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1 Introduction

The anisotropic emission of gravitational waves from the merger of black hole (BH) binaries
suggests that the final remnant recoils from the center-of-mass frame with a velocity that
depends on the configuration of the system and the details of the merger dynamics but not
on the total mass (see [1] and references therein). Namely, large recoils may exceed the
escape velocity, and consequently, BHs can get ejected from their host galaxies [2]. This
effect, known as BH kick, requires a better understanding of moving and accelerating black
holes. The Plebanski-Demianski family of solutions includes the C-metric, which describes
two uniformly accelerated black holes in opposite directions and can be generalized to contain
rotation, charge, and cosmological constant. Therefore, it stands as a natural candidate
to study boosted black holes [3-5]. In this context, numerical and analytical studies have
addressed the computation of the QNMs, the character of the black hole shadow, and the
stability of accelerating black holes [6-14].

In general, the global structure of the C-metric in flat, de Sitter or anti-de Sitter represents
two accelerated black holes. The acceleration A is caused by the conical singularities located
along the axis of symmetry and can be thought of as strings pulling the two black holes
apart, or a strut between them. Furthermore, it is responsible for the appearance of an
acceleration horizon between the outer horizon and the spatial infinity, which possesses the
same causal structure of the cosmological horizon of the de Sitter space-time. However,
in asymptotically AdS the relation between the acceleration A of the black holes and the
cosmological length L gives rise to three possibilities: 1) For A < 1/L, the metric describes
one accelerated black hole in AdS. 2) For A > 1/L, it describes a pair of causally separated



accelerated black holes. 3) In the critical case A = 1/L, one has one single accelerated black
hole entering and leaving asymptotically AdS [15].

Despite the interest on these solutions, the thermodynamics of accelerating black holes
remained less well understood. Recently, a consistent black hole thermodynamics has been
formulated in the slowly accelerating black hole limit [16-18]; see [19] for a derivation using
the covariant phase space formalism. In this limit, the accelerating black hole does not
possess an acceleration horizon, and hence the acceleration of the black hole merely plays
the role of an independent parameter.

In this paper, we compute the quasi-normal modes (QNMs) of massless scalar fields on
a slowly accelerating Kerr-Newman-anti-de Sitter (KNAdS,4) black hole using the method
of isomonodromic deformations. After separating the conformally coupled Klein-Gordon
equation, we transform the radial (angular) ODEs into a Heun-like equation. The resulting
equation possesses five regular singular points and can be reduced to the Heun equation.
Recently, in the context of conformal mapping of polycircular arc domains, the solution
of the direct Riemmann-Hilbert problem for ODEs with n-regular singularities has been
constructed to find the accessory parameters and the conformal moduli given the monodromy
data. Namely, they have provided some examples in the case of n = 5 vertices [20]. We will
be interested in the inverse Riemann-Hilbert problem associated with a Fuchsian system
with five regular singular points. Interestingly, the initial conditions that allow us to recast
the boundary value problem are the same. The initial conditions are written in terms of an
isomonodromic tau function defined in [21] and then reviewed in [20] for the particular case
of five vertices. The latter approach has been applied in the case of four regular singular
points and three singularities - two regular and one irregular singular point, where the
isomonodromic deformation equations are related to the celebrated Painlevé VI and Painlevé
V equations, respectively. As examples, we mention the computation of QNMs [22-28],!
the Rabi model in quantum optics [33] and conformal maps [34, 35]. These efforts have
been inspired by the seminal works [36, 37|, where the expansion of the isomonodromic tau
function was derived in terms of ¢ = 1 Virasoro conformal blocks. To our knowledge, this
manuscript represents the first study of quasi-normal modes via the isomonodromic tau
function of Fuchsian systems with five regular singular points.

It is worth mentioning that our work enhance previous analysis presented in [8, 38].
In the first manuscript, authors found a master equation for massless fields of spin s =
{0,1/2,1,3/2,2}, using the Newman-Penrose formalism [39]. Then, by considering the exis-
tence of the acceleration horizon in accelerating Kerr-Newman-AdSy black holes, they obtained
a solution of the radial equation near the event horizon, while the second article investigates
the QNMs of scalar fields propagating on slowly accelerating Reissner-Nordstrom-AdSy black
holes. In this regard, we have computed the eigenfrequencies for scalar perturbations on
a slowly accelerating KNAdS, and provided an asymptotic expansion for the separation
constant which in the limit a — 0 reproduces the results in [8].

This manuscript is organized as follows. In section 2, we introduce the geometry and
analyze the space of parameters of the accelerating Kerr-Newman-anti de Sitter black hole.
Then, we review the Klein-Gordon equation for massless charged scalar perturbations and

See also [29-32] for another approach based on four-dimensional N’ = 2 supersymmetric gauge theories.



separate it into two second-order ODEs. Section 3 is devoted to the analysis of the separation
constant and the quasi-normal modes. Namely, we obtain an asymptotic expansion for the
angular eigenvalues in the small acceleration and rotation limit via the Painlevé VI tau function
in subsection 3.1. Subsequently, we compute the QNMs by solving a set of transcendental
equations expressed in terms of an isomonodromic tau function in subsection 3.2. We conclude
with a short discussion of the results and future perspectives in section 4.

2 Accelerating Kerr-Newman black holes in AdS

We consider an accelerating black hole solution derived from the Plebanski-Demiansky
metric [40] which describes an accelerating and rotating charged black hole in asymptotically
anti-de Sitter space-time. In Boyer-Lindquist type coordinates, the line element reads

1 ( A, [dt del?  p? 2 Agsin?6 [adt dep1?
ds? {— {—asin29;} +p—dr2+p—d02+ﬂ a—(r2+a2)¢} },

T2 p? |l A, Ay p? a K
(2.1a)
where the vector potential is
er [dt dp
B=—— | = —asin®0-=| + &,dt F=dB 2.1b
p2 |:OZ a 81N K:| + Dy 3 ) ( )

and P, is chosen to vanish the scalar potential at the outer horizon. The metric functions
are defined in [17] as follows

20,2 | 2
_l’_
A, = (1—A%*?) (r2—2Mr+(a2+62)) —1—774 (TLQ a ),
2
Ag=1+2MAcosf + A2(a2+e2)—a— cos” # (2:2)

12
p* =12+ a%cos? b, Q=1+ Arcos?f,

where M, a,e, L are related to the mass, the rotation parameter, the charge of the black
holes and the radius of AdS, respectively. In addition, A represents the acceleration of the
black holes, while K fixes the range of the azimuthal coordinate ¢ by removing one of the
conical singularities and the factor « is a scaling factor that normalizes the time-like Killing
vector to obtain the correct thermodynamics [16, 17]

— a2 —
\/<: + %) (1— A212E) ) 2
14+ a2A2 ’ T2

[1]

= + A? (62 + a2) . (2.3)
The function A, is a quartic function of the radial coordinate,? where the black hole
horizons correspond to the roots of A,, and can be written as

1— A%L?)

A, = ( 3 (r—ro) (r—mr1) (r—r2) (r—rs). (2.4)

2For A =1/L, A, reduces from a quartic to a cubic function in r (see [41] for a detailed studied on this
limit).



