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Abstract: In this paper, we study a class of quasilinear elliptic equations involving the Sobolev critical expo-
nent

−εp∆pu − εp∆p(u2)u + V(x)|u|p−2u = h(u) + |u|2p
∗−2u inℝN ,

where ∆pu = div(|∇u|p−2∇u) is the p-Laplace operator, p∗ = Np
N−p (N ≥ 3, N > p ≥ 2) is the usual Sobolev

critical exponent, the potential V(x) is a continuous function, and the nonlinearity h(u) is a nonnegative
function of C1 class. Under some suitable assumptions on V and h, we establish the existence, multiplic-
ity and concentration behavior of solutions by using combing variational methods and the theory of the
Ljusternik–Schnirelman category.
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1 Introduction
In this paper, we are concerned with the existence, multiplicity and concentration behavior of solutions of
the following quasilinear elliptic equations involving the Sobolev critical exponent:

− εp∆pu − εp∆p(u2)u + V(x)|u|p−2u = h(u) + |u|2p
∗−2u inℝN , (1.1)

where ∆pu = div(|∇u|p−2∇u) is the p-Laplacian, N ≥ 3, 2 ≤ p < N, p∗ = Np
N−p is the Sobolev critical expo-

nent, ε > 0 is a small parameter, the potential V : ℝN → ℝ is a continuous function, and the nonlinearity
h(u) : ℝ → ℝ is a nonnegative function of C1 class. The reduction form of equation (1.1) appears in many
branches of mathematical physics and has been studied extensively in recent years. In particular, when
p = 2, the solution of (1.1) is related to the following quasilinear Schrödinger equation:

iε ∂ψ
∂t
= −ε2∆ψ +W(x)ψ − κε2∆(ρ(|ψ|2))ρ󸀠(|ψ|2)ψ − l̃(|ψ|2)ψ, (1.2)

where ψ : ℝ × ℝN → ℂ, W : ℝN → ℝ is a given potential, κ is a real constant, and ρ, l are real functions.
Equation (1.2) arises in several models of different physical phenomena corresponding to various types of ρ.
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The case ρ(s) = s is used for the superfluid film equation in plasma physics by Kurihura in [26]. In the case
ρ(s) = (1 + s) 12 , it models the self-channeling of a high-power ultra short laser in matter; see [8, 9, 12, 15].
For more physical motivations, we can refer the interested readers to [6, 23, 25] and the references therein.
If the quasilinear term εp∆p(u2)u is not appearing and p > 2, problem (1.1) arises in a lot of applications
when ε = 1, such as image processing, non-Newtonian fluids and pseudo-plastic fluids; for more details see
[5, 13, 19] and the references therein.

When κ=1 and ρ(s) = s, considering standing wave solutions of the form ψ(x, t) = u(x)e−iEt/ε in (1.2),
then u(x) verifies the following equation:

− ε2∆u − ε2∆(u2)u + V(x)u = l(u) inℝN , (1.3)

where V(x) = W(x) − E, l(u) = l̃(u2)u. It is clear that when ε = 1, equation (1.3) reduces to the following
equation:

− ∆u − ∆(u2)u + V(x)u = l(u) inℝN . (1.4)

When κ = 0 and ρ(s) = s, the standingwave solutions of equation (1.2) satisfies the classical Schrödinger
equation of the form

−ε2∆u + V(x)u = l(u) inℝN .

The existence and concentration behavior of positive solutions of the above equation have been extensively
investigated under various hypotheses on the potential V(x) and the nonlinearity l(u); see, for example,
[4, 16, 17, 22, 32, 34] and the references therein.

In recent years, many scholars have been interested in the study of the existence andmultiplicity of solu-
tions for equation (1.4). For example: the existence of a positive ground state solution has been obtained
in [33] by using a constrained minimization argument which gives a solution of (1.4) with an unknown
Lagrangemultiplier λ in front of the nonlinear term. In [30], the existence of both one-sign and nodal ground
states of soliton type solutionswere established by theNeharimanifoldmethod. In [29], Liu,Wang andWang
developed the methods of change of variables such that the quasilinear problem reduces to a semilinear
one. They used an Orlicz space framework to prove the existence of positive solutions of (1.4) by the moun-
tain pass theorem. Meanwhile, Colin and Jeanjean [14] developed the dual methods to treat the quasilinear
problem (1.5), and the usual Sobolev space H1(ℝN)was used to prove the existence of positive solutions. The
other recently interesting works can be found in [3, 11, 18, 20, 31] and the references therein.

Regarding critical problems, there are also some important results appearing in the literature. For exam-
ple, in [24], the authors established the existence, multiplicity and concentration behavior of ground states
for quasilinear Schrödinger equation with critical growth

{
−ε2∆u − ε2∆(u2)u + V(x)u = h(u) + |u|22∗−2u inℝN ,
u ∈ H1(ℝN), u(x) > 0,

(1.5)

by using the variational methods and combining them with the theory of the Ljusternik–Schnirelman cat-
egory which was used by Alves, Figueiredo and Severo [2] to establish the existence and multiplicity of
nontrivial weak solutions for quasilinear elliptic equations of the form

−εp∆pu − εp∆p(u2)u + V(x)|u|p−2u = h(u) inℝN .

Yang and Ding [40] applied the perturbedmethods to consider the following critical quasilinear Schrödinger
equation:

−ε2∆u − ε2∆(u2)u + V(x)u = h(x, u)u + K(x)|u|22∗−2u inℝN ,

and showed the existence of positive solutions as ε ≤ ε0 and for anym ∈ ℕ; it has at leastm pairs of solutions
if ε ≤ εm, where ε0 and εm are sufficient small positive numbers.

Unlike [2, 24, 40], where the minimum of V(x) is global, Wang and Zou [38] studied the quasilinear
Schrödinger equation with critical exponent

−ε2∆u − ε2[∆(u2)]u + V(x)u = g(u) + |u|22∗−2u inℝN ,
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where the potential V(x) satisfies the local minimum condition infΩ V < inf∂Ω V, Ω is a bounded domain
ofℝN , and proved the existence of positive bound states which concentrate around the local minimum point
of V.

Motivated by the above-cited papers, the main purpose of this paper is to establish the existence, mul-
tiplicity and concentration behavior of the ground states for the quasilinear elliptic equation with critical
growth

{
−εp∆pu − εp∆p(u2)u + V(x)|u|p−2u = h(u) + |u|2p

∗−2u inℝN ,
u ∈ W1,p(ℝN), u(x) > 0 inℝN ,

(Pε)

where V : ℝN → ℝ is a continuous function satisfying
(V) 0 < V0 = infx∈ℝN V(x) < lim|x|→∞ inf V(x) = V∞ < ∞.
Assume that the nonlinearity h : ℝ → ℝ is of class C1 and satisfies the following conditions:
(H0) h(s) = 0 for s ≤ 0, h󸀠(s) = o(|s|p−2) as s → 0;
(H1) lim|s|→∞ h󸀠(s)

|s|q−1 = 0 for some q ∈ (2p − 1, 2p∗ − 1);
(H2) there exists 2p < θ < 2p∗ such that 0 < θH(s) = θ ∫s0 h(τ)dτ ≤ sh(s) for all s > 0;
(H3) the function s → h(s)/s2p−1 is increasing for s > 0;
(H4) there exist C > 0, σ ∈ (max{2pN/(N − p) − 2N

N−p , 2p}, 2p
∗) such that h(s) ≥ Csσ−1 for s > 0.

As far as we know, little work has been done for the existence and concentration behavior of positive
solutions for the quasilinear problem (Pε) where the nonlinearity has a critical growth. Our main result com-
plements the corresponding conclusion of [2] and extends the main result of [24]. Alves, Figueiredo and
Severo [2], He, Qian and Zou [24] and Wang and Zou [38] chose the Sobolev space E which is defined by

E = {v ∈ W1,p(ℝN) : ∫
ℝN

V(x)|f(v)|p dx < ∞}

equipped with the norm

‖v‖E = ‖∇v‖Lp + |v|f := ‖∇v‖Lp + inf
ξ>0

1
ξ [

1 + ∫
ℝN

V(x)|f(ξv)|p dx].

TheOrlicz–Sobolev space Emaynot be reflexible for p = 2, and so the bounded sequencemayhaveno conver-
gent subsequence in E. Unlike thework of [2, 24, 38], we directly choose the usual Sobolev spaceW1,p(ℝN) to
deal with the autonomous problem and the usual Sobolev space X which will be defined in Section 2 to treat
the nonautonomous problem. On the other hand, we use the mountain pass theorem under (C)c condition
(see [36]); this is different from [2, 24, 38].

For stating our main result, we set

M = {x ∈ ℝN : V(x) = V0}

and
Mδ = {x ∈ ℝN : dist(x,M) ≤ δ} for δ > 0.

In view of (V), the set M is compact. We recall that, if Y is a closed subset of a topological space X, the
Ljusternik–Schnirelman category catX(Y) is the least number of closed and contractible sets in X which
cover Y. By means of the Ljusternik–Schnirelman theory, we arrive at the following result.

Theorem 1.1. Suppose that conditions (V) and (H0)–(H5) are satisfied. Given δ > 0, there exists ε = ε(δ) > 0
such that for any ε ∈ (0, ε), problem (Pε) has at least catMδ (M) positive weak solutions in C

1,α
loc (ℝ

N)⋂ L∞(ℝN).
Moreover, each solution decays to zero at infinity, and if uε denotes one of these positive solutions and ηε ∈ ℝN

its global maximum, then
lim
ε→0

V(ηε) = V0.

The paper is organized as follows: In Section 2, we present the abstract framework of the problem as well
as some preliminary results. In Section 3, we show the existence of ground state solution for autonomous
problem. Section 4 is devoted to the proof of Theorem 1.1.
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2 Variational framework and preliminary results
Formally, the energy functional associated to (Pε) is defined by

I(u) = ε
p

p ∫
ℝN

(1 + 2p−1|u|p)|∇u|p dx + 1
p ∫
ℝN

V(x)|u|p dx − ∫
ℝN

H(u)dx − 1
2p∗ ∫
ℝN

|u+|2p∗ dx, (2.1)

where H(u) = ∫u0 h(s)ds, u
+ = max{u, 0}. Observe that ∆p(u2)u is not always in L1(ℝN), therefore the func-

tional I(u) is not well defined on the whole Sobolev space W1,p(ℝN). In fact, let u ∈ C10(ℝN \ {0}) and
u(x) = |x|p−N/2p, x ∈ B1 \ {0}; then u ∈ W1,p(ℝN), while the function |u|p|∇u|p ̸∈ L1(ℝN). To overcome this
difficulty, we use the change of variable methods developed in [29], making the change of variables u = f(v),
where f is a C∞ function and defined by

f 󸀠(t) = 1
(1 + 2p−1|f(t)|p)

1
p

for t ∈ [0, +∞)

and
f(−t) = −f(t) for t ∈ (−∞, 0].

The following properties were proved in [35].

Lemma 2.1. The following properties involving f and its derivative hold:
(1) f is a uniquely defined C∞ function and invertible;
(2) 0 < f 󸀠(t) ≤ 1 for all t ∈ ℝ;
(3) f(t)

t → 1 as t → 0;
(4) 1

2 f(t) ≤ tf
󸀠(t) ≤ f(t) for all t ≥ 0, and 1

2 f
2(t) ≤ tf(t)f 󸀠(t) ≤ f 2(t) for all t ∈ ℝ;

(5) the function f(t)
t is decreasing for t > 0;

(6) |f(t)| ≤ |t| for all t ∈ ℝ;
(7) |f(t)f 󸀠(t)| ≤ 1/(2

p−1
p ) < 1 for all t ∈ ℝ;

(8) f(t)/√|t| is nondecreasing for t > 0 and limt→+∞ f(t)/√t = a > 0;
(9) there exists a positive constant C such that

|f(t)| ≥
{
{
{

C|t|, |t| ≤ 1,

C|t|
1
2 , |t| ≥ 1;

(10) f(t) ≤ 21/2p√t for all t ∈ ℝ+.

Proposition 2.2. The following properties involving f and h hold:
(1) (f(t))p−1f 󸀠(t)t1−p is decreasing for t > 0;
(2) (f(t))2r−1f 󸀠(t)t1−p is increasing for r ≥ p and t > 0;
(3) h(f(t))f 󸀠(t)t1−p is increasing for t > 0;
(4) F(t) := 1

p (f(t))
2p∗−1f 󸀠(t)t − 1

2p∗ f 2p∗ (t) is increasing for t > 0;
(5) 1

p h(f(t))f
󸀠(t)t − H(f(t)) is increasing for t > 0.

Proof. (1) By computation, we have

d
dt (
(f(t))p−1f 󸀠(t)

tp−1
) = (p − 1)( f(t)t )

p−2 d
dt (

f(t)
t )

f 󸀠(t) + (f(t))
p−1

tp−1
f 󸀠󸀠(t)

= (p − 1)( f(t)t )
p−2 d

dt (
f(t)
t )

f 󸀠(t) − 2p−1 (f(t))
2p−2

tp−1
|f 󸀠(t)|p+2.

Since f(t)
t is a decreasing function, we can obtain d

dt (
f(t)
t ) < 0. Thus,

d
dt (
(f(t))p−1f 󸀠(t)

tp−1
) < 0 for t > 0.
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(2) By Lemma 2.1 (4) and (7), we have that

d
dt (
(f(t))2r−1f 󸀠(t)

tp−1
) =
(2r − 1)f(t)2r−2(f 󸀠(t))2tp−1 + (f(t))2r−1f 󸀠󸀠(t)tp−1 − (p − 1)(f(t))2r−1f 󸀠(t)tp−2

t2p−2

=
(f(t))2r−2f 󸀠(t)

tp [(2r − 1)f 󸀠(t)t − 2p−1(f(t))p|f 󸀠(t)|p+1t − (p − 1)f(t)]

≥
(f(t))2r−2f 󸀠(t)

tp
(2r − 2p)f 󸀠(t)t ≥ 0.

(3) Since
h(f(t))f 󸀠(t)

tp−1
=
h(f(t))
f(t)2p−1

f(t)2p−1f 󸀠(t)
tp−1

,

by using conclusion (2) and (H3), property (3) is proved.
(4) By Lemma 2.1 (4) and (7), we have that

F󸀠(t) = 2p
∗ − 1
p
(f(t))2p∗−2(f 󸀠(t))2t + 1

p
(f(t))2p∗−1f 󸀠󸀠(t)t + 1

p
(f(t))2p∗−1f 󸀠(t) − (f(t))2p∗−1f 󸀠(t)

≥ (f(t))2p∗−2f 󸀠(t)[2p∗ − 1p
f 󸀠(t)t − 2

p−1

p
(f 󸀠(t))p+1(f(t))p t + (1

p
− 1)f(t)]

≥
p∗ − p
p
(f(t))2p∗−1f 󸀠(t) > 0.

