sequence. Analog to the previous pulses, Eqs. (5.26) and (5.29), the laser
pulse at time

t2

yields the internal dynamical phase

Ωe
ϕ̂d (τ2 ) = −
2

t∫
2 +τ2

†

dt ⟨ θ0 , ϕ0 | ÛMZ

n̂H,2 σ̂ ÛMZ | θ0 , ϕ0 ⟩ = −

Θ2
n̂H,2 ⟨σ̂⟩t1
2

(5.32)

t2
(π/2) (π)

(π/2)

ÛMZ ≡ ŜH,2 ŜH,1 ŜH,0 characterizing the Mach-Zehnder pulse sequence and the eective pulse area Θ2 = π/2. Needless
(Θn )
to say, n̂H,n σ̂ commutes with its time-evolution operator ŜH,n at each instant of time
so that in general for the expectation value also applies ⟨n̂H,n σ̂⟩tn = ⟨n̂H,n σ̂⟩tn−1 . Here
the expectation value ⟨ · ⟩tn is with respect to the internal states
where we have recalled the Mach-Zehnder operator

(Θ )

(Θ

)

(Θ )

(Θ )

n−1
| θn , ϕ̂n ⟩ ≡ ŜH,nn ŜH,n−1
· · · ŜH,11 ŜH,00 | θ0 , ϕ0 ⟩ ≡ ÛI (tn ) | θ0 , ϕ0 ⟩,

which still includes (position and momentum) operators

ϕ̂n ≡ ϕ(x̂, p̂; tn )

(5.33)

acting on the

external degrees of freedom. That is the reason why the above phase and also the total
dynamical phase

ϕ̂d

are operator-valued. Later, after the integration over the external

degrees of freedom these operators will become c-numbers.

Multi-Pulse Sequence with and without Momentum Transfer

So far we have dis-

cussed the dynamical phase in a Mach-Zehnder interferometer acquired on the Bloch
sphere. In particular, we have seen that this dynamical phase, which is associated with
the internal two-level system, is also aected by the atomic external motion.

More-

over, the internal states (5.33) give us a hint that our results can be generalized for
multi-pulse interferometers. Indeed, by induction it is clear from Eqs. (5.26), (5.29) and
(5.32), that the dynamical phase due to the

ϕ̂d (τn ) = −

nth

laser pulse reads

Θn
n̂H,n ⟨σ̂⟩tn−1 ,
2

(5.34)

where the expectation value has to be evaluated with respect to the internal states (5.33)
and

Θn ≡ Ωe τn

is the eective pulse area. Since the phases still depend on external

operators, a naive summation of all phases yields indeed correct contributions to to
the total phase, but additionally quantum corrections have to be included (due to the
non-commutativity of the corresponding displacement operators, see for instance the
discussion of Eq. (5.23)). Even for the free evolution the dynamical phase

ϕ̂d (Tn ) = −

ωa Tn
ωa Tn
⟨σ̂3 ⟩tn−1 = −
⟨ θn , ϕ̂n | σ̂3 | θn , ϕ̂n ⟩
2
2

(5.35)
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still includes operators, see the states (5.33), although the corresponding Rabi vector

n3 = (0, 0, ωa )T

consists of c-numbers.

For co-propagating lasers, that is for vanishing momentum transfer, the external
degrees of freedom becomes totally irrelevant.

In this case one just has to deal with

c-numbers rather than with operators and the external wave functions fully overlap
at each instant of time. Hence, such an interferometer sequence will always yield full
visibility and one arrives at the internal dynamical phase

(int)

ϕd
Here

αn

n(t),

that is

=−

1∑
Θn cos αn .
2 n

denotes the angle between the Bloch vector

s(t) ≡ ⟨σ̂⟩t

(5.36)

and the Rabi vector

ns = cos αn .

For instance, for a Mach-Zehnder pulse sequence with vanishing eective momentum transfer the angles for each resonant laser pulse are given by

α0 = −π/2, α1 =

φ0 −φ1 −π/2 and α2 = φMZ −π/2. Here φMZ ≡ φ2 −2φ1 +φ0 is the usual Mach-Zehnder
laser phase and Θ0 = Θ2 = π/2 and Θ1 = π are the eective pulse areas, see Fig. 5.2.
Finally, we see that for co-propagating lasers the internal dynamical phase no longer
depends on the position and/or the momentum operator. Hence, for vanishing momentum transfer we get the simple expression (5.36). This result, for example, was used
by the authors in Ref. [179] to describe phase shifts in neutron interferometers with
path-dependent spin-ippers (but no attention was paid to the quantum evolution in
the external degrees of freedom).

In our case, however, the external atomic motion

yields additional phase contributions stemming from the non-commutativity of the position and the momentum operators, or more generally due to a correct time-ordering
of quantum evolutions in external Hilbert space. The following section is devoted to
this topic.

5.4. Quantum Geometric Phase
So far we have seen that one cannot naively sum over all internal phases because in
general they still depend on external quantities as the position and the momentum
operator. These operators act on the external Hilbert space and give rise to non-trivial
phase contributions to the phase in the internal state space.
In particular, we discuss in this section the phase contribution in Eq. (5.23) which
originates in the composition of subsequent displacement operators. Moreover, we show
that this quantum phase can be geometrically interpreted with respect to the underlying
geometric properties of external Hilbert space. Here the external Hilbert space will be
represented by symplectic continuous-variable phase space. Note that similar geometric
interpretations of phase shifts in cyclic quantum evolutions can be found in Ref. [180].
However, we will show that our formalism is a generalization also applicable to noncyclic evolutions.
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5.4.1. Motivation
When one applies two dierent boosts on a quantum state in phase space, for example
generated by displacements of the external state in a Mach-Zehnder interferometer, see
Eqs. (5.22) and (5.23), the associated quantum phase reads

Φ(gMZ) ≡

1 T
A
χ J χ2 = .
2~ 1
~

(5.37)

Since this phase solely depends on the end points of the boosts (kinematics) in phase
space, irrespective of the specic phase-space dynamics, it is a purely geometric eect.
Here the phase-space area

A

is given by the triangle dened by the geodesics (here the

displacement vectors) connecting the end points in phase space by the shortest way.
In particular, the associated Hilbert space is given by the continuous variable positionmomentum phase space which is accompanied by the symplectic form

J,

Eq. (1.13).

The underlying geometry (metric) of this phase space naturally comes from the canonical commutation relations for position and momentum, Eq. (1.12). Furthermore, it is
important to note that the area

A

does not depend on the exact atomic motion, i.e.

the velocity and path in external phase space, but solely on the phase-space positions
dened by the discrete displacement vectors

χn ≡ χ(t = tn ) at times tn , when the lasers

are applied. That is the reason why the above quantum phase is a geometric phase. In
this notion of geometric phase shifts, alternative (longer) paths with higher velocities in
phase space just alter the dynamical phase (between two subsequent laser pulses) but
leave the quantum geometric phase unchanged. Crucial is solely the specic geometry
of the external Hilbert space, in which the interferometer sequence is realized, and not

5

a particular external Hamiltonian . In our case, it is the associated symplectic form in
combination with a given pulse sequence.

5.4.2. Cyclic and Non-Cyclic Evolutions in External Phase Space
We discuss next cyclic evolutions in external phase space.

For instance, the relative

displacement in a Mach-Zehnder interferometer generates such cyclic motions. Unfortunately, the relative geometric phase acquired by each interferometer branch vanishes
in a Mach-Zehnder interferometer. Just a global (physically irrelevant) geometric phase
remains. In Section 5.4.3 we will propose an advanced interferometer sequence which
can directly measure such a quantum geometric phase.

Cyclic Evolutions

In our language cyclic evolutions translate into the notion of a

closed interferometer, i.e. an interferometer with a vanishing relative displacement of
two interfering branches:

χI ≡

∑

n χn

= 0.

Here the displacement vectors span up a

closed area in external phase space (see also Fig. 5.3 for the general, non-cyclic case).

5 As

long as the total Hamiltonian yields the same discrete boosts in phase space, the particular

dynamics and thus the external Hamiltonian in between is irrelevant.
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≡ (dχx , dχp )T

Moreover, innitesimal displacements dχ

can be used to describe a

continuous displacement sequence of an initial phase-space point

χ.

Hence, the operator

D̂(dχ) D̂(χ) = exp{i dΦg } D̂(χ + dχ) yields the geometric phase shift dΦg ≡
χT J dχ/(2~). Especially, for a closed interferometer the displacement vanishes so that

sequence

the initial state is reproduced apart from the geometric phase. In the continuous case
(for example guided interferometers), the geometric phase can thus be written as a line
integral along the corresponding closed path in phase space

1
Φg ≡
2~
or alternatively as oriented area

A

χT J d χ =

A
,
~

(5.38)

enclosed by exactly this path. Of course, for pulsed

interferometers one has to sum over all

Non-Cyclic Evolutions

I

n displacements instead of the above integration.

We show that closing a non-cyclic evolution in phase space

does not alter the geometric phase. Indeed, for a pulsed interferometer the geometric
phase can be deduced from Eq. (5.38) as

1 ∑∑ T
A
χj J χn = .
2~ n
~
n

Φg =

(5.39)

j=0

Here

χ≡

∑n

j=0 χj is the total displacement until the
∑next (nth) displacement is applied

A ≡ n An enclosed by the displacement
nth triangle in the polygon, see Fig. 5.3. In

and the geometric phase is again the total area
vectors, where

An

denotes the area of the

order to close an arbitrary open path, one can always apply an additional displacement

χn+1 = −

∑n

j=0 χj with area

An+1 = 0

and hence does not alter the geometric phase.

To illustrate our general results we consider next the familiar Mach-Zehnder conguration, which will afterward facilitate the discussion of the diamond-shaped interferometer.

Mach-Zehnder Interferometer

In the presence of a homogeneous external eld, a

standard Mach-Zehnder interferometer shows a closed interferometer geometry, i.e. the
relative displacement vanishes (χMZ

≡ χ0 − 2χ1 + χ2 = 0)

and the atomic external

motion becomes cyclic. Since light-pulse atom interferometers are based on nite laser
pulses, one has to use the discrete version of the geometric phase, Eq. (5.39). Here the
displacement vectors

χn

are given by Eq. (C.7) and neglecting the gradient

Γ = 0.

In

conclusion, there is no geometric phase contribution to the relative Mach-Zehnder phase
shift (the second term in Eq. (2.7) vanishes) and the interferometer only possesses a
global geometric phase, as the common total phase that both interferometer branches
accumulate. By choosing the upper interferometer branch as reference, we obtain the
displacement
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χu ≡ χ0 − χ1

and therefore in analogy to Eqs. (5.21)-(5.23) the geometric
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Figure 5.3.: Non-cyclic evolution: Quantum evolutions in symplectic phase space can be

described by innitesimal displacement operators D̂(dχ) and induce the geH
∑ ∑n
Φg = χT J dχ/(2~) = n ∑j=0 χT
j J χn /(2~) = A/~. This
phase is determined by the total area A =
A
enclosed by the displacen
n
ometric phase

ments. In particular, for discrete motions (quantum projections associated
with χj and for instance induced by pulsed interferometer sequences) An denotes the area of the nth triangle of the polygon. To close a non-cyclic evo∑n
lution one can always apply an additional displacement χn+1 = −
j=0 χj
with An+1 = 0 which does not alter the geometric phase.

phase

Φ(gMZ) =

1 (~k)2
1 T
χ0 J χ1 =
T,
2~
~ 2m

(5.40)

see also Fig. 5.4. Since in the standard Mach-Zehnder conguration both interferometer branches are displaced by the same total amount

χu ≡ χ0 − χ1 = χ1 − χ2 ≡ χl

(the displacements only dier in the interaction times and obviously fulll the cyclic
condition

χMZ = 0),

the geometric phase

(MZ)

Φg

is the same for both branches, com-

pare Eqs. (5.37) with (5.40), and thus a global phase. Based on the above result one
could think that

(MZ)

Φg

is just the kinetic energy associated with the relative momentum

between both interferometer branches

2T .

However, it is the half of it.

(~k)2 /(2m)

during the total interferometer time

Thus, it is not the dynamical phase coming from

the time evolution governed by the kinetic energy separation, but

(MZ)

Φg

is a geomet-

ric phase [166, 169] measuring the distances in phase space caused by a sequence of
displacements projecting the states in external Hilbert space (phase space). Moreover,
we will also see in Section 5.6 that these statements are still valid for mixed states by
using the generalizing of the Pancharatnam phase [181] and introducing the notion of
geometric and dynamical phases for mixed states.

5.4.3. Diamond Interferometer
The diamond-shaped interferometer shown in Fig. 5.5 is some kind of symmetrized
version of the Mach-Zehnder interferometer but with three instead of two interfering
branches. The rst laser pulse creates a superposition of spatially, symmetrically separated branches. Similar interferometers based on symmetric Raman or Bragg diraction
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(a) Upper branch.

(b) Lower branch.

(c) Relative (cyclic) motion.

Figure 5.4.: Quantum phase of a Mach-Zehnder interferometer due to the geometric

A enclosed in phase space
(MZ)
corresponds to the quantum geometric phase Φg
in terms of ~. a) Phase
properties of external phase space:

The area

accumulated during the displacement sequence of the upper interferometer
branch

χu ≡ χ0 − χ1 , b) of the lower branch χl ≡ χ1 − χ2 and c) of the
χMZ ≡ χ0 − 2χ1 + χ2 = 0. For a homogeneous external eld

cyclic motion

one obtains the same quantum geometric phase for both, the upper and the
lower branch (Au

= Al ).

The areas cancel each other, that is the relative

quantum geometric phase becomes zero and just the global geometric phase
(acquired by both branches) survives.

can for instance be found in Refs. [69, 92, 182184]. However, instead of depopulating
the entire initial state, the diamond interferometer is based on a quantum superposition
of three spatial branches where the middle branch acts as reference. Thus, the global
phase accumulated by the upper and the lower interferometer branch can be measured
via interference with the reference branch.

To do so, a laser pulse rst creates the

superposition of all three paths. A second pulse redirects the paths where the double
photon recoil
of

2T

~ke = 2~k

is transferred to the atom. After a total interferometer time

the external state reads

(
)
| ψ ⟩ ∝ 1 + Ûu + Ûl | ψ0 ⟩.
Here the identity operator leaves the initial external state

(5.41)

| ψ0 ⟩

unchanged (middle

interferometer branch) whereas the upper and the lower branches are time evolved by
the unitary operators

Ûu

and

Ûl ,

respectively.

separated by the same time interval

Especially if all three laser pulses are

T , the external states fully overlap at the exit ports.

Indeed, based on the vertex rules, Table 1.1, we deduce in Appendix G.2

Ûu + Ûl ∝ ieiΦg cos

(

ΦD
2

)
,

which gives a c-number rather than an operator, although each

(5.42)

Û

consists of a se-

quence of displacement operators, see for instance Eqs. (G.6) and (G.9).
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Figure 5.5.: Diamond interferometer: The rst laser pulse (beam splitter) creates a co-

herent superposition of three spatially and symmetrically separated interferometer branches (| ψ0

⟩

denotes the initial spatial state). In order to obtain

a closed interferometer geometry, a second laser pulse redirects the branches
where the double photon recoil
interferometer time of

2T ,

~ke = 2~k

is transferred.

After a total

the phases acquired during the interferometer se-

quence are written into the state populations of the exit ports by a nal
beam splitter.

ΦD = 2kgT 2

denotes the relative phase shift between the upper and the lower inter-

ΦMZ ≡ Φ0 −
2
kgT . However, despite the fact that the relative Mach-Zehnder phase

ferometer branch, which is two times the familiar Mach-Zehnder phase

2Φ1 + Φ2 =

and the diamond phase

ΦD

only dier by a factor of two, both interferometers are

intrinsically dierent. Indeed, the relative phase shift in a diamond interferometer is
coming from the sequence

ΦD ≡ 2[Φ0 − Φ1 + Φ2 ],

where the factor of two is because the

upper and the lower interferometer branch accumulate the same eective phase shift

Φe = Φ0 − Φ1 + Φ2

but with opposite sign. Additionally, the rst and the nal laser

pulse transfer the eective momentum

~k (exactly the same as in a Mach-Zehnder pulse
~ke ≡ 2~k. Although it

sequence), whereas the photon recoil of the middle pulse is
seems obvious that

ΦD

and

ΦMZ

only dier by a factor of two (due to the doubled en-

closed area in spacetime), this is a rather occasional result only valid for specic pulse
separations and durations aiming at a closed interferometer geometry.
So far we have discussed the relative phase shift
interferometer branch.

ΦD

between the upper and the lower

Apart from that, Eq. (5.42) makes clear that both branches

additionally acquire the global geometric phase

Φg ≡

1 T
χ J χ0 .
2~ 1

(5.43)

In Appendix G.2 we discuss in detail that the non-commutativity of displacement operators for each interferometer branch generate the geometric phase (G.8), which further
reduces to Eq. (5.43) when the nal external states fully overlap (cyclic evolution).
In analogy to the Mach-Zehnder interferometer, see Fig. 5.4, the geometric phase corresponds to the closed area in phase space dened by the displacement vectors

χ0
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and

χ1

of a diamond pulse sequence.

due to a symmetric pulse separation

T,

Needless to say, the interferometer is closed
i.e.

the relative displacement becomes zero

χD ≡ 2(χ0 − χ1 + χ2 ) = 0; the explicit expressions for the individual displacements
χn are provided by Eq. (G.10). Closing the interferometer is nally the reason why the
pulse sequence (5.42) yields a c-number rather than a (displacement) operator.
In order to extract the purely geometric phase

Φg , the nal π/2-pulse writes the phase

into the state populations. By doing this, the interferometer spanned up by the upper
and the lower interferometer branch interferes with the middle (reference) branch such
that the global geometric phase of the outer branches is measured. The application of
the last laser pulse on the state

∫
P =

d

3

| ψ ⟩,

Eq. (5.41), therefore provides the probability

x |⟨ x | ψ ⟩|2 =

]
1[
1 + A2 − 2 A sin Φg
4

(5.44)

R3
of detecting the atom in the middle exit port. It is crucial to note that the above probability does not depend on the initial state

| ψ0 ⟩,

i.e. our result is also valid for mixed

external states. Indeed, each phase-space point is weighted by the initial distribution
(mixed or pure) but acquires the same geometric phase

Φg while going through the upper
A2 ≡ cos2 (ΦD /2)

and the lower interferometer branch. In particular, we can identify

as the detection probability of a usual Double-Raman or Double-Bragg interferometer [69, 92, 182184] with the relative phase shift

ΦD = 2kgT 2 .

To conclude, the diamond-shaped interferometer (Fig. 5.5) circumvents the problem
of extracting the quantum geometric phase (5.37) from a Mach-Zehnder interferometer.
Indeed, the application of a three-path interferometer enables to measure this global
geometric phase by interference with the middle reference path, which is associated with
the internal state

| r ⟩.

Here we have generalized the measurement procedure of the global

phase for co-propagating lasers, see Section 5.3.1, to the situation of interferometry with
momentum transfer. Nevertheless, the detection probability (5.44) has the same form as
for co-propagating lasers, Eq. (5.20). The only dierence is a sine rather than a cosine
function in the interference term due to the dierent number of laser pulses along each
interferometer branch.

5.5. Dynamical Phase due to External Evolution
In Section 5.3.3 we considered the dynamical phase acquired on the Bloch sphere, that
is by the internal state. In contrast, we will discuss now the dynamical phase induced
by the external Hamiltonian, which solely acts on the external state.

Thereby, we

investigate both the overall dynamical phase and the relative dynamical phase arising
in two-path interferometers. Especially, the latter one becomes relevant in Section 5.6,
where we introduce the notion of geometric phase for arbitrary motional states.
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After a short discussion of generalized dynamics and selective measurements in the
context of atom interferometers, we present in this section the main results for arbitrary external states while the detailed discussion of the pure-state case is done in
Appendix F.5. Finally, we apply our general formalism to the Mach-Zehnder interferometer.

5.5.1. Generalized Dynamics and Selective Measurements
The atom interferometer shall be fully characterized by a state in the joint Hilbert space

H = Hi ⊗ H e .

The total quantum evolution is given by a unitary operator

Û

on

H,

which consists of a sequence of beam-splitters and free evolutions, giving rise to the
entanglement of internal and external degrees of freedom. Since we are interested in the
dynamics of the external state, that is of the reduced density matrix

ρ̂e (t) = Tr i ρ̂(t),

the trace over the internal degrees of freedom results in a non-unitary evolution of the
external state

ρ̂e → E(ρ̂e ) =

∑

j

Kj ρ̂e Kj† .

Here the superoperator

operator-sum decomposition in terms of Kraus operators

Kj

E

is given by an

[185].

Moreover, the selective measurement of the internal state at the end of an atom
interferometer additionally induces a projection measurement in the internal sub-Hilbert

P̂j ≡ | j ⟩⟨ j | ⊗ 1 with j = 0, 1 projects the nal atomic state
ground | 0 ⟩ or excited state | 1 ⟩. As a result, the external state

space. To be more specic,

ρ̂(t)

onto the internal

experiences a generalized selective measurement (i.e. a non-projective measurement),
which is described by the measurement operators

M̂j ≡ ⟨ i | Û | 0 ⟩.

that the initial atom was prepared in the internal ground state

Here we have assumed

ρ̂ = | 0 ⟩⟨ 0 | ⊗ ρ̂e .

To

make the connection to our previous results, see Eqs. (1.40), (2.34) (5.22) and (5.24),
the detection probability after an arbitrary interferometer sequence can be written as

P |j⟩ = Tr i {Tr e ρ̂(t) P̂j } = Tr e {M̂j ρ̂e M̂j† }.

(5.45)

We emphasize that the rst equality can be interpreted as the probability of nding the
atom in the internal state

| j ⟩ ∈ Hi ,

whereas the second equality is also the probability

of nding the external density matrix

†
ρ̂(j)
e (t) = Tr i { ρ̂(t) P̂j } = M̂j ρ̂e M̂j
in

He .

(5.46)

Further, we see that the probability measurement cannot be associated with a

M̂0′ ≡ ⟨ 0 | ÛI | 0 ⟩ yields
′
the same ground-state detection probability P |0⟩ as M̂0 ≡ ⟨ 0 | Û | 0 ⟩ = Ûe (t, t0 ) M̂0 ,
where both are related by the total unitary evolution Û = Ûe (t, t0 ) ÛI , see Eq. (1.37).
unique measurement operator. Indeed, for instance the operator

In Section 1.4 we have already discussed that such an additional external evolution
(even for arbitrary long times) does not alter the probability. This is true for any global
evolution which solely acts on the external degrees of freedom.
So far we have seen that the motional states in atom interferometers can be described
by reduced density operators and their quantum evolution is provided by non-unitary
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operators

M̂j .

For the rest of this section, we will discuss the dynamical phase accu-

mulated by an external state ending in the internal ground state, that is the exit port
with

j = 0.

5.5.2. Overall Dynamical Phase in Light-Pulse Atom Interferometers
In Appendix F.5 we calculate the dynamical phase for pure states in the presence of a
general quadratic potential and obtain the overall dynamical phase (F.51) accumulated
during the free evolutions. The generalization to arbitrary external states reads

1
ϕd (Tn+1 ) = −
~
where

ρ̂ = | 0 ⟩⟨ 0 | ⊗ ρ̂e
ÛI (tn ), Eq.

terval

dt

{
}
Tr i,e ρ̂ ÛI† (tn ) He (ξ̂) ÛI (tn ) ,

(5.47)

tn

denotes the atomic initial state.

ter operator

evolution starts.

t∫n+1

Moreover, the interferome-

(F.52), characterizes the unitary time evolution until the free

In other words, it determines the initial conditions for the time in-

Tn+1 ≡ tn+1 − tn

between two laser pulses. Since in weak external potentials,

e.g. Earth's gravity, the atomic motion during one laser pulse can be neglected (quasiinstantaneous process), the main contributions to the dynamical phase are just the free
evolutions, Eq. (5.47), that is the sum

ϕd ≡

∑

l

ϕd (Tl ).

As long as we can neglect uc-

tuations or any other time-dependent eects of the external potential, the Schrödinger
Hamiltonian

Ĥe (t) = He (ξ̂)

is constant in accordance with the energy conservation for

a free evolution.

5.5.3. Two-Path Interferometers
From the Eqs. (F.48) and (F.50) for pure external states, it becomes clear that any
dynamical phase due to the external motion in a two-path interferometer can be written
as

(ext)

ϕd

∫tn
(Tn ) ∝

dt

{ [
]}
(up)
(low)
Tr e ρ̂e He (ξ̂ + χe ) + He (ξ̂ + χe ) .

(5.48)

tn−1
Indeed, since the beam splitters (laser pulses) combined with the free evolutions induce
quantum superpositions in phase space, the upper and the lower interferometer branch
can be described by boosted Hamiltonians

He (ξ̂ + χ) = D̂† (χ) He (ξ̂) D̂(χ),
see for example Eqs. (F.48) or (F.50). The eective phase-space displacements,

(up)

χe (tn−1 )

and

lution starts.
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(low)

χe

(low)

≡ χe (tn−1 ),

(5.49)

(up)

χe ≡

specify the initial conditions before the free evo-

In the above expression the superposition automatically comes in by

5.5. DYNAMICAL PHASE DUE TO EXTERNAL EVOLUTION

starting from Eq. (5.47) with the unitary operator

ÛI (t)

fully characterizing the inter-

ferometer sequence. Taking the trace over the internal degrees of freedom nally yields
both interferometer branches. Needless to say, for a multi-path interferometer one gets
a superposition of many interferometer branches, where the reduced density operator

ρ̂e

is propagated along each branch, see also the short discussion in Section 1.4.3.
In conclusion, one just has to consider the boosted Hamiltonians, associated with

each interferometer branch, and arrive at the overall dynamical phase. We recall that
for external pure states the detailed calculation and further comments are given in Appendix F.5.

As an example, we consider next the dynamical phase dierence arising

in a Mach-Zehnder interferometer. Needless to say, the relative dynamical phase contribution is given by the dierence of the phases accumulated along the interferometer
branches and thus by the dierence of the boosted Hamiltonians rather than the sum.

5.5.4. Relative Dynamical Phase in a Mach-Zehnder Pulse Sequence
The Mach-Zehnder pulse sequence consists of two free evolutions, see Fig. 1.3, and
belongs to the class of two-path interferometers. The relative dynamical phase accumulated by the external state during

T1 ,

i.e. the dierence of the upper and the lower

interferometer branch, is given by

1
∆ϕd,MZ (T1 ) = −
~

∫t1
dt

{ [
]}
Tr e ρ̂e He (ξ̂ + χ0 ) − He (ξ̂) ,

(5.50)

t0

which is Eq. (F.54) but for arbitrary mixed states.

Since the Mach-Zehnder pulse

π/2-pulse at time t0 , we obtain for
(up)
χe = χ0 = (0, ~k0 )T while the lower path

sequence starts with a

the upper path the eective

displacement

remains unchanged. For the

second free evolution we obtain analogously

1
∆ϕd,MZ (T2 ) = −
~

∫t2

{ [
]}
Tr e ρ̂e He (ξ̂ + χ0 − χ1 ) − He (ξ̂ + χ1 ) ,

dt

(5.51)

t1

where the displacement vector

χn ,

Eq. (C.7), accounts for each laser pulse.

For a homogeneous gravitational eld we further derive in Appendix F.6 that the
dierence of the boosted Hamiltonians in the above two phases, Eqs. (5.50) and (5.51),
become c-numbers up to a term depending on the initial momentum
see Eqs. (F.58) and (F.61).
(T

⟨p̂0 ⟩ ≡ Tr e {ρ̂e p̂},

However, for a symmetric Mach-Zehnder interferometer

≡ T1 = T2 ) the momentum terms cancel each other and the initial external state has

no eect on the acquired dynamical phase. Only the relative phase-space displacements
between the upper and the lower interferometer branch generate the phase. Under these
special conditions, our general formalism provides the very simple relative dynamical
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phase

∆ϕd,MZ = 2ϕMZ = 2kgT 2 ,

(5.52)

which originates from the sum of the rst and the second interferometer half, Eqs. (5.50)
and (5.51).

