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Deutschsprachige Zusammenfassung

Hydraulic-Fracturing (deutsch auch hydraulische Rissermgung genannt) ist eine Ver-
fahrenstechnik, um die Durchlassigkeit des Gesteins zuhehen. Dabei wird das soge-
nannte Fracking-Fluid { eine Suspension aus Wasser, Statztteln und Additiven { unter
hohem Druck uber eine Zugangsbohrung in den Boden gepressin bestehende Risse
im Gestein zu erweitern bzw. neue Risse zu erzeugen. Die raulische Risserzeugung
wird far eine Vielzahl von Anwendungen in gesattigten und ungsattigten por@sen Ma-
terialien eingesetzt, wie zum Beispiel bei der Ferderung feiter Energietrager, bei der
Tiefen-Geothermie, bei der Erschlie ung tiefer Grundwasseorkommen und bei der Ab-
fallentsorgung. Obwohl diese Technik in der Praxis weit vbreitet ist, wird das Verfahren
kontrovers diskutiert. Gegenaber wirtschaftlichen Voreilen stehen Umwelt- und Gesund-
heitsrisiken wie die Verunreinigung von Grundwasser, dieréisetzung von Treibhaus-
gasen oder die Gefahr von Mikroerdbeben. Die Anwendungen bleea in erster Linie
auf empirischen Methoden, da die Wechselwirkungen bei der hgditischen Risserzeu-
gung wissenschaftlich noch nicht vollstandig erfasst sih Die erwahnten Risiken des Ver-
fahrens verdeutlichen die Relevanz, den Rissprozess zustenen, um das Gefahrdungspo-
tential weitestgehend ausschlie en zu kennen. Eine Herawustlerung ist die komplexe,
mehrphasige Gesteinszusammensetzung im Untergrund, welelugrund der schwierigen
Zuganglichkeit nicht direkt beobachtet werden kann. Es tsdeshalb wichtig, ein e zientes
Modell und Simulationsverfahren far uidgetriebene Rise zu entwickeln, um ein besseres
Verst@andnis der Wirkzusammenhange zu erlangen und somitévfahrensrisiken praventiv
vorbeugen zu kennen.

Hydraulisch induzierte Risse in vollsiandig gesattigtenpom@sen Materialien wurden be-
reits umfangreich untersucht. Diese Dissertation erweitedas Verstandnis gekoppelter
Rissprozesse in teilgesattigen po@sen Medien basiedeauf der Entwicklung eines theo-
retischen Modells. In diesem Fall ist der Porenraum des Féstperskeletts nun sowohl mit
einer inkompressiblen Flassigkeit, wie Wasser od@l, als auch mit einem kompressiblen
Porengas, wie Luft oder Erdgas, gefullt. Hierzu mussen zwé&hanomene gleichzeitig
betrachtet und gekoppelt werden: Einerseits die mehrphagin Wechselwirkungen zwi-
schen Festkerper und Fluiden im poresen Medium und andergg die Rissentstehung und
-ausbreitung im Festkerperskelett.

Die Theorie Pomeser Medien (TPM) ermeglicht eine konsistnte Formulierung des gekop-
pelten Verhaltens der drei oben genannten Phasen. Der Aufbaes kontinuumsmecha-
nischen Modells basiert auf den Grundsatzen der Thermodgmik. Uber eine virtuelle
statistische Homogenisierung der Elementarvolumina wirdire makroskopisches Modell
mit sich uberlagernden Konstituierenden gescha en. Dutt die Einfadhrung von Volu-
menanteilen wird die lokale Zusammensetzung weiterhin eksichtigt. Far jeden Be-
standteil des por@sen Mediums werden in der TPM eine indiduelle Bewegungsfunktion
und ein spezi scher Satz an Bilanzgleichungen betrachtet.etztere sind uber sogenan-
nte Produktionsterme miteinander gekoppelt. In Hinblick afihydraulische Risserzeugung
ermeglicht dieses Vorgehen die Kopplung der Festkerpegvformung mit dem Druckfeld
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des injizierten Fluids. Somit kann der Ein uss der Injektion pesser gesagt der Druck des
injizierten Fluids) auf das Verzerrungsfeld des Festkerpsrbeschrieben werden, welches
wiederum die Rissausbreitung hervorruft.

Um den Bruchprozess im poresen Medium einzubeziehen, wirtedPhasenfeldmethode in
das zuvor erarbeitete TPM-Modell eingebettet. Dabei wird ithilfe einer skalaren Vari-
able { das Phasenfeld { zwischen intaktem und gerissenem Zast des Festkerperskeletts
unterschieden. Durch einen Langenskalenparameter wird sldPhasenfeld geglttet, was
eine kontinuierlicheUbergangszone zwischen intaktem und vollstandig gerissam Mate-
rial ermeglicht. Dieser Ansatz vermeidet Sprnange im Brucprozess und erleichtert somit
die numerische Umsetzung. Das Phasenfeld wird als Prozesmle eingefahrt und in die
Formulierung des Helmholtz-Potentials integriert. Letztees basiert auf einer spektralen
Zerlegung der Festkerperverzerrung, so dass das Phaséhfgie elastische Energie allein
unter Zug und nicht unter Druck verringert. Damsber hinaus wird far die Phasenfeld-
variable eine Evolutionsgleichung vom Typ Ginzburg-Landawiden Satz der Bilanzglei-
chungen aufgenommen. Um die Irreversibililat des Bruchpeesses zu gewahrleisten, wird
ein lokales Geschichtsfeld eingefuhrt, welches den Maxatwert der spannungsinduzierten
Festkerperenergie aufzeichnet.

Weiterhin wird das Modell um den sogenannten Crack-Openirigdicator innerhalb der
konstitutiven Beziehungen der Fluide erweitert. Dieses Vihren ermeglicht die Un-
terscheidung zwischen o enen und geschlossenen Risserglditet von einem bidirek-
tionalen Wechsel zwischen einer Darcy-Stmmung im intakh por®sen Bereich und einer
Navier-Stokes-Stremung in vollstandig gebrochenen Gedtien. Neben dem veranderlichen
Flussverhalten spielt auch der Fluiddruck im teilgesattigen Medium eine wichtige Rolle
und wird in dieser Dissertationsschrift ausfahrlich untesucht. In teilweise gesattigten
poresen Materialien interagieren die wssigen und gasfmigen Phasen im Gleichgewichts-
zustand unter Kapillarkraften. Dieses Verhalten wird z. B durch die bekannten Modelle
von Brooks und Corey oder van Genuchten beschrieben. Da eshsbei der Injektion
und den hydraulischen Rissvorgangen allerdings um einent¢hdynamischen Prozess han-
delt, sind die wblichen hydromechanischen Beziehungen hicanwendbar. In dieser Ar-
beit wird daher eine modi zierte Di erenzdruck-Sattigungs-Beziehung ausgearbeitet, die
sowohl statische als auch dynamische Prozesse abbildet.

Damber hinaus basiert die numerische Studie auf der FinitElemente-Methode. Die
gekoppelten partiellen Di erentialgleichungen werden mwlithisch mithilfe des numeri-
schen Code®ANDASgelst. Es werden verschiedene numerische Beispiele gemethUm
die Konsistenz des mehrphasigen Modells zu wuberpnafen, iein Entwasserungsvorgang
berechnet und mit experimentellen Daten verglichen. Zur Viezierung des Bruchmodells
werden ferner die Ergebnisse einer Rissausbreitung unteruok mit den analytischen
Ergebnissen der linear-elastischen Bruchmechanik vergkn. Ziel dieser Arbeit ist es,
die Relevanz der dreiphasigen Modellierung fur Brache ah unter dynamischen Bedin-
gungen zu verstehen. Hierfar wird { ausgehend von einem e#lnen Riss { das gekop-
pelte Verformungs- und Bruchverhalten des Festkerperslaits durch die verschiedenen
Energieanteile untersucht. Anschlie end wird die Wechselvkung der Fluide wahrend
des Risses umfassend betrachtet. Unter anderem werden eingskdmpression und ein
anschlie ender Gasmick uss in den Riss beobachtet. Ein Vgleich der Ergebnisse von
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vollstandig und teilweise gesattigten Medien verdeuttht zudem, dass das Einbeziehen
gasfrmiger Fluide den Rissbildungsprozess verlangsanliese Verlangsamung resultiert
aus einem verzegertem Aufbau des Porendrucks, der durch #iempressibiliat des Gases
verursacht wird.

Um einen weiteren Schritt in Richtung realistischer Szenan zu gehen, werden schlie lich
zwel Arten von Heterogenitaten untersucht.

Erstens werden (globale) Heterogenitten, die durch aure Lasten verursacht werden,
bemacksichtigt. Dieser Fall ist relevant, da Beden und Getgine in der Natur hau g exter-
nen Belastungen ausgesetzt sind, z. B. aufgrund tektonischad thermischer Spannungen
oder durch die Belastung des damnsber liegenden Gesteins. \E#srden numerische Beispiele
mit zwei unterschiedlich orientierten Rissen unter versobdenen Belastungsbedingungen
berechnet und verglichen. Diese Beispiele zeigen die Fated des Modells, o ene und
geschlossene Risse zu beschreiben. Das Flie verhalten dessigen und gas@rmigen
Phasen wird fur beide Falle diskutiert.

Zweitens werden (lokale) Heterogenitaten in der pomsenti@ktur durch die De nition
statistisch verteilter, ortsabhangiger Materialparaméer betrachtet. Hierbei wird der uid-
getriebene Rissbildungsprozess im homogenen Fall gedgmweinem Modell mit vorde -
nierten Bereichen heherer Stei gkeit verglichen. Infolgdessen wird im Zweifeld-Modell
eine Rissverzweigung beobachtet. Durch eine statistisclerteilte Implementierung der
geomechanischen Eigenschaften wird das Modell zusatalierweitert. Um den Ein uss
dieser Felder zu untersuchen, werden numerische Beispielé umterschiedlichen statis-
tischen Korrelationsiangen verglichen. Durch die statissch verteilten Festkerpereigen-
schaften variieren die lokalen Spannungen raumlich, und d®isspfad weicht charakteris-
tisch ab.

Zusammenfassend wird in dieser Arbeit die Phasenfeldmetlean Rahmen der Theorie
Poreser Medien far dynamische Rissvorgange in teilgasitgten pomser Medien angewen-
det. Es wird gezeigt, dass die Gasphase die Rissausbreitumglangsamt. Des Weiteren
wird untersucht, inwieweit lokale und globale Heterogergtren das Riss- und Stemungs-
verhalten beein ussen. Das vorgestellte methodische Mddieann fur viele Anwendungen,
z.B. im Bereich der Geoenergie, genutzt werden.






Abstract

Hydraulic fracturing is a technique, where fracking uids ae pressed into the ground to
initiate and open fractures, increasing the rock's permedlty. This stimulation technique
is used for a wide variety of geophysical applications in satted and unsaturated porous
materials, such as for the exploitation of oil and natural ga for geothermal purposes,
for the stimulation of deep ground-water resources and foraste disposals, to give some
examples. Although this technique is widely used in practicehé fracturing process is
controversially discussed. The economic bene ts con ict wit environmental and health
hazards, like water contamination, air pollution, the triggering of earthquakes, and re-
sulting risks to public health. In addition, interactions during hydraulic fracturing are
scienti cally still not well established, and applicatiors are primarily based on empirical
methods. The main di culty is based on the fact that the undemground is a complicated
matter of rock or soil lled with uids, such as water and air, and that direct subsurface
observation is challenging. The risks of hydraulic fractimg mentioned above highlight
the necessity of understanding the fracturing process antié importance of developing
an appropriate and e cient model and simulation technique ér uid-driven fractures.

Many contributions consider hydraulically induced fractues in fully saturated porous
materials, where a single pore uid saturates the solid { ogla few treat partially saturated
media. Based on methodical developments, this doctoral thie enlarges the understanding
of the coupled processes occurring during uid-driven fragring in partially saturated
porous media, where the pore space of the solid skeleton @ns both an incompressible
liquid, such as water or oil, and a compressible pore gas, Buas air or natural gas. Two
main issues are treated simultaneously: the multiphasic nae of solid- uid interactions
in porous media and the crack initiation and propagation intie solid skeleton.

The Theory of Porous Media (TPM) allows a rigorous and consiste formulation of the
coupled behaviour of the abovementioned three phases. Thdugeof the continuum-
mechanical model is based on rst principles of continuum #rmodynamics. Moreover,
following a virtual statistical homogenisation over a regsentative elementary volume, the
microscopic structure is smeared out, leading to a macrogio model of superimposed
and interacting continua. The volume-fractions concept ewsiders the local composition.
Furthermore, the TPM provides for each constituent of the pus medium an individual
motion function and a set of balance equations coupled to daother by introducing so-
called production terms. In the context of hydraulic fractwing, this approach enables
to couple the deformation of the solid skeleton with the presire eld of the injected
uid under the thermodynamic restrictions of the entropy irequality. Thus, the injection
(pressure) triggers the solid strain eld, which induces eck propagation.

In addition, considering the fracturing process in porous edia, the phase- eld approach
to fracture is embedded in the previously elaborated TPM ma. Thereby, the unbroken
and broken states of the solid skeleton are di erentiated Wi a scalar phase- eld variable.
This variable is smoothened according to a length-scale paratar, leading to a di use
transition zone between the two extreme states of intact anfillly broken material. This

IX
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method avoids the occurrence of a discontinuous jump in theatturing process and fa-
cilitates numerical implementation. The phase eld is adde to the process variables and
integrated into the free-energy formulation. The latter is bsed on a spectral decomposi-
tion of the solid strain, such that the phase- eld variable educes the elastic energy only
under tension and not under compression. In addition to thata Ginzburg-Landau-type
evolution equation for the phase- eld variable is added tohe set of balance equations.
Therein, a history variable recording the maximum value of té tension-induced solid
strain energy is introduced to ensure the irreversibility fothe fracturing process.

The model is further enhanced by introducing a crack-openinigdicator into the uid
constitutive relations. This procedure enables the diststion between open and closed
cracks accompanied by a switch between Darcy-type and NaviStekes-type ow situa-
tions in the intact porous domain and fully broken areas, reggtively. Moreover, special
attention is given to the uid pressure. The liquid and gas phses interact in partially
saturated porous material under equilibrium through capiliry forces. This behaviour is
covered, for example, by the well-known Brooks-Corey or va@enuchten models. How-
ever, considering injection is a highly dynamic process, g¢hstandard hydromechanical
relations do not apply here. Therefore, a modi ed pressurd-erence-saturation relation,
mapping both equilibrium and dynamic uid interactions, is proposed and discussed in
this thesis.

The numerical study builds on the Finite-Element Method. Thecoupled partial di er-
ential equations are solved monolithically with the numedal code PANDAS Di erent
numerical examples are computed. Speci cally, to verify #h consistency of the multi-
phasic model, a drainage problem is computed and compared tqerimental data. For
verifying the fracture model, the results of pressurised ack propagation are compared
to analytical ones of linear-elastic fracture mechanics. His thesis aims to understand
the relevance of triphasic modelling for fracture under dyamic conditions. Therefore,
proceeding from a single crack, the solid skeleton's coupldeformation and fracturing
behaviour is examined by considering the di erent energy ppmrtions. Then, the mutual
interaction of the uids during fracturing is considered indetail. Among others, a gas
pressure compression and subsequent gas re ux into the deare observed. A comparison
of fully saturated and partially saturated simulations revals that the existence of pore
gas mainly slows down the fracturing process. This deceleat results from a slower
pore pressure build-up induced by the gas compressibility.

Finally, two kinds of heterogeneities are assessed, going atep further towards realistic
scenarios.

First, (global) heterogeneities caused by external loadseaevaluated. This case is rele-
vant as soils and rocks are frequently under external stresse nature, i.e. due to the
loading of overlying rocks or tectonic and thermal stresseBlumerical examples with two
di erently oriented cracks are computed under distinct loding conditions, and the results
are compared. These examples show the model's capabilitydescribe open and closed
cracks and lead to a discussion of the ow behaviour of the ligg and gas phases in both
cases.

Second, (local) heterogeneities in the porous structureeaconsidered by de ning location-
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dependent material parameters. In this sense, a uid-driverrdcturing process with pre-
de ned imperfection areas of higher sti ness is juxtaposedtthe homogenous case. As a
result, crack branching is observed in the two- eld case. Adigonally, the model is im-
proved by implementing statistical elds of geomechanicgbroperties. In order to study
the in uence of this latter, numerical examples with di erert statistical correlation lengths
are compared. Due to the statistical elds of the solid propées, the local stresses spa-
tially vary, and the crack path deviates characteristicail.

In conclusion, this thesis applies the phase- eld approach toacture within the Theory

of Porous Media for fully dynamical problems of partially sarated porous media. It is
shown that the gas phase slows down the crack propagation atodwhat extent local and

global heterogeneities in uence the crack and ow behaviourThe presented methodical
and basis-oriented model can be used for various applicats






Nomenclature

The notation in this thesis follows the conventions of modartensor calculus, such as in
Ehlers [79] and de Boer [37]. Furthermore, the particular sybols used in the context
of porous-media theories are chosen according to the estsitsbd nomenclature given by,
e.g., de Boer [39] and Ehlers [84, 86].

Conventions

General conventions

()

ab;::: or ;i
ab;::: or )
A:B:::: or :

placeholder for arbitrary quantities
scalars (zero-order tensors)
vectors ( rst-order tensors)
tensors of second order

Index and su x conventions

L kon; o

()

()

( o

(9 = d( )=t
()°=d ()=dt
d( )

Q@ )

E)

indices (control variables) as super- or subscripts

subscripts indicate kinematic quantities of a constituent
within porous-media or mixture theories

superscripts indicate non-kinematic quantities of a con-
stituent within porous-media or mixture theories

initial values at time tq

total time derivatives with respect to the overall aggregat "
material time derivatives following the motion of'

di erential operator

partial derivative operator

test functions of primary unknowns

production terms of mechanical quantities

prescribed quantities (boundary conditions)

extra (e ective) quantities of a constituent’

equilibrium and non-equilibrium parts of quantities
spatially discretised quantities within numerical invesgations
discretised quantities in time within numerical investigéons
transposed and inverse form of a tensor

Xl
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Nomenclature

Symbols
Greek letters
Symbol Unit Description
constituent identi er for L, G, S andF in super- and subscript
identi er for the pore uids L and G in super- and subscript
R [N/m3] e ective weight of a uid constituent '
s [N/m] surface tension
S [1/m] fracture energy of the solid per critical energy relese rate
] Kronecker symbol or Kronecker delta
[m] phase- eld length-scale parameter
" [Jkg] mass-speci ¢ internal energy of and’
n [J/m3s]  volume-speci ¢ direct energy production of
"i"si [-] eigenvalues of the (solid) deformation tensor
"ol pre-de ned tolerance used in the Newton solver
" [J/JKm 3s] volume-speci ¢ direct entropy production of
, [JJKkg] mass-specic entropy of' and’
fyoD [-] residual (solid) sti ness coe cient
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Chapter 1:
Introduction and Overview

1.1 Motivation

Hydraulically induced fractures are frequently used in satated and unsaturated porous
media for several exploitation techniques in the energy $ec even though the control
of this technique is still widely based on empirical methodsThe main idea is to create,
widen and stabilise fractures in the deep subsurface to emt® the rock's permeability.
In particular, for electricity generation in enhanced gedtermal energy plants, naturally
occurring cracks of the rock are widened by the injection ofdly pressurised cold water
to augment the rock’'s permeability and, thus, increase theow rate of heated water at the
output, see, e. g., Olasolet al. [204]. Furthermore, in hydrocarbon exploitation, arti cial
ssures and cracks are created by uid injections to enhandbe availability of oil and gas
in subterranean natural reservoirs. Therein, additives l&k propping agents and chemicals
are mixed with high-pressurised water to maintain the fractre open. The development
of this technology, also called \fracking”, is outlined, e. g.in the book of Smith & Mont-
gomery [224]. Besides these, hydraulically induced fracés are also applied to stimulate
deep aquifers for water extraction and for the measuremera$in-situ stresses, see, Banks
et al. [17]. Moreover, uid-driven fractures increase the rock'permeability for waste dis-
posal. Mainly, hydraulically induced fractures enhance the ectiveness of remediating
volatile waste contaminants deep into rock. This process pmrticularly advantageous in
the case of soil vapour extraction. The interested reader isferred, e. g., to the work of
Frank & Barkley [110]. The permeability's increase due to hydulic fracturing is also
used for carbon reservoir injection and storage processesmpare Fuet al. [112] and
Huerta et al. [145]. Thus, there is a broad application of hydraulically mven cracks in
soil and rock.

Nevertheless, the potential environmental e ects are disped issues. Especially in the
context of hydrocarbon exploitation, the risk of water cortmination is highly discussed,
compare, among others, Myers [201], Jacksat al. [150], Vidic et al. [242], Engelder
et al. [103] and Birdsellet al. [34]. Moreover, the stresses released during the fractugin
processes cause micro-seisms, see Howasthal. [144], Kerr [157], Ellsworth [101] and
Olasolo et al. [204], to name a few. In addition, hydraulic fracturing actiity implies
health risks, compare, for example, Finkel & Hays [107], Wrigh& Muma [252] and
Bamber et al. [16].

A systematic theoretical understanding of uid-driven fra¢ures in porous media is crucial
to enlarge the knowledge of the occurring processes and t@yent severe geological con-
sequences. Though, a fundamental di culty is that the diret observation of propagating
fractures enveloped in the underground is complex, and ondy few data are accessible,
namely monitoring the pressure variation at the injection pmp and recording the acoustic
emissions at the soil surface, cf. Secchi & Schre er [222]. d8#es this, scattered subsurface
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samples can be analysed; however, these are small and inagsice regarding the large
scale of geological applications.

For this reason, modelling and simulation techniques prade a good option for gaining
insight into the fracturing process and preventing severe rsequences. In this context,
many contributions already consider hydraulically induce fractures in fully saturated
porous materials, where a single pore uid percolates the ppospace. Nonetheless, some
hydraulic fracturing techniques are also used in a partiallgaturated porous material,
see, for example, the work of Bruner & Smosna [59] and Engeld&02] for the shale-
gas extraction and the work of Frank & Barkley [110] for the wste remediation in the
vadose zone. This thesis aims to model and discuss fractgrimorous solids with arbitrary
pore content to understand better the importance of triphasi modelling under dynamic
conditions, where a liquid and gaseous uid Il the pore spacef the deformable solid
skeleton.

1.2 Scope, Aims and State of the Art

Hydraulic fracturing describes a process of fracture initison and propagation driven by
pressing fracking uids into the pore space of porous mediajah as soil or rock. In the past
decades, several numerical models on the continuum and theso- and micro-scales have
been developed to describe uid-driven fracture propagatmoscenarios. An overview and
discussion of the di erent approaches can be found, for exaie, in Lecampionet al. [168].
Modelling a hydraulic fracturing process, even in its simpbkt form, is challenging. The
main di culty relies on the fact that two complex issues haveto be treated simultaneously.
On the one hand, the strongly coupled behaviour of the deforml@ porous material
with arbitrary pore content has to be characterised adequaly. On the other hand, the
fracturing process of the solid skeleton and its impact on éhuid ow have to be modelled.
Following this, the development of numerical techniques fdydraulic fracturing scenarios
is driven by advances in both issues, porous-media modaijimnd fracture mechanics.
This thesis restricts to continuum mechanics, refer, e.gtp the work of Gurtin [123],
Haupt [131, 132], Malvern [181] and Chadwick [63]. In contragracture models based on
multiscale models, cf., e. g., Belytschket al. [24], Nguyenet al. [203], molecular dynamics,
cf., e.g., Holian & Ravelo [141], Rountreet al. [212], and lattice models, cf., e.g., Pan
et al. [207], Schlangen & Van Mier [218], to name a few, are left outhe interested reader
of these approaches is referred to the citations above anderences therein.

Porous media modelling

First, it is necessary to model the mechanical behaviour, pacularly the deformation, of
the underlying porous material and the interaction betweetthe multiple components of
the medium. Thereby, it is worth mentioning that the porous nedium consists of a solid
skeleton containing an interconnected pore space lled witarbitrary uids in which they

can ow. The inner pore structure is usually unknown when ddimg with geomaterials
such as soil or rock. Thus, resolving the inner geometry anestribing these materials
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with the standard singlephasic continuum mechanics is notogsible. It is, therefore, con-
venient in most applications to proceed with a homogenisain technique and model the
material as a multiphasic aggregate on the macroscale. Tkeare two main approaches
to describe this multi-component and multiphasic nature ofolid- uid interactions in
porous media on the macroscale. On the one hand, based on thasmdidation study of
Biot [31{33], a poroelasticity theory has been establishedompare, for example, Coussy
[67], Detournay & Cheng [72] and Steeb & Renner [231]. On théher hand, the contin-
uum Theory of Mixtures (TM) was established on the work of Tresdell [237, 238, 239],
Truesdell & Toupin [241] and Bowen [51]. The rst advances ithe TM are outlined in
Bedford & Drumheller [22], while an extensive overview of thTM can be found, e.g., in
the work of Hassanizadeh & Gray [127, 128] and Helmig [138]. Mower, Katsube & Car-
roll [155] and Coussyet al. [68] provide a comparison between Biot's theory and the TM.
Furthermore, for the description of miscible components, &. dissolved ions, the Hybrid
Theory of Mixture, cf., e.g., Bennethum & Cushman [25, 26], aing from the TM, is
advantageous. Besides this, Bowen enhanced the TM with thencept of volume fractions
(stating back to Woltman [251] and Delesse [71]) to capturdaé microscopic information
of the inner composition of the system for immiscible and imenpressible constituents in
[52] and extended his considerations for more general comgsible cases in [53]. On this
basis, the Theory of Porous Media (TPM) was developed, comea particularly, the work
of de Boer [38, 39], de Boer & Ehlers [40, 42, 43] and Ehlers,[88, 86]. The interested
reader is referred to de Boer [38], de Boer & Ehlers [41] and |Ets [87] for a historical
review of this theory. The TPM is a robust and rigorous framewrk for the macroscopic
modelling of ow and transport processes within multi-compnent and multiphasic ma-
terial in various elds, i.e. in geomechanics, cf., e.qg., Hrs [85], Graf [119], Haberle
[124], engineering applications, cf., e.g., Leichsenriegal. [169], Spechtet al. [229], and
biomechanics, cf., e.g., Karajan [153], Wagner [243], Etdeet al. [97], to name a few.
Moreover, the classical hydromechanical relations (likeddcy [70], Forchheimer [108] and
Brinkman [56] relations) are recovered in the consistent sotnuum mechanical and ther-
modynamical framework of the TPM, see Ehlers [88], even thgh these relations were
mainly discovered on eld and laboratory experiments. Fin&}, for this monograph, the
TPM is regarded as suitable for successfully modelling thewpled nature of the hydraulic
fracturing problem. It will not only ful | the rst continuu m-mechanical principles but
also satisfy thermodynamical restrictions by meeting the cgiirements of the second law
of thermodynamics.

Fracture mechanics

The eld of brittle fracture mechanics inevitably leads to the pioneering work of Gri th

[120, 121]. Based on a global energy approach, Gri th statethat the crack propagates
when the energy required for crack propagation equals theahable stored elastic energy.
An alternative method examines the stress state around the alatip with Inglis [147]

analytical solution of the stress concentration at the cractip. Irwin [148, 149] extended
the concept toward the stress intensity factors. These lattedepend not only on the
applied load but also on the problem's geometry. Moreover,win [148] classi ed macro-
scopic fracture scenarios into three modes. Besides thigjddlale [78] and Barenblatt [18]
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introduced a cohesive zone model, where cohesive tractitresses oppose the separation
of the material bonds. The abovementioned three fracture &ories are equivalent and
can be linked. However, none of them is su cient on its own to adess the complete
fracture behaviour, including initiation, propagation ard crack direction. A comparison of
additional fracture criteria can be found, for example, intie work of Bouchardet al. [48].
Moreover, all three theories treat the fracture as a local genetric (sharp) discontinuity.
Considering mesh-based numerical methods, like the Finitdefnent Method (FEM), such
discrete approaches can lead to numerical problems, redqug explicit (cf., e. g., Bouchard
et al. [48], Ortiz & Pandol [206], Xu & Needleman [256]) or implicit cf. eXtended Finite-
Element Method, e.g., in Belytschko & Black [23], Moe®t al. [197]) re-meshing of the
discontinuity. These issues motivate the development of eiinuous fracture approaches,
where the displacement eld remains continuous in the wholgystem while the sti ness
and stresses degrade gradually.

Phase- eld method to fracture for brittle solids

One important method that has gained more and more attentioin recent years in this
context is the phase- eld method (PFM) to fracture which willbe considered in this mono-
graph. Francfort & Marigo [109] proposed a variational formlation for brittle fracture
based on Gri th energy criterium (cf. Gri th [120]). To make it applicable to numerical
treatment, Bourdin et al. [50] regularised the variational formulation following theregu-
larisation idea of Ambrosio & Tortorelli [10] in image segmeation, cf. Mumford & Shah
[199]. Almost at the same time, a conceptually similar approbdased on the Ginzburg-
Landau theory is introduced by Karmaet al. [154] and Hakim & Karma [125]. All the
same, a scalar order parameter or phase- eld variable is roduced to distinguish between
the intact and broken state of the material and regularises #hsharp crack discontinuity
by a di use transition zone. Similar considerations can beotind in damage models, also
compare de Borst & Verhoosel [47]. Since the phase- eld apaich to fracture provides
a continuous crack representation, it avoids the complex@s associated with meshing
and re-meshing, which is a major advantage compared to distiouous models. It can
simulate complex crack patterns including branching in twand three dimensions. Fur-
thermore, the phase- eld approach is self-contained and natlly captures the initiation
and propagation of cracks within the energetic formulatiothrough a degradation function
without additional ad-hoccriteria. Speci cally, the crack evolution results impliatly from
the coupled system of equations. In this context, di erent pproaches were developed for
the degradation function. Starting from a quadratic polynmial, cf. Bourdin et al. [50],
more complex polynomial functions were proposed in the Ii&ure, compare, for exam-
ple, the work of Kuhn et al. [166]. Moreover, the rst energy density formulations were
isotropict, inducing fracture in tension and compression, compare, amg others, Bour-
din et al. [50] and Kuhn & Muller [164]. To overcome this unrealistic raterial behaviour,
anisotropic models of the stored energy function are intraded to prevent from cracking

INote that in the literature of the PFM to fracture, the terms isotropic and anisotropic fracture
behaviour refer to an energy split and are unrelated to directional mehanical properties from continuum
mechanics. As far as the author is aware, this terminology was rst introduced by Mieheet al. [193] and
further used in the community, refer, e. g., to the work of Ambati et al. [8] and Wu et al. [253].
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in compression. To name a few, Amoet al. [12] proposed decomposing the free energy
into volumetric and deviatoric contributions. A similar model but for shear fractures was
suggested by Lancioni & Royer-Carfagni [167]. Miehet al. [190, 193] split the elastic
energy based on the spectral decomposition of the strain sor. Moreover, Mieheet al.
introduced a history eld of the maximum tension-induced sain energy to ensure the
irreversibility of the crack evolution. Besides these, Siake & Kaliske [232] presented a
directional split of the energy density based on the decomsition of the stress tensor with
respect to the crack orientation. Ambatiet al. [8] proposed a hybrid formulation within
a staggered approach, combining the advantage of computatal costs of an isotropic
model with the realistic crack evolution comparable to an asotropic model. In this case,
di erent energy functions are considered for the phase- élevolution and the solid stress
eld. Another approach to converge faster and reduce computanal cost is a higher-
order model formulation, as proposed, for example, by Bondest al. [45]. Therein, the
surface energy comprises higher-order derivatives of thbgse- eld variable. Note that
the abovementioned models deal with brittle solids. The intested reader for PFM to
ductile fracture is referred, e. g., to the work of Bordeet al. [44], Mieheet al. [189], Am-
bati & De Lorenzis [6], Ambati et al. [7, 9] and Alessiet al. [3], and citations therein. In
subsequent studies, the latter research group extended thivestigation into additional
aspects of phase- eld modelling to fracture. They addresseadpics such as predicting
fracture initiation in shell structures through isogeomeaic analysis in Kiendl et al. [158]
and simulating fatigue behaviour in Alesset al. [4] and Carraraet al. [62]. Finally, an
extended discussion together with an overview of various iations of the phase- eld
method to fracture can be found in the contribution of Ambatiet al. [8] for brittle fracture
and Wu et al. [253] for a more global approach. In addition, a recent rewviearticle com-
paring the phase- eld model to fracture with peridynamics hs been published by Diehl
et al. [76], while a short review of variational fracture has beenrgsented by Bourdin &
Francfort [49].

PFM to fracture for fully saturated porous media

In the framework of porous-media mechanics, Mikel@t al. [194] were among the rst
researchers to apply the phase- eld approach to fracture teolve fracking problems in
uid-saturated porous media. In their article, use is made foa quasi-static Biot-type
u-p (displacement-pressure) formulation accompanied by a seqtial coupling algorithm,
where the phase- eld problem is rstly solved individually,followed by a computation of
the porous-media problem with the result of the phase- eldariable computed before.
In an additional article, Mikeltc et al. [195] investigated the coupling of the solid dis-
placement, the phase eld and the pore pressure, thus providj a rigorous mathematical
justi cation in the sense of an existence proof of such modeladextensions from there.
They furthermore proceeded from the exploitation of free engies. Besides, Miehet al.
[192] and Miehe & Mauthe [191] applied their phase- eld modé¢tf. [190, 193]) based on
minimisation principles to porous media with a Darcy-Biottype uid transport for nite
strain. In Mauthe & Miehe [188] they extended their developnm to a geometrically
linear framework. Wu & De Lorenzis [254] also combined Bidheory with the phase- eld
approach in porous media, focusing on diusion. They couplethe PFM to di usion
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and studied the di usivity changes due to crack patterns. Apg from that, Wilson &
Landis [249] proceeded from a variational approach desdrify a linear poroelastic Biot-
type model combined with the phase- eld approach to fracte and a Stokes-type ow
in the fracture regime. Further studies are made by Chukwuaee et al. [64], who used
a variational phase- eld fracture model and combined this ith a modi ed xed-stress
splitting scheme for decoupling and iteratively solving tt ow and mechanical models.
Santilan et al. [215] combined a poroelastic fracturing solid with the uidow problem
in fractures based on the Reynolds lubrication equation, wiei Bilgen & Weinberg [30]
used the phase- eld approach for the description of pneumatfracture with anisotropic
crack resistance in plague-covered arteries.

Based on the Theory of Porous Media (TPM), fully saturated psblems under the assump-
tion of quasi-static situations have been studied by Marker& Heider [186] and Heider &
Markert [135], where the standarcu-p formulation has been extended towards the inclu-
sion of the phase- eld variable S yielding au-p- S formulation. As in Mikelt et al. [194],
the porous-media problem has been computed monolithicallyhile a staggered procedure
has added the phase- eld problem. In addition, Heider & Mark# [135] considered local
physical changes of the porous material dependent on the [@eaeld, such as the porosity
and permeability. Concerning the modelling approach, theb@vementioned contributions
used materially incompressible solid and liquid constitues. Furthermore, Heideret al.
[136] added gas bubbles to the pore liquid such that the ovéirpore uid becomes com-
pressible. In their contribution, they also compared quahtively and quantitatively the
phase- eld porous media model with experimental data. Alsd?ise et al. [209] proposed
a quasi-static TPM model with embedded phase- eld fracturéor an elastoplastic porous
material, where the elastic and the plastic energy is coupléo the phase eld. Regarding
a dynamic setting, Ehlers & Luo [93, 94] presented a fully damic model of hydraulic
fracturing homogeneous, fully saturated porous media withithe TPM. Therein, a mono-
lithic scheme that derives all solutions simultaneously vgaapplied. Moreover, Pillaiet al.
[208] introduced a dynamic phase- eld fracture model for berogeneous saturated mate-
rial based on a macroscopic statistical distribution of matrial properties.

