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Abstract: We prove the existence and multiplicity of subharmonic solutions for Hamiltonian systems obtained
as perturbations of N planar uncoupled systems which, e.g., model some type of asymmetric oscillators.
The nonlinearities are assumed to satisfy Landesman-Lazer conditions at the zero eigenvalue, and to have
some kind of sublinear behavior at infinity. The proof is carried out by the use of a generalized version
of the Poincaré-Birkhoff Theorem. Different situations, including Lotka—Volterra systems, or systems with
singularities, are also illustrated.
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1 Introduction and main result

We are interested in finding periodic solutions of a nonautonomous Hamiltonian system in R*N. Writing
X=(X1,...,xy)andy = (y1,...,Yn), we consider the system

ou
X;< :fk(ty Yk) + a_(ty X,V; s),
Yk k=1,...,N. (1.1)

ou
_y;( = gk(t’ Xk) + a_Xk(t’ X,V; 8)3

All functions fi, gk : R x R — R are assumed to be continuous, T-periodic in their first variable and locally
Lipschitz continuous in their second variable. The function U : R x R?N x R — R is continuous, T-periodic
in t, continuously differentiable in (x, y) € R?Y, and

U(t,x,y;0) =0 forevery (t,X,y) € [0, T] x R?V,
In addition, for every k = 1, ..., N, the following four assumptions on the functions fy, gx are made.
Assumption (A1). There exists a constant C > 0 such that
fit, )l < CA +1InD),  I8k(t, I < C(1 +18])

foreveryt € [0, T]and 7, ¢ € R.
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Assumption (A2). The functions fi(t, 1), gk(t, &) are bounded from above for negative &, 1, bounded from
below for positive ¢, , and

limsup fx (¢, n)dt < 0 <

1n—-00

l,ilrgjgoffk(t, n)dt,

limsup gi(t, &) dt < 0 <

£--c0

O e g Ot—
Oty O—

lim inf gy (t, &) dt.
&—+00

Assumption (A3). For every o > O there are R > 0 and a planar sector
Ok = {p(cos @, sinb) : p > 0, O <6< ék},

with ék < ék < ék + 2, for which

8k(t, §)& + fi(t, mn
§2+n?
Assumption (A4). Either fj or g is strictly increasing in its second variable.
We now need to recall the notion of rotation number around the origin for a planar curve. For 71 < 75, let

{: [11, T2] = R? be continuously differentiable and such that {(t) = (&(t), n(t)) # (0, 0) for every t € [11, T2].
The rotation number of { around the origin is defined as

sup{ 1 (&) €Ok, E2 4?2 Ri} < 0(By - Oy).

T2

1 "On(t) - &bn'(t
Rot(@s 1, 12 = 5 [ ;’(Tt()z)+ git;’} © 4

T1

In other terms, writing {(t) = p(t)(cos 8(t), sin 8(t)), one has

_0(r2) - 6(r1)

Rot((; [11, T2]) = 5

We are mainly interested in proving the existence and multiplicity of subharmonic solutions, i.e., periodic
solutions of period ¢T for some positive integer £. Writing z; = (xx, yx) fork=1,...,Nandz = (z4, ..., zn),
we will find solutions z(t) whose planar components z(t) rotate around the origin a prescribed number of
times in their period time. The following is our main result.

Theorem 1.1. Let assumptions (A1)-(A4) hold, let R be a positive real number and let M, . . ., My be some
positive integers. Then there is a positive integer € with the following property: for every integer € > €, there exists
g0 >0such that if |e| < g, system (1.1) has at least N + 1 distinct £ T-periodic solutions z(t) = (z(t), . . ., zn(t)),
with zy(t) = (xx(t), yx(t)), which satisfy

min{|zx(t)| : t € [0,€T]} >R and Rot(zx; [0, €T]) = My (1.2)

foreveryk=1,...,N.

Therefore, roughly speaking, when ¢ is small enough, there are large amplitude subharmonic solutions whose
planar components perform a prescribed number of rotations around the origin in its period time ¢T. Hence,
if at least one of these components makes exactly one rotation, the solution z(t) necessarily has minimal
period equal to €T. As a consequence, if N > 2, there will be a myriad of periodic solutions having minimal
period ¢T: when one of the components performs exactly one rotation, the others rotate an arbitrary number
of times. We thus have the following direct consequence of Theorem 1.1.

Corollary 1.2. Let N > 2 and fix an arbitrary positive integer K. Then, under the assumptions of Theorem 1.1,
there is a positive integer € with the following property: for every integer € > ¢, there exists €, > 0 such that if
le| < €, system (1.1) has at least K periodic solutions with minimal period €T.
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Let us clarify what we mean by distinct subharmonic solutions. With the nonlinearities being T-periodic in ¢,
once an ¢T-periodic solution z(t) has been found, many others appear by just making a shift in time, thus
giving rise to the periodicity class

z(t),z(t+T),z(t+2T),...,z(t+ (€ -1)T).

We say that two £ T-periodic solutions are distinct if they are not related to each other in this way, i.e., if they
do not belong to the same periodicity class.

Some remarks on our hypotheses are now in order. Assumptions (A1)-(A4) involve only the functions
fx, gk, and are meant to govern the behavior of the solutions of (1.1) when € = 0. Assumption (A1) is the
usual linear growth condition. In assumption (A2) we have the well-known Landesman-Lazer conditions:
they will force the large-amplitude solutions of the uncoupled planar systems to rotate around the origin.
This property, which might have an independent interest, has already been exploited in [3, 4, 9, 23], and
is stated in Lemma 2.5 below. Assumption (A3), first proposed in [5], is needed in order to have a control
on the angular velocity of the large-amplitude solutions, while crossing the planar sector Oy: it implies that
the large-amplitude solutions will not be able to complete an entire rotation in a given period time [0, £T].
Finally, assumption (A4) will be used, after a change of variables, to forbid counterclockwise rotations in the
phase planes.

