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Abstract 

We prove the existence and multiplicity of solutions, with prescribed nodal prop- 
erties, for a BVP associated with a system of asymptotically linear second order 
equations. The applicability of an abstract continuation theorem is ensured by 
upper and lower bounds on the number of zeros of each component of a solution. 
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1 Introduction and statement of the main result 

In this paper we study the existence and multiplicity of solutions of a two-point 
boundary value problem of the form 

where G : [O, T ]  x Rm + Rm is a continuous function which is "asymptotically lin- 
ear" in a neighbourhood of the origin and at  infinity. In the particular case m = 1, 
the literature contains a very large number of contributions. For many authors, as 
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it is the case in this paper, the key to multiplicity is some knowledge about the num- 
ber of zeros of a (possible) solution of (1.1). In this direction, a classical reference 
is the book by Krasnosel'skii et a1.[25]; for more recent results in the spirit of the 
shooting method, we refer to the papers by Dinca, Sanchez [12], Garcia-Huidobro, 
Ubilla [19], Klokov, Sadyrbaev [24], Sadyrbaev [34]. When classical phase-plane 
analysis arguments are combined with topological degree methods, the nonlineari- 
ties involved have to satisfy weaker regularity assumptions: in this framework, we 
refer to the recent contribution of Dambrosio [ll] and (as for superlinear problems) 
to [4], [6] ,1171. See also [I], [2],[7], [13] ,[20], [23], [30] and references therein. 

Obviously, in case the function G is of "gradient type" then problem (1.1) can 
be handled by means of variational methods, even in the more general situation of 
PDEs. In this direction, we refer, among others, to the work by Fortunato 1151 and 
references therein. See also the book by Mawhin, Willem (321, and [22],[27],[281,[35]. 

The list of results available in the literature as far as systems are concerned is 
definitely shorter. For a general approach to systems by topological methods we 
refer to the work of Manasevich, Mawhin [29]; multiplicity results for systems of 
superlinear ODES can be found in [5],[10],[21]. See also [3] and [8]. A very recent 
result for some system of PDEs has been given by Zou [36]. 

Let us now describe in detail our assumptions on the function G and our main 
result. In what follows, we set R+ = {x E R : x > 0) and Ro = {x E R : x # 0). 
For every i E (1,. . . , m) we assume the following asymptotic conditions: 

(H?) there exist Ni > 0 and two continuous functions b', ,fT : [O, T] --+ R+ such 
that 

for every t E [O,T] and (x l , .  . . , xi-1, x;+l,. . . ,xm) E lWm-l; 

(H,) there exist Mi > 0 and two continuous functions b,, ,5; : [O, T] -+ R+ such 
that 

for every t E [0, T] and (xl, . . . , xi-1, xi+l, .  . . , x,) E Rm-l; 

(K:) there exist 6i > 0 and two continuous functions a:, cu? : [O, T ]  3 R+ such 
that 

for every t E [O,.rr] and (xl, .  . . , xi-1, x;+1,. . . , 2,) E Rm-l; 

(KT) there exist ui > 0 and two continuous functions a,, cuf : [O, T ]  3 R+ such 
that 

for every t E (0, T] and (XI, .  . . , xi-1, xi+l, .  . . , X m )  E Rrn-'. 
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Moreover, we assume 
- 

(Fi) there exist a continuous function G, : JR -+ R and a constant Li > 0 such 
that 

for every t E [0, T ]  and x E Rm 

We refer to  Remark 2.1 and to Corollaries 4.4 and 4.5 for concrete examples of 
functions Gi satisfying (H:)-(K:)-(~i). It is immediate to  check that (Fi) is trivial 
when m = 1. 

