K 5{'% TECHNISCHE UNIVERSITAT
2 X % BERGAKADEMIE FREIBERG

()‘ The University of Resources. Since 1765.

Semilinear elastic waves with different
damping mechanisms

To the Faculty of Mathematics and Computer Science
of the Technische Universitat Bergakademie Freiberg

is submitted this
Thesis

to attain the academic degree of

Doctor rerum naturalium
(Dr. rer. nat.)

submitted by B. Sc. Chen, Wenhui
born on the 24 June 1995 in Guangzhou, China

Freiberg, July 2020






Versicherung

Hiermit versichere ich, dass ich die vorliegende Arbeit ohne unzulissige Hilfe Dritter und ohne
Benutzung anderer als der angegebenen Hilfsmittel angefertigt habe; die aus fremden Quellen direkt
oder indirekt tibernommenen Gedanken sind als solche kenntlich gemacht.

Bei der Auswahl und Auswertung des Materials sowie bei der Herstellung des Manuskripts habe ich
Unterstiitzungsleistungen von folgenden Personen erhalten:

o Prof. Dr. rer. nat. habil. Michael Reissig
o Prof. Dr. rer. nat. habil. Rainer Picard
o Prof. Dr. Ryo Ikehata

Weitere Personen waren an der Abfassung der vorliegenden Arbeit nicht beteiligt.

Die Hilfe eines Promotionsberaters habe ich nicht in Anspruch genommen. Weitere Personen haben
von mir keine geldwerten Leistungen fiir Arbeiten erhalten, die nicht als solche kenntlich gemacht
worden sind. Die Arbeit wurde bisher weder im Inland noch im Ausland in gleicher oder dhnlicher
Form einer anderen Priifungsbehérde vorgelegt.

July 2020 B. Sc. Chen, Wenhui



Declaration

I hereby declare that I completed this work without any improper help from a third party and without
using any aids other than those cited. All ideas derived directly or indirectly from other sources are
identified as such.

In the selection and use of materials and in the writing of the manuscript I received support from the
following persons:

o Prof. Dr. rer. nat. habil. Michael Reissig
o Prof. Dr. rer. nat. habil. Rainer Picard
o Prof. Dr. Ryo Ikehata

Persons other than those above did not contribute to the writing of this thesis.

I did not seek the help of a professional doctorate-consultant. Only those persons identified as
having done so received any financial payment from me for any work done for me. This thesis has not
previously been published in the same or a similar form in Germany or abroad.

July 2020 B. Sc. Chen, Wenhui



Contents

1.

Introduction

1.1. Background . . . . . . . . . ..

1.2. Areview of some previousresults . . . . . . ... ... ...
1.2.1. Cauchy problem forelasticwaves . . . . ... .. ... ... ........
1.2.2. Cauchy problem for damped elasticwaves . . . . . . . .. ... ... ....

1.3. Objectives and structure of the thesis . . . . . . ... .. ... ... 0.

Linear elastic waves with friction or structural damping in 3D

2.1. Introduction . . . . . . . . L e
2.2. Asymptotic behavior of solutions . . . . . . ... ... oL oo
2.2.1. Energy method in the Fourier space for Case 2.0 . . . ... ... ... ...
2.2.2. Diagonalization procedure for Case 2.1 . . . . .. ... ... ... .....
2.2.3. Diagonalization procedure for Case 2.2 . . . . . . .. .. ... ... .. ..
2.2.4. Diagonalization procedure for Case 2.3 . . . . . . .. ... ... ... ...
2.2.5. Representations of solutions . . . . . . ... ... ... .
2.3. Smoothing effect and propagation of singularities . . . . . ... ... ... .....
2.4, Energy estimates . . . . . . . . . i i e e e e e e e e e e e e e e
2.4.1. Energy estimates by using a diagonalization procedure . . . . . ... .. ..
2.4.2. Energy estimates by using energy method in the Fourier space . . . . . . . .
2.5. Diffusion phenomena . . . . . . . . . ...
2.5.1. Diffusion phenomenon for the linear model with 6 =0 . . . . ... ... ..
2.5.2. Double diffusion phenomena for the linear model with # € (0,1/2) . . . . .
2.5.3. Diffusion phenomenon for the linear model with § € (1/2,1]. . . . . . . ..
2.6. Concludingremarks . . . . . . . . . . L
2.6.1. Summary . . . . ... e
2.6.2. Qualitative properties ina LP — L9 framework . . .. ... ... ... ...

Weakly coupled systems of the semilinear elastic waves with friction or struc-

tural damping in 3D

3.1, Introduction . . . . . . .. e e

3.2. Philosophy of our approach to study the global in time existence of solutions

3.3. Existence results for semilinear elastic waves with friction or structural damping for
O€0,1/2) . . o o
3.3.1. Data from classical energy space with suitable regularity . . . . ... .. ..
3.3.2. Data from energy space with suitable higher regularity . . . . . ... .. ..

3.4. Existence results for semilinear elastic waves with structural damping for 6 € [1/2, 1]
3.4.1. Data from classical energy space with suitable regularity . . . . ... .. ..
3.4.2. Data from energy space with suitable higher regularity . . . . ... ... ..

3.5. Existence and restriction of parameters . . . . . . . . ... ..o

3.6. Concludingremarks . . . . . . . . . .. L

Elastic waves with Kelvin-Voigt damping in 2D and 3D

4.1. Introduction . . . . . . . . .. e

4.2. Estimates of solutions to the linear problemin2D . . . . . .. ... ... ... ...

4.3. Asymptotic expansions and asymptotic representations . . . . . . . .. ... ... .
4.3.1. AsymptotiC eXpansions . . . . . . . . v vt e e e e e
4.3.2. Asymptotic representations . . . . . . . ... ..o u e e e



Contents

4.4. Diffusion phenomena . . . . . . .. Lo L 78

4.5. Weakly coupled system of the semilinear elastic waves with Kelvin-Voigt damping in 2D 80

4.6. Treatment of elastic waves with Kelvin-Voigt dampingin3D . . . . ... ... ... 85

47. Concludingremarks . . . . . . . . . ... 87

. Linear elastic waves in 3D 89

5.1. Introduction . . . . . . . . . L 89

5.2. Qualitative properties of solutions . . . . . . . .. ... L oL 89

5.3. LP — Lfestimatesof solutions . . . . . . . .. .. ... ... 92

5.4. BEstimates forradial solutions . . . . . . . ... ... oL oo 98

5.5. Open problem: Semilinear elastic wavesin3D . . . . . ... ... .......... 100

. Other research results for coupled systems 103
6.1. Weakly coupled systems of semilinear wave equations with distinct scale-invariant

terms inthe linearpart . . . . . . . . . ... 103

6.2. Linear thermoelastic plate equations with different damping mechanisms . . . . . . . 106

6.3. Doubly dissipative elastic wavesin2D . . . . . . ... ... oL 108

. Concluding remarks and further research topics 111

7.1. Generalized thermoelastic plate equations . . . . . . . ... ... ... ....... 111

7.2. Semilinear Moore-Gibson-Thompson equations . . . . . . . . ... ... ... ... 113

7.2.1. Blow-up of energy solutions for MGT with power nonlinearity . . . . . . . . 114

7.2.2. Blow-up of energy solutions for MGT with nonlinearity of derivative type . . 115

7.3. Semilinear strongly damped wave equations in exterior domainsin2D . . . . . . .. 116

7.3.1. Global existence for higher-order energy solutions . . . . .. ... ... .. 116

7.3.2. Blow-up of weak solutions in arbitrary dimensions . . . . . . ... ... .. 118

7.4. Semilinear wave equations with a nonlinear memory term . . . . . . . .. ... ... 119

. Notions-Guide to the reader 121

A.l. Generalnotation . . . . . . . . ... Lo e e 121

A2, FunCtion SPaces . . . . . . . v v i i e e e e e e e e e e 122

. Basic tools 123

B.1. Interpolationtheory . . . . . . . . . .. .. 123

B.2. Some inequalities in fractional Sobolev spaces . . . . . . . .. ... ... .. .. 123

B.3. Estimates for Fourier multipliers . . . . . . . .. ... .. ... ... ........ 124

B4. Littmantypelemma . . . . . . . . . . ... 125



1.Introduction

1.1. Background

Elastic waves describe particles vibrating in materials holding the property of elasticity. Moreover,
when the particles are moving and there exists a force acts on the particles restore them to their original
position, elastic waves will be produced. Elastic waves have been widely applied in describing wave
propagation in an elastic medium, such as seismic waves in Earth and ultrasonic waves in human body.

The theory of elastic waves was established by [74], where the author gave an equation of motion
for the displacement of a particle in elastic solids. Next, Cauchy developed the mathematical theory of
the elasticity by introducing the notions of stress, strain and stress-strain relations in [6]. Also, Poisson
in [83], solved the differential equation of motion for an elastic solid by decomposing the displacement
into an irrotational and a circular part, each part being a solution of a wave equation. In the reference
[33], Green derived the equation of motion and established the boundary conditions at the surface of
an elastic solid by applying energy and variational principles.

For the sake of briefness, we derive the equations governing motion of an infinite, isotropic and
homogeneous elastic continuum, which can be described by

u — a®Au — (b2 — az)Vdivu =0, (1.1)

where the positive constants a? and b? are related to the Lamé constants satisfying b > a > 0. The
system of elastic waves satisfies the property of finite speed of propagation given by the coefficient
b, which is the speed of propagation of the longitudinal P-wave. The coefficient a is the speed of
propagation of the transverse S-wave. These properties have been discussed in the paper [7].

In general, one can not expect that the system (1.1) models real-world problems, because there exist
several kinds resistance, such as fluid resistance and frictional resistance. We always use damping
mechanisms to describe oscillation amplitude, which are reduced through the irreversible removal of
the vibratory energy in a mechanical system or a component (see [34]). In other words, the damping
mechanisms can be considered as a loss of energy. As we will see later, some damping mechanisms in
the elastic waves (1.1) can be described by

wy — a®Au — (b2 — aQ)Vdivu + Aus = 0, (1.2)

where the term Awu, describes different kinds of damping mechanisms. In fact, different type damping
mechanisms will make different influences on the type of losing energy. It means the type of dissipation
affects the decay rate and the region of energy decay. What’s more, due to the structure of the damping
mechanisms, some properties of elastic displacements are different.

However, in various physical and chemical problems, as well as their abstract form in applied
mathematics, we always encounter semilinear problems rather than linear problems (1.1) and (1.2).
For example, semilinear elastic waves can be modeled by

g — a’Au — (b2 — a2)Vdivu + Auy = f(u), (1.3)

where A is allowed to be the zero operator. Here f(u) is a nonlinear term, which will be introduced
later.

1.2. A review of some previous results

In this section, let us start recalling briefly some results for wave equations and elastic waves with or
without damping mechanisms.



8 1. Introduction

1.2.1. Cauchy problem for elastic waves

Let us begin with the consideration of linear elastic waves. For linear elastic waves in 3D

{utt—aQAu— (bz—GQ)Vdivu:O, reR3, teRy, (1.4)

(u, ut)(0, ) = (ug, uy)(z), z € R3,

where b > 2a/+/3 > 0, by using the Helmholtz decomposition the authors of [3] derived Strichartz
estimates of solutions to (1.4). Moreover, taking b > a > 0 in the Cauchy problem (1.4) and supposing
that u € (C>([0,T],C5° (]R3)))3, [36] proved Keel-Smith-Sogge type estimates of solutions to (1.4)
by using the Hodge decomposition together with the multiplier method. In the book [85], the author
showed the proof of LP — L9 estimates on the conjugate line for some energies by using the interpolation
between corresponding L? — L? and L' — L estimates. For the weighted estimates with the angular
momentum operators (generator of the spatial rotation) to the inhomogeneous linear elastic waves,
we refer to [53, 57, 97, 56, 1, 98, 114, 36]. In general, they applied the method of vector fields with
suitable weighted functions.

Let us formally consider ¢ = b = 1 in linear elastic waves (1.4). Then, the system of elastic waves
can be reduced to free wave equation as follows:

(1.5)

u — Au =0, zeR™" teRy,
(U, ut)(O,x) = (UO,Ul)(x), r € R™

It is well-known that the representation of solutions is d’ Alembert’s formula in one space dimension,
Poisson’s formula in two space dimensions, Kirchhoff’s formula in three space dimensions. For
representations in higher dimensions, we refer to the book [26]. Estimates of solutions to the free
wave equation (1.5) have been investigated by many mathematicians, for example, LP — L9 estimates
of solutions have been derived in [63, 102, 103, 5, 82, 85]. Especially, L? — L? estimates have been
developed in [82], whose method is basing on the boundedness of related Fourier integral operators.

1.2.2. Cauchy problem for damped elastic waves

Let us turn to elastic waves with different damping mechanisms. In recent years, there are some papers
devoted to the study of linear elastic waves with friction (§ = 0) or structural damping (6 € (0, 1]),
which are modeled by

{utt —a?Au— (0* —a®)Vdivu+ (-A)u; =0, z€R", teRy, (16)

(u,ut)(0, ) = (ug,u1)(z), r € R”,

where b > a > 0. In the paper [41], the authors considered the Cauchy problem (1.6) with § € [0, 1]
and initial data is taken from energy spaces with additional L! regularity to obtain almost sharp energy
estimates by using energy methods in the Fourier space.

For the Cauchy problem (1.6) with § € (0, 1], the author of [88] studied qualitative properties
of solutions, including Gevrey smoothing if § € (0, 1), propagation of singularities if # = 1, and
estimates of higher-order energies.

More general structural damping mechanisms in elastic waves are considered in [109]. Especially,
the authors studied energy estimates for the following linear elastic waves with Kelvin-Voigt damping:

{utt — a?Au — (b2 — aZ)V divu+Eu, =0, ze€R" teRy, (17

(u, ut) (0, 2) = (uo, ur)(x), z e R",

with the Lamé operator E := —a?A — (b? — a?)V div for n > 2. By applying the Haraux-Komornik
inequality and energy methods in the Fourier space, the authors proved almost sharp energy estimates.
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Let us formally consider a = b = 1 in linear damped elastic waves (1.6). The system of damped
elastic waves can be immediately reduced to the following wave equation with friction or structural
damping:

(1.8)

uy — Au + (—A)out =0, zeR” teRy,
(U, ut)((],x) = (U(),Ul)(x), r € R".

Let us consider the wave equation with friction (i.e., # = 0 in (1.8)) in the first place. Sharp decay
estimates of solutions to (1.8) with § = 0 was initially derived by [67]. Moreover, it is well-known
that the solution of (1.8) with # = 0 has the effect of diffusion phenomenon, which means that the
solution to (1.8) with & = 0 behaves like the solution of the heat equation as ¢ — oo as follows:

1.9)

v — Av =0, reR™ teRy,
v(0,2) = vo(x) = up(z) + ui(x) = €R™

This phenomenon has been well-studied in [37, 38, 66, 72, 75,76, 77, 112].
Next, we take structural damping in damped wave equation (i.e., € (0,1) in (1.8)). In recent years,
qualitative properties of solutions to (1.8) with 6 € (0, 1) have been widely investigated. We refer
to [29] for well-posedness and smoothing effect of solutions, [24, 25, 22] for estimates of solutions,
[21, 111] for diffusion phenomena. Particularly, for (1.8) with 6 € (0,1/2), [21] showed double
diffusion phenomena such that the solution u behaves like the solution v to

vf +(~A)0t =0, 2R, teRy,
v(0,2) = vy (z) x € R",

and the difference v — vt behaves like the solution to

vy +(-A)Yv" =0, xR tcR,,
v (0,2) = vy () x e R,
in the LP — L9 framework, where 1 < p < ¢ < oo. Here vj = vg (z) and vy = vy (z) are suitably
choice of initial data, which will be defined by the aid of ug = ug(z) as well as u; = uy(z).
When we consider # = 1 in the Cauchy problem (1.8), we interpret the model by wave equation
with viscoelastic damping or strong damping. The well-posedness of solutions has been studied in
[47, 29, 25]. Some estimates of solutions have been developed in [25, 24], too. Furthermore, P — L4
estimates of solutions have been investigated in [84, 94]. Lastly, we mention that the asymptotic
profiles of solutions with a framework of weighted L' data, has been studied in [40, 69, 70].
Next, we consider the following semilinear damped wave models:

{utt —Au+ (=A)u; = [uP, z€R” teR,, (1.10)

(u,ut)(0, ) = (ug,uy)(z), r € R,

with 6 € [0,1]. The global (in time) existence of solutions and blow-up of solutions have been
investigated in recent years, which can be summarized as follows:

e In the case when # = 0: the critical exponent is Fujita exponent pryj(n) = 1+ % (one can see
[106, 46, 115]));

e In the case when 0 € (0, 1/2): the global (in time) unique solutions exist if p > 1 + ﬁ (one

can see [20, 24]);

e In the case when 6 = 1/2: the critical exponent is perit(n) = 1 + % (one can see [18, 20, 24]);
e In the case when 0 € (1/2,1]: the global (in time) unique solutions exist if p > 1 + lqj—ff (one

can see [24]).
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Lastly, let us turn to weakly coupled systems with p, ¢ > 1, for example, to
Ut — Au + (—A)eut = |U‘p, WS Rn’ te R+,
Vit — Av + (—A)eﬂt = |U’q, A Rn, t e R+, (111)
(U,Ut,'l),'l)t)(o,l') = ('LL(),'LLl,’U(),’Ul)(.Z'), WS Rna

where § = 0 or # = 1/2. Critical exponents to the system (1.11) with § = 0 are described by the
condition

pg—1pg—11 2

In [104] the authors investigated for n = 1, 3, that if appay < g, then there exists a unique global (in
time) Sobolev solution for small data. If opayx = %, then every local (in time) solution, in general,
blows up in finite time. The paper [73] generalized their existence results to n = 1, 2, 3 and improved
the time decay estimates when n = 3. The recent paper [78] determined the critical exponents for any
space dimension n. The proof of the global (in time) existence of energy solutions is based on the
weighted energy method. Later [105] considered the following generalization of the model (1.11) with
0 =0:

{p—i—l q+1} n
Omax = Max ;

ufy — Aut +uf = [uF P
u?, — Au? +u? = |[ul|P2, .
(1.12)
k k k k—1
utt_Au +Ut:|u ‘pk,

where k > 2 and p; > 1for j = 1,..., k. We define the matrix P as

po| 0 b 0 0

and consider P — I;. Therefore, it is clear that

k
[P — Tixk| = (—1)]?71(1_[171‘ - 1)»
j=1

and the inverse matrix of P — Iy, exists because |P — Ij«| # 0. Then, we can define
a=(a,...,q) = (P—Ikxk)fl . (1,...,1)T.

The author of [105] proved that when n < 3, then the critical exponents of the system (1.12) are

described by the condition

Omax = max{ag;...;a,} =

|3

In addition, the author obtained blow-up results for any space dimensions. Then, the paper [79]
determined the critical exponents for any space dimension n, where the weighted energy method has
been used in the proof of the global (in time) existence of solutions.

For & = 1/2 in (1.11), the paper [19] has shown that the global (in time) existence of small data
Sobolev solution holds if

p+1l q+1 } n—1
pg—1"pg—1 2’
and n > 2. On the contrary, the nonexistence result for global (in time) solutions holds if

Qmax = max{

n—1

2

Omax >

holds forn > 1.
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1.3. Objectives and structure of the thesis

In the present thesis we are going to consider the Cauchy problem for linear elastic waves

utt—a2Au—(bz—aQ)Vdivu—i—Aut:O, x e R teRy, (1.13)
(u,ut)(0, ) = (up,u1)(z), x € R™, '
where b > a > 0, u = (ul, . ,u")T with n = 2, 3, and the corresponding semilinear elastic waves
with power source nonlinearities, that is,
Uy — a?Au — (bz—GQ)Vdivu—i—Aut:f(u), reR" teRy, (1.14)
(’LL, Ut)(o, IE) = (u()v Ul)(l‘), r € R". .

Here the operator
A:u € R" = Auy € R™ for n=2,3,

has several forms in the thesis. Specifically, we will discuss the following operators A, which exert
different influences on the properties of solutions to the Cauchy problems (1.13) and (1.14):

e clastic waves without any damping, that is, Au; = 0;
e clastic waves with friction, that is, Au; = uy;

e clastic waves with structural damping, that is, Au; = (—A)%u, with 6 € (0, 1], especially,
Auy = —Awuy denotes viscoelastic damping;

e clastic waves with Kelvin-Voigt damping, that is, Au; = ( —a’A — (1)2 — a2)V div )ut with
b>a>0.

Moreover, the power source nonlinearities on the right-hand sides of (1.14) have the following forms:

Flu) = (JudPr, u )t when z € R?,

flu) = (|u3‘p1’ ‘ullm, ]u2|p3)T when z € R3,

where p1, p2, p3 > 1.

Let us sketch the division of the thesis in chapters, and the topic therein developed.

In Chapter 2 some qualitative properties of solutions to linear elastic waves with friction or structural
damping in 3D are derived, including smoothing effect, propagation of singularities, L? well-posedness,
energy estimates with initial data taking from different function spaces and diffusion phenomena. In
order to derive these properties, firstly representations of solutions are obtained by using WKB analysis
and diagonalization procedure.

In Chapter 3 several global (in time) existence results are proved for weakly coupled systems of
semilinear elastic waves with friction or structural damping in 3D. The results of global (in time)
existence of energy solutions, Sobolev solutions with higher and large regularities are proved.

In Chapter 4 by using asymptotic expansions of eigenvalues and corresponding eigenprojections,
the results of energy estimates with or without additional regularity and diffusion phenomena for linear
elastic waves with Kelvin-Voigt damping in 2D are obtained. For three dimensional case, it allows
us to apply the Helmholtz decomposition. Moreover, some results for global (in time) existence of
small data energy solutions to weakly coupled systems of semilinear elastic waves with Kelvin-Voigt
damping in 2D and 3D are proved.

In Chapter 5 by using explicit representation of the solution to three dimensional linear elastic waves
without any damping, the results of H* well-posedness and L” — L9 estimates not necessary on the
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conjugate line are derived, particularly, LP — LP estimates with p € (1, 00). Then, some estimates for
radial solutions are obtained. Finally, we give a conjecture on an open problem of semilinear elastic
waves in 3D.

In Chapter 6 some results for other topics related to coupled systems, which have been studied in the
Ph.D. period of the author of the thesis, are shown. First of all, global (in time) existence of small data
solutions and blow-up of solutions to the weakly coupled system of semilinear wave equations with
distinct scale-invariant terms in the linear part are shown. Secondly, qualitative properties of solutions
to linear thermoelastic plate equations with friction or structural damping are shown. Thirdly, a new
threshold of diffusion phenomena for doubly dissipative elastic waves in 2D is shown.

In Chapter 7 some concluding remarks and further researches complete the thesis.

Finally, we mention that some of the results derived in the present thesis are already published (c.f.
[17, 16, 10, 9, 8]), or under review (c.f. [64, 14, 12, 15, 13, 11]).
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2.Linear elastic waves with friction or
structural damping in 3D

2.1. Introduction

In this chapter we are interested in the study of the following Cauchy problem for linear elastic waves
with friction or structural damping in 3D:

2.1)

Uy — a?Au — (b2 — a2)V divu+ (—A)u; =0, z€R3 teRy,
(u7ut)(0’$) = (uo,ul)(x), T € Rg,

withb > a > 0 and 6 € [0, 1], where u = (ul, u?, u3)T. Here §# = 0 appears in the model with
friction or external damping, 6 € (0, 1] appears in the model with structural damping, in particular,
0 = 1 appears in the model with viscoelastic damping or strong damping.

It is well-known that different damping mechanisms have different influences on qualitative prop-
erties of solutions. Therefore, in this chapter we focus on qualitative properties of solutions to the
Cauchy problem (2.1) influenced by the parameter 6 € [0, 1] in the damping term. Our main purpose is
to study smoothing effect, propagation of singularities, energy estimates with different data spaces and
diffusion phenomena. To derive these properties of solutions, we obtain representations of solutions in
the first step. However, because the operator (—A)? with § € [0, 1] acts on u in the damping term, we
may not directly apply the spectral theory associated with asymptotic expansions of eigenvalues and
their corresponding eigenprojections in coupled systems (see, for example, [39, 86, 10]). To overcome
this difficulty, we may derive representations of solutions by applying WKB analysis. The main tool is
the application of a multi-step diagonalization procedure, which was mainly proposed in [90, 49, 88].
On the one hand, concerning energy estimates for solutions of the Cauchy problem (2.1), the recent
paper [41] derived almost sharp energy estimates by employing energy methods in the Fourier space.
But, sharp energy estimates for the Cauchy problem (2.1) are not clear. On the other hand, diffusion
phenomena for wave equations with friction (see [54, 66, 37, 72, 77, 68]) or structural damping (see
[21, 40, 70, 69, 45]) have been well-studied. Nevertheless, concerning diffusion phenomena for elastic
waves with friction or structural damping, it seems that we still do not have any previous research
manuscripts. In this chapter we give the answer in the three-dimensional case.

The rest of the chapter is organized as follows. In Section 2.2 by dividing frequencies of the
phase space into different zones and employing diagonalization procedure in each zone, we derive
representations of solutions. Then, basing on these representations of solutions we study qualitative
properties of solutions to the Cauchy problem (2.1). More specifically, in Section 2.3 we investigate
the smoothing effect and propagation of singularities of solutions. In Section 2.4 we obtain energy
estimates with different regularity initial data. Next, by introducing a series of reference systems, we
derive diffusion phenomena. In the last section the summary of this chapter, and some concluding
remarks complete this chapter.

2.2. Asymptotic behavior of solutions

Let us begin with rewriting the system in the Cauchy problem (2.1) in the following form:

a‘gl 8-731372 8-731973
Uy — a’Au — (62 — a2) Oy, 8%2 Oryzs | U+ (—A)eut =0. (2.2)
8963281 8$3362 83%3
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Constructing the corresponding ordinary differential system by applying the partial Fourier transforma-
tion with respect to spatial variables to (2.2), we obtain that @(t, &) = F,_,¢(u(t, z)) solves

gy + €[ + €2 A(n)a = 0, (2.3)
where = £/|¢| € St and

a?+ (0 —a)np (P —a’)mmy  (V*—a®)mmy
Am = B —a®)mne  a®+ (¥ —a®)nd (b —a®)nons
(b* — a?)mn3 (b —a?)mans a® + (b — a®)n3

Our assumption b > a > 0 implies that the matrix A(n) is positive definite. The eigenvalues of A(7)

are a?, a? and b?. For further approach, we introduce

_n2 3 m
g b 2 4 2 22
M(n) = 1 0 = and  Aging(|¢]) == |€|°diag(a?, a®, b%).
0 1 1

By making a new variable

o(t,€) == M~ (n)a(t, €),

we have
D?U_i’§|29DtU_Adiag(|5|>vzoa £eR? teRy, 2.4)
(Ua Dtv)(o’g) = (U07 _ivl)(§)7 é € Rg’ '
where v;(€) = M~ (n)a;(€) for j = 0, 1. After introducing W©) = W©) (¢, ¢) by
Dio(t,€) + Al (€D 1,€)
WO (t,€) = Lo : 2.5)
Dyo(t,€) — Agigg (IED0(1, €)
we derive the Cauchy problem for the evolution system
DW O — ZIgPIBW O — [¢|ByW©) =0, £ eR teRy, 26
wO(0,) = Wi (©). EeR?, |

with matrices By and Bj, which are given by

100100 a 00 0 0 0
010010 0a 0 0 0 0
001001 00b 0 0 0
Bo=f1 00100 ]| ™MB=4g00 - 0 o0
010010 000 0 —a 0
001001 000 0 0 —b

Remark 2.2.1. According to the papers [95, 108], we may interpret the system (2.6) as a symmetric
hyperbolic-parabolic coupled system when 0 = 1, and as a symmetric hyperbolic coupled system with
a symmetric relaxation when 0 = 0. Therefore, one may derive a dissipative structure of the Cauchy
problem (2.6) with 0 = 0,1, by applying Lemma 2.2 in [108]. However, the other properties (e.g.
smoothing effect, diffusion phenomena) are still not clear. Furthermore, concerning the remaining
case when 6 € (0, 1), the theory for dissipative structure to a general class of symmetric hyperbolic-
parabolic systems in [95, 108] cannot be applied because the non-local operator (—A)G appears.
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Before applying WKB analysis, let us define the cut-off functions Xint, Xmid, Xext € C™° (]R3)
having their supports in the following zones:

Zim(e) i = {€ R |¢| <e},
Zmld _{€€R3 |§’<%}7
Zoxt (e ::{56R3:|§|>%},

respectively, so that Xmia = 1 — Xint — Xext- Here € > 0 is a sufficiently small constant.
To understand the influence of the parameter |£|, we distinguish between the following cases.

Case 2.0:  We consider 6 # 1/2 with £ € Z;4().

Case 2.1: ~ We consider 6 € [0,1/2) with { € Zine(e) or 6 € (1/2,1] with § € Zeyi(€).
Case 2.2: ~ We consider 6 € [0,1/2) with { € Zo(e) or 0 € (1/2,1] with £ € Zipi(e).
Case 2.3:  We consider § = 1/2 for all frequencies ¢ € R3.

To obtain the asymptotic behavior of solutions to the Cauchy problem (2.6), the diagonalization
schemes (c.f. [49], [88], [90]) in the small and large frequency zones, and energy method in the Fourier
space in the middle frequency zone are available.

2.2.1. Energy method in the Fourier space for Case 2.0

Our motivation of this subsection is to prove an exponential decay result by using energy methods in
the Fourier space to guarantee an exponential stability of solutions.

Theorem 2.2.1. Let us consider frequencies in the zone Zu;q(€). The solution v = (v',v?,v3)" to

the Cauchy problem (2.4) satisfies the estimate for allt > 0

3
b 2+ g2 * S e 3 (b + o).
k=1

where k = 1,2, 3 and c is a positive constant.

Proof. Defining w;, = a? for k = 1,2, and @}, = b? for k = 3, we introduce an energy Fy,iq(v) =
Enia(v)(t, €) in the zone Z,;4(¢) according to the structure of (2.4) by

3
mld 7%2(‘7&} +wk’f‘ ‘U ‘2>

k=1

Multiplying the equation in (2.4) by the function v; we obtain

8
o7 Pia (v) = —[€[** Z of |, 2.7)

Homoplastically, we multiply the equation in (2.4) by the function v and take the real part of the
resulting identity to arrive at

3 3
1 0
3 E wk|§|2‘vk}2+a< g Re (vkvf)) < ¢ g ‘vff, (2.8)
k=1 k=1
where

— max ’49—2.
2a% e<|¢|<1 /e
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Next, we define the desired Lyapunov function Fypiq(v) = Finiq(v)(¢, £) such that

3
1
Fia(v) == aEmid(U) + E Re(z’)kvf)
k=1

with a sufficiently small positive constant c; to be chosen later.
Taking into consideration (2.7) and (2.8) we get for the evolution partial derivative of Fy;q(v) with
respect to ¢ the relation

d 1,220 3 1,
aFmid(U) < —§<7 — 260) ; ’Uﬂz _ §|£|2 ;wklvk‘z.

There exist positive constants

2= 55 and c3:=cy+ —
a<e C1

satisfying
c2Emia(v) < Finid(v) < ¢3Emia(v)

for a sufficiently small constant c; to be determined later. We observe that

3
‘ Z Re(@kvf) ‘ < CQEmid(U).
k=1

Choosing
, { 2e20 1 }
] :=min{ ——; — ¢,
2c0+ 1" 2¢o
we get
8F (v) < 1F (v) 2.9
— Fhia(v) < —— Fhiq(v). .
ot mid c3 mid

The use of Gronwall’s inequality in (2.9) and the relationship between Fl,;q(v) and Eyiq(v) lead to an
exponential decay estimate for the energy Fy,;q(v). That shows an exponential stability of solutions
for frequencies in the bounded zone. O

2.2.2. Diagonalization procedure for Case 2.1

Theorem 2.2.2. Let us consider 6 € [0,1/2) with & € Zine(e) or 0 € (1/2,1] with § € Zexi(€). After
¢ steps of diagonalization procedure the starting system (2.6) is transformed to

V4
DW O — (ileAr + 30 Ay + R )W =0, §ERS, tER,,
j=2

w(0,¢) = Wi (), £ e RS,

with the diagonal matrices Ay, ..., Ay and the remainder Ry. The asymptotic behavior of these
matrices can be described as follows:

A =0(1), Aj= O(|§’2(j—1)+29(3—2j))’ Ry = O(‘§’2271+49(14))_
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Moreover, the characteristic roots g ; = g j(|§]) with j = 1,...,6 have the following asymptotic
behavior:

o= ia?[€*7% + z1(a) + 23, pea=i)€/* — b€ — 21(a) — 23,
poo=ia|>7% 4 z1(a) + 25, pos=il€]? —ia®|€]*720 — 21(b) — 2o,

po3 = i0%€)7720 4 20 (b) + 27, pee= i€’ —ia®€)* — z1(a) — 2,

modulo O (|¢|"712%), where z1(a), 21(b) = O(|¢|*7%), 23, 25, 27, 29 = O(|¢|571%%) whose expres-
sions will be explicitly given in the proof.

Proof. First of all, the matrix %]{ |2 By has a dominant influence to begin the diagonalization procedure
in comparison with the matrix |£| B;. For this reason, we diagonalize By in the first step. After applying
the substitution

-1

0 1 0 0 0 1
1 0 0 1 00
_ 0 0 1 0 1 0
Wi =17'wOre =v2| o 5 o oo 1 | WP, @10
-1 0 0 1 0 0
0 0O -1 0 1 0

we obtain the system
DWW — e @A w® — Ry =,

where the diagonal matrix A; is given by
Ay = diag(0,0,0,1,1,1)

and the remainder R; is given by

Ry = [¢|T7 ' BiTy = [¢]| = O([¢])-

S O Q O oo
QL OO O oo
o T O o oo
O O OO o
(el en BN en Bl e e
SO oo O

We introduce the new matrix T := Igxg + N2 in which N5 = N5 ([€]) will be defined later.
Similarly, we set

WA (t,€) =Ty 'Wh(t,¢)

to get
D,W® — i’f‘29T2_1A1T2W(2) — TQ_IRlTQW(Q) =0. 2.11)

Remarking the symbol [Aq, T3] := AT — To Ay we get
DW® — g2 AW @ — ¢ 2T A, To)W P — T RiW ) — T RN ®) =0, (2.12)
and it implies

DW® g2, w® — T2‘1(i]§\29[A1,N2] + R1)W(2)

(2.13)
—RINoW @ 4 NoTy P RINoW ) = 0.
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In the above we used [A1, T5] = [A1, N3] and T2_1 = Ioxg — NQTZ_l. We define the matrix

000 —a 0 0
000 0 0 -a
|l 000 0 - 0 | .y
Na(I€]) = if¢] s 00 0 0 o |=o0e). (2.14)
00b 0 0 0
0a0 0 0 0

Then, the next relation holds
i|€|%[A1, Na] + Ry = 0.
Also, we know
Ao = RiNs = [¢7 P diag(ia?, ia?, ib?, —ib?, —ia?, —ia®) = O(|¢*~%7).

Thus, we derive
DW® — iAW ® — AW — Ryw® — . 2.15)

The remainder R is represented by

z1(a) 0 0 z9(a) 0 0
0 z(a) O 0 0 z9(a)
ALl _ 0 0 =) 0 22(b) 0 _ 346
RQ = NQTQ R1N2 = ZQ(CL) 0 0 —Zl(a) 0 0 _O(‘a )7
0 0 ZQ(b) 0 —Z1 (b) 0
0 2z9(a) O 0 0 —z1(a)
with 23 (y) and z2(y) for y = a, b such that
- 4] ¢14—60 3|¢|3—46
iy €] 1-60 M3 3-40
2’1(9):W:O(\§’ ) and ZZ(Q)ZW:O(\Q )-
Similarly, we introduce T3 := Isx¢ + N3 and
WO, &) =Ty WO(1,€)
in which N3 = N3(|¢]) is defined by
0 0 0 zo(a) 0 0
0 0 0 0 0 2(a)
L ] 0 0 0 0 Zz(b) 0 o 3—-660
0 0 —z»® 0 0 0
0 —z2(a) 0 0 0 0

By applying the previous method it yields
DWW — iAW) — AW ) — Az — Ry ) = 0,
where the diagonal matrix Az is given by
A3 = diag(z1(a), z1(a), 21(b), —21(a), —21(b), —z1(a)) = O(JE[*~*)
and the remainder R3 is given by

Ry =Ty '[Ag, N3] + T3 ' RoN3 — N3 T3 ' Ay = O(|¢P7%9).
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From direct calculations, the remainder can be represented by

zz 0 0 24 0 0
0 z5 0 0 0 26
. 0 0 z7 0 Z8 0 . 5-86
Bs=1 . 0 o —23 0 0 =0(I¢"™),
0 0 z9o 0 —z¢ O

0 Z6 0 0 0 —Z5

where the elements of the above matrix are

2= Wlm (a 4+ %) B(@)[sP > + 221(@)3(a) + il *3(a),
o M((cﬂ +07)[€%22(a) — 20[¢[*21(a)22(a) + 23 (a)),
2
% = e (2l @) + il ) + 221 (@) @),
2
1
% =t — a0 207 1EP (o) — 2008P 5 (@)22(@) + (@),
o = M(i\a%z%(b) +25(0) + 21(0)23(0) — (0 + 1) €5 ()),
2
1 .
= [ (@ TP a0) +40) - 2i[¢[* 21 () 22(b)),
2 = M (221(6)23(b) + il 3 (b) + i (a® + 02) |62 23(0)),
2
1

20 = gz (0 +P)EF220) + 250) — il 250) — i€ 21(0)22(0).

