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Abstract: In this work, we establish a new Picone identity for anisotropic quasilinear operators, such as the
p(x)-Laplacian defined as div(|Vu [PX-27y), Our extension provides a new version of the Diaz-Saa inequality
and new uniqueness results to some quasilinear elliptic equations with variable exponents. This new Picone
identity can be also used to prove some accretivity property to a class of fast diffusion equations involving
variable exponents. Using this, we prove for this class of parabolic equations a new weak comparison prin-
ciple.

Keywords: parabolic problems with non standard growth, Picone identity for varible exponents, uniqueness,
global behaviour

MSC: 35A16, 35B51, 35K92, 35]J92

1 Introduction and main results

The main aim of this paper is to prove a new version of the Picone identity involving quasilinear elliptic
operators with variable exponent. The Picone identity is already known for homogeneous quasilinear elliptic
as p-Laplacian with 1 < p < eo.

In [1], M. Picone considers the homogeneous second order linear differential system

(a100u") + ax(x)u =0
(b10)V') + by(x)v =0
and proved for differentiable functions u, v # 0 the pointwise relation:
u ! v\
(;(alu'v - bluv')> = (by — ax)u® + (a; - b)u'? + by (u’ - 7) (1.1)
and in [2], extended (1.1) to the Laplace operator, i.e. for differentiable functions u > 0, v > 0 one has

2 Ll2 2 u 2 uZ
[Vu| +W|Vv| —2;Vu.Vv=|Vu\ -V - .Vvz=0. (1.2

In [3], Allegretto and Huang extended (1.2) to the p-Laplacian operator with 1 < p < oc. Precisely, for differ-
entiable functions v > 0 and u = 0 we have
uP

|VulP - |Vv|p_2VV.V<F) > 0.
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Picone identity plays an important role for proving qualitative properties of differential operators. In this
regard, various attempts have been made to generalize Picone identity for different types of differential equa-
tions. At the same time, the study of differential equations and variational problems with variable exponents
are getting more and more attention. Indeed, the mathematical problems related to nonstandard p(x)-growth
conditions are connected to many different areas as the nonlinear elasticity theory and non-Newtonian flu-
ids models (see [4, 5]). In particular the importance of investigating these kinds of problems lies in mod-
elling various anisotropic features that occur in electrorheological fluids models, image restoration [6], fil-
tration process in complex media, stratigraphy problems [7] and heterogeneous biological interactions [8].
The mathematical framework to deal with these problems are the generalized Orlicz Space LP™(Q) and the
generalized Orlicz-Sobolev Space W'? (W (Q). We refer to [9-14] for the existence and regularity of minimizers
in variational problems.

In [15, 16], several applications of Picone-type identity for p(-) = constant case have been obtained. This
original identity is not further applicable for differential equations with p(x)-growth conditions. So, it is rel-
evant to establish a new version of the Picone identity to include a large class of nonstandard p(x)-growth
problems. In [5, 12, 17] convexity arguments to homogeneous functionals have been used to deal with quasi-
linear elliptic and parabolic problems with variable exponents. In the present paper, taking advantage of our
new Picone pointwise identity, we give further applications in the context of elliptic and parabolic problems.

Before giving the statement of our main results, we first introduce notations and function spaces. Let
Q c RN, N > 1. We recall some definitions of variable exponent Lebesgue and Sobolev spaces. Let P(Q) be
the set of all measurable function p : Q — [1, oo[ in N-dimensional Lebesgue measure. Define

pp() / uP® dx.
Q

LPY(Q) = {u : Q — R | u is measurable and pp(u) < oo}

endowed with the norm

i u
[ullppeo = inf{o >0 : pp <5) <1}.

The corresponding Sobolev space is defined as follows:
WP(Q) = {u € IPY(Q) : [Vu| € LPY(Q)}
endowed with the norm

lullwrow = Ul pew + VUl ppw

and WP (Q) = whi(Q) n wirW(Q).
In the sequel, we assume that Q satisfies:
Q) For N = 1, Q is a bounded open interval and for N > 2, Q is a bounded domain whose the boundary

00 is a compact manifold of class C'* for some y € (0, 1) and satisfies the interior sphere condition at
every point of 0Q.

Throughout the paper, we also assume that p € C*(Q). In addition, we suppose that

1< p- Eminp() < p(0) < p. E maxp(x) < oo.
Q Q

WLP(X)(Q)

Then, Wé’p W(Q) = C(Q) . We also recall some well-known properties on LP® spaces (see [14]).

Proposition 1.1. Let p ¢ L*°(Q). Then for any u ¢ LP(")(Q) we have:

@) ppu/llullpw) = 1.
(i) lullpew — O if and only if pp(u) — O.
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@iii)  LP<Y(Q)is the dual space of L™ (Q) where we denote by p. the conjugate exponent of p defined as

__pk)
Pc(x) P00 -1
Proposition 1.1 (i) implies that: if ||u| ;0 = 1,
Ul < Pp () < [ullF;, (13)
and if |[u]|jpw < 1
[u] Iz;(x) < pp(u) < HUHIZ;(x)' (1.4)

Moreover, we have also the generalized Holder inequality: for p measurable function in Q, there exists a
constant C = C(p+, p-) = 1 such that for any f € L??(Q) and g € LP<®(Q)

/ 000 dx < CIIf | o 1€ oeco- (15)
Q

In Section 2, we prove the Picone identity for a general class of nonlinear operator. More precisely, we
consider a continuous operator A : Q x RV — R such that (x, &) — A(x, &) is differentiable with respect to
variable ¢ and satisfies:

(A1) & — Alx, &) is positively p(x)-homogeneous i.e. A(x, t&) = PYOA(x, &), vt
eR", ¢ eRNandae.x € Q.
(A2) & — A(x, &) is strictly convex for any x € Q.

Remark 1.1. From the assumptions of A, we deduce A(x, &) > O for & # 0 and for any x € Q.

By using the convexity and the p(x)-homogeneity of the operator A, we prove the following extension of the
Picone identity:

Theorem 1.1 (Picone identity). Let A : QxRN — R is a continuous and differentiable function satisfying (A1)

and (A2). Let vy, v € L=(Q) belonging to V’ def {(v:Q —(0,+00) | V7 € Wé’p(")(Q)}for somer = 1. Then

1 1/r v LX 1/r L}(”) 1r
m<a$A(x, Vv, ),V(Vg_l)/r>> < A (x, Vv A v (x, Vvg'")
where (., .) is the inner scalar product and the above inequality is strict if r > 1 or - = Const > 0.

From the above Picone identity, we can show an extension of the famous Diaz-Saa inequality to the class of
operators with variable exponent. This inequality is strongly linked to the strict convexity of some associated
homogeneous energy type functional.

Theorem 1.2 (Diaz-Saa inequality). Let A : Q xRN — R is a continuous and differentiable function satisfying
(A1) and (A2) and define a(x, &) = (a;(x, &)); def <L6&A(x, .{)) . Assume in addition that there exists A > O

p(x) ;
such that
Y oa;(x, &)
aeCl@x®NONY and S |THZST | < P2
ij=1 9]
for all (x, &) € Q x RN\{0}. Then, we have in the sense of distributions, for any r € [1, p-]
/ (_ le(a(Xr’_YWl)) + le(a(X,’_leZ))>(W§ -wh)dx=z0 (1.6)
w w
1 2
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forany wy, w; € W1 P (X)(Q) positive in Q such that — Wl W2 o L*>(Q). Moreover, if the equality occurs in (1.6),
wy’ wy

then w1/w, is constant in Q. If p(x) % r in Q then even wy = w> holds in Q.

In sections 3, 4 and 5, we derive some applications of the new Picone identity. Precisely, we investigate the
solvability of some boundary problems involving quasilinear elliptic operators with variable exponent.
In section 3, we consider the following nonlinear problem:

—Apou + 80, u) = f(x,u) in Q;
u>0 in Q; 1.7)
u=0 on 00.

The extended Picone identity can be reformulated as in Lemma 3.1 below. Together with the strong maximum
principle and elliptic regularity, this identity can be used to prove the uniqueness of weak solutions to elliptic
equations as (1.7). In particular, we establish the following result:

Theorem 1.3. Let f,g : Q x [0,00) — R* be defined as f(x,t) = h(x)t791 and g(x, t) = 1)W1 with
1<gq,s e C(Q) such that

* gi+<p-<s-andgqg-:=1;

h(x)

00 € L=(Q).

. h, 1 € L*(Q), positive functions such that x —

Then, there exists a weak solution u to (1.7), i.e. u belongs to Wé’p (X)(Q) N LSY(Q) and satisfies for any ¢ €
WyPY(Q) N LW(Q):

/ \VulPY2vu.ve dx = /(f(x, u) - g(x, u))¢ dx.
Q Q

Furthermore u € C»%(Q) for some a € (0,1) and 0 < us-"9+ < max{||%\|po, 1} a.e.in Q.
h(( )) belongs to L=(Q), then u € CY (Q)+ def {veCo(@Q)|3ci, c eRE: ¢ <

v . ,
distx, 00) < ¢, } and is the unique weak solution to (1.7).

Assume in addition that x —

Regarding the current literature, Theorem 1.3 does not require any subcritical growth condition for g to es-
tablish existence and uniqueness of the weak solution to (1.7).

In section 4, we study a nonlinear fast diffusion equation (F.D.E. for short) driven by p(x)-Laplacian.
From the physical Fick’s law, the diffusion coefficient of our problem is then proportional to |Vu(x, t)\p(")‘z.
It naturally leads to investigate the following F.D.E. type problem:

2071 — Apou = flx,w) + h(t, Ju?™  in Qr;

2q
u>0 in Qr; (1.8)
u=0 on I
u(0,.)=uo in O

where g € (1,p-), Qr = (0, T) x Qand I' = (0, T) x 0Q for some T > 0. We suppose that h € L=(Qr) and
nonnegative. The assumptions on f are given by

(fi)  f:0QxR" = R*isafunction such that f(x,0) = 0 forall x € Q and f # 0;
flx, S)

(f2) lim;_, 0+ S20-

= +oo uniformly in x;

fx,s) .
sq-1

(f;) foranyxe Q,s— is nonincreasing in R*\ {0}.
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Remark 1.2. Conditions (f1) and (f3) imply there exist positive constant C1, C, such that for any (x, s) € QxR*:
0<f(x,s) < Cy+CysTt
i.e. f has a strict subhomogeneous growth.

_Ap(x)(vl/q) flx, vi/a)
vig-1)/q vig-1/q

We set R the operator defined by Rv = and the associated domain

D(R) = {v: Q — (0, 00) : v/T € WPP(Q),v € L*(Q), Rv € L*(Q)}.

