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Abstract: We study positive solutions to the steady state reaction diffusion equation of the form:

-Au = Af(u); Q
3+ V=05 00

where A > 0 is a positive parameter,  is a bounded domain in R¥ when N > 1 (with smooth boundary 90)
or Q2 =(0,1),and g—g is the outward normal derivative of u. Here f(s) = ms + g(s) where m > 0 (constant) and
g € C?[0, 1) N C[0, o) for some r > 0. Further, we assume that g is increasing, sublinear at infinity, g(0) = 0,
g’(0) = 1 and g”(0) > 0. In particular, we discuss the existence of multiple positive solutions for certain
ranges of A leading to the occurrence of X-shaped bifurcation diagrams. We establish our multiplicity results
via the method of sub-supersolutions.
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1 Introduction

In the recent literature there has been considerable interest in reaction diffusion models where a parameter
influences the equation as well as the boundary conditions. See [1, 2, 3] for recent studies in this direction.
In this paper, we enhance this study to show that for certain classes of such models the bifurcation diagram
(A, ||u||e) for positive solutions is at least X-shaped. Namely, we study boundary value problems of the form:

{ -Au = Af(u); Q

g—z +vAu = 0; 90, @1

where A > 0 is a positive parameter,  is a bounded domain in R¥ when N > 1 (with smooth boundary 90)
or 2 =(0,1),and g—g is the outward normal derivative of u. Here f(s) = ms + g(s) where m > 0 (constant) and
g € C?[0, 1) N C[0, o) for some r > 0. Further, we assume that g is increasing and satisfies:

(H1) g(0)=0,8'(0) = 1,8"(0) >0, and lim £ = o.

First, we recall some results from [3]. Namely, for k > 0, let Aj be the principal eigenvalue of the problem:

{ -Ap = Ak¢; O

5+ VA = 0; 00. 12
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Then A is a strictly decreasing function of k with

k—0

Further, for a fixed A > 0, let 0, ; be the principal eigenvalue and 8, ; > 0 on Q be the corresponding normal-
ized eigenfunction of:

{—AG = (o +A)k6; Q (1.4)

g—Z+ﬂ9=0; 0Q.

We note that 0, , > 0 when A < Ay, 0, x < Owhen A > 4, and 0, — 0as A — Ay. Next, let Cy = %, R
be the radius of the largest inscribed ball in Q, v be the unique solution of

-Av=1; Q (L5)
g—;+v=0; 00, )

and let w be the unique solution of

-Aw=1; Q L6)
1.
% + %W =0; 00Q.
Now, we introduce hypotheses (H;) and (Hs).
(H,) There exist a; > 0, by > O such that a; < b; and
: 1 b, 2NC
min{Am, J%W} > max{ g5 <z Ame1, 1}
(H3) There exist a, > 0, b, > 0 such that a, < b, and
a 1 b, 2NCy A
fl@) Twii= > Ame1 > MaX{ 7G5 50, 51
We note that functions satisfying (H,) — (H3) are such that % has the shape as in Figure 1 (with % > 1).
s
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1
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Fig. 1: Shape of /% when our hypotheses are satisfied.

We now state our main results:

Theorem 1.1.

a) Let (Hy) hold. Then (1.1) has a positive solution for A € [Am+1, Am). Also, a positive solution u, for A < Am
and A = Am such that ||uy||cc — oo as A — Ap. Further, there exists A < A, such that (1.1) has at least two
positive solutions for A € [A, Ap.1). (Here, by A =~ Am, we mean A is close to Anm.)

b) Let (H,) and (H>) hold. Then (1.1) has at least three positive solutions for

Ae (max{ 85 26, Ay, 1), min{Am, 2 c1)).
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Fig. 2: An expected bifurcation diagram for (1.1) when hypotheses of Theorem 1.1(b) are satisfied.

Theorem 1.2. Let (H;) and (H3) hold. Then there exists A* € (max{ f(bbzz) Men, 411, Am+1) such that (1.1) has

at least four positive solutions for A € [A*, Ape1).

