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Abstract: In this paper, we study a class of quasilinear elliptic equations involving the Sobolev critical expo-
nent
—PApu — P A, (uP)u + VOOIulP~2u = h(u) + |ul?’ 2u  in RV,

where Apu = div(|Vu|P~2Vu) is the p-Laplace operator, p* = NN—ZJ (N >3, N>p>2)is the usual Sobolev
critical exponent, the potential V(x) is a continuous function, and the nonlinearity h(u) is a nonnegative
function of C! class. Under some suitable assumptions on V and h, we establish the existence, multiplic-
ity and concentration behavior of solutions by using combing variational methods and the theory of the
Ljusternik—-Schnirelman category.
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1 Introduction

In this paper, we are concerned with the existence, multiplicity and concentration behavior of solutions of
the following quasilinear elliptic equations involving the Sobolev critical exponent:

— P Apu — P A, (uP)u + V) lulP2u = h(u) + [ul®? ~2u  inRY, (1.1)

where Apu = div(|VulP~?Vu) is the p-Laplacian, N >3, 2<p <N, p* = NN—f; is the Sobolev critical expo-
nent, € > 0 is a small parameter, the potential V : R¥ — R is a continuous function, and the nonlinearity
h(u) : R — R is a nonnegative function of C! class. The reduction form of equation (1.1) appears in many
branches of mathematical physics and has been studied extensively in recent years. In particular, when
p = 2, the solution of (1.1) is related to the following quasilinear Schrédinger equation:

. 0 -

i 9V — 20+ WOOw - kAP (Y - 1109, (1.2)
where ¥ : R x RN - C, W: RN - R is a given potential, k is a real constant, and p, | are real functions.
Equation (1.2) arises in several models of different physical phenomena corresponding to various types of p.
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The case p(s) = s is used for the superfluid film equation in plasma physics by Kurihura in [26]. In the case
p(s) =1+ s)% , it models the self-channeling of a high-power ultra short laser in matter; see [8, 9, 12, 15].
For more physical motivations, we can refer the interested readers to [6, 23, 25] and the references therein.
If the quasilinear term €A, (u?)u is not appearing and p > 2, problem (1.1) arises in a lot of applications
when € = 1, such as image processing, non-Newtonian fluids and pseudo-plastic fluids; for more details see
[5, 13, 19] and the references therein.

When k=1 and p(s) = s, considering standing wave solutions of the form (x, t) = u(x)e (/¢ in (1.2),
then u(x) verifies the following equation:

—&2Au - E2AuP)u+ V(xX)u = l(u) inRY, (1.3)

where V(x) = W(x) - E, l(u) :T(uz)u. It is clear that when € = 1, equation (1.3) reduces to the following
equation:
—Au-AwHu + Vxu =1l(u) inRY. (1.4)

When k = 0 and p(s) = s, the standing wave solutions of equation (1.2) satisfies the classical Schrédinger
equation of the form
—&2Au+ V()u =1l(u) inRY,

The existence and concentration behavior of positive solutions of the above equation have been extensively
investigated under various hypotheses on the potential V(x) and the nonlinearity I(u); see, for example,
[4, 16, 17, 22, 32, 34] and the references therein.

In recent years, many scholars have been interested in the study of the existence and multiplicity of solu-
tions for equation (1.4). For example: the existence of a positive ground state solution has been obtained
in [33] by using a constrained minimization argument which gives a solution of (1.4) with an unknown
Lagrange multiplier A in front of the nonlinear term. In [30], the existence of both one-sign and nodal ground
states of soliton type solutions were established by the Nehari manifold method. In [29], Liu, Wang and Wang
developed the methods of change of variables such that the quasilinear problem reduces to a semilinear
one. They used an Orlicz space framework to prove the existence of positive solutions of (1.4) by the moun-
tain pass theorem. Meanwhile, Colin and Jeanjean [14] developed the dual methods to treat the quasilinear
problem (1.5), and the usual Sobolev space H' (R") was used to prove the existence of positive solutions. The
other recently interesting works can be found in [3, 11, 18, 20, 31] and the references therein.

Regarding critical problems, there are also some important results appearing in the literature. For exam-
ple, in [24], the authors established the existence, multiplicity and concentration behavior of ground states
for quasilinear Schrédinger equation with critical growth

{ —&2Au - A u + V(xX)u = h(u) + [ul** 2u  inRY, (L.5)

u e HY(RY), u(x) > 0,

by using the variational methods and combining them with the theory of the Ljusternik-Schnirelman cat-
egory which was used by Alves, Figueiredo and Severo [2] to establish the existence and multiplicity of
nontrivial weak solutions for quasilinear elliptic equations of the form

—PApu — eP Ap(u?)u + VOOlulP~?u = h(u) inR".

Yang and Ding [40] applied the perturbed methods to consider the following critical quasilinear Schrédinger
equation:
—£2Au - AW u + V(xX)u = h(x, wu + Ko)u|*> 2u  inRY,

and showed the existence of positive solutions as € < €y and for any m € N; it has at least m pairs of solutions
if € < ey, where g9 and €, are sufficient small positive numbers.

Unlike [2, 24, 40], where the minimum of V(x) is global, Wang and Zou [38] studied the quasilinear
Schrédinger equation with critical exponent

—2Au - E2[AW)u+ V)u = gw) + [u*?> ?u inRYN,
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where the potential V(x) satisfies the local minimum condition infq V < infyq V, Q is a bounded domain
of RN, and proved the existence of positive bound states which concentrate around the local minimum point
of V.

Motivated by the above-cited papers, the main purpose of this paper is to establish the existence, mul-
tiplicity and concentration behavior of the ground states for the quasilinear elliptic equation with critical
growth

—PApu — P A, (u)u + VOO|ulP~2u = h(u) + [ul?* u  inRY, ”
{ ue WP(RY), u(x) > 0 inRY, (Pe)

where V : RY — R is a continuous function satisfying

(V) 0 < Vo = infyery V(x) < im0 inf V(x) = Vi < 00.

Assume that the nonlinearity h : R — R s of class C! and satisfies the following conditions:
(Ho) h(s)=0fors <0, h'(s) =o(s|P2)ass — 0;

(Hy) limjsj»00 fé% =0forsomeqge 2p-1,2p* -1);

(H,) there exists 2p < 0 < 2p* such that 0 < 6H(s) = 0 f; h(t)dt < sh(s) forall s > 0O;

(H3) the function s — h(s)/s?P~! is increasing for s > 0;

(H4) there exist C > 0, 0 € (max{2pN/(N - p) — ﬁ—f\;, 2p}, 2p*) such that h(s) > Cs° ! for s > 0.

As far as we know, little work has been done for the existence and concentration behavior of positive
solutions for the quasilinear problem (P.) where the nonlinearity has a critical growth. Our main result com-
plements the corresponding conclusion of [2] and extends the main result of [24]. Alves, Figueiredo and
Severo [2], He, Qian and Zou [24] and Wang and Zou [38] chose the Sobolev space E which is defined by

E= {v e WHP(RY) ; J VOO dx < oo}
o

equipped with the norm

.1
Ve = IVlon + Vly = 910 + inf 214+ | VOOUfg0P dx]-
08§
RN

The Orlicz—-Sobolev space E may not be reflexible for p = 2, and so the bounded sequence may have no conver-
gent subsequence in E. Unlike the work of [2, 24, 38], we directly choose the usual Sobolev space WP (R¥) to
deal with the autonomous problem and the usual Sobolev space X which will be defined in Section 2 to treat
the nonautonomous problem. On the other hand, we use the mountain pass theorem under (C). condition
(see [36]); this is different from [2, 24, 38].

For stating our main result, we set

M={xeRN:V(x) = Vo}

and
Ms = {x e RN : dist(x, M) < 6} for 6 > 0.

In view of (V), the set M is compact. We recall that, if Y is a closed subset of a topological space X, the
Ljusternik—Schnirelman category catx(Y) is the least number of closed and contractible sets in X which
cover Y. By means of the Ljusternik—Schnirelman theory, we arrive at the following result.

Theorem 1.1. Suppose that conditions (V) and (Hy)—(Hs) are satisfied. Given § > 0, there exists € = €(6) > 0
such that for any € € (0, €), problem (P) has at least caty, (M) positive weak solutions in Cllo’f(IRN ) L®(RY).
Moreover, each solution decays to zero at infinity, and if u. denotes one of these positive solutions and n. € RY
its global maximum, then

lim V(ne) = V.
e—0

The paper is organized as follows: In Section 2, we present the abstract framework of the problem as well
as some preliminary results. In Section 3, we show the existence of ground state solution for autonomous
problem. Section 4 is devoted to the proof of Theorem 1.1.
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2 Variational framework and preliminary results
Formally, the energy functional associated to (P.) is defined by

D *
I(u) = % J(1+2P LuP)|vulP olx+E J Vo)lulP dx - j H(u)dx - % j|u+|2P dx, (2.1)

RN RN RN RN

where H(u) = f(;i h(s)ds, u* = max{u, 0}. Observe that Ap(u?)u is not always in L!(RY), therefore the func-
tional I(u) is not well defined on the whole Sobolev space WP(RYN). In fact, let u € C5(RY \ {0}) and
u(x) = [x|P~N/2p | x e By \ {0}; then u € WLP(RY), while the function [u[?|Vul? ¢ L1(RN). To overcome this
difficulty, we use the change of variable methods developed in [29], making the change of variables u = f(v),
where f is a C* function and defined by

f(t) = ;1 fort € [0, +00)

(1 + 2P L f(D)|P) P
and
f=t) = —f(t) fort e (-o0,0].

The following properties were proved in [35].

