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Abstract

In this thesis we study aspects at the interplay of holography, quantum field theory and
quantum simulation with tensor network and related techniques. The discussion is divided
in three parts. In the first introductory part, we describe the necessary background of the
gauge/gravity duality as well as tensor network methods and algorithms for our work.
The second part focuses on simulations of quantum spin chain models to extract properties
of (1+1)-dimensional quantum field theories at zero and finite temperature. We review rele-
vant aspects of quantum chromodynamics and heavy-ion collisions, which primarily motivate
our work. Subsequently we present a new method that combines matrix product operator
simulations with a signal analysis method, allowing us to make ab initio predictions about
the thermal response in nonintegrable interacting quantum field theories. We then extend this
line of research by employing scaling operators originating from an analytic wavelet solution of
the multiscale entanglement renormalization ansatz. Based on this alternative discretization
scheme, we calculate dynamical correlation functions in a coarsegrained system and compare
them to the ones for the bare Ising model. Partially motivated by these considerations, we sub-
sequently discuss the effect of meson melting, which describes the thermally induced breaking
of nonperturbative bound states in a medium. Phenomenological approaches for its under-
standing from the quantum chromodynamics side as well as holographic models are reviewed.
We introduce a new paradigm for the description of meson melting by analyzing entanglement
entropies in a static and dynamical setting for the nonintegrable ferromagnetic phase of the
Ising quantum field theory. We explain observed features at high enough temperatures through
the fact that meson states in the quantum many-body system are melted and argue that the
considered entanglement measures can serve as a witness of that process. In the last project of
this part of the thesis, we explore the capabilities of analog quantum simulations with trapped
ions to detect relativistic meson spectra, and present a method for its experimental realization
on current devices via absorption spectroscopy.
The third part of this thesis deals with complexity as a quantum information quantity, which
quantifies the difficulty of realizing a quantum circuit. We review its computational definition
and recently proposed holographic interpretations of it. We then give an overview of two
approaches, circuit complexity and path integral optimization, to understand complexity for
quantum field theories. We unify these two concepts by showing that path integral complexity
arises as an approximation to a particular choice in the circuit approach to complexity. We
discuss this result in the context of quantum gravity through discrete tensor network inter-
pretations of the gauge/gravity duality based on the multiscale entanglement renormalization
ansatz.



Zusammenfassung

In dieser Dissertation studieren wir Themen an der Schnittstelle von Holographie, Quan-
tenfeldtheorien und Quantensimulationen mittels Tensornetzwerken und verwandten Metho-
den. Die Diskussion ist in drei Teile aufgeteilt. Im ersten Einleitungsteil beschreiben wir den
notwendigen Hintergrund zur sogenannten Eich/Gravitations Dualität sowie Tensornetzwerk-
Methoden und Algorithmen, welche relevant für unsere Arbeit sind.
Im zweiten Teil fokussieren wir uns auf Simulationen von Quantenspinketten-Modellen, um
Eigenschaften von (1+1)-dimensionalen Quantenfeldtheorien bei verschwindender und end-
licher Temperatur zu extrahieren. Dazu geben wir zunächst einen Überblick über relevante As-
pekte der Quantenchromodynamik sowie Schwerionenkollisionen, welche unsere Arbeit haupt-
sächlich motivieren. Anschließend stellen wir eine neue Methode vor, welche Simulationen
mittels Matrixprodukt-Operatoren mit einer Signalanalyse-Methode verbindet. Dies erlaubt
uns ab-initio Vorhersagen über die thermische Reaktion in nicht-integrablen wechselwirk-
enden Quantenfeldtheorien zu treffen. Anschließend erweitern wir diese Forschungsrichtung
durch den Einsatz von Skalierungsoperatoren, welche aus einer analytischen Wellen-Lösung des
Multiskalen-Verschränkungs-Renormierungsansatzes stammen. Auf der Grundlage dieses al-
ternativen Diskretisierungsschemas berechnen wir dynamische Korrelationsfunktionen in einem
großskaligen System und vergleichen diese mit denen für das ursprüngliche Ising Modell. In
einem verwandten Projekt diskutieren wir im Anschluss den Effekt des Mesonenschmelzens,
welcher das thermisch induzierte Auflösen von nichtperturbativ gebundenen Zuständen in
einem Medium beschreibt. Wir geben dafür zunächst einen Überblick über phänomenologis-
che Ansätze zum bisherigen Verständnis dieses Prozesses von Seite der Quantenchromody-
namik als auch durch holographische Modelle. Wir führen ein neues Paradigma zur Beschrei-
bung dieses Prozesses ein, indem wir Verschränkungsentropien sowohl in einem statischen als
auch dynamischen Setting für die nicht-integrable ferromagnetische Phase der Ising Quan-
tenfeldtheorie analysieren. Wir erklären beobachtete Eigenschaften bei hohen Temperaturen
durch die Tatsache, dass Mesonen-Zustände im Quanten-Vielkörpersystem geschmolzen sind
und argumentieren, dass die betrachteten Verschränkungsmaße zur Charakterisierung dieses
Prozesses dienen können. Im letzten Projekt dieses Teils der Dissertation erforschen wir die
Möglichkeiten analoger Quantensimulationen mittels gefangenen Ionen relativistische Meson-
spektren nachzuweisen und präsentieren eine Methode zur experimentellen Realisierung mittels
Absorptionsspektroskopie für bereits existierender Hardware.
Im dritten Teil dieser Dissertation behandeln wir Komplexität als eine quanteninformation-
stheoretische Größe, welche die Schwierigkeit der Realisierung eines Quanten-Schaltkreises
quantifiziert. Wir geben einen Überblick über die rechnerische Definition und vorgeschlagene
holographische Interpretationen davon. Anschließend geben wir einen Überblick über zwei
Ansätze, Schaltkreiskomplexität und Pfadintegraloptimierung, welche vorgeschlagen wurden,
um die Komplexität von Quantenfeldtheorien zu definieren. Wir vereinheitlichen diese beiden
Konzepte, indem wir zeigen, dass die Pfadintegralkomplexität eine Approximation für eine bes-
timmte Wahl im Schaltkreisansatz zur Komplexität darstellt. Wir ordnen unser Ergebnis im
Zusammenhang mit Quantengravitation durch diskrete Tensornetzwerk-Interpretationen der
Eich/Gravitations Dualität basierend auf dem Multiskalen-Verschränkungs-Renormierungs-
ansatzes ein.
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Introduction
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1 Motivation and overview

In modern theoretical physics, one major quest is to understand fundamental matter under ex-

treme conditions. Such circumstances existed for example at the beginning of our universe, and

today in the interior of black holes (BHs) � one of the most fascinating objects in our cosmos,

which were predicted by Einstein a century ago, but only recently have been directly experi-

mentally observed via gravitational wave measurements [7] or the event horizon telescope [8].

The understanding of such systems necessarily involves the description of many interacting

quantum bodies, which appear not only in particle but also condensed matter physics. In this

research �eld, it is one of the most interesting developments of the past decade, that ideas from

quantum �eld theory (QFT), quantum information science and quantum gravity are becoming

increasingly important as a joint e�ort. This research trend is most visible in the �eld of tensor

network (TN) studies.

TNs � a formalism originating from quantum information concepts � are representations of

quantum states, which can be visualized graphically through a network of connected tensors.

They capture the relevant entanglement properties of a quantum system and are the basis for

very e�cient algorithms to simulate the dynamics of many-body systems. This is achieved by

exploiting properties that circumvent the normal exponential increase of (classical) computa-

tional resources with the number of microscopic constituents. While we provide the necessary

background of our work in the following chapters, general introductions and reviews into this

interdisciplinary �eld can be found in [9�17].

TNs are useful not only in their original context of condensed matter physics, but also to study

QFTs. The latter are the building blocks of the standard model in particle physics, which de-

scribes the fundamental interactions in nature, and have been tested with an amazing precision

up to very high energies. In more detail, the electroweak theory describes microscopic particle

interactions, whereas Quantum Chromodynamics (QCD) is the theory of strong interactions,

whose properties and understanding is an important motivation for the topics in this thesis.

QCD has quarks and gluons as fundamental degrees of freedom, which carry both an electric

and color charge, and appear in nature only as color-neutral hadronic matter states due to

color con�nement. One relevant type of hadrons are are mesons, which consist of a quark-

antiquark pair that form a non-perturbative bound state. At high energies, the QCD coupling

strength between particles is decreasing, causing a transition from the con�ned hadronic phase

3



4 1 Motivation and overview

to the decon�ned quark-gluon plasma (QGP). The QGP at high temperatures or densities is

one such extreme matter state as mentioned in the beginning. It existed in the early universe

after the big bang when nucleons were formed during the cooling process, and nowadays is

expected to be in the interior of neutron stars. Experimentally, the QGP can be created in

heavy-ion collisions (HICs) or, more generally, nuclear collisions, at particle accelerators like

the Relativistic Heavy Ion Collider in Brookhaven or the Large Hadron Collider at the Euro-

pean Organization for Nuclear Research. At these facilities, it was measured that the QGP is

the most perfect [18�21] and also the fastest-rotating �uid [22] ever observed in the universe.

The theoretical understanding of HICs as dynamical QFT processes is of upmost importance

in modern physics. In this context, TNs allow a study of QFTs in Hamiltonian formulation,

and, in contrast to state-of-the-art Monte Carlo based methods, provide the advantage of being

free of the famous sign-problem, which prohibits calculations a �nite density or in real-time

formalism. TN methods therefore have the potential to address physical situations relevant to

the description of HICs.

On the other side, holography, also known as gauge/gravity duality, describes a relation be-

tween QFTs and gravitational theories. In particular, based on the holographic principle

developed by 't Hooft and Susskind [23,24] it was conjectured that a QFT inD dimensions

could be related to a gravitational theory inD + 1 dimensions. It found a concrete realization

in the anti-de Sitter/conformal �eld theory (AdS/CFT) correspondence [25�27], which links a

speci�c superstring theory to a supersymmetric gauge theory. Thisduality exhibited a signi�-

cant in�uence on theoretical physics as a whole, becoming one of the most important tools to

study strongly coupled systems, and a new quantitative perspective to understand quantum

gravity (see e.g. [28�30] for a broad overview of the theoretical background and applications).

Holographic methods have been successfully used to describe HICs and lots of other phenom-

ena in particle and condensed matter physics.2 The main reason for its applicability is the

fact, that a strongly coupled QFT is translated into a weakly coupled classical gravitational

theory, which is computationally more tractable.

TNs provide several conjectured frameworks for discrete interpretations of this duality, giving

insight into the quantum nature of gravity and the emergence of spacetime. As reviewed ex-

tensively in [34], this development is mostly driven by the exploration of quantum information

measures, which have a dual holographic interpretation. Most prominently, the breakthrough

result of Ryu and Takayanagi [35,36] identi�es the entanglement entropy in a CFT with the

minimal surface in the bulk of AdS spacetime for a chosen entangling area. Another infor-

2For example, the complicate dynamics of systems out-of-equilibrium and questions related to the time
dependence of their hydrodynamization and isotropization were analyzed in models of HICs. Furthermore,
the celebrated holographic result for the shear viscosity to entropy density ratio [31],�=s = 1=4� , is in good
agreement with experimental results [18�21]. In a solid-state context, holographic models were developed to
describe e.g. superconductors. Comprehensive overviews are given in [32,33] (for QCD related topics) and
[28,29] (for all �elds).
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mation quantity, which has received an enormous amount of attention in the last years, is

complexity [37]. The general idea behind complexity is to quantify how di�cult it is to reach

a certain quantum state starting from another one. From a holographic perspective, it has

been conjectured to be dual to gravitational volumes and actions [38,39]. Complementary to

entanglement entropy, its precise de�nition on the QFT side of the duality is, however, less

understood.

The main theme of this thesis is to use TN and related techniques to study important aspects

at the interplay of QFT and holography. Some inspiring and motivating questions in this line

of research are:

ˆ How can we use TN algorithms in combination with (other) numerical tools to model

and understand equilibration processes similar to collisions of atomic nuclei at particle

accelerators?

ˆ What role does complexity as a quantum information measure play in the connection of

TNs, QFT and holography?

Regarding the �rst question, one major motivation is the understanding of microscopic mech-

anisms which govern the equilibration of the QGP phase from an initial far-from-equilibrium

state in HICs. TN approaches open the novel possibility to access this phenomenon in the most

di�cult regime of intermediate coupling, where strongly-coupled and weakly-coupled methods

are naturally not applicable and do not provide a description. As a limitation, we constrain

our studies in this thesis to (relativistic) QFTs which arise as infra-red (IR) descriptions of

(1+1)-dimensional quantum spin systems near a critical point. The available algorithms are

most advanced in this scenario and allow us to study phenomena which are important across

dimensions. In particular, as part of this thesis, a new method is presented that combines TN

simulations and signal analysis methods to compute and analyze retarded thermal two-point

functions. This allows us to extract their analytic structure and to make fully ab initio predic-

tions for speci�c non-integrable interacting QFTs at �nite temperature. As it will be outlined

in this thesis, such analyses are directly motivated by similar holographic studies, which allow

to compute transport coe�cients or to identify time scales at which the hydrodynamic regime

in models of the QGP and HICs applies. From a broader perspective, these analyses can be

embedded into a research trend of studying soluble models of phenomena relevant to our actual

physical world.

Beyond QFTs emerging as e�ective descriptions of discrete spin models, TNs allow also a

direct implementation of (lattice) gauge theories (LGTs). Such explorations are already very

advanced in (1+1) and (2+1) dimensions, as comprehensively reviewed in [40]. Most recently,

there has been even a �rst study of Quantum Electrodynamics in (3+1) dimensions [41].

Moreover, speci�c TN algorithms allow to describe physical systems directly either in the
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thermodynamic or continuum limit. Eventually, one ultimate goal of this entire research

direction is the study of full QCD in (3+1) dimensions, which is one of the grand challenges of

modern theoretical physics. An important step in this direction are nonperturbative studies

which access regimes that are di�cult to treat using existing approaches.

The simulation of quantum systems with TN methods that are not directly de�ned in the con-

tinuum implicitly assume a discrete lattice structure as an underlying geometry. For the previ-

ously described study of correlation functions we usematrix product states(MPS) and matrix

product operator (MPO) techniques on a line to derive QFT information. Themultiscale en-

tanglement renormalization ansatz(MERA) [42] is another type of TN ansatz, which combines

a renormalization group (RG) �ow with entanglement properties. It has a two-dimensional

circuit geometry and is particularly well suited to capture CFT information. Based on an ana-

lytic wavelet solution [43] for the MERA, we ask the question whether this TN type provides a

more faithful encoding of QFT information, which we similarly test in the context of retarded

correlation functions and their analytic structure. This e�ort is related to the more general

quest to �nd suitable discretizations of QFTs, a topic which is not only relevant in the context

of TNs and LGTs, but also for quantum simulations (QS) as we will motivate below.

As an extension of this line of research, we then study the phenomenon of meson melting

through TN simulations. Mesons, which we already introduced as bound states in QCD, are

expected to break apart into their fundamental constituents when the temperature of the

environment is heavily increased. The understanding of this process is particularly important

for HICs and the QGP in the early universe, where e�ectively the inverse transition took place.

Mesons appear also in the spectrum of spin chain Hamiltonians in speci�c parameter regimes.

Near a quantum critical point, they correspond in the IR limit to bound states of an underlying

relativistic QFT. Using TN methods, we study this regime both statically (as properties of a

thermal state) and dynamically (through a quantum quench protocol) in di�erent temperature

regimes. While phenomenological QCD approaches as well as holographic models typically

focus on spectral correlation functions to describe the melting of mesons, we, for the �rst

time, describe this process from properties of entanglement measures, i.e. entropies, which

are easily accessible in TN simulations. This analysis provides new insights into the meson

melting process in a class of simpli�ed models in lower-dimensional systems. In that vein, we

see our investigation as a �rst step to address entanglement quantities as characteristics of

meson melting also in more complicate (gauge) theories, leading eventually to QCD, for which

currently no detailed microscopic understanding is known.

TN methods can be seen as an e�ort intimately related to the larger �eld of QS with the

prospect to understand fundamental physics. Exactly 40 years ago, Richard Feynman envi-

sioned in his seminal keynote address the use of universal quantum computers to simulate

physical systems [44]. Due to the unprecedented improvement of experimental capabilities

in the last decade, current technologies already allow the simulation of systems with a small
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number of qubits. One of these technologies is based on trapped ions, which can perform either

digital QS (i.e. the implementation of universal quantum circuits) or analog simulations (i.e.

the implementation of speci�c spin chain Hamiltonians). For the latter case, we develop in

this thesis a spectroscopical method to measure a relativistic meson spectrum on such an ion

trap quantum simulator. Based on numerical modelling on classical computers, we estimate

the capabilities of small current devices to extract properties of QFT mesons, which, as previ-

ously described, appear in the scaling limit of spin chain models near its critical point. Due to

the enormous theoretical and experimental e�orts of the community to develop methods that

allow more complicate gauge theory simulations with quantum devices, this project opens the

avenue of using ion traps to study fundamental meson physics. With that, we express the

hope that in the future QS can answer some of the fundamental questions that motivated the

previous projects in this thesis.

In the context of the second main question formulated above, the pioneering contributions [45,

46] used a geometric quantum circuit approach and an associated gate counting procedure to

de�ne and analyze complexity for certain QFTs. While this procedure is motivated by quan-

tum information theory concepts, an independent program evolved, known as path integral

optimization, which is originating from TN ideas. The latter de�nition of complexity is based

on an optimization of a discretized Euclidean path integral that prepares an operator or state.

As part of this thesis, it is shown how the latter path integral optimization program can be

understood as a particular choice in the language of circuit complexity. We will show how this

uni�cation opened the avenue towards a better understanding of complexity for QFTs and

in holography. Since complexity has been discussed as a probe for the BH interior and the

emergence of dynamical spacetimes from microscopic quantum mechanical degrees of freedom,

these explorations can serve as a starting point for a better understanding of quantum gravity,

i.e. the attempt to describe QFTs and gravitational theories within one uni�ed framework.

This thesis is organized in three parts. In this �rst part, we introduce the necessary background

knowledge about holography and the gauge/gravity duality (chapter 2) as well as TN methods

and concepts (chapter 3). Since our simulation-based research work is using the latter as

computational tools, we keep the holography introduction rather compact. In sections of

both of these chapters, which describe well established textbook knowledge, we follow in our

discussion the cited reviews or lecture notes and refrain from citing all original publications.

Part II contains all discussions related to the TN simulation and QS of QFT properties. In

particular, chapter 4 is based on the project [1] in which we develop methods to extract thermal

�eld theory properties from real-time TN simulations and apply them to non-trivial QFT

regimes. We also describe necessary elements of QCD and holography, which motivate this

line of research. In chapter 5 we extend these analyses based on entanglement renormalization

approaches [3] and in chapter 6 we present our studies in the context of meson melting [4].
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The explorations of using ion trap QS for meson physics [2] are discussed in chapter 7. In

part III we discuss complexity in the context of TNs. At �rst, chapter 8 motivates holographic

complexity proposals, while chapter 9 gives an overview of the di�erent QFT interpretations.

In chapter 10 the project [5] is discussed, in which the two QFT approaches for complexity are

uni�ed. We provide an overall summary and discussion in chapter 11. Appendix A contains

a demonstration of a Prony signal analysis in a non-trivial holographic setup. We list for the

reader's convenience all our acronyms in appendix B. Throughout this thesis we standardly

assume natural units~ = c = kB � 1.