Corollary 1.3. Let (H,) - (H3) hold. Then there exists A" such that (1.1) has a positive solution for A € [A", Am),
a positive solution u) for A < Am and A =~ Ap such that ||uy || — o0 as A — Ap, at least four positive solutions
for A € [A", Apms1) and at least three positive solutions for

A (max{gfi B0, Ao, 1), min{Am, 1 - ))-

[|wl] oot [lull o :
/ :
1
v |
]
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— 1
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S > - H >

At A At A A
(@) Whenm =0 (b) Whenm > 0

Fig. 3: An expected bifurcation diagram for (1.1) when hypotheses of Corollary 1.3 are satisfied.

Remark 1.1. It is easy to show that (1.1) has no positive solutions for A ~ 0, and when m > O for A > Am (see
Appendix).

Remark 1.2. A typical f which is likely to produce such a X-shaped bifurcation curve is as follows: Convex on
(0, @) for some a > 0O driving the bifurcation curve initially to the left, a strong concavity on (a, B) with § > «
making the bifurcation curve go back to the right, a strong convexity on (B, ) with ~ > B driving the bifurcation
curve back again to the left, and then a strong concavity on (v, o) bringing the curve eventually to the right (see
Figure 4).
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Fig. 4: Shape of f producing multiplicity.

For related study of models in biology see also [4, 5].
Finally, for an example for which Theorem 1.1, Theorem 1.2, and Corollary 1.3 hold, consider

-Au = Af(u) = Almu + g(w)]; Q
g—; +vAu =0; 90,

with
ees —1;s <k
g(S) = ga,k(s) = {[ as akk

ews — ewk] + [eck —1];5 > k,
where ¢ > 2 is a fixed number, m = 0, a > 0 and k > 0 are parameters. We will discuss this example in detail
in Section 4.

We present some preliminaries in Section 2. We provide proofs of Theorems 1.1 - 1.2 and Corollary 1.3 in
Section 3. In Section 4, we discuss in detail the example f we introduced above and show that Theorems 1.1- 1.2
and Corollary 1.3 hold for certain parameter values. In Section 5, when Q = (0, 1), via the quadrature method
discussed in [3], we provide approximations to the exact bifurcation diagrams via Mathematica computations
for the example discussed in Section 4. Our existence and multiplicity results are established via a method
of sub-supersolutions.

2 Preliminaries

In this section, we introduce definitions of a (strict) subsolution and a (strict) supersolution of (1.1), and state
a sub-supersolution theorem and a three solution theorem that we will use.
By a subsolution of (1.1) we mean 1 € C2(Q) N C}(Q) that satisfies

-AY < Af(Y); Q
% + VAP < 0; 00.

By a supersolution of (1.1) we mean Z € C2(Q) n C1(Q) that satisfies

-AZ 2 Af(2); Q
g% +vVAZ > 0; 00.

By a strict subsolution of (1.1) we mean a subsolution which is not a solution. By a strict supersolution of (1.1)
we mean a supersolution which is not a solution.
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Then the following results hold (see [6, 7]):

Lemma 2.1. Let i and Z be a subsolution and a supersolution of (1.1) respectively such that ) < Z. Then (1.1)
has a solution u € C*(Q) N C*(Q) such that u € [, Z].

Lemma 2.2. Let u, and u, be a subsolution and a supersolution of (1.1) respectively such that u, < u, in Q.
Let u, and u; be a strict subsolution and a strict supersolution of (1.1) respectively such that u,, u; € [u,, us]
and u, % uy. Then (1.1) has at least three solutions u., u, and us where u; € [u;,u;] fori = 1,2 and us €

luy, wa\([uy, 1] U [uy, w2)).

