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Abstract: This paper is concerned with the following nonlinear magnetic Schréodinger-Poisson type equation

2

(%V - A(x)) u+V0ou+e (x| * [uHu = FQu)u + ju*u  inR>,

u e H'(R?,C),
where e > 0, V : R?> - Rand A : R?> — R3 are continuous potentials, f : R — R is a subcritical nonlinear
term and is only continuous. Under a local assumption on the potential V, we use variational methods, penal-

ization technique and Ljusternick-Schnirelmann theory to prove multiplicity and concentration of nontrivial
solutions for € > 0 small.
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1 Introduction and main results

In this paper, we study multiplicity and concentration of the nontrivial solutions of the following Schrédinger-
Poisson type equations with critical growth

(%V - A(x))zu + VOu + e (x| * Ju)®)u = f(ju/Pu + [ul*u  inR3, 1)

where u € HY(R3,C), € > 0is a parameter, V : R*> — R is a continuous function, f € C(R,R) has a
subcritical growth, the magnetic potential A : R3 — R3 is Holder continuous with exponent a € (0, 1], and
the convolution potential is defined by |x|™* * [u|? = [g, [x - y| Hu(y)[*dy.

In recent years a considerable amount of work has been devoted to investigating the existence and multi-
plicity of solutions for nonlinear Schrédinger-Poisson system without magnetic field. We notice that, by using
minimax theorema and the Ljusternik-Schnirelmann theory, He [25] gave multiplicity and concentration of
positive solutions of the following problem

—€*Au+ V(x)u + ¢u =f(u), in R,
- A =, inR3,

uc H'R?), ukx) > o, inR>.
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where f € C!(R) has the subcritical growth and the potential V satisfies a global condition introduced by
Rabinowitz [31]. In [26], He and Zou studied the existence and concentration of ground state solutions for the
following Schrédinger-Poisson system with the critical growth

(1.2)

—€*Au+ V(x)u + dOu = f(u) + [ul*u, in R>,
- €2A¢ =u?, u(x) >0, inR>,

where f € C}(R) and the potential V satisfies a global condition. Then, He [27] studied the multiplicity of
concentrating positive solutions for Schrodinger-Poisson system (1.2) with nonlinear term f € C(R) under a
local assumption introduced by del Pino and Felmer [17]. For further results on Schrédinger-Poisson system
without magnetic field, we refer to[1, 4, 5, 14, 15, 22, 32, 33, 36, 40] and the references therein(see also [21] for
the fractional case).

Concerning the magnetic nonlinear Schrédinger equation (1.1), we refer to [6-8, 10-13, 16, 19, 23, 24, 29,
38, 39] and references therein. It is well known that the first result involving the magnetic field was obtained
by Esteban and Lions [19]. They used the concentration-compactness principle and minimization arguments
to obtain solutions for € > 0 fixed. In [39], the authors studied multiplicity and concentration of solutions for
magnetic relativistic Schrédinger equations, Xia [38] studied a critical fractional Choquard-Kirchhoff prob-
lem with magnetic field. In particular, due to our scope, we want to mention [41] where the authors studied
a Schrodinger-Poisson type equation with magnetic field by using the method of the Nehari manifold, the
penalization method and Ljusternik-Schnirelmann category theory for subcritical nonlinearity f € C*. If f is
only continuous, then the arguments in [41] failed. Recently, by variational methods, penalization technique,
and Ljusternick-Schniremann theory, for the magnetic Schrédinger-Poisson system with subcritical growth
nonlinearity f which is only continuous, in [29] we proved multiplicity and concentration properties of non-
trivial solutions for € > 0 small. For the fractional Schrédinger-Poisson type equations with magnetic field,
we refer to [2, 3].

Inspried by [27, 29], we intend to prove multiplicity and concentration of nontrivial solutions for problem
(1.1) with critical growth. Since the probem we deal with has the critical growth, we need more refined es-
timates to overcome the lack of compactness. On the other hand, due to the appearance of magnetic field
A(x) and the nonlocal term |x|™! * |u|2, problem (1.1) will be more difficult, and some estimates are also more
complicated.

In this paper, we make the following assumptions on the potential V:

(V1)There exists Vy > 0 such that V(x) = V, forall x € R3;
(V2)There exists a bounded open set A c R> such that

Vo = min V(x) < min V(x).
x€eA X€EIA
Observe that
M:={xeA:V(x)="Vy} #0.

On the nonlinearity f € C(R, R), we require that:
(FUf(6) = 0if t < 0, and lim,_,o- X0 = 0;
(f2) There exist g, q € (4, 6) and u > 0 such that

f(t)zyt”?z vt>0, and lim fgtz) =

t—+oo tz

0;

(f3)there is a positive constant 6 € (4, 6) such that

t
0< gF(t) < tf(b), Vt>0, whereF(t)= /f(s)ds;
0

(f4) &f) is strictly increasing in (0, oo).
The main result of this paper is listed as follows:
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Theorem 1.1. Assume that V satisfies (V1), (V2) and f satisfies (f1)-(f4). Then, for any § > 0 such that
Mj := {x € R® : dist(x, M) < 6§} C A,

there exists €5 > O such that, for any 0 < € < €, problem (1.1) has at least cat,(M) nontrivial solutions.
Moreover, for every sequence {€n} such that en — 0" as n — +oo, if we denote by ue, one of these solutions of
(1.1) for € = €n and ne, € R> the global maximum point of |ue, |, then

lign V(ne,) = Vo.

The paper is organized as follows. In Section 2 we indicate the functional setting and give some preliminary
results. In Section 3, we study the modified problem, and prove the Palais-Smale condition for the modified
functional and provide some tools which are useful to establish a multiplicity result. In Section 4, we study the
autonomous limit problem associated. It allows us to show the modified problem has the multiple solutions.
Finally, the proof of Thereom 1.1 is derived in Section 5.

Notation

e (,Cq,C,,...denote any positive constants, whose exact values are not relevant;

e Bg(y) denotes the open disk centered at y € R? with radius R > 0 and B%(y) denotes the complement of
Br(y)inR3;

® |-l llgs and || - || =(q) denote the usual norms of the spaces H'(R?,R), LY(R*, R), and L=(Q, R),
respectively, where Q ¢ R>. (-, -)o denotes the inner product of the space H'(R3, R).

2 Abstract setting and preliminary results

For u : R® — C, let us denote by
Vau := (¥ —A)u,

and
Di(R?,C) :={u e L°(R®,C) : |V,u| € L*(R?, R)},

Hi(R?,C) := {u € D4(R?,C) : u € L*(R°, C©))}.
The space H}; (R?, C) is an Hilbert space endowed with the scalar product
(u,v) := Re/ (VAuVAv + uV) dx, foranyu,ve H}l(]R?, ©),
]R3
where Re and the bar denote the real part of a complex number and the complex conjugation, respectively.