A challenge in modelling hydraulic fracturing in porous med concerns the uid ow
within the fracture. Even if the fracturing process only ocars in the solid skeleton, it
signi cantly in uences the ow behaviour of the uids in the p ore space. While the uids
follow Darcy's law in the intact bulk volume, the uid velocity is higher in the broken
domains. An overview of modelling and discretisation methedfor ow in fractured
porous media can be found, e.g., in the work of Bereg al. [28]. One approach to model
this particular behaviour is following the Poiseuille law folaminar ow within the crack
and interpolating to Darcy's ow in the surrounding porous nedium. Witherspoonet al.
[250] showed experimentally the validity of the cubic law foopen and closed fractures.
In this context, Schre er et al. [221] proposed a permeability dependent on the crack's
aperture for the broken domains, yielding a Poiseuille-tygp ow within the crack based
on a cohesive model. This approach has also been applied to lmge- eld fracture,
see, e.g., Miehest al. [192], Wilson & Landis [249] and Heider & Markert [135]. A
di erent approach treats the damaged and intact areas sepately as two subdomains
with distinct ow behaviour and couples these through adequa interface conditions,
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compare, for example, Mikelcet al. [196], Santilan et al. [214] and Yoshiokaet al. [258].
Therein, special attention has to be paid to the formulatiorof the crack width. Besides
these, Ehlers & Luo [93] showed in a recent article on dynaminydraulic fracturing in
saturated porous media that considering dynamical momentubalances of solid and pore
uid not only provides the possibility to tackle dynamical fracturing problems but also
opens the chance to switch between a Darcy- ow regime in theopus medium and a
Navier-Stokes regime in fully broken zones. In a follow-up plication, Ehlers & Luo [94]
introduced the crack-opening indicator (COI). By means oftte COI, one can distinguish
between open and closed fractures, such that not only freghdroken areas where fracking
uid is pressed in can be described. Instead, pre-existingattures of the soil or rock
body can also be tackled, whether or not they are open or cldser if they are opening
through the actual fracking. In this context, simpli cations of the problem towards the
assumption that the velocities of solid and uids are approxirately the same, as sometimes
assumed in wave-propagation scenarios, do not meet the reqments of fully dynamical
systems. Quasi-static systems proceeding from the assumoptthat acceleration terms
can be neglected, such that the uid velocities can be subtited by seepage velocities
that pressure gradients can furthermore express, do not gntontradict the requirements
of fully dynamical problems but yield further implications ty dropping out the liquid
and gas velocities as primary variables. Dropping out theserms hinders computing the
uid deformation velocities, such that a description of thetransition between Darcy and
Navier-Stokes ow of the pore liquid in porous and broken domas would not be possible.

PFM to fracture for partially saturated porous media

Apart from fully saturated media, the PFM has also been applietb quasi-static, variably
saturated and unsaturated porous media, compare, for exafepCajuhi et al. [61], Heider
& Sun [137] and Luocet al. [179]. These articles proceed from a staggered solution oéth
porous media and the phase- eld problem and consider alsoyirg-induced fracturing.
In the category of partially saturated problems, the pore aadent can be split into liquid
and gaseous portions, or both, liquid and pore gas, can bedted together as a liquid-gas
mixture, including di usion processes. In this context, Cauhi et al. and Luo et al. used
the standard Biot formulation with a so-called passive aiphase assumption, where the
pressure of the pore gas is assumed to continuously stick teetatmospheric pressure. As
a result, the computation of the porous-media problem can beestricted to the overall
momentum balance and the uid mass balance compared to the si@dard u-p formulation.
In contrast, Heider & Sun considered barotropic uids and uskthe TPM of partially
saturated porous media for hydraulic fracturing. They restcted their computation to
a staggered procedure, where the porous-media problem are t(drying or hydraulic)
fracturing description are solved separately and then uretl by the staggered procedure.

In this regard, this thesis applies the PFM for dynamic hydralic fracturing to partially

saturated porous media, where the interconnected pore spazan be lled at the same
time with both a liquid, such as water or oil, and a gas, such asr or natural gas, and this
without the assumption of a passive or a static gas phase or audig-gas mixture. This
approach increases the complexity of the model made from arpos solid, a pore liquid
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and a pore gas. As a result, one obtains a ternary model with e di erent constituents
exhibiting simultaneously three di erent phases, namely &rittle elastic solid, a viscous
liquid and an ideal gas. The solid and the liquid are treatedsaintrinsically incompressible
constituents while the gas phase is assumed to be comprelgsib

An essential di culty of modelling fracking scenarios in partally saturated media lies in
the circumstance that the interaction of the uids in the porespace needs to be consti-
tutively described. In equilibrium state, where the uids n the pore space react to the
capillary e ect, a capillary-pressure law of either Brook&orey [57] or van Genuchten type
[115] can be used. However, hydraulic fracturing is a highlyydamic process, and the
abovementioned standard hydromechanical relations are manger valid near the crack.
On this account, a modi ed pressure-di erence-saturationelation, relating the pressure
di erence to the liquid saturation, is developed in Sonnta@t al. [226] and took up in this
thesis to encompass both equilibrium and dynamic uid inteactions.

Heterogeneities

Moreover, natural porous materials are generally heterageous, with material imperfec-
tions on the microscale. Therefore, modelling homogeneqous material may oversim-
plify the behaviour of the fracturing process. Consideringurely brittle solids, Nguyen
et al. [202] studied the PFM crack initiation and propagation in heteogeneous cemen-
titious materials. They de ned the heterogeneities basednodirect imaging of their mi-
crostructure. Spath et al. [227] presented a heterogeneous multi-phase- eld model, com
posed of brittle solid and ductile porous material, also undegurely mechanical loading
conditions. Furthermore, Gerasimowet al. [117] applied stochastic phase- eld modelling,
resulting in all possible fracture solutions and the probalities of their occurrence. Re-
garding porous materials, Pillaiet al. [208] addressed the PFM to fully saturated het-
erogeneous material within the TPM. They considered a vati@an of Young's modulus
based on a Weibull distribution. This thesis considers hetegeneities in the partially
saturated porous media TPM model. The material imperfectiaand inhomogeneities
in the porous structure are included by de ning location-dpendent material parameters,
following a deterministic ansatz. Thereby, prede ned impdection areas and statistical
elds of geomechanical properties are assessed.

Numerical procedure

Regarding the numerical treatment, partial di erential equations can be solved using
monolithic or staggered schemes. A comparison of the prosdacons of monolithic and
staggered computations of saturated porous media can be fouin Markert et al. [187].
Gerasimov & De Lorenzis [116], on the other hand, focused oomporous phase- eld
fracture problems and employed a line-search approach toaévate their ndings in com-
parison to staggered computations. For more details regamdj monolithic solutions, the
articles authored by Wick [248] and Kopan@ko\a et al. [162] provide additional informa-
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tion. Here, the nite-element solverPANDAS solves the coupled problem monolithically.
This research code has been started at the TU Darmstadt and istavely developed and

maintained at the Institute of Applied Mechanics (CE), Chairof Continuum Mechan-

ics, at the University of Stuttgart, see also Ehlers & Ellsiepn [90], Ellsiepen [100] and
Ammann [11].

To conclude, this thesis aims to develop a partially saturad porous model within the
Theory of Porous Media with an embedded phase- eld approadh fracture for dynamic
hydraulic fracturing. The model focuses on the uid interaton within the intact and
fractured porous medium. Moreover, the model is extendedviards more realistic sce-
narios considering local and global heterogeneities. Theethodical and basis-oriented
model can be employed in diverse applications and enlarged forther studies.

1.3 Outline of the Thesis

This monograph is divided into six main chapters. The curréanChapter 1 introduces
the dissertation's topic and motivates the model.

Chapter 2 provides the necessary theoretical fundamentals for ungéainding the devel-
oped model in the following chapters. First, it reviews the &c continuum-mechanical
principles of the Theory of Porous Media. Thereby, the modeig approach of the TPM,
as well as the relevant kinematics and general balance eqoas, are presented. Later, the
multiphasic model will be enhanced with a phase eld to desitre fracturing processes.
Therefore, Chapter 2 concludes with an overview of the phassd approach to fracture.

After introducing in Chapter 2 both the TPM and the phase eld mehod in general, the
speci ¢ triphasic model composed of an incompressible sbhand liquid, a compressible
gas phase and an embedded phase eld to fracture is discusse@hapter 3 . The speci c

balance equations and the entropy inequality are adapted arelvaluated for the model
under study. This thermodynamically consistent formulatio provides the framework for
the subsequent developed constitutive relations for thelsmband uids, whereby the focus
lies on the latter one, particularly on the interaction of tre liquid and gas in the pore
space. The chapter nalises the theoretical aspect of the siertation by providing the

closure problem of the speci c triphasic model and a reductn to a biphasic model to
also consider fully saturated porous media with an embeddedhgse eld for the later

numerical study.

Chapter 4 deals with the numerical treatment of the presented triphas TPM model
with embedded phase eld within the framework of the nite-elenent method. In this
context, Chapter 4 presents the weak forms of the balance edions and points out the
space and time discretisation of the model. Problem-specirequirements for the phase
eld, particularly the fracture's irreversibility condit ion and the de nition of initial cracks,
are speci ed at the end of the chapter.

Chapter 5 applies the theoretical and numerical developments to seaénumerical ex-

2Porous media Adaptive Nonlinear nite element solver based on Di erertial Algebraic Systems,
http://www.get-pandas.com
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amples. Firstly, the model consistency concerning capiligr and fracture behaviour is
re ected. Then, proceeding from a single crack in a quasi-badimensional and three-
dimensional setting, the solid skeleton's fracturing bek#&ur and the uids' mutual in-
teraction during the fracturing process are considered irethil. As the fracture evolution
reacts to pressures and forces exerted on the solid by thedardacting pore uids, a com-
parison of fully saturated and partially saturated simulatons reveals that the existence
of pore gas mainly slows down the fracking process resultifpm a slower buildup of
the pore pressure. In a second group of examples, two initiatacks, horizontal and
vertical, are applied to the specimen, accompanied by di ent ratios of horizontal to
vertical displacements to study open and closed cracks. Fllyaa numerical model with
material heterogeneities is treated to enhance the modeépplicability. A deterministic
approach is proposed to account for prede ned imperfectiorreas and statistical elds of
geomechanical properties.

A nal summary of the thesis and an outlook on possible improveents of the presented
model are given inChapter 6 .

To conclude, an appendix provides additional informationoir better comprehensibility
of the thesis. Namely,Appendix A compiles the required mathematical aspects of the
tensor calculus Appendix B some mechanical supplements amsppendix C numerical
complements.
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Chapter 2:
Theoretical Fundamentals

This chapter encompasses the theoretical fundamentals essary for the presented con-
tinuum-mechanical problem with application to hydraulic facturing of partially saturated
porous media. Thereby, special attention is given to the maascopic consideration of the
porous material within the Theory of Porous Media (TPM), induding its kinematics and
stress description. Then, the master balances are outlined a key element of the TPM.
Finally, the phase- eld approach for brittle solid fractureis introduced to describe the
fracturing process.

2.1 Macroscopic modelling approach

Porous materials show a complex, multiphasic character. Theisually consist of a porous
solid skeleton saturated by one or more pore uids, whereby éwsolid's internal pore struc-
ture is often unknown in geoscience and engineering apptioas. However, this infor-
mation is required if the material is described with the stadgiard singlephasic continuum
mechanics of solids and uids on the microscale. It is, thewafe, convenient to proceed
with a homogenisation technique and model the material as aultiphasic aggregate on
the macroscale. A continuum-mechanical framework which eplas such a consideration
is the Theory of Porous Media. A comparison of the macroscopuiew of the porous
medium by the TPM with the classical continuum mechanics appiaches of single-phase
materials can be found in Ehlers [84, 86]. This monograph amntrates on a TPM model
for fracturing porous media as they occur in geomaterialsuch as soil or rock. Please
refer to Wagner [244] and citations therein for applicatianconsidering biomaterials, plant
tissues or chemical components.

Proceeding from a virtual statistical homogenisation ovea representative elementary vol-
ume (REV), the microscopical structure of the porous materlas smeared out, leading
to a macroscopic model of superimposed and interacting conia. Thereby, the TPM
provides that all constituents simultaneously occupy theamplete domain, which ensures
a continuous description of the material, compare Figure 2.1Note that for proper ho-
mogenisation, the REV has to be su ciently large to allow a stéstical average, on the one
hand, and, on the other hand, small enough to allow a resolati of the local information
of the system.

The porous material is regarded as an immiscible mixture of interacting constituents
", where the index stands for the individual constituent. In this monograph, gher a
single liquid uid ' F = ' ! saturates the solid skeleton °, or a liquid and a gaseous uid,
'F =1L "G percolate the interconnected pore space for the additionabnsideration

13
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of partially saturated porous material, i. e.:

[ v F = L.
CS[UF with fuIIy_ saturated S 2.1)
partially saturated: ' F =~ ' ; =fL; Gg:

Note that the index F stands for the pore uid and can take the following values inHis
monograph: L when considering a fully saturated porous media anfl. [ Gg when a
partially saturated porous media is regarded. In other apmations, the uid might also
be composed of a uid mixture or an immiscible combination o& uid mixture and a
gas, compare, e.g., Bowen [52, 53], Wagner [243] and Heieeal. [136].

Figure 2.1 sketches the macroscopic, multiphasic modelliagproach in this monograph.

Figure 2.1: Macroscopic modelling approach over an idealised representative etentary vol-
ume (REV).

As mentioned in the introduction, the TPM enhances the Theoryof Mixtures with the

concept of volume fractions, taking the local compositionfdhe aggregate into account
with a statistically averaged scalar variablen . Thereby, the ratio of the partial volume
element d7 to the total volume element d/ de nes the volume fraction of the respective

component'
dv
= — 2.2
dv (2:2)
It is assumed that the overall aggregate contains no vacanpace. Consequently, the
saturation condition X

n =n+nf=nS+n-+n€=1 (2.3)

has to be ful lled at any point in the system. In order to avoidconfusion, it should be
mentioned that in this monograph, the expression \partialf saturated” does not refer to
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vacant space but rather to the fact that the solid skeleton is grcolated by at least two
uid phases, namely a liquid and a gaseous phase. Since thasd phases are immiscible
and, therefore, occupy di erent pore volumes, it is conveeant to introduce a saturation

variable
dv

S = avF with =fL;Gg; (2.4)
which accounts for the portion of occupied volume of the uigphase' , viz. dv , with
respect to the total pore volume &7, compare Figure 2.1. Obviously, the liquid saturation
equals one in the case of a fully saturated porous materiah analogy to (2.3), also the
saturations add up to one, i.e. X

s =1: (2.5)

Note that the saturation condition (2.5) concerns the pore ste, while the relation (2.3)
refers to the overall volume. As a result of (2.2) and (2.4), thspeci c pore- uid volume
fraction of the constituent’ can be rewritten to

n =sn": (2.6)

Proceeding from the concept of volume fractions, two den&s are associated with each

constituent, namely

d dm

R . — .

—— and = — 2.7
dv dv 2.7)
With this, the material (realistic or e ective) density R relates the local mass element
dm to the volume element of the respective constituentwd. In contrast, the partial
density relates the local mass elementnd to the bulk volume element &. Both

densities are linked to each other by the volume fraction, i. e

=n R: (2.8)

Thus, material incompressibility, i.e. ®  const., does not lead to macroscopic incom-
pressibility of the constituent de ned by const., since this latter one may still change
with a variation of the volume fractionn . Here, for the fully saturated model, the solid
and uid are assumed to be materially incompressible, with® = const. Apart from that,
for the partially saturated model, the solid and liquid phass are considered materially
incompressible with SR = const. and 'R = const., while the gas phase is compressible
in the sense of an ideal gas. Finally, the density of the overalggregate results in

X
= : (2.9)

2.2 Kinematics

The kinematic relations of multiphasic material are basedrothe continuum mechanics of
singlephasic material. An overview of these latter is give@mong others, in Altenbach
[5], Ehlers [82], Haupt [132] and Holzapfel [142]. In this semb, the focus will be on
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the motion functions of the constituents in the consideredggregate and the essential
deformation and strain measures necessary for the follogimodel approach. A detailed
description of the kinematic relations in multiphasic mataal can be found, e. g., in Ehlers
[84, 86].

2.2.1 Motion functions

The spatial manifold of material pointsP de nes the overall aggregate bodfs. The set of
material points on the boundary demarcates the body's surdaS, on which the boundary
conditions will be applied in the later numerical investigaon. The idea of superimposed
continua in the framework of the TPM implies that each spatibpoint is simultaneously
and only occupied by one single material poirf? of each constituent’ attime t>t,
see Figure 2.2, right.

Figure 2.2: Kinematics of a triphasic material with a solid constituent ' S, a gaseous pore uid
' G and a liquid pore uid ' ‘.

Nevertheless, each constituent may come from an individuagference positionX . In
that sense, the TPM provides each constituent with an individal Lagrangean motion
function (X ;t), which relates the material point in its initial con guration at time
t = tp to a spatial point in the current con guration (t >t ), viz.:

x= (X ;t): (2.10)
Each constituent's corresponding velocity and accelerati elds are given as

o @ (X ;t) o o @ (X ;t) oo

X = ——==X (X ;t) and X = ———= X (X ;t 2.11
o (X ;1) o X (@11

in a Lagrangean (material) representation. Considering aRulerian (spatial) represen-

tation, where the quantities are expressed with regard to #hcurrent con guration, the
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requirement of a unique motion function becomes relevant tbhugh

X = oct) with J o= dethso; (2.12)

which yields the condition of a non-singular Jacobian deterimant J . Following this, the
velocity and acceleration elds are given in an Eulerian (sial) representation with

0 — 0 1 ). — 0 . — . .
);0 = >;0( (x;t);t) = );O(x,t)— v (x;1); (2.13)
X =X ( Yx:;t);t)= X (x;t):

Note that the spatial argumentx depends implicitly on the timet in an Eulerian setting,
cf. (2.10). Thus, when considering the total time derivatig in (2.13), one has to take into
account the local temporal changes at a xed position and, aitionally, the non-local
(convective) temporal change resulting from the inner dartion of x(t). In that context,
the total time derivative with respect to the constituent' results for an arbitrary but
continuous and su ciently often continuous di erentiable eld function (scalar-valued
( x;t) or vector-valued (x;t)) in

0 = d— . = Q @ @ = @ 0 .

0 5 (X ot & @t @t+grad X, (2.14)
o9 qon- @, @ _@ 0

()= g O = ot @ et @t+(grad )X

Hereby, grad() denotes the spatial gradient operator in the current con gration with
grad() := @ )=@.

Remark: Since the position vectorx describes the location of material points of all
constituents in the current con guration at time t, it is not necessary to specify the
relative constituent when dealing with the spatial gradiengrad( ). However, this is
di erent when considering the material gradient Grad( ) := @ )=@ . This latter is
related to the reference con guration throughX , making it essential to specify the
referred constituent through the subscript . This clari cation is particularly relevant
regarding the deformation and strain measures, cf. Subsexti2.2.2. 2

In addition, the local velocity x_of the centre of gravity of all constituents, also known as
barycentric velocity, is given by

1 X
X = - X (2.15)
In this regard, the total time derivative with respect to the overall aggregate yields for
the scalar-valued eld function ( x;t) and the vector-valued eld function (x;t):

d @ d @
—=—+grad x and _=—=—+
it =~ @t o . it~ @t
For the later numerical study, it is furthermore conveniento use the displacement function
Us and the spatial velocityvs to describe the motion of the solid skeleton via

(grad ) x: (2.16)

Us=Xx Xs and vs=(us)d= >?S: (2.17)
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Moreover, it is suitable to consider the temporal changes afl constituents with respect
to the skeleton motion. Therefore, following (2.14), the tal material time derivative
with respect to the uid phases' , with = fL;Gg, of a scalar-valued or vector-valued
eld function, ( x;t) and (x;t), respectively, can be reformulated with respect to the

skeleton motion to
()°=1() ¢ + gad w;

2.18
() = ()8 + (grad )w (2.19)

Therein, the seepage velocities of the uid phases are deahérough
w (x;t) = X (x;1) )?S(x;t): v (X;t)  vs(x;t): (2.19)

Finally, the di usion velocity of mixture theories of a consttuent ' is given by its relative
velocity to the barycentric velocity of the aggregate

d =X X (2.20)

Considering the de nition of the barycentric velocity (2.5), it can be concluded that the
sum of the local di usion mass ows vanishes
X X 0 X
d = X X =0: (2.21)

|{z—}  |{z}
X

2.2.2 Deformation and strain measures
Deformation measures and transport theorems

The basis for deformation measures in continuum mechanicsthe material deformation
gradient. From (2.10) and (2.12), the material deformatiomgradient F of the constituent
' and its corresponding invers& ! are de ned as

@ (X)) _ &

F = = Grad x;
@ (xt) _ @& (&:22)
1 = X’t = =
F grad X

Remark: Note that per de nition, in the undeformed state at timet = to, the defor-
mation tensor results in the second-order identity tensor,ix. F (tp) = Grad X =1,

whereby its determinant equals one, viz. dét (tg) = det| = 1. From these consider-
ations and the condition of a non-singularity from (2.12) the domain of the Jacobian
determinant is nally restricted to

J =detF >0 (2.23)

2
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With the de nition (2.22) of the deformation gradient and its inverse, one can directly
map di erential line elements dX from the referential con guration to the corresponding
elements & in the current con guration and vice versa

dx=F dX $ dX =F tdx: (2.24)

This representation makes the two- eld characteristic oflie material deformation tensor
in a natural basis system apparent. The transport mechanism i(2.24), is termed push-
forward transformation (from reference to current con guation), while its counterpart
in (2.24), is called pull-back transformation (from current to referace con guration).
Further push-forward transport mechanisms can be derived fone local area and volume
elements in the reference con guration, A and dV , respectively:

da=(detF )F'T 'dA ;

dv = (detF )dV ;
where ca and dv are the corresponding area and volume elements in the curt@on gu-
ration. Based on this, since there are no changes in the locarpal mass element dnh

the initial partial density , of the constituent' at time t = t, can now be derived from
(2.7), and (2.25):

(2.25)

o =(detF ) (2.26)

This latter relation will be of particular use for the constiutive modelling of the solid
skeleton, compare Chapter 3. Regarding the squares of thedielements introduced in
(2.24), one derives the right and left Cauchy-Green deformat tensors,C and B ,

respectively:

dx dx
dX dX

F dX F dX
F ldx F ldx

dX (FTF )dX
dx (FT 'F 1)dx

dX C dX ;
- dx B ldx:

(2.27)

Strain measures

Besides these deformation measures, it is convenient to imtluce some strain measures,
which allow a comparison of the deformed state of the body witthe undeformed one.
Proceeding from the di erence of the squares of the local énelements introduced in
(2.27),

dx dx dx dX dX (C 1)dX = dX 2E dX ;
dx dx dX dX = dx (I B YHdx = dx 2A dx.

(2.28)

one identi es the Green-Lagrangean and Almansi strain tensg E and A , respectively:

E =4c n 1 E = LFF I);

A =10 BY ! A =131 FTIFY:

(2.29)

Further strain tensors can be found, e.g., in Ehlers [86], bwtill not be subject of this
monograph.
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Deformation and strain rate

For the later constitutive approach, it is convenient to intoduce some quantities concern-
ing the temporal changes in deformation. In this context, th rate of the deformation
gradient F can be either introduced in a Lagrangean description via

@ _ @ (Xt
& &

yielding the material velocity gradient, or in an Eulerian stting, considering

(F )0 = ‘;—t = Grad X : (2.30)

0 0
Fr-4 @ _@xy_ @& @
dt @ @& @& &X
Therein, L is denoted the spatial velocity gradient for the constituent . For con-
venience, this latter can be split into a symmetric® = DT) and skew-symmetric
(W = WT) part, namely

=L F with L :=gradX : (2.31)

L =D +W with D =3(L +L") and W =1L LT): (2.32)

Moreover, from (2.31), the trace of the spatial velocity gradnt can be reformulated as
the divergence of the velocity, viz.

L I=gradX |=divX: (2.33)

Finally, applying the di erentiation rule and considering (2.27) and (2.31), the right
Cauchy-Green deformation rate results in

(C ) =(FTF ) =(F)°F +FT(F )°

2.34
=F'L"F +F'L F =2F'D F ; (2:34)

leading to the rate of the Green-Lagrange strain tensor (2}
(E)X=4C)=F'D F : (2.35)

2.3 Forces and state of stress

An external load on a body does not only lead to deformation butigo to an (inner) stress
state. In the context of the TPM, each constituent can be a eted by individual volume
forcesk, acting from a distance on every material point of the bod and contact forces
k. acting from the near vicinity on the material points at the suface S:

Z Z

k = fdv+ t da: (2.36)
P{z-} Pz}
k k

v Cc
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Here, the external body forcd is postulated proportional to the partial density and
body forceb per mass element, vizf = b . Moreover, b is interpreted as the
gravitation force g acting on all constituents. Other possible external volumeofces are,
e.g., magnetic forces. Finally, the external body force aoty on the constituent' results
in Z

k, = gdv: (2.37)

B

Furthermore, the contact forcet =t (x; t; n) per surface area in (2.36) is a function of
the current position x, the time t and the outward-oriented surface normal vecton. In
order to avoid the dependency of the stress measure from thefage orientation, Cauchy's
theorem is applied, yielding

t (N =[T (x;t)]n; (2.38)

where the partial Cauchy stressI’  of the constituent' is independent of the surface
orientation. Thus, the contact forcek results in
Z
ke= T da (2.39)
S
with da = n da as the oriented current area element.

Remark: The partial Cauchy stressT is also called true stress tensor since the contact
forcet and the oriented area element @ are both in the current con guration. Alter-
native stress measurements can be introduced by pull-badkahsports of either the area
element or both the contact force and area element into thefexence con guration, i.e.

P =(detF )T FT 1 . rst Piola-Kirchho stress tensor,

2.40
S =(detF )F 'T FT ! : second Piola-Kirchho stress tensor. (2.40)

Moreover, relating the contact force to a weighted area el@mt of the current con guration
leads to the Kirchho stress , viz.

Z
k. = da  with = (detF )T

2.41
¢ da = (detF ) lda: (2.41)

2

For completeness, the forces acting on the overall aggregate arise from the forces acting
on the individual constituents:

Z Z X X
k= fdv+ tda with f= f = g and t= t (2.42)

Pz} Pz}
kv k c

Thereby, the contact forcet also follows Cauchy's theorem with the Cauchy stress tensor
T of the overall aggregate, vizt(x;t;n) = T(x;t)n.
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2.4 Balance relations

After the introduction of the kinematic and stress quantities, it is now possible to look at
the balance relations as the fundament of continuum mechasi, stating the conservation
of mechanical and thermodynamical quantities. In this sein, the master balance rela-
tions will be introduced both for the overall aggregate andf the individual constituents.
A detailed description and derivation of these relations eabe found in Ehlers [84] and
citations therein.

2.4.1 Master balances

Balance relations presume an equilibrium between the temgab changes of a mechanical
(mass, momentum, moment of momentum) or thermodynamical ffergy, entropy) quan-
tity with the external loads and the internal production of the physical quantity. It is
possible to embed all balance relations into an overall forday the master balance, from
which the individual relations are axiomatically derived § inserting the corresponding
guantities.

Balances for the overall aggregate

The master balances for the overall aggregate are introdutaccording to the continuum

mechanics of singlephasic material. A detailed overview thiese latter can be found, e.g.,
in Ehlers [83], Haupt [131, 132] and Holzapfel [142] and will nbe deepened here. For
a scalar-valued and vector-valued physical quantity, and , respectively, the master
balances for the overall aggregaée read

q Z Z
g dv = ( nmda~ dv + o v;
q B 4 E E . (2.43)
o dv = (n)da + dv + dv:
B S B B
Therein, n and n are the e uxes through the body's surfaceS (actions at the

vicinity), and are the supplies from an external source (actions from the byd
distance), and “and " stand for the total production of the physical quantity within
the body B. The production terms describe the interaction of the agggate with the
surrounding of the system. In this monograph, the overall agegate is considered to be
a closed system, where there is no interaction of the balaxcguantities of the aggregate
with the surrounding except for the entropy production accafing to the second law of
thermodynamics. Moreover, assuming steady and steadily dérentiable integrands, the
local form of the master balance can be found with di erentigon of the left-hand side
of (2.43) and transformation of the surface integral on the ght-hand side in a volume
integral with the Gaussian theorem, yielding

+

—_+ div

= div + N
_ + div n

v . . (2.44)

X
X
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Truesdell's metaphysical principles

In the context of multiphasic material, each constituent isprovided with an individual

set of balance relations within the Theory of Mixture, cf. tle work of Truesdell [239],
Truesdell & Toupin [241], Kelly [156] and Bowen [51]. Partidarly, the formulation of the

constituents' balances is based on Truesdell's three \metagsical principles” of mixture

theories [239], formulated as follows:

1. All properties of the mixture must be mathematical consequences of properties of the
constituents.

2. So as to describe the motion of a constituent, we may in imagination isolate it
from the rest of the mixture, provided we allow properly for the actions of the other
constituents upon it.

3. The motion of the mixture is governed by the same equations as is a single body.

These principles presume that the balance equations of multiakic material can be de-
rived from the regular balance relations of continuum mecin&s of singlephasic material,
provided the interaction between the di erent constituentsis taken into account by addi-
tional production terms. Furthermore, these principles stte that the balance equations
of the overall aggregate equate to those of singlephasic reaal.

Balances for the individual constituents

According to Truesdell's second metaphysical principle, ¢hindividual balance relations
for each constituent’ are postulated in analogy to the master balances of the over-
all aggregate (2.43) and (2.44). Consequently, the scalandavectorial master balance
equations for the individual constituents are given by

4 Z Z Z Z
e dv = (  n)da + dv + " dv;
q E 4 E Z (2.45)
e dv = ( n)da + dv + " dv

B S B B

with () the quantities of the constituent' , and the corresponding local formulations
read

div + + N
div + + N

( ) +  divx

( ) +  divx (2.46)

Remark: Even if the overall aggregate was assumed to be a closed gysteach con-
stituent is considered an open system in the mixture. Thus &hproduction terms of the
individual constituents are generally unequal zero. 2
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Coupling terms

Truesdell's rst metaphysical principle states that the sunmation of the constituents' bal-
ances (2.46) and the overall aggregate's balances (2.44yé#o yield identical mechanical
results. From this postulation, the following restrictiors for the coupling terms arise:

P P 0 P N P A
= ; n = [ x  x) n; = , = ;
P P 0 P N P A

= , n = [ x  xIn; = ; = ;
(2.47)

2.4.2 Specic balance equations

In the above relations, the physical quantites and , as well as  and , are

placeholders for the balanced quantities. In the followinghe speci ¢ balance equations
for mass, momentum, angular momentum, energy and entropy Wile summarised in their
local form for the overall aggregaté and the constituents' . For a complete derivation
of these equations, the interested reader is referred to ErdgB4].

Conservation of mass

For the balance of mass, the mechanical quantity is the partiaensity, while the e ux
and supply terms are zero. Since the overall body is considgras closed system, mass
production is excluded for the aggregate. In the case of thertstituents, the balance states
that the mass of the constituent is constant with respect tohte production term ~. This
latter accounts for mass exchanges between the constituenwithin the aggregate, for
example, chemical reactions or phase transitions. For thatter one, the interested reader
is referred to Graf [119], Haberle [124] and Eurich [104]. Ehsummary of the quantities
Is given by

mechanical quantity: Fog ! ;

e ux: I 0; I 0,
(2.48)
supply: I 0; I 0;
production: "1 o, Troa
With (2.44), and (2.46), this yields the following local mass balances
+ divx = 0;
(2.49)

( )° + divx A

of the overall aggregate and individual constituents. Mower, the correlations (2.47)
request X X
= and N =0: (2.50)

Note that the rst condition is already given per de nition in (2.9).
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Balance of linear momentum

The balance of linear momentum equates the temporal changetoe local momentum, x
or X , to the forces from the vicinity (e ux term), namely div T or divT , the forces
from a distance (supply term),b and b , e. g. gravitational forcesg per unit volume, and
possible productions, viz.

mechanical quantity: I X ! X ;
e ux: L L
(2.51)
supply: I b; ! b ;
production: “1oo; s

In the constituent's case, the production term is the total mmentum production § .
This latter comprises a direct partp , standing for the interaction forces between the

constituents, and an additional part arising from the densit production * X , viz.

§=p +7 X : (2.52)

Inserting (2.51) in the local master balances (2.44and (2.46) yields the local momentum
balances for the overall aggregate and the constituent

X dvT + b; (2.53)
X = divT + b +p: '

X = X T= (T d d):

X X X

0 (2.54)
b= b ; 0= 8§ = e +" x):

Thereby, (2.54) veri es the de nition of the barycentric velocity, cf. (2.15), while (2.54)%

recovers the de nition of the total density (2.9) in the caseof uniform body forces, e.qg.
gravitational forcesb = b = g. The restriction (2.54), is valid in mixture theories and
not treated further in the TPM.

Balance of angular momentum

The balance of angular momentum or rather moment of momentunm(o.m.) states
that the temporal change of angular momentum of a bodf corresponds to the sum of
moments of all forces acting oB related to the same origin point. The quantities of the
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master balances can be summarised to

mechanical quantity: ' x (x); Fx X );
e ux: ' ' x T; ' x T ;
(2.55)
supply: ' x ( b); ' x ( b);
production: “1oo; I

Therein, A denotes the spin production of the constituent. After some fermulations of
the master balance (2.44)and with the help of the mass and linear momentum balances,
(2.49), and (2.53), respectively, combined with the property of the axial vedr, the local
m. 0. m. balance of the overall aggregate results in the symmetonstraint of the Cauchy
stress tensofT , viz.

o=1 T ! T=T"T: (2.56)

In analogy, the local m. 0. m. balance for the constituerit reads
o=1 T +rh ! (T)Y =T +M ; (2.57)

whererh is the direct part of the spin productionﬁ =m +x & ,andM is called
the \angular momentum coupling tensor" and stangs for the smsymmgtric part of T .
Ehe constraint from (2.47), states with (2.55), that A =0, yielding M = 0and

M = 0. Consequently, the sum of the partial stress tensors must bgnsmetric, viz.

X X
T = (T)': (2.58)

In the case of non-polar materials (Cauchy-Boltzmann comtiua), Hassanizadeh & Gray
[127] and Ehlers [84] showed by homogenisation that symmetstresses on the microscale
lead to symmetric stresses on the macroscale, as homogeiosa do not yield new infor-
mations. Therefore, for non-polar materials,

T =(T) and h O (2.59)

applies. However, in this other case of micropolar materialthe particles might rotate

and lead to asymmetric partial stress tensors. Micropolar aterials (Cosserat continua)
in the framework of the TPM are presented, e.g., in Diebels &ers [74], Diebels [73],
Ehlers [84], Scholz [219] and Bidier [29].

Energy conservation law

The energy conservation law, also known as the rst law of therodynamics, equals the
temporal change of the internal and kinetic energy of the bgdB with the mechanical
power at a vicinity and from a distance, and non-mechanicalgwer from heat ux and
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heat supply. The summary of the master quantities for the ovall aggregate and the
constituent is

mechanical quantity: (" +3x X); ! "+ %)? X );
e ux: I TTx : I (T )X :

X q (T) i q (2.60)
supply: ! (b x+7r); ! (b X +r);
production: “1oo; -

Therein," and” stand for the speci c internal energiesg andq denote the heat in uxes
via the surface, andr and r indicate the heat supplies from a distance for the overall
aggregate and the constituent, respectively. In additioné is the total constituent's
energy production, which can be split into a direct part ~ and parts from the momentum
and mass exchanges. With the local master balance (2.44he local energy balance for
the mixture yields

"=T L dvg+ r: (2.61)

In analogy, the constituent's local energy balance readstwi(2.46),, (2.49), and (2.53)

")X=T L dvg + 1 +7;

2.62
where & =" +f >?+"("+%>? >(<)): (2.62)
From the coupling constraints (2.47), the following dependeres can be derived
X

=17 ¢ +id d);

X
q= [@ (T)d+ "d+3 (d d)d];

1 X (2.63)
r= - (r +b d);

X
0= é :

In thermal processes, the energy balance determines the femature of the overall ag-
gregate and constituent, compare, e.d., Haberle [124] and il [104]. In the case of
isothermal processes, the energy balance is only exploited the formulation of the en-
tropy inequality.