3 Proofs of Theorems 1.1-1.2 and Corollary 1.3

First we construct sub-super solutions for certain A ranges. Recall 6, , and g, i (see (1.4)).
Construction of a small strict subsolution i), for A < A,;,; and A =~ A,,,; when (H,) is satisfied
We first note that f”/(s) > 0 for s = 0 since g”(0) > 0. Hence there exists A" > 0 and s; > O such that

f'(s) > A" for s < sq. Let 1 = 8,0} ms1 Where 6, = m. We note that o) .1 > 0, O m1 — O as
1in 0,

A— AL, andmin 6, .1 -+ 0asA — Ap,,,.Thus 6, — 0" asA — Ay,,,. Now by Taylor’s Theorem, we have
Q

f(1) = f(0) + f(O)yq + @1/)12 =(m+ 1Dy, + @wj)lz for some { € [0, ¥1]. Then we have

—Ap1 - Af (1) = 83(Oamer + DM + 1O s — A {(m +1)830) e + @(5;{9&%1)2}

*

AL
< 810 o [(m # 10 a1 — -Gy min eA,,M} -0; O

by our choice of §,, for A < Ap.1 and A = Apiq such that P, < s5. Also, aa—lell + \f)ll,bl = 0 on 002 since 0} .1

satisfies this boundary condition. Thus, there exists A < A1 such that 1, is a strict subsolution of (1.1) for

/\ S [A, Am+1)-

Construction of a small subsolution ), for A € [A;,.1, Am) when (H,) is satisfied

We note that f'(0) = m + 1, 0y ps; < Ofor A € [Api1,Am) and 0y ye; — 0 as A — Apyq. Let
Y, = mOy .1 with ny > 0. Now, consider H(s) = (o)1 + A(m + 1)s — Af(s). Then we have
H() = 0, H(0) = ojms1(m+1) < 0and H'(0) = -Af"(0) < 0 since f’(0) > 0. This implies that
=AYy = ny(op, 1 + DM+ 1)0) i1 < Af (1304 ;ms1) = Af(¥2) in Q for ny = 0. We also have aa—‘/:lz +VAYP, =0
on 0Q since 8, ;. satisfies this boundary condition. Thus i, is a subsolution of (1.1) for n; = 0 when
A€ [Amir, Am).

Construction of a subsolution )5 for A < A;; and A ~ A, such that ||i3]|cc — o0 as A — A;, when (H,) is

satisfied
Ag (min 6,)
Let m > O and ¥3 = €,0; ,, where ¢; = m. We note that €, > 0 since g; ,, > 0 for A < Am.

Further, €4 — ccas A — Ay, since 0y ,,, — 0" as A — A, and min 6, ,,, —# 0. This implies that ||1)3]|cc — oo as
o)

A — Ap,. Now we have

A3 - Af(P3) = x[(A + 04, ;)MO) 1] — Almey 6y + (€261 )]
= EAMO, O, m — A8(€201,m)
< EAMOY, |04, m|los — A8(€16,m)
= Alg( mﬁin Oa,m) — 8(€AO1,m)]

<0; Q
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for A = Am, since €, > 1 for A = Ay and g is increasing. Hence, we have -A; < Af(y3) in Q. Also, on
the boundary we have aa—'/,’; + VA3 = 0 since 0, m satisfies this boundary condition. Consequently 3 is a
subsolution of (1.1) such that ||t)5]|cc — ccas A — Ap,.

Next, let m = 0. Here we can show (1.1) has a subsolution 13 such that ||t)3]|cc — o0 as A — oo by using
a well known result in [8] for semipositone problems. Namely, define h € C?([0, o)) such that h(0) < 0,
h(s) < f(s) for s € (0, o) and SILIEQ h(s) > 0. Then the boundary value problem

-Aw = Ah(w); Q,
w=0; 0Q,

has a solution w; > 0 for A > 1 such that |[W;[lc — oo asA — oo. Since by the Hopf maximum principle
aTv’le < 0 on 0Q, it is easy to show that i3 = W, is a subsolution of (1.1) for A > 1 such that ||t3]|ec — oo as
A — oo,

Construction of a strict subsolution i, for A > /% % where b = b, when (H,) is satisfied and b = b,
when (H3) is satisfied

Here we construct a strict subsolution ¥, for A > j%b) 2’;# using the iteration of a subsolution i) created
originally in [9] and later also used in [10]. Namely, the authors in [10] take 1 to be the solution of:

{w%n—&ﬂwoﬁmﬂwmxremm) )

P'(0)=0=y(R),

where R is the radius of the largest inscribed ball, Bg, in Q (see Figure 5) and w(r) = bp(r) with

Fig. 5: Largest inscribed ball in Q.

relo, €]

1;
p(r) = {1_ {1_(%)/3}“; re(e,Rl,a,B>1.