Moreover, since we are interested in space-time configurations that only possess black hole

horizons, the event horizon will correspond to the largest positive real root r3 = ry in A,,

while the Cauchy horizon is related to re = r_ satisfying r_ < r4, yielding

(1—A%L?)
72

The latter assumption is constrained by the following conditions on the metric (2.1):

A, = (r—ro)(r—ri)(r—r_)(r—rg). (2.5)
(i) Ap > 0 in the range [0, 7], which implies

g, =€ (0,2],
MA < (2.6)
1-2, =>2,

D[

(ii) the existence of a black hole within the boundaries of the space-time, which can be
thought of as A,(r;) = 0 = Al(r}) with at least two roots in the range r € (0,1/A). (iii)
The absence of acceleration and cosmological horizons in the bulk. Black holes satisfying
the latter conditions have been referred as slowly accelerating Kerr-Newman-AdS, black
holes [17]. From the thermodynamics point of view the temperature of the slowly accelerating
KN-AdSy black hole at the event horizon ry is given by

1 AL(rs)
T, = ——-"——=. 2.7
7 4na r? + a? 27)

Following the study of the parameter space for slowly accelerating Reissner-Nordstréom

black holes presented in [42], we introduce the dimensionless parameters

A= AL, M = MA, i = aA, E=eA, (2.8)

to explore the admissible parameter space in the dimensionless (/LM ,a,€) plane that
describes slowly accelerating Kerr-Newman-AdS black holes configurations (see [16-19, 43]
for a detailed discussion on the role of conical deficits in the thermodynamics of accelerating
black holes in AdS).

For fixed rotation and charge values, we display in the A — M plane the curves that
correspond to these constraints. In figure 1, we show the parameter space of a slowly
accelerating KN-AdSy for fixed (@, €) values. The first condition (2.6) is satisfied for black
hole configurations under the black curve, while the second condition is guaranteed by black
holes parameters located over the red curve. The last condition prevents the formation
of acceleration horizons for configurations to the left of the blue curve, or in other words,
spacetimes with additional horizons are to the right of this curve. It is worth mentioning
that A2 < 1 is not a sufficient condition for slowly accelerating black holes since there are
values of M outside the shaded region even though the aforementioned inequality is satisfied.

2.1 The Klein-Gordon equation

In this section we will consider the conformally coupled Klein-Gordon equation on the

metric (2.1) for massless and charged scalar fields

wégDH(¢ig¢WLL)—§R =0, (2.9)
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Figure 1. The parameter space of a slowly accelerating Kerr-Newman-AdSy black hole is defined as
the region formed by the intersection of the three curves in the A — M plane. The left and right figures
exhibit the parameter space for (ar = 0.15, é;, = 0.0001) and (agr = 2ar, €g = 2€1,), respectively.
Furthermore, it is worth noting that the area resulting from the intersection of the three boundary
curves (namely, black, red, and blue) decreases as the values of @ and € increase.

where D, =V, —i¢B,, q is the charge of the field, and £ = 1/6 is the coupling constant in
four-dimensions. The equation (2.9) is not separable when using the metric (2.1) due to the
conformal factor 2. However, by performing the following conformal transformation

guu = Q2guzxa (2.10)
one can get the conformal metric
A, [dt dol?  p? p? Agsin?6 [adt dp1?
-2 r .2 2 2 2 2
ds :—? {a—asm 0K:| +Ed7” +Kgd9 +T |:a—(7' +a )? s (211)

while the scalar field transforms as ¥ = Q10 in four dimensions (we refer to appendix
D in [44] for further details). The latter transformations ensure the separability of the
scalar wave equation

[\/1_7[)# (\/—Tjgﬂ”f)y) - (1),1-?] ¥ =0, (2.12)

which in the conformally rescaled metric (2.11) reduces to

20,21 22 2
{8(A 8)+ 1 8(sin9Aga)+a (re4+a) [Z_a_i_qq)t_ ger aK 0
T

ar\""ar) " sing 09 a0 A, at a(rita?) ' a(r+a?) dp
in26 0 K 071 1 .
+Slie {aa(at—iq@t)—ksinge&p} +6(A;Z+Ag+3cot9Ag—2Ag)}xp=o. (2.13)

Then, by defining the following Ansatz

U(t,r,0,p) = e “Hme R(1)S(H), (2.14)



we obtain two second-order ODEs of the form

d /. ds sin36 Km 12
de(sm@Agde)—i—{— Ag |:O[a(w+q(1)t)—51nz€:| (215&)

—1% (sinfAg+3cosf Ay—2sinfdAg) —|—/\sin0}5(9) =0,

d (ATdR>+{a2(r2+a2)2 qer aKm )r+

1
dr ®i— - A”—)\}R =0, (2.15b
dr\ ~dr Ay [qu "a(r?+a?)  a(r2+a? (r)=0, (2.15b)

6 T

where w is the mode frequency, m is the (magnetic) azimuthal quantum number, and A is the
separation constant associated with the angular eigenvalue equation. These equations (2.15)
are a particular case (p =0) of those derived in [38].

2.1.1 The angular equation

By defining v = cos#, the angular equation (2.15a) can be rewritten as

s 11 1 1 1dS 1 K A2
du? u+1 u—1+u—uo+u—u1}du+{_A% <aa(w+q<1>t)—(1_u2)> (2.16)
1 /A" 4ul, 9 A\
i (Au C(1-u)A, (1—u2)) Taowa, }S(“) =
with )
a
Ay=7v(u—up)(u—w), y= <A262 - L2(1—A2L2)>. (2.17)

This equation possesses five singular points located at v = {—1,1,ug, u1, 00}, where the
roots of the indicial equation, associated to the Frobenius solutions near each singular point,
are given by

1 1 1 1 1
Bh =F5p1, AU =F5m, Bu =50 B =Fgom, Fo=50B+1), (218)
B Km - Km
P S0 Fu) (fu) T30 —w) (I —w)
2 < Km )
= (aa(w+qP) — , 2.19
Pug v (UO — ul) ( q t) (1 + UO) (1 — UO) ( )
2 < Km )
= ——) | aa OJ—|— (I) — .
P = g —an) \* T T

In order to remove the conical singularity along 6 = m, we fix K = ~v(1+ up) (14 u1).
Furthermore, by introducing a new change of variables

— 1
w— U — U U+ ’ (2‘20)
ug+1 uw—ug

where the conformal moduli are

9 _ _
wy = (ug — u1) ’ we = Uuo u1’ (2.21)
(1+UO)(1—U1) ug + 1
and a s-homotopic transformation
S(w) = wl1 (w— wl)’B; (w— wg)ﬁ&’ (w— 1)/3170 y(w), (2.22)



we can bring (2.16) into the canonical form of the Heun equation as the singularity at w = wy
turns into a removable singularity [45].> Namely, we get

ccii:qu <1 _wp_1 +ul; : 5}11 + 1w_—p110 ) ccl% [w(gjqj 1) B w(l:}ul(—wiul_)(lu))cill)}y(w) =0, (223)
where
1 1
@ =g (it pitpu = 2= pu)s a2 =5 (-1 P1F Pug =2 pur) (2.24a)
Q1= w1(w)1\ ) 131 (; + p-1p1 — % (p-1+ ,01)> - wll_ 1 (:1,) - % (Pug + ,01))- (2.24b)
and the separation constant is given by
A

A= (2.25)

Y(14+ug) (1 —wuy)
2.1.2 The radial equation

Equation (2.15b) possesses five singularities located at the root of A, and the point at
infinity. The characteristic exponents of the Frobenius solutions near to each finite singular

point are defined by

1
Bif = 50k k=0.1,—+ (2.26)
and for r = oo, we have
L 1
=5 B, (2.27)
where
0 7 g qgery aKm (2.28)
=—|w — — . .
kT onT 7= a(r+a?)  a(ri+a?)