Entropy principle

The entropy balance states that the temporal change of the ewopy equals the sum of
external entropy changes (e uxes and supplies) and interrdantropy production. Here,
the entropy e uxes and supplies are given bya priori constitutive assumptions in analogy
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to singlephasic materials, compare Ehlers [83{86]:

mechanical quantity: ! ; ! ;

e ux: ! ; ! ;
(2.64)

supply: N —; b
production:

Therein, and are the mass-speci c entropies, and  the absolute temperatures in
Kelvin, and » and * the entropy productions of the overall aggregaté and the con-
stituents * , respectively. The interpretation (2.64) leads with the loal master balances
(2.44), and (2.46), and the mass balances (2.49) to the local form of the entrojmalance
for the aggregate and the speci ¢ constituent:

+ div a LI n.
(2.65)
( )° + div a oA
with * the direct part of the entropy production, viz. » = * +~ . The dependencies
arising from (2.47) request
1 X
g = P q_ + d ,
(2.66)
r P r
P
A N 0

Remark: The postulate of a common entropy inequality of all constitents is a necessary
and su cient condition for the existence of dissipation mechaisms within the mixture.
Therefore, only ~ 0 is prescribed to ful | the second law of thermodynamics in oiti-
phasic materials. A detailed discussion of this topic can deund in Truesdell [238] and
Ehlers [86]. 2

The restriction (2.66), can be rewritten with (2.65) and the split of the direct entropy
production, i.e.” =~ A to

X X
A= A= [ ()0 +div & —r] 0: (2.67)
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Here, it is convenient to introduce the mass-speci ¢ Helmhdtfree energy  of the
constituent'  through
=" X (2.68)

Finally, by substituting the entropy  with (2.68) in (2.67) and with the energy balance
(2.62), the second law of thermodynamics is recovered for lmphasic materials in the
so-called Clausius-Duhem inequality:
X 1 h 0 0
— T L [ )>+C ) 1 P

Xo

i (2.69)

a grad +% 0:

0 0
A+ IX X))
No physical quantity will be directly derived from the entrogy inequality (2.69), though,
it is the basis for the constitutive modelling in Chapter 3.

2.5 Phase- eld method to solid fracture mechanics

The phase- eld method (PFM) to fracture has gained signi cahattention in recent years
due to its ability to model crack initiation, propagation, ard branching in a computation-
ally e cient and physically realistic manner. Unlike discree approaches like the linear
elastic fracture mechanics (Gri th [120] and Irwin [149]) o cohesive zone models (Dug-
dale [78] and Barenblatt [18]), the phase- eld approach repsents cracks as continuous
and di use interfaces within a material, allowing a continwus displacement eld across
the fracture surfaces on a xed mesh. An extensive review oféhhistorical development
of the phase- eld method of fracture can be found, for examplén the work of Ambati
et al. [8], Wu et al. [253], Spatschelet al. [228] or in the article of Heider [134] with a
focus on hydraulic fracturing. In the following, the PFM to bittle solid fracture is brie y
introduced.

The phase- eld variable

The physics and mechanics communities have developed the gé&aeld method for frac-
ture processes independently. Even though the overall agarch and the derivation of the
constitutive equations are di erent, both communities prgpose a continuous eld variable,
the phase- eld variable or order parameter , to di erentiate the cracked and unbroken
states of the solid skeleton, i.e.

8
2 =0 . intact solid phase,

(x;t) 2 [0;1] with S 0< < 1 : diuse interface, (2.70)
=1 : fully broken solid phase.

Remark: Most of the contributions in the eld of phase- eld method to fracture intro-
duce the phase- eld variable as in (2.70). However, some gpsude ne the phase eld
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alternatively as = 0 for the broken and = 1 for the intact state, compare, among
others, the group of Aransoret al. [15], Bourdin et al. [50], Kuhn & Mualler [164], Mikelc
et al. [196], Heider & Markert [135] and related groups. 2

Figure 2.3: Depiction of a smoothed phase eld with respect to di erent length-scale pa-
rameters , where the axial positionx = 0 de nes the crack center. The abscissa of the tangent
at x = 0 corresponds to the length-scale parameter (depicted here for= 1 m, dashed line).

In the damaged zone & < 1, the phase- eld variable is smoothed out according to a
length-scale parameter with = exp! X7 | cf. Lancioni & Royer-Carfagni [167] and Miehe
et al. [193], see Figure 2.3. This approach leads to a di use transih zone between the
unbroken and broken domain without a discontinuous jump, whbh is a major advantage
of the phase- eld method compared to a discrete approach. €hHength-scale parameter
has the dimension of a length and regulates the transition me's width. For the case
that becomes in nitesimally small, a discrete crack pattern isecovered. However, due
to the arbitrary choice of the length-scale parameter, the hase- eld method is limited
when determining the aperture of a fracture. Moreover, thel@ment's size within a nite
element formulation has to be small enough with respect to thiength-scale parameter
to resolve the di use interface, leading to computational @sts.

Energy functional

In the physics community, the energetic formulation of the pase- eld method to fracture
initially stems from the Ginzburg-Landau theory, which wasdeveloped for the phase
transition of supra-conductive materials, cf. Ginzburg & Ladau [118]. From this, di erent
energetic formulations have been developed. Among the mostgular are the models
according to Aransonet al. [15], Karmaet al. [154], Henry & Levine [139] and Spatschek
et al. [228].

In contrast, the approaches of the mechanical community ginate from the variational
formulation by Francfort & Marigo [109]. Based on the classal Grith criterion, cf.



2.5 Phase- eld method to solid fracture mechanics 31

Gri th [120], this mathematical model treats the quasi-static growth of brittle fracture in
elastic solids. Unlike Gri th's theory, the model can capture crack initiation and predict
the crack path by minimisation of an energy functional. Thengpon, Bourdin et al. [50]
suggested a regularised version of the variational formtilen introducing a secondary
eld variable { the crack parameter { to enable e cient humerical implemenation.
The proposed total energy functional to minimise reads

v z o,
EC"; )= o() of")dv+ G,  —+cjgrad j* dv
4c (2.71)

with g( )=(@ )2+ ;

where o stands for the elastic energy density functiong is a regularisation parameter,
G, represents the material fracture toughness, ang( ) denotes the degradation function
with a dimensionless parameter, assuring an arti cial residual sti ness in the fully
broken case. Note that Bourdiret al. [50] de ned the eld variable alternatively to (2.70)
with = 0 for the broken and = 1 for the intact state in the original article and that the
notation has been adapted in (2.71) for uni cation purposeMoreover, the regularisation
parameter ¢ corresponds to the double length-scale parameter used inghmonograph,
viz. c =2 in (2.71). When the parameterc tends to zero, the regularised formulation
(2.71) converges to the energy functional of Francfort & Mago [109], which complies with
Gri th's fracture theory, compare Bourdin et al. [50]. Besides the applied degradation
functiong( )=(1 )2+ , according to Bourdinet al., other groups developed di erent
models to link the mechanical behaviour and the phase eld. Aerview of some energetic
degradation models can be found, e.g., in Sargadoal. [216] and Wuet al. [253].

Remark: In [190, 193], Mieheet al. introduced an energy functional in a geometric
context with regard to the de nition of a dissipation potential. Even if the approach
di ers from the derivation of the energy functional accordig to Bourdin et al. [50] based
on the de nition of a regularised surface energy, both modelead to similar results. 2

Evolution equation

In addition to (2.71), Hakim & Karma [125], Kuhn & Muller [164, 165] and Mieheet al.
[190, 193], among others, de ne a Ginzburg-Landau type eutibn equation, cf. [118], for
the phase- eld variable:

1

= 20 ) of) G — dvgrad (2.72)

The notation of has been adapted according to (2.70) for uni cation purpose Moreover,

in their original paper, Hakim & Karma and Kuhn & Muller de ne th e mobility parameter

M, which controls the energy dissipation rate within the fractting process, reciprocally
to (2.72).
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\Anisotropic" stored energy

So far, the elastic energy density function , corresponds to the Helmholtz free energy
of isotropict material behaviour for an elastic material. However, this @&ropic material
behaviour can lead to unrealistic fracturing processes, plieting, for example, fracturing
under compression. To cope with this shortcoming, severabgips proposed an anisotropic
fracture model through a split of  into a positive part , contributing to damage,
and a negative part ,, resisting damage. Some anisotropic fracture models calesi,
for example, a volumetric and deviatoric split of the elasti energy, such as Lancioni &
Royer-Carfagni [167] and Amoret al. [12]. Besides these, Miehet al. [193] de ne an
energy function for anisotropic fracture behaviour based oa spectral decomposition of

the linearised strain
= i Nj n; (273)
with "; the principal strains and n; the principal strain directions. A summary of the

spectral decomposition of the strain tensor can be found in fpndix B.1. With this, the
positive (tension) and negative (compression) parts of thelastic energy yield

Hoy+ "+ "ai? h i
p()im SEEET S S 4 % 4 2 (2.74)
Therein, S and S are the Lane constants and the Macauley brackets are de netirough
hi =(jj )=2. The degradation function only a ects the tension part of he elastic
energy, leading to the stored elastic energy
(";)= @ )+ o g+ (") (2.75)

This anisotropic material model completely prevents cragkg in compression.

In the following chapter, the phase- eld method is embeddenh the prior framework of
the TPM to evaluate hydraulic fracturing processes in a tripasic porous material.

!Note that as mentioned in the introduction, Section 1.2, the termsisotropic and anisotropic fracture
behaviour refer to an energy split in the literature of the PFM to fr acture and are unrelated to directional
mechanical properties from continuum mechanics.



Chapter 3:
Model adaptation and constitutive
modelling

This chapter applies the previously introduced theoretiddundamentals to hydraulic frac-
turing porous media. First, the model assumptions for the ptdem under study are out-
lined, and the speci c balance equations are reformulated.ir§e there are more unknown
variables as balance equations, further relations must betdemined to close the problem.
As mentioned in Subsection 2.4.2, the entropy inequality wiliive the restrictive frame for
these relations. Therefore, the entropy inequality is adagd to the particular problem.
The constitutive modelling will be developed exemplarilydr a partially saturated porous
material. Finally, the closure problem for the coupled systens recapitulated at the end
of the chapter.

3.1 Preliminary model assumptions

For this monograph, two multiphasic models are considerecither a single liquid pore
uid saturates the solid, leading to a biphasic model = ' S[ ' L, or a liquid and a gaseous
pore uid inhibit the solid skeleton for the additional consderation of partially saturated
porous material, leading to a triphasic model ="' S[ ' Y[ ' ©. In both cases, a common
(spatially and temporally) constant temperature is assuntefor the mixture and all con-
stituents, viz. = constant. Note that the energy balance is not considered fimer
from this assumption of isothermal processes. Apart from thaan inert, brittle-elastic
solid skeleton' S is regarded in both models. For the consideration of elastiagtic or
viscoelastic solid skeletons within the TPM, the interestéreader is referred, e.g., to the
work of Ehlers [80{82, 86] and Ehlers & Markert [95, 96], resptively. Also, incompress-
ibility is assumed for the solid skeletori S and the pore liquid' & in both the partially
and the fully saturated model:

f SR Rg constant. (3.1)

In the case of the triphasic model, the gas phase is considempressible in the sense
of an ideal gas, yielding SR = GR(p®R),

Moreover, in this thesis, no mass exchanges, such as phasagitions or chemical reac-
tions, are regarded. Thus, the mass production vanishes fot abnstituents, viz.

A0 (3.2)

In addition, all constituents are subject to gravity as the aly and constant body force,
.e.b=b =g.

33
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Furthermore, the material is considered non-polar. Therefe, the angular momentum
balance results in the symmetry statement of the stress tensp namely

T=T" and T =(T)": (3.3)

3.2 Adaptation of balance relations

The adaptation of balance relations and the following conistitive approach will be pre-

sented for the triphasic model. However, the biphasic modehrt be recovered by leaving
out the gas phase. Besides, a detailed derivation of the bighea fracturing model can
be found in Luo [178]. In Section 3.5, the closure problem Wide summarised for both
models.

3.2.1 Mass and volume balances

The local mass balance (2.49¥or the constituent’ simpli es with the exclusion of mass
exchanges (3.2) to

( )+ divk =0: (3.4)
For easier readability, the spatial veIocity)? of the constituent’ will be substituted in
the following by v , compare (2.13).

Using the material time derivative (2.18) and the de nition d the seepage velocity (2.19),
the mass balances of the pore uids , with = fL;Gg, can be rewritten with respect
to the solid motion via

( )2+grad w + div(w +vg)=0: (3.5)
Sorting the terms and applying the divergence theorem (cf. Agmdix A.2), viz.
( )2+ ?rad w_+ divw,+ divvg=0; (3.6)

{z }
div( w)

yields with the de nition of the partial density (2.8)
(n ®)2+div(n Rw)+n Rdivvs=0: (3.7)
According to (3.6), the gas mass balance reads
( ©)2+div( ®wg)+ Cdivvs=0: (3.8)

Assuming material incompressibility for the solid and liqud, compare (3.1), the mass
balances of these constituents can further be reduced to unie balances, i.e.

(n®)2 + n3divvs =0;

3.9
()2 +div(n“wy )+ ntdivvs =0: (3.9)
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Remark: The solid volume balance can be integrated analytically ovéime, yielding a
relation for the solidity n® relative to the initial solidity n§ and the deformation gradient
Fs. Therefore, the material derivative of the Jacobian determant is rewritten with the

tensor calculus rules from Appendix A via

(detFs)2 =cof Fs (Fs)2 =detFsFi ' LsFs=(det Fs)divvs; (3.10)
leading to
(ns 9 _ . _ (deth)o _ .
nSS = divvg = TFSS I nS=nj5(detFs) *: (3.11)
With the relation between the partial density and volume fraton (2.8), the de nition
(2.26) of the solid initial partial density, namely § = (det Fs) S, is recovered. 2

3.2.2 Momentum balances

With the assumption of gravitational forces as uniform and catant body forces, the
momentum balance (2.53) of the constituent' is given by

(v)=divT + g+p : (3.12)

Again, considering all balances relative to the solid motiona& (2.18), the uid momentum
balances result in

L ()2 +(gradv )w, =div T + ‘g +pt;

3.13
G (vg)2+(gradvg)wg =div T®+ Sg+ pC: ( )

Furthermore, for the numerical studies in Chapters 4 and 5f is convenient to consider
the momentum balance of the overall aggregate instead of tiselid one. Thereby, the
complete load of the aggregate can be determined as a bound&ym in the numerical
treatment, allowing the individual constituents to hold as nuch of the external load as
corresponds to their states of deformation and motion. Theverall momentum balance

is obtained by summation of all constituents' momentum balares
X X
(v ) = dvT + g+p (3.14)

Finally, with restriction of the momentum productiog (2.54), under the assumption of
no mass exchanges between the constituents, yielding p = 0, the overall momentum

balance reads
S 0 L 0 G 0
(Vs)s + (Vu)s +(gradv )w, + (Ve)s + (gradveg) we (3.15)
=div(TS+T-+ T+ g: '

Hereby, stands for the overall density, i.e. = S+ Y+ © according to (2.9).

LEqually, the overall momentum balance can be derived from the momentm balance (2.53). Consid-
ering x = [ % dv( d d)+~ X ] and assuming no mass transfer leads with the restriction
(2.54), to the balance' [ % div( d d)]=dv[ (T d d )]+ g. Thisformulation

nally yields X = div[ T ]+ g, recovering (3.15).
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3.2.3 Entropy inequality

The entropy inequality poses the basis of a thermodynamidalkconsistent framework. Due
to the assumption of isothermal processes and the restrimti (2.63),, the Clausius-Duhem
entropy inequality (2.69) can be simpli ed to the Clausius-Ranck inequality:

X h i
T L ()X p v ~( +iv v) O (3.16)

Since mass production is omitted here, (3.16) reduces fuethto

X h i
T L ()X p v o: (3.17)

Moreover, the solid momentum production can be reformulatedith respect to the uid
constituents by exploiting the coupling relation (2.54), viz.

p =0 "1 p% vs=(p" +p°) vs: (3.18)

Thus, the entropy inequality can be rewritten as follows

TS Ls  S(2+TH L SR pt (Vi vs)*

Wi (3.19)

+TC Leg  ©( 9% p° FV_G{ZE? 0:
Wg

A further restriction stems from the saturation condition, £.3). To include this mechan-
ical condition in the thermodynamical process, it is conveent to consider its material
time derivative with respect to the skeleton motion, namely

(n®+n-+n®2=0: (3.20)

Therein, the material time derivatives of the individual vdume fractions relative to the
solid motion can be recast with the mass balances (3.4) andder consideration of (2.18)
to

(n®)2 = nSdivvs;
(nH)2 = nLr(]jiva gradnt w, ; : (3.21)
(n®)2 = — n®( %)L n® Rdivvg gradn® wg:

Inserting (3.21) in (3.20) and multiplying with a Lagrangea parameterP leads to

P n3divvs + n-divv, +gradn- w_+
' (3.22)

1 .
+ —z N°( ®")g + n® SRdivvg +gradn® wg =0:
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The method of Lagrangean multipliers is a strategy to compse conditions into a mathe-
matical optimisation problem and has proven helpful for comdering the saturation con-
dition in the thermodynamical process, compare, e.g., LidT76]. Thus, to ensure that the
saturation condition is satis ed at any time and for arbitrary processes, (3.22) is added
to the entropy inequality (3.19):

TS Ls  5( 52+ PnSdivvs+ T L. (5
(p- P gradnt) w, + Pntdivv, + T® Lg  ©( ©)2 (3.23)
G
(p® P gradn®) we+ P-L_( ®®)2+ P nCdivve O

As a result of the symmetry property of the partial stress tenss, see (3.3), the stress
power T L can be substituted byT D . Moreover, the divergence of the velocity
can be reformulated with the relation (2.33), namely div =1 L =1 D . With this,
the entropy inequality for the current model reads
TS+ Pn%l Ds °( %)+ T-+Pnti. DL (M)
Pl Ds S(8+ TPl D (R
TS Te

L L + G + G Gy Gy0
fp P{zqradn ? W IT {an I} Dg ( ?)a 3.24)
Pe TE
G G n®  Gryo .
fp P{quadn ? Wg+P—= (") O:
pe
Therein, the so-called extra quantities are introduced aoeding to the work of Truesdell
& Noll [240]. This approach allows splitting the partial stresesT and direct momentum
productions p into an undetermined part resulting from the Lagrangean muiplier P
and an extra term ()g. One approach is to determine the constitutive relations fahese
extra terms, compare, e.d., Ehlers [84]. However, to improetarity, the partial stresses

and direct momentum productions will be split into equilibrum and non-equilibrium
proportions for the constitutive approach in this monograb.

3.3 Evaluation of the entropy inequality

In the context of a continuum mechanical approach, the compke state of motion, as
well as the initial conditions of the problem, are assumed tbe known. For all other
quantities that cannot directly be determined through the lalance equations, reasonable
and thermodynamically consistent constitutive relations mst be found. However, the set
of possible constitutive equations is not arbitrary but fdbws the principles of rational
thermodynamics in analogy to the principles in the classitaontinuum mechanics of
singlephasic materials, compare the work of Truesdell [339ruesdell & Noll [240] and
Truesdell & Toupin [241]. In the following, the principles & introduced and adapted for
the current problem under study.
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3.3.1 The basic thermodynamical principles

Identi cation of the constitutive variables The set R of undetermined response
functions, which cannot be computed solely from the motionna balance relations, reads
for the entropy inequality (3.24)

R=f S & S T8 TH TS ph p° Po: (3.25)

Following the principle of determinism suitable constitutive equations must determine
these yet unde ned response functions.

Determination of the independent process variables The principle of equipresence
states that the response functions can depend on the com@éhermodynamical process,
i.e. R = R(V). In this context, Ehlers [86] introduces the fundamentalet V of process
variables for a general porous material via

V=f ;grad ;n;gradn; R;grad R; Fg;
GradsFs; v ; Grad v ; X ¢

As isothermal processes are considered in this monographe ttemperature  and its
gradient can be omitted as process variables.

Moreover, according to (2.3), (2.5), and (2.6), the volumedctionsn can be computed
via the solidity n® and liquid saturation s-. Therefore,n is replaced by solely the liquid
saturation s- in the set of process variables. Note that the solid volume ftion nS is
skipped as an independent process variable since it dirgctesults from Fs through the
integrated volume balance (3.11).

Furthermore, in the case of the material incompressible sdiskeleton and pore liquid, the
e ective densities are constant, cf. (3.1), and are not coitered further as variables.

In addition, the principle of material frame indi erence states that the response functions
must be independent of the observer's position. In that seasthe uid velocitiesv are
substituted by the seepage velocitiew according to (2.19), and their gradients by the
respective symmetric partD of the spatial velocity gradient, compare, €. g., the work of
de Boer & Ehlers [40] and Ehlers [86].

The reference positionX plays a role as a process variable only in the case of inho-
mogeneities of the constituents in their initial state and can, therefore, be neglected
here.

Note that V comprises the gradients of the respective basis variablaipwing the descrip-
tion of second-grade materials. However, within thprinciple of local action the response
functions for a material pointP of the current con guration only depend on the values
of the process variables at and in the near vicinity of the matial point P . Thus, the

gradients of the process variables in (3.26) can be dropped, Truesdell & Noll [240],

Bowen [52, 53] and Ehlers [86].

Taking into account these considerations, the speci ¢ sat! of independent process vari-
ables for the current model reads

Vvi=fs; SR, Fs;w; D; 5 Grads g (3.27)

(3.26)
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Note that to describe the fracture behaviour of the solid skefon, a solid phase- eld
variable S and its gradient Grads S have been added to the se¥! of process variables.
Thereby, S can be identi ed with a damage variable, compare Miehet al. [190], while
the crack-growth direction is represented by Grag S.

Finally, Ehlers [80] introduced theprinciple of phase separation This principle assumes
a priori that the Helmholtz free energy of the constituent only depends on the non-
dissipative variables, which are directly related td . The process variablesv and
D refer to dissipative quantities and are, therefore, omitekin the dependencies of the
Helmholtz free energies. From this follows

S= S(Fg; S;Grads ®); t= Y(sh); = S(CR): (3.28)

According to the principle of material frame indi erence, the deformation gradientFs
can equally be expressed by the Green-Lagrangean strain @ng&s, cf. (2.29), for the
Helmholtz solid free energy, viz.

S= S(Eg; S; Grads 5): (3.29)

This results from the fact that the deformation gradient canbe decomposed through
a polar decomposition into a rigid body rotation and a stretch Since the former is
invariant to the observer's position, it does not a ect the fee energy. Consequently, S
can be expressed via the stretch or, rather, the right Cauchgreen deformation tensor
Cs, which in turn can be substituted by the Green-Lagrangean istin Es. The interested
reader is referred to Ehlers [82, 86] and Wagner [243] andatibns therein.

3.3.2 Thermodynamical restrictions for the model

The last principle, the principle of dissipation provides the restrictions for the constitutive
relations. Here, the procedure based on Coleman & Noll [65] ippdied. An alternative
exploitation of the entropy inequality is proposed by Liu & Miller [177]. It leads to
basically identical results but is more demanding, which why the procedure of Coleman
& Noll is preferred here. A detailed discussion about this tap can be found, e.g., in the
work of Bowen [51] and Ehlers [86].

First, the entropy inequality (3.24) is processed with the miarial time derivative of the
free energies. According to the dependencies (3.28and (3.29), the derivatives ( )°
read

(S)O — S (E )O+ @S S)O+ @S Grad(S)O.
S @s @ ° @S 5 @rads S St Tse
L
(9 = e (330
G
(98 = & (or.

@GR
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The rst addend of the time derivative of the solid free energyan be expressed by the
velocity gradient according to (2.35):

S S
@ (Es)? = FS@SFE Ds: (3.31)

Moreover, applying the divergence theorem (A.10) to the lagerm of (3.30) gives

@° @° @°

@rads S Grads( °)s =Divs Erade S(92 ( 9)¢Divs @t (3.32)

In addition, rewriting the liquid saturation with (2.6) and applying the di erentiation
rule leads to

nt ©_ (nY)Pnf nt(nF)? _ (nh)p sH(nF)P
nF . (nF)2 nF )

(3.33)

Also, using the saturation condition (2.3) and the reformulatio of the material time
derivative relative to the solid motion (2.18), (F)? can be rewritten with respect to' S:

(M) =@ n%l= (n°) = [(n%)3+gradn® w.]; (3.34)

whereby the derivative of the solid volume fraction is givehy (3.21),. Furthermore, (n“)?
can be substituted by the local mass balance (3.4) and simplil with the incompressibility
assumption (3.1) to

(") = ntdivv,: (3.35)

Given these reformulations, the material time derivative fothe liquid saturation yields

1 . .
(s")} o ntdivv, + s-( nSdivvs +gradn® w,)
(3.36)

st div.v sLns iv+SL radnS wy :
iy s oF fiyYs* o L
D | Dg |

Finally, the speci c entropy inequality for the current modd inserting the material time
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derivatives (3.30) of the free energies under consideratiof the reformulations (3.31),
(3.32) and (3.36) and sorting the terms reads

L
TS+n° P+ LR(s)Zgb | SFs %SFg Ds
@S ] @S
S E Divs —@Srads S ( s)g
: @S
s S\0
Divs @5rads s(7)s +
@L
+ Tt+npt P+ R (S)@S D, (3.37)

pt P gradnt + R (s )Z@Sgradn W +

+ T +n°PI Dg p® P gradn® wg+

¢ P or @€

GR @GR (GR)G 0:

The Coleman-Noll procedure states that the entropy inequai (3.37) has to be ful lled
for all possible but xed values of the process variables ilutled in and an arbitrary
choice of their derivatives. Moreover, this approach distguishes between the equilibrium
and the dissipation (non-equilibrium) contributions of the entropy inequality. In that
sense, also the stresses and momentum productions are spiib iequilibrium ( )eq and
non-equilibrium ( )nyeq terms:

T = TEQ + TNEQ X
(3.38)
P = Peo * Pneg

Since this model only considers a brittle-elastic solid dke¢on, TRe, 0 holds and the
total partial solid stress results in

TS Tgo: (3.39)
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Equilibrium (reversible) parts

The equilibrium parts ( )eq of the entropy inequality (3.37) are found by transforming
the inequality into an equality condition Dgg, Vviz.

L
Deo= T +nd P+ Rt @ | sk —FT D
EQ EQ ( ) @S @S S
°Div @ 5)2 o+
L LR :

(3.40)
@*

Peo P gradnt+ ¥ (SL)Z@

S gradn® w_+

+ Tgo+n®Pl Dg Pgy P gradn® wg+

P @ °
G GR GR\0 — Q.
+tn GR @GR ( )G_O'

To satisfy this latter, each addend has to ful | the equalitycondition on its own. Particu-
larly, the factors belonging to the arbitrary process varialgls have to vanish for arbitrary
values ofD , w and ( ®R)2. It follows:

0=Tgy+n® P+ LR(sL)Z%—; | SFs @SFT

0=Divs @sr@a—dsss( L

0=Tgg+nt P+ LR(S)?D; ;

0= pPgg P gradn“ + (sL)Zg—;gradnS; (3.41)

0=Tg, +n°PI;
0=pg, P gradn®

O:i GR@G'
GR @GR'
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The equilibrium restrictions (3.41) serve to determine the &grangean multiplierP and the
equilibrium variables. In addition, the condition (3.41) has to be considered separately.
In equilibrium, it is intrinsically ful lled with ( S)2 = 0. Beyond this, (3.41), leads to a
continuity equation for the term in bracket when ( ®)2 6 0. Integrating the term over an
arbitrary volumetric domain ¢ in the reference con guration and applying the Gaussian
theorem yields

Z Z

: @*° _
D|VS T( S)g dV =

0 @ o

@—S(S)O ndA=0; (3.42)
@brads S S ’ '
with @ o the corresponding surface, while\d and dA are the volume and surface elements
in the reference con guration, respectively. Consideringlosed surfaces, the equation
holds when

@ S

@as rads S

for S between zero and one, and £)2 between zero and positive values. This equation
will de ne the boundary condition for the phase- eld evoluton in the later numerical
study, see Chapter 4.

Remark: Finally, note that the bracket term belonging to the phase- &d derivative
(3.37), is not considered in the equilibrium condition (3.40). Thisérm vanishes trivially
in an equilibrium state with ( °)2 = 0. However, the evolution equation of (5)2 will
be determined as a function of this term by means of the dissifjon inequality since
fracturing is an irreversible, dissipative process. 2

Identi cation of the Lagrangean multiplier and equilibrium quantities

The Lagrangean multiplierP can be identi ed with the equilibrium condition (3.41); as
the gas pore pressure following Ehlers [85]:

G
P = p®R =¢( GR)ZSGR ; (3.44)

yielding for the equilibrium gas stress
T = n®p®FI: (3.45)

In analogy, the equilibrium liquid stress is postulated to
. @"
Teo =0 n“pRI1 with pF = pR+ Rst=—; (3.46)
@s
wherep R is the liquid pressure. Here, it is convenient to introduce #pressure di erence
between the pore gas and the pore liquid as

— pGR pLR — LR SL@_L . (3 47)
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This pressure di erence is comparable to the capillary preare p® in the vadose zone of
unsaturated soil, cf. Bear [20], Fredlund & Rahardjo [111Helmig [138] and Ehlers [85],
among others. Howeverp® is always positive in a capillary system, which restricts
gas pressure to be larger than or equal to the liquid pressu@mpare, e. g., the work of
Brooks & Corey [57] and van Genuchten [115]. In contrast, abé injection system of a
fracking process needs a liquid pressupe?® larger than or equal to the gas pressurng®R,
pP can generally become negative. Subsection 3.4.2 will addréisis issue in detail.

Additionally, inserting (3.44) and (3.46) in the equilibrium condition (3.41), and consid-
ering the saturation condition (2.5), one obtains for the equbrium solid stress
S S L GR L ~LR S @ S T
Tgo+tn> (1 s + s | = °Fs—Fs: 3.48
EQ f )p{z p ) s @Es S ( )

=: pFR

Hereby, the overall pore pressurg™R is given as the sum of the weighted e ective uid
pressurepR with the respective saturations .

Remark: While p™R is found here as a result of the Clausius-Planck inequalityhis
relation recovers Dalton's law of 1802 [69]. 2

Introducing furthermore the e ective solid stressT 2¢ as the stress portion that is obtained
from the solid deformation, and considering (3.39), the gdl (equilibrium) stress results
in

S
@s
Thus, the equilibrium solid stress tensor splits into a weidbd pore-pressure part and the
e ective stress for which an appropriate constitutive equi#zon will be determined in the
following section. The concept of e ective stresses goesckao early investigations in
geomechanics on saturated soils by Fillunger [105, 106] armhvlerzaghi [235, 236], and
matches the general de nition of extra stresses formulateloy Truesdell & Noll [240] in
simpler systems, for example in purely liquid-saturated pous media. A historical review
on the subject can be found, e.g., in the article of de Boer & Hgrs [42].

Moreover, inserting (3.44) and (3.47) in the equilibrium aaditions (3.41), and exploiting
(2.6), (2.3) and the di erentiation rule (A.10), leads for the equilibrium liquid momentum
production P, to

TS Tgo= n°pRI+Tg with T = °Fs F&: (3.49)

Peo = P°R gradnt  s-p° gradn®

= p-® gradn" + pPgrad (s"nF) s-p° gradn® 350
— nkR L D relL F F L L ~D S ( ' )
= p— gradn- + p°[s"gradn” + n"grads-] s-p- gradn

= p-® gradn" + p°nFgrads";
Finally, the equilibrium gas momentum productionpg, results with (3.44) in (3.41) in

PEo = P gradn®: (3.51)
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Summing-up of stresses and drag forces

Based on the above considerations, it is worth collecting ¢hstresses and drag forces of
all constituents. Given (3.38), (3.45), (3.46) and (3.49), the individual stresses of solid,
liquid and gas read

TS = nSpRI + Tg;
TU = nbpRI o+ Theo s (3.52)
TG = n®p°RI + TRgo:

Besides, the drag forces of pore liquid and gas can be summsedi by use of (3.50) and
(3.51) towards

pt = pRgradnt + p°n"grads" + pyg, and

3.53
p® = p*Fgradn® + Preq : (859

Dissipation (non-equilibrium) parts

In contrast to the equilibrium equation (3.40), the dissipabn inequality represents the
total dissipation of the system. It is acquired by taking theremainder of (3.37) for the
non-equilibrium, non-vanishing dissipation termsl \gq , Pygq and ( )2:

Dneq = TINEQ Do pklEQ w + TCNEEQ Do pﬁEQ Wg
S h @ S DI @ S [ - 0 (354)
@s "Vs@Grads 5 ()5 @

Proceeding again from the Coleman-Noll approach, the aboweeqguality is su ciently
ful lled, if each of the single terms is positive on its own. Ths, exploiting the positive
property of proportionality yields

h ' 3.55
( S)O / S @S Div @S I . ( )
° @S ~°@Grads 5)

3.4 Constitutive relations

In the following section, constitutive relations for the skid skeleton and the pore uids
are elaborated. The choice of the constitutive relations isot arbitrary but follows the
physical behaviour of the constituents and must ful | the rstrictions (3.49) and (3.55)
arising from the entropy inequality of the preceded section
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3.4.1 Fracturing solid skeleton

In hydraulic fracturing processes, a fracking uid is pressl into the porous solid, which
answers with tensile stresses forcing the onset and the deyenent of fractures. Whether
a fully saturated or a partially saturated medium is concerrg the fracturing itself is solely
attached to the solid. The stored solid deformation and fraare energy, the e ective solid
stress and the phase- eld evolution are presented in a gedme linear setting in what
follows.

Linearisation

So far, all quantities have been introduced in a nite kinemat setting, compare Section
2.2. However, for the problem under study, assuming small gbtleformations is common

and convenient. In this sense, a geometric linearisationamd the undeformed reference
con guration simpli es the formulation of the kinematic and stress quantities. The inter-

ested reader of nite deformations in the context of the TPM igeferred, for example, to

the work of Eipper [99], Mahnkopf [180] and Markert [184].

According to Haupt [132], the deformations are considered srhathen the norm of the
solid displacement gradient is small, viz.
k Gradsus k 1: (3.56)

Thus, expressing the solid material deformation gradierfs via the solid's motion, one
recognises that the solid material deformation gradient ely equates to the identity
tensor in the context of small deformations, viz.

@ @Xs + us)
= = = | +Gradsus; ! k F Ik 1: 3.57
& s s 5Ue > (3:57)

From this, linearising the Green-Lagrangean strain tensdts, cf. (2.29), with regard to
the solid displacement gradient and omitting the higher-ater non-linear terms yields

Fs

(Es)in = 2(Grads us + Grad {us) : (3.58)

Moreover, (3.57) implies that the referential and current cogurations are close to each
other, allowing the following approximations for the gradint and divergence operators:

Grads() grad(); Divs() div(); (3.59)
This simpli cation leads to the nal linearised form of the Green-Lagrangean strain tensor:
"s = (Es)in = 3(gradus +grad'us): (3.60)
Regarding the e ective solid stresses, the relation (3.49¢an be expressed in terms of the
Kirchho stress tensor 2 with (2.26) and (2.41), viz.
(detFe) T8y = 3Fs O FL; (3.61)

S
EF
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and further reformulated according to the second Piola-Kahho stress tensorSg: , com-
pare (2.40), viz.

S
R N T = (362
S
Introducing additionally the weighted Helmholtz free energ with the initial solid density
as the solid stored energyVs per bulk volume, i.e. WS := § S(Es; S;Grads 9),
yields
Sge = %Vf: (3.63)

Finally, the transport mechanisms are negligible in a geonrét linear setting, compare
(3.57). Thus, the stress tensors mentioned above coincideading to the linear solid
e ective stress QW

EF = (TEF Diin = ( EF)lin = (SEF)Iin = @T;

S

with WS = WS("g; S;grad S).
Besides this, linearising the Jacobi determinants and its inverse, cf. (2.23), with regard
to the solid displacement gradient and neglecting the high@rder non-linear terms, yields
with (3.59)

(3.64)

(Jshin =1+div us and @¢Hin =1 div us: (3.65)

Considering this, the solid partial density after (2.26) ad the solid volume fraction (3.11)
result in
S 5@ divus) and n® n3(1 divug): (3.66)

Finally, the boundary condition (3.43) and the thermodynantal restriction for the phase-
eld evolution (3.55)5 simplify in a geometric linear setting with (3.59) to

@S Sh@s ] @S i

— S\0
@rad S n=0 and ( >)g/ @ dlv@grad 5

(3.67)

Solid stored energy

Considering that a fracture is induced due to tension and natompression, Mieheet al.
[190] proposed the stored energy for a pure solid based on #pectral decomposition of
the strain, allowing for di erentiation of a purely tensile and compression part, compare
Section 2.5. Thereby, the solid strain tensots is decomposed relative to the sign of its
eigenvalues's; into positive and negative principle strains, viz.