2 The gauge/gravity duality

The gauge/gravity duality identi�es a gravitational theory in D + 1 dimensions with aD-

dimensional QFT. Already 't Hoofts early work [47] on planar diagrams provided the starting

point for this theoretical idea by identifying the large-N limit of a gauge theory with a dual

string. The holographic principle of 't Hooft and Susskind [23,24] then stated that the quantum

(gravitational) information within a spacetime volume can be fully encoded on its boundary,

generalizing the BH entropy formula of Bekenstein [48], in which gravitational entropy is

proportional to the horizon's area (rather than volume, which at least in some cases has been

conjecture to be related to complexity). It was Maldacenas original AdS/CFT proposal [25],

which gave this idea a concrete realization. Two other foundational papers [26,27] provided a

dictionary allowing to translate between the gravity and QFT side by identifying their partition

functions (cf. the operator/�eld map below) and an interpretation of thermal QFT e�ects via

BH thermodynamics. Countless studies explored and used this correspondence in all areas

of physics, both from a conceptual standpoint to understand quantum gravity as well as for

fundamental problems, e.g., in particle or condensed matter physics, which are experimentally

falsi�able. As already alluded in the previous chapter, many of these applications trace back to

the fact that a strongly coupled QFT problem is translated into a weakly coupled gravitational

problem, which often is more tractable. As we will explain below, the QFT is de�ned (or �lives�)

on the boundary of the higher-dimensional gravitational spacetime, giving rise to the term

holographic duality, which is inspired by the optical phenomenon. Although the AdS/CFT

correspondence in its original formulation (cf. section 2.4) relates very speci�c theories, many

top-down and bottom-up phenomenological approaches have been developed and adjusted to

physical problems (like heavy-ion collisions, the quark-gluon plasma, superconductivity and

many more) by taking results from other physical methods into account. They are included in

the term gauge/gravity duality as the more general holographic framework. Such holographic

QFTs have a large number of degrees of freedom and strong interactions among them. It can

then be an illuminating strategy to analyze how interesting physical e�ects generalize when

lowering the number of degrees of freedom or changing the interaction strength etc. In this

vein, we can motivate our explorations about real-time thermal �eld theory e�ects in chapter 4.

Many of these foundations, developments and applications are discussed in the text-

books [28�30,49,50]. Following mostly [28] and [30], we intend to give a very compact overview,

similar to the presentation style in [51], of the most important aspects of the gauge/gravity du-

9
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ality in this chapter. Detailed aspects of holographic descriptions, which are directly relevant

to our research based on TN methods, are discussed in the individual chapters.

2.1 Anti-de Sitter spacetimes

The AdS spacetime is a maximally symmetric solution to the Einstein�Hilbert action

SEH =
1

16�G (D +1)
N

Z
dD +1 x

p
� g(R � 2�) (2.1)

for negative cosmological constant� = � D (D � 1)
2L 2 < 0 with AdS radius L. 3 It can be de�ned in

(D +1) dimensions by a hyperboloid embedded into(D +2) -dimensional Minkowski spacetime

as

� X 2
0 +

DX

i =1

X 2
i � X 2

D +1 = � L2; ds2 = � dX 2
0 +

DX

i =1

dX 2
i � dX 2

D +1 (2.2)

with coordinates(X 0; : : : ; X D +1 ) 2 RD; 2. 4 An important property for the identi�cation within

the AdS/CFT correspondence is the invariance under theSO(D; 2) symmetry group. The

compacti�ed D-dimensional Minkowski spacetime can be identi�ed as the conformal boundary

of this spacetime. In Poincaré patch coordinates, the line element takes the form

ds2 =
L2

r 2
dr 2 +

r 2

L2

�
� dt2 + d ~x2

�
=

L2

z2

�
� dt2 + d ~x2 + d z2

�
; (2.3)

where t 2 R, ~x = ( x1; : : : ; xd� 1) 2 RD � 1. The coordinates0 � r � 1 or 0 � z � L 2

r � 1

allow holographic interpretations for the conformal boundary atr ! 1 or z = 0.

Within the holographic correspondence, empty AdS spacetimes represent the trivial time de-

velopment of the vacuum state in a dual CFT. More general solutions of the gravitational �eld

equations in asymptotic AdS spacetimes can be thought of as the time development of other

states. For example, thermal decon�ned states correspond to BHs, which are encoded as a

zero of a blackness functionf (z) at the event horizon. Their thermodynamic properties can

be associated to the QFT side of the gauge/gravity duality as outlined in section 2.5 below.

Most prominently, the Schwarzschild AdS BH solution reads

ds2 =
L2

z2

�
� f (z) dt2 + d ~x2 +

dz2

f (z)

�
; (2.4)

whereby f (z) = 1 � (z=zh)4 admits a simple zero at the horizonz = zh. More generally, any

solution of the form ds2 = e2A(z) (� f (z) dt2 + d ~x2 + d z2=f (z)), for which the scaling factor

3Maximally symmetric means that AdS solutions possess the maximum number of Killing vectors for constant
curvature R = � D (D +1)

L 2 = const < 0. Here, G(D +1)
N is the (D + 1) -dimensional Newton constant.

4Similarly, de Sitter (dS) spacetimes are given by� X 2
0 +

P D
i =1 X 2

i + X 2
D +1 = L 2 as sphere-like embeddings.
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satis�es A(z ! 0) ! � ln(z=L) and f (z ! 0) = 1 � O (z4), represents an asymptotic AdS BH

metric.

2.2 Foundations of conformal �eld theories

Conformal �eld theories (CFTs) play an important role in this thesis: They appear as e�ective

descriptions of lattice models in (1+1) dimensions, which can be studied with TN methods.

Relevant deformations of them can give rise to more involved theories with interesting phys-

ical features. Moreover, our holographic complexity studies are in the realm of 2D CFTs as

the most controllable case. In higher dimensions, CFTs are relevant for the deduction of the

AdS/CFT correspondence presented in this chapter. By de�nition, they are QFTs invariant

under conformal transformations. They are one way to bypass the Coleman�Mandula theo-

rem [52], which states that extensions of the Poincaré algebra would make the S-matrix vanish

and are therefore forbidden. The second way is by introducing graded Lie algebras, which

leads to the supersymmetry (SUSY) algebra. Both symmetries are obeyed byN = 4 super

Yang�Mills (SYM) theory, which appears on the gauge theory side of the holographic dual-

ity. We describe in this section the most basic elements of CFTs based on [28,29,53]. For a

comprehensive discussion of CFTs we refer to [54].

We start by considering regularization and renormalization methods to cancel divergences in

QFTs, which introduce an energy scale� , whose dependence on the coupling constantg of the

theory is described by the� function

� (g) = �
dg
d�

: (2.5)

While classical theories can be globally scale invariant, anomalies can break this property

on the quantum level. Quantum mechanically scale invariant theories therefore require a

vanishing � function. This can be realized as� = 0 for all values ofg (as in N = 4 SYM) or

for a nontrivial interacting �xed point � (g0) = 0 (as in the critical point of a quantum phase

transition). All known examples of such theories are additionally also conformally invariant,

which is a local generalization. Conformal coordinate transformations locally preserve angles

and the causal structure. In terms of a positive conformal factor
( x)2, the metric components

and line element satisfy

g�� (x) 7! 
( x)� 2g�� (x) , ds02 = 
( x)� 2 ds2; (2.6)

which implies

(g�� @� @� + ( D � 2) @� @� ) @� � � = 0 (2.7)

for in�nitesimal conformal transformation x � 7! x � + � � (x).
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Due to the factor(D � 2), there is an important di�erentiation between CFTs in two dimensions

and higher. We consider at �rst the conformal algebra inD = 2. The condition (2.7) then

reads@0� 1 = � @1� 0 and @0� 0 = @1� 1 for the two components, being identical to the Cauchy-

Riemann di�erential equations in functional analysis. Introducing complex coordinates as

z � x0 + ix 1 and �z � x0 � ix 1, conformal transformations in two dimensions are thus realized

by holomorphic and anti-holomorphic functions asz 7! f (z), �z 7! �f (�z). They form an in�nite

dimensional Virasoro algebra, generated by the modes of the energy-momentum tensor, which

are given as Laurent coe�cients

Tzz(z) =
X

n2 Z

Ln

zn+2
; Ln =

1
2�i

I
dzzn+1 Tzz(z): (2.8)

Their commutation relation takes in the quantum theory the form

[Lm ; Ln ] = ( m � n)Lm+ n +
c

12
m(m2 � 1)� m+ n;0; (2.9)

wherec is called central charge and speci�es the conformal anomaly (or central extension) in

the second term.5 The conformal dimension(h; �h) characterizes how �elds in a CFT transform

under conformal transformations. Aprimary �eld (or tensor operator) � satis�es

� (z; �z) 7! � 0(z; �z) =
�

@f
@z

� h �
@�f
@�z

� �h

� (f (z); �f (�z)) ; (2.10)

leaving the di�erential � (z; �z)(dz)h(d�z) �h invariant. Under rescalingsz 7! �z , �z 7! � �z, this

implies � 7! � � � � , where we de�ned the scaling dimension� � � h + �h. 6 A so-calledhighest-

weight statejhi satis�es L0 jhi = h jhi and Ln jhi = 0 for n > 0. It is related to a primary

�eld � by the the operator-state correspondenceas jhi = lim z! 0 � (z) j0i , wherej0i is denoting

the vacuum. A representation of the Virasoro algebra is then constructed by the method of

induced representation, in whichdescendant statesof the form (L � n1 L � n2 � � � L � nk ) jhi follow

from the action of modesL � n on the highest-weight state asL0L � n jhi = ( h + n)L � n jhi .

In higher dimensions,D > 2, the general solution of eq. (2.7) reads

� � (x) = a� + ! �
� x � + �x � + b� x2 � 2(b� x)x � ; (2.11)

where a� parameterizes translations (generated by the momentum operatorP� ), ! �
� corre-

sponds to Lorentz transformations (generated byJ�� ), � to dilatations (generated byD), and

b� to special conformal transformations (generated byK � ). In contrast to the two-dimensional

case, they form a �nite-dimensional Lie algebra with symmetry groupSO(D; 2). As before,

5Note that only the generators f L � 1; L 0; L 1g de�ne a closing, �nite-dimensional subalgebra representing
global conformal transformations.

6The di�erence h � �h is interpreted as the spin of the �eld, specifying its behavior under rotations.
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group representations are constructed inductively, but now from eigenfunctions of the scaling

operator D with eigenvalue� i � � , which is the analogon ofL0. 7 The role of any otherLn and

L � n is taken by K � (annihilation operator) and P� (creation operator), which act on �elds

as D(X � � ) = � i (� � � 1)(X � � ) for X � � P� ; K � . Descendants follow from their successive

application on the primary operator/state of lowest dimension, de�ned byK � � 0 = 0.

Conformal symmetry severely restricts the form of correlation functions and entanglement

entropies in CFTs. We discuss these aspects in the relevant sections of the next chapter 3. A

way of obtaining nontrivial QFTs is to deform CFTs by relevant operators with� < D , which

a�ects the physics at large distances. This property enables us in part II to study interesting

physical e�ects.

The �nal remarks in this section are devoted toN = 4 SYM theory as a realization of the

superconformal group inD = 4. SUSY extends the Poincaré algebra by new �eld contents in

a graded Lie algebra representation.N = 4 SYM theory possesses the maximum number of

16 superchargesQa; �Qa (without gravity), which follow from Noether's theorem as conserved

quantities and act as operators transforming fermion �elds into bosonic ones and vice versa.8

The de�ning action of this maximally supersymmetric and non-Abelian gauge theory can be

derived from theN = 1 superspace formalism or by dimensional reduction from 10-dimensional

N = 1 SYM theory. 9 It has the following �eld content: A vector gauge �eld A � (x) with gauge

group SU(Nc), four Weyl fermions� a
� (x) (a = 1; : : : ; 4) and six real scalars� i (x) ( i = 1; : : : ; 6).

The coupling is parametrized by the Yang�Mills constantgYM with dimension [gYM ] = 0,

making this massless theory classically scale invariant. Due to a vanishing� function in all

perturbative orders, this holds also for the quantum theory, which can be shown to be invariant

under the more general superconformal group.

2.3 Elements of string theories

We motivate the most basic elements of string theory in this section to provide the necessary

background of the AdS/CFT derivation in the next section. While our discussion is based

on [29], we refer to [53,56,57] as comprehensive textbooks on this topic.

In an attempt to formulate a fundamental theory of quantum gravity, string theory generalizes

QFT from relativistic point particles to strings as extended one-dimensional lines or loops with

an associated tension, i.e. energy per unit length. By the variational principle, their action

needs to minimize the area of the string worldsheet, which is the surface swept out by moving

strings. Denoting the string position coordinates asX � (�; � ), this leads to the Nambu-Goto

7The scaling dimension� � is de�ned as previously as the exponent under �eld rescalings, i.e. forx 7! �x one
has � (x) 7! � � � � (�x ).

8The index a = 1 ; : : : ; N enumerates the number of independent supersymmetries.
9We refer to, e.g., [28,29,55] for its explicit form and omit the details here, since they are not relevant for the
understanding of the gauge/gravity derivation in this chapter nor the actual research part in this thesis.
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action SNG = � T
R

d� d�
p

det(hab) with T � (2�� 0)� 1 as the string tension, containing the

string length ls via � 0 � l2
s , and hab = @aX � @bX � g�� (X ) as the induced spacetime metric. This

action can be transformed into the more fundamental Polyakov action of the form

SP = �
T
2

Z
d� d�

p
� 

 abhab; (2.12)

where
 ab is an independent worldsheet metric. Open strings with Neumann (free endpoints)

or Dirichlet (�xed endpoints) boundary conditions as well as closed strings appear as solutions

of the resulting equation of motion. After canonical quantization of the bosonic string, it turns

out that the vacuum consists of unstable tachyons of negative mass. Massless excitations are

consistent only in the critical spacetime dimensionD = 26. The unstable tachyons can be

projected out if the Polyakov action is extended to the supersymmetric form

SP,SUSY = �
T
2

Z
d� d�

p
� 

 ab

�
@aX � @bX � + i �	 � 
 a@b

�	 �
�

g�� (X ); (2.13)

where 	 � are fermionic spinors on the worldsheet and
 a Dirac matrices. The quantized su-

persymmetric string is consistent in the critical dimensionD = 10, which can be reduced to

D = 4 in our real world by the dimensional reduction procedure of Kaluza�Klein. Depending

on the boundary conditions for the individual left- and right moving modes, closed superstring

solutions of (2.13) can be projected out in four consistent ways, giving rise to distinct super-

string theories, which are related to each other by a set of dualities. It is conjectured that they

arise from a more fundamental M-theory in 11 dimensions. One of these superstring theories is

denoted as type IIB, which reduces in the low-energy limit (� 0 ! 0) to a supergravity solution,

representing a SUSY extension of general relativity.

Amplitudes of scattering processes in type IIB superstring theory (or any other) can be cal-

culated by generalizing Feynman diagrams to a sum over two-dimensional topologies. The

interaction strength is parametrized by the coupling constantgs, which, in fact, can be shown

to be given in terms of the asymptotic vacuum expectation value of a scalar �eld in the

spectrum.

We �nally introduce p-branes and Dp-branes as important objects in superstring theories.

Black p-branes are BH solutions inp spatial dimensions, which can carry a chargeQp under

an antisymmetric tensor �eld A � 1 ��� � p+1 . They appear as supergravity solutions and are called

extremal if their tension Tp saturates the boundTp � const � Qp. Dp-branes are dynamical,

nonperturbative hyperplanes in(p + 1) dimensions, on which open strings (i.e. with Dirichlet

boundary conditions) end. They contain nontrivial gauge �elds and other degrees of freedom

by deformations through the open strings.
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2.4 The AdS/CFT correspondence

Symmetry properties are one of the most important considerations for physical theories (in

the standard model and beyond). From section 2.1 and 2.2, it becomes apparent that aD-

dimensional CFT and AdS spacetime in(D + 1) dimensions share the same symmetry group,

providing a necessary condition to identify very di�erent theories on both sides of the duality

with each other. We describe in this section very brie�y the original AdS/CFT correspondence,

which was found by Maldacena in [25].

Making use of the result that extremalp-branes and Dp-branes are two ways of viewing the

same physics [58], the AdS/CFT proposal originates from two di�erent perspectives on these

branes, which we explain using Fig. 2.1. We consider type IIB superstring theory in 10 di-

mensions with coordinatesx0; x1; : : : ; x9 and a stack ofNc D3-branes along the spacetime

directions x0; : : : ; x3 transversal tox4; : : : ; x9.

The open string viewpoint, visualized in the left panel, is considered in the perturbative

regime of small string couplinggs � 1. For small energiesE � � 0� 1=2 = l � 1
s , only the

massless part of the string spectrum contributes, which contains a gauge �eldA � (x), six scalar

�elds � i (x) and their superpartners. The e�ective action of a D3-brane can be written as

S = Sopen + Sclosed + Sint , referring to closed and open string modes and their interactions. If

additionally also the limit � 0 ! 0 is considered, open and closed string decouple, i.e.Sint = 0,

and Sclosed reduces to the supergravity action in Minkowski spacetime. The relevant action

Sopen reduces toN = 4 SYM theory with gauge groupSU(Nc).

In the closed string viewpoint (cf. right panel), one considers the opposite regime of strong

coupling, gsNc ! 1 . Dp-branes are therefore treated as massive gravitating objects. One can

show that the supergravity solution for D3-branes reduces in the near-horizon region of the

BH to the metric ds2 = r 2

L 2 (� dt2 + d ~x2) + L 2

r 2 dr 2 + L2 d
 2
5, where we de�nedr 2 �

P 9
i =4 x2

i as

a radial coordinate andL4 � 4�g sNc� 02. By comparing with eq. 2.3, one identi�es this metric

as an AdS5 spacetime times a compact �ve-sphereS5. On the other hand, for large distances,

the geometry is given by the usual Minkowski metric. In the low-energy limit, these regimes

decouple again.

Both perspectives yielded two decoupled regimes, which now can be identi�ed with each other.

Since the supergravity solutions inR9;1 agree, Maldacena proposed (by relaxing the low-energy

condition) the following theory identi�cation

N = 4 SU(Nc) SYM in R1;3 () IIB superstring theory in AdS5 � S5 (2.14)

where the parameters are mapped to each other asg2
YM = 2�g s and 2g2

YM Nc = ( L=ls)4.

In the strongest form, the parameter mapping is expected to be valid for any values. In a

strong version, the string theory is assumed to be in the classical gravitational regimegs ! 0,

ls=L 6= 0 �xed. This translates into the planar limit Nc ! 1 at constant 't Hooft coupling
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Figure 2.1: Schematic illustration of the open (left panel) and closed string perspective
(right panel) on a stack of D3-branes. Open strings (in blue) can start and end on the same
brane or di�erent ones. Their parallel excitations are described by a gauge �eld in type
IIB superstring theory, while scalar �elds capture transverse �uctuations. They reduce to
N = 4 SYM theory in the small coupling, low energy limit. In both perspectives, closed
strings propagate in �at Minkowski spacetime (in green, close to the stack) and in the right
perspective also in a curved throat close to the BH horizon of the D3-brane (shown in red).
The latter reduce to IIB supergravity theory on AdS5 � S5 in the strong coupling, low energy
limit.

� � g2
YM Nc. The correspondence between SYM theory at strong coupling and a classical

gravitational theory at weak coupling arises if additionally the limit � ! 1 is taken, which

maps to ls=L ! 0.

2.5 Entries in the holographic dictionary

As elaborated before, apart from Maldacenas original formulation of the AdS/CFT correspon-

dence between very speci�c theories, many more holographic counterparts to QFT aspects

were found. We describe the most relevant ones in this short overview, motivating some of the

research questions addressed in this thesis.