Furthermore, the radial equation can be written on the Riemann sphere by introducing
a Mobius transformation

T —T0

z =

2.29
—— (2.29)

which fixes three singularities at z = {0, 1,00}, and the two remaining singular points are
situated at

r —To r——T7To

zZ1 = 5 zZ9 = 5 (230)
r+ —To r+ —T0
followed by a s-homotopic transformation
R(z) = 2% (z = 21)1 (2 = 22)7- (= = )+ f(2), (2.31)

3In section 3.2, we will use a Mobius transformation that is more convenient for the computation of the
separation constant.



which brings equation (2.15b) into the following form

d? 1—6y 1—-6, 1—-6_ 1-6,\d
f+< 1 + +)f

— — — —
dz z z2—2 Z— 29 z dz (2.32)
+[ K1KR2 _ 21(21 — 1)K1 _ 22(2’2 — 1)K2 ]f(z) —0
2(z—1) 2(z—21)(z—1) 2(z—22)(z—1) ’
where
1 1
5125(4—00—61—9_—94_), H2:§(2—00—91—9_—9+), (2.33&)
A 1 /1 1 1 /1 1
K== = (3 — 5ot 91)) T (3 —ol 6+>)
1 1 1
- S _ 2.
21_22(3 S +0 )), (2.33D)
A 1 /1 1 1 /1 1
Ky=—_ - —|[-—= ) = — — —(0_
27wl —1) 2z (3 5 G0+ )> 22—1(3 5 @ +9+)>
1 1 1
- S _ 2.
S (5-30+00), (2.330)
and the separation constant is
- 12
\ = A (2.34)

(1= 42L%) (ry, — ro)(r— —11)’

where {z1, z9, K1, K2} are the conformal moduli and the accessory parameters of a Heun-
like equation, respectively. Notice that the asymptotic behavior of the solutions around
z = oo is given by

fD(z) =z (1 +0 (z_l)) , FO(z) = 272 (1 +0 (z_l» , (2.35)
where
O = K1 — K2 (2.36)

and the regularity at z = oo implies the Fuchs condition
K1+ Ko +6g+601+0_+6,=3. (2.37)

2.1.3 Boundary conditions

The QNMs are solutions of the eigenvalue problem relative to (2.15b) obeying specific
boundary conditions. Namely, the scattering region is defined between r; < r < oo, and
we impose purely ingoing wave at the outer horizon and regularity at the spatial infinity,
which implies the following asymptotic behavior

(7’ - 7’+)_0+/2, =Ty,
R(r) ~ (2.38)

Ar—2 4+ Br 1, r — .



where A and B are constants. In addition, for the angular equation (2.15a), we are interested
in solutions that satisfy

wP-1/2, w—0(0—=m),
S(w) ~ (2.39)
(w—wl)pl/Q, w—wy (0 —0),

i.e., they do not blow up in the domain 6 € [0, 7]. Equations (2.23) and (2.32), along
with the boundary conditions (2.38) and (2.39), establish the eigenvalue problem for the
radial and angular system (see [46-48] for further discussions). In the following section, we
will solve the angular eigenvalue problem by determining the separation constant A; then, we
will substitute it into the radial ODE (2.32) to calculate the QNMs frequencies.

3 The isomonodromic tau function of the accelerating KNAdS, black hole

The boundary value problem can be recast in terms of an initial value problem of an isomon-
odromic tau function. Namely, it turns out that the initial conditions for the Painlevé VI tau
function (see [36] for the series representation of this transcendental function) solve the eigen-
value problem associated with the Heun equation as shown in [22]. Furthermore, the stability
of several black holes under linear perturbations has been studied by solving numerically
the set of transcendental equations, and asymptotic expansions for the QNMs frequencies
have been obtained in the slowly rotating and the small black hole limit [23, 24, 28]. Other
Painlevé tau functions have been introduced to study the confluent Heun equations that result
after separating the equations of motion in the presence of asymptotically flat black hole
solutions [26, 27, 49]. Nonetheless, the presence of a fifth regular singular point has been only
recently addressed in the context of conformal mapping of polycircular arc domains [20]. By us-
ing the definition of the isomonodromic tau function in terms of the Fredholm determinant [21],
the authors implemented the tau function associated with Fuchsian systems of five regular sin-
gular points. To our knowledge, the same type of ODEs appears in the scattering off massive
scalar and fermionic fields by Kerr-Newman-(A)dS black holes in four dimensions [50, 51].

In the following section, we will address the angular eigenvalue problem in the slowly
rotating and accelerating black hole limit. Since the angular ODE (2.23) possesses four
regular singular points, one can reformulate the boundary value problem using a 2 x 2
first-order linear system. Then, by demanding isomonodromy, the Schlesinger equations
reduce to the Painlevé VI equation for an apparent singularity A —see (3.7). In fact, the
latter equation admits a Hamiltonian structure. Given initial conditions for the dynamical
system (3.14), one recovers the angular Heun equation and establish a map between its
parameters {wj, @1} and the Painlevé VI tau function related to the monodromy data of
Fuchsian systems with four singularities.

3.1 The separation constant

We consider a 2 x 2 first-order linear system with four regular singular points on the
Riemann sphere:
de

— = A(2)® 1
. (O] S} (3.1)



where ®(z) is the fundamental matrix of solutions defined in the complex plane
z) wi(z
B(z) = y1(2) wi(z) : (3.2)
y2(2) wa(2)

and A(z) is given by a partial fraction expansion of the form

dd A A A
_{o_i_ i A

= = } B(2), (3.32)

z z—t z-—1
with
A = — (Ao + A + Al) , (3.3b)

where A; (1 = 0,t,1) are 2 x 2 residue matrices that do not depend on z and, as a consequence
of the isomonodromy condition, satisfy the Schlesinger equations
dAg [Ao, Ad] dA; [A1, A dA;  [Ao, Ad | [Ar, Ad

_ - _ = 4
dt t dt t—1"~ dt t + t—1" (3.4)

where the last equation is equivalent to Ay, = const. Using the freedom of global conjugation,

¥ 0
e (5) o

and it turns out that the entry Aja(z) of A(z) has only one zero in the complex plane

one may assume

and is given by

k(z— M)

Al = T Ty

(3.6)
with k € C. Surprisingly, the position of the zero of Aj2(z) with respect to the position of
the pole at z =t can be seen as a function A(t) which satisfies the Painlevé VI equation,

//_1(1 o 1> ,2_(1 L 1>/
A 2 )\+)\—1+)\—t () t+t—1+)\—t At

AN =1 (A —1) 93t 9t —1) (92— Dt —1)
22(t —1)2 l( o 1) - TUZ (1A 12 (A1) ] 37

where g ;1 are the eigenvalues of the residue matrices A;. Moreover, the Fuchsian sys-
tem (3.3a) has an associated second-order ODE for y; of the form

w (1=00 1-9; 1-9; 1 ), P((190+19t+191+1)2—(1900—1)2)
y—l—( PR s 2(z—1) (38)
tt—1)K A(A—1
__H=DE L MA-De ]

2(z=1)(z—t) z(z—=1)(z—A)

where the subscript 1 in y; has been omitted. One can further show that the indicial
exponents at z = A are integers (0, 2), so the point corresponds to an apparent singularity

,10,



Eq. (3.12) to 6o 6, 6 0. Ko
Eq. (2.23) w1 p-1 p1 Puy Puy @1

Table 1. Map from the Heun equation to the angular equation parameters.

of the deformed Heun equation, and p is the canonical variable conjugated to A, with the
Hamiltonian of the dynamical system is given by
AA=1)(A—1)
tt—1)
y {MQ_ (19[)+19t—1 L0 )u 1 (W0 + 04 + 91 +1)% = (Yoo — 1)?)
A A—t  A-1 AA—1) ’

