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Abstract

We prove the existence and multiplicity of solutions, with prescribed nodal prop-
erties, for a BVP associated with a system of asymptotically linear second order
equations. The applicability of an abstract continuation theorem is ensured by
upper and lower bounds on the number of zeros of each component of a solution.
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1 Introduction and statement of the main result

In this paper we study the existence and multiplicity of solutions of a two-point
boundary value problem of the form

{ u’(t) + G(tu(t)) =0

u(0) =0 = u(nm), (L1)

where G : [0, 7] x R™ — R™ is a continuous function which is “asymptotically lin-
ear” in a neighbourhood of the origin and at infinity. In the particular case m =1,
the literature contains a very large number of contributions. For many authors, as
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it is the case in this paper, the key to multiplicity is some knowledge about the num-
ber of zeros of a (possible) solution of (1.1). In this direction, a classical reference
is the book by Krasnosel’skii et al.[25]; for more recent results in the spirit of the
shooting method, we refer to the papers by Dinca, Sanchez [12], Garcia-Huidobro,
Ubilla [19], Klokov, Sadyrbaev [24], Sadyrbaev [34]. When classical phase-plane
analysis arguments are combined with topological degree methods, the nonlineari-
ties involved have to satisfy weaker regularity assumptions: in this framework, we
refer to the recent contribution of Dambrosio [11] and (as for superlinear problems)
to [4],[6],[17]. See also [1],[2],[7],[13],[20],(23],[30] and references therein.

Obviously, in case the function G is of “gradient type” then problem (1.1) can
be handled by means of variational methods, even in the more general situation of
PDEs. In this direction, we refer, among others, to the work by Fortunato [15] and
references therein. See also the book by Mawhin, Willem [32], and [22],]27],(28],35].

The list of results available in the literature as far as systems are concerned is
definitely shorter. For a general approach to systems by topological methods we
refer to the work of Mandsevich, Mawhin [29]; multiplicity results for systems of
superlinear ODEs can be found in [5],[10],[21]. See also [3] and [8]. A very recent
result for some system of PDEs has been given by Zou [36].

Let us now describe in detail our assumptions on the function G and our main
result. In what follows, we set R = {z € R : >0} and Ro = {z € R : z # 0}.
For every i € {1,...,m} we assume the following asymptotic conditions:

(H}) there exist N; > 0 and two continuous functions b, ;" : [0,7] — R* such

that Gilt,z)
(t,z
>N, = bf(t) < —zx— < BF(2)
i

for every t € [0, 7] and (21, ..., Tiz1, Tit1,- - -, Tm) € R™7L;
(H;) there exist M; > 0 and two continuous functions b, §; : [0, 7] — R such
that Gilt2)

zi<-M; = b7 (t) < —‘(g-c-—m— < B7()
for every t € [0,7) and (21, ..., Ti-1, Tit1,- - -, Tm) € R™7L;
(K) there exist §; > 0 and two continuous functions a7, o : [0,7] — R* such
that Gilt,2)

O<am<d = af() < --i—“ < ar(t)
for every t € [0, 7] and (21,...,%Ti—1, Tit1,---,Tm) € R™7}

(K7) there exist o; > 0 and two continuous functions a;", o] : [0,7] — R* such

that
Gi(t,z)

—0;<z; <0 = a(t) < -
z

< o (9)

for every t € (0,7 and (z1,.-.,Ti=1, Tit1,---,Tm) € R™L
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Moreover, we assume

(F;) there exist a continuous function éz : R — R and a constant L; > 0 such
that

for every t € [0, 7] and z € R™.

We refer to Remark 2.1 and to Corollaries 4.4 and 4.5 for concrete examples of
functions G; satisfying (HE)-(KZ)-(F;). It is immediate to check that (F;) is trivial
when m = 1.

In order to state our main theorem, we introduce the following strictly positive

constants (for each fixed ¢ in {1,...,m})
Bf)? = in bX(t), 1.2
(BY) in b; (t) (1.2)
(BE)? = max fE(1), (1.3)
te(0,x)
A2 = in aX(t), 1.4
(A7) min. a} (t) (1.4)
AE)? = £(t). 1.5
(A7) nax o (t) (1.5)
We also set
B 2B B
B; 2—+BlB—l_, B; —sz—l_,
By +B; Bf +B;
(1.6)
TAT AT
Al 2A; Ai_ ’ A 2A; .Al_ '
Af + A Al + A;

When the two constants in (1.2), (1.3), (1.4) or (1.5) coincide (cf. Corollary 4.4
and 4.5), we shall omit the superscripts. Note that such a notation is consistent
with (1.6). Finally, we set 7 := {(s1,...,8m) : si =+1 or s; = —1 for every i =
1,...,m} and

A +1 if 3n e NU{0}: either Ai<2n+1_<_Ai+1——%
= or Ai<2n+1s¢4,~+1-%
A; otherwise, '

1.7



328 A. Capietto, F. Dalbono

B, +1 if Ine NU{0}: either Bi<2n+1§Bi+1——§—i

i

%1’: 7
or Bi<2n+1§Bi+l—-§-:

k2

B; otherwise,
(1.8)

A;
A; -1 if 3m e N : either Ai+1—-A—+§2m+1<Ai

A,
or Ai+1—F§2m+1<Ai
A; otherwise, l

B; -1 if 3meN : either Bi+l—%_<_2m+1<Bi

or Bi+1-——§i—_§2m+1<Bi (1.10)

i

B, otherwise.

Note that if A7 = A, then A; = 2;. Similiar remarks are valid for (1.8), (1.9),
(1.10).

The above defined constants describe the asymptotic behaviour of G at zero and
the one at infinity; a comparison between the former and the latter plays a central
role in our multiplicity result. Roughly speaking, we assume that the “gap” between
2; and B; (or B; and A;, respectively) is sufficiently large; then, the “bigger” this
gap, the greater the number of solutions (with prescribed nodal properties) of (1.1).

We are now in position to state our main result.

Important Remark. In order to simplify the exposition, in what follows we will
work, without loss of generality, with m = 2.

Theorem. Assume that G satisfies hypotheses (HE)-(KE)- (F;) and that there
exists m; € N such that

either A; < my; < B; or B, <m; < A;

holds for every i € {1,2}. Then, there exist hy, hy, H1, Ha € N such that for
every (nl,n;) € N? with h; < n; < H; (i =1,2), problem (1.1) has at least four
solutions v/ = (ul,u}) (1 £ j < 4) with u] having ezactly n; zeros in [0,7) for
every j = 1,2,3,4. Moreover, for every (s1,52) € T there exzists j € {1,...,4} such
that sgn((uf)’(O)) =s; forie {1,2}.
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As a consequence of this main Theorem, we give in Corollary 4.5 a multiplicity
result assuming, besides (F;),

im G0 o2 gy Gib2)

|zi|=+o0 Z; z;—0 z;

= D?, (1.11)

uniformly in ¢t € [0, 7] and z; € R (Vj # i), where the “gap” between C; and D; is
sufficiently large. It is then easy to see that the “component-wise” assumptions of
the form (1.11) on G in the particular case C; = C> and D; = D, (combined with
hypothesis (F;)) guarantee that the limits lim,_,q lg%z)i, limg— oo J_Cil(taﬂ[ exist
and are finite. Such assumptions of global type would lead to a priori bounds for
the possible solutions of (1.1); however, this information would not be sufficient for
obtaining estimates on the number of zeros of each component of a (possible) solu-
tion. Note that if we consider the particular case of a scalar autonomous equation,
then a time-map argument (on the lines of [4]) shows that if C; = D; then (1.1)
might have only the trivial solution.

To prove our main result, we proceed by using a topological degree approach.
The crucial technical result (the so-called “elastic property”) is Lemma 2.2 (we refer
to Remark 2.3 for more comments on the elastic property); then, we combine some
estimates on the number of zeros of each component of a solution to (1.1) with a
continuation theorem which carries, by means of a suitable homotopy, the initial
problem (1.1) into an uncoupled autonomous one. In this way, the validity of the
non-zero degree condition in the continuation theorem is reduced to the computation
of the degree for a suitable autonomous problem.