Moreover we denote by ||u||4 the norm induced by this inner product.
On H}1 (R?, C), an important tool is the following diamagnetic inequality (see e.g. [28, Theorem 7.21])

[Vau)| 2 |V]u@)||. (2.1)
Now, by a simple change of variables, we can see that (1.1) is equivalent to
2
(%V - Ae(x)) u+ Ve(u + (x|t * \u\z)u =f(|u|2)u inR>, 2.2

where A¢(x) = A(ex) and Ve(x) = V(ex).
Let He be the Hilbert space obtained as the closure of C2°(R3, C) with respect to the scalar product

(U, vye := Re/ (VAeuVAev + Ve(x)uV) dx
R3
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and let us denote by || - ||¢ the norm induced by this inner product.

By the diamagnetic inequality (2.1), we have, if u € H} (R?, C), then [u| € H'(R?,R) and |ju|| < C|lue.
Therefore, the embedding He — L’(R>, C) is continuous for 2 < r < 6 and the embedding He — L], (R, C)
is compact for 1 < r < 6.

Arguing as in [29], by the Lax-Milgram Theorem there exists a unique ¢|u| € DY2(R3, R) such that

~Adpy = |ul®, in R’
We obtain the following t-Riesz formula
P00 - [ Ix=y ™ |ut)dy.

R3

Arguing as in [14, 32, 40], the function ¢, possesses the following properties.

Lemma 2.1. For any u € H¢, we have
(i) ¢y : H'(R’,R) — DV*(R?, R) is continuous and maps bounded sets into bounded sets;
(i) ifun — uin He, then ¢, — ¢y, in D>*(R?, R), and

limninf/¢‘u"||un|2dxs/¢‘u||u|2dx;
R3 R3

(iii) Py = r2<;b|u|for allr € Rand ¢ ..y = P (X +y);
(iv) ¢y 2 0forallu € He and we have

[ Cl\u\lLlsz(R3) < Cllulle, and /¢\u\|u| dx < Cllull* 12 S < Cllulle.

For compact supported functions in H*(R?, R), the following result will be very useful for some estimates
below.

iA(0)-x

Lemma2.2. Ifu € H'(R?, R) and u has compact support, then w := e uc He.

Proof. Assume that supp(u) c Bg(0). Since V is continuous, it is clear that

/Ve(x)|w\2dx = / Ve(x)|w|?dx < Cllul|3 < +oo.
R3 Bg(0)

Moreover, since VV and A are continuous, we have

/|VA€w| dx = /|V(u| dx+/ |Ae(0)?|w] dx+2Re/1A€(x)wVa)dx

R3

<2/|Vw| dx+2/|A€(x)| |w|*dx

<C /|Vu| dx+/|u| dx| < +oo

and we conclude. O

3 The modified problem

To study (1.1), we modify suitably the nonlinearity f so that, for € > 0 small enough, the solutions of such
modified problem are also solutions of the original one. More precisely, we choose K > 2. By (f4) there exists
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a unique number a > O verifying f(a) + a® = Vy/K, where V is given in (V1). Hence we consider the function

+)2 <
Fo) = {f(t)+(t ), tsa,
Vo/K, t>a.

Now we introduce the penalized nonlinearity g : R xR — R

80, 1) := Xa Q) () + (%) + (1 = xa GDF (D), GD

t
where y, is the characteristic function on A and G(x, t) := / g(x, s)ds.

From (f1)-(f4), g is a Carathéodory function satisfying theofollowing properties:

(g1)g(x, t) = 0 for each t < 0;

(g2)tl_i>r{)1+w = 0 uniformly in x € R?;

(g3)g(x, t) < f(t) + t* for all ¢ = 0 and uniformly in x € R>;

(g4)0 < 0G(x, t) < 2g(x, t)t,foreach x € A, t > O;

(g5)0 < G(x, t) < g(x, t)t < Vot/K, for each x € A, t > 0;

(g6)for each x € A, the function t — M is strictly increasing in t € (0, +o0) and for each x € A€, the
function t — M is strictly increasing in (0, a).

Then we consider the modified problem

2
(%V —Ae(x)> u+ Ve(u + (\x\_l * |u|2)u = g(ex, \u|2)u inR3, (3.2)
Note that, if u is a solution of problem (3.2) with
lu(x)|*<a forallx € AS, Ae¢:={xcR>:exc A},

then u is a solution of problem (2.2).
We observe that the weak solutions of the modified problem (3.2) can be found as the critical points of the
C?! functional

Je(u) := %/(WAeu\z + Vg(x)|u|2)dx+ % /(\x\_l * |u|2)|u|2dx - % / G(ex, \u\z)dx
R3 R3

R3

defined in He. Moreover, we denote by N¢ the Nehari manifold of J¢,
Ne := {u € He\{0} : Je(w)[u] = 0},

and define the number c¢ by
ce = inf Je(u).
ueN,

€

Let HZ be open subset He given by
H{ = {u € He : |supp(u) N A¢| > 0},

and St = Se N HY, where S¢ is the unit sphere of He. Note that S¢ is a non-complete C'-manifold of codi-
mension 1, modeled on He and contained in H¢. Therefore, He = Ty, S¢ @ Ru for each u € T,S§, where
TyS¢ ={v € He : (u,v)e = 0}.

Arguing as in [29, Lemma 3.1], we can show that the functional J. satisfies the Mountain Pass Geometry
[37].

Lemma 3.1. For any fixed € > 0, the functional ] satisfies the following properties:
(i) thereexist B, r > O such that Jc(u) = Bif ||u|le = 1;
(ii) there exists e € He with ||e||e > r such that J¢(e) < O.
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Due to f is only continuous, the next results are very important because they allow us to overcome the non-
differentiability of Ne and the incompleteness of S¢.

Lemma 3.2. Assume that (V1)-(V2) and (f1)-(f4) are satisfied, then the following properties hold:

(A1)For any u € H{, let gy : R* — R be given by gy(t) = Je(tu). Then there exists a unique t, > 0 such that
gu(t) > 0in (0, ty) and gy (t) < 0 in (tu, oo);

(A2)There is T > 0 independent on u such that t, > 7 for all u € Sg. Moreover, for each compact W C S¢ there
is Cy such that t, < Cy, forallu € 'W;

(A3)The map me : He — Ne given by me(u) = tyu is continuous and me = me|s. is a homeomorphism between
St and Ne. Moreover, mz1(u) = s

(A4)If there is a sequence {un} C S¢ such that dist(un, 0S§) — 0, then |me(un)|e — oo and Je(me(un)) — oo.

Proof. (A1) Arguing as in [29, Lemma 3.1], it follows that g,(0) = 0, gu(t) > 0 for t > 0 small and gy(t) < O
for t > 0 large. Thus, max;.o gu(t) is achieved at a global maximum point t = t, satisfying g, (t,) = 0 and
tuu € Ne. Now, we show that ¢, is unique. Arguing by contradiction, suppose that there exist t; > ¢, > 0 such
that g},(t1) = gi,(t;) = 0. Then, fori =1, 2,

tillu||? + 6 /(|x|’1*|u|2)\u\2dx=/g(ex, tul?)t;|uldx.
R3

R3
Hence,
2 2012Y(5,12
_ , b5
e [t = uypupax - [ SO gy
t: t
1 R3 R3 1
which implies that
1 1 2 _ [ (8lex, t1ul?) _ glex, 51ul*)y 4,
g o) | (g - gl
1 b 1 2
]RB
20,12 20,12
> (g(exz’ t1|u| )_ g(exz’ t2|u‘ ))|u|4dx
t3lul? t5lul?