K\ t) = (3.9)

which corresponds to the Hamiltonian of the Painlevé VI equation. If we assume that
(A(t), u(t)) are PVI solutions, we can impose the following initial conditions for the isomon-
odromic flow

t = to, )‘(tO) = to, M(t()) = ’ (310)
1—46,
with the identification
00:90, ’1915:915—1, oAl :91, Yoo :900—1—1, (3.11)
such that the deformed Heun equation (3.8) reduces to a Heun equation
sy (1—6p 1—-6, 1-— 91) , F (6o + 0+ 601)% —0%)  to(to — 1)Ko
- = 12
y+( z +z—t0+z—1 + 2(z—1) z(z—l)(z—tg)y 0 (3:.12)

which coincides with (2.23), and gives the relation between the Heun equation and the
angular equation parameters By means of an isomonodromic tau function in the Jimbo,
Miwa and Ueno sense, defined as

d 1 1

where 9 = {9, 94,91, Y} are the local monodromy exponents, and p = {¥;0,n} are the
monodromy data associated with the 2 x 2 Fuchsian system with four singularities, one can
rewrite the initial conditions (3.10) in terms of the PVI tau function as follows

—1 —1)p_

= +
t=w1 2(11)1 - 1) 211)1

VI <p+;w1) =0, (3.14Db)

d
T log Tv1 (p; t)

where the monodromy arguments are given as follows:

p=1{%0,n} ={p-1,01 — 1, puy, pu, + 150 — 1;n}, (3.15)

Furthermore, the monodromy parameters in (3.14b) are related by shifts on the mon-
odromies (3.15)

pt ={0%0" 0"} = {p-1.p1, Puo: Pur; o3 1} (3.16)

— 11 —



In the case of slowly accelerating and rotating black holes, we can use the series expansion
of the tau function around zero [36, 37]. Therefore, the second condition (3.14b) can be
inverted for ¢t = w; sufficiently close to zero, and its expansion can be computed recursively.
Then, the logarithmic derivative of the PVI tau function in (3.14a) gives an analytic expansion
of the accessory parameter in terms of the monodromy data and the conformal modulus

((e=1)%+pi—p21—1) ((0—1)*+p%, —pa, —1)
w1
20(0—2)

4w Q1 =(0—1)*=(p- 1+, —1)+ | 2(puo—1) ()1 —1)+

13 1 2 2 2 2
+|359(0=2)+2(pue— 1) (p1—1)~ 55 (5+14(p21 402, ) —18(pi+p0, ) )+ Gl P P

(02 1-02) (020 =021 ) +8) " =2(p21402) (b2 =02 ) —2(p* 1 —p3) " (02 +02, ) —64
320(0—2)

. ((p-1=1)*=p1) ((p—1+1)%=0%) ((Puo—1)* =3, ) ((Puo +1)°—p3, )
32(0+1)(0—3)

(021-02)" (b2 —02,)° (1 1 )

wi+O(w}). (3.17)

Hence, we substitute (2.24b) into (3.17) to obtain an asymptotic expansion for the
separation constant. Nonetheless, we still need to impose the angular quantization condition
on o, which can be read from the boundary conditions (2.39). By demanding that the
separation constant in the case of non-accelerating Schwarzschild-AdSy, i.e., for a — 0,
e — 0,and A — 0, is

1
)\g:€(€+1)+§, (3.18)
we can obtain the following conditions
o=2(l+1), o= -2, > |m|, (3.19)

where £ is the angular momentum quantum number. Choosing the first angular quantization
condition and taking the slowly accelerating and rotating limit, the separation constant of
the accelerating Kerr-Newman-AdS, black hole yields*
4 L2 2 2L2
Aw gm:€(£+1)—|—1—2m w+— |a+2m (wr++eq)(r++2 rite’l’)
” 3 i L2r3
+6L2 (L(l+1)+(m+1)(m—1)) (wry+eq)? —ri (6m? (302 +30—2) +60*+1203+50% —(—3) 2
3L2r2 (20—1)(20+3)

(1—L(6+1)(302+30—1)—m2 (1502 +150—11)) 22 pd 2¢2 et

i s s E

+[ 2(20—1)(20+3) s\ttt

(0(041) (302 +30—2)+3m> (9> +90—T7))

3(20—1)(20+3)

eq

a

62]A2+(9(a3,a2A,aA2,A3) (3.20)

Interestingly, the angular eigenvalues for different black solutions can be recovered by
setting the rotation parameter, the charge or the acceleration to zero. It reduces to the
separation constant of an accelerating Reissner-Nordstrém-AdS, black hole for a — 0,

1 [(1—(4+1)(302430—1)—m?(1502+150—11)) 2r3 ri 22 et
Nem=L(L+1)+= 1424
em =D T3+ 2(20—1)(20+3) S I P

(O 1) (30 +30-2) +3m (92 +9¢—T)) 62]A2+0(A3), (3.21)

3(20—1)(20+3)

“Notice that by replacing A = LA, @ = a/L, € = e¢/L, and 7 = r; /L, the AdS radius can be removed
from the expression (3.20).
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Eq. (B.18) Z1 Z9 90 91 (92 93 900 Kl Kg
Eq. (2.32) 21 zZ9 90 91 0_ 9+ 1 Kl K2

Table 2. Map from the Heun-like equation to the radial equation parameters.

which reproduces the numerical results presented in [8]. Moreover, it also gives the angular
eigenvalues of the accelerating Schwarzschild-AdS4 when additionally e — 0. The initial
conditions (3.14) are valid for generic w1, and the accuracy of the computation of the angular
eigenvalues depends on the implementation of the PVI tau function. However, due to the
combinatorial nature of the Nekrasov functions, the coefficients in the series expansion of
the PVI tau function are cumbersome. Therefore, we have only written the separation
constant up to the second order in A.

3.2 Quasinormal modes

Once the separation constant has been computed, the eigenvalue problem for the radial system
can be fully solved and we can regard the QNM frequencies as solutions to (2.32) that obey the
boundary conditions (2.38). Since we are interested in applying the method of isomonodromic
deformations, we will consider a 2 x 2 first-order linear system with five regular singular
points, as described in appendix B. It turns out that the isomonodromy approach requires the
addition of two apparent singularities (B.5) —while the in the case of Fuchsian sytems with four
singularities, we only need to introduce one (3.6)— to match the presence of two isomonodromic
deformation parameters {t1,¢2}. Nevertheless, the isomonodromic deformation equations can
be written as a Hamiltonian system (B.14) which is completely integrable.

One can see that the by imposing the following changes on the local monodromy exponents
and initial conditions for the Hamiltonian system (B.14), the deformed Heun equation (B.12)
recovers the Heun-like equation (B.18). Namely, we have

190:007 191:01_17 ﬁ2:92_17 ,193:937 0002000+17

K

1t =z1,ta = 22) = 21, it = 21,12 = 22) T (3.22)
Ky

Xo(ty = z1,ta = 20) = 20, pa(ty = z1,t2 = 22) = 1— 6y

which coincides with (2.32) under the radial dictionary These conditions can be expressed
in terms of the isomonodromic tau function yielding

N bo(61 — 1) n (0 —1)(6-—1) (61 —1)0,

— 1 ; =K 3.23
at1 08 TIMU (,07 21 22) ! 221 2(21 — 2’2) 2(2’1 — 1) ’ ( a>
0 Bo(6- —1) (0 —1)(6r—1) (0 —1)0,
—1 ; =K 3.23b
8752 08 TIMU (,07 “b 22) 2 + 222 + 2(2’2 — 21) 2(2’2 — 1) ’ ( )
TIMU (Pf; 21, 22) =0, (3.23¢)
TIMU (PEF; 21, ZQ) =0, (3.23d)

supplemented by the monodromy data p = {¢; o%;nx}, (k = 1,2) as defined in (B.22), with
the local monodromy exponents, the conformal moduli, and the accessory parameters replaced
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according to table 2. The local monodromy exponents obey ;7 — 0, ¢ Z, such that the
monodromy matrices can be written as

0 o-2it, Ju- (3.24)