The same result was also derived in Refs. [63, 113], however, by a semi-

classical calculation.

Thus, in the presence of a local acceleration

a = −g

(homoge-

neous external eld), we can conrm the semi-classical result in the context of a fully
quantum mechanical description of arbitrary motional states.

We highlight that our

approach is valid for general quadratic Hamiltonians and, hence, is the extension to
quantum evolutions in external quadratic potentials.
In summary, it is possible to dene a dynamical phase on the level of a reduced density matrix

ρ̂e = Tr i ρ̂ of the
ρ̂e → E(ρ̂e ) is

the subsystem

total system in

H = Hi ⊗ He . Although the evolution of
E is the corresponding superoperator,

non-unitary, where

the relative evolutions in an atom interferometer are still unitary. These unitary evolutions are given by the generalized displacement operators taking into account the laser
kicks and relative motions in the presence of external potentials. Thus, the quantum
evolution along each interferometer branch solely depends on the individual sequence of
displacements. Finally, the dynamically accumulated, relative phase can be understood
as the dierence of boosted Hamiltonians for each free evolution, see Eqs. (5.50) and
(5.51). For the special case of homogeneous elds and a symmetric Mach-Zehnder conguration we obtain the simple phase (5.52). Based on these considerations concerning
two-path interferometry, we will dene next a relative geometric phase for mixed states
in Wigner phase space. Moreover, we will see that under some circumstances this geometric phase is just given by the dierence of the total phase shift and the dynamical
phase shift.

5.6. Geometric Phase for Mixed States: An Interferometric
Approach in Phase Space
The purpose of the following section is to discuss the geometric phase acquired by an
arbitrary quantum state (pure or mixed) in the presence of a general quadratic Hamiltonian. To address this problem, we use an arbitrary two-path interferometer in combination with the powerful tool of Gaussian unitary operations in continuous-variable
phase space [78, 88, 186]. As an example, our general formalism is applied to motional
states in atom interferometers.
Since in our interferometric approach the external degrees of freedom shall be governed by a general quadratic Hamiltonian, an initial Gaussian state would be mapped
to a Gaussian state by a translation of its mean value (rst moment) and a symplectic
transformation of its covariance matrix (second moment).
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mation, under which the Gaussian shape is preserved, is called a Gaussian unitary
operation. For the general denition of Gaussian unitaries, see Appendix B.7.
Although our formalism is valid for arbitrary states, we emphasize that the application to general Gaussian states is very illustrative and especially useful to describe
coherent states, squeezed states or even a thermal state.
To study geometric phases one usually considers pure states. The generalization to
mixed states is either done by a purication process by means of an ancilla system or
a rather experimental approach based on interferometry, see Refs. [181, 187].

In the

following we pursue the interferometric approach. However, instead of working in the
projective Hilbert space, we consider quantum phase-space distributions and introduce
the notion of geometric phase in symplectic continuous-variable phase space.

5.6.1. Phase and Visibility in SU(2)-Interferometry
Following the original discussion [181], SU(2)-interferometry as the simplest case showing quantum interference serves as our starting point. However, before discussing arbitrary external states as an input to the interferometer, we recall the simpler expressions
valid for Gaussian states.

Gaussian States in Two-Path Interferometers

The ground-state detection probabil-

ity (2.17) in a two-path interferometer reads for a general Gaussian external state

P =

1
[1 + V cos (∆Φ)] .
2

(G)

ρ̂e

(5.53)

Here the relative phase shift between both interferometer paths is given by

[
]
1
∆Φ ≡ arg Tre {ρ̂(eG) (0) D̂I } = ΦI + ⟨ξ̂ 0 ⟩TJ χI ,
~
where the rst term

ΦI

state, see Eq. (2.21).

(5.54)

is a U(1) phase shift and is independent of the initial Gaussian
We recall that the relative quantum evolution between both

interferometer branches is given by the unitary operator

Ûrel = D̂I .

In particular, for

a standard Mach-Zehnder interferometer the associated phase shift reads
(the quantum correction term vanishes due to

χI = 0 ,

ΦI = kgT 2

see Ref. [10] or the discussion of

Table 3.1). In contrast, the second phase contribution in Eq. (5.54) very well depends
on the initial phase-space position

⟨ξ̂ 0 ⟩,

i.e. the mean value of the Gaussian state. For

clarity, we omit in the following the subscript I indicating the specic interferometer
geometry, as well as the e for the external density operator

Arbitrary External States

ρ̂ ≡ ρ̂e .

For an arbitrary external state the ground-state probability,

see for example Eq. (2.6), can be interpreted as the average of the interferences associated with the individual phase-space trajectories and weighted by the initial Wigner
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distribution. On the other hand, it is possible to bring this probability into the same
form as for Gaussian states, Eq. (5.53),

P =

1
[1 + V cos (∆ϕ)] .
2

(5.55)

Indeed, the interferometer visibility can be identied as

V ≡ | Tre {ρ̂(0) D̂}|

(5.56)

and the generalized Pancharatnam phase dierence [166] for mixed states (in a two-path
interferometer) reads

[

]





∫

∆ϕ ≡ arg Tre {ρ̂(0) D̂} = arg 

d

2N

ξ

W(ξ) D̃ .

(5.57)

R2N
In the second step we have used the Wigner phase-space picture, in which the initial

≡ W[ρ̂(0)](ξ)6 . In addition,
we have introduced the Weyl-Wigner correspondence D̃ ≡ D̃(ξ), which is the phasespace analog of the generalized displacement operator D̂ ≡ D(ξ̂). In Appendix B.5, we
show that the Weyl-Wigner correspondence D̃ is identical to its operator D̂ where ξ̂ is
T
replaced by the vector ξ ≡ (x, p) , i.e. by the phase-space position. The reason for
state is represented by the Wigner function W

≡

W(ξ)

that simple correspondence is that the displacement operator is already symmetrically
ordered with respect to the position and the momentum operators. In the following, we
can omit the tilde,

D = D(ξ, t) ≡ D̃,

for the same reason.

∆ϕ is determined
Ûrel = D(ξ̂, t) ≡ D̂(Φ(t), χ(t)) ≡ D̂(χ(t)) exp {iΦ(t)}

Further, one recognizes from Eq. (5.57) that the total phase shift
by the unitary transformation

which originates from the beam splitters in combination with the Gaussian unitary operations and describes the relative external motion and phase shift for a given two-path
interferometer (i.e. the reduced density matrix after tracing out the internal degrees of
freedom). We recall that the general denition of a Gaussian unitary operation is given
in Appendix B.7.

5.6.2. Gauge Transformation in the Presence of Quadratic Hamiltonians
When we introduce in Wigner phase space the local gauge transformation

D′ (ξ, t) = D(ξ, t) eiϕ(ξ,t)

(5.58)

ϕ(ξ, t) being a time-dependent real function, the time-evolved state (in Wigner and
′
′
†
†
in Hilbert space) is obviously gauge-invariant: ρ̂(t) = D̂ (t) ρ̂(0) D̂ (t) = D̂(t) ρ̂(0) D̂(t)
with

6 The Wigner function is the Weyl-Wigner correspondence of the density operator ρ̂, see Appendix B.
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with

t ∈ [0, τ ]

and

τ

being the total interferometer time.

However, the total phase

dierence (5.57) transforms as


∆ϕ = arg 



∫
d

2N

ξ

iϕ(ξ,τ )  .

W(ξ) D e

(5.59)

R2N
Using the identity i~ d/dt
of the dynamical phase

≡ Ĥ(t)
∫ known from the Schrödinger equation, the denition
∆ϕd ≡ − dt Tre {ρ̂(t) Ĥ(t)}/~, see Ref. [167], yields the phase

dierence

∫τ

˙
dt Tre {ρ̂(0) D̂ D̂} = −i

∆ϕd = −i

†

∫
d

2N

∫τ
]˙
ξ W(ξ) dt D̂† D̂.

R2N

0

(5.60)

0

Hence, the dynamical phase dierence transforms under the gauge transformation,
Eq. (5.58), as

∫τ

˙′
dt Tre {ρ̂(0) D̂ D̂ } = −i

∆ϕd = −i

′†

∫
d

2N

∫τ
∫
]
˙
†
ξ W(ξ) dt D̂ D̂ +

R2N

0

d

2N

ξ

W(ξ) ϕ(ξ, τ ).

R2N

0

(5.61)

5.6.3. Geometric Phase in External Phase Space
It is clear that one cannot just substract the dynamical phase (5.61) from the total
phase (5.59) to arrive at a gauge-invariant quantity.

However, when we propose the

following geometric phase


∆ϕg ≡ arg 

∫



 ∫τ ] 
˙
2N
d
ξ W[ρ̂(0)] D exp − dt D̂† D̂  ,



R2N

(5.62)

0

we obtain a gauge-invariant phase.

Indeed, it is easy to verify that the above phase

is invariant under the gauge transformation (5.58).

D ≡ D(Φ(t), χ(t), ξ; t) ≡ exp {iΦ(t)}D(χ(t))

At this point, we recall that

denotes the Weyl-Wigner correspondence

of the generalized displacement operator and the dot  · indicates the dierentiation with
respect to time

t.

The phase

Φ(t)

takes into account the linear part of the Hamiltonian

plus the quantum corrections originating from the time ordering of the non-commuting
displacement operators

D̂(χ(t)).

In particular, the eect of the quadratic part in the

time-dependent Hamiltonian is included in the displacement operators. For specic examples in the context of light-pulse atom interferometry we refer to Section 1.4.2.
We can further simplify the above expression by using the fact that the general
quadratic Hamiltonian (1.10) is symmetrically ordered. Indeed, the hermiticity of

Ĥ
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immediately implies the symmetry of the second-order coecient

Hkl = Hlk

which in

turn yields a symmetrical order of the position and the momentum operators. Hence,
the Weyl-Wigner correspondence of the general quadratic Hamiltonian is just given by

˜
Ĥ ≡ H̃(ξ̂) = H(ξ).

From that we obtain

]˙
−D̂† D̂ =

i

~

† Ĥ D̂ =
D̂^

i

~

H̃(ξ̂ + χ(t)) =

being a boosted Hamiltonian, see Eq. (F.47), where

i

~

H(ξ + χ(t))

χ(t)

(5.63)

denotes the time-dependent

relative phase-space displacement between both interferometer paths. Finally, the geometric phase can be written as


∆ϕg ≡ arg 

∫



2N
d
ξ W[ρ̂(0)] D exp
dt H(ξ + χ(t))  .
~

 τ
i∫

R2N

(5.64)

0

This is our main result. It is important to note that the above geometric phase only
depends on the relative displacement of the Wigner function in phase space and not on

7

the specic Hamiltonian
geometric phase

∆ϕg

governing the exact unitary evolution. In other words, the

is invariant for dierent Hamiltonians as long as they induce the

same relative phase-space displacement

D(χ(t))

that is the velocity on the phase-space trajectory

irrespective of the parametrization

χ(t)

with

t,

t ∈ [0, τ ].

Note, the total external motion is given by a time-dependent Gaussian unitary operation producing at each instant of time a phase shift

χ(t)

ϕ(t)

and a total relative motion

in phase space. Such a description solely based on displacements for both linear

and quadratic induced phase-space motions is for instance pursued in Refs. [64, 76, 188].
We emphasize that the relative motion arises from the trace over the internal subsystem (two-level system) such that the remaining operators just act on the external
Hilbert space in the sense of Kraus and measurement operators (see Section 5.5.1 for the
discussion of generalized selective measurements). However, it is important to note that
the relative motions within the interferometer are again governed by unitary operators
(here generalized displacement operators). As an example for a unitary cyclic evolution
in external Hilbert space, we consider next a Mach-Zehnder interferometer.

5.6.4. Cyclic Evolution in a Mach-Zehnder Interferometer
In this section we show that when the Mach-Zehnder interferometer is closed in phase
space, the geometric phase is just given by the dierence of the total phase and the
dynamical phase.
The unitary time evolution for the relative external motion in a Mach-Zehnder interferometer is given by

7 At

D̂MZ (t) = exp {iΦ(t)}D̂(χ(t)), see Section 1.4.2.

Φ(t) denotes

each point of the phase-space density the Hamiltonian with its associated dynamical phase is

subtracted from the total phase.
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the relative phase shift and

χ(t)

describes relative translations in external phase space.

The associated Weyl-Wigner correspondence reads

DMZ (t) = eiΦ(t) D(χ(t)).
Especially, for a closed interferometer (= cyclic evolution

(5.65)

χ(τ ) ≡ χMZ = 0),

which is

for instance the case in a homogeneous external eld, we just obtain the constraint

DMZ (τ ) = eiΦMZ
with

ΦMZ ≡ Φ(τ = 2T ) = kgT 2

(5.66)

being the well-known Mach-Zehnder phase shift. Since

the initial and the nal motional states coincides (fully overlap of their phase-space distributions), the visibility is at its maximum, that is

V = 1, indicating a cyclic evolution.

In Section 5.5 we have derived the dynamical phase for a standard Mach-Zehnder pulse
sequence in the presence of a homogeneous external eld. As a result, the dynamical
phase dierence (5.52) becomes state-independent, that is

∫τ
∆ϕd ≡ −i
0

1
˙
dt Tre {ρ̂(0) D̂MZ D̂MZ } = −
~
†

∫2T
dt H(ξ

+ χ(t)) = 2ΦMZ = 2kgT 2

(5.67)

0

is the same for all initial phase-space positions

ξ.

Hence, the general expression (5.64) for

the geometric phase reduces to the dierence of the total phase shift

∆ϕ = ΦMZ = kgT 2

and the above dynamical phase shift

∆ϕg = ∆ϕ − ∆ϕd = −kgT 2 .

(5.68)

Thus, the Mach-Zehnder phase dierence (total phase) is the sum of geometric and
dynamical phases and the nal motional states fully overlap, i.e.

χMZ ≡ χ(τ ) = 0

(cyclic evolution).

5.6.5. Discussion
For the cyclic evolution in a Mach-Zehnder interferometer the phase shifts are independent of the phase-space position. Hence, the integration over the entire Wigner phase
space in Eq. (5.64) could be trivially performed and we obtained the simple result (5.68),
which is elsewhere solely known for pure states [166]. In contrast, our results are valid
for arbitrary initial phase-space distributions (mixed and pure states). In particular, the
specic Mach-Zehnder geometry in combination with a linear external potential yields a
cyclic evolution in phase space which is the reason for the simple result, Eq. (5.68). Further, we have chosen a gauge transformation in Wigner phase space, Eq. (5.58), which
diers from the usual quantum kinematic approach [166, 181, 187]. This gauge freedom
in the presence of general quadratic Hamiltonians can also be used to eliminate phase
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terms coming from linear contributions, for instance the

kgT 2

term, or to fulll the

parallel-transport condition under which the dynamical phase vanishes at each instant
of time. In the former case the dynamical phase is the negative geometric phase while
in the latter case the total phase is just the geometric phase.
For a non-cyclic evolution, i.e. if the interferometer pulse sequence produces two nonoverlapping wave packets, the propagation is still given by the unitary evolution (5.65)
but with a non-vanishing nal displacement

χ(τ ) ̸= 0.

Such relative displacements will

in turn induce position-dependent phase shifts (total and dynamical ones) so that the
general expression (5.64) has to be used to arrive at the correct geometric phase.

5.7. Summary and Outlook
In this part of the thesis we have applied the concept of a geometric phase to quantum
evolutions.

In particular, we have investigated the topological eects of the internal

as well as the external degrees of freedom in atom interferometers. Within the general
framework of the representation-free description of light-pulse atom interferometry, we
could separate the geometric phase from the dynamical phase contributions for both
the external and the internal state evolutions.

(Note that for atom interferometers

solely based on Bragg scattering no internal transitions take place and the discussion
on internal Hilbert space for this case is abundant.) We further proposed a three-path
interferometer to measure the so-called quantum geometric phase.

This quantum

phase is intimately related to the non-commutativity of displacement operators acting
on external Hilbert space.
Moreover, when a quantum evolution is governed by general quadratic Hamiltonians,
we were able to introduce the notion of geometric phases for arbitrary quantum states
(pure and mixed states).

Thereby, we used Gaussian unitary operations providing a

simple interpretation of quantum evolutions in Wigner phase space. Based on an interferometric approach, we have found a gauge- and parametrization-invariant geometric
phase. In particular, for a standard Mach-Zehnder interferometer and in the presence
of a homogeneous (gravitational) eld the dynamical phase was independent of the initial phase-space position. Hence, the associated geometric phase is just given by the
dierence of the total phase and the dynamical phase shift even for arbitrary mixed
states.
It would be interesting for future work to nd interferometer geometries in which the
quantum states are parallel-transported, that is the dynamical phases vanish at each
instant of time. As a consequence, the dynamics of external eld uctuations, e.g. due
to spurious magnetic elds, would not aect the total phase shift. Note that the specic quantum geometric phase, discussed in Section 5.4, is actually independent of any
dynamical phases coming from external free evolutions. However, this particular result
only applies to pulsed interferometer sequences  whereas the formalism presented in
Section 5.6 is valid for any quantum evolution governed by a general quadratic Hamiltonian.
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6. Entanglement and Quantum
Fluctuations in Light-Pulse Atom
Interferometry
Entanglement as a key feature of quantum mechanics is a useful resource in quantum information as well as in quantum metrology. In particular, entanglement in high-precision
measurements is used to enhance the phase sensitivity of interferometer devices. The
implementation of quantum correlated atoms for instance opens the possibility of beating the (classical) standard quantum limit.
The representation-free description of light-pulse atom interferometry provides a general theoretical framework for arbitrary interferometer geometries in the presence of
external potentials and non-inertial forces (see Section 1).

Here we generalize this

representation-free approach in order to describe eciently many-particle states and
set the stage for light-pulse atom interferometers operating beyond the shot-noise limit.

The possibility of entangling quantum particles  for example a BEC, cold thermal atoms or ions  can be used to overcome the standard quantum limit (shot-noise
limit). Atom interferometers acting in such sub-shot-noise regimes can benet from an
improved interferometer (phase) sensitivity. In the following sections we consider possibilities of beating the standard quantum limit and approaching the Heisenberg limit
as fundamental quantum limit. We discuss especially spin-squeezed states as an example for entangled many-particle states (but emphasize that there also exists entangled
states which are useful for interferometry although they are not spin squeezed). As a
criterion of usefulness of the phase estimator in metrology experiments, the quantum
Fisher information is utilized as a suitable tool [189].

6.1. Quantum Spin Squeezing
A review of spin squeezing in many-particle systems can be found in [190].

For a

suitable description of spin squeezing a couple of dierent squeezing parameters were
introduced.

Thereby, any squeezing parameter has its justication by its own.

For

example the squeezing parameter introduced in [191] is specialized to the description
of squeezing within a Ramsey interferometer.

Here the standard quantum limit of a

coherent spin-squeezed state serves as a reference state against which other (squeezed)
states are measured. The squeezing parameter thus quanties the improvement of the
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phase sensitivity in a many-particle interferometer. Finally, one can show that squeezing a coherent spin state can yield an entangled state beating the standard quantum
limit.
We introduce rst the basic denitions and theoretical tools to implement light-pulse
atom interferometry with many particles.

Similar to the above mentioned Ramsey

spectroscopy we show possibilities in light-pulse atom interfereomters to reach the subshot-noise regime by means of squeezed states.

6.1.1. Quantum Many-Particle State
Our model for light-pulse atom interferometry uses internal two-level systems (atoms).
The angular-momentum operator, describing a

Jˆi =

N
(l)
∑
σ̂
i

l=1
Here

(l)

σ̂i

with

i = 1, 2, 3

N

2

spin-1/2 system, is given by

.

(6.1)

are the Pauli operators for the lth spin-1/2 particle.

A coherent spin state (CSS) is dened in analogy to a coherent state in quantum
optics, which is a state with minimal uncertainty equally distributed around its mean
value. Graphically, it is the expectation value of the many-particle spin (6.1) pointing

1

in one direction on the generalized Bloch sphere. Any rotation of such a CSS changes
the direction but not its quantum uctuations (variances), see Fig. 6.2. The CSS is an
arbitrary superposition of the ground

|0⟩

and the excited state

|1⟩

of the individual

spin-1/2 particles with the constraint that all spins are aligned pointing in the same

N spin-1/2
(
)⊗N
θ
θ
i
ϕ
| θ, ϕ ⟩ = cos | 0 ⟩ + e sin | 1 ⟩
.
2
2

direction . Hence, the CSS is the tensor product of all

Moreover, the CSS can be written in terms of the Dicke states

particles

| j, m ⟩

)1/2 (
)
(
)
(
j
∑
θ j+m
θ j−m −i(j+m)ϕ
2j
| η ⟩ ≡ | θ, ϕ ⟩ =
sin
cos
e
| j, m ⟩
j+m
2
2
m=−j

2 −j

= (1 + |η| )

(
)1/2
j
∑
2j
η j+m | j, m ⟩,
j+m

(6.2)

(6.3)

(6.4)

m=−j
where

m denotes the eigenvalue of Jˆ3

and

η ∈ C is dened as η ≡ − tan(θ/2) exp{−iϕ}.
| j, m ⟩ in a CSS is a binomial distri-

Note that the probability to nd the Dicke state
bution.

1 Rotations
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So far we have characterized the many-particle state. To perform interferometry we

nth

use the generalized beam splitter (1.29) for the

laser pulse interacting with the lth

spin-1/2 particle

(
(l)
ŜH,n

≡

(l)
ŜH,n (θ, ϕ)

Note the changed notation

)
−i sin 2θ e−iϕn D̂(−χn )
.
−i sin 2θ e+iϕn D̂(χn )
cos 2θ

=

cos 2θ

(θ)

(l)

ŜH,n → ŜH,n (θ) to indicate the lth particle,

where

(6.5)

θ

denotes

the eective pulse area. The above beam-splitter matrix takes into account the rotation
of the

lth

spin-1/2 particle on the standard Bloch sphere (Rabi oscillations induced

by the atom-light interaction in an atom interferometer) plus the free external atomic
motion between such internal interactions.
In light-pulse atom interferometers the external potential is usually given by the gravitational eld of the Earth. Since it is very weak, a quadratic approximation is sucient
in most cases. The subscript H in Eq. (6.5) indicates that the beam-splitter matrix
is given in the Heisenberg picture, thus it takes into account the external motion. As
usual we have assumed that the timescale, on which the internal oscillations take place,
is much smaller than the free evolution. Therefore, we can neglect the external motion
during the interactions.
Next we show that the above beam splitter can easily be generalized. As a result, one
obtains a

N -particle

beam splitter which rotates each particle by the same amount on

the one-particle Bloch sphere. In analogy to the

Jˆi ,

N -particle angular momentum operator
N

Eq. (6.1), the beam-splitter matrix for the common beam-splitting process of all

particles corresponds to

ŜH ≡

⊗N

(l)
l=1 ŜH .

Applying this beam splitter to the state

| j, j ⟩ ≡ | 0 ⟩1 | 0 ⟩2 ... | 0 ⟩N ,

i.e. all atoms are

in the internal ground state, creates a coherent superposition of all spin-1/2 particles,
that is the CSS

| θ, ϕ ⟩ =

N
⊗

(l)

ŜH | 0 ⟩l = ŜH | j, j ⟩.

(6.6)

l=1
The explicit derivation of the

N -particle

beam splitter is given in the following section.

6.1.2. Many-Particle Beam Splitter
The Hamiltonian describing the interaction of an atomic two-level system with a classical
electromagnetic eld has been derived in Eq. (A.8) and becomes
for a many-particle system,

σ̂ (l)

(l)

Ĥi (t) = ~Ωe n̂σ̂ (l) /2

represents the lth spin-1/2 particle on the one-particle

Bloch sphere. Note that the associated Bloch vector precesses about the Rabi vector

n̂,

Eq. (A.7), with an eective Rabi frequency.

Rabi vector points in the

z -direction

Especially, when the laser is o, the

such that a Bloch vector initially pointing on the

equator (equally-weighted superposition of

| 0⟩

and

| 1 ⟩)

is rotating in the equatorial
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ωa ;

plane with the internal atomic frequency

for further details see Appendix A.

In analogy to the single particle case, we can generalize our interaction model to a
many-particle description via the

N -particle

angular momentum operator (6.1). Thus,

the interaction Hamiltonian reads

Ĥi (t) = ~Ωe n̂Ĵ
with the spin operator

Ĵ ≡

∑N

l=1 σ̂

(l)

/2

(6.7)

dening a Bloch vector

ized Bloch sphere. Frequently, one uses the short-hand notation
projection of the Bloch vector onto the Rabi vector

n.

⟨Ĵ ⟩ on the general⟨Ĵn ⟩ ≡ n⟨Ĵ ⟩ for the

However, in light-pulse atom

interferometry it is essential that the Rabi vector is an operator

n̂ acting on the external

degrees of freedom rather than just a c-number. This new and important feature arising
in light-pulse atom interferometers is unfortunately hidden in the short-hand notation.
The time evolution associated with the interaction Hamiltonian (6.7) is given by
the unitary operator
operator and

τ

Ûi = T exp{− ~i

∫τ

0 dt Ĥi (t)}, where

is the pulse duration.

T

denotes the time-ordering

Since we have already neglected the atomic

motion, the interaction Hamiltonian is time-independent. By recalling the denition of
the pulse area

θe ≡ Ωe τ ,

we arrive at

Ŝ ≡ Ûi (θe , n̂) = exp{−iθe n̂Ĵ } =

N [
⊗

(
cos

l=1

θe
2

)

(
12 − i sin

θe
2

)

]
n̂σ̂

(l)

,

(6.8)

which is the beam splitter used in Eq. (6.6) to create a general CSS.

6.1.3. Squeezing Parameter and the Heisenberg Limit
In this section we introduce a squeezing parameter for arbitrary light-pulse atom interferometers (analogously to the squeezing parameter dened for Ramsey spectroscopy
[191]).

Variances of Spin Operators and the Projection Noise
depends on the spin direction

n ≡ ⟨Ĵ ⟩/|⟨Ĵ ⟩|.

The variance of spin operators

This direction is called the mean-spin

direction (MSD).
Especially, for a CSS the variance

∆2Jn⊥ ≡ ⟨Jˆn2 ⊥ ⟩−⟨Jˆn⊥ ⟩2

perpendicular to the MSD

reads

∆2Jn⊥ |CSS =

j
N
= .
2
4

(6.9)

This variance is also known as the projection noise of the CSS. We will see that it plays
a crucial role for characterizing the phase sensitivity in interferometer experiments.
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In general, we show in Appendix I.2 that for product states (with exchange symmetry)
the variance along an arbitrary direction

∆2Jn =

n

is given by

]
N[
(1)
1 − ⟨σ̂n ⟩2 .
4

Needless to say, when the MSD of a CSS is along

n,

(6.10)

one obtains

the variance of the spin along the perpendicular direction

n⊥

(1)

⟨σ̂n⊥ ⟩CSS = 0

and

is in turn the projection

noise (6.9).

Phase Sensitivity

With no loss of generality, we choose the y-direction as MSD, which

implies ⟨Jˆn1 ⟩ = ⟨Jˆn3 ⟩ = 0.