Acn{83|u|?<aost? [u|?}

<g(ex, Blul®)  glex, t%lulz)) uldx

+
t3ul? t31ul?

Asn{ao<t3|ul?}

- (Yo L FBWD 'y,
K ul? 3]
Aen{t3|ul<aosti|ul?}
1,1 1 2
7@ ) / Volul2dx.
Acn{aost3|ul?}
Since t; > t, > 0, we have
T8-4 K 6u? B3]uf?
Acn{65|ul?<aost] |u|?}
1 2
e Volu|“dx

Agn{aostilul?}

1 2 1 2

Sf_ Volu|“dx < EHuHe,
A¢

which is a contradiction. Therefore, max;.o gu(t) is achieved at a unique t = t, so that g,(t) = O and tyu € Ne.
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(A2) ForVu € Sg, it follows that
tu + t) /(\x|‘1 * u)?)|uldx = /g(ex, t2u|*)ty|u|*dx.
R3 R3

From (g2), the Sobolev embeddings and 4 < q < 6, it is easy to obtain

tu s(’tf,/|u|4dx+C(tﬂ"l/\u\qu+tg/|u|6dxsClCtZ+C2C(tZ"1+C3tZ,
R3 R3 R3

which implies t, > 7 for some T > 0. If W C S{ is compact, and suppose by contradiction that there is
{un} C W with t, := ty, — oo. Since W is compact, there exists u € W such that u, — u in He. Using the
proof of [29, Lemma 3.1(ii)], it follows that Je(tnun) — —oo.

On the other hand, let v, := thun € Ne, from (g4), (g5), (g6) and 0 > 4, it yields that

Je(vn) =Je(vn) - %]é(vn)[vn]
(5= 5) IvallE+ G = ) [ * v P
R3

1 1
+/(gg(ex,|vn\2)|un\2—§G(€x,\vn|2))dx
AG

z(% - %) (Ivali? - % / V(e|val*d)

R3

1 1 1 2
:(35) - vl

Thus, substituting v, := tnun and ||va||e = tn, We may obtain

1 1 1 <]€(Vn)<
0<(3-9)a-p)= 2 <0

as n — oo, which yields a contradiction. This completes the proof of (42).

(A3) We first show that inie, me and m! are well defined. Indeed, by (A2), for each u € H{, there is a unique
me(u) € Ne. On the other hand, if u € Ne, then u € Hf. Otherwise, we have |supp(u) N A¢| = 0 and by (g5) it
follows that

2 2 112012 2,12
l[ulle < llulle +/(\X\ * |ul)ul"dx = /g(ex, |u|)u|“dx
R? R?

= /g(ex,|u|2)\u|2dx

Ag
<1 V(ex)|u|?dx
K
R3
1.2
< 2llull?
which is impossible since K > 2 and u # 0. Thus, mgz!(u) = m € S¢ is well defined and continuous. From
-1 -1 tyu .
me (me(u)) = me (tyu) = =u, YueS;g,
tullulle

we know that me is a bijection. Now we prove m. : Hf — N, is continuous. Let {un} ¢ H{ and u € H such
that un — u in He. By (A2), there is a ty > O such that t := ty, — to. Using thun € Ne, i.e.,

2 un|2 + 2 /(\xrl*|un\2)|un\2dx=/g(ex, 2 [un|?)2 un|2dx, ¥n € N,
R3 R3



782 — Jingjing Liu and Chao Ji, Concentration results for a magnetic Schrédinger-Poisson system DE GRUYTER

and passing to the limit as n — oo in the last inequality, it follows that

Bl + 6 [ - uuldx- [ stex, Guleluldx,
R3 R3
which implies that tou € Ne and t,, = to. This proves me(un) — me(u) in Hf. Thus, me and m, are continuous
and (A43) is proved.
(A4) Let {un} C S¢ be a subsequence such that dist(un, 0S¢) — 0, then for each v € S¢ and n € N, we

have |un| = |un — v| a.e. in A¢. Thus, by (V1), (V2) and the Sobolev embedding, for any ¢ € [2, 6], there exists
C: > O such that

u < inf |lun-v
lunllzea, veas;” n = VlLiay
1
< Ct( inf /(\VAeun —v|? + Ve(x)|un —v\z)dx)2
veoS
Ae

< C¢dist(un, 0S¢)

forall n € N. From (g2), (g3) and (g5), for each t > 0, it follows that

6 6
/G(ex, £ fun[*)dx < / (F@un?) + T Y s

2

G /V(ex)\un|2dx

Ly
K
R3 Ae A€

6 2
< C1t4/|un|4dx+C2tq/|un\qu+%/|un\6dx+%||un||§
Ae A Ae

2
< Cyt*dist (un, 0S5)* + C4tddist (un, 0SE)? + Cst®dist (un, 0S5)° + %
Therefore,
2
limsup/G(ex, t2|un\2)dx < t—, vt>O0.
n K
RB}
On the other hand, from the definition of m¢ and the last inequality, for all t > 0, we have
lirnninf]e(me(un)) > limninfje(tun)
R , t
= llmnr}f?HunHE X
_k-2,
2K
which implies that
.. 1 1 _ .. K-2
11mn1nf{§|\m€(un)|\§ + " /(|x| L \me(un)|2)\m€(un)|2dx} > lunnmf]g(mg(un)) > 7tz, vt> 0.

R3

Since t > 0 is arbitrary, we can show that ||me(un)||e — oo and Je(me(un)) — oo asn — oo.

At this point we define the function
Y. :H - R,

by Y. (u) = Je(fe(u) and denote by We := ({i’e)‘sz.
From Lemma 3.2, arguing as in [35, Corollary 10] we may obtain the following lemma.

Lemma 3.3. Assume that (V1)-(V2) and (f1)-(f4) hold, then
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(B1)¥. € C (H},R) and

[Me(@)]|e ;v

Pewv=

e I (me(w)[v], Yu e Hf and Vv € He;
(B2)¥. € CY(S, R) and
YWV = [|[me()||eJe(Me)v], Vv e TuSE;

(B3)If {un} is a (PS)c sequence of We, then {m¢(un)} is a (PS). sequence of Je. If {un} C Ne is a bounded (PS).
sequence of Je, then {mg'(un)} is a (PS). sequence of ¥e;
(B4)u is a critical point of ¥ if and only if m¢(u) is a critical point of J.. Moreover, the corresponding critical
values coincide and
inf . = inf /.
St Ne

As in [35], we have the variational characterization of the infimum of J¢ over Ne:

Ce = 1nf ]e(u) = 1nf sup]e(tu) = 1nf sup Je(tu). (3.3)

€S¢ 0

Lemma 3.4. Let {un} be a (PS). sequence for Je where ¢ > 0, then {un} is bounded in He.