Interestingly, at the point z = oo, the Frobenius exponents differ by an integer 6., = 1,
which can introduce logarithmic singularities in the solutions. However, one can circumvent
this issue if the diagonal parts corresponding to the degenerate eigenvalues are replaced
by the appropriate Jordan blocks, generating a simplification in the Fredholm determinant
representation (see [21] for a discussion on the 4-point tau function). The latter consideration
will affect the trinion 71! in the pants decomposition (C.12), since it contains the local
monodromy at infinity. For instance, one may set the monodromy matrices at z = 1 and
z = oo to have a diagonal and an upper triangular form

el 11
Ji = 0 -2ty |’ Joo = 01/’ (3.25)

such that a general solution can be written as (R(reg) R(i“)) = R(™)g, where M, =
9ot Joogoo- Then, we use the basis Tr (M3 My,) = —2cos (2703), and express Moo = 1950
as the connection matrix between the solution around the outer horizon and the spatial
infinity. In other words, o9 encloses the singularities z = 1(r = r4) and z = oo(r = o0), so
that it can be determined using the radial boundary conditions (2.38) as shown in [24, 28].
Then, the regularity condition gives the composite monodromy around these points

o9 =04 + 2n, n € Z. (3.26)

Thus, using an asymptotic expansion for the isomonodromic tau function (C.1) into the set
of transcendental equations (3.23) gives a procedure to compute the QNMs. For n = 5, the
tau function (C.13) will only depend on {w,o1,m1,72}, as the local monodromies (2.28) are
functions of the frequency. In order to find the eigenfrequencies and the separation constant,
we will numerically solve the radial and angular systems of equations (3.23) and (3.14) respec-
tively. It is worth mentioning that for black holes that exist inside the parameter space of the
slowly accelerating limit such as the black hole configuration represented by the yellow point in
figure 2, the radial conformal moduli z1, z3 are complex numbers as shown in table 3. However,
we can still implement the series expansion of the operators alkl, b¥l cl¥ and d*! in the asymp-
totic expansion of the isomonodromic tau function (C.13); namely, the tau function (C.13) is
truncated up to order @ = 56. On the other hand, in the angular system, the chosen black hole
parameters will produce a w; close to one. Therefore, we need to perform the series expansion
of the PVI tau function around ¢ = 1, where the relevant composite monodromy (o4 = )
encloses the points w = wy and w = 1, in contrast with the expansion around ¢ = 0 where the
appropriate composite monodromy (oo = o) encircles the points w = 0 and w = wy. In fig-
ure 3, we solve the radial and angular ODEs using the direct integration method to verify the
solutions for the QNMs frequencies and the separation constant obtained via the isomodromic
tau function. The idea is to construct two Frobenius solutions near the horizon and spatial
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ro 21 29 21/ %2 wy
0.65 0.03071661 +0.24594667 0.8341494+0.020713317 0.04411822+0.2937516¢ 0.9940647

Table 3. Conformal moduli for the following black hole parameters: a = e = 1074, A = 0.918, and
L=1.

0.8 \
0.50

0.6 0.49 L
0.91 0.92 0.93

M

0.4

0.2

0.0

0.0 0.2 0.4 - 0.6 0.8 1.0
A

Figure 2. The A — M parameter space of slowly accelerating Kerr-Newman-AdS, black holes for
a=e¢=10"%and L = 1. The inset plot at the left corner zooms in on the intersection point between
the black and blue lines, the region of slowly accelerating black holes where we have explored the
computation of QNMs.

infinity, which satisfy continuity conditions at the matching point. As a result, correct eigen-
values {w, ¢.m, Ae,m } Will produce a set of solutions { f;, ¢.m (%), ye,m(w)}, which have the correct
asymptotic behavior and are continuous everywhere, as well as their first derivatives [52].
Despite the large value of Re(z2), the radial and angular solutions are continuous and smooth
at the matching point, serving as validation of the isomonodromic deformation method.

In table 4, we present the numerical solutions of the initial conditions of the radial
tau function (3.23) for different angular momentum quantum numbers and radius of the
horizon of the black hole, keeping fixed the rotation, charge and acceleration parameters.
It can be observed that for neutral scalar fields with ¢ = {0,1,2} and m = 0, the n = 0
modes are unstable in the sense that Imwg s > 0, for 0.65 < r; < 0.653 and A = 0.918.
Interestingly, the instability of the modes with £ = m = 0 is not of superradiant nature
since the superradiance condition, which involves the frequency, the angular momentum,
and the charge of the scalar field, as well as the angular velocity of the event horizon and
the electrostatic potential between the black hole and the spatial infinity, is satisfied [53—
55]. Therefore, a plausible explanation is that the black hole’s acceleration can generate it.
However, a better understanding of these modes is required to elucidate the origin of the
instability. On the other hand, the set of initial conditions (3.14) provides the solution to
Aem and o as shown in table 5. The complete numerical solution of the boundary value
problem can be read off from table 4 and table 5.
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0.8
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Figure 3. Numerical solutions using the Direct Integration method for the radial |f(z)| (left panel)
and the angular ODE |y(w)| (right panel) with parameters defined in table 3 and different /.

(6,m) 74 21 22 wo,e,m o1 71 72

(0,0) 0.65 0.03071661 + 0.2459466¢ 0.8341494 + 0.02071331¢ —0.006351229 + 0.009373394¢ 0.8726076 — 0.6982149: 0.5730091 — 0.1134686¢ 0.988138 + 0.005435597
0.651 0.02443598 + 0.21971547 0.8338561 + 0.018477957 —0.006121681 + 0.010048767 0.9047372 — 0.69958987 0.6234461 — 0.22252147 0.9883053 + 0.0066797014
0.652 0.01813624 + 0.1895878: 0.8335631 + 0.01592158: —0.005729512 + 0.01097167:  0.9354836 — 0.70376¢ 0.6356759 — 0.36936027 0.98863 + 0.008168491:
0.653 0.01181725 + 0.15328037 0.8332706 + 0.012854117 —0.005036509 + 0.01244441¢ 0.9637807 — 0.72112144 0.5224173 — 0.5601483¢ 0.9892118 + 0.01005387%

(1,0) 0.65 0.03071661 + 0.24594664 0.8341494 + 0.02071331¢ —0.001243424 + 0.0041981337 0.7729309 — 0.4701989: 0.224334 + 0.522833¢ 0.9940569 + 0.003826012i
0.651 0.02443598 + 0.21971544 0.8338561 + 0.01847795¢ —0.001231874 + 0.004006211¢ 0.8102078 — 0.43957444 0.2532531 + 0.6579928i 0.9941022 + 0.0041800084
0.652 0.01813624 + 0.1895878: 0.8335631 + 0.01592158; —0.001228505 + 0.003793199: 0.8506864 — 0.3993997: 0.260636 + 0.86757187 0.9940839 + 0.0046731164
0.653 0.01181725 + 0.15328037 0.8332706 + 0.012854117 —0.00128741 + 0.0037184537 0.8928007 — 0.3494106¢ 0.2100622 + 1.1777017 0.9937097 + 0.0056371744

(2,0) 0.65 0.03071661 + 0.2459466i 0.8341494 + 0.02071331i —0.0008263643 + 0.002847768i 0.7865888 — 0.4520936: 0.2121842 + 0.60077567 0.995887 + 0.002784429
0.651 0.02443598 + 0.21971544 0.8338561 + 0.01847795¢ —0.0008180703 + 0.0026784997 0.8227354 — 0.4202813¢ 0.226272 + 0.755103¢ 0.9959489 + 0.002993748:
0.652 0.01813624 + 0.1895878: 0.8335631 + 0.01592158: —0.0008087563 + 0.0024706817 0.8623027 — 0.3780972i 0.2014858 + 0.9940133: 0.9959926 + 0.0032728074
0.653 0.01181725 + 0.15328037 0.8332706 + 0.012854117 —0.0008063592 + 0.0022489427 0.9050444 — 0.3201995¢ 0.0504816 + 1.3695247 0.9959082 + 0.0037739174

Table 4. Quasi-normal modes for neutral scalar fields with n = 0, m = 0 for different values of r
and angular momentum quantum numbers ¢ = {0, 1,2}, while keeping fixed a = e = 1074, A = 0.918,
and L = 1.