Note that D(R) contains for instance solutions to (4.18). One can also easily check that solutions to (4.19)

belong to mﬁ(m. In the sequel, we denote X* def {x € X|x = 0} the associated positive cone of a given
real vector space X.
In order to establish existence and properties of weak solutions to (1.8), we investigate the following related
parabolic problem:

v 1to,(v9) - Apv = ht, x4 fx,v) in Qr;

v>0 in Qr;

! (19)
v=0 on Tl
v(0,.) =vo(x)>0 in Q.

The notion of weak solution for (1.9) is given as follows:

Definition 1.1. A weak solution to (1.9) is any positive function
v € L=(0, T; Wé’p(")(())) N L>=(Qr) N C(0, T; L'(Q)) for any r = 1 such that 0;(v?) € L*(Qr) and for any
¢ € C5(Qr) satisfies

T T T T
o:(vVI 1 dxdt + |Vv|p(")’2Vv.V¢ dxdt = h(t, x)vI ¢ dxdt + f(x, v)¢ dxdt. (1.10)
/] /] /] /]

Concerning (1.9), we prove the following results:

Theorem 1.4. Let T > 0, v € Co(Q)* n W(l)’p(x)(!)). In addition, there exists ho € L=(Q), ho % 0 and h(t, x) =
ho(x) 2 0 fora.ex € Q, fora.e. t > 0. Assume in addition q < min{% +1, p-} and f satisfies (f1)-(f3). Then there
exists a weak solution to (1.9).

Based on the accretivity of R with domain D(R), we show the following result providing a contraction prop-
erty for weak solutions to (1.9) under suitable conditions on initial data:

Theorem 1.5. Let v, and v, are weak solutions of (1.9) with initial data ug, vy € Cf;,(ﬁ)+ N Wé’p (")(Q) and such
—I1%(Q
that ug, vg € D(R) @ and h, g € L=(Qr), such that h > hg, g > go with hg, go as in Theorem 1.4. Then, for

anyO<ts<T,
t
V() = vEO) |2 < [|(ud - v Il + / I(h(s) - g(s))*]| 12 ds. (1.11)
0
Furthermore, using a similar approach as in [8], we consider for € > O the perturbed operator Rev =

_Ap(x)(vl/q) yice vila)
(V + g)(q—l)/q (V + g)(q—l)/q

.If p_ > 2, we can prove (as in Proposition 2.6 in [8]) that

LX(Q . —
DR P 5 VNS @)"

Arguing as in Theorem 1.5 with the operator R, instead of R and passing to the limit as € — 0", we get:
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Corollary 1.1. Assume p- > 2. Let v, and v, are weak solutions of (1.9) with initial data ug, vy € cg@* al
wy? (Q). Then Theorem 1.5 holds.

From Theorem 1.5, we derive the following comparison principle from which uniqueness of the weak solution
to problem (1.9) follows:

Corollary 1.2. Let u and v are the weak solutions of (1.9) with initial data ug, v satisfying conditions in The-
orem 1.5 or Corollary 1.1. Assume ug < vo and h, g € L=(Q7), hg € L>(Q) such that and O < hg < h < g. Then
usv.

Remark 1.3. If v € L*(Qr)* then from Proposition 9.5 in [18] we obtain %at(vzq‘l) = v 19,9 =
qv*429, v in weak sense.

Remark 1.4. From Theorem 1.5, we can derive stabilization results for the evolution equation (1.8) in L9(Q) with
q € [2, o) (see [12] in this regard).

From the above remark, under assumptions given in Theorem 1.4, we obtain the existence of weak solutions
to (1.8) satisfying the monotonicity properties in Theorem 1.5 and Corollaries 1.1, 1.2. We highlight that in our
knowledge there is no result available in the current literature about F.D.E. with variable exponent. In this
regard our results are completely new.

In the previous applications, the condition (A1) plays a crucial role to get suitable convexity property of
energy functionals. In section 5, we study a quasilinear elliptic problem where this condition is not satisfied.
Precisely, given € > 0, we study the following nonhomogeneous quasilinear elliptic problem:

()~ (x)-
- div((|Vu|2 + euz)p > vu) - (\Vu|2 + eu2)¥eu =glx,u) in Q;
u=0 on 00Q; (1.12)
u>0 in Q

where g satisfies (f1) and (&) for some m € [1, p-]:
g(x,s)

sgm-1

(&) ForanyxeQ, s— is decreasing in R*\{0} and a.e. in Q.

Then we prove the following result:

Theorem 1.6. Assume that g satisfies (f1) and (g). Then for any e, (1.12) admits one and only one positive weak

solution. Furthermore, u € C*(Q), u > 0in Q and % <0onoQ.

To get the uniqueness result contained in Theorem 1.6, we exploit the hidden convexity property of the asso-
ciated energy functional in the interior of positive cone of C1((Q).

2 Picone identity and Diaz-Saa inequality
2.1 Picone identity
First we recall the notion of strict ray-convexity.

Definition 2.1. Let X be a real vector space. Let V be a non empty cone in X. A function] : V — R is ray-strictly

convex if forall vy, v, € V and forall 6 € (0, 1)

J((1 - 0)vq +0vy) <(1-0)](v1) + 0] (v2)
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where the inequality is always strict unless v, = Cv, for some C > O.

Then we have the following result:

Proposition 2.1. Let A satisfying (A1) and (A2) and let r = 1. Then, for any x € Q the map & — N(x, &) def

A(x, &)"PY is positively r-homogeneous and ray-strictly convex. For r > 1, £ — Ny(x, &) is even strictly convex.

Proof. We begin by the case r = 1. For any t € R*, we have Ny (x, t&) = tN1(x, ). Furthermore,
Alx,(1-0)¢1 +t&) < (1 - DA(x, &) + tA(x, &) < max{A(x, &), Alx, &)}
forany x € Q, &1, & € RN and t € [0, 1]. Therefore
Ni(x, (1 - t)é; + t&;) < max{N1(x, &1), N1(x, &)} (2.1)

and this inequality is always strict unless &; = A¢,, for some A > 0.

Now we prove that N is subadditive.

Without loss of generality, we can assume that &; # 0 and &, # 0. Then we have N;(x, ;) > 0 and N;(x, &) >
0. Therefore, from (2.1) and 1-homogeneity of N; (x, &) we obtain for any ¢ € (0, 1):

Nl(x,(l—t) 51 ty 5 >s1.
1

Nilo &) N, &)
We now fix ¢ such that
1=t 0 e - N1 (x, §5) <1.
Ni(x,&1)  Nix, &) Ni(x, &1) + Ni(x, §2)
Then we get

§1+& <
N <X’ Ni(x, &1) + N1 (x, 52)) <

and by 1-homogeneity of N1, we obtain
Ni(x, & + &) < N1(x, &) + N1 (x, &), i.e. Ny is subadditive.
Finally for t € (0, 1), &1 # A&, VA>0
Ni(x, (1 = &1 +t83) < N1(x, (1 - )&1) + N1(x, t&) = (1 - )N1(x, §1) + tN1(x, &3).

This proves that & — N (x, &) is ray-strictly convex. Now consider the case r > 1. Since forany x € Q, & —
N, rl/ "(x, &) = N1(x, &) is ray-strictly convex and thanks to the strict convexity of t — t" on R*, we deduce that
& — Ni(x, &) = Ni(x, &) is strictly convex when r > 1. O

From Proposition 2.1 and from the r-homogeneity of N;, we easily deduce the following convexity property of
the energy functional:

Proposition 2.2. Under hypothesis of Proposition 2.1 and assume in addition A is continuous on Q xRN, Then,
forisr<p_:

VinL=(Q)s>v— /A(x, v dx
0

is ray-strictly convex (if r > 1, it is even strictly convex).

Proof. We know that & — N;(x, &) = AP0, ¢) is r-positively homogeneous and strictly convex if r > 1 and
for r = 1 this function is ray-strictly convex. For vy, v, € V; and 6 € (0, 1) define v = (1 - 6)v; + 6v, and we

get
N, (X, D) <(1-9)YLN, <X, m) +9LzN,<X, m)
v v Vi % vy
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By homogeneity,
Ny (x, V(') < (1 = Q)N (x, V(1) + 6N, (x, V(v2/T))

and equality holds if and only if v; = Av, for some A > 0. Using the convexity of t — t?®/" for 1 < r < p_ we
obtain

/A(x, v dx < (1-6) /A(x, Vv%/r) dx + G/A(x, Vvi/') dx.

0

Moreover, if p(x) # r equality holds if and only if v, = v,. O

From Proposition 2.1, we deduce the proof of Picone identity.
Proof of Theorem 1.1: Firstly, we deal with the case r > 1. Then from Proposition 2.1, for any x € Q the
function & — Ny(x, &) = A(x, .{)’/P(X) is strictly convex. Let &, &, € RN\{O} such that & # &, then

Nr(x, §) - Ni(x, §0) > (9 Nr(x, &0), § - o).

Setting a(x, &) = %aerr(x, £), we obtain:
Ni(x, §) - (alx, o), §o) > r{alx, &), § - &o)-

Let v, vo > 0 and replacing ¢, & by &/v and &y /v, respectively in the above expression, we get
Nr(x, %) > r<&(x, %), % - $%>.

Taking ¢ = Vv and &, = Vvq and using (r — 1)-homogeneity of a(x, .),

vy ! i Vvo _r-1Vvw
o) o ) -5

where the inequality is strict unless g VVVO .
0

Since v!/", vy I" ¢ WhPW(Q) N L=(Q), we can write

M) - (V\i and v( v >= 11) <VV_T—1VVOV)
ryr-0/r Vg_ )r Vg_ /r r Vv

and we obtain

NG, Yy s Latg v, v =L ) ). .2)
vg—l)/r
We have
ax, vvin = 7a{N(x vy = 20, A"PY (x, vvy)

PIe; )c){A(x Vv(l)/ ’)A e (x Vv(l)/ )

and by replacing in (2.2) we obtain

r (x)-r
AR (x, Vv A5 (x, vV > ﬁ<a§A(x v, v(ﬁ»
Yo

Now we deal with the case r = 1. Let &, & e RN\ {0} such that for any A > 0, & # A&. Then, from Proposition
2.1, we have that

N(x, §) = N(x, §0) 2 (0¢N(x, §0), § - o).
Taking { = Vv and &, = Vv,, we deduce

N(x, Vv) - N(x, Vvg) 2 (c)gN(x, Vo), V(v = vgp))
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and

()
Aﬁ(x, Vv)ApTx)l(x,Vvo) > afA(x Vo), VV)

ok
for any x € Q and the inequality is strict unless v = Avq for some A > 0. O
The Picone identity also holds for anisotropic operators of the following type:

ZV(b(xVu))—Za ( ( a“)).