Lemma 2.1. The following properties involving f and its derivative hold:

(1) fis a uniquely defined C* function and invertible;

2 0<fl(t)<1forallt e R;

3) @ —last— 0;

(4) 3f(t) < tf'(t) < f(t) forall t > 0, and 3f2(t) < tf(Of'(t) < f2(t) forall t € R;
(5) the function = 0 g decreasing for t > 0;

(6) If(0)] < |t| for all t € R;

@) If(vf' ()] < /2% ) <1forallt e R;

(8) f(t)//|t| is nondecreasing for t > 0 and lim;_,,, f(t)/Vt = a > 0;

(9) there exists a positive constant C such that

Cltl, Itl<1,
If(O] > 1
Citl2, 1tI>1;

(10) f(t) < 212P+/tforallt € R*.

Proposition 2.2. The following properties involving f and h hold:
(1) (FO)P~Lf ()P is decreasing for t > 0;

(2) (FO) 11 ()t' P isincreasing forr > p and t > 0;

(3) h({f(t)f' ()t P is increasing for t > 0;

(4) F(t) := %(f(t))zf‘lf’(t)t - 2p%fzif’*(t) is increasing for t > 0;
(5) %h(f(t))f’(t)t — H(f(t)) is increasing for t > 0.

Proof. (1) By computation, we have

d /(f)P1f'(t) ft)\p-2 d (f(t) (fr-—1 ,
g )= e-(7) (o a0
- - n(f2y” 2§t<f(tt) )6 -2 1“(”) Fope,
Since f(—tt) is a decreasing function, we can obtain d%(f(—tt)) < 0. Thus,
(f)P~1f'(t)
dt(tl’—l) <0 fort>o0.
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(2) By Lemma 2.1 (4) and (7), we have that

d (FO (0 @r= DA 2001+ {01 = (p - D)L (62
E( tr-1 )= er
2r=2 ¢!
w[ —DF (Ot - 2P L AOPIF O - (p - DAD)]
2r=2¢1
> FOTFO 0 opyfioe so.

tp
(3) Since
h(f()f' (t) _ h(f(D) f)?P71f'(t)
tr-1 - f(t)Zp—l tr-1 ’
by using conclusion (2) and (H3), property (3) is proved.
(4) By Lemma 2.1 (4) and (7), we have that

F(t)= ; O 2(F )t + = (f(t))zl’ O+ - (f(t) P~ (NP ()
> () 2f' (t)[ 2oyt (f(t))””(f(t)pt+(——1)f(t)]
S P E G0 0 > 0.

(5) From (Hs) we obtain that h'(s)s > (2p — 1)h(s). Setting G(t) = %h(f(t))f’(t)t—H(f(t)) and using
Lemma 2.1 (4) and (7), we deduce that

G'(t) = h RO 02t - —h(f(t))(f(t))p XA <t)>P*2t+(p 1RO

SR GO0 ) - —h(f(t))(f(t) P (O 2t + (E ~ 1)h(FEfOf (0]

“folp
1 E— 2 +2
> %[ p h(f(t))(f(t))t——h(f(t))(f(t))l’(f(t))l’ t+(p—1)h(f(t))f(t)f(t)]
h(f(t))f'(t) 2p-1
> =r [ £t - f(t)t+(;—1)f(t)]
RGN0 (P )
S SRS SHf0) =0
as desired. -

Under the change of variables, we can rewrite the functional I defined by (2.1) in the following form:

Jv) = I(fw)) = %pni VvIP dx + ERJN VOOIf) PP dx —RJN S ]RL fwh)2P dx,

which is well defined on the Banach space

X = {v e WHP(RY) : j VOOV dx < oo}
]RN
endowed with the norm )
Ivix = (j(wwp +VOMP) dx)
]RN

In view of conditions (Ho) and (H), by the standard arguments, we conclude that J € C1(X, R) and
Ty = [P 2vvvgaxe [ VP 2w e dx [ hEmF g dx
RN RN RN

- j I 2ff (v dx

RN
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for all v, ¢ € X. Moreover, the critical points of J are the weak solutions of the Euler-Lagrange equation
associated with the functional J given by

~P A, + VOO WP fW)f' (v) = h(FWDF (V) + If )22 2 (v).

We observe that if v € X n L2 (RY) is a critical point of the functional J, then u = f(v) € WY-P(RY) n L (RY)
is a weak solution of problem (1.1), that is,

&P I [(1 + 2P uP)|VulP2VuVe + 2P~ | VulP [ulP2ue] dx + j V) ulP?ugp dx
RN RN
- J[h(u)+|u|2p*‘2u](p dx

RN

forall ¢ € CP(RY).

3 Autonomous problem

In this section, we will study the existence of a positive ground state solution for the following equation:

=Dpv + ulf WP 2 (v) = hFO))F (V) + If)IZ 1 f'(v)  inRY, @)
ve WHP(RY), vix) > 0 inRY, K

where i is an arbitrary positive constant and 2 < p < N. The functional J, associated to problem (Q,) is given
by
1) =5 [P drs & [iwp ax- [ HEmyax- 5 i) Pr ax
B p p 2p* ’

RN RN RN RN

which is well defined on the Banach space W, endowed with the norm

IVl = ( J(lva +ulviP) dx>%.

RN

From the hypotheses (Ho)-(H1) it is easy to verify that J, € C LWy, R) and

(7,(), @) = j IVVIP~2 VvV dx + j HIFWIP2f)f (v)g dx - j h(fv)f' (v)g dx
RY RY RV
- [P g v ds,
RN
for all v, ¢ € W,. Moreover, the weak solution v of (Q,) corresponds to the critical point of the functional J,,.
Let us denote the Nehari manifold associated to (Qy) by Ny, that is,

Ny ={v e Wy : v #0and (J,(v),v) = 0}.

3.1 Mountain pass geometry

Theorem 3.1 ([36]). Let E be a real Banach space and ] : E — R a functional of class C. Let S be a closed
subset of E which disconnects E into distinct connected components E1 and E,. Suppose further that J(0) = 0
and that the following conditions hold:

(a) O € Eq and thereis a > 0 such that J|s > a > 0;

(b) thereis e € E, such that J(e) < 0.
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Then ] possesses a (C). sequence with ¢ > a > 0 given by

¢ = inf max J(y(t)),
yel 0<t<1

where
I'={y e C([0,1],E) : y(0) = 0, J(y(1)) < O}.

Consider the set S, (p) = {v € Wy : Qu(v) = pP} and define
Q) = [ (V7 + plfVP) .
]RN
Since Qy(v) is continuous, Sy (p) is a closed subset of W), and it disconnects this space.
Lemma 3.2. Suppose that conditions (V) and (Ho)—(H;) are satisfied. Then there exist pgy, 80 > O such that
Ju(v) 2 60 forallv e Sy(po).
Proof. By the hypotheses (Hp)—(H;), we have that
J Hfv)dx < £ J F)IP dx + C. j fo)1®" dx. 3.1)
RN p RN RN

By (3.1), Lemma 2.1 (10) and the Sobolev inequality, we have that

1
W)= j(wwp + ulf)IP) dx - j H(f(v))dx -

j V)PP dx

2p*
]RN IRN ]RN
> % J (VVIP + (1 - &)IfW)IP) dx - Co j VP dx
RN RN
p*
> €y J (IVVIP + plfn)|P) dx - cz( I VP dx) ’
RN RN

2 Clpp - Czpp* ’

where Cy, C1, C, > 0 are positive constants. Thus we choose p = po sufficiently small and there exists 6o > 0
such that J,(v) > 6o > O forall v € Sy(po). O

Similar to the proofs of [2, Lemma 3.2 and 3.3], we can deduce the following two Lemmas.

Lemma 3.3. Suppose that (V), (Ho)—(H1) and (H4) hold. Then for each v € W), \ {0} the following limits hold:
(1) ifvy #0, thenJy(tv) —» —coast — +oo;
(2) ifvy =0, thenJy(tv) — +coast — +oo.

Lemma 3.4. For every v € W, \ {0} with v* # 0, there exists a unique t, > O such that t,v € N,,. Moreover,
Ju(tyv) = maxeso Iy (tv).
From Lemmas 3.2-3.4 it follows that J,, possesses the mountain pass geometry with
cy = inf max J t)),
K7 yer, tef0,1] V()

where
I, ={y € C([0, 1], W) : y(0) = 0, J,(y(1)) < O},
and ¢, can be characterized by the following identity:

Cu= Vtrg” Tulv) = n}g)xjy(tv). (3.2)

inf
veW,\{0}
Therefore, by Theorem 3.1, there exists a (C)., sequence {v,} ¢ W), of J, that is,
Iu(vp) > ¢ and (1+ IIVHIIH)JL(V,,) -0 asn — co. (3.3)

Now, we will give the detailed properties of the above (C), sequence in the following two Lemmas.
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Lemma 3.5. Let {vyn} be a (C)., sequence of J,. Then the following holds:
(1) {vn}is bounded in W, and there exists av € W, such that v, — vin Wy;

(2) J,(v) =0;
(3) vp>0forneN.

Proof. (1) By (3.3), (H,) and Lemma 2.1 (4), we have that

G+ 0n(1) = Tu(Vn) = 5 (T i), V)

> (- 5) [1ovaP acen( - 3) [wnr axe (5 [ nwaremax- [ ) ax
+ (%R— ) | e o ]R ]R
> (5-3) [ §X+u(% - 2) [ 1w a,
which implies that ) }

J Vvul? dx + j [fva)Pdx < Cy.

RN RN
On the other hand, using Lemma 2.1 (9) and the Sobolev inequality, we have that
Ilvnlp dx = I [vnlP dx + J [vnlP dx
RN {lval<1} {lval=1}

< [ Ifvrdxs j Val?" dx

{lval<1} {lval21}

< J fva)IP dx + ( j IVvnl? dx)p;.