N -particle spin vector lies in the equatorial plane
N particles).
variance of ϕ describing the phase of the spin vector in

Hence, the

(equally-weighted superposition of the ground and the excited state of all
Since we are interested in the

the equatorial plane, we investigate the variance in the x-direction.
Via the rotation

(Jˆn1 )H ≡ exp{−iϕJˆn3 }Jˆn1 exp{iϕJˆn3 } = cos ϕ Jˆn1 +sin ϕ Jˆn2

around

the z-axis in the Heisenberg picture, one obtains the variance

(∆2Jn1 )H ≡ ⟨(Jˆn2 1 )H ⟩ − ⟨(Jˆn1 )H ⟩2 = cos2 ϕ ∆2Jn1 + sin2 ϕ ∆2Jn2+ sin (2ϕ) Σ(Jˆn1 , Jˆn2 ),
(6.11)
where

Σ(Jˆn1 , Jˆn2 ) ≡ 12 ⟨Jˆn1 Jˆn2 + Jˆn2 Jˆn1 ⟩ − ⟨Jˆn1 ⟩⟨Jˆn2 ⟩

Moreover, for independent parameters
given by

∆f =

√∑

2

i (∂f /∂xi )

the standard deviation of a function

f

is

(∆xi )2 . Hence, the phase sensitivity (standard devia-

tion) associated with the function

∆ϕ =

xi

denotes the covariance matrix.

ϕ((Jˆn1 )H )

becomes

(∆Jn1 )H
(∆Jn1 )H
=
.
|∂ϕ ⟨(Jˆn1 )H ⟩|
| cos ϕ ⟨Jˆn2 ⟩|

(6.12)

In the last step we have used the fact that the MSD was chosen in the y-direction, which
means

⟨Jˆn1 ⟩ = ⟨Jˆn3 ⟩ = 0.

For the special case

∆ϕ =

ϕ=0

∆Jn1
.
|⟨Jˆn ⟩|

we nally arrive at

(6.13)

2

Thus, the phase uctuation in the equatorial plane is the ratio of the spin uctuation
in the x-direction and the expectation value along the MSD. For completeness, we give
the result for an arbitrary MSD, that is

∆ϕ =

∆Jn⊥
|⟨Ĵ ⟩|

.

(6.14)
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Squeezing Parameter

The squeezing parameter for Ramsey spectroscopy introduced

in [191] is dened as the ratio of the phase uctuations of an arbitrary state with respect
to the uctuations of a CSS

ξR ≡
For a CSS we have

|⟨Ĵ ⟩| = N/2.

∆ϕ
.
∆ϕ|CSS

(6.15)

Moreover, via the projection noise (6.9) the phase

uctuation of a CSS is given by

1
∆ϕ|CSS = √ .
N

(6.16)

This relation is known as the standard quantum limit, which corresponds to the case
of uncorrelated particles.

We will see in the following that entangled (= quantum

correlated) particles can beat this limit while the ultimate limit achievable is given by
the so-called Heisenberg limit. The squeezing parameter distinguishes two regimes. For
example, for

2
ξR
<1

⇔

(sub-shot-noise

regime)

(6.17)

the phase uctuations of an arbitrary state are smaller than the uctuations of a CSS,
i.e.

∆ϕ < ∆ϕ|CSS .

Moreover, it is conventional to write the phase uctuations in terms of the squeezing
parameter and the particle number

ξR
∆ϕ = √ .
N
Heisenberg Limit
uctuations.

(6.18)

The Heisenberg uncertainty relation puts a constraint on the phase

Since the variances of the spin components perpendicular to the MSD

have to fulll the uncertainty relation

∆Jn⊥ ∆Jn⊥⊥ ≥

1
1
⟨[Jˆn⊥ , Jˆn⊥⊥ ]⟩ = |⟨Ĵ ⟩|,
2
2

(6.19)

one obtains from Eqs. (6.14) and (6.18) a lower bound for the squeezing parameter

ξR =

√

N ∆Jn⊥ /|⟨Ĵ ⟩| ≥

√

N /(2 ∆Jn⊥⊥ ).

Further we can approximate the variance as

∆2Jn⊥⊥ ≤ ⟨Jˆn2 ⊥⊥ ⟩ ≤ (N/2)2

and thus

the squeezing parameter has the lower bound

1
ξR ≥ √ .
N

(6.20)

This constraint immediately constitutes a fundamental quantum mechanical limit to
the phase uctuations, Eq. (6.18), which is called the Heisenberg limit

(∆ϕ) ≥ (∆ϕ)HL =

1
.
N

(6.21)

Finally, we mention that in the sub-shot-noise regime the spin-squeezed states possess
a sub-binomial distribution.
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Quantum Fisher Information

The ultimate limit in estimating a parameter of a prob-

ability distribution is determined by the Fisher information. In quantum mechanics such
a parameter is usually measured by an observable

⟨Ô⟩

depending on this parameter.

In analogy to classical parameter estimation theory one denes the quantum Fisher
information which is a measure for the amount of information of a parameter that we
can extract from the probability distribution. In other words, it is a measure of the geometry of the parameter space and therefore measures how many distinguishable states
are passed in conguration space (statistical speed) while changing the parameter.
Moreover, the quantum Fisher information

F

yields a lower bound for the estimation

of the parameter, which is given by the Cramér-Rao bound [192195]

∆2 ϕ ≥ (∆2 ϕ)CRB ≡
Here

Nmeas

1
Nmeas Fϕ

.

denotes the number of independent measurements and

(6.22)

ϕ

is the parameter

to estimate. Now, we provide the connection between the quantum Fisher information
and the squeezing parameter.
It was shown in [189] that the following inequality for the squeezing parameter

ξR

holds true

2
≥
ξR
Here

N

N
F [ρ̂(ϕ), Jˆn ]

≡ χ2 .

is the number of qubits (spin-1/2 particles),

on the parameter

ϕ

(6.23)

ρ̂(ϕ) the density matrix depending
Jˆn is the quantum observable

(i.e. the interferometer phase) and

measured in the experiment. For

χ2 < 1
the density matrix

ρ̂(ϕ)

⇔

(entangled

state)

(6.24)

2 < 1 the
ξR
2
where χ < 1 and

corresponds to an entangled state. Note that for

particles are quantum correlated (entangled) but there are also cases

2 ≥ 1. Thus, χ imposes a stronger criterion for entanglement as the squeezing parameξR
ter ξR . More precisely, there exist entangled states which are not spin-squeezed but can
reach the fundamental phase-estimation limit given by the Cramér-Rao bound (6.22).
However, the problem is that such states are dicult to implement experimentally and
are very sensible to decoherence (for example due to particle losses). These days, spinsqueezed states are more useful in experiments due to their easier implementation and
higher stability than, for instance, a NOON state (as a maximally entangled state).
Moreover, it is known [196] that interferometry with squeezed states in a single-mode
setting (i.e. no entanglement between modes) can even reach the Heisenberg limit.
For completeness, we give the expression for the quantum Fisher information for pure
states [189, 190, 197]

(
)
F [ρ̂(ϕ), Jˆn ] = 4 ⟨ ∂ϕ ψ | ∂ϕ ψ ⟩ − |⟨ ψ | ∂ϕ ψ ⟩|2 = 4 ∆2Jn .

(6.25)
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ρ̂(ϕ) =
exp{−iϕJˆn } ρ̂(0) exp{iϕJˆn } in the conguration space (projective Hilbert space) about
the direction n by the angle ϕ. We emphasize that the above Fisher information reects

Here the quantum evolution of the density operator is given by the rotation

the geometric properties of the density operator under rotations and as such measures
the rotational sensitivity of the quantum state. To elucidate such rotations of quantum
states (and the associated basis states spanning up the internal Hilbert space), the
concept of quasi-probability distributions is very illustrative and will be applied next.

6.1.4. Wigner Function of a General Angular-Momentum State
We have already seen that a collection of
scribed by the angular momentum

Ĵ

N

spin-1/2 particles (qubits) can be de-

associated with a vector on a generalized Bloch

sphere. To illustrate additionally the associated quantum uctuations, it is convenient
to consider quasi-probability distributions on the Bloch sphere. Indeed, any quantum
angular-momentum state can be mapped to a distinct phase-space distribution on the
curved surface of a sphere, which represents the angular-momentum algebra in spherical
phase space (see also Appendix H for the case of arbitrary curved spaces). In analogy
to Fock states, coherent states, or squeezed states of the quantum harmonic oscillator,
all living in at phase space, one obtains the corresponding states based on general
angular-momentum states on the curved phase space of the sphere. In particular, the
Wigner function for a Dicke state

| j, m ⟩,

a CSS and a squeezed state were calculated

in [198] and are depicted in Figs. 6.1 and 6.2.

| 5, −4 ⟩

| 5, −3 ⟩

| 5, −2 ⟩

| 5, −1 ⟩

| 5, 0 ⟩

Figure 6.1.: Wigner representation W|j,m ⟩ (θ, ϕ) in spherical coordinates of the general

angular-momentum states (Dicke states) with

|m| ≤ j ;

here

j = 5.

The

presented Dicke states are analog to the Fock states of the quantum harmonic
oscillator but dened on the curved surface of the

N -particle

Bloch sphere.

Note that even interference eects can be illustrated on the generalized Bloch sphere.
For instance, Ref. [199] introduces the area-of-overlap concept for a classical spherical
phase space in order to obtain a semi-classical description of quantum interference on
compact, spherical topologies. The area of overlap is a useful concept where interference
can be described by the overlap of the semi-classical area of the states in phase space
(which denes the amplitude of the corresponding WKB wave function) while the angle
on the sphere separating these areas determines the relative phases.
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To conclude, the Wigner function very well illustrates the spread of a quantum state
in phase space and thus the phase uncertainty. We remark that the Wigner function
of a general angular-momentum state is a special case of the more general theory of
phase-space distributions on curved spaces presented in Appendix H. In the following
section we demonstrate spin squeezing of an initial CSS and elucidate the associated
process in Wigner phase space.

6.1.5. Implementation of Spin-Squeezed States
One possibility to reach the sub-shot-noise regime is to use spin-squeezed states. These
states are dened in full analogy to the squeezed states of quantum optics, that is the
variance of one quadrature operator is decreased while the other increases in accordance
with the Heisenberg uncertainty principle. We already know that the Hilbert space of an
atomic ensemble can be described by a generalized Bloch sphere. Moreover, a coherent
spin state corresponds to an equally distributed probability distribution on this sphere.
In contrast, a quantum spin-squeezed state (SSS) is squeezed in one direction, see
Fig. 6.2.

For instance, this can be achieved via collisions in atomic ensembles or in

| j, j ⟩

| j, j ⟩

| j, j ⟩

| j, −j ⟩

| j, −j ⟩

| j, −j ⟩

Figure 6.2.: Implementation of a spin-squeezed state (SSS). Left :

Wigner function

W(θ, ϕ) on the generalized Bloch sphere illustrating the N -particle coherent
⊗N
spin state | 0 ⟩ ≡ | j, j ⟩ ≡ | 0 ⟩
, that is the ground state of N uncorrelated
spin-1/2 particles (e.g. an ensemble of

N

Center : Quantum superposition of ground

N

atoms after a

π/2-pulse.

cold and non-entangled atoms).

|0 ⟩

and excited states

|1 ⟩

of all

Right : The squeezing of the Wigner function,

Ĥtwist ∼ Jˆn2 3 (e.g. atomic collientanglement of the N spin-1/2 particles

due to a non-linear twisting Hamiltonian
sions on an atom chip), induces

(squeezed spin state as initial state for interferometry beyond the shot-noise
limit).

BECs giving rise to a non-linear evolution (one-axis twisting Hamiltonian [200])

Ĥtwist = κ Jˆn2 3 = κ

N
∑

(σ̂n3 )i (σ̂n3 )j

(6.26)

i,j=1
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with

κ being a coupling constant.

This Hamiltonian creates pairwise couplings between

the atoms. Applying such a Hamiltonian to the CSS

| π2 , 0 ⟩ ≡ (| 0 ⟩ + | 1 ⟩)⊗N

π
ˆ2
| ψ(t) ⟩SSS = eiθJn3 | , 0 ⟩
2
= κ t denotes the one-axis twisted
−2/3 and the projection noise is
R∼N

(6.27)

(θ

angle), one can achieve a speezing parameter

ξ2

reduced by a factor of

N −2/3 .

Besides atom collisions, possible candidates to simulate the above one-axis twisted

Hamiltonian are quantum non-demolition measurements (of a bipartite system with coherent spin states) or atom-eld interactions in the presence of large detunings. For an
overview of dierent experimental realizations of spin squeezing, we refer to Ref. [190].
In the following section we investigate in which way the above concepts of spin states
can be used for atom interferometry and show that the atomic motion will play a crucial
role for the ultimate limit of the achievable phase sensitivity.

6.2. Atom Interferometry with Many Particles
Any atom interferometer with an eective internal two-level system can be described
as a sequence of subsequent beam splitters and free evolution in an external potential.
With the help of the many-particle beam splitter, see Eqs. (6.6) and (6.8), we combine
the atom-light interaction with the external evolution by Heisenberg operators. Hence,
the total evolution within the interferometer is given by a sequence of generalized beam

ÛI .
It is crucial that the Rabi vector n̂H ≡ n(θ(t), ϕ̂(t)) for each generalized beam splitter

splitters which we call the interferometer operator

is time-dependent due to the atomic external motion; the index  H stands for the
Heisenberg picture. In general, subsequent laser pulses can have dierent pulse areas so

θe is dierent for each beam splitter.
θe = π/2 for a fty-fty beam splitter.

that
or

For example,

θe = π

for a mirror pulse

6.2.1. CSS as Initial State
In this section we show that an atom interferometer with a CSS as initial state can
reach at most the standard quantum limit (shot noise). Thus, in the context of atom
interferometers we conrm the results of Section 6.1.3, where we have given the maximum phase sensitivity achievable with a CSS (standard quantum limit).
The nal state after an arbitrary interferometer pulse sequence is given by

| Ψf ⟩ = Û (tf , t0 ) ÛI | Ψ0 ⟩ ,

(6.28)

where the characteristic interferometer operator

(θ )

(θ

)

(θ )

(θ )

n
0
n−1
1
ŜH,0
≡ ÛI (θf , ϕf )
ŜH,n−1
· · · ŜH,1
ÛI ≡ ŜH,n
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n+1 beam-splitter pulses and the free evolution in between. For a Mach( π2 ) (π)
( π2 )
interferometer the operator is just given by ÛMZ = ŜH,2 ŜH,1 ŜH,0 . Moreover,

accounts for all
Zehnder

in the last step of Eq. (6.29) we have used the fact that all subsequent rotations on the
generalized Bloch sphere (beam splitters) can be represented by an eective rotation
about the total angles

θf

and

ϕf .

The initial state for the internal degrees of freedom shall be a CSS. With no loss of

| j, j ⟩ =| 0 ⟩⊗N .

generality, we choose the ground state, i.e.

Therefore, the initial state

for the internal and external degrees of freedom reads

| Ψ0 ⟩ = (| 0 ⟩ | ψ (0) ⟩)⊗N ≡ | θ0 = 0, ϕ0 = 0 ⟩ | ψ (0) ⟩.

(6.30)

N particles (in the internal ground state)
| ψ (0) ⟩. For example, this is a good approxi-

Here we have additionally assumed that all
possess the same external wave function

mation for a low-temperature and weak-interacting description of condensed atoms in
a BEC.
It is clear that for the initial product state (6.30) the interferometer sequence

ÛI

just rotates the individual atoms in their corresponding subspace, i.e. on the usual
Bloch sphere of a spin-1/2 particle. Indeed, since each beam splitter only acts on the
individual atoms (independent atoms), the nal state is again a product state. However,
a product state with respect to the individual atoms but entangled between the internal
and external degrees of freedom. To become familiar with the action of a generalized
beam splitter on a CSS (plus external degrees of freedom), we give the results for a
and

π/2-

π -pulse

6.2.2. Beam Splitters and Mirrors
θe = π/2, the matrix (6.5) becomes a fty-fty beam splitter,
equally-weighted superposition of the internal states | 0 ⟩ and | 1 ⟩ for each

By setting the pulse area
creating an

atom. The many-particle beam splitter thus becomes

(
(π)
ŜH2,n

|0 ⟩ =
(

(π)
ŜH2,n

|1 ⟩ =

| 0 ⟩ − i e+iΦn D̂(χn ) | 1 ⟩
√
2

)⊗N

| 1 ⟩ − i e−iΦn D̂(−χn ) | 0 ⟩
√
2

Please remember the equivalent notations

,

(6.31a)

)⊗N
.

(6.31b)

| j, j ⟩ ≡ | θ = 0, ϕ = 0 ⟩ ≡ | 0 ⟩ ≡ ⊗N
l=1 | 0 ⟩l

for the many-particle ground state of a system of identical and non-interacting particles.

From the above equations we see that the internal states accumulate the time-

dependent relative phase factor

−i exp{±iΦn },

which can be interpreted as a rotation

on the one-particle Bloch sphere. But more importantly, each
by a displacement

D̂(±χn )

π/2-pulse is accompanied

taking into account the photon recoil as well as the relative
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motion due to the external (quadratic) potential.
A pulse area

θe = π inverts the internal populations (mirror

pulse) while imprinting

an additional phase and displacement

ŜH,n | 0 ⟩ = (−i)N e+iN Φn D̂(χn )⊗N | 1 ⟩ ,
(π)

(6.32a)

ŜH,n | 1 ⟩ = (−i)N e−iN Φn D̂(−χn )⊗N | 0 ⟩ .
(π)

These two pulses (6.31) and (6.32), but especially the

π/2-pulse,

(6.32b)
are necessary for

implementing atom interferometers.
In the following we apply such a sequence of pulses on a CSS and calculate the number
of particles nally being in the ground state.

6.2.3. Full Interferometer Sequence
The average particle number occurring in the internal ground state after a given pulse
sequence reads

{
⟨N̂0 ⟩ = Tr i,e

ρ̂(tf )

N
∑

}
| 0 ⟩l ⟨ 0 | ,

(6.33)

l=1
where the trace runs over the internal as well as the external degrees of freedom and

ρ̂(tf ) = Û (tf , t0 ) ÛI | Ψ0 ⟩⟨ Ψ0 | ÛI† Û † (tf , t0 )

denotes the density operator after the

interferometer sequence. In addition, we have introduced the number operator

N̂0 ≡

N
∑

| 0 ⟩l ⟨ 0 |=

l=1

N
∑
1
l=1

2

(l)

(12 + σ̂3 ) ,

which measures the total number of atoms in the internal ground state

(6.34)

| 0 ⟩.

In the last

step we have expressed the number operator in terms of the one-particle spin matrix

(l)

σ̂3 ≡ | 0 ⟩l ⟨ 0 | − | 1 ⟩l ⟨ 1 |.
Hence, for identical and uncorrelated particles we obtain for the total number of
atoms

⟨N̂0 ⟩ =

}
{
})
{
N(
(1)
(1)†
(1)
| 0 ⟩1 ⟨ 0 | .
1 + Tr i,e ρ̂(1) (tf ) σ̂3
= N Tr i,e ÛI ρ̂(0) ÛI
2

(6.35)

Indeed, for non-entangled particles the initial state is a product state and thus we get

ρ̂ = ρ̂(1) ⊗ ρ̂(2) ⊗ ... since
(l)
(1)
subspaces, i.e. ÛI
= ÛI

for all times

the interferometer operator just acts in the cor-

responding

for identical particles.

In experiments, trapped atoms (thermal or condensed) prepared in their internal
ground state can be assumed as identical and uncorrelated particles with an internal
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two-level structure. Hence, the initial state is well approximated by the product of a

ρ̂e (0) ≡ | ψ (0) ⟩⟨ ψ (0) |

CSS (for the internal degrees of freedom) and a density operator

for the external degrees of freedom, see Eq. (6.30). Taking the trace over the internal
degrees of freedom, the mean-particle number in the ground state reduces to

{
}
⟨N̂0 ⟩|j, j ⟩ = N Tr e M̂ ρ̂e (0) M̂ † = N P|0⟩1
where the initial CSS is given by

| j, j ⟩ ≡ | 0 ⟩⊗N ,

(6.36)

i.e. all atoms are in the ground

state. Moreover, one recognizes that the mean-particle number is just
particle probability

(1)

M̂ ≡ 1 ⟨ 0 | ÛI

P|0⟩1 , see Eq. (1.40).

| 0 ⟩1

N

times the one-

Finally, we recall that the one-particle operator

solely acts on the atomic external degrees of freedom. Next, we

discuss the inuence of the external degrees of freedom on the quantum uctuations in
the particle number.

6.2.4. Internal Quantum Fluctuations Inuenced by the External Motion
∆2 N0 ≡ ⟨N̂02 ⟩ − ⟨N̂0 ⟩2 denotes the particle uctuations of
internal ground state | 0 ⟩ after an interferometer pulse sequence.

The variance
in the

atoms being
The second

moment of the number operator reads



N


∑
⟨N̂02 ⟩ = Tr i,e ρ̂(tf )
| 0 ⟩k ⟨ 0 | ⊗ | 0 ⟩l ⟨ 0 | ,



(6.37)

k,l=1

where the nal density operator

ρ̂(tf ) ≡ | Ψf ⟩⟨ Ψf |

is given via Eq. (6.28).

In particular, for a product state with particle-exchange symmetry (for example a
CSS), the second moment

⟨N̂02 ⟩ is calculated in Appendix I.3.

As a result, the uctuation

of the ground-state particle number, see Eq. (I.19), becomes

N
∆ N0 =
4
2

(
{
} )
(1) 2
(1)
1 − Tr i,e ρ̂ (tf ) σ̂3
.

(6.38)

If the nal external states are identical for both internal states, the trace vanishes
(Tr i

√ σ̂3 = 0). Hence,
1/ N . However, it is

one obtains the standard quantum limit

∆ϕ = ∆N0 /⟨N0 ⟩ =

crucial that in general the number uctuations not just depend

on the internal state evolution but also on the external evolution inuenced by external
elds (gravitational and/or inertial eects, magnetic elds, etc.) giving rise to dierent
external states in Eq. (6.38). To quantify this eect and the associated phase sensitivity
in atom interferometers, we discuss next the Fisher information in both Hilbert spaces,
i.e. for the external and the internal quantum degrees of freedom.
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Fisher Information in Atom Interferometry

The Fisher information for a classical op-

timization of quantum uctuations (variance of an arbitrary quantum observable) can

∫
F (X) = dξ (∂X P (ξ|X))2 /P (ξ|X),
X reads P (ξ|X) = Tr {Ô(ξ) ρ̂(X)}.

be written as [201]
for the parameter

where the probability density

In the context of two-path atom interferometers, the probability densities are given

P| i ⟩ = 1/2 [1 + (−1)i V cos ϕ],

by

see Eq. (5.55) for the ground-state detection and

2

with a minus sign for the excited case .

In particular, for Gaussian external states

the probability density reduces to Eq. (2.17) for a Mach-Zehnder interferometer or
Eq. (2.20) for a multi-loop interferometer.

Hence, the Fisher information associated

with the particle-number dierence in both exit ports

|0 ⟩

and

|1 ⟩

is given by

∑ (∂X P| i ⟩ )2
V 2 sin2 ϕ
=
(∂X ϕ)2 ,
F [ρ̂(ϕ), σ̂3 ](X) =
P| i ⟩
1 − V 2 cos2 ϕ

(6.39)

i=0,1

where

V

denotes the interferometer visibility (5.56) and

ϕ

is the total interferometer

phase shift (5.57). For a Mach-Zehnder or multi-loop interferometer performed with external Gaussian states these quantities are given by Eqs. (2.18) and (2.19) or Eqs. (2.22)
and (2.21), respectively.
As an example, we consider the Mach-Zehnder geometry. Typically, Mach-Zehnder
interferometers are used to measure the local gravitational acceleration

g.

The corre-

sponding uncertainty (standard deviation) is bounded from below by the Cramér-Rao
bound, see Eq. (6.22), and reads

√
1

∆g ≥ √
=
Nmeas N F [ρ̂(ΦMZ ), σ̂3 ](g)

2 cos2 Φ
1
1 − VMZ
MZ
.
2 sin2 Φ
∂
Φ
Nmeas N VMZ
MZ g MZ

Nmeas

of measurements as well as

per interferometer sequence.

Moreover, we immediately

Note that the sensitivity increases with the number
the total particle number

N

(6.40)

recognize that the commonly used relation

√

∆g = 1/( Nmeas N k0 T 2 )

local gravitational acceleration can be further improved.
takes into account asymmetric pulse separations

T1 ̸= T2 ,

for measuring the

Indeed, if one additionally
rotations

Ω

of the lasers or

gravity gradients, the phase shift becomes modied [10] and Eq. (6.40) will depend on


2
2

 k0 ([T2 + T1 ] /2 − T1 ) (asymmetric MZI)
k0 T 2 + 3(Ω × k0 )T 3 (Sagnac eect)
∂g ΦMZ =


7
k0 T 2 − 12
k0 ΓT 4
(gradient)

(6.41)

such that the sensitivity can be increased. In other words, there must be a measurement
scheme beating the standard scenario with

2 Here ϕ

denotes the relative phase shift, rather than

standard deviation.
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∂g ΦMZ = k0 T 2 .
∆ϕ,

Moreover, an optimization

to avoid confusion in the notation of the
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of the Fisher information additionally including the external degrees of freedom can
further improve the phase estimation. This will be discussed next.

So far we have considered the quantum Fisher information associated with the particle
dierence, that is the internal operator

σ̂3 .

Since atom interferometers possess internal

as well as external degrees of freedom, the phase sensitivity can additionally optimized
with respect to the external phase-space operator

ξ̂ = (x̂, p̂)T .

The quantum Cramér-Rao bound for pure states reads in continuous-variable phase
space [202]

(
)−1/2
∫
N
2N
2
(∆ϕ)CRB = 2Nmeas (4π) d ξ (∂ϕ W[ρ̂(ϕ)](ξ))
,
where

(6.42)

ρ̂(ϕ) = | ψϕ ⟩⟨ ψϕ | is the density operator of the external pure state and W[ρ̂(ϕ)](ξ)

denotes the Wigner function dened in Eq. (B.1).
We assume for the external state a general Gaussian state given by the Wigner
function (2.14).

Here the Wigner function describes a general multi-mode Gaussian

N particles in 2N -dimensional phase space; mean value ⟨ξ̂⟩ ≡
Tr {ρ̂(G) (ϕ) ξ̂} and covariance matrix Σik = 21 ⟨ξˆi ξˆk + ξˆk ξˆi ⟩ϕ − ⟨ξˆi ⟩ϕ ⟨ξˆk ⟩ϕ with i, k ∈
{1, ..., 2N }. The corresponding quantum Fisher information reads

state associated with

F [ρ̂(G) (ϕ), ξ̂] = ∂ϕ ⟨ξ̂⟩T Σ−1 ∂ϕ ⟨ξ̂⟩ +

)2 }
1 {(
Tr (∂ϕ Σ) Σ−1
.
4

(6.43)

This Fisher information puts a lower bound on the ultimate limit achievable in a twopath atom interferometer, i.e.
phase shift measured in each

3

(∆ϕ)2 ≥ 1/(Nmeas F [ρ̂(G) (ϕ), ξ̂]) with ϕ being the relative
exit port | 0 ⟩ or | 1 ⟩, respectively. Hence, by measuring

appropriate quadratures , the phase estimation can be optimized. More concrete, one
can reach the sub-shot-noise regime by measuring an optimized quadrature of the phasespace distribution for each exit port, that is choosing an appropriate combination of
position and momentum measurements of the external squeezed state. Note that the
external state (here described by the Wigner function W) becomes squeezed due to the
external motion, where the quantum uctuations are aected by the (Gaussian) unitary
evolution of the covariance matrix

Σ → T (ϕ) Σ T (ϕ)T .