We refer to Remarks 4.7, 4.8, 4.9 for some comparisons between our results and
some of the above quoted contributions on asymptotically linear problems associated
to scalar ODEs. We also point out that the multiplicity results obtained in the
framework of PDEs seem (when we particularize to the ODE case) to be less precise.
We finally remark that a multiplicity result analogous to our main Theorem can be
attained by arguments similar to the ones used in this paper, for a more general
system of the form u! + G;(t,u(t)) = g¢:(t,u(t),v'(t)), ¢ € {1,...,m}, where the
growth of g; is subordinate to the constants B;, A;. The details of the proof in this
more general case can be found in [9)].

In Section 2 we introduce a suitable homotopy; we will study the corresponding
autonomous problem in the Appendix. The central part of Section 2 is devoted
to the statement and proof of “elastic property” and of another basic Lemma. In
Section 3, taking advantage of the Lemmas of the previous section, we obtain the
estimates on the number of zeros needed for our main result which is finally proved
in Section 4. We end this introductory section with a list of notations.

We denote by X = C} ([0, 7], R?) the space of the functions u € C* ([0, 7], R?)
such that u(0) = 0 = u(n); by ||u|; we mean the corrisponding C'-norm. Moreover,
by 8Y and int Y we denote the boundary and the interior of a set Y C R2. By deg
we mean the Leray-Schauder degree. For any real number a and b, we denote by
ab the open segment whose endpoints (not included) are a and b, i.e. ab = {z €
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R|3X€(0,1) : z = Aa+ (1 - A)b}. By |I] we mean the measure of an interval
I C R. For every z € R%, we define Z; := (1,0) and Z = (0, z3).

2 Some preliminary results

In this section, we prove two useful estimates on the norm of each component u;
of a (possible) solution to a parameter-dependent problem associated to (1.1). In
the former, for each fixed i, an upper bound on the C*'-norm of w; is obtained
whenever minge(o xj(|u:i(t)| + |uj(t)|) is smaller than a given constant; in the latter,
a lower bound on min,eo »)(|ui(t)| + |u}(t)]) is obtained whenever the C'-norm of
u; is greater than a given constant. Let us recall the initial problem

{ u'(t) + G(tu(t) =0

1
u(0) =0 = u(m), (1)

where G : [0,7] x R2 — R? is a continuous function. Let us define
§ :=min{ ¥, 62, 01,02} and N :=max{Ny, Np, My, Mo, 6 +1}, (2.1)

where the constants in (2.1) are defined in (HF)-(KF). We observe that (HE) and
(Kf) are still valid if we replace the constants N;, M; and §;, o; with N and 4,
respectively.

Remark 2.1 It is now important to give some explicit examples of functions G;
satisfying the assumptions of our main result. To this end, we first remark that if
G; satisfies (HE)-(KF)-(F;) then there exist f; : R — R, &; : [0,7] x R — R such
that G;(t,z1,z2) = fi(z;) — hi(¢t,z1,z2), where the asymptotic behaviour of the
ratio fi(z;)/z; is described by inequalities analogous to (HE)-(KF) and there exist
a strictly positive constant I; such that |h; (¢, z1,z2)| < l;|z;| for every z = (z1,73) €
R2, ¢t € [0, 7). Note that the above conditions guarantee that any system of the form
u + fi(u;) = hi(t,u1,u2) (with h; satisfying a sign condition) is of the form (1.1).
More concretely, one can think of f;(¢) = c1f7(€) + cof**(£), where c1,co € R
and limg_,q L%Q =1=limjg5 400 L%Q, lim|¢| 5 400 L?(s—) =0 = limg_,g Lﬁ (cf.
Corollary 4.5).

An example in which the dependence of G; on z; is not such explicitely stressed
is given by
C1T; Czl‘?k** (t, z1,x2)
1+ k*(t, 21, 22))% 1+ a3k (¢, 21,22)’

Gi(t,z1,22) =

where ¢1,co € RT and k*,k** are bounded above and below by strictly positive
constants. Finally, in the particular case when ¢; < c; another example is given by

2 .
Gi(t,z1,22) = x;cz {arctan (k(t, T1,Z2)T; + tan(g%))} ,
2

being & bounded above and below by strictly positive constants.
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In order to apply the continuation theorem we will state in Section 4, we make a
homotopy between our initial problem (1.1) and an auxiliary autonomous uncoupled

problem of the form
{ u”(t) + GO (u(t)) = 0

2.2
u(0) =0 = u(n), 22)

where G? : R? — R is a continuous function such that G%(z) = G?(%;) for every
i € {1,2} and for every z € R2. Moreover, if we set g¥(z;) := GY(£;) for every
z; € R, we also suppose that g? is a continuous, locally Lipschitz function with the
following properties:

a@(z)z>0 z#0, (2.3)

0

. )z

=b? lim 9 (=) =b?_
gE) o T i~

z—0+ T ! z—0- T

0 0
z>N= (B’ < gii‘”) <(Bf)?, 0<z<b=> (A})’ < g’ff) < (AF)?

Q

0 0
s<-N= @ <D <@ 052> 5= ar < B <y,

where BY < b; + < Bf and A < a; 1 < AF for every i € {1,2}.
Now we are able to embed our problem (1.1) into a family of Dirichlet problems of
the form
u’(t) + g(tu(t);A) =0
(2-6)
u(0) =0 = u(m),

where g(t,z; ) := AG(t,z)+(1—X) GO(z) for every X € [0,1],z € R? and ¢t € [0, ).
From the properties of G° and G, we obtain that g satisfies conditions similar to
(HE)-(K¥)-(F;), with 4 € {1,2}. Indeed, for every i € {1,2} the following relations
hold:

(Hf)» foreveryte [0,7], A€ [0,1] and z; € R with j € {1,2}, j #1
1 4

s>N = @ < 865N ¢ gy

(H7)» foreveryte [0,7], A€ [0,1] and in z; € R with j € {1,2}, j # 4

gi (t, T, )\)
Z;

;<-N = (B)?< (B )%
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(Kf)x foreveryte [0,7), A€ [0,1) and z; € R with j € {1,2}, j #

0<z;<d = (AF)? < 9:(

t,(l?,/\) < (.A+)2

(K7 ) forevery te [0,7], A€ [0,1) and in z; € R with j € {1,2}, j # 1

—d<z<0 = (A7)?< _g_z_(t_,xa:_,)\_) < (A7)

(F;)» for every t € [0,7] and z € R™
Ig‘z(t7x7/\)l S g"i(xi)v
where §; : R — R is (continuous, non-negative) defined by §(y) := L; Gi(y) +

|9 ()| for every y € R.
Assume now that the function g satisfies (HE),-(K¥) s-(Fi), for every X € [0,1].

In order to simplify the notation, we set 7;(t) := y/u;(t)? + ul(¢)2.

Now we present an important result, the so-called “Elastic Lemma”:

Lemma 2.2 Fiz i€ {1,2}. Then for every Ry > 0 there ezists Ry > R? such that
for every solution u of (2.6) with

; . . <
tgil(},r‘}r] I(Uz(t)’uz(t))l = Rl

it follows that
u;(t)? + ul(t)® < Ry Vte [0,7]. (2.7)

Proof First of all, we introduce the following subsets of R?:
Q={(z,y) €R® : [z| < Ry, |y| < Ri}

R={(z,y) € R? : either |z| > R; or |y| > Ri}.
Fix i € {1,2} and let u be a solution of (2.6).

o If (ui(t),ui(t)) € Q for every t € [0,7], then r2(¢) < 2R? for all ¢t € [0,7].
Whence, choosing R, = 2R?, we obtain (2.7).

o Assume that there exists £ € [0, 7] such that (u;(f), u}()) € Q, i.e. (wi(f),u(d)) €
int R. In case (u;,u)([0,7]) N int Q # 0, we are able to define
to:=inf{t € [0,7] : (ui(t),ui(t)) € int Q}. (2.8)

Otherwise, if (u;(t),u;(t)) € R for every t € [0, 7], we will denote by to an element
of [0,7] such that (u;(to),ui(to)) € 8Q. We observe that the existence of such
to is a consequence of the fact that if minsejo,r) [(u:i(t),ui(t))| < Ri, then Q N
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(us, uf)([0,7]) # 0. In order to examine the behaviour of r? in [to, 7], we need the
following:

Claim.