2.5.1 RG �ow geometrization and UV/IR relation

As reviewed in [30], the AdS/CFT correspondence can be intuitively understood as a ge-

ometrization of the RG �ow. Considering aD-dimensional QFT (in Minkowski spacetime)

with an ultraviolet (UV) regulator � , an e�ective �eld theory description at large distances

z � � is found by integrating out short-distance degrees of freedom. One can interpret the re-

sulting set of theories, labelled by the continuous RG scalez, as a theory embedded in (D + 1)

dimensions, wherez takes the role of the additional dimension. An AdS geometry of the form

(2.3) follows uniquely by demanding Poincaré and conformal symmetry. The gauge theory
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energyEYM is then related to its holographic counterpartE in the bulk as

EYM =
L
z

E: (2.15)

Due to its inverse dependence onz, the UV limit ( EYM ! 1 ) is holographically described by

bulk processes near the Minkowski boundary (z ! 0), while IR physics (EYM ! 0) is mapped

to the region z ! 1 . 10 In real space, a similar geometrization of the RG �ow was the basis

for discrete holographic interpretations of the MERA TN, as we will describe in section 3.7.1.

2.5.2 Operator/�eld map

In the most general way, the gauge/gravity duality can be formulated by identifying the

partition function of a conformal gauge theory with its string theory counterpart,

ZO[� 0(x)]CFT = Z � [� 0(x)]string : (2.16)

For that, we consider a bulk �eld � with a boundary value � 0(x) = lim z! 0 z� � �( x; z),

which sources a local �eld operatorO in the CFT partition function ZO[� 0(x)]CFT =
R

DO exp
�
� SCFT +

R
ddx O(x)� 0(x)

�
. 11 The string theory partition function is typically only

calculable in the classical limit as a supergravity saddle point approximation, i.e.

Z � [� 0(x)]string = e � SSUGRA [�[ � 0 ]]. This procedure allows to derive correlation functions of the

form hO(x1) : : : O(xn )i either as functional derivatives of the CFT partition function w.r.t. its

sources, or, in the dual formulation, by evaluating (tree level)Witten diagrams. The latter

can be seen as generalizations of Feynman diagrams in AdS spacetime, where the supergravity

equations of motion are solved and holographically renormalized. Most prominently, for a

bulk scalar �eld � in AdSD +1 , one can �nd that its massm is related to the scaling dimension

� O of a dual scalar �eld theory operator asm2L2 = � O(� O � D). 12 Since this prescription

relates gauge theory operators to bulk �elds, it is referred to as the operator/�eld map. While

we sketched here the prescription in Euclidean signature, the works [60,61] generalized it to

Minkowski spacetimes.

2.5.3 Thermodynamic quantities

BHs and higher-dimensional black branes within an asymptotic AdS spacetime possess an

event horizon as a de�ning property. They obey the thermodynamic laws of Hawking and

10As an extension, gapped theories can be can be described via a cuto�/ending atz0 � 1=m, with m as the
mass gap. Particularly interesting is the situation when z0 is the position of a BH horizon, which allows to
identify thermodynamic quantities; see below.

11The properties of � (tensor rank, spin,: : :) determine the speci�c value of the coe�cient � � .
12This relation depends on the spin and tensor type of the considered �eld. For a more complete overview,

see, e.g., [28,59].
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Bekenstein and therefore have a temperatureT and entropy S. These quantities follow from

the relations

T =
{
2�

; S =
Ah

4G(D +1)
N

; (2.17)

where { is the surface gravity andAh the event horizon area.13 Based on the AdS/CFT

correspondence, these are interpreted as the holographic dual of their CFT counterpart, or,

more generally, of the gauge theory for more sophisticated holographic models.

2.5.4 Entanglement entropy

Throughout this thesis, entanglement entropy plays a major role to characterize quantum

correlations both in QFTs and QMB systems. This quantity is de�ned as the von Neumann

entropy

S(� A ) = � Tr [ � A log� A ] = S(� B ) (2.18)

for the reduced density matrix� A = Tr B (� ) of a (pure) state density operator� . Here,A is a

connected region of the physical system andB its complement.

Ryu and Takayanagi provided in [35,36] a holographic formula for the entanglement entropy.

Speci�cally for a subregionA on a boundary time slice of a CFT inD Minkowski dimensions,

it takes the form

SHEE =
Area(
 A )

4G(D +1)
N

; (2.19)

where 
 A is the minimal bulk surface that anchors on the boundary ofA, cf. Fig. 2.2 for an

illustration. Since the calculation of entanglement entropy in arbitrary QFTs is very di�-

cult, this dual formula initiated a plethora of studies, e.g. to analyze its behavior in strongly

coupled QFTs, time evolution under quantum quenches or decon�nement phase transitions.

These developments are partly reviewed in the lecture notes [62]. Subsequently, the work [63]

found a covariant generalization, which was formally derived in [64]. Since eq. (2.19) relates

a fundamental quantum measure to a geometric quantity, it was conjectured that spacetime

itself could be an emergent phenomena, which is dynamically generated by the underlying

entanglement degrees of freedom. Major steps in this development can be found in [65�67].

While we have brie�y reviewed the holographic counterpart here, we will give a detailed dis-

cussion of entanglement entropy in the context of area laws of QMB systems and CFTs in

section 3.2.

13We refer to the standard textbook literature on general relativity or AdS/CFT for detailed explanations of
the latter quantities. Note that this framework can be extended if a charged BH with a U(1) gauge �eld A �

is introduced in the bulk theory. Then a chemical potential � can be derived as� = 1
L lim z! 0 A t for the

temporal component A t of the gauge �eld.



2.5 Entries in the holographic dictionary 19

Figure 2.2: According to the Ryu�Takayanagi proposal, the entanglement entropy for a
subregionA in a CFT D is calculated holographically as the area of the associated minimal
surface
 A (shown in blue) in the bulk of AdSD +1 .

2.5.5 Generalized entanglement entropies and dualities

Apart from entanglement entropy itself, also other entropy measures and interpretations have

been discussed in a holographic context. For example, in [68] a more generalsurface/state

correspondencewas proposed in which arbitrary codimension-two space-like surfaces can be

associated with a dual quantum state (independent from any boundary). Furthermore, the

works [69,70] interpreted the mixed state measureentanglement of puri�cation as the cross sec-

tion area of the minimal surface that connects two disjoint boundary regions. In [71], a pseudo

entropy was de�ned, which was found to generalize eq. (2.19) in time-dependent Euclidean

metrics. The authors could interpret this proposal quantum information theoretically in terms

of Bell pairs for speci�c cases. Recently, the work [72] de�ned a generalized entanglement

measure, denoted asentwinement, by taking entanglement of both spatial and �eld degrees of

freedom into account. This allowed the author to reconstruct the whole bulk geometry from a

geodesic with non-zero winding number for a speci�c example of the AdS3/CFT 2 correspon-

dence. Detailed discussions on these and further entanglement measures in holography can be

found in the up to date review [34].

2.5.6 Complexity

Explorations on holographic interpretations of quantum information measures through ge-

ometric quantities got fueled by Susskinds works on complexity [73]. These directly make

contact to quantum gravitational aspects by describing the interior of black holes in holo-

graphic spacetimes. Based on the observation that a Einstein�Rosen bridge (ERB), which

connects two copies of a CFT in the bulk of an eternal AdS BH, grows on exponentially longer

time scales than present in the boundary �eld theory, he interpreted the additional degrees of

freedom with computational complexity. The latter quantity describes the minimal number of

gates to realize a quantum circuit. This led to the slogan �entanglement is not enough� [38],
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which is actually referring to entanglement entropy. It was proposed that the boundary state

complexity C can be holographically calculated either from volumes (codimension-1) [73,74] or

actions (codimension-0) [39,75] as follows

CV (�) = max
�= @B

"
V(B)

l G(D +1)
N

#

; CA (�) =
SWDW

�
: (2.20)

In the CV proposal, the maximum is taken over all bulk surfacesB whose boundary@Bis

anchored on a time slice� where the CFT state is considered. Here,l is a non-unique length

scale andSWDW denotes the gravitational action on a Wheeler�DeWitt (WDW) patch. The

volume proposal is motivated by considerations of thermal entropy in the BH solution. At the

same time, this represents an entanglement entropy between the two CFT copies, and hence is

related to the previously discussed ideas of emergence of spacetime from entanglement. While

these proposals lead to numerous studies of holographic complexity in di�erent gravitational

scenarios, they left open the question of what is the actual de�nition of complexity on the

QFT side of the duality. While the �rst steps answering this question were taken in [45,46],

the underlying problem motivates our research in part III of this thesis, where we will combine

a geometric quantum circuit approach with a path integral optimization procedure. The latter

arose as an attempt to �nd a microscopic understanding of the AdS/CFT duality from TN

approaches (see section 3.7). We will give a more detailed introduction into these concepts in

chapter 8 and 9.



3 Introduction to tensor network

concepts and methods

In this chapter we describe the theoretical background of TNs in the context of quantum

many-body (QMB) systems. Di�erent types of TNs are presented as well as relevant numer-

ical algorithms, which are used in the following parts. We also describe some holographic

interpretations of discrete TN structures. The discussion primarily follows the reviews and

introductions [11] and [9,12,17].

3.1 Quantum many-body systems and the Hilbert space

problem

At the core of lots of physical problems is the description of QMB systems from both a theo-

retical and numerical viewpoint. As motivated in the previous chapter, this task is particularly

important to study QFTs in the standard model, and condensed matter phenomena, such as

superconductivity or topological phases and other exotic quantum matter. But also in the

emerging �eld of quantum technologies and computing, quantum chemistry and material de-

sign, the development and progress relies on the understanding of such many-body systems.

The fundamental problem associated to these systems is the exponential growth of their Hilbert

spaceH of quantum states: AssumingN elementary constituents of local physical dimension

d, the whole Hilbert space is represented by the tensor product of the local Hilbert spaces, i.e.

H = H 1 
 H 1 
 : : : 
 H N , with overall dimension

dim(H) = O(dN ): (3.1)

For any macroscopic system of the size of the Avogadro numberN � 1023, the resulting

Hilbert space dimension, which quanti�es the number of wave function coe�cients, is of order

O(101023
), which is higher than the number of all fermions in the entire universe. More severely,

also the time needed to reach the majority of the Hilbert space by starting with some initial

state scales exponentially with the system size and thus easily exceeds the age of the universe

for macroscopic systems [11].

The collective behavior of interacting QMB systems can exhibit complicated emergent phenom-

21
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ena. It is therefore an overarching goal to �nd e�cient representation methods and simulation

techniques for them. While mostly an exact solution is not available, it also becomes obvious

from the above estimates, that it would be ine�cient and impossible to solve this system by

exact diagonalization on a classical computer. This restriction to small system sizes is far

away from the thermodynamic limit (N ! 1 ) in which quantum phase transitions as an

example of emergent behavior appear. Similarly, other analytical approximations and numer-

ical approaches have their intrinsic limitations (see [11,17] and references therein for detailed

discussions): For example, semiclassical and mean-�eld methods do not properly take quan-

tum correlations into account and hence especially su�er in low dimensions. Perturbative and

series expansion methods are restricted to small couplings. Monte Carlo methods provide a

scalable way of evaluating statistical partition functions and are very successfully applied to

lattice gauge theories, in particular QCD. They are however limited by the sign problem, i.e.

the appearance of complex determinants or actions, which poses a NP-hard problem for real-

time calculations and �nite densities. Another powerful way of capturing low-energy physics

of QMB systems is given by Wilson's renormalization group paradigm: By integrating out

the high-energy degrees of freedom of an e�ective �eld theory model, one can extract univer-

sal information at critical phase transitions. This approach however su�ers for quantitative

predictions and at strong couplings. From a condensed matter perspective, White's density

matrix renormalization group (DMRG) [76] is a particular example, where this procedure is

further developed and allows e�cient spin chain simulations in one dimension. Below, we will

make use of this approach as a reformulated variational tensor network algorithm.

Tensor networks provide a new and very e�cient way of tackling many QMB systems of

signi�cant physical interest, which, in contrast to the other methods, is based on entanglement

considerations. As we will explain in the next section, the structure of entanglement and

quantum correlations depends strongly on the dimensionality but also phase properties of the

physical system. By making suitable ansätze, one can single out relevant physical corners of the

huge Hilbert space. A graphical representation in form of network diagrams makes the tensor

structure of the Hilbert space and its entanglement properties apparent. This is achieved by

decomposing the full wave function into smaller tensors carrying the entanglement degrees of

freedom and introducing an e�ective lattice geometry. The limitation of this method hence

lies in the structure and amount of entanglement in the QMB state. This concept is very

powerful, since it allows to simulate lots of relevant models in several dimensions, to include

symmetries, to study systems based on a gauge principle or to work in the thermodynamic

and continuum limit.
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3.2 Entanglement structure and area laws

The numerical studies in part II of this thesis will be based on spin systems, which are naturally

equipped with a tensor product structure on an underlying lattice geometry. These, and lots

of other relevant models, typically have a local Hamiltonian. That is, one can write the

Hamiltonian with �nite-ranged interactions as

H =
NX

i =1

hi;n ; (3.2)

where the densityhi;n acts on site i and its n � 1 closest neighbors. As comprehensively

reviewed in [77], the locality of such physical interactions in QMB systems imposes strong

restrictions on the correlation and entanglement structure. The ground state, i.e. the state

which minimizesh j H j i , is of primary importance here, since quantum e�ects are strongest

in the vacuum or low temperatures.14 Furthermore, there are crucial di�erences for gapless

versus gapped states, i.e. states with vanishing or �nite Hamiltonian gap (from the ground

state energy to the �rst excited state) in the thermodynamic limit. Critical systems belong

to the �rst class with in�nite correlation length � (described by CFTs), whereas the latter

quantity is �nite for gapped systems. The locality of Hamiltonian interactions is inherited to

the correlation functions. In gapped models, they decay exponentially with the distance on

the lattice,

jhOA OB i � h OA ihOB ij � e� dist (A;B )=� ; (3.3)

for operators OA;B . This e�ect is sometimes denoted asclustering of correlations [12] and

can be proven by using Lieb-Robinson bounds [78] on the speed of information spreading. In

contrast, gapless models exhibit a power-law decay, represented by the normalized CFT result

hO(x1)O(x2)i =
1

jx1 � x2j2� O
(3.4)

for an operatorO with scaling dimension� O at positions x1;2. 15

Beyond the decay of correlation functions, the locality of Hamiltonian interactions implies

even deeper properties on the entanglement structure. This is captured by the entanglement

entropy (2.18), which we consider here for the reduced density matrix� A = Tr B (� ) of the

(ground) state density operator� = j 0i h 0j. This entanglement entropy as well as the more

general Rényi entropies

S� (� A ) =
1

1 � �
log(Tr � �

A ) (3.5)

14In addition, �rst excited states of local Hamiltonians are typically local perturbations of the ground state,
i.e. particles; see e.g. the discussion and references in [17].

15The operator product expansion (OPE) generalizes the product of two operatorsOi , Oj as a sum of all
possible operatorsOk and coe�cients ck

ij , i.e. hOi (x i )Oj (x j )i =
P

k ck
ij (x i � x j )hOk (x j )i .
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quantify the amount of entanglement between the two subsystems.16 In the continuum or in

presence of gauge �elds, the de�nition of reduced density matrices can lead to mathematical

subtleties, which, however, will not be relevant for our subsequent spin chain calculations.

An important characterization now is the scaling of the entanglement entropy with the size

jAj of asymptotically large subregions. For random states in the Hilbert space, there is an

extensive scaling with the volume,S(� A ) = O(jAj). Ground states of local Hamiltonians

behave, however, very special by satisfying anarea law. In this case, the entanglement entropy

scales with the boundary area of the region,

S(� A ) = O(j@Aj): (3.6)

This is illustrated in Fig. 3.1 (left panel). Ground states of gapped QMB systems are believed

to obey this area law generically. Speci�cally, this has been proven in [79] for any gapped

quantum model with unique ground state in one dimension. In higher dimensions, the area

law (3.6) implies S(� L ) � LD � 1 for a block of sizeL on a D-dimensional lattice. For speci�c

models, such as gapped free fermionic or bosonic theories, this is explicitly proven and believed

to hold for all models in any dimension.17 MPS, which we will introduce below, are TN ansätze

which satisfy this area law by construction and hence allow an accurate description of ground

states in gapped models.

Critical (gapless) models show an important violation of the area law in one dimension. The

entanglement entropy of critical spin systems scales as

S(� A ) = O(log(jAj)) : (3.7)

For example, at the critical point of the Ising model, which we will introduce in chapter 4,

this scaling is valid for subregions of sizejAj = L � N=2. Although this property violates

the area law (3.6), the logarithmic correction is still mildly, i.e. exponentially smaller than the

volume scaling in random states of the Hilbert space. In the CFT framework, the logarithmic

divergence is given explicitly as [80]

S(� L ) =
c
3

log
�

L
a

�
+ O(1); (3.8)

where c is the central charge of the theory anda a UV cuto�, e.g. the lattice spacing. This

scaling thus provides a way of deducing the central charge of an unknown but critical model.18

In higher dimensions, the scaling of critical systems is not unique and known only for speci�c

16Observe that in the limit � & 1, S� (� A ) reduces toS(� A ).
17See [77] for detailed discussions and examples.
18For the general Rényi entropies, this formula is modi�ed to S� (� L ) = c

6

�
1 + 1

�

�
log

�
L
a

�
+ O(1). Close to

criticality, for a large but �nite correlation length, the dependence is S(� L ) � c
6 log

�
�
a

�
.
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Figure 3.1: Left panel: The entanglement entropy of subregionA of a local system scales
with its boundary area. Right panel: Area law states populate only an exponentially small
physical corner of the entire Hilbert space.

models.19 At �nite temperature, it is known that mutual information satis�es an area law [81].

In summary, the locality of physical interactions has dramatic e�ects on the correlation and

entanglement structure. Most of the entanglement is concentrated at the boundary of sub-

regions. In [17], an intuitive understanding of this property is presented by observing that

ground states of translationally invariant local Hamiltonians are fully determined by their ex-

tremal reduced density matrix, i.e. that one, which minimizesE =
P

i Tr[hi;n � i;n ] = Tr[ hn � n ]

(using the notation in (3.2)). Spins which correlate strongly with neighbors far away would

destabilize the extremum and hence the entanglement should scale only with the boundary

area of a bipartition. Physically relevant ground states and low excitations have much less

entanglement than random states by satisfying an area law and therefore represent only an

exponentially small subset of the enormous Hilbert space. This is sometimes denoted as the

physical corner of the Hilbert spaceas illustrated in Fig. 3.1 (right panel). The aim and power

of TNs is to de�ne ansätze for wavefunctions of QMB states, which accurately capture the

underlying entanglement structure, both for gapped and critical models.

We close this section by pointing out that area laws appeared already in other contexts in this

introduction. The Bekenstein�Hawking formula (2.17) expresses the thermodynamic entropy

of a BH as its event horizon area. As encapsulated in eq. (2.19), the holographic entanglement

entropy formula of Ryu and Takayanagi is nothing else than a (minimal) area in the bulk

of AdS spacetime. The latter is the holographic counterpart of the entanglement entropy in

dual CFTs, de�ned in (2.18). As discussed in [82], entanglement entropy itself was found to

represent a quantum correction to the BH entropy formula originating from matter �elds.20

In the limit when the boundary subsystemA in the holographic setting is chosen arbitrarily

19In fact, this logarithmic correction is even not always present. There are boson models satisfying an exact
area law but which are critical, i.e. gapless. In other words, the converse of the expected area law for gapped
states does not hold.

20On the other hand, it was shown in [83] that the one loop correction to holographic entanglement entropy
is given by the bulk entanglement entropy between the two regions de�ned by the minimal surface.
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large, the minimal surface tends to wrap around the BH horizon if an AdS geometry with

event horizon is considered. The extensive contribution to it then represents the thermal BH

entropy.