Proof. Assume that {un} C He be a (PS). sequence for J¢, that is, Je(un) — ¢ > 0 and Jz(un) — 0. From (g4),
(g5) and 4 < 0 < 6, it follows that

d+on(1)+ On(l)HunHe 2Je(un) - %]é(un)[un]

1 1 1 1 _
(2 DG - Y /(m ¢ ) un 2

/(eg(ex |un\ )|un\ G(ex,\un|2))dx
R3
1

>

1 1 2 2 1 2
(5 - ) lunlid + /(ag(ex,|un| unl® = 5 Glex, lunl®) ) dx
Ag

1 1 2 1

2(5 - 5)lunll + (5 —)/G(ex lun|?)dx
Ag

1 1 1 1

(3 )l + (5-3) [ Veehunax
R3

1 1 1 2

(3 9) - gl
Since K > 2, from the above inequalities we know that {uy} is bounded in He. O

The following lemma provides a range of levels in which the functional J verifies the Palais-Smale condition.

Lemma 3.5. The functional]. satisfies the (PS). condition at any level ¢ € (0, 3 152 ) where S is the best constant
for the Sobolev inequality

1/3
S(/ \v\6dx) < /(\Vv\z + |v|2)dx, forve HY(R?,R).
3 R3

Proof. Let (un)n C He be a (PS)c for Je. By Lemma 3.4, (un)n is bounded in He. Thus, up to a subsequence,
un — uin Heand un — uin L], (R?,C) forall 1 <7 < 6 asn — +oo.

Step 1: We show that for any given { > 0, for R large enough,

lim sup / (IVa,un|? + Ve()|un|*)dx < {. (3.4)
n
B(0)
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Let R > O such that A¢ C Bg/,(0) and let ¢y € C>=(R3, R) be a cut-off function such that
$r=0 Xx€Bg;(0), ¢r=1 xeBx(0), O0<¢r<1, and [V¢g|<C/R
where C > 0 is a constant independent of R. Since the sequence (¢grun)n is bounded in He, we have
Je(un)[prun] = on(1),

that is

Re/VAeunVAe(¢Run)dx+/Ve(x)|un\2qudx+/(|x\’1*|un\2)|un\2¢>Rdx

R3 R3 R3

- [ stex, un sl e + 04(2).

R?}
Since V4 (untpg) = iinVepg + PV 4, Un, using (g5), we have
/(\VAeun\z + Ve()|un|*)prdx < /g(ex, lun|?)|un|? prdx - Re/iTnVAeunV¢Rdx+ on(1)
R3 R3 R3

< %/Ve(x)|un|2¢Rdx—Re/iTnVAEunV¢Rdx+on(l).
R3 R3

By the definition of ¢y, the H6lder inequality and the boundedness of (un)x in He, we obtain

1 C C
(1 - —) (|VAeun|2 + Ve(x)|un\2)¢Rdx < —|lunl2l|Va, unll2 + 0n(1) < =14 on(1)
K R R
R3

and so (3.4) holds.

From the Sobolev embedding and (3.4), we have that for any { > 0, there exists R = R({) > 0 such that,

l[un = ullr < [[un = ullLrByoy + 1un = Ul o)
< ¢+ C(lunllgcon + 1l o 00 )
< C1(

where r € [2, 6) and n large enough. From this, we can obtain that
up —»u inL'(R?,C), foranyre[2,6). (3.5)

By (2), since ¢ : L12/5(R3, R) — DV2(R3, R) is continuous, from (3.5) we can get

Dlu,| = Py in DY*(R?, R), (3.6)
[ Buuuniax s [ gpulurar. (7)
R3 R3
Using the boundedness of sequence (un), and the Sobolev embedding again, forany ¢ € C°(R3, C), we have
Re/ (VAeunVAsfpdx + Ve(x)u,@) dx — Re/ (VAeuVAegodx + Vg(x)uﬁ) dx, (3.8)
R3 R3
Re /g(ex, |un|2)un¢dx — Re /g(ex, |u|2)u¢dx. (3.9)

R3 R3
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By (3.7)-(3.9), the Holder inequality and the Sobolev embeddings, we have

Re/thmun@dx—Re/qb‘,”u@dx:Re/((]h‘u“un—qblulu)@dx
R3 R3

R3

~Re [ b, un—wpdx+Re [(@, - duupdx
R3 R3

<CIIVP |, D12,y llun = Ul prs s o) | Pl L2s (@3,
+ C|IV (D) = Prupllprees mllUll 2 @s o) 19Nl pizs s, )
—0, asn — oo, (3.10)

By (3.8)-(3.10) and Jz(un) — 0, we have J.(u) = 0 and

lul2 + / (|2 * Juf2)uf2dx = / glex, [ul)|uldx.
R3 R3

Step 2:

lip/g(ex, un|?)|un|?dx = /g(ex, lu|?)|ul*dx. (B311)
R3 R3

Using un — uin LI’OC(R3, C), forall 1 < r < 6 again, up to a subsequence, we have that
lun| — |u| a.e.in R> as n — +oo,
then
g(ex, [un|®)|un|® — glex, |u|*)|u|? a.e.inR> as n — +oo.

By (g5) and (3.4), for any ¢ > 0, there exists R > 0 large enough, we have

2
/ ‘g(ex, [un|?)|un|? - glex, |u|2)\u\2‘dx < % / (IVa, un|? + V(ex)|un|*)dx < ?(
B&(0) B (0)
Thus,
lim [ s(ex,lunPunPdx = [ glex, uPlu’ar.
n
B5(0) B%(0)
Now, we show that
tim [ gtex,funPlunl? = [ slex,
Br(0) Br(0)
From the definition of g, we have that
Vi
glex, [un|Hunl® < fQun|?)|un|? + |un|® + T{O‘u"|2’ for any x € R*\Ae. (312

Since Bg(0) N (R*\A¢) is bounded, from the above estimate, (f1), (f2), the Sobolev embedding and the
Lebesgue Dominated Convergence Theorem, we can infer

lign / gex, [un|®)|un|® = / glex, [u?)|ul*dx. (3.13)

Br(0)N(R3\A) Br(O)N(R3\A¢)
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If we can prove that

lirlln / g(ex,|un|2)|un|2= /g(ex,|u\2)|u|2dx, (3.14)
Br(0)NA¢ Br(0)

from (3.13) and (3.14), it yields (3.11). Now, in order to show that (3.14) holds, we only need to prove the fol-
lowing limit holds

lign/|un|6dx=/|u|6dx. (3.15)

Using the boundedness of (un)n in He and the diamagnetic inequality (2.1), we may assume that
IV|un|>* = p and |unl® —v (3.16)

in the sense of measures. Moreover, by the diamagnetic inequality (2.1) and (3.4), (un)n is a tight sequence
in HY(R3, R), thus, using the concentration-compactness principle in [37], we can find an at most countable
index I, sequences (x;) C R3, (;), (v;) C (0, o) such that

w2 ViulPdxs 3 s,

icl
v=ul®+ Z v;6x, and Svil/3 < Y (3.17)
icl

for any i € I, where 6y, is the Dirac mass at the point x;. Let us show that (x;);jc; N Ae = (. Assume, by
contradiction, that x; € A for some i € I. For any p > 0, we define y,(x) = L/)(%) where i € C3(R?, [0, 1])
suchthaty = 1in By, y = 0inR?\B, and || VY| ;s ) < 2. We suppose that p > 0 such that supp(ip,) C Ae.
Since (pun) is bounded in He, we can see that J¢(un)[pun] = 0n(1), that is