(5) From (H3) we obtain that h󸀠(s)s > (2p − 1)h(s). Setting G(t) = 1
p h(f(t))f

󸀠(t)t − H(f(t)) and using
Lemma 2.1 (4) and (7), we deduce that

G󸀠(t) = 1
p
h󸀠(f(t))(f 󸀠(t))2t − 2

p−1

p
h(f(t))(f(t))p−1(f 󸀠(t))p+2t + (1p − 1)h(f(t))f

󸀠(t)

=
1
f(t) [

1
p
h󸀠(f(t))f(t)(f 󸀠(t))2t − 2

p−1

p
h(f(t))(f(t))p(f 󸀠(t))p+2t + (1p − 1)h(f(t))f(t)f

󸀠(t)]

>
1
f(t) [

2p − 1
p

h(f(t))(f 󸀠(t))2t − 2
p−1

p
h(f(t))(f(t))p(f 󸀠(t))p+2t + (1p − 1)h(f(t))f(t)f

󸀠(t)]

≥
h(f(t))f 󸀠(t)

f(t) [
2p − 1
p

f 󸀠(t)t − 1
p
f 󸀠(t)t + (1p − 1)f(t)]

≥
h(f(t))f 󸀠(t)

f(t) (
p − 1
p

f(t) + 1 − p
p

f(t)) = 0

as desired.

Under the change of variables, we can rewrite the functional I defined by (2.1) in the following form:

J(v) := I(f(v)) = ε
p

p ∫
ℝN

|∇v|p dx + 1
p ∫
ℝN

V(x)|f(v)|p dx − ∫
ℝN

H(f(v))dx − 1
2p∗ ∫
ℝN

|f(v+)|2p∗ dx,
which is well defined on the Banach space

X = {v ∈ W1,p(ℝN) : ∫
ℝN

V(x)|v|p dx < ∞}

endowed with the norm

‖v‖X = (∫
ℝN

(|∇v|p + V(x)|v|p)dx)
1
p
.

In view of conditions (H0) and (H1), by the standard arguments, we conclude that J ∈ C1(X,ℝ) and

⟨J󸀠(v), φ⟩ = εp ∫
ℝN

|∇v|p−2∇v∇φ dx + ∫
ℝN

V(x)|f(v)|p−2f(v)f 󸀠(v)φ dx ∫
ℝN

h(f(v))f 󸀠(v)φ dx

− ∫

ℝN

|f(v+)|2p∗−2f(v+)f 󸀠(v+)φ dx
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for all v, φ ∈ X. Moreover, the critical points of J are the weak solutions of the Euler–Lagrange equation
associated with the functional J given by

−εp∆pv + V(x)|f(v)|p−2f(v)f 󸀠(v) = h(f(v))f 󸀠(v) + |f(v)|2p
∗−1f 󸀠(v).

We observe that if v ∈ X ∩ L∞loc(ℝ
N) is a critical point of the functional J, then u = f(v) ∈ W1,p(ℝN) ∩ L∞loc(ℝ

N)
is a weak solution of problem (1.1), that is,

εp ∫
ℝN

[(1 + 2p−1|u|p)|∇u|p−2∇u∇φ + 2p−1|∇u|p|u|p−2uφ]dx + ∫
ℝN

V(x)|u|p−2uφ dx

= ∫

ℝN

[h(u) + |u|2p∗−2u]φ dx
for all φ ∈ C∞0 (ℝN).

3 Autonomous problem
In this section, we will study the existence of a positive ground state solution for the following equation:

{
−∆pv + μ|f(v)|p−2f(v)f 󸀠(v) = h(f(v))f 󸀠(v) + |f(v)|2p

∗−1f 󸀠(v) inℝN ,
v ∈ W1,p(ℝN), v(x) > 0 inℝN ,

(Qμ)

where μ is an arbitrary positive constant and 2 ≤ p < N. The functional Iμ associated to problem (Qμ) is given
by

Iμ(v) =
1
p ∫
ℝN

|∇v|p dx + μ
p ∫
ℝN

|f(v)|p dx − ∫
ℝN

H(f(v))dx − 1
2p∗ ∫
ℝN

|f(v+)|2p∗ dx,
which is well defined on the Banach spaceWμ endowed with the norm

‖v‖μ = (∫
ℝN

(|∇v|p + μ|v|p)dx)
1
p
.

From the hypotheses (H0)–(H1) it is easy to verify that Jμ ∈ C1(Wμ ,ℝ) and

⟨I󸀠μ(v), φ⟩ = ∫
ℝN

|∇v|p−2∇v∇φ dx + ∫
ℝN

μ|f(v)|p−2f(v)f 󸀠(v)φ dx − ∫
ℝN

h(f(v))f 󸀠(v)φ dx

− ∫

ℝN

|f(v+)|2p∗−2f(v+)f 󸀠(v+)φ dx,
for all v, φ ∈ Wμ. Moreover, the weak solution v of (Qμ) corresponds to the critical point of the functional Iμ.

Let us denote the Nehari manifold associated to (Qμ) byNμ, that is,

Nμ = {v ∈ Wμ : v ̸= 0 and ⟨I󸀠μ(v), v⟩ = 0}.

3.1 Mountain pass geometry

Theorem 3.1 ([36]). Let E be a real Banach space and J : E → ℝ a functional of class C1. Let S be a closed
subset of E which disconnects E into distinct connected components E1 and E2. Suppose further that J(0) = 0
and that the following conditions hold:
(a) 0 ∈ E1 and there is α > 0 such that J|S ≥ α > 0;
(b) there is e ∈ E2 such that J(e) < 0.
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Then J possesses a (C)c sequence with c ≥ α > 0 given by

c = inf
γ∈Γ

max
0≤t≤1

J(γ(t)),

where
Γ = {γ ∈ C([0, 1], E) : γ(0) = 0, J(γ(1)) < 0}.

Consider the set Sμ(ρ) = {v ∈ Wμ : Qμ(v) = ρp} and define

Qμ(v) = ∫
ℝN

(|∇v|p + μ|f(v)|p)dx.

Since Qμ(v) is continuous, Sμ(ρ) is a closed subset ofWμ and it disconnects this space.

Lemma 3.2. Suppose that conditions (V) and (H0)–(H1) are satisfied. Then there exist ρ0, δ0 > 0 such that

Iμ(v) ≥ δ0 for all v ∈ Sμ(ρ0).

Proof. By the hypotheses (H0)–(H1), we have that

∫

ℝN

H(f(v))dx ≤ ε
p ∫
ℝN

|f(v)|p dx + Cε ∫
ℝN

|f(v)|2p∗ dx. (3.1)

By (3.1), Lemma 2.1 (10) and the Sobolev inequality, we have that

Iμ(v) =
1
p ∫
ℝN

(|∇v|p + μ|f(v)|p)dx − ∫
ℝN

H(f(v))dx − 1
2p∗ ∫
ℝN

|f(v)|2p∗ dx
≥
1
p ∫
ℝN

(|∇v|p + (μ − ε)|f(v)|p)dx − C0 ∫
ℝN

|v|p∗ dx
≥ C1 ∫
ℝN

(|∇v|p + μ|f(v)|p)dx − C2(∫
ℝN

|∇v|p dx)
p∗
p

≥ C1ρp − C2ρp
∗ ,

where C0, C1, C2 > 0 are positive constants. Thus we choose ρ = ρ0 sufficiently small and there exists δ0 > 0
such that Iμ(v) ≥ δ0 > 0 for all v ∈ Sμ(ρ0).

Similar to the proofs of [2, Lemma 3.2 and 3.3], we can deduce the following two Lemmas.

Lemma 3.3. Suppose that (V), (H0)–(H1) and (H4) hold. Then for each v ∈ Wμ \ {0} the following limits hold:
(1) if v+ ̸= 0, then Iμ(tv) → −∞ as t → +∞;
(2) if v+ = 0, then Iμ(tv) → +∞ as t → +∞.

Lemma 3.4. For every v ∈ Wμ \ {0} with v+ ̸= 0, there exists a unique tv > 0 such that tvv ∈ Nμ. Moreover,
Iμ(tvv) = maxt≥0 Iμ(tv).

From Lemmas 3.2–3.4 it follows that Iμ possesses the mountain pass geometry with

cμ = inf
γ∈Γμ

max
t∈[0,1]

Iμ(γ(t)),

where
Γμ = {γ ∈ C([0, 1],Wμ) : γ(0) = 0, Iμ(γ(1)) < 0},

and cμ can be characterized by the following identity:

cμ = inf
v∈Nμ

Iμ(v) = inf
v∈Wμ\{0}

max
t≥0

Iμ(tv). (3.2)

Therefore, by Theorem 3.1, there exists a (C)cμ sequence {vn} ⊂ Wμ of Iμ, that is,

Iμ(vn) → cμ and (1 + ‖vn‖μ)I󸀠μ(vn) → 0 as n →∞. (3.3)

Now, we will give the detailed properties of the above (C)cμ sequence in the following two Lemmas.
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Lemma 3.5. Let {vn} be a (C)cμ sequence of Iμ. Then the following holds:
(1) {vn} is bounded in Wμ and there exists a v ∈ Wμ such that vn ⇀ v in Wμ;
(2) J󸀠μ(v) = 0;
(3) vn ≥ 0 for n ∈ ℕ.

Proof. (1) By (3.3), (H2) and Lemma 2.1 (4), we have that

cμ + on(1) = Iμ(vn) −
2
θ
⟨I󸀠μ(vn), vn⟩

≥ (
1
p
−
2
θ ) ∫
ℝN

|∇vn|p dx + μ(
1
p
−
2
θ ) ∫
ℝN

|f(vn)|p dx + (
1
θ ∫
ℝN

h(f(vn))f(vn)dx − ∫
ℝN

H(f(vn)))dx

+ (
1
θ
−

1
2p∗ ) ∫

ℝN

|f(v+n)|2p
∗ dx

≥ (
1
p
−
2
θ ) ∫
ℝN

|∇vn|p dx + μ(
1
p
−
2
θ ) ∫
ℝN

|f(vn)|p dx,

which implies that

∫

ℝN

|∇vn|p dx + μ ∫
ℝN

|f(vn)|pdx ≤ C1.

On the other hand, using Lemma 2.1 (9) and the Sobolev inequality, we have that

∫

ℝN

|vn|p dx = ∫
{|vn |≤1}

|vn|p dx + ∫
{|vn |≥1}

|vn|p dx

≤ ∫
{|vn |≤1}

|f(vn)|p dx + ∫
{|vn |≥1}

|vn|p
∗ dx

≤ ∫

ℝN

|f(vn)|p dx + (∫
ℝN

|∇vn|p dx)
p∗
p
.

Therefore, {vn} is bounded in Wμ, and there exists a v ∈ Wμ such that vn ⇀ v in Wμ. Hence, up to a subse-
quence, there exists v ∈ Wμ such that

{{{
{{{
{

vn ⇀ v inWμ ,
vn → v in Lsloc(ℝ

N) for 1 ≤ s < p∗,
vn(x) → v(x) a.e. x ∈ ℝN .

(3.4)

Moreover, using [27, Theorem 1.6], we can get

∇vn → ∇v a.e. inℝN . (3.5)

Indeed, by translation, equation (Qμ) is reduced to

−∆pv + μ|v|p−2v = h(f(v))f 󸀠(v) + |f(v)|2p
∗−1f 󸀠(v) − μ|f(v)|p−1f 󸀠(v) + μ|v|p−2v.

Let f̃ (x, v) = h(f(v))f 󸀠(v) + |f(v)|2p∗−1f 󸀠(v) − μ|f(v)|p−1f 󸀠(v) + μ|v|p−2v. By hypotheses (H0)–(H1) and using
Lemma 2.1 (2), (6), (7), and (10), we have that

lim
t→0

f̃ (x, t)
|t|p−2t
= 0, lim

|t|→+∞

f̃ (x, t)
|t|p∗−2t = c0 > 0,

where c0 > 0 is a constant. Thus we have verified all conditions of [27, Theorem 1.6, Step 2], hence (3.5)
follows.



K.M. Teng and X. F. Yang, Quasilinear elliptic equations with critical growth | 347

(2) Since C∞0 (ℝN) is dense in Wμ, we only need to show ⟨J󸀠μ(vn), φ⟩ = 0 for all φ ∈ C∞0 (ℝN). We observe
that

⟨I󸀠μ(vn), φ⟩ − ⟨I󸀠μ(v), φ⟩

= ∫

ℝN

(|∇vn|p−2∇vn − |∇v|p−2∇v)∇φ dx + μ ∫
ℝN

[|f(vn)|p−2f(vn)f 󸀠(vn) − |f(v)|p−2f(v)f 󸀠(v)]φ dx

+ ∫

ℝN

(h(f(v))f 󸀠(v) − h(f(vn))f 󸀠(vn))φ dx + ∫
ℝN

[|f(v+)|2p∗−1f 󸀠(v+) − |f(v+n)|2p∗−1f 󸀠(v+n)]φ dx,
thus we need to show that the following limits hold:

lim
n→∞
∫

ℝN

(|∇vn|p−2∇vn − |∇v|p−2∇v)∇φ dx = 0, (3.6)

lim
n→∞
∫

ℝN

[|f(vn)|p−2f(vn)f 󸀠(vn) − |f(v)|p−2f(v)f 󸀠(v)]φ dx = 0, (3.7)

lim
n→∞
∫

ℝN

(h(f(v))f 󸀠(v) − h(f(vn))f 󸀠(vn))φ dx = 0, (3.8)

lim
n→∞
∫

ℝN

[|f(v+)|2p∗−1f 󸀠(v+) − |f(v+n)|2p∗−1f 󸀠(v+n)]φ dx = 0 (3.9)

for all φ ∈ C∞0 (ℝN).
By (3.5), it is easy to show that (3.6) holds by the weak convergence argument.
Let ṽn = vn − v; next we show that (3.7)–(3.9) hold. Using Lemma 2.1 (2), (6), (7) and Young’s inequality,

we deduce that
󵄨󵄨󵄨󵄨|f(vn)|

m−2f(vn)f 󸀠(vn) − |f(v)|m−2f(v)f 󸀠(v)󵄨󵄨󵄨󵄨

=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

∫
0

d
dt [|f(v + tṽn)|

m−2f(v + tṽn)f 󸀠(v + tṽn)]dt
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
1

∫
0

[(m − 1)|ṽn||f(v + tṽn)|m−2(f 󸀠(v + tṽn))2 + |ṽn||f(v + tṽn)|m−1|f 󸀠󸀠(v + tṽn)|]dt

≤
1

∫
0

[(m − 1)|ṽn||v + tṽn|m−2 + 2p−1|ṽn||f(v + tṽn)|p+m−2|f 󸀠(v + tṽn)|p+2]dt

≤ C3(|ṽn|m−1 + |ṽn||v|m−2)
≤ C4|ṽn|m−1 + C5|v|m−1, (3.10)

where p ≤ m < 2p∗. By (3.4), we obtain

|f(vn)|m−2f(vn)f 󸀠(vn) − |f(v)|m−2f(v)f 󸀠(v) − C4|ṽn|m−1 → 0 a.e. inℝN .