Precisely we have:

Corollary2.1. Let B : Q x R — RN is a continuous and differentiable function such that B(x, s)
(Bi(x, 5))i=1,2,...n satisfying for any i, for any x € Q, the map s — B i(x, s) is p;(x)-homogeneous and strictly
convex with 1 < p; < p;(:) < pi < oo. For any i, we define b;(x, s) = 0sB;(x, s). Then, forv, vy € VI NL=(Q),

pi (X)
we have
N v N pi(0)-r
S bit, 0 2o, |~ | < S BIT (% 0 0M) B (x, 00(151) -
s VOT l 1

Proof. By taking A(x, s) = B;(x, s) in Theorem 1.1, we obtain Vi € {1,2,...,N}

pi()-r
2 0Bi(x, d (vM).0x, [ L | < B (x, 0, (V)BT (x, 0, (V)
i(x) vy
forallv,vo e VI NL=(Q)andi=1,2,...,N.
Then by summing the expression overi =1, 2, ..., N, we obtain
pi()-r
Z bi(x, 0x,(v5").0x, | —= Z B (x, 04, (v17).B,"™ (x, 0, (vy)).
VO’ i=1
O
2.2 An extension of the Diaz-Saa inequality
We prove the first application of Picone identity.
Proof of Theorem 1.2: The Picone identity implies
T
APO(x Tw)APWOIPX (x Tw,) > alx, Vw,). V(Wr )
2
Using the Young inequality for r € [1, p-], we get
Y
PIeS )(A(x Vwi) - A(x, Vwy)) + Alx, Vw,) = a(x, Vwy). V( - 1)
w3
Noting that for any & € RV, A(x, &) = a(x, &).&, we deduce
r
a(x, sz).v<w2 - V:V—l) dx PIeS )(A(x vw,) - Alx, Vwq)). (2.3)
2

Commuting w; and w,, we have

a(x, le).V<w1 - V:;VE ) —(A(X,le)—A(x,sz)). 2.4)

) p)
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Summing (2.3) and (2.4) and integrating over Q yield

r o _ r r o _ r
/a(x, le).v(Wl r_‘{h) dx+/a(x, sz).V<W2 r_‘f/l) > 0.
wh w
Q Q

2

The rest of the proof is the consequence of Proposition 2.2. O

Diaz-Saa inequality also holds for anisotropic operators. Here we require that & — B;(x, &) is p;(x)-
homogeneous and strictly convex and b;(x, &) = ia,-B,~(x, & wherer e R, 1 <r<min;_y 5, n{(pi)_}.

pi(x)

Corollary 2.2. Under the assumptions of Corollary 2.1 and in addition that there exist A > 0 such that for
eachi, %(x, s)| < A\s|p(")’2. Then we have in the sense of distributions, for r € [1, min;{(p;)_}] and v, vy €
VI N L=(Q):

N

Z/ _ axi(biEX, 0x;V)) + ax,—(bi(i(» 0x,V0)) (V' - vh)dx=0

. vi-1(x) vii(x)

i=1
Proof. We apply Theorem 1.2. For A = B; : Q xR — R and by replacing V by 0y;. O

3 Application of Picone identity to quasilinear elliptic equations

The aim of this section is to establish Theorem 1.3.

3.1 Preliminary results
The first lemma is the Picone identity in the context of the p(x)-Laplacian operator.

Lemma3.l. Letr e [1,p-landu,v € Wé’p W(Q) N L=(Q) two positive functions. Then for any x € Q

r r
|Vul[PY + vy PX > |Vv\p(")_2Vv.V(u—_> + \Vu|p(")_2Vu.V< v )
yr-1 ur-1

Following the proof of Theorem 1.1 in [19], we first prove the following comparison principle:

Lemma3.2. LetA>0andu,v € Wé’p (X)([)) N LY9(Q) two nonnegative functions for some function a € P(Q)
satisfying 1 < a- < a. < oo. Assume for any ¢ € WP 0(Q), ¢ 2 0:

/ \Vu\p(")’ZVu.qu + u”‘(")’lxuz)\(p dx = / |Vv|p(")’2Vv.V¢> + v“(")’l)(va,\qﬁ dx
oy 0

where

00 1 ifAdsv<oog
SAX) =
X2 0 if0sv<A,

andu =va.e.inoQ. Thenu >va.e.in Q.
Proof. Let¢p=(v-u)* € Wé’p(x)(Q) and Q; = {x € Q : u(x) < v(x)}. Then

0<- /(|Vu\p(x)_2Vu - \Vv|p(x)‘2Vv).V(u -v)dx - /(u“(x)"lxuz;l - v“(x)_l)(m)(u -v)dx<0

(o} (o]}

from which we obtain u > v a.e. in Q. O
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Using lemma 3.2, we show the following strong maximum principle:

Lemma3.3. Let h, | € L=(Q) be nonnegative functions, h > 0 and k : Q xR* — R*. Let a, B € P(Q) be two
functions such that1 < f_ <+ <a-<ay <oo.Letu € CY(Q) be nonnegative and a nontrivial solution to

{ = Appou + 100u @1 = PO L k(x,u)  in Q; 61

u=0 on o0Q.

Assurlne in addition either

(c1) h € L™(Q)

or

(c2) k : O xR* — R* satisfying litlgglf
Then u is positive in Q.

k(x, t)
ta(x)—l

> ||l|| L~ uniformly in x.

Proof. We follow the idea of the proof of Theorem 1.1 in [19]. For the reader’s convenience we have included
the detailed proof. We rewrite our equation (3.1) under condition (c1) as follows:
ak0-1 BO0-1 1(X)  a(-px)
=AU + 10U 20 2 R(X)u (1 =xwr) (1~ oY ,
since % € L*(Q), we choose A € (0, 1) small enough such that for any u(x) < A, we have 1 - %ua(x)‘ﬁ(’o >
1= || £l p=@A* P 2 0.
Assuming condition (c2), we have

~A U + 100U ypn = k(1) = (1 -y )10,

We choose A small enough such that for any u(x) < A, we have k(x, u) - 1()u™@-1 5 0. Hence under both
conditions, we get for any x € Q,
_Ap(x)u + l(x)ua(X)_l)(ua/l 2 0.

Suppose that there exists x; such that u(x;) = 0 then using the fact that u is nontrivial, we can find x, € Q
and a ball B(x,, 2C) in Q such that x; € 0B(x,, 2C) and u > 0 in B(x;, 2C).

Let a = inf{u(x) : |x — x| = C} then a > 0 and choosing x, close enough to x; such that 0 < a < A and
Vu(x1) = 0 since u(xy) = 0.

Denote the annulus P = {x € Q : C < |x — x3| < 2C}. We define p; = p(x1), M = sup{|Vp(x)| : x € P}, b =
8M+2, I;=-b ln(%)+2(N76‘1)and

. a 4t
](t) = T (el’l’l - 1) Vte [0, C].

ent -1
We have e e
1 1
Ler <j/(0) < (1) <J(C) < LenT
C C
and then
a 3
(C) <j/(h<1 vtelo,Cl. (3.2)

We choose C < 1 and using Vu(x1) = 0, % < 1 small enough such that for any x € P

P -1

1
e (33)

Without loss of generality we can take x, = O and we setr = |x — x2| = |x|, t = 2C - r.For t € [0, C] and
r € [C, 2C], denote w(r) = j(2C - r) = j(t), then

w'(r) =0, w'(®)=j"(.
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From (3.2) and (3.3), we obtain

div( VP2 w) = (p() - IGO0 - TG OPD - (0P nG )Y 9K
=1

r

= G0y S+ Ming o)1)
A\ 0 pp0)-1
>-In <E>(] ) > 0.
Since j(t) < a < A, we deduce

—div(|Vw[PX2Tw) + wdW1y <0,

On 0P, w(C) = j(C) = a < u(x) and w(2C) = j(0) = 0 < u(x). Then by Lemma 3.2, we obtain w < u on P.
Finally,

lim ua +s06G - x1)) —ulba) | lim wlxy +s(x2 = x1)) - w(xq)
s—0* S s—0* S

=j'(0)>0

which contradicts Vu(x1) = 0. Therefore, u > 0in Q. O

Remark 3.1. Conditions (c1) and (c2) can be replaced by the condition that there exists to such that h(x) P14
k(x, ) = 10)t“@-1 > 0 forall0 < t < tg and x € Q.

Lemma 3.4. Under the same conditions of h, 1, k as in Lemma 3.3, let u € C(Q) be the nonnegative and
nontrivial solution of (3.1), x; € 0, u(x1) = 0 and Q satisfies the interior ball condition at x4, then %(Xl) <0
where 1 is the outward unit normal vector at x1 .

Proof. Choose C > 0 small enough such that B(x,, 2C) C Q, x; € 0B(x,, 2C). Then x, = x1 + 2Cri, where 1i
is the outward normal at x;. Denote P = {x € Q : C < |x — x3| < 2C} and by choosing a such that 0 < a < A,
then by Lemma 3.3, there exist a subsolution w € C*(P) N C2(P) of (3.1) in P and w satisfies w < u in P with

w(x1) = 0, 9%(x) < 0. Hence, we get 2%(x;) < 3% (x;) < 0. O

3.2 Proof of Theorem 1.3

Proof of Theorem 1.3: We perform the proof along five steps. First we introduce notations. Define F, G :
QxR — R* as follows:
h() a0 ¢

O<t<ooy
F(x,t)={ q)

0 if —eo<t<O,
and
Mts(x) if 0<t<oo;
G(x,t) = { s
0 if —co<t<O.

We also extend the domain of f and g to all Q x R by setting
flx,t) = %(x, t)=0and g(x, t) = %—(t;(x, t) =0 for (x,t) € Qx (-0, 0).

Define the energy functional & : Wé’p W@ N LsWQ) - R by

\VuP®
E(u) = dx + | G(x,u(x)) dx - | F(x,u(x)) dx. (3.4)
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Step 1: Existence of a global minimizer

Since Wé’p (X)(Q) < L1%(Q) (see Theorem 3.3.1 and Theorem 8.2.4 in [9]), the functional & is well-defined
for every function u € Wé’p Q) N LsW(Q).

For “””w;'vm large enough: by (1.3) or (1.4)

vu[PX h(x 1
a(u)z/‘ P qu(x)zﬂ\VuHIZ,;(X)—Cpq(u)

p(x) q(x) P
Q
1 . ~
2 EH“\ ;,é,p(x) - C”"‘szé,p(x)

~ - if <l . C e
where G = 1 1 124l oo = .Since p- > g+, this implies
g+ i fullpw > 1

E) — oo as [|ul] y1pw — +oo.
o]

We argue similarly when ||u||; ;0 — oo and we deduce € is coercive. The continuity of € on Wé’p (X)(Q)QLS(X) Q)
is given by Theorem 3.2.8 and 3.2.9 of [9]. Hence we get the existence of at least one global minimizer, say uo,
to (3.4).