RN RN

Therefore, {v,} is bounded in W, and there exists a v € W), such that v, — v in W),. Hence, up to a subse-
quence, there exists v € W), such that

Vp —V in Wy,
Vp—V in Lfoc(]RN) for1 <s<p”*, (3.4)
Va(X) = v(x) a.e.x € RV.
Moreover, using [27, Theorem 1.6], we can get
Vv, — Vv ae.inRV. (3.5)
Indeed, by translation, equation (Q,) is reduced to
—Apv + plvP2v = hEW)f (V) + )PP (v) = plf )P (v) + plvIP 2.

Let f(x,v) = h(FOW)f' V) + IfV)12P L' (v) = ulf(V)IP~Lf' (v) + plvIP~2v. By hypotheses (Ho)-(H;) and using
Lemma 2.1 (2), (6), (7), and (10), we have that

i f(x,t)_0 i fxt)

t—0 |t|p_2t - [t|l=+00 |t|p*_2t B

co >0,

where ¢ > 0 is a constant. Thus we have verified all conditions of [27, Theorem 1.6, Step 2], hence (3.5)
follows.
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(2) Since C8°(1RN) is dense in Wy, we only need to show <];’1(V")’ @) =0forall ¢ € CgO(IRN). We observe
that

CJ;,;(Vn)’ (P> - <J},4(V)! (P>
- j (IVValP~ 2V, — [VVP-2V0) Vg dx + j (P2 v)f (va) — FOP2F0)f ()] dx
RN RN

+ j (R(FO)f' (v) = R(Fv))f (va)) @ dx + j (FHIPP A () = Ifv)IP 7 (v dx,
]RN IRN

thus we need to show that the following limits hold:

Jlim j (IVvalP~2Vvy, — [VVIP2VV)Ve dx = 0, (3.6)
RN

Jlim j (v P2 fvf' (vi) = IFOIP2f)f )] dx = 0, 3.7)
]RN

lim [ (RGW)F'0) = hEwa)F () dx =0, (3.8)
RN

tim [ IAOPP 00 - FvpP e de = 0 (3.9)
RN

forall p € CP(RY).

By (3.5), it is easy to show that (3.6) holds by the weak convergence argument.

Let ¥, = v, — v; next we show that (3.7)—(3.9) hold. Using Lemma 2.1 (2), (6), (7) and Young’s inequality,
we deduce that

)™ 2 fv)f (va) = IfDI™ > ) (v)]

%[lf(v + )M f(v + tin)f (v + ti)] dt|

]
—

< | [m = DITallfv + 7)™ 2(F' (v + £70))? + [Tl lf (v + 7)™ (v + ti)]] de

< | [m = D[Fallv + t7n]™ 2 + 227 Dl If(v + t7) P21 (v + t0)[PH2] dt

O O—m . o

< C3(|7al™ " + [WallvI™2)

< Cyl 7™t + Cslv™ T, (3.10)
where p < m < 2p*. By (3.4), we obtain

PV 2 f ) (V) = [FDI™ W' (v) = Calvn™ - 0 ae.inRY.
By the Holder inequality, we have

J (I 2F W) (V) — )2 (V) — Caliml™ Y] dx < Cs j V"L dx

RV RY ]
< cs( J ™ dx)T< I lp|™ dx)“.
RV RY

From the Lebesgue dominated convergence theorem it follows that

tim [ A" 2fvaf ) = FO2F0)f ) = Caltal ™ dx = 0.

RN
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By (3.4), we deduce that

lim [ ™20 ) = FO 20 W p dx = Cs lim [ 171" dx = o.

RN RN

Take m = p and m = q; then (3.7) and (3.8) follows. In the case m = 2p*, using Lemma 2.1 (10), we can
deduce that

[FVDIPP =2 FDf (Vi) = IFvOIPP 2 F O (V)| < Co(@)P 1 + Cr (v )P L.

Since (7%)P"~! — 0in LP"/®"~D(supp ¢), so we get

lim [ WP 20F 0) = 0P 20 )lp dx = lim [ #37 pdx =o.

RN RN

Hence (3.9) is proven.
Consequently, we obtain

(7, (vn), @) = (7, (v), @) > 0 asn — co.
Meanwhile, if {v,} is a bounded (C)., sequence of ], then

suPyew, (75 (Vn), @)
1+ "Vn”y

19, v,y = (L + 1Vl < 1L+ vl T, vl w9l — 0

forany ¢ € Wy. Thus (JL(V,,), @) =0, and as a result (JL(V), @) =0forany ¢ ¢ Cg"(IRN).
(3) Since {v,} is bounded in W), we get that {v,,} is bounded in W, where v;, = max{-v,, 0}. Using (Ho),
we have that

on(1) = (3, (vn), =vy)

> [1vvil e [P A)f 7)) dx
RN RN
> J [V, IP dx + % J If(v)IP dx
RN RV
1
> 5( J Vv, [P dx + p J Ifv)IP dx).
RN RN
Thus Qy(vy;) — 0. Similar to the proof of [37, Proposition 2.4], we can deduce that
[ v dxes e [ 1P x> Calvi,
]RN IRN
for some Cg > 0 independent of n. Therefore, we get v;; = 0in W,,. Hence, we get v, = v, + 0,(1)in W),. O

Lemma 3.6. Let {vy} be a (C)., sequence of I, with ¢ < ﬁVSN/P. Then one of the following conclusions holds:
(1) Qu(vn) — 0;
(2) there exist {y,} ¢ RN and positive constants R, & such that
nlLHgo inf J [valP dx > €.
BR(yn)

Proof. Assume that (2) dose not occur, that is, for all R > 0 there holds

lim inf J [vnlP dx = 0.
n—.oo
BR(yn)
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By the vanishing Lemma in [28], we can assume v, — 0 in LS(RY) for all s € (p, p*). By (Ho)-(H;) and
Lemma 2.1 (6) and (10), we have

j H(f(vy))dx = j R(f(vn))f(vn) dx
RN RN
< j Elf vl + Celfva)l?+h) dx
]RN
<e j val? + Ce j val 5 dx = 0n(1),
RN RN

Next, since
flvn)
f'(vn)

< 2|val
[ =20l

and thus
flvan)

<],,4(Vn), m

) = on(D),
that is,

It 27 1fP(v,)

+ Tlfp(v,,)]lvv"lp dx + p J [ftva)I? dx = J h(f(va)f(vn) dx + j If(Vi)IP" dx + on(1)

]RN IRN IRN IRN
= Jlf(v;)lz“’* dx + 0n(1). (3.11)
]RN

Denote by [ > 0 a number such that

2117 (1) .
J [0 gy vl e [ o dx = and - [ yvrr”ax -1

RN RN RN
Assume that [ > 0; by the definition of S = inf{LRNIVulp dx : [lullp- = 1}, we have
2P)fvi)lP
S < J-]RN |Vf2 (V;rz)|p dX _ J.]RN 1+2p71|f(vz)|p |VV:1— |p dX
- . 2 . i
(gl FPvDIP" dx)? (P2 vDIP" dx)?

2P fvhP
< Jp (1 + T enp)IVvalP dx

(V2" dx)7

1-&
— [P asn— oo,

thus, [ > S b, Combining this with (3.11), we obtain that

= Jim [ [ U9l + w7 de- o [P dx- [ HGwn)x]

2p*
RN RN RN

. 1 2P*1|f(vn)|P P P + Zp*

2 Jim {0 [0+ i Sl + wP el ax - 5 [0 axf
RN RN

STy
“\2p 2p*

1 v
> msp s

which yields a contradiction because ¢, < 55 SN/P. Thus [ = 0. O

For the least energy level ¢, we have the following estimate.
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Lemma 3.7. For any u > O, there exists Vo € VVF \ {0} such that
Vv —8S0» = —S»r
IItl>aX }1( O) < N an Cy 11}\{” M(V) < N 5

where S denotes the best constant for the embedding DVP(RN) — LP"(RY).

Proof. Define a functional I, : Wy, n L°(RY) — R by

1 1
() = = J(l + 2P HuP)|vulP dx + K j |ul? dx — J H(u)dx - j [u*]??" dx.
b b p
RN RN RN RN
By the equivalent characteristic of ¢, (see (3.2)), we only need to prove that there exists 0 # vo € W, n L®(R")
such that
L(tve) < —S»
su Vo) < v,
T
From Lemma 3.3 we know that I, (tvo) — —ooast — +oo; then there exists some t* > Osuch thatI,(t*vo) < 0.
Define y*(t) := f~1(tt*vo); by the definition of Cy, we have
¢y :=inf sup J,(y(0) < sup Jy(y () < supI (tvg) < —Sv
YeT tef0,1]
Fix € > 0 and define the function

P (x) ) us(X)

p Np? S( )_
(e + xfpr) @ "us”

Ug(X) =

where ip € C(RY, [0, 1])issuch that 0 < ¢ < 1if|x| < 1and i (x) = 0if|x| > 2. By [21, Lemma 4.1] we know
that u, verifies the following estimates:

Sk

j V2P dx = K17 + 0(1), ( j W2 dx) — KT 1 0(1),

RN RV
and
N@p-1)-tN-p) . N(p-1)
K 1 f R
3E P +0(1) ift> N-p
. Np-1)
[ et ax = {Ksmel + o) ife= ===,
]RN
. Np-1)
1 f —
0(1) ift < N_p’
where K1, K>, K3 are positive constants independent of € and S = K1
By computations, v, verifies
2 N-p P N-p
Vel =1, IVVEIE, =S+0(e7 ), [IVvelf, =0(e ) (3.12)
and N N
-P)q
2 [
0(821’ ) ifg < 2p* “Nop’
2N
9dx = e 1 if 2pF - ——
[ el ax o(e # nel) ifq=2p" -, (3.13)
RY No- 1*7(” P, aW-p) 2N
2 —_——
O(s w ) ifg > 2p* N_p’

Obviously, v, € Wy, n L°(RY), and by (H,) we have
2p*

p *
Ltve) = = J(wmp + —|VV |p)dx+ — vagw dx - JH(tvg)dx— - J|vg|2P dx
p p 2
RN RN RN RN
tP t2r Ct? t2r
< O awver s pvey ax S [1ovEr ax- 2 vl ax- S < gyt0).