By the Hölder inequality, we have

∫

ℝN

[|f(vn)|m−2f(vn)f 󸀠(vn) − |f(v)|m−2f(v)f 󸀠(v) − C4|ṽn|m−1]φ dx ≤ C5 ∫
ℝN

|v|m−1φ dx

≤ C5(∫
ℝN

|v|m dx)
m−1
m
(∫

ℝN

|φ|m dx)
1
m
.

From the Lebesgue dominated convergence theorem it follows that

lim
n→∞
∫

ℝN

[|f(vn)|m−2f(vn)f 󸀠(vn) − |f(v)|m−2f(v)f 󸀠(v) − C4|ṽn|m−1]φ dx = 0.
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By (3.4), we deduce that

lim
n→∞
∫

ℝN

[|f(vn)|m−2f(vn)f 󸀠(vn) − |f(v)|m−2f(v)f 󸀠(v)]φ dx = C5 lim
n→∞
∫

ℝN

|ṽn|m−1φ dx = 0.

Take m = p and m = q; then (3.7) and (3.8) follows. In the case m = 2p∗, using Lemma 2.1 (10), we can
deduce that

󵄨󵄨󵄨󵄨|f(v
+
n)|

2p∗−2f(v+n)f 󸀠(v+n) − |f(v+)|2p∗−2f(v+)f 󸀠(v+)󵄨󵄨󵄨󵄨 ≤ C6(ṽ+n)p∗−1 + C7(v+)p∗−1.
Since (ṽ+n)p

∗−1 ⇀ 0 in Lp∗/(p∗−1)(suppφ), so we get
lim
n→∞
∫

ℝN

[|f(v+n)|2p
∗−2f(v+n)f 󸀠(v+n) − |f(v+)|2p∗−2f(v+)f 󸀠(v+)]φ dx = lim

n→∞
∫

ℝN

(ṽ+n)p
∗−1φ dx = 0.

Hence (3.9) is proven.
Consequently, we obtain

⟨I󸀠μ(vn), φ⟩ − ⟨I󸀠μ(v), φ⟩ → 0 as n →∞.

Meanwhile, if {vn} is a bounded (C)cμ sequence of Jμ, then

‖I󸀠μ(vn)‖(Wμ)∗ = (1 + ‖vn‖μ)supφ∈Wμ⟨I
󸀠
μ(vn), φ⟩

1 + ‖vn‖μ
≤ ‖(1 + ‖vn‖μ)I󸀠μ(vn)‖(Wμ)∗‖φ‖μ → 0

for any φ ∈ Wμ. Thus ⟨I󸀠μ(vn), φ⟩ = 0, and as a result ⟨I󸀠μ(v), φ⟩ = 0 for any φ ∈ C∞0 (ℝN).
(3) Since {vn} is bounded inWμ, we get that {v−n} is bounded inWμ, where v−n = max{−vn , 0}. Using (H0),

we have that

on(1) = ⟨I󸀠μ(vn), −v−n⟩

≥ ∫

ℝN

|∇v−n |p dx + μ ∫
ℝN

|f(v−n)|p−2f(v−n)f 󸀠(v−n)(v−n)dx

≥ ∫

ℝN

|∇v−n |p dx +
μ
2 ∫
ℝN

|f(v−n)|p dx

≥
1
2(∫
ℝN

|∇v−n |p dx + μ ∫
ℝN

|f(v−n)|p dx).

Thus Qμ(v−n) → 0. Similar to the proof of [37, Proposition 2.4], we can deduce that

∫

ℝN

|∇v−n |p dx + μ ∫
ℝN

|f(v−n)|p dx ≥ C8‖v−n‖μ

for some C8 > 0 independent of n. Therefore, we get v−n = 0 inWμ. Hence, we get vn = v+n + on(1) inWμ.

Lemma 3.6. Let {vn} be a (C)cμ sequence of Iμ with cμ < 1
2N S

N/p. Then one of the following conclusions holds:
(1) Qμ(vn) → 0;
(2) there exist {yn} ⊂ ℝN and positive constants R, ξ such that

lim
n→∞

inf ∫
BR(yn)

|vn|p dx ≥ ξ.

Proof. Assume that (2) dose not occur, that is, for all R > 0 there holds

lim
n→∞

inf ∫
BR(yn)

|vn|p dx = 0.
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By the vanishing Lemma in [28], we can assume vn → 0 in Ls(ℝN) for all s ∈ (p, p∗). By (H0)–(H1) and
Lemma 2.1 (6) and (10), we have

∫

ℝN

H(f(vn))dx = ∫
ℝN

h(f(vn))f(vn)dx

≤ ∫

ℝN

(ε|f(vn)|p + Cε|f(vn)|q+1)dx

≤ ε ∫
ℝN

|vn|p + Cε ∫
ℝN

|vn|
q+1
2 dx = on(1),

Next, since
󵄩󵄩󵄩󵄩󵄩󵄩
f(vn)
f 󸀠(vn)
󵄩󵄩󵄩󵄩󵄩󵄩μ
≤ 2‖vn‖μ

and thus
⟨J󸀠μ(vn),

f(vn)
f 󸀠(vn)
⟩ = on(1),

that is,

∫

ℝN

[1 + 2p−1f p(vn)
1 + 2p−1f p(vn)

]|∇vn|p dx + μ ∫
ℝN

|f(vn)|p dx = ∫
ℝN

h(f(vn))f(vn)dx + ∫
ℝN

|f(v+n)|2p
∗ dx + on(1)

= ∫

ℝN

|f(v+n)|2p
∗ dx + on(1). (3.11)

Denote by l ≥ 0 a number such that

∫

ℝN

[1 + 2p−1f p(vn)
1 + 2p−1f p(vn)

]|∇vn|p dx + μ ∫
ℝN

|f(vn)|p dx → l and ∫
ℝN

|f(v+n)|2p
∗ dx → l.

Assume that l > 0; by the definition of S = inf{∫ℝN |∇u|
p dx : ‖u‖p∗ = 1}, we have

S ≤
∫ℝN |∇f

2(v+n)|p dx

(∫ℝN |f
2(v+n)|p

∗ dx) pp∗ =
∫ℝN

2p |f(v+n )|p
1+2p−1|f(v+n )|p |∇v+n |p dx
(∫ℝN |f

2(v+n)|p
∗ dx) pp∗

≤
∫ℝN (1 +

2p−1|f(v+n )|p
1+2p−1|f(v+n )|p )|∇v+n |p dx
(∫ℝN |f(v

+
n)|2p

∗ dx) pp∗
→ l1−

p
p∗ as n →∞,

thus, l ≥ S
N
p . Combining this with (3.11), we obtain that

cμ = lim
n→∞
{
1
p ∫
ℝN

[|∇vn|p + μf p(vn)]dx −
1

2p∗ ∫
ℝN

|f(v+n)|2p
∗ dx − ∫

ℝN

H(f(vn))dx}

≥ lim
n→∞
{
1
2p ∫
ℝN

[(1 + 2p−1|f(vn)|p
1 + 2p−1|f(vn)|p

)|∇vn|p + μf p(vn)]dx −
1

2p∗ ∫
ℝN

|f(v+n)|2p
∗ dx}

= (
1
2p −

1
2p∗ )l

≥
1
2N S

N
p ,

which yields a contradiction because cμ < 1
2N S

N/p. Thus l = 0.

For the least energy level cμ, we have the following estimate.
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Lemma 3.7. For any μ > 0, there exists v0 ∈ Wμ \ {0} such that

max
t≥0

Iμ(tv0) <
1
2N S

N
p and cμ = inf

v∈Nμ
Iμ(v) <

1
2N S

N
p ,

where S denotes the best constant for the embedding D1,p(ℝN) 󳨅→ Lp∗ (ℝN).
Proof. Define a functional Iμ : Wμ ∩ L∞(ℝN) → ℝ by

Iμ(u) =
1
p ∫
ℝN

(1 + 2p−1|u|p)|∇u|p dx + μ
p ∫
ℝN

|u|p dx − ∫
ℝN

H(u)dx − 1
2p∗ ∫
ℝN

|u+|2p∗ dx.
By the equivalent characteristic of cμ (see (3.2)),weonlyneed toprove that there exists 0 ̸= v0 ∈ Wμ ∩ L∞(ℝN)
such that

sup
t≥0

Iμ(tv0) <
1
2N S

N
p .

FromLemma3.3weknow that Iμ(tv0) → −∞ as t → +∞; then there exists some t∗ > 0 such that Iμ(t∗v0) < 0.
Define γ∗(t) := f−1(tt∗v0); by the definition of cμ, we have

cμ := inf
γ∈Γ

sup
t∈[0,1]

Iμ(γ(t)) ≤ sup
t∈[0,1]

Iμ(γ∗(t)) ≤ sup
t≥0

Iμ(tv0) <
1
2N S

N
p .

Fix ε > 0 and define the function

uε(x) =
ψ(x)

(ε + |x|
p
p−1 ) N−p2p

, vε(x) =
uε(x)

‖u2ε ‖
1
2
Lp∗ ,

whereψ ∈ C∞0 (ℝN , [0, 1]) is such that 0 ≤ ψ ≤ 1 if |x| < 1 andψ(x) = 0 if |x| ≥ 2. By [21, Lemma4.1] we know
that uε verifies the following estimates:

∫

ℝN

|∇u2ε |p dx = K1ε
p−N
p + O(1), (∫

ℝN

|u2ε |p
∗ dx) p

p∗
= K2ε

p−N
p + O(1),

and

∫

ℝN

|u2ε |t dx =

{{{{{{{{
{{{{{{{{
{

K3ε
N(p−1)−t(N−p)

p + O(1) if t > N(p − 1)
N − p

,

K3|ln ε| + O(1) if t = N(p − 1)
N − p

,

O(1) if t < N(p − 1)
N − p

,

where K1, K2, K3 are positive constants independent of ε and S = K1K2 .
By computations, vε verifies

‖vε‖L2p∗ = 1, ‖∇v2ε ‖pLp = S + O(ε N−pp ), ‖∇vε‖pLp = O(ε N−p2p ) (3.12)

and

∫

ℝN

|vε|q dx =

{{{{{{{{
{{{{{{{{
{

O(ε
(N−p)q
2p2 ) if q < 2p∗ − 2N

N − p
,

O(ε
(N−p)q
2p2 |ln ε|) if q = 2p∗ − 2N

N − p
,

O(ε
N(p−1)− q2 (N−p)

p + q(N−p)
2p2 ) if q > 2p∗ − 2N

N − p
.

(3.13)

Obviously, vε ∈ Wμ ∩ L∞(ℝN), and by (H4) we have

Iμ(tvε) =
tp

p ∫
ℝN

(|∇vε|p +
tp

2 |∇v
2
ε |
p)dx + t

p

p ∫
ℝN

μ|vε|p dx − ∫
ℝN

H(tvε)dx −
t2p∗
2p∗ ∫
ℝN

|vε|2p
∗ dx

≤
tp

p ∫
ℝN

(|∇vε|p + μ|vε|p)dx +
t2p

2p ∫
ℝN

|∇v2ε |p dx −
Ctσ

σ ∫
ℝN

|vε|σ dx −
t2p∗
2p∗ =: gμ(t).
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It is clear that limt→∞ gμ(t) = −∞ and gμ(t) > 0 when t is small; then supt≥0 gμ(t) is attained at some tε > 0.
It follows that

0 = g󸀠μ(tε)

= tp−1ε ∫

ℝN

(|∇vε|p + μ|vε|p)dx + t2p−1ε ∫

ℝN

|∇v2ε |p dx − Ctσ−1ε ∫

ℝN

|vε|σ dx − t2p
∗−1

ε

= tp−1ε [∫

ℝN

(|∇vε|p + μ|vε|p)dx + tpε ∫
ℝN

|∇v2ε |p dx − Ct
σ−p
ε ∫

ℝN

|vε|σ dx − t2p
∗−p

ε ].

We have
∫

ℝN

(|∇vε|p + μ|vε|p)dx + tpε ∫
ℝN

|∇v2ε |p dx = Ct
σ−p
ε ∫

ℝN

|vε|σ dx + t2p
∗−p

ε ≥ t2p
∗−p

ε ,

so tε is bounded from above by some T1 > 0. On the other hand,

∫

ℝN

|∇v2ε |p dx ≤ t
2p∗−2p
ε + Ctσ−2pε ∫

ℝN

|vε|σ dx.

Since σ > 2p, combining (3.12) with (3.13) and choosing ε small enough, we have t2p
∗−2p

ε ≥ S/2, so tε is
bounded from below by some T2 > 0 independent of ε. Next, we define

eμ(t) :=
t2p

2p ∫
ℝN

|∇v2ε |p dx −
t2p∗
2p∗ ,

which attains its unique global maximum at

t0 = (∫
ℝN

|∇v2ε |p dx)
1

2p∗−2p
.

Thus, by (3.12) and (3.13), using the fact that σ > 2pN/(N − p) − 2N
N−p , we have that

max
t≥0

Iμ(tvε) ≤ gμ(tε) ≤ eμ(t0) +
tpε
p ∫
ℝN

(|∇vε|p + μ|vε|p)dx −
Ctσε
σ ∫
ℝN

|vε|σ dx

≤ (
1
2p −

1
2p∗ )(∫

ℝN

|∇v2ε |p dx)
2p∗

2p∗−2p
+ C1 ∫
ℝN

(|∇vε|p + μ|vε|p)dx − C2 ∫
ℝN

|vε|σ dx

=
1
2N S

N
p + O(ε

N−p
p ) + O(ε

N−p
2p ) − O(ε

N(p−1)− σ2 (N−p)
p + σ(N−p)

2p2 )

<
1
2N S

N
p

for ε > 0 small enough. The proof is completed.

3.2 The existence of the ground state solution for (Qμ)

Now, we are able to prove the existence of positive ground state solution for problem (Qμ).

Theorem 3.8. Suppose that conditions (H0)–(H5) are satisfied. Problem (Qμ) has a positive ground state solu-
tion v ∈ C1,αloc (ℝ

N)⋂ L∞(ℝN) satisfying v(x) → 0 as |x| → ∞.