A particular case of (1.1) is the system

oV
(¢1(X’1))’+g1(ts Xl) = d (t,Xl,...,XN;E),
X1

(1.3)

oV
() +gn(t, xn) = S B X1 s XN ).
XN

Here, the functions ¢y : Iy — R are strictly increasing diffeomorphisms defined on some open intervals I,
containing the origin, with ¢(0) = 0; the functions gi : R x R — R are continuous, T-periodic in their first
variable and locally Lipschitz continuous in their second variable; the function V : R x RN x R — R is con-
tinuous, T-periodic in t, continuously differentiable in x4, ..., xy, and

V(t,x1,...,xy;0) =0 forevery (t,xq,...,xy) € [0, T] x RN,

System (1.3) can be viewed as a mathematical model of N coupled oscillators, with small coupling forces.
It can be translated into the form of system (1.1) by setting fx (¢, y) = qb;l(y). Concerning our functions ¢y,
typically we have in mind either the case ¢ (s) = s, leading to classical second-order differential equations,
or the case ¢x(s) = s/V1 — s2, when dealing with a relativistic type of operator. When N = 1, the study of the
case when the function ¢ is defined on the whole real line was started by Garcia-Huidobro, Manasevich and
Zanolin in [15], while, in recent years, following Bereanu and Mawhin [1], a lot of effort has also been devoted
to the singular case. See the review paper [20] and the references therein.

Let us state a corollary of our main result in the case when ¢ (s) = s.

Corollary 1.3. Assume ¢(s) = s, and let the functions gy satisfy the linear growth assumption (A1) and the
Landesman-Lazer condition (A2). If, moreover,

lim gi(t, &)

=0 uniformlyint € [0, T], (1.4)
fo+o0 &

then the same conclusion of Theorem 1.1 holds for system (1.3), with z(t) = (xx(t), x;((t)).

Notice that assumption (1.4) could be replaced by the analogous one at —co.
On the other hand, in the case when ¢ (s) = s/ V1 — s2 we have the following result.

Corollary 1.4. Assume ¢y (s) = s/V1 —s2, and let the functions gy, satisfy the linear growth assumption (A1)
and the Landesman—-Lazer condition (A2). Then the same conclusion of Theorem 1.1 holds for system (1.3),

with zi(t) = (xx(t), Pr(x (1))
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We thus generalize to higher-order systems some of the results obtained in [3, 4, 8, 9, 21, 23] for planar
systems and, in particular, for scalar second-order differential equations. We will use phase plane analysis
methods, combined with a generalized version of the Poincaré—Birkhoff Theorem for Hamiltonian time maps
recently proved by the first author and Urefia in [14]. This last theorem has already been used in [2, 5, 11,
12, 14] to prove the multiplicity of periodic solutions for different kinds of systems.

Let us remark that, when N > 2, there are few results in the literature concerning the existence of sub-
harmonic solutions for systems in a situation like the one described above. Among those we know, let us
mention [7, 25-27], where variational methods have been used. When compared to these results, we can
see that our theorem gives more information on the behavior of the solutions, even though it applies only
to systems involving small coupling terms. However, let us emphasize that we are not dealing with a stan-
dard perturbation problem: the periodic solutions we are looking for do not bifurcate from some particular
solutions of the uncoupled system corresponding to € = 0.

The paper is organized as follows: In Section 2, we provide the proof of Theorem 1.1, which is divided into
several steps. First, in Section 2.1, we prove the existence of a T-periodic solution for each of the N uncoupled
planar systems corresponding to € = 0. Then, in Section 2.2, we use this solution to perform a change of
variables, which leads to some equivalent planar systems, each of which has the constant solution (0, 0). In
Section 2.3, we need a delicate analysis of the rotating behavior of the solutions in the phase plane. Finally,
in Section 2.4, we prove our main result by the use of the above mentioned generalized Poincaré—Birkhoff
Theorem. In Section 3, besides providing the proofs of Corollaries 1.3 and 1.4, we argue on some variants of
our main result, which can be obtained by the same methods. Different situations are illustrated, including
Lotka—-Volterra systems and systems with singularities.

2 Proof of Theorem 1.1

The proof will be divided into several steps. In order to fix the ideas, we assume in (A4) that
fi(t, -) is strictly increasing for every t € R.

First of all, we recall that the Landesman-Lazer conditions in assumption (A2) can be written in a dif-
ferent form. Following, e.g., [13, Lemma 1], we can find two constants d; > 0, § > 0 and four L!-functions
®» ¥y : [0, T — R, such that the following conditions hold:

[n<-di = filt,n) <@ (t)] and @, (Hdt < -6,

[n=di = fi(t,n) = pr(t)] and @, (dt > 6,
(2.1)

[ <-di = g(t, O <Pp(t)] and

<=
= |
=~
=
Y
=
A
|
Ng

[£2d1 = g(t, &)= yi()] and

<
~+
—
=
QU
~
Y
=2

Ot iy Oy O ——\; Ot—

Next, we will find a T-periodic solution of (1.1) with € = 0, which will be used in a change of variables,
in order to have the origin as a constant solution. This will enable us to compute the rotation number on
each planar subsystem, so to finally apply a generalized version of the Poincaré—Birkhoff Theorem recently
obtained in [14].
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2.1 Existence of a T-periodic solution when £ = 0

We consider system (1.1) with £ = 0. We thus have N uncoupled subsystems

X =filt,yi), =Yy = 8k(t, xi), k=1,...,N, (2.2)

and we will study each of them separately.
We first prove that system (2.2) has a T-periodic solution. For simplicity in the notation, we write the
subsystem corresponding to a given k € {1, ..., N} as

x'=filt,y), -y =gt x). (2.3)

Since fi(t, -) is strictly increasing, it is easy to see that the Landesman-Lazer condition in (A2) implies the
existence of a constant 17 € R for which

T
| fee.m e -o.
0

The change of variables

t
u(t) = x(t) - jfm, Mdr, vt =yt -7
0

leads to the system
u, =fk(t) V)’ —V, =gk(ts u)’

where

t
Filtv) = filt, v+ D) = filt 1, &ilt ) = g b+ jfk(r, M dr).
0

We notice that fi(t, 0) = 0 for every t € [0, T].
Proposition 2.1. The assumptions (A1)-(A4) hold for the functions fi and gy as well.

