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Abstract: Consider nonlinear Choquard equations
~Au+u = (I * [uP)luP?u inRY,
L.
where I, denotes the Riesz potential and a € (0, N). In this paper, we investigate limit profiles of ground

states of nonlinear Choquard equations as @« — 0 or @ — N. This leads to the uniqueness and nondegeneracy
of ground states when a is sufficiently close to O or close to N.
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1 Introduction

Let N > 3, a € (0, N) and p > 1. We are concerned with the so-called nonlinear Choquard equations
~Au+u = Iy * uP)uP?u inRY,
. (1.1)
lim u(x) =0,
X—00

where I, is Riesz potential given by
r(%5%)
F(%)ﬂN/22“|X|N*“ ’
and I denotes the Gamma function. Equation (1.1) finds its physical origin especially when N = 3, a = 2 and
p = 2. In this case, a solution of the equation

In(x) =

—Au+u=( = [u)u (1.2)
gives a solitary wave of the Schrodinger-type nonlinear evolution equation

10 + A + (I * [P|>)yp =0,

which describes, through Hartree—Fock approximation, a dynamics of condensed states to a system of nonrel-
ativistic bosonic particles with two-body attractive interaction potential I, that is Newtonian potential [2, 6].
Equation (1.2) also arises as a model of a polaron by Pekar [14] or in an approximation of Hartree—Fock theory
for a one-component plasma [7].

Equation (1.1) enjoys a variational structure. It is the Euler—Lagrange equation of the functional

o) = = J WVl + 2 dx - —— J(Ia « |ulP)[ul? dx.
2 2p

RN RN

*Corresponding author: Jinmyoung Seok, Department of Mathematics, Kyonggi University, 154-42 Gwanggyosan-ro,
Yeongtong-gu, Suwon 16227, Republic of Korea, e-mail: jmseok@kgu.ac.kr

@ Open Access. © 2019 Walter de Gruyter GmbH, Berlin/Boston.
() 2| This work is licensed under the Creative Commons Attribution 4.0 Public License.

3



1084 —— . Seok, Limit profiles and uniqueness of the nonlinear Choquard equations DE GRUYTER

From the Hardy-Littlewood-Sobolev inequality (Proposition 2.1 below) one can see that J, is well defined
and is continuously differentiable on HY(RY) if p € [1 + D %]. We say a function u € H*(RV) is a ground
state solution to (1.1) if J},(«) = 0 and

Ja(u) = inf{Jo(v) | v e H'(RY), Ji(v) = 0, v # 0}.

When N = 3, a = 2 and p = 2, the existence of a radial positive solution is proved in [7, 9, 11] by variational
methods and in [1, 12, 18] by ODE approaches. In [13], Moroz and Van Schaftingen proved the existence of
a ground state solution to (1.1) in the range of p € (1 + g, %), and the nonexistence of a nontrivial finite
energy solution of (1.1) for p outside of the above range. For qualitative properties of ground states to (1.1),
we refer to [10, 13].

In this paper, we are interested in limit behaviors of ground state to (1.1) as either a — 0 or @ — N. These
shall play essential roles to prove the uniqueness and nondegeneracy of a positive radial ground state to (1.1)
for a sufficiently close to 0 or N. From the existence results by Moroz and Van Schaftingen, we can see that
a positive radial ground state of (1.1) exists for every a € (0, N(p — 1)) when p € (1, %) is fixed. Also for
given p € (2, %), a positive radial ground state of (1.1) exists for every a € (N - 2)p - N, N).

As a — 0, it is possible to see that the functional J, formally approaches

1 1
Jo(u) := 5 I [Vul? + u? dx - >y J [ul?? dx on HY(RY)
E{N 19 H{N
because I, = f approaches f as a« — 0. It is well known that the Euler-Lagrange equation (equation (1.3)

below) of Jo admits a unique positive radial ground state solution. Thus it is reasonable to expect that the
ground state of (1.3) is the limit profile of ground states of (1.1) as a« — 0. Our first result is to confirm this.

Theorem 1.1. Fixp € (1, %). Let {u,} be a family of positive radial ground states to (1.1) for a close to 0 and
let ug be a unique positive radial ground state of the equation

“Au+u=u*®3?u inRY,
(1.3)

)}Lr{)lo u(x) =0.

Then one has
lim|u, —u =0.
ugq O||H1(1RN)

On the other hand, the functional J, blows up when a — N due to the term F(#) in the coefficient of I,.
Thus we need to get rid of this by taking a scaling v = s(N, a, p)u where

r(%e) (]

1

2p-2
B S N.
T(%)7V22a N—a) asa—

s(N,a,p) := (

With this scaling, J, transforms into the following functional, which we still denote by J, for simplicity:

_1 2,2 1 1 P\ yIp
Ja(v) = 5 levl +vodx - 5 J'(llm % |v| )Ivl dx.
RN RN

Then as a — N, the functional J, approaches

1 5 1 2
Inw) == | IVv|" +vidx - — VP dx) .
2 2p
RV RY

It is easy to see that for p € (2, %) the limit functional Jy is C! on H!(R") and its Euler-Lagrange equation

is
~AV+v= ( j [v|P dx)lvlp‘zv inRY,
RV (1.4)

)}Lrgo v(x) = 0.
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The existence and properties of a ground state to (1.4) are studied in [15]. More precisely, it is shown in [15]
that there exists a positive radial ground state v of equation (1.4). Furthermore, the following properties for
ground states to (1.4) are proved:

(i) The ground state energy level of (1.4) satisfies the mountain pass characterization, i.e.,

Jn(vo) = min  max/Jy(tv).
VEHL(RN)\{0} 20

(ii) Any ground state of (1.4) is sign-definite, radially symmetric up to a translation and strictly decreasing
in radial direction.
(iii) Any ground state of (1.4) decays exponentially as |x| — co.