3.3 Tensor network diagrams

An arbitrary state vector j	 i in the tensor product Hilbert space(Cd)
 N of a QMB system

can be written as

j	 i =
dX

i 1 ;i 2 ;:::;i N =1

 i 1 ;i 2 ;:::;i N ji 1i 
 j i 2i 
 � � � 
 j iN i ; (3.9)

where  i 1 ;i 2 ;:::;i N are complex coe�cients w.r.t. some basis vectorsji 1i ; ji 2i ; : : : ; jiN i . This

exponentially large set ofdN coe�cients can be interpreted as a tensor, which means a multi-

dimensional array in this context. A diagrammatic notation, introduced originally by Penrose,

allows to represent tensors graphically. For that purpose, the rank (or order) of the tensor

denotes the dimensionality of the array. A tensor is then represented by a shape and outgoing

edges stand for its indices given by the rank. Contractions (summations over all possible index

values) between several tensors are represented by lines that connect the shapes. The following

graph shows some elementary examples:

:

Here, (a) denotes a scalar (rank 0), (b) a vector and its dual (rank 1) and (c) visualizes a

matrix (rank 2). In (d), the multiplication of a matrix with a vector is represented, while

in (e) the trace of one single tensor is taken. Through this graphical notation, complicated

expressions can be visualized in a very compact manner and we can refrain from explicitly

writing out long tensorial equations.21 Consequently, the wave function coe�cients i 1 ;i 2 ;:::;i N

are represented by a box withN edges for every physical indexi 1; i2; : : : ; iN ,

:

As it became apparent from the discussions in the previous chapters, the speci�cation of all

coe�cients is computationally highly ine�cient. Therefore, tensor networks aim for providing

ansätze for the wave function that take the entanglement structure into account and reduce

21See, e.g., [13] for further examples and a detailed introduction to tensor operations.
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Figure 3.2: Basic idea of the tensor network ansatz and overview of tensor network dia-
grams: Tensor networks decompose the full wave function tensor into local tensors of lower
rank. In 1D , MPS and the MERA are examples. Projected entangled pair states (PEPS)
are generalizations of MPS in 2D. Tree tensor networks (TTN) can be extended to 2D (and
higher).

the amount of parameters to a polynomial order. This is achieved by decomposing the full

wave function tensor of rankN into a network of local tensors of lower order.Tensor network

diagrams represent these ansätze graphically. Figure 3.2 shows some important examples in

several spatial dimensionsD. This procedure introduces auxiliary indices between the local

tensors. Their dimension� is called bond dimensionand the total number of parameters is

reduced toO(poly(N )poly(� )) for an e�cient representation. As we will demonstrate explicitly

for MPS and the MERA below, both the geometric pattern of the TN and the bond dimension

� encode the entanglement structure of the QMB system and hence also parameterize the

quantum correlations, ranging from product states (� = 1) up to the exact state (� = dN ).

The full wave function j	 i is obtained by contracting the entire TN diagram, which gives a

rank N tensor. This depends strongly on the order of the individual index summations and

the optimal scheme needs to be found for every TN diagram type.

3.4 Matrix product states and operators

Matrix product states (MPS) make the following ansatz for the wave function coe�cient

 i 1 ;i 2 ;:::;i N = A (1)
i 1

A (2)
i 2

� � � A (N )
i N

: (3.10)

The full wave function (3.9) is decomposed into individual rank-3 tensors of the formA (k)
��i k

at every spatial positionk = 1; : : : ; N , where the physical indexi k takesd values and�; � are
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bond indices with � entries. In (3.10), the contraction over the bond indices is implied.22 In

a TN diagram, this is represented as

: (3.11)

For a �nite system with open boundary conditions, the �rst and last tensors are row and

column vectors, respectively. If periodic boundary conditions are assumed, an overall trace is

taken, which is represented by the grey dashed line in the TN diagram.

MPS play a major role for the numerical investigations in this thesis, as they are at the heart

of several algorithmic approaches for TNs. From its ansatz, it becomes clear that MPS reduce

the amount of variational parameters in the QMB wave function to an e�cient polynomial

level O(Nd� 2). For � = 1, product states are the simplest examples of MPS.23 With (ex-

ponentially) increasing bond dimension, MPS lie dense in the full Hilbert space. From an

alternative viewpoint, MPS can be introduced also as a preparation from maximally entangled

pair states. In that picture one assumes two virtual systems on every lattice site, each one of

it being maximally entangled with its neighbor, i.e.j� k i =
P d

i =1 ji k i k i . Upon acting with a

projector P (k) =
P

�;�;i k
A ��i k ji k i h�� j on every pair, one recovers the state (3.10). The same

construction yields the PEPS tensor network in 2D, c.f. Fig. 3.2.

We now describe some of the characteristic properties of the MPS ansatz. Most importantly,

a one-dimensional area law is satis�ed. From the representation (3.11) this becomes clear by

constructing the pure state density matrixj	 i h	 j. A de�nition of a subsystem A of length L

cuts the bond indices twice and thus one has

S(� L ) � log(� 2) = 2 log( � ); (3.12)

which is simply a constant, i.e.S(� L ) � L0. From our previous discussion in section 3.2 we

therefore conclude that MPS accurately describe ground and low excited states of gapped local

Hamiltonians. More generally, any state satisfying an area law, and under the mild assumption

S� (� L ) . log(N ) for Rényi entropies with � < 1, can be well approximated by MPS.24 In the

inverse direction, it can be shown that any arbitrary MPS of the form (3.10) is the ground

state of a local gappedparent Hamiltonian [17].

Another important property of MPS is the exponential decay of correlation functions. For

22For every �xed value of the physical index i k , this is a product of matrices, hence the name MPS.
23See, e.g., [13,17] for further analytical examples of MPS with �nite bond dimension.
24This means � � poly(N ). See [17] for extended discussions.
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this, we introduce the transfer operator

: (3.13)

If O is the identity, we denote the transfer matrix asEI . Assuming a translationally invariant

state, powers ofEI are given by

Ek
I = jr1i hl1j +

� 2X

j =2

� k
j jr j i hl j j ; (3.14)

where � j are eigenvalues ofEI in decreasing order,jr j i , hl j j are right- and left-eigenvectors

(de�ned by the oriented action ofEI onto them), and we have chosen the normalization� 1 = 1.

In the thermodynamic limit, correlation functions follow as

hOA OB i = hl1j EOA Edist (A;B )� 1
I EOB jr1i

= hl1j EOA jr1i hl1j EOB jr1i +
� 2X

j =2

� dist (A;B )� 1
j hl1j EOA jr j i hl j j EOB jr1i

= hOA ihOB i +
� 2X

j =2

� dist (A;B )� 1
j hl1j EOA jr j i hl j j EOB jr1i : (3.15)

We therefore recover the exponential decay of correlation functions (3.3) in gapped models.

The correlation length is identi�ed as � � 1 � � logj� 2j. Algebraically decaying correlations

(3.4) as in critical models cannot be captured, unless the bond dimension is large enough and

only small spatial separations are considered.

A state de�ned by the MPS ansatz (3.10) is not uniquely speci�ed. One can perform a gauge

transformation by inserting an identity I = XX � 1 on the bond indices for any invertible

matrix X . In a TN diagram, this is represented as

: (3.16)

This gauge freedom allows to de�ne a convenient canonical form of the MPS. In this represen-

tation every bond index � labels the Schmidt decomposition of a statej	 i across that bond

into a left and right part,

j	 i =
�X

� =1

� � j	 L
� i 
 j 	 R

� i ; (3.17)

where the Schmidt values� � � 0 are ordered decreasingly and satisfy
P

� � 2
� = 1 from the state
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normalization. The fj 	 L;R
� ig form an orthonormal basis. In this form, the MPS coe�cients

take the form

 i 1 ;i 2 ;:::;i N = � (1)
i 1

� (1) � (2)
i 2

� (2) � � � � (N )
i N

� (N ) ; (3.18)

where bond indices are again suppressed. Here, the tensors� (k)
� k contain the Schmidt values

and the tensors� (k)
� k � 1 � k i k

realize a change between physical spin basis and Schmidt basis. If

the MPS is in�nite ( N = 1 ) but possesses a translational symmetry, it su�ces to consider

the unit cell, i.e. the minimal set of tensors that are repeating. For a 1-site translationally

invariant MPS, the form (3.18) is then represented as

; (3.19)

where the second and third diagram de�ne the right- and left-canonical property of the tensors.

In a �nite size MPS, this canonical form is achieved by performing the Schmidt decomposition

successively, i.e. between physical indicesf 1g and f 2; : : : ; Ng, then betweenf 2g and f 3; : : : ; Ng

and so on, cf. the following pictorial representation

: (3.20)

The Schmidt decomposition can be realized computationally by a singular value decomposition

(SVD) as indicated by the grey dashed line. A SVD decomposes a matrixM as M = USVy,

whereU and V are unitary and S contains the singular values on the diagonal in decreasing

order, which, upon normalization, agree with the Schmidt coe�cients. Applications of SVDs

are very important in TN algorithms in the next section, because atruncation of small singular

values is known to be the best low-rank approximation of the original matrix [84]. Explicit

canonicalization algorithms are also known for the unit cell of in�nite MPS, see e.g. [11].

The framework presented so far can be easily extended to represent not only states but also

operators. Such a matrix product operator (MPO) is de�ned as

O =
dX

i 1 ;i 2 ;:::;i N =1
j 1 ;j 2 ;:::;j N =1

A (1)
i 1 j 1

A (2)
i 2 j 2

� � � A (N )
i N j N

ji 1i 
 j i 2i 
 � � � 
 j iN i hj 1j 
 h j 2j 
 � � � 
 h j N j ; (3.21)

where summation over bond indices is implied. The tensorsA (k)
��i k j k

have now two physical

indices corresponding to the bra and ket operation. The corresponding TN diagram is

:
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While MPS can represent pure states, MPOs allow to encode also Hamiltonians and mixed

states, in particular the thermal density matrix � � � e� �H =Tr(e � �H ).

3.5 Tensor network algorithms

Apart from a correct capture of entanglement properties of QMB systems, the power of TNs

is rooted in the existence of e�cient algorithms to calculate ground, low excited and thermal

states of local model Hamiltonians as well as performing their time evolution. We describe in

this section the relevant aspects for MPS and MPO algorithms which we employ in the �eld

theory studies in part II. We implemented these algorithms in theJulia language and make

them available in [85].

3.5.1 DMRG

The DMRG as invented by White in [76] is a numerical RG method which allows the calculation

of ground states of local lattice systems. It became later reformulated as a variational method

for MPS as extensively reviewed in [10]. We describe here the latter interpretation for �nite

systems with open boundary conditions.25

In the variational ansatz, the ground state of a HamiltonianH minimizes the energy

E =
h	 jH j	 i

h	 j	 i
: (3.22)

Introducing a Lagrange multiplier � , this expression is minimized by solving

min
j 	 i2 MPS

(h	 jH j	 i � � h	 j	 i ) ; (3.23)

where the second term ensures the normalization of the state, and one makes use of the

fact that a Hamiltonian of the form (3.2) (with an implied tensor product structure) can

be represented as a MPO of the formH = M (1) M (2) � � � M (N ) by de�ning operator-valued

matrices M (k)
�� =

P
i k ;j k

A (k)
��i k j k

ji k i hj k j from (3.21).26 Due to the matrix product structure

of j	 i , this optimization problem is highly-nonlinear for a system ofN sites. In the DMRG

it is therefore tackled iteratively: The algorithm proceeds by optimizing a single MPS site

A (k)
��i k

while keeping all others �xed. Starting from one side, the minimization is continued by

sweeping site by site through the chain (back and forth) and updating the individual tensors

25The DMRG algorithm can also be extended to in�nite translational invariant systems and to study time
evolution, see the same review [10]. Periodic boundary conditions do not yield such a simple eigenvalue
problem as discussed here, but can be implemented too, see e.g. [9].

26The individual entries can be easily constructed for a chosen (spin) Hamiltonian. Reversely, the multiplica-
tion of the operator matrices reconstructs the tensor product sum (3.2).
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by solving

min
A ( k )

(h	 jH j	 i � � h	 j	 i ) = min
A ( k )

�
A (k)yHef f A (k) � �A (k)yNef f A (k)

�
: (3.24)

Here, the e�ective Hamiltonian Hef f and normalization Nef f are constructed fromh	 jH j	 i

and h	 j	 i by removing the tensorsA (k) and A (k)y, respectively. Requiring that the derivative

of the right side of (3.24) w.r.t.A (k)y vanishes, the minimization is realized for the solution of

the generalized eigenvalue problem27

Hef f A (k) � �N ef f A (k) = 0: (3.25)

In practice, one can assureNef f � 1 by keeping the MPS in a mixed-canonical form, i.e. left-

canonical for sitesi < k and right-canonical for i > k , as de�ned by (3.19). In diagrammatic

form, the minimization of a single site (shown in green) is hence the solution of the following

equation

: (3.26)

The eigenvalue problem is of size(d� 2 � d� 2) and the sweeping procedure is iteratively con-

tinued until convergence is reached, which can be numerically controlled by the variance

h	 jH 2j	 i � h 	 jH j	 i 2 ! 0 for high enough bond dimension� . The �nal minimum yields

the ground state j	 0i and its energy E0 � � min with a very high precision, which made

the DMRG to one of the leading simulation methods for strongly correlated systems in 1D.

By extension, one can also easily determine excited states by introducing further Lagrange

multipliers. For example, the �rst excited state j	 1i follows from solving the minimization

min
j 	 1 i2 MPS

(h	 1jH j	 1i � � h	 1j	 1i � � h	 1j	 0i ) ; (3.27)

where the last term ensures orthogonality. Since the bond dimension limits the amount of

entanglement, this allows to iteratively determine the lowest excited states.

3.5.2 TEBD

The real-time evolution of a pure statej	 i is given by the application of the unitary time

evolution operatorU on some initial state as

j	( t)i = e � itH j	( t = 0) i � U(t) j	( t = 0) i : (3.28)

27Note that Hef f is interpreted here as a matrix andA (k ) as a vector through reshaping of the tensor indices.
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Figure 3.3: Representation of one discretized time evolution step in the TEBD algo-
rithm [86,87]. Based on the �rst-order Suzuki-Trotter decomposition, the 2-site time evolu-
tion operators Ui (dt) are applied on all odd sites in the �rst row and then on all even sites
in the second row, constructing together the total evolution operatorU(dt).

In the language of TNs, this time evolution can be implemented based on a time discretization

t = n dt with n ! 1 ; dt ! 0. In view of the studied models in part II, we restrict ourselves now

to nearest-neighbor interactions, i.e.H =
P

i hi;i +1 . The in�nitesimal time evolution operator

U(dt) then can be split into a product of 2-site gates via a Suzuki-Trotter decomposition

(see [88] and references therein). The �rst-order approximation takes the form

U(dt) = e � i dtH = e � i dth 1;2 e� i dth 2;3 � � � e� i dth N � 1;N + O(dt2): (3.29)

The Trotter error of order O(dt2) originates from the noncummutativity of two successive terms

[hi;i +1 ; hi +1 ;i +2 ] 6= 0. Vidal's time-evolving block decimationalgorithm (TEBD) [86,87] exploits

the fact that all terms hi;i +1 with odd and eveni are all commuting among each other, respec-

tively. The time evolution is therefore discretized asU(dt) = e � i dtH odd e� i dtH even + O(dt2). 28

Fig. 3.3 shows how this operator is applied to a �nite size MPS with initial bond dimension

� . The orange blocks denote the incremental 2-site operatorsUi (dt) � e� i dth i;i +1 , which are

applied to all odd sites in the �rst row and then to all even sites in the next layer. A single

update consists of the following steps, yielding two new MPS tensors

:

Here, the the time evolution operatorUi (dt) is contracted into two MPS tensors at positions

i and i + 1. The resulting rank-4 tensor is split into the new MPS tensors via a SVD. This

increases the bond dimension from� to d2� . To avoid the exponential growth of the tensor

sizes in the overall quantum circuit withn � 1, a truncation is performed, i.e. the smallest

singular values� � in the SVD are disregarded, giving rise to a truncation error� =
P d2 �

�>� max
� 2

�

for a chosen maximal bond dimension� max .

28As an extension, the second-order Suzuki-Trotter decomposition reduces the error asU(dt) =
e� i dtH odd =2 e� i dtH even e� i dtH odd =2 + O(dt3).
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Interesting physical Hamiltonians introduce correlations between the constituents. Due to

the resulting entanglement growth in QMB states under real-time evolution,� is in general

increasing for �xed � max . Alternatively, the latter can be increased dynamically to capture

the entanglement content of the MPS. While the exact result is valid for� max ! 1 , � ! 0,

the achievable time scales are in practice limited for �nite� max and su�ciently small � . This

very important property conceptually limits the predictive power of TN simulations.

The described TEBD algorithm is not restricted to real-time evolution. Analogously, one

can perform imaginary time evolution, which allows to construct the (non-degenerate) ground

state j	 0i of a given Hamiltonian from any random initial state as

j	 0i = lim
� !1

e� �H j	( � = 0) i : (3.30)

In this case, the 2-site gatesUi (d� ) � e� d�h i;i +1 are close to the identity operator for small

enough imaginary time stepd� = �=n, such that still a faithful truncation can be performed.

From the eigenvalue decompositione� �H =
P

k e� �E k jek i hek j in terms of energy eigenstates, it

can be seen that the convergence is exponentially fast w.r.t. to the energy gap� E = E1� E0. In

the limit � E ! 0 of an in�nite chain, the bond dimension has to grow inde�nitely,� max ! 1 ,

to represent the ground state correctly (� ! 0). In a gapless (critical) model, this leads to the

concept of �nite entanglement scaling [89] when in practice a �nite� max and � are chosen. This

means that the entanglement entropy of a semi-in�nite bipartition scales asS(� A ) � log(� max ),

from which the central charge of the underlying CFT can be deduced [90].29

Imaginary time evolution can be also used to construct a thermal state� � � e� �H of inverse

temperature � = 1=T [9,10]. This makes use of the fact that in general any mixed state� X

in some physical spaceX can be derived from a puri�cation as� X = Tr Y j	 i h	 j, where the

partial trace is taken over a ancillary state spaceY of a pure statej	 i de�ned on XY . To

�nd a MPO approximation of � � , we rewrite its de�nition as

� � � e� �H = e � �= 2H �1 � e� �= 2H ; (3.31)

where the auxiliary system is just a copy of the physical state space. It therefore su�ces to

construct the operator� �= 2 as a MPO by performing imaginary time evolution on the identity

operator, which is an exact MPO with unit bond dimension.30 This can be implemented by

the same TEBD algorithm as discussed before. For that, the identity MPO can be vectorized

into MPS form with physical dimensiond2 and the imaginary time evolution can be performed

29Real and imaginary time evolution of MPS can also be performed as a variational method based on the
DMRG algorithm. For subtle connections and di�erences to TEBD see [9,10].

30Observe that this also gives a square root computational improvement. As discussed in more detail in [9,10],
the identity MPO as the in�nite temperature density operator can also be seen as a maximally entangled
state between the system and ancilla, written as a tensor product of maximally entangled pairs for each site
in the system.
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w.r.t. the Hamiltonian H 
 1, where the second term refers to the ancilla. The full thermal

operator � � then follows from its puri�cation � �= 2 (which represents the thermo�eld double

(TFD) state upon vectorization) as � � = � �= 2� y
�= 2. By keeping the state in its canonical

form, the TEBD algorithm ensures the normalizationTr � � = Tr[ � �= 2� y
�= 2] = 1. Operator

expectation values follow from the puri�cation ashOi � = Tr[ � � O] = Tr[ � �= 2� y
�= 2O].

3.5.3 iTEBD

For a translational invariant Hamiltonian, one can work directly in the thermodynamic limit

N ! 1 by considering the elementary unit cell, which is repeating within the MPS or MPO.

In the case of nearest-neighbor interactions under consideration, this simply consists of two

sites. The in�nite time-evolving block decimation algorithm (iTEBD) [91] makes use of this

feature to generalize the real- or imaginary-time evolution to in�nite systems. The Schmidt

values of a semi-in�nte bipartition of the system are properly taken into account by working

in the MPS de�nition (3.18) using the � and � tensors.