Re/vAEunvAe(zppun)dH/Ve(x)\un|2¢pdx+/(|xr1*|un\2)|un\2¢pdx

R3 R3 R3

=/g(ex,|un|2)|un|21,[)pdx+on(1)=/f(\un|2)\un|21,bpdx+/|un|6l/)pdx+on(1).
R3

R3 R3

Since Vo, (unp) = iunVipp + Pp V4, un, using (g5), we have

/\VAeun\zl/)pdxs/f(|un\2)|un\2¢pdx+/\un|6l,bpdx—Re/ilTnVAeunV¢Rdx+on(1). (3.18)
R3

R3 R3 R3

Using the diamagnetic inequality (2.1) again, it follows that
/|V|un||21,bpdx p /f(\un|2)\un|2¢pdx+ / |un\6l/)pdx—Re/izTnVAeuandex+ on(1).
R3 R3 R3 R3

Due to the fact that f has the subcritical growth and ), has the compact support, we have that

R 2 2 T 2y,,12 _
I}I_I}’(l)nh_)n’olo/f(\uﬂ )un| ll)pdx—gl_rﬁ)/fﬂu\ )u|“yYpdx = 0. (3.19)
R3 R3
It’s also easy to show that
limlim sup) /iTnVAeunvadx’ =0. (3.20)
P—0 noeo
R3

Then, taking into account (3.16), (3.18), (3.19) and (3.20), we can conclude that v; > u;. Together with the
inequality Svl.l/ 3 < yjin (3.17), we have v; = $/2. Now, from (f3), (g4) and (g5), we have

¢ ~Jeltn) = 7 Jelun)litn] + 0n(1)
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1 1 1
i lunlE+ [ (Gatex, ununl? = S6(ex, un)) dx-+ 0a(1)
R3

1 1 1
ZZHuan +/ (Zg(ex, lun|?)|un|? - EG(ex, |un|2)) dx
Ag

1
+ﬁ/|un\6dx+on(1)
Ae

L 1
2Z(./l‘bp‘v‘u”sz)H/ Ve(X)|un|2) —E/G(ex,\unf)dx
Ae e

A¢
+i |u \6dx+o (1)
12 n n
Ae
1 1 1 1
zz/l/)p|V|un||2dx+(Z —ﬁ)/Ve(x)|un|2dx+ﬁ/lpp|un|6dx+on(1)
A A¢ Ae

1 1
23 [ oIVl P+ 35 [ pplunl®dx+ 0a(0).
Ae Ae

From the above arguments and (3.17), we have

1 1
c = 5 Z Rbp(Xi)IliJrﬁ Z Yo (xX;)v;
{iEI:X,‘GAe} {iEI:XiEAe}
> —y-+iv-
47t 127!
1p
> 35

which gives a contradiction. This means that (3.15) holds.

Step 3: From J(un)[un] — 0, J:(u) = 0, (3.7) and (3.15), we have
lizn [unll? = [lull?,

and the proof is completed.

— 787

O

Since f is only assumed to be continuous, the following result is required for multiplicity result in the next

section.

Corollary 3.1. The functional ¥ satisfies the (PS). condition on S§ at any level ¢ < (0, %S 3.

Proof. Let {un} C S¢ be a (PS). sequence for ¥ where ¢ € (0, 152). Then ¥e(un) — c and |Pe(un)||« — O,
where || - ||« is the norm in the dual space (Ty,S:)". By Lemma 3.3(B3), we know that {mc(un)} is a (PS).
sequence for J¢ in He. From Lemma 3.5, we know that there exists a u € S¢ such that, up to a subsequence,

me(un) — me(u) in He. By Lemma 3.2(A3), we obtain
un — u in S,

and the proof is completed.
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4 Multiple solutions for the modified problem

4.1 The autonomous problem

Now, we study the following limit problem

—Au+ Vou + (Ix| " * [u®)u = fw®)u + |ul*u, inR>,
-A¢ =u?, inR%, (4.)
uc H'(R?,R), u(x) >0, inR3.

The solutions of problem (4.1) are the critical points of the C!-functional defined by

1 2 2 1 1 21,012 1 2 1 6
Io(w) := = [ (IVu|” + Vou)dx + — [ (|x|7" * |u|)|u|“dx - = [ Fu )dx- = [ (u")"dx.
2 4 2 6
]R/3 R[ R[ ]R[
Let
No := {u € H'(R?,R) \ {0} : I;(w)[u] = 0}

and

cy, 1= ui€n?\ffo Io(u).

Let Hy := H'(R?, R) and define by H{;, the open set of H, given by
Hg = {u € Hy : |supp(u”)| > 0},

and S§ = So N Hf;, where S be the unit sphere of H.

As in Section 3, S{ is a non-complete C*'!-manifold of codimension 1, modeled on H, and contained in
H{. Therefore, Hy = TuSy €@ Ru for each u € Ty,S§, where T, S§ = {v € Ho : (u, v)o = 0}.

Now, arguing as in Lemma 3.2, we have the following important property.

Lemma 4.1. Let Vy be given in (V1) and suppose that (f1)-(f4) are satisfied, then the following properties

hold:

(al)For any u € Hg, let gy : R* — R be given by gu(t) = Io(tu). Then there exists a unique t, > 0 such that
gu(t) > 0in (0, ty) and g, (t) < 0 in (tu, o0);

(a2)Thereis a T > O independent on u such that t, > T for allu € S§. Moreover, for each compact W C S{ there
is Cyy such that ty < Cyy, forallu € 'W;

(a3)The map m : H{ — Ny given by m(u) = tyu is continuous and mg = T/r\lo\ss is a homeomorphism between
S¢ and No. Moreover, m™ (u) = m;

(a4)If there is a sequence {un} C S, such that dist(un, 0S§) — 0, then ||m(un)||o — oo and Io(m(un)) — oo.

We shall consider the functional defined by
Pow) = Io(M(w)) and ¥o := Pols;,
arguing as in [35, Proposition 9 and Corollary 10], the following result holds.

Lemma 4.2. Let V, be given in (V1) and suppose that (f1)-(f4) are satisfied, then
(b1)¥y € CY(Hy, R) and

Im@)|lo
[[ullo

P (W = I,(mW)[v], Yu e Hy and v € Ho;
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(b2)¥, € CX(S§, R) and
Yow)v = [[mw)|olo(m)Iv], Vv € TuS;

(b3)If {un} is a (PS)¢ sequence of ¥y, then {m(un)} is a (PS). sequence of Iy. If {un} C Ny is a bounded (PS)
sequence of Io, then {m™'(un)} is a (PS). sequence of ¥y;
(b4)u is a critical point of Wy if and only if m(u) is a critical point of Iy. Moreover, the corresponding critical
values coincide and
inf ¥y = inf I.
1% 0 ljlqlo 0

Similar to the previous argument, we also have the following variational characterization of the infimum of
Ip over Np:
cy, = inf Io(w)= inf suplo(tu) = 1nf sup Ip(tu). (4.2)
ueNo ueH{\{0} t>0 S5 >0

From [26, Lemma 2.6], we have O < cy, < %S%.