6.3. Conclusion and Outlook
We have shown that standard methods of quantum metrology, as quantum (spin-)
squeezing and phase-estimation theory, can be applied to atom interferometers. In particular, we provided a general framework for many-particle interferometry including a

3 The quadratures are given by ξ̂(ϕ) ≡ ξ̂ = T (ϕ) ξ̂ and determined by the Gaussian unitary operaH
Û = D̂(χ) ÛT with the (Schrödinger) initial operator ξ̂ = (x̂, p̂), see Eq. (1.15) and Appendix B.7.

tions
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full quantum description of the atomic internal as well as the external degrees of freedom. Moreover, the quantum Fisher information, specifying the ultimate limit for the
achievable phase sensitivity, implies the existence of more sophisticated measurement
schemes  in contrast to usual atom interferometers (gravimeters) with

∆g ∼ 1/(k0 T 2 )

and based on semi-classical considerations of the atomic external motion. In this context, we want to mention the recently published article [203], in which position and
momentum measurements have been suggested to improve the phase resolution of a
Mach-Zehnder interferometer in a uniform gravitational eld.
In conclusion, we have extended our representation-free approach (valid for general
quadratic potentials) to many-particle states, which allows for a fully quantum mechanical description of the phase-space evolution of many-particle states. Moreover, the
Fisher information became particularly useful to identify the external degrees of freedom
as a further resource in atom interferometers. Finally, the quantum Fisher information
(with respect to internal and external operators) determines the total available interferometric phase sensitivity for arbitrary atom interferometers. Especially, for two-path
interferometry we provided the ultimate limit in terms of Wigner functions.

Within

this framework, future work should be devoted to the improved phase estimation of
specic interferometer geometries or even the optimization over the interferometer geometry itself, that is the characteristic observables and quantum evolutions associated
with dierent pulse sequences.
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Summary
In this thesis, we have presented a straightforward and versatile method for determining
the phase shift and the visibility for general interferometer geometries. We pursued a
representation-free description in the context of light-pulse atom interferometry entirely
based on operator algebra methods. In the course of modeling the internal and external
evolution of an eective two-level system in the presence of an external potential, we
have taken into account local accelerations, gradients and rotations of the interferometer
device.
Focusing on two-level systems kept the presentation clear, even though our formalism
allows for more complicated level structures by exchanging the beam-splitter matrix
with modied ones.

In particular, internal level structures that can be reduced to

eective two-level systems, for instance Raman or Bragg transitions, are covered in an
analytically exact way.
The relativistic generalization of our formalism has been realized by identifying the
beam splitters with scattering processes of relativistic eld theory. We approached the
matter-light interaction by a quantum eld-theoretical toy model that maintains the
key features of QED, but generalizes standard quantum optics. Moreover, we discussed
matter-light interactions in terms of particle detectors and bound states.
Although in most of the cases a Lorentz invariant theory was sucient, global properties of spacetime have been incorporated in a second step of generalization. We have
introduced multipartite systems in curved spacetime and were faced with the problem of
dening quantum states and operators in arbitrary curved spacetime. The principle of
general covariance and operationally dened quantum states allowed us to circumvent
this issue. Especially for spacetimes possessing a global time-like Killing vector eld,
the global ambiguities vanish anyways. Thus, we were able to dene local Hamiltonians
with respect to proper reference frames and to the global notion of energy through a
well-dened relation. Although general coordinate transformations between these stationary or moving observers still give rise to Doppler, gravitational or related metric
eects, the presented multipartite approach has enabled a simple way of describing
composite quantum systems in curved spacetime  for example atom interferometers,
interfering quantum clocks or general multi-mode systems.
Within a local non-relativistic framework we have analyzed in detail the time evolution in a general quadratic potential (e.g. induced by external magnetic or residual
gravitational elds) and described the internal dynamics by beam-splitter matrices. In
doing so, we have quantized the internal as well as the external degrees of freedom.
Since our interaction models are based on internal states associated with dierent inter-
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4

nal energies, the eect of the internal atomic structure is also included . The consecutive
internal and external propagation has led to a time-dependent, generalized beam-splitter
matrix. Through a sequence of these generalized beam splitters, we are able to construct
any combination of interferometer pulse sequences. Hence, we described interferometers in a universal manner where the total interferometer phase shift and the visibility
include the full information of the special interferometer geometry.
Moreover, we have studied quantum state tomography and have suggested two methods to determine motional quantum states by means of two-path interferometry. Indeed,
measuring the integrated particle number for dierent interferometric setups has directly
revealed the Wigner function and its characteristic function.
The Mach-Zehnder pulse sequence has served as a paradigmatic example well-known
in atom interferometry and has asserted the connection to our general operator approach
highlighting important features as geometric phase shifts or the visibility. The restriction to the class of Gaussian states has simplied many explanations without neglecting
quantum uctuations, for example, the loss of contrast (visibility) arising in non-closed
interferometer geometries. In particular, we have shown that the Mach-Zehnder phase
shift does not uctuate due to quantum mechanics, but solely shows classical statistical
errors. Moreover, adjusting the pulse sequence signicantly improves the contrast, and
thus the signal, without the need of quantum squeezing.
We have investigated quantum geometric phases and proposed a three-path interferometer to measure such a phase. For a quantum evolution governed by general quadratic
Hamiltonians, we were able to dene a geometric phase for arbitrary quantum states
(pure and mixed ones).

Here we have used Gaussian unitary operations providing a

simple interpretation of quantum evolution in Wigner phase space and found a gaugeand parametrization-invariant phase.
Since relativistic descriptions of interferometers usually focus on the calculation of
geodesics, i.e.

the free atomic motion, less attention was paid to the beam-splitting

process so far. In this thesis, we have demonstrated the possibility to describe matterlight interactions by means of eective detector models. In particular, if the detector is a
localized quantum object, for instance a physical atom, we have introduced generalized
Unruh-DeWitt-type or Glauber-type detector models and have discussed their physical
meaning for real experiments.
Within the non-relativistic operator approach we have shown that standard methods
of quantum metrology like quantum (spin-) squeezing and phase-estimation theory can
be applied to atom interferometers. Moreover, the Fisher information has implied the
existence of sophisticated measurement schemes that optimize the phase estimation
algorithm  in contrast to usual accelerometers (gravimeters) based on semi-classical
considerations of atom interferometers.
We have extended our representation-free approach to many-particle systems, which
further initiated a fully quantum mechanical description of entangled many-particle

4 For

relativistic scenarios spacetime curvature is included by using modied proper energy eigen-

states for the bound system, e.g. an atom, where gradients (tidal eects) induce small energy shifts.

142

SUMMARY

states in terms of phase-space distributions. The Wigner function became particularly
useful to identify the external (atomic motional) phase space as an additional resource
in atom interferometry.
We emphasize that even in a non-relativistic framework, our representation-free approach allows for the description of gravitational waves (spacetime variations) by means
of time-dependent gravity gradients. Thus, the concept of spacetime becomes redundant
in this weak-eld approximation.
In conclusion, we have developed a compact and versatile formalism for the description of atom interferometers in relativistic as well as in non-relativistic frameworks
well-suited for the next generation of high-precision measurements.

We have arrived

at a straightforward method to obtain the phase contributions in arbitrary multi-pulse
geometries. The detailed analysis of the quantum evolution in curved spaces has illuminated the underlying geometry of physics and has enabled a fundamental understanding
of multi-path interference and the self interference of localized quantum states.
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A. Two-Level Atom Interacting with an
Electromagnetic Field
A two-level atom in a classical electromagnetic eld is a standard and often discussed
problem in quantum optics [67]. In this appendix we provide a semi-classical interaction
Hamiltonian in a modied form particularly adapted for atom-light interactions within
atom interferometers.

A.1. Atom-Field Interaction Hamiltonian
The total Hamiltonian associated with an atomic two-level system in the presence of an
external electromagnetic eld reads

Ĥ(t) =

p̂2
σ̂3
+ ~ωa − d̂ E(t, x̂) = Ĥatom + Ĥint (t).
2m
2

(A.1)

Here the rst term denotes the kinetic energy (external degree of freedom), where
is the atomic momentum operator and

m

the atomic mass.

p̂

The second term takes

into account the atomic internal degrees of freedom, here approximated by a two-level
system.

The internal energy separation is given by

~ωa

and

σ̂3 = | 0 ⟩⟨ 0 | − | 1 ⟩⟨ 1 |

denotes the Pauli spin operator. The last term in Eq. (A.1) denes the dipole interaction

Ĥint (t) = −d̂ E(t, x̂).

(A.2)

It couples the internal degrees of freedom with the external degrees of freedom. More
precisely, the dipole operator

d̂ = d σ̂+ + d∗ σ̂−

couples to the atomic center-of-mass

motion within the external electromagnetic eld

E(t, x̂) = E e−iωt ei[kx̂+φ] + E ∗ e+iωt e−i[kx̂+φ] .

(A.3)

ω explicitly includes the atomic motion by
x̂ = x̂(t). In this way, the external dynamics is

The electric eld with radiation frequency
the time-dependent position operator
treated fully quantum mechanically.

In addition, transitions between internal states are generated by the raising and lowering operators

σ̂+ = | 1 ⟩⟨ 0 |

and

σ̂− = | 0 ⟩⟨ 1 |,

respectively. It is important to mention

that the external potential is assumed to be negligible during the atom-light interaction.
In other words, the timescale on which the radiation eld is driving Rabi oscillations
is small such that the atomic motion can be neglected. This is a good approximation
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even in the case of relativistic motions. Indeed, when the atom follows a relativistic trajectory (wordline) the rst-order relativistic eect in atom interferometers stems from
the relativistic motion between two subsequent laser pulses, that is the geodesic motion
when the lasers are o, see for instance Ref. [50]. So relativistic eects on timescales
comparable with the atomic wavelength can be neglected in rst order.
That is the reason why we can neglect the atomic motion in the total Hamiltonian

Ĥ(t) = ~ωa σ̂3 /2 − [d E σ̂+ exp{−iωt} exp{+i[kx̂ + φ]} + h.c.]

and

x̂ = const.

reads out

the instantaneous atomic position when the laser pulse is applied. Moreover, we used
the rotating-wave approximation neglecting (non-physical) fast-oscillating terms.
Further, it is convenient to introduce the Rabi frequency

|d E| exp{iφ0 }.

ΩR ≡ 2|d E|/~

with

dE =

The Hamiltonian for the two-level system interacting with an electro-

magnetic eld nally reads

Ĥ(t) = ~ωa

]
ΩR [ iφ0
σ̂3
−~
e
σ̂+ e−iωt e+i[kx̂+φ] + h.c. .
2
2

(A.4)

Note that this Hamiltonian can be related to the Jaynes-Cummings-Paul Hamiltonian [67] (quantized two-level system interacting with a second-quantized radiation
eld), when the radiation eld is assumed to be a laser eld described by a highly displaced (strong pumped) coherent state. Hence, the photon creation and annihilation
operators are just substituted by the corresponding amplitudes of the co- and counter
propagating plane waves.

Detuning and the Time-Independent Interaction Hamiltonian
atom-eld detuning

∆ ≡ ωa − ω

When we dene the

and transform into a frame rotating with the radiation

frequency, the Hamiltonian becomes time-independent

Ĥ = eiω

σ̂3
t
2

Ĥ(t) e−iω

Note, the laser phase

φ

σ̂3
t
2

= ~∆

]
σ̂3
ΩR [
+~
σ̂+ ei[kx̂+φ] + σ̂− e−i[kx̂+φ] .
2
2

(A.5)

can be arbitrarily adjusted in experiments such that the phase

between the dipole vector

d

and the electric eld amplitude

E

is chosen as

φ0 = π .

A.2. Rabi Vector in the Presence of External Atomic
Motions
In the previous section we have seen that the atom-light interaction can be associated
with a time-independent Hamiltonian (at least on the timescale of the laser pulse

τ ).

By using the Pauli spin operators to rewrite the raising and lowering operators as

σ̂+ = | 1 ⟩⟨ 0 | = (σ̂1 − iσ̂2 )/2

and

σ̂− = | 0 ⟩⟨ 1 | = (σ̂1 + iσ̂2 )/2,

the Hamiltonian (A.5) can

be written as

Ĥ = ~∆
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]
σ̂3
ΩR [
+~
cos [kx̂ + φ] σ̂1 + sin [kx̂ + φ] σ̂2 .
2
2

(A.6)
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Ωe ≡

When we nally introduce the eective Rabi frequency
the Rabi vector

√

∆2 + Ω2R

as well as



ΩR cos[kx̂ + φ]
1 
ΩR sin[kx̂ + φ]  ,
n̂ ≡
Ωe
∆

(A.7)

we arrive at a very compact form for the atom-light interaction

Ĥ = ~

Ωe
n̂σ̂.
2

(A.8)

Such a Hamiltonian rotates the internal state (Bloch vector) about the Rabi vector (A.7).

In particular, the observable describing the atomic internal state is given

by the expectation value
on the Bloch sphere.

⟨σ̂⟩ = Tr i {ρ̂ σ̂}

with

σ̂ ≡ (σ̂1 , σ̂2 , σ̂3 )T

representing a vector

It is crucial for atom interferometers that the Rabi vector still

depends on the position operator

x̂,

that is on the external degrees of freedom. Indeed,

whenever a laser pulse is applied, the atomic position is read out imprinting the laser
phase

ϕ = k⟨x̂⟩atom + φ

on the atom.

A.3. Arbitrary Oscillations in the Internal Quantum
Degrees of Freedom
The formal time evolution for a two-level system shall be given by
where

{
Û (t, t0 ) = T exp −

is the time-evolution operator and

T

i

∫

~

t
dt

′

′

|Ψ(t) ⟩ = Û (t, t0 ) |Ψ0 ⟩,

}

Ĥ(t )

(A.9)

t0

denotes the time-ordering operator. Since the in-

teraction Hamiltonian (A.8) is stationary with respect to the timescale given by the laser

τ , the time-evolution operator becomes Û (τ + t, t) = exp{−iΩe τ n̂σ̂/2}.
√
dene the pulse area Θe ≡ Ωe τ =
∆2 + Ω2R τ and additionally apply

pulse duration
When we
the identity

σ̂ 2 = 12 ,

we can rewrite the unitary operator and arrive at

σ̂
Û (Θe , n̂) = exp{−iΘe n̂ } = cos
2
Finally, we use the general Rabi vector

(

Θe
2

)

(
12 − i sin

n̂ = (n̂1 , n̂2 , n̂3 )T

Θe
2

)
n̂σ̂.

(A.10)

in order to obtain the time-

evolution operator in matrix form

(
)
cos (Θe /2) − in̂3 sin (Θe /2)
−i(n̂1 − in̂2 ) sin (Θe /2)
Û (Θe , n̂) =
.
−i(n̂1 + in̂2 ) sin (Θe /2)
cos (Θe /2) + in̂3 sin (Θe /2)

(A.11)
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Note that the above matrix is valid for arbitrary (Rabi) oscillations in the internal
quantum degrees of freedom, i.e. rotations about an arbitrary axis dened by the Rabi
vector

n̂.

Moreover, any transformation of the internal quantum degrees of freedom and

belonging to the group of SU(2) can be parametrized in the way given by Eqs. (A.10)
and (A.11).
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B. Weyl-Wigner Correspondence and
the Wigner Function
This appendix is devoted to the Weyl-Wigner correspondence of quantum mechanical
operators. We introduce the Wigner function and the corresponding characteristic function in Wigner phase space. In particular, the Wigner function for Gaussian states is
studied under Gaussian unitary operations. Finally, we present the Wigner function in
terms of a displaced parity operator.

B.1. Wigner Function and the Associated Characteristic
Function
The Wigner function is dened as [66, 67, 204, 205]

∫

− ~i pλ

λ
λ
| ρ̂ | x − ⟩
2
2

(B.1)

which is a one-to-one correspondence between the density operator

ρ̂

in Hilbert space

and the quasi-probability distribution W in Wigner phase space.

Moreover, for any

1
W[ρ̂](x, p) =
(2π~)N

d

N

λ

e

⟨x +

RN

quantum operator

Ô

there exists an equivalent representation in Wigner phase space,

called the Weyl-Wigner correspondence,

∫
Õ(x, p) ≡

d

N

λ

− ~i pλ

e

⟨x +

λ
λ
| Ô | x − ⟩ .
2
2

(B.2)

RN
In particular, the Wigner function W is the normalized Weyl-Wigner correspondence of
a physical state described by the density operator

W[ρ̂](x, p)

=

ρ̂,

that is

1
ρ̃(x, p).
(2π~)N

(B.3)

Hence, using the Wigner function (B.1) and the Weyl-Wigner correspondence (B.2), the
expectation value of an arbitrary operator

Ô

can be written in Wigner phase space as

∫
⟨Ô⟩ = Tr {ρ̂ Ô} =

d

2N

ξ

W[ρ̂](ξ)

Õ(ξ) .

(B.4)

R2N
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Here the
for the
of two

2N -dimensional

phase-space vector

ξ = (x, p)T

provides a compact notation

N -dimensional position vector x and momentum vector p. In general,
operators Ô1 and Ô2 in terms of their Wigner functions reads
∫
Tr {Ô1 Ô2 } = (2π~)N d2N ξ W[Ô1 ](ξ) W[Ô2 ](ξ) .

the trace

(B.5)

R2N
Further, the Wigner function in terms of the characteristic function is given by [10,
206]

1
W[Ô](ξ) ≡
(2π~)2N

∫
d

2N

i χT J ξ

χ

e~

η[Ô](χ) .

(B.6)

R2N
Here the characteristic function of an operator

Ô

is dened as [78]

η[Ô](χ) ≡ Tr {ÔD̂(χ)}

(B.7)

and the displacement operator reads

i TJ ξ̂

D̂(χ) ≡ e− ~ χ
where

χx , χp ∈ RN

i

i

i

i

= D̂(χx , χp ) = e ~ [χp x̂−χx p̂] = e ~ χp x̂ e− ~ χx p̂ e− 2~ χx χp ,
x̂, p̂ are operators on L2 (RN ). Moreover,
of the 2N -dimensional delta function
∫
i T
1
2N
δ (2N ) (χ) =
d
ξ e~χ Jξ
2N
(2π~)

and

integral representation

(B.8)

via the symplectic

(B.9)

R2N
the characteristic function is simply given as inverse symplectic Fourier transform of
the Wigner function

∫
η[Ô](χ) =

d

2N

ξ

− ~i χT J ξ

e

W[Ô](ξ) .

(B.10)

R2N
Next, we discuss the Wigner function and its corresponding characteristic Function for
Gaussian states, which are of highest experimental importance.

B.2. Wigner Function and Characteristic Function for
Gaussian States
The most general Gaussian state

ρ̂(G) ,

which includes coherent, squeezed and thermal

states, is given by the Wigner function

(G )

W[ρ̂
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1
](ξ) = √
(2π)2N detΣ

− 12 (ξ−⟨ξ̂⟩)T Σ−1 (ξ−⟨ξ̂⟩)

e

(B.11)
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where

⟨ξ̂⟩ = Tr {ρ̂(G) ξ̂}

denotes the combined expectation value for the position and

momentum operators and

1
Σik = ⟨ξˆi ξˆk + ξˆk ξˆi ⟩ − ⟨ξˆi ⟩⟨ξˆk ⟩
2
the corresponding covariance matrix

Σ

with

(B.12)

i, k ∈ {1, ..., 2N }.

The characteristic function for Gaussian states follows from the inverse symplectic
Fourier transform (B.10), that is

1
η[ρ̂(G) ](χ) = √
(2π)2N detΣ

R2N ×2N ,

we

d

2N

ξ

− 21 (ξ−⟨ξ̂⟩)T Σ−1 (ξ−⟨ξ̂⟩)− ~i χT J ξ

e

.

(B.13)

R2N

√
ξ exp{− 12 ξ T A−1 ξ + isT ξ} = (2π)2N detA exp{− 12 sT As},
2N and positive denite matrices A ∈
true for arbitrary vectors s ∈ R
′
′
arrive after the substitution ξ = ξ − ⟨ξ̂⟩ and the integration over ξ at

When we further use
which holds

∫

∫

d

2N

η[ρ̂(G) ](χ) = e− 2~2 (J χ)
1

T Σ (J χ)− i χT J ⟨ξ̂⟩
~

.

Hence, the symmetric-ordered characteristic function of a Gaussian state

(B.14)

ρ̂(G)

is a com-

plex Gaussian function. The rest of this appendix is devoted to provide the connection
between the Wigner function and the parity operator.

B.3. Parity Operator
In order to understand the connection between the parity operator and the Wigner
function, we will rst present the parity operator in terms of displacement operators.
Based on this and especially the properties concerning displacement operators, it will
become clear that the Wigner function can be written as the expectation value of a
displaced parity operator.
The parity operator

∫
Π̂ =

∫
d

N

x | −x ⟩⟨ x |=

RN
per denition changes the wave function

d

N

p | −p ⟩⟨ p |

(B.15)

RN

ψ(x) ≡ ⟨ x | ψ ⟩ into ψ(−x) and ψ̃(p) into ψ̃(−p),

respectively. Thus, the parity operator inverts the sign of two conjugate operators, e.g.
the position and the momentum operators

Π̂ x̂ Π̂ = −x̂

and

Π̂ p̂ Π̂ = −p̂.

(B.16)
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⟨ x|p ⟩ =
√
exp{i x p/~}/ 2π~, we see that the displacement operator (B.8) induces displacements

When we use the position representation of a momentum eigenstate, that is
in position as well as in momentum in the line of

+ ~i χp x̂

e

∫

+ ~i χp x

|p ⟩ = e

N

x | x ⟩ ⟨ x | p ⟩ = | p + χp ⟩

(B.17a)

N

p | p ⟩ ⟨ p | x ⟩ = | x + χx ⟩.

(B.17b)

d

RN
− ~i χx p̂

e

∫

− ~i χx p

|x ⟩ = e

d

RN
On the other hand, a useful representation of the parity operator is given in terms of
the displacement operator

∫

1
Π̂ =
(2π~)N

d

2N

χ D̂(χ).

(B.18)

R2N
This identity can be easily checked when one starts on the right-hand side and uses the

N -dimensional

integral representation of the

δ

(N )

Dirac delta function

∫

1
(x) =
(2π~)N

d

N

p

i xp

e~

.

(B.19)

RN
Indeed, by substituting the displacement operator (B.8) and insert the completeness
relation for momentum eigenstates, we obtain

∫

∫

2N

χ
1
D̂(χ) =
N
(2π~)
(2π~)N
d

∫
d

R2N

N

χx

RN

Note that the position operator

d

N

i χ x̂ − i χ p̂ − i χ χ
~ p
~ x
2~ x p

χp e

e

e

RN

x̂

∫
d

N

p | p ⟩⟨ p | .

RN

displaces an momentum eigenstate, see Eq. (B.17a).

Hence, the above expression becomes

∫

2N

χ
1
D̂(χ) =
N
(2π~)
(2π~)N
d

R2N

χp

∫
d

RN

The integration over
over

∫

χx

N

χx

∫
d

N

χp

RN

d

N

i

p e− 2~ χx (χp +2p) | p + χp ⟩⟨ p | .

RN

yields via Eq. (B.19) a delta function in

χp .

The integration

nally implies

1
(2π~)N

∫

∫
d

R2N

2N

χ D̂(χ) =

d

N

p | p − 2p ⟩⟨ p |= Π̂.

RN

In conclusion, we have validated the representation of the parity operator in phase
space, Eq. (B.18).
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B.4. Properties and Identities Concerning the
Displacement Operator
In this appendix we recall some useful properties and identities concerning displacement
operators, especially relevant for the description of atom interferometers as a sequence
of beam splitters and external quantum evolutions.

Displacement

The displacement operator induces displacements in the following form

D̂† (χ) ξ̂ D̂(χ) = ξ̂ + χ .
Here

ξ̂ ≡ (x̂, p̂)T

(B.20)

is the above dened phase-space operator associated with the position

and the momentum operator.

Composition Rule

Two displacements in sequence are more then just their sum  an

additional phase is accumulated

D̂(χ1 ) D̂(χ2 ) = D̂(χ1 + χ2 )

i χT J χ
− 2~
2
1

e

.

(B.21)

Indeed, the Baker-Campbell-Hausdor formula induces a correction (phase) arising from
the non-commuting canonical operators

Sandwich Rule

x̂

and

p̂

[77].

Applying the composition rule twice yields

D̂(χ) D̂(χ0 ) D̂(χ) = D̂(χ0 + 2χ)
and with

D̂† (χ) = D̂(−χ)

(B.22)

we obtain

D̂† (χ) D̂(χ0 ) D̂(χ) = D̂(χ0 )

+ ~i χT J χ0

e

.

(B.23)

We show now that the Weyl-Wigner correspondence of the displacement operator is
just

D̃ = D(χ; ξ), i.e.

the operator

ξ̂ is replaced by the phase-space position ξ ≡ (x, p)T .

B.5. Weyl-Wigner Correspondence of the Displacement
Operator
To clarify our statements, we use the equivalent notations

D̂(χ) = D(χ; ξ̂) = D(ξ̂)
D̂(χ) af-

throughout this appendix. However, we will return to the simpler notation

terward. The Weyl-Wigner correspondence of an operator was dened in Eq. (B.2). In
combination with the denition of the displacement operator

D̂,

Eq. (B.8), its Weyl-

Wigner correspondence becomes

i χ χ
− 2~
x p

∫

D̃(χx , χp ; x, p) ≡ e

d

N

λ

− ~i pλ

e

i χ (x−λ/2)
p

e~

⟨x +

λ
λ
| x − + χx ⟩.
2
2

(B.24)

RN
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D̂ = D(χx , χp ; x̂, p̂) induces a spatial
χx of an position eigenstate, see Eq. (B.17b). When we additionally apply
λ
λ
identity ⟨ x +
2 | x − 2 + χx ⟩ = δ(λ − χx ) and perform the integration over λ, we

Here we have used that the displacement operator
translation
the

nally arrive at

i

i TJ ξ

D̃(χx , χp ; x, p) = e− ~ (χx p−χp x) = e− ~ χ

.

(B.25)

Thus, the Weyl-Wigner correspondence is just the displacement operator
replaced by the phase-space position

ξ ≡ (x, p)T ,

D̂

where

ξ̂

is

that is a vector rather than an oper-

ator. In addition, we mention that this result is also in accordance with the denition
of the characteristic function (B.10), which is the expectation value of the displacement
operator, see Eqs. (B.4) and (B.7).

B.6. Wigner Function and the Parity Operator for Arbitrary
States
When the displacement operator (B.8) acts on the parity operator (B.18), we get via
the Sandwich Rule (B.23) the displaced parity operator

∫

1
Π̂(χ) ≡ D̂(χ) Π̂ D̂ (χ) =
(2π~)N
†

d

2N

i T J χ′

χ′ D̂(χ′ ) e− ~ χ

.

(B.26)

R2N
Note, the above parity operator performs a reection with respect to the phase-space
position

χ.

The associated expectation value of the displaced parity operator reads

∫

1
⟨ Π̂(χ) ⟩ = Tr {ρ̂ Π̂(χ)} =
(2π~)N

d

2N

i T J χ′

χ′ e− ~ χ

Tr {ρ̂ D̂(χ′ )},

(B.27)

R2N
where we can identify the trace under the integral as the characteristic function (B.7).
We recall that the characteristic function is the symplectic Fourier transform of the
Wigner function, see Eq. (B.10). Thus, the above expression can be written as

1
⟨ Π̂(χ) ⟩ =
(2π~)N

∫

d

2N

χ

R2N

χ′

′

∫

d

2N

ξ

− ~i (χ−ξ)T J χ′

e

W[ρ̂](ξ),

(B.28)

R2N

δ (2N ) (χ − ξ), Eq. (B.9). Finally,
N
the integration over ξ reduces the above expression to ⟨ Π̂(χ) ⟩ = (2π~) W[ρ̂](χ). This
where the integration over

yields the delta function

shows that the Wigner function
W[ρ̂](χ)

valid for an arbitrary state

=

1
⟨ Π̂(χ) ⟩,
(2π~)N

(B.29)

ρ̂, is directly proportional to the expectation value of the parχ.

ity operator (B.27), which performs reections with respect to the phase-space point
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B.7. Parity Operator in the Presence of Gaussian Unitaries
In the present appendix we investigate the parity operator in the presence of general
quadratic Hamiltonians. For that reason we introduce the notion of Gaussian unitaries
and its corresponding symplectic evolution in phase space. In particular, for Gaussian
states such a symplectic transformation preserves the Gaussian character, that is the
nal state is again fully described by the rst and second moments of the associated
Wigner distribution. We emphasize that a general Wigner function can be expressed in
terms of the parity operator (see Appendix B.6). In the context of atom interferometers
and for the state tomography of quantum states, the study of parity operators under a
Gaussian unitary will be especially useful.