In order to state our main theorem, we introduce the following strictly positive 
constants (for each fixed i in (1,.  . . , m)) 

(B"' := min b:(t) , 
t E [ O , T I  

(1.2) 

(B')2 := max ~ ' ( t ) ,  
t € [ O , T I  (1.3) 

:= min a:(t) , 
t € [ O > T I  

(1.4) 

(A')~ := max af ( t ) .  
t € [ O , T l  

(1.5) 

We also set 

When the two constants in (1.2), (1.3), (1.4) or (1.5) coincide (cf. Corollary 4.4 
and 4.5)' we shall omit the superscripts. Note that such a notation is consistent 
with (1.6). Finally, we set 7- := {(sl,. . . , s,) : si = +l or si = -1 for every i = 
1 , .  . . ,m )  and 

Ai 
A i + 1  if 3 n E  W U { O ) :  either Ai < 2 n + 1  5 d i+ l -  - 

A' 
2~~ = di 

di 

or A i < 2 n + 1 5 A i + 1 - -  A; 

otherwise, 
(1.7) 
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Bi Bi + 1 if 3 n  E NU{O) : either Bi < 2 n + 1  5 B i + l  - - 
23' 

B i  = Bi 
or Bi < 2 n + 1  5 Bi + 1 - - a; 

otherwise, 

A i - 1  Ai if 3 m ~ N  : either A i + l - - < 2 m + 1 < A i  
A t  - 

Ai = Ai 
or A i + l - - < 2 m + l < A i  (1.9) 

A; - 
otherwise, 

Bi B i - 1  if 3 m ~ N  : either B i + l - - < 2 m + 1 < B i  
B' - 

Bi = Bi 
or B i + l - - < 2 m + l < B i  

(1.10) 
B; - 

otherwise. 

Note that if A+ = A,, then Ai = Ui. Similiar remarks are valid for (1.8), (1.9), 
(1.10). 

The above defined constants describe the asymptotic behaviour of G at zero and 
the one at infinity; a comparison between the former and the latter plays a central 
role in our multiplicity result. Roughly speaking, we assume that the "gap" between 
!21i and Bi (or Bi and Ai, respectively) is sufficiently large; then, the "bigger" this 
gap, the greater the number of solutions (with prescribed nodal properties) of (1.1). 

We are now in position to state our main result. 

Important Remark. In order to simplify the exposition, in what follows we will 
work, without loss of generality, with m = 2. 

Theorem. Assume that G satisfies hypotheses (H:)-(K"- (Fi) and that there 
exists mi E N such that 

either 21i < mi < Bi or Bi < mi < Ai 

holds for every i E {1,2). Then, there exist h l ,  h2, ?il, 3C2 E N such that for 
every (nl,nz) E N2 with hi 5 ni < Xi (i = 1,2), problem (1.1) has at least four 
solutions uj = ( u!, ui  ) (1 I j I 4) with u! having exactly ni zeros in [0, x) for 
every j = 1,2,3,4. Moreover, for every ( s l ,  s2) E T there exists j E (1, ..., 4) such 

= si for i E {1,2). 
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As a consequence of this main Theorem, we give in Corollary 4.5 a multiplicity 
result assuming, besides (Fi), 

Gi (t , x )  lim ----- - Gi (t, X)  
-C?, lim - - - 022, 

Ix,l++m xi x i + o  xi 

uniformly in t E [0, T ]  and x j  E R (b'j # i), where the "gap" between Ci and Di is 
sufficiently large. I t  is then easy to  see that the "component-wise" assumptions of 
the form (1.11) on G in the particular case C1 = C2 and Dl = D2 (combined with 
hypothesis (Fi)) guarantee that the limits limx,o v, limlZl++, exist 
and are finite. Such assumptions of global type would lead to  a priori bounds for 
the possible solutions of (1.1); however, this information would not be sufficient for 
obtaining estimates on the number of zeros of each component of a (possible) solu- 
tion. Note that if we consider the particular case of a scalar autonomous equation, 
then a time-map argument (on the lines of [4]) shows that if Ci = Di then (1.1) 
might have only the trivial solution. 

To prove our main result, we proceed by using a topological degree approach. 
The crucial technical result (the so-called "elastic property") is Lemma 2.2 (we refer 
to Remark 2.3 for more comments on the elastic property); then, we combine some 
estimates on the number of zeros of each component of a solution t o  (1.1) with a 
continuation theorem which carries, by means of a suitable homotopy, the initial 
problem (1.1) into an uncoupled autonomous one. In this way, the validity of the 
non-zero degree condition in the continuation theorem is reduced to the computation 
of the degree for a suitable autonomous problem. 