RN RN RN
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Itis clear that lim; ., g (t) = —co and gy (t) > 0 when ¢t is small; then sup,,( gy (t) is attained at some t, > 0.
It follows that

0 = g, (te)
= [Tl ey 27 [P dx- et [ e ax-
RV RN RN
= tﬁfl[ J’ (IVVelP + plvelP)dx + t2 J [Vv2[Pdx - Ctg P J [vel? dx — e2P" 7P |.
RV RV RV

We have
J(|va|p +ulvelP)dx + £ J |Vv2IP dx = Ctg P J Vel dx + ¢2P° 7P > 2P,
RN RN RV

so t¢ is bounded from above by some T; > 0. On the other hand,

j V2P dx < t2P° 7% 4t J [ve|? dx.

RN RN

Since ¢ > 2p, combining (3.12) with (3.13) and choosing & small enough, we have tﬁp N S/2, so t. is
bounded from below by some T, > 0 independent of €. Next, we define

2

tP t
eut) = > j|Vv§|p -5

2p*

3

RN

which attains its unique global maximum at

1
to = (JIVVE:I” dx) e
]RN

Thus, by (3.12) and (3.13), using the fact that o > 2pN/(N - p) — 2L, we have that

Np’
& Ct? o
Max (1) < 8(te) < e(to) + - [ Vvl + plvel’) dx - = [ vel” dx
B RV RV

*

2
<(o - ) J wardx)” T s G j(Ivalp + ulvelP)dx - C les|°d"

2p 2p*
RN RN RN
1 N N-p N-p N(p-1)-§ (N-p) a(N-p)
- ST r0(E T )40 F) -0 7 )
1 n
<N’
for € > 0 small enough. The proof is completed. O

3.2 The existence of the ground state solution for (Q,)

Now, we are able to prove the existence of positive ground state solution for problem (Q,).

Theorem 3.8. Suppose that conditions (Ho)—-(Hs) are satisfied. Problem (Q,) has a positive ground state solu-
tionv € Cllo’g(]RN) N L®(RN) satisfying v(x) — 0 as |x| — co.

Proof. From Section 3.1, we know that J, satisfies the mountain pass geometry. There exists a (C)., sequence
{va} ¢ W, of J,,, which satisfies

1 .~
Buva) = €u < 587 and (L+val)%va) =0 asn — co.
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From Lemma 3.5, up to a subsequence, thereisa v € W, such thatv, — vin W, withJ L(v) = 0. Without loss
of generality, we can suppose that v # 0; otherwise, if Q,(vy) — 0, using Lemma 2.1 (4), we have that

j VValP dx + j )P 2fn)f (Va)vn dx < j IVVal? dx + j PP dx — 0.
RN RN RN RN
From (JL(vn), vn) — 0 we conclude that
j (R )V + (FVE) 2P 1 (Vi) dx — 0.
]RN

Under the assumptions (Hp), (H,) and Lemma 2.1 (4), we have

J H(f(vy))dx + g}* J |f(V;)|2p* dx < % J h(flvo))f(vy) dx + g}* J |f(V;)|2p* dx

RN RN {vn20} RN
<c j [ (Vn)va + VD22 LF (vt dx — .
IRN

Therefore, we conclude that

1
2p*

Tuva) = 5 Qutv) = [ [ +

RN

I dx — o,

which is a contradiction with J,(v,) — ¢, > 0. Therefore, Q,(vy) +» 0. By Lemma 3.6, there exist {y,} c RN
and positive constants R, & such that

. D
nlg{)lo inf J [vplP dx = €.

Br(yn)
Define Vn(x) = vn(x + yn). Then {v,} is also a (C)., sequence of J, and satisfies
Vp = Vin Wy, J3,()=0, V,— VinLP(Bg).

Then
J PPdx=lim | [7a? dx
n—.oo
BR(X) BR(X)

= lim J vplPdx > &=V #0,
n—oo
Br(yn)

so we can assume that v # 0. By Lemma 2.1 (4), we get

P~ f ) P2 n)v 2 [fn)IP = )P 2f(vn) = 0 (3.14)
and

1o voopaers s 1o 5. 1 1 o

SV v = 5P 2 (55 = 5 P > o.

From (H,) it follows that
%h(f(vn))f'(vn)vn H(fva) = %h(f(vn))f’(vn)vn - GG a)

1 1
> (5 - E)h(f(vn))f(vn) > 0. (3.15)
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Combining (3.14)-(3.15) with Fatou’s Lemma, we obtain
. 1,
Cu = ,}Lngo[ﬂy(vn) - E(jy(vn), vn>]

= Jim inf & [ (vl < 1P Ff rapva dx+ Jim inf [ [RGn)F v - Hv) ] dx

RN R
e mfIJN [P 1 vy = 5 fvp) P de
> B [l < 1fp2fof vl des [ [hgw)f wy - Hwp)] dx
P b
RY v
1 + R A 1 + *
+R‘[V[E|f(v WP (v —”?V(V )|2P ]dx

= 9,) - %(J,’,m, V) = ,(0).

Then v # 0 is a critical point of J, satisfying J,(v) < c,. On the other hand, v € N, and ¢, = infy, J, imply
that Jy, (v) > ¢, therefore J,(v) = c.
Now we show that v is nonnegative since

j 9V 29V dx + j UF)P2f0)f (V) dx
RN RN

- j h(FW)F (V) dx + j|f(v+)|21’“2f(v+>f'(v+><o dx (3.16)

RN RN
forallv, ¢ € W,.Let ¢ = —v~; then
1
0< 20,0 < [IWvPdxs [ W) 2 ) ) de=0
RN RN

implies that v~ = 0, and thus v > 0.

Next, we will prove the L*°-estimate of v and that it decays to zero at infinity.

ForanyR > 0,0 <r<R/2,setn e C®°(RN),0<n<1,withn(x)=1if x| >Rand n(x) = 0if [x| <R -7
and |Vn| < 2/r.Forl > 0, let

) = ][v(x), vl

1, v>l,
and
z] = rlpvf’(ﬁ_l)v and w;= qvf_lv,
with 8 > 1 to be determined later. Taking z; as a test function, we get

[ n? Provp ax = [ g oD axe [ 1R e ax

RN RV RN
-p J np‘lvf(ﬁ_l)VIVvlp‘ZVvVn dx-p(B-1) J r[pvf(ﬂ_l)_levIp‘ZVvVvl dx
RV RN
- [ mrop g v ax
]RN

By (Hop) and (H;), we see that for any 7 > 0 there exists D; > 0 such that

h(f(t)) < TP + D(f(£))*? 1 forall t > 0.
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Choose 7 sufficiently small; by Lemma 2.1 (10), we have that

| i v ax < ca [P Y dx-p [ et vvvptvvun de

RY RV RY
< Cs3 J vp*npvf(ﬁ_l) dx+p J np‘lvf(ﬁ_l)valp‘an dx.
RY RN

For every 9 > 0, by Young’s inequality, we have that

J npvf(ﬁ_l)IVvlp dx < C3 J vp*rlpvf(ﬂ_l) dx + p39 J npvf(ﬂ_l)IVvlp dx + pCy J VPIanpvf(ﬁ_l) dx

RY RY RY RN
<Cs3 J vp*npvf(ﬁ_l) dx + C4 J vp|Vn|pvf(ﬁ_1) dx, (3.17)
RY RY

where we have chosen 9 > 0 sufficiently small.
On the other hand, by the Sobolev inequality and the Hélder inequality, we have

il < Cs [ IVwil de= ¢ [Ivar] v dx
RN RN

< C5BP(J VPPl dxc s J v Vv dx). (3.18)

RN RN
Combining (3.17) with (3.18), we obtain
il < C6ﬁp<j VPP dx 4 J Dy dx). (3.19)
RY RY

Let B = %*; using the factthat R — r > §, we have that

||(Ul||§* < C6ﬁp<j Vp|Vr[|pr*_p dx + J rlpvf*_pvp* dx)

RN {Ix|=R-1}
N I p AT\ P o
< Cep VPIVnPv; " dx + Cef (vnvl ) dx VP dx .
RN RN [xI>R/2
From the definition of w; it follows that
1% p’ ”L* D D p,, PP p p*p_p P’ PL* p* p;i’:p

( J (vnvl ) dx) < C¢f j vP|Vn| vf dx + Cef3 < j (vnvl ) dx) ( J 1% dx)

RN RV RN [x|>R/2
Since v € LP" (RV), for R > 0 sufficient large there holds

VP dx < 9.

|x|>R/2

Therefore,
P*p | pr £ P*p | pr £
( j (vvl” )p dx)p s( J (rlvvl" )p dx)p
|x|=R |x|=R-r
< C/pP J VPIVrllpvf*_p dx
RN
p
< Gp I VP dx < G
rp

-’
]RN
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Using Fatou’s Lemma in the variable I, we get

*)2 *)2
J v% dx < J np*v% dx < )% < +00. (3.20)
[XI=R |X|>R-r
Next, we note that if ,

* _ 1 *
poP D L @
pt p(p* -p)

then ; ,

B>1, t>1, tp—1<p, veLle(lezR—r).