Our next result establishes uniqueness and linearized nondegeneracy of the ground state v, of (1.4).

Theorem 1.2. Forp € (2, A%—f’z), let vy be a positive radial ground state to (1.4). Then the following assertions
hold:

(i) There is no other positive radial ground state to (1.4).

(ii) The linearized equation of (1.4) at vy, given by

~8p+p-p( J Blpax ) - -1 J Bax )i ?p=0 kY, (1.5)
RN RN
only admits solutions of the form
N
¢ = Z CiaXiVO) Ci € ]R’
i=1
in the space L*(RY).

Using the uniqueness of v, we can obtain an analogous result to Theorem 1.1.

Theorem 1.3. Fixp € (2, %). Let {u,} be a family of positive radial ground states to (1.1) for a close to N and
let vo € HY(RN) be a unique positive radial ground state of (1.4). Then one has

(}i_IEIVHVa ~Volmmyy =0,
where v, is a family of rescaled functions given by vy := s(N, a, p)u,.

Remark 1.4. By applying the standard comparison principle, it is also possible to see that there exist con-
stants C, ¢ > 0 which are independent of a close to N such that

Ug(x) < C(N - a)zp%ze—clxl’
which shows the vanishing profiles of u,.

The limit profiles of ground states to (1.1) lead to the uniqueness and nondegeneracy of them for a either close
toOorcloseto N.When N = 3, « = 2 and p = 2, these were proved by Lenzmann [5] and Wei and Winter [19].
Xiang [20] extends this result to the case that N = 3, @ = 2 and p > 2 close to 2 by using perturbation argu-
ments.
We say a positive radial ground state u, of (1.1) is nondegenerate if the linearized equation of (1.1) at u,,
given by
~Ap+ - pla* Uy ' Pul " — (- Dla * ubul p=0 inRY,

only admits solutions of the form
N

¢ =) cioylUa, Ci€R,

i=1
in the space L?(RN). We should assume p > 2 for the well-definedness of the linearized equation.
Theorem 1.5 (Uniqueness and nondegeneracy). Fixp € [2, %). Then a positive radial ground state of (1.1)

is unique and nondegenerate for a sufficiently close to O. Fix p € (2, %). Then the same conclusion holds true
for a sufficiently close to N.
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Remark 1.6. Here we note that in the case that a is close to 0, the uniqueness and nondegeneracy are proved
only when N = 3, but in the case that a is close to N these are proved for every dimension N > 3.

It is worth mentioning that unlike the family of ground states u, to (1.1), the family of least energy nodal solu-
tions i1, to (1.1) (the minimal energy solution among all nodal solutions) does not converge to any nontrivial
solution of the limit equations (1.3) or (1.4), even up to a translation and up to a subsequence. Actually, the
asymptotic profile of i1, is shown to be

uo(-—&5)—uo(--¢&;) asa—0

and

(N - @77 (vo(- = &) = vo(- ~ &) asa— N
for some &, & € RN such that lim,_0|&} — & = 0; see [15] for the proof. By relying on this fact and the
nondegeneracy of the ground state ug to (1.3), it is also proved in [15] that i, is odd-symmetric with respect
to the hyperplane normal to the vector & - ¢, and through the point ({; — &;)/2 whena ~Oora ~ N.

The rest of this paper is organized as follows: In Section 2, we collect some useful auxiliary tools and
technical results which are frequently invoked when proving the main theorems. Theorem 1.1 is proved in
Section 3. Theorem 1.2 and 1.3 are proved in Section 4. In Sections 5 and 6, we prove our uniqueness and
nondegeneracy results, respectively.

2 Auxiliary results

In this section, we provide some useful known results and auxiliary tools. We begin with giving sharp infor-
mation on the best constant of the Hardy-Littlewood—Sobolev inequality. This plays an important role in our
analysis.

Proposition 2.1 (Hardy-Littlewood-Sobolev inequality [3, 8]). Let p,r > 1 and O < a < N be such that
1 1 a

St =1+—.
p+r N

Then for any f € LP(RN) and g € L"(RN) one has
X
|| [ 2252 axay| < cov . o0l gt
RN RN y
The sharp constant satisfies

C(N, a, p) < g(|S|N—1/N)”’“ i((M)NT . ((N— a)/N)¥),

’ pr 1-1/p 1-1/r
where |SN=1| denotes the surface area of the (N — 1)-dimensional unit sphere.
Inaddition, if p = r = 2, then
2N\ wa D(a/2) [ T(N) \%
c(v.a N+ (x) TN+ a)/Z)(F(N/z)) :

The following Riesz potential estimate is equivalent to the Hardy-Littlewood—-Sobolev inequality.

Proposition 2.2 ([3, 8]). Let1 <r < s <ooandO < a < N be such that

1 1 a
r s N’
Then for any f € L"(RN) one has
1
" - |N-a +f Ls(RV) < K(N, a, DIIfllr @)

Here, the sharp constant K(N, a, r) satisfies

2
lim sup aK(N, a, r) < ———|SV71].
i Mr-1)
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Corollary 2.3. Letr, s satisfy the assumption in Proposition 2.2 Then for small « > O there exists C = C(N,r) > 0
such that for any f € L"(RN),

Mo * flrsqryy < ClAlLrryy -
Proof. This immediately follows from Proposition 2.2 and the fact that I'($) ~ % asa — 0. O

We denote by H}(RYN) the space of radial functions in H(RN). The following compact embedding result is
proved in [17].

Proposition 2.4. The Sobolev embedding H}(RN) — LP(RN) is compact if2 < p < 5.