We refer to  Remarks 4.7, 4.8, 4.9 for some comparisons between our results and 
some of the above quoted contributions on asymptotically linear problems associated 
to scalar ODES. We also point out that the multiplicity results obtained in the 
framework of PDEs seem (when we particularize to the ODE case) to be less precise. 
We finally remark that  a multiplicity result analogous t o  our main Theorem can be 
attained by arguments similar to the ones used in this paper, for a more general 
system of the form uy + Gi( t ,  u(t)) = qi(t, u(t) ,  ul(t)), i E (1, . . . , m} , where the 
growth of qi is subordinate to  the constants Bi, Ai. The details of the proof in this 
more general case can be found in [9]. 

In Section 2 we introduce a suitable homotopy; we will study the corresponding 
autonomous problem in the Appendix. The central part of Section 2 is devoted 
to the statement and proof of "elastic property" and of another basic Lemma. In 
Section 3, taking advantage of the Lemmas of the previous section, we obtain the 
estimates on the number of zeros needed for our main result which is finally proved 
in Section 4. We end this introductory section with a list of notations. 

We denote by X = C; ([0, n], R2) the space of the functions u E C1 ([0, n],  R*) 
such that u(0) = 0 = u( r ) ;  by lIuII1 we mean the corrisponding C1-norm. Moreover, 
by dY and int Y we denote the boundary and the interior of a set Y C R2.  By deg 
we mean the Leray-Schauder degree. For any real number a and b, we denote by - - 
ab the open segment whose endpoints (not included) are a and b, i.e. ab = {x E 
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R 1 3 X E (0 , l )  : x = Xa + (1 - X)b). By (11 we mean the measure of an interval 
I c R. For every x E R2, we define Z1 := (XI! 0) and Z2 = (0, x2). 

2 Some preliminary results 

In this section, we prove two useful estimates on the norm of each component ui 
of a (possible) solution to a parameter-dependent problem associated to (1.1). In 
the former, for each fixed i, an upper bound on the C1-norm of ui is obtained 
whenever mint,[o,7il (jui(t) I + (21: (t) 1 )  is smaller than a given constant; in the latter, 
a lower bound on mintEio,xl((ui(t)( + ju!,(t)l) is obtained whenever the C1-norm of 
ui is greater than a given constant. Let us recall the initial problem 

where G : [0, x] x R2 -+ R2 is a continuous function. Let us define 

d :=min{61,d~,o l ,a : ! )  and N :=max{Nl ,N2 ,Ml ,M2 ,6+ l ) ,  (2.1) 

where the constants in (2.1) are defined in (H:)-(K'). We observe that (H:) and 
(K:) are still valid if we replace the constants Ni, Mi and di, ai with N and 6, 
respectively. 

Remark 2.1 It is now important to give some explicit examples of functions Gi 
satisfying the assumptions of our main result. To this end, we first remark that if 
Gi satisfies (H')-(K')-(~i ) then there exist fi : R -;r R, hi : [0, r] x R2 -+ R such 
that Gi(t, XI ,  22) = fi(xi) - hi(t, XI ,  xz), where the asymptotic behaviour of the 
ratio fi(xi)/xi is described by inequalities analogous to (H:)-(K:) and there exist 
a strictly positive constant li such that I hi(t, xl ,  x2) (  5 lilxil for every x = (xl,  x2) E 
R2, t E [0, x]. Note that the above conditions guarantee that any system of the form 
u r  + fi(ui) = hi(t, u1, u2) (with hi satisfying a sign condition) is of the form (1.1 ). 
More concretely, one can think of f i (Q = CI ff  (0 + c2 fT* (t), where cl, c2 E R+ 

f" (0 and limt,o = 1 = limiti++, 7, 1imltl,+, = 0 = limc+o U (cf. € 
Corollary 4.5). 