Step 2: Claim: up = 0and ug # 0
Since uy is a global minimizer of & then &(ug) = &(up) where uy, = max{ug, 0} Wé’p(")([)). SetQ ={x¢c
Q : up(x) < 0}. We have

Vo™
E(ugp) = 00 dx + | G(x,up(x))dx - [ F(x, up(x)) dx
Q Q o)
~ . \Vuo\p(x)
= &(up) + TN dx
e Vg [PW . o o
which implies / 00 = 01i.e. Vug(x) = 0a.e.in Q" then by (1.3) and (1.4) we have up = O a.ein Q™.
&

This implies that ug > 0.
In order to show that uy % 0 in Q, we construct a function v in Wé’p « (Q) N L=(Q) such that E(v) < 0 = £(0).
Precisely, consider v = t¢) where ¢ € Ccl(Q), ¢ =20,¢ = 0in Q and for O < ¢ < 1 small enough, we have

EW) < tT (17T + cot* 79 — ¢3)

where for any i € {1, 2, 3}, ¢; are suitable constants independent of ¢t. Hence, choosing ¢t small enough the
right-hand side is negative and we conclude that £(t¢) < 0 = £(0) which implies ug # 0.

Step 3: u, satisfies the equation in (1.7)
Since ug is a global minimizer and € is C* on Wé’p W(Q) N LsX(Q), then for any ¢ € Wé’p(")(_()) N LSW(Q),
we have
(&'(ug), P) = / |Vu0|p(x)_2Vu0.V¢> dx - /f(x, Ug)¢ dx + /g(x, up)¢ dx = 0.
Q Q

Q

Let K(x, £) = h()t999-1 Z 1) 501 and A %f max {

1/(57-%)
.1}
Then it is not difficult to show that for any t > A, K(x, t) < 0.

Step 4: Regularity and positivity of weak solutions

First we prove that all nonnegative weak solutions of (1.7) belongs to L*>(Q2) which yields C1*%(Q) regularity.
L)~

Let u be a nonnegative function satisfying weakly the equation in (1.7). Then for any ¢ € Wé’p (x)(Q) N

*®(Q),

/|Vu|p(x)"2Vu.V¢ dx = /(h()()uq(")‘1 - l(x)us(x)‘l)q')(x) dx.
0 Q
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Taking the testing function ¢(x) = (u — A)*, we get

/|V(u AP <o,
0

By using (1.4), we deduce ||(u — A)*|| 1w = O which implies u(x) < A.
0

From Theorem 1.2 in [10], we get u € C1**(Q) for some a € (0, 1).
Furthermore assuming x — % belongs to L=°(Q), Lemma 3.3 yields u > 0 in Q.
Step 5: Uniqueness of the positive solution of (1.7)

Let u, v be two positive solutions of (1.7). Thus for any ¢, ¢ € W(l)’p W(Q) N LsW(Q),

/ |Vu|p(")"2Vu.V¢ dx = /(h(x)uq(")"1 - l(x)us(x)"l)qh(x) dx
Q Q

and
/|Vv|p(")"2Vv.V(i) dx = /(h(x)vq(")"1 - I(X)VS(X)"l)(i)(x) dx.
0 0

By the previous steps, u and v belong to C!(Q) and Lemma 3.4 implies u,v € C4(Q)*. Hence taking the
WP —vP) g W ou)
w12 ¢ = yp--1

max{0, -t}) and from Lemma 3.1 we obtain

testing functions as ¢ = € Wé’p W (Q) (with the following notation ¢~ def

0< / (VPO 2vu - [VvPP2 7). V(U - v)dx

{u>v}
_ / h(x)(uqm"p’ _ Vq(X)—pf)(upf —vP) dx + l(x)(vs(")’p’ _ uS(X)—pf)(upf —vP) dx.
{u>v} {u>v}
Since g+ < p- < s-, the both terms in right-hand side are nonpositive. This implies v(x) > u(x) a.e in Q.
Finally reversing the role of u and v, we get u = v. O

Remark 3.2. Theorem 1.3 still holds when the condition % € L*=(Q) is replaced by p+ < s- and using strong

maximum principle in [19].

4 Application to Fast diffusion equations

In this section, we establish Theorems 1.4 and 1.5. To this aim, we use a time semi-discretization method
associated to (1.9). With the help of accurate energy estimates about the related quasilinear elliptic equation
and passing to the limit as the discretization parameter goes to 0, we prove the existence and the properties
of weak solutions to (1.8). In the subsection below, we study the associated elliptic problem.

4.1 Study of the quasilinear elliptic problem associated to F.D.E.

Consider the following problem
vt AV = hoOVI L + Af(x,v) in Q;
v>0 in Q; (4.1)
v=0 on 0Q.

Assume hg € L*=°(Q)* and f satisfies (f1)-(f3). Then from (f3), we have (fp) : lims—s+o0 fs(l)’(—’j) = 0 uniformly in

x € Q. Therefore, for any € > 0, there exists a positive constant Cc such that for any (x, s) € Q x R*:

0<f(x,s) < Ce+esP L. (4.2)
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We have the following preliminary result about (4.1):

Theorem 4.1. LetA > 0,q € (1,p-], f : Q xR* — R* satisfying (fo) and (f1) and hg € L=(Q)*. Then there

exists a weak solution v € C1(Q) to (4.1), i.e. forany ¢ ¢ W = def Wé’p(x)(.()) N L%4(Q)
/vzq_lcp dx + )l/ IVVIPO2 Ty Ve dx = /hovq_lcl) dx + A /f(x, V)¢ dx. (4.3)
Q Q 0 Q

In addition, if (f,) and (f;) hold then v € C9 9(Q)*. Moreover if vy, v, € 9 5(Q)* are two weak solutions to (4.1)
corresponding to hg = hy, h, € L>(Q)" respectively, then we have

10 = v Il < [I(he = h2) |2 (4.4)
Remark 4.1. (4.4) implies the uniqueness of the weak solution to (4.1) in C3(Q)*.

Proof. We perform the proof into several steps.
Step 1: Existence of a weak solution

Consider the energy functional J defined on W equipped with |.[lw = [|.[| ;1.0 + |- r24
0
" p(x)
Iv) = 1 /qu dx+/1/ V] dx - 1 /hoD(v) dx —A/F(x, v) dx (4.5)
2q p(x) q
Q Q Q Q

where ,

t7 fO<t<oo; /f(x,s)ds ifO0<t<oo;

D(t) = and F(x, t) =
if —co<t<O, 0

0 if —eo<t<O.
We also extend the domain of f to all of Q x R by setting f(x, t) = %(x, t) = 0 for (x, t) € Q x (o0, 0). From

(4.2), Hoélder inequality (1.5) and since Wé’p(x) — LP-(Q), we obtain

€
900 2 e VIS + A1VID 0 = 2 RolialVfey ~ACe [ idx=AS- [ v dx
Q Q

1 1 ~
5|\v||z24<5\|v|\32q ||h0\|L2>+A|\V||W1p<x>((1 I,k - O

v

Then by choosing € small enough we conclude the coercivity of J on W and J is also continuous on W therefore
we deduce the existence of a global minimizer vg to J.

Furthermore we note
5 |p(X)

Ivo) 2 JVG) + = /(Vo)zq dx+/1/ |Vv(x)

which implies vq > 0.
Now we claim that vo # 0 in Q. Since J(0) = 0, it is sufficient to prove the existence of ¥ € W such that
J(¥) < 0. For that take ¥ = t¢ where ¢ € Cl(Q) is nonnegative function such that ¢p = 0 and t > 0 small
enough.

Since vy is a global minimizer for the differentiable functional J, we have that v, satisfies (4.3) i.e. vg is a
weak solution to (4.1). From Corollary A.1 we infer that vy € L*°(Q). Then by using Theorem A.2, we obtain,
vo € CH%(Q) for some a € (0, 1).

From (f;) and Lemma 3.3 (with condition (c2)), we obtain vo > 0 and by Lemma 3.4 we get % < 0onoQ.

Therefore, v, belongs to C4 (Q)+
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Step 2: Contraction property (4.4)
Let v; and v, two positive weak solutions of (4.1) such that v{, v, € Cg(ﬁ)*. Forany ¢, ¥ € W:

/ V2 1¢dx+A/|Vv PO2Gy, Ve dx = /hlvq 1o dx+/\/f(x V1)@ dx

Q

and
/v%q"lll’dx+}l/\Vv2|p(x)"2Vv2.V‘I’dx=/hzvg"l‘l’dx+}l/f(x, V7))V dx.
Q

.
Since vy, v, € C8 (.Q) ¢ = <v1 - —ql) and ¥ = (vz - —q1) are well-defined and belong to W. Subtracting

the two above expressions and using (f3) together with Lemma 3.1 we obtain

/ (9~ v9)")? dx < / (hy - k)WY —v9)* dx.
0 Q

Finally, applying the Holder inequality we get (4.4). O
From Theorem 4.1, we deduce the accretivity of R:
Corollary 4.1. LetA > 0,q € (1,p-], f : Q xR" — R* satisfying (f1)-(f3) and hg € L=(Q)*. Consider the

following problem
u+ARu =ho(x) in Q;

u>0 in Q; (4.6)
u=0 on 0Q.

Then there exists a unique distributional solution u € D(R) N C*(Q) of (4.6) i.e. V¢ € CL(Q)
u ¢dx+/1 wulfaprgytie g (P ) gy [ ¢dx+/1 fo u5 ") 1/q)qb dx
0 u-v/a 0 ua-/a
Q

Moreover, if u; and u, are two distributional solutions of (4.6) in D(R) N C(Q) associated to h; and h, respec-
tively, then the operator R satisfies

Iy = u2) |2 < ||(uy — up + A(Ruy - Ruz)) |2 4.7)
Proof. Define the energy functional € on VZ N L%(Q) as €(u) = J(u'/?) where J is defined in (4.5).