8 o
x n . + n .
E ..48- - | S'TJS'J Nsi Nsi;
"s= "L+ "g with - (3.68)
X n . n .
TR si ] sil Nei Nei *
S i —2 Si Si -

Therein, the plus/minus superscripts mark the positive/negtive principal strains, and
ns; denotes the eigenvectors. Hence, the proposed formulationMiehe et al. splits the
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solid stored energy into an elastic tensile energy S* , an elastic compression energy/ S
and a fracture energyG, S:

WS("s; S;grad 5)= (1 5%+ P WST("g)+ WS ("g)+

+ G; 5( S;grad ®);

8
R e 1 tr"s+ jtr"gj 2
% WSt (") = St S+§S—52J sl (3.69)
n . n o 2
where % WS ("g) = Svg oo +% s Ir's ;tr si .
T S( S;grad S) = Zi( 5)2 + Egrad S grad S:

Therein, S and S denote the solid Lame constants. The viscous stress resist >
represents a residual arti cial sti ness of the solid sketen, which prevents zero sti ness
in a fully cracked zone. Furthermore, the fracture energy msomposed of the critical energy
release rateG, of brittle solids and the crack-surface density function S. For a detailed
discussion of the critical energy release rate in the mod#tge interested reader is referred
to Wang et al. [247]. The crack-surface density function® depends on the phase- eld
variable 3, its gradient and the internal length-scale parameter, which is responsible
for the thickness of the fractured zone. Note that the phaseeld variable only a ects the
stored tensile energy and the fracture energy in (3.69).

Solid e ective stress

Inserting the proposed formula of the solid stored energy.@®) into the linearised restric-
tion resulting from the equilibrium part of the entropy inequality (3.64), the linearised
solid e ective stress reads

h [

S — (1 S)2+ S 25--;

tr ||S + jtr n Sj
EF r + 5 ———

I+
2

Tt (3.70)
2

With this formulation, the sti ness of the fractured solid skeleton decreases only in tension
direction with an evolving phase eld.

Evolution of the phase- eld variable

The proportionality request of the dissipation relation (367), for the phase- eld evolution
( ®)2 can be satis ed by a linear dependency following Ehlers & LU®3], i.e.

1 oW div —@W
M @S @rad S

(%)=

(3.71)
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Therein, M is introduced as a non-negative mobility parameter respaibée for the dissipa-
tion upon stable crack propagation, compare Kuhn & Mallet [164]. Under consideration
of the formulated solid stored energy (3.69), the evolutioequation for the phase- eld
variable can be determined as
1 S :

( 2= o 21 S)wS* G, —  divgrad ® (3.72)

with
grad > n=0 (3.73)

as the corresponding boundary condition according to the rteigtion (3.67);.

To avoid a singularity caused by a zero-value denominatohé¢ evolution equation (3.72)
is reformulated to:

S
M(%)2=21 S)yws G, — divgrad ® : (3.74)

Remark: In Ehlers & Luo [93], the mobility parameterM has been explained physically
as a viscosity parameter. There, it was found that in case ®fi larger than 1¢ Pas,
while WS* and G.= are in the range of 16 10’ J/m3, an increase oM results in a
delay of crack nucleation and propagation. However, the mdity parameter can also be
understood as a purely numerical parameter that has a stalsiing e ect on the computa-
tion, also compare Mieheet al. [193] for a monolithic solution and Mieheet al. [190] for
a staggered solution of a purely solid fracturing process. 2

3.4.2 Fluid pressure

The following subsections present the constitutive relains for a partially saturated
porous material, where two immiscible uid phases percolatthe fracturing solid skele-
ton. The constitutive relations concern the interaction beween the uids themselves and
the interaction forces between the uid phases and the solidMultiphasic ow processes
in intact porous material are discussed in detail, for exantg, in the work of Bear [20],
Hassanizadeh & Gray [129, 130], Helmig [138] and Ehlertsal. [92]. Moreover, a detailed
description of the liquid behaviour in a fully saturated fraturing porous media can be
found, e.g., in Luo [178].

As the two uid phases are considered immiscible, they occupy dient pore volumes
of the porous material and are separated on the microscale byrebile interface. They
exhibit, accordingly, di erent pressures. At this interface, the molecular cohesion within
and adhesion between the phases cause surface tension withexternal load. The re-
lated displacement of the uids in the pore space responds tapillary e ects at the

microscale. The following brie y introduces it before condering the resulting e ects

on the macroscale. Finally, the pressure behaviour during a wigmic injection will be

discussed.

2In Kuhn & Maller [164], the mobility parameter is the inverse of M in (3.71)-(3.74).
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Capillarity on the microscale

A pore can be considered a vertical tube in an idealised repeatation on the microscale,
compare Figure 3.1. In the case of a liquid-gas mixture in theope space, the solid
molecules attract the liquid molecules at the interfacial i@a due to adhesive forces. By
this, the liquid displaces the gas and wets the solid. Due to theurface tension, the
interfacial area curves, here with a circular cross-seatiavith an angle! , see Figure 3.1,
and involves a spontaneous pressure drop.

Figure 3.1. Depiction of an idealised pore at the microscale.

According to their characteristics, the uid with an acute argle to the solid is termed
the wetting uid, here the liquid, and the uid with an obtuse angle is referred to as
non-wetting uid, here the gas. The (always positive) presge di erence between the
non-wetting and the wetting pressuresp™ and p", respectively, is termed microscopic
capillary pressurep®. It can directly be related to the surface tension s and the tube's

radiusr via 5 :
pei=p™ p¥= 2" ::OS' ; (3.75)

Note for clarity that the superscripts for microscopic valuesre lowercase letters, and
those for macroscopic values are capital letters. For a cotafe overview of capillary and
wettability e ects at the microscale, the reader is referré, e. g., to the work of Bear [20],
Hassanizadeh & Gray [129, 130], Helmig [138] and Blunt [36] andations therein.

The Young-Laplace equation (3.75) states equilibrium in gssure between the two sides
of the interface at the pore scale. Analogously, the macrogio phase-pressure di erence
captures the capillary e ects on the macroscale. This praese is always measured at equi-
librium and cannot represent dynamic processes. Since apertion, as it is considered
for hydraulic fracturing, poses a highly dynamic process, modi ed description of the
pressure di erence is needed in this case. In the followinguagraph, (equilibrium) cap-
illarity at the macroscale is rst discussed, and then, in aurther paragraph, a modi ed
description of the pressure within dynamic injection pro@ses is proposed.

Capillarity on the macroscale

The phase-pressure di erencp® at equilibrium on the macroscale, also named the macro-
scopic capillary pressure, is de ned in analogy to (3.75) abé pressure di erence between
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the e ective gas pore pressur@®? and the e ective liquid pore pressurep R, viz.

p© = p°R  pR: (3.76)
The dependence of the microscopic capillary pressure on shaface tension and interface
curvature in (3.75) is then expressed on the macroscale in elation between the phase-
pressure di erence, the saturation and the geometry of theqgpes, compare Brooks &
Corey [58]. There are many experimental and empirical appohes to determine this
relationship speci c to the system's properties, for exane, the combination of the three
phases, the temperature, the grain size distribution, anche hysteresis of the process's
direction (drainage or imbibition), to name a few. An overviw of the di erent approaches
and their applicability can be found, e.g., in the work of Sha [223]. One important
aspect here is that all states of the pressure-di erence-saition models are equilibrium
states. In particular, the laboratory techniques, which iwolve changing uid saturation
in small increments, ensure that the saturation level remas stable, allowing enough
time for equilibrium. Among the best-known empirical approehes for liquid-gas systems
are those of Brooks & Corey [57] and van Genuchten [115]. Botfmodels deal with the
e ective saturation s} , de ned as

L
== (3.77)

forst st 1 sG, see, e.g., Mualem [198]. Thereis: and s® are the residual liquid
and gas saturations, respectively, and stand for the saturan portions above which the
respective uid becomes mobile. Note that Brooks & Corey asswed that s® = 0, see
also the work of Corey [66]. A discussion of the di erent de mions of e ective saturation
can be found, for example, in the textbook of Helmig [138].

Brooks & Corey [57] established a function between the slopéthe e ective saturation's
logarithmic curve and the phase-pressure di erence's logdmm, leading to
hIod [ .

se. (P°) = e for p© pa ! po(st.)=palss] T (3.78)
with > 0 the pore size distribution factor andpy the displacement pressure. Therein,
has a small value for a porous medium with a wide range of ponees and a large value
for a porous medium with a uniform pore size. Moreover, Brosk& Corey describedyy
as the approximate minimum of the capillary pressure at whita continuous gas phase
exists in the porous medium during drainage.

Besides this, van Genuchten [115] formulated the macroscopapillary-pressure-saturation
function with respect to the de nition of the e ective saturation (3.77) as follows

Sl

S (p9)=[L+( P ™ for pP°>0 1 Pk )= = () & 17 (3.79)
G

with the pore space geometry parametersg, m and n determined based on experimental
data.
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Figure 3.2: Phase-pressure di erence-saturation curve with respect to theBrooks-Corey [57]
and van Genuchten [115] model. Parameters after Lenharet al. [171].

Remark: Lenhard et al. [171] derived correlations between Brooks & Corey's and van
Genuchten's model parameters. 2

The two models are depicted in Figure 3.2. In the case of a spantous drainage process,
the (positive) pressure di erence increases, and the gas plsces the liquid through the
pore space, by which the liquid saturation decreases. In ¢aast, in the case of a spon-
taneous imbibition process, the pressure di erence decsss, and the liquid displaces the
gas.

Remark: When successive imbibition and drainage processes occur, thacroscopic
capillary-pressure-saturation curve undergoes hystere® ects. These latter are omitted
here as no recurring imbibition and drainage processes aegarded in this monograph.
However, concepts with hysteresis e ects can be found, e.m the work of Mualem [198],
Kool & Parker [161] and Lenhard [170]. For an overview of thitopic, the interested
reader is referred to Bear [20], Helmig [138] and Blunt [36]meng others. 2

Injection process

In fracturing processes, the liquid is injected into the paus solid domain. In this case, no
equilibrium state is achieved. This is a decisive di erenceompared to the capillary e ects
described in the previous paragraphs. In order to capture thegni cance of the dynamic
process, Manthey [182] discussed, based on a dimensionallysis, the dominating forces
related to the viscous, dynamic and equilibrium (capillaryk ects within multiphasic sys-
tems. The dynamic e ects dominate with increasing ow veloity and decreasing length
scale of a system. Therefore, in the case of hydraulic fradtg, where high liquid veloc-
ities are reached, the dynamic process of the liquid injeoti is the system's driving force
and needs to be considered in detail. While the pressure-dience-saturation relation was
unique for equilibrium conditions, it is no longer the case vdn dynamic processes are
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considered. Particularly, the pressure-di erence-satation relation becomes a function of
the rate-dependent behaviour of the saturation. Dierent aproaches, experimental and
theoretical, have been developed to capture this dependendVost of them, e.g., Stauf-
fer [230], Kalaydjian [152] and Hassanizadett al. [126], suggest the di erence between
a dynamic and an equilibrium capillary pressurepgyn and p®, respectively, as a linear
function of the rate of change of saturation, viz.

@s .

@t’
where is the damping coe cient. This latter has to be carefully deermined by me-
thodical or laboratory studies. Manthey [182] found out thathe relationship between
the di erence in capillary pressure and the rate of saturatin change is non-linear at low
rates of saturation change. The complexity of such dynamicrgcesses is high and can
not be represented in conventional hydromechanical equatis. Here, the change of equi-
librium and dynamic processes will be represented by a mathatical sign change in the
pressure-di erence-saturation relatiorp® (s*), whereby the equilibrium and dynamic cap-
illary pressure are united in the pressure termpP® = p° [ pdcyn. Thus, in order to include
both equilibrium and dynamic processes in one single simpldefunction, the liquid free
energy is introduceda priori as

PG PO(ss) = (3.80)

Lialy - & b - L.
()= & ~ + cln o dins- ; (3.81)
such that with (3.47) the pressure di erence reads
@t b c
p°(sh)y= 'R SL@ =a & 1ot d : (3.82)

The tting constants a, b, cand d allow an adjustment in the above equations. Finally, the
curve of p° (st) describes an asymptotic function satisfying equilibriuncapillary e ects
for pP 0, while a dynamic injection is described in the range q@® < 0, compare
Figure 3.3. In the present context, the switch between capty e ects and dynamic
injection, where p®? = p'R holds, has been set as- = 0:7. This state will also be the
initial state for all numerical examples of hydraulic fractiring in Chapter 5. On the left
side of this starting point, equilibrium capillary e ects hold, where the gas can displace
the liquid (drainage) or vice versa (imbibition). Thereby, p®R > p'R is valid. On the
other hand, in this model, the liquid displaces the mobile gaduring a dynamic liquid
injection with pt? > p®R. Note that the pressure-di erence-saturation function restcts
st 6 f0; 1g and implicitly includes residual liquid and gas saturatios.

Remark: Similar curves at the pore level can be found in petroleum eingering for
water-oil mixtures, see, e. g., Amott [13], Anderson [14], Keeeket al. [163], Blunt [35, 36],
ren et al. [205], Dixit et al. [77], Al-Futaisi & Patzek [2], among others. However, the
change from the \spontaneous displacement” to the \forcechjection" processes (where
the water pressure exceeds the oil pressure) is correlateitva wettability change of the
water and oil. In this monograph, no wettability changes ar@resent. 2
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Figure 3.3: Pressure-di erence function p° over liquid saturation st with following values:
pP =0[Pa] ats- =0:7[-]anda=5 10 3[Pa], b=4000:5[-], c=1714:5[-]andd =0 [-].

Considering Figure 3.3, the capillary suction and therewith the gas pressure is rel-
atively low compared to the liquid pressure during the injag®n process, which is in the
range of MPa. For this reason, some contributions neglectéhrole of capillary suction
during the injection process, e.g., Heider & Sun [137]. Howeysince this thesis aims to
study in detail the interaction among the uid phases during he hydraulic crack propaga-
tion, the pressure-di erence-saturation function plays aigni cant role here. This e ect
will be shown in the numerical examples in Chapter 5, SectionZ

3.4.3 Fluid ow

Based on the restrictions arising from the dissipation ine@lity (3.55); 4, the non-equilib-
rium momentum productions and frictional uid stressesfpygo and Tgq , are assumed
proportional to either the seepage velocitiess or the uid velocity gradients D , re-
spectively. Following the work of Ehlers & Luo [93, 94], thesquantities are introduced
via
R
Pveo = (@ $)2(n )ZK—W ; Tneo = 2( Yn RD ; (3.83)
r
where R = Rjgjisthe specicweightof and R the e ective shear viscosity of the
pore uids. Moreover, K, de nes the relative uid conductivity and will be introduced
in the next subsection.

By inclusion of S in the above equations, the pore uids undergo a transition dtween
a Darcy-type ow in the unbroken porous-media domain with S = 0, governed by the
drag forcespyeo , and a Navier-Stokes ow in fully broken zones with S =1, governed

by the frictional Newton terms T ., . A detailed derivation of these limit states is shown
in Appendix B.2. This result is in line with the observations 6 Beavers & Joseph [21],
who investigated the transition zone of pore liquids betweea porous-media ow and a
free ow, compare also Ehlers & Luo [94] and Luo [178].
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However, more than this consideration is required when gegloal materials are regarded.
Notably, in naturally grown soil and rock, not only open but aso closed fractures occur.
The fractured zones might close again, or there might even blesed precracks due to the
amount of con ning stresses caused by the load of the uppelytas of the stratum. In
these cases, the uids permeate the fractured but closed doméby a Darcy-type ow,
like in the surrounding unbroken porous material. This is incontradiction to (3.83),
where the evolution of a fracture with growing values of S is interpreted as a fracture
opening. While this might not be of interest in the frame of stadard solid mechanics, it
matters strongly when porous media are concerned. As a resaiitd in order to distinguish
between open and closed cracks, Ehlers & Luo [94] introducadother variable into this
constitutive approach, namely the crack-opening indicatol (COI). Since an enlarging
pore space is an indicator for open fractures ana® is growing whenn® is shrinking
through positive values of diws, compare (2.3) and (3.66), the COI takes the binary
values zero or one as follows:

1: for increasing porosityn® > n§ with div us > 0;

0: for decreasing or constant porositp©  nf with divus 0; (3.84)

wherenf is the initial porosity. Embedding the COI in the relations 3.83) through

R
W Tueo =21(°%n "D ; (3.85)

Pveg = 11 +1(1 ®)%(n )? K.

leads to the properties:

Table 3.1: Hydraulic fracturing and ow in porous media depending on S and | after [94]

Phase eld S COI | Description Flow type
0 1 intact solid with enlarging pores  Darcy
0 0 intact solid with shrinking pores  Darcy
1 1 fractured solid with open cracks  Navier-Stokes
1 0 fractured solid with closed cracks Darcy

Thus, for an intact porous material with S = 0, the extra momentum productions
dominate the uid ow and yield a Darcy-type ow, regardless of the porosity evolution,
i.e.l = f0;1g. Nevertheless, in the case of fully broken material with® = 1, two states
are distinguished throughl . On the one hand, the frictional forces divl ., govern the
uid ows and follow the Navier-Stokes equation whenl = 1. On the other hand, when
| =0, the broken domain behaves like an intact one, and the uidows follow the Darcy
law again. Between these cases, wherx0 S < 1, the phase- eld variable determines the
transition between these ow types.

A full description of the introduction and applicability of the COI can be found in the
work of Ehlers & Luo [94] and Luo [178].
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3.4.4 Fluid conductivity

When multiple uid phases are present in the pore space, they ietfere with each other's
ow behaviour. Therefore, the drag forcep g, included in (3.83) and (3.85) depend on
relative uid conductivities K, , which are related to the standard hydraulic conductivitie
K through relative permeability factors | :
K, = K : (3.86)

Note that K is also known as Darcy permeability and governs the permead behaviour
of a single uid (liquid or gas) under fully saturated conditons. Itis de ned in [m*=(m?s)],
in short [m=s]. The dimensionless relative permeability factors reqik the permeability
of the particular uid ' by its saturation in the pore space, viz. , = (s ). Through
the relation (2.5), both saturation variables can be expresd over the liquid saturations",
leadingto , = ,(st). The dependence of the relative permeability on the satutian was
already recognised experimentally in soil science and palgum engineering in the 1930s,
cf. Richards [211], Muskagt al. [200] and Leverett [172], among others. Since then, many
empirical approaches have been developed to determine thiatiee permeability factors,
compare, e.d., the work of Ahmed [1] and Sheta [223] for an oview of these relations.
Among the most prominent concepts is the Brooks-Corey appraa[57]. Brooks & Corey
substituted their capillary-pressure-saturation relatio (3.78) into the capillary tube model
after Burdine® [60], leading to the following formulation for the relative grmeability
factors

L=[s"]" and S=(1 sH)2[1 (sH) (3.87)
Remark: Strictly speaking, Brooks & Corey formulated this relation ér the e ective
liquid saturation s} instead ofs-, cf. (3.77). However, since residual saturations are
implicit in the asymptotic curve of the pressure-di erencesaturation function, compare
Figure 3.3,s; has been replaced bg"- here. 2

Figure 3.4 displays the permeability factors - and ¢ as a function ofs- for a poorly
sorted and a well-sorted soil, with =1 and =3, respectively, according to Brooks &
Corey [57]. Generally speaking, when the saturation increas¢he uid displaces the other
uid phase and takes up more space, which allows the partiard uid to ow more easily.
This phenomenon is re ected in the relative permeability fetor, which increases until one
with the saturation. Conversely, when the saturation falldelow a certain threshold, in
other words, when the amount of interconnected uid particle decreases towards zero,
. vanishes, and the system is impermeable for the particulauid constituent.

Remark: The increase of the relative permeability factor in the rangef tdower saturations
is more decisive for the pore gas than for the pore liquid. Thidi erence is because
the liquid, as the wetting phase here, prefers to Il the sm#&r pores. There, the ow
conditions are more di cult than in the larger pores, where he pore gas, the non-wetting

3Therein, the porous medium is modelled via several parallel cap#iry tubes with dierent cross-
sections (pore sizes) perpendicular to the direction of ow and corntant cross-sections in the direction
of ow. In contrast, the van Genuchten model [115] for the relative permeability factors is based on
Mualem's capillary tube model with variable pore size in both directions, cf. Mualem [198].
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phase, is mainly located. This behaviour is accentuated iié case of poorly sorted soil,
compare the dashed to the solid line in Figure 3.4. 2

Figure 3.4. Relative permeability factors after Brooks & Corey [57] as a function of the liquid
saturation st for poorly sorted soil ( = 1, dashed line) and well-sorted soil ( = 3, solid line).

Note that di erent ow behaviours can occur at the same saturéion depending on whether
wetting or drying is in process. Accordingly, similar to the fisteresis e ect in capillarity,

history e ects on saturation may also occur for relative permabilities. An overview of
the di erent hysteresis models can be found, e.g., in the wortf Sheta [223]. In this
monograph, no hysteresis will be considered.

While K describes the conductivity behaviour of a single uid under fly saturated
conditions, K can be related to the intrinsic solid permeabilityK S through

K> _ K.

== — (3.88)

with KS in [m?]and R in [Pas], compare Ehlers [88]. The deformation-dependermtlis
intrinsic permeability is de ned following Eipper [99] via

KS:= KS: (3.89)

Therein, K§ stands for the initial solid permeability in the reference en guration, and

> 0 is a material parameter adjusting the dependency of the paeability on the
solid deformation. In this monograph, is chosen as one. Note thaK S can be a
tensorial quantity K S in non-isotropic permeability circumstances. The interésd reader
on this topic is referred, e. g., to the work of Markert [185]rad citations therein. Further
information on permeability estimations in porous media wi regular structure can be
found in Wagneret al. [245].
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3.4.5 Pore gas density

As the pore gas has been assumed to represent an ideal gasviaig Boyle's law, it can
be described by the free-energy function

G( ®RYy= R® In ®R: suchthat p°R = R® °CR; (3.90)

where (3.44) has been used. In the above equatio®? is the speci ¢ gas constant and

the absolute temperature after Kelvin, which is assumed cstant in this study. Note
that the absolute values can be employed as excess valuestret to the atmospheric
pressurepam. In that sense, the absolute gas pressupER is de ned as the sum of the
atmospheric pressure with a mean value (at sea level) of apgimately pam = 101 325 Pa
and the gas excess pressupEl ., Viz.

pGR = prFf:ess_{_ patm ’ (391)

such that the gas excess pressure reads

GR — G GR
pexcess_ R

Patm (3.92)

From this, the following relation holds for the gas density:

GR pGR GR . GR Patm
= SRet am With SR = oo (3.93)

In order to simplify the appearance of the following equatits, the term pSR .. is substi-
tuted by the term p®R in the numerical study, such that

PR = PoRess: (3.94)

It should be noted that, asp®R is de ned as excess pressure, the same is applied to the
liquid pressurep‘R.

3.5 Closure problem for the fully coupled system

Finally, this section summarises the previous constitutivenodelling of the coupled TPM
model with an embedded phase- eld approach to fracture. The#osure problem is detailed
for the partially saturated porous material, and the govermig equations for the biphasic,
fully saturated porous material are outlined.

3.5.1 Triphasic material

The governing equations for the numerical computation of # triphasic problem under
study can be taken from Table 3.2. Therein, the momentum bahaes have been taken from
(3.13) and (3.15), and the mass and volume balances from (3.8)da(3.9),, respectively.
These equations together with the phase- eld evolution e@tion (3.72), the constitutive
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relations and the initial and boundary conditions de ne thestrong form of the initial-
boundary-value problem resulting in a system of 12 scalar dirential equations that have
to be solved in a monolithic manner. Note that the solid displasment-velocity relation
does not count here, as it is solved locally in order to redutiee order of time derivatives
of the solid motion from second to rst order.

As mentioned, the overall momentum balance has been includ@&ustead of the solid
momentum balance here. This choice is due to the fact that theverall external load can
only be placed onto the overall surface, while a distributioto the individual constituents
remains a result of deformations, velocities and sti ness®f the constituents. Concerning
the corresponding numerical solution derived in the next epter, the primary variables
for this coupled system are chosen as the solid displacemait the solid, liquid and gas
velocities,vs, v, and vg, the liquid saturation s, the gas pressurg®R and the phase-
eld variable S, respective to the equations in Table 3.2. Moreover, all tenopal changes
are considered with respect to the skeleton motion, makingse of the seepage velocities
W =V Vs, With = fL;Gg:

Table 3.2: Summary of the governing partial di erential equations in their stron g forms of the
partially saturated model.

Solid displacement-velocity relation
(Us)g = Vs
Overall momentum balance

S(ve)2+ bt (v)E +(gradvi)w, + © (vg)? +(gradvg)wg =

div( Be + TINEQ + TSEQ PRI+ g

Liquid momentum balance

b (vi)e +(gradvi)wy =div TReg + "0+ PReo  n-gradpR + p®nFgrads
Gas momentum balance

¢ (vg)d +(gradvg)wg = div TﬁEQ + Cg+ p(NBEQ n®gradp°R

Liquid volume balance

(n5)2 + ntdiv(us)2 +div(ntw. ) =0
Gas mass balance

( ©)¢+ CSdiv(us)? +div( ®wg)=0
Phase- eld evolution equation

1 h s [

( 92 = o 20 S)wWs* G, — divgrad °

In the following, the secondary equations are summarised.hib set of coupled equations
is the basis for the numerical implementation.
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First, the volume fractions are de ned through the integratedsolid volume balance (3.11),
the condition (2.3) and the saturation de nition (2.6):

nS = nj(1 divus);
nf =1 nS;
N (3.95)

n® = (1 sY)nF.

Besides the gas pore pressure, which is a primary variablegthuid pressures are given
by

p°® = p°(st); depending on the specic problem,
pR = pSR  pP; (3.96)
pFR - SL pLR + (1 SL) pGR .

Therein, the pressure-di erence-saturation relation degnds on the speci ¢ problem. More-

over, the solid and liquid phases are assumed incompressjblvith SR const and
LR const, while the gas density reads

pGR

: _P
ne SR with SR = Raém. (3.97)

GR

The elastic strain tensor can be computed based on the soligplacement and split to

8
X n_ + HIN
" n+ n : 2 "; = i > 2J SIJ nSl nSI 1
S = S + S Wlth X ! n_ L (3.98)
Z w si ] sil .
N i 2 Nsi  Nsj;

with "s; the eigenvalues andhs; the eigenvectors of the strain tensofs. From this and
the phase- eld (primary) variable, the linearised solid sess tensor yields

h I n H n H
+
EE= (@ 92+ 5 o25t+ S Uos+jr'sl thr sy
tr " j tr n J (3.99)
+2 SIIS + S S 2 S I
The momentum productions and frictional uid stresses read
Sy2 2 R
P = [ +1( )1(n ) W,
NEQ K (3.100)
Thneo = 21(5?n RD ,

whereby the relative permeabilities are calculated by

R S

r R
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with the intrinsic solid permeability

1 nS
KS = KS, (3.102)
1 n§ °

and the relative permeability factors according to Brooks &orey [57], namely

L= [ and & = (1 s)?[1 (sH)* . (3.103)

Finally, with the equations of Table 3.2 and the constitutivesetting summarised above,
the continuum-mechanical problem is closed for the partilgl saturated case.

3.5.2 Reduction to biphasic material

Regarding a fully saturated porous material, only one singl uid lls the pore space.
This uid is usually a materially incompressible pore liquid In this case, the liquid
saturation s- reduces to one, and the pressure-di erence-saturation atition becomes
unnecessary. Moreover, the governing equations simpliguch that the gas balances of
mass and momentum vanish. For convenience, the reduced segoverning equations is
listed in Table 3.3. For a complete description of the theotieal and numerical treatment
of fully saturated porous media combined with the phase- dl approach to fracture, the
interested reader is referred to Ehlers & Luo [93, 94], Luo7&], Ehlers & Wagner [98]
and Appendix C.2.

Table 3.3: Summary of the reduced set of governing equations in their strong fors of the fully
saturated model.

Solid displacement-velocity relation
(us)g = Vs
Overall momentum balance
S(vs)e+ b (vi)E +(gradvi)wy =div( B + TRege PRI+ g

Liquid momentum balance
b (v +(gradvi)wy =div TRgg + "9+ Pregg  N-gradp™®

Liquid volume balance
(nt)2 + ntdiv(us)? +div(ntw. )=0

Phase- eld evolution equation
1 h S [

( ®)2= 2@ SYWS* G, —  divgrad S







Chapter 4:
Numerical Treatment

The governing equations of the closure problem must be fuldd simultaneously at each
point of the considered domain occupied by the mixture bodySolving this system of
partial di erential equations analytically is not possible for arbitrary problems. Therefore,
the domain is discretised in space and time, and the set of edions is solved numerically
for the discretised domain. A typical numerical techniqueniengineering applications is the
Finite-Element Method (FEM). Therein, the problem is dividedinto smaller subdomains
called nite elements, and a global system of equations isrfoed by assembling the
equations from all the elements. This system represents tleatire problem domain and
can be solved numerically to obtain approximate solutions fahe unknowns within the
domain. A comprehensive overview of this method is given, e, gn Bathe [19], Braess
[54], Zienkiewicz & Taylor [260]. For the solution of multibasic problems within the
FEM framework, Eipper [99], Ellsiepen [100], and Ammann [11¢sup the fundamentals
for the numerical tool PANDAS This solver is particularly suitable for treating strongy
coupled problems and proceeds from a monolithic solution ofig complete system of
partial di erential equations.

This chapter encompasses the numerical implementation diié triphasic porous media
model to fracture within PANDAS The weak formulations of the governing equations
are derived, and the spatial and temporal discretisation aretroduced. After that, par-
ticular numerical treatments are outlined concerning ther&cturing problem such as the
implementation of the irreversibility condition and the denition of pre-fractured areas.

4.1 Finite-Element Method

The governing equations of Table 3.2 together with the iniéil and boundary conditions
de ne the strong form of the initial-boundary-value problen (IBVP). As mentioned in the
previous chapter, the set of primary variables used in this oamograph consists of the solid
velocity vs belonging to the overall momentum balance, the liquid and gavelocities,v
and vg, corresponding to the uid momentum balances of pore liquidrad pore gas, the
liquid saturation st corresponding to the liquid volume balance, the gas pressup®R
corresponding to the gas mass balance, and the phase- eldrighle S corresponding
to the phase- eld evolution equation. Moreover, the solid idplacementus corresponds
to the displacement-velocity relation (s)2 = vs in order to reduce the set of partial
di erential equations from second to rst order in time. Sunmarising the variables in an
abstract vectoru leads to

u(x;t) =[us vs v vg st peR ST (4.1)

63



64 4 Numerical Treatment

Remark: This set of primary variables has been chosen based on the spetBVP
computed in Chapter 5 and assures a robust solution scheme.r l[esher IBVP, another
combination of primary variables for the liquid volume and gs mass balance might be
appropriate, such ag-R and p®R, compare, e.g., Helmig [138]. A detailed discussion on
the choice of primary variables for multiphase ow in porousnedia can be found in Wu
& Forsyth [255]. 2

To build the particular IBVP, initial conditions for the prim ary variables need to be
speci ed, i.e.
u(X;to) = Uo(x): (4.2)

Moreover, the boundaries@ of the spatial domain are split into Dirichlet (essential )
boundaries@ p and Neumann (natural) boundaries@ . For any arbitrary boundary,
either a Dirichlet boundary condition or a Neumann boundary @ndition has to be de ned
exclusively for each primary variable in order to have a unige solution of the equation:

@., = @[ @Y; ; = @p°\ @f;
@, = @[@Y: ; = @\ @Y;
@y, = @.;LG[ @@LG; ;= @;LG\ @@LG; 4.3)
@y = @5[@y; ; = @3\ @y
@ = @Y [@Y;; = @5 \ @Y
@s = @, [@);; = @, \ @ :

Therein, the Dirichlet boundary conditions de ne the exact alue of the primary variable
on the boundary, while the Neumann boundary conditions addse the ux of the pri-
mary variable over the respective boundary. The uxegt;t‘;t®; vt v®; v °g on the
Neumann boundaries will be speci ed in Subsection 4.1.1. Filha note that no bound-
ary statement for the solid displacement-velocity relatio has been listed. Although the
solid displacement-velocity relation will be discretisedn space to determine the solid
displacement, it does not involve a Neumann boundary, see Sabson 4.1.1.

The ansatz (trial) functions of the primary variables (4.2) ead

AUs(t) = f us2HI() Y : us(x) = us(x;t) on @2 g;
Avs(t) = f vs2HI() Y : vs(X) = vs(x;t) on @S g;
Avi(t) = f vi2HI) Y : vi(x) = vi(x;t) on@Y g;
Ave(t) = f vg2HY) 9 : vg(x) = ve(Xx;t) on@Y° g; (4.4)
AsS(t) = f s-2HY) : st(x) = st(x;t) on @3 g;
AP = FPpR2HY) 1 pPR(X) = PRt on @ g
AS@H) = f S2HY) S(x) = S(x;t) on@,p ;
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with d 2 f 1;2;3g as the spatial dimension of the problem. The ansatz functisnare
chosen from the Sobolev spadé!() ¢ in order to ensure the square-integrability of their
rst derivative on (cf. Braess [54]). The respective test (weighting) functions are given

by

TUs = f ug2HY)?: wusg(x)=00n@y g;
TVs = f wvs2HY)?: vs(x)=00n@y° g;
TV = f vi2HY()?: vi(x)=00n@y" 0;
TVve = f wvg2HY)Y : wvg(x)=00n@y° 9; (4.5)
TS = f st2HY) : stx)=0on@S g;
TET = f pSR2HY) : pR(x)=0on@F g
T® = f S2HY) : S(x) =00on @p g

Note that on the Dirichlet boundary, the ansatz functions sasfy the Dirichlet boundary
conditions, viz. u(x;t) = u(x;t), while the test functions vanish, viz. u(x) = 0.

4.1.1 Governing equations in their weak formulation

Since it is not possible to solve the governing equations ahaah material point of the

domain, the equations are handled in an integral manner and rlonger point-wise at

each material point. In that sense, the set of local govermgnequations of Table 3.2 is
recast in a weak (global) formG,. Therefore, the governing equations in their strong form
are multiplied with the respective test functions u and integrated over the domain .

For example, the solid displacement-velocity relation reks in its weak form:
G (u; us) [(us)d vs] us=0: (4.6)

Moreover, to introduce the (natural) Neumann boundary, paiitular volume integrals are
transformed into surface integrals by applying the Gausgiatheorem.

By this, the weak form of the overall momentum balance reads

Z
G (u; Vs) S(vs)e+ S(vi)e+ S(ve)e Vsdv+
Z
+ L(gradv, )w_ + S(gradvg)weg vsdv+
y (4.7)
+ BF + Theg + TReg PRI grad vsdv
Z Z

g Vsdv t vsda=0;

@y
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with t ;== B + TReo + TReo PRI n as the stress vector acting on the Neumann
boundary @, of the overall mixture. Thereby, the applied surface load & on the
overall surface, such that the portion of the load carried byaeh constituent has not to
be speci ed. In analogy, the weak forms of the liquid and gasamentum balances result

in

z
G, (u; Vi) [ “(vo)e+ “(gradvi)wi ] vidv+

Z
+ (TReo N"p1) grad v dv

Z

(4.8)
(p-Rgradnt + “g+ Pyeq + pPnigradst) v dv
Z
tt v, da=0;
@
Z
G (u; ve) [ ®(ve)e+ C(gradvg)wg] vedv +
Z
+ (TReq N°®p°F1) grad vgdv
z (4.9)
(P*Rgradn®+ ©g+ PReo) Vedv
Z
t® vgda=0;
@°

with tt = TRgo ntpR I nandt®= TR, n®p°FI n the external forces of the

liquid and gas, respectively. Note thatT g, included int usually vanishes and only

comes into play when the pore uids are connected to an exteahshear ow. The weak
formulation of the liquid volume balance and the gas mass laaice read

Z
G (u; sh) ()2 + ntdivvs st ntw_ grads: dv+
Z o (4.10)
+ v-s-da=0;
ey
Z
Gyor (u; POF) SR(n®)E + n®( %)+ n® Rdiv(us)g p°Fdv
2 G GR GR z GR,,G ~GR (4.11)
n Wg gradp~" dv+ v® p " da=0:

G
@y
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Therein, vt = ntw, n and vé = n®wg n denote the uid volume e uxes over the
Neumann boundaries® ¥ and @ °, respectively.