The asymptotic behavior of the elements are as follows:
23, 25, 27, 29 = O(]f’\("_mo) and 24, 26, 28, 210 = O(]E\S_gg).
Indeed, setting Ty := Igxg + N4 and
W, =T ' W(t,€)
where Ny = Ny(|€]) is defined by

0 0 0 =z 0 0
0 0 0 0 0 =z
o 1 0 0 0 0 Z8 0 . 5-100
Na(|€]) = G| -2 0 0 0 0 o = O(|¢]>~1%), (2.17)
0 0 — 210 0 0 0
0 -2 O 0 0 0

we get the system
DWW — PP A W@ — AW @ — Az @ — AW — Ry =,
Here the diagonal matrix A4 is given by
Ay = diag(z3, 25, 27, —23, — 20, —25) = O(|¢°71%)
and the remainder Ry is given by

R4 = T4_1[A2 + A3,N4] —/\/’4T4—1A4 — O(|€’7712G)'
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In conclusion, after four steps of diagonalization, we transfer the system in the Cauchy problem
(2.6) to
DWW — (i|€|P Ay + Ag + Az + AW — Ry ™ =0,

with diagonal matrices Ay, ..., A4 and with remainder R,. The asymptotic behavior of above matrices
can be described as follows:

Al = 0(1)7 A2 = O(’£|2_20)7 A3 = O(|£|4_69)a A4 = O(|£|6_100), R4 = O(|£’7_120).

Lastly, one may carry out further steps of diagonalization proposed in the papers [89], [110] to complete
the proof. O

To end this subsection, we denote the matrices T in, = T .int(|€]) and Tp ext, = T ext(|€]) by:
Tp,ine == T1(T6x6 + N2(|€])) (Zoxs + N3(1€])) (Toxe + Na([€])) if 6 € [0,75),
Ty ext = T1(Toxe + Na(|€]) (Tox6 + N3(I€])) (Tsxs + Na([€])) if 6 € (5,1],
where T7, Na(|€]), N3(|€]) and Ny (]€]) are defined in (2.10), (2.14), (2.16) and (2.17), respectively.

2.2.3. Diagonalization procedure for Case 2.2

Theorem 2.2.3. Let us consider 6 € [0,1/2) with & € Zexi(e) or 0 € (1/2,1] with § € Zipni(e). After
{ steps of diagonalization procedure the starting system (2.6) is transformed to

l
DO — (A1 YA+ A+ Rg)W(E) —0, £€R? teR,,
=3
wO(0,6) = Wi (), £ R,

with the diagonal matrices A1, ..., Ay and the remainder Ry. The asymptotic behavior of above
matrices can be described as follows:

A =0([g]), Aa=0(¢*), Aj=O(|gP-DE=9%20) = R, = O(|¢[PP0-D(E=2)+20)

Moreover, the characteristic roots g ; = g j(||) with j = 1,...,6 have the following asymptotic
behavior:

i 20 1 46—1
. _ _
[t I€ly 5 €| 8y|€|

modulo O(]{\GQ*Q), wherey = aifj = 1,2,4,5and y = b if j = 3,6. Additionally, when j = 4,5, 6,
we take in the first term the negative sign and when j = 1,2, 3 we take in the first term the positive
sign.

Proof. To begin with, the diagonal matrix || B; has a dominant influence to begin the diagonalization
procedure in comparison with the matrix %|§ |2930_ For this reason, we define T} := Igx¢ and we shall
diagonalize B; modulo a new remainder. Applying the substitution

WA () =Ty 'WO(t,¢),

where Th := Igx6 + N2 and Ny = N> (|€]) will be defined later. Analogously to the proof of (2.11) to
(2.13), the following system comes into play:

DW® — T A W — %’f\QQTQ_lBOBW@) =0, (2.18)

where the diagonal matrix A; is given by

A1 = ‘£|Bl = ‘ﬂdiag(a)aab) —a, —a, _b) = O(KD
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Similar as the proof in Section 2.2.2, we rewrite (2.18) as follows:

1

i
DW® — AW ([Al,NQ] + 5\512930)14/(2) — Sl T BN W ® = .

Introducing the matrix

|
Q=
[a)

Q=

o O

_ i‘ﬂ%_l

Na([€]) :=

(S

:()Qgpﬁ4), (2.19)

O OO O O
Ok O O O
O O O O O
o O o o

SO O O O O
o o O

we derive ) )
7 7 .
AQ = [Alv-/\/’?] + §|£|20-BO = §’§|29dlag(17 17 ]-a ]-a ]-a ]-) = O(|§|20)

In fact, according to T, L= I — NQT{ 1 we have
D@ — A W@ — AW @ — Ry =,
where the remainder R is given by
Ry = —NoTy 'Ag + %\ﬂ”’T;lBONQ =0(l¢g* ).
Thus, the decomposition of the remainder Ro leads to
Ry = —(N2A2 - %\§|2GBON2> + NoNGTy Ay — %‘ﬂ%NZTz_lBONQ = A3 + B,

where the diagonal matrix is given by

1

; —g> = O(|¢1* ).

111 1
a’ a b a

1 1
Ag = —|¢*~ diag( -
8 a
Furthermore, we decompose the remainder R3 when ¢ > 3 as follows:
_ 1 _
Rz = N3Ty; ' Ay — 5\§|2"/\/2T2 ' BoN;

t _ _
— — Ny + (S [€PPNBT; BoN — N3T; Az )

= —N2A3 +N22A3 —./\/'231\3 + 4 (—N2)2(€73) 4+ Roy_3
=Gs+ M+ +Gr3+ A3+ Ros.

Here the remainder is
5[t Y 0—2) e 1) (-
Rop3 = (—1)* 5<§|£|29N22€ 5T2 LB —N22( 2)T2 1A2> _ O(|§|2(29 1)(¢ 2)+29).
Thus, the expansion of Rj3 leads to
DW® — AW — AW — AgW® — (Gy+ Mg+ + Goog + Az + Rap_3) WP = 0.

Here Ay, As, ..., A o) are the diagonal matrices and Gy, G, . . ., G|g/9) have the same structure. To
be more concrete, the diagonal matrices A; for j = 4,5,..., ¢ can be shown by

Aj= N22(j73)1\3 = diag(z11(a, j), z11(a, ), z11(b, j), —211(a, j), —z11(a, j), —z11(b, j)).
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We observe that the values of elements of first, second positions in A; are the same and the value of
elements of forth, fifth positions also are the same. The matrices G; = (=N3)2U=3)=1 A5 satisfying

0 0 0 zi(aj) 0 0
0 0 0 0 z12(a, ) 0
o 0 0 0 0 0 z19(b.7)
T z12(a,9) 0 0 0 0 0 ’
0 zis(a,j) 0O 0 0 0
0 0 zi(bj) 0 0 0

where the elements are represented by

26
le(yaj) = |§‘2(

|§|29—1 ) 2(j—3)+1 _ O(,é‘(2971)(2j75)+20)7

4y
. ’L é‘ 26 &- 20—1 2(j—3) B -
ZlQ(yaj) = ‘2|(| 16y2 ) = 0(‘§|2(29 1)(j 3)+29)7

for y = a,b. We may use the same method as previous subsection to diagonalize the matrices G;.
One may carry out further steps of diagonalization proposed in the papers [89], [110] to complete the
proof. O

To end this subsection, we denote the matrices Ty int = T int(|£]) and T ext = Tp.ext(|€]) bY

Tp,in = Toxs + Na(|E]) if 0 € (5,1],
Tyext := Loxe +Na(|€]) if 6 € [0, 3),

where N2 (|¢]) is defined in (2.19).

2.2.4. Diagonalization procedure for Case 2.3

In this case when 6 = 1/2, the matrices %]é’ |2 By and |¢| By have the same influence on the principal
part. For this reason, we apply directly the diagonalization procedure to the system

DWW _ ¢| (%Bo v Bl> w© = (2.20)
as a whole. To study the eigenvalues we recall the relation
det ((%Bo + B) = Moxg) = (A2 = id = a?) (A = ix — 82) = 0.
Hence, we study the solutions of the two quadratic equations

N —ix—da?=0, (2.21)
A —ix=b=0. (2.22)
Let us consider the equation (2.21). Setting A = Re\ + «ImA with real numbers Re\ and ImA\ gives
the system of equations, respectively,
(ReM)? — (ImA)? + Im\ — a? = 0,
2(ReA)(ImA) — ReA = 0.
Now, we distinguish the solution between two cases.

Case 2.3.1:  IfReA =0, then (ImA)1 5 = § & V1 — 4a?.
Case 2.3.2:  IfIm\ = £, then (Re))12 = +3v/4a? — 1.
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If > = 1/4, then ReA = 0 and (Im\)1 2 = %; if a® € (0,1/4), then ReA = 0 and (Im)); 2 =
3£ 11 —4a?;if a® € (1/4,00), then (Re)); 2 = £4v/4a? — 1 and ImA = 3. One can follow the
above discussion to study the equation (2.22) with respect to b.

However, it is impossible to verify that all eigenvalues are pairwise distinct for all £ € R3\{0}.
Hence, the matrix [¢| (%BO + Bl) cannot be completely diagonalized. Consequently, Jordan normal
forms come into play. After a change of variables, we obtain “almost diagonalized” systems.

Theorem 2.2.4. Let us consider 0 = 1/2. Ifb> > a®> > 0, b> # 1/4, a®> # 1/4, then there
exist eigenvalues \i o = (% + %\/1 — 4a2)i when a* € (0,1/4), Mo = %\/4(12 -1+ % when
a? € (1/4,00), A3q = (5 £ 51— 4b%)i when b* € (0,1/4) and 34 = +5v/4b> — 1+ £ when
b% € (1/4,00). The system (2.20) can be transformed to

DWW — [€](Ja(A1) ® Ja(h2) © S () @ Ji(A))W D = 0. (2.23)
A representation of solutions to the system (2.23) is

1 : 1 . 1 1 i 1
WD (¢,€) = M W) (€) +ilemgy (), Wi (€)= Mt g,
1 i 1 . 1 i 1
Wy (¢,€) = I (W) (€) + ey (), WiP(t,€) = Pt (g,
Wi (t,€) = el Pt Do), Wit (t,€) = et e).
FurtheArmore, if1/4 = b2 > a? > 0, then there exist eigenvalues \1 2 = z(% + %\/1 — 4a2) and
A3 = 5, such that the system (2.20) can be transformed to

DWW — [€](J2 (M) B Ja(A2) B Jo(As)) W) = 0. (2.24)
A representation of solutions to the system (2.24) is

wil(t,6) = Mt (Wi ) +iletwi) (), WiV () = Pt o),

) )

Wil (t,6) = et (Wil €) +iletwi)©), WiV, = elePetw o),

) )

Wil(t,€) = Pt (WD () + ilelews g (©)), Wi (t,€) = Pt (€)

In the case b*> > a? = 1/4, there exist eigenvalues N\ = % and A3 3 = :l:%\/4b2 -1+ % and the
system (2.20) can be transformed to

D — [¢](Ja(h) @ 11 (he) @ S (Aa)) W = 0. (225)
A representation of solutions to the system (2.25) is
Wi (t,6) = N (WD (e) +ilelwiB () - JIEPPWH© — LIePPw©),
WiV (1, 6) = el (Wil (€) + el iH () - IePPwil (),
Wil (t,6) = MM (Wil () + e ©),  wilite) = I,
Wit (t,€) = PR ), Wit (t,€) = PR ).

Proof. The proofs of these statements are based on the application of the diagonalization procedure
and a careful treatment of the Jordan matrices appearing in the systems (see the proof of Theorem 7.6
in [88]). O
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2.2.5. Representations of solutions

According to Theorems 2.2.2 and 2.2.3, we may obtain results for representations of solutions. Before
doing this, we introduce the following notation:

diag (e 10€DY®_ . diag (e m et onal€Dt onalléht o=nal€Dt ons(lEht ooty

‘We now state our main results.

Theorem 2.2.5. There exists a matrix Ty jny = Tp int(|€]) for 6 € [0,1/2)U(1/2, 1], which is uniformly
invertible for small frequencies such that the following representation formula holds:

WO, €) = Ty 1 (I€]) diag (e 0D Ty (€)W (©),
where the characteristic roots i = p(|€|) have the following asymptotic behavior:
e when 6 € [0,1/2):
p(l€)=a?[€** —izi(a) —iza,  pa(l€])= [€17° = V[E*% + izi(a) + iz,
na(lel)=a® €7 —iza(a) —izs, ps(1€)=I€* — a®|EP7* + iz (b) + izs,
pa(€]) = L€ — iz (b) —iza, ps(€)= |6 — a®§*7 + iz (a) + iz,
modulo O(|¢|~12%);
o when € (1/2,1]: y=aasl=1,2,4,5andy = basl = 3,6; whenl = 1,2,3, we take in
the first term the negative sign and when |l = 4,5, 6, we take in the first term the positive sign in

1 .
pll) = =ilely + 1P + el

modulo O (|£|9~2).

Proof. The statements of Theorems 2.2.2 and 2.2.3, as well as the structure of the matrices Tp i (|€])

and T} | L. (|€]) allow to get the above representation of solutions. O

Theorem 2.2.6. There exists a matrix Ty ext = Ty ext(|E]) for 0 € [0,1/2) U (1/2,1], which is
uniformly invertible for large frequencies such that the following representation formula holds:

— . — 6 0
WO(t,€) = Ty L (&) diag (D) L Ty e (16D W5 (€)
and the characteristic roots j; = p;(|€|) have the following asymptotic behavior:

e whenf € [0,1/2): y=aasl=1,2,4,5andy =basl = 3,6; whenl = 1,2, 3, we take in
the first term the negative sign and when | = 4,5, 6, we take in the first term the positive sign in

1 .
plgl) = ilely + 5161 + e

modulo O(|¢%~2);
o when € (1/2,1]:
p(€))= a®|7 —izi(a) —ize, pa(l€])= €% = V*E*7 +izi(a) + iz,
pa(€))= a®[€P7% —iz(a) =iz, ps(€])= €17 — a®[E]*7 + iz (D) + iz,
ua(€]) = VPIEP7% — iz (b) — iz, po(I€)= 1% — a®[€*7% +izi(a) + iz,
modulo O(|¢|7~12%).

Proof. The statements of Theorems 2.2.2 and 2.2.3, as well as the structure of the matrices T cxt (|€])

and T, elxt(|§ |) allow to get the above representations of solutions. O
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2.3. Smoothing effect and propagation of singularities

To formulate the result for smoothing effect of solutions, we introduce the Gevrey spaces I'" (R”),
K € [1,00), where

I*(R") == {f eL? (R") : there exists a positive constant ¢ such that exp (c(fﬁ)f eL? (R™) }

One may find different definitions of Gevrey spaces in [87].

Theorem 2.3.1. Let us consider the Cauchy problem (2.1) with 6 € (0,1). Initial data is supposed to

belong to the energy space, that is (ulg, u’f) c H! (R3) x L? (RS) for k =1,2,3. Then, the property of

Gevrey smoothing to the solutions appears. This means, that the solutions have the following property:
|D|* Mk (t, ), |D*uk(t, ) € F“(Rg’) forall s>0 and t >0,

with the constant k = m.

Proof. To understand Gevrey smoothing of the solutions, we only need to study the regularity proper-

ties of the solutions for frequencies in the zone Z.y(¢). From Theorem 2.2.6, we may estimate

Xext OIELFIWO (1, 6)] S Xexs ()] = w0 ).

Taking the parameter in Gevrey spaces ' (R3) such that k = Wﬁ—eﬂ} for @ € (0,1), we get

3

F (1w O t,)(t,-) € (T7(R?))® for ¢ > 0.

Then, following the paper [88] one can prove Theorem 2.3.1.

We point out that the case when §# = 1/2 yields, in particular, analytic smoothing. Hence, we
expect some better behaviors of solutions in the case of the model (2.1) with structural damping
term (—A)l/ 2uy. Tt is clear that Gevrey smoothing excludes the property of propagation of C*°-
singularities. O

If we consider the three dimensional linear elastic waves with friction or viscoelastic damping, then
the property of propagation of H®-singularities of solutions could be of interest. Let us recall the
definition of the space H{ .({zo}). A function f belongs to H} .({xo}) if there exists a neighborhood
Uey(z0) = {z € R™ : |z — 0| < €9} such that (£)*F (¢ f) € L*(R") for all ¢ € C5°(R") with
supp t) C Ue,(z0). A function f belongs to the space H; .(Q) with Q@ C R™ if fi) € H*(R") for all
P € CP ().

The proofs of the next two theorems follow the proof of Theorem 7.5 from the paper [88]. The main
idea to prove the following theorems is to study the regularity properties of solutions for { € Zey ().
Specifically, we may rewrite the solution for large frequencies by

WO (t,€) = (diag (e ID)], 4+ 75 L (1¢l) | diag (1D Ty e (D] ) WS 6,
where the real parts of eigenvalues are nonnegative and have the properties

e when 0 = 0: Re 1y(§) < 1/2forl =1,2,3,4,5,6;

e when 6 = 1: Re (&) < b% forl = 1,2,3, and Re 11(&) < |€]? for I = 4, 5,6.
Then, according to the Fourier multiplier appearing in wave equations, one can complete the proof.
Theorem 2.3.2. Let us consider the Cauchy problem (2.1) with 6 = 0. Assume that the initial data

satisfies Vuf,uf € HS(R3) but Vuf,uf ¢ H Y2y, 29, 23) for k = 1,2,3 and a given point

loc

(71,79, 23) € R3. Then, the following statement holds:

Vb (t, ), ulf(t,-) ¢ HSP ({(x1, 22, 23) + aet} U {(x1, z2, 23) + bet})

loc

forall t > 0, where e is an arbitrary unit vector in R?,
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Theorem 2.3.3. Let us consider the Cauchy problem (2.1) with = 1. Assume that the initial data
satisfies Vuf,ub € H* (R3) but Vuf uk ¢ H Y@y, 29, 23) for k = 1,2,3 and a given point

loc

(71,79, 23) € R3. Then, the following statement holds:

Vur(t, ), uf (t, ) ¢ HEP ({(21, 22, 23) — aet} U {(21, 22, 23) — et})

for all t > 0, where e is an arbitrary unit vector in R3.

Remark 2.3.1. Comparing the statements of Theorem 2.3.2 with Theorem 2.3.3, we observe that the
propagation pictures are different taking account that the dominant parts of eigenvalues 1 (|€]) in
the cases | = 4,5,6 are equal to 1/2 (for the case when 0 = 0) and |£|? (for the case when 6 = 1),
respectively. It implies

W W Wi e e ([0, 00), L2 (RY)),
that is,
<€>s+lw4(0)7 <§>s+lW5(0)’ <5>8+1W6(0) ec([o, ), L? (R3)),
does not produce any singularities in these components in the model (2.1) with viscoelastic damping.

The problem of L? well-posedness can be immediately solved by the above results containing
Gevrey smoothing if # € (0, 1) and propagation of singularities if § = 0, 1.

Theorem 2.3.4. Let us consider the Cauchy problem (2.1) with 6 € [0, 1] and initial data satisfies
(ulg , u’f) e H! (]R3) x L2 (R3) for k = 1,2,3. Then, there exists a uniquely determined energy
solution

u € (C([0,00), H' (R3)))3 and u; € (C([0, oo),LQ(R?’)))s.

Proof. From Theorems 2.3.1 to 2.3.3, we may conclude |D|u*, uf € L>([0,00), L?(R?)). By the
same approach proving continuity (in time) of energy solutions to the Cauchy problem for the classical
wave equation, more careful considerations yield | D|u¥, uf € C ([O, ), L* (]R3)). Thus, the proof is
complete. O

2.4. Energy estimates

To begin with this section, we take the following notations for the function spaces.
For one thing, let us introduce for any s > 0 and m € [1, 2] the spaces

ma (R?) = (H*TH(R?) 0 L™(R™)) x (H*(R") N L™ (R"))
with the corresponding norm
I(f, g)HDfn,l(R") = [ fllastr ey + 1 f lom@ny + 19l s ®me) + 9]l pm @ny-
For another, we define for any s > 0 and m € [1, 2] the function space
m2(R") = (ID|7HH* (R") 0 Hy, (R")) x (H*(R") 0 L™ (R"))
with the corresponding norm
H(fvg)”pfm(w) = | fllpj-1 s mny + HfHH}YL(Rn) + gl ers rmy + gl L (-
By |D|~'H*® (R”), for s € R, we denote the class of all distributions f from Z’ (]R”) such that

IDI7PH*(R™) := {f € Z'(R") : | fllip|-rms@n) := 1 DIf | sy < 00},
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where Z’ (R”) denotes the topological dual space to the subspace of Schwartz spaces S (R”) consisting
of functions with dg f (0) = 0 for all j € N. In other words, we can identify Z’ (R”) with the factor
space S’ (]R") /P (]R”) Here P(R”) is the space of all polynomials [92]. We can discuss some
properties of the distribution f € |[D|~'H*(R™) in two ways. On the one hand, we may use some
properties of the Bessel potential space H* (R”) because |D|f € H® (]R") On the other hand, we
may use some properties of the homogeneous Sobolev space H' (R") because (D)* f € H? (R")

2.4.1. Energy estimates by using a diagonalization procedure

In this subsection we are going to derive the estimates for the classical energy and higher-order
energies of solutions with initial data taking from |D|~'H* (R3) x H? (R3) with or without an
additional regularity H} (R3) x L™(R3), m € [1,2). The main tool of the proof is the use of
asymptotic formulas of the solutions from Theorems 2.2.5 to 2.2.6. Since the proofs are quite standard,
we only sketch them.

Theorem 2.4.1. Let us consider the Cauchy problem (2.1) with 0 € |0, 1] and initial data satisfies
(ulg, u’f) € D3, (]R3) fork =1,2,3, and s > 0. Then, we have the following estimates of energies of
higher-order:

3
+1, k k — smarli=a 0T kK
DI R | gy + (DI () ey S U+ 25000 Y | (g, 1) [ g -
k=1 ’
Proof. By virtue of the Parseval-Plancherel theorem and the embedding H* (]R3) s L? (]R?’) for all
s = 0 we can derive suitable estimates for the energies. O

Theorem 2.4.2. Let us consider the Cauchy problem (2.1) with 6 € [0, 1] and initial data satisfies
(ulg, U1) € sl (Rd) x H* (Rd) fork =1,2.3, and s > 0. Then, we have the following estimates

for the energies of solutions of higher order:

w

H‘D’SJrluk(tv ')HL2(R3) + H|D‘Sull‘/c(t7 ')HLQ(Rd Z H anul HHSJrl(R‘i)XHs(RIS)
k=1

Proof. The estimates for the higher-order energies are determined by estimates for frequencies local-
ized to the zone Z,(¢). For this reason we may apply

H g_m(th )€ Te mt(|§|)d1ag (e M(K‘)t) TG 1nt(|£‘)W0 ))H(LZ(RS))G
S 17 (g™ N z2(gaye-
This yields our desired estimates. O

Now, we suppose an additional regularity H}, (R?) x L™ (IR?) for initial data with m € [1, 2). This
implies an additional decay in the corresponding estimates.

Theorem 2.4.3. Let us consider the Cauchy problem (2.1) with 6 € [0, 1] and initial data satisfies

(ulg,u’f) € Dy, 5 (R‘S) fork =1,2,3, where s > 0 and m € [1,2). Then, we have the following
estimates for the solutions and their energies of higher-order: if m € [1,6/5), then

3

Hu HL2 R3) (1+t> 4mmax{1 0;60} ZH uO’“l)H’DO R3)’
k=1

and if m € [1,2), then
3(2—m)+2ms

D0 g+ DI Y S (14 8 S5 57 )
k=1

2 (R?)
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Proof. For small frequencies, we apply Holder’s inequality and the Hausdorff-Young inequality to
obtain the decay estimates

DI, g + i DD )
3

< Hxlt |€’s —C|§‘2max{1 @G}tHLz L &%) Z uO’ul HDO RS)
k=1

3(2—m)+2ms

(1 +t) 4m max{1—-6;0} ZH u07u1)HDO (R3)
k=1

Moreover, an exponential decay estimate for the solutions with initial data belonging to D5 , (R3)
appears in the zone Zqy () of large frequencies.

However, when we discuss estimates for the solution itself by using Holder’s inequality, we immedi-
ately obtain

H £ﬁx(xmt |€’ 1W t § )H (L2(R3))6

3
S Hth el ! _C|§\2max{1 ge}tHL2 ™ (R3) Z uo,ul HHl (R3)x L™(R3)"
k:

Therefore, we need to assume m € [1,6/5) to avoid a strong influence (non integrability) of the
singularity as |£| — 40, which means
|§| 1 _C|§‘2mdx{1 09}tH

2m < oo forany t > 0.
L7 (R3)

‘ ‘ Xlnt
So, the proof is complete. 0

Remark 2.4.1. If we use estimates for ||[uf (t,-) HLQ(W) to derive estimates for ||u”(t with

1% (R3)
initial data belonging to D%Q (]R3) withm € [6/5,2], we need an additional assumption for initial

data. To be more precise, we apply the following integral formula:

t
/ ub (7, 2)dr = WP (t, ) — ub (). (2.26)
0
Using estimates for ||uf (t, ) HL2 (R3) e obtain for 6 € [0,1/2) U (1/2, 1] the estimate
Ltem S
H“ HL2 R3) ~ HUOHH ®3) T (14 )! " Fmmect=omy Z | (ug, u1) HDQM(R?r)'
k=1

Therefore, we suppose for initial data
(uf,ut) € (L*(R?) n H'(R®) N HY, (R?)) x (L*(R?) N L™ (R?))
form € [6/5,2].

Remark 2.4.2. We cannot expect energy estimates in Section 2.4.1 depending on a single initial data
only due to the fact that from (2.5) and the diagonalization procedure, we obtain the representations of
solutions by the coupling matrices Tp int(|£|) and Tp ext(|§|). These two matrices mix the influences of
both data for estimating the solutions.

Remark 2.4.3. Concerning the sharpness of the derived estimates, we have to point out that the
estimates of higher-order energies from Theorems 2.4.1 to 2.4.3 are sharp, where initial data is taken
from .

(ID|'H* (R*) n H}, (R?)) x (H*(R%) n L™(R?)),
fors>=0andm € [1,2].
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2.4.2. Energy estimates by using energy method in the Fourier space

To show the global (in time) existence of small data solutions, we find solutions in evolution spaces,
this means, the solutions are continuous in time and H**!-valued with respect to the spatial variables.
Therefore, we need Matsumura type (almost sharp) L? estimates for solutions to the linear elastic
waves with different damping terms and initial data belonging to

(A1 (RY) N L™ (R%) > (H*(R?) N L™ (R?))

fors > 0and m € [1,2].
We define the energy in the Fourier space Eppa(41) = Epna()(t, ) for all frequencies as follows:

Epna (1) = [ia]* + a?|¢Paf* + (b* — a®)|¢ - a1,
where dot - denotes the usual inner product in R3.

Lemma 2.4.1. The energy Epn, (1) of the Fourier image i = U(t, §) of the solution u = u(t, x) to the
Cauchy problem (2.1) satisfies the following estimate:

e_cmzmaxu_e-,e}tEpha(ﬁ)(Q5) if €€ Zin(e),

Epna()(t,&) < {ectEpha(,&)(O’O if €€ Zmia(e) U Zexi(e).

Proof. Applying the partial Fourier transformation to (2.1) we arrive at the following Cauchy problem
in the Fourier space:

ﬁtt + a2‘§|2ﬁ’ + ( CL2> A)f + ’é‘ZG’at = 07 é € R37 te ]R-i-v (2 27)
(4, ) (0,8) = (tio, @1)(E), EER.
Multiplying the equation that appears in the Cauchy problem (2.27) by the function 7; we get
0 Epalt) + 20¢* i = 0 (2.28)
at phd t| — Y. .

To obtain decay rates for Eyp,(4) we divide the energy into two parts xing (&) Epha(@) and (1 —
Xint (§)) Epha() related to the zones Ziy () and Zmiq(g) U Zexs (€), respectively.

For small frequencies, we multiply the function |£|7% on both sides of the equations in the Cauchy
problem (2.27) and take the real part to obtain

0 _
0=— 'yR ~ 5 o Y5 12 2 241512
gy (€ Re(@d) — el + € 229)
+ (12— a?) e[ 6 - af? + € TRe (i),
where the positive constant « will be determined later. Adding (2.28) and (2.29) yields
0 N . = X X
o (Epna(@) + I¢Re () = = (21€* — |7 @l — (€[> .30,

= (0 = @®)IEP - al* — € Re ().

Combining (2.30) with Cauchy’s inequality it follows

0
Xlnt(f) ot

< —min {2/¢* — |¢" -

(Epna(@) + € "Re ()

€17

o 67 = 61772 s (€) B (),
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where the positive constant v will be determined later. We state the restrictions for -y and -, such that,
20 < 7,20 < 4 and 7 + 2 — 40 < . These restrictions show that

v = max{¥y + 2 — 46;20} > 2max{1 — 0;60}.

Hence, we derive

0 X . = X
Xint(f)a(Epha(u) + |§]7Re(utu)) < _Xint(§)|§|7Epha(u)-
Again, by virtue of Cauchy’s inequality the energy term Xint (&) Epna(2) can be controlled as follows:

Xint (€) Bpna (1) (£, €) < 3xint (€)e™ 317 By () (0, €).

Hence, 7 = 2max {1 — 6; 0} and 7 = 26 are the optimal choices, respectively.
For middle and large frequencies, we only multiply the equation which appears in the Cauchy
problem (2.28) by the function 4 and take the real part of it, i.e., v = 0 in (2.30), to get

(1= X €)1 () + Re(0)) < =5 (1~ xina(6) Epua(8)
due to 46 — 2 < 26 for all § € [0, 1]. Thus,
(1 - Xint(&))%(Epha(a) + Re(ﬂtﬁ)) < _g(l - Xint(g)) (Epha(ﬂ) + Re(@ta))

Finally, we may conclude

(1 - Xint(g))Epha('&)(tv f) < 3(1 - Xint({))e_%tEpha(a)((): f)
This completes the proof. O

Theorem 2.4.4. Let us consider the Cauchy problem (2.1) with 6 € [0, 1] and initial data satisfies
(ulg, u’f) €Ds, (R3) fork =1,2, 3, and s > 0. Then, we have the following estimates:

3
Huk(t, ‘)HLQ(H@) S (1 + t) Z H (ulg’ ulf) HD%I(R‘”’)’
k=1
_ 3
DI, ) oy + (P11 ) T8 3 | (o, )
k=1

Ds (R3)”

Proof. By using the Parseval-Plancherel theorem the proof follows immediately from Lemma 2.4.1.
O

Now we turn to energy estimates with an additional regularity L™, m € [1,2), for initial data. In
the estimates for the solution there appears the time-dependent function dy ,, = do ,(t) defined by

(L+t)=mO if e 0,1), me[L,$),
(L+t)t=mmO) if g [0,1), me[L,2),
dO,m _6-5m . 1 6
(1+1) o if 6el[3,1], me[1,%),
1+e) e if 0e[5,1], me[§2),

where

6—5m—|—2m(1—29)'6—5m}
4m(1 —6) " 4me )’
6—3m—|—2m(1—29)'6—3m}

4m(1 —6) " 4me )

po(m,0) < min{

p1(m,0) < min{
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In the estimates for the energies of higher order of the solution there appears the time-dependent
function ds 1, = dsy1,m(t) defined by

—Ps ,0 1 1
P {(1+t) porrlmf) i g [0,1),
s+1m 6—3m-+2sm 1

(1+t)” ame if ¢ [%, ],
where s > 0, m € [1,2) and

6—3m+23m+2m(1—20).6—3m+23m}

pst1(m,0) < mm{ Am(1 — 0) T 4Ame

Theorem 2.4.5. Let us consider the Cauchy problem (2.1) with 0 € [0, 1] and initial data (ulg, u’f) €
Dy, 4 (R3),f0r k=1,2,3,s >0, and m € [1,2). Then, we have the following estimates:

w

Huk(t7 ')HL2(R3) S dO,m(t) Z H (uﬂvul) HDO 1(R3)
k=1

D00,y + DIy S Zuwm oy
Proof. The estimates for the case m = 1 were studied in detail in [41]. Although the authors described
the long-time behavior of the energy for ¢ > T'(|luo| g1, [[uol| £, [|u1] 2, [|u1]/ 1), we know that a
suitable energy of the solutions with initial data belonging to the space Dy, | (R ) is decaying for all
t > 0 by the proof of Lemma 2.4.1.

First, we prove the estimates for the energies of higher order in the case when m € (1, 2). Using the
method from [41]if 6 € [0,1/2), then we introduce dg 1, (t) = (1 4 t)~Ps+1 (™) Moreover, since
we can follow the approach of the paper [41] we only need to prove

3
F L 5T S W (] A A
S& k=1

3
/5|<5 ¢[25-40-0pesn (mO+21-20) | gk (1 ¢)|2dg < > (Hu’gHim(Rg) - Hu'inm(Rg)).
N k=1

After applying Holder’s inequality and the Hausdorff- Young inequality, the above inequalities can be
proved if we require

2(s — 20pg 11 (m, 9))2_& +2> -1,

2(s — 2(1 — B)pssr(m, 0) +1 — 29)% +2> 1.

In conclusion, we assume

6 —3m +2sm+2m(1 —20) 6 —3m + 2sm 1
; f 5).
4m(1 — 6) Y } if 0€0,3)

ps+1(m,0) < min {

Following the same approach and setting do ., (t) = (1 4 )~7(™%) we also arrive at the estimate of
the solution itself in the case when m € (1,6/5). In the case when 6 € [1/2, 1], for the estimate of the
solution itself with m € [1,6/5) and for the estimate of the higher-order energies of the solutions with

€ [1,2), after applying Lemma 2.4.1, Holder’s inequality and the Hausdorff-Young inequality we
may conclude

3
[t )| gy S+ (1720 S [ o +ZHul!
k=1
3

+e Z I (“07 ul) 7 (R3)x L2(R3)
k=1

Lm RS )
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_3(2—m)+2sm 1
DI ()| ey < (1 80 (4 )~20 Z ] s +Z bl ey )
k=1
3

+e Y |[(ug, ul) HHSH(RS)st(RS)’
=1

3
H|D[5Huk(t, ')HL2(R3) 5 (1 +t) 3(2 4771;2 ( 1 —i—t 29 Z HuOHLmORs —l—Z Hu’fHLm R3 )
3

+e Z I (ug, ut) HHSH(R?’)XHS(R3)
k=1

To get estimates for the solution itself with m € [6/5,2) for all § € [0, 1], we can use the estimate for
the L? (]R3) norm of u¥(t, -) by applying the relation (2.26). Finally, let us mention that we could have
better estimates by using the right-hand sides

3 3
L)Y [ub] +datt) S |||
k=1 k=1

with suitable norms. Nevertheless, our goal is to derive estimates with right-hand sides

3

max {d1(t); da(t)} Z | (ufs, ut) |

k=1

with suitable norms. O]

Remark 2.4.4. Moreover, when 0 € [0,1/2) we should point out that the total energy estimates from
Theorem 2.4.5 with initial data being from (Hs‘Irl (Rg) NnL! (]RS)) X (HS (]RS) NnL! (R3)) are almost
sharp modulo a parameter ¢ > 0. Furthermore, the total energy estimates for the Cauchy problem
(2.1) with structural damping (—A)Y/?u; are sharp.

Remark 2.4.5. In the case when 6 € [1/2,1] with m = 1, the decay rates in Theorem 2.4.5 are better
than those of the paper [41] due to the fact that there is no any ambiguity of € > 0 in the statements of
Theorem 2.4.5.

Theorem 2.4.6. Let us consider the Cauchy problem (2.1) with 6 € [0, 1] and initial data satisfies

(ug, uy) € (H(R?) 0 L™(R?)) x (H*(R?) N L™ (R?))

fork=1,2,3, s> 0, and m € [1,2). Then, we have the following estimates:

w

[[u(t, ')HLz(Rs) Sdom(t)D H(uo’ul)H(Hl (R3)NL™ (R3)) x (L2 (R3)NL™(R3))?
=1

3
H | Dy (t, ')HL2(R3) S dst1m(t) Z H (“’57 “lf) H(HS+1(R3)ﬁLm(R3))><(HS(R3)ﬂLm(R3))’
k=1

I DI (e, ')HLZ(RS) S dsyim(t) Z I (“157 “]f) H(Hs+1(R3)mLm(R3))x(Hs(RS)an(RB‘))'
k=1

Proof. The above assumptions for data allow modifying the considerations for large frequencies £. [
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2.5. Diffusion phenomena

The diffusion phenomenon allows us to bridge the relation between a decay behavior of solutions to
the dissipative elastic waves and a decay behavior of solutions to corresponding evolution systems
with suitable initial data. According to Theorems 2.4.1 and 2.4.3 in the previous section, we know that
energy estimates are determined by the behavior of the characteristic roots for small frequencies. For
large frequencies, some regularity of initial data implies even an exponential decay. For this reason,
the diffusion phenomenon is explained by the behavior of characteristic roots for small frequencies in
this section.