By combining the Hardy-Littlewood—Sobolev inequality (Proposition 2.1) and the compact Sobolev embed-
ding, it is easy to see that the following convergence holds.

Proposition 2.5. Let a € (0,N) and p € (1 + §, %) be given. Let {uj} ¢ HX(RN) be a sequence converging
weakly to some ug € H}(RN) in HY(RN) as j — oo. Then

1 1
J(—|.|N_a * |u]'|p)|u]'|de—> I(Hﬂ * |u0|P)|u0|p dx.
IRN ]RN
In addition, for any ¢ € HY(RN),
1 B 1 B
j(|.|N—a * |uj|p)|uj|p Zuid)dx - J(Hﬂ * |UO|p)|uo|p 2u()(,i) dx.
]RN IRN

It is useful to obtain estimates for I * (|u[P"'u¢) as a — 0 and (1/|- [N-ay (|lulP~'u¢p) as a — N when
u, ¢ € HY(RY).

Proposition 2.6. Let u, ¢ € H' (RN). Then the following assertions hold:
(i) Foreveryl<pc< % and0 < a < ’%IN, there exists C = C(N) > 0 independent of a near O such that

Mo (uPud)l2my < CIIuIIHl(RN)Iltl?IIHlaRN)

and
1ng)IIIa  ([ulP2ug) — [ulP~*uel2wy) = 0.

(ii) Forevery2<p< g 2 and &= 2 W-2P . ¢ < N, there exists C = C(N, p) > 0 independent of a near N such that

oy < CIG e DN

| + Qurue)]

and

hm ”

ot (W ?u) - [ Pupd -0
B¥ L (K)

for any compact set K c RV,

Proof. A proof for (i) can be found in [16]. We prove (ii). Observe from the Holder inequality that

1 1 1
ulP2ug ) (x) < J ———(ulP%u dy + J —  (lulP~%u d
(|-|N—a  lulP~2ug ) (0 e (P U dy oy (b)) dy
By (%) BS(x)
2*—p
1 d = p-
<( — o y) T I g N ey + 10 oy Iy
B1(0) Iyl P
where 2* denotes the critical Sobolev exponent =5 2N . Note from the condition on a that (N — a)— <N, so

that the integral
1y N7 dy
B1(0)
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is uniformly bounded for a sufficiently close to N. This proves the former assertion of (ii). To prove the latter,
we suppose the contrary. Then there exist a compact set K and sequences a; — N, x;j € K such that

1
j —— e (P ?ud)(y) dy + jlull"zuqb dy asj— oo. 2.1)
G =y

RN

Define fj(y) = (lulP"2ue)(y)/I1xj - yIN=%, so that f;(y) — (|ulP~2¢)(y) almost everywhere as j — co. We may
assume xj — Xo as j — oo for some xo € K. We claim that f; is uniformly integrable and tight in RY i.e., for
given € > 0 there exists § > 0 such that

jm(yn dy<e
E

for every E ¢ RY satisfying |E| < 6 and there exists R > 0 such that

j )l dy <e.

B(0)

Indeed, we have

2% p

1 2
dy) " Il I

|<N—a,->%

[rmray<( |
E

EIXi-y

2*—p
1 i p-1
_<( J ’ J )mdy) ultyze g Pl ey

EnBi(x)  EnBS(x) Ix; =yl

1 52
< EEE—— * )
<( ] o ay +1E1) T il 1
Bi(0) 1Y

which shows that fj is uniformly integrable. Take also a large R > 0 such that B, (xo) ¢ Bg(0). Then since

j )l dy < j u)PYp(y)| dy,

By(0) By(0)

the tightness of f; is proved. Now the Vitali convergence theorem says that JIR” fiy)dy — LRN [ulP(y) dy, which
contradicts (2.1). This completes the proof. O

Proposition 2.7. Fix1<p < =.Let {a;} > 0 be a sequence converging to 0 and let {u;} H}(RN) be a sequence
converging weakly in H' (RN ) to some ug € H(RYN). Then, as j — oo, the following holds:

2
j(laj « PP dx — j|uo| ? dx,
RN RN

I(Iaj i) |ujlP~%ujp dx — jluolzl"zuo(;b dx forany ¢ € H (RY).
RN RN

Proof. For a proof of this proposition, we refer to [16]. O

Proposition 2.8. Fix 2 <p < N . Let {aj} >0 be a sequence converging to N and let {uj} c HYRN) be
a sequence converging weakly in H'(RY) to some ug € H} (RN). Then, as j — oo, the following holds:

1 2
[ (g = Yt doe = ([ wor ax ) 2.2)
RN Il RN
J <|.|A1’—a; W)l g de— [ ol dx [ ol vopdx forany ¢ HURY.  (2.3)

RN RN
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Proof. For (2.2), we decompose as

1 1 1
J (i = )i = [ (g i Y = ol [ (g = Qi = Ivol”)Jvol”

RV RV RY
1
+ (—* v p)v P dx
| g * ol ol
]RN
=:Aj+Bj+Cj.