A thorough numerical analysis of the QNMs and the presence of superradiance is deserved,
but is beyond the scope of this work, since we have merely attempted to describe the solution
of the radial eigenvalue problem in terms of the isomonodromic tau function of Fuchsian
systems with five regular singular points.

4 Conclusions

The conformally coupled Klein-Gordon equation for a massless scalar field in (2.11) separates
into two second-order ODEs for the radial and angular functions (2.15). The resulting angular
ODE can be transformed into a Heun equation (2.23) as the singular point at w = we
can be removed from it by choosing S in the s-homotopic transformation [45]. Therefore,
the angular eigenvalue problem can be recast in terms of a set of initial conditions for the
Painlevé VI tau function (3.14). By expanding the accessory parameter equation (3.17), we
have derived an asymptotic expansion for the separation constant in the slowly accelerating
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(6,m) 7y wy a Ao

(0,0) 0.65 0.9940647 1 — 0.6095955i 0.01896789
0.651 0.9957813 1 —0.5889038:  0.006695023
0.652 0.9974996 1 — 0.5599641¢; —0.009849679
0.653 0.9992196 1 — 0.5052231¢ —0.0389958

(1,0) 0.65 0.9940647 1 —1.301246:¢ 0.6739338
0.651 0.9957813 1 —1.25159¢ 0.6126858
0.652 0.9974996 1 — 1.182966: 0.5310437
0.653 0.9992196 1 — 1.055796: 0.3902286

(2,0) 0.65 0.9940647 1 —2.054172¢ 1.925941

0.651 0.9957813 1—1.97173: 1.765992
0.652 0.9983594 1 — 1.858023: 1.553623
0.653 0.9992196 1 — 1.64821: 1.190238

Table 5. Angular eigenvalues \ of the accelerating KNAdS, black holes associated with the eigenfre-
quencies in table 4.

and rotating limit (3.20). This expression reproduces the results in the literature for the
separation constant in the case of slowly accelerating Reissner-Nordstrom-AdS black holes [8].
The radial ODE (2.15b) can be more intricate because we need to solve the second-order
ODE with five regular singular points. In order to find the QNMs, we introduce the isomon-
odromic deformation of the 2 x 2 Fuchsian system with five singularities, which leads to a
deformed Heun-like equation that possesses two extra apparent singularities (B.12). Then, by
coalescing those apparent singularities with the two unfixed points, one can determine the ini-
tial conditions of the Hamiltonian system (B.19), such that the deformed equation recovers the
radial Heun-like equation (2.32) under the appropriate radial dictionary —see table 2. In turn,
the initial conditions are written directly in terms of the isomonodromic tau function (3.23),
which provides the solution of the radial eigenvalue problem given the monodromy data.
In terms of the numerical results, we are interested in exploring the slowly accelerating
KN-AdS, black hole limit. For the radial system (3.23), we implement the asymptotic
expansion of the Fredholm determinant of the isomonodromic tau function for ¢; < t9 < 1.
Nevertheless, for angular one, the conformal modulus w; is close to one, which makes it
impossible to use the accessory parameter expansion derived in (3.17). Therefore, we need to
solve (3.14) using the series expansion of the PVI tau function around ¢ = 1. As a result, the
boundary value problem is recast in a set of six transcendental equations for {w, o1, m1,m2, A, 7 }.
Bearing this in mind, we have chosen black hole configurations close to one of the corners in
the parameter space —as described by the yellow point in figure 2— where Re(z1), Re(z2), and
the ratio Re (z1/22) are numerically tractable for the computation of the tau function.
Interestingly, we have found that the (n = 0) quasi-normal modes of neutral scalar
fields for different angular momentum quantum numbers ¢ and horizon radius 4, with
m = 0 and the black hole parameters (a,e, A, L) kept fixed, have positive imaginary part
Imwg o > 0. This suggests that the black holes with A =0.918, a = ¢ = 0.0001, L = 1, and
0.65 < ry < 0.653 are unstable (see table 4). In addition, these frequencies are consistent
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with the photon sphere modes found in [12]. It is worth mentioning that although at the
spatial infinity the roots of the indicial equation differ by an integer, in contrast with the
non-resonant spectra of the eigenvalue matrix J, in (3.24), the isomonodromic approach
remains valid. The trinion containing such singular point is reducible, while the other two
remain generic with solutions given by the three-point Fuchsian system (C.7). The latter
configuration will simplify the Fredholm determinant representation of the tau function.
Despite the narrow space of black hole parameters that we have investigated in this
work, the set of initial conditions solve the eigenvalue problem for ODEs with five regular
singular points in general. The Heun-like equation (B.18) appears in other problems, such as
massive scalar and fermionic perturbations in Kerr-(A)dSy4 black holes [50, 51], and therefore,
deserves further investigation. In addition, one can investigate physical quantities such as
greybody factors and Love numbers in accelerating black holes by means of the connection
coefficients of the Heun equations [30, 56]. Finally, it would be interesting to consider the
extremal limit for this configuration, as the resulting ODE will have three regular and one
irregular singular point. To our knowledge, this has not been explored in the literature yet.
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A An alternative radial dictionary

As we have discussed in section 2.1.1, in the conformally coupled case, the point w = wy is an
apparent singularity that can be removed from the equation (2.16). Likewise, the point r = oo
can be extracted from the radial equation by setting the characteristic exponent 8L. To
illustrate the fate of the singularity at r = oo, let us consider the following change of variables

T+ —ToTr —T1

z= , (A1)
T+ —T17r—7T0
with the conformal moduli given by
Zl:r_—r17'+—r0, zoo:T+_r0. (A.2)
r——Trory —T1 ry —T1
Furthermore, by introducing the following transformation
R(z) = 2% (2 = 21)7= (2 = 200) 2 (2 = )P4 £ (2), (A.3)
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the radial ODE (2.15b) transforms into the canonical form of a Heun-like equation

d*f  (1—6 1-0_ A-2 1-0,\df
dz2+< s a7z z—l)dz (A-4)
q z1(z1 — 1)K, Zoo(2o0 — DKo (A —4)(A-2) B
+ [z(z— 1) B 2(z—2z1)(z—1) B 2(2 — 200) (2 — 1) +4 (2 — 200)2 }f(z) =0,
where
q:%[(91+H—+9+—A)2—93—(A—4)(A—2)7
L2\ 1/1 1
R (T L) | oy e P oy e 3‘2@1*9—)) N
Lol o1, 1 (A—2)(1—0.) (A.5)
_Zl—l<3_2(_+ +))_Zl_zoo 2 )
(A=2)[6,—-1  6-—-1 6,—1
Roo = 2 |:Zoo +Zoo_Z1+ZOO—1:|‘

Then, one can see that by fixing A = 2 (or S5, = 1), the singularity at z = zs can be

o0

removed from (A.4), yielding

d2f+<1—91+1—0+1—9+>df [ Fo1fio 21(z1 — 1)K,

[rer=0. o

dz2 z z—21 z—1)dz 2(z—1) z2(z—21)(z—1)
with
~ 1 . 1
R1:§(91+9_+0+—2+90), I€2=§(91+0_+9+—2—90), (A.7a)
- L) 1/1 1
Ki=————F+—"—"——F"—""¥"—7¥7/¥#—"77""———|-—= 01+ 6_
YT = A0 (ry — 1) (- — o) 21 (21 — 1) z1(3 5 it ))
1 1 1