An example in which the dependence of Gi on xi is not such explicitely stressed 
is given by 

where cl,  c2 E R+ and k*, k** are bounded above and below by strictly positive 
constants. Finally, in the particular case when cl < c2 another example is given by 

2xiC2 {arctan (k(t, xl,x2)xi + tan(%))} , Gi(t,xl,x2) = - 
7r 2c2 

being k bounded above and below by strictly positive constants. 
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In order to apply the continuation theorem we will state in Section 4, we make a 
homotopy between our initial problem (1.1) and an auxiliary autonomous uncoupled 
problem of the form 

where GP : R2 + JR is a continuous function such that G:(x) = G!(z;) for every 
i E {1,2} and for every x E JR2. Moreover, if we set g!(x;) := Gg(5;) for every 
xi E JR, we also suppose that gg is a continuous, locally Lipschitz function with the 
following properties: 

g ; ( x ) x > o  X # O l  (2.3) 

gP(x) lim - - - b?,+, lim - - - b:,- , 99 (2) 
z--?+a x z i - u 2  x (2.4) 

go ((2) lim - - a?,+, lim - - - a;,- 7 
g&(x) 2 

z i o +  x x i o -  x (2.5) 

where B' 5 bi,* 5 8' and A' 5 a;,+ < A' for every i E {1,2}. 

Now we are able to embed our problem (1.1) into a family of Dirichlet problems of 
the form 

ul'(t) + g ( t ,u( t) ;  A) = 0 

u(0) = o  = u(7r), 
(2.6) 

where g(t,x;X) := XG(t,x)+(l-A) GO(x) for every X E [0, 1] ,x E R2 and t E [O,T]. 
From the properties of Go and G, we obtain that g satisfies conditions similar to 
(H')-(K')-(F~), with i E {1,2}. Indeed, for every i E {1,2) the following relations 
hold: 

(H')x for every t E [0, TI, X E [0, 11 and x j  E IR with j E {1,2), j # i 
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(K')A for every t E [O,.ir], X E [ O , l ]  and xj E Rwith  j E {1,2), j # i  

( K ~ ) A  for every t E [0, n], X E [ O , 1 ]  and in xj E R with j E {1,2), j # i 

(Fi)x for every t E [0, T ]  and x E Rm 

where 6 : R ---t IR is (continuous, non-negative) defined by &(y) := Li Gi(y) + 
lg;(g)I for every y E R. 

Assume now that the function g satisfies (H')~-(K'),-(F~)~ for every X E [0, 11. 
In order to simplify the notation, we set ri(t)  := J ~ i ( t ) ~  + ~ : ( t ) ~ .  

Now we present an important result, the so-called "Elastic Lemma": 

Lemma 2.2 Fix i E {1,2}. Then for every R1 > 0 there exists R2 2 Ry such that 
for every solution u of (2.6) with 

it follows that 
~ i ( t ) ~  + ~ i ( t ) ~  I R2 Vt E [O17r]. 

Proof First of all, we introduce the following subsets of R2: 

R = {(x,y) E IR2 : either 121 2 R1 or lyl > R1) 

Fix i E {1,2) and let u be a solution of (2.6). 

If (ui(t), u:(t)) E Q for every t E [0, TI ,  then r:(t) I 2Rf for all t E [0, T I .  
Whence, choosing R2 = 2Rf, we obtain (2.7). 

Assume that there exists i E [O, T] such that (ui(8,  u:(f)) $2 Q, i.e. (ui (i) ,  ul (i)) E 
int R. In case (ui , u:) ([O, n]) fi int Q # 8, we are able to define 

to := inf { t  E [o,T] : (ui(t),u:(t)) E int Q ) .  (2.8) 

Otherwise, if (ui(t), ~ { ( t ) )  E R for every t E [O,n], we will denote by to an element 
of [0, n] such that (u;(to), u:(to)) E b Q. We observe that the existence of such 
to is a consequence of the fact that if mintE[o,xl I ( ~ i ( t ) ,  u:(t) ) I  5 R1, then Q n 
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(ui, u:)([O, n]) # 0. In order to  examine the behaviour of r: in [to, n], we need the 
following: 

Claim. 
[to,sl = U 1; u U 1;: 

k € N  h € N  

where, for every k ,  h E H, I; and I; are closed intervals with the properties 

whenever t is one of the left endpoints of the intervals of the form I;. 