Observe from Proposition 2.6 that
|Aj] < CIIV;Ipr(IRN)IIIlep = [volP Ly,

which goes to 0 as j — oo by the compact Sobolev embedding H} (RY) < LP(RY). The same argument in the
proof of Proposition 2.6 (ii) also applies to show that there exists a constant C > 0 independent of a; such
that

IBjl < C(IlvjIP = IvolP lL2e im oy + llvj1P - IVolpIILl(mN))IIVollfp(RN),

which also goes to 0 as j — co. Finally, C; goes to (IIRNIVOIP dx)? asj — oo by (2.2).
The idea of proof of (2.2) is equally applicable to prove (2.3). We omit it. O

3 Limit profile of ground statesas a — 0

In this section, we prove Theorem 1.1. We choose an arbitrary p € (1, %) and fix it throughout this section.
We denote the ground state energy level of J, by E,. In other word, E, = J4(uy), where u, is a ground state
solution to (1.1). The ground state energy level E, of (1.1) satisfies the mountain pass characterization, i.e.,

Ey = min  max J,(tu).
ueH (RV)\{0} t=0

Recall that 1 1
Jow) = 5 J Vul? i dx - o I W dx on H\(RY),
RN p]RN

whose Euler-Lagrange equation is (1.3). We define the mountain pass level of ]y by

Ey := min  max Jo(tu).
ueH'(RV)\{0} t=0

It is a well-known fact that Ej is the ground state energy level of Jy. Namely,
Eo = min{Jo(u) | u € H'(RY), JH(u) = 0, u # 0}.

The following lemma is proved in [15, Claim 1 of Proposition 4.1].
Lemma 3.1. There holds
lim Ea = E().
a—0
Choose any sequences {a;} > 0 converging to 0 and {uy} of positive radial ground states to (1.1).

Lemma 3.2. There exists a positive radial solution uy € H*(RN) to (1.3) such that {uq;} converges to uo
in HY(RN) up to a subsequence.

Proof. Multiplying equation (1.1) by u,, and integrating by parts, we get

1 1

2 —
(3 = 3 Malis oy =Ty (1t
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SO [|ug; | g1 vy is uniformly bounded for j by Lemma 3.1. Then, up to a subsequence, {u,;} weakly converges
in H'(RN) to some nonnegative radial function ug € H'(RY). From Proposition 2.7 and the weak convergence
of {ug,}, one is able to deduce that ug is a weak solution of (1.3). In addition, we again multiply equation (1.1)
by ug;, multiply equation (1.3) by uo and use Proposition 2.7 to get

2 2 2 s
It sy = | oy ¢ Pl i = [ ol o = ftol sy 27 = o
RN RN

Combining this with the weak convergence of {u,}, we obtain the strong convergence of {u;} to up in H LRM),
Now, it remains to prove that ug is positive. Observe from Corollary 2.3 and the Sobolev inequality that

2 2 2
llug, I|H1(RN) = j(Ia]. * |Ug, |P)|ua’_ [P dx < Cllug ||L€Np/(N+a}~)(IRN) < C"Ua;"Hq(]RN)- (3.1)
RN

Here, C is a universal constant independent of j. Then, dividing both sides of (3.1) by [lug; | f{l (RY) and passing
to alimit, we obtain a uniform lower bound for |lug, || 51 (rvy which implies that uo is nontrivial due to the strong
convergence of {uy,}. Since uo is nonnegative, it is positive from the maximum principle. This completes the
proof. O

Then the next lemma follows.

Lemma 3.3. There holds
Jo(uo) = Ep.

In other words, ug is a unique positive radial ground state to (1.3).

Proof. We see from Proposition 2.7, Lemma 3.1 and Lemma 3.2 that
Eo = lim Eg4; = lim Jq, (ug;)
]—00 ]—00

. (1 1
= Jim (5 e o~ 55 | (L # i P P )
RN
1 1
= E"uouip(]RN) - E J‘ |u0|2p dx = ]O(u())’
]RN
which proves the lemma. O
Now, we are ready to complete the proof of Theorem 1.1. Let {u,} ¢ H}(RN) be a family of positive radial
ground states to (1.1) for a near 0. Suppose {u,} does not converge in H'(R") to the unique positive

radial ground state ug of (1.3). Then there exists a positive number £ and a sequence {a;} — 0 such that
lua; — Uollr(ryy = €0, Which contradicts Lemma 3.2 and Lemma 3.3.

4 Limit profile of ground statesasa — N

In this section, we prove Theorems 1.2 and 1.3. Choose and fix an arbitrary p € (2, %)' By deleting the
coefficient of the Riesz potential term from (1.1), we obtain the equation

1
-1V

—Av+v:( * |v|p)|v|p*2v inRY,

(4.1)
XILI& v(x) = 0.

For simplicity, we still denote by J, the energy functional of (4.1). It is clear that the ground state energy
level E, of (4.1) also satisfies the mountain pass characterization:

E, = min  max J,(tv).
veH' (RN)\{0} (>0
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Recall that, as a — N, the functional J, approaches a limit functional

In(v) = l J-IVv|2+v2 dx—i( lelp dx)2 on HY(RY)
2 2p ’
RV RV

whose Euler-Lagrange equation is (1.4).

4.1 Proof of Theorem 1.2

We first prove Theorem 1.2. To prove (i), we let v; and v, be two positive radial ground states to (1.4). By
defining
a, = lelll’J dx and a;= j|v2|p dx,
RN RN

they are positive radial solutions of the equations ~Aw + w = a;|w|P2w and —-Aw + w = a,|w|P~2w, respec-
tively. We note that (a1/a»)Y®-2)v, satisfies the latter equation. The classical result due to Kwong [4] says
that a positive radial solution of the latter (and also the former) equation is unique, so one must have
(ai/az)Y®=2vy; = v,. Since both of v; and v, satisfy equation (1.4), we can conclude (ai/a)¥/®-2 =1,

We next prove (ii). Let vo be the positive and radial ground state of (1.4). Let ag = f]RN vg dx. As discussed
above, vq is a unique positive radial solution of

—Aw +w = ag|wlP%w. (4.2)
It is a well-known fact that the linearized operator of (4.2) at vq, given by
L($) = A + ¢ - (p - Daovh ¢,

admits only solutions of the form

N
¢ = Z CiOx Vo, Ci€R, (4.3)
i=1
in the space LZ(RM). To the contrary, suppose that (1.5) has a nontrivial solution ¢ e L2(RN), which is not
of the form (4.3). Then we may assume that ¢ is L? orthogonal to dy,vo for every i = 1, ..., N. By denoting
Ai=p f]RN ng1¢ dx, we see L(¢p) = )lvf)’fl, s0 A should not be 0. Observe that

A = A = L _ _ _ -1y _ -1
L((z “p)ao Vo) "0 _p)aOL(VO) e —p)ao( Avo+vo—(p-1D)agvh ) = Avh .