Proof. Conditions (A1), (A2) and (A4) are readily verified. Concerning condition (A3), let us fix ¢ > 0. Then
there are Ry > 0 and a planar sector

Ok = {p(cosH,sin ) : p > 0, By < 0 < 6},
with ék < ék < ék + 2m, for which

86, 9 + fult, )1 < 300k~ 0(E + 1)
whenever (£, 17) € Oy \ B((0, 0), Ry). Let us choose 8!, 92 such that

b < By < B <O B0, 2B~ by,
and consider the planar sector

@) = {p(cosB,sinB) : p >0, B < 0 <6} }.

Taking R} > Ry large enough, if (u, v) € ©) and u? + v? > fR;(z, then

t
(u + Jfk(‘r, ndr,v+ )'1) € Ok \ B((0,0), Ry) foreveryt e [0, T].
0

Then, using assumptions (A1) and (A3), we can find a R} > R} such that if (u, v) € 6} \ B((0, 0), R}), then
gi(t, wu + fie(t, v)v < 0(8), - 9;<)(u2 +1v2),

thus ending the proof. O
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Hence, for the sake of proving the existence of a T-periodic solution to system (2.2) we may assume without
loss of generality that fi( -, 0) is identically equal to zero. Then, by the monotonicity of fi (¢, -),

fi(t,n) >0 forn>0 and fi(t,n) <0 forn<oO. (2.4)

We will now use the following result due to Mawhin [18, 19].

Theorem 2.2 (Mawhin, 1969). LetJ : [0, T] x R™ — R™ be a Carathéodory vector field, and assume that there
exists an open bounded set Q € R™ such that, for every A € 10, 1], all possible solutions of the problems

Z = AF(t, 2),
z(0) = z(T)
satisfy
z(t) e Q foreveryt e [0, T]. (2.5)

If the averaged map F* : R™ — R™, defined as

T

FHO = % j&”(t, o dt,
0

has no zeros on 0Q and the Brouwer degree d(F%, Q) is different from zero, then the problem
Z' = F(t, 2),
z(0) = z(T)
has a solution satisfying (2.5).

We thus need to find an a priori bound for the T-periodic solutions of the system

XI = /\fk(ty Y), _y, = Agk(t’ X)) (2'6)

with A € 0, 1]. Integrating in (2.6), we have

T T
[fk(t, y(0) dt = 0 = jgk(t, x(0)) dt.
0 0

Using assumption (A2), we see that the solutions have to cross both the horizontal and the vertical strips
of width 2d; around the coordinate axes, where d; > 0 is the constant introduced in conditions (2.1): there
exist tq, t, € [0, T] such that |x(¢1)| < d1 and |y(t,)| < d;.

Let us prove that there exists r > 0 such that, for every T-periodic solution of (2.6),

min{x(t)? + y(t)* : t € [0, T]} < r°. 2.7)

By taking r > V2d, if (2.7) were not true, the fact that [x(¢1)| < d1 and |y(t>)| < d1, together with (2.4) would
imply that the solution has to rotate at least once around the origin as t varies in [0, T]. Passing to polar
coordinates
x(t) = p(t) cos 6(t), y(t) = p(t) sin O(¢),
we have
Agi(t, x(0)x(¢) + Afi(t, y(©)y(t)
x(6)? +y(6)? '

-0'(t) =

Hence, by taking o € ]0, %[, assumption (A3) tells us that if r is large enough and #; <, are such that
0(t1) = Oy and O(t,) = Oy, with O(t) € 10k, O for every ¢ € |t1, t5[, then £, — 1 > T, which is a contradiction.
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Using assumption (A1), as long as (x(t), y(t)) # (0, 0), we have

' (0)] = |/1fk(t, y(O)x(t) + Agi(t, X(t))y(t)'
V() + y(t)?

< A+ yODIxO] + A + XODIy D)

B Vx()2 +y(6)?

<2C(1+p(t).

By the use of Gronwall’s lemma, we can then find a constant R > r such that p(t) < R for every t € [0, T]. In
particular, setting Q = ] - R, R[ x | — R, R[, we have (x(t), y(t)) € Q for every t € [0, T]. The a priori bound is
thus established.

Let us consider the averaged functions

T T
fi) = [Rieyae and g =7 [ae o
0 0

and define 3"}1{ :R? > R? as ?,{(x, y) = (f,g ), gi(x)). By enlarging R if necessary, in order to have R > d;,
conditions (2.1) allow to apply the Poincaré—Miranda Theorem (cf. [6]), and we have that the Brouwer degree
aF ! , Q) is different from 0. Then Theorem 2.2 applies, and we conclude that there exists a T-periodic solution
of (2.3) for every fixed k € {1, ..., N}.

We have thus proved that system (2.2) has a T-periodic solution.

2.2 A change of variables

Let (X(t), y(t)) be a T-periodic solution of system (2.2), with

)_((t) = ()_((t)’ seey )_(N(t))’ ?(t) = (}_/(t); ceey )_/N(t)),

whose existence has been proved in the previous section. Going back to system (1.1), we make the change of
variables
u(t) = x(t) -x(t), v(t) =y(t) -y,

thus obtaining a new system
up = fie(t, vi) + g—u(t, u,v;e),
;% k=1,...,N, (2.8)
— Y = res - .
Vk gk(t’ uk) + auk(t’ u’ V’ 8),
where
fx(t,v) = fi(t, v + Y (6) = fi(t, Y (1),
gk(t’ u) = gk(t’ u+ Yk(t)) - gk(t’ )_(k(t))’

and
U(t, u, v;€) = U(t, u+X(t), V + V(t); €).