Proof. From Section 3.1, we know that Iμ satisfies themountain pass geometry. There exists a (C)cμ sequence
{vn} ⊂ Wμ of Iμ, which satisfies

Iμ(vn) → cμ <
1
2N S

N
p and (1 + ‖vn‖μ)I󸀠μ(vn) → 0 as n →∞.
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From Lemma 3.5, up to a subsequence, there is a v ∈ Wμ such that vn ⇀ v inWμ with I󸀠μ(v) = 0. Without loss
of generality, we can suppose that v ̸= 0; otherwise, if Qμ(vn) → 0, using Lemma 2.1 (4), we have that

∫

ℝN

|∇vn|p dx + μ ∫
ℝN

|f(vn)|p−2f(vn)f 󸀠(vn)vn dx ≤ ∫
ℝN

|∇vn|p dx + μ ∫
ℝN

|f(vn)|p dx → 0.

From ⟨I󸀠μ(vn), vn⟩ → 0 we conclude that

∫

ℝN

[h(f(vn))f 󸀠(vn)vn + (f(v+n))2p
∗−1f 󸀠(v+n)v+n]dx → 0.

Under the assumptions (H0), (H2) and Lemma 2.1 (4), we have

∫

ℝN

H(f(vn))dx +
1

2p∗ ∫
ℝN

|f(v+n)|2p
∗ dx ≤ 1

θ ∫
{vn≥0}

h(f(vn))f(vn)dx +
1

2p∗ ∫
ℝN

|f(v+n)|2p
∗ dx

≤ C1 ∫
ℝN

[h(f(vn))f 󸀠(vn)vn + |f(v+n)|2p
∗−1f 󸀠(v+n)v+n]dx → 0.

Therefore, we conclude that

Iμ(vn) =
1
p
Qμ(vn) − ∫

ℝN

[H(f(vn)) +
1

2p∗ |f(v
+
n)|

2p∗]dx → 0,

which is a contradiction with Iμ(vn) → cμ > 0. Therefore, Qμ(vn) ↛ 0. By Lemma 3.6, there exist {yn} ⊂ ℝN
and positive constants R, ξ such that

lim
n→∞

inf ∫
BR(yn)

|vn|p dx ≥ ξ.

Define v̂n(x) = vn(x + yn). Then {v̂n} is also a (C)cμ sequence of Iμ and satisfies

v̂n ⇀ v̂ inWμ , I󸀠μ(v̂) = 0, v̂n → v̂ in Lp(BR).

Then

∫
BR(x)

|v̂|p dx = lim
n→∞
∫

BR(x)

|v̂n|p dx

= lim
n→∞
∫

BR(yn)

|vn|p dx ≥ ξ ⇒ v̂ ̸= 0,

so we can assume that v ̸= 0. By Lemma 2.1 (4), we get

|f(vn)|p − |f(vn)|p−2f(vn)f 󸀠(vn)vn ≥ |f(vn)|p − |f(vn)|p−2f 2(vn) = 0 (3.14)

and
1
p
|f(v+n)|2p

∗−1f 󸀠(v+n)v+n − 1
2p∗ |f(v

+
n)|

2p∗ ≥ ( 12p − 1
2p∗ )|f(v

+
n)|

2p∗ > 0.
From (H2) it follows that

1
p
h(f(vn))f 󸀠(vn)vn − H(f(vn)) ≥

1
p
h(f(vn))f 󸀠(vn)vn −

1
θ
h(f(vn))f(vn)

≥ (
1
2p −

1
θ )
h(f(vn))f(vn) > 0. (3.15)
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Combining (3.14)–(3.15) with Fatou’s Lemma, we obtain

cμ = lim
n→∞
[Iμ(vn) −

1
p
⟨I󸀠μ(vn), vn⟩]

= lim
n→∞

inf μ
p ∫
ℝN

[|f(vn)|p − |f(vn)|p−2f(vn)f 󸀠(vn)vn]dx + limn→∞
inf ∫
ℝN

[
1
p
h(f(vn))f 󸀠(vn)vn − H(f(vn))]dx

+ lim
n→∞

inf ∫
ℝN

[
1
p
|f(v+n)|2p

∗−1f 󸀠(v+n)v+n − 1
2p∗ |f(v

+
n)|

2p∗]dx
≥
μ
p ∫
ℝN

[|f(v)|p − |f(v)|p−2f(v)f 󸀠(v)v]dx + ∫
ℝN

[
1
p
h(f(v))f 󸀠(v)v − H(f(v))]dx

+ ∫

ℝN

[
1
p
|f(v+)|2p∗−1f 󸀠(v+)v+ − 1

2p∗ |f(v
+)|2p

∗
]dx

= Iμ(v) −
1
p
⟨I󸀠μ(v), v⟩ = Iμ(v).

Then v ̸= 0 is a critical point of Iμ satisfying Iμ(v) ≤ cμ. On the other hand, v ∈ Nμ and cμ = infNμ Iμ imply
that Iμ(v) ≥ cμ, therefore Iμ(v) = cμ.

Now we show that v is nonnegative since

∫

ℝN

|∇v|p−2∇v∇φ dx + ∫
ℝN

μ|f(v)|p−2f(v)f 󸀠(v)φ dx

= ∫

ℝN

h(f(v))f 󸀠(v)φ dx + ∫
ℝN

|f(v+)|2p∗−2f(v+)f 󸀠(v+)φ dx (3.16)

for all v, φ ∈ Wμ. Let φ = −v−; then

0 ≤ 12Qμ(v
−) ≤ ∫

ℝN

|∇v−|p dx + ∫
ℝN

μ|f(v−)|p−2f(v−)f 󸀠(v−)(v−)dx = 0

implies that v− = 0, and thus v ≥ 0.
Next, we will prove the L∞-estimate of v and that it decays to zero at infinity.
For any R > 0, 0 < r ≤ R/2, set η ∈ C∞(ℝN), 0 ≤ η ≤ 1, with η(x) = 1 if |x| ≥ R and η(x) = 0 if |x| ≤ R − r

and |∇η| ≤ 2/r. For l > 0, let

vl(x) = {
v(x), v ≤ l,
l, v > l,

and

zl = ηpv
p(β−1)
l v and ωl = ηv

β−1
l v,

with β > 1 to be determined later. Taking zl as a test function, we get

∫

ℝN

ηpvp(β−1)l |∇v|p dx = ∫
ℝN

h(f(v))f 󸀠(v)vηpvp(β−1)l dx + ∫
ℝN

|f(v)|2p∗−1f 󸀠(v)vηpvp(β−1)l dx

− p ∫
ℝN

ηp−1vp(β−1)l v|∇v|p−2∇v∇η dx − p(β − 1) ∫
ℝN

ηpvp(β−1)−1l v|∇v|p−2∇v∇vl dx

− ∫

ℝN

μ|f(v)|p−1f 󸀠(v)vηpvp(β−1)l dx.

By (H0) and (H1), we see that for any τ > 0 there exists Dτ > 0 such that

h(f(t)) ≤ τf(t)p−1 + Dτ(f(t))2p
∗−1 for all t ≥ 0.
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Choose τ sufficiently small; by Lemma 2.1 (10), we have that

∫

ℝN

ηpvp(β−1)l |∇v|p dx ≤ C2 ∫
ℝN

|f(v)|2p∗−1f 󸀠(v)vηpvp(β−1)l dx − p ∫
ℝN

ηp−1vp(β−1)l v|∇v|p−2∇v∇η dx

≤ C3 ∫
ℝN

vp∗ηpvp(β−1)l dx + p ∫
ℝN

ηp−1vp(β−1)l v|∇v|p−1∇η dx.

For every ϑ > 0, by Young’s inequality, we have that

∫

ℝN

ηpvp(β−1)l |∇v|p dx ≤ C3 ∫
ℝN

vp∗ηpvp(β−1)l dx + pϑ ∫
ℝN

ηpvp(β−1)l |∇v|p dx + pCϑ ∫
ℝN

vp|∇η|pvp(β−1)l dx

≤ C3 ∫
ℝN

vp∗ηpvp(β−1)l dx + C4 ∫
ℝN

vp|∇η|pvp(β−1)l dx, (3.17)

where we have chosen ϑ > 0 sufficiently small.
On the other hand, by the Sobolev inequality and the Hölder inequality, we have

‖ωl‖
p
p∗ ≤ C5 ∫

ℝN

|∇ωl|p dx = C5 ∫
ℝN

|∇(ηvβ−1l v)|p dx

≤ C5βp(∫
ℝN

vp|∇η|pvp(β−1)l dx + ∫
ℝN

ηpvp(β−1)l |∇v|p dx). (3.18)

Combining (3.17) with (3.18), we obtain

‖ωl‖
p
p∗ ≤ C6βp(∫

ℝN

vp|∇η|pvp(β−1)l dx + ∫
ℝN

ηpvp(β−1)l vp∗ dx). (3.19)

Let β = p
∗
p ; using the fact that R − r ≥

R
2 , we have that

‖ωl‖
p
p∗ ≤ C6βp(∫

ℝN

vp|∇η|pvp
∗−p
l dx + ∫

{|x|≥R−r}

ηpvp
∗−p
l vp∗ dx)

≤ C6βp ∫
ℝN

vp|∇η|pvp
∗−p
l dx + C6βp(∫

ℝN

(vηv
p∗−p
p

l )
p∗
dx)

p
p∗
( ∫
|x|>R/2

vp∗ dx) p∗−pp∗
.

From the definition of ωl it follows that

(∫

ℝN

(vηv
p∗−p
p

l )
p∗
dx)

p
p∗
≤ C6βp ∫

ℝN

vp|∇η|pvp
∗−p
l dx + C6βp(∫

ℝN

(vηv
p∗−p
p

l )
p∗
dx)

p
p∗
( ∫
|x|>R/2

vp∗ dx) p∗−pp∗
.

Since v ∈ Lp∗ (ℝN), for R > 0 sufficient large there holds

∫
|x|≥R/2

vp∗ dx ≤ ϑ.
Therefore,

( ∫
|x|≥R

(vv
p∗−p
p

l )
p∗
dx)

p
p∗
≤ ( ∫
|x|≥R−r

(ηvv
p∗−p
p

l )
p∗
dx)

p
p∗

≤ C7βp ∫
ℝN

vp|∇η|pvp
∗−p
l dx

≤
C7βp

rp ∫
ℝN

vp∗ dx ≤ C8
rp

.
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Using Fatou’s Lemma in the variable l, we get

∫
|x|≥R

v
(p∗)2
p dx < ∫

|x|≥R−r

ηp∗v (p∗)2
p dx < C9

rp∗ < +∞. (3.20)

Next, we note that if

β = p
∗(t − 1)
pt

with t = (p
∗)2

p(p∗ − p)
,

then
β > 1, t > 1, pt

t − 1 < p
∗, v ∈ L

pβt
t−1 (|x| ≥ R − r).

By (3.19) and the Hölder inequality, we have that

‖ωl‖
p
p∗ ≤ C6βp( ∫

|x|≥R−r

vpβ|∇η|p dx + ∫
|x|≥R−r

ηpvp∗−p|v|pβ dx)
≤ C6βp[( ∫

|x|≥R−r

v
pβt
t−1 dx) t−1t ( ∫

R−r≤|x|≤R

|∇η|pt dx)
1
t
+ ( ∫
|x|≥R−r

(ηpvp∗−p)t dx) 1t ( ∫
|x|≥R−r

v
pβt
t−1 dx) t−1t ]

≤ C6βp{
[RN − (R − r)N] 1t

rp ( ∫
|x|≥R−r

v
pβt
t−1 dx) t−1t + ( ∫

|x|≥R−r

(η
p(p∗−p)
p∗ vp∗−p)t dx) 1t ( ∫

|x|≥R−r

v
pβt
t−1 dx) t−1t },

where we have used p ≥ p(p
∗−p)
p∗ . By (3.20), we deduce that

‖ωl‖
p
p∗ ≤ C10βp( 1

r
p∗
t

+
R N

t

rp )( ∫
|x|≥R−r

v
pβt
t−1 dx) t−1t .

Using Fatou’s Lemma, we obtain

‖v‖pβp∗β,(|x|≥R) ≤ C10βp( 1
r
p∗
t

+
R N

t

rp )
‖v‖pβpβt

t−1 β,(|x|>R−r).
If we take ψ = p∗(t − 1)/pt, s = pt/(t − 1), then

‖v‖βψs,(|x|≥R) ≤ C
1
pβ β

1
β (

1
r
p∗
t

+
R N

t

rp )
1
pβ
‖v‖βs,(|x|>R−r). (3.21)

Setting β = ψm(m = 1, 2, . . .), we obtain

‖v‖ψm+1s,(|x|≥R) ≤ C 1
p ψ

−m
10 ψmψ−m

(
1
r
p∗
t

+
R N

t

rp )
1

pψm
‖v‖ψms,(|x|>R−r). (3.22)

Note that p > p∗/t, p > N/t. Therefore, if we choose rm := 2−(m+1)R, then it follows from inequalities (3.21)
and (3.22) that

‖v‖ψm+1s,(|x|≥R) ≤ ‖v‖ψm+1s,(|x|≥R−rm+1) ≤ C 1
p ψ

−m
10 ψmψ−m

(
2
p∗(m+1)

t

R
p∗
t

+ 2p(m+1))
1

pψm
‖v‖ψms,(|x|>R−rm)

≤ C
1
p ψ

−m
10 ψmψ−m

(2 × 2p(m+1))
1

pψm ‖v‖ψms,(|x|>R−rm)

≤ C
1
p ∑

m
i=1 ψ−i

10 ψ∑
m
i=1 iψ−i exp( m∑

i=1

ln(2 × 2p(i+1))
pψi

)‖v‖ψs,(|x|>R−r1)

≤ C11‖v‖p∗ ,(|x|>R/2).
Letting m →∞ in the last inequality, we have

‖v‖∞,(|x|>R) ≤ C11‖v‖p∗ ,(|x|>R/2).
Therefore, for any ϑ > 0 there exists an R > 0 such that ‖v‖∞,(|x|>R) ≤ ϑ. Consequently, we conclude that
lim|x|→∞ v(x) = 0.
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4 The nonautonomous problem
In this section, we will study the following problem (which is equivalent to (Pε)), which can be obtained
under the change of variable εz = x:

{
−∆pv + V(εx)|f(v)|p−2f(v)f 󸀠(v) = h(f(v))f 󸀠(v) + |f(v)|2p

∗−1f 󸀠(v) inℝN ,
v ∈ W1,p(ℝN), v(x) > 0 inℝN .

(P∗ε )

The functional Jε corresponding to problem (P∗ε ) is given by

Jε(v) =
1
p ∫
ℝN

|∇v|p dx + 1
p ∫
ℝN

V(εx)|f(v)|p dx − ∫
ℝN

H(f(v))dx − 1
2p∗ ∫
ℝN

|f(v+)|2p∗ dx,
which is well defined on the Banach space

Xε = {v ∈ W1,p(ℝN) : ∫
ℝN

V(εx)|v|p dx < ∞}

endowed with the norm

‖v‖Xε = (∫
ℝN

(|∇v|p + V(εx)|v|p)dx)
1
p
.