This shows L(¢) — mvo) = 0, which implies that there are some c¢; € R such that

A N
Vo = z c,-axivo. (4-4)

P G-pa &

We claim that ¢; = O for all i. Indeed, by multiplying the left-hand side of (4.4) by Ox;Vo and integrating, we
get

A A 1
J d)aij() dx - m J- VoaxiVO dx = —m J Eaxj(Vé) dx =0.

RV RN RN
On the other hand, by multiplying (4.4) by 0x,vo and integrating, we get
XiX;j
¢j I (Vo) dx + ) ¢ J 9x,V00x, Vo dX = Cj J (0x;v0)> dx + ) ¢ J %vg(r) dx = J (0x,v0)? dx

RN #j gy RN # gy RN

since %vg(r) is odd in variables x; and x;. Combining these two integrals, the claim follows.

Now, observe that A A

p— _1 p— =
1o [ s vty

]RN

_p'
RN

This implies p = 1, which contradicts the hypothesis for p. This completes the proof of Theorem 1.2.
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4.2 Proof of Theorem 1.3

Now it remains to prove Theorem 1.3. Choose an arbitrary positive sequence {a;} — N and an arbitrary
sequence {v,,} of positive radial ground states to (4.1). Arguing similarly to the previous section, one can see
that the following proposition also holds true.

Proposition 4.1. By choosing a subsequence, {vq;} converges in H L(RN) to the unique positive radial ground
state of (1.4).

Proof. We follow the same lines as in Section 3. It is proved in [15, Claim 1 of Proposition 5.1] that

lim Ea = EN,
a—N
where
Ey := min  max Jy(tv).

VeH (RN)\{0} t20

This implies that [|vg, | g: is bounded and, consequently, has a weak subsequential limit vo € H, }(IRN ) which
is radial and nonnegative. Proposition 2.8 says that vy is a solution of (1.4). Again using Proposition 2.8, we
have

ol = | (g = vi v ax= ([ v dx) +o(1) = Ivolls +o(1),
RN RN

which implies the H! strong convergence of {Vq;}. We now invoke Proposition 2.6 (ii) to see

1 2
Va2, = J(IIW « VB WV, dx < Cliva vy 12, < Clva 2,
IRN
where C is independent of j. This shows that v¢ is nontrivial, so that it is positive by the strong maximum
principle. Finally, as in Lemma 3.3, we can check Jy(vo) = En, which completes the proof. O

Now, we shall complete the proof of Theorem 1.3. Fix p € (2, %). Let {uq} be a family of positive radial
ground states to (1.1) for a close to N. Then it is clear that the rescaled functions v, := s(N, a)u, consti-
tute a family of positive radial ground states of (4.1) by a direct computation. Therefore, as in the proof of
Theorem 1.1, one may conclude limg_n|[Va — Vollgi(ry) = O, where we denote by v a unique positive radial
solution to (1.4).

5 Uniqueness of ground states

We begin this section with a simple elliptic estimate.
Lemma 5.1. Let 2% < g < 2. Then the operator (-A + I)~* is bounded from LI(RY) into H(RY).
Proof. We multiply the equation —Au + u = f by u, integrate by parts and apply the Hélder inequality:
Il oy = | S dx < W Balzane -
RN
Since 2 < % < I&—f’z the Sobolev inequality applies to see
lullzr mvy < ClfllLamyy
for some C depending only on g and N. Then the density arguments complete the proof. O
Forp € (1, %), choose and fix ag € (O, w) and define an operator A(a, u) by
uU—(=A+ D7y * [uP)ulP?u] ifae(0,ap),

U— (=D + D7 u)?P2u] if a = 0.

A(a,u) := {
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Forp € (2, ]\%—f’z), choose and fix ay € ((N"zz)p , N) and define an operator B(a, v) by

v-a+n( # VP )IVP2v] if e (aw, N),

|- [N-a
Bla,v) == V- (—A+I)_1[< lelp dx)|V|p_2V] ifa=N.

]RN
Lemma 5.2. The operator A is a continuous map from [0, ap) x HH(RN) into H}(RY) and is continuously dif-

ferentiable with respect to u on [0, ) x H(RN). The same conclusion holds true for B which is a map from
(an, N] x HX(RYN) into H'(RN).

Proof. We first prove the continuity of A. Let {(«;, u;)} be a sequencein € [0, ag) x H 1 (RN) converging to some
(a,u) € [0,a9) xH rl (RN). We only deal with the case aj # 0 and a = 0. Then the remaining cases can be dealt
with similarly as well as more easily. Lemma 5.1 shows that it is sufficient to prove that (I, * |u j|p)|uj|p‘2u,-
converges to |u|??~2u in LY(RN) for some q € [2N/(N + 2), 2]. We select g = %. Since p € (1, 1), one can
easily see that g belongs to the above range. Then

Iy # T PP~ 205 — [l P2 ull 2prer-n ey
< (g * 1jlP) = 1P 1P~ 2wl 2wy + 111222 w5 = (P~ ul p2prer-v gy
< Tay * [P = [Pl 2oy P~ p2oro-n oy + 0(1)
< CllUgy # [ulP) = [ul? + I, + (w5l = [ulP) + [ulP = [wlP ll2wy) + 0(1)

< Cly * (ul? = [ulP)ll +0(2) < Cllw P = [ulP llL2vwsn @y + 0(1) = o(1), (5.1)

where we used the Holder inequality, Sobolev inequality and sharp constant estimate in Proposition 2.2.
Differentiating A with respect to u, we get

a_A(a W(p] = ¢ — (=AM + D7 [pUIy * [uP2ud)ulP2u + (p - 1)(Iy = [uP)ulP2¢] ifa e (0, ap),
ou’ - A+ n@p - DIuF2¢) ifa = 0.