By (3.19) and the Holder inequality, we have that

lanlf < cop?( [ PP axs [ nevr vt d)

x|SR-7 IX|=R-
< C6ﬁp[( I v dx)%< I |Vr1|p[dx>% +< J (qpvp*‘p)tdx)%( I v dx)[tl]
|x|>R-r R-r<|x|<R |x|>R-r |x|>R-r
oo [0 ) (] e ([ )T,
" |x|>R-r |x|=R-r |x|=R-r

where we have used p > W. By (3.20), we deduce that

t=1

1 R B T
. < Cio?( == + r—p)( [ vEax)".
re [x|>R—r

Using Fatou’s Lemma, we obtain

124 D
"V”p*ﬁ,(lxlzR) < Cloﬁ (

If we take i = p*(t - 1)/pt, s = pt/(t — 1), then

+ — .
o )" "f"*‘ﬁ(|x|>R—r>

N 1

11701 R7 \
IVIgys,(xi=r) < CP# BB (T + r_p>p IVllgs,(x1>R=r)- (3.21)
re
Setting f = Y™(m =1, 2, ...), we obtain
N 1
ll/)_m -m 1 R+ Py
Wllymos,qxisr < Cio ™ ( i ),, IVIlpms, (x>R-r)- (3.22)

re
Note that p > p*/t, p > N/t. Therefore, if we choose rp, := 2-m*DR| then it follows from inequalities (3.21)
and (3.22) that

P (m+1)

2
R
P (2 % 220 D) T Y] 1t Reri)

LYm g om In 2x2p<’+1>
<Chy v I e (Z ( )>”V||l,l;s,(|x|>R7r1)

Lyy-m —m
IVIlpmis, xizry < IVIpmis, (x1zR-rmi1) < Clo Py ( +2p(m+1)> [IVIlpms, (1xi>R-rym)

<C‘l’¢m

< C11lvlp«,qx1>R/2)-

Letting m — oo in the last inequality, we have

IVllco,qx15R) < C11lVIp=,(xi>R/2)-

Therefore, for any 9 > O there exists an R > 0 such that ||[v[w,(x>r) < 9. Consequently, we conclude that
limy—eo v(x) = 0. O
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4 The nonautonomous problem

In this section, we will study the following problem (which is equivalent to (P.)), which can be obtained
under the change of variable £z = x:
~Dpv + V(EO)IfWIP W' (v) = RFW)F' V) + IfW)IPP 7' (v)  inRY, @)
ve WHP(RY), v(x) > 0 in RN, ¢
The functional J, corresponding to problem (P}) is given by

Jew) = %Rj IVVP dx + %Rj V(ex)[f) [P dx —RJN H(f(v)) dx - %Rj I dx,

which is well defined on the Banach space

X, = {v e WYP(RY) : J V(ex)IvIP dx < oo}
IRN

endowed with the norm )

Ivilx, = <J(|VVIP + V(£x)|v|p)dx>5.
]RN
Obviously, J. € C1(X,, R) with
G, 9) = [P 2vvpdx s [ Vel 2w g dr- [ (g dx
RN RN RN

- j I 2frHf (v dx
]RN

for all v, ¢ € X,. Moreover, the weak solution v of (P}) corresponds to the critical point of the functional J.
We define the Nehari manifold associated to (P}) by M., that is,

M, ={veXe:v+0and (JL(v),v) = 0}.

Set
Q) = J(IVVI" + V(ex)|f(v)IP) dx.
IRN
We first show that the Nehari manifold M, is bounded from below.
Lemma 4.1. There exists a constant C > 0 such that ||v|lx, > C > O forall v € M.

Proof. By Lemma 2.1 (10), the Holder inequality and the Sobolev inequality, we have that

T(g+1) (A-1)(g+1)

(1o ax< ([ ax) ™ ( [ior ax) ™

RN RN RN
(1-n)(g+1) D (gl
<2 > ( J [fWV)IP dx) ( I [v|P dx)
RN RN
a-ng+)  —HED (e o T
<2" % v st ( j V(ex)[fv)IP dx) ( j IVv[P dx)
RN RN
(1+47)(g+1)
<CQv) & -, (4.1)
where T € (0, 1) verifies
1 T 1-71
=—+ .
g+l p 2p*
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By Lemma 2.1 (7) and the Sobolev inequality, we have
Pt pt .
szl’*(w)dx < c( J 2P dx) 7 < C( J VP dx) < com). 4.2)

RY RY RY
Thus, for v € Mg, by (4.1), (4.2), Lemma 2.1 (4), and hypotheses (Hp), (H;) and (H4), we deduce that
0= [ (v + Vel 2w ) dx— [ I wpvee [ R 1f o de
RY RN RY

> [ avvp s veormpyax - [P ax- [ gonso) ax

RN RN RN

I\

\%

3 | (ove s (1= 35 ventrmr ) ax- [ 1w dx- . [ 1w ax

RN RN RN

1 p* g+
> ZQ(V) -CQv)» -CQ(v) & .
Since % > 1, we have Q(v) > C > 0 for some C > 0. This implies that
Ivlx, 2 QW)? = C>0
for all v € M;. O

It is easy to check, by arguing as in Section 3, that J. exhibits the mountain pass geometry (Theorem 3.1)
and there exists a (C), sequence {v,} c X, for which we can assume v, > 0, such that v, — v in X, for some
v € X and J}(v) = O (similar arguments as in Lemma 3.5, using hypothesis (V)). Moreover, from Lemma 3.7,
there exists avo € Wy_ \ {0} such that

1 v
max J.(tvg) < maxJy_(tvg) < —S7,
t=0 t>0 ® 2N

and thus

1 «~
ce =infJ. = inf maxJj.(tv) < =—S7».
€ MEJE veX,\{0} (20 Je(tv) 2N

Similar to the proof Lemma 3.4, there is a unique t, > O such that J.(t,v) = maxX¢sq J=(tv).
Similar to the proof of Lemma 3.6, we can characterize the (C)., sequence in the following Lemma.

Lemma 4.2. Let {v,} be a (C)., sequence of ] with c¢ < ﬁSN/P . Then one of the following conclusions holds:
(1) Qvyp) = 0;
(2) there exist {y,} c RN and positive constants R, & such that
. »
nlLrgo inf J [valP dx > €.
Br(yn)
Lemma 4.3. Suppose that {v,} is a (C)., sequence of ] in X, with ¢ < 35SV and vy, — 0in Xe. If Q(vy) + O,

then c. > cy_, where cy,_, is the minimax level of Jy,,.

Proof. Let {ty} c (0, co) be a sequence such that {t,v,} ¢ Ny, . We claim that lim,_,o, Sup t, < 1. Assume by
contradiction that there exist § > 0 and a subsequence still denoted by {t,} such thatt, > 1 + § foralln € IN.
Since {v,} is bounded in X, we may assume that v, > 0 for all n € N. From (J.(vy), vp) = 0,(1) we get

j [IVVal? + VEOU(n) P~ (va)va] dx = j R (Va)Vy dx + j )22 L (V) dx + (D). (4.3)
RN RN RN
Also since {t,vn} € Ny, we get
j [EIVVal? + Voo Ftav) P~ (taVi)tava] dx
]RN

- j REEaVi))f (Vi) v dx + j|f(tnvn>|2p*-1f’(tnvn>tnvn dx. (4.4)

RN RN
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From (4.3) and (4.4) we have

JI: h(f(tpvn)) |f(tnvn)|2p_1f’(tnvn) h(f(vyn)) |f(Vn)|2p_1f’(Vn)]Vg dx

|f(tnvn)|2p_1 (tnvn)l’—l - |f(vn)|2P—1 Vﬁ_l
RN
|f(thn)|2p*_1f’(thn) |f(Vn)|2p*_1f’(vn) »
' H (tavn)P~L B 1 ]vn dx
RN n

- j(voo V() )P (V) v dx
IRN

+ J' Voo[ |f(tnvn)|p_1f,(tnvn) _ |f(Vn)|p_1fl(Vn)

G = ]vﬁ dx + on(1).

RN

Given & > 0, by (V) there exists R = R(¢) > 0 such that V(ex) > V, — & forall |ex| > R. Since v, — 0in X, we
have v, — 0in LISOC(JRN) fors e [1, p*) and v,, — O a.e. in R". Hence, we get

j(voo V) WP (V) dx = j (Voo = V(EX) V)P~ (V)v dx

RN lex|<R
t | Voo = V@OIfP 1 (Vv dx
lex|=R
<éC+2Vy J [ValP dx = &C + 0,(1).
lex|<R

This together with Proposition 2.2 (1) and (2) and the boundedness of {v,,} in X, leads to

J[ h(f(tnvn)) |f(thn)|2p_1f’(thn)_ h(f(vy)) |f(Vn)|2p_1f’(Vn)

Rt PP E (Gav)p-? foprt i |adxsdCrond. ()

]RN
If Q(vy) + 0in R, by Lemma 4.2, there exist {y,} ¢ RY and positive constants R*, n such that
lim inf J [ValP dx = 1. (4.6)
n—oo
Br*(yn)

Define v, = v,(x + yy,); then there is a ¥ such that, up to a subsequence, v, — v in X, v, —> V in
L5(Bg+(0)), s € [1,p*), and ¥, — ¥ a.e. in RY. By (4.6), there exists a subset Q c Bg-(0) with a positive
measure such that v > 0 a.e. in Q. It follows from (4.5), (H3), Proposition 2.2 (2), and t, > 1 + 6 that

J [ R(f(1 + 6)Vn)) (1 + 8) V)PP (1 + 6)Vn) __h(f(vn)) fV)IPP~Lf (V) 7 dx
If((1 + 6)Vy) |21 (1 + &) vpp-t [f(Vn)|2P-1 i :
]RN
< &C+ on(1). (4.7)
Let n — oo in (4.7); using Fatou’s Lemma, we get
h(f((1 + 8)V) (1 +8VIPP-L'((1 + 6)V) h(f@) IfD)IPP71f (V) 1=
0< J [ A1+ om)Prt (1+ )P T O M

Q

for any ¢ > 0, which leads to a contradiction. Thus, lim,_,., sup t, < 1.
Next, we distinguish the following two cases.