Obviously, Jε ∈ C1(Xε ,ℝ) with

⟨J󸀠ε(v), φ⟩ = ∫
ℝN

|∇v|p−2∇v∇φ dx + ∫
ℝN

V(εx)|f(v)|p−2f(v)f 󸀠(v)φ dx − ∫
ℝN

h(f(v))f 󸀠(v)φ dx

− ∫

ℝN

|f(v+)|2p∗−2f(v+)f 󸀠(v+)φ dx
for all v, φ ∈ Xε. Moreover, the weak solution v of (P∗ε ) corresponds to the critical point of the functional Jε.
We define the Nehari manifold associated to (P∗ε ) byMε, that is,

Mε = {v ∈ Xε : v ̸= 0 and ⟨J󸀠ε(v), v⟩ = 0}.

Set
Q(v) = ∫

ℝN

(|∇v|p + V(εx)|f(v)|p)dx.

We first show that the Nehari manifoldMε is bounded from below.

Lemma 4.1. There exists a constant C > 0 such that ‖v‖Xε ≥ C > 0 for all v ∈Mε.

Proof. By Lemma 2.1 (10), the Hölder inequality and the Sobolev inequality, we have that

∫

ℝN

|f(v)|q+1 dx ≤ (∫
ℝN

|f(v)|p dx)
τ(q+1)
p
(∫

ℝN

|f(v)|2p∗ dx) (1−τ)(q+1)2p∗

≤ 2
(1−τ)(q+1)

2p (∫

ℝN

|f(v)|p dx)
τ(q+1)
p
(∫

ℝN

|v|p∗ dx) (1−τ)(q+1)2p∗

≤ 2
(1−τ)(q+1)

2p V
− τ(q+1)p
0 S

(1−τ)(q+1)
2p (∫

ℝN

V(εx)|f(v)|p dx)
τ(q+1)
p
(∫

ℝN

|∇v|p dx)
(1−τ)(q+1)

2p

≤ CQ(v)
(1+τ)(q+1)

2p , (4.1)

where τ ∈ (0, 1) verifies
1

q + 1 =
τ
p
+
1 − τ
2p∗ .
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By Lemma 2.1 (7) and the Sobolev inequality, we have

∫

ℝN

f 2p∗ (v+)dx ≤ C(∫
ℝN

|∇f 2(v+)|p dx)
p∗
p
≤ C(∫
ℝN

|∇v|p dx)
p∗
p
≤ CQ(v)

p∗
p . (4.2)

Thus, for v ∈Mε, by (4.1), (4.2), Lemma 2.1 (4), and hypotheses (H0), (H1) and (H4), we deduce that

0 = ∫
ℝN

(|∇v|p + V(εx)|f(v)|p−2f(v)f 󸀠(v)v)dx − ∫
ℝN

h(f(v))f 󸀠(v)v dx − ∫
ℝN

|f(v+)|2p∗−1f 󸀠(v+)v+ dx
≥
1
2 ∫
ℝN

(|∇v|p + V(εx)|f(v)|p)dx − ∫
ℝN

|f(v+)|2p∗ dx − ∫
ℝN

h(f(v))f(v)dx

≥
1
2 ∫
ℝN

(|∇v|p + (1 − 2εV0
)V(εx)|f(v)|p)dx − ∫

ℝN

|f(v+)|2p∗ dx − Cε ∫
ℝN

|f(v)|q+1 dx

≥
1
4Q(v) − CQ(v)

p∗
p − CQ(v)

(1+τ)(q+1)
2p .

Since (1+τ)(q+1)2p > 1, we have Q(v) ≥ C > 0 for some C > 0. This implies that

‖v‖Xε ≥ Q(v)
1
p ≥ C > 0

for all v ∈Mε.

It is easy to check, by arguing as in Section 3, that Jε exhibits the mountain pass geometry (Theorem 3.1)
and there exists a (C)cε sequence {vn} ⊂ Xε, for which we can assume vn ≥ 0, such that vn ⇀ v in Xε for some
v ∈ Xε and J󸀠ε(v) = 0 (similar arguments as in Lemma 3.5, using hypothesis (V)). Moreover, from Lemma 3.7,
there exists a v0 ∈ WV∞ \ {0} such that

max
t≥0

Jε(tv0) < max
t≥0

IV∞ (tv0) < 1
2N S

N
p ,

and thus
cε = inf

Mε
Jε = inf

v∈Xε\{0}
max
t≥0

Jε(tv) <
1
2N S

N
p .

Similar to the proof Lemma 3.4, there is a unique tv > 0 such that Jε(tvv) = maxt≥0 Jε(tv).
Similar to the proof of Lemma 3.6, we can characterize the (C)cε sequence in the following Lemma.

Lemma 4.2. Let {vn} be a (C)cε sequence of Jε with cε < 1
2N S

N/p. Then one of the following conclusions holds:
(1) Q(vn) → 0;
(2) there exist {yn} ⊂ ℝN and positive constants R, ξ such that

lim
n→∞

inf ∫
BR(yn)

|vn|p dx ≥ ξ.

Lemma 4.3. Suppose that {vn} is a (C)cε sequence of Jε in Xε with cε < 1
2N S

N/p and vn ⇀ 0 in Xε. If Q(vn) ↛ 0,
then cε ≥ cV∞ , where cV∞ is the minimax level of JV∞ .
Proof. Let {tn} ⊂ (0,∞) be a sequence such that {tnvn} ⊂ NV∞ . We claim that limn→∞ sup tn ≤ 1. Assume by
contradiction that there exist δ > 0 and a subsequence still denoted by {tn} such that tn ≥ 1 + δ for all n ∈ ℕ.
Since {vn} is bounded in Xε, we may assume that vn ≥ 0 for all n ∈ ℕ. From ⟨J󸀠ε(vn), vn⟩ = on(1) we get

∫

ℝN

[|∇vn|p + V(εx)|f(vn)|p−1f 󸀠(vn)vn]dx = ∫
ℝN

h(f(vn))f 󸀠(vn)vn dx + ∫
ℝN

|f(vn)|2p
∗−1f 󸀠(vn)vn dx + on(1). (4.3)

Also since {tnvn} ⊂ NV∞ , we get
∫

ℝN

[tpn |∇vn|p + V∞|f(tnvn)|p−1f 󸀠(tnvn)tnvn]dx

= ∫

ℝN

h(f(tnvn))f 󸀠(tnvn)tnvn dx + ∫
ℝN

|f(tnvn)|2p
∗−1f 󸀠(tnvn)tnvn dx. (4.4)
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From (4.3) and (4.4) we have

∫

ℝN

[
h(f(tnvn))
|f(tnvn)|2p−1

|f(tnvn)|2p−1f 󸀠(tnvn)
(tnvn)p−1

−
h(f(vn))
|f(vn)|2p−1

|f(vn)|2p−1f 󸀠(vn)
vp−1n

]vpn dx

+ ∫

ℝN

[
|f(tnvn)|2p

∗−1f 󸀠(tnvn)
(tnvn)p−1

−
|f(vn)|2p

∗−1f 󸀠(vn)
vp−1n

]vpn dx

= ∫

ℝN

(V∞ − V(εx))|f(vn)|p−1f 󸀠(vn)vn dx

+ ∫

ℝN

V∞[
|f(tnvn)|p−1f 󸀠(tnvn)
(tnvn)p−1

−
|f(vn)|p−1f 󸀠(vn)

vp−1n
]vpn dx + on(1).

Given ξ > 0, by (V) there exists R = R(ξ) > 0 such that V(εx) ≥ V∞ − ξ for all |εx| ≥ R. Since vn ⇀ 0 in Xε, we
have vn → 0 in Lsloc(ℝ

N) for s ∈ [1, p∗) and vn → 0 a.e. inℝN . Hence, we get

∫

ℝN

(V∞ − V(εx))|f(vn)|p−1f 󸀠(vn)vn dx = ∫
|εx|<R

(V∞ − V(εx))|f(vn)|p−1f 󸀠(vn)vn dx

+ ∫
|εx|≥R

(V∞ − V(εx))|f(vn)|p−1f 󸀠(vn)vn dx

≤ ξC + 2V∞ ∫
|εx|<R

|vn|p dx = ξC + on(1).

This together with Proposition 2.2 (1) and (2) and the boundedness of {vn} in Xε leads to

∫

ℝN

[
h(f(tnvn))
|f(tnvn)|2p−1

|f(tnvn)|2p−1f 󸀠(tnvn)
(tnvn)p−1

−
h(f(vn))
|f(vn)|2p−1

|f(vn)|2p−1f 󸀠(vn)
vp−1n

]vpn dx ≤ ξC + on(1). (4.5)

If Q(vn) ↛ 0 inℝ, by Lemma 4.2, there exist {yn} ⊂ ℝN and positive constants R∗, η such that

lim
n→∞

inf ∫
BR∗ (yn) |vn|

p dx ≥ η. (4.6)

Define ṽn = vn(x + yn); then there is a ṽ such that, up to a subsequence, ṽn ⇀ ṽ in Xε, ṽn → ṽ in
Ls(BR∗ (0)), s ∈ [1, p∗), and ṽn → ṽ a.e. in ℝN . By (4.6), there exists a subset Ω ⊂ BR∗ (0) with a positive
measure such that ṽ > 0 a.e. in Ω. It follows from (4.5), (H3), Proposition 2.2 (2), and tn ≥ 1 + δ that

∫

ℝN

[
h(f((1 + δ)ṽn))
|f((1 + δ)ṽn)|2p−1

|f((1 + δ)ṽn)|2p−1f 󸀠((1 + δ)ṽn)
((1 + δ)ṽn)p−1

−
h(f(ṽn))
|f(ṽn)|2p−1

|f(ṽn)|2p−1f 󸀠(ṽn)
ṽp−1n

]ṽpn dx

≤ ξC + on(1). (4.7)

Let n →∞ in (4.7); using Fatou’s Lemma, we get

0 < ∫
Ω

[
h(f((1 + δ)ṽ))
|f((1 + δ)ṽ)|2p−1

|f((1 + δ)ṽ)|2p−1f 󸀠((1 + δ)ṽ)
((1 + δ)ṽ)p−1

−
h(f(ṽ))
|f(ṽ)|2p−1

|f(ṽ)|2p−1f 󸀠(ṽ)
ṽp−1

]ṽp dx ≤ ξC

for any ξ > 0, which leads to a contradiction. Thus, limn→∞ sup tn ≤ 1.
Next, we distinguish the following two cases.

Case 1: limn→∞ sup tn = 1. There exists a subsequence, still denoted by {tn}, such that tn → 1 as n →∞.
Hence

cε + on(1) = Jε(vn) ≥ cV∞ + Jε(vn) − IV∞ (tnvn). (4.8)
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By the boundedness of {vn} in Xε and (V), similar to the argument of (4.5), we have

Jε(vn) − IV∞ (tnvn) = 1 − tpnp ∫
ℝN

|∇vn|pdx +
1
p ∫
ℝN

[V(εx)|f(vn)|p − V∞|f(tnvn)|p]dx

+ ∫

ℝN

[H(f(tnvn)) − H(f(vn))]dx +
1

2p∗ ∫
ℝN

[|f(tnvn)|2p
∗
− |f(vn)|2p

∗
]dx

≥ on(1) +
1
p ∫
ℝN

V∞[|f(vn)|p − |f(tnvn)|p]dx + ∫
ℝN

[H(f(tnvn)) − H(f(vn))]dx

+
1

2p∗ ∫
ℝN

[|f(tnvn)|2p
∗
− |f(vn)|2p

∗
]dx − ξC. (4.9)

Using the mean value theorem and (H0)–(H1), we have
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫

ℝN

[H(f(tnvn)) − H(f(vn))]dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫

ℝN

h(f(τvn))f 󸀠(τvn)(tn − 1)vn dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ ∫

ℝN

(C1|vn|p−1 + C2|vn|
q+1
2 )|tn − 1|dx,

where τ is between 1 and tn. Using the Hölder inequality and limn→∞(tn − 1) = 0, we obtain

∫

ℝN

[H(f(tnvn)) − H(f(vn))]dx = on(1),

∫

ℝN

V∞[|f(vn)|p − |f(tnvn)|p]dx = on(1)

and
∫

ℝN

[|f(tnvn)|2p
∗
− |f(vn)|2p

∗
]dx = on(1).

Combining (4.8) with (4.9), we obtain the following inequality:

cε + on(1) ≥ cV∞ − Cξ + on(1).
Letting n →∞ in the above inequality, we have cε ≥ cV∞ − Cξ for all ξ > 0, thus cε ≥ cV∞ .
Case2: limn→∞ sup tn = t0 < 1. There exists a subsequence, still denotedby {tn}, such that tn → t0 as n →∞
and tn < 1 for all n ∈ ℕ. By Proposition 2.2 (1), (4) and (5), we see that

|f(t)|p − |f(t)|p−1f 󸀠(t)t, 1
p
h(f(t))f 󸀠(t)t − H(f(t)), 1

p
|f(t)|2p∗−1f 󸀠(t)t − 1

2p∗ |f(t)|
2p∗

for t > 0 are nondecreasing. Then

cV∞ ≤ IV∞ (tnvn) − 1p ⟨I󸀠V∞ (tnvn), tnvn⟩
=
1
p ∫
ℝN

V∞[|f(tnvn)|p − |f(tnvn)|p−1f 󸀠(tnvn)tnvn]dx + ∫
ℝN

[
1
p
h(f(tnvn))f 󸀠(tnvn)tnvn − H(f(tnvn))]dx

+ ∫

ℝN

[
1
p
|f(tnvn)|2p

∗−1f 󸀠(tnvn)tnvn − 1
2p∗ |f(tnvn)|

2p∗]dx
≤
1
p ∫
{|εx|>R}

(V(εx) + ξ)[|f(vn)|p − |f(vn)|p−1f 󸀠(vn)vn]dx +
1
p ∫
{|εx|≤R}

V∞[|f(vn)|p − |f(vn)|p−1f 󸀠(vn)vn]dx

+ ∫

ℝN

[
1
p
h(f(vn))f 󸀠(vn)vn − H(f(vn))]dx + ∫

ℝN

[
1
p
|f(vn)|2p

∗−1f 󸀠(vn)vn − 1
2p∗ |f(vn)|

2p∗]dx
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≤
1
p ∫
ℝN

V(εx)[|f(vn)|p − |f(vn)|p−1f 󸀠(vn)vn]dx + ∫
ℝN

[
1
p
h(f(vn))f 󸀠(vn)vn − H(f(vn))]dx

+ ∫

ℝN

[
1
p
|f(vn)|2p

∗−1f 󸀠(vn)vn − 1
2p∗ |f(vn)|

2p∗]dx + Cξ + on(1)
= Jε(vn) −

1
p
⟨J󸀠ε(vn), vn⟩ + Cξ + on(1)

= cε + Cξ + on(1).