Then one can apply essentially the same argument to (5.1) to see that g—ﬁ is continuous on [0, ag] x H} (RY).

We next address the operator B. Let {(;j, vj)} be a sequence in € (ay, N] x H}(RN) converging to some
(a,v) € (an, N] x H(RN). We only deal with the case a = N and aj + N. As above, it is sufficient to show that
(1/]-IN=% « |v;|P)|v;|P~2v; converges to (j]RN [vIP dx)|v[P~2v in LP/®~D(RY) for the continuity of B. This follows
by arguing similarly to (5.1) with Proposition 2.6. O

Lemma 5.3. Suppose that ug is a unique positive radial ground state of (1.3). Then there exists a neighbor-
hood Uy c [0, ap) x HH(RN) of a point (0, ug) € [0, ag) x H}(RN) such that equation (1.1) admits a unique
solution in Uy. Suppose that v is a unique positive radial ground state of (1.4). Then there exists a neighbor-
hood Uy c (ay, N] x HY(RY) of a point (N, vo) € (ay, N] x H}(RN) such that equation (4.1) admits a unique
solution in Uy.

Proof. We only prove the former assertion. The latter assertion follows similarly. We claim that the linearized
operator of A with respect to u at (0, ug), namely g—‘g (0, up), is a linear isomorphism from H} (RV) into H} (RV).
Observe that

0A )
o 010l = ¢ = 2P~ DA+ D7 g ).

Since uq decays exponentially, the map ¢ — u(z)p 724) is compact from H}(RN) into L?(RY), so the compos-
ite map ¢ — (<A + I)*l[uép_zq,’)] is also compact from H}(RN) into H!(RN). This also shows that ‘3—;‘(0, Uo)
is bounded. One can deduce from the radial linearized nondegeneracy of ug that the kernel of ‘3—‘3(0, Up) is
trivial. Then the Fredholm alternative applies to see that g—ﬁ(o, Up) is an onto map, so the claim is proved. We
invoke the implicit function theorem to complete the proof. O

Now, we claim that (1.1) admits a unique positive radial ground state for p € (1, %) and «a close to 0. Sup-
pose the contrary. Then there exist sequences {a;} > 0, {u}xl_} ¢ HY(R") and {uﬁl_} c HY(RV) such that @j — 0
asj — oo, {u;j} and {uﬁj} are sequences of positive radial ground states of (1.1), and u;]. # uﬁj for all j. Theo-



1094 —— . Seok, Limit profiles and uniqueness of the nonlinear Choquard equations DE GRUYTER

rem 1.1 tells us that both of {u,}ll_} and {uﬁj} converge to a unique positive radial solution ug of (1.3) in H*(RN).
This however contradicts Lemma 5.3, and thus shows the uniqueness of a positive radial ground state of (1.1)
forp e (1, = 2) and «a close to 0. Note that the analogous conclusion holds for a family of ground states {v,}
of (4.1) when p € (2, 2 e 2) and «a close to N By scaling back, this also shows the uniqueness of a positive
radial ground state of (1.1) when p € (2, 2 i 2) and a close to N.

6 Nondegeneracy of ground states

6.1 Nondegeneracy for a near 0

Throughout this subsection, we fix N = 3 due to the restriction p € [2, %). We begin with proving a conver-
gence lemma similar to Proposition 2.7, but slightly different.

Lemma 6.1. Forgivenp € [2, 3), let u, be a family of the unique positive radial ground states of (1.1) and let ug
be the positive radial ground state to (1.3). Then, for any {a;} — 0 and {{;}, {¢;} ¢ H* weakly H! converging to
¢o and Yo, there holds

[ @y = ity x| oo dx, (6.1)
RN RN
J(Ia]. o Ul iy dx — J U2 potho dx. 6.2)
RN RN

Proof. We first note that uf)’_1¢,- is compact in L? due to the uniform decaying property of ug. Then one has
from the Holder inequality that

-1 -1 -1 -1 -1 -1
g~ @y —up dolle < I(ue, —ug Hjlle +llug ™ dj —ug ol
< bt = ub oo gyl + o(1)

2 2
< Clllug = uol(lug; 1P~ + [uolP~ )l zvrw-v 1 PjllL2e + 0(1)

< llug; = uollr2r (lug, IILZP + ||u0||sz Njlizzr +0(1)
=o0(1),

from which we deduce that uﬁj_ld)]- is also compact in L. We decompose the left-hand side of (6.1) as

[t oty g = [ gy [ (v 0 ) - oy ity

R3 R3 R3
_ I ul il b dx + J(Ia}. s s — b o)l M dx
R3 R3
" jaa,. w (b o) - uly il oy dx
]RN
= J ulP 2 poho dx + J(I“i - (uﬁi_ltl)j ¢0))u "; dx + (1),
R3 R3

where we used the Holder inequality, Proposition 2.6 and the L? compactness of both {uﬁ;l ¢;} and {uﬁ;l Y}
We now estimate by using Corollary 2.3 that

-1 -1 -1 -1
J(Ia,-*(ufi,. b~ ub po)ub Wy dx < Lo, * (uby by — ub o)l awov-zap byl 2wioneep
]RN

Yill;»

2a,/N p 1 1-2a;/N

< Cllub; ™ by — ub ™ ol el 1
=o0(1).