Gaussian Unitary Operations

For the general quadratic Hamiltonian (1.10) the time-

evolution operator is given by a Gaussian unitary

Û (t, t0 ) = D̂(χ) ÛT

(B.30)

which can be decomposed into two subsequent transformations [78, 88, 186]: The rst
transformation is a canonical unitary corresponding to a linear symplectic map

ξ̂ → ÛT† ξ̂ ÛT = T ξ̂
with

T ≡ T (t, t0 )

(B.31)

being a symplectic matrix preserving the canonical commutation

relations (1.12). And the second transformation induces phase-space translations

χ≡

χ(t, t0 ) :
ξ̂ → D̂† (χ) ξ̂ D̂(χ) = ξ̂ + χ.
In combination we obtain the Gaussian map

(B.32)

ξ̂ → ξ̂ H = T ξ̂ + χ

in full accordance with

Eq. (1.15).

Especially, for a Gaussian state with Wigner function (B.11) the associated covariance
matrix transforms as

Σ → T ΣT T
and the Gaussian mean value

Parity Operator

⟨ξ̂⟩ → ⟨ξ̂⟩ + χ

just gets a displacement in phase space.

Under such Gaussian unitaries, i.e.

quadratic Hamiltonian, the parity operator

(B.33)

Π̂,

in the presence of a general

Eqs. (B.15) and (B.18), becomes

Π̂H ≡ Û † (t, t0 ) Π̂ Û (t, t0 ) = ÛT† D̂† (χ) Π̂ D̂(χ) ÛT = ÛT† Π̂(−χ) ÛT .

(B.34)
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In the last step we have recalled the denition of the displaced parity operator (B.26)
which in turn yields the explicit expression

∫
Π̂H =
R2N

}
{
}
{
χ′
i T
i ′T
†
′
χ Jχ .
exp − χ J ÛT ξ̂ ÛT exp
(2π~)N
~
~
d

2N

When we further use the identity

T

(B.35)

J T = (T −1 )T J and the fact that the integration over
χ′ (the determinant of the symplectic matrix T

−1 χ′ is equal to just integrating over

is one), we arrive at

∫
Π̂H =
R2N

d

{
}
{
}
i
(T −1 χ′ )
i
−1 ′ T
−1
T
−1 ′
(T χ) J T χ .
exp − (T χ ) J ξ̂ exp
(2π~)N
~
~

2N

(B.36)

Using the denitions (B.8) and (B.26) once more, the parity operator in the Heisenberg
picture is just a displaced parity operator

Π̂H = Π̂(−T −1 χ),
where the displacement is fully determined by the Gaussian unitary (B.30).
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(B.37)

C. Generalized Phases and
Displacements for Time-Independent
Potentials
In the present appendix we provide explicit expressions for the generalized phases
and displacements
form (1.32).

χn

Φn

in the presence of a time-independent, quadratic potential of the

In doing so, we assume constant accelerations

g

and gradients

Γ

which

allow an exact analytical treatment.

The general quadratic Hamiltonian (1.10) implies for a constant gradient

Γ

the fol-

lowing second-order coecient matrix

H
The superscript 
local acceleration

(Γ)

(
mΓ
=
0

0
1
m 1N

)

= const. ∈ R2N ⊗2N .

(C.1)

Γ  distinguishes it from the most general coecient matrix H(t).
g is taken into account by the rst-order coecient
(
G=

−mg
0

The

)
= const. ∈ R2N .

(C.2)

C.1. Time-Evolution Matrix
The homogeneous solution of the Heisenberg equation of motion is given by the phasespace operator

(h)

ξ̂ H

= T (t, t0 ) ξ̂

, see Eq. (1.15).

In the case of constant rst- and

second-order coecients the time-evolution matrix is just the time evolution in phase
space for the standard harmonic oscillator

(
T (t, t0 ) =

where

N

√

)
√
√
sin( Γ[t−t0 ])
√
cos ( Γ[t − t0 ])
,
√
√
√m Γ
− Γm sin( Γ[t − t0 ]) cos ( Γ[t − t0 ])

Γ denes the oscillator frequencies.

We remark that

(C.3)

Γ is a matrix characterizing
Γ is negative, sine

spatial degrees of freedom. Moreover, if one of the eigenvalues of

and cosine in Eq. (C.3) become the corresponding hyperbolic function.

157

C.2. PERTURBATIVE TREATMENT

C.2. Perturbative Treatment
To become familiar with our perturbative approach presented in Section 1.1.5, we conrm the previous result, Eq. (C.3), by a recursive calculation of the time-evolution
matrix where

Γ

is assumed to be the perturbation parameter.

evolution (which means a vanishing gradient
matrix

(
T

(0)

(t, t0 ) =

Γ = 0)
13
0

In this way the free

is just given by the time-evolution

t−t0
m
13

)
.

(C.4)

In addition, the second-order coecient, Eq. (C.1), can be decomposed with respect to
the perturbation parameter

H

(Γ)

(
0
= H0 + Γ HI =
0

0
1
m 13

)

(
)
m 0
+Γ
= const.
0 0

(C.5)

Finally, the recursive formula (1.21) yields the time-evolution matrix

T (t, t0 ) = T (0) (t, t0 ) + Γ T (1) (t, t0 ) + O[Γ2 ]
(
)
(
)
1
2 − 1 (t − t )3
0
−
(t
−
t
)
13 t−t
0
0
2
6m
m
=
+Γ
+ O[Γ2 ]
0
13
−m(t − t0 ) − 12 (t − t0 )2
up to any order in the gradient

(C.6)

Γ.

C.3. Displacement Vector for a Single Laser Pulse
χn ≡ T (t0 , tn ) χ̄n is fully determined
by the (symplectic) time-evolution matrix (C.3). Remember that T (t0 , tn ) is propagating the displacement vector χ̄n backwards in time to the initial time t0 (for details see
T
Section 1.2.1). Finally, starting from χ̄n ≡ (0, ~kn ) , the time-dependent displacement

The time dependence of the displacement vector

vector for a single laser pulse becomes

(
χn =

√

−t ])
√n 0 ~kn
− sin( mΓ[t
Γ
√
cos ( Γ[tn − t0 ]) ~kn

)
.

(C.7)

We see that the spatial component of the vector does not vanish any longer. Indeed,
the displacement vector

χ̄n ≡ (0, ~kn )T

for the photon recoil follows in phase space the

(classical) trajectory of the harmonic oscillator.

C.4. Generalized Phase for a Single Laser Pulse
Since the time-dependent phase (1.26) depends on the displacement vector, we are now
in the position to give a specic expression for
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Φn .

Using the above displacement vector

C.5. ROTATING LASERS

(C.7) and the rst-order coecient (C.2), the generalized phase for the

nth

laser pulse

reads after integration

[

]

√

cos ( Γ[tn − t0 ]) − 1
Φn = φn − g T
kn .

(C.8)

Γ

Besides the laser phase
the wave vector

kn .

φn

it linearly depends on the local acceleration

Moreover, the gradient

Γ (which determines the

g

as well as

external harmonic

potential) modulates the phase in a non-linear way.

C.5. Rotating Lasers
We emphasize that a uniform rotation rate of the lasers (Sagnac eect with timeindependent rotation axis) is already included by using rotated wave vectors

kn = cos(Ω tn ) k0 + sin(Ω tn )(n × k0 ) + [1 − cos(Ω tn )](n · k0 ) n
for the

nth

laser pulse. This is an active rotation of the wave vector

around the axis

n = Ω/|Ω|

with the rotation angle

Ω tn .

k0

(C.9)

(rst pulse)

For the eects of rotating

reference frames, for example experiments xed on Earth, see our review article [10].

C.6. Vanishing Gradients
When we only consider the linear eects of the external potential (i.e.

Γ = 0), we arrive

at the generalized phase

Φn = φn +

1 T
k g [tn − t0 ]2 .
2 n

Note that the second contribution vanishes if the lasers are perpendicular to

(C.10)

g.

159

D. Relativistic Motion and Field
Quantization
In this appendix we rst consider Minkowski spacetime and decompose a quantum eld
in Minkowski and Rindler modes. As a result, we obtain the Unruh eect. This eect
describes the particle creation (seen by a uniformly accelerating observer) out of the
Minkowski vacuum. Afterward, we discuss the analog Gibbons-Hawking eect arising
in black hole spacetimes. Special attention is paid to a clear denition of all physical
quantities with respect to dierent inertial and non-inertial reference frames (observers).

D.1. Proper Acceleration
In (at) Minkowski spacetime the Lorentz-invariant line element reads

2

ds

= ηµν dxµ dxν = c2 dτ 2 ,

(D.1)

ηµν denotes the Minkowski metric tensor with signature (+1, −1, −1, −1). Morexν ≡ (ct, x) = (ct, x1 , x2 , x3 ) is the four-vector describing the spacetime position

where
over,

(event) in terms of Minkowski coordinates. Note, the innitesimal spacetime distance
ds is related to the proper time interval dτ via the universal constant

c,

that is the

speed of light. Indeed, the norm

u · u = ηµν uµ uν = c2
is the (covariant) scalar product of the four-velocity

µ
four-acceleration as a

≡

0=

(D.2)

uµ ≡ dxµ /dτ .

d
(u · u) = ηµν (aµ uν + uµ aν ) = 2ηµν aµ uν .
dτ

Since the above equation in turn yields a scalar, the four-velocity
four-acceleration

a

When we dene the

duµ /dτ , we further obtain

u is orthogonal to the

in any reference frame

a · u = 0.

(D.4)

Especially, for a comoving observer with a local Lorentz frame
velocity dξ/dτ |obs

(D.3)

=0

vanishes per denition. Moreover,

τ

(τ, ξ)

the observer's

is the physically (proper)
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time measured by the comoving observer. To fulll the orthogonality relation (D.4) the
four-acceleration in this rest frame has to be

aµ = (0, a)
with

a ≡ (a1 , a2 , a3 )

(D.5)

denoting the spatial components with respect to (τ, ξ ). Finally,

we see that the norm given by the scalar

a · a = aµ aµ = −|a|2
can be identied as the proper acceleration

a,

(D.6)

which is the acceleration measured by a

comoving observer in his rest frame. We emphasize that the Eqs. (D.4)-(D.6) are valid
for arbitrary metric tensors

gµν

with associated scalar product

x · y ≡ xµ yµ ≡ gµν xµ y ν .

D.2. Hyperbolic Motion in Minkowski Spacetime
In the following we assume a uniform acceleration

a = (a, 0, 0) = const.

of a so-called

Rindler observer giving rise to a hyperbolic motion in Minkowski spacetime. In order
to obtain the equations of motion we multiply Eq. (D.6) with

(u1 )2 ,

that is

[
]
[
]
−a2 (u1 )2 = (a0 )2 − (a1 )2 (u1 )2 = (a0 )2 (u1 )2 − (u0 )2 = (a0 )2 (−c2 ).
Here we have used the metric tensor

ηµν

(D.7)

for the at Minkowski spacetime as well as the

orthogonality relation (D.4) and the norm (D.2). Hence, we arrive at the dierential
equation

a1

a0 = a u1 /c.

By multiplying Eq. (D.6) with

(u0 )2 , we obtain in full analogy
u1 (τ = 0) = 0 and x1 (τ = 0) =

a u0 /c. It is obvious that for the initial conditions

=
c2 /a the

solutions are

(a )
c2
sinh
τ ,
a
c
(a )
c2
x1 (τ ) = x(τ ) =
cosh
τ .
a
c

x0 (τ ) = c t(τ ) =

(D.8a)

(D.8b)

Finally, the trajectory of the Rindler observer in terms of Minkowski coordinates

(t, x)

is given by the hyperbola

x(τ )2 − c2 t(τ )2 =

c4
.
a2

(D.9)

The uniform accelerated Rindler observer thus performs a hyperbolic motion in at
Minkowski spacetime.
For completeness we provide the Rindler trajectory in terms of the Minkowski coordinate time
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(which is the proper time measured by the Minkowski observer). For this
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purpose we rst invert Eq. (D.8a):

√
= 1 + y2

τ (t) =

c
a arsinh

(a )
ct .

Via the identity

cosh(arsinh(y))

we nally arrive at

c2
x(t) =
a

√
1+

a2 t2
.
c2

(D.10)

In the following section we introduce new coordinates to compare Minkowski and Rindler
observers in the context of quantum eld theory.

D.3. Rindler and Null Coordinates
In this section we express the Minkowski spacetime in terms of Rindler and null coordinates. This will be useful to illustrate the dierences between the eld quantization
done by (inertial) Minkowski observers and (non-inertial) Rindler observers, see Appendix D.4.
Further, we show that a conformal transformation of the Minkowski metric can convert the straight lines of an inertial trajectory to a hyperbola, i.e. the trajectory of an
observer with constant proper acceleration (Rindler observer). Hence, the wave equations determining the Rindler and the Minkowski modes will be conformally invariant.
The (1+1)-dimensional Minkowski spacetime can be written (in natural units) as

2

ds

= dt2 − dx2 = dū dv̄,

(D.11)

where in the last step we have introduced the Minkowski null coordinates,

ū

and

v̄ ,

dened by

ū ≡ t − x

v̄ ≡ t + x.

(D.12)

In order to obtain the Rindler metric, it is convenient to perform the coordinate transformation [3, 207]

t=

1 αξ
e
sinh (αη)
α

x=

1 αξ
e
cosh (αη)
α

(D.13)

= const. > 0 and −∞ < η, ξ < ∞) or the equivalent transformation ū = −α−1 e−αu
−1 eαv for the null coordinates u ≡ η − ξ and v ≡ η + ξ . Note that the
and v̄ = α
Rindler coordinates (η, ξ ) only cover a coordinate patch x > |t| of the entire Minkowski
(α

spacetime (= right Rindler wedge) and the corresponding line element reads

2

ds
In particular,

η = const.

= e2αξ (dη 2 − dξ 2 ) = e2αξ du dv.

corresponds to straight lines

x∝t

(D.14)
while for constant

ξ

one

obtains the hyperbolas

x(η)2 − t(η)2 =

1 2αξ
e
= const.
α2

(D.15)
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Comparing this with Eq. (D.9) we can identiy

α e−αξ ∼ a

as the proper acceleration

of uniformly accelerated observers following lines of constant

ξ

(Rindler observers).

Finally, we mention that the above Rindler metric is conformal to the whole Minkowski spacetime. Indeed, via the conformal transformation

gµν → e−2αξ gµν

(D.16)

the line element (D.14) reduces to du dv , which shows the same form as the Minkowski
spacetime in Minkowski coordinates, see Eq. (D.11).

D.4. Quantum Field Decomposition in Minkowski
Spacetime
(3 + 1)-D spatialA(x) = 1 and Bij (x) = 13

Spacetimes with a at Minkowski metric are a special case of the
temporal spacetime discussed in Section 4.3.2. Indeed, with

the line element (4.12) becomes the Minkowski spacetime. With no loss of generality,
we restrict ourselves in this section to (1+1)-dimensional spacetimes.

Mode Functions

The associated mode functions to the

(1 + 1)-D

Minkowski met-

ric (D.11) are special solutions of the Klein-Gordon equation (4.13). This fact yields
the determining equation

(

)
[
]
 + m2 ūk = ∂t2 − ∂x2 + m2 ūk = 0,

which is Eq. (4.21) but now with

A(x) = 1

and

B(x) = 1

(D.17)

and in natural units. The

solutions are the orthonormal mode functions with respect to the Klein-Gordon scalar
product (4.14)

1
i[kx−ωt] ,
ūk = √
e
4πω

(D.18)

where the dispersion relation for a massive scalar eld is given by

Massless Scalar Field

ūk are positive
∂t ≡ ∂/∂t, i.e.

tions

For a massless scalar eld with

√

m2 + k 2 .

the above mode func-

1

frequency solutions associated with the time-like Killing eld

L∂t ūk = ∂t ūk = −iω ūk ,
1A

ω = |k|

ω=

(D.19)

ν
α
Killing vector eld ξ is a vector satisfying Killing's equation: 0 = ∇µ ξν + ∇ν ξµ = ξ ∂α gµν +
α
α
µ
µ
gαν ∂µ ξ +gµα ∂ν ξ , which in turn implies ∂gµν /∂λ = 0 for coordinates such that ξ = (∂/∂λ) ≡ (∂λ )µ ,

see for instance Ref. [208].
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where

L

denotes the Lie derivative [208].

The positive mode functions with

(right-moving waves along the constant null coordinate

ūR
k = √
In analogy, along

v̄ ≡ t + x = const.

1
4πω

−i|k|v̄

e

Field Decomposition and Minkowski Vacuum
via the full set of the above mode functions

∑

ˆk ūk (x) + ā
ˆ†k ū∗k (x)] =
[ā

k
where

k > 0

reads

1
−i|k|ū
e
.
4πω

(D.20)

one obtains the left-moving waves (k

ūL
k = √

ϕ̂(x) =

ū ≡ t − x = const.)

< 0)

.

(D.21)

A scalar eld can be now expanded

{ūk }

∑
L
L ∗
ˆk ūR
ˆ† R ∗ ˆ
ˆ†
[ā
k + āk (ūk ) + ā−k ūk + ā−k (ūk ) ],

(D.22)

k≥0

ˆk ≡ (ūk , ϕ̂) and ā
ˆ†k ≡ (ϕ̂, ūk ) are the expansion coecients.
ā

Moreover, the expan-

sion coecients can be identied as the annihilation and creation operators associated
with the Minkowski Fock space, in which the vacuum is dened by

ˆk | 0M ⟩ = 0
ā
for all modes

(D.23)

k.

Rindler Modes in Minkowski Spacetime

The line element of the Minkowski spacetime

written in Rindler coordinates is given by Eq. (D.14). We recall that this Rindler metric
is conformal to the Minkowski metric which in turn implies the conformal invariance of
the corresponding wave equations. Indeed, the Rindler wave equation (for a massless

2

scalar eld ) reads

2αξ

e

[
]
 uk = 0 → ∂η2 − ∂ξ2 uk = ∂u ∂v uk = 0,

i.e. the positive frequency mode functions (ω
the time-like Killing elds

∂η

uR
k = √

and

−∂η

>0

and

−∞ < k < ∞)

(D.24)
with respect to

are given by

1
i[kξ−ωη]
e
4πω

uL
k = √

1
i[kξ+ωη]
e
4πω

(D.25)

and has to be of the same form as the Minkowski modes, see Eqs. (D.20) and (D.21).
Here

uR
k

denotes the Rindler mode functions in the right Rindler wedge (x

the modes in the left Rindler wedge (−x
zero in the conjugate wedges, i.e.

> |t|) and uL
k

> |t|). The mode functions are assumed to be
uR
=
0
in the left Rindler wedge and vice versa. We
k

2 For a massive scalar eld the dening equation will additionally include the mass m and there still
exists positive frequency solutions corresponding to a static vacuum, see for instance Ref. [207].
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note that both Rindler wedges can be identied as two causal disjoint universes with
a static metric and associated time-like Killing elds

L,

respectively.

∂η

in region

R

and

−∂η

in region

We emphasize that both Rindler modes form together a complete

set of solutions satisfying the Klein-Gordon equation in Minkowski spacetime [134].
For instance, the Wightman two-point function

⟨ 0M | ϕ̂(x) ϕ̂(x′ ) | 0M ⟩

is correctly

reproduced everywhere in Minkowski spacetime even if one uses the Rindler modes, see
for instance Ref. [207].

Field Decomposition in Rindler Modes

We have seen that the Rindler modes for

the left and the right Rindler wedge are positive frequency modes with respect to the
time-like Killing vectors

∂η

in region

R

and

R
R
L∂η uR
k = ∂η uk = −iω uk

−∂η

in region

L,

i.e.

L
L
L−∂η uL
k = −∂η uk = −iω uk ,

(D.26)

and they build a complete set of solutions. Hence, a quantum eld can be decomposed
in Rindler modes as follows

ϕ̂ =

∑
R
R † R ∗
L L
L † L ∗
[âR
k uk + (âk ) (uk ) + âk uk + (âk ) (uk ) ],

(D.27)

k
where the Rindler vacuum (and thus the Rindler Fock space) is dened by

L
âR
k | 0R ⟩ = âk | 0R ⟩ = 0
for all modes with

(D.28)

−∞ < k < ∞.

Bogoliubov Coecients and the Unruh Temperature

One can calculate the Bogoli-

ubov coecients connecting the Rindler modes with the Minkowski modes. Indeed, the
Minkowski annihilation operator can be written in terms of Rindler annihilation and
creation operators (see Eq. (4.19) for the general formula)

ˆl =
ā

∑(

)
L †
†
L ∗ L
L ∗
R ∗ R
R ∗
,
−
(β
)
(â
)
)
â
) (âR
)
+
(α
) âk − (βlk
(αlk
k
lk
k
lk
k

(D.29)

k
where

R,L
αlk
≡ (ūl , uR,L
k )

and

R,L
∗
βlk
≡ (uR,L
k , ūl )

are the Bogoliubov coecients dened

via the Klein-Gordon scalar product (4.14). For the explicit calculation of the Bogoliubov coecients and following results, see for instance Refs. [130, 207]. In particular,
the Bogoliubov coecients allow for a unique Minkowski vacuum

−πω/α L †
(âR
(âk ) ) | 0M ⟩ = 0
k −e

−πω/α R †
(âL
(âk ) ) | 0M ⟩ = 0
k −e

(D.30)

in terms of the Rindler Fock basis, where the Rindler creation and annihilation operators
obey the canonical commutation relations
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R †
L
L †
[âR
k , (âl ) ] = [âk , (âl ) ] = δkl .

Finally, the
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right (left) Rindler particle number operator

† R,L
n̂R,L
≡ (âR,L
k
k ) âk

possesses the following

expectation value with respect to the Minkowski vacuum

† R
L † L
⟨ 0M | (âR
k ) âk | 0M ⟩ = ⟨ 0M | (âk ) âk | 0M ⟩ =

1
e2πω/α

−1

.

(D.31)

Note that the particle number in the right (left) Rindler wedge shows a Bose-Einstein
distribution of a thermal bath with temperature

T =
where

kB

α
2π

(
=

~α
2πckB

denotes the Boltzmann constant and

)
,

E = ~ω > 0

(D.32)

is the energy of the associ-

ated Bose-Einstein particle.
The particle energy (and thus the temperature) seen by the Rindler observer is additionally redshifted, see Eq. (D.51). Indeed, the above temperature is given with respect
to the metric (D.14) in which the coordinate time is not the Rindler proper time mea-

ξ with g00 = exp{2αξ}. The actually temperature
√
TR = T / g00 = ~a/2πckB where a is the proper Rindler acceleration3 .

sured along constant

therefore reads

This vacuum thermalization seen by the (right or left) Rindler observer is known
as the Fulling-Davies-DeWitt-Unruh eect [120, 126, 209, 210] often abbreviated as the
Unruh eect.

D.5. Analogy to Eternal Black Holes and the
Gibbons-Hawking Eect
In analogy to the previous Unruh eect in Minkowski spacetime, a vacuum thermalization also takes place in the presence of black holes. This eect in general is named after
the two physicists G. Gibbons [6] and S.W. Hawking [5].

Black Hole Spacetimes

For the outer spacetime of a non-rotating eternal black hole

the (1+1)-dimensional Schwarzschild metric

(
)
2M
1
2
ds =
1−
dt −
r
1 − 2M
r
2

)
(
)
(
]
2M [ 2
2M
∗2
dt − dr
= 1−
du dv
dr =
1−
r
r
2

(D.33)
is the unique spherically symmetric vacuum solution of Einstein's eld equations.

M

denotes the mass of the black hole and the line element shows a coordinate singularity

rS ≡ 2M . Using Kruskal coordinates [211], that is ū ≡
v̄ ≡ 4M exp{v/4M }, where u ≡ t − r∗ and v ≡ t + r∗ are the

at the Schwarzschild radius

−4M exp{−u/4M }
3 In

and

Appendix (D.5) we will see the same transformation property between the surface gravity

κ

of

a black hole and the proper gravitational acceleration.
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Schwarzschild null coordinates and

r
− 1) = (v − u)/2
r∗ ≡ r + 2M ln( 2M

the tortoise

coordinate, the Schwarzschild spacetime becomes

2

ds

=

2M −r/2M
e
dū dv̄.
r

(D.34)

We see that the two-dimensional part dū dv̄ (radial plus time component without the
contribution due to the solid angle dΩ

2

= dθ2 + sin2 θ dϕ2 )

is conformal to the two-

dimensional Minkowski line element (D.11) and the Rindler line element (D.14).

It

is important to note that the so-called Kruskal-Szekeres line element (D.34) is the
maximally extension of the Schwarzschild solution being regular everywhere besides the
physically singularity at

r = 0.

Mode Functions and the Associated Vacua

In analogy to the Rindler and the

Minkowski modes in Minkowski spacetime, there exist two natural basis modes for
a quantum eld in the presence of a black hole. Indeed, the Schwarzschild null coordinates

u and v

imply the rst set of natural mode functions. These Schwarzschild modes

are proportional to

exp{−iωk u}

exp{−iωk v}, respectively, and oscillate innitely
rs (event horizon). The second set of modes correū and v̄ giving rise to exp{−iωk ū} and exp{−iωk v̄}.

and

rapidly at the Schwarzschild radius
sponds to the Kruskal coordinates

In comparison to the Schwarzschild modes they are well-behaved on the entire spacetime.
For each set of mode functions a vacuum can be associated.
ogy to the Minkowski spacetime: The vacuum

| 0S ⟩

This is in full anal-

(associated with the Schwarzschild

| 0R ⟩ and the vacuum | 0K ⟩ (associated with the
| 0M ⟩. Note that | 0S ⟩ is known as

modes) is analog to the Rindler vacuum

Kruskal modes) is analog to the Minkowski vacuum
the Boulware vacuum [134] and

| 0K ⟩

as the Hartle-Hawking vacuum [212]; for further

details and terminology, see Refs. [3, 125].
Since the Schwarzschild observer is restricted to the outer region
he is causally disconnected from the inner region

II .

I

of the black whole,

Moreover, the horizon structure

of the Minkowski and the Kruskal spacetimes are identical and the Kruskal modes, as
a full orthonormal set of mode functions, can be expanded in terms of the inner and
outer mode functions of the black hole [126]. As a result, the Hartle-Hawking vacuum

| 0K ⟩ = exp

{
∑[

†
− ln cosh ϕωk + tanh ϕωk (âIk )† (âII
k )

}
]

| 0S ⟩

k

=

⊗
k

∞
∑
1
cosh ϕωk

−nk πωk /κ

e

| nIk ⟩ | nII
k ⟩

(D.35)

nk =0

can be expanded (Schmidt decomposition of a bipartite system) in the Fock basis
of the outer and the inner region
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I

and

II

with number operators

n̂Ik ≡ (âIk )† âIk
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II † II
n̂II
k ≡ (âk ) âk , respectively. Here the expansion coecients depend on ϕωk =
artanh(exp{−πωk /κ}) which includes the gravitational acceleration κ ≡ 1/4M at the

and

surface of the black hole (near the event horizon), see for instance Refs. [3, 126].

