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Abstract
For every number field and every Cartan Killing type, there is an associated split
simple algebraic group. We examine whether the corresponding arithmetic subgroups
are profinitely solitary so that the commensurability class of the profinite completion
determines the commensurability class of the group among finitely generated residu-
ally finite groups. Assuming Grothendieck rigidity, we essentially solve the problem
by Galois cohomological means.

Mathematics Subject Classification 22E40 · 20E18 · 11E72

1 Introduction

A finitely generated residually finite group � is called (absolutely) profinitely solitary
if every other finitely generated residually finite group�with ̂� ≈ ̂� satisfies� ≈ �.
Here “≈” means being abstractly commensurable and̂� is the profinite completion of
�. The purpose of this article is to examine which arithmetic subgroups of split simple
algebraic groups (sometimes known as Chevalley groups) are profinitely solitary. To
this end, let k be a number field and denote the ring of finite adeles of k by A

f
k . We

say k is locally determined if every number field l with A f
l

∼= A
f
k satisfies l ∼= k.

Theorem 1 Let k be a locally determined number field and letG be a simply-connected
absolutely almost simple split linear k-group such that
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(i) k is totally imaginary and G is not of type A1 if k is imaginary quadratic, or
(ii) k has precisely one real place, and eitherG has type A2n+1 with n ≥ 0 (n ≥ 1 for

k = Q) or G has type Cn with n ≥ 2, or
(iii) k is arbitrary and G has type A2n with n ≥ 1, or
(iv) k = Q and G has type B3, B4, D4, D5, or G2.
(v) G has type A1 and k has signature (2, 0), (3, 0), or (2, 1).

Then either all arithmetic subgroups of G are profinitely solitary, or there exists an
arithmetic subgroup of G that has a proper Grothendieck subgroup.

Recall that � ≤ � is called a Grothendieck subgroup if the inclusion induces an
isomorphism ̂� ∼= ̂�. It is a more than 30 year old open problem whether higher
rank arithmetic groups are Grothendieck rigid, meaning they do not have proper
Grothendieck subgroups [15, p. 434].

To put the theorem into context, let us recall that replacing commensurability “≈”
with isomorphism “∼=” in the definition of profinite solitude yields themore established
notion of profinite rigidity. The most prominent open cases of profinite rigidity are
probably the noncommutative free groups Fn and the groups SLn(Z). In this direction,
and building on his joint work [6] with Bridson–McReynolds–Reid, the second author
proved in [22] that for n ≥ 3, either SLn(Z) is profinitely rigid or not Grothendieck
rigid.

Roughly, this is done by establishing that if a finitely generated residually finite
group � satisfies ̂� ∼= ̂� for an arithmetic group � of a higher rank simple k-group
G, then � embeds in an arithmetic subgroup � of an l-group H such that A f

k
∼= A

f
l ,

G(A
f
k ) ∼= H(A

f
l ), and ̂� ∼= ̂�. If � = SLn(Z) in G = SLn, one can conclude that

k = Q = l and invoke the classification of central simple algebras to determine that
H = SLn and � = SLn(Z).

To conclude similarly for a general k-split groupG, we would firstly need to know
that k is locally determined to obtain an isomorphism σ : l → k. We then have
G(A

f
k ) ∼= σH(A

f
k ) which shows that σH splits at all finite places of k. From this we

would secondly need to conclude that σH splits over k. This would give σH ∼=k G
by uniqueness of the k-split form, hence � ≈ �. This second task can be described
as verifying a “Hasse local—global principle for being k-split” with infinite places
omitted. In Galois cohomological terms, the task is to show that the diagonal map

g : H1(k,AutG) −→
∏

v�∞
H1(kv,AutG)

has trivial kernel. When this occurs, we shall say the k-group G satisfies the finite
splitting principle. Identifying the cases in which this principle holds is the main
technical result of this article.

Theorem 2 LetG be a simply-connected absolutely almost simple split linear k-group.
Then G satisfies the finite splitting principle if and only if

(i) k is totally imaginary and G is arbitrary, or
(ii) k has precisely one real place and G has type A2n+1 or Cn, or
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(iii) k is arbitrary and G has type A2n.

From this theorem, the first three cases of Theorem 1 follow easily. The small
adaptations for type A1 in (i) and (ii) are in place to ensure G has the congruence
subgroup property (CSP) which is an important assumption in [22]. CSP is also one
of the reasons we are studying the concept of profinite solitude instead of rigidity
because for a totally imaginary number field k, CSP does not hold in the strict sense.