Let ¢ € C(Q)and v, is the global minimizer of (4.5) which is also the weak solution of (4.1) and ug = vg then
there exists to = to(¢) > 0 such that for t € (~tq, to), Up + t¢p > 0. Hence we have

0 < E(ug + t) - S(uo)——(/( )’ dx+!)/2tuo¢dx)—;g/ht¢dx

1/qp(x) 1/q)p(x)
+/\(/ |V (uo + tp) 4] dx—/ |Vuy'9| dx)
p(x) p(x)
o) 0

- /\( F(x, (uo + t¢) ) dx - | F(x, u(l)/q) dx) .
/ /

Then divide by ¢ and passing to the limits ¢ — O we obtain uo = v{ is the distributional solution of (4.6).
Finally (4.7) and uniqueness follow from (4.4). O

We now generalize some above results for a larger class of potentials hg:
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4.2 Further results for (4.1) and uniqueness

Theorem 4.2. LetA > 0, f : Q x RY — R* satisfying (f1)-(f;) and hy € L*(Q)" and q € (1, p-]. Then there
exists a positive weak solution v ¢ W of (4.1) in the sense of (4.3). Moreover assuming that hqg belongs to L' (Q)
for some v > max {1, pﬂ} v e L=(Q).

Proof. Let hy € C¢(Q) such that hy 2 0 and hy — h in L*(Q). Define (v4) C C*(Q) N CY(Q)" as for a fixed n,
vn is the unique positive weak solution of (4.1) with hg = hy, i.e. v, satisfies: for p € W

/vf,q"ltl) dx + )l/ IVVn PO 0. Ve dx = /hnvZ_lcl) dx +A / f(x, va)o dx. (4.8)
1) Q o o

Since (a - b)?? < (a? - b?)? for any q = 1, (4.4) implies for any n, p € N*
(v = vp)" |2 < [|(hn - hp)+||gz

thus we deduce that (v) converges to v € L29(Q).
We infer that the limit v does not depend on the choice of the sequence (hy). Indeed, consider hn # hn such
that i, — ho in L2(Q) and ¥, the positive solution of (4.1) corresponding to h, which converges to ¥.
Then, for any n € N, (4.4) implies
(v =) (|2 < [|(hn - fln)+||L2

and passing to the limit we get ¥ > v and then by reversing the role of v and ¥ we obtain v = 7.

So define, for any n € N, hp = min{h, n}. Thus (v,) is nondecreasing and for any n e N*, vp s va.e. in Q
which implies v > v; > 0in Q.

We choose ¢ = v, in (4.8). Applying the Holder inequality and (4.2), we obtain

A / [Vval?™ dx < | a2 |vall Ly + ACe | Vallp: + A€lvallZs
Q
< C+Aevn|l?;..
Assume ||VVn|| ;0 = 1. Since Wé’p(")(_()) — LP-(Q) and by (1.3) we deduce for some positive constant C > 0:

A / VvaP® dx < €+ AeC / VvaP® dx.
Q Q

Choosing e small enough and gathering with the case || Vvl ;00 < 1, we conclude (v») is uniformly bounded
in Wé’p W (Q) and LP-(Q). Hence vy, converges weakly to v in Wé’p W (Q) and by monotonicity of (v) strongly
in LP-(Q) and in L24(Q). Taking now ¢ = v, — v in (4.8), from (4.2) with € = 1 and by Holder inequality

/f(x, Vn)(Vn —v) dx| < C||vn — V||[2q + ||vn||f;f1\|vn = V|- — 0
Q

and
/hnvg’l(vn -v)dx — 0 and /vflq’l(vn -v)dx — 0.
Q Q

Finally (4.8) becomes

/ IVVn P20 V(v - v) dx — 0.
Q

Then, since vy, — vin WiP¥(Q)

/(|VVn\p(X)_2VVn — |VVPPY7291). V(v - v) dx — 0.
Q
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Lemma A.2 and Remark A.3 of [17] give the strong convergence of v, to v in Wé’p (")(.Q).

Since (v29"1) and (hnv4 ™) are uniformly bounded in L24/?4-Y(Q) and by (4.2), f(x, v») is uniformly bounded
in L29/9°1(Q) and f(x,vn) — f(x,v) a.e. in Q. Then by Lebesgue dominated convergence theorem we have
(up to a subsequence), for p € W

/v},‘qu dx — /v24—1¢ dx,/hnvﬁ’1¢ dx — /th"1¢ dx
0 Q Q Q

and

/f(X, V)¢ dx — /f(x, V)¢ dx.
Q Q

Finally we pass to the limit in (4.8) and we obtain v is a weak solution of (4.1). To conclude corollary A.1
implies v € L*(Q). O

Remark 4.2. Let vi, v, are the weak solutions of (4.1) obtained by Theorem 4.2 corresponding to hy, h, ¢
L*(Q)*, hy = h, respectively. Then

10V = v3) Iz < lI(hy = h2) ™|l 2.

Remark 4.3. AsinStep 1ofthe proof of Theorem 4.1, we can alternatively prove the existence of a weak solution
by global minimization method.

Under the hypothesis of Theorem 4.2 and with the help of Picone identity, the following theorem gives the
uniqueness of the solution to (4.1).

Theorem 4.3. Let v, V be respectively a subsolution and supersolution to (4.1) for h € LP°(Q), po 22, h =0
and f satisfies (f1) and (f3). Thenv < V.

Proof. We have for any nonnegative ¢, ¥ ¢ W

/qu-1¢ dx+)l/|Vv|p(X)"2Vv.V¢ dx < /th_lff’ dX+A/f(X’ V)¢ dx
2 o o o

and
/ 72971 dx + A / IVPPY-2U7. VY dx > / hT W dx + A / flx, V)V dx.
Q 0 0 0

+
Subtracting the above inequalities with test functions ¢ = (M) and

(v+e)a T
i (M)i € Wor e (0, 1), we obtain
(v+e)a1 1),
2g-1 ~2g-1
/ ((v]i el (f/‘: €)1 > ((v+e) - (7 +e)?) dx
{v>7}
9_(V+¢)
w1 [ v eop v oy (V0RO ar

(v+e)1
{v>7}

TIAY q
+1 / |v(17+e)\p(")‘2v(17+e).V(%) dx
{v>7}

. / h( it )((v+e)q—(17+e)q)dx

v+e)9 1l ([@+e)a?
{v>7}

A f ((f(X’V) “Geon )((v+e)q-<9+e>q)dx-
{

(4.9)

v+e)dl (V+e)9l
v>}
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Since ;¥ < ;¥z < 1in {v > ¥}, then we obtain

y2a-1 7201 i N )
<(v +e)d 1 (T+e)al ) (v+e)?-(7+e)?) = (Vq (H) -1 (1./ - e) )((v +e)-(+e)9)

<vVIi(v+e)l-F+e)) <vilv+e)d <vi(v+1)d.

In the same fashion, we have

vat ya1 .
0< h((v+€)q‘1 - (]7+€)q_1>((v+e)q —-@+e))<h(v+e) <h(v+1).

Moreover, as € — 0

v LA q9_(p+e)d q _ 5ay2
((v+€)q—1 - (1~,+€)q_1)((V+€) -@T+e)) = -9
and
v Ll 9 _(y+ )
h<(v+€)q—1 - (‘7+€)q_1)((v+e) —+e)) =0
a.e.in Q. Then by Lebesgue dominated convergence theorem we have
y2a-1 B 24-1 v+ e)q -+ e)q) dx — (Vq _ ]~/q)2 dx (10)
el Grert |
{v>7} i
d
an qul i}q,l . i .
/ h((V +e)l (v+ e)q—1>((v +e)1-([V+e)?) dx— 0. (4.11)

{v>v}
Then by using Fatou’s Lemma and (f;), we have

_liminf / (f(" Y) 54 e) dxs - / F0 V) 50 gy

€—0 v+e)l
{v>v} {v>v}

o )
—liminf / (vf(xe)];)l(v+equ<— / f(XV v? dx

€e—0
{v>v} {v>¥}

(4.12)

and
fx,v)(v+e)dx — / f(x, v)v dx,
{v>7} {v>7v}
Fou )@ +€) dx - / fx, )7 dx.
{v>7} {v>7}

(4.13)

By Lemma 3.1 we have,

V(v + )P 2Y(v + ).V (%) i
{v>v}

- V-2 (5 +e)?-(v+e) (4.14)
{v>7}

> 0.

Then plugging (4.10)-(4.14) and taking lim sup in (4.9), we get by (f3)

e—0

0< /(vq—f/q)zdxs}l/ (f(x,v) flx, V))( -9 dx <0.

va-1 va-1
{v>v} {v>7}

It implies v > v. O
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Corollary 4.2. LetA> 0, f : Q xR* — R* satisfying (f1)-(f3) and ho € L*(Q)* N LY(Q) where y > max{1, & }.
Then there exists a unique positive distributional solution u € D(R) N L*=(Q) of (4.6) in the same sense as in
Corollary 4.1.

Moreover if u; and u; are two positive distributional solutions of (4.6) for h1, ho € L2(Q)* then R satisfies

Iy = u2) |2 < ||(uy — up + A(Ruy - Ruz)) |2 (4.15)

Proof. Define the functional energy & on V4 N L%(Q) as €(u) = J(u'/?) where J is given by (4.5).

By Theorem 4.2, Remark 4.3 and Theorem 4.3, vq is the unique positive solution of (4.1) and then unique
global minimizer of J. We take ug = vg and proceed as the proof of Corollary 4.1 and we obtain ug = vg isa
distributional solution of (4.6). Finally Remark 4.2 gives (4.15). O

4.3 Existence of a weak solution to (1.8)

In this section, in light of Remark 1.3, we consider the problem (1.9) and establish the existence of weak
solution when v € C(Q)* N Wé’p(")(Q). Proof of Theorem 1.4: Letn” € N" andsetA; = T/n".ForO<n<n",
we define t, = nA;.

Step 1: Approximation of h

Forn e {1,2,...n"}, wedefine for t € [t,_1, tn) and x € Q

tn

hy,(t, x) = h" (%) def % / h(s, x)ds.
t

tnfl

Then by Jensen inequality,

N N
1
1ha I T2iapy = B¢ > I [720) = Ae Y A—t/h(s,x)ds
n=1 n=1

to-1 12(0)
N I
<> [ s, lEads < 11,
"=1tn_1

Hence hy, € L?(Qr) and h" e L?*(Q) and let € > 0, then there exists a function he € C}(Qr) such that
Ih = hell2qp) < §-
Hence,

[(he)a, = ha,llz2cqp) — O-

Since [|he — (he)a, ll12(q,) — O as Ar — O then for small enough A; we have

1ha, = hll2(qp) < II(he)a, = hallz2p) + I1he = (heda,llz2cqr) + 11 = hellr2(gp) < €

Hence hy, — hin L*(Qr).
Step 2: Time discretization of (1.9)
Define the following implicit Euler scheme and for n > 1, vy, is the weak solution of

Vil . . ‘
<nTnl)vg = AppyVvn = R'VE +f(x,vn) in Q;

vn >0 in Q; (4.16)

Vn=0 on 0Q.