Proof of the claim. If (ui(t) ,  u:(t)) E R for every t E [0, n], we can choose 1; = 
[to,n], while I: = 0 and I{ = 0 for every j = 1 ,2 ,  for every I # 1. In this way, 
(u;, ul)( I; ) c R and (u; (to),  u:(to)) E d Q by definition of to. On the other hand, if 
(u;, ut)([O, TI) n int Q # 0, from the existence of t̂  E [0, n] such that (u; (i) ,  u:(i)) E 
int R, we can deduce that 

int R n ( ~ i , ~ : ) ( ] t l , t 2 [ )  # 0. 

We immediately note that we can choose 1: = [to, t l]  and I t  = [tl, t2]. Moreover, 
it is not restrictive to suppose that t2 is the maximum among the numbers t in 
the interval [O,T] satisfying conditions (2.9). If t2 = T, the claim is proved if 
we set I: = 0 for every j = {1,2) and 1 # 1, I E N. By the choice of t2,  if 
t2 # T then (ui(t2),  u:(t2)) E d Q = dR; moreover, there exists t3 E (t2,  T] such 
that (ui(t), ul(t)) E Q for every t E [t2, t3], with (ui(i), u:(f)) E int Q for some 
i E (t2,t3).  Hence, we can define 1; = [t2,t3]. Furthermore, we can suppose that 
t3 is the maximum among the numbers t E [0, T] satisfying the above conditions. 
If t3 = r, the claim is proved if we set I .  = 0 and I: = 0 for every j E {1,2) and 
for every 1 # 1,2. Otherwise, if ts # T ,  it follows that (ui(t3),u:(t3)) E d Q  and, 
arguing as above, we can show that 

[to, TI = U I; u U I,? = U [tl, tl+ll , 
k€Nu{O) h€Wu{O) l€WU{O) 

where the intervals that are non-empty are of the form I: = [t2k,t2k+l] and I; = 
[t2h+13t2h+2], with k E N U (01, and tl < t ~ + ~  5 n for every I E N U  (01, and 
where (ui(tl) ,  u:(tl)) E d Q  =dR when tl @ (0, n}. Moreover, the intervals I: and 
I: satisfy the following properties: 

(ui(t), ui(t)) E Q ~t E I: , 3? E int I: : (ui(?), u:(t)) E int Q (2.10) 
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( u i ( t ) , u l ( t ) ) ~ ~  V ~ E I ~  , 3 ; ~  i n t ~ i  : ( u ; ( 2 ) , u ; ( F ) ) ~ i n t ~ .  (2.11) 

The proof of the claim is complete. 

First, we study the intervals I;, with k E N. According to (2.10), (ui(t), u:(t)) E 
Q for every t E I:; thus, arguing as before, we obtain 

r:(t) 5 2 ~ f  Vt E I;. (2.12) 

In order to analyze the intervals I:, let us consider now the equality 

( t  E [0, x ] ) ,  which is valid whenever u is a solution of (2.6). It is immediate to check 
that (2.13) implies 

To simplify the notation, for each fixed h E N we introduce the following disjoint 
subsets of 1: 

(cf. (2.1) for the definitions of 6 and N). For brevity, in what follows we shall omit, 
for the above defined sets, the subscript h. Clearly, 1: = S1 U S2 U S3. Note that 
these sets might be empty. 
Now we study separately the sets SL (1 E {1,2,3)). By the definition of S1, it follows 
that Iui(t)i > N, hence from hypotheses (H'), we have lg;(t, u(t);  A) 1 I fii lui(t) 1 
for every t E S1, where fii := yax {(B:)~, (BT)~} .  Hence, z=1,2 