This proves assertion (6.1). The proof of (6.2) follows exactly the same lines. O
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Now we are ready to prove the nondegeneracy of ground states u, to (1.1) near 0.

Proposition 6.2. For given p € [2, 3), let u, be a family of unique positive radial ground states of (1.1). Then
for a > 0 sufficiently close to O the linearized equation of (1.1) at ug, given by

“Ap+p-plla (u UG - (p - e+ ubuh *p =0 inR’, (6.3)
only admits solutions of the form

3
¢ = Z CiOxUg, Ci€R,
i=1
in the space L*(IR3).
Proof. Differentiating (1.1) with respect to x;, we see that dy,u, € L?(R?) solves (6.3) forall i = 1,...,N.
Define a finite-dimensional vector space

3
Vg = { Z CiOx Ug

i=1

Ci e]R}.

Arguing indirectly, we suppose there exists a sequence {a;} converging to 0 such that for each j there exists
a nontrivial solution ¢; € L? of (6.3) not belonging to Vy;. We may assume that ¢; is L? orthogonal to Vg, We
claim that any L? solution ¢ of (6.3) automatically belongs to H' (R3). Let us define

LIp] := pUg + " dpDul " + (0 = D(Iq * ubul > .

By elliptic regularity theory, it is enough to show that L[¢] € H™!. It is proved in [13] that u, € L*, and so
uy € L9 for any 2 < g < co by interpolation. Then Proposition 2.2 and Proposition 2.6 imply that for any
Y e HY,

L1l < | [ pllx @87 @yl x|+ | [ (0 - D+ bl gy ]

R’ R3

[ e v @ wmt g dx| + - 1) [ (o i g ]

R3 R3

< Pl v G Wl Rt B 180 + (0 = D = w2l Nt 2 bl e

p-1 p-1 p p-2
< Cllually: uallpeo I@lL2 + lually s lualie 1@1e2)Pla,

<p

which shows L[¢] € H"!. We normalize ¢;j as ||gjllg: = 1. Asj — oo, itis possible to deduce from Lemma 6.1
that ¢; weakly converges in H! to some ¢bo € H! which satisfies

Ao + o - (2p - 1)u(2)p72¢0 =0,

where ug is a unique positive radial solution of (1.4). Repeatedly applying Lemma 6.1, we also have

1= "¢]"%{1
= [ L G it e (0= 1) [ Ty < iy 77 dx
R3 R3
=(2p-1) J uP g2 dx+o(1) asj— co.

R3

This shows that ¢ is nontrivial. Finally, we note that foralli =1, 2, 3,

0= J Ox;Ug;j dX — J Oy UoPo dx asj — oo.

R3 R3

This means that ¢ is not a linear combination of {d,,uo | i = 1, 2, 3}. This contradicts the linearized non-
degeneracy of uy and completes the proof. O
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6.2 Nondegeneracy for a near N

Arguing as in the proof of Proposition 6.2, we also obtain the nondegeneracy result of a near N. We need
lemmas analogous to Lemma 6.1.

Lemma 6.3. Forgivenp € (2, 2 o 2) let v, be a family of unique positive radial ground states of (4.1) and let vq
be the positive radial ground state to (1.4). Then, for any {a;} — 0 and {{;}, {¢;} ¢ H* weakly H' converging to
¢o and o, there holds

J’<| |N aj (v’;] ¢] )Vp ’1[’1 dx — ( J. V571¢O dX)( J. %71¢0 dx)’ (6.4)
RN RN RN
J(|.|;—af b gy dx = ([ b ax)( [ b govo d). (6.5)
RN RN RN

Proof. From the same argument as in Proposition 6.1 one can see that v§;1¢j is compactin L n L2"/?, where
2* = 2% By following the same argument in the proof of Proposition 2.6 (ii), one is able to see

|||.|+—a o < CWlLss, 6.6)

wheref € L' n L2"/P, aisnear N and C isindependent of @ near N. Using Proposition 2.6 (ii), we then compute

J ( |- |I}I—ai * (Vg;lfl)j))Vﬁ;lybj dx

RN

- J(I - x (Vi oy - ¢o))v{,’,, v,b,dx+j( x (VG ¢0))v§] ¥j dx
RN

RN

4)

= (A) + ( J Pl o dx)( J B o dx) +o(1),

RN RN

and estimate (6.6) implies
(A)] < CIVE b5~ VB bollanrw Ve il = o(1),

which proves assertion (6.4).
To prove (6.5), we claim that vg_z ¢;jis L! compact. Observe that

V22 bl dx < IVolZ: e 19510y I sy
RN\Bg

so that vg_z ¢;y; is tight. Also ;Ne note that [|vo|lc1(rv) is finite by the elliptic regularity theory, and for every Bg
there exists Cg such that IIng B, < Cr because vy is continuous and positive everywhere. Then we can see
that vi¢j1p; € W1(Bg) from the estimate

2
Ve~ djwhillwe sy
-2 -3 -2 -2
< V5 @ipjllLicse) + V5 " VvodiwjllLisy) + IVH“V@ipjlliiay + IV~ iVhjllLi sy
2 ) 2
< ol “ljllr I9jlle + CrIVVolLe I djlirzljlice + Ivollie IVjll2lijlice + Ivollie Igpsllzz IVepjlze

< 00,

so that vg_zt;b,-l/},- is locally L' compact by the compact Sobolev embedding. By combining this with the
tightness, we conclude that %72¢j¢j is L! compact, and consequently v§;2¢,~lp,- is L! compact. Now, the
remaining part of the proof follows the same lines as the previous one. O
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Proposition 6.4. Letp € (2, 2 o 2) and let v, be a family of unique positive radial ground states of (4.1). Then
for a < N sufficiently close to N the linearized equation of (4.1) at v,, given by

~Ap+ - p(—_*(v” "W -0 1)(||Ta*v§)v§‘2¢=o inRY, 6.7)

only admits solutions of the form
N

=Y CciOxVa, Ci€R,
i=1

in the space L*(RY).