[to, ] = U II% y U I}%a

keN heN
where, for every k, h € N, I} and I? are closed intervals with the properties

(ui, ) (Ig) € Q,
(v, w))(I;) CR,
(ui(t),u;(t)) € 9Q = OR,
whenever ¢ is one of the left endpoints of the intervals of the form I2.

Proof of the claim. If (u;(t),ui(t)) € R for every t € [0,7], we can choose I7 =
[to, ], while I} = 0 and I] = 0 for every j = 1,2, for every [ # 1. In this way,
(us,uwl)(I2) CR and (w;(to), ui(to)) € 8Q by definition of ¢5. On the other hand, if

(ug,ul)([0,7]) N int Q # @, from the existence of ¢ € [0, 7] such that (u;(f),u}(f)) €
int R, we can deduce that
Jt1, tp € [O,Tr] Dot <t <ty s (ui(tl),u;(tl))€3Q=8R,

(ui(t),ui(t)) € Q V€ [to, ta],
(ui(t),ui(t)) € R Vte€ [t1,ts],
intR N (ui,ug)(]tl,tg[) 75 0

(2.9)

We immediately note that we can choose I = [to,t1] and I? = [t1,t5]. Moreover,
it is not restrictive to suppose that ¢, is the maximum among the numbers ¢ in
the interval [0, 7] satisfying conditions (2.9). If t; = m, the claim is proved if
we set I] = 0 for every j = {1,2} and | # 1, Il € N. By the choice of t,, if
to # m then (u;(t2),ui(t2)) € 0Q = OR,; moreover, there exists t3 € (t2, 7] such
that (u;(t),u(t)) € Q for every t € [to,t3], with (u;(f),ui(f)) €int Q for some
t € (ta,t3). Hence, we can define I = [t,t3]. Furthermore, we can suppose that
t3 is the maximum among the numbers ¢ € [0, 7] satisfying the above conditions.
If t; = m, the claim is proved if we set IZ = 0 and I = { for every j € {1,2} and
for every I # 1,2. Otherwise, if t3 # , it follows t:hat (ui(ts),ul(ts)) € 0Q and,
arguing as above, we can show that

[to, 7] = U Iy U U I = U [ttt
keNu{0} heNu{o} leNu{o}

where the intervals that are non-empty are of the form I, ,1 = [tok,tor+1) and I? =
[toh+1,t2n+2], with & € NU {0}, and ¢; < t;41 < 7 for every | € N U {0}, and
where (u;(t:),u}(t))) € 9Q=0R when t; & {0,7}. Moreover, the intervals I} and
I? satisfy the following properties:

(us(t),ul(t) €Q VvtelIl , 3teint I} : (w@),w(?)) € intQ  (2.10)
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(ui(t),ul®)) R VteIl? | 3FteintI? : (w@),ui@))e intR. (2.11)

The proof of the claim is complete. [ ]

First, we study the intervals I}, with k € N. According to (2.10), (u;(t),u}(t)) €
Q for every t € I,:; thus, arguing as before, we obtain

r2(t) < 2R? vtell. (2.12)

In order to analyze the intervals I?, let us consider now the equality

dr?

= (8 = 2us(t)uilt) + 2u; ()uf (1) = 2us(t)ui(t) — 2ui(t)gi(t u(t);A)  (2.13)

(t € [0, 7)), which is valid whenever u is a solut1on of (2.6). It is immediate to check
that (2. 13) implies

arf 5 ) < 2@l + 2Mui@llgt ue) M) < riE) + 2w @)llgt, u®); )]-

To simplify the notation, for each fixed A € N we introduce the following disjoint
subsets of I?

Slh={t€Iz : |u,~(t)| >N}, Szh’:{tEIg : qu(t)l <5},

Son=1{te 12 : 6 < Jus(t) < N}

(cf. (2.1) for the definitions of é and N). For brevity, in what follows we shall omit,
for the above defined sets, the subscript h. Clearly, I? = S; U S, U S3. Note that
these sets might be empty.

Now we study separately the sets S; (I € {1,2,3}). By the definition of Sy, it follows
that |u;(t)| > N, hence from hypotheses (Hi) we have |g;(t,u(t); A)| < B |us(t)]
for every t € Sy, where B; := max {(BF)%, (B;)?}. Hence,

dr? ~ , ~
T < 20 + Bilw@li)] < (1+B) 120), vieS.  (219)

Similarly, from hypotheses (Kii) , and by the definition of the set S;, it follows
that |g;(t, u(t); A)| < Aifus(t)] for every ¢ € S, (being A; := max {(4])?, (47)}).
Hence, ’

2 -~ ~
L) < 20 + 2& @) < (14 5) 20, vies.  (219)

2 ~
As for the behaviour of %‘- in S3, we observe that there exists a constant C; > 1
such that _

luj(t)] < Ci T‘?(t) Vte Ss. (2.16)
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Indeed, let us take ¢t € Ss. In particular |u;(t)| > §. Thus,

/ ’ 1 / (52 u;(t 2 ~
)] < R+ 3 = w4 2 < uier+ B0 < e,

where C; = Ci(6) := max{l,zcls—z}. Setting C* = C*(N,6) :
obtain from hypothesis (F;)x

max g;(&), we
5S|§!SNg ©

lg:(t, u(t); A)| < Gi(ui(t)) < CF  VteSs, (2.17)
which, combined with (2.16), implies

) N
S0 < ) + 20 k@] < 14207800 VeeSs.  (219)

Setting T' := max { B:-, .,Z,', 2C; 5',- }, we are able to define the searched constant

Ry, := 2R? e(T+D7 Tt is immediate to check that Ry > R%; moreover, recalling
that I2 is the disjoint union of S, S» and S3, from (2.14), (2.15) and (2.18) we
obtain

dr? 2

T < T+ (2.19)
for every t € I?. Being I? an interval of the form [an,bn] (C [to,7]), we easily
deduce that

r2(t) < eHD=en) p2(g,) < D™ 12(ay), (2.20)

7 —

for every t € [an,bn]. Since (ui(an),ul(axn)) € 8Q, it follows that rZ(an) < 2R2.
Hence, we can finally conclude that r?(t) < R, for every t € I? = [a,bs] and
for every h € N. By the definition of Rp, from (2.12) it follows that r2(¢) <
2R?e(T+U™ = R, for every t € I} (k € N) as well. Hence, recalling that I} and I?
cover the interval [to, 7], we can conclude that r2(t) < R, for every t € [to, ).

For the completion of the proof, it remains to estimate the function r2 in the
interval [0,%p]. To this end, we first note that (according to the definition of o)
when to > 0 then (u;(to), u;(to)) € 8Q and (u;(t), u}(t)) € R for every ¢ € [0, to).
Note that, from (2.13),

r2
SL(0) > ~r2(e) — 2t (0)lgs (e, ) M,

for every t € [0,7]. Let us now cover the interval [0,tp] with the following three
subsets (analogue to S, S2, S3)

S ={te0,to : |ui(t)] > N}, Sy ={te0,to] : |ui(t)] <6},

Ss={te[0,t] : § <|ui(t)| < N};
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dr?
if we study separately the function c;; in each of these sets, from (Hii),\, (K),,

(F;), we obtain

dr?
dit
for every t € [0,to]. Thus, we can easily deduce that for every t € [0, %]

(t) > — (T +1)r2(z) (2.21)

r2(t) < eFT(to=t) 224y < 9R2e(+T)™ =~ R, 2.22
1 7 1

since (u;i(to), u(to)) € 8Q implies r?(to) < 2R%. We have thus proved that 72(t) <
R, for every t € [0,n]. This completes the proof.