Similarly, from hypotheses (K:)~ and by the definition of the set S2, it follows 
that Jgi(t, u(t); A)\ I & ;iiui(t)l for every t E S2 (being Ji := ?ax {(A')~, (A;)2)). 

z=1,2 
Hence, 

dr?  . As for the behaviour of In S3, we observe that there exists a constant 6 > 1 
such that 

( t )  I i ( t )  V t  E 53. (2.16) 
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Indeed, let us take t E S3. In particular lu i ( t )  > 6. Thus, 

- - 
where Ci = Ci(6) := max { 1, - Setting C: = C:(N, 6) := max c(<), we 

a < l E I S N  
obtain from hypothesis 

which, combined with (2.16), implies 

drf 
- ( t ) I r ~ ( t ) + 2 C ~ I ~ ~ ( t ) / I ( 1 + 2 ~ , f c i ) ~ ~ ( t )  V t E S 3 .  
dt 

(2.18) 

Setting T := rnax ( a, A, 2 C: ci ), we are able to define the searched constant 
I I 

R2 := 2 R: e(Tfl)". It  is immediate to  check that R2 > R:; moreover, recalling 
that I? is the disjoint union of S1, S2 and S3, from (2.14), (2.15) and (2.18) we 
obtain 

drf 
-(t) 5 (T + l)r:(t) (2.19) 
dt 

for every t E I:. Being I: an interval of the form [ah, bh] (C [to, T]), we easily 
deduce that 

r;(t) 5 e ( l+~) ( t -ah)  r;(ah) 5 e ( l + ~ ) r  6 (ah) , (2.20) 

for every t E [ah,bh]. Since (ui(ah), u:(ah)) E d Q ,  it follows that .;(ah) I 2Rf. 
Hence, we can finally conclude that r:(t) I R2 for every t E I: = [ah, bh] and 
for every h E N. By the definition of R2, from (2.12) it follows that rf (t) I 
2R: e(Tf I)" = R2 for every t E I; (k E N )  as well. Hence, recalling that I; and I: 
cover the interval [to, TI ,  we can conclude that r: (t) 5 R2 for every t E [to, T] . 

For the completion of the proof, it remains to  estimate the function rf in the 
interval [0, to]. To this end, we first note that (according t o  the definition of to) 
when to  > 0 then (ui(to), ul(t0)) E d Q  and (ui(t) ,  ul(t)) E R for every t E [0, to]. 
Note that,  from (2.13), 

drf 
-(t) 2 - r:(t) - 21u:(t)llgi(t,u(t); A) / ,  dt 

for every t E [0, T]. Let us now cover the interval [O,to] with the following three 
subsets (analogue to S1, S2, S3) 

& = {t E [O,to] : lui(t)j > N ) ,  g2 = {t t [O, to] : lui (t)  1 < 6) , 

5 3 = { t E  [O,to] : 6 5  Iui(t)l 5 N ) ;  
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dr2 
if we study separately the function 2 in each of these sets, from (H; )~ ,  (K'),, 

dt  
(Fi), we obtain 

dr? 
- (t) L - (T + 1) r: (t) 
dt 

(2.21) 

for every t E [0, to]. Thus, we can easily deduce that for every t E [0, to] 

since (ui(to), ~ ! , ( t 0 ) )  E a Q implies rz (to) 5 2R:. We have thus proved that r? (t) < 
R2 for every t E [O, T]. This completes the proof. 

Remark 2.3 Lemma 2.2 can also be proved with a method similar to the one used 
in [21]. More precisely, taking into account Remark 2.1 for the definition of fi and hi, 

2 

we can introduce a "guiding function" of the form V(x, y) = (pi(xi) + 
i= 1 

where Fi(x) = fi(s) ds. Since it is possible to  find constants K 2 0 and d > 0 

such that 
I 0  

then the thesis of our Lemma 2.2 follows from Lemma 1 in [21]. Nevertheless, in 
this paper we have given an independent proof. We point out that in our proof of 
Lemma 2.2 the crucial inequalities are only the ones in (H?)A that contain B: and 
( F i ) ~  (cf. Theorem 4.6). However, if we wanted t o  apply the method used in [21], 
it would be necessary to  prove that lim V ( z )  = +co; for the verification of this 

lzl-t+w 

condition, the inequalities in (H')A that involve B: are t o  be used as well. 