When A > }%b) Z%EN for certain choices of « > 1, 8 > 1, and € € (0, 1) it was proven that (see [9] for details)

Y = won [0, R] and hence a subsolution of (3.1) since f is increasing. Now since f(0) = 0 it follows that

7o Y; Bg
¢_{QQWm
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is a strict subsolution of:
-Au = Af(u); Q
u=0; 00,
for A > 75 2REx such that [[i]|eo > b.
Now let i, be the first iteration of i, namely, ¥, be the solution to the problem:

~Apy = Af(); Q
aa—l‘[’;“ + VAP, = 0; 0Q.

Then we have -A(, - 1,7)) > 0 and a(‘/""g’) + VA, - 1])) = —@ > 0 by the Hopf maximum principle. This

2NCy
f(b) Rz

implies that 1, > 1 in Q. Hence, ¥, is a strict subsolution of (1 1) for A >

Construction of a large supersolution Z; for A < A, when (H,) is satisfied

Letm > 0.Choose Z; = M) ,, for M > 0. Then -AZ1-Af(Z1) = M(0,;y+A)MOy 1, —AIMMO, ,,+8(MO) )] =

Ag(MG/\,m)
mMOA,m

%—an +VAZ; = 0 on 0Q since 0, ,, satisfies this boundary condition. Hence, Z; is a supersolution of (1.1) for
M> 1.
Next, let m = 0. Here we choose Z; = Me,, where e, is the unique solution of -Ae = 1 in Q and

% + Ve = 0 on 00. Note e > 0 on Q. Then -AZ; - Af(Z1) = M - Ag(Mey) > M [ - psgle=) e, Hm] >0

for M >> 1 since g is increasing and @ — 0as s — oo, Also, "—an ++vAZ; = 0 on 00 since e satisfies this
boundary condition. Hence, Z; is a supersolution of (1.1) for M > 1.

mMey m |Oam — > 0in Q for M > 1 since 0, > O for A < A, and @ — 0 as s — oo. Further,

Construction of a strict supersolution Z, for A < A,,,,; when (H,) is satisfied

Let Z; = my0) ps1 and I(s) = (04 e1 + D(m + 1)s — Af(s). We note that 0 p.q > O for A < Apyiq. Then we
have I(0) = 0 and I'(0) = (04 s1 + V(M + 1) = Af'(0) = 0y ms1(m + 1) > O since f(0) = m + 1. This implies
that -AZ, = my(0, ms1 + DM+ 1)0) i1 > Af(Ma0) 1) = Af(Z2) in Q for my = 0. On the boundary, we have
%—ZHZ +V/AZ, = 0 since 0 ,,,1 satisfies this boundary condition. Thus Z, with m, ~ 0 is a strict supersolution
of (1.1) for A < Appuq.

Construction of a strict supersolution Z; for A ¢ ( , }% W) when (H,) is satisfied

Let Z3 = ” ” where v is as in (1.5). Then -AZ3 = ﬁ > Af(al) > Af(Z3) since A < %m and f is
increasing. Further, Z5 satisfies %—Z; +VAZ; = i 5|1\m S+ VAL “ i ]‘/‘ﬁm g—; +v] = 0on o0 since A > 1. Thus

Z3 is a strict supersolution of (1.1) for A € (1, W W) .

Construction of a strict supersolution Z, for A ¢ ( ) when (H;) is satisfied

2 f(a ) HWH
Let Z, = ” ” where w is as in (1.6). Then -AZ, = Hv‘;ﬁm > Af(az) 2 Af(Z4) since A < f(‘j;) i and f
is increasing. Further, Z, satisfies a% +VAZ, = Wiz 5n ow AH‘;Z‘W £iw] = 0 on 0 since

oo
1
2> f(az) wlles

A> Al . Thus Z, is a strict supersolution of (1.1) for A € (

Now we prove Theorems 1.1-1.2 and Corollary 1.3.