Proof. The proof of Proposition 6.4 follows the same lines as the proof of Proposition 6.2. The only thing we
need to show is that L[¢p] € H~! when ¢ is a L? solution to (6.7) and

-2
Li¢] = (llm * (Vp ¢)) +(p - 1)(| [N-a Vﬁ)"g b.
For i € H'(RY), we compute from Proposition 2.6 that

Ligly = jp(l_vlv,,x F R+ (o - 1)(| e VAW g dx
RN

< pClvally Yl ||Va||LZ(p wl@lzz + (0 = DCIValbnlvalle Il L2,
from which we deduce L[¢] € H™1. O

Now, we shall end the proof of Theorem 1.5. For 2 < p < 3= and a < N close to N, let {u,} be a family of
unique positive radial ground states of (1.1) and let ¢, € L? (]RN ) be a solution of the linearized equation (6.3).
Then ¢, is a solution of (6.7) with v4 = s(N, a, p)u,. Then Proposition 6.4 says that ¢, is a linear combination
of the 0y, Vq, which is also a linear combination of the 9,,u4. This completes the proof of Theorem 1.5.

Funding: This work was supported by Kyonggi University Research Grant 2016.

References

[1] P.Choquard, ). Stubbe and M. Vuffray, Stationary solutions of the Schrodinger—Newton model—An ODE approach,
Differential Integral Equations 21 (2008), no. 7-8, 665-679.

[2] ). Frohlich and E. Lenzmann, Mean-field limit of quantum Bose gases and nonlinear Hartree equation, in: Séminaire:
Equations aux Dérivées Partielles. 2003-2004, Sémin. Equ. Dériv. Partielles, Ecole Polytechnique, Palaiseau (2004),
Exposé No. 26.

[3] L.Grafakos, Modern Fourier Analysis, 2nd ed., Grad. Texts in Math. 250, Springer, New York, 2009.

[4] M.K. Kwong, Uniqueness of positive solutions of Au — u + uP = 0 in R", Arch. Ration. Mech. Anal. 105 (1989), no. 3,
243-266.

[5] E.Lenzmann, Uniqueness of ground states for pseudorelativistic Hartree equations, Anal. PDE 2 (2009), no. 1, 1-27.

[6] M. Lewin, P.T. Nam and N. Rougerie, Derivation of Hartree’s theory for generic mean-field Bose systems, Adv. Math. 254
(2014), 570-621.

[71 E.H.Lieb, Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation, Stud. Appl. Math. 57
(1976/77), no. 2, 93-105.

[8] E.H.Lieband M. Loss, Analysis, 2nd ed., Grad. Stud. Math. 14, American Mathematical Society, Providence, 2001.

[9] P.-L.Lions, The Choquard equation and related questions, Nonlinear Anal. 4 (1980), no. 6, 1063-1072.

[10] L.Ma and L. Zhao, Classification of positive solitary solutions of the nonlinear Choquard equation, Arch. Ration. Mech.
Anal. 195 (2010), no. 2, 455-467.

[11] G.P. Menzala, On regular solutions of a nonlinear equation of Choquard’s type, Proc. Roy. Soc. Edinburgh Sect. A 86
(1980), no. 3-4,291-301.

[12] 1. M. Moroz, R. Penrose and P. Tod, Spherically-symmetric solutions of the Schrodinger—-Newton equations, Classical
Quantum Gravity 15 (1998), no. 9, 2733-2742.

[13] V. Moroz and ). Van Schaftingen, Groundstates of nonlinear Choquard equations: Existence, qualitative properties and
decay asymptotics, J. Funct. Anal. 265 (2013), no. 2, 153-184.



1098 —— . Seok, Limit profiles and uniqueness of the nonlinear Choquard equations DE GRUYTER

[14] S. Pekar, Untersuchung iiber die Elektronentheorie der Kristalle, Akademie Verlag, Berlin, 1954.

[15] D. Ruiz and ). Van Schaftingen, Odd symmetry of least energy nodal solutions for the Choquard equation, J. Differential
Equations 264 (2018), no. 2, 1231-1262.

[16] ). Seok, Nonlinear Choquard equations involving a critical local term, Appl. Math. Lett. 63 (2017), 77-87.

[17] W.A. Strauss, Existence of solitary waves in higher dimensions, Comm. Math. Phys. 55 (1977), no. 2, 149-162.

[18] P.Tod and I. M. Moroz, An analytical approach to the Schrédinger-Newton equations, Nonlinearity 12 (1999), no. 2,
201-216.

[19] ). Wei and M. Winter, Strongly interacting bumps for the Schrédinger-Newton equations, /. Math. Phys. 50 (2009), no. 1,
Article ID 012905.

[20] C.-L.Xiang, Uniqueness and nondegeneracy of ground states for Choquard equations in three dimensions, Calc. Var.
Partial Differential Equations 55 (2016), no. 6, Article ID 134.



	Limit profiles and uniqueness of ground states to the nonlinear Choquard equations
	1 Introduction
	2 Auxiliary results
	3 Limit profile of ground states as $\alpha \to 0$
	4 Limit profile of ground states as $\alpha \to N$
	4.1 Proof of Theorem 1.2
	4.2 Proof of Theorem 1.3

	5 Uniqueness of ground states
	6 Nondegeneracy of ground states
	6.1 Nondegeneracy for $\alpha$ near 0
	6.2 Nondegeneracy for $\alpha$ near $N$