Thermalization and the Hawking Temperature

With the decomposition (D.35) of

the Hartle-Hawking vacuum it is clear from usual quantum theory that a quantum
observable

Ô,

which shall describe a measurement in the outer region

pendently from region

II ,

⟨ 0K | Ô | 0K ⟩ =

I

and thus inde-

yields the vacuum expectation value

∑⊗
nk

⟨ nIk | Ô | nIk ⟩

k

−2nk πωk /κ

e

1 − e−2πωk /κ

= Tr {ρ̂ Ô}.

| nII
k ⟩ of region II factor out. In
x
2x
−1
cosh (artanh e ) = (1 − e ) and identied in the last step

Note that the Fock states

(D.36)

addition, we have used

2

ρ̂ =

∑⊗
nk

−2nk πωk /κ

e

1 − e−2πωk /κ

k

| nIk ⟩⟨ nIk |=

∑⊗
n

k

−En /T

e

∞
∑

e−Em /T

| nIk ⟩⟨ nIk |= Tr II {| 0K ⟩⟨ 0K |}

m=0
(D.37)

as the density matrix seen in the outer region

En = nk ωk

I

and being a thermal state with energies

and temperature

κ
T =
2π
We recall that

κ ≡ a∞ (rS )

(

~κ
~c3
=
=
2πckB
8πGM kB

)
.

(D.38)

denotes the surface gravity of the black hole, that is the

4

gravitational acceleration at the Schwarzschild radius seen by an observer at innity
, and

| 0K ⟩,

T

is called the Hawking temperature [5].

Thus, the Hartle-Hawking vacuum

as a pure and global vacuum-state valid in the entire spacetime, becomes a

mixed state for an observer restricted to the outer region

I

of a black hole. The loss

of information can be explained by the causal disconnection to the inner region

II ,

where the Schwarzschild radius plays the role of an event horizon. The same holds true
for a Dirac eld as long as the Bose-Einstein statistic in Eq. (D.37) is replaced by the
Fermi-Dirac statistic.

4 The

a(r) = M/r2 (1 − 2M/r)−1/2 felt by an observer hovering at the
2
radius r = rS ≡ 2M goes to innity while the same acceleration a∞ (r) = M/r ,
√
distant observer at innity with associated redshift
1 − 2M/r, becomes nite at the
radius. The latter is called the surface gravity κ ≡ a∞ (rS ) = 1/4M .

proper acceleration

Schwarzschild
but seen by a
Schwarzschild

169

D.6. APPROXIMATELY FLAT METRIC FOR A HOVERING OBSERVER NEAR THE
HORIZON

D.6. Approximately Flat Metric for a Hovering Observer
Near the Horizon
In a small region around the Schwarzschild radius
radial coordinate

ξ

centered around

rS ≡ 2M

one can introduce a new

rS

r = 2M + ξ 2 /8M,

(D.39)

t. Thus, one nds 1 −
κ ≡ a∞ (rS ) = 1/4M is the

while the time coordinate shall be still the Schwarzschild time

2M/r ≈

(ξ/4M )2

=

ξ → 0

(κξ)2 for

r → rS )

(i.e.

and

surface gravity. As a result, the two-dimensional Schwarzschild metric (D.33) can be
approximated by

2

ds

≈ (κξ)2 dt2 − dξ 2 .

(D.40)

Hence, the Schwarzschild metric near the horizon reduces to a at Minkowski spacetime

2

but expressed in Rindler coordinates. Indeed, the Minkowski line element ds

= dT 2 −

2
dX reads after the usual Rindler transformation [213]

T = ξ sinh(κt)
where

κ

X = ξ cosh(κt),

(D.41)

is a constant,

2

ds

= dτR2 = (κξ)2 dt2 − dξ 2 .

(D.42)

When we compare the transformation (D.41) with the hyperbolic motion, Eqs. (D.8a)
and (D.9), we can identify

a = 1/ξ

as the uniform acceleration of the Rindler observer

within the Minkowski spacetime. The redshift factor associated to the Rindler metric
thus reads
dτR
dt

=

√

g00 =

κ
.
a

(D.43)
dξ

On the other hand, a hovering observer near the Schwarzschild radius (i.e.

0)

=

sees an approximately at spacetime or, more precisely, Minkowski spacetime in

Rindler coordinates, compare Eqs. (D.40) with (D.42). Thereby, motions with constant

ξ

(= hovering observer in Schwarzschild spacetime) corresponds to constant proper

accelerations

a=

1
κ
≈√
,
ξ
1 − 2M/r

where in the last step we have recalled
conrmes the fact that

κ

(1 − 2M/r) ≈ (κξ)2

(D.44)

near the horizon.

This

is the approximate gravitational acceleration as seen from a

distant observer at innity. For

r = rS

4

it is the exact acceleration (= surface gravity

of the black hole).
We emphasize that the at behavior for the hovering observer near the horizon is
a special property of Schwarzschild spacetime and has nothing to do with the local
(at) approximations along geodesics (unaccelerated, free-falling observers). The latter
approximation is possible for any spacetime.
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D.7. Particles on Geodesics in Static (1+1)-D Spacetimes
In the following we assume a (1+1)-dimensional static spacetime dened by the line
element

2

ds

= g00 (r) dt2 − grr (r) dr2 .

(D.45)

Here the spatial as well as the temporal parts of the metric just depend on the spatial
coordinate

r.

Due to the time-translational symmetry of the metric with associated

Killing vector

ξ µ = (1, 0, 0, 0)

along the

t

axis, energy is a constant of the motion

ξ · p = gµν ξ µ pν = g00 p0 = E = const.
Hence, along any geodesic we obtain in global coordinates

E = g00 (r)

dt
dλ

(D.46)

(t, r)

.

(D.47)

For a freely-falling particle, i.e. a particle following an arbitrary geodesic for which the
above relation is always valid, the equation of motion can be deduced by dividing the
line element (D.45) by dλ

(

dr

)2

dλ
where

ζ = 1

1
=
grr

for massive particles and

dt

=

dr dλ
d λ dt

)
E2
−ζ ,
g00

ζ = 0

equation of motion immediately implies
dr

(

(D.48)

for massless particles.

Moreover, the

√

= ± g00

1
1 ζ
−
,
g00 grr
grr E 2

(D.49)

which is the particle's velocity seen by an observer with global coordinates

Local Observed Energy

The expression for the (local) measured energy by an arbi-

trary observer is the projection of the particle's four-momentum
four-velocity

(t, r).

pµ

along the observer's

µ

uobs
Eobs = uobs · p = gµν uµobs pν .

(D.50)

r0 , the four-velocity in global
√
uobs = (dt/dτ, 0, 0, 0) = (1/ g00 (r0 ), 0, 0, 0), which is

For instance for an observer sitting at the xed position
coordinates (note dr

= 0)

reads

(r0 )

a tangent four-vector along the wordline of the observer. Hence, the energy of a particle
following a geodesic and measured by such an observer is given by

p0
E
(r )
(r )
Eobs0 = uobs0 · pgeodesic = √
=√
.
g00 (r0 )
g00 (r0 )
We emphasize that

E

(D.51)

is the constant Energy associated with the time-translational

symmetry of the static metric, see Eq. (D.46).
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Energy and Velocity in Schwarzschild Spacetime

For a free-falling particle in the

presence of a gravitational eld, which shall be described by the metric (D.33) in
Schwarzschild coordinates, the energy (D.47) becomes

E = (1 − 2M/r)

dt
dλ

= const.

(D.52)

5

This energy is constant with respect to the Schwarzschild observer , i.e.

E = mSR =

√
(m0 ζ)2 + k 2 = const.

(D.53)

→ ∞) where
ζ = 1 for massive

is the Lorentz-invariant (special) relativistic energy dened at innity (r
the Schwarzschild metric becomes asymptotically at. We recall that
particles and

ζ =0

for massless particles (e.g. photons). From Eq. (D.49) we further

get the coordinate velocity
dr
dt

√
= ± (1 − 2M/r)

1−

ζ
(1 − 2M/r) ,
E2

(D.54)

which is the velocity of a free-falling particle seen by a distant observer at innity
(Schwarzschild observer).
In comparison to the constant energy seen by the Schwarzschild observer, Eqs. (D.52)
and (D.53), an observer hovering at the xed position

r = r0

measures the local energy

p0
E
(r )
Eobs0 = √
=√
1 − 2M/r0
1 − 2M/r0

(D.55)

of a free-falling particle in the Schwarzschild metric, see Eq. (D.51).

5 Since

the Schwarzschild metric is static, the Killing vector eld associated with the time-

translational symmetry of the metric yields the energy
the Schwarzschild coordinates
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(t, r).

E

as a constant of the motion in terms of

E. Unruh-DeWitt Hamiltonian
In the main part of this thesis, we have introduced an Unruh-DeWitt-type Hamiltonian
for the interaction of a two-level system with a scalar quantum eld. In order to arrive
at the standard form of the Unruh-DeWitt Hamiltonian, we provide in this appendix the
transformation of the entire quantum system to the interaction picture and emphasize
the invariance of the time-evolution operator under an arbitrary time parametrization.
In the context of harmonic-oscillator-based detectors, a similar consideration can for
instance be found in Ref. [127].

E.1. Schrödinger Picture
In Section 4.4, we have used the total Hamiltonian (with a Unruh-DeWitt-type interaction term)

ĤS (τ ) = ~ω

)
∑(
dt ∑
σ̂3
+
~ωk b̂†k b̂k + λ(τ ) [σ̂+ + σ̂− ]
b̂k vk + b̂†k vk∗
2
dτ
k

(E.1)

k

~ω

τ interact†
ing with a quantum eld with associated annihilation and creation operators b̂k and b̂k ,
for a two-level system (detector) with energy separation

and proper time

respectively. As usual, the transformation to the interaction picture reads

ĤI (τ ) = Û0† (τ ) ĤS (τ ) Û0 (τ )
where

(E.2)

Û0 (τ ) denotes the time-evolution operator corresponding to the free Hamiltonian,

that is

Ĥ0 ≡ ~ω

σ̂3
dt ∑
+
~ωk b̂†k b̂k .
2
dτ

(E.3)

k

E.2. Parametrization Invariance
First, we want to mention that an arbitrary time-evolution operator is invariant under
reparametrization

∫

∫

∫

i
i
dt
i
′
Û = T e− ~ dt Ĥ(t) = T e− ~ dλ dλ Ĥ(t(λ)) = T e− ~ dλ Ĥ (λ) ,
where the Hamiltonian with respect to the new parameter

(dt/dλ) Ĥ(t(λ))

and T denotes the time-ordering operator.

λ

is given by

(E.4)

Ĥ ′ (λ) =

Further, we emphasize
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Ĥ(t(λ)) still generates translations with respect to t, i.e. it is only parametrized
λ. On the other side, the Hamiltonian Ĥ ′ (λ) generates translations with respect to
the parameter λ according to the usual Schrödinger equation

that
by

i~

Free Evolution

d
dλ

| ψ(λ) ⟩ = Ĥ ′ (λ) | ψ(λ) ⟩.

(E.5)

With the above considerations it is easy to determine and to interpret

the Hamiltonian in the interaction picture. Indeed, the free-evolution operator

Û0

as

usual has to fulll the Schrödinger equation
i~

d
dτ

Û0 (τ ) = Ĥ0 Û0 (τ )

(E.6)

which immediately implies with the free Hamiltonian (E.3) the specic form

Û0 (τ ) = T



{
}
 i ∫τ

∑
σ̂3
†
exp −
dτ Ĥ0
= exp −i ω τ − i
ωk b̂k b̂k t(τ ) .
 ~

2

(E.7)

k

0

At this point, one clearly sees that the free-evolution of the detector is with respect to

τ

while the quantum eld will be transformed with respect to the quantization coordinate

t ≡ t(τ ).

time

Note that this approach is consistent because of the parametrization

invariance for the subsystems, see Eq. (E.4) with the special choice of the parameter

λ=τ

as the proper time of the detector.

E.3. Interaction Picture
The corresponding expression for the total Hamiltonian (E.1) in the interaction picture
is provided by the transformation (E.2). When we further use Eq. (E.7), we get

Û0† (τ ) σ̂± Û0 (τ ) = σ̂± e±iωτ

Û0† (τ ) b̂k Û0 (τ ) = b̂k e−iωk t(τ )

(E.8)

and the Hamiltonian in the interaction picture parametrized with respect to the proper
time

τ

of the detector reads

ĤI (τ ) = Ĥ0 + λ(τ ) [σ̂+ eiωτ + σ̂− e−iωτ ]

∑(

)
b̂k e−iωk t(τ ) vk [x(τ )] + b̂†k e+iωk t(τ ) vk∗ [x(τ )] .

k
(E.9)

Needless to say, in the interaction picture the free Hamiltonian

Ĥ0

is of course the same

as in the Schrödinger picture, Eq. (E.3), because it commutes with the free-evolution
operator
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E.4. Particle Content and the Standard Form
Motivated by the above Hamiltonian, one can introduce the mode functions

wk [x(τ )] ≡ wk [t(τ ), x(τ )] ≡ e−iωk t(τ ) vk [x(τ )],

(E.10)

which in turn yields the expansion coecients

ĉk = (wk [x(τ )], ϕ̂)
for the quantum eld

ϕ̂,

(E.11)

see Eq. (4.17). The expansion coecients can be interpreted

as the new annihilation and creation operators of eld quanta with respect to the interaction picture. The Unruh-DeWitt Hamiltonian (for a two-level system as detector)
nally becomes in the standard form

ĤI (τ ) = Ĥ0 + λ(τ ) [σ̂+ eiωτ + σ̂− e−iωτ ]

∑(

)
ĉk wk [x(τ )] + ĉ†k wk∗ [x(τ )] .

(E.12)

k
Whether the eld quanta dened by

N̂k ≡ ĉ†k ĉk

are measurable by means of physical

detectors is another question especially depending on the specic physical system under
consideration.
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F. Geometric Phases
This appendix provides an introduction to the concepts and methods of geometric
phases.

For the rst part, considering the Berry phase, a similar treatment can be

found in Ref. [67]. Especially, for a review of theoretical and experimental studies of
Berry and Pancharatnam phases we refer to Ref. [214]. Moreover, we additionally discuss the generalization to non-cyclic and non-adiabatic evolutions of mixed quantum
states.

F.1. Berry Phase
The time evolution of a quantum state

| ψ⟩

shall be governed by the Schrödinger

equation
d

i~

| ψ(t) ⟩ = Ĥ[n(t)] | ψ(t) ⟩

dt

where the time-dependent Hamiltonian
the corresponding Hilbert space.
energy

Ei [n(t)]

Ĥ[n(t)]

(F.1)

is parametrized by the vector

At each instant of time

t

in

with the associated energy eigenvalue equation

Ĥ[n(t)] | Ei [n(t)] ⟩ = Ei [n(t)] | Ei [n(t)] ⟩.
| Ei [n(t)] ⟩ denote the full
| ψ(t) ⟩ can be expanded as

Here

n(t)

the system takes on the

(F.2)

set of instantaneous energy eigenstates. Thus, the state

| ψ(t) ⟩ =

∑

ψi (t) e−iϕd

(i)

(t)

| Ei [n(t)] ⟩,

(F.3)

i
where

ψi (t)

are the expansion coecients.

Moreover, we have dened the dynamical

phase

1
ϕd (t) ≡
~
(i)

∫t

′

dt

Ei [n(t′ )],

(F.4)

0

which is associated with the time evolution governed by the instantaneous Hamiltonian

Ĥ[n(t)].

By substituting in the Schrödinger equation (F.1) the state

| ψ(t) ⟩

by the
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expansion (F.3) one obtains
i~

d

| ψ(t) ⟩ = i~

dt

∑

−iϕd (t)
(i)

[(

e

i

∑

+

)

d

| Ei (t) ⟩ + ψi (t)

ψi (t)

dt

Ei (t) ψi (t) e−iϕd

(i)

(

)]
| Ei (t) ⟩

d
dt

| Ei (t) ⟩,

(t)

(F.5)

i
(i)

where in the last term we have used dϕd
one can identify the last term as

(t)/dt = Ei (t)/~, see Eq. (F.4). Further,
∑
(i)
Ĥ(t) | ψ(t) ⟩ = i Ei (t) ψi (t) exp{−iϕd (t)} | Ei (t) ⟩,

which is only in accordance with the Schrödinger equation (F.1) if the rst term on the
right-hand side of Eq. (F.5) vanishes
i~

∑

−iϕd (t)
(i)

e

i

[(

)
(
)]
d
ψi (t) | Ei (t) ⟩ + ψi (t)
| Ei (t) ⟩
= 0.
dt
dt
d

(F.6)

Finally, we multiply from the left the state (F.3) and arrive with the help of the orthog-

⟨ Ej | Ei ⟩ = δji at
]}
{
[
∑
(i)
(j)
ψi ⟨ Ej |
| Ej ⟩ −
exp −i ϕd − ϕd

onality relation for discrete energy eigenstates
d
dt

ψj = − ψj ⟨ Ej |

d
dt

i̸=j

d
dt

| Ei ⟩.

(F.7)

For the sake of simplicity, we have suppressed the time dependence of the expansion
coecients

ψi ≡ ψi (t),

the energies

Ei ≡ Ei (t)

and the dynamical phases

(i)

(i)

ϕd ≡ ϕd (t).

In the above dierential equation one can see that a Schrödinger equation with a timedependent Hamiltonian, Eq. (F.1), induces jumps from the
the

| Ej ⟩s'.

| Ei ⟩'s

energy eigenstate to

It is worth mentioning that this is also the case if the state was initially

prepared in an energy eigenstate, i.e. the time evolution causes the population of other
energy eigenstates.

Adiabaticity

We recall that the instantaneous energy eigenstates are chosen in such a

way that they depend on the time-dependent parameter

n(t),

i.e.

| Ei ⟩ ≡ | Ei [n(t)] ⟩.

By utilizing the product rule the transition amplitude in Eq. (F.7) can be written as

⟨ Ej [n(t)] |

d
dt

| Ei [n(t)] ⟩ = ⟨ Ej [n(t)] | ∇n(t) | Ei [n(t)] ⟩

d
dt

n(t).

(F.8)

Further, the transition amplitude can be rewritten by dierentiating the energy eigenvalue equation (F.2) with respect to time

1
⟨ Ej |
⟨ Ej |
| Ei ⟩ =
dt
Ei − Ej
d

(

d
dt

)
Ĥ

| Ei ⟩

for

i ̸= j.

(F.9)

The adiabaticity criterion then states that the time evolution governed by the Hamiltonian

H(t)

is adiabatic if

1
⟨ Ej |
Ei − Ej
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(

d
dt

)
Ĥ

| Ei ⟩ ≡

1
→ 0.
τij

(F.10)
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τij ,

That means that the characteristic timescale

| Ej ⟩

on which the transition from

| Ei ⟩

to

takes place, goes to innity. Or in other words, the change of the Hamiltonian is

small compared to the energy separation

Ei − Ej .

Hence, transitions between dierent

energy states are suppressed, see Eqs. (F.9) and (F.10), and the system initially being
in an energy eigenstate

| Ei (t = 0) ⟩

stays in this state for all times t.

Hence, the transition amplitude (F.8) only has non-vanishing contributions for

⟨ Ej [n(t)] |

d
dt

| Ei [n(t)] ⟩ ≈ ⟨ Ei [n(t)] | ∇n(t) | Ei [n(t)] ⟩

d
dt

n(t)

i=j

(F.11)

and the dierential equation (F.7) for the expansion coecients reduces to
d
dt

ψj (t) ≈ − ψj (t) ⟨ Ej [n(t)] | ∇n(t) | Ej [n(t)] ⟩

d
dt

n(t).

(F.12)

We show next that the above transition amplitude is purely imaginary.
When we dierentiate the normalization condition

n(t),

⟨ Ej | Ej ⟩ = 1

with respect to

one obtains

⟨ ∇n Ej | Ej ⟩ + ⟨ Ej | ∇n Ej ⟩ = 2 Re {⟨ Ej | ∇n Ej ⟩} = 0.

(F.13)

Thus, the real part vanishes and the solution for the dierential equation (F.12) is just
given by

ψj (t) = e−iϕg

(j)

(t)

ψj (0).

(F.14)

Here we have introduced the geometric phase

n(t)
∫

ϕg (t) ≡
(j)

′

dn

Im {⟨ Ej [n] | ∇n Ej [n] ⟩} .

(F.15)

n(0)
In conclusion, the time-dependent Schrödinger equation (F.1) in combination with the
adiabaticity criterion, Eq. (F.10), yields the quantum state

| ψ(t) ⟩ =

∑

ψi (t) e−iϕg

(i)

(t) −iϕd (t)
e
(i)

| Ei [n(t)] ⟩

(F.16)

i
Especially important is the fact that the instantaneous energy eigenstates
do not just accumulate a dynamical phase

(i)

ϕg (t),

Eq. (F.15).

(i)

ϕd (t),

| Ei [n(t)] ⟩

Eq. (F.4), but also a geometric phase

The latter solely depends on the path in Hilbert space which is

determined by the adiabatic transport of the quantum state due to the time-dependent
parameter

n(t).

Moreover, it is independent of the (time) parametrization of

n(t)

and

thus of the dynamics.
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F.2. Non-Adiabatic Phases
A quantum state
to a phase

ϕ,

|ψ ⟩

at a given time

τ

shall be the initial state

| ψ(t = 0) ⟩ = | ψ0 ⟩

up

that is

| ψ(τ ) ⟩ = eiϕ(τ ) | ψ0 ⟩.

(F.17)

Moreover, the time evolution is given by the Schrödinger equation
i~
where the Hamilton operator

d
dt

| ψ(t) ⟩ = Ĥ(t) | ψ(t) ⟩

(F.18)

Ĥ = Ĥ(t) is arbitrary time-dependent.

Then, it is always

possible to dene a new state

| ψ̃(τ ) ⟩ = | ψ̃0 ⟩
where the phase

ϕ

(F.19)

is compensated by a time-dependent phase

φ(t)

with

| ψ̃(t) ⟩ = e−iφ(t) | ψ(t) ⟩.

(F.20)

| ψ(t) ⟩ by the above relation, the Schrödinger equation reads
−~ (dφ(t)/dt) exp{iφ(t)} | ψ̃(t) ⟩ + i~ exp{iφ(t)} (d | ψ̃(t) ⟩/dt) = Ĥ(t) | ψ(t) ⟩. Multiplying both sides with ⟨ ψ̃(t) | and using the denition (F.20) once again, we obtain
Substituting the state

d
dt

φ(t) = i⟨ ψ̃(t) |

1
| ψ̃(t) ⟩ − ⟨ ψ(t) | Ĥ(t) | ψ(t) ⟩.
dt
~
d

(F.21)

A nal integration over time yields the phase dierence

∫τ
φ(τ ) − φ(0) = i
0

1
dt ⟨ ψ̃(t) |
| ψ̃(t) ⟩ −
dt
~
d

Since we have chosen the time-dependent phase
the phase

ϕ

at time

τ,

∫τ
dt ⟨ ψ(t) |

Ĥ(t) | ψ(t) ⟩.

(F.22)

0

φ

in such a way that it compensates

it holds

ϕ(τ ) = φ(τ ) − φ(0) = ϕg (τ ) + ϕd (τ ).
Thus, the phase

ϕ(τ ),

accumulated during the cyclic motion

1

(F.23)
of the state

| ψ ⟩,

can be

decomposed into a geometric phase

∫τ
dt ⟨ ψ̃(t) |

ϕg (τ ) = i

d
dt

| ψ̃(t) ⟩

(F.24)

0

1 Cyclic
here by
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motion means that the nal state is the initial state apart from a U(1) phase shift given

ϕ(τ ).
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and a dynamical phase

1
ϕd (τ ) = −
~

∫τ
dt ⟨ ψ(t) |

Ĥ(t) | ψ(t) ⟩,

(F.25)

0

where the latter solely depends on the instantaneous Hamiltonian

Ĥ(t)

[167].

F.3. Non-Cyclic Evolutions and Gauge Invariance
In general, there are many possibilities to dene a geometric phase for non-cyclic evolutions [215] of a state vector in Hilbert space (or the parameter space in the case of the
adiabatic Berry phase). However, any denition of a geometric phase should be gauge
invariant [214]. In Refs. [216] and [168] the geometric phase is determined by closing
the open loop in Hilbert space by a geodesic which yields a gauge invariant geometric
phase. In the following we summarize the important ideas and derive the main equations applicable to our operational approach for atom interferometers.
A normalized state ( ⟨ ψ

| ψ⟩ = 1)

is propagated in time by the Schrödinger equa-

tion (F.18). In order to arrive at a pure geometric phase, we dene a new state

| ψ̄(t) ⟩ ≡ exp


 i ∫t
~

dt

′

h(t′ )

0





| ψ(t) ⟩,

(F.26)

where we have removed the dynamical phase via

h(t′ ) ≡ Re ⟨ ψ(t′ ) | Ĥ(t′ ) | ψ(t′ ) ⟩ / ⟨ ψ(t′ ) | ψ(t′ ) ⟩.
The dierentiation of the new state
d
dt

| ψ̄(t) ⟩

| ψ̄(t) ⟩ =

i

[

~

(F.27)

with respect to time gives

]
h(t) − Ĥ(t) | ψ̄(t) ⟩,

where in the last term we have used the Schrödinger equation. Multiplying

(F.28)

⟨ ψ̄(t) | from

the left and using the denition (F.27) yields the parallel-transport condition

Im ⟨ ψ̄(t) |
For Hermitian Hamiltonians

Ĥ = Ĥ † ,

d
dt

i.e.

| ψ̄(t) ⟩ = 0.

(F.29)

unitary evolutions, the parallel-transport

condition reduces to

⟨ ψ̄(t) |

d
dt

| ψ̄(t) ⟩ = 0.

(F.30)
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Fiber Bundles

We now use the notion of ber bundles.

consider a bundle over

P(H)

In particular, we want to

with a ber isomorphic to U(1) and

space corresponding to the states

| ψ̄(t) ⟩.

H

being the Hilbert

Although not necessary in general, we restrict

ourselves to the subclass of states normalized to one

S(H) ≡ {| ψ̄(t) ⟩ ∈ H | ⟨ ψ̄ | ψ̄ ⟩ = 1} ⊂ H.

(F.31)

π : S(H) → P(H) connects the so-called bundle or state space
P(H) (projective Hilbert space), which is associated
| ψ̄(t) ⟩⟨ ψ̄(t) | and includes the physical states (no global phase).

Further, the projection

S(H)

with the projection space

with the projectors

Hence, such a projection

π : | ψ̄(t) ⟩ → | ψ̄(t) ⟩⟨ ψ̄(t) |
provides innitely many paths

| ψ̄(t2 ) ⟩,

in

P(H)

C′

in

S(H)

(F.32)

connecting two points, e.g.

| ψ̄(t1 ) ⟩

and

via a gauge transformation

| ψ̄ ′ (t) ⟩ = eiα(t) | ψ̄(t) ⟩ ∈ S(H).

(F.33)

α(t) ∈ R is a local phase and the path in S(H) is parametrized by the
t. Moreover, the innitely many paths C ′ in S(H) connecting | ψ̄(t1 ) ⟩ ∈ P(H)
| ψ̄(t2 ) ⟩ ∈ P(H), that is
Here

C ′ : t → | ψ̄ ′ (t) ⟩ = eiα(t) | ψ̄(t) ⟩ ∈ S(H);

t1 ≤ t ≤ t2

and

time
with

α(t1 ) = α(t2 ) = 0,
(F.34)

are projected by

π,

Eq. (F.32), on the same path

C ≡ π(C ′ )

′
′
space P(H). This means | ψ̄ (t) ⟩⟨ ψ̄ (t) |=| ψ̄(t) ⟩⟨ ψ̄(t) | for all

Gauge Invariance and Horizontal Lifts
C ′ (velocity) in the state space S(H) as

in the projective Hilbert

α(t).

We introduce the tangent vector to the curve

| v(t) ⟩ ≡

d
dt

| ψ̄(t) ⟩.