Proof of Theorem 1.1: a) Let M be as in the construction of the supersolution Z; and n, be as in the construc-
tion of the subsolution ;. We choose M > 1 and n, =~ 0 such that Z; = 1,. By Lemma 2.1, (1.1) has a positive
solution u, € [, Z1] for A € [Apms1, Am).

Recall the subsolution 3 of (1.1). Now we choose M >> 1 such that i3 < Z;. Hence, recalling that
|Y3]lec — o0 as A — Ap, by Lemma 2.1, (1.1) has a positive solution u, € [i3, Z1] such that ||u|lec — oo as
A= Ap.

Next, let A € [A, A,,,1) where A be as in the construction of the strict subsolution 1;. We note that )y = 0
is a solution and hence a subsolution of (1.1). Recall the strict supersolution Z, of (1.1). Now we choose m;,
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small enough such that ||Z;||ee < [|11]|ee. Next, we choose M >> 1 such that i; < Z; and Z; < Z; (see Figure
6). By Lemma 2.2, (1.1) has at least two positive solutions u; € [Y1, Z1]and u; € [Yo, Z11\([Yo, Z2]U 1, Z1])

/\/\

Py

Z2

Yo

Fig. 6: Subsolutions Yy, i and supersolutions Z1, Z5.

for A € A, Apmsr).

b) Recall the strict subsolution 1, when b = b; and the strict supersolution Z3 of (1.1). Now we choose n;
small enough such that ), < ¥, and P, < Z3. Next we choose M >> 1 such that Y, < Z; and Z3 < Z; (see

Figure 7). We note that ||t)4]|ec = b1 > a1 = ||Z5]|-. By Lemma 2.2, (1.1) has at least three positive solutions

by _2NCy
fb)) R> >

Z3, the intersection of intervals of A is (max{

forA € (max{ A1, 1}, min{Am, 765 W}) . We note that in the construction of 5, 4, Z;, and

b; 2NCy
fby) R*

. 1 .
Ami1, 1}, min{Am, % W})' This completes the
proof.

/\/—\

Py

Z3

Ly, T

Fig. 7: Subsolutions ¥, Y, and supersolutions Z1, Z3.

Proof of Theorem 1.2: Let A" = A and g be as in the proof of Theorem 1.1. Recall the strict supersolution
Z, and the strict subsolution ¥, when b = b,. First we choose A" > max{ f(bbzz) 2w 213, A" < Apa, and
A" = A1 (making 8, =~ 0) such that 1 < ¥, and 1 < Z; for A € [A", Api1). Next, we choose m; small
enough such that || Z; e < ||i1]|ee. Further, we can choose M > 1 such that ¢ < Z; and Z, < Z; (see Figure
(8)). By Lemma 2.2, (1.1) has a positive solution uy € [0, Z11\([$0, Z2] U 1, Z1]) for A € [, Aps1). We
also have Y, < Z1, Z, < Zy for M > 1 and ||P4]lee 2 by > a3 = ||Z4]|- (see Figure 8). Again, by Lemma 2.2,
(1.1) has at least three positive solutions u, € [Y1, Z4], us € (Y4, Z1], and uy, € [Y1, Z1\(Y1, Z4] U [Py, Z1])
for A € [A", Ajps1). Hence (1.1) has at least four positive solutions for A € [A", A,u.1). This completes the proof.

Proof of Corollary 1.3: We note that the proof of Corollary 1.3 is an immediate consequence of the proof of
Theorem 1.1 and Theorem 1.2.
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/\/_\

12

i\ \,
2>

Yo

Fig. 8: Subsolutions Yo, 1, P4 and supersolutions Z1, Z,, Zy.

4 Example

In this section, we provide an example for which Theorems 1.1 - 1.2 and Corollary 1.3 hold. Consider

(4.)