Note that the sequence (vn),.; ;.. is well-defined. Indeed for n = 1 the existence and the uniqueness of
vi € CH%(Q) N CY(Q)" follows from Theorems 4.1 and 4.3 with h = A¢h! + v € L=(Q)*. Hence by induction
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we obtain in the same way the existence and the uniqueness of the solution v, forany n = 2, 3, ..., n" where
vn € CH*(Q) N Cg(ﬁ)*.

Step 3: Existence of a subsolution and supersolution

Now we construct a subsolution and a supersolution w and W of (4.16) such that for each n ¢
{0,1,2,...,n"}, vy satisfies 0 < w < vy, < W.

Rewrite (4.16) as

V™ = A pgvn = (Ach™ + v ) Vi + Af(x, vi). (4.17)

Then following arguments in the proof of Theorems 4.1 and 4.3, from Theorem A.2 and from Lemma 3.4, for
any > 0 there exists a unique weak solution, w, € C%(Q) n C%(Q)*, to

~ApW = u(how?™' + f(x,w)) in Q;
w>0 in Q; (4.18)
w=0 on 00.

Let uy < pp and wy, , wy, be weak solutions of (4.18). Then,

/ |Vwy, \p(x)"Zwal.Vcl) dx = uy /(howz;1 + 0, wy,))¢p dx,
Q Q

/ |Vwy, |p(")"2wa1.Vl,b dx = /(howz;1 + £, W)Y dx.
0 0

. . . (wi -wi)* (wj -wi ) 1,p(x) .
Subtracting the last two equations with ¢ = :”Tﬁ and p = % € Wy, (Q) we obtain, by Lemma
M1 M2

3.1and (f3), wy, < wy,.

Then by using Theorems A.2and A.3, we can choose u small enough such that [|[wy|| ¢1,«g) < Cy, forall p < Ho
and ||Wy||j=q — O as u — 0. Therefore {wy : u < po} is uniformly bounded and equicontinuous in C*(Q)
and by Arzela Ascoli theorem ||wy,|| ci@ —*0aspu—Ouptoa subsequence. Then by mean value theorem we
can choose u small enough such that there exists w € C*(Q) N Cg(ﬁ)+ such that 0 < w def Wy < vo. Alsow
is the subsolution of (4.17) forn = 1 i.e.

/wzq-lqb dx + At/ VWP 2vw. Ve dx < A, /(hlwq_1 +f(x, W) dx + / viw? g dx
Q Q Q Q

forall ¢ € Wé’p W (Q) and ¢ = 0. We also recall v; satisfies

/qu_ll/) dx + A / |Vv1[PXO20v, Vi dx = A, /(hlv‘{_1 + 0, v dx + / vivi Ty dx
o o

Q Q

forall € WaP™(Q).
By Theorem 4.3, we obtain, w < v; and then by induction a subsolution w such that 0 < w < v, for all

*

n=0,1,2,...,n.
Now we construct a supersolution. For that, we consider the following problem:
= Apow = [|Afp=wT + fx, w) + K in Q;
w>0 in Q; (4.19)
w=0 on 0Q.

As above, there exists a unique weak solution to (4.19), wx € C(Q) n C3(§)+. Let wg be the unique weak
solution of

(4.20)

_Ap(x)WK =K in Q;
wg=0 onoQ.



348 — R.Aroraetal., APicone identity for variable exponent operators and applications DE GRUYTER

From Theorem A.3, wi > CKY®1) dist(x, 0Q) where v € (0, 1) and |[Wk||1=(q) — o as K — oo. Then by

weak comparison principle we can choose K large enough such that there exists such that vg < wg < w def Wg.
We easily check that w is the supersolution of (4.17) forn = 1i.e.

/qu"lqb dx + Ay / VWP 2UW). Ve dx > A /(hlwq"1 + K+ f(x, W) dx + /vgwq"1¢ dx

Q0 Q 0 Q

forall ¢ € Wy* ®(Q) and ¢ > 0. From Theorem 4.3, we get W > v; and then by induction we have W > v, for
allne{1,2,...n"}.
Step 4: Energy estimates

Define the functionforn=1,...,n" and t € [t,_1, tn)
- y. _ t—th q q
va,(t) = vn and ¥y, () = —"—= (i -vI ) +vl |
which satisfies
10V
gtlef = Apva, = fO6va) + HVET (4.21)
-vl, .
Multiplying the equation (4.16) by = 1” and summing fromn = 1ton’ < n’, we get
n

q
( Vn- 1) dx+Z/IVv PR-2gy, V( qvln 1) dx

= /h"(v?l—vq 1) dx+2/f(x v")( B-vi ) dx.
=17

nlQ

nl_Q

Then from Young inequality we have,

2 n’ q_ 4
Z/At<vn Vi 1) dX+Z/|an|p(X)*2vVn.v<V"7Y"*1) dx
qg-1
n=1 Vn
vil- 2
sZAtuh"u%w Z/At( Vn- 1) dx
n=1

nlO
2

n/
flx, Vn) Vn _1
+ ZAt Vq 1 4 Z At n dX

n=1 n

ie.
X,V
5 / ( ) dx+Z/|Vv PR-2gy, v( q1" )dx<ZAt\|h”||L2+ZA ‘f( o’ .
B! Vn L2
Using w < vy < W, from (4.2) and g < & + 1, we obtain
2
/ flx, Vln) dx < Cyq / % + distz(p’_q)(x, 0Q)dx<C (4.22)
a1 J dist?@ Y (x, 0Q)

Q

where C is independent of n. Then by Step 1, we obtain

( a;?‘ > is bounded in L?(Qr) uniformly in A;. (4.23)
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Now from Lemma 3.1, we have
q
IVva P20y, v( -1 ) [V V1|9 Vv [P0
Vn

V'Vt ‘P(X) (p() q)|an\p(").

p() p(x)

Then we obtain for any n’ > 1

ZAtthHH + Zl\t

(X Vn) " p(x)-2 Vq VZ 1
2 Z. [Vva[PP 20V Ve dx

L

n’ . . .
> Vv [PW dx—/ 4 v, 4 PY dx —/ ) -q) VvaP® dx
2 Z' R O A R

[T P / Vo [P
> ———dx - ——dx
@[ o2 [ N
Q Q

which implies that
(va,) is bounded in L*=(0, T; Wé’p ®)(Q)) uniformly in 4. (4.24)

Since

vy - Sovn(ea-o (M )) - v (a-0+¢(;

Vn )q)(l—q)/q
n-1

t- tn—l

A then we conclude that
t

where { =

(172{ 9) is bounded in L™(0, T; W}” ®)(Q)) uniformly in 4. (4.25)

Since <vv ) is uniformly bounded in L*=(Q), v4, — v and ¥, / 1% §in L0, T; W1 P (X)(Q)) Furthermore
n-1
using (4.23), we have

sup Hvl/q

2q
Va ” 2 =
te(0,7) (@)

< sup |[|vg, - Vi”iz(!)) <Ay - 0asA; — 0. (4.26)
te(0,T)
It follows from (4.26) that v = 7. By mean value theorem and (4.23), we get that (V,,),, is equicontinuous

in C(0, T; L"(Q)) for 1 < r < 2. Thus using w? < ¥,, < w? together with the interpolation inequality ||.||r <

1% 1. 1137%, with % = g + %, we obtain that (¥,,)4, and (172\{’1)41 is equicontinuous in C(0, T; L'(Q)) for

any 1 < r < +oo. Again using interpolation inequality and Sobolev embedding, we getasA; — 0" and up to a
subsequence that forallr > 1

s, — v%in C(0, T; L"(Q)), (4.27)
and
Vs, — vin L=(0, T; L(Q)). (4.28)
From (4.23) and (4.27), we obtain
s oV 1 12, (4.29)

ot ot
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Step 5 : v satisfies (1.10)
Multiplying (4.21) by (v,, — v) and integrating by parts, we get

//‘“

T
OVa, (va, - V) dxdt+//|VvA |- 2Vv,,.V(vy, - v) dxdt
0

_ / / £, va,)(va, - v) dxdt + / / S (va, - V) dxdt.
0 Q 0 Q

From (4.28) and (4.29) , we have

T
q-1
/ /VA[
0 Q

and from (4.24), (4.25), (4.28) and Lebesgue Dominated convergence theorem,

T

ag?‘ (va, - v) dxdt| + //h”vf\[_l(vﬂt —v) dxdt| = 0y,(1)
00

T
//f(x, Va)(va, = v) dx = 04,(1).
0 Q

Then we obtain
// Vv, [PP72Tv,, .V (v,, - V) dx — O as A; — OF.

Then from [Step 4, Proof of Theorem 1.1, [12]] and from classical compactness argument we get

\VVA[VJ(X)_ZVVAt - |Vv|p(x)"2Vv in (LPY/@O-D(q )N, (4.30)
From (4.26) and (4.27) we have,
1 -1 _
Ve = v len < Ve = v =0, 1312

< Vit -vi 2
L=@:Le) (4.31)
< HVZ, - VqHL‘”(O,T;LZ)
< VA = Va,lli=,1502) + 1174, = V|l 1=(0,7502) = O
as A; — 0. By Holder inequality we have for ¢ € CZ°(Qr)
T

laVA,_ q1 aVA,_qu qu g-1_ . g-1
//(A A // e )pars [ [ Geost v ax

0 Q
e [ | IR e ey 5
L2(Qr) L2(Qr)
and
T T T
/ / (Wi — i ) dx = / / Wi v dx + / / (h" - hvI 1 dx
0 Q0 0 Q
< [|h" ¢||L2(QT)HVq L= v T Y g + IV Bll2ipIh" = Rl 2gn-
Then from (4.23), (4.28), (4.29), (4.31) and Step 1 we obtain
T ~
-t e o
0 (4.32)

T

//(h"vg:l -hvi YHg dx — 0 as A; — 0.

0 Q
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From (4.28) we have f(x, v4,) — f(x, v) pointwise and from (4.24) together with (4.25) we have | of(x, va ) dx
is bounded uniformly in A;. Then by Lebesgue dominated convergence theorem we have

T

/ /(f(x, va) - f(x,v))¢ dx — 0 as A; — 0. (4.33)

00
Then finally gathering (4.30), (4.32) and (4.33), we conclude by passing to the limits in equation (4.21) that v
is weak solution of (1.9). O
Remark 4.4. For q > g + 1, if f satisfies lin(} f()S(;S) =O0wherea >q-1- % then Theorem 1.4 holds. Since

s—0*
W < vn < W then (4.22) is in this case
2 - = 2a
f@x, vn) de<C [ — Y  dx+Cy<C
q-1 . 2(g-1)
NG J dist™9™"(x, 0Q)

where C is independent of n.