Remark 2.3 Lemma 2.2 can also be proved with a method similar to the one used

in [21]. More precisely, taking into account Remark 2.1 for the definition of f; and h;,
2
1
we can introduce a “guiding function” of the form V(z,y) = Z (Fi(zi) + ‘2‘.%2 ) )

i=1
z

where Fi(z) = / fi(s)ds. Since it is possible to find constants K > 0 and d > 0
such that

Iy‘i hi(tax1)z2)| .<. dV(:E’y) Vie [0,7('] V(.’Zi,y) € R4 : I(x7y)l > K7

then the thesis of our Lemma 2.2 follows from Lemma 1 in [21]. Nevertheless, in

this paper we have given an independent proof. We point out that in our proof of

Lemma 2.2 the crucial inequalities are only the ones in (HE), that contain BF and

(Fi)a (cf. Theorem 4.6). However, if we wanted to apply the method used in [21],

it would be necessary to prove that I Il—iﬂ V(z) = +o0; for the verification of this
z oo

condition, the inequalities in (HF), that involve B are to be used as well.
Our second lemma describes, with a statement somehow symmetric to the one

of Lemma 2.2, the behaviour of a (possible) solution to (2.6) in a neighbourhood of
the origin.

Lemma 2.4 Fiz i € {1,2}. Then for every p1 > 0 there exists p» €]0,p? [ such
that for every solution u of (2.6) with

(1), ul(t))] > 2.23
mex |(w(0),%0)] > (2.23)
it follows that

ui(t)? + w(t)? > po vte [0,7]. (2.24)

2 ~ ~ ~
Proof Let us set pg := %‘e‘(T“)" €10, p?[, where T = max{Bi, A, 2C C,-}

as in Lemma 2.2. Let us suppose by contradiction that there exists £ € [0, 7] such
that u;(£)? + u/(£)? < pe; in particular, we have that n‘{x&n]n(t) < /p2. Then, we
te|0,m
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can apply Lemma 2.2 with R; = /p2. Recall that in Lemma 2.2 the constant R,
is obtained by means of the explicit expression Ry = 2 R%e(T+U™; hence, we can
conclude that for every ¢ € [0, 7]

2
wi(t)? + (1) S 2pp T = 2 ElemTHNTETHIT = g3,

hence, trel}gx] [(ui(t),ui(t))| < p1, a contradiction.

s
Remark 2.5 We point out that, by means of an independent proof, it is possible to
guarantee the validity of Lemma 2.4 only under some assumptions on the behaviour
of G in a neighbourhood of the origin; however, due to the fact that for the proof
of the main result all the assumptions of Lemma 2.2 are needed, for the sake of
brevity we did not develop this alternative proof.

3 Estimates

In this section we develop the estimates on the number of zeros of the components
of the possible solutions of the problem

{ u'(t) + g(tu(®);A) =0

3.1
u(0) =0 = u(nw), (3.

which will be crucial for the application of the abstract continuation theorem stated
in Section 4. To this end, we first remark that the map

n: M — N (3.2)
& +— n(€) := the number of (simple) zeros of £ in [0,7)

is well defined, where M = {¢ € C} ([0,7],R) : £(t)* +&'(¢)2 >0 Vi e [0,n]}.

In what follows we assume, as in the previous sections, that g satisfies (Hli) 2
(KF) s (Fi)y, with A € [0,1]. We shall first give bounds from below and above,
respectively, on the number of zeros of the components of a (possible) solution u
of (3.1) for whom |u}(0)| is “sufficiently large”. Subsequently, bounds for solutions
with |u}(0)| “sufficiently small” will be developed.

Recalling the definition of B; in (1.6), we can state the following

Proposition 3.1 For every fized i € {1,2}, there exists d; > 0 such that for every
m € N with m < B; and for every solution u = (u1,us) of (3.1)

|ut(0)] > d; = n(u;) > m.

Proof Let u = (uj,uz) be a solution of (3.1). First, we use Lemma 2.4 in order to
write an explicit expression of the number of zeros of u; in [0, 7). Indeed, Lemma
2.4 guarantees that whenever u/(0) is different from zero then u;(¢) + u;(¢)’2 # 0
for every t € [0, w]. Hence, according to [14], we can write (for any p > 0)
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Lo [T 0 - ww
w = F
(3.3)
BN CETTOTIOR I
T Jo p? ui(t)? + uj(t)? '
We need to distinguish the following three cases:
n(w) _p [ w®)® - w(t)u(t)
s = —;/If G + w7 dt if n(u;) is even, (3.4)
nw) 1 _p wj(t)® — wi(t)ul/(¢) . if m(u;) is odd
T *3Tx /Ii PP ui(t)? +ui(t)?  and w(0) > (39
nu) 1 _»p / wi(t)? — wi(t)ul(t) . if n(u;) is odd
* 7 T37% = PP ui(t)? +ul(t)? and u{(0) < (3:6)

where I := {t € [0,7] : ui(t) >0} and I] = {t € [0,7]: w(t) <0} In what
follows, we shall deal with the situation when n(u;) is even; the case when n(u;) is
odd (with the relevant subcases) can be treated analogously and the details will be
omitted for brevity. Let us first remark that

dt +

n(w) _ p ui(8)? — wi(t)uf (t) ui(t)? — wi(t)uf (t)
2 [Aﬁ PPui(t)? + ui(t)? w /51; PPui(t)? + uj(t)?

Ut — w(®u()
* /Ns,; (e + (e ‘”}

(3.7
where

TF={tel0,n] : wi(t) >N} , sIF ={te[0,n) : 0<u(t) <4},

M ={te(0,7] : 6 <u(t) <N}

(the constants 0 < § < N have been introduced in (2.1)). Let us now set p = B}';
from assumption (H}),, it immediately follows that

/ wi(®)® + wi(t)gi(t, u(t);A) / ui(t)? + (BN wi(t)® _ M+ |
vy BUPw() +w(®)? T Jur BFRw@?+uje

(3.8)

Notice now that there exists 7 € (0, 1)

{meN: m<B} ={meN: m<(1-n)B;}. (3.9



Multiplicity results for second order equations 339

As far as the second addendum in (3.7) is concerned, from (K})x we obtain

PR O AT Py g O R e O
ar BPLER e Jur B2 + w0

dt;

moreover, there exists r* > 0 (r* = r*(B},d)) such that for every ¢t €I with
ul(t)? > r* the following inequalities hold
(02 + (AP uwl? | e

(F T Br Py - w(p+ e =" (3.10)

i
U

Now, we look for a lower bound on u/(0) which guarantees that u.(t)? > 7+ for
every t € 51i+ . To this aim let us apply Lemma 2.2 with R; = v/7+ + §2; then there
exists d,+ > 0 such that for every solution u of (3.1) with |u}(0)] > d,.+ it follows
that u;(¢)? + u(t)? > r* + 62 for every t € [0,n). Thus, for every t € sI;*

[u}(0)| > d,+ = ()’ > rt+ (% —w(t)?) > rt.
Therefore, assuming |u}(0)| > d.+, inequality (3.10) implies that

/ wl(t)? 4 wi(t)gi(t, u(t); \)
51,7"

(BF2u,(0)? + u(1)? dt > (1—mn)|sI7]. (3.11)

It remains to analyze the third addendum in (3.7). Recalling the definition of C}

and the argument in (2.17), from (F;), we deduce that

(Cr)? | wit)?
2 2

lui(t)g:i(t, u(t); M) < CF |ui(t)] < vte I, (3.12)

Arguing as before, we can find #* > 0 such that for every t € $I;F with u/(¢)2 > 7+
it follows that

ui(t)® + wi(t)gi(t, u(t);A) o 2ui(t)® — (CF)? — N?
(B2 wi(t)? +ui(t)>  ~ 2(Bf)2N2+2uj(t)2 ~
In order to determine a lower bound on u}(0) which leads to u/(t)2 > #* for every
t €3I, we apply Lemma 2.2 with R; = v/7+ + N2. Hence, there exists dz+ > 0

such that for every solution u of (3.1) with |u}(0)| > ds+ it follows that wu;(¢)% +
u}(t)? > 7+ + N2 for every t € [0,7]. Thus, for every t € 3I;F

1-7. (3.13)

[Wi(0)] > dee = wl(t)? > 7T+ (N? —u(t)?) > 7.
Therefore, assuming |u/(0)| > d:+, inequality (3.13) gives

/ wj(t)? + ui()g: (¢, u(t); A)
sp+ (B|+)2 ’U.i(t)z + ug(t)z

dt > (1-n)|NI]. (3.14)

Let us now denote by df a strictly positive number such that d; > max{d,+,dz+}.
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Adding (3.8), (3.11) and (3.14), we finally obtain that

n(ui) B
—= > =L (1-n)|I}].