All functions f, 8k : Rx R — Rare continuous, T-periodic in their first variable and locally Lipschitz contin-
uous in their second variable. The function U : R x RN x R — R is continuous, T -periodic in ¢, continuously
differentiable in (u, v) € R?N, and

U(t,u,v;0) =0 forevery (t,u,V) € [0, T] x R?Y,
We write wy = (ug, vi), fork=1,...,N,andw = (wq, ..., wy). Notice that

fi(t,0)=0 and gi(t,00=0  foreveryt e [0, T].
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Proposition 2.3. Assumptions (A1)-(A4) hold for the functions fi and gy as well.

Proof. The linear growth condition (A1) follows immediately from the boundedness of X(t), ¥(t) and the
continuity of fy, gx. Condition (A2) is readily verified after noticing that

T T
[ et penae= [z ae=o
0 0

and
T T
[ sect,muen ae=- [ 30 de = o,
0 0

The proof of condition (A3) is practically the same as in Proposition 2.1. Finally, if fi (¢, - ) is strictly increasing,
then also fi(t, ) is such. Hence, condition (A4) holds as well. O

Let D > O be such that
X2(t)+yi(t) < D* foreveryte [0,Tlandk=1,...,N.
Proposition 2.4. For the sake of proving Theorem 1.1, we may assume without loss of generality that
fi(t,0)=0 and gi(t,0)=0 foreveryt € [0, T]. (2.9)

Proof. Assume that Theorem 1.1 holds for the new system (2.8). Taking R > R + D, we will find N + 1 distinct
£T-periodic solutions of the new system (2.8) satisfying

min{|wi(t)| : t € [0,€T]} >R and  Rot(wy; [0, £T]) = My
forevery k = 1, ..., N. Then, by the Rouché property, the opposite change of variables
x() =u(t) +x(t), y(t)=v(t)+y(t)
gives us N + 1 distinct periodic solutions of the original system (1.1), satisfying both conditions in (1.2). O
Notice that (2.9), together with the fact that fi(t, -) is strictly increasing, yields that
fi(t,m)>0 forn>0 and fi(t,n) <0 forn<oO. (2.10)

In the following, we will assume without any further mention that (2.9) and (2.10) hold forevery k=1, ..., N.

2.3 The rotational lemma

The following lemma tells us that the Landesman—Lazer conditions force all components zy(t) = (xx(t), yr(t))
of the solutions to rotate around the origin, provided that they start sufficiently far away from the origin itself.

Lemma 2.5. Let M > 1 be an integer and R, > 0 a real number. If assumption (A2) holds, then there are an
R, > Ry and anincreasing functiont : [R,, +oo[ — ]0, +00l, satisfying the following property: forevery R > R>,
ifz(t) = (z1(b), ..., zn(t)), with zi(t) = (xk(t), yr (1)), is a solution of (2.2) such that, for some index k and some
to € R, one has that |zi(ty)| = R, then thereis a t; € |tg, to + T(R)] such that zy is defined on [tg, t1],

|zk(5)] > Ry forevery t € [to, t1], Rot(zy; [to, t1]) > M.

Proof. It will be sufficient to analyze the behavior of each component zx(t) = (xi(t), yx(t)) of the solu-
tion z(t). Hence, we fix k € {1, ..., N} and, to simplify the notation, we consider system (2.3) and denote by
z(t) = (x(t), y(t)) its solutions. Set

Dy == max{Pyloe, 1Pl loglo 1o},

where 1; and ¢; are the functions introduced in condition (2.1). The key information for the argument of
the proof is contained in the following two propositions.



DE GRUYTER A. Fonda and R. Toader, Subharmonic solutions of Hamiltonian systems =— 591

Proposition 2.6 (Eastern region of the plane). For any fixed a < B and y > d1, by setting

Dy -a
yi=vy+ (l“Tk + 1)T|lfk|[O,T]><[a,ﬁ+Dk] "oo’ (2.11)

ifz(to) € ly*, +oo[ x ]a, B[, then there is a t, > to with the following three properties:
@) y(t1)=a;
(ii) foreveryt € [to, t1[, one has a < y(t) < B + Dy and

y < x(t) < x(to) + (t1 — to)||[fxlfo, Tix(a,p+De [l oo
(i) ¢ - to < (B2 4 )T

Proof. We assume that z(tg) € Jy*, +oo[ x ]a, B[, and we define t; >ty as the maximal time for which
z(t) € ]y, +oo[ x ]a, +oo[ for every t € ]to, t1[. So,

t
y(t) = y(to) - jgk(t, x() dt
to

T t
<yt - |2 [wiwder [ wioa

0 to+l 2T

t—t
< y(to) - 6] —= | + 9} lur.

(Here and below, we denote by |a]| the integer part of a real number a, that is, the integer n(a) such that
n(a) < a < n(a) + 1.) In particular, a < y(t) < B + [[;llz: for every t € [to, t1[, and

lt_tOJ </3+IIIPZIIL1—0£
T 1~ ) ’

whence, since

we have that (iii) holds. Moreover, since

X (O < Ific(t, YO < |ficlio, 1ixta 171,11 loo

for every t € [to, t1[, we see that there is no blow-up in finite time, and
t
IX() - x(to)] < j|x'(t)| dt < (t = to)|ficlio, rixta gy 11 oo
to

So, (ii) follows by the choice of y*, and hence necessarily y(t1) = a. O
Proposition 2.7 (North-eastern region of the plane). For any fixed yu > d1 and v > d1, by setting

v =v+ Dy, (2.12)

if z(to) € Jv*, +00] x JU, +ool, then there is a t; > ty with the following three properties:

@ yt1) =p;
(ii) foreveryt € [to, t1[, one has u < y(t) < y(to) + Dy and

v < x(t) < x(to) + (t1 = to)|fil o, Tixuy(to)+Di oo

(i) t; - to < (LR 4 1T,
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Proof. We assume that z(tp) € Jv*, +oo[ x ]y, +oo[, and we define t; > tp as the maximal time for which
z(t) € Jv, +oo[ x Ju, +oo[ for every t € ]to, t1[. As in the proof of Proposition 2.6, we have

y(©) < y(t0) - 8 <2 | + Il

for every t € [to, t1[. In particular, u < y(t) < y(to) + [}l and

l t— toJ _Yto) + Yyl — p
T 17 1) ’
whence (iii) holds. On the other hand,

t
x(8) = x(to) + jfk(t, y(1)) dt
to

T t
| Jqo;(t) dt + j ity dt
0

to+l 52T

t—to
T

> x(to) + l

> x(to) — gl

for every t € [to, t1[. Moreover, since

X' (0] < Ifit, y())] < ||fk|[o,T]x[y,y(t0)+||xp;||L1]||oo

for every t € [to, t1[, we see that there is no blow-up in finite time, and

Ix(£) = x(to)] < (t1 = to)[fil o, Ty ytto)+1w: 1,11l oo-
So, (ii) follows by the choice of v*, and hence necessarily y(t;) = u. O

By the symmetry of our assumption (A2), we can write the analogous of Proposition 2.6 in the northern,
western and southern regions, and the analogous of Proposition 2.7 in the north-western, south-western and
south-eastern regions. For briefness, we leave this easy but tedious charge to the patient reader.

Let us now proceed with the proof of Lemma 2.5. Let M be a positive integer and let Ry > O be fixed:
we can assume, without loss of generality, that Ry > 2d;. We will define two polygonal curves I"{ and F’z‘,
represented in Figure 1, which will guide the components of the solutions: they are spiral-like curves, rotating
counterclockwise around the origin infinitely many times as their distance from the origin goes to infinity. (For
a similar approach, see also [10].)

We start by fixing three constants 1 > Ry, a3 = —ff; and y1 > R;.

First part of 1“’1‘. This is simply the segment {y;} x [-f81, B1]-

First part of 1"’2‘. This is made up of three joined segments, which will now be defined. Using Proposition 2.6
(eastern region), with a = a1, f = f1 and y = y1, we find a y] > y1, defined asin (2.11), i.e.,

. 2B1 + 1yl
o (R )

Tfilio,71x1-B1, 811 511 oo
The first of the three segments is {y7} x [-B1, f1]. We now use Proposition 2.7 (north-eastern region), with
u=prandv=y;,and wefindavj > yj, defined asin (2.12), i.e.,

vi =1 +lleglo.

The second of the three segmentsis [y], v]] x {#1}. We now use the northern version of Proposition 2.6, with
a=-vi,B=viandy = B, and we find a y5 > 1, defined similarly to (2.11), precisely

2vi + oyl
ys=P1+ (% + 1) T]gklto, rt—v 131,17 oo

The third of the three segments is then {vj} x [B1, y5].
We now iterate such a procedure in the other regions, as briefly explained below.
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Figure 1: The curves X and rk.

Second part of F’{. This is the segment [-v], y1] x {B1}.

Second part of T'X. As before, this is made up of three segments. The first one is [-v}, v;] x {y}}. We now
use the north-western version of Proposition 2.7, with p = v} and v = y3, and we find a v; > y3, similarly
to (2.12), precisely

vy =yy + gl
The second of the three segments is {-v]} x [y, v;]. We then use the western version of Proposition 2.6, with
a=-v3, f=v;andy=-v],and we find a y; > v] (we prefer writing y3 instead of —y3 in order to deal with
a positive constant, even if x(t) is negative in this region), similarly to (2.11), precisely

. 2vy + I
y5=vi+ (Tk + 1) T filio,mietv; gzt w31 loo-

The third of the three segments is then [-y3, -vi] x {v3}.
Third part of F’{. This is the segment {-v]} x [-v3, B1].

Third part of 1"’2‘. This time, the first segment is {-y3} x [-v}, v3]. Using the south-western version of Propo-
sition 2.7, with p = -v3 and v = -y}, we find a vj > y3 (again we prefer dealing with positive constants),
precisely

vy =y3 + ol

The second segment is [-v3, —y3] x {-v3}. Using the southern version of Proposition 2.6, with a = -v3, = v}
and y = -v3, and we find a y; > v} (again a positive constant), precisely

2vi + [l Il
® 3 k
Vi=Vi+ (—6 + 1) T)glt0, 7st—v; w3 gz oo

The third segment is then {v3} x [-y;, —v;].

Fourth part of TX. This is simply the segment [V}, v}] x {-V3}.
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Fourth part of 1"’2‘. As usual, this is made up of three segments. The first one is [-v3, vi] x {-y;}. We now use
the south-eastern version of Proposition 2.7, with u = vj and v = -y}, and we find a v; > y; (again positive),
precisely

v =Yy + Il
The second segment is {v3} x [-v;, —y,]. We now use the eastern version of Proposition 2.6, with a = -v;,
B=v;andy =vj,and we finda y: > v, precisely

e 2vi Il
vs =v3 + (g + 1) Tlfidio.rxiv; vy stitis oo

The third segment is then [v3, yz ] x {-v,}.
Fifth part of 1"’1‘. This is simply the segment {v3} x [-v5, v;].

Fifth part of I'X. This is constructed exactly as the first part, starting with the segment {y?} x [-v;, v;], and
then continuing analogously.

After having completed the first lap, we can now proceed recursively, until the curves 1“’{ and 1“’2‘ have
completed M + 1 rotations around the origin.

Fix R, > 0 so that the curves T'¥ and I'X are contained in the ball centered at the origin, with radius R».
Choose R > R;, and let z(t) = (x(t), y(t)) be a solution of (2.3) such that, for some ty € R, one has that
|z(to)] = R. We will analyze the behavior of z(t) showing that its orbit is controlled, and in some sense
guided, by the curves I'* and I'X. Indeed, the curve I'¥ keeps z(t) from getting too close to the origin, while '
provides some reference lines which must be crossed by the orbit of z(t), forcing it to rotate around the origin.
Moreover, the estimates given in Propositions 2.6 and 2.7, and their analogues in the other regions of the
plane, show that the amplitudes of the orbit and the times needed by the orbit to cross the different regions
of the plane are all controlled by some constants which can be chosen to depend only on R.