Arguing as in [26, Lemma 2.8], the following important result holds.

Lemma 4.3. Let {un} C Hyp be a (PS). sequence for Iy with ¢ < (0, %S%) such that up, — 0. Then, one of the
following alternatives occurs:

(i) un —0inHyasn — +oo;

(ii) thereis a sequence {yn} C R3 and constants R, B > 0 such that

lim inf / |un|?dx = B.

BR(YH)

Remark 4.1. From Lemma 4.3 we see that if u is the weak limit of (PS)CV0 sequence {un} of the functional I,
then we have u # 0. Otherwise we have that u, — 0 and if un, —# 0, from Lemma 4.3 it follows that there are a
sequence {yn} C R? and constants R, B > O such that

lim inf / lun|?dx = B > 0.
n
Br(yn)

Then set vn(x) = un(x + zn), it is easy to see that {vn} is also a (PS)CVO sequence for the functional Iy, it is
bounded, and there exists v ¢ Hy such that v, — vin Hy with v # 0.

Lemma 4.4. Assume that V satisfies (V1), (V2) and f satisfies (f1)-(f4), then problem (4.1) has a positive
ground state solution.

Proof. First of all, it is easy to show that cy, > 0. Moreover, if ug € Ny satisfies Ip(uo) = cy,, then m (up) €
So is a minimizer of ¥, so that ug is a critical point of I, by Lemma 4.2. Now, we show that there exists a
minimizer u € Ny of Ip|x,. Since infs, ¥y = infy, Io = cy, and Sgisa C ! manifold, by Ekeland’s variational
principle, there exists a sequence w, C So with ¥o(wn) — cy, and ¥j(wn) — 0as n — oo. Put un = m(wn) €
No for n € N. Then Io(un) — cy, and Iy(un) — 0 as n — oo by Lemma 4.2(b3). Similar to the proof of Lemma
3.4, it is easy to know that {un} is bounded in Hy. Thus, we have un, — u in Hy, un — uin LI’OC(R3), 1<r<é6
and un — ua.e.in R, thus Ij(u) = 0. From [26, Lemma 2.6], we know that Cy, < %S . Moreover, from Remark
4.1, we have that u # 0. Now, by Lemma 2.1,

v, < o) = To(w) - 5IH(w)[u]

- (5- )i+ G- 5) / (™ Pl [ (G - JFad))dcs / (wPdx
R3
< limninf{(% - 5) un2 + (Z - 6)/(|x|"1 * (12 un 2 dx +/ (%f(un)uf, - EF(u,%)) dx
R3

R3
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1 +\6
s / () dx}
R3

. 1
= llmnmf {Io(un) - élé(un)[un]}
= CV()’

thus, u is a ground state solution. From the assumption of f, u > 0. Moreover, using the standard argument,
we may prove that u(x) > 0 for x € R3. The proof is complete. O

Note that, arguing as in [26, Proposition 3.3, Proposition 3.4 and Lemma 3.11], the ground state solution of
problem decays exponentially at infinity with its gradient, and is C>(R3, R) n L>°(R?, R). This result is very
important for the proof of Lemma 4.6 later.

Lemma 4.5. Let (un)n C No such that Io(un) — cy,. Then (un)n has a convergent subsequence in Hy.

Proof. Since (un)n C No, from Lemma 4.1(a3), Lemma 4.2(b4) and the definition of cy,, we have

Un

—_ ¢S5, YneN
[unflo ~~° ’

Vn=m H(un) =

and
Yo(vn) = Io(un) — cy, = inf Wo(u).
ues;

Although S§ is not a complete C ! manifold, we still can use the Ekeland’s variational principle [18] to the
functional &y : H — R U {oo} defined by &p(u) := Yo(u) ifu ¢ S§ and Ep(u) := oo if u € Sy, where
H = S} is the complete metric space equipped with the metric d(u, v) := ||u - v||o. In fact, by Lemma 4.1(a4),
&0 € C(H,R U {oo}), and from Lemma 4.2(b4), &y is bounded below. Therefore, there exists a sequence
{Vn} C Sg such that {7y} is a (PS)c,, sequence for ¥, on S and

lVn = vnllo = on(1).
Similar to the proof of Lemma 4.4, we may obtain the conclusion of this lemma. O

Now, we show the relationship between c¢ and cy,.
Lemma 4.6. The numbers ce and cy, satisfy the following inequality

limce=c <7S2
e=0 ¢ Vo ™ 3

Proof. Letn € CZ(R3,[0, 1]) be a cut-off function such that = 1 in B,/, and supp(n) = Bp C A for some
p > 0. Let us define we(x) := rlg(x)w(x)eiA(O)'x , where n¢(x) = n(ex) for € > 0, w is a positive and radial ground
state solution of problem (4.1). We observe that |we¢| = new and we € He in view of Lemma 2.2. Arguing as in

[16, Lemma 4.1] or [24, Lemma 4.6], we obtain

lim [|welfe = [|w]|7, 4.3)
e—0
and
1in(1)/(|x|’1 * |we|*)|we|*dx = /(|x|*1 *w]?)|w|*dx. (4.4)
—
¢ R3 R3
It is also easy to check that
lim |a)€| dx = /\w\ dx. (4.5)
€—0

Let te > 0 be the unique number such that

Je(tewe) = max Je(twe).
t=0
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Then t. satisfies
2 well2 + £ / (™ * we[2)|wel 2dx = / glex, 2|we ) we | dx
R3 R3

- [ f@wedilocars [ o x,
R3 R3
where we use supp(n) C A and the definition of g(x, t). Moreover, combining the facts that = 1 in B,y u is

a positive continuous function and hypothesis (f4), we have

1 - 1
Slwelt+ [ wePwePdx - & [ f@loeDoePax+ [ Eocdx
¢ R3 €R3 R3

v

l/f(tﬁnz(\eXI)wz(X))rzz(Ie‘XI)wz(X)dz

2
)
~
~
o™ N
S
N
~—~
N
=
S
N
—~
N
N—r
U
N

2
=
~~
~
™ N
g
N
~
N
N—r
Nt
S
N
~
N
N—r
QU
N

> f(tgyz) / (UZ(Z)dZ

B,/>(0)

forall O < € < 1 and where y = min{w(z) : |z| < p/2}.
If te — +ooas € — 0, by (f), we deduce that [ (|x| ™" * |we|*)|we|*dx — +oo which contradicts (4.5).
Therefore, up to a subsequence, we may assume that te — tog > 0as e — 0.
If te¢ — 0, using the fact that f is increasing, the Lebesgue dominated convergence theorem and relation
(4.5), we obtain

w2 + €& /(\x\‘1*|we|z)|we|2dx= /f(tﬁ\we|2)|we\2dx+/ tHwe|®dx — 0, ase — 0

R3 R3 R3

which contradicts (4.3). Thus, we have to > 0 and

t /(|ch|2 + Vow?)dx + té/(\x\‘l * |w|?)|w|?dx = /f(t(z)wz)t(z)wzdx+/tg\w\6dx,
R3 R3 R3 R3
so that tow € Ny,. Since w € Ny,, we obtain that ¢, = 1 and so, using the Lebesgue dominated convergence
theorem, we get
lim /F(|tea)e|2)dx = /F(a)z)dx.
e—0
R3 R3
Hence
lim Je(tewe) = IVO(U) =Cy,-
e—0

Since ce < maxpo Je(twe) = Je(tewe), we can conclude that lim sup,_, ce < cy,. Moreover, by (3.3), (4.2) and
Iy, (Ju]) < Je(u) for any u € He, we have cy, < ce. Then cy, < liminf._,o cc. Combining with the previous
arguments, we conclude that lim,_, ce = cy, < %S 3. O

Remark 4.2. From Lemma 4.1 and Lemma 3.5, we see that for € > 0 small, problem (3.2) has a ground state
solution ue such that Je(ue) = ce and Jz(ue) = 0.
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4.2 The technical results

By the Ljusternik-Schnirelmann category theory, in this subsection we prove a multiplicity result for the mod-
ified problem (3.2). We first provide some useful preliminary results.