> Sy iy

With completely similar arguments, from (K; ), and (H; ), one can also prove that
there exists d; > 0 such that

lui(0)] > df =

28 > B _mirp.

Thus, setting d; = max{d;",d; }, we infer that if [u/(0)| > d;, then

_ T n(u; 1 1
w = I < e (4 )

i (0) 2 df =

(1-n) B
By the definition of B; in (1.6), we can conclude
lu;(0)] 2di = mn(w) > (1-n)B;. (3.15)

Let us take an arbitrary m € N with m < B;. From (3.9) it follows that m <
(1 — n) B;. Hence, for every m < B; (m € N)

lui(0)| >d; = n(u) >m.

Proposition 3.2 For every fized i € {1,2}, there exists d; > 0 such that for every
M € N with M > B; and for every solution u = (ujy,uz) of (3.1)

Wi(0) > di = n(w) < M.

Proof Fix i € {1,2}. Let u = (uj,u2) be a solution of (3.1). As in the proof
of Proposition 3.1, by means of Lemma 2.4 we are able to write, as in (3.3), the
explicit expression of the number of zeros of u; in [0, 7)

P /7r ui(t)® + wi(t) gi(t, u(t); ) dt
T Jo P2 ui(t)? + ui(t)?

(for any p > 0), whenever u;(0) is different from zero. As before, we will distinguish
the case n(u;) even, for whom we will use (3.4), and the case n(u;) odd, for whom
we will apply (3.5) or (3.6).

In what follows, we will sketch the proof assuming that n(u;) is even (the other

case can be treated in an analogous way). Exactly as in the previous proof, we can
write 3%‘—2 as

n(w) _ o[ W) —w@u) w(t)? = i (t)ul (1)
2 T Uv,; Au@r+dmz ©F /61: U (R + ul(t)?

n(ui) =

dt +

2 T or

+

ul(8)? — wi(t)ul (2) dt}
o PPu(0) + ul(t)?
(3.16)
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and set p = B;}f. We first observe that there exists 77 € (0, 1) satisfying
{meN: m>B;}={meN:m>1+7)B:}. (3.17)

From assumption (HY),, it immediately follows that

/ uh ()% + us(t)gs (¢, u(t); A) it < / ul(t)? + (B )2 us(t)
NF T ey

2
(BFY ws(0)? + wl(1)? B uey s ~ [ H1618)

As far as the second addendum in (3.16) is concerned, from (K),, we obtain

W(0)? + us()gu(t, u(e); N W02+ (AD)? u(t)?
/ B w? +d@e S /ﬂ; B Pu0? 4w (@

As before, there exists 7* > 0 (F+* = 7 (A],8)) such that for every t € sI;" with
ui(t)? 2 7F

wi(t)? + (AN w(®)® _ wit)® + (A7) 6% _ 147
uli(t)? + (B?')Z w2 u(t)? < 7

Arguing as in the proof of Proposition 3.1, from Lemma 2.2 we can easily find
dz+ > 0 such that |u/(0)| > dz+ implies that u(t)2 > 7+ for every t € 5I;". Hence,
if [ul(0)| > dt then

/ wj()® + ua(t)ga(t, u(t); A)
sIf

B ui0)? + al(0)? dt < (1+7) 6] (3.19)

It remains to analyze the third addendum. Recalling the argument in (2.17) and
exactly as in (3.12), from assumption (F;), we obtain

(C) , w®?
2 + 2

|us(t)g:(t, u(t); )| < vte JIT.
Moreover, there exists 7% > 0 such that for every ¢t € $I;" with u/(t)? > r% it follows
that

<147

ui(t)? +wi(t)gi(t u(t); ) _ 2ui(t)® + (C)? + N?
(B )2wi(t)? +uj(t)?  ~  2(Bf)26% + 2ui(t)?
Lemma 2.2 ensures the existence of d,+ such that |uj(0)| > d,» implies ui(t)? >y
for every t € 91 . Hence, when [u}(0)| > drs , We obtain

ui(t)? + wi(t)gi(t, u(t); A) _
-[3!;*‘ EPTu e & S GHDINEL (3:20)

Now, denote by d; a strictly positive number such that d; > max{dz+,drs }.
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Adding (3.18), (3.19) and (3.20), we finally infer that

= n(u; B _
wolzd = 2B

Analogously, from (K] ) and (H;)», one can also prove that there exists d; > 0
such that

n(u;) _ B

W@ 2df = == <=+

Thus, setting d; = max{d;,d; }, we deduce that |u/(0)| > d; implies

= + I > —-—-——-7r n(ui) <L _1_..) .

By the definition of B; in (1.6), we infer
[Wi0)>di = n(w) < (1+7) Bi. (3.21)

Let us take an arbitrary M € N with M > B;. From (3.17), it follows that M >
(1 + 7) B;. Hence, we can conclude that for every M > B; (M € N)

li(0)| >di = n(w) < M.

The two Propositions given below (which conclude the Section) contain lower
and upper bounds, respectively, for the number of zeros of the components of the
(possible) solutions to (3.1) for whom |u}(0)} is (different from zero and) “sufficiently
small”.

Proposition 3.3 For every fized i € {1, 2}, there exists d¥ > 0 such that for every
m € N with m < A; and for every solution u = (u1,u2) of (3.1)

0<ui(0) < &f = n(w)>m.

Proof Let u be a solution of (3.1) and fix i € {1,2}. As before, since |u}(0)] is
different from zero, Lemma 2.4 guarantees that u € M; hence, we are able to write
the explicit expression (3.3) for the number of zeros of u; in [0, 7).

Exactly as in the proof of the previous Propositions, we will distinguish the case
n(u;) even, where we will use (3.4), and the case n(u;) odd, where we will apply
(3.5) or (3.6). In what follows, we suppose that n(u;) is even (the case when n(u;)
is odd can be treated analogously). Recall that in this situation

n(w) _ p / wi()? + ws(t) gs(t, u(t); )
i

p? ui(2)? + ui(t)? dt.

2 ™
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Let us consider an arbitrary § < 6. According to Lemma 2.4 (with p; = §), there
exists di > 0 such that

max |(u;(t), ul(t))] > & = u; ()2 +ul()? > (d))? Vte[o,7].

In particular, if [u}(0)| < d¥ then |(u;(t),%,(t))] < § < & for every t € [0, 7]. Assume
now |u;(0)| < df; then |u;(¢)| < & for every ¢ € [0,7]. Thus, from (K;"), we obtain

[ B gt ), [P A
T ATRL@ R S (AT + w02

dt = |I|.
Hence, by the choice p = A", it follows that
_ +

n(w) A

2 T o

Iagp

Analogously, hypothesis (K; ) leads to

n(u) o £|I.'|.

2 - o 7

From the above inequalities we deduce that
mn(u;) (1 1
< —2 [— 4+ ).
=T (A;‘ i A;)
Hence, by definition of A; in (1.6), taking an arbitrary m € N with m < A;, we
finally conclude that

0< |ui(0)]<df = n(w)>A >m.