Combining the weak formulations of the uid momentum balanes, (4.8) and (4.9), with
the volume and mass balances, (4.10) and (4.11), respediyenay lead to numerical
problems when modelling an injection process. The reason It impermeability for the
liquid and gas ow requiresv, = 0 and vg = 0 for the liquid volume balance (4.10) and
the gas mass balance (4.11), the former with an exception dtd liquid injection point.
At the same time, the momentum balances of liquid and gas relge a no- ow condition
in the form of n v =0 at these edges with the exception at the notch, where the liid
pressurep'R has to be applied in such a way that it physically ts the ow resistance
of the liquid volume injection vt included in the surface term of (4.10). As the liquid
and gas pressures are coupled through the pressure di eremt® after (3.47) and the
pore pressurep™R after (3.48), the liquid boundary-pressure ternp-R has to ful | the
condition p-R = p‘R with p-R as a function of the primary variablesus through vs, s*
and p®R obtained from the internal solution of the problem. Problers like this can only
be solved successfully using a weakly imposed implicit baary condition, compare, for
example, Ehlers & Acartark [89] and citations therein. Thisprocedure, however, causes
a lot of computational e ort and should therefore be avoided

Instead of using an implicit boundary condition, the pressrtermsp-R and p®R included
in (4.8) and (4.9) are taken back from the surface integral anhre-integrated into the
volume integrals. This results in a rearranged liquid moméwmm balance:

Z Z
G, (u; vp) [ “(vi)e+ “(gradvi)wi] vidv+  Trego grad vpdv+
Z Z
+ ntgradp™® v, dv (“g+ Preo + P°nFgradst) v dv
Z
tt  vida=0; with t"=Tggon;
@t
(4.12)
and a rearranged gas momentum balance:
Z Z
G (u; ve) [ ®(ve)e+ C(gradvg)we] vedv+ TRego grad vedv+
Z Z
+  n®gradp®®  vedv  ( ®g+ PReo) Vedv
Z
t® veda=0; with t®=Tggon;
@\°
(4.13)

thus substituting the momentum balances (4.8) and (4.9).
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This procedure might be unconventional, but it works, as thequations are simply rear-
ranged. This can be seen from a proof of concept included iretdppendix C.1, where a
consolidation problem of a triphasic medium of solid, ligdiand gas is computed by use of
(4.7)-(4.14) and by substituting (4.8) and (4.9) through tle above-rearranged equations
(4.12) and (4.13), respectively. As the set of equations isghily coupled, the pressure
boundary condition is not lost but is still active through the pore pressur@™R included
in the surface integral of the overall momentum balance (4.7)As p™R also depends on
the unknown boundary termp-R = p'R | the solution pro ts from the fact that a Dirich-
let boundary condition can be used by setting the test funan n vs normal to the
boundary to zero, such thatp™® can freely attune.

Finally, the weak formulation of the phase- eld evolution egation results in
Z

Gs(u; 9 [M( 9% 21 SWS+ 5] Saye
Z
+ s s
G. grad grad dv (4.14)
Z
v’ Sda=0; with v°=G, grad S n:
@y °®

Note that in order to satisfy the condition (3.73) resulting fom the entropy equality, i. e.
S
grad S n =0, the phase- eld variable e ux v ® has to vanishes on all boundariesy

For completeness, the numerical treatment for fracturingully saturated porous media is
given in Luo [178] and summarised in Appendix C.2.

Finally, the problem to solve can be formulated by
Find u2AY(t) suchthat Gy(u; u)=0 8 u2T"; t2]tyT]: (4.15)

In order to solve this problem numerically for any timet, the domain is discretised in
space and time in the following.

4.1.2 Discretisation in space

In the framework of the FEM, the continuous domain of the overdl body B is discretised
into the domain " with E non-overlapping nite elements «:

= el (4.16)

e=1

compare also Figure 4.1. Each nite element is formed with caected nodal pointsP!,
denoted as nodes. Thereby, adjacent elements share the sameées and connections.
The entire set ofN nodes and their connections forms the nite-element mesh.
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Figure 4.1: Sketch of the spatial discretisation of a continuous domain .

Also, the weak formulations (4.7)-(4.14) have to be discregd in space. Therefore, the
primary variablesu are approximated with the discrete ansatz (approximation)unctions
uM as follows

G u) = uc) b LOOUS(D) 2 AUsh(Y);
j=1
vs(;t)  vEOGE) = vA(GE) + L)VE(D) 2 Avsh();
j=1
v (X;t) vi(x;t) = vh(x;t) + L (x)vi(t) 2 AVLN(t);
j=1
ve(X;t)  VR(x;t) = vR(x;t) + LLOOVE()  2AVeN(D); (4.17)
j=1
st(x;t)  sth(x;t) = sth(x;t) + L(x)sH(@) 2 ASTh(Y);
j=1

PPROGE) PR (Gt) = PRt + Qe () PRI () 2 APTTR(Y);

1

S(x;t)  Sh(x;t) Shix;t)y +  Qs(x) Sit) 2 A °h(p):

j=1

Therein, ful ;vL ;v ;vL ;sti; pRi;  Sigare the unknown nodal quantities at the nite-
element nodeP’, also termed degrees of freedom (DOF) of the system, aNdis the total

numper of nodes. Moreoverf,'QJuS : J},S ;Ql, ;QJVG'; JSL ;QJpGR Qg ar(_a_the global basis
functions. Note that the basis functions of the displacemer#nd velocities are vectorial
quantities, i.e. Ql,, = [Ql,; :::;QJuSd]T and Q) =[Q} ;i1 Q,, ]", respectively. Note

furthermore that the discrete ansatz functions satisfy thediscrete Dirichlet boundary
conditionsfufl; vi; viL; vl ; sth; pSRN, Shq
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The corresponding test functions read

X .
us(x) ul(x) = Le(X) U 2 Tush;
j=1
Vs(X) vi(x) = L (X) Vi 2 Tvsh;
j=1
Vi (X) vi(x) = () vi 2 Tvih,
j=1
Va(X) vi(x) = Lo () vh 2 TVveh: (4.18)
j=1
st (x) sth(x) = L (x) st 2 Tsh:

1
iy

pCER(x) PSRN (x)

Qe (x) PO 2 TP

Qsx) © 2 T °h
j=1

S(x) "(x)

with uM as the discretised test functlons Here, following the BubmeGalerkin method,
the same basis function$ QI _ o QVG ,QSL ,QJ « ;@ g are applied both to the
ansatz and test functions. BeS|des thls itis also possmtede ne di erent basis functions
for the ansatz and test spaces. This more general approachledlthe Petrov-Galerkin
method is relevant, e.g., in the context of numerical stabgation techniques, compare
also Ehlerset al. [91].

Remark: As stated in (4.17), the basis functions only depend on the pten x while
the degrees of freedom only depend on the tinte Therefore, the DOF can be mapped
by the basis functions at any position inside the discrete daain, allowing the evaluation
of physical quantities besides the nodeR!. A detailed view on the basis functions can
be found in Ellsiepen [100], Ammann [11] and Rempler [210], any others. 2

In addition, the test functions u" have to satisfy the concept of Partition-of-Unity, stating
that the basis functions sum up to one for every poink 2 " and vanish at all other
nodes.

Thus, the space-discrete system to solve can be formulatesl a
Find uM2AY"t) suchthat GJ(u"; u™=0 8 u"2T""; t2][ty;T]; (4.19)

for a given set of Neumann boundary conditions at any timé. In order to account
for the strong coupling of the system, see Section 3.5, the siadlyy discretised problem
(4.19) is solved monolithically within PANDAS Therefore, all DOF are approximated
simultaneously.
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Finding suitable ansatz functions is one of the di culties wihin such a mixed nite-
element formulation. From a mathematical point of view, theset of ansatz functions has to
ful I the inf-sup condition (also called Ladyshenskaya-Bhawska-Brezzi (LBB) condition)
or the patch test to ensure a stable solution, compare, e.gZenkiewicz et al. [259],
Brezzi & Fortin [55] and Hughes [146]. A more mechanical ap@ch considers the overall
momentum balance (cf. Table 3.2). There, the partial strees and the pore pressure
constitute the overall stress from which the divergence has be computed. As the partial
stresses gr, TReo. Tneo are obtained from the gradient of the solid displacements
and the gradients of the uid velocitiesv, andvg, respectively, their approximations need
to be one order higher than the pore pressurg R, which is linearly determined by the
saturation s and the gas pressur@®?. Thus, quadratic shape functions are chosen for
the solid displacement and the constituent's velocities,na linear ones for the saturation,
the gas pressure and the phase- eld variable. This choice @fiadratic and linear shape
functions yields the usage of an element type denoted as antemxded Taylor-Hood element
from the serendipity family of quadrilateral elements, depted in Figure 4.2. The original
Taylor-Hood element was introduced in the work of Taylor & Hood234] and Hood &
Taylor [143]. Note that original Taylor-Hood elements ful | the inf-sup condition and lead
to numerical stability and accuracy, compare the work of Beovier & Pironneau [27] and
Brezzi & Fortin [55] for a mathematical proof for the original2-d and Stenberg [233] for
the 3-d element.

Figure 4.2. Extended plane (2-d) and hexahedral (3-d) Taylor-Hood elements.

Moreover, the numerical integration of the weak balance egtions is carried out locally
at a reference element. The results are then mapped from thecal coordinates of the
reference element to the global (physical) coordinates \withe Gauss quadrature method.
Thereby, an isoparametric concept is applied, where the bagunctions correspond to the
geometry functions. The interested reader in the geometryansformation between the
reference and global elements and in the numerical integia is referred, e.g., to the
work of Hughes [146] and Mardal & Langtangen [183].

Finally, to enable a compact formulation of the coupled prokim, the nodal unknowns of
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each primary variable are brought together in abstract vecors, viz.

us = [ug::ul];

vs = [vi:vi]T;

v = [viazvN]T

ve = [vi:ivylT; (4.20)
st = [stlistNIT;
peR := [pORL::pSRNTT .

S

[ Sl::: SN]T;

and then collected in a global vector of unknowng 2 RPOF  with DOF the total number
of degrees of freedom:
y :=[usvsVv, vgs p®R S (4.21)

Moreover, the material time derivative of the vector of unkowns with respect to the
solid skeleton is expressed for convenience through¥ = y. This leads to the compact
formulation of the space-discrete system of coupled equais:

F(ty;y) Gi(ty;y) Dy+Ky f=0; (4.22)

with f as the general external load vector. The global damping antl sess matrices, D
and K, respectively, are de ned as follows

2 3
l 0 O O 0O 0 O
O Dyp Dy Daa O 0 0
0 0 Dgz 0O O O O
G'=20 0 0 Dsu O 0 0 4y+
0 0 0O O Dsg O O
0O 0 O O Dg Dg O
0O o 0 0 0 D~
| I )
D

(4.23)

Note that the individual matrices D;; and Kj; can contain coupling terms, non-coupled
terms, and zeros.
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4.2 Discretisation in time

The space-discrete system (4.23) is still time-continuowmnd needs to be discretised in
time for the numerical solution. Therefore, time-discresiation schemes discretise the time
domain into a sequence of time steps, and the solution is apgimated at each time step.
In this monograph, the time-discretisation method will onlybe brie y introduced. For
more details on time-discretisation methods used in the c@xt of coupled systems, the
work of Ehlers & Ellsiepen [90], Diebelst al. [75] and Ellsiepen [100] are recommended.

Here, a nite di erence scheme is applied to approximate thene. Thereby, the numerical
solution only depends on the previous time step, i.e. the camt time step is de ned as
t. = t, t, 1> 0, with t, the current time and t, ; the time of the previous time
step. By considering the solid displacement-velocity reian (4.6), the inertia terms of the
momentum balances are computed via the derivative of the resgtive velocity. Therewith,
the system (4.23) is of rst order in time. Hence, the implicit backward) Euler method
can be applied from the implicit Runge-Kutta (IRK) time-stepping algorithms available
in PANDAS This algorithm is unconditionally stable and can handle $tequations and
large time steps without numerical instability. However, conputationally expensive e orts
are taken into account compared to explicit methods. Note thaa semi-explicit-implicit
splitting scheme is also possible IBRANDAS compare, e. g., Markeret al. [187] and Heider
[133].
Within the implicit Euler method, the temporal change of the slution vector, namely
Y ., at the current time t,, reads

Yo Y .
Yo = = t“= i’ with y, =y, 1+ y,: (4.24)
n n

Therein, the Taylor series expansion is truncated after thenear terms. The di erential-
algebraic equation system (4.22) can then be evaluated atelturrent time t, by

Folt YniYa(Yn) =t Rn = 0; (4.25)

introducing the nonlinear functional R,. This latter is solved iteratively by applying

the Newton-Raphson method. In this sense, the residual tange(@iacobian matrix) is

required. For the problem under study, it is not possible to wsa numerical tangent since
it leads to unstable solutions. Therefore, the tangent at # current Newton iteration step
k is de ned analytically via

k k k

Jn= dR”k: 1k@g + @Q : (4.26)
d yn tn @n Z @n V4
with z = (t5; yX; yX) as the current set of arguments. ThereirD * = @ =@/ represents
the damping matrix andK = @ “=@K the sti ness matrix after analytical linearisation,
respectively. After updating the solution vectoly¥** = yk+ yX, the procedure is iterated
via theknext Newton step until the norm of the residual is belova prede ned tolerance,
e [[RE| <"
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For the numerical solution procedure, the generalised mmal residual method (GMRES)
of Saad & Schultz [213] with an incomplete LU preconditionas applied in PANDAS If
no convergence can be achieved, time adaptivity starts, aride time-step control reduces
the step size. For more details on the time adaptivity schema PANDAS the interested
reader is referred to Ellsiepen [100].

4.3 Solid fracturing process

For the consideration of solid fracturing, supplementary nmerical treatments are neces-
sary. In what follows, the procedure to ensure the irrevetslity of the fracturing process
and the implementation of initial cracks is outlined.

4.3.1 lIrreversibility of the fracturing process

Since the solid skeleton involved in fracking cannot selkhl, the fracturing process is
irreversible. In order to capture this characteristic, theracture evolution must always be
positive or zero, such that

S
( )2 = max Mi 20 SYWS" G(— divgrad ) :0  0: (4.27)

Therefore, Mieheet al. [190] introduced a local history eldH of the maximum stored
tensile energyW S* for the numerical implementation, viz.
H = max W5* : (4.28)

t to
In the numerical treatment, the history variable for the curent time step t,, is de ned
through
WS+(||§) for WS+(||§)> Hn 1
H, 1 otherwise;

with H, ; the history variable at the previous time step. TherebyH comprises the

maximum tensile strain attained in the deformation historyand is responsible for crack
propagation. A detailed description of the implementatiorscheme for a staggered solution
for a purely solid phase- eld fracture with a history eld can be found, e.g., in Miehe

et al. [190] and Hofacker [140].

Finally, the evolution equation (3.72) is rewritten as
h S i
1 .
( 9)2= o 20 S)H G, — divgrad ° ; (4.30)

H:= H(x;t,) = (4.29)

leading to the weak form 2
Gaui %) IM( 9% 20 HH+ ZE 5] Sdvs

z 4 (4.31)
+ G, grad ° grad Sdv v  Sda=0:
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4.3.2 De ning pre-fractured areas

There are two possibilities to de ne pre-fractured areas im numerical setting. On the
one hand, they can be included by modelling a discrete crack the mesh geometry. On
the other hand, for the phase- eld model to fracture, an inial crack can be de ned by
exploiting the term in brackets of (4.30), also compare Bogh et al. [46]'. This latter
approach is advantageous since initial cracks can be de nad mesh independently in the
whole domain. With S =1 in fully pre-fractured zones, and, as S cannot grow further,
leading to ( ®)2 =0 and grad S = 0, (4.30) yields

1 h s i
(52=0= > 21 SH G, — divO : (4.32)
M sy
Following this, the term in brackets can be solved with respéto H yielding

T

(4.33)

with Hg as the initial value ofH for pre-fractured areas. AH, would grow to in nity at
S =1, Sisusually set approximatively to one, i.e. S 1.

!Note that Borden et al. [46] consider the double length-scale parameter 2= ¢, compare also (2.71),
which results in a factor of 4 in the work of Bordenet al. instead of 2 in (4.33).






Chapter 5:
Numerical Examples

This chapter presents representative numerical simulats to show the capabilities and
advantages of the material model proposed in Chapter 3 andegmumerical scheme pre-
sented in Chapter 4. The simulations focus on di erent scenas of partially saturated
porous material with application to hydraulic fracturing to examine the occurring pro-
cesses. First, the model is veri ed on consistency regarditlge multiphasic character of
the porous material and the material's response to fractureThen, proceeding from a
guasi-two-dimensional hydraulic fracturing simulation 6a single crack, the coupled be-
haviour of the solid skeleton and the interaction of the uid fnases are examined in detail.
It is extended to three dimensions to show the full scope oféhmodel. Finally, two kinds
of heterogeneities are assessed: global ones caused by dng stresses and local ones
induced by inhomogeneous material properties.

5.1 Model consistency

For the presented model of hydraulic fracturing in partialy saturated porous media, two
complex phenomena are considered: the porous material's tpHasic behaviour with

the speci c interaction of the uids in the pore space and therhcturing problem. In

order to verify both phenomena, two numerical examples are ggented in the following
section. The rst example deals with the capillary behaviouof the uids in the pore

space. Therefore, a leaking problem is computed and compar® experimental data.
The second numerical example aims to verify the fracturingrpcess. For it, a crack in an
in nite, impermeable elastic medium under pressure is motled and veri ed to the linear

elastic fracture mechanic's solution.

5.1.1 Liakopoulos' leaking problem

A common problem in validating the constitutive setting of ariphasic model for partially
saturated solil is the drainage of a soil column. Therefore, éhwell-documented leaking
problem of Liakopoulos [175] is modelled, and the obtainedmerical results are compared
to the experimental ones. Further numerical solutions to tis problem can be found, e.g.,
in the work of Gawinet al. [113, 114], Jommet al. [151], Schre er & Scotta [220], Ehlers
et al. [92] and Cajuhiet al. [61].

In 1964, Liakopoulos published his experimental study of ¢hleaking of a soil column
in his PhD thesis [175]. The experiment comprised a one-metagh impermeable vessel
lled with ne Del Monte sand. In an independent experiment,Liakopoulos determined
the initial porosity to 29:75% and the bulk density to 1 724 g/crifor the particular sand.
The pressure at the top and bottom of the sample correspondéal atmospheric pressure,
l.e. pam. = 101325Pa. Moreover, the sample's sides and bottom wereidgand no

77
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vertical load was applied on the top. First, a constant liquid ow through the column
was imposed in the initial step to saturate the sand. Then, ia second step, the top and
bottom of the cylindrical vessel were opened, inducing air t@w in and out and water
to drain due to the gravitational forces. The experimentajl measured out ow rate at the
bottom of the soil column is presented in Figure 5.6.

Table 5.1: Material parameters for the Liakopoulos leaking problem.

Parameter Symbol Value Parameter Symbol Value
Lame constants S 4:64 10°Pa |E ective liquid viscosity LR 10 3Pas

S 1:857 10° Pa| E ective gas viscosity GR 1:8 10 °Pas
Intrinsic permeability KS 45 10 ¥m? | Speci c gas constant R¢ 28717 Nm=(kg K)
Initial porosity n§ 0:2975 [-] Temperature 29315K
Initial liquid saturation — s§ 0:999 [-] van Genuchten parameter g 2 10 ° 1/Pa
E ective solid density SR 2000kgm?3 |van Genuchten parameter m 103 [-]
E ective liquid density 'R 1000kgm?® |van Genuchten parameter n 15([-]
Atmospheric gas density SR 1:246 kg=m® | Pore-size distribution factor 3[-]
Gravitation value g 9:806 nFs? Residual liquid saturation st 0:2 [-]

In his thesis, Liakopoulos did not de ne all the material paremmeters needed to compute
the leaking problem. In particular, the parameters for the dal skeleton were not speci ed
further. As the European Network ALERT Geomaterials frameworlused the Liakopoulos
problem as a benchmark for multiphasic ow in porous mediahie group completed the
list of material parameters, see Jomnet al. [151] and Klubertanzet al. [160]. The relevant
parameters are listed in Table 5.1.

Figure 5.1: Capillary-pressure-saturation curve with respect to the van Genhten model [115]
and Liakopoulos [175].

Moreover, in this thesis, the van Genuchten model [115] is guted for the pressure-
di erence-saturation condition, given in (3.79), and the Books-Corey model [57] for the
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relative permeability factors, given in (3.87). Figure 5.1 epicts the related pressure-
di erence-saturation curve. The corresponding van Genuchh parameters g, m, andn
are chosen according to Ehlerst al. [92]. The pore size distribution factor , which plays
a role in the calculation of the relative permeability factes after Brooks & Corey [57], is
setto = 3 according to Gawinet al. [113]. This value corresponds to well-sorted sail,
as is the Del Monte sand. Next, the residual saturation is sebts- = 0:2 for the liquid
and st = 0:0 for the gas. The nal set of material parameters is given indble 5.1.

Figure 5.2: Geometry and boundary conditions for the Liakopoulos leaking problem.

Since Liakopoulos' experiment is rotationally symmetricthe numerical simulation is car-
ried out in a quasi two-dimensional setting. For the preserdomputation, a regular mesh
of 4000 elements is used, whereby the mesh length of one el@gngemprisesh = 5mm.
In order to reduce the e ort in time, a simpli ed quasi-static triphasic model without a
phase eld is used for the computation. Thereby, only the bahces for the overall mo-
mentum, the liquid volume and the gas mass are considered. That sf primary variables
reduces consequently to the solid displacement, the e ective liquid saturation s; and
the e ective gas pressurg@®R. An overview of the relevant balances is given in Appendix
C.3. The initial conditions are set to atmospheric pressureoif both uids, leading to
the e ective gas pressureps® = 0Pa and the liquid saturation s (t = to) = s§ =
Since this latter condition would lead to numerical instabity caused by an in nity tan-
gent of the pressure-di erence-saturation relation, thenitial liquid saturation is nally
xed at s; = 0:999. Furthermore, for the volume and mass balances of the uidhpses,
(C.8) and (C.9), respectively, Neumann boundary conditionsqual to zero are chosen for
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the sides of the model, reproducing the impermeable vesseg. vt = 0m3=(m?s) and
vé = 0m3=(m?s). For the top and bottom edges, the experimental setting iful lled
for the gas by the Dirichlet condition p®R = 0Pa, allowing the gas to ow arbitrarily.
For the bottom boundary, atmospheric pressure is also assathfor the liquid phase, i.e.
ptR = 0Pa. According to the de nition of the capillary pressure after he van Genuchten
model (3.79), this condition corresponds to a saturation equto one. Thus, the Dirichlet
boundary condition s = 0:999 is set at the bottom of the column, enabling an un-
hindered liquid ow. At last, as no water ows in, the Neumann ©ndition at the top
boundary isvt = 0m3=(m?s). Figure 5.2 sketches the applied boundary conditions and
employed mesh.

Figure 5.3: Development of the liquid saturation during the draining process.

As a result of the gravitational forces, the liquid drains o & the bottom of the sand
column. However, some liquid is retained relative to the cdfary e ects in the pore
space. The temporal development of the saturation variablg; is shown in Figure 5.3
and Figure 5.4. The saturation pro le over the height is in aggement with other numerical
computations, compare, e.g., Gawiet al. [113], Ehlerset al. [92] and Cajuhiet al. [61].

While the liquid leaks out, the gas undergoes a pressure suctibefore equilibrium with
the atmospheric pressure. The distribution of the e ectivegas pressure over the height
for di erent time values is depicted in Figure 5.5. The maximalgas-pressure suction of
p®R = 6000 Pa is reached at a timé = 45min. These values are in accordance with
the numerical results of Ehlerset al. [92]. However, the gas suction is signi cantly lower
than predicted by Gawinet al. [113] and Lewis & Schre er [173]. The choice of pressure-
di erence-saturation relation can explain this discrepacy. The two latter groups consider
the pressure-di erence-saturation relation obtained exgrimentally by Liakopoulos [175]
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fors;  0:91, also depicted in Figure 5.1. Above a saturation of 0.934, te&perimentally
captured capillary pressure of Liakopoulos exceeds the greted capillary pressure of the
considered van Genuchten model (depicted in blue in the sangeire). For this reason, the
gas pressure after Liakopoulos' model surpasses the gaspuee of the considered model
here. After approximately 150 h, the gas pressure reaches thi@nospheric pressure, and
the system is in equilibrium.

Figure 5.4. E ective liquid saturation over the height of the sand column for di e rent time
spots.

Figure 5.5: E ective gas pressure over the height of the sand column for di erenttime spots.

Finally, Figure 5.6 presents the numerical results of the watevyut ow rate over time at
point A (cf. Figure 5.2) compared to the experimental measumeents from Liakopou-
los [175]. At the beginning of the draining process, the numeal computation ts
the experimental results quite well. The initial vertical ait ow rate counts n“w., =

5 10 ®m3=(m?s) = 0:03 cmemin. After one hour of leaking, the computation overesti-
mates the liquid out ow compared to the experimental measureents. Besides impreci-
sion in the experimental measurements, one possible souoéaliscrepancy is the chosen
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pressure-di erence-saturation relation. Since the cortgred van Genuchten model under-
estimates the capillary pressure fos; compared to Liakopoulos experimental results, cf.
Figure 5.1, the out ow is overestimated for the further cours of the leaking process. At
last, the presented model predicts the nal distribution aegquately.

Overall, the current model yields reasonable results comoeg the interaction of the
uid phases in the pore space depending on the considered ggere-di erence-saturation
relation and the determination of the relative permeabilies.

Figure 5.6: Outow rate at the bottom of the sand column versus time according to the
experimental measurements of Liakopoulos [174] and the numerical resultt point A.

5.1.2 Linear-elastic fracture mechanics

In order to verify the PANDAS code with respect to fracturing, a typical problem of
the linear elastic fracture mechanics (LEFM) is modelled andompared to the specic
analytical solution of the LEFM.

Here, a central straight crack of length @ is subjected to uniformly distributed tensile
stresses in an in nite plate, see Figure 5.7 (left). This load state caresponds to a modé
crack with a symmetric crack opening normal to the crack planaccording to Irwin [148].
Considering early approaches to this problem in fracture mbanics, compare, for example,
Grith [120, 121] and Sneddon [225], the critical tensile stess . for crack propagation
IS given by r

2E| s
= (5.1)
whereE, = E in the plain stress andE; = E=(1  ?) in the plain strain case, withE the
Young's modulus, the Poisson ration, ¢ the surface tension of the solid material and
the half-crack length. Besides this, Irwin [148, 149] coleges the surface tension s with
the critical energy release rat&€s, and fracture thoughnesX. under model, via
2
GC=&=25: (5.2)
E
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Figure 5.7: Single crack under tensile stress (left) and geometry of the corregmding initial-
boundary-value problem (right).

A detailed description of this relation can be found, for exaple, in the work of Yarema
[257] and Gross & Seelig [122]. Under consideration of (5.8)e crack propagates when
the tensile stress exceeds the critical value

r

E|GC_
a

(5.3)

Wilson & Landis [249] adopted this analytical critical stres to verify their poroelastic
model with an embedded phase eld, considering a pressudserack under plane-strain
conditions. They enhanced (5.3) with the phase- eld lengtiscale parameter, thus ob-
taining a dimensionless relation for the critical pore prasire p. for crack propagation:

r r
E|GC

pc .
J— h = : 4
Wit 0 (5 )

0

The analytical solution of the LEFM for the problem under stuy was elaborated for
purely elastic, brittle solid material. Therefore, the fuly saturated model outlined in
Subsection 3.5.2 and Appendix C.2 is used for the following merical problem and the
permeability is set toK S = 10 ™m?, such that the material is very close to the imper-
meable state. The complete set of material parameters istéd in Table 5.2.

The IBVP follows the example of Wilson & Landis [249] and is skelted in Figure 5.7
(right). The initial crack half-length is set to a = 100mm. The in ow rate amounts
vt =5 10 3t m=s at the crack center, where is the current time. The right and bottom
edges are impermeable and xed, while the right and top edgese permeable.
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Table 5.2: Material parameters for the LEFM problem.

Parameter Symbol Value Parameter Symbol Value

Lame constants S 8:077 10°Pa | E ective liquid density LR 1000 kgm3
S 1:211 10" Pa| E ective liquid viscosity LR 10 3Pas

Intrinsic permeability KS 1:0 10 ®m?2 | Crack resistance G. 2700Pam

Initial porosity nf 0:20 [-] Length-scale parameter 0:01m

E ective solid density SR 3000kgm® | Residual stiness S 0:001 [-]

Figure 5.8: Normalised pore pressure™R= ¢ at point A over the normalised crack length a= .

As an outcome, the normalised pore pressupER=  at point A (compare Figure 5.7) is
plotted over the normalised crack lengtla= in Figure 5.8. The numerical results are very
close to the exact solution of the LEFM withp, = pFR in (5.4).

5.2 Coupled hydraulic fracturing process in partially
saturated porous media

The following numerical study shows a hydraulically induagcrack propagation in a par-
tially saturated porous material, where the coupling betweethe solid, the liquid and
the gas and the fracturing process are considered in detailable 5.3 lists the material
parameters that have been used. Moreover, the interactioretween the pore uids fol-
lows the pressure-di erence-saturation functiorp® (s-) after (3.82) with a=5 10 3Pa,
b=4000:5,c=17145 andd = 0, as displayed in Figure 3.3.

5.2.1 Initial-boundary-value problem in quasi-two dimensions

First, the computation is carried out in a three-dimensionasetting with no solid deforma-
tions and no uid uxes perpendicular to the e;-e,-plane, yielding a quasi-two-dimensional
procedure. Figure 5.9 (left) exhibits the geometry and bouradly conditions of the model.



5.2 Coupled hydraulic fracturing process in partially redéal porous media 85

Table 5.3. Material parameters for the coupled hydraulic fracturing problem.

Parameter Symbol Value Parameter Symbol Value
Larre constants S 8:077 10'°Pa | E ective liquid viscosity LR 10 2Pas

S 1:211 10" Pa|E ective gas viscosity GR 1:8 10 ®Pas
Intrinsic permeability KS 1.0 10 *m? | Specic gas constant RC 28717 Nm=(kg K)
Initial porosity ng 0:20 [-] Temperature 283K
Initial liquid saturation s 0:7[-] Crack resistance Gc 2700Pam
E ective solid density SR 3000kgm® | Length-scale parameter 0:01m
E ective liquid density LR 1000kgm?® | Residual sti ness S 0:001 [-]
Atmospheric gas density SR 1:246 kgem® | Pore-size distribution factor 3[-]

Figure 5.9: Geometry and mesh (left) of the initial-boundary-value problem of the hydraulic
fracturing problem with an area of interest as detail of the numerical @mputation (right).

A fracking process is typically a problem of the undergroundhat could either be con-
sidered a half-space or a restricted domain. Proceeding frahe latter, the size of the
system under study is relevant for the in uence of the liquidand gas- ow behaviour on
the overall solution. Accordingly, the larger the control aga is chosen, the more uid
must be moved. When a liquid is injected into a fully liquid-sairated domain, the pore
space expands such that a part of the additional liquid can b&tored. However, another
part leaves the domain towards the external environment wla the total solid and liquid

bodies are displaced. Enlarging the domain under study alswcludes an enlargement of
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the liquid body. As a result, when a larger liquid body has to benoved by the injection
process, this leads to increasing resistance in the entireear such that the pore pressure
rises faster at the same amount of injected uid in a time spanotnpared to a smaller area
that could have been used. In the unsaturated case, this pess is basically the same.
However and as a result of the compressibility of the pore gdbge injection pressure leads
to a strong compression of the gaseous volume, such that mdéiceiid has to be injected
into the unsaturated domain compared to the fully saturateddlomain in order to obtain
the same frack. At the same time, the fracking liquid displaes the pore gas out of the
fractured area. In order to reduce the in uence of the domaiboundary on the compu-
tation of the fracking process, the domain of interest with d&ngth and width of 0.6 m is
embedded in an environment with an edge length of 1.5m, compaFigure 5.9. With the
material-parameter set of Table 5.3, the computed domain Bgroven large enough such
that the boundary conditions do not in uence the results obtaned for the area under
discussion.

Due to the system's symmetry, only the upper part is consided. This part is based on
158 746 DOF and 5751 elements with an element sizeof 2mm h 80 mm. Particu-
larly, the mesh has been chosen ne in the vicinity of the inial notch and in areas where
the crack is expected to propagate (2mm h 5mm) and coarser elsewhere, see Figure
5.9 (left). The domain is xed at the left and lower edges. As a redt, the displacements
are constrained normally to the bearing directions. The upmy and right edges of the
model are fully permeable at atmospheric pressure, wherdhg left and lower edges are
impermeable. At the beginning of the computation, atmosphie pressure not only holds
along the boundary but is also prescribed for the liquid andag pressures in the porous
domain. The initial liquid saturation is set to 70%.

In the rst step of the following computation, an initial crack is imposed on the left edge
of the system by applying an initial pseudo-elastic energy earding to relation (4.33),
such that Hy = 134:865MJ/m? corresponding to a phase eld of S = 0:999 with the
given parameters of Table 5.3. Additionally, the end of the itial crack is rounded to
prevent arti cial singularities that sharp edges may causeln the second step, a liquid
ow is injected at the initial notch with an increasing ow rate ofv- =5 10 3t m3=(m?2s).
Gravitational forces are neglected, as well as the non-edbifum frictional gas stresses
TReo -

The driving force of the crack propagation is the pressure lé induced by the liquid
injection. Based on the pore pressure, tensile stresses e porous solid grow, such that
the stored tensile energyWs* grows and the fracture evolves. Figure 5.10 shows the
phase eld, the pore pressure and the liquid saturation at derent time steps during the
fracturing process. As a result of the isotropic permeabijitof the solid with constantK S,
the injected liquid initially induces a more or less radial gtribution of the pore pressure
pFR until the crack starts to evolve, thus inducing a reduction bthe fracture resistance.
With increasing pore pressure also the liquid saturation gray partly leading to a nearly
complete displacement of the pore gas.

To better understand the highly coupled situation during facking, the fracturing solid
skeleton is examined rst, before the interaction betweerhe solid and the pore uids is
discussed in detail.
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Figure 5.10: Evolution of the phase- eld variable, the pore pressure and the liquil saturation
during the fracking process.

5.2.2 Fracturing solid skeleton

Based on the constitutive setting of the solid skeleton anché phase- eld variable, the
coupled deformation and fracturing process is uniquely cwalled by the solid stored
energyW?s and consequences thereof, compare (3.69). However, the ligimjection and
the coupled uid ow in the entire domain induce these terms. © track the development
of the total stored energyW s and its e ective tensile elastic and fracture contributiors,
WS* and G, S, respectively, consider Figure 5.11. There, these energage displayed at
point C of Figure 5.9, together with the values of the phase d * and its time derivative
( ). The e ective tensile energyWs* is de ned asWs* =[(1  S)?+ S]WS*. Note
that the solid material at point C is in front of the initial cr ack and, therefore, una ected
by the fracture energy at timet,.

During the liquid injection, the strain eld evolves, and wih it, the e ective tensile elastic
energyWS*, see the black dotted line. With the growth ofWS* as the strain-depending
part of W3*, the phase- eld evolution ( $)2 also increases after (4.27). Unlike a sharp
crack, the phase- eld approach to fracture allows for a trarison zone between the intact
case with S = 0 and the fully broken case with S = 1. As a result, the material un-
dergoes an irreversible damage process between these boydiates. The phase- eld
variable grows from zero to one with its increasing derivativesee the solid red and brown
lines in Figure 5.11. In addition, the crack energys. S rises driven by the phase eld
and its gradient according to (3.69), compare the dashed black line.
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Figure 5.11: Temporal development of the stored solid energy and its contributions,and the
phase eld and its derivative, all values at point C of Figure 5.9 in front of the initial crack tip.

At a certain point, here aroundt = 22:6 s, the damage in the material reaches an amount
where the bonding forces of the material cannot stand morerains. In the constitutive
model, the factor (1 )2 of the e ective elastic energy describes this sti ness loggtween
the undamaged and broken state. This factor becomes so tinyat WS* decreases, even
if the strains are still growing due to the injection. Conseqently, also the phase- eld
evolution ( ®)2 shrinks until it nally reaches zero. Note that the condition( $)2 0is
ful lled at any time to guarantee an irreversible fracturingprocess, cf. Subsection 4.3.1.
Once ( ®)2 has reached zero,* has grown up to one, and the material is entirely broken.
Moreover, the fracture energy is at its maximum, correspoimy to G, S G.=2 =
135kPa. At this point, the energy released during the crackrppagation correlates to the
energy necessary for the fracturing process. Finally, notbét the e ective elastic tensile
energy is adjusted with a residual sti ness > to prevent zero sti ness values. As a result
of 3, both the e ective elastic energyWs* and the total stored energyWs formally
increase again, even atS = 1.