To obtain a result on the diffusion phenomenon for our starting Cauchy problem (2.1), we choose
the Cauchy problem for the following evolution reference systems with non-local operators from the
structure and asymptotic behavior of characteristic roots for small frequencies:

{ﬂt + Ml(—A)"lﬂJr MQ(—A)U2ﬁ =0, S R3, teRy, 2.31)

4(0,2) = to(z) == F(H(ENWV(©)) (x), « € R3,

where the nonnegative constants o1, oo and matrices Ml, Mg, H(|¢]) will be given later. It is clear
that the solution to (2.31) can be represented by

U(t, ) = Feb, (diag (70D H(|ehwi® (€)), (2.32)

where the i;(|£]) are taking the principal values of the corresponding y;(|€|) from Theorem 2.2.5 and
we will explain them in detail later. We denote W (t, &) = Fp_e(u(t, z)).

Remark 2.5.1. Assume 0 = 1/2 in the dissipative elastic waves (2.1). We observe that e 3lélt plays
an important role in the representation of W) = W(l)(t, €) from Case 2.3. Consequently, from
direct calculations we conclude that there is not any improvement in the decay estimates for the
difference between the solutions to the system (2.1) with = 1/2 and the solutions to its reference
evolution system. For this reason, we only study diffusion phenomena to the dissipative system (2.1)
with 6 € [0,1/2) U (1/2,1].

2.5.1. Diffusion phenomenon for the linear model with 6 = 0

According to the principal real part of y;(|¢]) in Theorem 2.2.5, we choose 01 = 1, o2 = 0 and
M, = diag (a?,a%,b,0,0,0) and Ms = diag(0,0,0,1,1,1)

in (2.31), that is,

2.33
u(0,x) = up(x), T € R3. (233)

Therefore, the eigenvalues in (2.32) are fi1 2(|¢]) = a?|€|?, f3(|€]) = b2|€|? and fis56(|¢]) = 1, that
is, we take the corresponding /4(|¢|) from Theorem 2.2.5 after neglecting the terms O (|¢|*) when
! =1,2,3 and neglecting the terms O (|£|?) when [ = 4,5, 6. Moreover, we define

H(|€]) = (Toxs + N3(I€]) ™ (Toxo + Na(1€)) 1T Y,
where T7, Na(|€]), N3(|€]|) have been defined in Subsection 2.2.2

Theorem 2.5.1. Let us consider the Cauchy problem (2.1) with 0 = 0. We assume that initial data
satisfies (ulg, u’f) € H (R3) x L™ (R3) withm € [1,2] fork = 1,2, 3. Then, the following refinement
estimates hold:

[ xint (D) Fe s, (WO = Ty (Tse + Na(1€]) (Toxs + N3 ([ED)W) (¢, ’)H(Hs(w))ﬁ

{ﬂtﬁlAﬂ+J\7ﬂ:0, reR3 teRy,

3(2—m)+2ms

3
S(I+¢)" am %Z H Um“l HHl (R3)x L™ (R3)’
k=1
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with s > 0.

Proof. We may rewrite the matrices by

Toame(1€]) = H(E) + Pu(€D), Tome(I€D) = LD + Pa(I€)),
where

H(I€]) = (Isxe + N3(I€)) ™ (Toxe + Na(l€)) T
L(I€]) = T1(Zsxe + N2([€])) (exe + N3([<])),

and Py (|£]), P2(]€]) = O(|€|). Therefore, we decompose the function of interest into three parts, that
is,
Xint(D)FL, (WO — W) (t,2) = I (t,2) + L(t,x) + I3(t,2),

E—a

where we denote
n(t,2) = Fob, (xam (€ L(I¢]) diag (e7 0D — =002 pr(jey i (6)),
Io(t,2) = Fel, (xa(§)L(I€]) ding (7D, Pu(eh Wi (©) ).
Iy(t, ) = Fb, (xan (€ Pa(l€]) diag (1D Ty e (1€ WS (6))-

Here, we make use of the fact that

1
o mUENE _ =€)t — . (|¢]ypeFlIEDE / orillEDtr g7
0

with r; = r;(|¢[) denoting the O (|¢|*)-terms from Theorem 2.2.5 for the corresponding 1(|¢]). From
energy estimates, we obtain

3
_ (2—m) ms
T € R ) W 171073 | P
k=1

Following the same procedure for the other two parts gives

_3(2—m)+2ms 1
2t ) s ayys + 130 M greqoyys S A+ 2> |l(ug uf) | g sy ey
P

Summarizing above estimates we obtain

HXint(D)‘Fg_—{x(W(O) - L(|£|)W) (tv ')H(Hs(Rs))G

3
_3@=m)+2ms 1
St a2y () [ gy -
k=1

Thus, we complete the proof. O

2.5.2. Double diffusion phenomena for the linear model with 6 < (0,1/2)

Similarly, according to the principal real part of 1;(|£|) in Theorem 2.2.5 again, we assume o1 = 1 — 6,
o9 = 6 and

M, = diag (a2, a%,6?,0,0,0) and M, = diag(0,0,0,1,1,1)
in (2.31), that is,

{ﬂt + Ml(—A)l_"iH— Mg(—A)eﬂ =0, z¢€ R?’, te Ry, 2.34)

u(0,x) = up(z), z € R3.
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Hence, we have ji12(|¢]) = a®|€>7%, fs(|¢]) = b2|€|27% and fis56(|€]) = |£]?°. Moreover, we
define

H(I¢]) = (Isxe +N3(1€]) ™ (Toxs + Na(1€)) T
in (2.31) and (2.32), where 77, Na(|£|) and N3(|€|) have been defined in Subsection 2.2.2.
Theorem 2.5.2. Let us consider the Cauchy problem (2.1) with 6 € (0,1/2). We assume that initial

data satisfies (ufj, uf) € H! (R3) x L™(R?) withm € [1,2] for k = 1,2,3. Then, the following
refinement estimates hold:

[ Xint (D)F L, (WO = Ti (T + Na(1€1) o + Na(IEDIW) (1) g7 oy
3(2—m)+2ms 1—

_ . 0
S @ty 0030 S| () ) |y g ey
k=1

with s > 0.

Proof. Following the same steps of the proof of Theorem 2.5.1, we immediately conclude the state-
ments of the theorem. 0

The asymptotic behavior of eigenvalues fi12.3(]¢]) = O(|€>7%) and pa56(|¢]) = O(|¢[*) in
Theorem 2.2.5 is our motivation to study double diffusion phenomena. This new effect has been
interpreted for the wave equation with structural damping (—A)%u; when @ € (0,1/2) in the paper
[21]. In fact, if we rewrite the solution to (2.34) as

u(t, @) = (@t (t,2), 0 (t,2))",

the first part F, jx( 1(702)73) (t, ) behaves like the solution to the parabolic system with a suitable
choice of initial data ug (), that is,

uf + diag (a?,a?,0?)(—A)' T =0, z€R3, teRy,
ut(0,2) = ug (z), z € R3.

The second part .7-"5_1 . (Wi%)ﬁ) (t,z) behaves like the solution to another parabolic system with a

suitable choice of initial data u, (x), that is,

u, +(—A)u" =0, 2R3 tecR,,
u(0,z) =y (), r € R3.

Nevertheless, due to the mixed influence from the matrices Tp int(|€|) and T, L (|€]), we only can

observe the decay rate influenced by the eigenvalues 11 23(|¢]) = O(|¢[>72) in Theorem 2.5.2.

2.5.3. Diffusion phenomenon for the linear model with 6 < (1/2, 1]

The components of 1 (|£|) in Theorem 2.2.5 imply o1 = 0, 02 = 1/2 and

—~ 1 —

M, = idiag(l, 1,1,1,1,1) and M, = idiag(a,a,b,—a,—a,—b)
in (2.31), that is,

Uy + My (=A% + My(—A)Y25 = R3 teR
{Ut+ 1( ) U+ 2( ) u 07 T e y € IRy, (235)

u(0,x) = up(x), z € R3.
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So, the eigenvalues in (2.32) can be written as fi1 2(|¢]) = —ilé|a+ 5|¢]%, fis(|€]) = —il€|b+ 5|¢]%,
fua5(1€]) = iléla + 3€1* and fig([€]) = i€]b + 5|€[*. We define

H(|€]) = (Isxs + Na(l€) ™
in (2.31) and (2.32), where N> (|£]) has been defined in Subsection 2.2.3.

Remark 2.5.2. From the evolution system (2.35), we observe that the reference system for the case
when 6 € (1/2,1] consists of a parabolic system and a half-wave system. This new effect has been
interpreted for the wave equation with strong damping —Auy in the papers [40, 47].

Theorem 2.5.3. Let us consider the Cauchy problem (2.1) with 6 € (1/2,1]. We assume that initial
data satisfies (uf,uf) € H} (R3) x L™(R3) with m € [1,2] for k = 1,2,3. Then, the following
refinement estimates hold:

Ixint (D) Fe, (WO = (Toxs + Na(IEDIW) (8, )| )0
3

_3(2—m)+2ms 201 k k
S 1+ Ameo 2 Z [ (ug, uy) HH,ln(Ri‘)me(Ri”)’
k=1
with s > 0.
Proof. We follow the same steps of the proof of Theorem 2.5.1 to complete the result. O

Remark 2.5.3. From Theorems 2.5.1 to 2.5.3, we found that the diffusion structure appears for linear
elastic waves with friction or structural damping (—A)%uy if € [0,1/2) U (1/2,1] as t — oco. That
means if we compare the estimates from Theorems 2.5.1 to 2.5.3 with Theorems 2.4.1 and 2.4.3, we see

the decay rate is improved by — 2%1__22) when 6 € [0,1/2) and —2%—51 when 6 € (1/2,1] as t — oc.

2.6. Concluding remarks

Remark 2.6.1. Sharp energy estimates for solutions to the Cauchy problem (2.1) with 6 € [0,1/2) U
(1/2,1] and initial data

(ug, uf) € (H*FH(R?) 0 L™(R%)) x (H*(R®) N L™ (R?))
forallk =1,2,3and s > 0, m € [1,2), are still open.

Remark 2.6.2. We can see from the theorems in this chapter that 0 = 1/2 is a critical value, as
was pointed out in [62], in the sense that the dominant propagator is changed from 0 € [0,1/2] to
0 € (1/2,1]. Furthermore, from the results about diffusion phenomena, we remark that the threshold of
diffusion structure is 6 = 1/2 for elastic waves with structural damping. In other words, the structure
of the corresponding reference system will be changed from 0 € (0,1/2) to 0 € (1/2,1].

Remark 2.6.3. From Section 2.5, we observe that for different choices of damping terms, which mainly
depend on the value of the parameter 6 in the Cauchy problem (2.1), the diffusion phenomena are
quite different. Precisely,

o in the case when 0 = 0, the reference system consists of a heat-type system;
e inthe case when 0 € (0,1/2), the reference system consists of two different parabolic systems;

e in the case when 0 € (1/2,1], the reference system consists of a parabolic system and a
half-wave system.
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Thus, it is interesting to study diffusion phenomena for the doubly dissipative elastic waves as follows:
u — a*Au— (b — a?)Vdivu + (—A)Pu + (—A)u, =0, z€R?, teRy,
(u, ue)(0,2) = (uo, u1)(z), z € R™,

where b > a > 0,n > 2, and 0 < p < 1/2 < 6 < 1. The paper [8] gives an answer in the two
dimensional case. The author obtained that p+ 60 = 1 is the threshold for diffusion structure. Precisely,
in the case when p + 0 < 1, the damping terms (—A)Pu; and (—A)%u, with0 < p < 1/2 <0< 1
have the influence on diffusion structure at the same time. However, in the case when p + 60 > 1, the
diffusion structure is determined by the damping term (—A)Puy with 0 < p < 1/2 only.

2.6.1. Summary

In this subsection we summarize some qualitative properties of solutions to linear elastic waves with
friction or structural damping in 3D. Particularly, with the change of value of 0, the properties of
solutions are changing. The main points can be summarised to be:

e Gevrey smoothing of solutions for 6 € (0, 1), particularly, analytic smoothing for § = 1/2;
e propagation of singularities for § = 0 and ¢ = 1 with different propagation speeds;
e L? well-posedness for the Cauchy problem (2.1);
e cnergy estimates with initial data taking from the function spaces
(A (R) n L™ (R7)) > (H*(R?) N L™ (RY))

> (ID|7 H*(R?) N A}, (R?)) x (H(R?) N L™(R?))
fors > 0and m € [1,2];

e diffusion phenomena for 6 € [0,1/2) U (1/2, 1], in particular, double diffusion phenomena for
6 € (0,1/2), basing on previous energy estimates.
2.6.2. Qualitative properties in a .” — L7 framework

Throughout this chapter, we derive estimates of solutions in the L? norm. Nevertheless, concerning
estimates of solutions in the L? norm, where 2 < ¢ < oo, we may apply the following proposition.

Proposition 2.6.1. Let us choose f € S(R") and k1 > 0, kg 2 0, s > 0. Then, the next estimates
hold:

1F 0 Can ()€1 A | oy S (L4 8) 55 <l">HfHLp En) (2.36)
1760 (et (€I ™™ O gy S DY 22 ] g (237)

(§

wherec>0,1<p<2<qg<ooand My, spq>s+n(l/p—1/q).

Remark 2.6.4. If we are interested in the case 1 < p < 2 < q < oo, then we can choose the
parameter in the regularity such that My, s p o = s +n(1/p —1/q).

Proof. Let us prove (2.36) first. Applying the Hausdorff-Young inequality yields

172 Caamt (1€ e ) [ pany S Ixime (€)™ ™ A E)| r eny. (2.38)
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Here 1/q+ 1/¢' = 1 with 2 < ¢ < oo. By Holder’s inequality, the following estimate holds:
xint (1€ FO v oy S [xime (€)1€1°€ | o gy 1] ot (2.39)

where 1/¢' = 1/p + 1/p’ with 2 < p’ < oo. Finally, combining with (2.38), (2.39) and the Hausdorft-
Young inequality leads to

7L (e Il e F@) | oy © 1+ 07 A G5 ey
Next, we begin with proving (2.37). For 0 < ¢ < 1, by a similar approach we have
176 e (exe (©IEPe™ I FO) | o ny S Ixext () FE Lot oy

< [rea@© G @@ 670 fe]

where 1/qg+1/¢ =1,1/¢ = 1/p+ 1/p' with 2 < g < oo as well as 2 < p’ < oo and arbitrary
small constant € > 0.
The following fact holds:

Summarizing (2.40), (2.41) and using the Hausdorff- Young inequality we derive

(2.40)

LB(R") Lv' (Rn)’

Yo (@) G0

p — /°°<r>"(ié>ﬁ€ﬁ+”1dr = /Oo<r>—fﬁ—1dr <oo. (241)

LP(R™) 1/e 1/e

1L, (et ©)I€ e F©) | gy S [[(P) py(i-i)+ey

LP(R™)
forl<p<2<g<xcand0 <t <1,

For the case t > 1, according to || > 1/ we may obtain

17 (cexe ()IEP e F () || po(gny S (yn(ima) ey

LP(R")

Hence, the proof of Proposition 2.6.1 is completed. O
Thus, making use of Proposition 2.6.1, we may immediately obtain L? — L? estimates of solutions
to the Cauchy problem (2.1), where 1 < p < 2 < ¢ < oo. Furthermore, basing on these results, one

may also derive results for diffusion phenomena in the LP — L9 framework, which are similar as the
statements of Theorems 2.5.1, 2.5.2 and 2.5.3.



39

3.Weakly coupled systems of the semilinear
elastic waves with friction or structural
damping in 3D

3.1. Introduction

This chapter is devoted to derive some global (in time) existence results for the following weakly
coupled systems of elastic waves with friction or structural damping in 3D:
Uy — a?Au — (b2 — a2)V divu + (—A)u = f(u), =€ R3 teRy, 3.1
(u,ut)(O,x) = (u(]aul)(x)v wERga ‘
with b > a > 0 and 6 € [0, 1], where u = (ul,uz,u3)T and the nonlinear terms f(u) on the
right-hand sides can be represented by

Flu) = (JudPr [t 2, ju?s) " (3.2)

Here the exponents satisfy p1, p2, p3 > 1.

Our main purpose of this chapter is to investigate the global (in time) existence of small data
solutions to the Cauchy problem (3.1) with data belonging to function spaces of different regularity.
The data spaces can be classified by classical energy spaces with suitable regularity, energy spaces with
suitable higher regularity, and large regular Sobolev spaces. Thus, our first aim is to understand how
does the space for initial data influence global (in time) existence results, particularly, the admissible
range of the exponents p1, p2, p3. Moreover, different nonlinear terms in (3.2) have different influences
on the conditions for global (in time) existence results. We are interested in the interplay between the
power nonlinearities to prove global (in time) existence of small data solutions. To do this, energy
estimates for linear elastic waves with friction or structural damping (2.1), which have been proposed
in the last chapter, play an important role. In order to estimate the nonlinear term in some norms, we
may employ some inequalities in Harmonic Analysis, including the Gagliardo-Nirenberg inequalities,
the fractional chain rule, the fractional Leibniz rule and the fractional powers rules (one may find them
in Appendix B.2).

The rest of the chapter is organized as follows. In the remaining part of this section we introduce
some exponents and parameters that will be used afterwards. In Section 3.2 we show the philosophy of
our approach to prove global (in time) existence of small data solutions. In Sections 3.3 and 3.4 we
prove global (in time) existence results for the Cauchy problem (3.1) with @ € [0,1/2) and 0 € [1/2,1],
respectively. In the last section some concluding remarks complete this chapter.

Preliminaries

Before stating our main results, we introduce for our further approach exponents p.(m, 6), ax(m, )
and ay(m, 0) with some parameters 6 € [1/2, 1], m € [1,6/5) and some balanced exponents.

Notation 1: ~ We introduce the following exponent:

m(26 + 1)

e(m,0):=1
pe(m, 0) Ar—

if €[5,1] and me [1,9). (3.3)

Remark 3.1.1. As mentioned in the introduction of the thesis, in the case when 0 € [1/2,1], the
authors of [24] proved global (in time) existence of small data solutions to the following Cauchy
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problem:

(3.4)

ug — Au+ (—A)u = |ulP, € R3, t e Ry,
(u,ut)(0, ) = (ug,uy)(z), x € R3,

if we assume that the exponent satisfies 3/2 + 6 = p.(1,0) < p < 3. In other words, our exponents
pe(1,0) for 6 € [1/2,1] correspond to the global (in time) existence results for semilinear structurally
damped wave equation in 3D. Especially, in the case when 6 = 1/2, the exponent pc(l, %) =2
corresponds to the critical exponent p = 2 for the Cauchy problem (3.4).

Let us introduce the balanced exponents pp, (%, s, 9) and ppai(m, 0, 6), respectively,

2+4s(1—10)
5— 660+ 2s
6(m — 2+ 20)
2mf — 3m + 6

poal (5, 5,0) =2+
Doat(m, 0,0) := 2 +

Notation 2:  We define the following parameters:

20 4 (1 + 20)pr41 + PrPr+1
2(pppr+1 — 1)

ak(m,0) ::m< ) if 0¢ [%,1] and m € [l,g). (3.5)

Remark 3.1.2. The recent paper [19] proved that a global (in time) Sobolev solution to
ug — Au+ (=AY 20y = |vPr, rcR3 teRy,
vy — Av + (—=A)V 20, = |uP2, reR3 teRy, (3.6)
(U,’LLt,’U,’Ut)(O,I) = (UO,Ul,UO,Ul)(l‘), T e ]R3>

uniquely exists when the exponents fulfil

1+ 2max{pi; pa} + p1p
(1) = max s (1. ) a1, 1)} = L2 boupe

3
-

Here we choose p1 = ps in (3.5). It means that our parameters oy, (1, %) are related to the result for
global (in time) existence of small data solutions to the Cauchy problem (3.6).

Remark 3.1.3. We point out the relation between the parameters (3.3) and (3.5). If we consider the
condition ay(m,0) < 3/2, then this condition also can be rewritten as

pk‘-i—l(pk‘ +1- pc(ma 0)) > pC(mv 9)7
where § € [1/2,1] and m € [1,6/5].

We introduce the balanced parameters ak’bal(%, s, 6’) and aj pa(m,0,0). If s € [0,1/2) and 6 €
[0,1/2), then we introduce

9 — 1260 + 45(2 — 0) + (7 — 68) + 25(3 — 20))prs1 — ((2 — 66) + 28)PrPrst
2(prprs+1 — 1) '

Ok bal (%7 S, 9) =

If m € [6/5,3/2) and 6 € [1/2, 1], then we define

4ml + 120 — 3 + (2mb + 120 + 3m — 6)pg+1 — (2mb — 3m + 3)prpr+1

ag,pal(m, 0,0) := 2(prpr+1 — 1)

Notation 3: ~ We introduce the following parameter for § € [1/2,1] and m € [1,6/5):

20 + (1 + 20) (pr+1 + D)pr+2 + P1peps ) (3.7)

ag(m, 0) := m( 2(p1p2ps — 1)
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Remark 3.1.4. We now indicate a relation between the parameters (3.3) and (3.7). If we consider the
condition ag(m,0) < 3/2, then it is equivalent to

Pe+2(Pr+1(pr +1 = pe(m, 0)) +1 = pe(m, 0)) > pe(m, 0),
where 0 € [1/2,1] and m € [1,6/5).

Furthermore, the balanced parameters &k,bal(%, s, 9) and &g par(m, 0, 0) should be introduced. If
s €[0,1/2) and 6 € [0,1/2), then we take the notation

9—1260 + 45(2 — 0) + ((7 - 60) + 25(3 — 29))(pk+1 + 1)pk+2 — ((2 — 60) + 25)p1p2p3
2(p1paps — 1) '

82k,bal (%7 S 9) =

If m € [6/5,3/2) and 6 € [1/2, 1], then we denote

_ 4mf +120 — 3 + (2mf) + 1260 + 3m — 6)(p+1 + Dprro — (2m0 — 3m + 3)p1paps
ak,bal(mv 0, 9) = 2(p1p2p3 - 1) '

Furthermore, we also introduce some notations to be used in this chapter.
Notation 4:  For the sake of clarity, we denote k1, k2, k3 as a triple which can choose the following
three sets of numbers in this chapter:

e ki =1,ko=2and k3 = 3;
o ki =2, ks =3and k3 = 1;
e k1 =3,ko=1and k3 = 2;
and re-define pi; 11 = pk;, > Pk;+2 = Pk; o WIth D, = piy, Piy = pi, for j = 1,2, 3.

Moreover, we define 1%~ = uFi-1 with u*0 = ¥ for j = 1,2, 3.

Notation 5:  Let us recall the function spaces D5, ; (R®) for any s > 0 and m € [1,2] such that
ma (RY) = (H*H(RY) N L™ (RY)) x (H*(R?) N L™ (R?))
with the norm

I(f, g)HDfn,l(Ri‘) = | fllastrwsy + 1 fllom®sy + 9l s w3y + 119l m (ms3)-

Finally, for the sake of self-containedness and readability of the chapter, we now recall some energy
estimates for the linear Cauchy problem (2.1). The following result has been proved in the last chapter.

Theorem 3.1.1. Let us consider the Cauchy problem (2.1) with 6 € [0, 1] and initial data (ulg7 u’f) €
Dy, y (R3), for k =1,2,3,s >0, and m € [1,2). Then, we have the following estimates:

w

H“k(tv ')HLQ(RS) S dom(t) kZ I (“lgﬂlf) Hpgm(Rsy
=1
3
1D 8 )| sy + IIDIE )| gy S dosrm(®) Y || (s uf) |
k=1

D7, 1 (R3)
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Here the time-dependent function dy ., = do m(t) is defined by

(L+t)=mO jr geo,3), me[L,8),
A+ 000 i gefo0.d), me [8.2),
dO,m _6—5m . 1 6
(1+1t)" Tmo if 0¢€[5,1], me[1,2),
A+ if 9e[i1], meld2),

where

— 2m(1 — 260 —
po(m,6)<min{6 5m + 2m/( ) 6 {")m}7

4m(1 — 6) " 4mé
. (6 —3m+2m(1 —20) 6—3m
pr(m, ) <mm{ Am(1—6)  4mb }

Moreover, the time-dependent function dg.y1 m = dsi1,m(t) is defined by

_ 6—=3m+42sm

P D R AU
s+1,m (1+t) 4me l‘f 6 (= [%71]

i
)

where s > 0, m € [1,2) and

6—3m+2sm+2m(1—29)‘6—3m+2sm}

p8+1(m7 9) < mln{ 4m(1 — 9) ) Amb

3.2. Philosophy of our approach to study the global in time
existence of solutions

In this section we explain our strategy to study the global (in time) existence of small data solutions to
the Cauchy problem (3.1).
Let us consider the family of linear parameter dependent Cauchy problems

(3.8)

uy — a?Au — (b2 — aQ)Vdivu +(=A)u; =0, zeR3 t>T,
(uw, ue) (7, @) = (uo, u1) (), z € R3.

With the aim of studying the Cauchy problem (3.8), we define Ky = Ky(t,7,x), K1 = Ki(t, 7, x)
as the fundamental solutions with data (ug,u1) = (d0,0) and (ug, u1) = (0, dp), respectively. Here
0o denotes the Dirac distribution in z = 0 with respect to the spatial variables. Then, the solution
u = u(t, x) to the Cauchy problem (3.8) is given by

U(t, .Z') = KO(tv T, .T) *(I) UO(:U) + Kl(t7 T, LIZ‘) *(x) Uy (ZE)
Next, by Duhamel’s principle we see that
t
u(t.o) = [ Kalt, o) v f(r,a)dr
0
is the solution to the inhomogeneous linear Cauchy problem

Uy — a’Au — (b2 — a2)V divu + (=A)u = f(t,z), z€R3 teRy,
(U,Ut)(O,.I) = (070)7 x e Rg.

We define on the family of complete spaces { X (1)}~ , the operator N as follows:

N :ué€ X(T) — Nu:= (Nyu, Nau, N3u) T,
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where for k = 1,2, 3, we introduce
Nyt @) = uby(t,) + by (t,)
with
uﬁn(t, x) :=Ko(t,0,x) *(2) ulg(x) + Ki(t,0,2) *(2) u"f(m)7

t
ur]fon(tﬁ l’) ::/ Kl(t,’?‘, 1’) *(x) |uk_1(7', $)|pkd7'.
0

The next inequalities play an essential role

3 3
k k
INullxry € Y1 (b wd)llps sy + D lull5ery, (3.9
k=1 k=1
3
—1 —1
INu = Nollxry S llu=ollxey Y (el + 101, (3.10)
k=1

uniformly with respect to 7" € [0, o). They mainly show that the mapping N : X (T') — X(T') isa
contraction for small data. Then, according to Banach’s fixed-point theorem, there exists a uniquely
determined solution u* = w*(¢, ) to the Cauchy problem (3.1) satisfying Nu* = v* € X (7') for all
positive T'. According to the estimates of solutions to the linearized Cauchy problem (c.f. Theorem

3.1.1) we have
3

12 8T H < ko b
H (uhnv Ulin, uhn) x() ™ ; H (UO’ ul) HDfn,l(H@) )
So, we complete the proof of all results separately by showing that

3
1 2 3 TH < Pk 311
H (Unon, unon,unon) X(T) ~ ; HUHX(T) ( . )

The key tools to prove (3.11) and (3.10) are the Gagliardo-Nirenberg inequalities, the fractional
chain rule, the fractional Leibniz rule and the fractional powers rules, which have been extensively and
intensively discussed in Harmonic Analysis (e.g. Appendix B.2 or the book [25]).

Additionally, because different power source nonlinearities have different influences on conditions
for the global (in time) existence of solutions, we allow the effect of the loss of decay, in particular, in
the case that one of the exponents p1, p2, p3 is below the exponent p.(m, #) or the balanced parameter
Poai(m, s, 6). For this reason we take the derived energy estimates for the solutions to the linear model
(2.1) with vanishing right-hand sides and allow in the solution spaces some parameters describing a
loss of decay.

We now state the strategy of the loss of decay. To prove the global (in time) existence of small
data Sobolev solutions, the main difficulty is to estimate the integral over the interval [0, ¢]. We divide
the interval [0, ¢] in two sub-intervals [0,¢/2] and [t/2, t]. The difficulty is the estimate of the power
nonlinearities in the norm of the solution space in each interval. If we allow to apply the Gagliardo-
Nirenberg inequality, then there appear some relations including these parameters describing the loss
of decay.

3.3. Existence results for semilinear elastic waves with friction
or structural damping for 0 € [0,1/2)

From Theorem 3.1.1 we know that the time-dependent coefficients in the energy estimates for solutions
to the Cauchy problem (2.1) depend continuously on the parameters 6 € [0,1/2), m € [1,2) and
s > 0. In the following subsections we will choose the special cases when m = 1 or m = 3/2 to
show clearly and succinctly our strategy to prove results for global (in time) existence of small data
solutions.
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3.3.1. Data from classical energy space with suitable regularity

Because initial data belongs to the function spaces D%l (R ) or Dg /2,1 (Rg) in this part, we mainly

employ the classical Gagliardo-Nirenberg inequality to estimate nonlinearities in the L? norm and the
L™ norm (m = 1 or m = 3/2). The restriction of admissible parameters from the application of the
classical Gagliardo-Nirenberg inequality implies the condition py, € [2/m, 3] forall k = 1,2, 3.

For this reason, we may observe that in the following theorem all exponents are above the exponent
p = 2 (one may see Remark 3.3.1 for more detailed explanation).

Theorem 3.3.1. Let us assume py, € (2,3] for k = 1,2,3. Then, there exists a constant £y > 0 such
that for initial data (u’é ) u’f) € D%l (R3) with

b )l e+ 13018 g g+ 1 g gy <
there exists a uniquely determined energy solution
u € (C([0,00), H' (R?)) NC* ([0, 0), L?(R%)))?
to the Cauchy problem (3.1) with 0 € [0, 1/2). Moreover, the following estimates hold:

w

Huk(ta ')HL2(R3) S (1 + t)_pO(lﬁ) Z H (uo’ul) HDO 1(R3)”

1705y 18 0 Mgy = 04720 D ) g ey

Proof. Let us introduce the evolution space
X(T) := (c([0,T), H'(R*)) nc*([0, T], L*(R%)))” (3.12)

with the corresponding norm

3 3
[ullx ¢y = S (D0 + 00D b (1) gy + S+ 7 OV )| e
€lo k=1 k=1

3
+ 301+ 000 k(1 '>HL2(R3)>-
k=1

In the definition of the norm the weights (14-¢)?°(9) and (1 +t)1(19) come from the energy estimates
for the corresponding linear Cauchy problem (2.1) with initial data belonging to D?’l (RS).
Applying the classical Gagliardo-Nirenberg inequality we have
17 Py N ™ 9= ) ™
6 Pr_L 6)— 0
<(1+7)” po(1,0)pr+3(EE— L) (po(1,0)—p1(1,9)) ”quk(T)’
where (.1 (mpy) = 3(7 - W) for m = 1 and m = 2. The restrictions from the application of the
classical Gagliardo-Nirenberg inequality, i.e., 50,1 (pk), Bo.1(2pk) € [0, 1], lead to p;, € [2, 3] for all
k=1,2,3.
Now we apply on [0, ¢] the derived (L2 N Ll) — L? estimates for the solution itself to get

(1+1) oolL8) Hunon HLQ(R3)

S (L4 )rt? / (L4t =) O )P o syt oy AT
0

t
— Pk _q —
<(1+ t)pO(l’e)Hu||§?(t) /0 (14t — 7)WL (1 4 7)ol 0)pi+3( 75 —1)(po(1,6) P10 qr,
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where we use ||u| x(r) < [Jul|x () forany 0 < 7 < t. According to (1 +¢ — 7) =~ (1 + t) for any
7 €[0,t/2] and (1 + 7) =~ (1 + t) for any 7 € [t/2,t] we divide the interval [0, ¢] into sub-intervals
[0,¢/2] and [t/2, t] to get

t/2 .

(U 00 ot gy 5 Wil [ (1) oo
0
_ Pk _
(14 t)! po(1,0)pe+3( 2k —1)(po(1,0) p1(1,9))||u||§?(t)

Here we used pp(1,6) < 1. Due to the assumption p;, > 2, we may use

pk>1+

2 ) 1
590 with 6 € [0,5),

for all kK = 1,2, 3. But then we have

~po(L, )i +3(5 = 1) (p0(1,0) = pr(1,6)) < —

Therefore, it implies

,0)
(1 + t p() 1 Hunon |u||§?(t)

Mez@s) <1

Similarly, we apply the derived (L?N L") — L? estimates on [0, ¢/2] and the derived L? — L? estimates
on [t/2,t] to get

t/2
(1 + 1)1 ||k (¢, NN (&%) S S lull // (14 7)~roh 0)pr+3( 75 —1) (po(1,6)—p1(1.6)) .-

+(1 +t)pl(1 0)+1—p0(1,0)pr+2 (p—1)(po(1,0)—p1(1,0)) Hquk(t

forj=1,1=0and j =0, [ = 1. Thanks to the condition min{p1; p2; p3} > 2, we have

3—20

m@ —pr) +e(pr — 1) <0,

3
p1(1,0) +1 = po(1,0)pr + 5 (P — 1)(po(1,0) — p1(1,0)) =
where € is a sufficiently small positive constant. The sufficient small constant € > 0 comes from the
almost sharp energy estimates in Theorem 3.1.1, which can be written in the following way:

3
_ 3-40
Hulm HL2 (R3) ~ S (I 41) 0= B Z H (“’5’ “If) HD?J(H@)’
k=1

Hat“hn HL2 ®s) T Hvuhn HL2 (R3) ~ S+ i 6)+GZH “0’“1)HD0 L(R3)”
k=1

Here uk

n = uﬁn (t,z) is the solution to the Cauchy problem for linear elastic waves with friction or
structural damping in 3D and with vanishing right-hand side.

Thus, the estimates for derivatives hold for all £ = 1, 2, 3. In this way, we obtain for j + ! = 1 and
j al S NO

,0) l
(14 )79 0] V' fon HL2(R3 S lull
Next, we derive the Lipschitz condition by remarking that
il (. k k
Hatjv (unon - Q]non) (t7 ) HLQ(R?’)

) t
= ot [ Kate = 0.0 w00 (- = 0 )

L2(R3)
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Thanks to Holder’s inequality we get for m = 1, 2 the following estimates:
H ‘ukil (T7 ) |plC - ‘Ukil(Tv ) ’pk HLm(RQ‘)
- - - -1 _ -1
< [ ) = 07 ey (7 ) oy + 107 ) s ey )

Similar as above we can use the classical Gagliardo-Nirenberg inequality again to estimate

k—1 k—1

Huk_l(%')—Uk_l(Tv')HLMPk(R?))v Hu (T")HLmPk(RS)’ Hv (T")HL’"”’C(RB')’

with m = 1,2 and we can conclude (3.10). The proof is complete. O

Remark 3.3.1. In Theorem 3.3.1, we allow that exponents p1, pa, p3 are larger than the exponent
p = 2. If we assume that there exists a number k1 = 1,2,3 such that 1 < py, < 2, the condition
Dk, € [2,3] from the application of the classical Gagliardo-Nirenberg inequality leads to an empty set
for the exponent py,.

For initial data belonging to the classical energy spaces with an additional regularity L3/2, we can
obtain a larger admissible range of exponents pi, pa, p3 because of the condition py € [4/3, 3] for all
k = 1,2, 3 coming from the application of the classical Gagliardo-Nirenberg inequality.

We observe the following three different cases.

Case 1:  The orders of power nonlinearities are above the balanced exponent pyy (%, 0, 0).
Case 2:  Only one exponent is below or equal to the balanced exponent pp, (%, 0, 6).
Case 3:  Two exponents are below or equal to the balanced exponent ppa (%, 0, 9).

Remark 3.3.2. In Cases (ii) or (iii) of the next theorem, if some of the exponents py; = poai (%, 0, 0),
then we can choose the parameters gy, in the loss of decay as gr; = €1 with a sufficiently small
constant €1 > 0 to avoid a logarithmic term log(e + t) in the estimate of the integral over [0,t/2].
Then, we can follow the proof of Theorem 3.3.2 without any new difficulties.