Remark 3.4 We observe that Proposition 3.3 and Proposition 3.1 are used in
the proof of the main results only in those situations when A; > 1 and B; > 1,
respectively.

Proposition 3.5 For every fized i € {1,2}, there exists d} > 0 such that for every
M e N with M > A; and for every solution u = (u1,u2) of (3.1)

0 < |u;(0)] < df = n(y) <M.

Proof Fix i € {1,2}. Letting u be a solution of (3.1); as before, thanks to Lemma
2.4, condition |u}(0)| > 0 enables us to write the explicit expression (3.3) for the
number of zeros of u; in [0, 7). Suppose now that n(u;) is even (the case when n(u;)
is odd can be treated analogously). Hence,

nw) _ p uh(t)? + wui(t) gi(t, u(t); A)
w /fe* PR @ O

2 T
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Exactly as in the proof of Proposition 3.3, we can find d > 0 such that
(0 <df = J(w(t),u(®)l <d Vtel[o,m].

In what follows, we will assume |u(0)| < d¥, whence, |u;(t)| < ¢ for every t € [0, 7].
Thus, from (K{), we obtain

wi(8)? + u()g: (2, u(t); A) wi()® + (A wi(t)® .
/zr PP + ey /f AT Tt =I5

Hence, choosing p = A it follows that

n(u;) Af +
3 < _ﬂ__IIi |-

Analogously, hypothesis (K; ) implies that

n(ui) A7
= < 2]
The above inequalities leads to

rn(y) [ 1 1
> L)
"= 2 <.A:' * .A:)

Let us take an arbitrary M € N with M > A;. From the definition of 4; in (1.6),
we can conclude that

0<uj(0)] <df = n(u)<A<M.

Remark 3.6 According to Remark 2.5, Proposition 3.3 and Proposition 3.5 are

valid if only assumption (K), is assumed.

Remark 3.7 Our main result (which will be proved in next Section) provides the
existence of solutions u to (3.1) having the property di < |u}(0)| < max(d;,d;),
for every i. Hence, the two inequalities |u}(0)| > d; and |uj(0)| > d; (which e.g.
in the particular case when bF(t) = 8 (t) = P ¢ N would lead, combining (3.15)
with (3.9) and (3.21) with (3.17), to the contradiction P < n(u;) < P) never occur
simultaneously as far as the solutions we find are concerned. An analogous remark
is valid when we compare Proposition 3.3 and Proposition 3.5.

4 The main results

Before proving our main result, we recall the abstract continuation Theorem, on
which the proof is based. Indeed, the proof of our main result is concerned with
the study of a fixed point equation of the form

u=N(u,A), (4.1)
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where N : dom /' C X x [0,1] — X is a completely continuous operator, X is a
Banach space and (u,A) € dom N. It is well known (cf. [31]) that problem (3.1) can
be written in the form (4.1) with respect to the Banach space X = C} ([0,7],R?).
Let ¥ denote the set of the solutions of (4.1), i.e.

Z={(u,A) : u=N(u,A)}.

For any subset D C X x [0,1] let us denote by Dy = {z € X : (z,)A) € D} the
section of D at A € [0, 1] and let us set Ny := N(:, A). Moreover, let us consider an
open set B such that B C dom A. Then we can state the following

Theorem 4.1 (Continuation Theorem) [6]. Letk : N B — N? be a contin-
uous function; suppose that there ezists n € N? satisfying the following conditions

ngk(ZNOB) (4.2)

k~Y(n) is bounded. (4.3)

Then, for every open set UF such that (k™1(n))o CUF C U C By and SoNUF =
(k=}(n))o, the Leray-Schauder degree deg (Id — Ny, UR) is defined. If

deg (Id = Mo, UJ) # 0, (4.4)
then there is a continuum C, C X with
{Ae0,1]|Fue X : (u,\) € Cn} =10,1]
and such that
(u,\) €eCr, = (u,A) €B and k(u,\) =n.
In particular, there is at least one solution @ € By of the operator equation
u=N(u,1)
with

k(g,1)=n.

In order to apply Theorem 4.1, we need to introduce a suitable continuous
function k, whose domain is contained in £ N D, being D a suitable subset of
X x [0,1].

More precisely, we shall set

D= {(u,)\) € X x[0,1] : d <[ul(0)] <max(di,d;) Vie {1,2}},

where the constants d}, d, d; have been introduced in Section 3. According_to
Proposition 3.1, 3.2, 3.3, 3.5, it is not restrictive to assume that d} < max(d;, d;);
indeed, if we assume that d* > max(d;, d;), it will be sufficient to take

D= {(u,A) € X x[0,1] : 0<d; < |u}(0)] < max(di,d;) Vie {1,2}}.
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We remark that Lemma 3.1 in [17] guarantees that the map n defined in (3.2) is
continuous. This implies that the map

k: ¥TnD — N2
u —  (n(u1),n(u2)),
is continuous as well.
We are now in position to prove our main result. First, we recall its statement

Theorem 4.2 Assume that G satisfies hypotheses (HE), (KE), (F;) and that there
ezists m; € N such that

either A; < my; <B; or B; <m; < A

holds for every i € {1,2}. Then, there exist hy, ha, H1, Ho € N such that for
every (n1,nz) € N2 with h; < n; < H; (i = 1,2), problem (1.1) has at least four
solutions v’ = (u],uj) (1 < j < 4) with u] having ezactly n; zeros in [0,7) for
every j = 1,2,3,4. Moreover, for every (si1,82) € T there ezists j € {1,...,4} such

that sgn((uf)'(O)) =s; forie{1,2}.

Proof For each fixed i € {1,2}, the constants h; and H; in the statement of The-
orem 4.2 depend on 2;, B; and A;, B; respectively; more precisely, the construction
of h;, H; depends on the mutual position of ;,B; and A;, B; respectively (cf. (4.6),
(4.10) and (4.11)). For this reason, we distinguish the following cases:

a. A; <B; for every i € {1,2},
b. B; < A; for every i € {1,2},
C. A; < B and By < Ay,
d. By < Ay and Ay < By .

In each of these four cases, we will apply Theorem 4.1 four times, according to
the sign of u}(0) (¢ € {1,2}); consequently, in order to find solutions of (1.1) with
sgn (u}(0)) = s; for every ¢ € {1,2} and for (s1,s2) € 7, we will set

B,y =D N {(u,\) € X x[0,1] : sgn(u;(0)) =s; Vi=1,2}. (4.5)

We point out that 2; < B; and B; < A; are mutually exclusive: for instance, 2; < B;
implies A; < B;. Indeed, from (1.6) and by the definition of 2;, B;, A;, B;, recalling
that Aii < A?: and Bii < Bii, we easily obtain that 2; < B; implies

2AFA” 2AFT A-
11 < 171 = L < Qli
AT+AT ~ AT+ AT Ars 2 <

A<A =

2B} B 2B} B
< Bi S Bi — 1 1 < 2 7
Bf +B ~ B +B;
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With analogous arguments, from 9B; < A; it follows that B; < ;.

First, we analyze case a). Let us set

h; == min{m € N| m > 2}, H; = max{M e N| M <B;} Vi=1,2.