B The isomonodromic deformation approach

Let us study the 2 x 2 linear ODE system with five singularities

dd {Ao A Ay As
— = =4
dz

P, (B.1)
z z—1t z—ty z-—1

where ®(z) is the 2 x 2 fundamental matrix of solutions as (3.2), and the residue matrices
A;, (1 =10,1,2,3) do not depend on z. Furthermore, since the point at infinity is a regular
singular point, we find that

Ay = *(A0+A1 + Ao +A3), (B.Q)

and, as a consequence of the isomonodromy condition, the matrix coefficients A; satisfy
the Schlesinger system:

0A;  [Ar, Aj
oty tp—t;

for k4, and %_—Z (45, A

7516 k_tl

(B.3)
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which implies that A, = const, and using the freedom of global conjugation, one may assume

A = (’Zl 0) . (B.4)
K2

Then the entry [A(z)],, of the matrix A(z) is given by

k‘(Z — )\1)(2’ — )\2)

[A(2)]} = 2(z—t)(z —ta)(z — 1)’

with some constant k € C and {\1, A2} are a set of zeros in the complex plane.

The Fuchsian system (B.1) has an associated second-order ordinary differential equation
for the first row of the fundamental matrix

() — T [A/(Z)]m " et A—T[A (2 p [A,(Z)]H ()=
yj( ) (T A+ [A(Z)]m >y]( )+<d tA [A( )}114_["4( )]11 [A(Z)]m)y]( ) 07

(j=1,2), (B.6)

where the prime denotes a derivative with respect to z, and we will omit the subscript j in
yj. By introducing (B.16), (B.2) and (B.5), the equation reduces to

y"(2) +p(2)y" +a(2)y(2) =0, (B.7)
with
1—TI‘A0 1—TI‘A1 1—TI‘A2 1—TI‘A3 1 1
_ _ _ B.8
p(z) z + z—t * z—ty R z2—AN  z—A (B-8)
and
(Z) N det Ao det Al det A2 det A3 K _ tl(tl — I)Kl _ tg (tg — 1)’C2
0= (z—t1)?  (2—=t2)? (=12 2z(z—1) z2(z—t1)(z—=1) z(z—t2)(2—1)
A A(A—1 Aa(Ao—1
N [Asliy n 1(A1 =1 2(A2 — 1)z (B.9)

2(z—1)  z(z=M)(z—1)  z2(z—X2)(2—1)’
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where

k=det Aoy —det Ag—det A; —det Ay —det Az, (B.10a)

_ Aoy | [Ad]yy | [A2]yy | [As]y
S VI W VSN W (B.10b)

_[Aolyy |, [Aa]yy | Aoy | [Ashy
R VL W Wi s W (B.10¢)

KlilTr(AOA1)+ TY(A1A2)+ TI'(AlAg)*lTI'A()TI'Alf TI‘AlTI‘AQ (B].Od)
tq t1—1o t1—1 tq t1—1to
[Ao]y +[A]y | [Ad]y +HAo]yy | [Addy +HAs]y [Ady [Ady
— TrA;TrA — —
1 Avrdst t S | PO VR W
1 1 1 1 1
ICQZfTI‘(AoAQ)—i- TY(AQAl)—l- TY(AQAg)—fT‘I‘AQT‘I‘AQ—iT\I‘AQT‘TAl (BlOe)
to to—1 to—1 to to—11
1 [A0]11+[A2]11 [A1]11+[A2]11 [A2]11+[A3]11 [A2]11 [A2]11
trlTMﬂM?’Jr t R S ta—A1 ta—Ao

In addition, we choose the following properties for the residue matrices
Tr A; = ¢, det A; =0, (1=0,1,2,3), (B.11)
which bring (B.7) into the form

1—9% 1—9%1 1—199 1-—193 1 1 }
! _ _ /
y(z)+[ z +z—t1+z—t2+z—1 zZ— A\ z—)\gy(z)

<I€1(1 + Iiz) tl(tl — 1)IC1 tz(tQ — 1)’C2

z(z—1) B z2(z—1t1)(z—1) N 2(z — t2)(z — 1) (B.12)

A\ — D)y Xo(Ag — 1)ps -
2(z—=A)(z—1) Z(Z_)\Q)(Z—l)) (z) =0.

One can show that the singular points at z = \; are apparent singularities, as the characteristic

exponents are integers, and therefore the monodromies around these points are trivial. The
latter impose an algebraic relation between K;, pj, A\; and t;,

Kl:_)\1()\1—tl)()\l—tQ)()\l—l)()\z—tl)|: 2 (19()+ ’191—1 192 I 193 )Ml
t1(ty — t2)(t1 — 1)(A — Xo) AN M=t A=ty A1
Iﬁ?l(l + HQ)()\l — /\2)] B )\2()\2 — t1)<)\2 — tg)(/\g — 1)()\1 — tl) |: 9
MM —t2) (A — 1) t1(t — t2)(t — 1)(A2 — A1) 2
190 ’191 -1 7,92 193 ) :|
— (= B.1
<)\2+)\2—t1+)\2—t2+>\2—1 M2/ (B.13a)
Aa(Xa — 1) (Mo — t2) (Ao — 1) (A1 — t2) { ) (190 % 9y —1 V3 )
Ko = — -+ + +
2 ta(ts — t1)(t2 — 1) (M2 — \1) ACH G VAL VSIS B VT W N

k1(1+ Kk2) (A2 — )\1)] A (A —t) (A =) (A — 1A — to) [ 2
Moo —t1) (e — 1) to(ts — t1)(t2 — 1) (M — Mo H1

o oAl ¥y —1 U3 ) }
— [ — . B.13b
<)\1+)\1—t1+>\1—t2+/\1—1 = (B.13b)

Okamoto showed that the isomonodromic deformation equations (B.3) of the Fuchsian
system (B.1) can be obtained from the Hamiltonian system [57]:

3)% _ 8[Cj % _ _3/Cj

Wj = ma atj 87)\13’ (],k = 152)7 (B-14)
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where (\j, j1;), are canonical variables, IC; is the Hamiltonian. Such dynamical system (B.14)
is known as the two-dimensional Garnier system, denoted by Ga(9), ¥ = {9, V1,792,793, 0},
and is completely integrable. Furthermore, we can introduce an isomonodromic tau function
a la Jimbo-Miwa-Ueno (JMU), defined by

9 > 1
67 log TIMU = Z Tr AkAg, (k} = 1, 2) 5 (B.15)
k =004k kT

which is a closed 1-form provided that the Schlesinger equations (B.3) are satisfied. The
definition (B.15) assumes that residue matrices are traceless A; € sl(2,C), which is in
contrast with our choice (B.11). In principle those residue matrices will correspond to a
different Fuchsian system (B.1), but one can check that the by performing the following
transformation A, = A; — %191'11, the solutions of Fuchsian systems of traceless and nonzero
trace residue matrices are related by multiplicative factors. Namely, the isomonodromic
tau functions are related by

0 0 1
— 4 =] [ §
Oty ve Ty Oty PETIMUT (=0,0+£k

vy,
te —to’

(k=1,2). (B.16)

Thus by replacing (B.16) into egs. (B.10d) and (B.10e), as well as equating to their corre-
sponding Hamiltoninian in (B.13), we obtain

ilo - Uov1 U102 13 [Aolyy + [Ady
Bt 8TIMU T ot T T o — ) | 20t — 1) ty
[A1]y + [A2]y,  [Aa]yy + [As]yy [A1]y, [A1]y,
_ _ B.1
t — o t—1 +t1—)\1+t1—)\2+K1’ (B.172)
Vo2 VOLUA V2193 [Aoly; + [A2]yy
- / — —
Bty 08 TIMU = o o ) T 2l — 1) ts
[A1]y; + [As]y;  [Ao]yy + [As]yy [As]q; [A2]
ty — 1, ty — 1 R Vi + K. (B17H)