More precisely, let z(t) be a solution with |z(fp)| = R > R,. Itis possible to determine the region where z(t;)
is located with respect to the last lap of 1"’2‘. Assume, for instance, that it is in the “northern region”, by which
we mean that a < x(¢p) < fand y(to) = y, where a = - and y are as shown in Figure 2.

Then, by the analogue of Proposition 2.6, there is a first time t; > ty at which the orbit reaches a point
z(t1) = (x(t1), y(t1)), with x(t1) = B, and

a-Di<x(t)<B, u<y)<xi(R) foreveryt e [to, 1],

where u > 0 is determined by the inner curve F’{, and

Ki1(R) =R+ (@ + 1)T||gk|[0,T]><[—R—Dk,R]”00-
Moreover, by the analogue of Proposition 2.6, the time interval ¢; — ¢ is controlled from above by a constant
which may be chosen to depend only on R, since the starting point lies on a compact set.
Therefore, we have that z(t1) € {8} x [4, k1(R)]. The solution now enters the “north-eastern region”
depicted in Figure 3 and, by Proposition 2.7, there is a first time t, > t; at which the orbit reaches a point
z(t2) = (x(t2), y(t2)) with y(t2) = p, and

v<x(t) <ka(R), p<y(t) <ki(R)+ Dy for every t € [t1, t3],

where v = § — Dy and

K2(R) = k1 (R

k1(R)+D
)+ (% + 1) Tlfilio, Tixto.x R+0ul oo

By Proposition 2.7, the time interval ¢, - t; is controlled from above by a constant which may be chosen
to depend only on R since we started from a compact set.

Now the solution has arrived at z(t,) € [ — D, k2(R)] x {u}, and it enters the “eastern region”, where it
behaves similarly to the northern region: we will find a first time ¢; > ¢, at which the orbit reaches a point
z(t3) = (x(t3), y(t3)), with y(t3) = —u, and

p <x(t) <k3(R), -u<y()<pu+Dy forevery t € [t,, t3],
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Figure 3: The north-eastern region.

where p > 0 is determined by ', and x3(R) is a constant depending only on R (see Figure 4). Again, the time
interval t3 — t, is controlled from above by a constant which only depends on R.

And this can be repeated on and on, until the solution has completed one rotation around the origin.
Observe that, while crossing the different regions, the orbit of z(t) is always “controlled from below” by the
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Figure 4: The eastern region.

inner curve 1“’1< , which will guarantee that, during all the time needed to perform a complete rotation, the
distance from the origin will remain greater than R;.

Clearly enough, the same type of reasoning applies when z(ty), instead of being in the “northern region”,
belongs to the “north-eastern region”. The estimates will still depend only on R by continuity and compact-
ness. When z(t,) belongs to any of the other regions, the situation is perfectly symmetrical with the above,
as can be seen by rotating Figure 1 by a multiple of 90 degrees.

After the solution has completed one rotation around the origin, it could have approached the origin, but
not too much, due to the fact that it cannot intersect the curve F’{. Hence, we can repeat the same argument,
taking this time as reference regions those determined by the inner lap of I'%, until the solution has completed
the second rotation around the origin. And all this can be repeated until the solution has performed M + 1
rotations around the origin, thus completing the proof. O

Remark 2.8. Assumptions (A2) and (A3) alone imply that the solutions of system (2.2) are globally defined.

Indeed, assume by contradiction that for some k € {1,..., N} there is a solution zy of (2.3) and a strictly
increasing bounded sequence (t,), along which

|Zx (tn)] — +oo.

By (A3), there is an R; > 0 and a sector O such that, as long as |zx(t)| remains greater than R;, the time
needed to cross this sector is greater than 1. Using Lemma 2.5 with M = 1, we determine R, > R;. Take n
such that |zx(tn)| = R>. Then there is a ¢, > t, such that z; is defined on [ty, t,],

lzx(t)] > Ry forevery t € [tn, tal, Rot(zk; [tn, tn]) > 1.

It follows that ¢, — t, > 1. Now let us take an n; > n such that tn, = t, and |zk(tn,)] = R2. Repeating the same
argument, we find a t,, > t, such that z is defined on [tp, , tn,],

|zx(8)] > Ry forevery t € [tn,, tn,], Rot(zk; [tn, » tn,]) > 1.

It follows that an - ty, > 1. Iterating this process, we find a subsequence (t,,); such that t,, - ty, > 1, thus
contradicting the boundedness of (t,,),.

We have thus proved global existence in the future. Concerning the past, this can be obtained by reversing
the time and arguing similarly.
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2.4 End of the proof

The proof will follow from a generalized version of the Poincaré-Birkhoff Theorem recently proposed in [14].
We now recall this result, which is stated for a general Hamiltonian system of the type

!
X

OH
a_(t, X, Y),
Yk k=1,...,N. (2.13)

, OH (6. x.Y)
yk an 3 4hy Y )
Here, K : R x RN — R is continuous, T-periodic in t and continuously differentiable in (x, y) € RN,
Assume that for each k=1,..., N we have two strictly star-shaped Jordan curves around the origin

G’l‘ , G’z‘ ¢ R? such that, by denoting by D(I') the open bounded region delimited by the Jordan curve T,
0 € D(EX) ¢ D(EK) < D(Ek).
We consider the annular regions Ay = T(i”z‘) \ D(G’{) fork=1,...,N, and set
A=A x---xAp.
We will write zy = (xx, yx),fork=1,...,N,and z = (zy, . . ., zy). Let us state the result in [14, Theorem 1.2].

Theorem 2.9. Assume that every solution of the Hamiltonian system (2.13), departing with z(0) € A, is defined
on [0, £T], where ¢ is a positive integer, and satisfies

zi(t) # (0,0) foreveryte[0,¢T)andk=1,...,N.
Assume moreover that, foreachk = 1, ..., N, there is an integer My such that

> My if zi(0) € TX,

Rot(zy; [0, £€T])
<My ifz,(0) e TK.