(4.6)
The hypotheses guarantee that h; < H; for every ¢ € {1,2}. Indeed, there exists
m; € N such that m; €]2;,B;[ for every ¢ € {1,2}. By construction, h; < m; and
H; > m; for every i € {1,2}, whence h; < H;. Thus, let us take n = (n;,ny) € N2
with h; < n; < H; for every i € {1,2}. By the above remark, such an n always
exists. Since (by the definition of H;) n; < B; < B;, from Proposition 3.1 it follows
that for every ¢ € {1,2}, whenever u = (u3,uz) is a solution of (3.1) we get

[uj(0)| > max(d;,d;) > di = n(u;) > n;. (4.7)

From the definition of h;, it immediately follows that n; > 2; > A;. Hence,
Proposition 3.5 implies that for every solution u of (3.1) and for every ¢ € {1, 2}

0<|ui(0)] <df = n(uw) <n;. (4.8)

We shall now prove the existence of solutions u with sgnu}(0) =1 for every ¢ = 1,2
and such that u; has n; zeros in [0, 7). In order to apply Theorem 4.1, let us define
the set

B = B(l,l)

DN {(u,\) € X x[0,1] : sgn(ui(0))=1 Vi=1,2}

{(u,A\) € X x [0,1] : df < ui(0) < max(d;,d;) Vi=1,2}.
(4.9)

First, we note that n ¢ k (XN & B). Indeed, suppose by contradiction that there
exists (u,\) € 8B such that k(u,\) = n. This means that there exists j € {1, 2}
such that d7 = u(0) or u}(0) = max(d;,d;). In the former case from (4.8) w
obtain n(u;) < n;, while in the latter from (4.7) we get n(u;) > n;. In any case,
this contradicts the assumption k(u,A) = (n(u;),n(uz)) = n = (n1,n2). Thus,
(4.2) is fulfilled.

Secondly, we notice that k=!(n) is bounded. Indeed, let (u,\) € N B such
that k(u,\) = n. From (4.7) we have that n(u;) = n; implies |u}(0)| < max(d;,d;)
for every i € {1,2}. Now we can apply Lemma 2.2 with R; = max(d;,d;). Hence,
for any i € {1,2} we can find R} > 0 such that u;()? + u/(t)? < R} < R, for every
t € [0,7] and for every i = 1,2, where Ry = max(R}, R3). We infer that (4.3) is
satisfied.

Finally, we refer to the Appendix (where the autonomous case is studied) to
show that there exists an open subset U§ such that (4.4) is verified.
Hence, all the assumption of Theorem 4.1 are fulfilled and by Theorem 4.1 it is
proved the existence of at least one solution u! = (u},ud) of (1.1) with 0 < d} <
(u})'(0) < max(d;, d;) for every i € {1,2} and such that k(u!,1) = n, i.e. such that
u; has exactly n; zeros in [0, ) for every ¢ = 1,2.
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The existence of the other three solutions of (1.1) can be proved analogously
and the details are omitted for brevity.

Case b) is analogous to the previous one. Thus, we skip the details. We only observe
that the role played in case a) by 2; and B; is now played by 9B, and A; respectively.
Consequently, Propositions 3.3 and 3.2 are to be used instead of Propositions 3.1
and 3.5.

We now sketch the proof relative to case c).
First of all, we define the constants h; and H; as follows:

hi :=min{meN: m>2}, Hy :=max{M eN: M <B;}, (4.10)

hy == min{m e N: m > B,}, Hy :=max{M eN: M<Aa}. (411)

We observe that h; < H; for every ¢ € {1,2}, since in this situation there exist
my, mo € N such that 2; < m; < B; and B3 < my < A;. Let us take n =
(n1,n2) € N2 with h; < n; < H; for every i € {1,2}, and let u be a solution of
(3.1). Arguing as before, since A; < 2; < n; < B; < B; from Proposition 3.1 and
3.5, we deduce (respectively) that

[u}(0)] > max(dy,d1) = n(u1) > ng,
0 < [u3(0)] < dj = n(u;) < ny.

Moreover, since By < B3 < ng < Ay < Ag, from Proposition 3.3 and 3.2, we get
respectively

0 < |uy(0)] < d3 = n(uz) > ng,

|u3(0)] > max(dy,dy) == n(uz) < ng.

We can distinguish four subcases, exactly as before. According to the subcase, we
will take a different (s1,s2) € 7 and we will apply Theorem 4.1 with B = B, ,)
defined as in (4.5) and (4.9). The details, which are analogous to those we already
developed, are omitted.

Case d) is analogous to the previous one. Indeed, it is sufficient to replace in the
previous proof 2; and By with 2, and B, B2 and A with B, and A;.

Remark 4.3 We note that the validity of (4.2) and (4.3) in the abstract continua-
tion theorem, which follows from Proposition 3.1, 3.2, 3.3, 3.5, is ensured whenever
the set D is replaced by any set of the form

D={wAeXx[0,1: ¢ <l0)<& Vie{1,2}},
where 0 < ¢ < d? and & > max(d;,d;).

This remark is useful for the study of the autonomous problem (2.2) that we develop
in the Appendix.
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In what follows we give some straightforward corollaries of our main result which
enable us to perform (in the particular case of a scalar equation) some comparisons
with similar results available in the literature (cf. Remark 4.7 and 4.8).

Corollary 4.4 Assume that for every i € {1,2} the function G satisfies (F;) and

(H;) there ezist N; > 0 and two continuous functions b;, B; : [0,7] — R* such

that c
lz:| > N; = bi(t) < _z(xt,_a:) < Bi(1),
for every t € [0,7] and z; € R with j # i;

(K;) there exist J\Z > 0 and two continuous functions a;, a; : [0,71] — RT such

that
G; (t, :L')

lzil < M; =  a(t) < .
T

< a4(t),

for every t € [0,7] and z; € R with j # i.

Moreover, suppose that there ezxists m; € N such that
either A, <m; < B; or B, <m; < A,

holds for every i € {1,2}. Then, the same conclusion of Theorem 4.2 holds.

For the applicability of Theorem 4.2, it is sufficient to observe that, according to
the remark following (1.10), under the assumptions of Corollary 4.4 (and recalling
(1.6)), 2A; = A;, B; = B;, A; = A; and B; = B; for every ¢ € {1,2}.

Before stating our next result, we recall that for any real number a and b, we
denote by ab the open segment whose endpoints (not included) are a and b.

Corollary 4.5 Assume that for every i € {1,2} the function G satisfies (F;) and
that there ezist C;, D; € Rt such that

lim -—————Gi(t’ z) = C,-2 and lim _G,-(t,a:)

|zi]=+o0  Tj =0 T4

= D?

uniformly in t € [0,7] and z; € R with j # i. Suppose that there ezists m; € N
such that m; € C;D; for every i € {1,2}. Then, the same conclusion of Theorem
4.2 holds.

Sketch of the proof. We apply Corollary 4.4 with b;(t) = B? = C? —¢, Bi(t) = B? =
C? +¢, a;(t) = A? = D? — ¢, 0;(t) = A? = D? + ¢, being € > 0 (sufficiently small)
such that

{mGN : \/D?+e<m<\/0,?—e} ={meN: Di<m<C;} (412)
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and
{meN: \/Cf+e<m<\/D§—e}={m€N:C,-<m<Di}. (4.13)
Then, (4.12) and (4.13) guarantee the applicability of Corollary 4.4. |

We finally give a Theorem where, besides (F;), conditions (HF), (K¥) are re-
placed by one-sided inequalities. More precisely, we have

Theorem 4.6 Assume that G satisfies (F;) with éi(O) = 0. Moreover, the follow-
ing properties hold:

there ezist N; > 0 and a continuous function B : [0,7] — RT such that

Gi(t,z)

Z;

>N, = 0< < BF@)

for every t € [0,7] and (21,...,%: — L,z; + 1,...,2,) € R™L;
there exist M; > 0 and a continuous function 8; : [0,7] — R such that

< Gi(ta .’l:)
Ti

T <-M;, = 0 < B ()

for every t € [0, 7] and (z1,...,2; — 1,z; + 1,...,2,,) € R™1;

there ezist §; > 0 and a continuous function aj‘ : [0, 7] — R* such that
Gi(t,

0<z<& = af(t) < %

for every t € [0,7] and (z1,...,2; = L,z; +1,...,2,,) € R™7L;

there ezist o; > 0 and a continuous function a; : [0,7] — R* such that
Gi(t,

-5 <;<0 = a;_(t)S M
T;
for every t € [0,7] and (z1,...,2; — L, z; +1,...,Z,) € R™L,

Further, suppose that there ezists m; € N such that B; < m; < A; for every i €
{1,2}. Then, there ezist hy, ha, H1, Ha € N such that for every (n1,n2) € N? with
hi <n; <H; (i=1,2) problem (1.1) has at least four solutions v’ = (u,uj) (1 <

j < 4) with u! having ezactly n; zeros in [0,7), for every j = 1,2,3,4. Moreover,
for every (si1,s2) € T there exzists j € {1,...,4} such that sgn((uf)’(O)) = s; for
i€ {1,2}.