ThoughTheorem2 is an “if and only if” statement, the first three cases of Theorem1
do not quite make up the entire list of profinitely solitary higher rank split arithmetic
groups (assuming Grothendieck rigidity.) For if k has few real places and ker g is
nontrivial, it might occur that all nontrivial elements in ker g correspond to arithmetic
groups which are low rank lattices. This situation can be exploited in the last two
cases of Theorem 1 to still give the main result. On the other hand, there remain some
questions about type A1 for other signatures of k and type F4 for k = Q. These
questions are exclusively related to the incomplete status of Serre’s conjecture on CSP
as we address below. Apart from these issues, Theorem 1 gives the complete list of
profinitely solitary Chevalley groups assuming Grothendieck rigidity:

Theorem 3 LetG be a simply-connected absolutely almost simple split linear k-group.
Assume that k is not locally determined or that k is locally determined and none of
the cases (i)–(v) of Theorem 1 applies. Assume moreoverG is not of type A1, and not
of type F4 if k = Q. Then no arithmetic subgroup of G is profinitely solitary.

For completeness, let us say what we expect for the cases not yet covered by either
Theorem 1 or 3. According to a well known conjecture by Serre, all higher rank
lattices should have CSP. Anisotropic A1-forms constitute a notorious open case of
this conjecture. But if the conjecture does hold in this case, then all type A1 Chevalley
groups over number fields of signature different from (2, 0), (3, 0), (2, 1) are not
profinitely solitary because we find anisotropic higher rank forms in ker g.

That leaves type F4 over Q as the only case where the outcome is up for debate.
In that case, ker g contains a lattice in the rank one Lie group F4(−20). Serre had
originally conjectured that such lattices should not have CSP. But it was meanwhile
discovered that those lattices show “higher rank behavior” in other respects: property
(T ), superrigidity, and arithmeticity. One might take this as evidence that they should
have CSP, too [13, Section 4]. If that is true, then Chevalley groups of type F4 over
Q are not profinitely solitary. If on the other hand, lattices in F4(−20) and their Zariski
dense subgroups do not have CSP, then Chevalley groups of type F4 overQ fall under
the conclusion of Theorem 1.

To make things explicit, we list some examples of solitary and non-solitary Cheval-
ley groups, illustrating that the question of profinite solitude is more intricate than
anticipated.

Examples. The following Chevalley groups are either profinitely solitary or not
Grothendieck rigid:
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An : SL2(Z[√2]), SLn(Z) for n ≥ 3, SL3(Z[√7]), SL4(Z[ 3
√
2]),

Bn : Spin(3, 4)(Z), Spin(4, 5)(Z),

Cn : Spn(Z) and Spn(Z[ 3
√
2]) for n ≥ 2,

Dn : Spin(4, 4)(Z), Spin(5, 5)(Z).

Exceptional : G2(Z).

In contrast, the following Chevalley groups are not profinitely solitary:

An : SL3(Z[ 8
√
7]), SL4(Z[√2]),

Bn : Spin(5 + n, 6 + n)(Z) for n ≥ 0,

Cn : Spn(Z[√2]) and Spn(Z[ 4
√
2]) for n ≥ 2,

Dn : Spin(6 + n, 6 + n)(Z) for n ≥ 0.

Exceptional : E6(Z), E7(Z), E8(Z), F4(Z[√2]), G2(Z[√2]).

We point out that in [8] and with Kionke in [7, 9], the first author previously
examined profinite solitude for arithmetic lattices in simple Lie groups. This entails
strong restrictions on G and k, as G must be anisotropic at all but one infinite place.
Hence these lattices are cocompact unless k = Q. Chevalley groups, in contrast,
now provide many examples and counterexamples of the opposite nature: they are
noncocompact irreducible lattices in semisimple Lie groups and these Lie groups are
not simple unless k = Q or k = Q(

√−d). Let us also remark that in [8, Theorem 3], it
was shown that some real formof type E7 has a non-profinitely solitary non-cocompact
lattice.But the precise real formwas not identified, as the argument used the pigeonhole
principle. The proof of Theorem 3 now reveal that such a lattice exists in E7(7) and
E7(−25).

Finally, we want to stress that while we saw that many Chevalley groups are
profinitely solitary, this by no means implies that one should expect that all groups in
the commensurability class of a Chevalley group are profinitely rigid. In fact, they typ-
ically are not. In the interesting recent preprint [24], A.Y.Weiss Behar has compiled
various methods to construct counterexamples to profinite rigidity within a commen-
surability class that nicely complement this work.