Letting ξ → 0, n → 0, we have cε ≥ cV∞ .
4.1 Compactness condition

Lemma 4.4. Let {vn} be a (C)cε sequence of Jε in Xε and vn ⇀ v in Xε for some v ∈ Xε. Then

Jε(ṽn) = Jε(vn) − Jε(v) + on(1), J󸀠ε(ṽn) = on(1),

where ṽn = vn − v.

Proof. Firstly, we show that the following equalities hold:

∫

ℝN

H(f(ṽn))dx = ∫
ℝN

H(f(vn))dx + ∫
ℝN

H(f(v))dx + on(1), (4.10)

∫

ℝN

V(εx)|f(ṽn)|p dx = ∫
ℝN

V(εx)|f(vn)|p dx + ∫
ℝN

V(εx)|f(v)|p dx + on(1), (4.11)

∫

ℝN

V(εx)[|f(ṽn)|p−1f 󸀠(ṽn) − |f(vn)|p−1f 󸀠(vn) + |f(v)|p−1f 󸀠(v)]φ dx = on(1), (4.12)

∫

ℝN

[h(f(ṽn))f 󸀠(ṽn) − h(f(vn))f 󸀠(vn) + h(f(v))f 󸀠(v)]φ dx = on(1), (4.13)

∫

ℝN

f 2p∗ (ṽ+n)dx = ∫
ℝN

f 2p∗ (v+n)dx − ∫
ℝN

f 2p∗ (v+)dx + on(1), (4.14)

∫

ℝN

(f 2p∗−1(ṽ+n)f 󸀠(ṽ+n) − f 2p∗−1(v+n)f 󸀠(v+n) + f 2p∗−1(v+)f 󸀠(v+))φ dx = on(1) (4.15)

for all φ ∈ C∞0 (ℝN), where α ∈ (p, p∗).
The proof of (4.10)–(4.15) is similar to the proof of Lemma 3.5 (2). Here we only show that (4.14) holds true.
Observe that by Lemma 2.1 (6), (7) and (10), we have that

󵄨󵄨󵄨󵄨f
2p∗ (v+n) − f 2p∗ (v+)󵄨󵄨󵄨󵄨 = 󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

∫
0

d
dt f

2p∗ ((ṽn + tv)+)dt󵄨󵄨󵄨󵄨󵄨󵄨󵄨
=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

∫
0

[2p∗f 2p∗−2((ṽn + tv)+)f((ṽn + tv)+)f 󸀠((ṽn + tv)+)v]dt󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ C

1

∫
0

(|ṽn| + |v|)p
∗−1|v|dt ≤ C(|ṽn|p∗−1|v| + |v|p∗ ).

From this and Young’s inequality, for each δ > 0 there exists Cδ > 0 such that

󵄨󵄨󵄨󵄨f
2p∗ (ṽ+n) − f 2p∗ (v+n) + f 2p∗ (v+)󵄨󵄨󵄨󵄨 ≤ δ|ṽn|p∗ + Cδ|v|p∗ .
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Define
Gδ,n(x) = max{󵄨󵄨󵄨󵄨f

2p∗ (ṽ+n) − f 2p∗ (v+n) + f 2p∗ (v+)󵄨󵄨󵄨󵄨 − δ|ṽn|p∗ , 0},
which verifies that

Gδ,n(x) → 0 a.e. inℝN , 0 ≤ Gδ,n(x) ≤ Cδ|v|p
∗
∈ L1(ℝN).

Hence, by Lebesgue’s theorem, we have

∫

ℝN

Gδ,n(x)dx → 0 as n →∞.

By the definition of Gδ,n, we see that
󵄨󵄨󵄨󵄨f
2p∗ (ṽ+n) − f 2p∗ (v+n) + f 2p∗ (v+)󵄨󵄨󵄨󵄨 ≤ δ|ṽn|p∗ + CGδ,n(x).

Thus, we get
lim sup
n→∞
∫

ℝN

󵄨󵄨󵄨󵄨f
2p∗ (ṽ+n) − f 2p∗ (v+n) + f 2p∗ (v+)󵄨󵄨󵄨󵄨dx ≤ Cδ

which implies that
∫

ℝN

󵄨󵄨󵄨󵄨f
2p∗ (ṽ+n) − f 2p∗ (v+n) + f 2p∗ (v+)󵄨󵄨󵄨󵄨dx = on(1)

and (4.14) follows.
Secondly, similar to the proof of (3.6) and from [10, Brezis–Lieb Lemma], we can deduce that

∫

ℝN

|∇ṽn|pdx = ∫
ℝN

|∇vn|pdx − ∫
ℝN

|∇v|pdx + on(1). (4.16)

Finally, by (4.10)–(4.16) and (3.6)–(3.9), we obtain

Jε(ṽn) = Jε(vn) − Jε(v) + on(1)

and
⟨J󸀠ε(ṽn), φ⟩ = ⟨J󸀠ε(vn), φ⟩ − ⟨J󸀠ε(v), φ⟩ + on(1) = on(1)

for all φ ∈ C∞0 (ℝN).

Lemma 4.5. The functional Jε satisfies the (C)cε condition at any level cε < cV∞ .
Proof. Let {vn} be a (C)cε sequence of Jε in Xε; then

Jε(vn) → cε , (1 + ‖vn‖Xε )J󸀠ε(vn) → 0.

By the boundedness of {vn} in Xε, we know that there exists v ∈ Xε such that vn ⇀ v in Xε and J󸀠ε(v) = 0. Let
ṽn = vn − v; by Lemma 4.4, we have J󸀠ε(ṽn) → 0 and

Jε(ṽn) = Jε(vn) − Jε(v) + on(1) = cε − Jε(v) + on(1) := d + on(1).

From (H2) and Lemma 2.1 (4), we have

Jε(v) = Jε(v) −
1
p
⟨J󸀠ε(v), v⟩

=
1
p ∫
ℝN

V(εx)[f p(v) − f p−1(v)f 󸀠(v)v]dx + ∫
ℝN

[
1
p
h(f(v))f 󸀠(v)v − H(f(v))]dx

+ ∫

ℝN

[
1
p
|f(v)|2p∗−1f 󸀠(v)v − 1

2p∗ |f(v)|
2p∗]dx ≥ 0.

Since V∞ < ∞, we have d ≤ cε < cV∞ . It follows from Lemma 4.3 that Q(ṽn) → 0. By [37, Proposition 2.4],
we have ṽn → 0 in Xε, that is, vn → v in Xε.
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In order to apply the Ljusternik–Schnirelman category theory, we need the functional Jε to satisfy the com-
pactness condition (such as (PS)c or (C)c condition) on the Nehari manifold. The following two Lemmas will
explore this property.

Lemma 4.6. The Nehari manifold Mε is of C1 class and ⟨ℓ󸀠ε(v), v⟩ < 0 for any v ∈Mε, where ℓε : Xε → ℝ is
given by

ℓε(v) = ∫
ℝN

[|∇v|p + V(εx)|f(v)|p−2f(v)f 󸀠(v)v]dx − ∫
ℝN

h(f(v))f 󸀠(v)v dx − ∫
ℝN

|f(v+)|2p∗−1f 󸀠(v+)v dx.
Proof. Observe that

⟨ℓ󸀠ε(v), v⟩ = p ∫
ℝN

|∇v|p dx + (p − 1) ∫
ℝN

V(εx)|f(v)|p−2|f 󸀠(v)|2v2 dx + ∫
ℝN

V(εx)|f(v)|p−2f(v)f 󸀠󸀠(v)v2 dx

+ ∫

ℝN

V(εx)|f(v)|p−2f(v)f 󸀠(v)v dx − ∫
ℝN

h󸀠(f(v))|f 󸀠(v)|2v2 dx − ∫
ℝN

h(f(v))f 󸀠󸀠(v)v2 dx

− ∫

ℝN

h(f(v))f 󸀠(v)v dx − (2p∗ − 1) ∫
ℝN

|f(v+)|2p∗−2|f 󸀠(v+)|2v2 dx
− ∫

ℝN

|f(v+)|2p∗−1f 󸀠󸀠(v+)v2 dx − ∫
ℝN

|f(v+)|2p∗−1f 󸀠(v+)v dx.
By v ∈Mε, we deduce that

⟨ℓ󸀠ε(v), v⟩ = ∫
ℝN

V(εx)((p − 1)|f(v)|p−2|f 󸀠(v)|2v2 + V(εx)|f(v)|p−2f(v)f 󸀠󸀠(v)v2

− (p − 1)V(εx)|f(v)|p−2f(v)f 󸀠(v)v)dx − ∫
ℝN

h󸀠(f(v))|f 󸀠(v)|2v2 dx − ∫
ℝN

h(f(v))f 󸀠󸀠(v)v2 dx

+ (p − 1) ∫
ℝN

h(f(v))f 󸀠(v)v dx − (2p∗ − 1) ∫
ℝN

|f(v+)|2p∗−2|f 󸀠(v+)|2v2 dx
− ∫

ℝN

|f(v+)|2p∗−1f 󸀠󸀠(v+)v2 dx + (p − 1) ∫
ℝN

|f(v+)|2p∗−1f 󸀠(v+)v dx.
Let

g̃(t) = (p − 1)|f(t)|p−2|f 󸀠(t)|2t2 − 2p−1|f(t)|p−2|f(t)|p|f 󸀠(t)|p+2t2 − (p − 1)|f(t)|p−2f(t)f 󸀠(t)t

for t ∈ ℝ; according to the definition of f , we obtain that g̃(t) = g̃(−t) for t ∈ ℝ. Note that by Lemma 2.1 (4),
we have that g̃(t) ≤ 0 for t ≥ 0. Thus g̃(t) ≤ 0 for all t ∈ ℝ. Hence, we get

∫

ℝN

V(εx)((p − 1)|f(v)|p−2|f 󸀠(v)|2v2 + |f(v)|p−2f(v)f 󸀠󸀠(v)v2 − (p − 1)|f(v)|p−2f(v)f 󸀠(v)v)dx

= ∫

ℝN

V(εx)((p − 1)|f(v)|p−2|f 󸀠(v)|2v2 − 2p−1|f(v)|2p−2|f 󸀠(v)|p+2v2 − (p − 1)|f(v)|p−2f(v)f 󸀠(v)v)dx

= ∫

ℝN

V(εx)g̃(v)dx ≤ 0. (4.17)

From Proposition 2.2 (3) and h(s) = 0 for s ≤ 0, we have

h󸀠(f(s))|f 󸀠(s)|2v2 + h(f(s))f 󸀠󸀠(s)s2 − (p − 1)h(f(s))f 󸀠(s)s ≥ 0 for all s ∈ ℝ.

Thus
∫

ℝN

[h󸀠(f(v))|f 󸀠(v)|2v2 + h(f(v))f 󸀠󸀠(v)v2 − (p − 1)h(f(v))f 󸀠(v)v]dx ≥ 0. (4.18)
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Therefore, by (4.17), (4.18) and Lemma 2.1 (4) and (7), we have that

⟨ℓ󸀠ε(v), v⟩ ≤ −(2p∗ − 1) ∫
ℝN

|f(v+)|2p∗−2|f 󸀠(v+)|2v2 dx − ∫
ℝN

|f(v+)|2p∗−1f 󸀠󸀠(v+)v2 dx
+ (p − 1) ∫

ℝN

|f(v+)|2p∗−1f 󸀠(v+)v dx
≤ −(2p∗ − 1) ∫

ℝN

|f(v+)|2p∗−2|f 󸀠(v+)|2v2 dx + 2p−1 ∫
ℝN

|f(v+)|2p∗−1|f(v+)|p−1|f 󸀠(v+)|p+2v2 dx
+ 2(p − 1) ∫

ℝN

|f(v+)|2p∗−2|f 󸀠(v+)|2v2 dx
≤ 2(p − p∗) ∫

ℝN

|f(v+)|2p∗ dx < 0. (4.19)

Lemma 4.7. The functional Jε restricted toMε satisfies the (C)cε condition at any level cε < cV∞ .
Proof. Let J̃ε = Jε|Mε . Let {vn} ⊂Mε such that J̃ε(vn) → cε, (1 + ‖vn‖Xε )J̃󸀠ε(vn) → 0. Thus, using vn ∈Mε and
J̃ε(vn) = Jε(vn) → c, similar to the proof of Lemma3.5,we conclude that {vn} is bounded in Xε. By Lemma4.5,
the constrained gradient has the form

J̃󸀠ε(v) = J󸀠ε(v) −
⟨J󸀠ε(v), ℓ󸀠ε(v)⟩
‖ℓ󸀠ε(v)‖2

ℓ󸀠ε(v).

For vn ∈Mε being a (C)cε sequence, we denote

λn =
⟨J󸀠ε(vn), ℓ󸀠ε(vn)⟩
‖ℓ󸀠ε(vn)‖2

,

and then we have that
(1 + ‖vn‖Xε )J󸀠ε(vn) = λn(1 + ‖vn‖Xε )ℓ󸀠ε(vn) + on(1).

By (4.19), we see that ⟨ℓ󸀠ε(vn), vn⟩ → γ ≤ 0; if γ = 0, we have f(v+n) → 0 in L2p∗ (ℝN). Therefore, using an
interpolation argument, the boundedness of {vn} in Xε and (H0)–(H1), we deduce that

1
2 ∫
ℝN

(|∇vn|p + V(εx)|f(vn)|p)dx ≤ ∫
ℝN

(|∇vn|p + V(εx)|f(vn)|p−2f(vn)f 󸀠(vn)vn)dx

= ∫

ℝN

h(f(v+n))f 󸀠(v+n)v+n dx + ∫
ℝN

|f(vn)|2p
∗−1f 󸀠(vn)vn dx

≤ ∫

ℝN

h(f(v+n))f(v+n)dx + ∫
ℝN

|f(v+n)|2p
∗ dx

≤ ε ∫
ℝN

|f(v+n)|pdx + Cε ∫
ℝN

|f(v+n)|q+1dx + ∫
ℝN

|f(v+n)|2p
∗ dx → 0

as n →∞, which contradicts Lemma 4.1. Thus γ ̸= 0. This together with vn ∈Mε leads to

0 = (1 + ‖vn‖Xε )⟨J󸀠ε(vn), vn⟩ = λn(1 + ‖vn‖Xε )⟨ℓ󸀠ε(vn), vn⟩ + on(1)(1 + ‖vn‖Xε ),

and so λn = on(1). Thus (1 + ‖vn‖Xε )J󸀠ε(vn) = on(1). We have proved that {vn} is a (C)cε sequence of Jε in Xε;
the conclusion is obtained by Lemma 4.5.

By a similar argument, or using Lemma 4.6, we get the following corollary.