Remark 4.5. All the results in Section 4.1, Section 2 and Theorem 1.4 hold if we replace the assumption (f,) by
h=>c>0.

Proof of Theorem 1.5: For a given function g, let ||g||2+ & (gl ll12(q)- For z € D(R) and r, k € L=(Qr)"
satisfying assumptions in Theorem 1.5, set

¢(t’ S) = Hr(t) - k(S)HZ+ \V/(t, S) S [01 T] x [O’ T]’
fort € [-T, T]
t* t

b(t, 1, K) = [[ud — zl| + V8 — 22+ + €| R2]2 +/||r(r)\|2+dr+/||k(T)\|2+dT
0 0

and

B(ts) = b(t-s,1. ) + f05¢(t—s+r,r)dr if0<s<t<T
’ o f0t¢('r,s—t+r)dr if 0<t<s<T

is a solution of
Wi o4 %(t, S =d(ts)  on(ts) elo, TIx[0,Tl;

ot
Y(t,0)=b(t,r,k) ontel0,T]; (4.34)
¥(0,s) = b(-s,r,k) onsel0,T].
Define the following iterative scheme, u° = ug and for n = 1, u" is the solution of
un _ un—l .
——+Ru"=h" inQ;
A (4.35)
u"=0 onoQ.

Note that the sequence {u"},-1>,... y is well defined. Indeed for n = 1 the existence and the uniqueness of
u' € D(R) follows from Corollary 4.1 with h = Ash' + u® € L>°(Q)* and A = A;. Hence by induction we obtain
in the same way the existence of the solution u" forany n = 2, 3, ..., N where u" € D(R).

Moreover let denote by (u?) the solution of (4.35) with A; = €, h = r, 1" = % f("e r(t,.)dt and (u}}") the

n-1)e

solution of (4.35) with A; = n, h = k, k™ = % f(ml)n k(z, .)dT respectively i.e we have

(4.36)
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For (n, m) € N*, multiplying the equation in (4.36) by e€+nr1 and then subtracting the two expressions we get,
n n -1 )16‘ my _ m m 1y _ M€ n_ym
1 +€(ue )+ (fRue :Run) n+€(ur1 )= 1 +€( k™).

Then we infer that

n_,m €n n_qp.my_ €N n_m n n-1_ € n_ . om-1
ug un+€+n(IRu€ Ruy) €+n(r k)+€+n(u€ un)+€+n(ue uy ).

Let @3, = ||uf — ujf'||,+ and since R satisfies (4.15) and setting A = %, we get

€
DN, = ul —ulMy < uf - ug" + '7 (Ruz — RuM)|-

nl

€en m
< eI =K+

m € n m-1
—Up |2+ + m““e —up 2+
Then by elementary calculations, we get

‘De '1 = |jug - Un |2+ < b(tn, re, ky)

and
@G < b(=sm, re, ky).

Then by using above computations we get , CDn m < l/) where l/) satisfies

||llbn 1,m ‘ Hl/}n m- 1H2+

€
= gy 107 =Kl +

and ll)erl _b(tn, re, krl) andll) —b(—Sm, re, krl).
For (t, s) € (tn-1, tn) x (Sm-1, sm), set ©1U(t, s) = ||re(t) — kn(s)||2+,

llle’rl = llif,’,'}n, be,n(t, r, k) = b(tn, re, kn), be,n(—S, 1, k) = b(=sm, re, kn)-

€+r[

Then by elementary calculations " satisfies the following discrete version of (4.34),

PE(t, 5) - 6lpe”T(t €5, Yeu(t, s) - f’”(t, s-n) _ PEN(t, 5);

lpey n(ty O) = bé‘,l’[(ty r, k);
!p€,n(0’ S) = bé‘,?](s’ r’ k)'

Since re — rin L2(Qr) then ben(.,r, k) — b(.,r, k) in L=([0, T]) and ¢*" — ¢ in L>=([0, T] x [0, T]) and we
deduce that pe,y = || — || <0, Tjxj0,17) — O (for more details see for instance [[20], Chapter 4, Lemma 4.3,
page 136] and [[20], Chapter 4, Proof of Theorem 4.1, page 138]). Therefore,

ue(t) — un(s)|l2- = @(t, s) < YUt s) < Y(t, ) + pe.y.
Since ue(t) = vé(t) and uy(t) = vii(t), we obtain
[vE(®) = vi($)||2- = D@L, s) < Y&U(t, 5) < (¢, S) + pe,y. (4.37)

From Theorem 1.4, v and v?, satisfies 0 < w < ve, vy < W where w, W are subsolution and supersolution

defined in (4.18) and (4.19) and v§ — v? and v} — v1 a.e. in Q where v; and v, are weak solutions of (1.9)

with initial data uo, vo respectively. Since v — v{ and v — v§ in L=(0, T; L*(Q)) and passing to the limit

in (4.37) as €, — O with t = s we get

VIO VIO 2+ = VI ~ VA2 + VIO VIO 2+ + VIO ~ VD -
t
sw@—zm++m%—zm++/Mﬂw—kwmrd»
0

Then (1.11) follows since we can choose z arbitrary close to vg andwithr=h, k=g. O
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5 An application to nonhomogeneous operators

In this final section, we prove Theorem 1.6. To this aim, we first study the properties of a related energy func-
tional. Let m = 1 and K : Q x RN — R* be a continuous differentiable function which satisfies the following
conditions:

(k1) K € C1(Q xRN)n C?(Q xRN\{0}).

(k2) Ellipticity condition: 3 k; = 0 and y € (0, oo) such that
S 2K e, oy = ylks + €)™l
00§ !

(k3) Growth condition: 3k, > 0and I € (0, o) such that

N

2

62

m-2
agog o] =T 1)

7, &)

forall ¢ e RV\{0} and € RY.

Remark 5.1. From the assumption (K2), it follows that K is strictly convex and from (k1)-(k3) there exists some
positive constant y; and y, with 0 < y; <y, < +oo and some nonnegative constants I'y and I'; such that

yil§I" =T < K(x, §) < y2|§|"™ + T
forx € Q and & € RN\{0}.

Consider the associated functional J; defined by

p(x)
Im(u) / W (x ) " ax

for any positive function u € Wé’p ) (2). Now we extend Lemma 2.4 in [21] as follows:

Theorem 5.1. Let K : Q x RN — R* satisfying (k1)-(k3) for some m € [1, p-]. Then, the function & : VI" N

L>(Q) — R, defined by &(u) def Im(ut!™), is ray-strictly convex (even strictly convex if p(-) 2 m).

Proof. We observe that for u € V" 0 L>(Q)

p()
Vul\ ™
E(u)—/ o (uK( mu)) dx.

Therefore, sincefor1 < m<p_, t — tPWIM s convex in R* (even strictly convex if p(x) > m) it is enough to

prove that
Vs u— uK(x, @>
mu
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is ray-strictly convex. To achieve this goal, let § € (0, 1) and us, u> € VI then by using the strict convexity
of K we obtain, for x € Q

((1-06)uq+ Buz)K<x,

(1-6)Vuy +6Vu,
m((1 - 0)u, + 9u2)>

=((1-0)uy + Guz)K<x 1-0u Vv Ou, Vuz)

(1 -0)uq +0uy) muy (1 -0)uy + Ouy) muy

< _ (1 - 6)u1 Vul
<((1 -0)uy + 6uy) (((1 0w, + Guz)K<X’ mu1>

Ou, Vu,
A= 0 v o) N (X’ muz>>

=(1- 9)u1K(x, %) + BuZK(x, E)

1 mu;

The above inequality is always strict unless % = %, i.e. ui/u, = Const. O
1 2

Proof of Theorem 1.6: Consider the functional Je : Wé’p W(Q) - R, defined by

_ [ (Vul? +eutp0iz
He(u)—! 200 dx ZG(X, u) dx

where the potential G(x, t) defined as
t

g(x,s)ds if Ost<oo;
G(Xr t) = O/

0 if —co<t<O.

Assumptions (f1), (&) and Remark 5.1 ensure that J¢ is well defined, coercive and continuous. Then there
exists at least one global minimizer of J. on Wé’p ) (Q), say ug. We can easily prove that ug is nonnegative
and nontrivial.

Since J. is differentiable, we deduce that ug is a weak solution of (1.12). Now from Theorems A.1 and A.2 in
Appendix A, we obtain that any weak solution u to (1.12) belongs to C**%(Q) for some « € (0, 1) and u > 0in

Qand % < 0 on 0Q. Therefore any weak solution belongs to Cg(ﬁ)".

Now we prove that u is the unique weak solution to (1.12). Let W : V" — R defined by

_ ymy [ (V@Y™)? + e@t/m2p0iz .
W(u) = Je(u )—! 200 dx !G(x, ul/my dx.

The assumption (&) together with Theorem 5.1 with K(x, &) = (e + |¢|2)™/?

Let u; a weak solution to (1.12). Then setting vq def ug', vq def u™ ¢ V™and t e [0, 1], we define &(f) def
Je(((1 = t)vg + tv1)Y™). Since ug and u; belong to Cg(ﬁ)", ¢ is differentiable in [0, 1]. From the convexity of

&, we have forany t € [0, 1]

imply that W is strictly convex.

I HORFAGEX )N (5.1)
Since ug and u; are weak solutions to (1.12), £/(0) = £/(1) = 0 and from (5.1) we get that ¢ is constant which
contradicts the strict convexity of € unless uy = u;. O

A Appendix

In this section, we recall the following regularity of weak solutions of quasilinear elliptic differential equation

(A1)

divA(x, u, Du) + B(x,u,Du) =0 on Q;
u=0 onoQ.
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Now we recall the boundedness and C%%(Q) regularity results of weak solutions of (A.1) satisfying the follow-
ing growth conditions:

A(X, u,Z)Z > ao‘Z‘p(X) _ b|u|r(x) —c

P +c; (A.2)

r(x)-1 +

o(x)

|A(x, u,2)| < ai|z + blu|

a(x)

|B(x, u, z)| < az|z|™™ + blu| c

where aq, a1, a, b, c are positive constants and p” is the Sobolev embedding exponent of p and
* p(x)-1 r(x) -1
x)<r(x)<p (x), o(x) = r(x) and a(x) =
p() £ 100 < p'(0), 000 = P05 r(x) and a) = 03

Theorem A.1. ([11], Theorem 4.1 and 1T} heorem 4.4) Let (A.2)-(A.3) hold and p € P1°3(Q). If u € W*PW(Q)is a
weak solution of (A.1), then u € C>*(Q).

px). (A3)

Theorem A.2 below ensures C*(Q) regularity to weak solutions of (A.1) under the additional assumptions
onp, Aand B:

Assumptions (Ay) : A = (A1,As,...,An) € C(Q xR x RY,RN). For every (x,u) € Q xR, A(x,u,.) €
CYRN \{0}, RY), there exist a nonnegative constants kq, k», k3 > 0, a nonincreasing continuous function
A : [0, o0) — (0, o) and a nondecreasing continuous function A : [0, o0) — (0, oo) such that forall x, x1, x, €

Q, u,ui,u, e R,n e R¥N\{0}and & = (&1, &, ..., &) € RV, the following conditions are satisfied

A(x,u,0)=0,
aA'(Xa u, ) —
> S g = Ak + ) g,
' 1
1,]

Z 0A;(x, u, n)

o O u, )| < AQu)) (ks + [7|HPW-2/2 and
1

i,j
|A(x1, w1, n) - Alxa, uz, )| < A(max{|uy |, [uz|D(x1 = x2 [P+ Jug - u, P2
<[+ )P0 4 (ko P22 ) (1 + logls + ).
Assumption (B) : B: O xR xRN — R, the function B(x, u, n) is measurable in x and is continuous in (u, 1),

and
IBOG u, )| < A(uD@ + 1PY),  V(x,u,n) € @xRxRY.