Theorem 3.3.2. Let us assume py, € [4/3,3] for k = 1,2,3, and the exponents satisfy one of the
following conditions:
(i) we assume

min{p1; po; p3} > poa (3,0, 6); (3.13)

(ii) we assume akl’bal(%, 0, 9) < 3/2 when
1 < pr, < poat(3,0,0) and pry.pry > poa(5,0,0); (3.14)

(iii) we assume &’kl,bal(%, 0, 9) < 3/2 when
1 < PrysPho < Poal(5,0,0) and pry > poar(3,0,6). (3.15)

Then, there exists a constant £y > 0 such that for initial data (uf,u}) € DY /2.1 (R3) with

b )l g+ 3 g )

3/2,1(R3) < €0

there is a uniquely determined energy solution
u € (C([0,00), H' (R?)) nC* ([0, 00), L*(R?)))?
to the Cauchy problem (3.1) with 6 € [0,1/2). Moreover, the following estimates hold:

3
et M aguay S (L0008 ST )y gy

1

k=1
3
HVuk(t, ')HLQ(R?’) 4 Huf(t’ ')HL2(R3) 5 (1 + t)—pl(%ﬂ)ﬂ)k Z H (ulg,ulf) HD§/2 L(R3)?
k=1 '

where in the decay functions the numbers gj, are chosen in the following way:
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1. g =0fork =1,2,3, when py, p2, p3 satisfy the condition (3.13);

2. gy, =3+ (ﬁ - %)Pkl and g, = gr, = 0, when py, , Pk, , Pk, Satisfy the condition (3.14);

3. gk =3+ (ﬁ — )Pk Gk =3+ (5 + ﬁ)ﬁm + (4(171,9) — 3) Pk, Pry and gi, = 0,
when pg, , Pk, , Pks Satisfy the condition (3.15).

Proof. For any T' > 0, let us introduce the evolution space (3.12) with the following norm:

3
= + 1) ~14p1(3.0)~9k )
lullxr) i:&%(E: B0 ()| 2y 1
; (3.16)
+ D+ P GO () | gy + [ (8 )| aesy))-
k=1

The classical Gagliardo-Nirenberg inequality implies

kfl( (1 + 7.)(1—01(%,9))Pk—3(p7k—%)+gk—1pk Hu||§(l_e(T)7

‘pkHL3/2 (R3) ~
S )P gy S (1 7) G OIS ) oo

The restriction of the parameters from applying the Gagliardo-Nirenberg inequality leads to py €
[4/3,3] forall k = 1,2,3.
Firstly, the application of the derived (L2 N L3 2) — L? estimate leads in the interval [0, t] to

(1+t) 1+P1(279) ngunon HL2 ()

t
< (14 t) (50 —a lull%., / (14t — 1)1 GO (1 4 1) A= GOPe=3(5 =3) tor-1pr g,
0
After dividing the interval [0, ¢] into sub-intervals [0,¢/2] and [¢/2, t] it follows

(1+8)7 GO 9 [uon (t: )| 2 (R3)

i 1-p1(3,0 3(Bk-2
< +t)gk||u’§?(t)/0 (1 4 7) A= GOPr=3(5 =3) tor-1pr g -
- o1 (3.0))p—3( Pk —2
+(1+t)1 gr+(1=p1(3,0)pr—3( % 3)+9k—lpk||u||§éc(t)7

where we used the following estimate:

t
// (1+t =) G047 < (1462769 and pi(3,6) < 1.
t/2

In the same way, we may obtain the following estimates for the derivatives (j + [ = 1):

(1 + 0 GO0 9V (1) | o

—3k ||, ||Pk v (1=p1(3.0))pe—3( " — 2 ) +9k— 1Dk
g (l—i-t) Hu”X(t) ; (l—l—T) 2 2 73 dr
(14 t)l—gk+(1—p1(%,0))pk—3(”7’€—§)+gk_1pk”uHI;?

Summarizing the above estimates we may conclude

(14 O 07Ty 1)

t/2
f, (1 + t)gk’uw)??(t)/o (1 + 7)2—(%+Pl(%:9))pk+gk—1pkd7- 3.17)

1 3
+ (1 + t)3—(§+p1(570))pk+gk_1pk—gk H“H%(t
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for all j 4+ 1 = 0,1 with 5,1 € Ng. In order to prove

(1 + ¢) D11 (5.0)—a 169 'k

non(t: )| L2msy S N1ull%r); (3.18)

we have to distinguish between three cases.

Case 1: ~ We assume the condition (3.13), that is, min{p;; pe; ps} > pbal( 0, 9)

Here the orders of power nonlinearities are above ppy (5, 0, 0) and it allows to assume no loss of decay.
Thus, we choose the parameters

g1=92=93=0

and we get from the estimate (3.17)

<1+t)(l+j)—1+p1( 0)Hajvl rk130n HL2 &)

5Hm%@(4m0+wf**ﬂﬁmﬁwr+u+n*@““*”“}
where k = 1,2, 3. If we guarantee
min{p1; p2; p3} > poa(3,0,6) for 6 € [0,3),
then we can prove
1+ 72t E0)P € L1([0,00)) and (1483 (2tm GO <,
Thus, the desired estimate (3.18) holds for all £ = 1, 2, 3.

Case 2: We assume the condition (3.14), that is, 1 < pg, < pbal(%,o, 9) and pg,,pr; >
poal(3,0,0).

In this case, where only two exponents py, , P, are above pp, (%, 0, 9) we shall prove a global (in time)
existence result with a loss of decay in one component of the solution under the additional condition

9—1260 7 — 660 —(2—-60 3
akl,bal(%yoye) = + ( )ka ( )pklpk2 < 5

3.19
2(pky Py, — 1) ©-19)

We choose the parameters describing the loss of decay as

1 3

w =3+ (= 2

)pkl and Gko = Gks = 0.

The assumption 1 < pg, < ppal (%, 0, 0) leads to gx, > 0. Moreover, the condition (3.19) is equivalent
to
12(1 - 9) + (7 - 69)pk2 - (5 - 69)pk1pk2 < 0. (3.20)

If we assume pg, > ppal (%, 0, 9), then the condition (3.20) is valid.
Taking account (3.17) when k = k; and using the estimate

t/2
/ (14 72 3o G0pe dr < (14 13- (a0,
0

because of 2 — (5 + p1(3,0))p, > —1, we may conclude

(1 ¢) D= 1+p1(3.0)- 911 || 0 Vb, (1_|_t)*9k1+3*(%+m(%79))pk1||u||§§(1t), (3.21)

£ 2qesy S
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So, our desired estimate (3.18) has been proved for k = k;.
Considering the case k = ks, we obtain the following estimates:

(1+ t)(l-i-J) 1+4p1(3,0) Haﬁvl r’f(zm HL2 ®)

t/2
Hqukz (// (1 +7.)2—(é-ﬁ-m(%ﬁ))pkzﬂkl%dT+ (1 +t)S—(%+p1(%79))pk2+gk1pk2)'
0
Taking account of (3.20) the following inequality holds:

1
2— (5 + pl(%10)>pk‘2 + 9k Pko < —1.

Thus, it completes the estimate (3.18) for k = k.
Finally, we consider the case k = k3. By the same procedure we treated Case I, we immediately
obtain

(1 _|_t)(l+J) 1+p1( 279)Hyvl uks ( HL2 ®)

t/2 L 3 1 3
Sl ([ G @0mar o (-GG < julfy,

where we used our assumption py, > ppal (%, 0, 9).

Case 3: We assume the condition (3.15), that is, 1 < pg,,pE, < pbal(%,O,G) and pg, >
3
Poal (77 Oa 0) .

Here there exists only one exponent py, larger than pbal( 0, 9) Hence, we shall prove a global (in
time) existence of small data solutions result with a loss of decay for two components of the solution
under the intersectional condition

120 + (7 — 60) (Pk, + 1)Pks — (2 — 660)p1paps _ 3

9 —
~ 3
. <2 3.22
akl,bal(gu ’ ) 2(p1paps — 1) 2 o

We choose the parameters as follows:

1 3
A1-9) 2

)pk17 Gky =3+ (g + 4(11_0)>pk2 + <4(11_9) - ;)pklpkz

and gy, = 0. With the help of the assumption 1 < pg,,pi, < pbal(%, 0, 0), we have g, > 0 and
gk, > 0. The condition (3.22) can be rewritten as

12(1 — 6) + (7 — 66) (pry + 1)pis — (5 — 60)pr, PryPhs < O. (3.23)

gk1:3+<

If we assume py, > pbal( 0, 6) the above condition is valid.
When k = k; in the estimate (3.17), we can get the same estimates as (3.21) in Case 2. Choosing
k = ko, we apply the same method as we did in Case 2 to get

(1 )7 GO0 |0 9wz (1, )| s

12
<(1+1)” ngHUHsz /0 (1+7.)2*($+p1(%ﬁ))pkﬁgklpkzdT

(1 +t)*gk2+3*(§+p1( 9))pk2+gk1pk2”quk2

p
< llullyt,

where the choice of gj, leads to the inequality

1
Gy > 3 — (5 +m (%79)>pk2 + k1 Pks-
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But this gives us for all ¢ > 0 a uniformly bounded estimate from the above inequality.
Finally, let us take & = k3 in the estimate (3.17). In the same way we get

3

(14 &)= GO 9] s, (8 )| o sy

t/2 3 1 3
< Hu”pks (/ (1+7_) —(3+m (5, ))Pk3+9k2pk3d7-+(1+t)3—(§+ﬁ71(§79))pk3+gkzpk3).
0
From the condition (3.23) it follows

1

So, we immediately obtain our desired estimate (3.18) for k = k3.
All in all, the estimate (3.18) has been completed for all the cases.

Lastly, similar as in the proof of Theorem 3.3.1, we may apply Holder’s inequality and the Gagliardo-
Nirenberg inequality to prove

(L4 )G 0] (o — vgon) (8| 2y S e = 0l (el + 015

forall j +1 = 0,1 with 5,/ € Ngand k£ = 1,2, 3 in all cases. So, the proof is complete. O

3.3.2. Data from energy space with suitable higher regularity

In this subsection we are interested in studying global (in time) existence of small data energy solutions
possessing energies of higher-order. As we know, the parameter min{p;; p2; p3} is bounded to below
by the regularity parameter s + 1.

Theorem 3.3.3. Let us choose

Lt [s] <min{pispaips} Smax{piipaips} <1+ -~ i s € (0,3),

1+ [s] < min{p1; p2; p3} < max{p1;pa;p3} < o0 if s€[§,00).

Then, there exists a constant g > 0 such that for initial data (ulg, ul ) €Di, (R?’) with

I (ué,u%)HDil(Rg) - H(ug’u%)HDil(H@) + H(ugvuij)HDT’I(R?’) S €0
there exists a uniquely determined energy solution
u e (C([0,00), H*F(R?)) N CY([0, 00), H* (R?)))?

to the Cauchy problem (3.1) with 6 € [0,1/2). Moreover, the following estimates hold:

3
o6 ey S (1509 S” ) oy
k=1
ut 2(R3) ~ (1+t)_p1(176) 3 ulgaulf s (R3Y
L2(R3) Df 1 (R3)
k=1 '
3
D1 oy + e e sy S (4O | (g, ) Ips e
k=1

Remark 3.3.3. In Theorem 3.3.3, our purpose is to weaken the upper bound for the exponents
p1, P2, p3 in comparison to the condition max{p1; p2;p3} < 3 in Theorem 3.3.1. After taking Bessel
potential spaces with higher regularity for data, that is, (uo, ul) €Dy (]RS) with 0 < s < 1/2, the
largest admissible range for the exponents can be obtained when s — 1/ 25 —0. T improve the upper
bound for max{p1; p2; p3}, we suppose more regularity for initial data.
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Proof. For any T' > 0 we define the complete evolution space
X(T) := (c([0, T}, B**' (R®)) nc'([0,T], H*(R?)))’ (3.24)
with the corresponding norm

3 3
HUHX(T) Sup (Z +t po(L9) Hu ')HL2(R3) +Z(1+t)p1(1’9)Huf(ta ')HLQ(R?’)
k=1 k=1

7

(3.25)

3
_|_Z 1+1) ps+1(1,0) (H|D]u 7)HHS(]R3) + Huf(t7)HHs(R3))>
k=1

‘We shall estimate the norms HGJ U

hon (£ )| g1 (gs) for j = 0, 1.
Firstly, using the derived (L* N L') — L2 estlmates on the 1nterval [0, ] we have

I'lOl’l

(1+t pO (1,6) Hunon HL2 (R3)
<1 _I_t)po(lﬁ)/o (I+t—7)" po(1,6) H‘U ( |pkHL2 R3)mL1(R3)d

Next, the application of the (L? N L) — L? estimates on [0,¢/2] and L? — L? estimates on [t/2, t]
yields

(140710 Dyl (1, </t/2H]uk_1(T | dr
non L2(R3) ~ 0 ) LQ(R3)0L1(R3)

t
Ll A [ TGP T P

The fractional Gagliardo-Nirenberg inequality implies for m = 1, 2 the estimates

I P sy = sy ™ o ey

s +r>—P0“ﬂ>m+m<7’“—%><f’°“"> Pty

where 3 ] ]
= - — 0, 1].
Soswrlmp) = =5 (5 = 7o) €[0.1]
This implies
3 1
2<pk<1—725 f0r0<8<§, or
2<pp < for 32%.

Hence, repeating the same procedure as in the proof of Theorem 3.3.1 and applying the assumption

min{py; pa2; p3} > 2

we may conclude

(1 +t pj(l Q)Hay non ~ HUHg?(t)

M 2y
forj=0,1land k =1,2,3.

Now, we estimate unon(t ) in the H**! norm and 8tun0n(t ) in the H* norm. The application of
the derived (F* N L') — H* estimates on [0, /2] and * — H* estimates on [¢/2, ¢] gives immediately

(1 +t)pg+1 (1.6) Hajunon HHSH J(R3)

t/2 ¢
S) /0 H‘Uk:_ ( |pk HH,& RS)OLl(RS)dT + (1 + t)p5+1(170) /t'/2 H |uk_ ( ‘pk HH.S(R3)d
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We should estimate the nonlinear term in the L' norm and the H® norm, respectively. For the estimate
of the L' norm, we can easily get from the fractional Gagliardo-Nirenberg inequality

[~ (r, W 1 gy S (1 + 7)~PoLOPst 35 (5 1) (p0(16) ~ps41(16) 1l -

We apply more tools from Harmonic Analysis to estimate the H® norm of |[u*~1(r,-)[P*. Applying the
fractional chain rule from Proposition B.2.4 we have

1P ey S M ) i e 1 7 ) oy (3.26)
where p’; - 1 —|— = % and p, > [s] for k = 1,2, 3. Moreover, the fractional Gagliardo-Nirenberg-type
inequality comes into play again to conclude

o Moy 107 s o
— Bé S — 6-5,-5
1 i ey Ml g™ e ol iy
where
3 /1 1 3 /1 1 s s
o) = 5 (5= ) €00 and Bt = 5 (5 -+ 5) €[]

The existence of parameters ¢q; and go will be discussed later. Combining with what we discussed
above we arrive at the estimate

H |uk71(7-7 ) ’pk HH* (R3)

=1 s 3 (el
FARI ) e o

< Huk—l

~

Wiz

3 pE—1 pr—1

5 (1+T)_(pk_s+1( D) +§>)PO(179)_33_1 <T+§>Ps+1(179)”u”§?(7)

Thus, by the condition min{p;;pe;p3} > 1 + [s] > 2 and the estimate

F=1(r . y|pr <(1+7) po(L,0)pr+ 27 (B —1) (po(1,0)—ps+1(1,0) )H ”pk

HH (R3)NLI(R3) ~

(1 +t)ps+1(1,9 Hag rlfon HH9+1 ](]R3)

t/2
N HUH’;’?@)/O (1 4 7)o 0mt5 (1) (0 (L0 —pea (10)) g1

+(1+1)
< HU||€§(15)

1+p5+1(170)_(pk_$(pk271+§)>p0(1,9)—ﬁ%(L;l+§)ps+1(1,9)||u”§?

Summarizing all derived inequalities we get (3.9).
The last step is to derive the Lipschitz condition. The application of Holder’s inequality and the
fractional Gagliardo-Nirenberg inequality yields for j = 0,1

-1 -1
(1 + t p3(16) Ha]( Unon — ’Ullfon)(tv ')HLQ(R3) S ||’LL - UHX(t)(”qu?(t) + ||U||§?(t) )
In the following we will show how to estimate

Haj( Unon — ’Urlfon)(ta .)HH5+1—j(R3) for j = 0, 1.
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We apply the derived (H N Ll) — H* estimates and H® — H® estimates again to conclude

(1+ )7+ 0018] (upon — von) (8 )| o415 sy

t/2
5/0 H]ukil(T, ) [PE — ‘vk*l(T7 .)’pkHHS(R3)ﬂL1(R3)dT

t
+ (14 t)Ps+1(1L0) b=t (7, ) P — ok (7 dr.

)" ‘pkHHs(W)

To estimate the L' norm the fractional Gagliardo-Nirenberg inequality implies

[[a*= (7, ) [P% = ok (7,
<(1+7)" po(L0)pe+25 (

i@

P
Pk 1 1,0 s+1(1,0)) -1 -1
#1001 (0 ) | ([lulfBet + [[ol21).

We use the relation

d _
dz; = pg|x|P 251%
and set
g(ukfl) — uk71|uk71‘pk72
to get

W (@) [P — R () [P
1
= pk/o (uk_1(7,$) — ’Uk_l(T, m))g(uuk_l(T, x)+ (1 - l/)?./k_l(T,.Z‘))dl/.

Therefore, Minkowski’s integral inequality and the fractional Leibniz rule from Proposition B.2.3 show
that

[ O e i GO L
1
S / (= () = 7 ) g () + (1= )0 (7)) [ oy A

dv

Lr2 (RS)

1
N /0 Huk_l(T, ) - 1;16—1(7-7 ')HHgl(RS)HQ(VUk_l(T, D4 (1 V)vk_l(ﬂ ))‘

1
[ ) =l ) (= 0008y
where % +1i=141_ % Taking account of the first term on right-hand side we notice that
1 T2 T3 T4
! k—1 k-1
; Hg(yu )+ (1 —v)t (7',))‘ Lm(Rg)dV

pr—1
er(pk—l)(R;%)'

pr—1

< Huk—l(T, )| Lra(rk—1) (3) + Hv (7, )‘

Actually, we use the fractional Gagliardo-Nirenberg inequality and the fractional chain rule to get the
following inequalities:

Hukil(Ta ) - vkil(T7 )HHS (]Rd)

S 1) = e o ) = o )
Huk_l(Ta ) - Uk_l(T’ )l L3 (RR3)
S [l ) = o s Y e ) D] s
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79 e 5 ) iy 20 = e,
Hvk_l(T, )‘ LoD ) < Hvk 1 HL2 09+1(T2(pk 1) )Hvk 1 H[;?;Jrll(g;)(pk 1)’

and

lg (=) + (1= )" ) [ g ey

< Hl/uk_l(T, )+ (11— I/)’Uk_l(T, )‘

Do I )+ (1= )0 ) | g gy

< (Huk_l(T")HL2(R3) + H,Uk—l(,r’.)HL2(R3))(1—/30,5—0-1(TS))(pk_z)J"l—ﬁs,s-&-l("’G)

)/30,s+1(T5)(pk*2)+ﬁs,s+1(7“6)

Y

(e Moo sy + 10571 o sy

where the conditions for the parameters are

3 1 1
Bo,s+1(r) = +1(§—;) € [0,1] for r=ro(px —1),73,75,
3 1 1 s s
= \5 = sl € |l— 1:| fi = s 16y
Bossa(r) s+1(2 r+3> [3—1—1 or =TS
1 -2 1
1_om-2 L
T4 Ts T6
for min{p; p2; ps} > [s] + 1. The existences of parameters 71, . . ., ¢ are discussed in Section 3.5.

Straightforward computations lead to

(1+ 7—)_<pk_sil (pk2_1+§))90(179)_si1 (?"'%)95-&-1(179)

ot = ol (allZ2E + o2

A P O 1L PR

Summarizing all estimates allows to conclude (3.10). This completes the proof. O

Remark 3.3.4. Again, in Theorem 3.3.3, we only expect that the exponents p1, p2, p3 are above the
exponent p = 2. If we would assume 1 < py, < 2, the admissible set for the exponent py, will be
empty. The reason is that to derive the Lipschitz condition, we apply the fractional chain rule and the
fractional Leibniz rule. Therefore, we propose the condition min{p;p2;ps} > 1+ [s].

By the same motivation for taking initial data from the space Dg /2.1 (}R3) we can obtain another
admissible range for the exponents pi, p2, p3 for proving the global (in time) existence of energy
solutions with small data having an additional regularity L3/2. Following the same approach as in the
proofs to Theorems 3.3.2 and 3.3.3 we can prove the following result.

Theorem 3.3.4. Let us assume s € (0,1/2). Let us choose

. 2
L+ [s] < min{pispa; ps} < max{pi;paips} <14 -
and the exponents satisfy one of the following conditions:
(i) we assume
min{p1; p2; p3} > poa (3, s,0); (3.28)
(ii) we assume Oékl,bal(%, s, 0) < 3/2 when
1< Dy < pbal(%a S, 9) and Dky> Pks > pbal(%a S, 9)7 (3.29)

(iii) we assume oy, bal( ] 9) < 3/2 when

1 < Py, Pry < poat(3,5,0) and pr, > poar(2,5,0). (3.30)
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Then, there exists a constant o > 0 such that for initial data (ulg, ulf ) IS Dg’ /2.1 (R3) with

bl , ooy + 1168y + 6 D)

<e
1 3/2,1(R3) =<0

there exists a uniquely determined energy solution
u e (C([0,00), H*+1(R?)) N C' ([0, 00), H* (R?)))’

to the Cauchy problem (3.1) with 6 € [0,1/2). Moreover, the following estimates hold:

3
[u* (2, ‘)HLz(st) S (1 ¢yl (320040 Z | (uf, uf)|
k=1

3
H“f(t’ ‘)Hm(Rs) < (1 + )P B/20+0 Z I (u’g,u’f)|
k=1
3

DIt ) ey + N () oy S (1072t OO T (u, ab) |y
k=1 ’

D§/2,1 (RIS)a

D55, )

where the parameters gy are chosen in the following way:

1. g, =0fork =1,2,3, when p1, pa2, p3 satisfy the condition (3.28);

2. gy, = 1+ (12:5?:;1) + 489:9‘;’(_5%;91)17;61 and gr, = gk, = 0, when pg,, Pr,, Prs Satisfy the
condition (3.29);

_ 2-20+ 60—5—2 _ 2-20+ 342520
L+ (1—9)(sf1) + 4(1—0)(s4f1)pk17 Gy = 1+ (1—9)(s+51) +(1+ 4(1—9§(s+1))pk2 +
60—5—2s

T(1=0)(s +1) Pk1 Pha» and g, = 0 when py, , P, , Py Satisfy the condition (3.30).

Remark 3.3.5. As stated in Remark 3.3.2, if some of the exponents py; = pbal(%, s, 0) for some
J =1,2,3 in Cases (ii) or (iii) in Theorem 3.3.4, then we can choose the parameters gy; describing
the loss of decay as gi; = €1 with a sufficiently small constant €1 > 0.

To end this section, let us say a few things about the case s > 3/2, where we suppose that initial
data belongs to Dy , (R3). Applying the fractional chain rule from Proposition B.2.4 would lead to the
admissible range for the exponents p1, p2, p3 such that

min{py; p2; p3} > 1+ [s].

Applying instead fractional powers rules from Proposition B.2.5 the last condition of the exponents
can be relaxed to

min{p;pe;p3} > 1+ s.

This is explained in the next result.
Theorem 3.3.5. Let us assume s > 3/2. Let us choose
1+ s < min{pi; p2; p3}-

Then, there exists a constant g > 0 such that for all initial data (ulg, ul ) €Di, (]R3) with

(g ur) | )|

there is a uniquely determined energy solution

u € (C([0,00), HT1(R?)) N C* ([0, 00), H* (R?)))°

3
1

N

€0

D;,(R?) T [ (uf, ui)] Dy &%) T (5, w D5 (R3)

to the Cauchy problem (3.1) with 6 € [0,1/2). Moreover, the estimates for the solutions are the same
as in Theorem 3.3.3.
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Proof. Firstly, we define the evolution space and its norm as in (3.24) and (3.25), respectively. Dis-
cussing the global (in time) existence of solutions with large regular data, we may use the fractional
powers rules [92] instead of the fractional chain rule and the fractional Leibniz rule. More precisely,
the estimates of [u*~1(7,-)|P* in the H* norm should be changed. By our assumption, which implies
min{pi;p2;ps} > s, we have the following estimate:

1= P |y S 1 e ey e ) 1 s
St ) e sy + 0 ) e o 1 ) ey

where we applied Proposition B.2.7 with 0 < 2s* < 3 < 2s.
Using the fractional Gagliardo-Nirenberg inequality again we can show

P
s+1
Hs+l(R3)

iﬁle H“ )

1= ) gy S ()

*75 S* 5*75
sﬂpk*sTHuk—l SFIPET
Hs+l(R3)

+ H“k HL2 (R3)

(7_7 )
So, we derive the estimate

<q +T)—pou,e)pk—(%m—%)(ps+1<1,e>—po(1,e>>Hungg

= P sy

Now we choose s* = 3/2 — € with an arbitrary small constant € > 0. Therefore, in order to obtain
(3.9), the exponents p1, p2, p3 should fulfill

max{2; s} < min{py;p2;ps}. (3.31)
To verify the Lipschitz condition (3.10), taking min{p;; p2; p3} > 1 + s, we have
H‘uki ( )|pk - ‘ i 1( ’pkHHs (R3)
S = A e | 0 4 (0007 ) e

+ ||t () = o ')HLN(RB)/O g (vu* () + (1= )" (r, ) HHS(RB)dV
1
S I oAy I 4 0 0 ) v

1
) = ey [ ) (= 00 ) g

o A GO R G A iy G ’;gégg)dy.
After applying Proposition B.2.7 again, we can conclude (3.10) with the condition
1+ s=max{2;1+ s} < min{p;;p2;p3} for s> % (3.32)
The proof is completed. O
Remark 3.3.6. If one uses the embedding H*® (R3) — L™ (R3) for s > 3/2, in other words,
[fllzoo@ay < N llz2ey + 1f 1 s g

to estimate the term Hukil (1 then we obtain

’ '>HL°O(R3)'

ey S (1 7) e )0 O=ieena QO o

So, the global (in time) Sobolev solution exists uniquely with an additional restriction

1= )

2+ < min{p1; p2; p3},

3—40
where 0 € [0,1/2).
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3.4. Existence results for semilinear elastic waves with
structural damping for 0 € [1/2, 1]

In the following we will prove results for global (in time) existence of small data Sobolev solutions to
the weakly coupled system (3.1) with ¢ € [1/2,1] and initial data belonging to D;, 4 (R3) for some
regularity parameters m € [1,2) and s > 0.

3.4.1. Data from classical energy space with suitable regularity

In this subsection we mainly study global (in time) existence of energy solutions with small data having
an additional regularity L™ for m € [1,3/2). The main reason of the suitable choice of regularity
m € [1,3/2) will be explained in Remark 3.4.1.

Firstly, we state our result for m € [1,6/5). As explained in Remark 3.3.2, if the exponents
Dk, = pe(m, 0) in one of the Cases (ii) or (iii) for some j = 1,2, 3 in the next theorem, then we can
choose the parameters gy, describing the loss of decay as g, = €1 with a sufficiently small constant
g1 > 0.

Theorem 3.4.1. Let us assume that the parameters py, € [2/m, 3] withm € [1,6/5) for k =1,2,3,
and satisfy one of the following conditions:
(i) we assume

min{p1; p2; p3} > pe(m, 0); (3.33)

(ii) we assume oy, (m,0) < 3/2 when

1 <pr, <pe(m,0) and pp,,pry > pe(m, 0); (3.34)
(iii) we assume oy, (m,0) < 3/2 when

1 < Prys Phy < pe(m,0) and pry > pe(m, ). (3.35)
Then, there exists a constant £y > 0 such that for initial data (uf,u}) € D?ml (R3) with

bt g,y 1030 ey + 11 ),y <
there is a uniquely determined energy solution
u € (C([0,00), H' (R?)) NC* ([0, 50), L*(R?)))?

to the Cauchy problem (3.1) with 6 € [1/2,1]. Moreover, the following estimates hold:

)| oy S 1+ 64ﬁ?+gkzil uGu})llpo. | (moy:

[V ()| o sy + ([0 (E )] gy S (1 +1) e%%ungH (ug, u HDU L(B3)

where the parameters gy, are chosen in the following way:

1. g =0fork =1,2,3, when p1, p2, ps3 satisfy the condition (3.33),

34+2mf _ 3— : s .

2. 9k, = gm’g — 5Pk, and Gr, = gr, = 0, when py,, pi,, Pk, satisfy the condition (3.34);
_ 34+2mh 33— _ 342mé | 1420 _

3. 9ky = ;myg - angpkla ke = é—mrg + —59 Pky— ergpk’lpkz and Gks = 0 when Pky s Pko» Pks

satisfy the condition (3.35).
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Proof. We define for T' > 0 the spaces of solutions X (1) by
X(T) := (c([0,T], H'(R®)) nc* ([0, T], L*(R?)))? (3.36)

with the corresponding norm

3 3
HUHX(T) = tS[lép (Z —i—t 4m9 ngu ')HLQ(Ri”) —i—Z(l —|—t)%_ngVuk(t,.)HL2(R3)
€ k=1

3
+Z (1+ )5 O ug (¢, HL2 RS )
k=1

The classical Gagliardo-Nirenberg inequality implies

- _B-—m)p—3
H|uk ( |Pk HLm RS) ~ (1 + T) 2mé +gk*lpk||u||])7éc 7—))
2(3—m)py, —3m
A, Py S (U 7)™ s PR

where m € [1,6/5) and the parameters (o 1(mpx) € [0, 1] and Bo.1(2pr) € [0,1] in the classical
Gagliardo-Nirenberg inequality lead to the condition py € [2/m, 3] forall k = 1,2, 3.

To begin with, we apply the derived (L? N L™) — L? estimate on [0, ] to estimate the solution as
follows:

(1+t) amo e ngunon HL2 (R%)

(83—m)pp —

t/2 (3—m)
5(1+t)—9k||u||§?(t)(/o (1+7)" ComIbR=3 1 g, Pidr 4 (14 1) R T 1pk)

where we divided the interval [0, ] into sub-intervals [0, /2] and [t/2, ¢] and used

t 6—5m —5m
/ (11— 1) T dr < (1+ 1)
t/2

due to the fact that 6 — 5m < 4m# for all m € [1,6/5) and 0 € [1/2,1].
Next, using the derived (L? N L™) — L? estimate on [0,¢/2] and L? — L? estimate on [t/2,t], we
obtain the estimate for the first-order derivatives (j + [ = 1) as follows:

’"L

(1 1) 55 | 9 b 0] s e

(B—m)py,

t/2 -3 (3—m)py,—3
S (D7 fulB, (/0 (147)" 2mo T9=1Pkdr 4 (1 4 t)l—Tpe’cWHPk).

Summarizing the above estimates gives

6—5m+2(j+1)m

(L) amo [0V o (8, )] o )

(8—m)pp—

t)2
S+l [ () T 337

_(3—m)pk—3 _
+(1+t)! 3mo T 9k—1Pk gk”“”%(t)

forall j +1 = 0,1 with 5,1 € Ny. Now, we distinguish between three cases to prove

6—5m+2(j+)m

(L4+t) ams 9|0 Viub

non ()| 2oy S [l e)- (3.38)

Case 1: ~ We assume the condition (3.33), that is, min{p1; p2; p3} > pc(m, 0).
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In this case, we have no loss of decay. So, we choose the parameters

g1=92=93=0.

Therefore, (3.37) implies the following estimates for j + 1 = 0, 1:

(1 n t)6 5m4+n2LeJ+l)m Hajvl r]fon HL2 ®)

t/2 (3—m)pg,— (3—m)pp—3
Sl ([ a+n 8 a4 4 1),

where k = 1,2, 3. To prove (3.38), we need that the right-hand side in the last inequality is uniformly
bounded in ¢ > 0. But, this follows from the condition

2mo + 3 1

min{p1; p2; p3} > pe(m, 0) = i for 0 € [5’ 1}_

Case 2:  We assume the condition (3.34), that is, 1 < pg, < p.(m, @) and pk,, pr, > pc(m, 0).
Now, we allow a loss of decay in one component of the solution. We choose

3+2mf 3 -—-m

G =5 T 5o Ph and gg, = gk, = 0.

Obviously, by the assumption 1 < pg, < p.(m, ) we may get gi, > 0. The condition ay, (m, ) <
3/2 is equivalent to the following inequality:

34 2mb + m(1 + 20)pg, + (m — 3)pk, Pk, < 0. (3.39)
With the assumption 1 < pg, < p.(m,§), the condition (3.39) is valid only when pj, > p.(m,6).
Moreover, we have

6—5m+2(j+1)m (B—m)py, =3

L+t ame 9| Vi (¢, )| L RS)N(I—i—t)l I~z |u ||p’<1 (3.40)

where we used
(3—m)pk1 -3

t/2 (3 m)pkl -3
/ (14+7)"2m0 dr S (A 4+t)\" om0 —
0
Hence, the above estimates lead to the desired estimate (3.38) when k& = k1.
When k = ko, we obtain the following estimate:

6—5m+2(j+1)m

(1+t)THGJVZ Ungn ( HLQ(R3

(d—m)ka -3

Dk t/2 (3— m)pk2
~ H H 2¢;)</ (1 + 7') “Zme  t9kiPradr 4 (1 4 t) T+gk1pk2>'
0

Applying the condition (3.39) it follows

3—m -3 3+m(1l+260 +(m—3
7( )ka + Gy Dy = ( )pk’z ( )pk1pk2 <
2mb 2mo

So it immediately leads to the estimate (3.38) when k = ks.

The case k = k3 can be treated by using the same arguments as we did in studying Case 1. More
precisely, we have

6—5m+2(j+)m

(L+6) o [0V gt ) o sy

t/2 (3—m)pg, —3 (3—m)pp, —3
< lfy ([ u+7r*meuT+u+wk—ﬁmLy.
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Taking account of py, > p.(m, 0), the estimate (3.38) is valid for k£ = k3.

Case 3:  We assume the condition (3.35), that is, 1 < pg,, pr, < pe(m, @) and pr, > pc(m, 0).
Here we take the parameters describing the loss of decay as follows:

3+2mf 3 —m 3+2m0 1+ 260 3—m and 0
2mo 2mo Phys Gk = 2mo 20 Pk 2mb o1 Pk1Dko ks =

Ik, =

With the help of 1 < py,, pr, < pc(m,8), we conclude that g, > 0 as well as g, > 0. Then, the
condition ay, (m, #) < 3/2 can be rewritten as

34+ 2mb + m(1 + 20)pg, (1 + pr,) + (M — 3)pr, ProPry < 0. (3.41)

We know that the inequality (3.41) is valid only if py, > p.(m, 6). Following the same approach for
treating Case 2 we immediately obtain the desired estimate (3.38) in this case.
Lastly, no matter in which case, we may derive the Lipschitz condition by using Holder’s inequality
and the Gagliardo-Nirenberg inequality. Then, we may prove
6—5m+2(j+1)m

(1+1) amé 9k HQ{VZ (u,’fon —oF )(t )

non)\% " HLZ(RS) ,S ”u - U”X (Hquk ' + ||UHpk 1)

X(¢)
for j +1=0,1with j,l € Ngand k = 1,2, 3 for Cases I-3. Therefore, the proof is complete. O
Next, in the case when m € [6/5, 3/2), the estimates for the solutions to the Cauchy problem (2.1)

are different to those in the case m € [1,6/5). For this reason we feel differences in estimating the

norms || |u*~1(r, -)]pk‘}Lm(Rg) and ||[u* (7, ')’pkHLz(Ra)-

We now state our result for m € [6/5,3/2). If some of the exponents py, = ppa(m,0,0) for
some j = 1,2, 3, we can choose the parameters g, describing the loss of decay as gi; = £1 with a
sufficiently small constant €1 > 0.

Theorem 3.4.2. Let us assume py, € [2/m, 3| withm € [6/5,3/2) for k = 1,2, 3, and satisfy one of
the following conditions:
(i) we assume

min{p1; p2; p3} > ppa(m,0,0); (3.42)

(ii) we assume o, pa1(m,0,6) < 3/2 when

1 < pr, < poa(m,0,0) and pry,pr; > poar(m, 0,0); (3.43)
(iii) we assume g, pa(m,0,0) < 3/2 when

1 < Pky s Pky < Poat(m,0,0) and pr, > poa(m,0,0). (3.44)
Then, there exists a constant £y > 0 such that for initial data (ufj,u}) € Dgﬂ (R3) with

1 ), ey + 16328 gy ey 188 gy < 20
there is a uniquely determined energy solution
u e (C([0,00), H'(R?)) nC'([0,00), L*(R%)))*

to the Cauchy problem (3.1) with 6 € [1/2,1]. Moreover, the following estimates hold:

oy S 14015 003 (5, ) g, e
k 1

[0,y + [ Hpm~u+tﬁ%ﬂzumewRW

where the parameters gy, are chosen in the following way:
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1. g =0fork =1,2,3, when py, p2, p3 satisfy the condition (3.42);

2. gy = mTH _ ( + 647221)13]?1 and g, = gk, = 0, when py,, Dk, , iy Satisfy the condition
(3.43);
3 6-3 3 6-3 1_ 3 6-3
30 gy = T — (54 Gt )P 9o = 2 = (Ot — 3 — 2 )Pke — (3 + S PE DR, and

ks = 0 when py, , Dk, , Pky satisfy the condition (3.44).