Given the isomonodromic tau function for (B.17), we can establish the Riemann-Hilbert
map to relate the accessory parameters of the Fuchsian ODEs to the monodromy data.
One can show that by setting initial conditions to the Hamiltonian system, the deformed
equation (B.12) recovers a Heun-like equation with five singularities of the form

d2y 1—90 1—91 1—92 1—93 dy
dzz+< z +z—zl+z—zg z—l)dz
Ry R— B 2’1(21 — 1)K1 _ 22(2’2 — 1)K2 :| (Z) -0
2(z2—=1) 2(z—21)(z—1) 2(2—22)(2—1) Y ’

(B.18)

where each apparent singularity has merged with one regular singular point. Namely, we
require the following initial conditions

K
Mt =z1,te = 22) = 21, pi(lh = 21,82 = 22) = ﬁ’
! (B.19)
Ky
Aa(t1 = z1,t2 = 22) = 22, pa(ty = 21,ta = 22) = 1-6,
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while the local monodromies will change as follows
Yo=6y, V1 =01—-1, UV9=05—1, V3=03, Voo =0,+1. (BQO)

The conditions (B.19) yield a well-posed initial value problem for the Garnier system (B.14).
As it has been shown in [20], these conditions can be rewritten in terms of the isomonodromic
tau function. In turn, the initial conditions for (ur({zx}), Ax({zx})) will be related to the
logarithmic derivative and a zero of the tau function Ty with given monodromy data.

Namely, we have

9 Doi, Ox0y UxVs
——log T Az}) = Ki, + + + ’ k=12), (B2la
Bt g Tamu (p; {2k }) k 2 ;}; 20t — 1) 2(tr — 1) ( b )

TIMU (PZF; {Zk}) =0, (B.21b)

where the monodromy arguments p and pg are related by shifts:

p={% ok} = {00,601 — 1,00 —1,03,00 + 1501 — 1,00 — 1;m1,12}, (B.22a)
pf = {0 atnt} = {60,01,02 — 1,03, 000; 01, 09571, 12}, (B.22b)
ps = {00 mF Y = {00,001 — 1,02,03,000;01 — 1,00;m1,m2}, (B.22¢)

where the set of transcendental equations (B.21) supplemented with (B.22) will solve the
boundary value problem for the radial ODE (2.32).

C The tau function for Fuchsian systems with five regular singular points

The Jimbo-Miwa-Ueno isomonodromic tau function 7yvu(t) admits a block determinant

representation

v (t) = T(t) - det (1 — K) (C.1)

where the operator K is

0 a@b 0 0 o 0 0
d 0 0 0 0 0 0 0
0 0 0 aBlbBl o 0 0
0 c&dZ o 0o o0 ... 0 0
K=|0 00 0 0ad%... 0 0 |, (C.2)
0 0 0 cBIdBl o 0 0
000 0 0 0... 0 a2

0 0 ...d»3 o

n corresponds to the number of regular singular points on P!, and Y(¢) is an analytic
function of the positions of the remaining singular points that cannot be fixed by a Mobius
transformation t = {t1,...,t,_3}.
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The operators alfl, blFl ¥l dl¥l are Cauchy-Plemelj operators PEB : H — H of the form:

(Mg) @)=, 5l ), (BMg) )= f, SbGe, (),

(k—1] 277 clkl 2 (C.3)
() )= §, 50, (o) @)= f 350,
clk—1] 271 ’ ’ clkl 27 = ’

where the integral kernels of the three-point projection operators can be expanded in a Fourier
basis converging inside the trinion 71

a[k](z,z’) _ W@(Z)‘Z[{](j) io: ( ) zp—lz/q—l’ = C[k_l], (C.4a)
pg=1

b[k](z,z’) _ _‘Ilgf](zzqiyrj/(zl)l i ( ) P 1 ! q = C[k_l], <C4b>

P
(2,2 = ‘I'[ff}(zzll_’%,(z’)_ i (C[k]) Zpy e zech (C.4c)
D,q

d[k](zjz/) 1- @[kzj‘f}iﬂ}(z) 1 _ il (D[k])q S zeclH (C.4d)

P,q=

with the Fourier coefficients (C.4) given by semi-infinite matrices whose N x N blocks are

determined by
P

(A =k (S, [, (©.50)
r=1

e (o

G o] 'ff?p+q) 62 (Csb)

q—r
kP _ pdovon (NS T 1 GIH| e | hoeeis o
e (e, o) e
r=1

(D[H)Z 273437k (

where the matrix functions W* and U[* solve the Riemann-Hilbert Problem associated to

r=1

3-point Fuchsian systems with prescribed monodromy. For |t;| < |to] < -+ < 1, the tau
function can be expanded by truncating the kernels in the expansion of alfl bl cl¥l (]
up to order @ € Z-~g, such that the Fourier coefficients (C.5) satisfy p + ¢ < @, denoted
by NQ@Q x N@Q-dimensional blocks (see [21] for an explicit representation of the matrices).
The latter gives the asymptotic expansion of Tj\u(t) to arbitrary finite order Q. Now, let
us expand the parametrices

V(og—1,Vk, 0k 2/tk) = i [\Ij[k]}n (7;;)”
= (C.6)

) (2@)"

hE

U(—op, Og, op—15t/2) =

n=0

— 24 —



with [\I/W]O = [\f/[k]]o = 1. In particular, for N = 2, 3-point RHPs can be solved in terms
of Gauss hypergeometric functions

B(an, an, g 2) = (a1, az,a3;2)  x(a1, a2, 35 2) 7 (.7)
X(—a1, a2, 35 2) ¢(—a1, a2, 35 2)
where
1 1
oo, 9,352 )—2F1< (g —ap+a3), 2(0é1—042—a3),041;2>, (C.8)

a3 — (g —a1)2

X(ai,00,03;2) = Jon (01 £ 1)

1 1
2ok <1+2(041—042+0é3),1+2(041—042—063),2+041;Z>

and Gy and kj are given by

1+ 1+ 0 —
szi Op—1 + Uk + 0k Op—1 + Vg — 0% ©9)
204, Okp_1— VU — 0 Op_1 — Vg + ok
Fz(lfak)r( (ﬂk‘i‘ak 1+O'k)) < ﬁk—ak 1+0k>)
R = 6
r (1+0k)r( 50+ op 1—0'k)) ( Vg — g 1-%))
r ( + 3 (Oky1 + Opp1 + Uk:)) ( + $(Opt1 — Ohy1 + Gk)> 10
X . .
r ( %(79k+1 + Og41 — Uk)) ( %(ﬂkﬂ — Ok41 — ak))
Furthermore, for n = 5, the determinant reduces to
0 a2 pl2l o
d 0 0 o
K= ; (C.11)
0 0 0 a
0 cd2 o

satisfying the decomposition of the five-punctured Riemann sphere into three trinions:

T, oo = Yo, V1,01, M1, t1;
T 01,09, 09,10, to; (C.12)
7-[3} : 0—27193703 = 19007773 =113 =1,

and the isomonodromic tau function reads

1(o1—9§-01) (o3 —v3—0?

(gt te) = £ i ) (1= )7 30195 (1 _ 1)~ 3020 (C.13)

199
(1 - “) T det (1 - aldl!) det (1 — dal gl (1 — alZiglt) b[2]a[3]> ,
to

where ¢; < t2 < 1. The last expression will be introduced into the initial conditions (B.21),
using the monodromy data (B.22).
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