Corollary 4.8. The critical points of Jε onMε are critical points of Jε in Xε.
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4.2 The existence of the ground state solution for (P∗ε )

Theorem 4.9. Suppose that conditions (V) and (H0)–(H5) are satisfied. Then there exists ε > 0 such that prob-
lem (P∗ε ) has a ground state solution uε ∈ C

1,α
loc (ℝ

N)⋂ L∞(ℝN) for all 0 < ε < ε.

Proof. From the above statement, we know that Jε satisfies the mountain pass geometry. By Theorem 3.1,
there exists a (C)cε sequence {vn} ⊂ Xε of Jε satisfying

Jε(vn) → cε and (1 + ‖vn‖Xε )J󸀠ε(vn) → 0 as n →∞.

Without loss of generalization, wemay assume that V0 = V(0) = infx∈ℝN V(x). Let μ ∈ℝ such that V0 < μ < V∞;
we have that cV0 < cμ < cV∞ . Letωμ be a nonnegative ground state of problem (Qμ) and letϕ ∈ C∞0 (ℝN , [0, 1])
be such thatϕ(x) = 1 for |x| ≤ 1 andϕ(x) = 0 for |x| ≥ 2. For R > 0, setϕR(x) = ϕ(x/R), and let uR = ϕR(x)ωμ.
By Lemma 3.4, there exists tR > 0 such that vR = tRuR ∈ Nμ. Then there exists R0 > 0 such that vR0 ∈ Nμ
satisfies Iμ(vR0 ) < cV∞ . If not, Iμ(vR) ≥ cV∞ for all R > 0; byωμ ∈ Nμ and uR → ωμ inWμ as R →∞, we obtain
that tR → 1. Thus

cV∞ ≤ lim inf
R→∞

Iμ(tRuR) = Iμ(ωμ) = cμ < cV∞ .
This achieves a contradiction. Since supp vR0 is a compact set, we may choose ε > 0 such that V(εx) ≤ μ for
any ε ∈ (0, ε) and x ∈ supp vR0 . Thus

∫

ℝN

V(εx)|f(vR0 )|p dx ≤ ∫
ℝN

μ|f(vR0 )|p dx for all ε ∈ (0, ε).

Therefore, for all ε ∈ (0, ε) and t ≥ 0, we have that

Jε(tvR0 ) ≤ Iμ(tvR0 ) ≤ Iμ(vR0 ) < cV∞ ,
which implies that cε < cV∞ for all ε ∈ (0, ε).

By Lemma 4.5, there exists a v ∈ Xε (the limit of {vn}) such that

Jε(v) = cε and J󸀠ε(v) = 0.

That is, v ∈ Xε is a solution of problem (P∗ε ). By a standard argument, we can obtain that v ∈ C1,αloc (ℝ
N) with

0 < α < 1 and v ∈ L∞(ℝN).

4.3 Multiplicity of solutions to (P∗ε )

In this subsection, we will study the multiplicity of solutions and study the behavior of its maximum points
concentrating on the set M of global minima of V given in Section 1. The main result of this section is equiv-
alent to Theorem 1.1 and it can be restated as follows.

Theorem 4.10. Suppose that conditions (V) and (H0)–(H5) are satisfied. For a given δ > 0 there exists εδ > 0
such that for any ε ∈ (0, εδ) problem (P∗ε ) has at least catMδ (M) positive weak solutions in C

1,α
loc (ℝ

N)⋂ L∞(ℝN).
Moreover, each solution decays to zero at infinity and if uε denotes one of these positive solutions and zε ∈ ℝN

its global maximum, then

lim
ε→0

V(εzε) = V0.

To prove Theorem 4.10, we fix some notation and give some preliminary lemmas. Fix δ > 0 and let ω be
a ground state solution of problem (QV0 ). Let η be a smooth nonincreasing cut-off function defined in [0,∞)
such that η(s) = 1 if 0 ≤ s ≤ δ2 and η(s) = 0 if s ≥ δ. For any ε > 0 and y ∈ M, define a function ψε,y(x) by

ψε,y(x) = η(|εx − y|)ω(
εx − y
ε )

,



K.M. Teng and X. F. Yang, Quasilinear elliptic equations with critical growth | 365

tε > 0 satisfying
max
t≥0

Jε(tψε,y) = Jε(tεψε,y)

and ϕε : M →Mε by
ϕε(y) = tεψε,y .

By construction, ϕε(y) has compact support for any y ∈ M.
For any δ > 0, let ρ = ρ(δ) > 0 be such thatMδ ⊂ Bρ(0). Let χ : ℝN → ℝN be defined as χ(x) = x for |x| ≤ ρ

and χ(x) = ρx|x| for |x| ≥ ρ. Finally, let us consider β : Mε → ℝN given by

β(u) =
∫ℝN χ(εx)|u(x)|

p dx
∫ℝN |u(x)|

p dx
.

Lemma 4.11. The function ϕε satisfies the following limit:

lim
ε→0

Jε(ϕε(y)) = cV0 uniformly in y ∈ M,

and
lim
ε→0

β(ϕε(y)) = y uniformly in y ∈ M.

Proof. The proof of this lemma can be found in [2]; we omit its proof.

Lemma 4.12 (A compactness lemma). Let {vn} ⊂ Nμ be a sequence satisfying Iμ(vn) → cμ. Then one of the
following holds:
(1) {vn} has a subsequence strongly convergent in Wμ;
(2) there exists a sequence {yn} ⊂ ℝN such that, up to a subsequence, v̂n = vn(x + yn) converges strongly in Wμ.

In particular, there exists a minimizer for cμ.

Proof. Since {vn} ⊂ Nμ and Iμ(vn) → cμ, it is easy to check that {vn} is bounded inWμ. Since cμ = infv∈Nμ Iμ,
we can use the Ekeland variational principle (see [39, p. 122, Theorem 8.5]): there exists ωn ⊂ Nμ such that
ωn = vn + on(1), Iμ(ωn) → cμ and

I󸀠μ(ωn) = λnℓ󸀠μ(ωn) + on(1).

Using the boundedness of {vn}, we obtain that

(1 + ‖ωn‖μ)I󸀠μ(ωn) = λn(1 + ‖ωn‖μ)ℓ󸀠μ(ωn) + on(1),

where λn is a real number and ℓμ(ω) = ⟨I󸀠μ(ω), ω⟩ for any ω ∈ Wμ. We claim that there exists α0 > 0 such that
|⟨ℓ󸀠μ(ωn), ωn⟩| ≥ α0 for all n ∈ ℕ. Indeed, using a similar argument as we have done in Lemmas 4.6 and 4.7,
we have λn = on(1), which yields

ωn = vn + on(1), Iμ(ωn) → cμ , (1 + ‖ωn‖μ)I󸀠μ(ωn) → 0.

So without loss of generality, we may suppose that {vn} is a (C)cμ for Iμ. Hence, up to a subsequence still
denoted by {vn}, we may assume that there exists v ∈ Wμ such that vn ⇀ v in Wμ, vn → v in Lsloc(ℝ

N) for
s ∈ [1, p∗), ∇vn(x) → ∇v(x) a.e. in ℝN (see (3.5) in Lemma 3.5), and vn → v a.e. in ℝN . Moreover, from
Lemma 3.5, we see that I󸀠μ(v) = 0 and vn ≥ 0 for all n ∈ ℕ.

Case 1: v ̸= 0. In this case, from the semi-continuity of the semi-norm, we have

∫

ℝN

|∇v|p dx ≤ lim
n→∞

inf ∫
ℝN

|∇vn|p dx.

We claim that equality holds in the last inequality. Otherwise, using the fact that

1
p
|f(t)|p − 2

θ
|f(t)|p−1f 󸀠(t)t, 2

θ
h(f(t))f 󸀠(t)t − H(f(t)), 2

θ
|f(t)|2p∗−1f 󸀠(t)t − 1

2p∗ |f(t)|
2p∗
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are nonnegative functions for t ≥ 0, and by Fatou’s Lemma, we have that

cμ ≤ Iμ(v) = Iμ(v) −
2
θ
⟨I󸀠μ(v), v⟩

= (
1
p
−
2
θ ) ∫
ℝN

|∇v|p dx + ∫
ℝN

[
μ
p
|f(v)|p − 2

θ
μ|f(v)|p−1f 󸀠(v)v]dx + ∫

ℝN

[
2
θ
h(f(v))f 󸀠(v)v − H(f(v))]dx

+ ∫

ℝN

[
2
θ
|f(v)|2p∗−1f 󸀠(v)v − 1

2p∗ |f(v)|
2p∗]dx

< lim
n→∞
{(

1
p
−
2
θ ) ∫
ℝN

|∇vn|p + ∫
ℝN

[
μ
p
|f(vn)|p −

2
θ
μ|f(vn)|p−1f 󸀠(vn)vn]dx

+ ∫

ℝN

[
2
θ
h(f(vn))f 󸀠(vn)vn − H(f(vn))]dx + ∫

ℝN

[
2
θ
|f(vn)|2p

∗−1f 󸀠(vn)vn − 1
2p∗ |f(vn)|

2p∗]dx}
= lim
n→∞
(Iμ(vn) −

2
θ
⟨I󸀠μ(vn), vn⟩)

≤ cμ ,

which leads to a contradiction. So we obtain

∫

ℝN

|∇v|p dx = lim
n→∞
∫

ℝN

|∇vn|p dx.

Combining (4.20) with ∇vn(x) → ∇v(x) a.e. inℝN and the Brezis–Lieb Lemma [10], we can conclude that

∫

ℝN

|∇vn − ∇v|p dx → 0 as n →∞. (4.20)

By an argument similar to (4.20), we also have that

lim
n→∞
∫

ℝN

[
μ
p
|f(vn)|p −

2
θ
μ|f(vn)|p−1f 󸀠(vn)vn]dx = ∫

ℝN

[
μ
p
|f(v)|p − 2

θ
μ|f(v)|p−1f 󸀠(v)v]dx.

Hence, up to a subsequence still denoted by { μp |f(vn)|
p − 2

θ μ|f(vn)|
p−1f 󸀠(vn)vn}, there exists k(x) ∈ L1(ℝN)

such that
θ − 2p
pθ

μ|f(vn)|p ≤
μ
p
|f(vn)|p −

2
θ
μ|f(vn)|p−1f 󸀠(vn)vn ≤ k(x) a.e. inℝN ,

wherewehaveusedLemma2.1 (4) and the fact that vn ≥ 0. By the Lebesguedominated convergence theorem,
we have that

lim
n→∞
∫

ℝN

μ|f(vn)|p dx = ∫
ℝN

μ|f(v)|p dx,

which implies that
lim
n→∞
∫

ℝN

μ|f(vn) − f(v)|p dx = 0.

Hence, up to a subsequence, there exists k1(x) ∈ L1(ℝN) such that

μ(|f(vn)|p − |f(v)|p) ≤ k1(x) a.e. inℝN .

Using the convexity of |f|p and the evenness of |f|p, we have that

V(x)|f(vn − v)|p ≤
V(x)
2 |f(2vn)|

p +
V(x)
2 |f(2v)|

p

≤ 2p−1(V(x)|f(vn)|p + V(x)|f(v)|p)
≤ 2p(k1(x) + V(x)|f(v)|p).
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Since k1(x) + V(x)|f(v)|p ∈ L1(ℝN), by the condition vn → v a.e. in ℝN and the Lebesgue dominated conver-
gence theorem, we get

lim
n→∞
∫

ℝN

μ|f(vn − v)|p dx = 0. (4.21)

Therefore, by Lemma 2.1 (9), the Sobolev inequality, (4.20), and (4.21), we deduce that

∫

ℝN

μ|vn − v|p dx = ∫
{|vn−v|≤1}

μ|vn − v|p dx + ∫
{|vn−v|≥1}

μ|vn − v|p dx

≤ C ∫
{|vn−v|≤1}

μ|f(vn − v)|p dx + ∫
{|vn−v|≥1}

μ|vn − v|p
∗ dx

≤ C ∫
ℝN

μ|f(vn − v)|p dx + μS
1
p∗ ∫
ℝN

|∇vn − ∇v|p dx

→ 0 as n →∞.

Consequently, we conclude that vn → v inWμ.

Case 2: v ≡ 0. By Lemma 3.6, there exist a sequence R, a > 0 and {yn} ⊂ ℝN such that

∫
BR(yn)

|vn|p dx ≥ a > 0.

Let v̂n = vn(x + yn); then Iμ(v̂n) → cμ and (1 + ‖v̂n‖μ)I󸀠μ(v̂n) → 0 as n →∞. It is clear that there exists v̂ ∈ Wμ
such that v̂n ⇀ v̂ inWμ. Then we use the discussion given in Case 1 to obtain the result.

Lemma 4.13. Let εn → 0+ and (vn) ⊂Mεn be such that Jεn (vn) → cV0 . Then there exists a sequence (ỹn) ⊂ ℝN

such that v̂n = vn(x + ỹn) has a convergent subsequence in WV0 . In particular, up to a subsequence, we have
εn ỹn → y ∈ M.

Proof. In view of ⟨J󸀠εn (vn), vn⟩ = 0 and Jεn (vn) → cV0 , by an argument similar to Lemma 3.5 (1), we conclude
that {vn} is bounded in WV0 . Since cμ > 0, we have QV0 (vn) ̸= 0 for all n ∈ ℕ. If not, it is easy to check that
cμ ≤ 0, a contradiction. By Lemma 3.6, there exist a sequence {ỹn} ⊂ ℝN and positive constants R̃, ξ such that

lim
n→∞

inf ∫
BR(ỹn)

|vn|p dx ≥ ξ > 0.

Let ṽn = vn(x + ỹn); up to a subsequence, there exists ṽ ∈ WV0 such that ṽn ⇀ ṽ ̸≡ 0 inWV0 . Let tn > 0 be such
that ωn := tn ṽn ∈ NV0 . Using vn ∈Mεn , we deduce that

cV0 ≤ IV0 (ωn)

≤
1
p ∫
ℝN

[|∇ωn|p + V(εnx + ỹn)|f(ωn)|p]dx −
1

2p∗ ∫
ℝN

|f(ω+n)|2p
∗ dx − ∫

ℝN

H(f(ωn))dx

=
1
p ∫
ℝN

[|∇(tn ṽn)|p + V(εnx + ỹn)|f(tn ṽn)|p]dx −
1

2p∗ ∫
ℝN

|f(tn ṽ+n)|2p
∗ dx − ∫

ℝN

H(f(tn ṽn))dx

= Jεn (tnvn) ≤ Jεn (vn)
= cV0 + on(1).