Then the Hamiltonian system (2.13) has at least N + 1 distinct ¢T-periodic solutions z°(t), ..., zN(t), with
z°(0), ..., zN(0) € A, such that

Rot(z’,'(; [0,€T)) = My foreveryj=0,...,Nandk=1,...,N.

Why do we say that these solutions z°(t), . . . , zV(¢) are distinct? Could they not belong to the same periodicity
class? Well, the fact that these N + 1 solutions are distinct is a consequence of the proof of [14, Theorem 1.2],
which is carried out by a variational method. Indeed, these solutions are obtained as critical points of a suit-
able functional ¢ : TN x { — R, using a generalized Lusternik-Schnirelmann theorem. Here, TV is the
N-dimensional torus, and H is a Hilbert space. The theory says that either all the corresponding critical
levels are different or the set of critical points is not contractible. The claim then follows since the solutions
belonging to the same periodicity class are critical points on which the functional has the same value.

Let us go back to the proof of Theorem 1.1. We first consider system (1.1) with € = 0, which is splitin the N
uncoupled subsystems, as in (2.2). Notice that, by (2.9), the subsystem (2.3) has the solution zj = (xx, yi)
with xx and yj identically equal to 0. Hence, as a consequence of the uniqueness of solutions to Cauchy
problems, if zi(t) is a solution of (2.3) with z(0) # (0, 0), then z(t) # (0, 0) for every t > 0.

We now use Lemma 2.5: by taking M = max{M1, ..., My} + 1 and Ry = R, there is an r¢ > R such that
if zy is a solution of (2.3) satisfying |zy(to)| = r for some tq € R, then there is a t’l‘ € |to, to + T(rr)] such that
Rot(zy, [to, t’l‘ 1) > M. Fix an integer ¢ such that

eT > max{t(ry) : k=1,...,N},

and take an integer ¢ > ¢. By (2.10), the solutions can never rotate counterclockwise more than half a turn.
Hence,

1
|z (0)| = r. = Rot(zy, [0, €T]) > M + 5 (2.14)
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We now estimate the rotation of large amplitude solutions. By assumption (A3), taking o = 1/(2¢T), we
can find an Ry > ri such that if zy(¢) is a solution of (2.3) such that |zi(t)| = R for every ¢t € [0, £T], then
the time needed to cross the angular sector Oy is greater than 2¢T. Hence, there is a y € ]0, 1[ such that
Rot(zy, [0, £T]) < 1 —y. On the other hand, assumption (A1) implies that there is an Ry > Ry such that if
|zk(0)| > Rg, then |zi(t)| > R for every ¢t € [0, £T]. Hence,

|zx(0)] = Rx = Rot(zx, [0, €T]) < 1 —y. (2.15)
We define the planar annulus
Ax = B((0,0), Rx) \ B((0, 0), 7x),

so that, by taking A = A; x --- x Ay, the assumptions of Theorem 2.9 are satisfied by system (1.1) when € = 0,
i.e., by system (2.2). Since A is a compact set, the solutions of this system, starting with z(0) € .A, will remain,
for every t € [0, £T], in the interior of a larger set A = A; x --- x Ay, where

Ax = B((0,0), Ry) \ B((0, 0), Fx)

for some positive 7 < ri and Ry > Ryi. Since the partial derivatives of U with respect to x; and yj are continu-
ous, they are bounded on the compact set [0, T] x Ay x [-1, 1]. Therefore, if € € [-1, 1] is taken with || small
enough, the solutions z(t) of (1.1) starting with z(0) € A will also remain in A for every t € [0, £T]. Moreover,
by (2.14) and (2.15), if |¢| is sufficiently small, then

|zx(0)| = rx = Rot(zg, [0, £T]) > M

and
|zk(0)] = Ry = Rot(zk, [0, £T]) < 1 < M.

Hence, Theorem 2.9 applies, providing the existence of N + 1 distinct £ T-periodic solutions z°(¢), . . ., zN(¢)
of (1.1), with z°(0), .. ., zN(0) € A, such that
Rot(zj;[O,ET]) =My foreveryj=0,...,Nandk=1,...,N.

Moreover, it has to be Iz’,'((t)l > r, for every t € [0, £T], since otherwise Lemma 2.5 would imply the rotation
number to be greater than My + 1.
The proof of Theorem 1.1 is thus completed.

3 Proof of the corollaries and final remarks

Let us first prove the two corollaries stated in Section 1.

Proof of Corollary 1.3. Since fi(t, n) = n, we have that (A1), (A2) and (A4) certainly hold, hence we just have
to verify (A3). Let o € ]0, Z[ be fixed. We consider the planar sector © with 8y = —o and 0y = 0. If (&,n) € O,

by writing £ = p cos 8 and 1 = p sin 6, since cos 6 > %, there is an Ry > 0 such that if p > Ry, then

8Kt DE+filt, O _ 42 'g(p cos 6) | cos? 0
&2 +n? pcosf
<924 |g(p cos 6)
pcosf

<20% = O'(ék - ék),

thus completing the proof. O
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Proof of Corollary 1.4. Since fi(t, ) = n/+/1 + 2, also in this case (A1), (A2) and (A4) hold, and we need to
verify only (A3). Recall that, by (A1), |g(t, &)| < C(1 + |€]). Let 0 € ]0, %”[ be fixed. We consider the planar
sector O with

Ok =

o g
—E, 9](— +E.

N
SNl

If (&, n) € O, by writing & = p cos 6 and n = p sin 6, since si
that if p > Ry, then

6 > 1 and |cos ] < ¢, there is an Ry > 0 such

.2
Sk(t, £)§+fk2(t, mn < Ceos? 0+ Clcos 9] . sin? 0
§h+m P \1+p2sin? 6
o> C 2
< Ca + ; +

4 +p?
2 ~ -~
< 2% = 0(0k - Ok),
and the proof is thus completed. O

We conclude with some final remarks.

1. Our results still hold if the continuity assumptions are replaced by some LP-Carathéodory conditions,
with p > 1. Indeed, [14, Theorem 1.2] still holds in this case, as noticed in [14, Section 8].