5.2.3 Fluid interaction in the fracturing process

After initiating the fracturing process at tq, the liquid lls the initial crack and saturates
the region around it at the beginning of the injection until ime t; = 22s, compare
Figure 5.10. As the saturations- reaches @ in the centre of this area, the gas is mainly
driven out of the domain due to the increasing pressure. Wheihe evolving fracture
opens, the newly gained \vacant" space lls with uids, partcularly liquid, since the
liquid is continuously injected into the notch at the left edje of the crack. As a further
result of the initiation of the crack propagation, the satuation in the fracture nearly
remains atst = 0:9, see Figure 5.10 (timé,) and Figure 5.12 (solid blue line). However,
since the pore gas cannot ow out rapidly enough, it is compssed in front of the crack,
compare the solid yellow line in Figure 5.12. Note that the gas alol escape more quickly
if a smaller boundary value area is selected. In this latterase, there would be a lower
gas overpressure in front of the crack. After a while, the inggion rate and the amount of
liquid in the surrounding area are insu cient to saturate the newly created crack space. In
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turn, the gas expands in the crack while the gas pressure dexses, compare Figure 5.12
(dashed yellow line). This pressure drop initiates a revesggas ow from the surrounding
area into the fracture. Thus, the liquid saturation decreass, cf. Figure 5.10 (timet3)
and Figure 5.12 (dashed blue line), and the accessible amownftgas lls the crack. This
phenomenon slows down crack propagation.

Figure 5.12: Phase- eld variable, liquid saturation and e ective gas pressure ove the length
of the specimen (point A to D) at time t, = 24 s (solid lines) and t3 = 30 s (dashed lines).

5.2.4 The gas phase as a retardant of the fracturing process

To analyse the in uence of the degree of saturation on the fcturing process in detail,
three partially saturated (PS) models with di erent pressuie-di erence-saturation func-
tions are examined. The corresponding curves are depicted Figure 5.13, where the
red curve (PS, case 2) corresponds to the previous examplel§Sections 5.2.2 and 5.2.3).
Together with two further pressure-di erence-saturation arves (PS, cases 1 and 3), the
partially saturated situation is compared to a fully saturaed setting, where the material
parameters and the boundary conditions remain the same asfbee. For this latter model,
the numerical treatment is introduced in Appendix C.2.

Figure 5.13: Pressure-di erence functions over liquid saturation for the three partially satu-
rated (PS) cases.
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Figure 5.14: Temporal development of the phase eld (left) and the stored energy (ight) at
point C in front of the initial crack tip. The horizontal dashed line dep icts the crack energy of
WS._, =156 kPa.

crack

In this comparison, Figure 5.14 displays the temporal devgdment of the phase- eld
variable S and the stored energyWV=s in front of the initial crack tip (point C in Figure
5.9) for both the partially and the fully saturated situations. From this gure and the
following Figure 5.15, it is seen that the crack evolves eatifor the fully saturated model
than for the three partially saturated ones. Neverthelesshe stored energyWs,., =
156 kPa necessary for the crack propagation is the same fdrrabdels, no matter whether
or not the models are considered fully or partially saturatd or, as in the latter case,
what pressure-di erence-saturation function is chosenge the right image of Figure 5.14.
Although the pore uids trigger the fracking process, the fraturing itself is solely attached
to the solid. This insight is consistent with the constitutve setting, where the solid strain
energy WS includes the fracture energyG. S, compare (3.69). Concerning the peak of
the WS curves in Figure 5.14, the reader is referred to the argumerits Subsection 5.2.2.

Figure 5.15: Temporal development of the pore pressur@™R at the initial crack tip (point B).
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Furthermore, the delay in crack propagation of the partiall saturated models compared
to the fully saturated one can be related to the mutual interation of the uid phases. As
was shown in Subsection 5.2.3, the liquid displaces the gastee beginning of the injection
and compresses it when the resistance becomes too high. Tihieraction between the
pore liquid and the pore gas causes a decrease in the overalteppressure. Figure 5.15
illustrates this phenomenon by exhibiting the pore pressarover time at the initial crack
tip (point B in Figure 5.9) for the di erent models. It is seen that the increase in pore
pressure is lower for the partially saturated models than fahe fully saturated case.

Figure 5.16: Pore-pressure elds over the length of the specimen (point A to D)at the respec-
tive time of the initial crack evolution.

Figure 5.17: Temporal development of the e ective gas pressurgCR at the initial crack tip
(point B).

Moreover, Figure 5.16 plots the pore-pressure distributioinom point A to point D at the
time of the rst crack propagation for the di erent models. Hee, the pressure in front of
the initial crack presents higher values for the fully satwated than for the partially satu-
rated models. In the latter cases, the gas compression a esdhe e ective pore pressure
in the whole domain, such that the crack evolves later. This ect is highlighted by a
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comparison of the three partially saturated cases: the motbe gas is compressed (case
1 vs case 3 as shown in Figure 5.17), the more the pore-pressyn@vth is delayed, and
the lower the pressure eld is around the crack (Figure 5.15 anigure 5.16), the later
evolves the fracture.

Finally, the mutual interaction of the pore uids and, notably, the compressibility of the
pore gas hinder the crack propagation in the partially satated porous medium compared
to the same fracturing process in a fully saturated one. Thdage, it is essential to include
the interplay of the pore uids in the fracturing process whe dealing with hydraulically
induced fractures in solids.

5.2.5 Coupled fracturing process in three dimensions

The following numerical example shows the coupled procedsdynamic hydraulic frac-
turing in three dimensions, revealing the possibilities ahe realised three-dimensional
implementation for partially saturated porous media. The gometry, boundary condi-
tions and mesh con guration are depicted in Figure 5.18. A theedimensional IBVP for
hydraulic fracturing of fully saturated porous material ca be found in Ehlers & Luo [94].

Figure 5.18: Geometry (left) and mesh (right) of the three-dimensional initial-boundary-value
problem of hydraulic fracturing.

A quarter of a cylindrical specimen with a radius and height obne meter is xed on its
bottom surface. The system is fully axial-symmetric and cots 2 850 elements. The mesh
Is re ned in the expected crack areas, see Figure 5.18, righthe liquid injection with
an increasing ow rate ofv- =20 10 3t m®=(m?s) is carried out through a borehole of
0:0445 m radius. The borehole is xed in the normal direction andrdy permeable at the
bottom edge. The system's bottom, top and outer circular sfaces are permeable for both
uids, whereas the symmetry surfacese;- and e,-plane, respectively) are impermeable.
Atmospheric pressure is set at the beginning of the computah, and the initial porosity is
nf = 0:015, while the length-scale parameter amounts= 0:005 m. All the other material
parameters follow the previous example, cf. Table 5.3. The m®ure-di erence-saturation
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curve is given in (3.82) and depicted in Figure 3.3. Finally, e that no initial notch is
de ned.

Figure 5.19: Evolution of the phase- eld variable, the pore pressure and the liqud saturation.

Figure 5.19 displays the crack propagation, pore pressurddeand saturation evolution for
di erent time steps. At the beginning of the computation, thephase- eld variable states
zero for the whole domain. As the pressure at the bottom of theobehole augments, the
phase eld increases to one, and the crack propagation start This development shows
the ability of the phase- eld method to model crack initiation. At time t = 55s, the crack
propagates from the borehole bottom as a quarter circle sade, see also Figure 5.21. The
pore pressure evolves more or less radially in the crack diien, similar to the quasi-two-
dimensional computation in Subsection 5.2.1. Also, the liggi saturation exhibits a more
or less radial distribution around the notch. The IBVP was chsen large enough that the
boundary conditions do not a ect the calculation at timet; = 61s. Selecting a larger
area in the future would be advantageous to study further cck propagation.

The uid behaviour examined in detail in Section 5.2 for the gasi-two-dimensional setting
is recovered for the fully three-dimensional case. Figure2b. displays the gas pressure.
The gas is compressed in the surrounding, particularly indnt of the evolving crack. This
compression is accompanied by an expansion of the gas p&esdn the crack, resulting in



94 5 Numerical Examples

gas re ux to the crack. This phenomenon can be observed in Figub.21, where the liquid
and gas streamlines are illustrated for a detailed area of@Brm 250mm 300 mm. In
contrast, the incompressible liquid ows through the cracltowards the permeable surfaces.

Figure 5.20: Evolution of the e ective gas pore pressure.

Figure 5.21: Streamlines of the liquid (top) and gas (bottom) ow with crack evolution (red)
for the detailed area 250 mm 250 mm 300 mm.

Finally, the three-dimensional computation reproduces andoo rms the results of the
guasi-two-dimensional computation. However, a fully thredimensional boundary value
problem causes enormous computational e ort. For instanceéhe present example has
taken 52 days on a single core of a standard computer with 32 GBAM. The following
studies are, hence, carried out on quasi-two-dimensionalmarical examples with plain
strain and ow.
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5.3 Fracturing porous media under con ning stresses

When dealing with soil and rock, it is essential to consider naiing stresses. In nature,
rocks underin situ conditions are subjected to the pressure of the gravitatiahloading
of overlying rocks, tectonic or even thermal stresses. Ingmear-surface, also topographic
anomalies or geological discontinuities can trigger stisss. The con ning stresses in uence
the fracturing process, as they present a constraint for theeformation process and can,
additionally, open or close fractures. Both e ects will bereated in the following section.

5.3.1 Inuence of con ning pressures on a single crack

The following numerical example extends the previous quasvo-dimensional investiga-
tions of Section 5.2, compare Figure 5.9, with con ning stress. Figure 5.22 displays the
current boundary conditions. The applied mesh is depictedh iFigure 5.9 (left).

The computation starts by applying the same initial pseud@lastic energy as in the pre-
vious example to generate the initial crack (step 1). Then,isblacements are applied to
yield con ning stresses (step 2). Here, use is made ofi; > u, with  u;= u, = 12:5.
The displacements are generated by increasivg; = 0:15mm/s and vs, = 0:012 mm/s
within the next 10s. After 600s, the time-dependent drainagprocess of both uids is
accomplished and the pressure eld remains constant (step. 3=inally, in the fourth step,
liquid is injected at the left side of the precrack with the sme initial conditions and at
the same ow rate ofv, =5 10 3t m®=(m?s), compare Subsection 5.2.1.

Figure 5.22: Geometry and loading history of the initial-boundary-value problem of the frack-
ing process under con ning stresses.

Figure 5.23 shows the evolution of the phase eld at the defored body, where a dashed
red line indicates the undeformed geometry. As before, onlydetailed area of 0.6 m
0.6 m (cf. Figure 5.9, right) is displayed. The deformation iscaled by a factor of 150.
It is seen that the crack evolves later than in the comparable odel without con ning
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stresses, compare Figure 5.10 in Subsection 5.2.1. Note thla¢ tinjection in the present
example starts att = 600 s instead oft = 0 as in Subsection 5.2.1.

Figure 5.23: Evolution of the phase- eld variable at the deformed skeleton (scaled i a factor
of 150) during the fracking process. The dashed red line sketcheséhnitial con guration.

Figure 5.24: Temporal development of the e ective pore pressure at the initial clack tip (point
B) with and without con ning stresses after the liquid injection.

The temporal evolution of the e ective pore pressure stantig at the initiation of the liquid
injection for both models with and without con ning stresse is displayed in Figure 5.24.
As shown in the previous section, the uid interaction, espeally the gas compressibility,
controls the pore-pressure growth. Therefore, the poregssure increase is the same for
both boundary-value problems. However, in the current exangy the con ning stresses
compress the pore space, thus hindering the undisturbed &won of solid tensile strains.
Instead, the pore-pressure increase resulting from the @ajtion process must overcome
the con ning conditions to enable the necessary strain eld rad, therewith, the energy
evolution necessary for crack propagation. As a result, the maxum pore pressure is
higher than in the uncon ned model, and the solid material beaks later under con ning
stresses than without. Nevertheless, the required storedergy for crack propagation is
the same for both models, namelW 3, = 156 kPa. This is consistent with the previous
analysis, compare Figure 5.14.
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5.3.2 Open and closed fractures

Con ning stresses do not only slow down the crack propagatiobut may also yield hy-
draulically closed fractures. This feature will be discusdeby introducing two initially

closed cracks, compare Figure 5.25. Two numerical exampleghwdi erent displace-

ment ratios of u; to u,, namely example 1 with u;= u, =2:5 at vs; = 0:03mm/s
and vs, = 0:012mm/s, and example 2 with u;= u, = 12:5 at vs; = 0:15mm/s and
Vs2 = 0:012 mm/s, are chosen, using the same ratios as have been ingased by Ehlers
& Luo [94].

Figure 5.25: Geometry and loading history of the initial-boundary-value problem of the frack-
ing process under con ning stresses (examples 1 and 2) with two itial precracks.

Figures 5.26 and 5.27 show the area of interest for the exampleand 2, where the phase
eld S, the e ective pore pressurep™® and the liquid saturation st are displayed at

di erent time steps of the fracking process. As has been exped, the fractures evolve
di erently depending on the ratio of the con ning stresses.Although the area is com-

pressed in both directions, both initial precracks remainpen in the case of example 1.
In the case of example 2, however, the horizontal compressignso strong that the ver-

tical precrack is closed. This can be seen from Figure 5.28, evé the divergence of the
solid displacementus is exhibited. As divus > 0 is the criterion for open or opening
cracks, divus O is the criterion for closed or closing cracks, compare the ckaopening

indicator | from (3.84).

In the case of example 1, both precracks are open with di¢ > 0 and thusl = 1. In
addition, the fracture has evolved at = 675 s at positive divus at the top of the vertical
precrack by wing-like fractures under an angle of approximely 40 to the right. As
a result of the fracture opening, the Darcy-type ow in the poous domain has changed
towards a Navier-Stokes-type ow in the open fractures. Thiswitch is displayed in Figure
5.29, where the liquid velocity pro le is shown for the windike fracture. The transition
zone regulates the velocity between the two extreme statet Darcy-type and free ow.
The corresponding liquid and gas streamlines can be seen inuig 5.30. It is also seen
from Figure 5.26 that the pore pressure increases around bathacks and the evolving
fracture, and that the saturation eld likewise follows thecrack pattern.
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Figure 5.26:

Figure 5.27:

Evolution of the phase eld, pore pressure and saturation for example 1.

Evolution of the phase eld, pore pressure and saturation for example 2.
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Figure 5.28: Divergence of the solid displacement for example 1 at timeé = 675 s and for
example 2 at timet = 720 s.

Figure 5.29: Liquid velocity pro le in the wing-like fracture for example 1 attim et = 675 s.

Figure 5.30: Streamlines of the liquid and gas ow for example 1 during the frackingprocess
under con ning stresses with two initial precracks.

In the case of example 2, the ratio of u; to u, is much higher, such that also the
horizontal con ning stress is much higher than in example 1. fAus, the vertical pre-
crack remains almost closed, compare Figure 5.28. As a resulietwhole area is under
compression with diwis 0 and thusl = 0 except for the horizontal precrack and the
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evolving fracture in horizontal direction. As a result, Darg-type ow can be observed in
the whole area without the horizontal fracture, where the @ type has changed towards
Navier-Stokes-type ow, also compare Figure 5.31. Here, it ids@ seen from the liquid
and gas streamlines that the whole domain behaves like a posomedium without frac-

tures except for the horizontal crack. Comparing these resaltvith those of Figure 5.27,
one again recognises that the fracturing process only towehthe horizontal precrack with
expectable consequences for the pore pressure and the tggaturation.

Finally, the gas streamlines included in Figures 5.30 and 5.3khgbit gas re ux due to

the gas expansion in the crack. Similar to the computation Wi only one initial crack,

compare Subsection 5.2.3, this reverse gas ow into the craslows down the fracture
evolution compared to a fully saturated model.

Figure 5.31: Streamlines of the liquid and gas ow for example 2 during the frackingprocess
under con ning stresses with two initial precracks.

5.4 Hydraulic fracturing in heterogeneous porous me-
dia

So far, the dynamic hydraulic fracturing problem has been aluated for homogeneous
porous media. However, natural porous materials exhibit matial heterogeneities. In
this sense, the inclusion of location-dependent materiabmmeters is derived here. In
contrast to stochastic phase- eld modelling approachesych as in Gerasimowet al. [117],
a deterministic ansatz is studied. Thereby, prede ned impéection areas, as well as
statistical elds of geomechanical properties, are congded. The main focus is discussing
the impact of local heterogeneities in porous media on craekolution and path. Here,
a triphasic porous material is considered. Local heterogghes in a biphasic porous
material are discussed, for example, in Wagnet al. [246].
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5.4.1 Consideration of material imperfection domains

First, a numerical example with a homogeneous domain is compdrwith a two-zone
model containing a sti er, prede ned (rectangular) impergction area.

Figure 5.32: Sketch of the initial-boundary-value problem (left) and nite-ele ment mesh
(right).

Figure 5.32 (left) shows the basic two-dimensional initiddoundary-value problem. The
initial and boundary conditions are comparable to those of #ganumerical model in Section
5.2. The considered domain of 1 m in length and 2m in height is irepmeable on its
left and permeable on all the other edges. In the middle of thieft edge, an initial
notch of 200 mm length and 10 mm height is imposed via the ingti pseudo-elastic energy
Ho = 134:865MJ/m3, compare (4.33). A liquid ow is injected with an increasingow
rate of v =5 10 3t m3=(m?s), wheret is the current time. The model is mechanically
xed at the left edge of the initial notch and constrained in nomal direction on the
whole left edge. The other three edges, the bottom, the rigland the top, are free to
move. Thereby, the boundary conditions induce a symmetric stem in the e,-direction.
The gravitational forces and frictional gas forces are neggited. Moreover, note that no
external forces are imposed on the system to avoid an in uem®n crack propagation
despite the local heterogeneities of the material propees. The material parameters are
the same as in Section 5.2 and listed in Table 5.3. Regardiniget spatial discretisation
of the model, a symmetric mesh with 8 848 two-dimensional elents is chosen with a
re ned central area of the domain, see Figure 5.32 (right).
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Figure 5.33: Crack propagation in the homogeneous model at di erent time steps.

In the case of a homogeneous model with constant material paraters in the whole area,
I.e. using the Lame constants from Table 5.3, the crack evade horizontally through the
model until reaching the right edge at timet = 31:3s. Figure 5.33 shows the evolution of
the phase- eld variable for the homogeneous model.

In the next step, a rectangular area of 600 mm 100mm is prede ned in the direction
of the crack propagation to model a two-zone domain. There, ¢hLane constant S is
prescribed as a hundred times higher than in the rest of the rdel, see Figure 5.34. Note
that the transition between the two areas is rather sharp. Sin a material composition
can be motivated, e. g., by layered rocks.

Figure 5.34: Distribution of the Lame constant S in the idealised heterogeneous (two-zone)
model.

As can be seen in Figure 5.35, where the phase- eld evolution fbois latter model is de-
picted, the crack splits into two branches in order to circuwent the sti er area. Moreover,
the crack branches reach the right edge later than in the horgeneous model, compare
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Figure 5.33 and Figure 5.35, time,. Once the sti er area is bypassed, the crack straight-
ens towards the permeable right edge. The system is still syretric due to the choice of
the ideal (symmetric) problem. Note that the computation is arried out in a dynamic
setting. However, caused by the local heterogeneity of theeia material inclusion, the
crack would split even in a fully quasi-static setting.

Figure 5.35: Crack propagation in the two-zone model at di erent time steps.

In analogy to the numerical examples of Sections 5.2 and 5tlBe gas is compressed around
the branching crack, see Figure 5.36. This compression caugas re ux into the crack
while the liquid strictly ows to the permeable boundaries.

Figure 5.36: Gas pressure (left) and uid streamlines (right) in the idealised heterogeneous
(two-zone) model at time ts = 35 s.
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5.4.2 Statistical elds of geomechanical properties

In the following, a further generalisation of prede ned zoes of material imperfections,
discussed in the previous subsection, towards a statistiadistribution of geomechanical
parameters is carried out. To start with, a normal distributon with possible enhancement
towards more complex distributions is used. Since the statical elds of the solid prop-
erties induce spatially varying local stresses, an in uenaan the crack path is expected.

Statistical de nition of a parameter

To generate random realisations of material parameters, a Gssian variogram is assumed,
compare, e.g., Kitanidis [159]. Similar to the previous exgpfe, the focus is here on a
statistical distribution of the Lame constant 5. In this regard, the distribution of S
satis es the following Gaussian variogram

pe( $)=(2 )7j jPexp 1 T *

55
with i = 2 1 exp[ (jxi ij:\)z] ( )

Thereby, contains at each entry the mean value of the eld, N, represents the number
of discretisation points, and stands for the covariance matrix with coe cients ;.
Moreover, 2 signi es the variance of the eld, x; and X; are the vectors describing the
positions of discretisation points, and is the so-called statistical length-scale parameter,
also termed correlation length. This latter determines thepatial variance of the material
parameter. Particularly, the smaller” is chosen, the more signi cant is the variance of®
to the next point, whereas, conversely, the largeris chosen, the smaller is the change to
the next point, see Figure 5.38. In particular, the parametershown in Table 5.4 are used
in this work. The corresponding normal distribution, whichis ful lled at each material
point, is depicted in Figure 5.37. The generation of random matial parameter elds is
implemented on a regular grid using MATLAB. In addition, a cutomised algorithm is
implemented after Wagner [243] irPANDASto assign the spatially dependent material
parameters. The approach is brie y introduced in Appendix Gi.

Table 5.4: Statistical parameters.

Parameter Symbol Value

Mean value 5.05 10'Pa
Standard deviation 1.65 10'Pa
Correlation lengths : 7;70,140 700 mm
Number of discretisation points N, 120

On the in uence of a statistical distribution of the rst Lane constant

To study the in uence of statistical elds of geomechanicaproperties, the IBVP of Sub-
section 5.4.1 is now studied for di erent random distributbns of the Lane constant S.
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Figure 5.37: Density curve of the Lame constant S.

The geostatistical elds are considered in terms of the deition and implementation
described above and in Appendix C.4. The mean value, which isosen around ve times
higher than the Lanme constant from Table 5.3, and the standa derivation are the same
for all of the following examples, see Table 5.4. Only the distical length-scale parameter
is varied, namely to 7mm (model 1), 70 mm (model 2), 140 mm (metd3) and 700 mm
(model 4). This choice results in di erent structures of thedLanme-constant variations with
the same (global) statistic distribution, see Figure 5.38.

Figure 5.38: Distribution of the Lanme constant S for four di erent heterogeneous models
using a Gaussian variogram.

Each sample structure can be related to the microstructuref @ speci c porous material,
namely with many smaller (model 1) or a few larger (model 4) aas with higher or lower
sti ness, respectively. Note that the smeared S-variation in the upper and lower parts
of model 1 is due to the coarser mesh in these areas, see FiguB2 %right), since the
in uence radius for the weighting of the material paramete((i. e. the voxel information)
depends on the individual element size, compare Appendix C.4
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Figure 5.39: Crack propagation for the four heterogeneous models at di erent time step.
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Figure 5.39 shows the crack evolution for each model at inteediate time steps before
the crack reaches the right edge. In model 1, the statisticééngth-scale parameter is
chosen small, and the heterogeneities are in the order of avfelements. Physically, the
crack always follows the path with the lowest resistance. @eequently, the crack evolves
not straight horizontally to the right edge in model 1 but interferes with the material
parameter variations and shows many uctuations. Since theariations in the properties
are very local in this model, the disturbed crack path is comgnsated such that the crack
as a whole hits the right edge more or less in the centre.

The most signi cant de ection of the crack path is visible inmodel 2 and model 3. Here,
the statistical length-scale parameter is chosen to be madée such that the inclusions
are in the order of magnitude of the initial notch length. As aesult, the crack bypasses
the areas of greater sti ness and winds around these inclosis, creating a wave-like crack
eld, see Figure 5.39 (model 2, model 3). To emphasise this plwnenon, Figure 5.40
shows the crack path in black colour (for S  0:85) over the distribution of the Lane
constant at time ts5 = 34:5s. It can be seen that the crack is de ected by the areas with
higher sti ness.

Figure 5.40: Crack paths in black colour ( S 0:85) and distribution of the Lane constant
S at time ts = 34:5s for the four heterogeneous models.

Finally, the correlation length is set to 700 mm in model 4, coesponding approximately
to the half-domain width. Here, the heterogeneous inclusierare large in comparison
to the notch dimensions. The crack evolves more or less hantally, as in the case of
the homogeneous model, even though there is a large area ghler sti ness in front of
the crack, similar to the idealised two-zone model from Substion 5.4.1. However, the
crack path di ers signi cantly from the two-zone model, whee the crack branches. This
di erent behaviour is caused by the transition characteritcs from softer to sti er areas.
The transition is rather sharp in the two-zone model, causgthe crack branching, whereas
the transition in model 4 is relatively smooth, without a sigi cant sti ness change at the
crack tip. Moreover, the di erence in sti ness values is ma signi cant in the two-zone
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model than in model 4. As a result, the crack slows down for thatter case but stays on
its original path and does not turn in a di erent direction.

Figure 5.41 displays the crack evolution for three statistad distributions with the same
correlation length to show the randomness of each statisticaeld. The crack path is
depicted in black colour (S  0:85) and the distribution of the Lane constant in the
back. Example 1 corresponds to the results of model 2 of theeprous gures. Even
if all statistical properties are the same for the three exaptes, the local assignment of
the sti er areas varies, and so does the crack path. This irght shows that the crack
propagation does not depend only on the choice of the corretat length but is specic
to each statistical eld.

S

Figure 5.41: Crack paths in black ( S 0:85) and distribution of the Lame constant at

time ts = 34:5s for three examples with the same correlation length = 70 mm (model 2).

In conclusion, an e ect on the crack path is identi ed in modés with minor and mod-
erate length-scale parameters caused by the local variatiookelastic sti ness properties
representing a heterogeneous porous solid skeleton. Meezp each statistical eld yields
an exclusive crack path.



Chapter 6:
Summary and Outlook

6.1 Summary

Hydraulic fracturing has raised concerns regarding envirarental and health risks, such
as groundwater contamination, air pollution and microsermic activities. Understanding
the ongoing processes of uid-driven fractures in porous mi@ is crucial to minimise
risks and prevent these hazards. This thesis enlarged thedwledge of dynamic processes
of brittle fracturing in unsaturated porous media. A contimum-mechanical model for
partially saturated porous media was developed, which inales the possibility of describ-
ing hydraulically driven fracturing processes. The mode$ithermodynamically consistent,
resulting in a highly coupled system of partial di erentialequations solved monolithically.

Based on the Theory of Porous Media (TPM), the model consistsf a brittle, materially
incompressible elastic solid with two immiscible pore uidsan incompressible liquid and
a compressible gas, both percolating the interconnected rpospace. The TPM consid-
ers an individual motion function and a set of balance equains for every constituent,
coupled to each other by production terms. In the context ofydraulic fracturing, this
approach enabled coupling the solid deformation to the uigressure. The TPM model
was enhanced by the phase- eld approach to fracture to desme uid-driven fracturing
processes. The phase eld yields di use interfaces betwekroken and unbroken material
and prevents discontinuities during the fracturing proces Since a crack is solely induced
under tension and not compression, the phase eld reduced grthe tensile part of the
solid sti ness in this monograph. Therefore, a spectral demposition was applied to split
the solid strain into positive and negative values and distguish between tension and
compression. Moreover, a history variable, responsible the phase eld's evolution as it
covers the maximum tensile energy obtained in the deformatiqprocess, was used in this
model. Although the phase- eld evolution is solid-based, #hinteraction of the pore u-
ids strongly in uences the fracturing behaviour. This inteaction was examined in depth
within the scope of this thesis. A constitutive relation for he pressure di erence between
liquid and gas described as a function of the liquid saturain was developed for the par-
ticular problem. Since hydraulic fracturing is a highly dymamic process, the standard
hydromechanical relations for capillary e ects valid in arequilibrium state do not apply
to this model. A speci c constitutive relation was proposedo encompass the equilibrium
(capillary) behaviour with a positive pressure di erence ad the dynamic uid reaction
with a negative pressure dierence. Using this relation, bbt the dynamic behaviour
near the crack and injection as well as the capillary e ects inhie distant vicinity of the
crack were considered in the overall process. Furthermorde crack-opening-indicator
was included in the constitutive setting of the uid phases.This additional scalar variable
distinguishes between an hydraulically open and closed cka Depending on these two
states, the liquid ow switches between a Darcy- ow regime irthe intact porous medium
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and a Navier{Stokes regime in fully broken zones.

The coupled partial-di erential-equations system was swéd monolithically using the
Finite-Element code PANDAS The numerical scheme consisted of the pore uids' vol-
ume/mass and momentum balances, the overall momentum balanadding all individual
momentum balances, and the phase- eld evolution. Instead transferring the pressure
terms of the uid momentum balances towards the boundary, thewere left in the volume
integral. Nevertheless, these terms are still active at the lmadary as they are considered
within the boundary term of the overall momentum balance. Tts procedure has massive
numerical advantages when injection processes are compult@nce di erent boundary
conditions have to be coupled.

Based on this procedure, several numerical examples wereestigated. First, the model
of uid interaction under equilibrium and the solid fracturing process were veri ed with
experimental and analytical results, respectively. Themproceeding from a single crack,
the fracturing behaviour of the solid skeleton was examindd detail. For this purpose,
the stored solid energy was split into components, and the ect of crack propagation on
the di erent proportions was analysed. In the same exampleéhe mutual interaction of
the uids during the fracking process was also assessed. Gasgsure compression at the
crack tip and subsequent gas re ux into the crack area were idiged. By comparing
fully to partially saturated models, it was shown that the pesence of pore gas primarily
hinders the fracturing process. This deceleration was attwted to the slower build-up of
pore pressure caused by the gas compressibility.

A second group of numerical examples displayed more reatsscenarios by assessing two
types of heterogeneities in partially saturated porous mée First, global heterogeneities
induced by external loads were evaluated. Such a consideoat is essential as soils and
rocks in nature are often subjected to external stresses,cbuas overlying rock loads,
tectonic forces, or thermal stresses. In this context, twaitial cracks { one horizontal and
one vertical { were applied to the specimen, accompanied byeatent ratios of horizontal
to vertical displacements. Both initial fractures openedn the rst of these examples, so
the uids dominantly searched their ow directions along these cracks. In contrast, an
increase in the displacement ratio hydraulically closed theertical fracture in the second
example, and the uid ow exhibited a ow behaviour without ta king notice of the closed
crack. The gas re ux observed in the single-notch model was m@red in both cases.

The second type of heterogeneity considered variations Wil the porous structure by
including location-dependent material parameters. This odel introduced prede ned re-
gions of higher sti ness, namely variations of the elastic &ire constant, to simulate
material imperfections. Crack branching caused by this ltdr was observed. The model
was furthermore improved by implementing statistical eld of geomechanical properties.
Numerical examples with di erent statistical correlation engths were compared to study
the in uence of material variations. As a result, an e ect of he statistical elds on the
crack evolution was made out. The spatially varying local stsses caused characteristic
deviations in the crack path.

In conclusion, this thesis applied the phase- eld approacto fracture within the The-
ory of Porous Media to address fully dynamic fracturing prdiems in partially saturated
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porous media. The presented methodical and numerical modelds promise for various
applications.

6.2 Future aspects

At this stage, the proposed triphasic TPM model can describeagtially saturated porous
material, where a liquid and a gaseous pore uid percolate ¢hsolid skeleton pore space,
with particular application to dynamic hydraulic fracturing processes. The theoretically
developed and numerically implemented model already alled the study of the inter-
action of uids and the e ect of heterogeneities in the fractuing process. Nevertheless,
there exist several (unresolved) issues that require fueth consideration.

First, the presented model considers equilibrium and dynamgects for the uid inter-
action in the pore space and distinguishes between Darcy aNavier-Stokes ow within
the intact and broken areas, respectively, for the liquid piise. However, the frictional gas
stresses have been neglected in the numerical examplesylteg) in a Darcy-type ow in
the whole domain for the gas phase. This assumption is justide since the e ective gas
viscosity is two orders of magnitude smaller than the liquidree in the speci ¢ problem.
Nevertheless, if the interaction of the two phases in the por@ace has to be studied in
detail, it would be advantageous also to resolve the gas stses.

A further step towards a more realistic model concerns the mdel's dimension. The
numerical examples were proposed in quasi-two and axiaksyetric three dimensions at
this stage. One step towards a more realistic view of the friacing process in nature is to
compute fully non-symmetric three-dimensional numericaxamples. However, this comes
along with an enormous computational e ort. In this context, particular attention must
be paid to the mesh to achieve results in a realistic time ped. Notably, the mesh has
to be chosen very ne around the crack tip to resolve the tranigon between broken and
intact material with respect to the length-scale parameterwhile it can be chosen large in
the surrounding areas. An adaptive mesh re nement would be gantageous for fully non-
symmetric three-dimensional numerical examples. With thiapproach, the mesh could
adaptively re ne solely at the crack tip and widen in the surounding, saving valuable
computational costs. Besides mesh adaptivity, an extensidowards a parallelisation
scheme for the monolithic solution of the partial di erental equations is promising to
save computational e orts. In this context, combining PANDAS with the commercial
Finite-Element tool Abaqus is promising, compare Schenke [Z1

Up to now, two types of heterogeneities were considered segaha On the one hand,
global heterogeneities arising from loading conditions andn the other hand, local inho-
mogeneities in the porous structure were examined. Regardithis latter case, hydraulic
parameters, such as porosity and permeability, could be czidered apart from the me-
chanical parameters. Moreover, the pressure-di erencetsration relation could also be
varied in a more complex system. In addition, the crack patheaViation due to statis-

tical variation of the material parameters was only discugsl so far. A further step in
this matter could be the quanti cation of these deviations. Finally, a mix of both het-

erogeneity types could be evaluated to improve the understding of heterogeneities on
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the fracturing behaviour in a more general manner. In partidar, the question of which
inhomogeneity type is decisive for a crack path deviation vem both are active could be
assessed.

Last, also drying-induced fractures play a role in unsatutad media besides uid-driven
fractures. In this case, the fractures result from drying sinkage. Particularly, the
solid stresses are coupled not only with the phase eld but € with the saturation.
For example, Cajuhiet al. [61] linked the fracture energy to the water content, direty
connected to the liquid saturation. Furthermore, Heider & Sun137] coupled the solid
free energy to the phase eld and the pressure suction, whid, in turn, linked to the
saturation. In both cases, desiccation induces sti nessds, which can foster or lead to
fracture. These aspects could be further considered in thegzented model to assess
drying-induced in addition to hydraulic fractures.



Appendix A:
Selected relations of tensor calculus

This appendix section o ers a condensed set of essential mili®r vector and tensor oper-
ations. For a more extensive discussion, the reader is reést to the vector- and tensor
script of the Institute of Applied Mechanics (Chair of Contiruum Mechanics) at the Uni-
versity of Stuttgart, cf. Ehlers [79], which is partly basedn the fundamental textbook of
de Boer [37].

A.1 Tensor algebra

For the following considerations arbitraryplaceholders are introduced, viz.:

f; 0 2R : scalars (zero-order tensors) as rational quantities,

fa;b;cg 2V3 . vectors ( rst-order tensors) of the proper
Euklidian 3-d vector spaceV?,

fA;B;Cg 2V?® V 3 :tensors (of second order) of the corresponding
dyadic product spacev® V 3.

Collected rules forproducts of second-order tensors with scalars or vectors:

( A)=( )A : associative law
A( a= (Aa)=( A)a : associative law
(+ )A = A+ A . distributive law
(A+B)= A+ B . distributive law
A(a+b) = Aa+ Ab . distributive law
- (A.1)
(A+B)a = Aa+Ba . distributive law
A=A : commutative law
a = Ab > linear mapping
la = a .| :identical element (linear mapping)
Oa =20 : 0 : zero element (linear mapping)
Collected rules forscalar (inner) products  of tensors:
( A B=A(B)= (A B):associative law
A B+C)=A B+A C - distributive law
A B=BA : commutative law (A.2)

A B =0 8A;ifB 0
A A>0 8A60
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Collected rules fortensor products of second-order tensors:

(AB) =( A)B = A( B) : associate law
(AB)a = A(Ba) . associate law
(AB)C = A(BC) . associate law
AB + C) = AB + AC . distributive law (A3)
(A + B)C = AC + BC - distributive law
AB 6 BA : N0 commutative law
IA = Al = A .| : identical element (linear mapping)
OA = A0 =0 : 0 : zero element (linear mapping)
Collected rules fortransposed and inverse second-order tensors:
(@ b)T =(b a A 1 = (det A) (cofA)T
( AT = AT I A lexistsif detA 60
(AB)T = BTAT
— T 1 _ 1 — (A4)
a (Bb) =(B'a) b AA -~ = A "A=
A (BC) =(B'A) C (A HT =(AT) 1= AT !
(A+B) =AT+BT (AB) 1 =B 1!A!

The computation rules of thedeterminant and the cofactor are given via

detA = 1(A A) A= LtrA)® L@wA)(AT A)+ 1(AA)T A
cofA

A A; where cofA = Z(aik awen Qop) (e &) = ap(e ep)

can be evaluated using (A.7) and index notation. Thus, the coecient matrix Jéjp contains
at each position ( );, the corresponding subdeterminant, e. géll = aypazz Axzaz.