For the proof of Theorem 4.6, more refined versions of the lemmas in Section 2
are needed and Proposition 5.1 has to be adapted as well. The details can be found
in [9].
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Remark 4.7 In [12] there is given a multiplicity result, in the particular case m =
1, for a scalar problem of the form (1.1). More precisely, it is assumed that there
exist g > 0, R > 0and 0 < ag < Ap, 0 < by < By, 0 < ae < Ay and
0 < boo < By such that

ap < —G—(fflng Y(t,u) € Rx]0,e0],

bo < G(i’“) < By Y(t,u) € Rx] - 0,0,
oo < G:L’“) < Ao V(t,u) € R xR, +00],
beo < G(Z") < B, W(t,u) € R x| — o0, R;

under a Lipschitz condition on G, there is developed a shooting argument based
on the notion of “variation index” (see also [23]). In the particular case when
ag = by, Ag = By, Goo = b, Ao = Boo, then statements (a) and (¢) in Theorem 3
in [12] follow from Corollary 4.4. In general, the difference between the number of
solutions we find and the number of solutions obtained in [12] is at most one.
Indeed, in this situation, statement (a) in Theorem 3 in [12] ensures the existence of
ki(ao,a0) —k+(Aco, Aco) solutions positive near ¢ = 0, under the further hypothesis
ki(ag,a0) > ki(Aco,Aco), being VAo ¢ N. We point out that in our notation
(recalling (4.11))

ki(ag,a0) =max{meN : m < /ag},

k- (Aco, Aco) = max {m N : m< AR}

Thus, the inequality k4 (ag, ap) > k4 (Ao, Aco) and the fact that /A, ¢ N guaran-
tee the applicability of Corollary 4.4, with A; = \/aq, A; = VA, B; = \/ae, B; =
VA, and m; = k4 (ao,a0) €]B:, A;[. Then, Corollary 4.4 provides the existence of
H — h + 1 solutions (with prescribed nodal properties) where, according to (4.11),
H =Hz = ki+(ao,a0) and h = hy = min {m eN:m> \/A—o;} Finally, using the
fact that /A ¢ N, it follows that A — 1 = k4 (As, A ), €xactly as in Statement
(a) in Theorem 3 in [12].

Remark 4.8 In [34] Sadyrbaev has given, on the lines of Section 15 in [25], a
multiplicity result for a scalar equation of the form

v+ G(tu) = f(t,u,u’), (4.14)

where G is asymptotically linear at infinity and f is sublinear. The argument in [34]
is developed through the study of some variation equation (cf. (1.5) in [34] ) associ-
ated with (4.14), and assumptions are given relatively to the number of zeros of the
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solutions of this auxiliary equation. For this approach, it is required that the func-
tions G and f are of class C'. In our setting (with f = 0 and lim,_, —G—(i—”l = A?),
the variation equation to be studied is y” + %f—(t, 0)y = y”’+ A%y = 0, and Corollary
4.1 in [34] is, up to minor modifications, the same as Corollary 4.5, Theorem 3 in
(12] and Theorem 15.11 in [25].

Remark 4.9 We point out that Amann and Zehnder in [1] have considered the
Dirichlet BVP associated to a PDE of the form —Au = f(u); in [1, Theorem 1]
is proved the existence of at least one solution, provided that there exists at least
one eigenvalue A of —A such that A € f/(0) f/(c0). Unilateral conditions similar to
the assumptions of Theorem 4.6 have been treated, among others, by Esteban in
(13, Corollary 11].

5 Appendix

In this Appendix we deal with the autonomous uncoupled problem
u”(t) + GO (u(t)) =0
(1) (u(?)) (5.1)
u(0) =0 = u(m),

where G°(z1,z2) = (92(x1), 93(x2)) for every (z1,z2) € R?, being, for instance,

( fa?,-g- 0<¢<4
ga?_ ~6<€<0
2
g = ¢ EZ{ :;_ij (5.2)
£7(€) §<E<N
L [ (§) -N<&< 4.
In (5.2), the positive constants a; +, b;,+ are such that
Bf <bs <Bf and Af <ax < AF (5.3)

for every 1 € {1,2}, while the piecewise linear functions fii are suitable for the
validity of the following properties

0 0
. lim 9 (=) =b2, and lim 9:(z) =b2_, (5.4)
z—>+00 T ’ T—>—00 x ’
0 0
. lim & () =al, and lim & (z) =al_, (5.5)
z—0+t T ’ z—0- X ’
. @)z >0 Vz#£0, (5.6)

. g? is continuous and locally Lipschitz. (5.7)
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We refer now to the notation introduced for the statement of Theorem 4.1 and to
the choice of B in the various steps of the proof of main Theorem 4.2. Consider
now n = (ni,n) € N? satisfying conditions (4.2) and (4.3) in Theorem 4.1. We
already know that if 2; < n; < B; or B; < n; < A, for every ¢ € {1,2}, then
(4.2)-(4.3) hold. We will exhibit an open set Ug such that deg (Id — Ny, Ugy) # 0,
when (k~1(n))o C U C UF C By and T, NUZ = (k~1(n))o.
To this end, we will study separately
{ u(t) + ¢2(us(t)) =0
(5.8)
u;(0) = 0 = u;(m)

for fixed i € {1,2}. Thus, we fix ¢ € {1,2}. From conditions (5.4)-(5.7), time-map
techniques (see [33], [4]) lead to the following result:

Proposition 5.1 Assume that there exists m € N such that
either A; <m < B; or B, <m<A;

holds. Then, there exist h;, H; € N such that for every p € N with h; < p < H;
problem (5.8) has at least two solutions u, and v, having ezactly p zeros in [0, ),
with u,(0) > 0 and v,(0) < 0.

It is important to stress that the constants h; and H; obtained in the above
Proposition coincide with the ones in the proof of Theorem 4.2.

It is well known that problem (5.8) can be written in the form u; = N(u;)
with respect to the Banach space C§([0, 7)), where N} : dom N¢ C C3([0,n]) —
C3([0,7]) is a completely continuous operator. Let us denote by =} the set of the
solutions of (5.8). Let us also define the continuous function 7; : C}([0, 7], R?) —
C3([0, 7)) setting m(uq,ug) = u; for every (u1,uz) € C3([0, ], R?).

We now use Proposition 5.1 with m = n;; following a continuity argument
developed in [16] and taking into accont the concept of “common core” as in [26],
one can find (for every fixed i € {1,2}) an open set V;** in C§([0,7]) such that

deg (Id — N¢, Vg*) # 0, (5.9)
where
TEAVR = n~Hn) N Zh N m(Bo) € Vi € Vgt € m(Bo). (5.10)

We point out that By corresponds to an annulus which (possibly), according to
Remark 4.3, strictly contains the annulus B introduced in (4.5); however, with a
little abuse of notation, we keep using the letter B.

Since the initial autonomous problem (5.1) is uncoupled and consequently No(u1,uz)
= (Ng(u1), NZ(u2)) for every (u1, uz) € C§([0, 7], R?), the following equality for the
degree holds

deg (Id — No, V§* x V7*) = deg (Id — Ng, Vg**) deg (Id — NZ,Vg?) . (5.11)
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Let us define U§ := Vg x V§'2, where n = (n1,n3) € N2. From (5.11) and (5.9)
(which holds for every i € {1,2}), we immediately obtain

deg (Id — No, U§) #0.

Moreover, since By = (m1(Bo),m2(Bo)) by the definition of B and since £y =
T} x 2, the validity of (5.10) for every i € {1,2} implies

k'n)o CUF CcUF C By and TonUF = (k7 1(n))o.
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