For the sake of simplicity, we neglect the prime for the transformed state (path)

(F.35)

| ψ̄ ′ (t) ⟩,

Eq. (F.34). Further, we dene the gauge potential

A ≡ i ⟨ ψ̄(t) |

d
dt

| ψ̄(t) ⟩ = i ⟨ ψ̄(t) | v(t) ⟩,

(F.36)

which transforms inhomogeneously under the gauge transformation (F.33)

A′ = A −
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dα(t)
dt

.

(F.37)
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A = i ⟨ ψ̄(t) | v(t) ⟩
S(H) associated with the time evolution of the state | ψ̄(t) ⟩,

Moreover, since the parallel-transport condition (F.29) applies,
vanishes along a curve

C′

in

2

i.e. the Schrödinger equation . Such a procedure (specic time evolution), where the
gauge potential vanishes, is called a horizontal lift of the original state (path).
Finally, one can introduce the gauge-covariant derivative

≡ | u(t) ⟩

and arrive at the geodesic equation

(
Dt | u ⟩ =
P(H).
| u ⟩ ≡ | u(t) ⟩.

in projective Hilbert space
covariant velocity

d
dt

Here

(
)
Dt | ψ̄(t) ⟩ ≡ ddt + iA | ψ̄(t) ⟩

)
|u ⟩ = 0

+ iA

⟨u|u⟩

(F.38)

is a gauge-invariant quantity with the

Further, it is useful to dene the closed line integral

I

γ=

dt A.

(F.39)

C′

Indeed, since the above integral is gauge invariant for a cyclic evolution
space

S(H),

see the transformation properties of the gauge potential

A,

closed line integral of course takes on the same value for the projected path
the projective Hilbert space

P(H).

S(H)

C = π(C ′ ) in

Hence, the above line integral just depends on the

geometry (metric) of the projective Hilbert space
open curve in

in the state

Eq. (F.37), the

P(H).

Moreover, we will see that any

P(H)

(non-cyclic evolution) can be closed by a geodesic curve in

without changing the original geometric phase and thus the physical description.

Geodesic Rule

Based on the Pancharatnam connection [166, 169], which denes the

Pancharatnam phase dierence

ϕ ≡ arg ⟨ ψ̄1 | ψ̄2 ⟩
| ψ̄2 ⟩ ∈ S(H), via interference
[
]
[
]
| | ψ̄1 ⟩ + | ψ̄2 ⟩ |2 = 2 1 + Re ⟨ ψ̄1 | ψ̄2 ⟩ = 2 1 + |⟨ ψ̄1 | ψ̄2 ⟩| cos ϕ ,

for two non-orthogonal states,

| ψ̄1 ⟩

(F.40)

and

(F.41)

it is shown in Ref. [168] that the phase dierence can also be written as

∫
ϕ=

ds A

= ϕg ,

(F.42)

π(C ′ )
which is known as the geodesic rule. Here the ane parameter
that the states

2 Since

s is chosen in such a way

| ψ̄1 ⟩ ≡ | ψ̄(1) ⟩ and | ψ̄2 ⟩ ≡ | ψ̄(2) ⟩ in S(H) are connected by an arbitrary

the dynamical phase was already eliminated in

| ψ̄(t) ⟩,

the Schrödinger equation for

| ψ̄(t) ⟩

just includes the evolution associated with the geometric phase; the dynamical phase vanishes which
in turn is in accordance with the parallel-transport condition.
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geodesic

| ψ̄(s) ⟩

in

P(H)

corresponding to the projected curve

π(C ′ )

and obeying the

geodesic equation (F.38). Note that the Pancharatnam phase dierence actually yields
a measure for the total phase dierence between two non-orthogonal states. However,
since we have already eliminated the dynamical phase in

| ψ̄ ⟩,

the total phase is just

the geometric phase.
Now we are in the position to show that it is always possible to calculate a geometric
phase dierence by means of a closed integral even if the curve in the state space

S(H)

is open (non-cyclic evolution): We know that the phase dierence of two non-orthogonal
states,

| ψ̄(1) ⟩

and

| ψ̄(2) ⟩,

is given by Eq. (F.42). Further, we consider a horizontal lift

with associated integral

∫
γC′′ ≡

ds A

=0

(F.43)

C ′′
where the integration is taken along the path
In the last step we have used that

A

C ′′ in S(H) connecting | ψ̄(2) ⟩ with | ψ̄(1) ⟩.

vanishes for a horizontal lift (parallel transport).

By adding both line integrals, Eqs. (F.42) and (F.43), we arrive at

I

I
ds A

=

∫
ds A

π(C ′ )+C ′′ =π(C ′ )+π(C ′′ )

=

ds A

= ϕg .

(F.44)

π(C ′ )

In the rst step we have used the gauge invariance of a closed line integral, i.e. the integral takes on the same value for a path in the state space
Hilbert space

P(H).

In conclusion, the geometric phase
projected Hilbert space

P(H)

and in the projective

is solely determined by the geometry of the

or in other words by the projected path in

over, it is independent of the time
and thus of the dynamics.

ϕg

S(H)

t

(or ane parameter

For non-cyclic evolutions, i.e.

s)

P(H).

More-

traveling along the path

an open path

C′

in

S(H),

one can determine the geometric phase not just by the line integral associated with the

π(C ′ ), see Eq. (F.42), but also by a closed line integral, Eq. (F.44), where
the total path in the projected Hilbert space P(H) is given by the sum of an arbitrary
′′
geodesic π(C ) in P(H) (connecting | ψ̄1 ⟩ with | ψ̄2 ⟩) and the (projected) actual path
′
π(C ) in P(H).

projected path

F.4. Generalization for Mixed States
The geometric phase can be generalized to the case of mixed states [181].

Thereby,

the expressions valid for pure states become modied through the description of a
quantum state by a density operator as usual in quantum theory. The main dierence
is that in general the geometric phase is no longer the dierence between the total
(Pancharatnam) phase and the dynamical phase of the mixed state. However, one can
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dene a geometric phase for each pure component contributing to the mixed state. We
note that in Section 5.6 we discuss arbitrary states (pure and mixed) in the context of
interferometry and dene one possible geometric phase being gauge invariant.

F.5. Overall Dynamical Phase for External Pure States
In Section 5.3.3 we considered the dynamical phase accumulated by the internal state
on the Bloch sphere.

In contrast, we will provide here the overall dynamical phase

acquired by external states. In general, the dynamical phase will depend on the total
Hamiltonian (1.1), which acts on the internal as well as on the external Hilbert space
and entangles the internal states with the external ones. After tracing out the internal
degrees of freedom, we arrive at a dynamical phase for the external states, which we
call the overall dynamical phase. This dynamical phase includes besides the eects of
the external Hamiltonian additionally the momentum kicks due to the laser pulses and
thus the entire external dynamics in a light-pulse atom interferometer.
Since the momentum kicks determine the initial conditions for the external free evolutions, each interferometer branch additionally shows a dierential (relative) dynamical
phase.

We will discuss rst the overall dynamical phase and afterward provide the

relative one by means of the Mach-Zehnder interferometer.

Overall Dynamical Phase in a Two-Path Interferometer

In analogy to the discussion

of the dynamical phase on the Bloch sphere, we separate again the time evolution of the
pure state

| Ψ(t) ⟩ = Û (t) ÛI | Ψ0 ⟩ in a sequence of unitary operators subsequently acting

on the internal and/or external states, see the separation ansatz (1.3) and Eq. (1.37).
In the following, we will concentrate on the dynamical phase due to the external dynamics and show that in an atom interferometer at each instant of time the atom is
in a quantum superposition of external states, which in the Heisenberg picture can be
written in terms of boosted Hamiltonians.
After the momentum transfer by the rst beam splitter, i.e. during the time interval

T1 ≡ t1 − t0

of the rst free evolution (lasers are o ), the dynamical phase reads

1
ϕd (T1 ) = −
~
where

∫t1

†(Θ0 )

dt ⟨ Ψ0 | Ŝ0

(Θ0 )

Ĥe (t) Ŝ0

| Ψ0 ⟩,

(F.45)

t0

He (t) is the general quadratic Hamiltonian (1.10).

For simplicity, we assume that

the external Hamiltonian is time independent and thus a constant of the motion, that
is

He (t) = He (t0 ) = He (ξ̂).

its time-evolution operator

Needless to say, the external Hamiltonian commutes with

Ûe ≡ Û .

|0⟩
π/2-

When we further assume that the atom is initially in the internal ground state
with corresponding external state

| ψ0 ⟩

and that the pulse sequence starts with a
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pulse, i.e.

Θ0 = π/2,

we obtain from Eq. (F.45)

∫t1
(
)
(
)
dt
ϕd (T1 ) = −
⟨ ψ0 | ⟨ 0 | + ie−iϕ0 D̂† (χ0 )⟨ 1 | He (ξ̂) | 0 ⟩− ieiϕ0 D̂(χ0 ) | 1 ⟩ | ψ0 ⟩.
2~
t0
(F.46)

Here the rst beam splitter
ternal ground

|0⟩

(π)

Ŝ0 2

creates an equally-weighted superposition of the in-

and excited state

| 1 ⟩,

see Eq. (1.30). Moreover, due to the bilinear

form in the displacement operators, we can introduce the boosted Hamiltonian

He (ξ̂ + χ) = D̂† (χ) He (ξ̂) D̂(χ)

(F.47)

which is deduced from the identity (B.20). Since we have assumed that the external eld
is constant during the free evolution (no uctuations), we can rewrite the dynamical
phase and can identify it as the sum of the dynamical phases associated with the two
interferometer branches separated in phase space by

1
ϕd (T1 ) = −
2~

∫t1
dt ⟨ ψ0 |

χ0

[
]
He (ξ̂) + He (ξ̂ + χ0 ) | ψ0 ⟩.

(F.48)

t0
Note that

ξ̂ ≡ ξ̂ H,0 ≡ ξ̂ H (t0 )

denes the initial condition of the phase-space operator,

which coincides with the Schrödinger operator

ξ̂ = (x̂, p̂)T .

For the second free evolution, that is between the second and the third laser pulse
with pulse separation

T2 ≡ t2 − t1 ,

the operator sequence for the time-evolved state

yields

1
ϕd (T2 ) = −
~

∫t2

†(Θ0 )

dt ⟨ Ψ0 | ŜH,0

†(Θ )

(Θ )

(Θ )

ŜH,1 1 He (ξ̂) ŜH,11 ŜH,00 | Ψ0 ⟩.

(F.49)

t1

Here we have used once more the operator sequence (1.36) and its compact form (1.37).
For the special case of a

π/2π -pulse

sequence with pulse areas

Θ0 = π/2

and

Θ1 = π ,

we arrive via the beam splitter (1.30) and the mirror (1.31) at

1
ϕd (T2 ) = −
2~

∫t2
dt ⟨ ψ0 |

[
]
He (ξ̂ + χ1 ) + He (ξ̂ + χ0 − χ1 ) | ψ0 ⟩.

(F.50)

t1

He (ξ̂ + χ1 ) = D̂† (χ1 ) He (ξ̂) D̂(χ1 ) for the lower interferometer branch is boosted by the phase-space vector χ1 . In contrast, the Hamiltonian
†
†
for the upper branch He (ξ̂ + χ0 − χ1 ) = D̂ (−χ1 ) D̂ (χ0 ) He (ξ̂) D̂(χ0 ) D̂(−χ1 ) shows

One sees that the Hamiltonian
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the eective boost

χ0 − χ1 .

In this sense, the boosts account for the displacements

induced by the external quadratic potential and the laser kicks which nally determines
the initial conditions for the free evolution.

Multi-Pulse Sequence

From the results (F.45) and (F.49) for the rst and the second

free evolution in a light-pulse atom interferometer, it is clear by induction that for a
multi-pulse sequence the dynamical phase during the time interval

1
ϕd (Tn+1 ) = −
~

t∫n+1

†

dt ⟨ Ψ0 | ÛI

Tn+1

reads

(tn ) He (ξ̂) ÛI (tn ) | Ψ0 ⟩.

(F.51)

tn

Here the interferometer operator

(Θ )

(Θ

)

(Θ )

(Θ )

n−1
ÛI (tn ) ≡ ŜH,nn ŜH,n−1
· · · ŜH,11 ŜH,00

(F.52)

takes into account the total quantum evolution before the free evolution starts at time

tn .

Note that the energy is constant during the time interval

the interferometer operator

ÛI (tn )

Tn+1

(free evolution) and

just denes the initial conditions for that interval.

Finally, the dynamical phase due to

n

free evolutions in a multi-pulse sequence is

simply the sum of the individual phases, Eq. (F.51),

ϕd ≡

n
∑

ϕd (Tl ).

(F.53)

l=1
We emphasize that our result can be further generalized for mixed external states,
which is presented in Section 5.5 and is especially useful to dene geometric phases in
interferometric setups, see Section 5.6. As an example, we want to consider geometric
phases in Mach-Zehnder-type setups, which makes it necessary to determine rst the
associated relative dynamical phase. This will be done next.

F.6. Relative Dynamical Phase in Mach-Zehnder-Type
Interferometers
In the previous appendix we have seen that in the rst half of a Mach-Zehnder-type
pulse sequence, i.e.

during the time interval

T1 ≡ t1 − t0 ,
He (ξ̂ + χ0 ),

branch is governed by the boosted Hamiltonian
by

He (ξ̂),

the upper interferometer
whereas the lower branch

see Eq. (F.48). Hence, the relative acquired dynamical phase is determined

by the dierence of both Hamiltonians

1
∆ϕd,MZ (T1 ) = −
~

∫t1
dt ⟨ ψ0 |

[

]
He (ξ̂ + χ0 ) − He (ξ̂) | ψ0 ⟩.

(F.54)

t0
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Homogeneous External Field

In the presence of a homogeneous eld the boosted

Hamiltonian can be written in terms of the un-boosted one

(p)

(p)

(p)

(p̂ + χ0 )2
χ
(χ )2
(x)
(x)
He (ξ̂ + χ0 ) =
− mg(x̂ + χ0 ) = He (ξ̂) + 0 p̂ + 0
− mgχ0 ,
2m
m
2m
(F.55)

χn ≡ (χn , χn )T denotes the phase-space displacement due to the nth laser
pulse and a = −g is the local acceleration. Note that the Schrödinger operator p̂ will
read out the initial momentum of the external state ⟨p̂⟩ ≡ ⟨ ψ0 | p̂ | ψ0 ⟩.
Especially, for external homogeneous elds (no gradient Γ and no rotation Ω) we
where

(x)

(p)

obtain from Eq. (C.7) the displacement vectors

(
χ0 =

0
~k

)
and

(
)
−~kT1 /m
χ1 =
,
~k

(F.56)

which in turn yields the dierence

He (ξ̂ + χ0 ) − He (ξ̂) =
Dynamical Phase Dierence

~k
(~k)2
p̂ +
.
m
2m

(F.57)

For the rst interferometer half, see Eq. (F.54), we arrive

at the relative dynamical phase

∆ϕd,MZ (T1 ) = −

k
1 (~k)2
⟨p̂⟩T1 −
T1 .
m
~ 2m

(F.58)

We will see that the above phase contributions will be canceled in the second interferometer half. Indeed, for

T2 ≡ t2 − t1

we get for the upper branch, see also Eq. (F.50),

the boosted Hamiltonian

(p)

He (ξ̂+ χ0 − χ1 ) = He (ξ̂+χ1 ) +

(p)

(p)

(p)

(p)

χ0 −2χ1
χ χ
(χ )2
(x)
(x)
p̂ − 0 1 + 0
− mg(χ0 −2χ1 ).
m
m
2m
(F.59)

Here the rst term is the boosted Hamiltonian of the lower interferometer branch so
that the dierence of both branches in a homogeneous eld can be written as

He (ξ̂ + χ0 − χ1 ) − He (ξ̂ + χ1 ) = −
The integration over the time interval

∆ϕd,MZ (T2 ) =

T2

(~k)2
~k
p̂ −
− 2~kgT1 .
m
2m

(F.60)

yields the relative dynamical phase

k
1 (~k)2
⟨p̂⟩T2 +
T2 + 2kgT1 T2 .
m
~ 2m

(F.61)

One recognizes that the rst two contributions compensate the dynamical phase (F.58)
of the rst interval
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(T

≡ T1 = T2 )

the terms exactly cancel each other and the nal relative dynamical

phase becomes

∆ϕd,MZ = ∆ϕd,MZ (T1 = T ) + ∆ϕd,MZ (T2 = T ) = 2ϕMZ = 2kgT 2 .

(F.62)

Further, it is worth mentioning that the above dynamical phase neither depends on the
atomic initial position

⟨x̂⟩

nor the momentum

⟨p̂⟩;

it is state-independent.
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G. Specic Operator Sequences
Any light-pulse atom interferometer is based on a specic sequence of laser pulses and
free evolutions. In this appendix we consider three dierent interferometers and provide
the associated time-evolution operator fully characterizing each interferometer.

G.1. Mach-Zehnder Interferometer
The Mach-Zehnder interferometer is characterized by a

π/2 − π − π/2-pulse

sequence

of three laser pulses (Fig. 1.3). In combination with the atomic free evolution between
the laser pulses we can describe the whole interferometer (in the Heisenberg picture)
by a subsequent application of generalized beam splitters (1.29). Hence, we obtain the
following Mach-Zehnder operator

(π)

(π)

(π)

ÛMZ = ŜH2,2 ŜH,1 ŜH2,0
(
1
=

√

2

−i +iΦ2
√
e
D̂(χ2 )
2

−i −iΦ2
√
e
D̂(−χ2 )
2
√1
2

(

×

1
=
2

(

)(

−i e−iΦ1 D̂(−χ1 )
+
i
Φ
1
−i e
D̂(χ1 )
0
)
−i −iΦ0
√1
√
e
D̂(−χ
)
0
2
2
0

−i +iΦ0
√
e
D̂(χ0 )
2

)

√1
2

−{e+i[Φ0 −Φ1 ] D̂(−χ1 ) D̂(χ0 ) + e+i[Φ1 −Φ2 ] D̂(−χ2 ) D̂(χ1 )}
+i[Φ0 −Φ1 +Φ2 ]

i{e

D̂(χ2 ) D̂(−χ1 ) D̂(χ0 ) − e+iΦ1 D̂(χ1 )}

D̂(−χ1 ) + e−i[Φ0 −Φ1 +Φ2 ] D̂(−χ2 ) D̂(χ1 ) D̂(−χ0 )}

−iΦ1

i{−e

)

−{e−i[Φ1 −Φ2 ] D̂(χ2 ) D̂(−χ1 ) + e−i[Φ0 −Φ1 ] D̂(χ1 ) D̂(−χ0 )}

(G.1)

which describes the total propagation of an atomic state in the Mach-Zehnder interferometer. For instance, for the initial ground state

1
ÛMZ | 0 ⟩ =
2

(

| 0 ⟩ = (1, 0)T

we get

−{e+i[Φ0 −Φ1 ] D̂(−χ1 ) D̂(χ0 ) + e+i[Φ1 −Φ2 ] D̂(−χ2 ) D̂(χ1 )}

)

+i[Φ0 −Φ1 +Φ2 ]

D̂(χ2 ) D̂(−χ1 ) D̂(χ0 ) − e+iΦ1 D̂(χ1 )}
(
)
−e+i[Φ1 −Φ2 ] D̂(−χ2 ) D̂(χ1 ) {1 + D̂MZ }
1
=
,
2
−i e+iΦ1 D̂(χ1 ) {1 − D̂MZ }
i {e

(G.2)
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where in the last step we have additionally introduced the generalized Mach-Zehnder
displacement operator

D̂MZ = e+i[Φ0 −2Φ1 +Φ2 ] D̂(−χ1 ) D̂(χ2 ) D̂(−χ1 ) D̂(χ0 ) .

(G.3)

The generalized displacement operator in its most compact form is given in Eq. (1.51).
For completeness, the matrix elements in the basis

{| 0 ⟩ ≡ (1, 0)T , | 1 ⟩ ≡ (0, 1)T }

after

each laser pulse read

1
(π)
⟨ 0 | ŜH2,0 | 0 ⟩ = √
2
}
1 {
( π2 )
(π)
⟨ 0 | ŜH,1 ŜH,0 | 0 ⟩ = − √ e+i[Φ0 −Φ1 ] D̂(−χ1 ) D̂(χ0 ) + i e+iΦ1 D̂(χ1 )
2
{
}
1 +i[Φ1 −Φ2 ]
( π2 ) (π)
( π2 )
⟨ 0 | ŜH,2 ŜH,1 ŜH,0 | 0 ⟩ = − e
D̂(−χ2 ) D̂(χ1 ) 1 + D̂MZ
(G.4)
2
and

(π)

i

+iΦn
D̂(χn )
e
2
}
1 {
| 0 ⟩ = √ −e+i[Φ0 −Φ1 ] D̂(−χ1 ) D̂(χ0 ) − i e+iΦ1 D̂(χ1 )
2
{
}
i
| 0 ⟩ = − e+iΦ1 D̂(χ1 ) 1 − D̂MZ .
(G.5)
2

⟨ 1 | ŜH2,0 | 0 ⟩ = − √
(π)

(π)

(π)

(π)

⟨ 1 | ŜH,1 ŜH2,0
(π)

⟨ 1 | ŜH2,2 ŜH,1 ŜH2,0

Among others, they are useful to calculate the dynamical phase in a Mach-Zehnder
interferometer.

G.2. Diamond Interferometer
The diamond shaped interferometer shown in Fig. 5.5 consists of three spatial separated
interferometer branches. With the help of the vertex rules, see Table 1.1, we obtain for
the upper interferometer branch the operator sequence

Ûu ∝ −(i)3 ei[Φ0 −Φ1 +Φ2 ] D̂(χ2 )D̂(−χ1 )D̂(χ0 ).

(G.6)

ΦD ≡ 2(Φ0 − Φ1 + Φ2 ) and make use of the
χD /2 ≡ (χ2 − χ1 + χ0 ) is here the total displacement of

Further, we dene the diamond phase
composition law (1.47), where

the upper interferometer branch. Thus, we arrive at the compact expression

Ûu ∝ ieiΦD /2 eiΦg D̂(χD /2),

(G.7)

where we have additionally introduced the abbreviation

Φg ≡
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]
1 [ T
T
χ0 J χ2 + χT
2 J χ1 + χ1 J χ0
2~

(G.8)
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for the phase contribution coming from the addition of subsequent displacements in
external phase space. Moreover, the above phase has a simple interpretation because it
is the addition of three oriented areas spanned up by the displacement vectors

n = 0, 1, 2.

χn

with

Indeed, each term in the above phase thereby corresponds to the area of a

triangle dened by two displacement vectors, see Fig. 5.3.
In analogy, we obtain for the lower interferometer branch the operator sequence

Ûl ∝ ie−iΦD /2 eiΦg D̂(−χD /2).

(G.9)

Due to the symmetric splitting between the upper and the lower branch in the diamond
interferometer, the total accumulated phase

ΦD /2

and the total displacement

χD /2

only diers by a minus sign. Indeed, each vertex of the upper interferometer branch
corresponds to a phase and a displacement of same magnitude as the lower branch
but with opposite sign. However, the quantum geometric phase

Φg ,

see Section 5.4 for

the general treatment, is the same for both branches because of the bi-linearity in the
displacement vectors, Eq. (G.8).

Closed Geometry for Homogeneous External Fields

In the presence of a homoge-

neous external (gravitational) eld the phase-space displacements in a diamond interferometer are given by

)
(
)
−2~kT /m
0
, χ1 =
2~k
~k

(

(

χ0 =

and

χ2 =

This result is easily derived from Eq. (C.7) (with
that the middle laser pulse (at time

t1 )

)
−~k2T /m
.
~k

Γ = 0)

(G.10)

when we take into account

transmits the double photon recoil

~k1 = 2~k.

Moreover, in order to close the interferometer at the end (i.e. full overlap of the atomic

T = T1 = T2 so that
χD /2 ≡ χ2 − χ1 + χ0 = 0

states) we have assumed an equal pulse separation
interferometer time is

2T

and the displacement

the total
vanishes.

Hence, the upper and the lower interferometer branch, Eqs. (G.7) and (G.9), correspond
to the superposition

Ûu + Ûl ∝ ieiΦg cos

(

ΦD
2

)
.

(G.11)

To conclude, the interferometer build up by the upper and the lower interferometer
branch do not alter the relative external states apart from the acquired phase

Φg .

Moreover, since the external states fully overlap in phase space, we arrive at

Φg =

1 T
χ J χ0 .
2~ 1

(G.12)

Indeed, the specic choice of displacements (G.10) guarantees that the interferometer
is closed (χD /2

≡ χ2 − χ1 + χ0 = 0)

in Eq. (G.8) cancel each other.

which in turn yields that the rst two terms

Finally, we would like to point out that the remain-

ing (global) phase (G.12) can be measured by interference with the unaected middle
interferometer branch, see Section 5.4.3.
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G.3. Bouncing Interferometer
In Section 2.4.2 we introduce a new type of interferometer, see Fig. 2.3, where just one
branch is aected while the other interferometer branch freely evolves in an (external)
quadratic potential.

In particular, the lower interferometer branch is bouncing via a

specular mirror. The corresponding nal state is given by Eq. (2.33).
We show in this appendix that the relative evolution of the lower branch with respect
to the upper branch directly yields (apart from phase factors) the Wigner function.
Starting point is the expectation value

⟨Ûrel ⟩ ≡ Tr {ρ̂(0) Ûrel }

of the corresponding

operator sequence, Eq. (2.32),

{
}
⟨Ûrel ⟩ = Tr ρ̂(0) e−i[Φ2 +Φ0 ] D̂(−χ2 ) Π̂H,1 D̂(−χ0 ) .
Parity Operator in the Heisenberg Picture (Specular Mirror)

(G.13)

By using Eq. (B.37),

we can identify the parity operator in the Heisenberg picture

Π̂H ≡ Û † (t, t0 ) Π̂ Û (t, t0 ) = Π̂(−T −1 χ)

(G.14)

as a displaced parity operator. At this point, we want to introduce the abbreviation

χ̃1 ≡ −T −1 (t1 , t0 ) χ(t1 , t0 ) for the
operation Û = D̂(χ) ÛT , inducing
in phase

1
space .

eective displacement due to a Gaussian unitary
a linear translation

χ

and symplectic rotation

T

As a result, the specular mirror is described by the parity operator

Π̂H,1 = Π̂(χ̃1 ).
The Relation to the Wigner Function

With the denition of the displaced parity

operator, Eq. (B.26), one obtains

−i[Φ2 +Φ0 ]

∫

⟨Ûrel ⟩ = e

{
}
χ′
′
Tr
ρ̂(0)
D̂(−χ
)
D̂(χ
)
D̂(−χ
)
2
0
(2π~)N
d

2N

′
− ~i χ̃T
1 Jχ

e

.

(G.15)

R2N
Using the composition rule (B.21) twice, the displacement sequence becomes

i

T

i

TJ χ′

D̂(−χ2 ) D̂(χ′ ) D̂(−χ0 ) = D̂(χ′ − χ0 − χ2 ) e− 2~ χ2 J χ0 e 2~ (χ2 −χ0 )

.

(G.16)

Substituting in Eq. (G.15) the above relation, the expectation value reads

i χT J χ
−i[Φ2 +Φ0 ] − 2~
0
2

⟨Ûrel ⟩ = e

∫

e

χ′ ~i
e
(2π~)N
d

2N

(

χ2 −χ0
−χ̃1
2

)T
J χ′

{
}
Tr ρ̂(0) D̂rel

(G.17)

R2N

1 Remember, a Gaussian unitary operation corresponds to the general quadratic Hamiltonian (1.10),
see Appendix B.7.
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where we have additionally introduced the relative displacement operator

χ0 − χ2 ). We can identify the trace as
that is Tr {ρ̂(0) D̂rel } ≡ η[ρ̂(0)], see Eq.