The outline of this article is as follows. Section2 collects necessary background
on the Galois cohomology of simple algebraic groups. Sections3, 4, and 5 prove
Theorems 2, 1 and 3, respectively. Section5 also contains some explanations about
the above list of examples.

2 Galois cohomology of simple algebraic groups

Let k be a number field and let G be a simply-connected absolutely almost simple
k-split linear algebraic group. Choose a maximal k-split torus S ⊂ G and pick a set
of simple roots � ⊂ �(G,S) in the corresponding root system of G. The set �

determines a uniqueWeyl chamber and hence a unique k-defined Borel subgroup B ⊂
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G containing S [5, Proposition 13.10 (2), p. 170]. The Dynkin diagram symmetries
define a subgroup Sym� of the permutation group of the set�. Let AdG = G/Z(G)

be the group of inner automorphisms ofG. Then we have a split short exact sequence

1 → AdG → AutG → Sym� → 1. (1)

There is a canonical splitting that lifts Sym� to the subgroup of those k-
automorphisms of G that fix S and the Borel subgroup B ⊂ G, cf. [15, p. 77].
Fix an algebraic closure k/k. The exact sequence and the splitting evaluated at the
field extension k/k are equivariant with respect to the action of the profinite group
Gal(k) = Gal(k/k) where Gal(k) acts trivially on Sym�. From this, we obtain a
commutative diagram of pointed Galois cohomology sets with split exact rows so that
i and I have trivial kernel while j and J are surjective [20, Prop. 38, p. 51]. We refer
to it as the first fundamental diagram:

∏

v�∞
H1(kv,AdG)

∏

v�∞
H1(kv,AutG)

∏

v�∞
H1(kv,Sym�)

H1(k,AdG) H1(k,AutG) H1(k,Sym�).

I J

S

i

f

j

g h

s

To set up the diagram, we used that for group valued functor A defined on the category
of algebraic field extensions of k, Galois cohomology H1(k, A) is functorial in k,
provided A satisfies certain compatibilities [20, Section II.1.1]. Note that this is a little
subtle because there are no functorial models for the algebraic closure k/k. However,
different isomorphisms k ∼= k

′
induce conjugate isomorphismsGal(k/k) ∼= Gal(k

′
/k).

Therefore, we obtain a unique isomorphism H1(k/k, A(k/k)) ∼= H1(k
′
/k, A(k

′
/k))

of pointed sets.
Now consider the short exact sequence

1 −→ Z(G) −→ G −→ AdG −→ 1 (2)

which describes a nontrivial central extension ofGal(k)-groups. It induces a long exact
sequence in Galois cohomology

1 −→ Z(G)(k)
ι0−→ G(k)

π0−→ (AdG)(k)
δ0−→ H1(k, Z(G))

ι1−→
ι1−→ H1(k,G)

π1−→ H1(k,AdG)
δ1−→ H2(k, Z(G))

(3)

123



H. Kammeyer, R. Spitler

as in [20, Proposition 43, p. 55]. From naturality of this sequence, we obtain a second
fundamental diagram in which the map f occurs:

⊕

v�∞
H1(kv,G)

⊕

v�∞
H1(kv,AdG)

⊕

v�∞
H2(kv,Z(G))

H1(k,G) H1(k,AdG) H2(k,Z(G)).

⊕v π1
v ⊕v δ1v

π1

f

δ1

b

A priori, the rows are only exact at the middle term. Note that in contrast to the first
fundamental diagram, we use the symbol

⊕

instead of
∏

because all vertical maps
have image in the subsets of the products consisting of elements with only finitely
many nontrivial coordinates. We point out that this interpretation of “

⊕

” is neither
the product nor the coproduct in the category of pointed sets.

3 Proof of Theorem 2

We begin the proof of Theorem 2 with some propositions as preparation. Recall the
notation from the first fundamental diagram.

Proposition 4 The maps h and g| im s have trivial kernel.

Proof Since S and s are induced by the same section of (1), we have the commutativity
g ◦ s = S ◦ h. Hence if we show that h has trivial kernel, so will g when restricted to
the image of s.