Let § > 0 such that M5 c A, w € H'(R3, R) is a positive ground state solution of the limit problem (4.1),
and n € C*(R", [0, 1]) is a nonincreasing cut-off function defined in [0, +oo) such that n(t) = 1if0 < t < §/2
and n(t) =0ift = 6.

For any y € M, let us introduce the function

Wey () = nlex - yDw( XY ) exp (i, (S,

where ,
Ty(x) := ZAi(Y)Xi-
i
Let te > O be the unique positive number such that
T?%X]e(tq’e,y) = Je(te llue,y)-

Note that tellle,y (S Ne.
Let us define @, : M — N¢ as
@e(y) = teqle,y.

By construction, @¢(y) has compact support for any y € M.
Moreover, arguing as in Lemma 4.1, the energy of above function has the following behavior as € — 0™.

Lemma 4.7. The limit
lim Je(De(y)) = Cv,
€—0"

holds uniformly iny € M.

Now we define the barycenter map.
Let p > 0 be such that Mg C B, and consider Y : R> — R> defined by setting

X, if |x] < p,
Y(x) := K
) { px/|x|, if |x| =z p.

The barycenter map B¢ : Ne — R> is defined by

1 4
B = i R/ Y(ex)|u()|“ dx.

Lemma 4.8. The limit
lim Be(@e(y)) =y
e—0"

holds uniformly iny € M.
Proof. Assume by contradiction that there exists x > 0, (yn) C M and €, — 0 such that
Beu (e, (yn)) = yn| = k. (4.6)
Using the change of variable z = (enx — yn)/€n, we can see that
[renz ey -y Genc)a )z
Ben(@e,(yn)) = yn +%

/ n*(enz)w’ (2)dz
R3
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Taking into account (yn) C M C Mg C B, and the Lebesgue Dominated Convergence Theorem, we can obtain
that
|Be.(Pe,(Yn)) = yn| = 0n(1),

which contradicts (4.6). O

Now, we prove the following useful compactness result.

Proposition 4.1. Let €, — 0" and (un) C N, be such that Je,(un) — cvy,. Then there exists (jn) C R3 such
that the sequence (|va|)n € H(R?, R), where vn(X) := un(x + yn), has a convergent subsequence in H*(R>, R).
Moreover, up to a subsequence, yn := €njin — y € M as n — +oo.

Proof. Since J¢, (un)[un] = 0 and Je, (un) — cy,, arguing as in the proof of Lemma 3.4, we can prove that there
exists C > O such that ||un|le, < Cforalln € N.

Arguing as in the proof of Lemma 3.2 and recalling that cy, > 0, we have that there exists a sequence {y,} C
R> and constants R, § > 0 such that

lim inf / lun|>dx = B. (4.7)
Br(7n)

Now, let us consider the sequence {|vn|} c H(R3, R), where vu(x) := un(x + y4). By the diamagnetic
inequality (2.1), we get that {|v,|} is bounded in H*(R>, R), and using (4.7), we may assume that |[vn| — v in
HY(R3, R) for some v # 0.

Let now ¢, > 0 be such that ¥, := tn|vn| € Ny,, and set yn := €nyn.
By the diamagnetic inequality (2.1), we have

CVO < IO(VYI) < n;l)a(n)X]en(tUn) = ]e,,(un) = CVO + On(]-):

which yields Io(¥1) — cy, asn — +oo.

Since the sequences {|vn|} and {¥n} are bounded in H!(R?, R) and |va| —# 0 in H}(R?, R), then (t,) is also
bounded and so, up to a subsequence, we may assume that t, — o = 0.

We claim that to > 0. Indeed, if to = 0, then, since (|va|)n is bounded, we have ¥, — 0 in H}(R3, R), that is
Io(¥n) — 0, which contradicts cy, > 0.

Thus, up to a subsequence, we may assume that v, — ¥V := tov # 0in H 1(R3, R), and, by Lemma 4.5, we can
deduce that ¥, — ¥in H'(R?, R), which gives |v,| — v in H}(R?, R).

Now we show the final part, namely that {y,} has a subsequence such that y, — y € M. Assume by contra-
diction that {ynr} is not bounded and so, up to a subsequence, |yn| — +oo asn — +oo. Choose R > 0 such that
A C Bg(0). Then for n large enough, we have |y,| > 2R, and, for any x € Bg/,, (0),

|€nX + yn| = [yn| — €n|x| > R.

Since un € Ng,, using (V1) and the diamagnetic inequality (2.1), we get that

/(|V|vn\|2 + Vo\vn|2)dx < /g(enx+yn, |vn\2)|vn\2dx
R3 R3

< / F(valP)lval2dx + / F(valP)lval2dx + / (val®dx.

Bgje, (0) B, 0) Biye, (0

(4.8)

Since |vn| — vin H(R3, R) and f(¢) < V/K, we can see that (4.8) yields

min {1, Vo(l - %) } /(|V|Vn||2 + [va[?)dx = 0n(1),
&

that is |vs| — 0 in H'(R?, R), which contradicts to v = 0.
Therefore, we may assume that y, — yo € R>. Assume by contradiction that y, ¢ A. Then there exists r > 0
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such that for every n large enough we have that |y — yo| < r and B,(yo) C A Then, if x € B, /e, (0), we have
that |enx + yn — yo| < 2r so that enx + yn € A and so, arguing as before, we reach a contradiction. Thus,
Yo € A.

To prove that V(yg) = Vo, we suppose by contradiction that V(yg) > Vy. Using the Fatou’s lemma, the change
of variable z = x + y, and maXsg Je, (tun) = Je,(un), we obtain

v = Io() < & /(\vw S V()7 Ddx + /(|x|*1*|v| )|72dx - / F(7)dx - / 176 dx
R3

<11m1nf /(|an\ + V(enx + yn)|[Vn|Hdx + = /(|x|"1 * [V |?) || > dx - f/F(\f/n|2)dx

R3
/|Vn| dx

—11m1nf /(\V|un|\ + V(en2)|un|*)dz + —/(\x\’l * Un|®)|un|*dx - f/F(|tnun| )dz

R3
/|tnun| dx

< 11mnlnf]€,,(tnun) < hmninf]e,,(un) = cy,

which is impossible and the proof is complete. O

Let now
e = {u € Ne: Je(w) < cy, + h(e)},

where h : R* — R*, h(e) - 0ase — 0.
Fixed y € M, since, by Lemma 4.7, |Je(®e(y)) - cy,| — 0 as € — 0, we get that Ne # 0 for any € > 0 small
enough.