D̂rel ≡ D̂(χ′ −

the characteristic function of the initial state,
(B.7). The characteristic function in terms of

the Wigner function, Eq. (B.10), gives

∫
⟨Ûrel ⟩ ∝

χ′
(2π~)N
d

2N

R2N

∫
d

2N

ξ

e

i

~

(

χ2 −χ0
−χ̃1 +ξ
2

)T
J χ′

i (χ +χ )T J ξ
0
2

e~

W[ρ̂(0)](ξ) .

(G.18)

R2N

The integration over

χ′

yields the delta function

0
δ (2N ) ( χ2 −χ
− χ̃1 + ξ),
2

see Eq. (B.9),

which reduces the expectation value to

⟨Ûrel ⟩ = (2π~)

i χT J χ
N −i[Φ2 +Φ0 ] − 2~
0
2
e

e

e

i (χ +χ )T J ( χ0 −χ2 +χ̃ )
0
2
1
~
2

(
)
χ0 − χ2
W[ρ̂(0)]
+ χ̃1 .
2
(G.19)

The phase terms in front of the Wigner function W can be further simplied by using the
properties

χT
i J χi = 0

and

T
χT
i J χj = −χj J χi ,

valid for the symplectic form (1.13),

which nally gives rise to the phase

Φrel ≡ −[Φ2 + Φ0 ] +

1
1 T
χ2 J χ0 + (χ0 + χ2 )T J χ̃1 .
2~
~

(G.20)

Φn ,
χ̃1 ≡ −T −1 (t1 , t0 ) χ(t1 , t0 )

At this point, we recall the denitions (1.26) and (1.27) for the generalized phases
displacement vectors

χn

and especially the displacement

associated with the specular mirror. When we further introduce the abbreviation

χrel ≡

χ0 − χ2
+ χ̃1 ,
2

(G.21)

we arrive at the compact form

⟨Ûrel ⟩ ≡ Tr {ρ̂(0) Ûrel } = (2π~)N eiΦrel W[ρ̂(0)](χrel ).
In conclusion, the expectation value of the relative evolution operator

Ûrel

(G.22)
in a bouncing

interferometer is directly related to the initial Wigner function W evaluated at the
phase-space position

χrel .
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H. Quantum Phase-Space Distributions
for Curved Spaces
In this appendix we introduce in a quite general framework quantum states in terms of a
generalized Wigner function and gain a fundamental understanding of quantum phasespace distributions for curved spaces.

In addition, we consider compact coordinate

spaces such as a sphere and make the connection to quantum angular-momentum states,
which provides a useful tool for illustrating many-particle spin states on a generalized
Bloch sphere, see also Section 6. In particular, we introduce quantum states in general
curved spaces in the language of Weyl-Wigner phase space which generalizes the results
given in Appendix B. The advantage of this approach is that quantum probabiltiy
distributions for curved spaces can be dened without any symmetry constraints to the
underlying manifold. The associated phase-space distribution will solely depend on the
specic operator ordering.

H.1. Wigner Function for General Curved Coordinate
Spaces
The standard Weyl-Wigner phase-space formalism [67] can be generalized to arbitrary
curved spaces [217]. Indeed, one can dene the Wigner function and the Weyl-Wigner
correspondence of operators in terms of phase-space distributions accompanied by a
curved conguration space. The dynamical behavior is given by a generalized quantum
Liouville equation and reduces to the classical curved Liouville equation in the semiclassical limit.
The coordinate representation of the Wigner function for curved conguration spaces
is given by [217]

1
W[ρ̂](x, p) =
(2π~)N

∫
d

N ′

x

√
x′
x′
′i
4
g(x + x′ /2) g(x − x′ /2) eipi x /~ ⟨ x − | ρ̂ | x +
⟩,
2
2

RN
(H.1)
which is the natural generalization of the standard Wigner function (B.1).

N -dimensional Riemannian manifold for the set of general
1
2
x ≡ (x , x , . . . , xN ). Moreover, gij (x) denotes the metric tensor with
ing determinant g(x) ≡ det gij (x), i, j = 1, . . . , N .
considers a

Here one

coordinates
correspond-

197

H.1. WIGNER FUNCTION FOR GENERAL CURVED COORDINATE SPACES

The conjugate momenta of the general coordinates shall satisfy the canonical commutation relations,

[x̂i , p̂i ] = i~δ ij

[x̂i , x̂j ] = [p̂i , p̂j ] = 0,

and

and the quantization is

done, see Ref. [218], by introducing the derivative

)
(
1 j
pi → p̂i = −i~ ∂i + Γji .
2

(H.2)

These are the conjugate momentum operators in coordinate representation and

1
2

g kl (∂i gjl + ∂j gil − ∂l gij )

are the usual Christoel symbols with

∂i ≡ ∂/∂xi

Γkij ≡

as short-

hand notation for the coordinate derivatives. Moreover, the contracted Christoel symbols read

1
Γjji = ∂i ln g.
2

(H.3)

The quantization of the conjugate momenta (H.2) implies via the eigenvalue equation

⟨ x | p̂i | p ⟩ = pi ⟨ x | p ⟩

the coordinate representation

⟨ x|p ⟩ = √
4
of the momentum eigenstates.
assumed to be normalized

ip xi /~
e i

(H.4)

g (2π~)N/2

On the other hand, the coordinate eigenstates were

√
⟨ x′ | x′′ ⟩ = δ (N ) (x′ − x′′ )/ g

such that the identity operator

can be written in the coordinate or in the momentum basis [218]

∫

1N =

d

N

x

√

g | x ⟩⟨ x | =

∫
∑

| p ⟩⟨ p | .

(H.5)

Note that for compact coordinate spaces the associated momentum spectrum is discrete and the commutation relations between the conjugate operators become operatorvalued. We will address this issue in the context of spherical spaces. For the moment,
however, we assume a continuous spectrum.
In contrast to the coordinate representation, see Eq. (H.1), the generalized Wigner
function in momentum representation

1
W[ρ̂](x, p) =
(2π~)N

∫

d

N ′

p

−ip′i xi /~

e

⟨p −

p′
p′
| ρ̂ | p + ⟩
2
2

(H.6)

RN
is the same as in at space. Further, the generalized Wigner function is again a quasiprobability distribution in the sense that it is normalized to one,
and the marginals

d

N

x

∫

d

N

p

W

= 1,

∫
d

N

x

W[ρ̂](x, p)

= ⟨ p | ρ̂ | p ⟩

N

p

W[ρ̂](x, p)

=

∫
d
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∫

√

g ⟨ x | ρ̂ | x ⟩

(H.7a)

(H.7b)

H.1. WIGNER FUNCTION FOR GENERAL CURVED COORDINATE SPACES

correspond to the momentum distribution, Eq. (H.7a), and the coordinate distribution,
Eq. (H.7b), of the quantum state

ρ̂,

respectively.

In Appendix B we have shown in at space that the Wigner function can be written
in terms of a displaced parity operator, see Eq. (B.29). For curved coordinate spaces
this generalizes to
W[ρ̂](χ)

=

1
⟨ Π̂(χ) ⟩,
(2π~)N

where the expectation value for an arbitrary state reads

(H.8)

⟨ Π̂(χ) ⟩ = Tr {ρ̂ Π̂(χ)} and the

displaced parity operator is dened as

Π̂(χ) ≡ D̂(χ) Π̂ D̂† (χ).
Here the parity operator

Π̂

(H.9)

has the same form as in the at case, compare with

Eq. (B.18),

Π̂ =

∫

1
(2π~)N

d

2N

χ D̂(χ)

(H.10)

R2N
and depends on the displacement operator

i

D̂(χ) ≡ D̂(χx , χp ) ≡ e−i(χx ) p̂i /~ ei(χp )i x̂ /~ e− 2~ (χx ) (χp )i ,
i

which takes into account the eects of the metric

i

gij

i

(H.11)

by its action on the states. In-

deed, the standard coordinate and momentum translations, Eqs. (B.17a) and (B.17b),
generalizes to

√
−i(χx

e

)i p̂

i /~

|x ⟩ =

4

g(x + χx )
| x + χx ⟩
g(x)

i(χp )i x̂i /~ | p ⟩ = | p + χ ⟩.
p

e

(H.12a)

(H.12b)

Further, it is crucial that the displacement operator is used in its product form rather
than in its symmetric form (B.8). In this way, one can easily deal with operator-valued
commutators of the conjugate observables arising in general curved coordinate spaces
(for an example, see Section H.2).
So far we have introduced the generalization of the standard at Wigner function to
arbitrary curved coordinate spaces. In particular, the extension of the formalism was
based on the translation group builded by the new displacement operators (H.11). As a
result, the Weyl-Wigner formalism for arbitrary curved coordinate spaces even includes
conjugate observables showing operator-valued commutators.

To illustrate this new

feature, we consider next the generalized Wigner function for the surface of a Bloch
sphere, which is the state space of a two-level system.
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H.2. Wigner Function for the Curved Surface of a Sphere
The line element associated with the two-dimensional surface of a sphere with constant
radius

r=1

is given by

d2 x = gij (x) dxi dxj = (dθ)2 + sin2 θ (dϕ)2 .
Here

θ ∈ [0, π]

and

ϕ ∈ [0, 2π)

denote the polar and the azimuthal angle, respectively.

The corresponding metric components are
determinant

(H.13)

gθθ = 1, gϕϕ = sin2 θ

and

g(θ, ϕ) ≡ det gij (θ, ϕ) = sin θ.

gϕθ = gθϕ = 0

with

2

The identity operator, Eq. (H.5), written in terms of the coordinate eigenstates
or equivalently in the conjugate momentum eigenstates

∫π
12 =

∫2π
dϕ sin θ | θ, ϕ ⟩ ⟨ θ, ϕ | =

dθ
0

∑

| mθ , mϕ ⟩,

| θ, ϕ ⟩

reads

| mθ , mϕ ⟩⟨ mθ , mϕ | .

(H.14)

mθ ,mϕ

0

We recall that for compact conguration spaces (here the surface of the sphere) the
momentum eigenstates become discrete. Hence, the coordinates
tinuous while their conjugate momenta

mθ

and

mϕ

θ

and

ϕ

are still con-

are discrete on the sphere. Via the

quantization rule (H.2), valid for arbitrary curved conguration spaces, one immediately
obtains the quantized momentum operators

(
)
1
p̂θ = −i~ ∂θ + cot θ
2
in coordinate representation.

p̂ϕ = −i~ ∂ϕ

(H.15)

Here we have used for the contracted Christoel sym-

bols (H.3) the explicit expression

Γjjθ = 1/2 ∂θ ln g(θ, ϕ) = cot θ.

The momentum eigenvalues are given by the eigenvalue equations

where

p̂ϕ | mθ , mϕ ⟩ = ~mϕ | mθ , mϕ ⟩

(H.16a)

p̂θ | mθ , mϕ ⟩ = 2~mθ | mθ , mϕ ⟩,

(H.16b)

√
⟨ θ, ϕ | mθ , mϕ ⟩ = exp{2imθ θ} exp{imϕ ϕ}/ 2π 2 sin θ

are the momentum eigen-

functions in coordinate representation, see Eq. (H.4). Translations on the sphere are
generated by the displacement operator

(
D̂(χ) = D̂θ (θ, mθ ) D̂ϕ (ϕ, mϕ ) =

2imθ θ̂ −iθ p̂θ /~ −iθ mθ

e

e

e

)(

)

imϕ ϕ̂ e−iϕ p̂ϕ /~ e−iϕ mϕ /2 .

e

(H.17)

Finally, the generalized Wigner function (H.8) for the two-dimensional surface of a
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sphere is given by

W[ρ̂](χ)

1
Tr {ρ̂ Π̂(θ, ϕ, mθ , mϕ )}
2π 2
∫π/2 ∫π
√
1
′
′
′
′
= 2
dθ
dϕ
sin(θ + θ′ /2) sin(θ − θ′ /2) ei[2mθ θ + mϕ ϕ ]
2π

=

−π

−π/2

ϕ′
θ′
ϕ′
| ρ̂ | θ + , ϕ + ⟩
2
2
2
2
= W[ρ̂](θ, ϕ, mθ , mϕ ).
× ⟨θ −

θ′

,ϕ −

(H.18)

Here we have used Eqs. (H.9) and (H.10) for the displaced parity operator

Π̂(χ) which is

determined by the displacements (H.17). Additionally, in the second line of Eq. (H.18)
we have given the Wigner function in coordinate representation [217], that is in terms
of the azimuthal angle

θ

and the polar angle

ϕ.

H.3. Marginals and the Husimi Q-Representation
Moreover, we show in this section that tracing out the conjugate momenta of this
generalized Wigner function, which results in the associated coordinate distribution,
will directly yield the usual phase-space distribution of a two-level system in form of
the Husimi Q-function.
The marginals of the generalized Wigner function are given by the momentum and
the coordinate distribution, see Eq. (H.7).

Hence, one obtains the corresponding ex-

pressions on the surface of a sphere after integrating the Wigner function (H.18) over
the coordinates

θ

ϕ,

and

or summing over the conjugate momenta

∫π
W[ρ̂](mθ , mϕ )

≡

W[ρ̂](θ, ϕ)

≡

and

mϕ ,

that is

∫π

dθ

0

mθ

∑

dϕ W[ρ̂](θ, ϕ, mθ , mϕ )

−π
W[ρ̂](θ, ϕ, mθ , mϕ )

=

√

= ⟨ mθ , mϕ | ρ̂ | mθ , mϕ ⟩,

(H.19a)

sin θ ⟨ θ, ϕ | ρ̂ | θ, ϕ ⟩.

(H.19b)

mθ ,mϕ
Note, the latter marginal, i.e. the coordinate distribution W[ρ̂](θ, ϕ), is the analogue
to the Husimi Q-function

Q[ρ̂](α) ≡ 1/π ⟨ α | ρ̂ | α ⟩

known from quantum optics [67],

however, here evaluated with respect to the coordinate eigenstate
the usual coherent state

|α⟩

| θ, ϕ ⟩

rather than

of the quantum harmonic oscillator. That is the reason

why one can associate Eq. (H.19b) with an (unnormalized) Q-representation of a given
density operator

ρ̂

with respect to the spherical coordinates

discuss in Appendix I the

N -particle

θ

and

ϕ.

Moreover, we

Bloch sphere, that is the state space for

N

two-

level systems, and provide the usual denition of the normalized Q-function, Eq. (I.2).
However, we note that alternative representations for spin states also exist, see for
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instance [198, 219221] and the references therein.

Next, we provide the generalized

Wigner function for Dicke States.

H.4. Generalized Wigner Function for Dicke States
The Dicke states

| j, m ⟩

1

in coordinate representation

are the spherical harmonics

⟨ θ, ϕ | j, m ⟩ = Yjm (θ, ϕ).

(H.20)

Hence, the generalized Wigner function for the two-dimensional surface of a sphere, see
Eq. (H.18), becomes for a Dicke state

1
W[ρ̂Dicke ](θ, ϕ, mθ , mϕ ) =
2π 2

ρ̂Dicke ≡ | j, m ⟩⟨ j, m |

∫π/2 ∫π
√
′
′
′
′
sin(θ + θ′ /2) sin(θ − θ′ /2) ei[2mθ θ +mϕ ϕ ]
dθ
dϕ

−π/2

−π

∗
× Yjm (θ − θ′ /2, ϕ − ϕ′ /2) Yjm
(θ + θ′ /2, ϕ + ϕ′ /2).

(H.21)

Sometime, the associated marginals, Eqs. (H.19a) and (H.19b), are also considered as
phase-space representations of the quantum state

ρ̂.

For example, for the compact

coordinate space of the sphere the non-commutativity of the operators

θ̂, ϕ̂, p̂θ , p̂ϕ

can

be associated with an alternative algebra on the subspaces. Thus, W[ρ̂Dicke ](θ, ϕ) can
be seen as the phase-space representation of

ρ̂Dicke

in a sub phase space corresponding

to the usual angular-momentum operators (angular-momentum phase space [198, 199]).
In contrast, for an Euclidian coordinate space the operators

x̂, ŷ, ẑ

commute with each

other and no sub-algebras exist.
The spherical harmonics (H.20) can thus be interpreted as a Q-representation

Q[ρ̂Dicke ](θ, ϕ) = |Yjm (θ, ϕ)|2
of the Dicke states

(H.22)

ρ̂Dicke ≡ | j, m ⟩⟨ j, m |.

H.5. Alternative Representation of Dicke States
We emphasize that there are many attempts to generalize the standard (at) Wigner
function by considering symmetry properties of the underlying manifold [198, 219221].
An alternative representation, which especially elucidates the analogy between the Dicke
states (general angular momentum states) and the Fock states of the quantum harmonics
oscillator, is based on the expansion of an arbitrary angular-momentum operator

∑2j ∑k
k=0

q=−k Gkq T̂kq

T̂kq ≡

j
∑

j
∑

m=−j m′ =−j

1 Coordinate
of a sphere.
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Ĝ =

in terms of the multipole operator [219]

j−m

(−1)

√

(

j
k j
2k + 1
−m q m′

)

representation in terms of the spherical coordinates

| j, m ⟩⟨ j, m′ | .
θ

and

ϕ,

(H.23)

which dene the surface

H.5. ALTERNATIVE REPRESENTATION OF DICKE STATES

Such an expansion was for instance used in Ref. [198] and the representation

W[Ĝ](θ, ϕ)

=

2j ∑
k
∑

Ykq (θ, ϕ) Gqk

(H.24)

k=0 q=−k
was dened as the Wigner function of the operator

Ĝ.

Here

Ykq (θ, ϕ)

denote the spher-

ical harmonics (H.20) and

†
Gkq ≡ Tr {Ĝ T̂kq
}

(H.25)

are the expansion coecients. Note that in Eq. (H.23) the Wigner 3j -symbol

(

j1 j2 j3
m1 m2 m3

has been used, where
Moreover, the Wigner

)
=

(−1)j1 −j2 −m3
√
⟨ j1 , m1 ; j2 , m2 | j3 , −m3 ⟩
2j3 + 1

(H.26)

⟨ j1 , m1 ; j2 , m2 | j3 , m3 ⟩ denote the Clebsch-Gordon coecients.
3j -symbol is only non-vanishing for m1 + m2 + m3 = 0 and

|j1 − j2 | ≤ j ≤ j1 + j2 .
In particular, the Wigner function (H.24) yields for Dicke states

W[ρ̂Dicke ](θ, ϕ)

=

2j
∑
k=0

and the normalized function

j−m

Yk0 (θ, ϕ) (−1)

√

(

ρ̂Dicke ≡ | j, m ⟩⟨ j, m |

j
k j
2k + 1
−m 0 m

)

√
f (θ, ϕ) = 1 + W[ρ̂Dicke ](θ, ϕ)/(~ j(j + 1))

(H.27)

illustrates the

associated oscillations of the Wigner function W on the surface of the sphere, see
Ref. [198].
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I. Probability Distribution and Quantum
Fluctuations of Many-Particle States
In Section 6 we have already seen that a many-particle system of
can be described by a coherent spin state
Bloch sphere with radius

N/2.

| θ, ϕ ⟩

N

spin-1/2 particles

dening a point on the generalized

For illustrative reasons it is useful to introduce quasi-

probability distributions like the Glauber-Sudarshan P-distribution, the Wigner distribution or the Husimi Q-distribution. We also refer to Appendix H where we discuss in
general phase-space distributions for curved spaces.
In this appendix we show one possible denition of the Q-function deduced from the
corresponding P-distribution on the

N -particle

Bloch sphere. Afterward, we determine

the variances of product states with exchange symmetry and calculate the particlenumber uctuations associated with the ground-state detection in atom interferometers.

I.1. Phase-Space Distributions on the Generalized Bloch
Sphere
The diagonal representation of the density operator in terms of coherent spin states
(CSS)

∫
ρ̂ =

dΩ P (θ, ϕ)

| θ, ϕ ⟩⟨ θ, ϕ |

(I.1)

P (θ, ϕ) on the N -particle Bloch sphere, where
≡ sin θ dθ dϕ and P (θ, ϕ) is normalized to one. Since the CSS build an overcomplete

implicitly denes the P-distribution
dΩ

set of states, the above diagonal representation always exists.
The second quasi-probability distribution shall be the Q-function

N +1
⟨ θ, ϕ | ρ̂ | θ, ϕ ⟩,
(I.2)
4π
analogue to the Q-function Q[ρ̂](α) ≡ 1/π ⟨ α | ρ̂ | α ⟩ known from
Here the CSS | θ, ϕ ⟩ is the generalization of the usual coherent
Q[ρ̂](θ, ϕ) ≡

which is the spherical
quantum optics [67].
state

|α⟩

for the spherical phase space dened by the surface of the Bloch sphere. In

order to establish the connection between the P- and the Q-distribution, we substitute
in the above equation the density operator (I.1)

N +1
Q[ρ̂](θ, ϕ) =
4π

∫

dΩ

′

P [ρ̂](θ′ , ϕ′ ) |⟨ θ′ , ϕ′ | θ, ϕ ⟩|2 .

(I.3)
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Furthermore, the overlap of two CSS is given by [222]

[

θ − θ′
ϕ − ϕ′
θ + θ′
ϕ − ϕ′
′
⟨ θ, ϕ | θ , ϕ ⟩ = eiN/2 (ϕ−ϕ ) cos
cos
− i cos
sin
′

′

2

2

2

]N
(I.4)

2

and thus the absolute square becomes

(
)N
2 Θ
|⟨ θ, ϕ | θ , ϕ ⟩| = cos
.
2
′

Here

Θ

′

2

denotes the angle between the states

in the directions

n

| θ, ϕ ⟩ = | n ⟩

(I.5)

and

| θ′ , ϕ′ ⟩ = | n′ ⟩

′
and n on the generalized Bloch sphere with

pointing

cos Θ ≡ n · n′ = cos θ cos θ′ + sin θ sin θ′ cos(ϕ − ϕ′ ).

(I.6)

N,

In order to obtain an approximate expression of the absolute square for large

we

rst rewrite Eq. (I.5) by means of the above relation

cos2N

Θ
=
2

(

1 + cos(θ − θ′ ) + 12 [cos(θ − θ′ ) − cos(θ + θ′ )] [cos(ϕ − ϕ′ ) − 1]
2

)N
.

(I.7)

cos2 (Θ/2) = (1 + cos Θ)/2 as well as the
2 cos θ cos θ′ = cos(θ − θ′ ) + cos(θ + θ′ ) and

Here we have additionally used the identity
product rules for sine and cosine functions,

2 sin θ sin θ′ = cos(θ − θ′ ) − cos(θ + θ′ ).
6
Since the typical atom number N is very large in experiments (∼ 10 atoms), the
′ ′ 2
absolute square |⟨ θ, ϕ | θ , ϕ ⟩| becomes large for nearby states, i.e. for small Θ, which
′
′
implies θ ≈ θ and ϕ ≈ ϕ . Thus, the right-hand side of Eq. (I.7) can be approximated
in the following way

cos

2N

Θ
=
2

(

)N
N
2 ′
1
1
′ 2
′ 2
′ 2
′ 2
2 ′
1 − (θ − θ ) − (ϕ − ϕ ) sin θ + ...
≈ e− 4 [(θ−θ ) +(ϕ−ϕ ) sin θ ] ,
4
4
(I.8)

where we have used

θ + θ′ ≈ 2θ′

large atom numbers

N

for the cosine function in order to arrive at the

sin2 θ′ -

′ ′ 2
term. Hence, we obtain for the absolute square |⟨ θ, ϕ | θ , ϕ ⟩| and in the presence of
a Gaussian distribution with decreasing width for increasing

The Q-function in terms of the P-distribution, Eq. (I.3), becomes for

N
Q[ρ̂](θ, ϕ) ≈
4π

∫

dΩ

′

′ 2 +(ϕ−ϕ′ )2

P [ρ̂](θ′ , ϕ′ ) e− 4 [(θ−θ )
N

sin2 θ′ ]

N.

N ≫1
.

(I.9)

Finally, we provide the Q-representation of a CSS. Since the density operator for the
CSS reads

ρ̂CSS =| θ0 , ϕ0 ⟩⟨ θ0 , ϕ0 |,

the P-distribution has to be a Dirac delta function

(see the diagonal representation (I.1))

PCSS (θ, ϕ) ≡ P [ρ̂CSS ](θ, ϕ) = δ(θ − θ0 ) δ(sin θ (ϕ − ϕ0 )).
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Thus, we immediately obtain from Eq. (I.9) the Q-representation

}
{
N
N
N
2
2
2
QCSS (θ, ϕ) ≈
exp − (θ − θ0 ) − (ϕ − ϕ0 ) sin θ0
4π
4
4
valid for large atom numbers

(I.11)

N ≫ 1.

I.2. Variances of Product States with Exchange Symmetry
The expectation value of the squared angular-momentum operator
along an arbitrary direction

⟨Jˆn2 ⟩ =

n

l=1 σ̂

N
N
N
(l) (m)
(l) (m)
∑
⟨σ̂n σ̂n ⟩
N ∑ ∑ ⟨σ̂n σ̂n ⟩
=
+
.
4
4
4

(l)

/2

(I.12)

l=1 m=1
l̸=m

Jn ≡ n · Ĵ . Especially, for product states we have
(l)
(m)
⟨σ̂n ⟩⟨σ̂n ⟩. When we additionally assume that the product states are

We recall the short-hand notation

=

∑N

reads

l,m=1

(l) (m)
⟨σ̂n σ̂n ⟩

Ĵ ≡

ˆ

symmetric under particle exchange, we obtain

⟨Jˆn2 ⟩ =

N
N (N − 1) (1) 2
+
⟨σ̂n ⟩ .
4
4

(I.13)

Finally, we use the expectation value

⟨Jˆn ⟩ =

N
∑
⟨n · σ̂ (l) ⟩
l=1

2

and arrive at the variance along the direction

n

=

N (1)
⟨σ̂n ⟩
2

(I.14)

valid for product states with exchange

symmetry

]
N[
(1)
∆2Jn ≡ ⟨Jˆn2 ⟩ − ⟨Jˆn ⟩2 =
1 − ⟨σ̂n ⟩2 .
4

(I.15)

I.3. Particle-Number Fluctuations for the Ground-State
Detection
The particle-number uctuations in the internal ground state are given by the vari-

∆2 N0 ≡ ⟨N̂02 ⟩ − ⟨N̂0 ⟩2 . In Section 6.2.3 we have already presented the results for
the mean-particle number ⟨N̂0 ⟩. Here we derive the corresponding expressions for the
2
2
second moment ⟨N̂0 ⟩ in order to arrive at the uctuations ∆ N0 in the ground-state
ance

particle number.
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With the denition of the number operator
be written as

N̂0 ,

Eq. (6.34), the second moment can



N
(k)
(l) 

∑
1 + σ̂3 1 + σ̂3
⟨N̂02 ⟩ = Tr i,e ρ̂(tf )
.

2
2 

(I.16)

k,l=1

The sums linear in the one-particle spin operators can be immediately evaluated for

(k)

(1)

σ̂3 = σ̂3 , which reads







N
N ∑
N

∑
∑

 2
1
(1)
(k)
(l)
(k)
2
2
2


⟨N̂0 ⟩ = Tr i,e ρ̂(tf ) N + 2N σ̂3 +
(σ̂3 ) +
σ̂3 σ̂3  .


4


k=l=1
k=1 l=1



identical particles

(I.17)

k̸=l

For product states

ρ̂ = ρ̂(1) ⊗ ... ⊗ ρ̂(N )

and the restriction to symmetric states under

particle exchange, we further obtain

⟨N̂02 ⟩

1
=
4

(
{
}
{
} )
(1)
(1) 2
2
2
(1)
(1)
N + 2N Tr i,e ρ̂ (tf ) σ̂3
+ N + N (N − 1) Tr i,e ρ̂ (tf ) σ̂3
.
(I.18)

Via the mean-particle number in the internal ground state
uctuations become

N
∆ N0 =
4
2
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⟨N̂0 ⟩, Eq. (6.35), the number

(
{
} )
(1) 2
(1)
1 − Tr i,e ρ̂ (tf ) σ̂3
.

(I.19)
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