Case 1: lim,,_ sup t, = 1. There exists a subsequence, still denoted by {t,}, such that ¢, —» 1 as n — oo.
Hence

Ce+0n(1) =Je(vp) 2 Cv, +Je(vn) = Iy (taVn). (4.8)
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By the boundedness of {v,,} in X, and (V), similar to the argument of (4.5), we have

1-th

Je(n) = Ty (tav) = j VValPdx + }9 j (VeI — Voolfitavn) P dx

RN RN
+ J[HU(thn)) — H(f(vp))]dx + o J [Ftav)| " = 1f(vy)2P" ] dx
RN RN

> 0n(1) + % j Vo IFvn)IP = [f(tav)IP] dx + j [H(f(tavn)) - H(f(va)]dx

RN RN

+

j (vl — [f(vn) 2] dx - £C. (4.9)

RN

2p*
Using the mean value theorem and (Hp)-(H1), we have
| [t Ev) - B ax| = | [ hfrvaf vt - v dx
]RN IRN
< [€lval 4 Coval®itn - 11dx,
]RN
where 7 is between 1 and t,. Using the Holder inequality and lim,,_,«(t, — 1) = O, we obtain

j [H(f(tava)) - HEvn)] dx = on(1),

RN

j Voo [Ifva) P = If(tnva)|P] dx = 0n(1)
]RN
and
j [tV = [fva) 2] dx = 0n(1).
]RN

Combining (4.8) with (4.9), we obtain the following inequality:
Ce +0n(1) 2 cy, — C&+o0n(1).
Letting n — oo in the above inequality, we have ¢, > cy_ — C¢ forall £ > O, thus ¢, > cy,,.

Case 2:lim,_, sup t, = to < 1. There exists a subsequence, still denoted by {¢,}, such that t, — tpasn — oo
and t, < 1 for all n € N. By Proposition 2.2 (1), (4) and (5), we see that

’ 1 ’ 1 5100 1 .
IOF - IfP-f (0t L O )t = H{f(D), Elf(t)|2p e - Elf(t)lzf’
for t > 0 are nondecreasing. Then
cv,, < Jy(tavn) - I_l)w;/w(tnvn)y thVn)

1 —1z! 1 !
= E J Voo[lf(tnvn)lp - |f(thn)|p lf (thn)thn] dx + J [Eh(f(tnvn))f (tnvn)tnvn — H(f(tnvn))] dx

RY )
1 . 1 *
+]JV[E|f(l’nVn)|2p 1f’(ann)thn - zpﬁ|f(tnvn)|2p ]dx
- 117 (V(ex) + HUFVRIP = [fva) P f va)va] dx+%, | Vealifwnl? = 11 (va] dx
{lex|>R} ol
: ’ 1 g1 1 .
' J [I_’h(ﬂv"))f (v = H(fv) | dx + J [glf(vn>|2p ! (Va)Vn - zp*lﬂvnnzp ] ax

RN RN
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< = [ Vel - FrP val dx+ [ [SREWS v - HEa)] dx
pIRN RN p
1 S 1 -
o [ [ 2 v = 5 )P | dxs €8+ 04(1)
RN

= Jev) - %U;(vn), V) + CE + 0(1)
=ce+ C&+0,(1).

Letting & — 0, n — 0, we have ¢; > cy,,. O

4.1 Compactness condition

Lemma 4.4. Let {vy} be a (C)., sequence of ] in X, and v, — v in X, for some v € X.. Then

Je(Vn) =Je(vn) = Je(v) + 0n(1), ]é(vn) =0p(1),
where Vy = vy — V.

Proof. Firstly, we show that the following equalities hold:

j H(f(¥)) dx = j H(f(vn)) dx + j H(f(v)) dx + 0n(1), (4.10)
RN RN RN

j V(e If@n)l? dx = j V(ex)lfvn)l? dx + j V(e If()IP dx + on(1), (4.11)
]RN ]RN IRN

j V(EX) [T P~ Fa) — ()P (V) + FO)PLF ()] dx = 0(1), (4.12)
]RN

J [RE@f (V) = RFV)f (i) + REFW)f' (V)] dx = 0,(1), (4.13)
]RN

J 2" (7)dx = J 27" (vh)dx - j F22" (v dx + 0n(1), (4.14)
RN RN RN

j (P2 YT W) = PP vi) + 2L (vh)) @ dx = 0p(1) (4.15)
IRN

forall ¢ € CP(RY), where a € (p, p*).
The proof of (4.10)—(4.15) is similar to the proof of Lemma 3.5 (2). Here we only show that (4.14) holds true.
Observe that by Lemma 2.1 (6), (7) and (10), we have that

d

2p" (3 +
dtf ((Vp + tv)")dt

IFP"(vi) = f22" (vh)| = lf
1

0
j[Zp*fZP*’z((Vn + V)V + V) (Vn + tv)T)v] dt
0

1
< CJ(IVnI + VP vl de < C(TalP V] + VP,
0

From this and Young’s inequality, for each § > O there exists Cs > 0 such that

[F22° (V) = f2P7 (Vi) + f2P7 (vF)| < 817nlP” + ColvIP".
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Define
Go,n(x) = max{|[f??" (V) - f2" (v{)) + f2P" (v¥)| - 8|valP", O},

which verifies that
Gsn(¥) >0 ae.inRY,  0<Gsn(x) < CslvIP" € LY(RY).
Hence, by Lebesgue’s theorem, we have
J Gsn(x)dx - 0 asn — oo.
IRN
By the definition of Gs,», we see that
[F2° (W) = F22 (Vi) + 227 (V)] < 8lVnlP” + CG n(x).
Thus, we get
lim sup J F22° (7%) - f22" (v + F2" (v*)| dx < C6
{oe) IRN
which implies that
[ 12 @ = £ vy 4 £ ) e = o)
IRN

and (4.14) follows.
Secondly, similar to the proof of (3.6) and from [10, Brezis—Lieb Lemma], we can deduce that

I VT [Pdx = j VvalPdx - j [Vv[Pdx + 0q(1). (4.16)
RN RN RN
Finally, by (4.10)-(4.16) and (3.6)—(3.9), we obtain
Je(Vn) = Je(vn) = Je(v) + 0n(1)

and
T (), @) = Je(Vn), @) = JL(V), @) + 0n(1) = 0p(1)
forall ¢ € CP(RY). O

Lemma 4.5. The functional ] satisfies the (C)., condition at any level c¢ < cy,,.
Proof. Let {vp} bea (C),, sequence of J, in X,; then
Je(vp) = cey, (1 4+ "Vn"Xg)]é(Vn) — 0.

By the boundedness of {v,} in X, we know that there exists v € X, such that v, — vin X, and J.(v) = 0. Let
Vy = vy — v; by Lemma 4.4, we have J.(V,) — 0 and

Je(Vn) =Je(vn) = Je(V) + 0n(1) = € = Je(v) + 05(1) := d + 0n(1).

From (H,) and Lemma 2.1 (4), we have
Je) = Je) - %(JL(V), v)

1 - / 1 !
_ ERJN Ve[ () - L )f W)v] dx +]RjN [ RUO)F @) - HFw)] dx
o [ R wy - 1o | dxzo.
RN

Since V¢ < 00, we have d < ¢, < cy,, . It follows from Lemma 4.3 that Q(v,) — 0. By [37, Proposition 2.4],
we have v,, — 0in X,, thatis, v, — vin X,. O
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In order to apply the Ljusternik—-Schnirelman category theory, we need the functional J, to satisfy the com-
pactness condition (such as (PS). or (C). condition) on the Nehari manifold. The following two Lemmas will
explore this property.

Lemma 4.6. The Nehari manifold M. is of C! class and (eL(v), v) < O for any v € Mg, where € : X, — R is
given by

£e(v) = jnva + VE) W) P2Fw)f (v)v] dx - j h(F)f (v)v dx - j|f(v+)|2p*-1f'<v+)vdx.
RN RN RN
Proof. Observe that
@), v)=p j IVvIP dx + (p - 1) j V(e If)P-21f (v)|2v? dx + j V(e If) P2 f)f" (v)v? dx
]RN IRN IRN

N j V(e fn) P-2f)f (v)v dx - j R (F)IF )22 dx - j RO (V2 dx

RN RN RN

- j h(F)f Wvdx - 2p* - 1) j|f(v+>|2P"-2|f'(v+>|2v2 dx

]RN IRN
- j|f(v+)|21ﬂ"-1f"(v+>v2 dx - [|f<v+)|2P*—1f'(v+)vdx.
RN RN

By v € M., we deduce that

(e(v), v) = J VEex)((p - DIFWP2I WV + V)W) P20 ()v?
IRN
- (p - DVE)WIP W) (v)v) dx - j H ) ) 2v? dx - j ()" (v)v? dx
]RN ]RN
F(p-1) j h(F)f Wvdx - 2p* - 1) j P 21 (v 22 dx
RN RN
- j NP v dxc+ (p - 1) j NP L (v dx.
]RN ]RN

Let
g = (p - DIFOP2IF' O = 2P AP 2IFOPI (O - (p - DIFOP2fOf (0t

for t € R; according to the definition of f, we obtain that g(t) = g(~t) for t € R. Note that by Lemma 2.1 (4),
we have that g(t) < 0 for t > 0. Thus g(t) < O for all t € R. Hence, we get

j V() ((p - DIFVIP2F W12V + [P 2f )" (v)v? = (p - DIFWIP2fW)f (v)v) dx
]RN
= J V(Eex)((p - DIFWIP2F )12v? = 2P W) P2 (n)IPF2v2 — (p - DIFW)IP2 () (v)v) dx
]RN
= J V(ex)g(v)dx < 0. (4.17)
]RN

From Proposition 2.2 (3) and h(s) = 0 for s < 0, we have
h (F(s)If ()12v? + h(f(s)f"(s)s? — (p — Dh(f(s))f'(s)s =0 foralls € R.