Fig. 3.4 shows how a single time evolution update is performed. In the �rst step(i ) the 2-site

gateUi is contracted into two MPS sites, labelled byA and B, consisting of tensors� A ; � A and

� B ; � B , yielding a rank-4 tensor� , which then is split in step(ii ) by a SVD into � = X ~� A Y.

The singular values~� A are contracted up to the maximal bond dimension, representing the

new Schmidt values across the link of siteA. By inserting two identities 1 = � B � � 1
B as shown

in (iii ), one gets the new MPS sites~� A ; ~� B , cf. (iv ). This single update can be seen as the

odd part of the Hamiltonian, and the full iTEBD step is completed by repeating these tensor

operations for the swapped updated sites ofB and A.

As described previously for the �nite size case, the iTEBD algorithm can be used equally for

real- and imaginary time evolution, in particular also to construct thermal MPOs. Obviously,

it provides the advantage of avoiding �nite size e�ects. As described in detail in [92], the

iTEBD methods can be modi�ed to include also non-unitary (time) evolutions, which rest

upon a proper canonicalization procedure to ensure a faithful truncation of the state.
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Figure 3.4: Representation of one discretized time evolution step in the iTEBD algo-
rithm [91]. Based on the �rst-order Suzuki-Trotter decomposition, the 2-site time evolution
operator Ui (real or imaginary) is absorbed into two MPS sitesA and B , yielding two new
sites by the shown steps(i � iv ).

3.6 The multiscale entanglement renormalization ansatz

In section 3.2 we emphasized the importance of the entanglement structure to capture the

physics of QMB systems. Another major physical concept is given by the seminal work of

Wilson [93], which introduced the RG paradigm. While particle physics calculations based

on Feynman diagrams typically operate in momentum space, Kadano�'s block spin transfor-

mation [94] can be seen as a real-space realization of a RG transformation. It was originally

applied to the classical 2D Ising model and unveiled that that its critical point is a �xed

point of the RG transformation with correlations on all length scales, i.e. diverging correla-

tion length. This introduced the important concept ofuniversality to describe (very di�erent)

systems at macroscopic length scales and critical phenomena. The MERA, introduced by

Vidal in [42], is based on the concept of entanglement renormalization [95], which combines

these two principles. In summary, the MERA is a variational tensor network ansatz that com-

bines a real-space RG approach on a lattice with a disentangling transformation to reduce the

amount of entanglement in ground state wave functions of local QMB systems. We here follow

the reviews and introductions [96�98] to explain the underlying ideas to make this statement

precise.

The starting point of the construction is a one-dimensional latticeL 0 with N sites, c.f. Fig. 3.5.

As before, we are interested in describing pure states in the Hilbert spaceH L 0 ' (Cd)
 N . In a

RG group picture, the MERA assembles� = 1; 2; : : : ; T layers of a coarsegraining transforma-

tion in the vertical direction of the tensor network representation. In each layer, the number

of lattice sites is exponentially decreased asN 2� � , de�ning a sequence of lattices

L 0 ! L 1 ! L 2 ! � � � ! L T : (3.32)
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Figure 3.5: Tensor network representation of the binary MERA. The quantum circuit con-
sists of two type of tensors, disentanglersu and isometriesw, which successively implement
a coarsegraining transformation, starting from an original lattice L 0 with N sites towards
the � direction, representing the RG �ow. The past causal cone of three selected sites is
shown up to the second level as the shaded region.

By construction, the maximal coarsegraining is achieved afterT � log2(N ) steps. A single

coarsegraining layer is build up of two rows of di�erent tensors, disentanglersu and isometries

w. The isometries perform the actual coarsegraining transformation by blocking two sites to-

gether, while the function of disentanglers is to reduce the amount of short range entanglement

in the system. The de�ning properties of these operators are31

wyw = 1 and uyu = uuy = 1; (3.33)

or graphically

: (3.34)

The entanglement renormalization step is realized by the isometric operatorW� shown in

Fig. 3.6, comprising one layer of the tensor network. It maps pure states on a latticeL � � 1 to

pure states on the succeeding coarsegrained latticeL � , that is j	 � i = W y
� j	 � � 1i , giving rise

31Note that for the isometry wwy 6= 1 holds.
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Figure 3.6: Form of the isometric operator W� implementing a RG transformation from
the lattice L � � 1 to L � in the binary (left panel) and ternary (right panel) MERA. The green
ovals mark the number of sites on which operators need to act to preserve locality.

to a sequence of coarsegrained states

j	 0i ! j 	 1i ! j 	 2i ! � � � ! j 	 T i (3.35)

in the MERA tensor network. A state j	 0i on L 0 hence follows from the composition

j	 0i = W1W2 � � � WT j	 T i . By acting with the operator W y
� on a state j	 � � 1i , the func-

tion of the unitary disentanglers is in the �rst step the transformation into a product state as

j	 � � 1i 7! j 	 0
� � 1i 
 j l i . This approach assumes that the entanglement structure is arranged

in di�erent length scales due to the locality of physical interactions, such thatjl i contains

partially decoupled local degrees of freedom. In the next step, the isometries block two sites

together, yielding the lattice L � . This procedure leaves a considerable amount of freedom. In

particular, we have introduced so far thebinary MERA, in which the isometries block two

sites together. As one alternative, aternary MERA can be de�ned, in which three sites are

blocked together. The right side of eq. (3.34) shows the de�ning property of the corresponding

isometric w tensor, and the form of the coarsegraining operator is visualized in the right panel

of Fig. 3.6.32

From the coarsegraining perspective, the MERA de�nes a tensor network with the �ctitious

time direction � , which represents the RG �ow as shown in Fig. 3.5. It is however equally valid

to read this tensor network from top to bottom. In this scenario, the MERA can be seen as

an implementation of a quantum circuit. The isometries are hereby seen as originating from

a rank-4 unitary tensor, in which one index is in a �xed statej0i as follows

:

An initial product state j	 T i = j0i 
 N is then transformed intoj	 0i by the MERA circuit.

Apart from coarsegraining states, the MERA also can be used to consider the RG �ow of

operators. Under the action ofW� , a local operatoro� � 1 is transformed aso� = W y
� o� � 1W� .

32In the ternary MERA, some of the calculations considerably simplify. We therefore partially use this form
of the ansatz for the following explanations. Depending on the choice, the logarithms appearing in Figs. 3.5,
3.7 and 3.8 have either base 2 or 3.
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An important property of this mapping is the preservation of locality. As indicated in Fig. 3.6,

the binary MERA maps 3-site operators to 3-site operators, while in the ternary case the

same holds for 2-site operators, irrespective of the relative lattice position. Most relevantly, if

a model with a local bare HamiltonianH0 of the form (3.2) is considered, then a sequence of

local Hamiltonians is constructed asH0 ! H1 ! � � � ! HT . Similarly to the state sequence

(3.35), the coarsegraining of the microscopic degrees of freedom describes the RG �ow towards

lower energies (or larger length scales).

The individual tensors w and u of the total tensor network j	 i are determined by minimiz-

ing the energyh	 j H0 j	 i of the system. The reason that the individual expectation values

h	 j hi;n j	 i can be e�ciently calculated is that past causal cones have bounded width. The

past causal cone is the set of all tensors within the MERA circuit that can a�ect a set of

chosen sites. In Fig. 3.5 an example is shown for three selected sites by the shaded region. It

can be observed that the past causal cone never exceeds the size of three isometries and two

disentanglers in every layer, independent of the system sizeN and the relative lattice position.

Due to the constraint (3.34), all tensors outside the causal cone annihilate to the identity when

calculating an expectation value of the formh	 j hi;n j	 i . As described in full detail in [96],

the necessary contractions can be performed e�ciently with a computational cost polynomial

in the bond dimension� . 33 The explicit entries of the isometries and disentanglers are found

algorithmically by minimizing the energy iteratively. The MERA is therefore a variational

TN ansatz for the ground state wave function. In contrast to Kadano�'s block spin trans-

formation mentioned above, the RG �ow in the MERA is more faithful, because short-range

entanglement is removed under the action of the Hamiltonian. As an alternative to this �tradi-

tional� approach, the tensor network renormalization (TNR) algorithm of [99,100] introduced

a sequential coarsegraining transformation for a uniform TN preparing the Euclidean path

integral of a QMB system. The insertion of optimized disentanglers and unitaries then yields

the MERA for the groundstate.34

For the following discussion, it is important to take symmetry considerations into account.

The MERA is called translational invariant if the isometries and disentanglers in any chosen

layer of the TN are identical.35 Similarly, scale invarianceis present if all layers in the circuit

are identical. Considering a physical model at its quantum critical point, the Hamiltonian �ow

following from the variational energy minimization takes the form

H0 ! H1 ! � � � ! H t ! H � !
1
�

H � !
1

� 2
H � ! � � � : (3.36)

33The tensors at the layer L 0 have a size set by the physical dimension� 0 = d. The bond dimension � � in
all intermediate layers is a free parameter impacting the accuracy of the result. In the description of pure
states, as we assumed so far, the top tensor has size� T = 1 .

34This procedure will be relevant in the context of our complexity studies for the path integral optimization
program. We describe these details in section 9.2.

35Note that this in general does not imply that also a state de�ned on arbitrary sublattices is translational
invariant, since lattice sites in the TN are in di�erent relative positions w.r.t. each other.
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Figure 3.7: In a scale invariant MERA, scaling operators� i are given as eigenvectors of the
scaling superoperatorS, which is composed of two isometries in the ternary ansatz (right
panel). The two-point correlation function h� i (x)� j (x + l)i , with operator insertions at the
shown speci�c locations with distancel in the lattice, has a very narrow past causal cone
of only one site (left panel). After log(l) coarsegraining steps, these sites are neighboring,
causing a polynomial decay of the correlator.

Here, the scale invariant HamiltonianH � represents the �xed point of the RG �ow, which is

(approximately) achieved aftert transitional layers, in which short-distance e�ects are removed.

The scale invariant layers then only realize the transformationH �
� = H �

� � 1=� , where� = f 2; 3g

for the binary or ternary MERA, and are fully speci�ed by the single set of tensorsf w� ; u� g.

The ground state is hence given asj	 0i = W1W2 � � � WtW � W � � � � . In such a scale invariant

MERA, a local operator o transforms under the action of the entanglement renormalization

operator as

o0 = S(o): (3.37)

Here, S is the scaling superoperator, which is the only nontrivial part remaining inside the

causal cone ofo in the operator W �y oW� . Scaling operators� i are given as eigenvectors of

this superoperator,

S(� i ) = � i � i ; � i � � log� i : (3.38)

The scaling dimensions� i are de�ned from the eigenvalues� i . 36 For a quantum critical model,

this spectral decomposition includes the primary scaling operators and their scaling dimension

of the underlying CFT.

In Fig. 3.7, an example of the ternary MERA is shown, in which 1-site operators are inserted

at the shown speci�c lattice positions. The corresponding 1-site scaling superoperator consists

of only one isometry (cf. right panel). From this construction, one can easily calculate the

correlation function h� i (x)� j (x + l)i of two scaling operator insertions with distancel (cf. left

panel). The operator coarsegraining transformations are performedlog3(l ) times until they are

nearest neighbors. Since the past causal cone consists of only one site, each layer contributes

36The base of the logarithm depends on the MERA type, i.e. 2 or 3 for the binary or ternary ansatz, respectively.
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Figure 3.8: In a (binary) MERA, the minimal curve (shown in green) corresponding to
a subsystem ofL lattice sites has approximately logL cuts in the bulk, giving rise to a
logarithmic violation of the area law for the entanglement entropy.

only an eigenvalue. One therefore has

h� i (x)� j (x + l)i = ( � i � j ) log3 (l )h� i (x)� j (x + 1) i

= (3 � � i 3� � j ) log3 (l )Cij

=
Cij

jl j � i +� j
; (3.39)

where Cij is just a constant. The MERA is therefore capable of reproducing the algebraic

decay of correlation functions as it appears in critical models and CFTs, cf. eq. (3.4).37

The �nal property of the MERA that we discuss here is the scaling of the entanglement

entropy, cf. Fig. 3.8. If a subsystem ofL sites is chosen, then the minimal curve inside the TN

that causally connects the endpoints of the subregion, bounds the entanglement entropy. This

becomes clear by observing that, if the system is cut along this curve, the contraction over it

would entangle the two regions. Since there are approximatelylogL cuts, the entanglement

entropy is estimated as

S(� L ) = � Tr [ � L log� L ] � log(� ) � (# cuts) � log(� ) � log(L): (3.40)

We therefore recover the logarithmic violation (3.7) in critical models. By properly calculating

the actual reduced density matrix, one can extract the central charge of the underlying CFT

from the result (3.8).

In summary, the discussions in this section have shown that the MERA is a TN, which is

especially well suited to capture critical models. This is in contrast to the discussion of MPS,

37This results was derived structurally for the speci�c operator insertions. In any other case, it is valid for a
scale invariant MERA actually encoding the ground state of a critical model, cf. e.g. [97].
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which primarily recover properties of gapped models. The MERA also allows to extract (or

encode) CFT data, such as scaling dimensions and the central charge. By extension, also

further coe�cients of the OPE can be derived. They are typically summarized asconformal

data. Although we have focused on a 1D lattice, the MERA can be e�ciently extended to

higher dimensions, cf. e.g. the discussions in [101].

3.7 Holographic interpretations of tensor networks

The connection between holography and TNs appears in two ways in this thesis. On the

one hand, the research topics presented in part II are either directly motivated by earlier

holographic explorations, or physical observables calculated with TN methods have a dual

holographic interpretation. On the other hand, the structure of TNs has also been associated

with a discrete interpretation of the AdS/CFT correspondence. The main idea is to identify

a TN diagram with a discrete geometry. If the resulting metric resembles a hyperbolic AdS

spacetime, a connection between the underlying �eld theory content of the TN and the geo-

metric dual can be drawn. This scenario applies to the path integral optimization program,

which we consider in the context of circuit complexity in part III.

In this section, we focus on the latter connection between TNs and holography. As an in-

troduction into the �eld, we concisely review some major developments. The choice of topics

necessarily is very selective and we refer to [102] for a recent review of the subject focusing

primarily on holographic quantum error correction in TNs.

3.7.1 AdS/MERA

The proposal of Swingle in [103,104] provided the starting point for the study of TNs encapsu-

lating a RG �ow and holographic geometry. It argues that a quantum critical state, represented

by the scale invariant MERA TN, can be identi�ed with a discrete version of AdS spacetime,

hence the name AdS/MERA correspondence. Based on the MERA construction presented in

the previous section 3.6, the arti�cial time direction� , encoding the RG �ow, is interpreted as

the additional holographic dimension, such that each tensor in the network diagram is a cell

lying in the bulk of the higher-dimensional spacetime. Since the MERA is based on the QMB

entanglement structure, the geometric size of the cell is proposed to be proportional to the

entanglement entropy of the corresponding site in the renormalized lattice. This makes use of

the estimation (3.40), which demonstrates that discrete entanglement contributions are added

along the cuts on the outside boundary of the causal cone for a subsystem. In the holographic

picture, this minimal curve, which is an upper bound for the entanglement entropy in the UV,

is interpreted as the minimal surface in the Ryu-Takayangi prescription for the holographic

entanglement entropy. The entanglement renormalization, as generated in the discrete graph
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of the MERA TN, is then associated with the metric

ds2 = R2

�
dw2 +

e� 2w

a2
dx2

�
; (3.41)

where R is the entanglement entropy of local lattice sites,w � � the layer index, x the

spatial lattice coordinate anda the lattice constant. By extension to �nite temperature, it is

further argued that also BHs are e�ectively described through entanglement renormalization

in the higher-dimensional geometry. Apart from correlation functions (3.39) and entanglement

entropy (3.40) of critical models and their underlying CFT, the MERA thus can also capture

thermal BH solutions, which is another ingredient of the AdS/CFT correspondence. However,

the description of critical spin chain Hamiltonians is obviously simpler than the appearance of

supersymmetric CFTs in the original AdS/CFT proposal. Furthermore, the precise geometry,

which can be associated to the MERA, is still under debate. For example, in [105], several

consistency conditions for a proper holographic AdS identi�cation are worked out, which are,

in fact, not met by the conventional MERA. More recently, the authors of [106,107] provide

an interpretation of tensor networks as path integral geometry and argue that the MERA

corresponds to a null (light sheet) geometry, and only upon insertions with other tensors, can

be interpreted as a dS or AdS discretization.38 Based on these shortcomings, some of the

more modern approaches, as e.g. in [108�110], try to construct holographic TNs not relying

on debated MERA interpretations in holography.

3.7.2 Tree tensor network interpretation of p-adic AdS/CFT

In our earlier work [111], we constructed a discrete analog of the AdS/CFT correspondence

based on p-adic numbers. The number �eldQp is the completion of rational numbers w.r.t.

the non-Archimedean p-adic norm, which allows to write a p-adic numberz as the series

z = p�
1X

m=0

ampm ; � 2 Z; am 2 f 0; 1; : : : ; p � 1g; a0 6= 0 (3.42)

with absolute valuejzjp = p� � . The value ofp is typically chosen to be a prime number and by

replacing p ! pD , one can consider also higher-dimensional extensions. The set of all p-adic

numbers can be represented as a regular tree with coordination numberp + 1, known as the

Bruhat-Tits (BT) tree, cf. Fig. 3.9. In the p-adic AdS/CFT formalism, this discrete structure

�lls out the bulk of AdS spacetime and a p-adic CFT is living on the boundary of the tree.

Holographic propagators and correlation functions of this construction resemble the expected

CFT form. In [112], a concrete TTN interpretation was given for this setup. In contrast to

an previous attempt [113], in which the TN comprising the BT tree was used to describe a

38Elements of this identi�cation will be the starting point for our studies of path integral optimization (see
below) and circuit complexity in part III.
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Figure 3.9: Illustration of the 2-adic Bruhat-Tits tree with a suitable coordinate system
(left) and its extension to two dimensions (right). A p-adic number z of the form (3.42)
corresponds to an in�nite path starting from 1 and terminating on the boundary. In the
TTN interpretation of p-adic AdS/CFT, the partition function of a p-adic CFT is equivalent
to a TN on the tree, representing the bulk of the higher-dimensional geometry. Figures taken
from [111].

wavefunction (as e.g. in the MERA case), the authors instead propose that the TN describes

a Euclidean path integral of a p-adic CFT to avoid inconsistencies. From this perspective, the

TTN on the BT tree contains a tensor

Ta1 ��� ap+1 =
X

b1 ;:::;bp� 2

Ca1a2b1 Cb1a3b2 � � � Cbp� 2ap ap+1 (3.43)

on each vertex and all edges contain the weightsp� � a for the contracted index.39 Upon taking

a proper regularization procedure into account, the partition function of the p-adic CFT can

be calculated from the generating functional and all correlation functions are reproduced even

at higher genus. By turning on sources, also RG �ows and �xed points thereof can be studied.

In [114,115], this framework was recently extended to show that Einstein's �eld equations

emerge from an underlying �eld action on the BT tree.

An interesting lesson here is that this p-adic approach naturally allows to construct a bulk

interpretation of the p-adic AdS/CFT correspondence using TTNs. In the same vein, but based

on the MERA, we can interpret the path integral optimization program, which we are now

discussing as an promising attempt to achieve this in the context of the standard AdS/CFT

duality.

39Here,Cabc are the coe�cents in the OPE of the p-adic CFT and � a the primary operator scaling dimensions.
In the 2-adic case as shown in Fig. 3.9, the tensors simplify toTabc = Cabc.
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3.7.3 Path integral optimization

The connection of TNs and holography via a path integral formulation already appeared in the

previous two approaches. An independent program was presented by the authors of [116�118],

who are similarly motivated by the quest for a microscopic understanding of the AdS/CFT

correspondence and the emergence of spacetime via TNs. They address this question explicitly

by considering Euclidean path integrals and their optimization. This allows to remain working

in the continuum and to consider CFTs directly, in contrast to the other concepts, in which

CFTs appear as e�ective descriptions of the underlying model.