IfG is not of type D4, the triviality of ker h follows from themore general statement
that for each finite abelian group B with trivial Gal(k)-action and each finite set S of
places of k, the map

H1(k, B) −→
∏

v /∈S
H1(kv, B)

is injective [19, Lemme1.1.(i)] as an easy application ofChebotarev’s density theorem.
IfG does have type D4, then Sym� ∼= S3 is metabelian and the short exact sequence

1 → Z/3 → S3 → Z/2 → 1

is a split extension of groups with trivial Galois action. Hence we obtain a diagram of
Galois cohomology sets

∏

v�∞
H1(kv,Z/3)

∏

v�∞
H1(kv, S3)

∏

v�∞
H1(kv,Z/2)

H1(k,Z/3) H1(k, S3) H1(k,Z/2).
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in which the “hook arrows” have trivial kernel. By a straightforward diagram chase,
the middle vertical arrow has trivial kernel, too. ��

From the discussion in Sect. 2, the classes in the image of the sections s and S
correspond to those forms which have Borel subgroups defined over k and kv , respec-
tively, in other words to the quasi split forms. So the proposition already shows that
a finite splitting principle holds among quasi split forms of all types. More generally,
the proof showed that h and hence g| im s still have trivial kernel if any finite number
of places are omitted.

Proposition 5 ker g = i(ker f ).

Proof Let α ∈ ker g. Then 1 = J (g(α)) = h( j(a)), hence j(a) = 1 because ker h =
1 by Proposition 4. Exactness of the lower row in the first fundamental diagram shows
that there exists β ∈ H1(k,AdG) such that i(β) = α, and I ( f (β)) = g(i(β)) =
g(α) = 1. Since I has trivial kernel, we obtain f (β) = 1, so α ∈ i(ker f ). Conversely,
for β ∈ ker f , we have g(i(β)) = I ( f (β)) = I (1) = 1. ��

Since i has trivial kernel, we see that the finite splitting principle is equivalent to
ker f being trivial. Therefore, we now turn our attention to the second fundamental
diagram.

Proposition 6 The homomorphism of abelian groups

b : H2(k, Z(G)) −→
⊕

v�∞
H2(kv, Z(G))

is injective if and only if one or both of the following is true:

(i) G has type A2n, E6, E8, F4, or G2,
(ii) k has at most one real place.

Proof Recall the Albert–Brauer–Hasse–Noether theorem stating that the Brauer group
of k is determined by the Brauer group of the local completions of k in the sense that
we have a short exact sequence of abelian groups

1 −→ Br(k)
η−→

⊕

v∈Vk
Br(kv) −→ Q/Z −→ 1. (4)

The map toQ/Z sums up Hasse invariants where for a real place v, the Hasse invariant
of the nontrivial element in Br(kv) ∼= Z/2 is defined to be 1/2. If Z(G) ∼= μn is cyclic
of order n, then by [15, Lemma 2.6, p. 73], the map b can be identified with the
restriction of η to the subgroups of elements of order dividing n followed by the
projection leaving out the direct summands for infinite places

b : Br(k)n −→
⊕

v�∞
Br(kv)n .
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If k is totally imaginary, the Galois cohomology H2(kv,Z(G)) is trivial for each v | ∞
so thatb is injective. If k has exactly one real place v0, themapb is still injective because
whether a central simple k-algebra splits at the real place of k is determined by the
behavior at the remaining places by exactness of the sequence. Since G is k-split, it
has inner type, hence by [15, table on p.332], it has cyclic center unless it is of type
D2k in which case Z(G) ∼= μ2 × μ2. But in that case, b is the product of two copies
of the map that we would obtain in case Z(G) = μ2, so it is injective, too. This shows
injectivity of b if condition (ii) applies.

If condition (i) applies, we have Z(G) = μn with n odd. But since Br(R) ∼= Z/2,
it is clear that the kernel of Br(k) −→ ⊕

v�∞ Br(kv) consists of order two elements
only, so ker b is trivial, regardless of the field k.

Conversely, suppose k has at least two real places v0 and v1 and that G has a type
different from the ones listed in (i) and different from D2k . Then by [15, table on
p.332], we know that Z(G) ∼= μn with n even. Let A ∈ Br(k) be the unique class
which does not split precisely at v0 and v1. Then A has order two, hence A ∈ Br(k)n
and A ∈ ker b by construction. Similarly, if G has type D2k , then (A, A) ∈ ker b. So
if neither (i) nor (ii) applies, then b is not injective. ��
Proposition 7 Suppose that at least one of the conditions (i) and (ii) in Proposition 6
applies. Then ker f = im π1.

Proof The upper left set
⊕

v�∞ H1(kv,G) in the second fundamental diagram is trivial
by M.Kneser’s theorem that the first Galois cohomology of simply-connected groups
vanishes over nonarchimedean local fields [15, Theorem 6.4]. It follows that the map
⊕1

vδv has trivial kernel. Since also b has trivial kernel by Proposition 6, commutativity
and exactness at the middle term of the lower row imply ker f = ker δ1 = im π1. ��

So if condition (i) or (ii) in Proposition 6 applies, then the finite splitting principle
is equivalent to the triviality of the image of π1. It is then actually equivalent to the
triviality of H1(k,G) as the following proposition reveals.