Thus
I (R FODIF' )I2v? + hFO)F" (v)v? = (p = DRFW))f' (v)v] dx > 0. (4.18)

RN
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Therefore, by (4.17), (4.18) and Lemma 2.1 (4) and (7), we have that

(), v) < =@p" = 1) [P 21 NP dx - [ IR PP v dx
RN RN
+m—njmwwfﬁﬂwwm
%
<-@p" =) [P 21 0PV dr 27 [P P P dx
RN RN
#2p - 1) PO 2 Y dx
&
<2p-p*) J FH)12 dx < 0. 4.19)

RN

Lemma 4.7. The functional ] restricted to M satisfies the (C)., condition at any level c; < cy,,.

Proof. Let Je = Je|n,. Let {vn} ¢ M such that Jo(vn) — ce, (1 + |Vallx,)J-(vn) — O. Thus, using v, € M, and
Te(vy) = Je(vy) — c, similar to the proof of Lemma 3.5, we conclude that {v,} is bounded in X. By Lemma 4.5,
the constrained gradient has the form

Jrv), €L.(v))

Jew) = JL(v) - e (v).
T =) = e )

For v, € M, being a (C)., sequence, we denote

_ Ubva), E(va))
DIk

n ’

and then we have that
(1 + IVallx)Je(va) = An(L + [IVnllx, ) €L (Va) + 0n(1).

By (4.19), we see that (€.(vy), v4) — y <0; if y = 0, we have f(v};) — 0 in L?’"(RN). Therefore, using an
interpolation argument, the boundedness of {v,} in X, and (Ho)-(H;), we deduce that

%JXWmW+vwmmmw5mSJKWmW+V@@WwWJﬂWqumyh

RN RN

=jhmﬁwmmﬁM+jmmWWVMme

RN RN

sjhmﬁmwmw+jmﬁwfm

RN RN

<e J IF(vi)IPdx + Ce I If(vi)9 dx + j If(vi)1?P dx — 0

RV RN RN
as n — oo, which contradicts Lemma 4.1. Thus y # 0. This together with v, € M; leads to
0 = (1 +[vallx.) Ue(Vn), Va) = An(1 + IVallx,)(€e(Vn), Vi) + 0n(D)(1 + [Valx,),

and so A, = 0,(1). Thus (1 + |[vallx,)J£(Vn) = 0n(1). We have proved that {v,} is a (C)., sequence of ], in X;
the conclusion is obtained by Lemma 4.5. O

By a similar argument, or using Lemma 4.6, we get the following corollary.

Corollary 4.8. The critical points of J. on M, are critical points of ] in X,.
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4.2 The existence of the ground state solution for (P})

Theorem 4.9. Suppose that conditions (V) and (Ho)—(Hs) are satisfied. Then there exists € > 0 such that prob-

lem (P}) has a ground state solution u, € Cllo’f(lRN) NL®@YN) forall 0 < € < €.

Proof. From the above statement, we know that J. satisfies the mountain pass geometry. By Theorem 3.1,
there exists a (C)., sequence {v,} c X, of ] satisfying

Je(vn) > ¢ and (1 +|vallx,)Ji(va) >0  asn — oo.

Without loss of generalization, we may assume that V = V(0) =inf, gy V(x). Let y € Rsuch that Vo < u < Vo3
we have that cy, < ¢, < cv,, . Let w, be anonnegative ground state of problem (QH) andlet¢ € Cg"(lRN ,[0,1])
be such that ¢(x) = 1for [x| < 1and ¢(x) = Ofor |x| = 2. For R > 0, set ¢pr(x) = ¢p(x/R), and letug = pr(X)wy.
By Lemma 3.4, there exists tz > 0 such that vg = trugr € Ny,. Then there exists Ry > O such that vg, € N,
satisfies J,(vg,) < cv,,.Ifnot, J,(vg) = cy,, forallR > 0; by wy, € Nyand ugp — wy in Wy as R — oo, we obtain
that tg — 1. Thus

cy, < liRmian,,(tRuR) =Tu(wy) = cy < cy,,.
—00

This achieves a contradiction. Since supp vg, is a compact set, we may choose € > 0 such that V(ex) < p for
any ¢ € (0, €) and x € supp vg,. Thus

J V(ex)|f(vg,)IP dx < J ulfvr,)lP dx foralle € (0, ).

RN RN

Therefore, for all € € (0, €) and t > 0, we have that
Je(tvr,) < Jy(tvr,) < Jyu(VR,) < Cv,,

which implies that ¢, < cy,_ forall € € (0, €).
By Lemma 4.5, there exists a v € X, (the limit of {v,,}) such that

Je(v)=ce and Ji(v)=0.

That is, v € X, is a solution of problem (P}). By a standard argument, we can obtain that v € Cllo’g(]RN ) with
0<a<landve L®@RYN). O

4.3 Multiplicity of solutions to (;)

In this subsection, we will study the multiplicity of solutions and study the behavior of its maximum points
concentrating on the set M of global minima of V given in Section 1. The main result of this section is equiv-
alent to Theorem 1.1 and it can be restated as follows.

Theorem 4.10. Suppose that conditions (V) and (Ho)—(Hs) are satisfied. For a given § > O there exists €5 > O
such that for any € € (0, £5) problem (P}) has at least caty, (M) positive weak solutions in Cllo’f(lRN ) L®(RY).
Moreover, each solution decays to zero at infinity and if u. denotes one of these positive solutions and z, € RY

its global maximum, then
lim V(ez,) = V.
£—0

To prove Theorem 4.10, we fix some notation and give some preliminary lemmas. Fix § > 0 and let w be
a ground state solution of problem (Qy,). Let 1 be a smooth nonincreasing cut-off function defined in [0, co)
such thatn(s) =1if0<s < g and n(s) = 0if s > 6. Forany € > O and y € M, define a function . y(x) by

e,y 00 = nllex - yho| SXS_ ),
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te > 0 satisfying
I?%X]s(tlps,y) = ]S(tsll)&)’)

and ¢, : M - M, by
Pe(y) = ts‘l’s,y-
By construction, ¢.(y) has compact support for any y € M.

Forany 6 > 0, letp = p(8) > O be such that Ms ¢ B,(0). Lety : RV — RN be defined as y(x) = x for |x| < p

and y(x) = fx—’j for |x| > p. Finally, let us consider 8 : M, — RY given by

B = Jgw XE0IUOIP dx
[ lu@OIP dx

Lemma 4.11. The function ¢ satisfies the following limit:
lim Je(¢e(y) = cv,  uniformlyiny < M,
and
lim B(@e()) =y uniformly iny € M.
Proof. The proof of this lemma can be found in [2]; we omit its proof. O

Lemma 4.12 (A compactness lemma). Let {v,} c N be a sequence satisfying J,(vn) — c,. Then one of the

following holds:

(1) {vn} has a subsequence strongly convergent in W,;

(2) there exists a sequence {y,} ¢ RN such that, up to a subsequence, V,, = vy(x + yn) converges strongly in Wy.
In particular, there exists a minimizer for cy.

Proof. Since {vn} ¢ Ny, and J,(vn) — ¢y, itis easy to check that {v,} is bounded in W,,. Since ¢, = infveNy Jus
we can use the Ekeland variational principle (see [39, p. 122, Theorem 8.5]): there exists w, C Ny such that
Wy = Vp +0n(1), Iy(wn) — ¢, and

j;’;(wn) = Anelll(wn) +0,(1).

Using the boundedness of {v,}, we obtain that
(1+ ||wn"y)j],,4(wn) =1+ ||wn"y)£;’1(wn) +0n(1),

where A, is a real number and ¢, (w) = (J ;’4(‘0)’ w) for any w € W),. We claim that there exists ag > 0 such that
|(€;,(wn), wn)| = ag for all n € N. Indeed, using a similar argument as we have done in Lemmas 4.6 and 4.7,
we have A, = 0,(1), which yields

Wn =Vp+0n(1), Jylwn) —cy, 1+ ”wn"y)j]’,l(wn) — 0.

So without loss of generality, we may suppose that {v,} is a (C), for J,. Hence, up to a subsequence still
denoted by {v,}, we may assume that there exists v € W), such that v, — vin Wy, v, —» vin Lfoc(lRN ) for
s e[1,p*), Vva(x) » Vv(x) a.e. in RN (see (3.5) in Lemma 3.5), and v, — v a.e. in RY. Moreover, from
Lemma 3.5, we see that J;,(v) =0andv, >0foralln € N.