Collected rules for thedeterminant and the inverse of second-order tensors:

(cofA)T = cof AT det(cofA) = (det A)?
detAT = det A detA ! = (det A) !
det(AB) = det A detB det(A + B) = det A + cof A B+ (A.5)
det( A) = 3detA + A cofB + detB
detl =1

Collected rules for thetrace operator of second-order tensors:

trA = A | tr( A) = trA
tr(a b)) =ab trAT =tr A (A6)
tr(AB) =tr( BA) tr(ABC ) = tr( BCA) '

=A B'=ATB tr( CAB)
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In index notation, the properties of the permutation tensor ee given, viz.:

3
E=ex(e ¢ e with the \permutation symbol" e
8

2 1 : even permutation 2 €123= €31= €312=1 (A.7)
Gk = 1 : odd permutation ! S €21= €13= €13 = 1
' 0 : double indexing - all remaining g vanish

A.2 Tensor analysis

The product rule of derivatives of products of functions:

(@ b)¥=a b+a b and (AB)°= AB + AB? (A.8)

Collected derivatives of tensors and their invariants:

@ z 4 @rA -
@ (r nt=1 @
@T 24 @:IetA _ _ T 1
= DT = cof A = (det A)A
@ @\ (A.9)
@ 1 23 @cofA  _ T 1 T 1
& = (Al AT YT @ det A [(A A9

(AT T AT Y]

Selected computation rules for thgradient and the divergence operators:
grad( )= grad + grad div(a b)= adivb+(grada)b
grad( b)=b grad + gradb div( B)=Bgrad + divB
grad( B)= B grad + gradB  div(Ab)=(div AT) b+ AT gradb 19

div( b)=b grad + divb dv 2 = Laivb izb grad






Appendix B:
Mechanical supplements

B.1 Spectral decomposition of the strain tensor

This section brie y introduces the spectral decompositiorof the strain tensor. For a
detailed discussion of this topic, the interested reader i®ferred, e.g., to Ehlers [79],
Markert [184] and Luo [178].

First, the eigenvalue problem is evaluated for the linearidesolid strain tensor” s via

P
"s = i3:1 "sinsi nsi $ "s "sl)ng = 0 (B.1)

where"s; 2 R* (for i = 1;2;3) denote the real and positive eigenvalues of the positive
de nite strain tensor "s. If there are corresponding non-trivial orthogonal eigemctors
nsi 6 0O, the eigenvalue problem (B.1) can be solved via the charagtgic polynomial

det("s "sl)= "% Is1"i+ Isx"s ls3=0: (B.2)

Therein, the principal invariants are de ned in terms of thestrain tensor as

lg1 = tr"g = "s |I;
lso = tr(cof "s) = 3[(tr"s)®> tr("s"s)l; (B.3)
lgz = det " S

Moreover, the principal invariants are related to the eigarmalues through

— n n .
ls1 = "s1+ "s2t "s3;
— mn n n n mn " .
sz = "s1"s2 + "s2"sz + "s3's1; (B.4)
| — n n n .
s3 = s1 s2 S3-

Finally, splitting the strain tensor according to the sign ofits eigenvalues leads to

: X
n ) + T .'
3 P e Lshng nei
"s= "L+ g with 2 (B.5)
3 X llSi J ||Sij
s — Nsi Nsi

B.2 Fluid ow state in the unbroken and broken case

In this section, the uid ow is speci ed for the two extreme dates of unbroken and broken
material. On the one hand, regarding the limit case of intact mterial when S =0, the
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frictional stressesT g, Vvanish, and the non-equilibrium momentum productions yield
according to (3.83)

R

Pneo = (N )?——w  for °=0: (B.6)

Kr

Considering the uid momentum balances (3.13) under creemrhow conditions, i.e.
(v )° 0 and gradv 0, and inserting the relations for the total, equilibrium and
non-equilibrium quantities (3.38), (3.45), (3.46), (3.50), (3.51) and (B.6), leads with the
di erentiation rule (A.10) for the pore liquid to

0 = diVTIEQ"' “g+ pIEQ"' pkjEQ
LR
= div( n-pFR1)+ n" Rg + pR gradnt + p°nFgrads* (nL)2KL Wy
r
LR B.7
— I,.]L gl’adpLR + r]L LR g + pDanradSL (nL)ZKL W ( )
K L D
I ntw, = - gradp™®  'Rg ILS)—LgradsL
and in analogy for the pore gas to
0=divTE+ g+ pS, + Plico
GR
= div( n®p°R1)+ n® SRg + p°R gradn® (nG)2KG We
r
GR B.8
= n®gradp®® + n® ®Rg (n®)? 5 We (8.8)
KS '
I n®wg = o= gradp®®  ©Rg

Thus, for S = 0, Darcy-like Iter velocities n-w, and n®wg are recovered, compare
Darcy [70]. Note that the liquid Iter velocity contains a term with the saturation gradient,
which is not included in the original Darcy lIter law.

On the other hand, the non-equilibrium momentum productiongc, vanish for the limit
case ° =1, and the frictional stressesT ¢, read

Tygo =2n R D for S=1: (B.9)

Including this formulation in the uid momentum balances (313) and considering the
relations (3.38), (3.45), (3.46), (3.50), (3.51) and (B.9), yields for the pore liquid

“vo)? = diV(TIEQ-'-TkIEQ)'I' Lg"'pIEQ
div( ntpRi1+2n" 'RD)+ ‘g + pR gradn‘ + pPnFgradst (B.10)
div2nt "®D.) ntgradp® + ‘g + pPnFgrads*
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and for the pore gas

G(Ve)g

div(TEq + TReq) + ©0 + Pig
div( n®p®R1+2n® SRDg)+ ©g + p®R gradn® (B.11)
div(2 n® ®®Dg) nCgradp®® + ©g;

similar to the Navier-Stokes equation of a single, incomprable Newtonian uid. Note
that here as well, the liquid balance additionally includes term with the saturation
gradient, arising from the interaction of the two uids in the pore space.






Appendix C:
Complement numerical treatment

C.1 Proof of concept of rearranged weak uid-mo-
mentum formulations

As a proof of concept for the numerical treatment of partiallysaturated porous media

either by use of (4.7)-(4.14) (standard formulation) or by sbstituting (4.8) and (4.9)

with (4.12) and (4.13) (rearranged formulation), the welknown consolidation problem is
considered. Table C.1 lists the material parameters for theurrent problem.

Table C.1: Material parameters for the consolidation problem.

Parameter Symbol Value Parameter Symbol Value
Larre constants S 5:58 10° Pa | Atmospheric gas density GR 1:246 kgFm®

S 8:37 1P Pa | E ective liquid viscosity LR 10 3Pas
Intrinsic permeability KS 1:0 10 'm? | E ective gas viscosity GR 1.8 10 ®Pas
Initial porosity n§ 0:33 [-] Speci ¢ gas constant R¢ 287:17 Nm=(kg K)
Initial liquid saturation s 07 [-] Temperature 283K
E ective solid density SR 3000kgm?® | Pore-size distribution factor 3[-]
E ective liquid density 'R 1000 kgFm?®

The geometry and boundary conditions are shown in Figure C.yvhere the loadq =
15 MPa substitutes a building wished in place within 5s onto gtially saturated soil.
The left, bottom and right edges are impermeable and xed. Tétop edge is divided into
three parts: the left and right parts (dashed lines) are persable, while the middle part is
impermeable and loaded. The system is discretised with a tégr mesh of 200 elements.

Figure C.1:. Sketch of the IBVP of the consolidation problem.
121
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Figure C.2: Temporal development of the pore pressure and vertical stresses at puiA.

After having applied the external load, this latter is kept castant until the end of the
consolidation process. For both models, standard and modd, Figure C.2 shows the
e ective pore pressurep™® and the negative values of the e ective vertical stres$er 2
at point A together with the negative values of the total verical stressT,, as the sum
of both. During the application of the external load within the rst 5 seconds of the
consolidation process, there is a sudden vertical displacent of 0.3 m at point A due to
the compressibility of the pore gas, compare Figure C.3.

Figure C.3: Temporal development of the vertical displacement at point A.

This leads to a fast pore-pressure relaxation starting froh5 MPa att = 5 s together with

a rst buildup of the e ective stress. Once this has happenedhe proper consolidation
process initiates, where the pore uids are squeezed out dfet domain, while the solid
deforms with a shrinking pore space. Further on, this leads tan ongoing but slower
relaxation of the pore pressure accompanied by a correspamglibuildup of the e ective

stress until the pore pressure vanishes and the total loaddarried by the soil alone, thus
marking the end of the consolidation process.
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Figure C.4. Temporal development of the liquid saturation at point A.

Figure C.4 exhibits further details at point A, displaying theevolving liquid saturation.
According to the pressure jump of Figure C.2, the liquid saturabn increases in the rst
5 seconds and decreases thereafter until the consolidatiom@ess has nished.

As a result of this proof of concept, it can be stated that both e standard and the
rearranged numerical formulations lead to exactly the sammomputational results, thus
justifying the numerical procedure used for treating fradkg processes in partially satu-
rated porous media.

C.2 Governing equations of the biphasic model

A detailed numerical treatment for this biphasic model can b&und in Luo [178]. There,
the primary variables are the solid displacementis corresponding to the displacement-
velocity relation, the solid velocity vs belonging to the overall momentum balance, the
liquid velocity v, corresponding to the momentum balance of the pore liquid, ¢he ective
pore pressurgd-R corresponding to the liquid volume balance, and the phase&ld vari-
able S corresponding to the phase- eld evolution equation. Summiaing the primary
variables of the biphasic model in an abstract vectan, leads to

u(x;t) =[us; vs; ve; pR; ST (C.1)
With this set u(x;t), the governing equations of Table 3.3 read in their weak for.
Overall momentumf)alance:

G (ug; Vs) S(ve)e + S(vi)+ “(gradvi)w, Vsdv+
+ B * Theo PRI grad vsdv g Vvsdv

(C.2)

t vsda=0; with t:= Z+Tge n pin;

Z
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Liquid momentum balance:

Z Z
G, (ug; vi) [ “(vi)e+ “(gradvi)wi] vidv+ Tygo grad vy dv+
Z Z
+ ntgradp™®  v_dv (“9g+Preg) Vodv
Z

tt  voda=0; with t"=Tggon;

(C.3)
Liquid volume balance:
Z Z
Gur (Ug; pR) divvs pR dv n‘w_ gradpR dv+
4 (C.4)
+ vtptRda=0; with v-=n‘w_ n;
’:‘,L
Phase- eld evolution equation:
Z G Z
Gs(uy %) [M( %2 21 S)H+ = °] Sdv+ G, grad ° grad Sdv
Z
v’ Sda=0; with v =G, grad S n:
v S
N
(C.5)

C.3 Excerpt of the numerical treatment of the quasi-
static triphasic model without fracture

For the simpli ed triphasic model, no dynamic or fracturing pocesses need to be taken
into account. Thus, the set of primary variables for the quasstatic triphasic model can be
reduced to the solid displacementis, the e ective liquid saturation s; and the e ective
gas pressurgC®R, viz.

ua(x;t) =[us; ss ; p°R1": (C.6)

Moreover, the viscous e ective stresses of the uid compones are negligible compared
to the uid extra momentum productions, compare Ehlerset al. [91]. In addition, the

uid velocities are computed based on Darcy's lter law. A conplete overview of the me-
chanical model can be found, e.g., in Ehlers [85]. The compesnding weak formulations
of the governing equations for the quasi-static model are aily given by
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Overall momentum balance:

Z Z
Gy (uz; us) 2= PRI grad usdv g usdv
Z (C.7)
t usda=0; with t:= 2 pRIl n;
N
Liquid volume balance:
Z Z
L (ug; st) (n5)2 + ntdivvg st dv n‘w, gradst dv+
e e S e e
Z (C.8)
+ vtsida=0; with vt=nw_ n;
vl
N
Gas mass balance:
Z
Ger (Uz; p©F) CR(n®)g + n®( ®R)g+ n® SRdiv(us)g pdv
Z Z
n® “Rwg gradp®R dv+ CRvE p®Rda=0

(C.9)
with v® = n®wg n:

Note that only the arguments and the weak formulation of the arall momentum balance
changes compared to (4.7), (4.10) and (4.11).

C.4 Assignment of spatially dependent material pa-
rameters

A customised algorithm is used for the assignment of the arbétry heterogeneous param-
eter elds onto the meshing grid. In general, the spatial disetisation of the meshing
grid is independent of material parameter data, given hera ia regular distribution (Fig-

ure C.5). It is often su cient that each integration point K¢ is basically equipped with
the spatially closest material parameter data for a suitakl spatial t (Figure C.5, green

circle). However, a mismatch of integration points (Figure &, red circle) combined with
(sparse) data can cause inaccurate results. In this regara,customised algorithm after
Wagner [243] is implemented and provides a suitable averagiprocess to allocate and
store the material parameter information at each integratin point K¢ in a preceding cal-
culation step for the subsequent numerical simulation. Thieby, a (scalar-valued) material
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parameter Xe is linearly weighted at the considered integration poinK ¢, viz.:

P data;n Wdata;n
Ke = 1P (C.10)

data;n
n W

with wdaan = 1 gdaain=R . Therein, d%®@" js the spatial distance of the material
parameter data to the considered ¢ within a certain (in uence) radius Rg, for Kg, see
Figure C.5. The superscript n is used to label the included matial data points. The
considered surrounding oK ¢ can either be chosen constant for the overall domain or
location-dependent on the individual element size.

Figure C.5: Two-dimensional example of material-parameter assignment onto the intgration
points from Wagner [243].



Bibliography

[1] Ahmed, T.: Reservoir Engineering Handbook5th edition, Gulf Professional Pub-
lishing 2019.

[2] Al-Futaisi, A. & Patzek, T. W.: Impact of wettability altera tion on two-phase ow
characteristics of sandstones: A quasi-static descriptioWater Resources Research
39 (2003), 1042, 13 pages.

[3] Alessi, R.; Ambati, M.; Gerasimov, T.; Vidoli, S. & De Lorenis, L.. Comparison
of phase- eld models of fracture coupled with plasticity. n Onate, E.; Peric, D.;
de Souza Neto, E. & Chiumenti, M. (eds.):Advances in Computational Plasticity:
A Book in Honour of D. Roger J. Owen Springer International Publishing, Cham
2018, pp. 1{21.

[4] Alessi, R.; Vidoli, S. & De Lorenzis, L.. A phenomenologitapproach to fatigue
with a variational phase- eld model: The one-dimensionalase.Engineering Frac-
ture Mechanics190 (2018), 53{73.

[5] Altenbach, H.: Kontinuumsmechanik: Einfashrung in die materialunabhangigen und
materialabhangigen GleichungenSpringer-Verlag, Berlin 2012.

[6] Ambati, M. & De Lorenzis, L.: Phase- eld modeling of britle and ductile fracture
in shells with isogeometric NURBS-based solid-shell elemen€Computer Methods
in Applied Mechanics and Engineering312 (2016), 351{373.

[7] Ambati, M.; Gerasimov, T. & De Lorenzis, L.: Phase- eld mdeling of ductile
fracture. Computational Mechanics55 (2015), 1017{1040.

[8] Ambati, M.; Gerasimov, T. & De Lorenzis, L.: A review on phae- eld models of
brittle fracture and a new fast hybrid formulation. Computational Mechanics55
(2015), 383{405.

[9] Ambati, M.; Kruse, R. & De Lorenzis, L.: A phase- eld modefor ductile fracture at
nite strains and its experimental veri cation. Computational Mechanicss7 (2016),
149{167.

[10] Ambrosio, L. & Tortorelli, V. M.: Approximation of function al depending on jumps
by elliptic functional via G-convergence.Communications on Pure and Applied
Mathematics 43 (1990), 999{1036.

[11] Ammann, M.: Parallel Finite Element Simulations of Localization Phenomena in

Porous Media Dissertation thesis, Report No. II-11 of the Institute of Appied
Mechanics (CE), University of Stuttgart 2005.

127



128 Bibliography

[12] Amor, H.; Marigo, J.-J. & Maurini, C.: Regularized formulation of the variational
brittle fracture with unilateral contact: Numerical experiments. Journal of the Me-
chanics and Physics of Solid§7 (2009), 1209{1229.

[13] Amott, E.: Observations relating to the wettability of paous rock.Petroleum Trans-
actions, AIME 216 (1959), 156{162.

[14] Anderson, W. G.: Wettability literature survey - Part 4: E ects of wettability on
capillary pressure.Journal of Petroleum Technology39 (1987), 1283{1300.

[15] Aranson, |.; Kalatsky, V. & Vinokur, V.: Continuum eld description of crack
propagation. Physical Review Letters85 (2000), 118{121.

[16] Bamber, A. M.; Hasanali, S. H.; Nair, A. S.; Watkins, S. M.; Vidj D. I.; Van Dyke,
M.; McMullin, T. S. & Richardson, K.: A systematic review of the epidemiologic
literature assessing health outcomes in populations livgnnear oil and natural gas
operations: study quality and future recommendationsinternational Journal of
Environmental Research and Public Healti6 (2019), 2123, 20 pages.

[17] Banks, D.; Odling, N. E.; Skarphagen, H. & Rohr-Torp, E.: Ermeability and stress
in crystalline rocks. Terra Nova 8 (1996), 223{235.

[18] Barenblatt, G. I.: The mathematical theory of equilibium cracks in brittle fracture.
Advances in Applied Mechanics (1962), 55{129.

[19] Bathe, K. J.: Finite-Elemente-Methoden 2nd edition, Springer-Verlag, Berlin 2002.
[20] Bear, J.: Hydraulics of Groundwater Dover Publications, Mineola (NY) 1979.

[21] Beavers, G. S. & Joseph, D. D.: Boundary conditions at a naally permeable wall.
Journal of Fluid Mechanics30 (1967), 197{207.

[22] Bedford, A. & Drumheller, D.: Theories of immiscible andtructured mixtures.
International Journal of Engineering Science21 (1983), 863{960.

[23] Belytschko, T. & Black, T.: Elastic crack growth in nite elements with minimal
remeshing.International Journal for Numerical Methods in Engineering45 (1999),
601{620.

[24] Belytschko, T.; Loehnert, S. & Song, J.-H.: Multiscale agegating discontinuities:
A method for circumventing loss of material stability. International Journal for
Numerical Methods in Engineering73 (2008), 869{894.

[25] Bennethum, L. S. & Cushman, J. H.: Multiscale, hybrid mixtre theory for swelling
systems { I: Balance lawsInternational Journal of Engineering Science34 (1996),
125{145.

[26] Bennethum, L. S. & Cushman, J. H.: Multiscale, hybrid mixtre theory for swelling
systems { II: Constitutive theory. International Journal of Engineering Science34
(1996), 147{169.



Bibliography 129

[27] Bercovier, M. & Pironneau, O.: Error estimates for nie element method solution
of the Stokes problem in the primitive variablesNumerische Mathematik33 (1979),
211{224.

[28] Berre, I.; Doster, F. & Keilegavlen, E.: Flow in fracturegporous media: A review of
conceptual models and discretization approachestansport in Porous Media 130
(2019), 215{236.

[29] Bidier, S.: From Particle Mechanics to Micromorphic Continua Dissertation thesis,
Report No. 11-36 of the Institute of Applied Mechanics (CE), Unversity of Stuttgart
20109.

[30] Bilgen, C. & Weinberg, K.: A phase- eld approach to pnematic fracture with
anisotropic crack resistancenternational Journal of Fracture 232 (2021), 135{151.

[31] Biot, M. A.: General theory of three-dimensional consdhation. Journal of Applied
Physics 12 (1941), 155{164.

[32] Biot, M. A.: Theory of elasticity and consolidation for aporous anisotropic solid.
Journal of Applied Physics26 (1955), 182{185.

[33] Biot, M. A. & Willis, D. G.: The elastic coe cients of the the ory of consolidation.
Journal of Applied Mechanics24 (1957), 594{601.

[34] Birdsell, D. T.; Rajaram, H. & Lackey, G.: Imbibition of hydraulic fracturing uids
into partially saturated shale. Water Resources Researchl (2015), 6787{6796.

[35] Blunt, M. J.: Pore level modeling of the e ects of wettahity. Society of Petroleum
Engineers Journal 2 (1997), 494{510.

[36] Blunt, M. J.: Multiphase Flow in Permeable Media: A Pore-Scale Perspectiveam-
bridge University Press 2017.

[37] de Boer, R.:Vektor- und Tensorrechnung far Ingenieure Springer-Verlag, Berlin
1982.

[38] de Boer, R.: Highlights in the historical development ahe porous media theory:
toward a consistent macroscopic theorypplied Mechanics Reviewd9 (1996), 201{
262.

[39] de Boer, R.:Theory of Porous Media.Springer-Verlag, Berlin 2000.

[40] de Boer, R. & Ehlers, W.: Theorie der Mehrkomponentenkontinua mit Anwen-
dungen auf bodenmechanische Problent®rschungsberichte aus dem Fachbereich
Bauwesen, Heft 40, Universiat-GH-Essen 1986.

[41] de Boer, R. & Ehlers, W.: A historical review of the formaltion of porous media
theories. Acta Mechanica 74 (1988), 1{8.



130 Bibliography

[42] de Boer, R. & Ehlers, W.: The development of the concept ofeetive stresses.
Acta Mechanica 83 (1990), 77{92.

[43] de Boer, R. & Ehlers, W.: Uplift, friction and capillarity: three fundamental e ects
for liquid-saturated porous solidsinternational Journal of Solids and Structures26
(1990), 43{57.

[44] Borden, M. J.; Hughes, T. J.; Landis, C. M.; Anvari, A. & Lee, 1.J.: A phase-
eld formulation for fracture in ductile materials: Finite deformation balance law
derivation, plastic degradation, and stress triaxiality eects. Computer Methods in
Applied Mechanics and Engineerin@12 (2016), 130{166.

[45] Borden, M. J.; Hughes, T. J.; Landis, C. M. & Verhoosel, C. V.A higher-order
phase- eld model for brittle fracture: Formulation and andysis within the isogeo-
metric analysis framework Computer Methods in Applied Mechanics and Engineer-
ing 273 (2014), 100{118.

[46] Borden, M. J.; Verhoosel, C. V.; Scott, M. A.; Hughes, T. J. & Ladis, C. M.: A
phase- eld description of dynamic brittle fracture. Computer Methods in Applied
Mechanics and Engineering217-220 (2012), 77{95.

[47] de Borst, R. & Verhoosel, C. V.: Gradient damage vs phaseld approaches for
fracture: Similarities and di erences.Computer Methods in Applied Mechanics and
Engineering 312 (2016), 78{94.

[48] Bouchard, P.-O.; Bay, F. & Chastel, Y.: Numerical modellig of crack propagation:
automatic remeshing and comparison of di erent criteria.Computer Methods in
Applied Mechanics and Engineerind92 (2003), 3887{3908.

[49] Bourdin, B. & Francfort, G. A.: Past and present of variatonal fracture. SIAM
News52 (2019).

[50] Bourdin, B.; Francfort, G. A. & Marigo, J.-J.: Numerical exgeriments in revisited
brittle fracture. Journal of the Mechanics and Physics of Solid&8 (2000), 797{826.

[51] Bowen, R. M.: Theory of mixtures. In Eringen, A. C. (ed.):Continuum Physics,
Vol. 3. Academic Press, New York 1976, pp. 1{127.

[52] Bowen, R. M.: Incompressible porous media models by wé¢he theory of mixtures.
International Journal of Engineering Sciencel8 (1980), 1129{1148.

[53] Bowen, R. M.: Compressible porous media models by uselu theory of mixtures.
International Journal of Engineering Science20 (1982), 697{735.

[54] Braess, D.: Finite Elemente: Theorie, schnelle Leser und Anwendungen in der
Elastizilatstheorie. Springer-Verlag, Berlin 1992.

[55] Brezzi, F. & Fortin, M.: Mixed and Hybrid Finite Element MethodsSpringer-Verlag,
New York 1991.



Bibliography 131

[56] Brinkman, H. C.: A calculation of the viscous force exeztl by a owing uid on a
dense swarm of particles-low, Turbulence and Combustiorl (1949), 27{34.

[57] Brooks, R. H. & Corey, A. T.: Hydraulic properties of porousnedia. In Hydrology
Papers No. 3 Colorado State University, Fort Collins 1964, 37 pages.

[58] Brooks, R. H. & Corey, A. T.: Properties of porous media a&ing uid ow.
Journal of the Irrigation and Drainage Division 92 (1966), 61{88.

[59] Bruner, K. R. & Smosna, R. A.:A Comparative Study of the Mississippian Barnett
Shale, Fort Worth Basin, and Devonian Marcellus Shale, Appalachian BasibS
Department of Energy, National Energy Technology Laboratgr2011.

[60] Burdine, N. T.: Relative permeability calculations fron pore size distribution data.
Journal of Petroleum Technologyb (1953), 71{78.

[61] Cajuhi, T.; Sanavia, L. & De Lorenzis, L.. Phase-eld mdeling of fracture in
variably saturated porous mediaComputational Mechanics61 (2018), 299{318.

[62] Carrara, P.; Ambati, M.; Alessi, R. & De Lorenzis, L.: A franework to model the
fatigue behavior of brittle materials based on a variationaphase- eld approach.
Computer Methods in Applied Mechanics and Engineering6l (2020), 112731, 45
pages.

[63] Chadwick, P.: Continuum Mechanics: Concise Theory and ProblemBover Publi-
cations, Mineola (NY) 1999.

[64] Chukwudozie, C.; Bourdin, B. & Yoshioka, K.: A variatimal phase- eld model for
hydraulic fracturing in porous media.Computer Methods in Applied Mechanics and
Engineering 347 (2019), 957{982.

[65] Coleman, B. D. & Noll, W.: The thermodynamics of elastic nmarials with heat
conduction and viscosity.Archive of Rational Mechanics and Analysisl3 (1963),
167{178.

[66] Corey, A. T.: The interrelation between gas and oil relate permeabilities.Produc-
ers Monthly 19 (1954), 38{41.

[67] Coussy, O.:Poromechanics John Wiley & Sons 2004.

[68] Coussy, O.; Dormieux, L. & Detournay, E.: From mixture tleory to Biot's approach
for porous media.International Journal of Solids and Structures35 (1998), 4619{
4635.

[69] Dalton, J.: Essay IV. On the expansion of elastic uids by éat. Memoirs of the
Literary and Philosophical Society of Manchesteb (1802), 595{602.

[70] Darcy, H.: Les fontaines publiques de la ville de DijoWictor Dalmont, Paris 1856.



132 Bibliography

[71] Delesse, M.: Pour ceterminer la composition des roché@snales des mines, 4 ries
13 (1848), 379{388.

[72] Detournay, E. & Cheng, A. H.-D.: Fundamentals of poroelasity. In Fairhurst, C.
(ed.): Analysis and Design MethodsPergamon, Oxford 1993, pp. 113{171.

[73] Diebels, S.Mikropolare Zweiphasenmodelle: Formulierung auf der Basis der Theo-
rie Po@ser Medien. Habilitation thesis, Report No. II-4 of the Institute of Applied
Mechanics (CE), University of Stuttgart 2000.

[74] Diebels, S. & Ehlers, W.: On fundamental concepts of mysthase micropolar ma-
terials. Technische Mechanikl6 (1996), 77{88.

[75] Diebels, S.; Ellsiepen, P. & Ehlers, W.: Error-controlte Runge-Kutta time inte-
gration of a viscoplastic hybrid two-phase modelTechnische Mechanikl9 (1999),
19{27.

[76] Diehl, P.; Lipton, R.; Wick, T. & Tyagi, M.: A comparative review of peridy-
namics and phase- eld models for engineering fracture mestics. Computational
Mechanics 69 (2022), 1259{1293.

[77] Dixit, A. B.; Buckley, J.; McDougall, S. R. & Sorbie, K. S.: Empirical measures
of wettability in porous media and the relationship betweerthem derived from
pore-scale modellingTransport in Porous Media 40 (2000), 27{54.

[78] Dugdale, D. S.: Yielding of steel sheets containing slitlournal of the Mechanics
and Physics of Solids8 (1960), 100{104.

[79] Ehlers, W.: Vector and Tensor Calculus: An Introduction Release 2018, Institute of
Applied Mechanics, Chair of Continuum Mechanics, Universitypf Stuttgart, URL
https://www.mib.uni-stuttgart.de/en/institute/team/E hlers-00001/ .

[80] Ehlers, W.: On thermodynamics of elasto-plastic porousadia. Archives of Me-
chanics 41 (1989), 73{93.

[81] Ehlers, W.: Compressible, incompressible and hybrid twahase models in porous
theories. In Angel, Y. C. (ed.): Anisotropy and Inhomogeneity in Elasticity and
Plasticity. The American Society of Mechanical Engineers, New York 19980l.
158, pp. 25{38.

[82] Ehlers, W.: Constitutive equations for granular materis in geomechanical con-
text. In Hutter, K. (ed.): Continuum Mechanics in Environmental Sciences and
Geophysics Springer-Verlag, Wien 1993, CISM Courses and Lectures No. 33p.
313{402.

[83] Ehlers, W.: Grundlegende Konzepte in der Theorie Poraséledien. Technische
Mechanik 16 (1996), 63{76.



Bibliography 133

[84] Ehlers, W.: Foundations of multiphasic and porous mates. In Ehlers, W. &
Bluhm, J. (eds.): Porous Media: Theory, Experiments and Numerical Applications
Springer-Verlag, Berlin 2002, pp. 3{86.

[85] Ehlers, W.: Challenges of porous media models in geo-anodniechanical engineer-
ing including electro-chemically active polymers and gelinternational Journal of
Advances in Engineering Sciences and Applied Mathematits(2009), 1{24.

[86] Ehlers, W.: Pomese Medien { ein kontinuumsmechanisches Modell auf der Ba-
sis der MischungstheorieNachdruck der Habilitationsschrift aus dem Jahre 1989
(Forschungsbericht aus dem Fachbereich Bauwesen der Unsi@t-GH-Essen, Heft
47, Essen 1989), Report No. 11-22 of the Institute of Applied Echanics (CE), Uni-
versity of Stuttgart 2012.

[87] Ehlers, W.: Porous media in the light of history. In SteinE. (ed.): The His-
tory of Theoretical, Material and Computational Mechanics { Mathematics Meets
Mechanics and Engineering. Lecture Notes in Applied Mathematics and Mechanics
(LAMM), Vol. 1 . Springer-Verlag, Berlin, Heidelberg 2014, pp. 211{227.

[88] Ehlers, W.: Darcy, Forchheimer, Brinkman and RichardsClassical hydromechan-
ical equations and their signi cance in the light of the TPM. Archive of Applied
Mechanics 92 (2020), 619{639.

[89] Ehlers, W. & Acartark, A.: The role of weakly imposed Diritilet boundary con-
ditions for numerically stable computations of swelling pbnomena.Computational
Mechanics43 (2009), 545{557.

[90] Ehlers, W. & Ellsiepen, P.: PANDAS: Ein FE-System zur Simulabn von Sonder-
problemen der Bodenmechanik. In Wriggers, P.; Mei ner, U.;t8in, E. & Wunder-
lich, W. (eds.): Finite Elemente in der Baupraxis: Modellierung, Berechnung und
Konstruktion. Ernst & Sohn, Berlin 1998, pp. 391{400.

[91] Ehlers, W.; Ellsiepen, P.; Blome, P.; Mahnkopf, D. & Mar&rt, B.: Theoretische und
numerische Studien zur Lesung von Rand- und Anfangswertproblemen in der The-
orie Pomser Medien, Abschlu bericht zum DFG-Forschungsvorhaben Eh 107/6-2
Bericht Nr. 99-11-1 aus dem Institut fiar Mechanik (Bauwesen, Universitat Stuttgart
1999.

[92] Ehlers, W.; Graf, T. & Ammann, M.: Deformation and localiation analysis of
partially saturated soil. Computer Methods in Applied Mechanics and Engineering
193 (2004), 2885{2910.

[93] Ehlers, W. & Luo, C.: A phase- eld approach embedded in thTheory of Porous
Media for the description of dynamic hydraulic fracturing.Computer Methods in
Applied Mechanics and Engineerind15 (2017), 348{368.



134 Bibliography

[94] Ehlers, W. & Luo, C.: A phase- eld approach embedded in theheory of Porous
Media for the description of dynamic hydraulic fracturing, Part Il: The crack-
opening indicator. Computer Methods in Applied Mechanics and Engineering41
(2018), 429{442.

[95] Ehlers, W. & Markert, B.: On the viscoelastic behaviour ofuid-saturated porous
materials. Granular Matter 2 (2000), 153{161.

[96] Ehlers, W. & Markert, B.: A linear viscoelastic biphasic mdel for soft tissues based
on the Theory of Porous MediaASME Journal of Biomechechanical Engineering
123 (2001), 418{424.

[97] Ehlers, W.; Morrison, M.; Schreder, P.; Sehr, D. & Wagrer, A.: Multiphasic mod-
elling and computation of metastatic lung-cancer cell prderation and atrophy in
brain tissue based on experimental dat@iomechanics and Modeling in Mechanobi-
ology 21 (2022), 277{315.

[98] Ehlers, W. & Wagner, A.: Modelling and simulation methods apjgd to coupled
problems in porous-media mechanicérchive of Applied Mechanics89 (2019), 609{
628.

[99] Eipper, G.: Theorie und Numerik niter elastischer Deformationen in uid-
gesattigten pomsen Festkerpern Disseration thesis, Report No. II-1 of the Institute
of Applied Mechanics (CE), University of Stuttgart 1998.

[100] Ellsiepen, P.:Zeit- und ortsadaptive Verfahren angewandt auf Mehrphasenprobleme
pomser Medien Disseration thesis, Report No. 1I-3 of the Institute of Appled Me-
chanics (CE), University of Stuttgart 1999.

[101] Ellsworth, W. L.: Injection-induced earthquakesScience 341 (2013), 1225942, 7
pages.

[102] Engelder, T.: Capillary tension and imbibition sequésr frack uid in Marcellus
gas shale Proceedings of the National Academy of Sciencd99 (2012), E3625, 1

page.

[103] Engelder, T.; Cathles, L. M. & Bryndzia, L. T.: The fateof residual treatment water
in gas shaleJournal of Unconventional Oil and Gas Resourceg (2014), 33{48.

[104] Eurich, L.: A quasi-double-porosity thermo-hydro-mechanical model with application
to plant tissues Disseration thesis, Report No. 11-38 of the Institute of Appkd
Mechanics (CE), University of Stuttgart 2021.

[105] Fillunger, P.. Der Auftrieb in Talsperren. Osterreichische Wochenschrift far den
@ entlichen Baudienst 19 (1913), 532{556; 567{570.

[106] Fillunger, P.: Versuche wber die Zugfestigkeit bei lakitigem Wasserdruck Oster-
reichische Wochenschrift far den @ entlichen Baudienst29 (1915), 443{448.



Bibliography 135

[107] Finkel, M. L. & Hays, J.: The implications of unconventioal drilling for natural
gas: A global public health concernPublic Health 127 (2013), 889{893.

[108] Forchheimer, P.: Wasserbewegung durch Bodeteitschrift des Vereines Deutscher
Ingenieure 49 (1901), 1736{1741.

[109] Francfort, G. A. & Marigo, J.-J.: Reuvisiting brittle fracture as an energy minimiza-
tion problem. Journal of the Mechanics and Physics of Solidi (1998), 1319{1342.

[110] Frank, U. & Barkley, N.: Remediation of low permeability sbsurface formations
by fracturing enhancement of soil vapor extractionJournal of Hazardous Materials
40 (1995), 191{201.

[111] Fredlund, D. G. & Rahardjo, H.: Soil Mechanics for Unsaturated SoilsJohn Wiley
& Sons, New York 1993.

[112] Fu, P.; Settgast, R. R.; Hao, Y.; Morris, J. P. & Ryerson, F. 3.The in uence of hy-
draulic fracturing on carbon storage performancelournal of Geophysical Research:
Solid Earth 122 (2017), 9931{9949.

[113] Gawin, D.; Schre er, B. A. & Galindo, M.: Thermo-hydromechanical analysis of
partially saturated porous materials Engineering Computationsl3 (1996), 113{143.

[114] Gawin, D.; Simoni, L. & Schre er, B. A.: Numerical model fo hydro-mechanical
behaviour in deformable porous media: A benchmark probler@omputer Methods
and Advances in Geomechanicfl997), 1143{1148.

[115] van Genuchten, M. T.: A closed-form equation for precling the hydraulic con-
ductivity of unsaturated soils. Soil Science Society of America Journa#i4 (1980),
892{898.

[116] Gerasimov, T. & De Lorenzis, L.: A line search assistedonolithic approach for
phase- eld computing of brittle fracture. Computer Methods in Applied Mechanics
and Engineering312 (2016), 276{303.