-Au = Af(u) = Almu + gw)]; Q
g—z +vAu = 0; 90,

where
s
ews —1;s<k

8(s) = gak(s) = { s

[es — ewt] + [ek — 1];5 > k.
Here ¢ > 2 is a fixed number, m = 0, « > 0 and k > O are parameters. It is easy to verify that (H,) is satisfied.

k. ask — oo, there exists ko > 0 (independent

We first consider the case when m = 0. Since f(ik) =
ectk -1

of a) such that for k > kg
k

—— >max{A4, 1}. max{||V|ee, ||W||ec }. (4.2)
Q) {A1, 1} {Ivileos [[Wlloo}
Let k > ko. Next, for a > k, since ;& = ———%———— — 0as a — oo, there exists ap(k)(> k) such that
f@ (et —easi]+fer-1]
for a > ap(k)
a 2NCy
> . .

Thus, choosing a; = a; = k, by = by = a, by (4.2), (4.3), it is easy to see that both (H;) and (Hs) are also
satisfied when k > ko and a > ag(k). Hence Theorems 1.1 - 1.2 and Corollary 1.3 hold for this example when
k > ko and a > ag(k).

By continuity, it follows that Theorems 1.1-1.2 and Corollary 1.3 also hold for this example when k > ko,
a > aog(k)and m = 0.

5 Approximation to the exact bifurcation diagrams for (4.1) when
Q= (09 1)

In this case, we note that the solutions of (4.1) can be completely analyzed by the quadrature method dis-
cussed in [3]. Here, (4.1) reduces to
-u" = Af(w); (0, 1)
-u’(0) + VAu(0) = 0 (5.1)
u'(1) + vVAu(1) = 0,

and the positive solutions to (5.1) are symmetric about x = % Namely, the solutions take the shape as in Figure
9.
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u(x) S

42

—

N| =

Fig. 9: The shape of the solutions of (5.1).

Further, the exact bifurcation diagrams for positive solutions to (5.1) are described by the equations:

p
_ ds 2
A= z( q/ T F(s)) (5.2)
and
2[F(p) - F(@)] = ¢° (5.3)

where, p = u(3}), ¢ = u(0) = u(1), and F(s) = fg f(Hdt.
Below we provide some bifurcation diagrams for the example discussed in the previous section via Math-

ematica computation of (5.2)-(5.3). In fact, we obtain exact ¥-shaped bifurcation curves for certain parameter
values.

lullot k=5a=55 |_34-31

(41,0) A

Fig. 10: The local view of the bifurcation diagrams near the bifurcation point (A1, 0) when m =0 and ¢ = 2.5.

Appendix

Proof of Remark 1.1: First, we show the non-existence of positive solutions for A ~ 0. Let u be a positive
solution of (1.1). Then by the Green’s second identity we obtain:

0= /[eA,mHAu - uAe/I,mﬂ]dX
Q
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ulleo 4

(A1.01' O) /1
Fig. 11: The local view of the bifurcation diagrams near the bifurcation point (4101, 0) when m=0.01and ¢ = 2.5.
= [ A + U@ e + Am + 110 1
Q
> /[—AMu + U0y me1 + A + 1)10) i1 dx
Q

= / A {W —[M-(m+ 1)]} U me1dX (4)

where M > (m + 1) is such that f(s) < Ms forall s € [0, o). Now for A < Ap.1, Oy ms1 > 0, and /{in}) % = oo
.,

(see [11]). This contradicts (.4) for A = 0 and hence (1.1) has no positive solution for A = 0.
Next, when m > 0, if u is a positive solution of (1.1), then again by the Green’s second identity we obtain:

0= /[GA,mAu - uAf; p,ldx
0
= /[—)lf(u) +u(oy ;m + A)m|0, ,dx
o)
< /[—Amu +u(oy ;m + A)m]0, ndx
Q

= /moA,muG,Lmdx (:5)
Q

since f(s) = ms on [0, o). Now if A > Ap, then 0, ,, < O which contradicts (.5). Hence (1.1) has no positive
solution for A > Ap,.
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