Proposition 8 The map π1 has trivial kernel.

Proof Recall that S ⊂ G denotes a maximal k-split torus and that S is maximal overall
because G is a k-split group. Therefore S is self-centralizing [23, Corollary 7.6.4,
p. 130] and thus contains the center Z(G). By functoriality, we conclude that the map
ι1 in the long exact sequence (3) factors through H1(k,S). Since S splits over k, the set
H1(k,S) ∼= H1(k,GL1)

rankG is trivial by Hilbert’s Theorem 90. Hence ι1 is trivial
and so is ker π1 by exactness. ��

As a side remark, the map δ0 in (3) is a homomorphism of abelian groups [20,
Corollary 2, p. 53], hence the proposition shows that

(AdG)(k)/π0(G(k)) = coker π0 ∼= H1(k, Z(G)) ∼=
s

∏

i=1

k∗/(k∗)ni

where Z(G) ∼= ∏s
i=1 Z/niZ can be computed as the quotient of the weight lattice by

the root lattice of (G,S). We have now finally collected all necessary facts to prove
Theorem 2.
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Proof of Theorem 2 The celebrated Hasse principle of Kneser–Harder–Chernousov
[15, Theorem 6.6] says that

H1(k,G) ∼=
∏

v|∞
H1(kv,G). (5)

Thus for a totally imaginary number field k, theGalois cohomology H1(k,G) is trivial.
Additionally, both H1(R,SLn) and H1(R,Spn) are well known to be trivial, see for
example [1, Table 1, p. 1093]. This shows that under all three condition in the theorem,
ker g is trivial by Propositions 5 and 7.

Conversely, first assume that k has at least two real places and thatG is not of type
A2n . If G has type A2n+1 with n ≥ 0, Bn with n ≥ 2, Cn with n ≥ 3, Dn with n ≥ 4,
or E7, then by Proposition 6, there exists a nontrivial class α ∈ ker b. The class α has
a preimage β ∈ H1(k,AdG) under δ1 because δ1 is surjective by [15, Theorem 6.20,
p. 326]. Then ⊕vδ

1
v( f (β)) = b(δ1(β)) = b(α) = 1, so f (β) = 1 because ⊕vδ

1
v has

trivial kernel, again byKneser’s theorem [15, Theorem 6.4]. So f has nontrivial kernel
and so has g by Proposition 5 because i has trivial kernel. If on the other hand G has
type E6, E8, F4, or G2, then [1, Table 3, p. 1094] shows that H1(R,G) and hence
H1(k,G) is nontrivial so that by Propositions 5, 7, and 8, ker g is nontrivial.

Now assume that k has precisely one real place and G has neither type An nor
Cn . Then similarly [1, Table 1, p. 1093] shows that H1(R,G) and hence H1(k,G) is
nontrivial and again ker g is nontrivial by Propositions 5, 7, and 8. This exhausts all
cases and the proof is complete. ��

4 Proof of Theorem 1

We now explain how Theorem 1 on profinitely solitary Chevalley groups follows
from Theorem 2 on the finite splitting principle. First we observe that if any one of
the statements (i)–(v) in Theorem 1 is true, then

∑

v|∞ rankkv G ≥ 2. Since G is
moreover k-split and in particular k-isotropic, the congruence kernel ofG is finite [17,
18]. Now assume that one of the statements (i)–(iii) is true. Then by Theorem 2, the
finite splitting principle holds for the k-group G. Choose a k-embedding G ⊂ GLn
and set � = G ∩ GLn(Ok) where Ok denotes the ring of integers of k. We may
assume that ̂� has trivial congruence kernel, replacing the residually finite group �

with a finite index subgroup if need be.
Let � be a finitely generated residually finite group such that ̂� is commensurable

with ̂�. Replacing � and � with suitable finite index subgroups, we may assume
̂� ∼= ̂�. When G is not of type D4, the outer automorphism group of G has order
at most two. In this case, we can let � ∈ AutG be a representative of the nontrivial
class. Then, G ⊂ GLn can be diagonally embedded into GL2n as two blocks, one
of them identically, the other by means of �. Replacing G with the image of this
embedding, every automorphism is induced by conjugation in GL2n. When G is of
type D4, the outer automorphism group ofG is isomorphic to S3. In this case, we can
similarly find an embedding of G into GL6n so that every automorphism is induced
by conjugation in GL6n. Thus the assumptions of [22, Theorem 7.1] are met, and we
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obtain an embedding φ : � → � in an arithmetic group � ⊂ H of an l-form H of G
and an isomorphism A

f
k

∼= A
f
l over which G(A

f
k ) ∼= H(A

f
l ).