Case 1: v # 0. In this case, from the semi-continuity of the semi-norm, we have

J [Vv|P dx < lim inf J [Vv,|P dx.
n—.,oo

RN RN

We claim that equality holds in the last inequality. Otherwise, using the fact that

1 2 —1g 2 ! 2 2p*-1g1 1 2p*
I—)If(t)l” - glf(t)lp f (e, ah(f(t))f (Ot - H(f(1)), Elf(t)l Pif (e - 217|f(t)| P
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are nonnegative functions for ¢ > 0, and by Fatou’s Lemma, we have that

2.0
u < Tuv) = 9u(v) = 57, (V) v)

= (5 -5) [rovracs [ [Biwr - Gutrwr- i o] axe [ [Grownr o - Hwy) ax
RN RN RN
+]RL [glf(vnzp*-lf’(v)v - Ff*mv)ﬁp*] dx

<Jm{(5-5) [19va + [ [l - Guifenr-if wova] dx

RN RN
+RjN (2 H ) v~ HOG)] dx +]JN [GU7 1 v = )PP | )
= lim (3, - 2040, Vi)

< cy,
which leads to a contradiction. So we obtain
I VP dx = lim J Vval? dx.
n—-,oo
RN RN
Combining (4.20) with Vv,(x) — Vv(x) a.e. in RN and the Brezis-Lieb Lemma [10], we can conclude that
J [Vvp = VvIPdx - 0 asn — co. (4.20)
IRN
By an argument similar to (4.20), we also have that
. 2 N 2 5
iim [ PUOIP = Gulf )P n)va ] dx = [ LUOIP = Gulf)P ' wv] dx.
RN RY

Hence, up to a subsequence still denoted by {I’—;If(v,,)lp - %ylf(vn)lp‘lf’ (Va)vnl, there exists k(x) € L1(RN)

such that
0-2p

po
where we have used Lemma 2.1 (4) and the fact that v,, > 0. By the Lebesgue dominated convergence theorem,
we have that

2
IWWMWS§WWW—EMﬂWW*ﬂWMWSMM ae. inRY,

tim [ alfvap dx= [ P ax
RN RN
which implies that

lim [ lftva) - 0P dx =o.
RN

Hence, up to a subsequence, there exists kq (x) € L' (RN) such that

HUfv)lP = IfVIP) < ki(x)  ace.in RY.
Using the convexity of |f]” and the evenness of |f]”, we have that

v
2 avr + Y vy

< 22X (VEOIf(va)P + VOOIfW)IP)
< 2P (k1 (x) + VOO lf(v)IP).

VOOIf(ve - v)IP <
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Since k1 (x) + V(X)|f(v)|P € LY (RN), by the condition v, — v a.e. in RN and the Lebesgue dominated conver-
gence theorem, we get

nlergO j ulf(vy = v)IP dx = 0. (4.21)
IRN
Therefore, by Lemma 2.1 (9), the Sobolev inequality, (4.20), and (4.21), we deduce that

jylvn—v|pdx: J Ulvy —vP dx + j ulvy = v|P dx

RN {lvp—-vI<1} {lvn—-v|z1}
<C J ulf(vn = V)P dx + j Hlve - vIP" dx
{lva-vI<1} {lva-vI>1}
<C J ulf(vy = v)IP dx +1151%* j Vv, — Vv|P dx
RN RY

— 0 asn — oo.
Consequently, we conclude that v, — vin W,,.

Case 2: v = 0. By Lemma 3.6, there exist a sequence R, a > 0 and {y,} c RN such that

[vplPdx > a > 0.
BR()’n)

LetVy = vn(x + yn); then 3, (Vy) — ¢y and (1 + II?HIIH)JL(?n) — 0asn — oo.lItis clear that there exists v € W,
such that v, — v in W),. Then we use the discussion given in Case 1 to obtain the result. O

Lemma 4.13. Let e, — 0" and (vn) ¢ My, be such that ], (vn) — cv,. Then there exists a sequence (y,) ¢ RY
such that V, = vp(x + y) has a convergent subsequence in Wy,. In particular, up to a subsequence, we have
&nyn — y € M.

Proof. In view of (J, én (Vn), Vn) = 0 and J;, (vn) — cv,, by an argument similar to Lemma 3.5 (1), we conclude
that {v,} is bounded in Wy, . Since ¢, > 0, we have Qy,(v,) # 0 for all n € N. If not, it is easy to check that
¢y < 0, acontradiction. By Lemma 3.6, there exist a sequence {y,} C RY and positive constants R, ¢ such that

lim inf j Val? dx > £ > 0.
n—oo
Br(Yn)

Let v, = vp(x + ¥n); up to a subsequence, there exists v € Wy, such thatv, — v # 0in Wy,. Let t, > O be such
that w, := t,v, € Ny,. Using v, € M,,, we deduce that

cv, < Jy,(wn)

1 p V- Pldx — & 2P dx —
<o | 1@+ View + glftwn P ax- 5 [P’ ax- [ (o) ax

RN RN RN

- }1, [ (9 emap + Viewx + oifteaToP) ax - 2}1’* [ treamre ax - [ Hgtema) ax
RN RN RN

=Je,(tnvn) < Je, (Vi)

=cy, + 0on(1).

Hence, limy—c0 Jv, (wn) = cy,. From w, € Ny, it follows that {w,} is bounded in Wy,. By the boundedness
of {v,}, we know that {t,} is bounded. Thus, up to a subsequence still denoted by {t,}, we may assume that
th — to.1f to = 0, from the boundedness of ¥,, we have that w, = t,¥;, — 0. Hence, Jy,(w,) — 0, which con-
tradicts cy, > 0. Thus o > 0. From the boundedness of {w,} and ¥, — ¥, up to a subsequence, we have that
wn — w =toVin Wy,. By tp > 0 and vV + 0, we see that w # 0. From Lemma 4.12 we have w, — w in Wy,,
which implies that v, — vin Wy,.
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It remains to show that £,y, is bounded. In fact, suppose by contradiction that |e,y,| — co. Since
wn — win Wy, and Vy < Vo, it follows that

cv, = Jyy(w) < Iy (w)

1 1 .
imi il p l p _ 2p _
< hggg)lf[p ]RL [VwnlP dx + 5 ]RL V(enx + enyn)|f(wn)lP dx L ]R[v [flwn)|?P dx ]RL H(f(wn)) dX]

= ligiolgf]en(tnvn) < ﬁgg)lf]sn(vn) = CVy»

which gives a contradiction. Thus, £,y is bounded in RN and, up to a subsequence, £,y; — yin RN.Ify ¢ M,
then V(y) > Vy and we can obtain a contradiction by arguing as above. Hence y € M. O

Let g : R* — R* be a positive function such that g(¢) — 0 as € — 0 and define the set
Me = {v e M : Je(v) < ey, +8(e)}.

Lemma 4.14. Let 6 > O; there holds that

e—=0  ~—

lim sup inf |B(v) —y| =0.
veM, yeMs
Proof. Let {€,} ¢ R" be such that &, — 0. For each n € N, there exists {v,} ¢ J\F/f; satisfying

inf |B(v,) -yl = sup inf |B(v) -yl + 0n(1).
yeMs veXy, yeMs

Thus it suffices to find a sequence {y,} ¢ Ms such that
nlLr&|ﬁ(Vn) - Ynl=0.
To obtain this sequence, we note that Jy, (tvy) < J¢(tvy) for t > 0 and {v,} j\_/[:; c Mg,, and so
Cv, < Ce, < Je, (V) < cv,y + 8(En).

This implies that J.(v,) — cvy,. By Lemma 4.13, we obtain a sequence {y,} c RN such that €,y ¢ Ms for n
sufficiently large. Then

Jgx X(€nz + €n7m) — €nFn]IVa(z + V)P dx

Jg!va(z + F)IP dx

B(Vn) =&EnYn +
Recalling that £,x + €,y — ¥ € M, we have that (v,) = €,V + 0n(1), and therefore the sequence {y,, := €y}
is required. [

The following Lemma plays a fundamental role in the study of the behavior of the maximum points of the
solutions.

Lemma 4.15. Suppose that conditions (V) and (Ho)-(Hs) are satisfied. Let v,, be a solution of the following
problem:

vy € WEP(RN), vp(x) > 0 inRY,

{ ~ApVn + Va QO ) P2 f(vn)f (v) = R(F))f (Vi) + [fv)?P L (ve)  inRY,

where Vy(x) = V(enX + €nVn). If vo — v in WHP(RN) with v # 0, then v, € L®(RY) and [[vy iz vy < C for all
n € N. Moreover, lim|y| 00 Vn(X) = O uniformly in n.

Proof. We only replace v by v, and apply the fact that v, — vin W5P(R") in Theorem 3.8. O

Lemma 4.16. Under the hypotheses of Lemma 4.15, there exists 6o > 0 such that ||[vpllpe®vy = 8o foralln € N.
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Proof. Suppose by contradiction that [|[vy[lLe®y) — 0 as n — oo. Given &g = %, by (H;) there exists np € N

such that
h(f(va(x)))

(fva())’ ™
Thus, by Lemma 2.1 (4) and (9), for n large enough, we have

<&y ae.inRN forn > ny.

(e + Lotvap)ax< [ (1ovap + Lismp) ax
RN RN
< [(9val? + VaCalfv) P2 (v dx
]RN
= [y v acs [ 2U00)

o & Fwn )™

< & j P dx + j )P dx,

RN RN

(Fvn NP (V) v dx

which implies that v, — 0 in W%P(RN), which contradicts the hypothesis that v, — v with v # 0. Hence,
there exists 6o > 0 such that [|vy |l o) = 60 forall n € N. O

4.4 Proof of Theorem 4.10

Proof. For a fixed § > 0, by Lemma 4.11 and Lemma 4.14, there exists €5 > 0 such that for any ¢ € (0, &5),
B o ¢, is well defined. Fix € > 0 small enough, so f - ¢, is homotopic to the inclusion map id : M — Ms and
by arguments similar to the ones contained in the proofs of [7, Lemmas 4.2 and 4.3], we obtain that

catye (Me) > catg, (M).

Since J satisfies the (C),, condition for ¢, € (cy,, cv, + g(€)), using the Ljusternik-Schnirelman theory of crit-
ical pointsin [39] (see [39, Theorem 5.19]; it can be true under the (C). condition), we know that ], possesses
at least caty, (M) critical points on M. Consequently, by Corollary 4.8, J. has at least caty, (M) critical points
in Xe.

The remaining proof of concentration behavior can be deduced by using Lemma 4.15 and Lemma 4.16
and its proof is a standard argument; we refer the interested readers to [1, 2, 24]. We omit its details here. [
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