[117] Gerasimov, T.; Remer, U.; Vondejc, J.; Matthies, H. G.& De Lorenzis, L.: Stochas-
tic phase- eld modeling of brittle fracture: Computing multiple crack patterns and
their probabilities. Computer Methods in Applied Mechanics and Engineering72
(2020), 113353, 29 pages.

[118] Ginzburg, V. L. & Landau, L. D.: On the theory of supercoductivity. Zhurnal
Eksperimentalnoi | Theoreticheskoi Fiziki20 (1950), 1064{1082.

[119] Graf, T.: Multiphasic Flow Processes in Deformable Porous Media under Consid-
eration of Fluid Phase Transitions Dissertation thesis, Report No. [I-17 of the
Institute of Applied Mechanics (CE), University of Stuttgart 2008.

[120] Grith, A. A.: The phenomena of rupture and ow in solids. Philosophical Transac-
tions of the Royal Society of London. Series A, Containing Papers of a Mathematical
or Physical Character221 (1921), 163{198.



136 Bibliography

[121] Grith, A. A.: The Theory of Rupture. In Proceedings of the First International
Conference on Applied Mechani¢Delft 1924, pp. 55{63.

[122] Gross, D. & Seelig, T.Fracture Mechanics with an Introduction to Micromechanics
3rd edition, Springer International Publishing, Cham 2018.

[123] Gurtin, M. E.: An Introduction to Continuum Mechanics Academic Press, New-
York 1982.

[124] Haberle, K.: Fluid-phase Transitions in a Multiphasic Model of CO2 Sequestra-
tion into Deep Aquifers: A Fully Coupled Analysis of Transport Phenomena and
Solid Deformation Dissertation thesis, Report No. 11-34 of the Institute of Appied
Mechanics (CE), University of Stuttgart 2017.

[125] Hakim, V. & Karma, A.: Laws of crack motion and phase- eldnodels of fracture.
Journal of the Mechanics and Physics of Solids7 (2009), 342{368.

[126] Hassanizadeh, S. M.; Celia, M. A. & Dahle, H. K.: Dynamic ect in the capillary
pressure{saturation relationship and its impacts on unsatrated ow. Vadose Zone
Journal 1 (2002), 38{57.

[127] Hassanizadeh, S. M. & Gray, W. G.: General conservatioguations for multi-phase
systems: 1. Averaging proceduréddvances in Water Resource® (1979), 131{144.

[128] Hassanizadeh, S. M. & Gray, W. G.: General conservatioguations for multi-
phase systems: 2. Mass, momenta, energy, and entropy eqoiasi. Advances in
Water Resources2 (1979), 191{203.

[129] Hassanizadeh, S. M. & Gray, W. G.: Mechanics and thermammics of multiphase
ow in porous media including interphase boundariesAdvances in Water Resources
13 (1990), 169{186.

[130] Hassanizadeh, S. M. & Gray, W. G.: Thermodynamic basis cdpillary pressure in
porous media.Water Resources Researcl9 (1993), 3389{3405.

[131] Haupt, P.: Foundation of Continuum Mechanics. In Hutter K. (ed.): Continuum
Mechanics in Environmental Sciences and Geophysi&pringer-Verlag, Wien 1993,
CISM Courses and Lectures No. 337, pp. 1{77.

[132] Haupt, P.: Continuum Mechanics and Theory of MaterialsSpringer-Verlag, Berlin,
Heidelberg 2000.

[133] Heider, Y.:Saturated Porous Media Dynamics with Application to Earthquake Engi-
neering Dissertation thesis, Report No. [1-25 of the Institute of Apfied Mechanics
(CE), University of Stuttgart 2012.

[134] Heider, Y.: A review on phase- eld modeling of hydrauliadcturing. Engineering
Fracture Mechanics253 (2021), 107881, 30 pages.



Bibliography 137

[135] Heider, Y. & Markert, B.: A phase- eld modeling approach fohydraulic fracture in
saturated porous mediaMechanics Research Communication80 (2017), 38{46.

[136] Heider, Y.; Reiche, S.; Siebert, P. & Markert, B.: Modelg of hydraulic fracturing
using a porous-media phase- eld approach with reference &xperimental data.
Engineering Fracture Mechanics202 (2018), 116{134.

[137] Heider, Y. & Sun, W.: A phase eld framework for capillaryinduced fracture in un-
saturated porous media: Drying-induced vs. hydraulic cramg. Computer Methods
in Applied Mechanics and Engineering359 (2020), 112647, 29 pages.

[138] Helmig, R.:Multiphase Flow and Transport Processes in the Subsurface: A Contri-
bution to the Modeling of HydrosystemsSpringer-Verlag, Berlin, Heidelberg 1997.

[139] Henry, H. & Levine, H.: Dynamic instabilities of fractureunder biaxial strain using
a phase eld model.Physical Review Letters93 (2004), 105504, 4 pages.

[140] Hofacker, M.:A thermodynamically consistent phase eld approach to fractur®is-
sertation thesis, University of Stuttgart, Institute of Applied Mechanics (CE) (2014).

[141] Holian, B. L. & Ravelo, R.: Fracture simulations usingdrge-scale molecular dy-
namics. Physical Review B51 (1995), 11275{11288.

[142] Holzapfel, G. A.: Nonlinear Solid Mechanics: A Continuum Approach for Engi-
neering Wiley, Chichester 2000.

[143] Hood, P. & Taylor, C.: Navier-Stokes equations using nexd interpolation. In Oden,
J. T.; Zienkiewicz, O. C.; Gallagher, R. H. & Taylor, C. (eds.): Finite Element
Methods in Flow ProblemsUAH Press, Huntsville, Alabama 1974, pp. 121{132.

[144] Howarth, R. W.; Ingra ea, A. & Engelder, T.: Should frackng stop? Nature 477
(2011), 271{275.

[145] Huerta, N. J.; Cantrell, K. J.; White, S. K. & Brown, C. F.: Hydraulic fracturing
to enhance injectivity and storage capacity of CO2 storageservoirs: Bene ts and
risks. International Journal of Greenhouse Gas Controll00 (2020), 103105, 12
pages.

[146] Hughes, T. J. R.:The Finite Element Method: Linear Static and Dynamic Finite
Element Analysis Dover Publications, New York 2000.

[147] Inglis, C. E.: Stresses in a plate due to the presence cdaks and sharp corners.
Transactions of the Royal Institution of Naval Architects55 (1913), 219{230.

[148] Irwin, G.: Fracture. In Flagge, S. (ed.): Handbuch der Physik Springer, Berlin
1958, Vol. 6, pp. 551{590.

[149] Irwin, G. R.: Analysis of stresses and strains near thack of a crack traversing a
plate. Journal of Applied Mechanics24 (1957), 361{364.



138 Bibliography

[150] Jackson, R. B.; Vengosh, A.; Darrah, T. H.; Warner, N. R.; Daw A.; Poreda,
R. J.; Osborn, S. G.; Zhao, K. & Karr, J. D.: Increased stray gas almdance in a
subset of drinking water wells near Marcellus shale gas exttion. Proceedings of
the National Academy of Science410 (2013), 11250{11255.

[151] Jommi, C.; Vaunat, J.; Gens, A.; Gawin, D. & Schre er, B. A.:Multiphase ow in
porous media: A numerical benchmarkNAFEMS, Proceedings of the 6th Interna-
tional Conference2 (1997), 1338{1349.

[152] Kalaydjian, F.: A macroscopic description of multiphse ow in porous media in-
volving spacetime evolution of uid/ uid interface. Transport in Porous Media 2
(1987), 537{552.

[153] Karajan, N.: An Extended Biphasic Description of the Inhomogeneous and
Anisotropic Intervertebral Disc. Dissertation, Report No. 11-19 of the Institute of
Applied Mechanics (CE), University of Stuttgart 2009.

[154] Karma, A.; Kessler, D. A. & Levine, H.: Phase- eld model of ode Il dynamic
fracture. Physical Review Letters37 (2001), 045501, 4 pages.

[155] Katsube, N. & Carroll, M.: The modi ed mixture theory for uid-lled porous
materials: Theory.Journal of Applied Mechanics54 (1987), 35{40.

[156] Kelly, P. D.: A reacting continuum. International Journal of Engineering Science
2 (1964), 129{153.

[157] Kerr, R. A.: Learning how to not make your own earthquake$cience335 (2012),
1436{1437.

[158] Kiendl, J.; Ambati, M.; De Lorenzis, L.; Gomez, H. & ReallA.: Phase- eld descrip-
tion of brittle fracture in plates and shells.Computer Methods in Applied Mechanics
and Engineering312 (2016), 374{394.

[159] Kitanidis, P. K.: Introduction to Geostatistics: Applications in HydrogeologyCam-
bridge University Press 1997.

[160] Klubertanz, G.; Laloui, L. & Vulliet, L.: Numerical modeling of unsaturated porous
media as a two and three phase medium: A compariso8omputer Methods and
Advances in Geomechanicg (1997), 1159{1164.

[161] Kool, J. & Parker, J. C.: Development and evaluation of céed-form expressions for
hysteretic soil hydraulic properties.Water Resources Researc23 (1987), 105{114.

[162] Kopan@kow, A.; Kothari, H. & Krause, R.: Nonlinear eld-split preconditioners
for solving monolithic phase- eld models of brittle fractue. Computer Methods in
Applied Mechanics and Engineeringl03 (2023), 115733, 31 pages.

[163] Kovscek, A.; Wong, H. & Radke, C.: A pore-level scenariorfthe development
of mixed wettability in oil reservoirs. American Institute of Chemical Engineers
Journal 39 (1993), 1072{1085.



Bibliography 139

[164] Kuhn, C. & Muller, R.: A continuum phase eld model for fracture. Engineering
Fracture Mechanics77 (2010), 3625{3634.

[165] Kuhn, C. & Muller, R.: A phase eld model for fracture. Proceedings in Applied
Mathematics and Mechanics8 (2008), 10223{10224.

[166] Kuhn, C.; Schlster, A. & Muller, R.: On degradation functions in phase eld frac-
ture models.Computational Materials Sciencel08 (2015), 374{384.

[167] Lancioni, G. & Royer-Carfagni, G.: The variational aproach to fracture mechanics.
A practical application to the French Pantteon in Paris. Journal of Elasticity 95
(2009), 1{30.

[168] Lecampion, B.; Bunger, A. & Zhang, X.: Numerical methods fdydraulic frac-
ture propagation: A review of recent trendsJournal of Natural Gas Science and
Engineering 49 (2018), 66{83.

[169] Leichsenring, P.; Serdas, S.; Wallmersperger, T.;uBm, J. & Schmeder, J.: Electro-
chemical aspects of IPMCs within the framework of the theorgpf porous media.
Smart Materials and Structures26 (2017), 045004, 14 pages.

[170] Lenhard, R.: Measurement and modeling of three-phasaturation-pressure hys-
teresis.Journal of Contaminant Hydrology9 (1992), 243{269.

[171] Lenhard, R.; Parker, J. & Mishra, S.: On the correspondee between Brooks-Corey
and van Genuchten modelsJournal of Irrigation and Drainage Engineering 115
(1989), 744{751.

[172] Leverett, M. C.: Flow of oil-water mixtures through unonsolidated sandsTrans-
actions of the AIME 132 (1939), 149{171.

[173] Lewis, R. W. & Schre er, B. A.: The Finite Element Method in the Static and
Dynamic Deformation and Consolidation of Porous MediaJohn Wiley & Sons
1998.

[174] Liakopoulos, A. C.: Theoretical solution of the grawt drainage problem.Journal
of Hydraulic Research2 (1964), 50{74.

[175] Liakopoulos, A. C.:Transient ow through unsaturated porous mediaDissertation
thesis, University of California, Berkeley (1964).

[176] Liu, I.-S.: Method of Lagrange multipliers for expléation of entropy principle.
Archive for Rational Mechanics and AnalysisA6 (1972), 131{148.

[177] Liu, 1.-S. & Madller, I.: Thermodynamics of mixtures of uids. In Truesdell, C.
(ed.): Rational Thermodynamics 2nd edition, Springer-Verlag, New York 1984, pp.
264{285.



140 Bibliography

[178] Luo, C.: A Phase-Field Model Embedded in the Theory of Porous Media with Appli-
cation to Hydraulic Fracturing. Dissertation thesis, Report No. 11-35 of the Institute
of Applied Mechanics (CE), University of Stuttgart 2019.

[179] Luo, C.; Sanavia, L. & De Lorenzis, L.: Phase- eld modab of drying-induced
cracks: Choice of coupling and study of homogeneous and llaszd damage.Com-
puter Methods in Applied Mechanics and Engineeringl10 (2023), 115962, 26 pages.

[180] Mahnkopf, D.: Lokalisierung uidgesattigter pomser Festkerper bei niten elasto-
plastischen DeformationenDissertation thesis, Report No. II-5 of the Institute of
Applied Mechanics (CE), University of Stuttgart 2000.

[181] Malvern, L. E.: Introduction to the Mechanics of a Continuous MediumPrentice-
Hall International, Englewood Cli s (NJ) 19609.

[182] Manthey, S.:Two-phase ow processes with dynamic e ects in porous media - pa-
rameter estimation and simulation Dissertation thesis, University of Stuttgart, In-
stitute for Modelling Hydraulic and Environmental Systems 2006).

[183] Mardal, K.-A. & Langtangen, H.: Mixed nite elements. InLangtangen, H. P. &
Tveito, A. (eds.): Advanced Topics in Computational Partial Di erential Equations:
Numerical Methods and Di pack Programming Springer-Verlag, Berlin, Heidelberg
2003, pp. 153{197.

[184] Markert, B.: Porous Media Viscoelasticity with Application to Polymeric Foams
Dissertation thesis, Report No. [1-12 of the Institute of Appied Mechanics (CE),
University of Stuttgart 2005.

[185] Markert, B.: A constitutive approach to 3-d nonlinear uid ow through nite
deformable porous continuaTransport in Porous Media 70 (2007), 427{450.

[186] Markert, B. & Heider, Y.: Coupled multi- eld continuum methods for porous media
fracture. In Mehl, M.; Bischo, M. & Schafer, M. (eds.): Recent Trends in Com-
putational Engineering-CE2014 Springer International Publishing, Cham 2015, pp.
167{180.

[187] Markert, B.; Heider, Y. & Ehlers, W.: Comparison of monolhic and splitting
solution schemes for dynamic porous media problemisiternational Journal for
Numerical Methods in Engineering82 (2010), 1341{1383.

[188] Mauthe, S. & Miehe, C.: Hydraulic fracture in poro-hyds-elastic mediaMechanics
Research Communications80 (2017), 69{83.

[189] Miehe, C.; Hofacker, M.; Schanzel, L.-M. & Aldakheel, F.Phase eld modeling
of fracture in multi-physics problems. Part Il. Coupled brittle-to-ductile failure cri-
teria and crack propagation in thermo-elastic{plastic sofls. Computer Methods in
Applied Mechanics and Engineerin@94 (2015), 486{522.



Bibliography 141

[190] Miehe, C.; Hofacker, M. & Welschinger, F.: A phase eld nuzl for rate-independent
crack propagation: Robust algorithmic implementation basd on operator splits.
Computer Methods in Applied Mechanics and Engineerint99 (2010), 2765{2778.

[191] Miehe, C. & Mauthe, S.: Phase eld modeling of fractur@ multi-physics problems.
Part 1ll. Crack driving forces in hydro-poro-elasticity and hydraulic fracturing of
uid-saturated porous media. Computer Methods in Applied Mechanics and Engi-
neering 304 (2016), 619{655.

[192] Miehe, C.; Mauthe, S. & Teichtmeister, S.: Minimizatio principles for the coupled
problem of Darcy{Biot-type uid transport in porous media linked to phase eld
modeling of fracture.Journal of the Mechanics and Physics of Solid82 (2015),
186{217.

[193] Miehe, C.; Welschinger, F. & Hofacker, M.: Thermodynamally consistent phase-
eld models of fracture: Variational principles and multi-eld FE implementations.
International Journal for Numerical Methods in Engineering83 (2010), 1273{1311.

[194] Mikelc, A.; Wheeler, M. F. & Wick, T.: A phase- eld method for propagating
uid- lled fractures coupled to a surrounding porous medium Multiscale Modeling
and Simulation 13 (2015), 367{398.

[195] Mikele, A.; Wheeler, M. F. & Wick, T..: Phase-eld modeling of a uid-driven
fracture in a poroelastic mediumComputational Geosciencd 9 (2015), 1171{1195.

[196] Mikelc, A.; Wheeler, M. F. & Wick, T.: A quasi-static phase- eld approach to
pressurized fracturesNonlinearity 28 (2015), 1371{1399.

[197] Moes, N.; Dolbow, J. & Belytschko, T.: A nite element méhod for crack growth
without remeshing.International Journal for Numerical Methods in Engineering46
(1999), 131{150.

[198] Mualem, Y.: A new model for predicting the hydraulic catuctivity of unsaturated
porous media.Water Resources Researci2 (1976), 513{522.

[199] Mumford, D. B. & Shah, J.: Optimal approximations by pieewise smooth func-
tions and associated variational problemsCommunications on Pure and Applied
Mathematics 42 (1989), 577{685.

[200] Muskat, M.; Wycko, R.; Botset, H. & Meres, M.: Flow of gasliquid mixtures
through sands.Transactions of the AIME 123 (1937), 69{96.

[201] Myers, T.: Potential contaminant pathways from hydralically fractured shale to
aquifers. Groundwater 50 (2012), 872{882.

[202] Nguyen, T.; Yvonnet, J.; Zhu, Q.-Z.; Bornert, M. & Chateau C.: A phase eld
method to simulate crack nucleation and propagation in strigly heterogeneous ma-
terials from direct imaging of their microstructure.Engineering Fracture Mechanics
139 (2015), 18{39.



142 Bibliography

[203] Nguyen, V. P.; Stroeven, M. & Sluys, L. J.: Multiscale comuous and discontinuous
modeling of heterogeneous materials: A review on recent d&pments.Journal of
Multiscale Modelling3 (2011), 229{270.

[204] Olasolo, P.; Juarez, M.; Morales, M.; D'Amico, S. & Liate, |.: Enhanced geothermal
systems (EGS): A review.Renewable and Sustainable Energy Revie®8 (2016),
133{144.

[205] ren, P.-E.; Bakke, S. & Arntzen, O. J.: Extending predidive capabilities to net-
work models.SPE Journal 3 (1998), 324{336.

[206] Ortiz, M. & Pandol , A.: Finite-deformation irreversibl e cohesive elements for three-
dimensional crack-propagation analysignternational Journal for Numerical Meth-
ods in Engineering44 (1999), 1267{1282.

[207] Pan, Z.; Ma, R.; Wang, D. & Chen, A.: A review of lattice tpe model in fracture
mechanics: theory, applications, and perspectiveBngineering Fracture Mechanics
190 (2018), 382{409.

[208] Pillai, U.; Heider, Y. & Markert, B.. A diusive brittle fr acture model for het-
erogeneous solids and porous materials with implementatiaising a user-element
subroutine. Computational Materials Sciencel53 (2018), 36{47.

[209] Pise, M.; Bluhm, J. & Schreder, J.: Elasto-plastic phas eld model of hydraulic
fracture in saturated binary porous media.lnternational Journal for Multiscale
Computational Engineering17 (2019), 201{221.

[210] Rempler, H.-U.: Damage in Multi-Phasic Materials Computed with the Extended
Finite-Element Method Disseration thesis, Report No. 11-23 of the Institute of Ap-
plied Mechanics (CE), University of Stuttgart 2012.

[211] Richards, L. A.: Capillary conduction of liquids throug porous mediumsPhysics
1 (1931), 318{333.

[212] Rountree, C. L.; Kalia, R. K.; Lidorikis, E.; Nakano, A.; Van Brutzel, L. &
Vashishta, P.: Atomistic aspects of crack propagation in kitle materials: Multi-
million atom molecular dynamics simulationsAnnual Review of Materials Research
32 (2002), 377{400.

[213] Saad, Y. & Schultz, M. H.. GMRES: A generalized minimal sedual algorithm for
solving nonsymmetric linear systemsSIAM Journal on Scienti ¢ and Statistical
Computing 7 (1986), 856{869.

[214] Santilan, D.; Juanes, R. & Cueto-Felgueroso, L.: Pls® eld model of uid-driven
fracture in elastic media: Immersed-fracture formulationrad validation with analyt-
ical solutions.Journal of Geophysical Research: Solid Earth22 (2017), 2565{2589.



Bibliography 143

[215] Santilan, D.; Juanes, R. & Cueto-Felgueroso, L.: Phas eld model of hydraulic
fracturing in poroelastic media: Fracture propagation, aest, and branching under
uid injection and extraction. Journal of Geophysical Research: Solid Earth23
(2018), 2127{2155.

[216] Sargado, J. M.; Keilegavlen, E.; Berre, I. & NordbottenJ. M.: High-accuracy
phase- eld models for brittle fracture based on a new familpf degradation func-
tions. Journal of the Mechanics and Physics of Solidsl1l (2018), 458{489.

[217] Schenke, M.Parallel Simulation of Volume-Coupled Multi-Field Problems with Spe-
cial Application to Soil Dynamics Dissertation thesis, Report Nr. 11-32 of the In-
stitute of Applied Mechanics (CE), University of Stuttgart 2017.

[218] Schlangen, E. & Van Mier, J.: Simple lattice model for maerical simulation of
fracture of concrete materials and structuresMaterials and Structures25 (1992),
534{542.

[219] Scholz, B.:Application of a Micropolar Model to the Localization Phenomena in
Granular Materials: General Model, Sensitivity Analysis and Parameter Optimiza-
tion. Dissertation thesis, Report No. II-15 of the Institute of Appied Mechanics
(CE), University of Stuttgart 2007.

[220] Schre er, B. A. & Scotta, R.: A fully coupled dynamic modefor two-phase uid
ow in deformable porous media.Computer Methods in Applied Mechanics and
Engineering 190 (2001), 3223{3246.

[221] Schre er, B. A.; Secchi, S. & Simoni, L.. On adaptive reiement techniques in
multi- eld problems including cohesive fracture. Computer Methods in Applied Me-
chanics and Engineeringl95 (2006), 444{461.

[222] Secchi, S. & Schre er, B. A.: Hydraulic fracturing and & peculiarities.Asia Paci c
Journal on Computational Engineeringl (2014), 1{21.

[223] Sheta, H.: Simulation von Mehrphasenvorgangen in pomsen Medien unter Ein-
beziehung von Hysterese E ekterDissertation thesis, University of Stuttgart, In-
stitute for Modelling Hydraulic and Environmental Systems {999).

[224] Smith, M. B. & Montgomery, C.: Hydraulic fracturing. CRC Press, Boca Raton
(FL) 2015.

[225] Sneddon, I. N.: The distribution of stress in the neigltdurhood of a crack in an
elastic solid. Proceedings of the Royal Society of London. Series A. Mathematical
and Physical Scienced.87 (1946), 229{260.

[226] Sonntag, A.; Wagner, A. & Ehlers, W.: Dynamic hydraulic &cturing in partially
saturated porous mediaComputer Methods in Applied Mechanics and Engineering
414 (2023), 116121, 34 pages.



144 Bibliography

[227] Spath, M.; Herrmann, C.; Prajapati, N.; Schneider, D.Schwab, F.; Selzer, M. &
Nestler, B.: Multiphase- eld modelling of crack propagatiorin geological materials
and porous media with Drucker-Prager plasticity.Computational Geoscience25
(2021), 325{343.

[228] Spatschek, R.; Brener, E. & Karma, A.: Phase eld modelgnof crack propagation.
Philosophical Magazine91 (2011), 75{95.

[229] Specht, S.; Bluhm, J. & Schreder, J.: Continuum mecharal description of an
extrinsic and autonomous self-healing material based oneltheory of porous media.
In Hager, M. D.; van der Zwaag, S. & Schubert, U. S. (eds.Belf-healing Materials
Springer International Publishing, Cham 2016, pp. 143{184

[230] Stau er, F.: Einuss der kapillaren Zone auf instationare DrainagevorgangeDis-
sertation thesis, Eidgenessische Technische Hochschubgizh (1977).

[231] Steeb, H. & Renner, J.. Mechanics of poro-elastic media:rédview with emphasis
on foundational state variablesTransport in Porous Media 130 (2019), 437{461.

[232] Steinke, C. & Kaliske, M.: A phase- eld crack model basl on directional stress
decomposition.Computational Mechanics63 (2019), 1019{1046.

[233] Stenberg, R.: On some three-dimensional nite elentsrfor incompressible media.
Computer Methods in Applied Mechanics and Engineering3 (1987), 261{269.

[234] Taylor, C. & Hood, P.: A numerical solution of the Navier-tokes equations using
the nite element technique. Computers & Fluids 1 (1973), 73{100.

[235] von Terzaghi, K.. Die Berechnung der Durchlassighkski er des Tones aus
dem Verlauf der hydrodynamischen Spannungserscheinunge8itzungsberichte
der Akademie der Wissenschaften in Wien, Mathematisch-Naturwissenschatftliche
Klasse, Abteilung l1a 132 (1923), 125{138.

[236] von Terzaghi, K.: The shearing resistance of saturateoils and the angle between
the planes of shear. In Casagrande, A.; Rudledge, P. C. & Watsod D. (eds.):
Proceedings of the International Conference on Soil Mechanics and Foundation En-
gineering Harvard University 1936, Vol. 1, pp. 54{56.

[237] Truesdell, C.: Sulle basi della termomeccanicBendiconti Lincei 22 (1957), 158{
166.

[238] Truesdell, C.: The origins of rational thermodynamsg: In Truesdell, C. (ed.): Ra-
tional Thermodynamics 2nd edition, Springer-Verlag, New York 1984, pp. 1{57.

[239] Truesdell, C.: Thermodynamics of di usion. In Truesdll, C. (ed.): Rational Ther-
modynamics 2nd edition, Springer-Verlag, New York 1984, pp. 219{236.

[240] Truesdell, C. & Noll, W.: The Non-linear Field Theories of Mechanics, Vol. 1lI/3.
Springer-Verlag, Berlin 1965.



Bibliography 145

[241] Truesdell, C. & Toupin, R.: The classical eld theoriesIn Flagge, S. (ed.): Hand-
buch der Physik, Vol. 1ll/1. Springer-Verlag, Berlin 1960, pp. 226{902.

[242] Vidic, R. D.; Brantley, S. L.; Vandenbossche, J. M.; Yox#@#imer, D. & Abad, J. D.:
Impact of shale gas development on regional water qualitscience 340 (2013),
1235009, 10 pages.

[243] Wagner, A.:Extended Modelling of the Multiphasic Human Brain Tissue with Ap-
plication to Drug-Infusion Processes Disseration thesis, Report No. [I-27 of the
Institute of Applied Mechanics (CE), University of Stuttgart 2014.

[244] Wagner, A.:Continuum Mechanics of Multicomponent Materials { Modelling, Nu-
merics and Applications for Biological Materials in the Framework of the Theory
of Porous Media.Habilitation thesis, Report No. 11-39 of the Institute of Applied
Mechanics (CE), University of Stuttgart 2021.

[245] Wagner, A.; Eggenweiler, E.; Weinhardt, F.; Trivedi, Z Krach, D.; Lohrmann, C.;
Jain, K.; Karadimitriou, N.; Bringedal, C.; Voland, P.; Holm, C.; Class, H.; Steeb,
H. & Rybak, I.: Permeability estimation of regular porous stuctures: A benchmark
for comparison of methodsTransport in Porous Media 138 (2021), 1{23.

[246] Wagner, A.; Sonntag, A.; Reuschen, S.; Nowak, W. & Ehlers, WHydraulically
induced fracturing in heterogeneous porous media using a TPphase- eld model
and geostatistics.Proceedings in Applied Mathematics and Mechanicad3 (2023),
e202200118, 6 pages.

[247] Wang, J.; Sonntag, A.; Lee, D.; Xotta, G.; Salomoni, V. A.; 8&b, H.; Ehlers, W.
& Wagner, A.. Modelling and simulation of natural hydraulic facturing applied to
experiments on natural sandstone cores (2023), submitted.

[248] Wick, T.: Modi ed Newton methods for solving fully monolihic phase- eld quasi-
static brittle fracture propagation. Computer Methods in Applied Mechanics and
Engineering 325 (2017), 577{611.

[249] Wilson, Z. A. & Landis, C. M.: Phase- eld modeling of hydaulic fracture. Journal
of the Mechanics and Physics of Solid36 (2016), 264{290.

[250] Witherspoon, P. A.; Wang, J. S. Y.; lwai, K. & Gale, J. E.: Valiity of cubic law
for uid ow in a deformable rock fracture. Water Resources Researci6 (1980),
1016{1024.

[251] Woltman, R.: Beytrage zur Hydraulischen Architektur. Dritter Band Johann Chris-
tian Dietrich, Gettingen 1794.

[252] Wright, R. & Muma, R. D.: High-volume hydraulic fractuiing and human health
outcomes: A scoping reviewdournal of Occupational and Environmental Medicine
60 (2018), 424{429.



146 Bibliography

[253] Wu, J. Y.; Nguyen, V. P.; Nguyen, C. T.; Sutula, D.; Sinaie, S& Bordas, S.:
Phase- eld modeling of fracture. In Bordas, S. & Balint, D. €ds.): Advances in
Applied Mechanics Elsevier, Amsterdam 2020, Vol. 53, pp. 1{183.

[254] Wu, T. & De Lorenazis, L.: A phase- eld approach to fraaire coupled with di usion.
Computer Methods in Applied Mechanics and Engineeringl2 (2016), 196{223.

[255] Wu, Y.-S. & Forsyth, P. A.: On the selection of primary vaables in numerical
formulation for modeling multiphase ow in porous mediaJournal of Contaminant
Hydrology 48 (2001), 277{304.

[256] Xu, X. P. & Needleman, A.: Numerical simulations of fast cr&egrowth in brittle
solids.Journal of the Mechanics and Physics of Solid& (1994), 1397{1434.

[257] Yarema, S. Y.: On the contribution of G. R. Irwin to fractire mechanicsMaterials
Science31 (1996), 617{623.

[258] Yoshioka, K.; Naumov, D. & Kolditz, O.: On crack openingomputation in varia-
tional phase- eld models for fracture. Computer Methods in Applied Mechanics and
Engineering 369 (2020), 113210, 24 pages.

[259] Zienkiewicz, O.; Qu, S.; Taylor, R. & Nakazawa, S.: Theajch test for mixed for-
mulations. International Journal for Numerical Methods in Engineering23 (1986),
1873{1883.

[260] Zienkiewicz, O. C. & Taylor, R. L.: The Finite Element Method: Solid and Fluid
Mechanics. Dynamics and Non-Linearity Vol. 2. 4th edition, McGraw-Hill, London
1991.



Presently published contributions in this report series

-1

-2

11-3

-4

-7

11-8

11-9

11-10

11-11

11-12

11-13

11-14

11-15

Gernot Eipper: Theorie und Numerik niter elastischer Deformationen in uid-
gesattigten pomsen Festkerpern 1998.

Wolfram Volk: Untersuchung des Lokalisierungsverhaltens mikropolarer pom@ser Me-
dien mit Hilfe der Cosserat-Theorig 1999.

Peter Ellsiepen:Zeit- und ortsadaptive Verfahren angewandt auf Mehrphasenprobleme
poreser Medien 1999.

Stefan Diebels: Mikropolare Zweiphasenmodelle: Formulierung auf der Basis der
Theorie Poreser Medien 2000.

Dirk Mahnkopf: Lokalisierung uidgesattigter pomser Festkerper bei niten elasto-
plastischen Deformationen2000.

Heiner Mullerschen: Spannungs-Verformungsverhalten granularer Materialien am
Beispiel von Berliner Sand 2000.

Stefan Diebels (Ed.): Zur Beschreibung komplexen Materialverhaltens: Beitrage
anh lich des 50. Geburtstages von Herrn Prof. Dr.-Ing. Wolfgang Ehler2001.

Jack Widjajakusuma: Quantitative Prediction of E ective Material Parameters of
Heterogeneous Materials2002.

Alexander Droste: Beschreibung und Anwendung eines elastisch-plastischen Ma-
terialmodells mit Schadigung far hochporese Metallschaume002.

Peter Blome: Ein Mehrphasen-Sto modell far Baden mit Ubergang auf Interface-
Gesetze 2003.

Martin Ammann: Parallel Finite Element Simulations of Localization Phenomena
in Porous Media 2005.

Bernd Markert: Porous Media Viscoelasticity with Application to Polymeric Foams
2005.

Saeed Reza GhadianiA Multiphasic Continuum Mechanical Model for Design In-
vestigations of an E usion-Cooled Rocket Thrust ChambgR005.

Wolfgang Ehlers & Bernd Markert (Eds.): Proceedings of the 1st GAMM Seminar
on Continuum Biomechanics 2005.

Bernd Scholz: Application of a Micropolar Model to the Localization Phenomena in
Granular Materials: General Model, Sensitivity Analysis and Parameter Optimiza-
tion, 2007.



[1-16 Wolfgang Ehlers & Nils Karajan (Eds.): Proceedings of the 2nd GAMM Seminar on
Continuum Biomechanics 2007.

[1-17 Tobias Graf: Multiphasic Flow Processes in Deformable Porous Media under Con-
sideration of Fluid Phase Transitions 2008.

[1-18 Ayhan Acartark: Simulation of Charged Hydrated Porous Materia)2009.

[1-19 Nils Karajan: An Extended Biphasic Description of the Inhomogeneous and Anisotropic
Intervertebral Disc, 2009.

[1-20 Bernd Markert: Weak or Strong { On Coupled Problems In Continuum Mechanigcs
2010.

[1-21 Wolfgang Ehlers & Bernd Markert (Eds.): Proceedings of the 3rd GAMM Seminar
on Continuum Biomechanics 2012.

[1-22 Wolfgang Ehlers: Porese Medien { ein kontinuumsmechanisches Modell auf der
Basis der Mischungstheorie2012. Nachdruck der Habilitationsschrift aus dem Jahr
1989 (Forschungsberichte aus dem Fachbereich Bauwesen dewehsitat-GH-Essen
47, Essen 1989).

[1-23 Hans-Uwe Rempler.Damage in multi-phasic Materials Computed with the Extended
Finite-Element Method 2012.

[1-24 Irina Komarova: Carbon-Dioxide Storage in the Subsurface: A Fully Coupled Anal-
ysis of Transport Phenomena and Solid Deformatiqr2012.

I1-25 Yousef Heider: Saturated Porous Media Dynamics with Application to Earthquake
Engineering 2012.

[1-26 Okan Avci: Coupled Deformation and Flow Processes of Partial Saturated Soil:
Experiments, Model Validation and Numerical Investigations2013.

[1-27 Arndt Wagner: Extended Modelling of the Multiphasic Human Brain Tissue with
Application to Drug-Infusion Processes2014.

[1-28 Jorey Mabuma: Multi-Field Modelling and Simulation of the Human Hip Joint
2014.

[1-29 Robert Krause: Growth, Modelling and Remodelling of Biological Tiss&014.

[1-30 Seyedmohammad ZinatbakhshCoupled Problems in the Mechanics of Multi-Physics
and Multi-Phase Materials 2015.

[1-31 David Koch: Thermomechanical Modelling of Non-isothermal Porous Materials with
Application to Enhanced Geothermal System&016.

[1-32 Maik Schenke:Parallel Simulation of Volume-coupled Multi- eld Problems with Spe-
cial Application to Soil Dynamics 2017.



11-33

11-34

11-35

11-36
11-37

11-38

11-39

11-40

Ste en Mauthe: Variational Multiphysics Modeling of Di usion in Elastic Solids
and Hydraulic Fracturing in Porous Medig 2017.

Kai Haberle: Fluid-Phase Transitions in a Multiphasic Model of CO2 Sequestra-
tion into Deep Aquifers: A fully coupled analysis of transport phenomena and solid
deformation, 2017.

Chenyi Luo: A Phase- eld Model Embedded in the Theory of Porous Media with
Application to Hydraulic Fracturing, 2018.

Sami Bidier: From Particle Mechanics to Micromorphic Continua 2019.

Davina Fink: Model Reduction applied to Finite-Element Techniques for the Solution
of Porous-Media Problems2019.

Jan Lukas Eurich: A quasi-double-porosity thermo-hydro-mechanical model with ap-
plication to plant tissues 2021.

Arndt Wagner: Continuum Mechanics of Multicomponent Materials { Modelling,
Numerics and Applications for Biological Materials in the Framework of the Theory
of Porous Medig 2021.

Alixa Sonntag: Partially Saturated Porous Solids under Dynamic Hydraulic Frac-
turing, 2023.



ISBN 978 -3-937399-40-9
(D 93 — Dissertation, Universitit Stuttgart)