We remark that the statement of [22, Theorem 7.1] actually also assumes that � has
no nontrivial homomorphisms to Z(G), but this assumption is not strictly necessary
to reach the conclusion quoted above. One way to see this is by observing that when
Hom(�, Z(G)) is nontrivial, superrigidity implies the representations of � in G(k)
are essentially in bijection with the elements of Hom(�, Z(G)). However, all of these
representations become the same after projecting to AdG(k). One can then apply [22,
Theorem 6.2] to both G and AdG to see that all the produced representations of � in
G(k) actually have their images in arithmetic subgroups of a single algebraic group
H. So we can choose any of these representations, and after potentially passing to a
finite index subgroup of �, we can ensure that the homomorphism φ : � → � is still
injective.

Since k is locally determined, we have an isomorphism σ : k ∼=−→ l. We then have
G(A

f
k ) ∼= σH(A

f
k ), so σH is a k-form of G which splits at all finite places of k.

Since G satisfies the finite splitting principle, it follows that G ∼=k
σH. So � is

commensurable with �. Moreover, H has CSP because G does. By construction, the
injective homomorphism φ : � → � has the property that ̂φ(̂�) ⊂ H(A

f
l ) is the

closure of � in H(A
f
l ). Since the congruence kernel C(H) is finite, we find finite

index subgroups �0 ≤ � and�0 ≤ � such that φ(�0) ⊂ �0, such that ̂�0 intersects
C(H) trivially, and such that ̂φ : ̂�0 → ̂�0 is an isomorphism. So either φ embeds�0
as a proper Grothendieck subgroup of�0 or φ(�0) = �0, hence� is commensurable
with �.

For case (iv), the argument as above still produces a k-form σH of G which splits
at all finite places of k. For each of these types the finite splitting principle fails, but
using the tables from [1, Section 10] one can calculate that for types G2, B3, and D4,
the only nontrivial element of im π1 corresponds to a k-form which is anisotropic at
the infinite place. Hence by Propositions 5 and 7, if σH is not k-isomorphic to G, the
arithmetic group � is a lattice in a compact group σH(R) and hence is finite. Since
φ : � → � is an injection, this would contradict that ̂� is commensurable with ̂�,
so we see that in fact σH must be k-isomorphic to G. The rest of the argument then
follows as above.

For the types B4, and D5 in case (iv), there are two nontrivial elements of im π1. One
of these corresponds to a k-form which is anisotropic at the infinite place, and hence
can be ruled out by the same argument as above. The other corresponds to a k-form
which has rank one at the infinite place, namely Spin(n, 1;Q)where n = 8 in the case
of type B4 and n = 9 in the case of type D5. So if σH is not k-isomorphic to G, then
φ : � → � embeds � as a Zariski-dense subgroup of an arithmetic group � which is
commensurable to SO(n, 1;Z). By potentially passing to a finite index subgroup, we
then get a homomorphism φ : � → SO(n, 1;Z) whose image is Zariski-dense. This
means that there is some h ∈ φ(�) so that h acts loxodromically on H

n , and hence
〈h〉 < SO(n, 1;Z) is a geometrically finite subgroup which is isomorphic to Z. From
[4, Theorem 1.4, and the remark on p.447], the group SO(n, 1;Z) virtually retracts
onto its geometrically finite subgroups (see also [2] and [12]). Hence, by restriction,
there is also a virtual retraction of φ(�) onto 〈h〉 ∼= Z. This implies there is a finite
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index subgroup �0 < � so that b1(�0) > 0 holds for the first Betti number. Since
̂� is commensurable with ̂�, a finite index subgroup �0 ≤ � would have b1(�0) > 0
which is a contradiction to� havingCSP or alternatively property (T ). Sowe conclude
σH must be k-isomorphic to G and the rest of the argument then follows as before.

Finally, for case (v) we can appeal to the well known fact that whenG has type A1,
the k-forms ofG are in bijection with the isomorphism classes of quaternion algebras
over k. More precisely, i and δ1 are bijections and we can identify H2(k,Z(G)) =
Br(k)2. Then also using Proposition 5, we see there is a bijection of ker g with ker b.
Then recalling

b : Br(k)2 −→
⊕

v�∞
Br(kv)2

and the exact sequence (4), we see that when k has precisely two real places ker b
has one nontrivial element, corresponding to the k-form which is not split exactly at
both real places, while when k has precisely three real places ker b has three nontrivial
elements, each corresponding to a choice of two real places which are exactly those
where the k-form is not split.