We describe here the principle for 2D CFTs, in which the ground state wavefunction can be

expressed by the discretized Euclidean path integral as

	 0[� (x)] =
Z  

Y

x

Y

� � �< 1

D�̂ (�; x )

!

e� SCFT [�̂ ] �
Y

x

� (�̂ (�; x ) � � (x)) : (3.44)

Here, �̂ are the �elds of the theory speci�ed by the actionSCFT and � is a UV cuto�, i.e. lattice

spacing, w.r.t. the �at space metricds2
0 = � � 2(d� 2 + d x2). The initial discretization hence can

be seen as a square lattice as depicted in the left panel of Fig. 3.10. The optimization process

means a change of the structure of the lattice discretization without changing the correct

ground state functional up to a normalization factor, i.e. �nding a relation	 opt � 	 0. In

the �rst work [116], this was done by introducing a position dependent cuto�: Considering

the path integral in Fourier space, only modes with wavelength above the lattice spacing, i.e.

k � 1=� , contribute. In the lattice discretization, this means, that at each temporal step� ,

O(�=� ) lattice sites can be combined. This coarsegraining procedure introduces a factor1=� 2 in

the metric and the modi�ed geometry is hence identi�ed with a hyperbolic space, in particular

with a time slice of AdS3. It is further argued that the wavefunction resembles the continuous

generalization of the MERA (cMERA) [120], which allows a holographic interpretation of the

TN. From a di�erent viewpoint [117,118], the optimization procedure can be realized as a

modi�cation of the background metric itself, cf. the middle panel in Fig. 3.10. This procedure

can be seen as a continuous generalization of TNR, in which a uniform TN approximation

of the path integral is transformed into the MERA. The maximal optimization is achieved

by minimizing a functional I 	 [g(�; x )], which is associated to each quantum state. For Weyl

rescaled geometries of 2D CFTs, it is argued in [117,118] that this functional is given by the

Liouville action and its minimization is identi�ed with the computational complexity of the

state.

In part III we provide a more detailed introduction into the path integral optimization pro-

gram and its conjectured connection to complexity. By employing a speci�c path integral

discretization provided in [106,107], we rigorously connect it to the concept of circuit com-

plexity and show its connection to variants of the MERA with tensor insertions following from
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Figure 3.10: Schematic illustration of the path integral optimization procedure and its
relation to tensor networks. The ground state wave function of a 2D CFT can be calculated
from the Euclidean path integral on a strip of �at (left) or deformed geometry (middle).
(Dashed lines indicate lines of constant time (horizontal) and spatial position (vertical).) Its
optimization is related to a speci�c form of the MERA tensor network (right). See text for
further explanations. Figure taken from our discussion in [119].

TNR (cf. right panel in Fig. 3.10). Since it was argued in [121], that Einstein's equation can

be derived from this complexity functional, this framework also directly provides access to

quantum gravity aspects.



Part II

From spin chains to thermal �eld

theory
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4 Real-time thermal �eld theory

Understanding properties of QCD is one major motivation behind several research directions in

contemporary physics. As motivated in chapter 1, HICs are the most relevant experimental tool

to probe phases of QCD. Their theoretical description needs to take the dynamical behavior

of collective QFT states into account. In particular, the QGP, which is created in a far-

from-equilibrium initial state, is strongly correlated and relaxes, according to our current

phenomenological understanding, to a long hydrodynamic regime. The precise process of its

formation in the initial stage after the collision and its subsequent in-medium thermalization is

not yet understood. Over the past decade, progress in a microscopic understanding was made

primarily with interdisciplinary approaches based on kinetic theory (as an approximation to

weakly-coupled QFTs), relativistic hydrodynamics, weakly-coupled QFTs or holography (for

a description of strongly-interacting QFTs). For an overview of these developments, we refer

to the reviews [30,32,33,122].

Real-time thermalization and relaxation dynamics are also an interdisciplinary and timely

�eld of research in QMB systems, which has been fueled by the enormous recent progress in

experimental and numerical techniques. The term thermalization hereby means that expec-

tation values of observables assume at late times after an initial perturbation values indistin-

guishable from those in thermal equilibrium (despite unitarity of time evolutions). Compre-

hensive discussions on that topic and its underlying mechanisms can be found, e.g., in the

reviews [123�128]. One important aspect of these developments for our work is integrability

in the context of equilibration dynamics. In particular, while integrable theories are usually

believed to be too constrained to thermalize in the standard sense, it is known that the mag-

netization of the critical Ising model at non-zero temperature is decaying, i.e. thermalizing at

late times [126,129,130] although the model is integrable in terms of free fermions. (See e.g.

reference [131], where this phenomenon was recently analyzed in the context of an operator

thermalization hypothesis.)

While holographic approaches or kinetic theory approximations are respectively suitable for

strongly or weakly-interacting regimes, the knowledge about collective QFT dynamics in the

most relevant regime of intermediate coupling is very limited. TN methods allow to study

exactly this parameter range in an e�cient ab initio way. An overview of these developments

is given in [132�134]. Their applicability is based on the absence of the sign problem, which

allows to study real-time phenomena and �nite-density problems and therefore goes beyond the

49
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power of conventional Monte Carlo (i.e. LGT) methods. For completeness, let us mention that

also related TNR techniques [135,136] and quantum link models [137,138] were successfully

employed to study properties of such QFTs.

In this chapter, we study questions motivated by the formation and relaxation of the QGP in

HICs using MPO simulations. We consider linear response theory as a natural starting point to

study real-time dynamics of QFTs. In particular, this allows us to calculate retarded correlation

functions at non-zero temperature fully ab initio. We consider a class of (1+1)-dimensional

QFTs, which emerge in the IR limit of the quantum Ising model. By developing a signal

analysis method based on the Prony method, we can extract the analytic structure of retarded

correlators in the complex frequency plane, which gives access to relaxation properties of the

underlying QFT from the numerically simulated real-time signal. The IR description covers

both the parameter case of a massive free fermion QFT, which we use to compare the numerical

data with analytical results, as well as nonintegrable interacting QFTs with mesonic bound

states. As motivated already in the overview chapter 1, the latter are particularly important in

the context of QCD phenomenology. Although the structure of the spin chain Hamiltonian is

rather simple, we therefore can make highly nontrivial predictions about the thermal response

of QFTs to local perturbations. Moreover, this setup allows us to solve and study integrable

interacting QFTs such as the E8 regime discussed below.

Before explaining linear response theory and the quantum Ising model as the underlying frame-

works for our numerical studies in section 4.2 and 4.5, we at �rst provide a short discussion

of QCD and HICs in the next section. Section 4.3 then summarizes some holographic results,

which motivate our studies about transient e�ects in correlation functions in section 4.9. In

section 4.4 we gain insights into 2D models from a kinetic theory approach. Sections 4.7 and

4.8 then outline the computational setup of MPO simulations and signal analysis, respectively.

In sections 4.9 and 4.10 we study separately transients and mesons as two major types of poles.

4.1 Aspects of QCD and heavy-ion collisions

The strong force in nature is described by QCD as a non-Abelian QFT with gauge group

SU(Nc). (For an introduction see e.g. [139].) On a classical level, the de�ning Lagrangian

L QCD ;cl = �
1
4

F a
�� F ��

a +
N fX

f

�qf (i
 � D � � mf )qf (4.1)

containsN f = 6 quark �avors, which are described by Dirac spinorsqc
f � . Here,c = 1; : : : ; Nc is

the color index and� = 1; : : : ; 4 the spinor index. GluonsAa
� (a = 1; : : : ; N 2

c � 1; � = 1; : : : ; 4)

enter the �eld strength tensor F a
�� � @� Aa

� � @� Aa
� + gf abcAb

� Ac
� as gauge bosons withg being

the gauge coupling andf abc the structure constants of the associated Lie algebra. This form of

the �eld strength tensor allows not only quark-gluon interactions but also multiple gluon self-
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interactions. While quarks are de�ned in the fundamental representation, gluons appear in the

adjoint representation. The covariant derivativeD � = @� � igAa
� ta contains the representation

matrices ta of the group SU(Nc). The quark massesmf as the only free parameters are

experimentally measured (see e.g. [140]). Within QCD, mesons appear as non-perturbative

bound states of a quark-antiquark pair. They are described as currents, e.g. the singlet current

�qf 
 � qf , which are constructed from left and right-handed components of the quark �elds.40

To quantize the classical theory, canonical schemes for a perturbative treatment are applicable

as well as path integral methods, which are relevant for numerical Monte Carlo techniques.

The � function (2.5) at one-loop order then takes the form

� (g) = � (11Nc � 2N f )
g3

48� 2
+ O(g5): (4.2)

The important minus sign of this negative expression implies a decreasing of the coupling at

high energies or momentum. This property is known asasymptotic freedom. Conversely, it

causes thecon�nement of quarks into color-neutral hadrons at large distances (or low energies).

A complete theoretical understanding of this phenomenon is currently not at hand. The �nite

values ofmf at the physical point break classical scale invariance explicitly. In the quantized

theory, the trace anomaly of the energy-momentum tensor also breaks this symmetry and

introduces a scale� QCD ' 200 MeV by dimensional transmutation.

Together, these quantum properties of QCD cause the rich set of emergent phenomena but

also demand the necessity for numerical or non-perturbative methods to explore the strongly-

coupled regime. In particular, asymptotic freedom suggests a phase transition from the con-

�ned hadronic phase to a decon�ned QGP of individual quarks and gluons. LGT methods

provide a way to evaluate the grand partition function of QCD in the path integral formalism

on a discretized spacetime lattice and extrapolate the results to the continuum limit. They

unveiled [141] that this phase transition is at zero chemical potential a continuous crossover

in the temperature range150� 170 MeV [142,143].41

The QGP created in HICs provides the primary experimental way of studying conditions sim-

ilar to the �rst few microseconds after the big bang in the early universe. As comprehensively

reviewed in [30,32,33,122], highly Lorentz-contracted nuclei or nucleons collide and form a

droplet of extremely high temperature (primarily in central collisions) and density (primarily

in �xed-target setups). The time evolution of a HIC is typically modelled in three di�erent

stages, which we summarize here following [32,122] and using Fig. 4.1.

1) The initial stage takes place from the moment of the collision up to a characteristic

proper time scale of order� 0 � 1 fm=c. The lump of primordial matter is in a state far

40For example, the � + and � 0 mesons as prominent pseudoscalar examples consist of anup and anti-down
quark in di�erent combinations.

41As pointed out in [122], this absence of a �rst-order phase transition is the reason why there are no observable
cosmological imprints visible in the present universe.
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Figure 4.1: Illustration of the di�erent phases in a HIC. The left panel shows a space-time
diagram with lines of constant proper time as hyperbolas assuming a collision at the origin.
The color is a proxy for the temperature. The right panel shows a numerical simulation of
a lead-lead collision at di�erent times. Blue and grey spheres indicate hadrons, red ones
represent the QGP. In both �gures, red lines denote constant rapiditiesy. The �gures
visualize the freezeout of hadrons from an initial far-from equilibrium stage in the HIC.
Figure taken and adapted from the arXiv version of [122]. The right panel was originally
adapted from [144].

from equilibrium with many nuclear constituents interacting in a very complex manner.

During this process, a QGP with decon�ned but strongly-interacting quarks and gluons

is created. Microscopic approaches, which aim for a theoretical description of this stage,

assume some initial condition of the colliding matter when using an e�ective QCD mod-

elling (such as a color glass condensate). Alternatively, holographic approaches allow

an ab initio study of the collision but are based on phenomenological models in some

class of QFTs. The prospect of TNs is precisely to overcome this di�culty, since they

allow an ab initio study of the underlying QFT, which can address both equilibrium and

non-equilibrium physics in the time, temperature (or more generally energy density) and

(charge) density domain. As a �rst step in this direction, this motivates us to study

retarded thermal correlators in this chapter, since such correlation functions give access

to the fundamental relaxation and thermalization behavior of a QMB system. Although

established TN methods limit us to (1+1)-dimensional systems, we can still explore a

nontrivial class of interacting QFTs, which shares important con�nement features with

QCD. TN methods also provide the advantage of giving access to entanglement prop-

erties and thus allow to study the process of (entanglement) entropy production in this

violent �rst stage of a HIC. This topic was recently addressed in [145] in a QED context.

2) The second stage is characterized by the evolution of the QGP at a very low shear

viscosity to entropy density ratio. Assuming local thermalization, relativistic viscous hy-

drodynamics provided a successful framework to explain particle momentum anisotropies

as a phenomenological consequence of spatial anisotropy. Holographic studies came to
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the competing conclusion that the hydrodynamic regime is applicable even when spatial

anisotropies are still present (i.e. in absence of thermal equilibrium) [146�150].

3) When the expanding matter has cooled down enough, hadronic, i.e. con�ned particles

decouple and freeze out at times later than a scale� f > � 0. This process takes place

sequentially and causes detectable particle signatures.

In summary, TN methods have the prospect of giving new insights particularly for the most

di�cult far-from-equilibrium initial stage of a HIC. This is not only relevant for a theoretical

understanding of this dynamical process itself, but also due to the fact that HICs provide a

way of exploring rich structures in the QCD phase diagram. The latter is standardly studied

as a function of temperature and baryon density and is a topic of intense research from both

the QCD side (see e.g. [151�154]) and holography (see e.g. [155,156]).

4.2 Linear response theory

Linear response theory provides a framework to study the near-equilibrium properties of per-

turbed thermal systems. We motivate here the calculation of retarded correlation functions

to characterize the relaxation behavior of QMB systems and QFTs following the discussion

in [32] and the general introduction in the corresponding chapter of [157].42

The basic assumption is that the equilibrium HamiltonianH0 of a physical system is perturbed

by a small sourceJ (t; x ) coupled to some operatorO,

H = H0 + J O: (4.3)

We are interested in the change in the thermal expectation value� hOi w.r.t. an initial thermal

equilibrium state � � = e � �H 0 at inverse temperature� = 1=T, which is given in real space as

� hOi (t; x ) =
Z t

�1
dt0

Z
dx0GO

R (t � t0; x � x0) J (t0; x0): (4.4)

The di�erential change � hOi is proportional to the source, which is chosen to satisfy

J (t ! �1 ; x) ! 0. The two-point function GO
R (t � t0; x � x0) of the operator O depends

only on the retarded arguments, ensuring causality of independent perturbations at di�erent

spacetime points. It can be calculated explicitly withKubo's formula as a thermal expectation

value of the operator commutator, given by

GO
R (t; x ) = i � (t) Tr f � � [O(t; x ); O(0; 0)]g ; (4.5)

42The notation here is adjusted to (1+1)-dimensional systems with coordinatest,x but the conclusions hold
generally.
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Figure 4.2: Nonanalytic structures in the lower complex frequency plane of the contour
integral (4.6). The integration along the blue curve can encompass pole singularities (green
squares) and branch cuts (orange curve) between branch points (orange crosses). Every
individual frequency contribution is a mode of the retarded thermal correlation function.
Figure reproduced from [32].

where we have chosen without restrictiont0 = x0 = 0. 43 Causality is represented in this

equation by the Heaviside theta function� (t � t0). In Fourier space, eq. (4.4) reads

� hOi (t; p) =
Z

d! e� i ! t GO
R (!; p ) J (� !; � p): (4.6)

Here, p is the momentum of the system and arguments specify the transformed functions.

This expression is now evaluated as a contour integral. As a consequence of causality, the

retarded correlation function is analytic in the upper half plane of the complex frequency! ,

while nonanalytic features in the lower half plane provide important insights into the response.

These are inevitable to characterize the thermalization or, more generally, relaxation behavior

of the perturbed system. As illustrated in Fig. 4.2, they encompass (arbitrarily many) pole

singularities and branch cuts stretching between branch points. Time reversal symmetry de-

mands that all structures are symmetric w.r.t. the imaginary axis. A single pole singularity

at a value ! = ! pole(p) gives rise to a term

� hOi (t; p) = e � i ! pole (p) t : (4.7)

The real part of ! pole(p) causes persistent oscillations in time, while the imaginary part de-

scribes an exponential decay. On the other hand, branch cut singularities generate time depen-

dencies in the form of power-laws on top of the branch point pole singularities. A singularity in

the Fourier-transformed retarded two-point function at some value of the frequency! (i.e. on

the right hand side of eq. (4.6)) is therefore identi�ed with its corresponding time-dependent

43We focus here on a single operatorO, but the formula generalizes trivially for two distinct operators in the
commutator.
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feature of the response� hOi (t; p) (i.e. on the left hand side of eq. (4.6)), which is constrained

by the fundamental equations of motion of the system. Any such contribution is called a

mode. The speci�c pattern and structure of modes is a property of the microscopic model

or QFT under consideration. Of particular importance is a potential mode! 1(p) with the

smallest imaginary part. Its inverse provides the relaxation time scale� R = 1=Im(! 1(p)) of

the system. Such a mode is calledhydrodynamic, because it is arbitrarily long-lived in the

limit Im(! 1(p)) ! 0. Further modes (and branch cut singularities) with a larger imaginary

part are faster decaying, hence short-lived. They are denoted astransient or nonhydrodynamic

modes or features. Equilibrium excitations with a real part of a mode much bigger than the

imaginary part can be interpreted as quasiparticles.

4.3 Elements of holographic descriptions

The study of the structure of retarded correlators as a probe of a system's thermal response

to perturbations is explicitly motivated by similar holographic explorations, for which we give

a short summary in this section. Our discussion is based on [32,158]; other useful overviews

on the subject are given, e.g., in [159�161].

In a gravitational theory, quasinormal modes(QNMs) are eigenfrequencies of a linearly per-

turbed �xed background. For this we consider a system described by the Einstein�Hilbert

action (2.1) plus some matter �elds, represented by the LagrangianL m ,

S = SEH +
Z

dD +1 x
p

� gL m : (4.8)

The underlying equations of motion are then given by the gravitational �eld equations,Rab �
1
2Rgab+� gab = 8�G (D +1)

N Tab, with Tab as the gravitational energy momentum tensor, in combi-

nation with the equations of motion for the matter �elds.44 By considering the linearization of

the system around background �elds, de�ned bygab = gbg
ab + hab for the metric and � = � bg + �

for a bulk �eld (of any type), one gets a simpli�ed set of linear di�erential equations for the

perturbations. QNMs are complex frequencies, which appear in solutions of these equations

in Fourier space for physically motivated initial and boundary conditions (at spatial in�nity

and the BH horizon).

The operator/�eld map, introduced in section 2.5.2, allows to identify the QNMs of the gravity

�uctuation � in asymptotically AdSD +1 spacetimes (with a BH solution) with the poles of the

retarded thermal correlation function of the dual operatorO in a D-dimensional QFT. In

particular, the boundary value of the metrichab itself sources the energy-momentum tensor

T�� of the dual gauge theory. Its expectation value can be extracted from the near-boundary

behavior of the bulk metric perturbation: For a bulk metric ansatzds2 = gab(x; z) dxa dxb =

44Here, we use Latin indices for the (D+1)-dimensional spacetime and Greek indices for the QFT inD
spacetime dimensions.
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Figure 4.3: Left: Schematic illustration of the pattern of the lowest QNMs in (3+1)-
dimensional holographic CFTs, which can be interpreted as poles of the retarded thermal
correlator. Green squares represent a large spatial momentumk, red circles a small momen-
tum value. Only the �rst mode ! 1 is hydrodynamic. The frequencies are measured in units
of T, which provides the only scale in the CFT.
Right: Dependence of the real (green) and imaginary (red) part of the lowest QNM! 1 in
a nonconformalN = 2 � gauge theory in dependence on the mass perturbation. The curves
correspond to scalar operators of dimension� = 2 ; 3; 4 (from bottom to top). Figure taken
from the arXiv version of [162].