2. Instead of having a single parameter &, in our 2N equations we could have several of them. The state-
ments of our theorems can be easily modified, in this case.

3. Our results hold for weakly coupled systems, but we think that they should not be included in what is
usually called perturbation theory [22]. (For the use of the Poincaré-Birkhoff Theorem to the study of periodic
perturbations of Hamiltonian systems, see [5].) Indeed, we do not have some known solutions of the uncou-
pled system with € = 0, which giverise to the periodic solutions we are looking for. This fact suggests that there
should be some generalizations of our Theorem 1.1 to systems which do not necessarily explicitly depend on
one or more parameters but satisfy some assumptions guaranteeing the main qualitative properties of the
solutions, which have been emphasized in this paper.

4. When N = 1, a scalar second-order equation has been proposed as a simple model for the vertical
oscillations of suspension bridges by Lazer and McKenna in [16]. For such a model, subharmonic solutions
have been found in [8, 9]. A more realistic model would involve the partial differential equation of an elastic
beam, cf. [17]. However, one could try to discretize this equation in space, thus obtaining a system of second-
order differential equations, coupled by a symmetric matrix. It would be interesting to generalize the results
obtained in this paper, showing that large amplitude subharmonic vertical oscillations also arise for this type
of suspension bridge models.

5. Another model which can be reduced to our setting is the Lotka—Volterra predator-prey system

oW

i = it = (Bic+ 50— (6w, Vi ) Jugvi,
k k=1,...,N, (3.1)
Vi =YV - (6k + a—w(t, u,v; 8))ukvk,
k ouy
where ay, Bk, Yk, Ok are positive constants, u = (u1, ..., uy), V= (vi,...,vy), and Wis T-periodic in ¢ and

identically zero when € = 0. Notice that the point (yx/6k, ax/Bx) is an equilibrium for the corresponding pla-
nar subsystem with € = 0. We look for solutions having all components uy, vy positive. By following [3], the
change of variables (x, yx) = (In uy, In vy) can be performed to translate the system into the form (1.1). We
thus get the following result.

Theorem 3.1. Let R be a positive real number and let M, . .., My be some positive integers. Then there is
a positive integer € with the following property: for every integer € > €, there exists €, > 0 such that if |€| < ¢, Sys-
tem (3.1) has at least N + 1 distinct € T-periodic solutions W(t) = (w1 (t), . .., wn(t)), with wi(t) = (ug(t), ux(t))
having positive components, which satisfy

min{|Inuk()] + Inv(t)| : ¢ € [0, £T]} > R
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and . Vi a
ot((uk gV ﬁ_k); [0, eT]) - My

foreveryk=1,...,N.

The proof uses the same ideas as before, but is simplified by the fact that the system with € = 0 is autonomous.
The boundaries of the planar annuli needed for the application of the Poincaré—Birkhoff Theorem can indeed
be chosen as the orbits of this autonomous system.

A more general system where ay, Sk, Yk, Ok are replaced by T-periodic positive continuous functions
could be considered as well. The same result still holds, and the proof can be carried out similarly, using the
estimates in [3].

As an example of application, we could have four species involved, the first species predating only the
second, and the third species predating only the fourth. A weak interaction among all of them then preserves
the existence of periodic solutions.

6. Some nonlinearities with a singularity can also be treated with the same approach. For example, let
us consider the system

oV

X{l’ +g1(X1) = a_X](t, X15... ,XN;S))
oV

X}’\;+gN(XN) = m(tyxly e ’XN;S)’

and let us assume g : R,y — R, with R, =]0, +oo[, to be locally Lipschitz continuous functions, while
V:RxRY x R — R satisfies the assumptions stated for system (1.3). Let us define the primitive functions

£
Gi(é) = ng(S) ds. (3.2)

1

The following is an illustrative example of the corresponding existence result.

Theorem 3.2. Assume the following conditions:
(1 11m{~>+oo Gk('{)/‘fz =0;
(i) gk(&)(é-1)>O0foreveryé +1;
(iii) limg o+ Gr(&) = limg_, 400 G () = +00.
Then the same conclusion of Theorem 1.1 holds, with z;(t) = (xi(t), xL(t)) and (1.2) replaced by

min«[(xk(t)2 + +x;((t)2)1/2 1 telo, €T]} >R,

1
xi(t)?
and

Rot((xx — 1, x3); [0, €T]) = My

foreveryk=1,...,N.

The proofis indeed easier in this case, since each planar annulus is determined by choosing two level curves
of the corresponding Hamiltonian function Hy (¢, n) = %nz + Gi(&). Condition (i) then implies that the time
map has an infinite limit, i.e., the large amplitude solutions rotate very slowly. A similar argument as in the
proof of Theorem 1.1 then leads to the conclusion. It should be clear that the choice of the point (1, 0) around
which the solutions rotate is not significant.

7. We can also adapt our approach to a system like (1.1), with f and gy defined on Rx]0, +oo[ and both
having a singularity at 0, a situation which has already been considered in [24]. For instance, in the case
when fy and g do not depend on ¢, define Gy as in (3.2) and Fy similarly, and assume for both that condi-
tions (ii) and (iii) of Theorem 3.2 hold true. In this setting, the orbits of the unperturbed planar subsystems
are the level lines of the function Hy (&, 1) = Gk(é) + Fx(n), which are star-shaped closed curves surrounding
the point (1, 1). If in addition assumptions (A3) and (A4) hold, with 0 < 8 < 6 < 2, we are able to conclude
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similarly: there are large-amplitude subharmonic solutions performing a given number of rotations around
the point (1, 1) in their period time.

8. As observed in Corollary 1.2, when N > 2, in all the above examples we get a myriad of subharmonic
solutions with minimal period €T, with one planar component performing exactly one rotation, while the
other components rotate an arbitrary number of times.

9. Clearly enough, the different types of equations considered above could be mixed up in the same
system.

Funding: The authors have been partially supported by the Italian project GNAMPA-INdAM.
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