So when k has signature (2, 0) in case (v), the argument from the previous cases
produces a k-form σH of G which splits at all finite places of k. Then if σH was not
k-isomorphic toG, the lattice � would lie in the compact group SU(2)×SU(2). This
again leads to a contradiction, and the rest of the argument follows as in the previous
case.

When k has signature (3, 0), if σHwas not k-isomorphic toG,�would be a lattice
in SL2(R) × SU(2) × SU(2). This would mean that φ : � → � embeds � Zariski-
densely as a group commensurable to a Fuchsian group. In particular this would mean
there is some finite index subgroup �0 < � which is a nonabelian free group or a
surface group, which contradicts that ̂� is commensurable with ̂�, again because the
first Betti number is a profinite invariant. Hence σH must be k-isomorphic to G and
the rest of the argument follows.

Lastly, when k has signature (2, 1), if σH was not k isomorphic to G, � would be
a lattice in SL2(C)×SU(2)×SU(2). This would mean that φ : � → � embeds � as
a group commensurable to a non-elementary Kleinian group. In particular this would
mean b1(�0) > 0 for some finite index subgroup �0 < �, either by virtual fibering
in the finite covolume case, or by a standard half lives half dies argument in the case of
infinite covolume (for example, see the proof of Proposition 7.6 in [6]). This is once
more a contradiction, so the proof is complete.

5 Proof of Theorem 3

In this section, we construct various pairs of profinitely commensurable but noncom-
mensurable Chevalley groups in order to prove Theorem 3. To begin, we deal with
the case that k is not locally determined. This means there exists a number field l not
isomorphic to k and an isomorphism A

f
k

∼= A
f
l . Since G does not have type A1, it

is a split higher rank group, thus has CSP, and so does the unique simply-connected
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absolutely almost simple split linear l-group H with the same Cartan–Killing type
as G. Therefore, also using strong approximation [15, Theorem 7.12], the profinite
completions of any two arithmetic groups� ≤ G and� ≤ H are commensurable with
open compact subgroups of G(A

f
k ) and H(A

f
l ), respectively. But G(A

f
k ) ∼= H(A

f
l ),

so � and � are profinitely commensurable. By superrigidity [14, Theorem C, Chap-
ter VIII], � and � are not commensurable as they are defined over different fields.
Hence, for the rest of the proof we assume that k is locally determined.

Now assume that k has at least one real place and that G is either of type Bn with
n ≥ 4 or of type Dn with n ≥ 5, so that G = Spin(n + 1, n; k) or G = Spin(n, n; k)
respectively. On the other hand, let H = Spin(n − 3, n + 4; k) (respectively H =
Spin(n − 4, n + 4; k)). When k = Q and n = 4 (respectively n = 5), arithmetic
subgroups of H are lattices in a rank one Lie group, but in any other case they will
be lattices in higher rank Lie groups and hence H will have CSP. Therefore, except
for the omitted cases, the arithmetic groups in G are profinitely commensurable, but
not commensurable, with those in H. This can be seen directly because the diagonal
quadratic forms 〈1, 1, 1, 1〉 and 〈−1,−1,−1,−1〉 are isometric over Qp for each
(finite) prime p. This observation was already used by M.Aka to construct profinitely
isomorphic groups with and without Kazhdan’s property (T ) in [3].

Next we assume that k has at least one real place and that G is of type E6, E7, E8,
F4, or G2. From equation (5) and the tables of [1, Section 10], the set H1(k,G) is
nontrivial in each of these cases, and hence im π1 is also nontrivial by Proposition 8.
More precisely, the tables show π1

R : H1(R,G) → H1(R,AdG) is injective for each
of these types, again using Proposition 8 for the case of E7. Using the Hasse principle
both for simply-connected and adjoint groups (equation (5) and [15, Theorem 6.22,
p. 336]), we conclude that π1 is injective. This shows that the elements in the image of
π1 correspond exactly to a choice of inner real forms of G, coming from H1(R,G),
for each real place of k. Note that by [20, remark at the bottom of p. 52], elements in the
image of π1

R will correspond to simply-connected real formsG0 such that H1(R,G0)

has the same number of elements as H1(R,G). From the tables of [1], we can thus infer
that for type E6, the other element in the image of π1

R corresponds to the quasicompact
real form E6(−26) of real rank two, while for type E7, the other element in the image
of π1

R corresponds to the hermitian real form E7(−25) of real rank three. In types E8,
F4, and G2, we have G = Ad(G) so that all real forms come from H1(R,G).