L 2

z2 (g�� (x; z) dx � dx � + d z2), one �nds the following behavior forz ! 0

g�� = � �� +
� 2

2c
hT�� i (x)z4 + O(z6): (4.9)

Here,� �� is chosen as the �at Minkowski metric. Holography therefore provides a framework to

analyze the pole structure of the retarded two-point function of the gauge theory stress tensor,

which characterizes the near-equilibrium behavior of the system, via the QNM spectrum of

the perturbed background. This setup is typically considered in (3+1) dimensions, where the

the linear response specializes to the form

� hT �� i (x) = �
1

(2� )4

Z
d3k

Z
d! e� i!x 0+ i~k�~x G��;��

R (!; ~k)�g �� (!; ~k); (4.10)

with ~k as the three-momentum vector. It can be shown that the components decompose into

a scalar, shear and sound channel. For all these components, and more generally also for other

operators, as well as for di�erent holographic CFTs under consideration, a rather universal

picture arises as visualized in the left panel of Fig. 4.3. The QNMs consist of in�nitely many

single poles at frequencies! n (k), symmetrically to the imaginary axis in the lower half plane

and depending continuously onk = j~kj. Their position is aligned on a linear axis, whereby

only the �rst mode ! 1 with the smallest imaginary part is (arbitrarily) long-lived (! 1 ! 0 for

k ! 0), i.e. hydrodynamic, as identi�ed in the previous section. Note that these hydrodynamic
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modes exist only for conserved quantities, such as the stress tensor under discussion. The real

and imaginary part of all other modes are of the same order of magnitude and therefore fast

decaying in absence of quasiparticle excitations.

While these �ndings are formally valid for CFTs and their holographic counterpart, the

work [162] initiated the study of QNMs also for massive theories, i.e. with broken confor-

mal symmetry, which are a starting point for realistic models of the QGP. As demonstrated

in the right panel of Fig. 4.3, the authors found for a particular nonconformal gauge theory

that the position of lowest QNM is altered mildly by the mass deformation and the overall

equilibration time scale is dominated by the temperature scale.

This motivates us to perform similar considerations also for (1+1)-dimensional systems, where

TN methods are applicable. In fact, the study of 2-dimensional holographic CFTs provided

the starting point of explorations on the QNM structure in thermal correlators [163]. We

describe these results in section 4.6 and compare our extracted singularity structure from the

MPO simulations to them. However, beyond the conformal case (and more generally massive

free fermion regime), nothing is known when massive perturbations additionally also break

the integrability of the system. We use our TN simulations to make fully ab initio predictions

in exactly this most complicate regime. Furthermore, we are interested in the role of branch

cuts, which are absent in all higher-dimensional holographic calculations. To get a more

complete picture on these analytic structures in (1+1) dimensions, we at �rst consider a kinetic

theory model in the next section. We �nally point out that the importance of these QNM

analyses stems from the fact that, beyond thermalization time scales, they also provide access

to dispersion relations and further transport coe�cients, which lead to the famous holographic

result �=s = 1=4� [31].45

4.4 Insights from kinetic theory

In this chapter we are primarily interested in the analytical structure of retarded correlators

of (1+1)-dimensional systems. To gain further insights about the physical properties of such

systems, in particular for massive theories with broken conformal symmetry, we consider in

this section a kinetic theory model to develop some intuition about the structure of correlators.

As discussed in [32,33], kinetic theory e�ectively describes a system in terms of phase space

distributions of particles and represents a weakly-interacting approximation to QFTs at high

temperatures and densities, in which particles acquire e�ective masses and widths. It assumes

that the de Broglie wavelength of quasiparticles is smaller than the mean free path between

collisions, and that quantum interference e�ects are are negligible. In [165], this was for

the �rst time worked out for QCD using e�ective action techniques. Whereas similar and

45Note that this value holds for two-derivative gravity duals. More general cases can yield smaller values as
discussed in [164].



58 4 Real-time thermal �eld theory

more recent considerations as e.g. in [166�168] focus on (3+1) dimensions to describe the

QGP thermalization towards the hydrodynamic regime, the present lower-dimensional case is

typically not considered in the literature. To the best of our knowledge, the results presented

here have not been worked out in the literature before. We do not intend to give an introduction

into the topic kinetic theory itself. For this purpose we refer instead to the literature, for

example the lecture notes [169].

We consider the Boltzmann equation in the relaxation time approximation

p� @� f =
p� u�

� R
(f � f eq) ; (4.11)

which describes the time evolution of the one-particle distribution functionf (x; p). The latter

quantity represents the number of states per phase-space volume. Here,f eq is the local equilib-

rium distribution function, p� is the particle's four-momentum,u� is a collective four-velocity

vector and � R the relaxation time scale (which is proportional to the mean free path). For

notational convenience, we suppress arguments. Small perturbations�f and �f eq obey the

relation

p� @� �f =
p� u�

� R
(�f � �f eq) : (4.12)

Assumingu� (t; ~x) = (1 ;~0) + �u � (t; ~x), this equation reads in Fourier space

� ip� k�
f�f = �

p0

� R

�
f�f � g�f eq

�
; (4.13)

from which one can deduce

f�f =
p0 g�f eq

� i� Rp� k� + p0
=

p0 g�f eq

� i� Rp0! + i� R~p~k + p0
: (4.14)

We assume the local equilibrium function to have the Boltzmann type form

f eq = e �p � u � ; (4.15)

which depends on the inverse temperature� = 1=T and the velocity u� as macroscopic quan-

tities. Using this ansatz, perturbations of the local equilibrium are given as

�f eq =
f eq;0

T0

�
p� �u � �

�T
T0

p� u�

�
=

f eq;0 p0

T0

�
p�

p0
�u � +

�T
T0

�
: (4.16)

The global equilibrium distribution is f eq;0 = e � p0=T0 . 46 Perturbations of the energy-momentum

tensor, which is de�ned as the second moment w.r.t. the distribution functionf , i.e. as

46In the following, a subscript �0� denotes quantities in global thermal equilibrium.
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T �� = hp� p� f i , are given in Fourier space as

� gT �� =
Z

ddp
(2� )d

p� p�

p0
f�f =

Z
ddp

(2� )d

p� p�

p0

f eq;0

T0

(p0)2
�

p�

p0
g�u � + f�T

T0

�

� i� Rp0! + i� R~p~k + p0
; (4.17)

where we used (4.14) and (4.16).

The aim of this section is to analyze the structure of the retarded correlation functionG��;��
R ,

which describes the response of the energy-momentum tensor to metric perturbations:

hT �� i =
@T��eq

@h��

�
�
�
�
h=0

h�� �
1
2

G��;��
R h�� () G��;��

R =
�T ��

�h ��
: (4.18)

We are particularly interested in breaking conformal invariance in1+1 dimensions by introduc-

ing a �nite mass m, where the energy component of the momentum vector takes the formp0 =
p

m2 + p2. Instead of �nding explicit expressions for the correlator as in [166,167] for mass-

less particles in higher dimensions, we analyze its structure by identifying (non)hydrodynamic

poles (modes) or branch cuts in the complex frequency plane.

As discussed in [167], an intuitive picture of generic properties of the retarded correlator in

kinetic theory can be obtained by considering the following situation: Assuming alternating

overdense and underdense regions with wavelength2�=k , sound channel perturbations of an

equilibrium state can be mimicked by studying the response of an initial overdense sheet at

the spacetime point (~x; t = 0) . For massless interacting particles, the contribution to the

retarded correlator is given by integrating the following expression over a sphere of radius 1,

representing particles at the speed of light:47

Z

j~vj=1
ddv

1

1 � i� R ! + i� R
~k~v

=
Z 1

� 1

d cos� 
 d� 2

1 � i� R ! + i� R j~kj cos�
: (4.19)

In dimensions greater than1 + 1, this gives rise to a term

ln

"
1 � i� R(! � j ~kj)

1 � i� R(! + j~kj)

#

; (4.20)

resulting in a logarithmic branch cut between the two poles! = � i=� R � j ~kj in the complex!

plane. In 1 + 1 dimensions, we only get a term

1 � i� R ! � i� R j~kj; (4.21)

i.e. there are only two poles located at! = � i=� R � j ~kj, which we identify as nonhydrodynamic

ones. How does this behavior change for broken conformal invariance with massive particles

47Here, we are use the notationv� � p� =p0 = (1 ;~v).
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in 1 + 1 dimensions? In this case, the expression contributing to the retarded correlator takes

the form 48

Z
ddp

1

p0(1 � i� R ! ) � i� R
~k~p

=
Z 1

�1
dp

1
p

p2 + m2(1 � i� R ! ) � i� Rkp
: (4.22)

In the limiting case p = 0, the denominator in the integrand takes the formm(1 � i� R ! ),

implying a singularity at ! = � i=� R . For p ! �1 , the denominator readsp(1 � i� R(! � k)) ,

implying poles at ! = � i
� R

� k. We therefore conclude that the entire correlator exhibits

a nonhydrodynamic branch cut stretching between the two poles at! = � i
� R

� k. This

property is similar to the structure in higher dimensions discussed above. Breaking conformal

invariance explicitly by �nite particle masses thus has an e�ect similar to higher dimensions

in the massless case.

To identify also hydrodynamic poles in the complex! plane, we need to solve the kinetic

model (4.11) self-consistently by imposing the following Landau matching conditions:

T ��
0 = hp� p� f 0

eqi ; (4.23)

T �
� u� = � �u � : (4.24)

Using u� u� = � 1 (from which follows �u � u� = 0 and hence�u 0 = 0), the second condition

(4.24) implies

�T 00 = �� and �T i 0 = ( � 0 + P0)�u i (4.25)

(from the timelike and spatial components respectively). In1+1 dimensions, the �rst condition

(4.23) can be solved analytically: Writing the energy-momentum tensor in global equilibrium

as T ��
0 = diag(� 0; P0; P0; P0), the temporal and spatial components of the integral can be

expresses in terms of modi�ed Bessel functions as

� 0 =
m
�

[mK 0(m=T0) + T0K 1(m=T0)] and P0 =
mT0

�
K 1(m=T0): (4.26)

Denoting the two integrals in the sum (4.17) asI ��
u and I ��

T (w.r.t. the perturbations g�u � and
f�T respectively), the Landau matching conditions (4.25) imply

g�T 00 = I 00
u

f�u 1 + I 00
T

f�T =
@�
@T

f�T (4.27)

g�T 01 = I 01
u

f�u 1 + I 01
T

f�T = ( � 0 + P0) f�u 1: (4.28)

48The components are denoted ask� = ( !; k ) and p� = ( p0; p) with p0 =
p

p2 + m2.
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Figure 4.4: Hydrodynamic modes for a(1 + 1) -dimensional kinetic model in the relaxation
time approximation. The dispersion relation is shown asRe(! ) (left panel) and Im( ! ) (right
panel) in dependence of the momentumk.

Figure 4.5: Pole locations for hydrodynamic modes in the kinetic model in the scaled
complex ! -plane.

In matrix form, this system can be rewritten as

F

 
f�T
f�u 1

!

�

 
I 00

T � @�
@T I 00

u

I 01
T I 11

u � (� 0 + P0)

!  
f�T
f�u 1

!

= 0; (4.29)

where we callF the �uctuation matrix. For given values of m and k, one can identify hydro-

dynamic poles as solutions to the equation

detF = 0 (4.30)

in the complex ! plane.
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Figure 4.6: Overview of the results for poles in the complex! -plane in the (1+1)-
dimensional kinetic theory model with relaxation time approximation: The left panel il-
lustrates the conformal case (m = 0 ), which exhibits two nonhydrodynamic poles (orange)
and two hydrodynamic poles (green). For broken conformal invariance (m > 0, right panel),
a nonhydrodynamic branch cut stretches between the the branch points of the confromal
case (orange). Hydrodynamic poles lie, depending on their mass and momentum, inside of
the complex plane.

For massless particles,m = 0, the integrals can be easily solved analytically and one gets

! = � k (4.31)

as the hydrodynamic poles. For �nitem, we solve the condition (4.30) numerically by setting

� R = T0 = 1 (which de�nes the units m[T0] , ! [� R ] and k[� R ]). Figure 4.4 shows the resulting

dispersion relations (left and right panel) and Fig. 4.5 the location of poles in the complex

! plane for several values ofm. The real part Re(! ) shows a linear dependence withk and

the slope can be interpreted as the speed of sound. For small values ofk, the imaginary part

Im(! ) is quadratic in k. With increasing mass, the locations of the poles are shifted towards

smaller real frequencies. Note that the blue curve in Fig. 4.5 corresponds to a very small mass.

It exhibits a pole at !=k � 1 on the real frequency axis as already found analytically above.

The horizontal lines atj Im(! )� R j � 1 indicate that we numerically hit the branch cut between

! = � i=� R � k. Since we numerically do not have access to the next sheet, we cannot determine

the pole locations for large values ofk.

The results from this kinetic theory analysis are summarized in Figure 4.6. It can be concluded

that beyond hydrodynamic poles also nonhydrodynamic structures play a signi�cant role in

the relaxation behavior of (1+1)-dimensional systems. Breaking conformal invariance can have

signi�cant e�ects, since branch cuts can arise and pole locations are signi�cantly altered.
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4.5 The quantum Ising model and IR QFTs

4.5.1 Phase diagram

The Ising model, originally developed by Ernst Ising in [170] as a model for ferromagnetism,

represents even a century after its introduction still a cornerstone in present-day quantum and

condensed matter physics. We follow here the modern discussion in [129]. Another useful

reference is [171]. The nearest-neighbor quantum Ising model in one spatial dimension is

de�ned by the Hamiltonian

HNN = � J

 
N � 1X

j =1

� z
j � z

j +1 + h
NX

j =1

� x
j + g

NX

j =1

� z
j

!

: (4.32)

This local Hamiltonian is of the form (3.2) and therefore possesses all previously discussed

properties on the entanglement and correlation structure. Here, quantum spins are described

by Pauli matrices � x;z
j at lattice positions j in a chain ofN sites. The energy scale is set by the

unit J > 0 and the parametersh > 0 and g quantify transverse and longitudinal perturbations

w.r.t. the �rst interaction term. 49 In fact, the form (4.32) of the Hamiltonian is a short-hand

notation for tensor products of the Pauli matrices, which commute with each other on di�erent

sites, and identity matrices at all remaining lattice sites. It is common to work in the� z
j basis

with eigenvalues� 1, such that the two possible spin orientations can be interpreted as �up�

j"i j and �down� j#i j states. At h = 0 the model is classical (through its diagonal form) but at

any �nite h > 0, entanglement is present in the system that can induce spin �ips via tunneling.

From this basic de�nition, the phase diagram shown in Fig. 4.7 follows for the 1D quantum

Ising model.50 We consider at �rst the caseg = 0. At large �eld values h � 1, the transverse

term is dominating, such that the ground state is given byj0i =
Q

j j!i j with j!i j =

(j"i j + j#i j )=
p

2 as the eigenstate of� x
j with eigenvalue+1. This is the disorderedparamagnetic

phase. On the other hand, ath = 0, the ground state consists of all spins pointed upwards

or downwards, i.e.j0i =
Q

j j"i j or j0i =
Q

j j#i j , which is denoted asferromagnetic ordering.

The Ising Hamiltonian (4.32) admits invariance under a globalZ 2 symmetry, generated by
Q

j � x
j , which maps � z

j 7! � � z
j and � x

j 7! � � x
j . In combination with a vanishing tunneling

matrix element between these two degeneracies, this is the reason why in an in�nite system the

ferromagnetic ordering persists also for small values ofh, since only a small number of spins

will be �ipped. As a consequence, there must be a phase transition at some critical valuehcrit .

It is a quantum phase transition, since it exist at zero temperature and is entirely induced by

quantum �uctuations (in contrast to thermal �uctuations).

49We set J � 1 for all our numerical studies.
50Note that the classical Ising model in arbitrary D dimensions is identical to the quantum Ising model with

a transverse �eld in D � 1 dimensions. By this duality, the quantum phase transition in 1D corresponds to
the thermal critical point of the classical 2D Ising model. For details of the mapping see [129].
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Figure 4.7: Phase diagram of the one-dimensional quantum Ising model (4.32).

4.5.2 Free fermion mapping

The precise value of the critical transverse �eld can be determined via a mapping to free

fermions. This is possible for vanishing longitudinal �eld (g = 0), in which case the system

is integrable, i.e. it can be solved analytically.51 The well-known procedure outlined here is

described for example in [129]. Detailed calculations are available in the documents [171,174].

The starting point is the Jordan�Wigner transformation [175], which allows to rewrite a spin-12
system as spinless fermions with the de�nitions

� x
j = 1 � 2by

j bj and � z
j =

 
Y

l<j

(1 � 2by
l bl )

!

(bj + by
j ): (4.33)

Here, by
j and bj are respectively fermionic creation and annihilation operators that satisfy the

anticommutation relations f bi ; by
j g = � ij and f bj ; bj g = f by

j ; by
j g = 0. The form (4.33) ensures

at the same time the commutation rules[� +
i ; � �

j ] = � ij � z
i and [� z

i ; � �
j ] = � 2� ij � �

i of the Pauli

spin �ip operators � �
j � (� x

j � i� y
j )=2 through the inserted string of operators. Using these

de�nitions, the Hamiltonian (4.32) is transformed into

H f f = � J
X

j

�
by

j bj +1 + by
j +1 bj + by

j b
y
j +1 + bj +1 bj � 2hby

j bj + h
�

: (4.34)

The apparent violation of the fermion number conservation can be circumvented via a Bogoli-

ubov transformation. For that, we work with Fourier space operators52

bk =
1

p
N

X

j

bj e� ikx j (4.35)

51As remarked before, the resulting solution is transformable to the classical 2D Ising model, which was �rst
solved by Onsager in [172]. The solution in the form presented in this section was found by Pfeuty [173].

52Here, the position x j = ja contains the lattice spacinga.



4.5 The quantum Ising model and IR QFTs 65

with wave numberk = 2�
Na n (n = 0; : : : ; N � 1), and introduce fermionic operators53


 k � ukbk � ivkby
� k : (4.36)

For the parametrizations54 uk � cos(� k=2) and vk � sin(� k=2) and the choice

tan � k =
sin(ka)

h � cos(ka)
(4.37)

the resulting free fermion Hamiltonian reads

H f f =
X

k

� k

�

 y

k 
 k �
1
2

�
; (4.38)

which obeys the fermion number conservation principle. The single-particle energy� k � 0

follows the dispersion relation

� k = 2J
p

1 + h2 � 2h cos(ka) (4.39)

and takes its minimal valueM h � � k=0 = 2J j1 � hj for vanishing momentum. The vanishing

mass gap ath = 1 marks the critical point of the Ising model, where the quantum phase

transition between the ferromagnetic (h < 1) and paramagnetic (h > 1) phase takes place.

4.5.3 Continuum limit and IR QFTs

The existence of a critical point in the transverse Ising model suggests that in the continuum

the IR physics is e�ectively captured by a CFT. The QFT limit for the most general form (4.32)

of the Hamiltonian is nicely discussed in [176]. This description follows from the introduction

of two independent Majorana fermion �elds as (x = ja ) =
p

�=a (by
j + bj ) and � (x = ja ) =

� i
p

�=a (by
j � bj ). The lattice spacing is set toa = 2=J, from which the speed of light follows

as 1. In the continuum limit a ! 0, the �elds anti-commute with each other and satisfy

f  (x);  (y)g = f � (x); � (y)g = 2� � (x � y), ensuring that two-point correlation functions

decay in the vacuum as 1
x� y at long distances, which is demanded by the CFT result. In the

thermodynamic limit N ! 1 , combined with the scaling limit, which encompassesa ! 0 and

M h=J ! 0, while the ratio M h=Mg is kept �xed, the IR, i.e. long distances compared to the

lattice spacing, is described by the following Majorana fermion QFT [176]

H IR =
Z 1

�1
dx

�
i

4�

�
 @x  � � @x

� 
�

�
iM h

2�
�  + CM 15=8

g �
�

: (4.40)

53The anticommutation relations translate into f 
 k ; 
 y
k 0g = � k;k 0 and f 
 k ; 
 k 0g = f 
 y

k ; 
 y
k 0g = 0 .