Proof. Here we only redefine the norm of the evolution space (3.36) as follows:

3
lullxr) = sup. (Do + 09 b (2, )| o sy
) k=1

3
+Z 1+1) T k(HVuk(t, ')HLQ(RB) + Huf(tv‘)HH(ﬂ@)))'
k=1

After following the proof of Theorem 3.4.1 we may conclude the desired statements. O

Remark 3.4.1. If we would consider the Cauchy problem model (3.1) with 0 € [1/2,1] and m €
[3/2,2), we should guarantee max{p1;p2;p3} < 3 from parameter restrictions generating by the
application of the Gagliardo-Nirenberg inequality. But, we should give at least for one exponent
k = 1,2, 3 another restriction

6(m 2+29)

0,0) =2+ ——F7F-—"7-=

3 if me [ 2) and 0 € [%,1].
In conclusion, the set of admissible triplets of exponents (p1,p2, ps3) is empty.

3.4.2. Data from energy space with suitable higher regularity

Theorem 3.4.3. Let us choose m € [1,6/5) and assume that the exponents satisfy

L+ [s] <min{pr; paips} S max{piipaips} ST+ if s€ (0,1),
1+ [s] <min{p1;p2; p3} < max{pi;pa;ps} < o0 if se[L00).

The exponents p1, p2, p3 satisfy one of the conditions (3.33) to (3.35). Then, there exists a constant
g0 > 0 such that for initial data (ufj,u}) € Dyia (R3) with

(w5 1)

there is a uniquely determined energy solution

2

s (3 T [ (ug, ui)| i

s, (&3 T [ (g, uy)

s 1(R3) < €0

u e (€([0,00), H**1(R?)) N €' ([0, 00), H* (R?)))?

to the Cauchy problem (3.1) with 6 € [1/2,1]. Moreover, the following estimates hold:

(1) sy S (1+ %%”*%ZH uf, o) s qao
o (& ) 2oy < (1+t)*%+gk2“(“§’“]f) 1 ()
k=1

H|D‘uk(ta )HHé(IR3) + Huf(ta )HHs(R:‘s) 5 (1 +t) = SZ';%QQm—ng Z H uo,ul

1(R3)7

where the parameters gy, are the same as in Theorem 3.4.1.
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Proof. We define the norm for the evolution space (3.24) as follows:
3

Julxcry ::tSEé%](ZﬂH)W‘%Hu HLstﬁZ ) T80 0 e
) k=1

6—3m+2sm
+Z (1+8)ma (||| D]u(t, W o sy + uf (2, ')HHs(RS)))
Then, we immediately follow the proof of Theorem 3.3.3 to complete this proof. O

The choice of initial data from higher-order energy spaces allows us to weaken the upper bounds for
the exponents p1, p2, p3 for which we can prove the global (in time) existence of small data energy
solutions by choosing the parameter of additional regularity in the interval m € [3/2,2). To be more
precise, the following statements hold:

} N (poar(m, 0,6),00) # 0 for s € (0,3),

2
[E’lJr 1—2s
[%,oo) N (poar(m, 0,0),00) # 0 for s € [%,oo),

when 6 € [1/2,1] and m € [3/2,2). Thus, we can get a more flexible (with respect to s) admissible
range of exponents pi, p2, p3.

Theorem 3.4.4. Let us choose m € [6/5,2) and assume that the exponents satisfy

) 2 .
L+ [s] < min{pripo; ps} < max{pyiposps} S 1+ 7= if s€ (0,3),

1+ [s] < min{p1; po; p3} < max{py;po; p3} < oo if s€[3,0).
The exponents p1, p2, p3 satisfy one of the conditions (3.42) to (3.44). Then, there exists a constant
g0 > 0 such that for initial data (ufj,u}) € Dyia (R3) with

1

H(“(l)’“l) i

D3, (R3) T [(ut, ui)] i

s, (&%) T (w5, ) |

D3, (89 S €
there is a uniquely determined energy solution

u e (C([0,00), H1(R?)) N €' ([0, 00), H* (R?)))®
to the Cauchy problem (3.1) with 6 € [1/2,1]. Moreover, the following estimates hold:

H“k(tv ')HL2(R3) S+t o Z H U’Ovul

1(R3)7
Huf(ta')H[g(RB ~ (1+t 4m0 +ngH u()’ul HDg ]R3

H|D‘uk(t? )HHS(R3) + Hu?(t7 )HHS(R?}) S (1 + t) = 3m+2S77L+gk Z H ’U/O,ul

1(R3)7

where the parameters gy, are the same as in Theorem 3.4.1.

Proof. Following the proof of Theorem 3.3.3, this theorem can be proved immediately by redefining
the norm for the evolution space (3.24) as follows:

3

3
lull () = sup (Z(1+t) [ M @) + (1+1) )5 o uf (¢ M 2y
tel0,7] ~ 4 k=1

+Z ) 9 (| DR ()| ey + [l '>HH5(R3))>’

where g;. are the same as in Theorem 3.4.1. O
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Finally, we are interested in the case of large regular data belonging to L°°, too. For this reason,
we choose the regularity parameter s from the interval (3/2, 00). Let us restrict ourselves to the case
m € [1,6/5).

Theorem 3.4.5. Let us choose m € [1,6/5), s > 3/2 and assume that the exponents satisfy
max{1 + s; p.(m, 8)} < min{p1;p2;p3},
and one of the conditions (3.33) to (3.35). Then, there exists a positive constant £g > 0 such that for
initial data (uf,u}) € Dyia (R3) with
) g,y + 18,y + D), ey < 0
there is a uniquely determined energy solution
u e (C([0,00), H*F(R?)) NCY ([0, 00), H* (R?)))’

to the Cauchy problem (3.1) with 0 € [1/2, 1]. Moreover, the estimates for the solutions are the same
as in Theorem 3.4.3 after choosing g, = 0 forall k = 1,2, 3.

Proof. One can complete the proof by following the same steps of the proof of Theorem 3.3.5. [

Remark 3.4.2. Providing that one uses the embedding H? (R3) — L™ (R3) for s > 3/2, we should
give the following condition:

4mb + 6 — 3m

65 S min{pupps),

1+ s < min{p1;pe;ps} and

to prove the global (in time) existence of small data Sobolev solution.

3.5. Existence and restriction of parameters

The purpose of this section is to clarify the possibility to choose the parameters q1, q2, 71, . .., g in
the proof of Theorem 3.3.3. In other words, we show that the condition (3.45) below is not only a
sufficient condition but also a necessary condition for a suitable choice of these parameters.

First of all, in Theorem 3.3.3 the restrictions for the parameters ¢ and g2 are as follows:

3 /1 1 3 (1 1 -1 1 1
(5--—) €., (-—+2)e|[251] ana im0
s+1\2 ¢ s+1\2 ¢q 3 s+1 Q1 qQ 2

with ¢1, g2 # oo. In other words, we have

1-2 —1 1 —1
(I—2s)(pr — 1)+ Sk SR A RN
6 Q1 G 2
1 -1 1
PRI S B gl
6 q1 g 2
Hence, the assumption
2 . 1
pk§1—|—1_28 if0<s<3 (3.45)

for p;. for all k = 1, 2, 3, leads to

I r(1=28)(pr—1)+1 pg 171 pg
5 € 6 ’2]”‘126[6’2}‘

All in all, (3.45) is a necessary condition to choose suitable parameters ¢ and go.
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Next, we want to show that the condition (3.45) is a sufficient condition for choosing ¢1, g2. From
the relationship

1 1 -1 3 /1 1
— = D and <f——)€[0,1],
@ 2 @ s+1\2  q
we may conclude
1 1 1-2 -1
—e[l—p—’“,——( 3) (P )] if 0<s< 3,
Q2 2°2 6 (3.46)
1 1 '
R [1_%77> lféés.
q2 2°2

We should point out that the interval for q% is not empty because of p; > 1. Taking account of
3 (l - q% + %) € [Si—l, 1] and (3.46) together with assumption (3.45), we observe

s+1\2
[1 1%[1—” L_(0=29 =17 if0<s< i,

call -5
- 1_77) flcs
(0’2}0[ 53) 7! Hass

In conclusion, there exist suitable parameters g1, g2 in the proof of Theorem 3.3.3.
Moreover, the restrictions on ry, 7o are

& (1 iJrf)e[ > 3 (1 ! ) €01, and LA
s+1\2 7 3 s+1771 s+1\2  ro(pr— 1) Y roory 2

By the same arguments as above, the condition (3.45) is a sufficient and necessary condition for the
choice of suitable parameters r; and 5.

Lastly, the restrictions on 3, . .., rg are
3 /1 1 3 /1 1 3 /1 1 s s
- =) el (5-=)ebu, —=(5-—+3)e[=1],
s+1<2 ?”3) [0,1] s+1\2 ry 0,1} s+ 1\2 7“6+3 s+ 1
1 1 1 1 -2 1
Sy = and — =BT
r3 T4 2 T4 5 T

As in the paper [81] we also prove the optimality of the condition (3.45) for py.
One choice for the parameters q1, g2 and 1, . . ., 7g is the following:

Q1:3(pk?_1)7 QQ:6> 7"1:6, T2:37 r3:3(pk;_1)a

-1
T4 = —6(pk ) s = 3(pk — 1), re = 6.

3(pr—1) =2’

This choice implies the following condition for k = 1,2, 3:

2
1+ = <pp <1+ if 0<s<3.

3 1—2s

3.6. Concluding remarks

Remark 3.6.1. If 0 € [0,1/2) in (3.1) we proved in this chapter the global (in time) existence of
energy solutions with small initial data belonging to Dy , (R3) or D; /2.1 (R3). One may also consider
the global (in time) existence of solutions with (ulg, u’f) €Dpa (R3) form € [1,2), s > 0 by using
the energy estimates to the linear model (2.1) (c.f. with Theorems 2.4.5).

Remark 3.6.2. In Section 3.4 we proved some results for the global (in time) existence of small data
solutions to some semilinear models with exponents p1, p2, p3 satisfying some conditions. Up to now,
we did not prove any optimality of the exponent for the global (in time) existence of small data solutions.
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But we expect that the following exponents and parameters are critical to the Cauchy problem (3.1)
with a structural damping (—A)'/ 2w, :

pc(l)%) == 2,
3
Oémax(l, %) = max {061(17 %);az(l’ 5)} — 57
a ~ ~ . 3
(1. 4) = max @ (1 4): @201 4@ (1. 4)} = 5.

The main reason is that the exponent p,. (1, %) corresponds to the critical exponent to the semilinear
structurally damped wave equation (which was studied in [24])

Ut — Au + (—A)1/2ut = |U‘p, x € RS, te R+,
(u, u)(0,2) = (ug, u1)(x), x € R3.

The recent paper [19] proved a global (in time) existence result to the weakly coupled system

ug — Au+ (=AY 20y = |vfPr, reR3 teRy,
Vgt — Av + (—A)l/Qvt = ’U|p2, WS R?), te R+,

(U,Ut,’l),’l}t)(o,w) = (UO,'LLl,’UO,’Ul)($), HARS R37

when the exponents p1, pa satisfy the condition amax(l, %) > 3/2 and a blow-up result when the
condition amax(l, %) < 3/2 holds. Thus, we conjecture that the parameter amax(l, %) = 3/2is
critical if only one exponent is below or equal to the exponent pc(l, %) In addition, as mentioned
in Section 3.1, the parameter &max(l, %) is naturally generalized from the parameter amax(l, %)
Therefore, we also conjecture that the parameter Ciyax ( 1, %) = 3/2 is critical when two exponents are
below or equal to the exponent p, (1, %)
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4.Elastic waves with Kelvin-Voigt damping in
2D and 3D

4.1. Introduction

In this chapter we mainly study the following Cauchy problem for linear elastic waves with Kelvin-Voigt
damping (c.f. [71, 65]):

{utt — a?Au — (b2 — az)Vdivu—l—Eut =0, zcR? teR,,

(1) (0, 2) = (g, wa) (@), r € R, 1)

with Lamé operator
E := —a?A — (b2 — az)V div carrying b > a >0,

where u = (ul, uz)T, and the weakly coupled system of semilinear elastic waves with Kelvin-Voigt

damping in 2D, that is, the Cauchy problem (4.1) with nonlinear terms
flw) = (P, 2)

on the right-hand sides (one can see (4.37) later). Here the exponents satisfy p;, po > 1. Furthermore,
we also study the elastic waves with Kelvin-Voigt damping in 3D.

In the case when a? = b? in the Cauchy problem (4.1), the Kelvin-Voigt damped elastic waves will
be transfered to the viscoelastic damped wave equation. For viscoelastic damped wave equation, one
can derive estimates of solutions and asymptotic profiles of solutions by using explicit representations
of solutions in the Fourier space (for example, one may see [24, 25, 40]). However, due to the Lamé
operator [E appearing in (4.1), we should use some decomposition method to treat elastic waves with
Kelvin-Voigt damping. For the three dimensional case, we may use the Helmholtz decomposition to
decompose the solution to a potential part and a solenoidal part. Nevertheless, this decomposition
does not hold any more in the two dimensional case. Concerning energy estimates for the Cauchy
problem (4.1), the recent paper [109] derived almost sharp energy estimates by using energy methods
in the Fourier space. But, sharp energy estimates and diffusion phenomena for two dimensional elastic
waves with Kelvin-Voigt damping are not clear. Strongly motivated by the pioneering paper [108], we
employ energy methods in the Fourier space to derive energy estimates for the linear Cauchy problem
(4.1). Then, by applying the spectral theory associated with asymptotic expansions of eigenvalues and
their corresponding eigenprojections, the sharpness of the derived energy estimates have been shown.
Basing on the representation of solutions, we investigate diffusion phenomena for the Cauchy problem
(4.48). Then, by employing L? — L? estimates with additional L™ regularity and Banach’s fixed-point
theorem, we prove global (in time) existence of small data solutions to the weakly coupled system of
semilinear elastic waves with Kelvin-Voigt damping in 2D and 3D, respectively.

The rest of this chapter is organized as follows. We first investigate some qualitative properties
of solutions to the two dimensional linear Cauchy problem (4.1) from Section 4.2 to Section 4.4.
Specifically, we prepare pointwise estimates of solutions in the Fourier space by applying Lemma 2.2
in [108] in Section 4.2. Then, we obtain energy estimates of solutions to the Kelvin-Voigt damped
elastic waves (4.1). In Subsection 4.3.1 we derive asymptotic expansions of eigenvalues and their
corresponding eigenprojections to show the sharpness of derived pointwise estimates. After construct-
ing asymptotic representations of solutions in Subsection 4.3.2, we derive diffusion phenomena in
Section 4.4, where initial data is taken from L™ spaces with m € [1,2]. Then, in Section 4.5 we prove
global (in time) existence of small data solutions to the weakly coupled system of semilinear elastic
waves with Kelvin-Voigt damping. Additionally, the three dimensional elastic waves with Kelvin-Voigt
damping is treated in Section 4.6. Finally, in Section 4.7 some concluding remarks complete this
chapter.
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4.2. Estimates of solutions to the linear problem in 2D

In this section we will derive estimates of solutions to the linear elastic waves with Kelvin-Voigt
damping in two dimensions.
Indeed, the system in (4.1) can be rewritten in the following form:

2
uy — a*Au+uy) — (b° — a?) < 889”1 6512352 > (u+u) =0. 4.2)
xr2T1 2

Applying the partial Fourier transformation with respect to spatial variables to (4.2), i.e., 4(t,&) =

Faooe(u(t, x)) gives
gy + €2 A(m) i + [€* A(m)i = 0, (4.3)

where ) = £/|¢| € St and

A(n) = a? + (b2 — a2)n% (b2 - a2)mn2
D= @ - mn @+ )i )

Because of our assumption b > a > 0, the matrix A(n) is positive definite. The eigenvalues of A(n)
are b and a®. We introduce the matrices

M(n) = ( Z; _77;1 > and  Agigg(|€]) := |€|?diag (b7, a?).

By using the change of variables
v(t,€) = M~ (n)a(t, ),

we define

vt €) + iAo (€)v(t,€)
vt €) — 1Ay (€)v(t,€)

According to the above matrices we can directly compute

W(tu g) =

e [ IEPMTI @AM+ )+ i€l
— [€[2M T () A() M () (vr + v) — iAY (€])ve
([~ Adgag D) (e +0) + AT R (1ED v
-\ Asiag (€D (v + v) — AN (€l
:<_;Adiag<|§|>+mé{;<s|> ~$ A 1) )W
—1 Ading €]) — L Agig (1€]) —iAY2(€D)

Therefore, we derive the evolution system

(4.4)

Wi+ 3|E2BoW —il¢|ByW =0, £ €R? t€Ry,
W(0,¢) = Wo (), ¢ € R2,

where the coefficient matrices By and B; are given by

2 0 b 0 b 0 0 0
0 a2 0 a2 0 a O 0
Bo=1| 2 o 2 o and Bi=1 09 4 o
0 a2 0 a2 0 0 0 -—a
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The solution to (4.4) is given by A
W(t.&) = ey e),

where

- 1
®(€) = =3 I€*Bo + il¢| By

~Glel gl 0 ~5le 0 “s)
_ 0 ~leP +ialgl 0 —leP? |
e 0 ~Glg—iblel 0
0 — %1€ 0 —%[¢* —ial¢]
Moreover, the eigenvalue problem corresponding to (4.4) is
36+ (1612Bo — ilelB1)o =0, @.6)

where A € C and ¢ € C*. The eigenvalue A\ = \(|¢|) of the problem (4.4) is the value of ) satisfying
(4.6) for ¢ # 0.

We now derive energy estimates basing on pointwise estimates of the partial Fourier transform of
solutions in the Fourier space. In the pioneering paper [108] the authors derived pointwise estimates
for a general class of symmetric hyperbolic-parabolic systems by using the energy method in the
Fourier space. Thus, we may apply Lemma 2.2 in [108] to complete the following lemma.

Lemma 4.2.1. The solution W = W (t, £) to the Cauchy problem (4.4) satisfies the following pointwise
estimates for any £ € R? and t > 0:

W (t,€)] < e Dty ()], 4.7)
where |§|2
p(l€]) == T+ €2

and c is a positive constant.

Remark 4.2.1. From the asymptotic behavior of eigenvalues \j(|¢|) for j = 1,...,4, which will be
shown later in (4.13) and (4.17), the dissipative structure of the system (4.4) can be characterized by
the property

Re); ([€]) < —ep([€])-

Moreover, according to the asymptotic expansions of eigenvalues for |§| — 0 and |§| — oo, our
pointwise estimates of the partial Fourier transform of solutions stated in Lemma 4.2.1 are sharp.

Proof. Let us define a real and antisymmetric matrix K by

b
-5 0

!
ovls O O
ve O O O

ol

o o O

0
0

The coefficient matrices in (4.4), i.e., £ By and —B; are real symmetric. Moreover, the matrix %Bo 18

positive semi-definite. According to Lemma 2.2 in [108], due to the fact that -K By + %Bo is positive
definite, we can derive

clel?

W (t,)] S e e [Wy(€)],

forallt > 0and & € R2, with a positive constant c. O
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Next, we concentrate on the estimates of the classical energy and higher-order energy of solutions
with initial data taking from H*®(R?) N L™ (R?). Because of the proof is quite standard, we only
sketch it.

Theorem 4.2.1. Let us consider the Cauchy problem (4.1) and initial data satisfies
(IDluf, uf) € (H*(R?) N L™(R?)) x (H*(R*) n L™(R?))

fork =1,2, where s > 0 and m € [1,2]. Then, we have the following estimates for the energies of
higher-order:

DI, gy + 1P g

2— m+ms

5 (1 +t) Z H |D|u0,u1) H Hs(R2)NL™ (R2)) x (Hs (R2)NL™ (R2))"

k=1

Proof. We can derive the following estimates by applying the Parseval-Plancherel theorem and the
pointwise estimates of the partial Fourier transform of solutions in the Fourier space in Lemma 4.2.1:

Fla)E M 2 geyys = NEFWE O 12 g2
< H\ﬂse cp Ifl)tW0

[1D*

©l (L2(R2))4

< i O ey o
+ H Xmid(§) + Xext(f))‘ﬂse_dwo(f)H(Lz(Rz))4~
For small frequencies, we apply Holder’s inequality and the Hausdorff-Young inequality to get
o (VTP gy S (14070 | s
For middle and large frequencies, we immediately obtain
H(Xmid(f) + Xext(f))’f‘se_CtWO(g)H(L2(R2))4 S e_CtH}—_l(WO)H(Hs(Ra))z;-
Together them completes the proof. O

Remark 4.2.2. To derive the estimate of the solution itself to the Cauchy problem (4.1) with
(IDJug, uf) € (L*(R?) N L™(R?)) x (L*(R?) N L™(R?)),
we need to estimate
st (€I W oy
Then, using Holder’s inequality, we have to derive an estimate for the following term:

1o—clg 2¢
met |§’ <lél HLH Rz)
Nevertheless, due to a strong influence of the singularity for |£| — +0, i.e., non integrability, the
following inequality does not hold for allt > 0 and m € [1,2]:

e ()¢~ e™| 2

L2 m RQ)

Remark 4.2.3. It is not reasonable for us to compare the estimates in Theorem 4.2.1 with those in
[109] due to different assumptions of the data spaces. In the recent paper [109], the authors proved
estimates for the classical energy to (4.1) with initial data is taken from (H 1 (RQ) nL! (]RQ)) X
(L2 (RQ) NnL! (]RQ)) by using the energy method in the Fourier space and the Haraux-Komornik
inequality.



4.3. Asymptotic expansions and asymptotic representations 71

4.3. Asymptotic expansions and asymptotic representations

With the aim of determining whether the pointwise estimates in the Fourier space in Lemma 4.2.1
are sharp or not, we now investigate the asymptotic expansion of eigenvalue of (4.4) for || — 0 and
|€] — oo. Moreover, to derive diffusion phenomena, we need to get the asymptotic expressions of the

propagator et (gD (see the definition in (4.5)). This method is strongly motivated from the paper [39].

4.3.1. Asymptotic expansions

We denote by \j = \;(|€]), j = 1,.. ., 4, the eigenvalues of matrix ®(|¢|). Thus, these eigenvalues
are the solutions to the following characteristic equation:

F(\) = det(Myxq — O([]))

+ 5l -l 0 GleP 0
_ 0 A+ %’€|2 - Z(I|§‘ 0 %’§|2 (4 9)
- b2 ¢ 12 b2 ¢12 4 g )
Il 0 A+ S [€° +iblg] D
0 Glef? 0 A+ €7 +dal€|

= X+ (@ + D) PN + ((a® 4+ 0%) €] + a®[E[) N + 2002 (€A + a*bP (¢,
where |¢] is regarded as a parameter. We notice that

d

d)\F()\) = 4X3 4+ 3(a® + ) [€]2A% + 2((a® + b%)|€]* + a®b*[¢[*) A + 20707 |¢[.

Comparing the polynomials F'(\) and %F(/\), we observe that there are non-trivial common divisors
at most for values of frequencies |£| in a zero measure set. Thus, we have only simple roots of
F(X\) = 0 outside of this zero measure set.

Let P;(|£|) be the corresponding eigenprojections, which can be expressed as

D([¢]) — Me(|€]) Taxa
2} N(ED) = Me(leh)

Py(¢l) = (4.10)

In the next step we distinguish the asymptotic expansions of eigenvalues and their corresponding
eigenprojections between two cases: |£| — 0 and || — oo. These expansions essentially determine
the asymptotic behavior of solutions.

Asymptotic expansions for |{| — 0

We deduce that the eigenvalues \;(|¢]) and their corresponding eigenprojections P;(||) have the
following asymptotic expansions for |{| — 0, respectively:

AN = A0+ A 1e) 1 AP g @.11)

J
Pi(lel) = P + PVlel + PPe? + 4.12)

where A" € €, P € C*4 forall k € N,
Then, we substitute A\ = X;(||) chosen in (4.11) into the characteristic equation (4.9) and calculate

the coefficients )\gk). After lengthy but straightforward calculations, the value of pairwise distinct
coefficients are given by

AD = A0 = 2P = A0 =,

A =ib, A = —ip, AV =ia, AV = —id,
)\52) — A(2) — v )\(2) _ )\(2) _ _ad?

20 73 — M4 = 2
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Consequently, the eigenvalues have the following asymptotic behaviors for || — O:

b2 2
Mg = iblg] = S 16R + O(IeF),  Aa(lel) = ialg] — G 1<+ O(I¢l?), s

b2 2
Na(l€]) = —ible] = 1€ + O(Ig?), Mallgl) = —ialel = 51 + O(igP).

By using the pairwise distinct eigenvalues given in (4.13) and the matrix ®(|¢]) given in (4.5), we
employ (4.10) to calculate Pj(o).
For the case when 5 = 1 in (4.12), we have

TTa0€D = Ae(é])) = —2ib (6% — a®) |€* + O(|¢]*),
E#1

S S A P

o o5 o b

T (80 —Autiehiuen) = | ) "2 0 "

k#£1
0o by o b
where
b(l) —92ib 3 9] b(l) b2 b2— 2 4 9] 5
1 = —2ib(b” —a®) €+ O([¢lY), big = ( a®)[E* +O([¢°),
6
a
Y = -+ b + O(1€P), b%———mﬂ
b? bt
%?—5( )¢ +O(eP). b = (o~ )l
4
a
Y = ~Ljep by = < (b= a)l¢l” + O(I¢l°).

For the case when j = 2 in (4.12), we have

TTOD) = Ak(1€D) = 2ib(6* — a®) € + O(1€*),
k#£2

[ (@) = Mllehfaxe) = | 0
i 31

where
2 = 2 e - ) e, 2 = 207 — )€l + O (eP),
Y = - pleP +O(l). b = L lef
b@—%{ 2)[el+ O(€l), b2 = 20b(5? — a?)igl* +O(I¢1").
Y = -2, Y = 1 @+ b)eF + O(Ieh)
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For the case when j = 3 in (4.12), we have

TTs16D) = Ak(18D) = —2ia(a® - 8%)[€1* + O(I€]*),

k#3
3 3
B 0 b¥ o

T (@€l = Ae(l€) Laxs) = )@

k#3 31
0 by 0 b
where " "
3 ? 3
by = @t bleP +Oo(el). by = -1l
2
. a
by = ~2ia(a® — V)¢ +O(g*), b5 =
3 bt 3 bl
by =~ lel, by = < (a = b)IeP +O(I¢l),
CL2 a4
by = (@ = D)l + O(Ief), b = T (b* —a?)lel".

For the case when j = 4 in (4.12), we have

[T udieD = Ax(l€D) = 2ia(a® = b)[€* + O(I¢]*).

k4
by 0 by 0
o o) o by

H (‘i’(ff\) - )‘k(’ﬂ)l4><4) = (4) (4)
ko4 byy 0 b3z O
(4) (4)
where . 6
4 ib 4 b
by = 50—l +0(ef), by = gl
2
4 a 4 a
by = 7 (0 = @) IEl", by = 5 (o> = 9?)l¢l* + O(IP),
bt ibt
by = - lel’, by = ——(a+b)leP +O(I¢l°),

2
b = L (0% — ) [g* + O(I€P), by = 2ia(a® — b)) [¢]* + O(1¢]).

2
In conclusion, we obtain

P = diag(1,0,0,0),  P{” = diag(0,1,0,0),
P = diag(0,0,1,0),  P” = diag(0,0,0,1).

Thus, we get
Pi(le)) — P = O(lel)
for || — 0.

Asymptotic expansions for |{| —

(a® = 0)[¢l* + O(I¢l),

(4.14)

Similarly, the eigenvalues A;(|¢|) and their corresponding eigenprojections P;(|¢|) have the following

asymptotic expansions for |{| — oo, respectively:

01D = A2 4 A 42D L AD et L ADje2 4
Ple)) = POl + POYel + PO 4+ PJe[~ 4+ POJe[2 4 -,

(4.15)
(4.16)
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where Ag-k) € Cand Pj(k) € C*“forall k € N,
We plug A = \;(|¢]) chosen in (4.15) into the characteristic equation (4.9) to obtain the pairwise
(k)

distinct value of coefficients \ jk

Consequently, we investigate the following asymptotic behaviors of pairwise distinct eigenvalues
Ni(l€), 7 =1,...,4for |{| = oc:

1 1
M€ = =1 = 551872+ O(I€17%), As(lel) = =b%Iel* + 1+ 51el % + O (1€ ™), wn

1 1
Ao(l€)) = =1 = el * + O(1€]7), Na(l&]) = —a®[¢l* + 1+ €7 + O(|¢] ).

By straightforward computations, we may derive represents of eigenprojections.
For the case when j = 1in (4.16), we have

[T udleD) = Ax(leD) = (07 = a?)I€]? + O(l€)),

k#1
ol 0 a0
- 0 a 0 a
[T (@D = MllEDLaxa) = | oy "2 o) 2 |,
rAl as; 0 azgy O

where

1 1
afi = (P = e +0(el),  aly = =5 (4 = )P +0(),

1
a%) = —((12 — 2b2) + O(\§|71), aé? =1+

a? 20[€P”

1 1
afi = =3 (0 = )P +0(1),  af) = 5 (b* —a?) g* + O(¢)).

(1 _ 1 w_ 1o 2 —1
CL42 _1+W7 CL44 —?(a —2b)+0(‘£| )

For the case when j = 2 in (4.16), we have

[T 016D = Ak(l€l) = (a® = b) 117 + O(l€)),
k#2

[T (0D = Aulleh axa) = | 2)

k£2 31 0 azy 0
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where
aﬁ) = b—12(b2 - 2a2) + O(|§|_1), a%) =1+ R
o = (@~ P)EP +O(e)), ) = (o )P + 0()
of) =1+ e o) = 5 (7~ 20) + O (),
o) = (@ P +0(), o) = L (@~ 1) [eP + O(le]).

For the case when j = 3 in (4.16), we have

TT € — Au(leh) = (a? - #) ¢l + O ().
k+#£3

af}) ?3) ag) ?3)
TT @D~ Mllehzos) = | 5y “2 5

3 5
iz as; 0 a§,3) 0

0 afé) 0 aﬁ)

where
o) = L (=)l +0(¢). ol = L (e~ #)1e + O (1t
=75 R ’
B 1

a$) =1+0(l¢™), agi)=1+227|£|27

o) = e~ 1)+ 0(erh). of) =2 (a? - 1)leF + O (i)
31 = 5 T8 T 9 7
3) _ 1 @ = -

ayo *1+W’ agy =1+ 0(¢[™).

For the case when j = 4 in (4.16), we have

[T udleD = Ax(l€D) = a* (v* — a®)[€]° + O(I€]*).

k4
aff 0 afy 0
(4) (4)
- 0 a 0
H (‘P(ISD - )\k(|§‘)—74x4) = (4) > (4) )
k#4 a3y ?4) 33 (04)
0 ay 0 44
where
(4) _ 1 (4) _ 1
ay; =1+ 0(¢I™), ajs _1+2l727|5|2,
4 4
4 a 4 a
afy = S (17 = @) ¢+ O(€P). a5y = T (1” — a®)[¢l° + O(Iel"),
@) _ 1 (4) _ ~1
4 4
4 a 4 a
af) = 5 (0 =) +0(gl"). abi = T (8 — @)l + O(Iel?).
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In conclusion, we obtain

P =PV =04,y for j=1,2,3,4,

J J
1 0 -1 0 0 0 0 0
@_1f 0 0 0 0 @_1[0o 1 0 —1
P1*2—1010’P2*20000’
0 0 0 O 0 -1 0 1 (4.18)
1 010 0000
2_ 110000 @_ 110101
P3_2 1010’P4_2 0000 |
000 0 0101
It leads to
Pi(lel) = P2 = PVl - PP = 0(1¢ )
for [¢| — oo.

4.3.2. Asymptotic representations

In the last subsection we have calculated the asymptotic expansions of eigenvalues \;(|¢|) and their
corresponding eigenprojections P;(|£|) for |£| — 0 and |£| — oo. In order to give the representation

of solution W (¢, ¢) = e!®(EDW/;(¢), motivated by [39], in this section we give asymptotic expressions
of the propagator e!®(€) for |¢| — 0 and |£] — oo.
The propagator e/®(I€)) has the following spectral decomposition:

4
ot ®(€) — Z@j(l&l)tpj(,g‘), (4.19)
j=1

where \;(||) are the eigenvalues of d(|¢|) and P;(]£|) are their corresponding eigenprojections.
Now, we distinguish between two cases: |£| — 0 and |£| — oo, respectively, to discuss the asymptotic
expressions of (4.19).

Asymptotic expansion of ¢/®(€) for |¢| — 0

We first define the matrix Sy (t, £) by

4
So(t,€) == > M UEN PO, (4.20)

j=1

where
0 , b* 10 0 ~ a
NeD = iblel - IR, M) = iale] - 1el

9 9 4.21)
0 - b 2 0 . a 2
A€l = —blg] - 1P, Nl€D) = —ialé] - T1eP,
and Pj(o) are given in (4.14). We then rewrite the propagator for |{| — 0 by

Let us derive a pointwise estimate for the remainder Ry (t, ) for |¢| — 0.
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Lemma 4.3.1. We have the following estimate of remainder:
|Ro(t,9)] < Iéle™1T, (4.23)
where 0 < |{| < € and c is a positive constant.

Proof. From (4.19), (4.20) and (4.22), we can rewrite the remainder by

Ze,\ ;1€ tP (1€]) - Ze’\o €Nt

= Ze/\ 5 (I€De P;(¢]) — + Ze)\o €Dt /\j(\il)t*/\?(\él)t _ 1>Pj(0)

= Ro,l(t, €) + Roal(t,€).

Due to the facts that P;(|¢]) — Pj(o) = O(|¢]) and M (€Dt < =€k’ for |¢| — 0, we immediately
obtain the estimate ,
[Bor(t.€)| < lgle™ " for [¢g] — 0.

By a similar way, because \;(|£]) — /\?(\SD = O(|¢?) and

1
ecléPt 1 = ct|£3/ Pt gr,
0

we have
}3072(@5)‘ < ’e*j(lfl)t—k‘}(lf\)t _ 1‘e—c\£|2t < t|§|3e—0|€\2t < |§|e—0|§\2t for |¢] — 0.

Summarizing above estimates, we complete the proof. O

Asymptotic expansion of e/®(€) for |¢| — oo

From (4.15) and (4.17), we now define

4
A 0 1 2
)i= D TP + PV el+ P, (4.24)
where )
A (I€]) = 1—*!5’\ - /\§°(\§!)=—52\§|2+1+*\§|_2
(4.25)
AC2>°(|£|)=—1—g|£|_ AP = g 1+ |§|
and Pj(o), Pj(l), Pj(2) are given in (4.18). We write the propagator for |{| — oo as follows:
PN = G (£, €) + Roolt,€): (426)
Then, we can derive the following pointwise estimate for the remainder R, (t,€) for [¢] — oc.
Lemma 4.3.2. We have the following estimate of remainder:
[Boo(t: )] S 07, 4.27)

where || > 1/ and c is a positive constant.
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Proof. From (4.24) and (4.26), we obtain

4

Ze 3 (1€1) tP (1€)) ZGA? 1€t (0)|§‘2+P](1)|§’ +Pj(2))

4
= Ze i (1€Dt Pi(le]) — Z 57UEDE (A (€DE=AT (€Nt _ >Pj(2)

= oo,l(t>§) +Roo,2(ta€)'

Using the facts that P;([¢]) — P\” = O(J¢] ") and eX(€)* < e~ for |¢] — oo, we immediately
obtain the estimate
|Roc 1 (8,€)| S €7 e S ™ for [ — oo

Since A;(|€]) — Az°([¢]) = O(|¢]7?) we have
[Roc,p(t,)| < [ IDATUEDE —qemelel™ S o™t for |¢] - oc.

Thus, the proof is completed. O

Conclusion for asymptotic representation

Finally, combining of the estimates for Ro (t,€) and Roo (t, &), we can immediately prove the following

statement for the asymptotic expansions of the propagator e!®(€), The proof of the next theorem
strictly follows the proof of Lemma 4.3 from the paper [39].

Theorem 4.3.1. We have the following asymptotic expansions:

e = Gy (t,€) + Suclt, ) + R(1,9). (4.28)

where the remainder R(t, ) satisfies the estimates

EleeF for |¢] <,
‘ t 5)‘ {e et for €] > e.

4.4. Diffusion phenomena

The purpose of this section is to investigate diffusion phenomena for the Cauchy problem (4.4).
According to Theorem 4.2.1 in the previous section, we observe that the decay rate of these estimates
is dominated by the behavior of the eigenvalues for |{| — 0. For frequencies in the bounded and large
zones, they imply exponential decay providing that we assume a suitable regularity of initial data.
Thus, we only explain diffusion phenomena of solutions for the case |£| — 0.

To begin with, let us introduce the following reference system:

{ut — IVP2AG+iM(—A)V25 =0, z€R? teRy, 429)

(0, z) = tg(z) := F 1 (Wo)(x), z € R?,

where @ = (221, u?, a?, ﬂ4)T and M := diag(—b, —a, b, a).