Now we see that when k = Q and G is of type F4, or G2, the only nontrivial
elements of im π1 correspond to k-forms H such that the arithmetic groups in H are
lattices in rank zero or rank one Lie groups. But in every other case, there is a choice of
a nontrivial element of im π1 so that the corresponding k-form H contains arithmetic
groups which are lattices in a higher rank Lie group. Noting that H is an inner twist
of the split form G, we see from [16, Theorem 1(iii) and Theorem 3] that H is k-
isotropic. So in these cases, H has CSP and the arithmetic groups in G are profinitely
commensurable, but not commensurable, with those in H.

Finally, assume that k has at least two real places and that G is of type A2n+1 with
n ≥ 1orCn withn ≥ 2.As in the proof of Proposition 6,we canfind an element in ker b
which localizes to nontrivial classes in H2(R, Z(G)) precisely at the two given real
places of k. Recall that δ1 is surjective and let α = [a] be a preimage in H1(k,AdG)
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under δ1 of this element. Then by commutatity in the right hand square of the second
fundamental diagram, α localizes to a nontrivial element in H1(R,AdG) at the two
real places of k. The only inner real twist of SL2n+1(R) is the group SLn+1(H), so
when G is of type A2n+1 with n ≥ 1, this chosen class α is unique by the Hasse
principle for adjoint groups. It corresponds to a k-form H so that every arithmetic
subgroup of H is a lattice in a higher rank Lie group. Again by [16, Theorems 1 (iii)
and 3], the groupH is k-isotropic. WhenG is of type Cn with n ≥ 2, the chosen class
α ∈ H1(k,AdG) is not unique. In fact, by [20, Section I.5.7], the fiber δ1

−1
(δ1(α))

of α is in bijective correspondence with the image of

H1(k, aG)
aπ

1−−→ H1(k,Ad aG),

the “twist” of the map π1 by the cocycle a. Then by the simply-connected and adjoint
Hasse principles, the fiber is also in bijective correspondence with the image of

∏

v|∞
H1(kv, aG)

⊕vaπ
1
v−−−−→

∏

v|∞
H1(kv,Ad aG).

By construction, the group aG does not split at the two specified real places, hence at
these real places, it is isomorphic to Sp(p, q) for some p, q with p+q = n. From the
tables of [1], the elements in the image of H1(R,Sp(p, q)) → H1(R,Ad Sp(p, q))

correspond exactly to all the real forms Sp(p, q) with p+ q = n. Hence we conclude
that any combination of two such real forms can be realized at the two specified
real places of an element in the fiber of α. Choosing any two isotropic such groups
(so that p, q ≥ 1), we obtain a k-form H, which as before has k-rank at least two.
Therefore, when G is of type A2n+1 with n ≥ 1 or Cn with n ≥ 2, the constructed
group H has CSP and the arithmetic groups in G are profinitely commensurable, but
not commensurable, with those in H. This completes the proof of Theorem 3.

To conclude, we observe that the occurring rings in the first list of examples below
Theorem 3 are all rings of integers in number fields of degree at most three. Num-
ber fields of degree at most six are known to be arithmetically solitary: They are
determined by the Dedekind zeta function and in particular locally determined [10,
Theorem 1.16 (d), p. 93]. All the underlying algebraic groups in the first list are simply-
connected, absolutely almost simpleQ-split linear algebraicQ-groups. The groupSLn
has type An−1, the group Spin(n + 1,n) has type Bn , the group Spn has type Cn , and
the group Spin(n,n) has type Dn . With these observations, we see that the groups in
the first list satisfy the assumptions of Theorem 1.

For the groups in the second list, we additionally note that the number fieldsQ(
8
√
7)

and Q(
4
√
2) are monogenic and the field generators 8

√
7 and 4

√
2 generate a power

integral basis, respectively, just like in the case of Q(
3
√
2). This can for instance be

checked by a general criterion that was recently given by H.Smith [21]. Hence Z[ 8
√
7]

and Z[ 4
√
2] are the rings of integers in Q(

8
√
7) and Q(

4
√
2), respectively. The number

fieldQ(
8
√
7), however, is not locally determined: The ring of finite adeles is isomorphic

to the one of Q(
8
√
112) as was proven by Komatsu [11]. With these remarks, we see

that the groups in the second list fall under the assumptions of Theorem 3.
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