Hence, limn→∞ IV0 (ωn) = cV0 . From ωn ∈ NV0 it follows that {ωn} is bounded in WV0 . By the boundedness
of {ṽn}, we know that {tn} is bounded. Thus, up to a subsequence still denoted by {tn}, we may assume that
tn → t0. If t0 = 0, from the boundedness of ṽn we have that ωn = tn ṽn → 0. Hence, IV0 (ωn) → 0, which con-
tradicts cV0 > 0. Thus t0 > 0. From the boundedness of {ωn} and ṽn ⇀ ṽ, up to a subsequence, we have that
ωn ⇀ ω = t0 ṽ in WV0 . By t0 > 0 and ṽ ̸= 0, we see that ω ̸= 0. From Lemma 4.12 we have ωn → ω in WV0 ,
which implies that ṽn → ṽ inWV0 .
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It remains to show that εn ỹn is bounded. In fact, suppose by contradiction that |εn ỹn| → ∞. Since
ωn → ω inWV0 and V0 < V∞, it follows that

cV0 = IV0 (ω) < IV∞ (ω)
≤ lim inf

n→∞
[
1
p ∫
ℝN

|∇ωn|p dx +
1
p ∫
ℝN

V(εnx + εn ỹn)|f(ωn)|p dx −
1

2p∗ ∫
ℝN

|f(ωn)|2p
∗ dx − ∫

ℝN

H(f(ωn))dx]

= lim inf
n→∞

Jεn (tnvn) ≤ lim inf
n→∞

Jεn (vn) = cV0 ,

which gives a contradiction. Thus, εn ỹn is bounded inℝN and, up to a subsequence, εn ỹn → y inℝN . If y ̸∈ M,
then V(y) > V0 and we can obtain a contradiction by arguing as above. Hence y ∈ M.

Let g : ℝ+ → ℝ+ be a positive function such that g(ε) → 0 as ε → 0 and define the set

M̃ε = {v ∈Mε : Jε(v) ≤ cV0 + g(ε)}.

Lemma 4.14. Let δ > 0; there holds that

lim
ε→0

sup
v∈M̃ε

inf
y∈Mδ
|β(v) − y| = 0.

Proof. Let {εn} ⊂ ℝ+ be such that εn → 0. For each n ∈ ℕ, there exists {vn} ⊂ M̃εn satisfying

inf
y∈Mδ
|β(vn) − y| = sup

v∈Ñεn

inf
y∈Mδ
|β(v) − y| + on(1).

Thus it suffices to find a sequence {yn} ⊂ Mδ such that

lim
n→∞
|β(vn) − yn| = 0.

To obtain this sequence, we note that IV0 (tvn) ≤ Jε(tvn) for t ≥ 0 and {vn} ⊂ M̃εn ⊂Mεn , and so

cV0 ≤ cεn ≤ Jεn (vn) ≤ cV0 + g(εn).

This implies that Jε(vn) → cV0 . By Lemma 4.13, we obtain a sequence {ỹn} ⊂ ℝN such that εn ỹn ⊂ Mδ for n
sufficiently large. Then

β(vn) = εn ỹn +
∫ℝN [χ(εnz + εn ỹn) − εn ỹn]|vn(z + ỹn)|

p dx
∫ℝN |vn(z + ỹn)|

p dx
.

Recalling that εnx + εn ỹn→ y ∈M, we have that β(vn) = εn ỹn + on(1), and therefore the sequence {yn := εn ỹn}
is required.

The following Lemma plays a fundamental role in the study of the behavior of the maximum points of the
solutions.

Lemma 4.15. Suppose that conditions (V) and (H0)–(H5) are satisfied. Let vn be a solution of the following
problem:

{
{
{

−∆pvn + Vn(x)|f(vn)|p−2f(vn)f 󸀠(vn) = h(f(vn))f 󸀠(vn) + |f(vn)|2p
∗−1f 󸀠(vn) inℝN ,

vn ∈ W1,p(ℝN), vn(x) > 0 inℝN ,

where Vn(x) = V(εnx + εn ỹn). If vn → v in W1,p(ℝN) with v ̸≡ 0, then vn ∈ L∞(ℝN) and ‖vn‖L∞(ℝN ) ≤ C for all
n ∈ ℕ. Moreover, lim|x|→∞ vn(x) = 0 uniformly in n.

Proof. We only replace v by vn and apply the fact that vn → v inW1,p(ℝN) in Theorem 3.8.

Lemma 4.16. Under the hypotheses of Lemma 4.15, there exists δ0 > 0 such that ‖vn‖L∞(ℝN ) ≥ δ0 for all n ∈ ℕ.
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Proof. Suppose by contradiction that ‖vn‖L∞(ℝN ) → 0 as n →∞. Given ε0 = V04 , by (H1) there exists n0 ∈ ℕ
such that

h(f(vn(x)))
(f(vn(x)))p−1

< ε0 a.e. inℝN for n ≥ n0.

Thus, by Lemma 2.1 (4) and (9), for n large enough, we have

∫

ℝN

(|∇vn|p +
V0
2 |vn|

p)dx ≤ ∫
ℝN

(|∇vn|p +
V0
2 |f(vn)|

p)dx

≤ ∫

ℝN

(|∇vn|p + Vn(x)|f(vn)|p−2f(vn)f 󸀠(vn)vn)dx

= ∫

ℝN

|f(vn)|2p
∗−1f 󸀠(vn)vn dx + ∫

ℝN

h(f(vn(x)))
(f(vn(x)))p−1

(f(vn(x)))p−1f 󸀠(vn)vn dx

≤ ε0 ∫
ℝN

|f(vn)|p dx + ∫
ℝN

|f(vn)|2p
∗ dx,

which implies that vn → 0 in W1,p(ℝN), which contradicts the hypothesis that vn → v with v ̸= 0. Hence,
there exists δ0 > 0 such that ‖vn‖L∞(ℝN ) ≥ δ0 for all n ∈ ℕ.
4.4 Proof of Theorem 4.10

Proof. For a fixed δ > 0, by Lemma 4.11 and Lemma 4.14, there exists εδ > 0 such that for any ε ∈ (0, εδ),
β ∘ ϕε is well defined. Fix ε > 0 small enough, so β ∘ ϕε is homotopic to the inclusion map id : M → Mδ and
by arguments similar to the ones contained in the proofs of [7, Lemmas 4.2 and 4.3], we obtain that

catM̃ε
(M̃ε) ≥ catMδ (M).

Since Jε satisfies the (C)cε condition for cε ∈ (cV0 , cV0 + g(ε)), using the Ljusternik–Schnirelman theory of crit-
ical points in [39] (see [39, Theorem 5.19]; it can be true under the (C)c condition), we know that Jε possesses
at least catMδ (M) critical points onMε. Consequently, by Corollary 4.8, Jε has at least catMδ (M) critical points
in Xε.

The remaining proof of concentration behavior can be deduced by using Lemma 4.15 and Lemma 4.16
and its proof is a standard argument; we refer the interested readers to [1, 2, 24]. We omit its details here.

Funding: This work is supported by the NSFC (No. 11501403) and the Natural Science Foundation of Shanxi
Province for Youths (No. 2013021001-3).

References
[1] C. O. Alves and G. M. Figueiredo, Existence and multiplicity of positive solutions to a p-Laplacian equation inℝN,

Differential Integral Equations 19 (2006), 143–162.
[2] C. O. Alves, G. M. Figueiredo and U. B. Severo, Multiplicity of positive solutions for a class of quasilinear problems, Adv.

Differential Equations 10 (2009), 911–942.
[3] C. O. Alves, Y. J. Wang and Y. T. Shen, Soliton solutions for a class of quasilinear Schrödinger equations with a parameter,

Differential Integral Equations 259 (2015), 318–343.
[4] A. Ambrosetti, M. Badiale and S. Cingolani, Semiclassical states of nonlinear Schrödinger equations, Arch. Ration. Mech.

Anal. 140 (1997), 285–300.
[5] S. Antontsev and S. Shmarev, Elliptic equations and systems with nonstandard growth conditions: Existence, uniqueness

and localization properties of solutions, Nonlinear Anal. 65 (2006), 722–755.
[6] F. Bass and N. N. Nasanov, Nonlinear electromagnetic spin waves, Phys. Rep. 189 (1990), 165–223.



370 | K.M. Teng and X. F. Yang, Quasilinear elliptic equations with critical growth

[7] V. Benci and G. Cerami, Multiple positive solutions of some elliptic problems via the Morse theory and the domain
topology, Calc. Var. Partial Differential Equations 2 (1994), 29–48.

[8] A. Borovskii and A. Galkin, Dynamical modulation of an ultrashort high-intensity laser pulse in matter, J. Exp. Theoret.
Phys. 77 (1983), 562–573.

[9] H. Brandi, C. Manus, G. Mainfray, T. Lehner and G. Bonnaud, Relativistic and ponderomotive self-focusing of laser beam in
a radially inhomogeneous plasma, Phys. Fluids. B5 (1993), 3539–3550.

[10] H. Brezis and E. H. Lieb, A relation between pointwise convergence of functions and convergence functionals, Proc. Amer.
Math. Soc. 8 (1983), 486–490.

[11] J. Q. Chen and B. L. Guo, Multiple nodal bound states for quasilinear Schrödinger equation, J. Math. Phys. 46 (2005),
Article ID 123502.

[12] X. L. Chen and R. N. Sudan, Necessary and sufficient conditions for self-focusing of short ultraintense laser pulse, Phys.
Rev. Lett. 70 (1993), 2082–2085.

[13] Y. M. Chen, S. Levine and M. Rao, Variable exponent, linear growth functionals in image restoration, SIAM J. Appl. Math. 66
(2006), 1383–1406.

[14] M. Colin and L. Jeanjean, Solutions for a quasilinear Schrödinger equation: A dual approach, Nonlinear Anal. 56 (2004),
213–226.

[15] A. De Bouard, N. Hayashi and J. Saut, Global existence of small solutions to a relativistic nonlinear Schrödinger equation,
Comm. Math. Phys. 189 (1997), 73–105.

[16] M. del Pino and P. Felmer, Multipeak bound states of nonlinear Schrödinger equations, Ann. Inst. H. Poincaré Anal.
Nonlinéaire. 15 (1998), 127–149.

[17] M. del Pino and P. Felmer, Semi-classical states of nonlinear Schrödinger equations: A variational reduction method,Math.
Ann. 324 (2002), 1–32.

[18] Y. B. Deng, S. J. Peng and S. S. Yan, Critical exponents of solitary wave solutions for generalized quasilinear Schrödinger
equations, J. Differential Equations 260 (2016), 1228–1262.

[19] E. DiBenedetto, C1+α local regularity of weak solutions of degenerate elliptic equations, Nonlinear Anal. 7 (1983),
827–850.

[20] J. M. Do Ó, O. Miyagaki and S. Soares, Soliton solutions for quasilinear Schrödinger equations: The critical exponential
case, Nonlinear Anal. 67 (2007), 3357–3372.

[21] P. Drábek and Y. X. Huang, Multiplicity of positive solutions for some quasilinear elliptic equation inℝN with critical
Sobolev exponent, J. Differential Equations 140 (1997), 106–132.

[22] A. Floer and A. Weinstein, Nonspreading wave packets for the packets for the cubic Schrödinger with a bounded potential,
J. Funct. Anal. 69 (1986), 397–408.

[23] R. W. Hasse, A general method for the solution of nonlinear soliton and kink Schrödinger equation, Z. Phys. B. 37 (1980),
83–87.

[24] X. M. He, A. X. Qian and W. M. Zou, Existence and concentration of positive solutions for quasilinear Schrödinger
equations with critical growth, Nonlinearity 26 (2013), 3137–3168.

[25] A. M. Kosevich, B. A. Ivanov and A. S. Kovalev, Magnetic solitons in superfluid films, Phys. Rep. 194 (1990), 117–238.
[26] S. Kurihura, Large-amplitude quasi-solitons in superfiuids films, J. Phys. Soc. Japan. 50 (1981), 3262–3267.
[27] G. B. Li, The existence of a weak solution of quasilinear elliptic equation with critical Sobolev exponent on unbounded

domain, Acta Math. Sci. 14 (1994), 64–74.
[28] P. L. Lions, The concentration-compactness principle in the calculus of variations, The locally compact case. II, Ann. Inst. H.

Poincaré Anal. Non Linéaire. 1 (1984), 223–283.
[29] J. Q. Liu, Y. Q. Wang and Z. Q. Wang, Soliton solutions for quasilinear Schrödinger equations II, J. Differential Equations 187

(2003), 473–493.
[30] J. Q. Liu, Y. Q. Wang and Z. Q. Wang, Solitons for quasilinear Schrödinger equations via the Nehari method, Comm. Partial

Differential Equations 29 (2004), 879–901.
[31] J. Q. Liu and Z. Q. Wang, Multiple solutions for quasilinear elliptic equations with a finite potential well, J. Differential

Equations 257 (2014), 2874–2899.
[32] Y. G. Oh, On positive multi-lump bound states of nonlinear Schrödinger equations under multiple well potential, Comm.

Math. Phys. 131 (1990), 223–253.
[33] M. Poppenberg, K. Schmitt and Z. Q. Wang, On the existence of soliton solutions to quasilinear Schrödinger equations,

Calc. Var. Partial Differential Equations 14 (2002), 329–344.
[34] P. Rabinowitz, On a class of nonlinear Schrödinger equations, Z. Ang. Math. Phys. 43 (1992), 270–291.
[35] U. Severo, Existence of weak solutions for quasilinear elliptic equations involving the p-Laplacian, Electron. J. Differential

Equations 56 (2008), 1–16.
[36] E. B. Silva and G. F. Vieira, Quasilinear asymptotically periodic Schrödinger equations with critical growth, Calc. Var.

Partial Differential Equations 39 (2010), 1–33.
[37] R. M. Wang, K. Wang and K. M. Teng, Multiple solutions for a class of quasilinear elliptic equations with sign-changing

potential, Electron. J. Differential Equations 10 (2016), 1–19.



K.M. Teng and X. F. Yang, Quasilinear elliptic equations with critical growth | 371

[38] Y. J. Wang and W. M. Zou, Bound states to critical quasilinear Schrödinger equations, NoDEA Nonlinear Differential
Equations Appl. 19 (2012), 19–47.

[39] M. Willem,Minimax Theorems, Birkhäuser, Boston, 1996.
[40] M. B. Yang and Y. H. Ding, Existence of semiclassical states for a quasilinear Schrödinger equation with critical exponent in
ℝN, Ann. Mat. Pura Appl. (4) 192 (2013), 783–804.


	Existence and concentration behavior of solutions for a class of quasilinear elliptic equations with critical growth
	1 Introduction
	2 Variational framework and preliminary results
	3 Autonomous problem
	3.1 Mountain pass geometry
	3.2 The existence of the ground state solution for (Q)

	4 The nonautonomous problem
	4.1 Compactness condition
	4.2 The existence of the ground state solution for (??
	4.3 Multiplicity of solutions to (??
	4.4 Proof of Theorem 4.10