This reference system consists of two different evolution equations as follows:

heat equation: i — Aut =0,
half-wave equation: @, = i(—A)Y/2a~ =0,

with suitable initial data.
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Remark 4.4.1. We point out the influence of friction and Kelvin-Voigt damping to diffusion phenomena.
Considering the linear dissipative elastic waves

wy — a?Au — (b2 — a2)Vdivu +ur =0, (4.30)
uy — a’Au — (b2 — a2)V divu + ( —a’A — (b2 — az)V div)ut =0, (4.31)
with b > a > 0. From the recent papers [88, 17], we observe that the reference systems to (4.30) can

be described by heat-type systems. However, when friction is replaced by Kelvin-Voigt damping, i.e.
dissipative system (4.31), the reference system consists of heat systems and half-wave systems.

Taking partial Fourier transform such that W(t §) = Faoe(u(t,x)) to (4.29), we obtain

Wi + S|E2M2W 46| MW =0, ¢ eR?, teR,, @32)
W(Oaf) = W0(§)7 § € R2. ‘
According to (4.20), (4.13) and (4.14), we can explicitly express So (t, &) b
~ (0) (0) (0) (0)
So(t,€) = diag (eM (€D As7 (€Dt A7 (IEDE A (€Dt
o(t,¢) g ( ) 4.33)

— ding (cM€I="rI€P gialéli—lePe o—ibeli=trlePe okt el

Then, we know by direct computation that S’o(t, €) is the solution of the evolution system (4.32).

Considering initial data satisfying (|D|uf, u}) € L™ (R?) x L™ (R?) with m € [1,2] for k = 1,2,
we state our first result.
Theorem 4.4.1. Let us consider the Cauchy problem (4.1). We assume that initial data satisfies
(|DJuf,uf) € L™(R?) x L™(R?) with m € [1,2] for k = 1,2. Then, the following refinement
estimates hold:

HXint(D fg_m(W SoWo)(t
2

2—m+ms _ 1
SA+t)7 e TR Z (IDug, uf)|
k=1

M sy

Lm (RZ) x Lm (R2) )

where s > 0.

Remark 4.4.2. If one would consider the reference system as the following type heat system only:
iy — %MQAQ =0,
or the following half-wave system only:
iy +iM(—A)%5 =0,

then we cannot observe any diffusion structure. In other words, comparing Theorems 4.2.1 with 4.4.1,
we observe that there is not any improvement in the decay estimates.

Proof. According to (4.22) and Lemma 4.3.1 we can estimate

X ()IE]* (W (£,€) — So(t, )Wo(©))]
= | Xt (€)€]° (”’ '€'>Wo(£>—So<t,5>Wo(s>)\
= |t (€)|€]° Ro(t, &) Wo (€|
< X (1€ e I (6)).
Then, applying the Parseval-Plancherel theorem we derive
||Xint(D)]-'£_m(W SoWo)( H(HS(RQ 2 S ||cims ( )|€‘s+le—C|§|2tWO(£)H(LZ(RQ))Z.

Following the procedure of the proof of Theorem 4.2.1 we immediately complete this proof. O

(4.34)
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Remark 4.4.3. Comparing Theorem 4.2.1 with Theorem 4.4.1 we observe that by subtracting
So(t, E)Wo(£) in the estimates, the decay rate (1 + t)fé can be gained.

4.5. Weakly coupled system of the semilinear elastic waves with
Kelvin-Voigt damping in 2D

One of our goals in the last section is to develop sharp energy estimates for the linear elastic waves
with Kelvin-Voigt damping in 2D with initial data

(IDJug, uf) € (H*(R?) N L™(R?)) x (H*(R*) N L™(R?))

forall s > 0 and m € [1, 2]. In this section we derive global (in time) existence of small data solutions
to weakly coupled systems of semilinear elastic waves with Kelvin-Voigt damping in 2D by using
energy estimates with initial data belonging to another function space.

Before showing energy estimates to be used in this section, we define the function spaces for all
s > 0and m € [1, 2] such that

Aps(R?) = (H*TH(R?) N L™ (R?)) x (H®*(R?) N L™ (R?)),
carrying its corresponding norm
(s Dl o ®2) = [ flast1 w2y + ([ fllom@2y + 19l Ls m2) + 1191l Lm r2)-

If initial data is supposed to belong to A,, s (R2) for s > 0 and m € [1, 2], one can obtain the next
theorem.

Theorem 4.5.1. Let us consider the Cauchy problem (4.1) and initial data satisfies (ulg, u’f) €
A s (Rz) fork =1,2, where s > 0 and m € [1,2]. Then, the following estimates hold:

[\

| (2, M pze) S Tl 3 H(u’g,u’f)HAm’O(Rg), (4.35)
k=1

2—m+ms

2
1D )| o oy + etk ) ooy S Q@+ 20 D (1w, uh) |y, gy 436)
k=1

Proof. To get the estimate (4.36), we recall the following pointwise estimate in the Fourier space from
Lemma 2.4 in the recent papers [43, 109]:

€12 1a(t, €)1 + |t (t, ) < e P (D (g2 an (€)1 + aa (£)]2),

where

2 f <1,
peul€]) = {51'5' orles

€1 for || > 1,

with €1 > 0. Then, the application of Holder’s inequality and the Hausdorff-Young inequality
immediately implies (4.36).

To develop the estimate of the solution itself, we only need to combine the following integral
formula:

uF(t,z) = /0 uF (7, 2)dr + uf(z)

and the estimate for Huf(t, ) HLQ(RQ) in (4.36) to complete (4.35). d
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Let us consider the following weakly coupled system of semilinear elastic waves with Kelvin-Voigt
damping in two dimensional space:

{utt —a’Au— (I —a?)Vdivu+Eu = f(u), z€R’ t€Ry, 37)

(U,’U,t)(o,.T) = (u07u1)(x)7 S RQ,
where b > a > 0 and the nonlinear terms on the right-hand sides are
Flw) = (P, 2)

with p;,p2 > 1. Using derived estimates (4.35), (4.36), Duhamel’s principle and some tools in
Harmonic Analysis (e.g. the Gagliardo-Nirenberg inequality), one may prove global (in time) existence
of small data Sobolev solutions to (4.37).

Before stating our result for the global (in time) existence of small data energy solutions, we
introduce the balanced exponent py, (1) by

2 2
Poal(m) := (2m_+m) with m € [1,2), (4.38)
and the balanced parameters for k = 1, 2,
2(1 3 2
agp(m) = 2+ B 2pet mpips g gy (4.39)

2(p1p2 — 1)

Remark 4.5.1. We observe the relation between the balanced exponent (4.38) and balanced pa-
rameters (4.39). For one thing, if we consider the condition ov;(m) < 1, it also can be rewritten
by

p1(p2 + 1 — poar(m)) > ppar(m).

For another, if we consider the condition aia(m) < 1, it also can be rewritten by

p2(p1 + 1 — prar(m)) > prar(m).

Theorem 4.5.2. Let us assume p1,p2 > 1 and m € [1,2), and the exponents satisfy one of the
following conditions:
(i) we assume

Poal(m) < min{py; pa};

(ii) we assume o1 (m) < 1 when

< p2 < prai(m) < pr;

Sl

(iii) we assume a(m) < 1 when

< p1 < prai(m) < pa.

Sl

Then, there exists a constant £y > 0 such that for initial data (ulg, ulf ) e Ano (Rg) fork = 1,2, with

H(u(lbu%)HAm,o(R?) +|| (ug,u%)HAm,o(Rz) S €0,
there is a uniquely determined energy solution

u e (C([0,00), H'(R2)) N C1([0, 00), L2(R2)))?
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to the Cauchy problem (4.37). Moreover, the following estimates hold:

"2, Nirzgey S A +1) )i =F m%kz I (ug wd HAmO(JR2

|HD|“ HL2 r2) T H“t HL2(R2 S+t e Z H UO’ul Amo(RQ)’

where
0 if Pk > poar(m),
0 < Ll = li(m, p) := | €o if Pk = poar(m), (4.40)
20 (poa(m) — p) i pr < poar(m),
represent the (no) loss of decay in comparison with the corresponding estimates for the solution to the

linear Cauchy problem (4.1) (see Theorem 4.5.1), with ey > 0 being an arbitrary small constant in the
limit cases that py, = pea(m) for k =1, 2.

Remark 4.5.2. Let us recall the weakly coupled system of semilinear damped wave equations

uy — Au + up = |vfPr, reR" teRy,
vy — Av 4 v = |ulP?, xR teRy, (4.41)

(U,Ut,?),vt)(o,ﬂj) = (UO,U]_,’UO,U:[)(Q’;), T E Rna

withn € N and p1,p2 > 1. The papers [73, 78, 104] proved the condition for the existence of global
(in time) Sobolev solutions to (4.41), which can be described by

1 1 ;
+ max{py; pa} ﬁ’ and especially in the two dimensional case by + max{pipa}

< 1.
pip2 — 1 2 pip2 — 1

(4.42)

For the Cauchy problem (4.37), we interpret the term
Eu = (— a?A = (b* —a®)Vdiv)uy with b>a >0,

as a damping term for the elastic waves. Thus, we point out the intersectional condition for the global
(in time) existence of small data energy solutions to (4.37) is

1+m—i—3Wr2

pip2 — 1

ip2} + Fpipe

<1.

Omax(m) = max{a;(m);az(m)} =

Proof. First of all, by Duhamel’s principle, we can reduce to consider the linear problem (4.1). In the
following, we denote by Ky = Ky(t,z) and K1 = K;(t,x) the fundamental solutions to the linear
problem, corresponding to initial data, namely,

u(t,x) = Ko(t, ) *(z) uo(w) + K1 (t, ) () ui(z)

is the solution to (4.1).
Let us define for T' > 0 the spaces of solutions X (7") by

X(T) := (c([o, 7], H'(R*)) nc([0,T], L*(R?)))*
with the corresponding norm

lullxry = sup ((L+)""Mi(tsu') + (1+ 1) M(t;u?)),
te[0,7
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where

Mk(t;uk) ::(l—i—t)_l"‘% uk(t

) ')HL2(R2)

+ (1 + t)QQ_Tm (H\D|Uk(t, ')HL2(R2) + Huf(t, ')HL2(R2))’

and the parameters in the loss of decay (¢x > 0) and no loss of decay (¢;, = 0) are defined in (4.40).
Next, we consider the integral operator N : X (T) — X (T), which is defined by

Nu(t7 37) = uliﬂ(tv x) + urllon(t7 :L') + ugon(tv m)?
where
wiin(t, ) = Ko(t, z) *(2) uo(z) + K1(t, x) *(z) ui(z),

t

urllon(t,m) = / Ki(t—rT,x) *(2) |u2(7', x)|Prdr,
0
t

ugon(t,x) = / Ki(t—r,x) *(2) |u1(7', x)|P2dr.
0

From Theorem 4.5.1 and ¢;, > 0 for k = 1, 2, we can get the following estimates:

2

|winl| x (1) S Z | (ug, ut) HAm,o(RQ)'
k=1

In the next step we should estimate these terms
l
Haj |D ‘ non

and HGJ\DIZ Upion(

HLQ(R2 HLQ (R2)

forj+1=0,1and j,I € Np.
Applying the classical Gagliardo-Nirenberg inequality, we may obtain

_2=m g 2
Il (r, - \mmﬁR%s<r+ﬂ<zm+9MﬂWM@T,

(7, P2 | oy S (1 7) TP g 2

X(r)

where we used our assumption 2/m < min{p;;p2} for m € [1,2).
For one thing, in order to estimate unon for k£ = 1,2, we apply the derived (L2 N Lm) L? estimate
in [0, ¢]. For another, we use the derived (L2 N Lm) L? estimate in [0, /2] and the derived L? — L?

estimate in [t/2, ] to estimate & |D|'uf,, for j +1 = 1 and k = 1,2. Therefore, we obtain the
following estimates for j + 1 = 0,1 and j,[ € Ny:

(1+t)j+l_1+22_7mm_él}|aj|D non HL2 (R2?)

t/2 . .
(1+t) El”uHx(t (/O (1+T)(_227m+42)p1+%d7_+ (1+t)(—227m+€2)p1+%+1),

(1+t)]+l H_i_bHaJ‘D non HL2 (R2)

t/2 - -
S+ t)E2IIUI?(2(t)</O 1+ ) CE et S 41+ t)(_227m+£1)p2+%+1>'

We now need to distinguish between three cases. Without loss of generality, we only give the proof for
the case p; > po.

Case 1:  We assume ppy(m) < min{p1;pa}.
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In this case it allows us to assume no loss of decay, i.e., {1 = {2 = 0. Our assumption ppa(m) <
min{py; po} immediately leads to
2—m 2 2—m 2

p1+—<—-1 and — P2+ — < —1.
2m m 2m m

Hence, we have the following estimates for j +{ = 0,1 and 5,/ € N:
2—m
(14 6)7 175 (|0 | D uhon( t )| 2 gy + |0 ID uon ( M pa@y) S Mulley + lull -

Case 2:  We assume a1(m) < 1if 2/m < p2 < ppa(m) < p1.

In this case it allows us to assume loss of decay only for the second component and its derivatives with
respect to x and ¢, i.e., /1 = 0 and

P
€2:{60 if p2 = prai(m), 4.43)

2 (ppa(m) — p2)  if pa < ppar(m).

Due to the assumption 2/m < p2 < ppa(m), the parameter ¢o chosen in (4.43) is positive. Moreover,
the assumption a1 (m) < 1 implies that

2 2—m 2—m/2(m+ 2
1+ —- p1+ <( )
m 2m 2 —

_ p2) p1 < 0. (4.44)

2m

We can get these estimates from the combination of the parameter £5 chosen in (4.43), our assumptions
(4.44) and 2/m < pa < pra(m) < p1
2— 2

2—m 2
pg—}—f—i-l—gz 0 and (—7+€2>p1+f+1<0.
2m 2m m

Then, the following estimates hold for j +1 = 0,1 and j,! € Ny:
( +t)j+l 1+ 2m HC{)]’DV Unon ’.)HL2 R2 5 ”qu(l(ty
(L 5 2 0 D (1, )| ooy S Tl

Finally, combining all of the derived estimates, we can prove

2 2
INullxery $ 301 (ut ut) | 4, o2 + 2 el (4.45)
k=1 k=1

uniformly with respect to 7" € [0, 00).
To derive the Lipschitz condition, we can apply Holder’s inequality and the classical Gagliardo-
Nirenberg inequality to get

2
INu = Nl xz) S lu—allxay Y (lelBqz) + lalR), (4.46)
k=1

uniformly with respect to 7" € [0, 00).
These derived estimates (4.45) and (4.46) show that the mapping N : X (T') — X (7)) is a contrac-
tion for initial data satisfying

H(ué?u%)HAm,o(Rﬂ + H(“%’“%)HAm,o(R?) < €0,

with small constant £g > 0. According to Banach’s fixed-point theorem, we complete the proof. [l
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4.6. Treatment of elastic waves with Kelvin-Voigt damping in 3D

In this section we consider the following Cauchy problem for weakly coupled systems of semilinear
elastic waves with Kelvin-Voigt damping in 3D:

Uy — a?Au — (b2 — a2)V divu + Euy = f(u), z€R3 tcR,,
3 4.47)
(u,ut)(0,2) = (ug,u1)(z), r € R,
where b > a > 0 and the nonlinear terms on the right-hand sides are
flu) = (PP a2, )
with p1, p2, p3 > 1. For the corresponding linearized problem
U — a?Au — (b2 — az)Vdivu—i—Eut =0, zcR3 teR,, (4.48)
(U,Ut)(o,ﬂf) = (u07u1)(x)> T € R37 .

it allows us to use the Helmholtz decomposition.
To begin with, let us recall the following orthogonal decomposition:

(L (R%))” = VH! (&%) & Dy (R?),

where the space VH! (R3) denotes the vector fields with divergence zero and D (RS) denotes the
vector fields with curl zero (c.f. [60]).
Thus, we can decompose the solution u = u(¢, x) to the linearized problem (4.48) into a potential and
a solenoidal part

u=u" @ u,

where the vector unknown uP? = 4 (¢, x) stands for rotation-free and the vector unknown 10 =
u®(t, x) stands for divergence-free in a weak sense.
Taking account of the relation

Vdivu =V x (V xu) + Au

in three dimensions, we can decouple the system (4.48) into two viscoelastic damped wave equations
with different propagation speeds a as well as b, respectively,

{U§? —a?Au —a?Au® =0,  weR} LERy, (4.49)
(w0, 1) (0,) = (u?, ul) (@), @ € R?,
and
{uff — AU —PAu” =0,  zeR’ tERy, (4.50)
(uP, u?)(0,2) = (ug’, u) (z), = €R®.

The well-posedness of weak solutions to (4.49) and (4.50) has been studied in [47], and the well-
posedness of distributional solutions has been investigated in [25]. Some L? — L? estimates and
(L2 N Lm) — L? estimates of solutions with m € [1,2) also have been developed in [25, 24].
Furthermore, LP — L4 estimates not necessarily on the conjugate line of solution to the Cauchy
problems (4.49) or (4.50) have been investigated in [84, 94]. Lastly, we mention that asymptotic
profiles of solutions with initial data is taken from weighted L! spaces have been studied in [40, 69, 70].

To study the Cauchy problem (4.47), we next derive (L2 N Lm) — L? estimates and L? — L?
estimates of solutions to the linearized Cauchy problem (4.48). According to the paper [109], one can
obtain the next estimates.
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Theorem 4.6.1. Let us consider the Cauchy problem (4.48) and initial data satisfies (ug, ulf) €
A s (RP’) fork =1,2,3 where s > 0 and m € [1,2]. Then, the following estimates hold:

3
m

¥ oy S D75 3 ([ uf) |, oy # € [1,9),
k=1

3
D1 )y + 8y S (0750 3T ) oy
k=1

Now, we state our theorem for the global (in time) existence of small datg energy solution to (4.47).
To begin with, let us introduce the balanced parameter pya(m), &y (m) and & (m) form € [1,6/5) by

_3+2m

Doat(m) = = g (4.51)
_ ~_ m(2+ 3p2 + pip2)
ar(m) = e —1) (4.52)
Ga(m) s = m(2 + 3(p2 + 1)ps + p1p2ps) 453)

2(p1paps — 1)

Remark 4.6.1. Here we point out the relation between these parameters. If we consider the condition
a1(m) < 3/2, it also can be rewritten by

p2(p1 + 1 = Prar(m)) > prar(m).

If we consider the condition & (m) < 3/2, it also can be rewritten by

p3(P2(p1 + 1 = Ppa(m)) + 1 — Prai(m)) > Prar(m).

Remark 4.6.2. From the recent paper [17], we remark that the balanced exponent shown in (4.51)
and the balanced parameters shown in (4.52) as well as (4.53) correspond to the balanced parameters
to the weakly coupled system of the semilinear viscoelastic damped elastic waves in 3D.

One can follow the procedure of the proof of Theorem 5.5 in [17] to obtain the following theorem.
Without loss of generality, we assume p; < ps < p3.

Theorem 4.6.2. Let us assume 1 < p; < pa < p3 and m € [1,6/5), and the exponents satisfy one of
the following conditions:
(i) we assume

Doal(m) < p1 < p2 < p3 < 3;

(ii) we assume &1(m) < 3/2 when

2 N
. < p1 < Poai(m) < p2 < p3 < 3;

(iii) we assume &1(m) < 3/2 when

2
—SPL<p < Pral(m) < p3 < 3.
Then, there exists a constant €y > 0 such that for initial data (ulg , ulf) e Anpo (R3) fork =1,23,
with
H(“(lbu%) HAm,O(RS) + H(U(Q)’u%)HAmyo(R?’) +| (ug, ui) HAm,O(RS) < €0,

there is a uniquely determined energy solution

u e (C([0,00), H'(R?)) N C1([0, 00), L(R?)))?
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to the Cauchy problem (4.47). Moreover, the following estimates hold:

3
[ P G e W (7 1

k=1
3
k k —6=8m_g E _k
|IDJu*(t, ')HL2(R3) + [ (¢, ')HL2(R3) S (L48) am T Z | (ug, )| Ap,o(R3)?
k=1
where
0 if p1 > poa(m),
0 <ty =41 (m,p1) =1 € if p1 = Poa(m),
S (P (m) — 1) if p1 < Poa(m),
0 if P2 > Poa(m),
0 <ty =la(m,p2) :== 1 € if p2 = Ppa(m),

3 ((Bpat (M) — p1)p2 + (Poar(m) — p2))  if p2 < Poar(m),

and 03 = 0, represent the (no) loss of decay in comparison with the corresponding estimates for the
solution to the Cauchy problem (4.48) (see Theorem 4.6.1), with ey > 0 being an arbitrary small
constant in the limit cases that py, = ppa(m) for k = 1,2, 3.

4.7. Concluding remarks

Remark 4.7.1. One may derive asymptotic profiles for elastic waves with Kelvin-Voigt damping in 3D,
that is the model (4.48). Before doing this, one may apply a diagonalization procedure (e.g. [17]), or
asymptotic expansions of eigenvalues and their eigenprojections (e.g. the method used in Section 4.3,
or [39]) to get representations of solutions in the Fourier space. Basing on this representations, one
may derive asymptotic profiles in a framework of weighted L' data by using the tools developed in
[40].

Remark 4.7.2. In this chapter we only study qualitative properties of solutions to the linear Cauchy
problem in the L? norm. For estimates of solutions in the LY norm and diffusion phenomena in LP — L1
framework, where 1 < p < 2 < q < 00, we may apply the theory developed in Subsection 2.6.2.

Remark 4.7.3. In Section 4.5 we have proved the global (in time) existence of small data energy
solutions to the Cauchy problem (4.37). One also can prove the global (in time) existence of small
data Sobolev solutions

u € (C([0,00), H*F1(R?)) N C* ([0, 00), H* (R?)))

to the Cauchy problem (4.37) with initial data taking from A, s (RQ) for s > 0and m € [1,2) by
following the next strategy.

For higher regular data and even not embedded in L™ (RQ) (i.e. 0 < s < 1), we can apply the
fractional Gagliardo-Nirenberg inequality, the fractional chain rule, the fractional Leibniz rule (c.f.
[92, 35, 32, 81]). More precisely, we apply the fractional chain rule to get an estimate for the nonlinear
term in Riesz potential spaces H? (]RQ) with s € (0, 1). For example,

I oy & 20 8 5,

where plq—:l + q% = 1 and p\ > [s]. Here, [-] denotes the smallest integer large than a given number,

[s] := min {5 €Z:s < 5} Then, one can estimate the terms on the right-hand sides by the
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fractional Gagliardo-Nirenberg inequality.
To estimate the difference between the nonlinearities, we set

g(u2) — u2|u2|p1—2
to get
1
‘UQ(T7 ‘T) ’pl - |I~L2(T, x)‘pl =D / (U2(T, 1,‘) - {12(7-7 iIZ))g(VUQ(T, I‘) + (1 - V)ﬂ2(7-7 :E))dV
0
Then, applying the fractional Leibniz rule we obtain

[, 1P = 12, ) | ey

1
< 0 "“2(77‘)—112(7»‘)HHﬁl(W)Hg(V“Q(T»‘)+(1—V)fﬂ(ﬂ'))\m(RZ)d”
1
) HUQ(T")—ﬂg(ﬂ')’LTs(R%Hg(V“Q(T")JF(l—V)02(7>'))|Hﬁ4(R2)d”’

where % + % = % + % = % We next use the fractional Gagliardo-Nirenberg inequality again to
estimate all terms on the right-hand side. Thus, after choosing suitable parameters q1,q2, 71,72, 73, T4,
a new lower bound 1 + [s]| for the exponent p appears.

For large regular initial data with s > 1, it allows us to use the fractional powers (c.f. [23]) and the
continuous embedding H*® (RQ) — L™ (RQ). At this time, we need to give a new lower bound 1 + s
for the exponents.

Remark 4.7.4. In Theorem 4.6.2 we only show the global existence result for the energy solution to
(4.47) with initial data belonging to A, o (]R3) form € [1,6/5). If one is interested in initial data is
taken from A, (R3) Sforallm € [1,2) and s > 0, one can read Section 5 of the recent paper [17].
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5.Linear elastic waves in 3D

5.1. Introduction

In this chapter we derive some qualitative properties of solutions to linear elastic waves with vanishing
right-hand sides, which are modeled by
{utt — a?Au — (b2 — a2)Vdivu =0, 2R3 teRy,,

(u, ue) (0, 2) = (ug, ur)(z), z € RS, (5.1)

T . .
where the unknown u = (ul, u?, u3) € IR3 denotes the elastic displacement, ¢ stands for the time

and x stands for the space-variables. The constants a and b are related to the Lamé constants satisfying
b>a>0.

Our main purpose of this chapter is to study qualitative properties of solutions to linear elastic waves
in 3D. Particularly, we investigate some properties for the solution itself. To do this, we should derive
representations of solutions in the physical space and in the Fourier space, respectively. For one thing,
to derive LP — L9 estimates away of the conjugate line, our main tool is the boundedness of the Fourier
integral operator associated with some interpolation theorems. For another, to derive estimates of
radial solutions, we may reduce three dimensional elastic waves to solutions to Euler-Poisson-Darboux
equations and estimate their solutions.

The rest of the chapter is organized as follows. In Section 5.2 by deriving representations of
solutions, we study H?® well-posedness of the Cauchy problem and finite propagation speed of the
Sobolev solutions to the Cauchy problem (5.1). Then, we investigate L? — L9 estimates away of the
conjugate line by interpolation between LP — L9 estimates on the conjugate line and P — LP estimates
with p € (1,00) in Section 5.3. In Section 5.4 we study estimates of radial solutions to the Cauchy
problem (5.1). In the last section an introduction of an open problem for semilinear elastic waves in
3D completes the chapter.

5.2. Qualitative properties of solutions

In this section we investigate H® well-posedness for the Cauchy problem (5.1) by using representations
of solutions in the Fourier space. Then, by applying explicit formulas of solutions, the finite propagation
speed of solutions is derived. In other words, our first step is to derive representations of solutions to
the Cauchy problem (5.1).

Motivated by the pioneering paper [1], we may derive representations of solution by transferring the
Cauchy problem for linear elastic waves to the Cauchy problem for fourth-order equations (see (5.4)
later). First of all, applying the operator div to the Cauchy problem (5.1) implies

(le U)tt — b2A(le U) =0, S R3, t e R+, (5.2)
(div u, div ug) (0, ) = (divug, divug)(z), = € R3. '
Next, we act the scalar operator 97 — b?>A on equations in (5.1) to find
0= (8? - bQA) (8tgu —a’Au— (b2 — GQ)VdiV ) 5.3)

= Uttt — (a2 + bQ)Autt + a?b®A%u + (b2 — a2) (b2AV divu — Vdiv utt).

Lastly, we plug the equation of (5.2) into (5.3) to find that each component v/ = v’ (t,x) with
j = 1,2,3 of the solution u = u(t, x) to the Cauchy problem (5.1) satisfies the following Cauchy
problem for scaler equation of fourth-order:

{u{ttt — (a® + bz)Augt + aQb?Aguj =0, r€R3, teRy,

e A% = (5.4)
(uj,ug,ugt,ugtt)((],:v) = (u%,u]l,u%,ué)(x), z € R3,
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where b > a > 0 and initial data is represented by

u%(x) = a2Aug(:1c) + (b* — aQ)axj div ug(z),
u%(a:) = a’Aud (z) + (0% - az)&c]. div uy (z),
where j = 1,2, 3.
Applying the partial Fourier transform with respect to spatial variables to (5.4), i.e., 4/ (t,£) =

Fuose (W (t,2)) for j = 1,2,3, we obtain the following ordinary differential equation depending on
the parameter ||:

utttt + (a® + b2)\§]2utt + a?b?¢|*ad = 0, ECR3 tc Ry, 5.5
(uJ ugaugtvuttt)(o 5) (a()au]lvaéva%)(g)v 5 € RS,
where initial data is represented by
a3(6) = —a*lEPap(€) — (17 — a®)&(€ - G0 (€)), 56
@y(€) = —a’[€*a1 (€) — (6% — a?)&; (€ - a1 (€))-
Here dot - denotes the usual inner product in R?.
Equation (5.4) is strictly hyperbolic, with the symbol
P(X,i€) = A+ (a® + b)) [€)PN% + a®b?|¢|*
= (N2 + a®|€) (N + V).
The characteristic roots of (5.5) are
A2(]) = Fial¢] and As4([€]) = £ibl¢].
Therefore, by using (5.6), the solution to (5.5) is given by
4 b2 cos(alé|t) — a® cos(b|¢|t) b2sin(alélt)  a?sin(b|€]t)
(. €) = ~J _ -]
u ( 75) b2 . ag “0(5) + (a(bg . a2)|£| b(bg . a2)\§|)u1(£)
cos(alé]t) — cos(bléle) ; sin(al¢[t) sin(blgt) Y -
w0 (G 5 anee) 5
. & N~ ok 5D
= cos(al&[t)iig(§) — (cos(alé]t) — COS(b\ﬁlt))@ Z Ekig(€)
sin(al|t) . sin(al¢[t)  sin(b|¢[?) k(e
+ i () — Skl
a1 ( alg| ble >\§r2 Z !
where j = 1,2, 3. In other words, we now have obtained a representation of solution in the Fourier

space.
Employing the representation of solution (5.7), the H*® well-posedness of the Cauchy problem (5.1)
is investigated by the following theorem.

Theorem 5.2.1. Let us consider the Cauchy problem (5.1) and initial data satisfies (ulg, u’f) S

HsH (R?’) x H?® (RS) for k = 1,23 with s > 0. Then, there exists a uniquely determined energy
solution of higher-order

u e (C([0,00), HTH(R?)) N € ([0, 00), H* (R?)))®.

Remark 5.2.1. One also can derive H® well-posedness of distributional solutions even for all s € R
by using a similar approach of the proof of Theorem 5.2.1.
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Proof. For one thing, the uniqueness of solution to the Cauchy problem (5.1) can be obtained by using
the fact that the total energy to (5.1) is conserved, which can be expressed by

1
5 (et M paqsyys + @219 5 ult, )Fpagesyys + 02 divult, ) aqanys )

1 .
= §<HU1H%L2(R3))2 +a®(|V X uo|Fpagayys + 07| div uU”%LQ(R3))3)'

For another, the existence of energy solutions of higher-order can be derived by following the same
approach of proving the existence of energy solutions to the Cauchy problem for the wave equation
(e.g. Chapter 14 in [25]). Here we only need to use the representation of solution (5.7) and the next
inequality for k = 1,2, 3:

JRGa ZW% %S;Aﬁﬁ

for all { = 0, 1. Then, the proof is complete. O

af (o)) e,

In order to derive Sobolev solutions with finite propagation speed to the Cauchy problem (5.1), we
now investigate explicit formulas of solutions to (5.4). The main idea is strongly motived by [51, 1].
From (5.4), we observe that each component u/ = v/ (¢, x) with j = 1,2, 3, of the solution u = u(t, )
satisfies

{@—f&@?wazu T ER3, tER,, 58

(u] ug?“it?“ttt)(o z) (u%,u{,u%,u%)(x), z € R?,
which can be solved successively first for w/ := (97 — b*A)w’ and then for /.

Obviously, wl = wl (t,z) with j = 1,2, 3, is the solution to the Cauchy problem for the free wave
equation

{wﬁt—azij =0, rER3 teRy, (59

(w?, w})(0,2) = (wéjw{)(az), z € R3,

where
wg(;v) = (b2 - a2) (0, divug(z) — Au%(x)),
wl(z) == (0* — a®) (0n, divus (z) — Aul()).

By applying Kirchhoff’s formula, the solution to (5.9) is explicitly expressed by

2 2 A
w (t, ) :gt <(b47ra)t /52 (0, divug — Aug) (z + atw)dw)
2 2 4
+ (" —aT)t / (0, divuy — Aul) (z + atw)dw,
47T S2

where S? = {w = (w1, ws,w3) : |w| = 1} with its surface element dw.
Next, the solution u/ = u/ (¢, z) to the inhomogeneous wave equation

utt — b2Au = wi(t,x), reR3 teRy,
(v, ut)(O x) = (u%,u]l)(x), z € R3,

is given by

. 0/t ; t i
j _ J J
u! (t,x) 5 (47 /52 ug(z + btw)dw) + g /52 wy (z + btw)dw

b2 _ a2 t 6 '
+ a2 / (t— T>§ (7’/ i ((")xj divug — Au}) (z + bt — )@ + aTw)chdw) dr
0 S2 ) S2

v —a? [ '
(4m)2 - ;i — A — )& ~ '
+ (47T)2 /0 (t 7‘)7‘ /52 2 (6 y div uy ul)(a: + b(t T)w + CZTW)dwdwdT
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Then, according to the paper [51], one may derive the explicit formula of solution for j =1, 2, 3,
. 1< d
witt) = o> [ (10 = mgm) (uh0) + a b)) + 205 — tnm)ub(v))as,
r=at

™
k=1

_ d
T / (e () + g b)) + (S0 mm)ub(v) ) s,
—3/5 , k k
- / (85 — 3nme) (ug (y) + tw(y))dy],
at<r<bt

with the Kronecker delta &5, where r = |y — x|, n; = r~!(y; — x;) and n is the exterior unit normal.
With the help of the above representation, we may prove the next result.

Theorem 5.2.2. Let us consider the Cauchy problem (5.1) and initial data satisfies (ulg, u]f) €
H! (R3) x L? (R3) having their support such that supp uf, u¥ C {|z| < R} for k = 1,2,3. Then,
the solution
u e (C([0,00), L*(R?)))?,
to the Cauchy problem (5.1) having its support such that
suppu(t,-) C ({at — R < |z| < bt + R})>.

Proof. From our assumption that initial data has its support such that supp uf, u¥ C {|z| < R} for
k = 1,2, 3, we can obtain the support of the solution by applying the explicit formula of solution to
the Cauchy problem (5.1). Then, applying H! (R3) cL? (]R3) by the Sobolev embedding theorem to
Theorem 5.2.1, we complete the proof of the theorem. O

5.3. L? — L7 estimates of solutions

It is well-known that to establish LP — L estimates is the crucial step in studying the local/global (in
time) existence of solutions to nonlinear Cauchy problems. In this section we derive LP — L9 estimates
for a pair of exponents (1/p,1/q) locating in the triangle region with vertices P, = (3/4,1/4),
P, =(0,0) and P3 = (1,1) (see Figure 5.1).

1/q
Lpommmmmmmm e > Py
L? — LP estimates }
LT eSHimE ‘
14l /P, §L4/ 3 _ L* estimate
0'p, 3/4 1 1/p

Fig. 5.1.: Admissible range of a pair of exponents (1/p, 1/q)

To do this, we mainly use representations of solutions in the Fourier space (5.7). Furthermore,
similar as the proof of LP — L7 estimates for the free wave equation (e.g. Chapter 16 in [25]), we
divide the proof into three steps. First of all, we derive LP — L9 estimates on the conjugate line, i.e.,
1/p+1/q = 1. Next, we derive LP — LP estimates for p € (1, c0). Finally, combining with derived
estimates in previous two steps, we obtain LP — L9 estimates away of the conjugate line by applying
interpolation theorem.

Let us state the result of LP — L9 estimates on the conjugate line.
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Theorem 5.3.1. Let us consider the Cauchy problem (5.1) and initial data satisfies (ulg , ulf) €
HZ} (]R?’) x LP (]R3) for k = 1,2,3. Then, the solution satisfies the following singular LP — L4
estimates for any t > 0:

Q=
w

. _3(1_1
[ (& )| Lo sy ) > “(u](;’ullc)HH;(R3)><LP(R3)’
k=1

withj =1,2,3, wherel <p<2<qg<o02(1/p—1/q) <1<3(1/p—1/q)and1/p+1/q=1.

Remark 5.3.1. If one is interested in LP — L9 estimates on the conjugate line without singularity for
t = +0, we may consider initial data taking from higher-order Bessel potential spaces such that

3
. _(1_1
Huj(ta')HLq(RS) 5 (1+t) (p q> § :H(ulg’ulf)HH;)VIp(RS')ngfpil(RS)’
k=1

with j = 1,2,3, where 1 < p < 2, 1/p+ 1/q = 1, and the real number M, satisfies M, >
3(1/p—1/q) > 1.

Remark 5.3.2. We observe that the rate of estimates and data spaces in LP — L9 estimates for elastic
waves stated in Theorem 5.3.1 and Remark 5.3.1 are the same as LP — L1 estimates for solutions to
the free wave equation.

Proof. Let us rewrite the representations of solution (5.7) by

j — 1 ia —ia j — ia —ia ]
Wl (t, ) :fgim(§(e €t 4 g |E\t)> o) U6(m)+fgiz< (efelélt — e mt)) ko 1 (2)

2i¢]
3
_ 1&; ; » . »
+ Z}ziI(?é\é%((e blelt 4 o b\&lt) _ (e €It 4 o |§|t))> *@) ulg(:v)
k=1
3
_ 1 ggk 3 ) ia —ia
3R (g T (0 ) (08— ) ),

where 7 = 1,2, 3.
To derive LP — L9 estimates on the conjugate line, we need to estimate the Fourier multipliers in the
above representation, that is,

— —ic 1

Ltz k) : = ]:E—lm (e |§|tW)’ (5.10)
— —ic ] 1

Ltz r) = Fg L, (e '5“2% \5!2”>’ (5.11)

for j,k=1,2,3, where k > 0, ¢ > 0.
Let us decompose the extended phase space (0, 00) X Rg into

the pseudo-differential zone: Zpa = {(t,€) € (0,00) x Rg’ Dt
the hyperbolic zone Znyp = {(t,€) € (0,00) x Rg’ Dt

with the cutting function y € C*® (Rg) satisfying x(¢) = 0 for €| < 1/2, x(§) = 1 for |£] > 3/4,
and x(£) € [0, 1]. In the following parts, we estimate the Fourier multipliers (5.10) and (5.11) in the
pseudo-differential zone and the hyperbolic zone, respectively.