54The functions in the Bogoliubov transformation obey the properties u2
k + v2

k = 1 and uk = u� k , � vk = v� k .
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Apart from the previously de�ned free fermion massM h � 2J j1� hj, the longitudinal mass scale

M g is given asM g � D J jgj8=15. Here,C � 0:062and D � 5:416are numerical constants [176,

177]. For non-zero temperatures, IR degrees of freedom are excited in the limit�J ! 1 .

From the scaling limit, it becomes apparent that the Ising model, de�ned by the lattice Hamil-

tonian (4.32) is described in the vicinity of the critical point by the class of QFTs captured by

the Hamiltonian (4.40). As visualized in Fig. 4.7, there are several distinct parameter regimes,

which we now discuss in detail.

ˆ M h = M g = 0: The parameters translate into the lattice �elds f h = 1; g = 0g at the

quantum critical point of the Ising model. The Hamiltonian (4.40) represents the Ising

CFT, which is a free Majorana fermion CFT with central chargec = 1
2 . There are two

scalar primary Hermitian operators:� � i �  with scaling dimension� � = 1 and � with

� � = 1
8 . In the lattice discretization (4.32), they are given in terms of transverse and

longitudinal Pauli matrices as� (ja ) = � a
� � x

j and � (ja ) = a� z
j .

ˆ M h 6= 0, M g = 0: This massive free fermion QFT, characterized by the fermion massM h,

is integrable. It corresponds to the continuum limit of the transverse Ising model in the

phase diagram (cf. Fig. 4.7), in which the free fermion mapping allows to �nd analytical

expressions in both the ferromagnetic and paramagnetic phase.

ˆ M h = 0, M g 6= 0: This regime describes the integrable and interacting E8 QFT of

Zamolodchikov [178], which is mathematically captured by the exceptional simple Lie

algebra of rank 8. It contains 8 stable mesons as nonperturbative fermionic bound states

in the spectrum. Their massesM n are known and can be expressed as analytical ratios

in terms of the lightest massM 1 = M g as given in Tab. 4.1.

ˆ M h 6= 0, M g 6= 0: This parameter range with both � and � perturbations turned on

represents an interacting nonintegrable QFT with stable and unstable bound states [178�

181].

Table 4.1: Analytical ratios of meson masses for the integrable interacting E8 QFT [178]
in comparison to the numerically extracted value from the TN+Prony method outlined in
sections 4.7 and 4.8.

M 2=M1 M 3=M1 M 4=M1 M 5=M1

analytical 2 cos�
5 2 cos �

30 4 cos7�
30 cos�

5 4 cos2�
15 cos�

5
numerical 1.6180 1.9890 2.4049 2.9563
TN+Prony 1.6147(7) 1.962(1) 2.413(2) 2.936(3)

M 6=M1 M 7=M1 M 8=M1

4 cos �
30 cos�

5 8 cos2 �
5 cos7�

30 8 cos2 �
5 cos2�

15
3.2183 3.8912 4.7834
3.165(6) 3.52(3) -



4.6 Retarded thermal correlators in solvable cases 67

While the massive free fermion regime allows us to benchmark our TN simulations, we are

primarily interested to study the nonintegrable regime at non-zero temperature, where the

combination of TN simulations and subsequent signal analysis methods, which we develop

below, have the most predictive power. Despite the simplicity of the Ising lattice Hamiltonian,

we therefore can study highly nontrivial QFTs. We denote the entire class of QFTs described

by the Hamiltonian (4.40) as Ising QFT. As pointed out in [176], this Hamiltonian makes

no distinction between the ferromagnetic and paramagnetic phase. Only at the level of the

Hilbert space, the di�erence becomes visible. In the ferromagnetic phase atg = 0, elementary

excitations can be interpreted as domain walls. As soon as a longitudinal �eld is turned

on (g 6= 0), these are non-perturbatively con�ned into mesons [182]. In the paramagnetic

phase, excitations are interpreted as spin waves and a longitudinal �eld instead introduces

perturbative corrections. Due to the relativistic nature of the Ising QFT, any excitation with

massM n follows the dispersion relation! (p) =
p

M 2
n + p2, wherep is the spatial momentum.

4.6 Retarded thermal correlators in solvable cases

As emphasized before, we are interested in this chapter in the frequency structure of retarded

thermal correlators. The free fermion mapping allows us to derive an explicit expression for

this quantity in the integrable free case atg = 0. In particular, for zero momentum (p = 0),

the retarded correlatorG
� �

a � x

R of the transverse magnetization can be derived as follows. From

the Jordan�Wigner transformation (4.33), the relevant term is given by

G
� �

a � x

R (t > 0; j � l ) = 4 i Tr
�

[by
j (t)bj (t); by

l (0)bl (0)]
�

: (4.41)

Using the inverse of the Fourier modes (4.35) and working in an energy eigenbasis with modes

(4.39), the correlator can be evaluated as

G
� �

a � x

R (t > 0; p = 0) =
4

N 2
Tr

 
X

k

e� �� k

Z �
[ei� k t by

kbk e� i� k t ; by
kbk ]

!

; (4.42)

where Z � is the �nite temperature partition function. Upon insertion of the Bogoliubov-

transformed fermion operators (4.36) in their inverted form (given asbk = uk 
 k + ivk 
 y
� k),

only terms with an equal amount of creation and annihilation operators in the commutator

contribute to the trace. In the thermodynamic limit, N ! 1 , the sum overk is replaced by
P

k ! N
2�

R
dk. Terms of the form
 y

k 
 k yield the Fermi�Dirac distribution nk = (1+ e� � k )� 1 =

n� k in the canonical ensemble average. Usingu2
kv2

k = sin2 � k
4 (as de�ned in (4.37)), one arrives

at

G
� �

a � x

R (t > 0; p = 0) = 2 J
Z �

� �
dk (2nk � 1) sin2 � k sin (2� k t): (4.43)
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A similar calculation for �nite momentum p generalizes this result to

G
� �

a � x

R (t > 0; p) = 2 J
Z �

� �
dk

�
sin (t(� k + � q))( nk + nq � 1)(ukvq + uqvk)2+

sin (t(� k � � q))( nk � nq)(ukuq � vkvq)2
�
; (4.44)

wherek � q � p (mod 2� ).

We are primarily interested in the case of vanishing momentum. The integral formula (4.43)

then can be understood via two-particle exchanges: The operator� x
j excites a continuum of

states consisting of fermions with zero net momentum but distinct relative momentum. The

corresponding analytic structure in the complex frequency plane can be derived by simple

observations: The integral contains terms that oscillate in the time domain with frequencies

ranging from2� 0 = 2M h (i.e. twice the fermion mass) to2� � = 8J � 2M h (containing the lattice

spacinga = 2=J). This results in a branch cut stretching between the IR and UV scale, set

by these two limits. Fig. 4.8 shows this representation in the scaled complex! plane in blue.

From a mathematical viewpoint, it is well known that the location of branch cuts between

two branch points is ambiguous. That is, one can alternatively represent the structure as

shown in red in Fig. 4.8. Here, a branch cut stretches between the points� 2M h, originating

from the creation of fermion pairs with relative momenta� p and hence zero net momentum.

Additionally, there is a second branch cut connecting the UV scale with in�nity and extra poles

originating from zeros of the Fermi�Dirac function. They are known asMatsubara frequencies

~! n = � i �
� (2n + 1) (n 2 N) [183]. As a consequence of he factor 2 in the sinus function in

(4.43), the poles lie at! n � 2~! n . From the general remarks about correlators in section 4.2,

we can identify their contribution as a transient e�ect. Due to this separation of IR and UV

scales, this representation is inherent to a QFT viewpoint.

The result (4.43) is valid for an in�nite chain but not yet in the continuum (arising in the limit

�J ! 1 at constant �M h). The described features, in particular decaying poles, are therefore

present also in the discrete spin chain system. In the conformal case (M h = M g = 0), we expect

the continuum result to be given by CFT techniques. In fact, conformal symmetry entirely

�xes in (1+1) dimensions the retarded two-point function on a line at non-zero temperature

to the form [131,163]

D
O�= h L + h R
R (t > 0; x) = i� (t)

�
(�T R)2hR

sinh2hR [�T R(x � t + i" )]

(�T L )2hL

sinh2hL [�T L (x + t � i" )]
� (" 7! � " )

�
;

(4.45)

where the subscriptsL and R refer to left- and right-moving sectors. From the Fourier trans-

formation of this function, assumingTL = TR � T = 1=� , it follows that an operator of

conformal dimension� = hL + hR has single poles at frequencies

! n = � p � i 2� T (� + 2 n) for n 2 N0: (4.46)
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Figure 4.8: Analytic structure of the retarded thermal correlator (4.43). The freedom to
deform branch cuts leads to two valid choices as illustrated in blue and red. The latter one
decouples the UV scale from the IR which makes it more natural for QFT considerations.
In this case, single poles related to Matsubara frequencies arise. Figure taken from [1].

These values are in agreement with the frequencies originating from the Matsubara poles for

the � = 1 operator considered above. The simpli�ed Fourier transformation of (4.45) atp = 0,

yields the following explicit result for the correlator (neglecting contact terms)

GO �=1
R (t > 0; p = 0) = �

4�
�

e� 2�
� t

�
1 � e� 4�

� t
� � 1

; (4.47)

which has a sequence of poles at the values (4.46). Additionally, we can now read o� that the

residues are given by� 4�
� . This value agrees with the prediction following from (4.43) in the

scaling limit (�J ! 1 at M h = 0). The value of the residue of a transient pole therefore

provides strong indications for us to correctly identify the QFT regime. We numerically

extract these data by combining MPO simulations with a Prony based signal analysis method,

which gives access to residues as normalization coe�cients of complex exponentials. It will be

demonstrated below that the CFT regime is reached even for moderate values of�J in the

order of 5 to 10.

Finally, we want to stress the dual holographic interpretation of the sequence of frequency

values (4.46). In the important work [163], the authors identify these CFT modes as QNMs

of the BTZ black hole solution.55 This allowed, for the �rst time, the identi�cation of ther-

malization time scales in a CFT from the inverse of the lowest transient mode in the decay of

BH perturbations and initiated all further explorations of higher-dimensional QNMs as moti-

vated in section 4.3 above. Interestingly, this in turn means that our spin chain setup allows

us directly to address questions and problems, which have a dual gravitational interpretation,

although we are not considering explicitly a holographic CFT.

55The BTZ metric, named after Bañados, Teitelboim and Zanelli, is a particular BH solution in AdS3 [184].
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4.7 Tensor network setup

Real and imaginary time evolution can be combined in TN simulations in order to obtain

thermal response functions [185�188]. We are interested here to numerically calculate retarded

thermal correlation functions of the form

GR(t) = i� (t) Tr( � � [O1(t); O2(0)]) (4.48)

for local operators de�ned in terms of Pauli matrices as

O1(0) =
X

j

� x;z
j and O2(0) = � x;z

N=2: (4.49)

This amounts to the calculation of individual expectation values of the form

hO1(t)O2(0)i � = Tr
�

� � Uy(t)O1(0)U(t)O2(0)
	

: (4.50)

As discussed in detail in [188], the real and imaginary time steps can be grouped in di�erent

ways, the optimal con�guration being dependent on the concrete setup. Here, we can evaluate

the expectation value as

hO1(t)O2(0)i � = Tr
�

[Uy(t=2)� �= 2O1(0)U(t=2)] [U(t=2)O2(0)� �= 2Uy(t=2)]
	

; (4.51)

which allows us to gain a factor of two in the real-time evolution. We use the TEBD algorithm

(cf. section 3.5.2) to e�ciently represent the puri�ed thermal state � �= 2 as a MPO approxi-

mation [189�192] through imaginary time evolution for a �nite system with open boundary

conditions. In the second group of operators in (4.51) (indicated by the brackets), the operator

O2 acts at time t = 0 onto this thermal state � �= 2 (at the mid chain position). Since it is a local

operator, this step does not change the bond dimension of the MPO. The resulting new MPO

is then evolved for timet=2. In the �rst group of operators in (4.51), the operator product of

the thermal state with O1 is evolved backwards in time. We use again the TEBD algorithm

to implement the real-time evolution of the individual MPOs. The growth of entanglement

during real time evolution is re�ected by the increasing truncation error in the numerical simu-

lation. The convergence of the results can be checked by comparing data for di�erent values of

the maximal bond dimension� , or by comparing to the exact result when available. Evolving

each term for only half the time hence allows us to reach longer total times with the same

resources. Finally, the desired expectation value is obtained from the contraction of the two

time evolved MPOs, which can be computed exactly in an e�cient manner.

In general, the retarded correlator can be calculated w.r.t. the transverse or longitudinal Pauli

matrix. Based on the general principles of the linear response framework (cf. section 4.2), the

convolution of the correlator with a time-dependent pro�le of the �elds h or g then either



4.7 Tensor network setup 71

Figure 4.9: Left: Results of MPO simulations for the transverse (solid curves) and longitu-
dinal (dash-dotted curves) response function (at�M h = 0 :2, �M g = 0 in the ferromagnetic
phase and two lattice spacing values corresponding to�J = 4 and �J = 32). Observe that
the longitudinal response is oscillating on a much longer time scale.
Right: Results of MPO simulations (solid curves) and exact results from free fermions (black
dotted curves) for the transverse response function at criticality (�M h = �M g = 0 ). One
can observe an excellent agreement for all lattice spacing values�J .
Numerical parameters: N = 100, � = 200, J�t = 0 :005, Jt max = 10, 2nd order Trotter
decomposition. Both plots are scaled w.r.t. the minimum of the correlation function for
graphical purposes. Figures taken from [1].

yields the transverse or longitudinal magnetization, which the system follows under small

perturbations. From the discussions around the Ising QFT Hamiltonian (4.40), we know that

the two corresponding CFT operators� and � di�er by a factor of 8 in their scaling dimensions.

Within coverable simulation time scales, the longitudinal response therefore decays too slowly

to be seen and analyzed e�ciently. The left panel in Fig. 4.9 demonstrates this for a particular

parameter value in the massive free fermion regime. Here, the� z-correlator is calculated by

the outlined method using MPO simulations.

From now on, we focus entirely on the transverse correlation function. The right panel in

Fig. 4.9 shows the time dependence of this quantity for several temperatures (or lattice spac-

ings) at criticality. One can observe damped oscillations, which qualitatively di�er only at the

lowest temperature�J = 8 near the ground state. Note that the visible signal is dominated

by the UV, which causes fast oscillations at high frequencies. The aim to study IR physics

therefore demands us to extract frequencies with small real parts. On top of the numeri-

cal data obtained by MPO simulations (shown as colored solid curves), the results of the free

fermion solution (4.43) are superimposed (shown as dash-dotted curves). The two curves agree

respectively very well in the whole time period.
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4.8 Prony signal analysis

To analyze the analytic structure of the retarded response function, we need to exploit a method

that is able to extract complex frequencies from the numerical real-time signal. The standard

Fourier transformation is limited to real frequency values in this regard: Real frequencies

(describing oscillations) appear as peaks in the spectrum. The imaginary frequency part

(describing their decay) is, however, hidden in an inde�nite way in the width of the peak.

Complicating matters further, the frequency resolution depends on the total time interval

available and therefore obscures the actual peak width. A way out is o�ered by the Prony

method, which was invented in its original form already a long time ago [193]. The basic

concept of this method is to represent a function (i.e. the retarded correlator) as a sum of

complex exponentials,

G(t) =
MX

k=1

ck e� i ! k t : (4.52)

Here, the coe�cients ck and frequencies! k are chosen complex valued andM is the (variable)

total number of modes. The mathematical background of the Prony method and its general-

ization in terms of eigenfunctions of linear operators are explained in detail in [194], including

numerical codes for their implementation. In its original form, Prony's method makes use

of the fact that the ansatz (4.52) satis�es a �nite di�erence equation for sparse input data

GR(0); GR(1); : : : ; GR(2M � 1). It consists of the following steps [194].

i) Construct the Hankel matrix H := ( GR(n + l))M � 1
n;l =0 and the vectorg := ( GR(M + n))M � 1

n=0

and solve the systemHp = � g for the coe�cients p = ( pn )M � 1
n=0 .

ii) Set pM = 1 and determine all rootszk � e� i ! k of the characteristic polynomialP(z) =
P M

n=0 pnzn .

iii) Construct the Vandermonde matrix V := (e � i ! k n )M � 1;M
n=0 ;k=1 and the vectorf1 := ( GR(n))M � 1

n=0

and solve the systemVc = f1 for the coe�cients c = ( ck)M
k=1 .

Due to the linearity of this system of equations, the algorithm is able to determine the fre-

quencies! k independently from the coe�cients ck . For our numerics, we use a version of this

Prony method known asESPRIT(estimation of signal parameters via rotational invariance

techniques) [195]. As a modi�cation, this algorithm performs a SVD on the Hankel matrix

and takes only singular values into account that are larger than some chosen threshold". The

number of modesM represents then an upper bound. Some related methods, known aslinear

prediction, have also been used in the context of TN simulations [185,196�200].

Based on the functional ansatz (4.52), one can expect to faithfully recover single poles in the

frequency space of the retarded correlator. However, the identi�cation of branch cuts, which

play a major role in the analytical solution discussed above and as visualized in Fig. 4.8, is not

directly possible by this ansatz. The key novelty of our method here is to identify also the
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Figure 4.10: Schematic illustration of our Prony signal analysis procedure: The Prony
method is applied only in the �nite analysis window, which is sequentially shifted towards
later times. For each analysis window, de�ned by its starting and end time, a unique color
(shown in the colorbar) is associated to all identi�ed complex frequency values.

latter as a sequence of single poles inherent to the Prony method we employ. This is achieved

by applying the Prony algorithm to a sequence of time-shifted data analysis windows. See

Fig. 4.10 for an illustration of this procedure. Identi�ed complex frequencies are then visualized

in di�erent colors for each time window. Poles of the correlator will appear as frequencies

that are stable across di�erent time windows, while branch cuts are visible as streaks. The

uncertainty of any such structure is related to its �fuzziness� in the complex! plane. (In the

next section we will develop a quantitative estimate of it based on a rigorous procedure.)

We test our signal analysis method in the free case for the transverse correlator (4.43), for

which we have sketched the derived analytical structure in Fig. 4.8. The left panel in Fig. 4.11

shows the Prony result for that case at criticality, which allows to identify both the UV branch

cuts and Matsubara poles: One can clearly see the �rst two transient poles on the imaginary

axis. On the other side, the Prony method seems to favor a vertical representation of the UV

branch cuts in the lower half plane, which are visible as the colorful bands of poles, which

are concatenated from di�erent time windows. The precise identi�cation of these decaying

structures is a clear advantage over the conventional Fourier transform, which was employed

in a real-time context e.g. in [201], but allows a reliable identi�cation of frequencies only on

the real axis. The right panel in Fig. 4.8 shows the same situation but for �nite momentum. In

this case, only the �rst CFT transient is visible, which now attains a �nite real part as given

in (4.46). (Additional poles on the real axis arise from the lattice result (4.44).)

The ambiguity in the location of branch cuts is visible in Fig. 4.12.56 Here, the retarded

correlator is analyzed with the Prony method for two masses. For a small mass (left panel) the

red representation of the analytic structure in Fig. 4.8 is obtained, while the blue representation

is assumed for a larger mass (right panel). The Prony method seems to make implicitly a

56Such a non-uniqueness played in a similar context also a role in a kinetic theory model of [167].
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