The relation between N and the barycenter map is as follows.

Lemma 4.9. We have

lim sup dist(Be(u), Mg) = 0.
€—0" HENE

Proof. Let e, — 0% as n — +oo. For any n € N, there exists un € Ne, such that

sup inf |Be,(W) —y| = inf |Be,(un) —y| + on(1).
ueN,, YEMs yeMs

Therefore, it is enough to prove that there exists (yn) C Mg such that
li;ln |ﬁ€,, (un) - yn|=0

By the diamagnetic inequality (2.1), we can see that Io(t|un|) < Je,(tun) for any t = 0. Therefore, recalling that
{un} c Ne, C Ne,, we can deduce that

cy, < nt1>a(1)x10(t\un|) < n})&(t)x]en(tun) = Je,(un) < cy, + h(en) (4.9)

which implies that Je, (un) — cy, as n — +oo.
Then, Proposition 4.1 implies that there exists {j»} ¢ R> such that yn = enj/n € Mj for n large enough.
Thus, making the change of variable z = x — j,, we get

fRs(Y(enZ +¥Yn) = Yn)|un(z + f/n)‘l'dz
fR3 lun(z + yn)|*dz

Ben(un) =Yn+t

Since, up to a subsequence, |un|(- + Jn) converges strongly in H(R>, R) and enz+yn — y € Mforany z € R>,
we conclude. O
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4.3 Multiplicity of solutions for problem (3.2)

Finally, we present a relation between the topology of M and the number of nontrivial solutions of the modi-
fied problem (3.2).

Theorem 4.1. For any § > O such that Mg C A, there exists €z > 0 such that, for any € € (0, &), problem (3.2)
has at least caty,(M) nontrivial solutions.

Proof. For any € > 0, we define the function 77 : M — S by
ne(y) = me! (Pe(y)), Vy € M.
By Lemma 4.7 and Lemma 3.3(B4), it follows that

lim Ye(me(y)) = lim Je(@e(y)) = cy,, uniformlyiny € M.
e—0 e—0

Therefore, there is a number & > 0 such that the set Sf := {u € S¢ : Ye(u) < cy, + h(e)} is nonempty, for all
€ € (0, &), since (M) C St. Here h is given in the definition of Ne.
Given 6§ > 0, by Lemma 4.7, Lemma 3.2(A3), Lemma 4.8, and Lemma 4.9, we can find &g > 0 such that for
any € € (0, €g), the following diagram
M 25 o) s 7e(M) T (M) L5 M

is well defined and continuous. From Lemma 4.8, we can choose a function (e, z) with |O(e, z)| < g uni-
formlyinz € M, forall € € (0, €) such that B¢(@c(2)) = z+0O(€, z) forall z € M. Define H(t, z) = z+(1-t)O(E, 2).
Then H : [0, 1] x M — Mg is continuous. Clearly, H(0, z) = Be(®e(2)), H(1, z) = z for all z € M. Thatis, H(t, z)
is a homotopy between B¢ o @¢ = (B o m¢) o e and the embedding ( : M — M. This fact implies that

cat,, () (71e(M)) = caty, (M). (4.10)

By Corollary 3.1 and the abstract category theorem [35], ¥e has at least cat,, ¢ (7e(M)) critical points on Se.
Therefore, from Lemma 3.3(B4) and (4.10), we have that Je has at least caty, (M) critical points in Ne which
implies that problem (3.2) has at least caty, (M) solutions. O

5 Proof of Theorem 1.1

In this section we shall show that the solutions u. obtained in Theorem 4.1 satisfy
lue(x)|? < a for x € AS

for € small and prove the main result of this paper.
Arguing as in [29] or [41], the following uniform result holds.

Lemma 5.1. Let e, — 0" and un € Ne, be a solution of problem (3.2) for € = en. Then Je, (un) — cy,. Moreover,
there exists {Jn} C R> such that, if va(x) := un(x + yn), we have that {|vn|} is bounded in L=(R>, R) and

lim |va(x)| =0 uniformlyinn € N.
|| —+o0

Now it’s the position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Let § > 0 be such that M5 C A. We want to show that there exists €5 > 0 such that for
any € € (0, &s) and any ue € N solution of problem (3.2), it holds

[uel|Z=(ac) < @ (5.1)
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We argue by contradiction and assume that there is a sequence €, — 0 such that for every n there exists
un € Ne, which satisfies J;, (un) = 0 and

||un||%w(Agn) >a. (5.2)

As in Lemma 5.1, we have that J¢,(un) — cy,, and therefore we can use Proposition 4.1 to obtain a sequence
(#n) c R? such that yn := enyin — yo for some yo € M. Then, we can find r > 0, such that B,(yn) C 4, and so
By, (¥n) C Ag, for all n large enough.

Using Lemma 5.1, there exists R > 0 such that |vy \2 < a in B(0) and n large enough, where v, = un(- + yn).
Hence |un|* < ain B%(n) and n large enough. Moreover, if n is so large that r/e, > R, then Ag, C Bf/en (yn) C
B§(77n), which gives |un|? < aforany x e A¢,. This contradicts (5.2) and proves the claim.

Let now €5 := min{é&s, €5}, where &; > 0 is given by Theorem 4.1. Then we have caty;, (M) nontrivial solutions
to problem (3.2). If ue € Ne is one of these solutions, then, by (5.1) and the definition of g, we conclude that
Uc is also a solution to problem (2.2).

Finally, we study the behavior of the maximum points of |ii¢|, where fi¢(x) := ue(x/€) is a solution to problem
(1.1),as € — 0*.

Take €, — 0" and the sequence (un) where each uy is a solution of (3.2) for € = €. From the definition of g,
there exists y € (0, a) such that

glex, ) < %tz, forall x € R>, [t| < y.
Arguing as above we can take R > 0 such that, for n large enough,

[ln HL”(B;()"/,‘)) <y. (5.3)

Up to a subsequence, we may also assume that for n large enough

lun|lL=Br@,)) = V- (5.4)

Indeed, if (5.4) does not hold, up to a subsequence, if necessary, we have ||un||- < y. Thus, since J¢, (ue,) = 0,
using (g5) and the diamagnetic inequality (2.1) that

V
/(\V|un|\2+V0|un|2)dxs/g(enx,|un|2)|un|2dxs ?O/|un|2dx
R3 R3 R3

and, being K > 2, ||uxn|| = O, which is a contradiction.

Taking into account (5.3) and (5.4), we can infer that the global maximum points py of |u¢, | belongs to Bg(¥n),
that is pn = qn + yn for some g, € Bg. Recalling that the associated solution of problem (1.1) is iin(x) =
un(x/€en), we can see that a maximum point ne, of |itn| is e, = €n¥n + €ngn. Since gn € Bg, €nyn — yo and
V(yo) = Vo, the continuity of V allows to conclude that

lim V(1e,) = Vo. O
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