To estimate the Fourier multiplier /; (¢, z; k) we refer the reader to [5, 91]. There the authors proved

_25+3(;_;

t P ‘1>Il(t,-;/<c) € LI(R?), (5.12)
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forl<p<2<g<o0,2(l/p—1/q) <26 <3(1/p—1/q)and 1/p+1/q=1.
Then, we may derive the next estimates by plugging x = 1/2 into (5.12):

H}‘g_lm(2|£| ( ial¢|t + e—za|§|t)> *(z) |D’U€)(l‘)‘ Lq(R:’,) < tl 3(7_7) HUOHHl (R3) (513)
— 1 ia —ia j =3\ 5=
H]——f_l’”"<2i’§| (€ e \flt)) (o) U1 (x)‘ La(R3) S t 3< >HU1HLP (R3)” .14

withj =1,2,3, where 1 <p<2<¢q¢g<00,2(1/p—1/q) <1<3(1/p—1/¢)and1/p+1/q=1.
Next, we derive estimates of the Fourier multiplier I5(¢, x; x) only. To do this, we divide the proof
in to three steps.

Step 1:  We estimate the Fourier multiplier >(¢, x; k) in the pseudo-differential zone.

We apply the change of variables 1 := t£ and ¢tz := x to get

—2k+3(2 -1
SG0) 1y(t2:5) w0y (1 — (D) gz

t
| (e L=l 619
= > InlPs llLems)
Due to the oscillating integral satisfying the estimate
) 1 —
meas{n e R3: ‘eZCWWW‘ = E} meas{n € R3: || < i} < E*%,
Ui Ui
by applying Proposition B.3.1, the Fourier multiplier satisfies
_ _ch N5k 1- X(’n’) q (3
Foia(e e P e L1(R?) (5.16)

forl<p<2<g<ooand0 <2k <3(1/p—1/q).
Step 1.2:  We estimate the Fourier multiplier I5(¢, x; k) in the hyperbolic zone.

First of all, we introduce a dyadic decomposition, where a cutting function ¢ € C5°(R?) with the
compact support {& € R? : [£] € [1/2,2]} is chosen. Moreover, we define

pi(€) = p(27%¢) for 1>1, and ¢o(&) :=1-Y ¢i(¢)

We know for [ < [y with a large constant [j that the following estimate holds:
1 2(t, ;5 5) *(zy (XD @u (D))l oo sy S 1272,

because we have the following estimate for [ < lj:

H Hc( _icatﬁ‘é% x(ﬂééﬁﬁﬂf\)) HLOO(W)
i+t

< ‘ / UQ—QHdV’ _ 2(3—25)5(23—25 _ 2—3+2f@)t2n—3'
i By PV

To get the estimate for [ > Iy, we apply the ansatz t& = 2'7 and Young’s inequality to get

—ic2ly ik (|7 )H
n|? |n|?c /e (r3)’

112(t,2) ey (DDt D) ooty = 216202253 7, L e
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Then, a Littman type lemma (c.f. with Proposition B.4.1) shows that

H ( —ic2 )| T3 M so(lnD) H < ol
= |2 |n|?s /Lo ®s) ~

Hence, we conclude the following L' — L> estimate:
| Fa(t, 5 1) %2y ((EIDD)u(E D) | o ) S 22109253,
For the L? — L? estimate, we apply the Parseval-Plancherel theorem to get
Mot 23 ) (0 (DDt D) ary < 225
By the Riesz-Thorin interpolation theorem we conclude

t72n+3<

)12(t 5 k) * () X(t|D]) € LI (R?). (5.17)
where 2k < 2(1/p—1/q)and 1/p+1/qg=1with 1 < p < 2.
Step 1.3:  We summarize the above derived estimates for the Fourier multiplier.

Summarizing above estimates (5.15), (5.16), (5.17) and choosing x = 1/2 lead to

t‘”g(’“)b( k) € LI(R?), (5.18)

forl <p<2<g<o0,2(l/p—1/q) <1<3(1/p—1/q)and1/p+1/q=1.
In other words, the next estimates hold for 5,k = 1,2, 3:

Y&k 1o blere  —ileiey _ (oallt | —iale] k
762 (5 g g (0 + 7 = (0407016 i DR

1 55 i —t ia —ia
|7 (g e (71— ) — (@il — 1)) ) ) wh(e)

< 3G | (ul )

La(R3)

La(R3)

HHI(Rd)xLP(RJ)
Then, using (5.18) in the representations of solutions and combining with (5.13) as well as with (5.14),
the proof of the theorem is completed. 0

Corollary 5.3.1. Let us consider the Cauchy problem (5.1) and initial data satisfies (ulg, u]f) €

HZ])WP (R3) X Hypfl (R3) for k = 1,2,3. Then, the derivatives of solutions satisfy the following
LP — LY estimates for any t > 0:

w

, _(1_1
Hut HLQ Ri + |HD|U‘7(t, ')HLq(RB) 5 (1 +t) (p q) Z H(u§7u’1€)HHSIP(R3)><H£4P71(R3)7
k=1
with j = 1,2,3, where 1 < p < 2, 1/p+ 1/q = 1 and the real number M, fulfills M,, > 3(1/p —
1/q) + 1.

Proof. The proof strictly follows the proof of Theorem 5.3.1. O

Secondly, we state our result on LP — L estimates with p € (1, 00).

Theorem 5.3.2. Let us consider the Cauchy problem (5.1) and initial data satisfies (ulg, u’f) S

H; (RS) x LP (R3) withp € (1,00) for k = 1,2, 3. Then, the solution satisfies the following singular
LP — LP estimates for any t > 0:

3 3

[’ (t, ')HH;(RS) S max{1;t} Z HUSHHZ},(R% “Z HquHLP(RS)’ (.19)
k=1 k=1

withj =1,2,3, where s =1—2|1/p—1/2|.
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Remark 5.3.3. Comparing the LP — LP estimates for elastic waves stated in Theorem 5.3.2 with
those for solutions to the free wave equation shown in [102, 82], we observe that in the case when
p € (1,00), the time-dependent coefficient of the above estimates and data spaces are the same.
Nevertheless, we did not get estimates for elastic waves in the cases when p = 1 and p = co. One may
find the reason in Remark 5.3.4 in detail.

Remark 5.3.4. The restriction p € (1,00) in Theorem 5.3.2 is due to the application of the bounded-
edness of the operator of the Riesz transform from LP (Rd) into LP (R3) ifp € (1,00). However, in
the limit cases (p = 1,00), the Riesz transforms are not bounded anymore.

Proof. From the representations of solution in (5.7), we may rewrite uw =l (t,z)forj =1,2,3, by

u (t, x) }'fgx(cos(ak’]t)) () U f)(x) —|—.7:j$<smc<j§’t)> *(z) ujl(x)
3
+ Y Fel (cos(alé]t) — cos(BIE[E)) *(a) Rykug («) (5.20)
k=1
sin(alé|t)  sin(b[¢]t)
Z £—>ﬂc( al¢| bl¢| ) *(x) Rjkullc(i)a

where I2;; denotes the second-order Riesz transform, which is given by a Fourier multiplier as follows:

S8k
€17

To get the desired LP — LP estimates, we need to estimate all Fourier multipliers in (5.20).
Let us define operators S, for « in the strip 0 < Re a < (n + 1)/2, by

F(Sad)(©) = [€1%72 T2 _a(I€])0(6)

where Jz_, (|¢]) stands for the Bessel function. Especially, taking @ = (n —1)/2and a = (n +1)/2,
the explicit formulas of the corresponding Bessel functions are given by

F(Rjr9)(§) = =75 F(#)(€) for j,k=1,2,3.

7y0eh = (2) 161-Fsinle) and (e = ()16t cos(il).

respectively. Hence, the solution can be represented by using Bessel functions as follows:

W (¢, ) :<g)§5(at Sy6((at) V) ul)(z) + (g)5t5(at)515((at)—1)u{(x)
1 3
+(5)72 (0ansaa((at) ™) (Ryxub(@)) = 6(b0)S26((00) ) (Rynes () (5.1
k=1
1 3
+(5) 7Y ((a)$13((at) ™) (Rywuk (@) = 5(60) S15((68) ™) (R ().
k=1

with j = 1,2, 3, where §(¢) is the dilation operator such that §(¢t)¢(x) = ¢(tz).
Form the papers [102] and [82], the following estimates hold:

16(at)$10((at) ™) 6| sy S Il oceerys (5.22)
16(at)$20((at) ™) 6 sy S max{L; £}l 1y ), (5.23)
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where [1/p—1/2| < 1/2ands=1-2[1/p—1/2|.
Moreover, according to the paper [48], we know that for any function g € LP (R3) with p € (1, 00)
that the second-order Riesz transform operator is bounded such that

IRkl res) < Epllglle @), (5.24)

with a positive constant £, with respect to p (see [48, 4]), where j, k = 1,2, 3.
Thus, applying (5.22), (5.23) and (5.24) in (5.21) we obtain

3
108 0 ey 5 153 (s + 3 b s )
k=1

3
+ t(H“jl HLP(R3) > HRJ’kumLzﬂ(RS))
k=1

3 3
S max{1;t} Z HUISHH;(]I@) +tz Hu]fHLP(RB)
k=1 k=1
fors=1-2|1/p—1/2]and p € (1, 00), where j = 1,2, 3. It completes the proof. O

Corollary 5.3.2. Let us consider the Cauchy problem (5.1) and initial data satisfies (ulg, ulf) €
H} (R3) x LP(R?) with p € (2/(2—€0), 2/e0) carrying o € (0,1) for k = 1,2, 3. Then, the solution
satisfies the following singular LP — LP estimates for any t > 0:

3 3
Huj(ta ')HLP(R:&) < max{1;t} Z HUISHH;(R:s) +1 Z HquHLp(R3)7 (5.25)
k=1 k=1

with j = 1,2, 3.

Remark 5.3.5. If we take ¢g — +0 in Corollary 5.3.2, then we can obtain the largest admissible
range of values for p, that is, p € (1, 00).

Proof. Choosingp = 2/¢pand p = 2/(2—¢€p) with ¢g € (0, 1) in Theorem 5.3.2, we get the following
LP — LP estimates for j = 1,2, 3:

3 3
[ (t, ')HH;O(RS) S max{1;t} Z HuISHH;(R% + tz Hu]fHLP(Ri”)' (5.26)
k=1 k=1

From Sobolev embedding, we know H,° (R3) — LP (]R3) for p € (1,00) and ¢pp < 3. Then, by
interpolation theorem, we obtain that (5.26) holds for all

2 3
<p<— < —, where ¢ € (0,1).
2 —¢€g €0 €0
Thus, the proof is completed. O
Theorem 5.3.3. Let us consider the Cauchy problem (5.1) and initial data satisfies
11 1-2(2-1
(’D|2(p q)ulé, ullc) c Hp <P q> (RZS) % LP(R?’)

for k = 1,2,3. Then, the solution satisfies the following LP — L9 estimates for j = 1,2, 3, and any
t>0:

(

t )| oy Lo (R?)

1 1 1 1 3 1 1 1 1
gmax{t‘(ra);tl‘?’(ra)}zH\Dﬁ(ra)<D>1‘2<ra>u’5)
P = (5.27)
670 Y bl
k=1
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where every pair of exponents (1/p, 1/q) belongs to the triangle region Py Py Ps (see Figure 5.2) with
vertices Py = (3/4,1/4), P, = (0,0) and P3 = (1,1).

1/q
1F-----------=-=-=---- P3

no singular estimates

1/2F-—mmme Py
3 3 singular estimates
1/4 ””””””” \Pl :
/6= R
0P, 1/2 3/45/61 1/p

Fig. 5.2.: Admissible range of a pair of exponents (1/p, 1/q)

Remark 5.3.6. The singularity for t — 40 of the estimate in Theorem 5.3.3 will disappear if we

choose vanishing first data ug = 0 and 1 — 3(1/p — 1/q) > 0. In other words, the following estimates
hold for j = 1,2, 3:

3
j 1-3(1-1 k
7 () | gy S ¢ (5-7) D ] o s (5.28)
k=1
where every pair of exponents (1/p,1/q) belongs to the trapezium region P, P3Py Ps with vertices

P, = (0,0), P3 = (1,1), P» = (5/6,1/2) and Ps = (1/2,1/6). However, if we take uy # 0, to
obtain no singular estimates for t — +0, we need to assume (p, q) belonging to the following set

{a): —(3-3)20, 1-3(;—5) 20 and p<q}={(p.g): p=4q}.

It means in the case when ug % 0, no singular estimates for t — +0 hold only if we assume
p=gqé€ (1,00)in(5.27).

Proof. From Theorem 5.3.1, we may choose 1/p = 3/4 and 1/q = 1/4 to get

[NIES

3 3
SN [IDIf]| pasagesy + 72 D Nt ooy (5.29)
k=1 k=1

[ (&, )| sy

with 7 = 1,2, 3. Then, taking ¢ — +0 in (5.25) and applying the Riesz-Thorin interpolation theorem
between (5.25) and (5.29) complete the proof. ]

5.4. Estimates for radial solutions

In this section we are going to study estimates for radial solutions to the Cauchy problem (5.1). To
begin with, let us introduce the definition of radial functions in a vector sense.

Definition 5.4.1 (see [50]). A vector function f = f(x) is called radial if it has the form f(x) = zg(r),
, where g = g(r) is a scalar radial function.

r=|z
Let us consider the Cauchy problem (5.1) with radial data, i.e.,

ug(z) = xvo(r) and w(x) = zvi(r). (5.30)
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In this part we consider radial solutions, which are given by
u(t,x) = zv(t,r). (5.31)
Due to the fact that

8uj(t, l‘) T
= t d
T 2] vp(t,r) an

8uk(t, l‘) o T

O |z

we obtain

oud  ou? oul  oud o oul
Vxu=(g—— ooy = oy o = 2 ) = 0.
afL‘Q 8$3 81‘3 BZL‘l (9$1 8952

According to the following relation in 3D:
V x(Vxu)=—-Au+ Vdivuy,

we know that v = u(t, z) fulfilling (5.31) is the solution to

—b?Au=0, eR3 teR,,
e 7 A e * (5.32)
(u, ) (0, 2) = (uo,ur)(x), = €R’,
where initial data satisfies (5.30).
In other words, the solution v = v(t, r) fulfills the following linear wave equation:
vy — 2oy, — 2%, =0, reRy, tERy, 5.33)
(v,v)(0,7) = (vo,v1)(r), T€RY.
According to Lemma 3.1 in [59], the solution to (5.33) is explicitly given by
1 8 bt+r 1 bt+r
v(t,r) = (/ vo()\)K()\,t,r)d)\> + / v (A) K (A, t,r)dA, (5.34)
b Ot Jipe—p| lbt—r|

where

K\t r) = ;(i)?’(a‘i;) (A= (bt — 7))\ — (bt + 7))

Furthermore, from Lemma 2.3 in [59], we have the following result: if |bt — r| < A < bt 4 r, then it
holds

K\ t,r)| < 7“72)\2,
and if bt < 2r, then it holds
10, K\ t,r)| <2,

Actually, some a-priori estimates for solutions to the linear homogeneous Cauchy problem (5.33)
have been investigated in [58]. According to the paper [58], we have the following two lemmas.

Lemma 5.4.1. Let v = v(t,r) be the solution to the linear Cauchy problem (5.33) defined by (5.34).
Let (t,r) € [0,00) x (0,00) be such that bt > 2r. Then, we have for £ = 0,1

bt+r 1 bt+r

lafv(t’r)l ST—I—Z(/M_T }()\UO()\))/‘F ()\21)0()\))//‘(1)\4—5 . ‘)\’Ul()\) — ()\21)1()\))"(1)\)
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Lemma 5.4.2. Let v = v(t,r) be the solution to the linear Cauchy problem (5.33) defined by (5.34).
Let (t,r) € [0,00) x (0,00) be such that bt < 2r. Then, we have

bt+r 1
o(t,7)] < r_2/ ()\]vo()\)] + f)\2|v1()\)\)d>\ + 52 bt £ 2l (Jbt £ 7)),
bt —r| b n
9 bt+r 1 L
0,0(t, 1) < 7 (|Uo(r)y + f/\|v1(r)\)d/\ +5 2ot £ oo (Jbt £ 7))
bt —r| b T

1
-2 201,/ 1
+Zi:7“ ot & 72 (o (1ot = 71) + o (bt £ 7))

Finally, let us consider initial data satisfying

eo(l + 7‘)_(’“'4) for £=0,1,2,

Alvo(r)] <
[9rvo(r)] e (5.35)
| <eo(1 + )" D for 1 =0,1,

|0 vi(r)

where €q, k are positive parameters to be determined later. Then, Proposition 2.3 in [58] derived some
decay estimates for the solution to the linear Cauchy problem (5.34).

Proposition 5.4.1. Let v = v(t,r) be the solution to the linear Cauchy problem (5.33) defined by
(5.34), with vo(r) € C2((0,00)), v1(r) € CL((0,00)) satisfying (5.35) for some k > 2 and g9 > 0.
Then, we have for any (t,r) € [0,00) X (0,00)

lu(t, )] < Cogor(1 + r)flw,i(t,r),
|Orv(t,r)] < Cosor_lwn(t, ),

where Cy is a positive constant that is independent of t and r, the function 1, (t,r) is defined by
Vu(t,r) = (14t 4+ 7)1 (1 + |bt —r[) T2,

Remark 5.4.1. The above tools are useful for us to prove global (in time) existence of small data
radial solutions to semilinear elastic waves as follows:

{utt —a®Au— (® —a®)Vdivu = f(u), z€R3 teRy, (5.36)

(u, ut)(0, ) = (ug,uy)(z), r € R3,
where b > a > 0 and the radial nonlinearities on the right-hand sides can be represented by
f(w) = (aafay "o P wolay PP wsles )
with p > 1. If we take u(t, x) = zv(t,r), then we may immediately transfer (5.36) to

vy — b2y — %b%,« = v, reRi, teRy,
(U’Ut)(07r) = (UO,Ul)(T‘), re ]R+.

Then, according to [59], global radial solutions exist when p > po(5) = (v/57 — 4)/8.

5.5. Open problem: Semilinear elastic waves in 3D

To end this chapter, let us discuss the semilinear elastic waves in 3D, namely,

{utt —a?Au — (b2 — a2)VdiVU = f(u), z€R% teRy, (5.37)

(u,ut)(0, ) = (ug, uy)(z), z € R3,
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A - .
where the unknown v = (u',u? u*)" € R? denotes the elastic displacement, ¢ stands for the time

and x stands for the space variables. The constants a and b are related to the Lamé constants satisfying
b > a > 0. Precisely, the nonlinear terms can be represented by

T
Flu) = (JutPrsfu? P2, ju®[P2) 7

with p1, p2, p3 > 1.
In order to understand the Cauchy problem (5.37), we formally take a = b = 1. In general, the
semilinear elastic waves can be reduced to semilinear wave equations with power nonlinearity, i.e.,

— Au = |ulP ceR" teR
{Utt u = |ul?, x 7 + (538)

(u,u)(0, ) = (up,u1)(z), = €R™

For 1 < p < pkat(n) = Z—ﬂ (here pka(n) denotes the so-called Kato exponent) the nonexistence of
global in time solutions to (5.38) was proved in [55], providing that initial data is compactly supported.
Then, in [52] it was proved that the exponent p = 1 4 /2 is the critical exponent for the Cauchy
problem (5.38) for n = 3. In other words, the author of [52] proved a global (in time) existence of
classical solutions when p > 1 + /2 and a blow-up of classical solutions when 1 < p < 1 4 /2
under some sign and support condition for initial data. Afterwards, in [100] it was conjectured that the

critical exponent for (5.38) is the positive root of the quadratic equation
(n—1)p*—(n+1)p—-2=0.

Subsequently, in honor of the author of [100] such a conjecture had been named Strauss’ conjecture
and the positive root of the previous quadratic equation in p, denoted by pgt,(n), had be called Strauss
exponent. In particular, it holds pst,(3) = 1 + V2. Currently, it is well-known the correctness of
Strauss’ conjecture. For the proof of the correctness of Strauss’ conjecture, we refer to the papers
[30, 93, 31] when n = 2, the papers [52, 93] when n = 3, and the papers [96, 113, 116, 28, 61] when
n > 4.

According to the above discussion about the limit case a« = b = 1, it seems resonable to make the
following conjecture.

Conjecture: The critical exponent for the semilinear elastic waves in 3D
. T
uy — a*Au — (b2 — a®)Vdivu = (Ju' [P [u?|P2, |u?[P?)

with b > a > 0 is the Strauss exponent ps;,(3) = 1 + /2. In other words, global (in time) Sobolev
solutions uniquely exist when p; > ps,(3), and on the contrary, every local (in time) Sobolev solution
blows up in finite time when 1 < p; < ps;(3) for j = 1,2, 3.
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6.0ther research results for coupled
systems

In this chapter we explain other research results for linear and semilinear coupled systems, which have
been studied in the Ph.D. period of Mr. Wenhui Chen. Due to the length of the thesis, we only show
the main results of each research topic. The wide discussions of each topic and the proof of each result
have been shown in the corresponding paper. One can find them in the following sections.

The chapter is organized as follows:

e In Section 6.1 we show results for global (in time) existence of small data Sobolev solutions
and blow-up of Sobolev solutions to weakly coupled systems of semilinear wave equations with
distinct scale-invariant terms in the linear part. The results are published in [16].

e In Section 6.2 we show results about several qualitative properties of Sobolev solutions to linear
thermoelastic plate equations with friction or structural damping. The results are published in

[9].

o In Section 6.3 we present the study of the Cauchy problem for doubly dissipative elastic waves
in two space dimensions, where two different damping terms consist of distinct friction or
structural damping. The results are published in [8].

6.1. Weakly coupled systems of semilinear wave equations with
distinct scale-invariant terms in the linear part

In the paper [16] we consider the following weakly coupled systems of semilinear wave equations
with scale-invariant damping and mass terms with different multiplicative constants in the lower order
terms:

— Au+ s + g = ol reR" teRy,
2
- Av + 1+tvt + (1+t) = ‘U|q, WS Rn, te R+, (61)

(U,Ut,’l),'l)t)((),l’) - ('LLO,'LLl,'U(),’Ul)(.I'), HARS Rna

1+t)

where 1, po, 1/12, u% are nonnegative constants and p, g > 1.
As in the case of a single semilinear wave equation with scale-invariant damping and mass term (c.f.
[80, 81]), it turns out that the quantities

§j = (uj — 1)* —4v7 for j=1,2,

are useful to describe some of the properties of Sobolev solutions of the model (6.1) as, for example,
the critical exponents p and q. Let us introduce the notations

1
o ::i(uj+1—\/5j) for j=1,2.

By using the so-called test function method, we obtain the following blow-up result. Let us underline
that, due to the presence of generally different coefficients in the linear terms of lower order, a new
phenomenon appears, that cannot be observed for single equations or for Weakly coupled systems with
the same linear part (for example, in the case of (6.1) when u; = p9 and 1/1 = ug) More precisely, a
restriction from below either for p or for ¢ is necessary to get the desired result.
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Theorem 6.1.1. Let i1, uio, V%, 1/22 be nonnegative constants such that 61, 02 > 0 and let (ug, u1,vo,v1) €
(H1 (R”) x L? (]R"))2 be initial data such that

liminf/B (%(ul 14V Juole) + ua(x) ) da > 0,

R—o00

liminf/B <%(,u,2 — 14 /8 )vp() + vl(ac)>dx > 0.

R—o0

If p,q > 1 satisfy the relations

p+1 a1 g+1 o n—1
S S TRV BT R
pqg—1 2 pg—1 2 2
. + a1 14+ a9
th > > ,
either p 1T or ¢ T o

then, the Cauchy problem (6.1) has no globally in time weak solution, that is, if

(u,v) € L{

loc

([0,T) x R™) x L},

loc([o7 T) X Rn)
is a local in time weak solution with maximal lifespan T’ > 0, then, T' < oc.

Now we want to introduce a result about the sufficiency part. We introduce the following notations:

_ n+a+1 24 (a1 — a9)
::7:1 _—
p(n, a1, 02) n+ay—1 * n+as—1
~ n+as+1 24 (ag — )
o) = X2 g 2R T A
q(n, a1, ) n+a; —1 * n+a —1

In order to prove the global in time existence for small data solutions provided that (p, ¢) satisfies

p+1 n+ar—1 qg+1 n+ay—1
max{ - ; — }<0,
pqg—1 2 pg—1 2

we may consider separately the following three subcases:

p>p(n,ar,a2) and g > q(n, o, az), (6.2)
p<p(n,ai,az) and ¢ > q(n, a1, ), (6.3)
p>p(n,a,az) and ¢ < q(n, a1, a9). (6.4)

More precisely, in the case (6.2) no loss of decay with respect to Sobolev solutions to the corresponding
linear Cauchy problem with non-vanishing right-hand side will appear in the decay estimates. On the
other hand, in the case, where p, ¢ > 1 fulfill (6.3) (respectively (6.4)), because different power source
nonlinearities have a different influence on conditions for the global (in time) existence of Sobolev
solutions, we allow the effect of loss of decay.

We choose initial data from the classical energy space with additional L' regularity, so that the
space for the Cauchy data is

AR™) == (H'(R") n L' (R")) x (L*(R™) n L' (R™)),
carrying its corresponding norm

I(f, Dllagny = 1 flmrwny + 1 Fll 1 @ny + 19l 2®ny + 119l 1 7y -
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Theorem 6.1.2. Let p11, o > 1, V12, V22 be nonnegative constants such that 61,92 > (n + 1)2. Let us
assume p,q > 1, satisfying 2 < p,q and p,q < ;%5 if n > 3, such that

p>p(n,ar,a2) and q > q(n,a1,az).
Then, there exists a constant g > 0 such that for any (ug, u1, v, v1) € A(R”) X A(R”) with
[ (o, u1, vo, v1)[| A®P)xA®RR) < €0
there is a uniquely determined energy solution
(u,v) € (C([0,00), H' (R™)) N €' ([0, 0), L2 (R™)))?

to the Cauchy problem (6.1). Furthermore, the solution (u,v) satisfies the following decay estimates:

[Vult, I re@ny + lue(t, )l L2y S (1 +8) 727 [ (uo, w1, vo, v1)[| A®n) x AR
lult, ) pe@ey S (048727 (ug, w1, vo, v1) | 4 x ARR):

IVt )l z2(rey + [0e(t, )l p2rny S (1+1)72 72| (w0, u1, vo, v1) | 4@n) x A®"):
ot M p2may S (1+6)727%2 | (ug, ur, v0, v1) || agn)x AR

Theorem 6.1.3. Let pi1, o > 1, 1/%, V22 be nonnegative constants such that 61,92 > (n + 1)2. Let us
assume p,q > 1, satisfying 2 < p,q and p,q < "5 if n > 3, such that

p<p(n,ar,a) and q > q(n,aq,as),

1 -1
q+ _n+a2 <.

pqg—1 2

Then, there exists a constant g > 0 such that for any (ug, u1, v, v1) € A(R") X A(R”) with
[ (uo, w1, vo, v1)[| A@n)x AR < €0
there is a uniquely determined energy solution
(u,v) € (C([0,00), H'(R™)) N C* ([0, 00), L2 (R™)))*

to the Cauchy problem (6.1). Furthermore, the solution (u,v) satisfies the following estimates:

IVult, M re@ay + et @y S 1+ 24 (w0, w1, v, v1) | age) < a@n):
ult, M2y S 04872 (ug, ug, vo, v1) || agen) < a@n),

IVt )l p2ra) + l0e(t, Ml pe@ny S (1+1)72 72| (w0, u1, vo, v1) | 4@y x A®n)s
o, MNz2@ny S 1+ £) 7272 (wo, w1, vo, v1)|| a(rn) x AR

where

(n+as—1)(p(n,a1,a2) —p) if p<p(n,al,a),

0<vy=n7(p,n ar,a) = . ~
€ if p=p(n,ar,a),

represents the loss of decay in comparison with the corresponding decay estimates for the solution u
to the linear Cauchy problem with vanishing right hand side, e > 0 being an arbitrarily small constant
in the limit case p = p (n, a1, ag).
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Theorem 6.1.4. Let p11, o > 1, V12, V22 be nonnegative constants such that 61,92 > (n + 1)2. Let us
assume p,q > 1, satisfying 2 < p,q and p,q < ;%5 if n > 3, such that

p>p(n,a,a) and q < q(n,ar, o),
p+1 n+a—1

< 0.
pg—1 2

Then, there exists a constant £y > 0 such that for any (ug, u1, v, v1) € A(R”) X A(R”) with
[ (uo, w1, vo, v1)[| 4@y x AR < €0
there is a uniquely determined energy solution
(u,0) € (C([0,00), H' (R™)) N €' ([0, 0), L2(R™)))?

to (6.1). Furthermore, the solution (u,v) satisfies the following estimates:

n

IVu(t, ) Lzny + llue(t, M zewny S (1 +8)727 % | (uo, w1, vo, v1)[| A®n) x A®R):
lult, 2y S (14872 (ug, 1, vo, v1) || a@n) x A"

IVo(t, )2y + loet, lpzey S (1 +)72 2| (ug, ur, v, v1) || a@n)x AR,
[o(t, ) p2@ny S (1+4)7 22| (ug, ur, v, v1) | a@n )y A®n),

where

(n+()é1 _1)(6(”‘7&17@2)_61) ifq<(7(n,a1,oz2),

€ if‘q:q(nvalva2))
represents the loss of decay in comparison with the corresponding decay estimates for the solution v

to the linear Cauchy problem with vanishing right hand side, ¢ > O being an arbitrarily small constant
in the limit case ¢ = q (n, oy, az).

Finally, we give a conclusion. Combining the results from Theorems 6.1.1, 6.1.2, 6.1.3 and 6.1.4 we
have that

{p-i-l a; qg+1 042} n—1
max - —— = =
pqg—1 2 pg—1 2 2
is a relation for the critical exponents p and ¢ for the weakly coupled system (6.1) provided that the
coefficients satisfy 91, d2 > (n + 1)? in the sense we explained. Actually, one can slightly improve
this result up to the range 61,2 > (n + 1)% modulo a (possible) further arbitrarily small loss of decay
rate with respect to the case 61,2 > (n + 1)? in Theorems 6.1.3 and 6.1.4

In the case 0 < &; < (n+1)? or 0 < d3 < (n + 1)? we are not able to obtain a sharp result as in
the above mentioned case by using L? — L? estimates with additional L' regularity and working in
classical energy spaces, due to the fact that the first-order derivatives have a weaker decay rate (c.f.
Theorems 4.6 and 4.7 in [80] for further details).

6.2. Linear thermoelastic plate equations with different damping
mechanisms

In the paper [9] we are concerned with the following Cauchy problem for thermoelastic plate equations
in R”, n > 1, where the heat conduction is modeled by Fourier’s law:

ugg + A%u+ A0+ (=A)u; =0, z€R” teRy,

0, — A0 — Auy = 0, z€R™, t € Ry, (6.5)
(u,ut, 0)(0,2) = (ug,u1,00)(x), x€R",
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where o € [0, 2]. To be more specific, o = 0 stands for the system with friction or external damping,
o € (0, 2] stands for the system with structural damping, especially, o = 2 stands for the system with
Kelvin-Voigt type damping.

By introducing the quantities

U(t,z) : = (ur + |D|*u, us — |D*u, 0) " (¢, 2),
Uo(z) : = (w1 + |D2ug, up — |D\2u0,‘90)T($),
Py, : :/ Up(x)dz,

we may reduce (6.5) to the following evolution system

{Ut—AOAUJrAl(—A)"U:O, z €R™, t € Ry, 66)

U(0,z) = Up(x), x € R",

where the coefficient matrices are given by

L [0 -2 -2 L[ 110
Adp=5(2 0 -2 ) and A=_| 110
1 1 2 00 0

Then, we derive representations of solutions in the Fourier space by applying WKB analysis and a
suitable diagonalization procedure.
Now, we collect the following results about qualitative properties of Sobolev solutions:

e Gevrey smoothing of solutions if o € [0, 2) (see Table 6.1);

e L? well-posedness for the Cauchy problem (6.5) such that
U € (€([0, o0), L? (R”)))S if we assume Uj € (L2 (R”))3 :

e cnergy estimates of solutions

(2—m)n+2ms

WU s gnyys S X+ 208 [[Uoll (115 (R )nLm ()35

where s > 0, m € [1,2], and

n+2(s+9)

—nE2(s+9) _n+2s
WU ey S A+ 0726 [Uoll e gemynzsgumys + (141776 [P,
where s > 0, § € (0, 1]. Here some numbers K appears (specified in the table below);

e [P — [ estimates not necessary on the conjugate line of the form

£l

_s_m(1_1
UG gy gonys S 1+ 0% F G0 g

for suitable p, ¢ and some number K (specified in the table below). Here ||Up|| corresponds to
initial data measured in an appropriate norm, which is based on the LP norm;

e diffusion phenomena with data belonging to different function spaces;

e asymptotic profiles of solutions in a framework of L' data such that

n+2s n

— _ n+42s
5 Py | S UM reonys S £ 5 100l 1oy ey

fort > 1, where |P,| # 0, s > 0 and some numbers K are chosen in Table 6.1.
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| 0=0 [0o€(0,1)] o=1  Joe@3/2]| 0€(3/22 |o=2]

Gevrey 1 n)\3 . . 1/(4_20.) n)\3
smoothing (F (]R )) (analytic smoothing) (F (]R )) -

Energy K=4-20 K=2

estimates

Ir_ Ia K=4-20and K =2and K =2and

<p<
estimates I<p<2<qgs |1<p<g< I<p<2<g<
00 00 00

Diffusion .
phenomena g?fumge gilflehe - single dif. phe.

(dif. phe.) - phe- - phe.
Asymptotic K490 K—9

profiles

Tab. 6.1.: Summary of qualitative properties of Sobolev solutions

We should point out that when K = 4, friction has a dominant influence in the corresponding decay
estimates; when K = 4 — 20, structural damping has a dominant influence in the corresponding decay
estimates; when K = 2, thermal dissipation generated by Fourier’s law has a dominant influence in
the corresponding decay estimates.

Finally, we found that this method, in general, to derive sharp asymptotic profiles in this paper can
be probably applied to the Cauchy problem for other coupled systems in elastic material, for instance,
dissipative elastic waves, thermoelastic systems and thermodiffusion systems.

6.3. Doubly dissipative elastic waves in 2D

Let us consider the following Cauchy problem for doubly dissipative elastic waves in two space
dimensions:

{utt —a?Au— (0* = a®)Vdivu+ (=A)Puy + (=A)u; =0, z€R? teRy, 67)

(u, ue)(0,2) = (uo, u1)(z), xr € R?,

where the unknown v = u(t, z) € R? denotes the elastic displacement. The positive constants a and b
in (6.7) are related to the Lamé constants and fulfill 5 > a > 0. Moreover, the parameters p and 6 in
(6.7) satisfy 0 < p < 1/2 < 6 < 1. This problem is strongly related to the open problem proposed in
[44]. In the paper [8] we give an answer in the two-dimensional case.
Applying a change of variables, we may transfer (6.7) to the following evolution system:
U + $Bo(=A)PU +iB1(—A)Y2U + 1By (—A)YU =0, z€R?, teRy, 65)
U(O,$) = U(](i'), T € Rza ‘

where the coefficient matrices By and B; are respectively given by

101 0 b 0 0 0
010 1 0 —a 0 0
Bo=1 1910 ™MBi=| 9y o » o
010 1 0 0 0 a

Then, by applying WKB analysis associated to a multi-step diagonalization method, we may derive
energy estimates.
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Theorem 6.3.1. Let us consider the Cauchy problem (6.8) with 0 < p < 1/2 < 6 < 1 and
Up € (H¥(R™)N Lm(R"))4, where s > 0 and m € [1,2]. Then, the following decay estimates hold:

__s __2-m
IO ) s gy S A +1) 2720 =20 | U || (s (m2)npm (R2))4 -

Remark 6.3.1. We remark that the energy estimates for doubly dissipative elastic waves (6.7) in
Theorem 6.3.1 are the same as for damped elastic waves with damping term (—A)Puy for p € [0,1/2)
in Theorems 7.2 and 7.3 in [88]. In other words, the decay rate is only determined by the damping
term (—A)Puz with p € [0,1/2) in (6.7).