Theorem A.2. ([10], Theorem 1.2) Let assumptions (Ay), (B) hold. Assume p belongs to C%B(Q), for some Be
(0, 1). Suppose that Q satisfy (Q). Ifu € Wé’p W (Q) N L=(Q) is a weak solution of (A.1), thenu € C1%(Q) where

a € (0,1) and ||ul| ;1,.(q) depends upon p-, p+, AM), A(M), B1, B2, M, Q where M e llullf=0)-

In the next theorem, we recall some results contained in Lemma 2.1 of [22] and Lemma 3.2 of [12]. Set g =

ZIQI\UWCO where C, is the best embedding constant of W,''(Q) C L¥1(Q).

Theorem A.3. Let K > 0 and wg € Wé"’ W(Q) N c1%(Q) be the weak solution of (4.20).
Then for K = g, ||wk || ~(q) < C1KY® =D wi(x) = C,KYP+=1%9) dist(x, 9Q) where ¢ € (0, 1) and for K < o,
willL=0) < C3Kl/(p+’1) where C1, C; and C5 depends upon p+, p-, N, Q. Moreoverif K1 < K, then wg, < wg, .

Next we prove a slight extension of Proposition A.2 in [12].

Proposition A.1. Letp € C(Q) and q € (1, p-]. Assume u € W satisfying for any ¥ € W:

/|Vu|p(")_2Vu.V‘P dx=/huq_1‘1’ dx (A4)
Q Q

where h € L2(Q) N L"(Q) with r > max{1, I%}. Thenu € L=(Q).
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First we prove a regularity lemma.

LemmaA.l. Letu € Wé’p (Q) satisfying for any Bg, R < Rg, and forall o € (0, 1), and any k > ko > O

P <
/|Vu\ dx<C /’R(l—

where Ay g = {x e BgnQ|u(x) > k},0<a <p’ = NN—Q,,B € (,plande, 6 >0.Thenu € L=(Q).

*

p

i+ KA ]+ Al Pl gl 8 / | x| el

r
Proof. A similar result exists in [23] or in [17] without the term k#|A kRIP . For the reader’s convenience, we
include the complete proof.

Let xo € Q, By the ball centred in xo. We define K R BR N Q and we set

R R L TitTi 1 .
r}-=§+ﬁ, =" and k,-=k<1—ﬁ> foranyj € N.
Define also
. 1 ifos<t<d
- —k.|P = 20
I; / [u(x) - k[P dx and ¢(t) { 0 ifts3

Ak r.
k],r,

satisfying ¢ € C'([0, +o0)) and 0 < ¢ < 1. We set ¢;(x) = ¢ (%(M - %)). Hence ¢; = 1 on By, and ¢; = 0
onRM\B;, ..
We have

Ba= [ 00—kl dx= [ 00~k gy dx

Ak,'+1v’j+1

S /(u(X) A C

Akj+1 Ti+1

Since u € W3P(Q), (u - kjs1)* @ € WyP (Kg),

LS / IV (u = ki) )P dx
Kr

< /|Vu|pdx+ /(u—kj+1)pdx

Ag;

kj+1’7j J+1e 1

where we use the notation f < g in the sense there exists a constant ¢ > 0 such that f < cg. Since ¥; < r;, we
have

l+€

Lo < | 27 / U= Kga [P dx+ KAy ]+ A |7

Akﬁl Tj

(A.5)

p
*
p

L+e j * .
+kf+1\Akj+1,r,-|P +2P / lu-kjq1P dx \Ak+1r,\ +/ u - kjq [P dx

Kjv17j Ak]url.r]«
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Moreover, for any j, k; < kj,1, this implies

I; 2 / lu-kjf? dx= / ki = kjsq P dx=|Akj+l,rj||kj+1—kj\p.

Aljrny Akjrr;

Then, forany k > kg andj € N
| A,

p ip’
,+1,r,»‘ + k] 1‘Akj+1,l’j| 5 2 I]

+

where the constant in the notation depends only on kg, p and a. From the previous inequality, we deduce

p
B e < Hilprep) e
k]'+1|Ak' |p 5 2 I} .

P *
FtE +€,
P s prep

J+1sTj ]+1

|Akj+1yrj

Replacing in (A.5), we obtain

*
P
p

7 iren) e Sirep ) 0
I]'+1 5 2 I] +2 ij +2 ij . (A6)

Setting M = I max{p", p+ep’, p+6p }and 6 = min{1 - L, €, 8} and noting

* * *
e [Gu-igl dxs [l i,
Kr

Kr

(A.6) becomes

. [

Iy S 21"/’1].1+ v

where the constant depends on ||ul| 1, ko, a and p. We conclude with Lemma 4.7 in Chapter 2 of [24].
0

For this it suffices to prove that I is small enough. Indeed u € Lp'(_Q) implies

Io=/|u—§\p*dx—>0 as k — oo,
A

k
2R

_1 *
Hence for k large enough, I < C"% (2M)"%? with n= 9%. Thus I; converges to 0 as j — +oo and

/ lu-kPP dx =0.
A

k,

S

We deduce that u < kon K 2. In the same way, we prove that —u < k on K 2.

Since Q is compact, we conclude that u € L=(Q). O

Proof of Proposition A.1: We follow the idea of the proof of Theorem 4.1 in [11].
Let xg € Q, By the ball of radius R centered in xo and Kx e onB r- We define

+ dgf

p maxp(x) and p~ % minp()
Kn Kn

and we choose R small enough such that p* < (p~)" where

(p,)* d=ef I\Ilv_iz;: 1fp7 < N,
pt+1 ifp >N,

Fix (s, t) € (R})?, t < s < Rthen K; C Ks C Kg. Define ¢ € C=(Q), 0 < ¢ < 1 such that

_ 1 in Bt,
?=) 0 inrRM\B;
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satisfying [V¢| < 1/(s - t). Let k = 1, using the same notations as previously A; ; = {y € K, | u(y) > k} and
taking ¥ = (pp+(u -t e W(l)’p(x)(!)) in (A.4), we obtain

/ [VuPWe? dx +p* / IVuP®2vy - VoeP Hu-k)* dx = / hu? 1P (u-k) dx. (A7)

Ak,s Ak,s Ak,s

Hence by Young inequality, for € > 0, we have

+ + (x)
P’ / IVulPO?vu . voeP (u-k) dxse / IVufPW® 55 dx + ce™! /(u—k)p(")|V<p|p(") dx.

Ak,s Ak,s Ak,s
+ (x) +
Since |Vo| < ¢/(s - t) and for any x € Kg, p* < (p* - 1)p‘(’)8‘_)1,we have (p@ Dt < ¢* . This implies
" N u-k p(x)
p* / IVuPO2vu. VP tu-k) dx<e / |VulPWeP" dx +ce? / <ﬁ) dx. (A.8)
Ak.s Ak,s Ak,s

Using Holder inequality, we estimate the right-hand side of (A.7) as follows:

/huq*(pl’*(u—k) dx < R /u%(u—k)ﬁ dx

Ak,s k,s

Since r > #, we have (’;%f % > 1, applying once again the H6lder inequality and the Young inequality, we

obtain

P
)

/huq'lfpf(u—k) dx < /u“;%) dx + /(u—k)q%:) dx |Ar,sl°
A

Ak,s k,s

k,s
where § = 1 - £ > 0.

Set Ays,c = {x € Ay | ulx) -k > s -t} and its complement as Aj ; .. Now we split the integrals in the
right-hand side of (A.9) as follows:

k e @) k 2 @)
- p "~ - p -
/ (l;—t) (s—t)qn’ dx+/ <l;—t) (s—t)qu dx
Aps AS
st st ) (A.9)
)

u-k def
< —_— dx + A =17
< [(42F) axeimnd

Ak,s
since g < p- and we also have
/ aw)" aw)" a)" aw)"
ure

- dx§/(u—k) k% ax <9+ k% A,
Aks

Ak,s
In the same way, the second term in the right-hand side of (A.8) can be estimated as follows:

_ 3\ PW _ 1\ P®
/ (’;_’t‘) dx + / (’;_’:) dx 5 9. (A.10)

Ak,smAk,s,t AkvsﬂAi,s,[

Finally plugging (A.8)-(A.10), we obtain for £ small enough

+ )" -
/ VuPP P dx < T+ AP0 + k5 14T

Ak,s
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where the constant depends on p, R and £. Moreover we have

. ! NS
0+ K% |4 )T < /(“ ") dx

s—t

@)

k,s
- r
+ ‘Ak,s|("_] + kq|Ak,s‘ LR

To conclude, using the Young inequality, we obtain the following estimate:

) . INCE
/|Vu|p dxs/|Vu|p(X)qu dx§/<l;—_’;) dx +2|Ay sl

Ak,t Ak,s Ak,s
L
y* )
: @)
L =
k,s
By Lemma A.1, we deduce that u bounded in Q. O

Combining Theorem 4.1 of [11] and Proposition A.1, we have the following corollary:
Corollary A.1. Letp € C(Q) and q € (1, p-]. Assume u € W and nonnegative satisfying forany ¥ ¢ W, ¥ = 0,

/uzq'llP dx+/|Vu|p(X)_2Vu-V'I’dxs/(f(x, u) + hu"™)¥ dx
Q Q @

where f verifies for any (x,t) € Q xR, [f(x,t)| < ¢ + cz\t|s(")‘1 with s € C(Q) such that for any x € Q,
1<s(x) <p"(x)and h € L*(Q) N L"(Q) with r > max{1, X}. Thenu € L=(Q).
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