Concerning diffusion phenomena, we first introduce the corresponding reference systems in the
cases p+ 0 < 1,p+ 60 =1and p+ 6 > 1, respectively. Firstly, we introduce the matrices

2 0 0 0 00 00 -1 0 1 0

0 a2 0 0 0000 0 -1 0 1
Mo=1 4 o 2 o o Mei=tg gy o | im0 10 |0

0 0 0 —a? 0001 0 1 01

which will be used later. We define different reference systems between the following three cases.

e Inthe case p + 6 < 1, we define U= ﬁ(t, x; p, 0) as the solution to

Uy + My (—A) U + My(—A)PU + My(—A)YU =0, z€R2 teRy, 69)
U(0,z) = Ty Uy (), z € R2. '
e Inthe case p + 6 = 1, we define U= ﬁ(t, x; p, 0) as the solution to
U + (M 4+ Mo)(—A)'PU + My(—A)PU =0, z€R? teR,, 6.10)
U(0,z) = Ty Uy (), z € R2, '
e In the case p + 0 > 1, we define U= 5(15, x; p, 0) as the solution to
ﬁtﬁLMl(*A)l_pﬁ%Mz(*A)pﬁ:0, ZL‘ERQ, te Ry, ©.11)
U(0,z) = T, Uy(x), z € R2, '

Let us now provide some explanations for these reference systems.

In the case when p + 6 < 1, we find that the reference system (6.9) is made up of three different
operators, i.e., (—A)'?, (=A)? and (—A)?. In this case, the damping terms (—A)Pu; and (—A)%u;
with 0 < p < 1/2 < 6 < 1in (6.7) have an influence on the diffusion structure at the same time. But
this effect does not appear in the other case p + 0 > 1.

However, we find that when p 4+ 6 > 1, the reference system (6.9) is changed into (6.10) and (6.11).
Obviously, these reference systems are only made up of two different operators (—A)? and (—A)*=7,
whose structures are similar as those in the reference system for elastic waves with damping term
(—=A)Puy for p € 0,1/2). In other words, the diffusion structure is dominant by the damping term
(—A)Pup with 0 < p < 1/2.

According to the above discussions, we observe a new threshold of diffusion structure for doubly
dissipative elastic waves, that is p + 6 = 1. In other words, the structure of the reference system will
be changed if the parameters change fromp+ 60 < 1top+6 > 1.

More precisely, the next theorem holds.
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Theorem 6.3.2. Let us consider the Cauchy problem (6.8) with 0 < p < 1/2 < 6 < 1 and
Uy € L™(R™) with m € [1,2]. Then, the following refined estimates hold.:

where the function © = ©(p, 0) is defined by

s 2—m

S (1 +0) =5 55000 gy,

~

xin (D) (U(t) = Tt 52.0)) |

O(p,0) := %0_72; if (p,0) € 51,
25 if(p,0) € 52U Ss.

Here the regions Sy, S2, S5 are given by Figure 6.1 as follows:

S
0 ‘3
1 l | 71
| o S:={(p,0):0<p<1/2<O<L1}
S1—p L Si={(pe)eSpra<1)
1/2F----- ) |
/ S l Sy :={(p,0)eS:p+0=1}
& S3:={(p,0) € S:p+0>1}
0 1/2 e

Fig. 6.1.: Range of a pair of exponent (p, 0)

To end this section, we mention that we are also able to derive optimal decay rates in estimates of
solutions in the H*® norm with s > 0 in a suitable framework of weighted L' spaces.
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7.Concluding remarks and further research
topics

In this chapter further studies during the Ph.D. period of Mr. Wenhui Chen, will be collected. Due
to the length of the thesis, we just present the main results of each topic. The remaining part of this
chapter is organized as follows:

e In Section 7.1 we present decay properties and asymptotic profiles for Sobolev solutions to
generalized thermoelastic plate equations with Fourier’s law of heat conduction. The results are
introduced in [64].

e In Section 7.2 we present blow-up results of energy solutions to semilinear Moore-Gibson-
Thompson equations with power nonlinearity or nonlinearity of derivative type. The results are
introduced in [15, 14].

e In Section 7.3 we present results about global existence of small data Sobolev solutions and blow-
up of Sobolev solution to semilinear strongly damped wave equations with mixed nonlinearity
in exterior domains. The results are introduced in [12, 11].

o In Section 7.4 we present blow-up results of energy solutions to semilinear wave equations with
a nonlinear memory term. The results are introduced in [13].

7.1. Generalized thermoelastic plate equations

In recent years, Cauchy problems for evolution-parabolic coupled systems have caught a lot of
attention. Particularly, the so-called o« — 3 system describes few physical models, including second-
order thermoelastic equations, thermoelastic plate equations and linear viscoelastic equations.

Let us consider o — (3 system with a = 3. More precisely, we study the following Cauchy problem
for generalized thermoelastic plate equations:

uy + Au — A% = 0, reR™ teRy,
v + A% + A%, = 0, z €R", t€Ry, (7.1)
(u,ut,v)(0,2) = (ug,u1,vo)(z), = €R™,
where o € [0,1], and A = (—A)? with o € [1, 00).
Let us introduce the quantity w = w(t, ) such that
T
w = (ut + i(=A)7 0, up — i(—A)7 v) , (7.2)

which is the solution to the next evolution system:

{wt — Bo(=A)?2w — Bi(~A)@w =0, z€R", teR,, 73

w(0,x) = wo(z), xr € R",

where the coefficient matrices are defined by

i 0 0 0 0 1
Bo=| 0 —i 0 and Bij=| 0 0 1
0 0 0 -1 -1 4

Employing WKB analysis, we may explore the following sharp pointwise estimate in the Fourier
space, which is useful for us to derive energy estimates in Theorem 7.1.1.
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Proposition 7.1.1. The solution W = w(t, §), which is the partial Fourier transform of w = w(t, x),
satisfies the following pointwise estimates for any £ € R" andt > 0:

it €)| < e PUED g (€)),

where the key function p = p(|£|) is defined by

20—20a .

_ o pac0.1/2)

PUED == “eeonar a1
(I+|EZ)Foa—205 ifo e ( / , ],

with a positive constant ¢ > (.

Remark 7.1.1. Comparing with the pointwise estimates in Theorem 1.2 in [107], fortunately, we take
advantage of the quantity (7.2) and a multi-step diagonalization procedure, which allow us to avoid
the constraint condition Oy, oF — Oz, ¢ = 0 for initial data.

Let us now give some explanations for decay properties, which are introduced by the pointwise
estimates in Proposition 7.1.1.

e We observe that the threshold for decay properties for |{| — 0 is a = 1/2. Precisely, in the
case when o € [0, 1/2], the key function fulfills p(|¢]) =~ |£]?9 =27 for |¢| — 0, and in the case
when o € (1/2, 1], the key function satisfies p(|¢|) ~ [£]57729 for |¢| — 0. Thus, we expect
that there exist different decay estimates between these two cases.

e The threshold for decay properties for |{| — oo is & = 1/3. In other words, we see p(|¢]) ~
|€ ]‘2"(1_30‘) in the case when « € [0, 1/3), which leads to decay properties of regularity-loss
type. However, for the other case when « € [1/3, 1], we expect that the regularity-loss structure
is removed.

e All in all, the threshold for decay properties can be described by the numbers

1 1
a:§f0r|£|—>0 and a:§f0r|§|—>oo.

Theorem 7.1.1. Suppose that initial data wy € (H*(R™) N Ll’“(Rn))3 with s > 0 and k € [0, 1].
Then, the Sobolev solutions to (7.3) with o > 1 satisfy the following estimates:

_n+2(so+n) Y
(L48) 2209 [|wo | (L1 (mnyys + (14 1) 270739 [[wol| gyso+e(rnyys
n+2s
+(1+1) 225 | Py | ifa€0,1/3),
_n+2(so+n) et
(14 t) 2—200) HwOH(LLK(Rn)p +e HwOH(HS()(Rn))3
|w(t, ‘)”(Hso(Rn))S S nt2sg
+ (1 +1) 2@ [Py ifa€[l/3,1/2],
(1 +0) 5655 | e o
wo (Ll,n(Rn))S wo (Hso (Rn))S

n+2s

+(1+1) Mora22) [Py | iface (1/2,1],

where 0 < sg+ £ < swithsyg = 0and ¢ > 0. Here ¢ > 0 is a positive constant and we denote
Py = [pn f(x) dz.

To end this section, we summarize the results in [64] to show the asymptotic profiles of solutions.
Due to the length of the section, we show the improvements (i.e., the consideration of ||w(t,-) —

w(t, )| (1 (Rn)3» Where & = w (t, ) is the solution to the corresponding reference system) of decay
rate and regularity of initial data only. Please see Figure 7.1.
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decay rate improved by 21(;7333 decay rate improved by %

Value of «:
0 1/3 1/2 1

(s+4)—(o—20a)

regularity of initial data is H regularity of initial data is H*

Fig. 7.1.: Decay rates and regularity of initial data

Next, we turn to generalized thermoelastic plate equations with additional structural damping,
namely, to
uy + Au — A% + AV, =0, zeR", teRy,
vy + A% + A%y = 0, zeR” teRy, (7.4)
(u, ut,0)(0,2) = (ug, ur, vo)(z), = € R™,

and analyze the influence of structural damping on qualitative properties of solutions. We find that
the regularity-loss structure is destroyed by structural damping. Moreover, we are able to give some
applications of our results on thermoelastic plate equations and the Moore-Gibson-Thompson equations
with friction.

7.2. Semilinear Moore-Gibson-Thompson equations

Over the last years, the Moore-Gibson-Thompson (MGT) equation, a linearization of a model for the
wave propagation in viscous thermally relaxing fluid has been widely studied. This model is realized
through the third-order hyperbolic equation

Tugt + uy — 2 Au — bAuy = 0. (7.5)

In the physical context of acoustic waves, the unknown function u = (¢, x) denotes the scalar acoustic
velocity, ¢ denotes the speed of sound and 7 denotes the thermal relaxation. Besides, the coefficient
b = Bc? is related to the diffusivity of the sound with 3 € (0, 7]. According to the previous studies by
using the theory of semigroups, we may refer to the limit case § = 7 as to the conservative case.

In this project (c.f. [15, 14]), we consider the semilinear Cauchy problem for MGT equations in the
conservative case, namely,

{5Uttt +ug — Au — BAuy = f(u,u;p), z€R" teRy, (7.6)

(w, ug, uge) (0, ) = e(ug, ur, ug)(x), x € R™,
with a positive constant 3, where the nonlinearity on the right-hand side can be chosen as

|ulP, i.e., power nonlinearity,

|u¢|P, i.e., power nonlinearity of derivative type,

with p > 1. For the sake of simplicity, we normalized the speed of the sound by putting ¢? = 1.
Moreover, € > 0 is a parameter describing the smallness of initial data.

Our aim in this research project is to prove blow-up of energy solutions to (7.6) with some condition
on initial data and exponent p. We propose a slicing procedure of the domain of integration by taking
inspiration from [2], even though the sequence of the parameters, that characterizes the slicing of the
domain of integration, has a completely different structure. Our result is the first attempt to include an
unbounded exponential multiplier in an iteration argument for proving blow-up results for hyperbolic
semilinear models.

Before introducing the blow-up results, we mention that the local (in time) existence of solutions is
given by the following proposition.
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Proposition 7.2.1. Letn > 1. Let us consider (ug, u1,us) € H*(R™) x HY(R") x L?(R™) compactly
supported with supp u; C Bpg for any j = 0, 1,2 and for some R > 0. We assume p > 1 such that
p < n/(n—2)whenn > 3. Then, there exists a positive T' and a uniquely determined local (in time)
mild solution

w e C([0,T), H*(R™) nC*([0,T], H' (R™)) N C*([0, T], L*(R™))
to (7.6) satisfying supp u(t, ) C Bry forany t € [0,T].

7.2.1. Blow-up of energy solutions for MGT with power nonlinearity

The aim of [15] is to prove blow-up of local (in time) energy solutions to (7.6) with |u|P in the
sub-Strauss case, that is for 1 < p < pgi;(n), under suitable conditions for the Cauchy data, and to
derive an upper bound estimate for the lifespan. To do this, we introduce first the definition of energy
solutions to (7.6) with |u|P. Here the so-called Strauss exponent pgi:(n) is the critical exponent of
semilinear wave equation with |u|P, where psi,(n) is the positive root of the quadratic equation

(n—1)p*—(n+1)p—-2=0.

Definition 7.2.1. Let (ug, u1,uz) € H?(R™) x H'(R™) x L2(R™). We say that u is an energy solution
to (7.6) with |ulP on [0,T) if

u € C([0,T), H*(R™)) nc*([0,T), H'(R™)) N C*([0,T), L*(R™)) N LY ([0,T) x R™)
satisfy u(0,-) € H?(R™) and the integral identity
B | u(t,x)(t,z)dz —l—/ ut(t, )Y (t, ) de
R” n
— ﬂs/n ug(x)(0,x) do — €/n uy(x)y(0,x) do
+ 5/0 /n (Vut(s,a:) -Vi(s,x) — utt(s,x)wt(s,a:)) dzds (7.7)

+/0 /n (Vu(s,x) -Vp(s,x) — Ut(8,$)¢t(8,x)) dx ds

t
[ [ tuts. oot deds
0 n
holds for any ¢ € C3°([0,T) x R™) and any t € [0,T).
Theorem 7.2.1. Let us consider p > 1 such that

p < 00 if n=1,
p<psu(n) ifn=2.

Let (ug,u1,uz) € H*(R™) x HY(R™) x L?(R") be nonnegative and compactly supported functions
with supports contained in By, for some R > 0 such that ug is not identically zero. Let

u € C([0,T), H*(R™)) nCY([0,T), HY(R™)) N C%([0,T), L2 (R™)) N LP ([0,T) x R™)

loc

be an energy solution on [0, T) to the Cauchy problem (7.6) with |u|P according to Definition 7.2.1
with lifespan T' = T'(¢). Then, there exists a positive constant g = £o(ug, u1, uz, n,p, R, B) such
that for any € € (0, o] the solution u blows up in finite time. Furthermore, the upper bound estimate
for the lifespan

2p(p—1)

T(e) < Ce o)

holds, where the constant C'is an independent of ¢ and

O(p,n) =2+ (n+1)p— (n — 1)p*. (7.8)
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Then, to show the result for the critical case, we define energy solution.
Definition 7.2.2. Let (ug, u1,uz) € H*(R™) x H'(R") x L?(R™). We say that

ueC([0,T), H*(R™)) nc*([0,T), H'(R™)) N C*([0,T), L*(R™))NLY}

loc

([0,T) x R™)

is an energy solution on [0, T) if u fulfills u(0,-) € H*(R™) and the integral relation

/n wg(t, x) P(t, z) de — E/n uy () (0, z) da
i / | / (Vau(s,z) - Vatp(s, @) — u(s, ) s(s, x)) drds

—5/ —s/B ¥(s, x) (ug(x) — Aug(x)) dzds

Rn
ﬂ/ / (7~ 3)/5/ (s, z)|u(r, )P dz dr ds (7.9)

forany 1 € C3°([0,T) x R™) and any t € [0,T).

Theorem 7.2.2. Letn > 2 and p = psy(n). Let us assume that (ug, u1,uz) € H?(R™) x HY(R") x
L?(R™) are nonnegative and compactly supported functions with supports contained in Bg, for some
R > 0 such that ug is not identically zero and us — Aug is nonnegative. Let

ueC(0,T), H*(R™)) nc*([0,T), H'(R™")) N C*([0,T), L*(R™))NL}

loc

([0,T) x R™)

be an energy solution on [0,T') according to Definition 7.2.2 with lifespan T' = T'(¢). Then, there
exists a positive constant €y = £o(ug, u1,n, p, R, B) such that for any € € (0, &¢) the energy solution
u blows up in finite time. Moreover, the upper bound estimate for the lifespan

T(e) < exp <CE*P(;D71))

holds, where the constant C' > 0 is independent of c.

7.2.2. Blow-up of energy solutions for MGT with nonlinearity of derivative
type

The main result of [14] consists of a blow-up result for (7.6) with |u;|” when the power of the nonlinear
term is in the sub-Glassey range (including the case p = pg1a(n)). Here the so-called Glassey exponent
pacla(n) == (n+1)/(n — 1) is the critical exponent of the classical semilinear wave equation with
nonlinearity |u;|? on the right-hand side.

Before stating the main result of this paper, let us introduce a suitable notion of energy solutions to
the Cauchy problem (7.6).

Definition 7.2.3. Let (ug, u1,u2) € H?*(R") x H'(R™) x L?(R™). We say that u is an energy solution
of (7.6) with right-hand side |u|P if

u € C([0,T), H*(R™)) nCY([0,T), HY(R™)) N C%([0,T), L*(R™))
such that uy € L}, ([0,T) x R™)
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satisfies u(0, ) € H?(R™) and the integral relation

g utt(t,x)¢(t,x)dx+/ u(t, x)o(t, z) de

Rn n

- ﬁa/n uz(x)e(0,z) de — 5/ ui(x)e(0,x) dx

n

t
+8 / / (Vue(s,2) - Vo(s, 2) — un(s, 2)de(s, 2)) de ds (7.10)
0 n

"‘/0 /n (Vu(s,z) - Vo(s, x) — ur(s, z)¢e(s, z)) du ds

t
= P
/0 /]Rn ‘Ut(87x)’ ¢(S,[B) dz ds

holds for any ¢ € C§°([0,T) x R™) and any t € (0,T).

Theorem 7.2.3. Let us consider p > 1 such that

{p<oo if n=1,

p < pca(n) if n=>2.

Let (ug,u1,uz) € H*(R") x HY(R"™) x L?(R") be nonnegative and compactly supported functions
with supports contained in Bg, for some R > 0 such that uy or ug is not identically zero.

Let u be the energy solution to the Cauchy problem (7.6) with |u.|P and lifespan T'(€). Then, there
exists a positive constant €y = €o(ug, u1, u2, n, p, R, 8) such that for any € € (0, ¢eg] the solution u
blows up in finite time. Furthermore, the upper bound estimate for the lifespan

T(e) < 15 P i 1< p < panln),
exp (Ce=®=1) if p = paa(n),

holds, where the constant C' > 0 is independent of .

7.3. Semilinear strongly damped wave equations in exterior
domains in 2D

In the recent papers [12, 11] we consider the following initial boundary value problem for two-
dimensional semilinear strongly damped wave equations with mixed nonlinearity in an exterior
domain:

U — Au — Aug = [ulP + |uel?, 2 € Q, t € Ry,

(u, ut)(0, ) = (ug, uy)(z), x € Q, (7.11)

u =0, x €0, teR,,

with p, ¢ > 1, where € is an exterior domain. Our aim in this research project is to understand the
global (in time) existence of small data energy solutions and blow-up of weak solutions. Therefore, let
us divide the discussion into two parts.

7.3.1. Global existence for higher-order energy solutions

Let us assume that Q2 C R? is a smooth exterior domain. For simplicity we assume 0 ¢ ().

The main approach in proving global existence for higher-order energy solutions is the use of
weighted energy method. Let us point out that the study of the exterior problem with |u[? + |u|? is
not simply a generalization of what happens for the exterior problem with |u|P. On the one hand, the
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application of the Gagliardo-Nirenberg inequality with a weighted function (e.g. Lemma 2.3 in [42])
allows us to estimate the nonlinear term |u;|? in a weighted L space by its gradient in L? space and
weighted L? space. Thus, we need to construct a new weighted energy for nonlinear exterior problems.
On the other hand, in order to estimate a new energy in exponentially weighted spaces, we have to
construct the weighted function with a suitable parameter.

Motivated by [42], we introduce the weight function as follows:

1 |z
p(L+t)r " 2(1+t)2tr

Y(t, x) =

with a constant p > pg, where pg > 0 is defined by the positive root of the quadratic equation
2p(2) + 3po — 8 = 0. By direct computations, the next properties are fulfilled:

c
Yi(t,w) <0, AyP(t,x) = (1+2t)2+P and  —1y(t,z) < 1 ftw(t, z),

where the positive constant C), is independent of = and ¢. Furthermore, it holds that

V(t, 2)* = de(t, 2) [V (t,2)|* — [ee(t, )] < 0.
We assume that € > 0 is an auxiliary constant satisfying

4p + 14

— T Le<1,
(24 p)(2p+3)

for all p > pg ~ 1.386. Next, we define the time-dependent function
d(x) := |z|log(B|x])

with a positive constant B such that in?2 |z| >2/B > 0.
xre

Moreover, we introduce a norm for initial data, namely

Tluo,ur]i= Y (lsl3aq) + V512 ) + 1 Auoll3q
j=0,1

+[[d() Auol|72 gy + 1d(-)ur |72y + Twluo, wi],

where
Iy[ug,u1] = /Qew(w (IVur (@) + |Aug(2)* + [ur (2)[* + [Vuo(z)*) dz.
Theorem 7.3.1. Let us assume p,q > 6 + 2pg. Then, there exists a constant €y > 0 such that for any
(uo,u1) € (H*(Q2) N Hy(Q)) x (H*(Q) N Hy(Q))
with J [ug, u1] < €o, there is a uniquely determined higher-order energy solution
u e C([0,50), HA(D) 1€ ([0,50), H' ()

to (7.11). Furthermore, the solution satisfies the following estimates:

lu(t, ey < O fo, ),
[Du(t, ‘)H%2(Q) < C(1+8) ' T [ug, w),

Hew(t,~)pu(t’ .)H;(Q) < C T [uo, i),

where the space-time differential operator is denoted by D := (0y, V,V 0y, A).
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7.3.2. Blow-up of weak solutions in arbitrary dimensions

Let us choose 2 C R™ as an exterior domain whose obstacle @ C R"™ with n > 1 and smooth
compact boundary 9€2. Without loss of generality, we assume that 0 € O CC B(R), where
B(R) :={x € R": |z| < R} denotes a ball with radius R centered at the origin.

Before showing our main results. We should underline the definition of a weak solution.

Proposition 7.3.1. Let T > 0, (ug,u1) € L. () x LL () and the right-hand side of (7.11) belongs

to L*((0,T), Li .(2)). A function w is said to be a weak solution to (7.11) if it satisfies the relation

/ / (t,z)p(t, z) d:cdt—i—/m( (0, x)d:n—/ o(x)Agp(0, x)dx—/ o(x)p:(0,2) dx

/ / Oxgptto:pda:dt—l—/ / (t,z)Apy(t,z) dedt — / / (t,z)Ap(t,x)dzdt

for all compactly supported test function ¢ € C*([0,T] x Q) such that o(T,x) = 0 and o;(T, x) = 0.

To prove blow-up of weak solutions, we apply the test function method with a suitable weight
function, which will be introduced later. Let us give some harmonic functions in each dimension. The
existence of these functions has been introduced in [117].

Lemma 7.3.1. There exists a function ¢g = ¢o(x) € C2(Q)NC(Q) for n > 3 satisfying the boundary
value problem

App(x) =0, z€Q,
do(x) =0, x €099,
do(x) =1, |z| — occ.
Moreover; the function ¢q satisfies 0 < ¢o(z) < 1 for all x € Q, and ¢o(x) > C for all |x| > 1.

Furthermore, for all |z| > 1 we have |V ¢o(z)| < Clx|~".

Lemma 7.3.2. There exists a function ¢g = ¢o(x) € C*(Q) NC(Q) for n = 2 satisfying the boundary
value problem

Ago(z) =0, z€Q,
¢0(x) =0, r € 09,
¢do(z) = 400, |z| = 00 and ¢o(x) increases at the rate of In(|x|).

Moreover, the function ¢q satisfies 0 < ¢o(z) < Cln(|x|) for all x € Q, and ¢o(x) > C for all
(z)] < Cla| "

Lemma 7.3.3. There exists a function ¢o(x) = Cx for x > 0, which solves the boundary value
problem

Agpo(z) =0, x>0,
¢0($) =0, x =0,

do(z) = 400, |z| = 00 and ¢o(x) increases at the rate of linear function x.

Moreover, the function ¢ satisfies that there exist two positive constants Cy and Cy such that, for all
x > 0, we have C1z < ¢p(x) < Caz.

Theorem 7.3.2. Let us assume (uo,u1) € (H}(Q) N LY(Q)) x HY(Q) and pouy € L*(Q) such that

/ ¢o(x)ui(x)dx > 0,
Q
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where ¢q is defined in Lemmas 7.3.1, 7.3.2 and 7.3.3.
The case when n = 1: If one of the following conditions is fulfilled:

<
1<p<2°‘ﬂ and 1< q< '{ foranya < o,
< <55

a+1 and 1<q< 221

1<p and 1<gq< 1"'0‘2“*1.3,

foranya; < a < asg,

where oy = (14++/17) /4 is the positive root of 20> —a—2 = 0, and az = (1++/5)/2 is the positive
root of &> —a—1 = 0, then weak solutions to (7.11) according to Definition 7.3.1 blow up in finite time.

The case when n > 2: If one of the following condition is fulfilled:

1<p<3 or 1<q<1+% forn =2,
1<p< 1+ or 1<q<1+l forn = 3,

then weak solutions to (7.11) defined in Definition 7.3.1 blow up in finite time.

7.4. Semilinear wave equations with a nonlinear memory term

In the recent paper [13], we investigate the blow-up dynamic for local in time energy solutions to the
semilinear wave equation with a nonlinearity of memory type, namely,

uy — Au = fo ) Yu(s,x)Pds, zeR" te(0,T), 7.12)
(u, uy

)(O,CU) _E(u()aul)( )7 IL’GR”,
where p > 1, v € (0, 1), I" denotes the Euler integral of second kind and ¢ is a parameter describing

the size of initial data.
Let us introduce the following quadratic equation:

-1 1
”2 p2—<"; +1—’y>p—1:0, (7.13)

where v € (0,1) and p > 1. For any n > 2 and any v € (0, 1) we denote by p = po(n,y) the positive
root of (7.13), that is,

n+3—2y+/n2+14—4y)n+ (3-27)2 -8
2(n —1) '

po(n,7) ==

For n = 1 we set formally po(1,+) = oo for any v € (0, 1).

If psir(n) denotes the Strauss exponent, that is the critical exponent for the classical semilinear
wave equation with power nonlinearity, whose analytic expression can be derived from the quadratic
equation

n—1 o5 n+1
2 7T
(also in this case, one may formally put ps, (1) = 00), then, we notice that

p—1=0

lim po(n,vy) = psu(n).
y—=1—

Before introducing a result on blow-up of energy solutions, we introduce the notion of energy
solutions to the Cauchy problem (7.12).
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Definition 7.4.1. Let ug € H'(R") and uy € L*(R™). We say that
uec([0,7),H'(R™)nc" ([0,T), L*(R"))

is an energy solution of (7.12) on [0,T), if u fulfills u(0,-) € H'(R") and the integral relation
/ ue(t, ) (t, x) doe — 5/ uy(x)y(0,x) dx
t
[ [ (Vutsin) - Tu(s.0) — s, oo, ) dads (7.14)
0 n
t s
= F(ll—’Y)/o . 1/)(8,:6)/0 (s = 7) u(r,x)|P drdz ds

forany ¢ € C§° ([0,T) x R™) and any t € [0,T).

Theorem 7.4.1. Let us consider p > 1 such that
p < o0 ifn=1,
p<po(n,y) ifn=2.

Let ug € H(R™) and u; € L%*(R™) be nonnegative and compactly supported functions with supports
contained in Br for some R > O such that ug #Z 0. Let

ueC([0,7), H'(R™) nc' ([0,T), L*(R™))
t
such that / (t — ) u(s,z)|Pds € Li.([0,T) x R")
0
be an energy solution on [0, T) to (7.12) according to Definition 7.4.1 with lifespan T = T'(¢). Then,

there exists a positive constant ¢y = £o(ug, u1,n,p, "y, R) such that for any ¢ € (0,e¢| the energy
solution u blows up in finite time. Furthermore, the upper bound estimate for the lifespan

_ 2p(p—1)

T(e) < Ce Tom)

holds, where the positive constant C' is independent of € and
T(p,n,7) =2+ Mn+1+2(1—7)p—(n—1)p (7.15)

Theorem 7.4.2. Letn > 2 and p = po(n,7). Let ug € HY(R") and uy € L*(R™) be nonnegative,
nontrivial and compactly supported functions with supports contained in B for some R > 0. Let

uec(0,T), H'(R")) nc*([0,T), L*(R™))
t
such that / (t — ) u(s,z)|Pds € Li.([0,T) x R")
0
be an energy solution on [0, T) to (7.12) according to Definition 7.4.1 with lifespan T = T'(¢). Then,
there exists a positive constant €9 = £o(ug, u1,n,p, ", R) such that for any ¢ € (0, ] the energy
solution u blows up in finite time. Furthermore, the upper bound estimate for the lifespan

T(e) < exp (Cg_p(p—l))

holds, where C'is an independent of €, positive constant.
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A.Notions-Guide to the reader

A.1. General notation

We use C' and c as arbitrary constants throughout the thesis. It may differ at each occurrence, unless
explicitly stated otherwise.

The natural numbers N = {1,2, ... } do not contain zero, hence, we introduce additionally the set
No := NU {0}. We use R to denote all non-negative real numbers and R" is the set of all vectors
x = (x1,... ,xn)T with z; € R, j = 1,...,n. Furthermore, Re z and Im z are the real part and the
imaginary part of z € C, respectively.

The symbol D is used to denote D = —iV, div = VT = (0,,,...,0:,), and D; = —id},
i = v/—1. We write d;u = uy for a function u = u(t,-) and A := A, denotes the Laplace operator
with respect to x € R™. Moreover, | D|? stands for the pseudo-differential operator with symbol [¢],
and (D)7 stands for the pseudo-differential operator with symbol (£)?. Here (¢) = /[¢|* + 1.

Bracket symbols with special meaning are

() denotes Japanese bracket (-) = /| - |2 + 1,

| -]  denotes the absolute value of a scalar expression, for a vector the Euclidean and for a
matrix the Frobenius norm,

[-]  denotes the smallest integer large than a given number, that is, [z] =
min {m € Z : x < m},

[,-] denotes the commutator for two matrices.

We use the following relations: let f, g be nonnegative functions satisfying f < C1g and f > Cag
for all arguments, where C, Cs are positive constants, then we use the notation f < g and f 2 g,
respectively.

For matrices we use the notations:

Tk denotes the identity matrix of dimensions k X k,
Ok denotes a zero matrix of dimensions k x k,
diag(Aj,..., Ag) denotes a diagonal matrix with the scalars Ay, ..., Ay on the diagonal.

We denote the symbol & between Jordan matrices J;;(A;) as follows:

Jll ()‘1)
le ()‘2)
Jll()‘l)@Jlg(/\Q)@"'@Jln()\n) = 7
where the Jordan matrix is defined by
A1
Ajo 1
Jlj ()‘]) = ..

Ajo 1

Aj

The Landau symbol O will as usual be used for describing an asymptotic upper bound of a function
in terms of author, simpler function, that is, we say f(z) = O(g(x)) as * — z¢ for function
f,9: X CR"™ = C,z¢ € X’ being from the derived set of X, if there exists a § > 0 such that

|f(z)] Sg(z)] for x € X with |z — x| < 0.
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Analogous definitions are employed for || — oo and z — ‘oo if n = 1. Moreover, we will use the
O notation for matrix-valued functions f = f(z) as well and this means that each component is of the
order of g = g(z).

The Fourier transform for functions f € S (R") or feL! (R") is defined as

| e
FUAE) = (2m) % / o f(£)dE.

n

V|3

F(f(@)) = (2m)"

For more general f, such as f € L? (R”), the corresponding natural definitions are employed.
Moreover, we often use F,_,¢(f(t,x)) and Fe_,,(f(t,£)) to denote the partial Fourier transform and
its inverse transform.

A.2. Function spaces
We have collected function spaces frequently used in the thesis together with a short definition:

Lp (]R”) Lebesgue space, p > 1,
W (R™)  Sobolev-Slobodeckij space,

;(R”) Bessel potential space, H, (R") = (D)~ *LP (]R"),

' » (R") Riesz potential space, H » (R”) = |D|75LP (R") cSp (R”),
H*(R™)  special case for p = 2: H*(R™) = H5(R"),
H? (R™)  special case for p = 2: H® (R") = Hs (R"),

c* (]R”) space of k-times continuously differentiable functions,
C>®(R™)  projective limit C* (R™) = N2 ,C* (R™),
) space of C*®° (]R")—functions with compact support,
I"(R")  Gevrey space I'"" = { f(z) € L*(R") : exp(v(§)Y*)F(f)(€) € L*(R™)},
S(R™) Schwartz space of rapidly decreasing functions,
S’ (R”) space of tempered distributions,
S, (R™)  tempered distributions modulo polynomials,

Z (R”) space of Schwartz functions with all moments vanishing,
zZ! (R”) topological dual of Z (R”) which can be canonically identified with the factor space
S'(R™)\P,

M (R”) space of multiplier with parameter p,q € R,
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B.Basic tools

B.1. Interpolation theory

Proposition B.1.1. (Riesz-Thorin Interpolation Theorem) Let 1 < po, p1, 9o, q1 < 00. If T is a linear
continuous operator in the space E(Lpo (R”) — LD (]R")) (Lp1 (]R") — LN (R”) ) then

T € L(LP(R") — L% (R"))
forany 0 € (0,1), where

1 1-6 0 1 1-6 0
= + — and — = + —.
Do Po b1 q9 q0 q1

Moreover, the following norm estimate holds:

||TH£(L7’9(R")~>LQG(R” ||TH£ LP0 (R™)— L90 (R™)) HTH£ LP1(R?)—L91 (R7))"

One can see the proof in Appendix A in [85].

B.2. Some inequalities in fractional Sobolev spaces

Let us introduce Bessel and Riesz potential spaces first.
Lets € Rand 1 < p < oo. Let us introduce J, = (I — A)*/2 = (D)* and I, = (—A)*/? = |DJ?,
respectively. Then,
Hy(R") = {f € S'(R") : | Ts fllo@n) = I rymny < o0},
Hy(R") = {f € Z'(R") : | Luf o) = £l sy ey < 00}

are said to be Bessel and Riesz potential spaces, respectively.

Proposition B.2.1. (Classical Gagliardo-Nirenberg Inequality) Let j,m € N with j < m, and let
[ €Cy(R™). Let B = Bjm € [j/m, 1] withp,q,r € [1,00] satisfying

j=r=(m=)p- -5,

Then, it holds

] — m /3
197 £ || oy S 1F N oy 1P 1l oy

provided that (m —n/r) — j ¢ N. If (m — n/r) — j € N, the Gagliardo-Nirenberg inequality holds
provided that Bj ., € [j/m,1).

The proof of it can be found in [27], Part I, Theorem 9.3.

Proposition B.2.2. (Fractional Gagliardo-Nirenberg Inequality) Let p, po, p1 € (1,00) and k € [0, s)
with s > 0. Then, it holds for all f € LP° (R”) N H;l (R”)

B
19y S 171 ol 1 gy

where f = By s = (pio — % + E)\(pio - = —|— 2) and 3 € [k/s,1].

The proof of this result may be found in [35].
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Proposition B.2.3. (Fractional Leibniz Rule) Let s > 0, 1 < r < oo, 1 < p1,p2,q1,q2 < 00

satisfying
1 1 1 1 1

r b1 P2 - E q2
Then, it holds for f € HSI (R") N L (Rn) and g € ng (Rn) n L% (Rn)

1790 sy S 17 5 19l oy + 1 Len eyl oy
The proof of above inequality can be found in [32].

Proposition B.2.4. (Fractional Chain Rule) Let s > 0, p > [s]|, 1 < r,r1,re < 0o satisfying

1 -1 1
,:p + —.
T T1 ()

Then, it holds for f € Hg,(R™) N L™ (R™)
1 AP s oy + NPl ey S I ey 1 e, ey
We can find the proof in [81].

Proposition B.2.5. (Fractional Powers Rule) Let r € (1,00), p > land s € [0,p). Then, it holds for
f e H:(R™) N L>®(R™)

12 A1 am + 17y 15
Proposition B.2.6. Let 7 € (1,00) and s > 0. Then, it holds for all f,g € HZ(R™) N L= (R")
170 s sy 1 e o 19120 ey + 12wy 19 ey
The above two propositions can be found in [81].
Proposition B.2.7. Let 0 < 2s* < n < 2s. Then, for any function f € H* (R”) N H* (R") one has
1l zee ey < 1 e oy + 1 e ey

The proof of this statement was given in [23].

B.3. Estimates for Fourier multipliers

Proposition B.3.1. Let f be a measurable function. Moreover, we suppose the following relation with
suitable positive constants C, b € (1, 00) and all positive ¢:

meas{¢ € R : |f(&)] = ¢} < C7°
Then, f GM}J,(R") fl<p<2<g<ooandl/p—1/q=1/b.

One can find the proof in [92].
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B.4. Littman type lemma

When we derive L' — L> estimates for solution of a given linear equation, then the following result is
useful. Its proof is based on the method of the stationary phase (see [99, 101]) and can be found for
example in [25].

Proposition B.4.1. (Littman Type Lemma) Let us consider for T > g, here 1o > 0 is a large number,
the oscillating integral

Foba (e f(m).
We assume the amplitude function f € C3°(R™) with support in {n € R™ : |n| € [1/2,2]}. Then, the
following L*>° — L° estimate holds:

1F e () | gy S A+ 3 1D5FO) | o g

lal<s

where s > (n+ 3)/2.
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