Our second lemma describes, with a statement somehow symmetric to  the one 
of Lemma 2.2, the behaviour of a (possible) solution to  (2.6) in a neighbourhood of 
the origin. 

Lemma 2.4 Fix i E {1,2). Then for every pl > 0 there exists p2 E ]  0, p: [ such 
that for every solution u of (2.6) with 

it follows that 
~ i ( t ) ~  + ~ i ( t ) ~  > p2 Vt E [O,T]. (2.24) 

2 

Proof Let us set p2 := he-('+')" E ] O ,  p:[, where T = max {$, x i ,  2 C,j+ ci } 
2 

as in Lemma 2.2. Let us suppose by contradiction that there exists 5 E (0, T] such 
that ui(q2 + u:(q2 5 pg; in particular, we have that min r i ( t )  5 6. Then, we 

tc[O,"] 
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can apply Lemma 2.2 with R1 = 6. Recall that in Lemma 2.2 the constant R2 
is obtained by means of the explicit expression R2 = 2 ~ : e ( ~ + ' ) " ;  hence, we can 
conclude that for every t E [O,T] 

hence, max ( ui ( t )  , u: (t) ) i I: pl, a contradiction 
tEIO," ]  

Remark 2.5 We point out that, by means of an independent proof, it is possible to 
guarantee the validity of Lemma 2.4 only under some assumptions on the behaviour 
of G in a neighbourhood of the origin; however, due to the fact that for the proof 
of the main result all the assumptions of Lemma 2.2 are needed, for the sake of 
brevity we did not develop this alternative proof. 

3 Estimates 

In this section we develop the estimates on the number of zeros of the components 
of the possible solutions of the problem 

which will be crucial for the application of the abstract continuation theorem stated 
in Section 4. To this end, we first remark that the map 

n :  M + N (3.2) 

< ii n(6) := the number of (simple) zeros of < in [O,n) 

is well defined, where M = {< E Ci ([0, T] , R) : <(t)2 + <'(t)2 > 0 Vt E [0, TI}. 
In what follows we assume, as in the previous sections, that g satisfies (H'),, 
(K'),, (Fi)x, with X E [O,l]. We shall first give bounds from below and above, 
respectively, on the number of zeros of the components of a (possible) solution u 
of (3.1) for whom /u:(0)1 is "sufficiently large". Subsequently, bounds for solutions 
with lu:(O)[ "sufficiently small" will be developed. 

Recalling the definition of Bi in (1.6), we can state the following 

Proposition 3.1 For every fixed i E {1,2), there exists di > 0 such that for every 
m E W with m < Bi and for every solution u = (ul,  u2)  of (3.1) 

Proof Let u = (ul ,  u2) be a solution of (3.1). First, we use Lemma 2.4 in order to  
write an explicit expression of the number of zeros of ui in [0, T). Indeed, Lemma 
2.4 guarantees that whenever u:(O) is different from zero then z ~ i ( t ) ~  + ui(t)12 # 0 
for every t E [0, TI. Hence, according to [14], we can write (for any p > 0) 
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We need to disting~ iish the following three cases: 

u: (t)2 - U* (t) uy (t) 
2 

dt if n(ui)  is even, 
p2 ui (t)2 + u; (t)2 (3.4) 

if n(ui) is odd 
and u:(O) > 0 

if n(ui)  is odd 
and u:(0) < 0, 

where I: := {t E [0, sr] : ui(t) L 0) and I%: := {t E [0, T ]  : ui(t) 1 0). In what 
follows, we shall deal with the situation when n(ui) is even; the case when n(ui) is 
odd (with the relevant subcases) can be treated analogously and the details will be 
omitted for brevity. Let us first remark that 

where 

(the constants 0 < b < N have been introduced in (2.1)). Let us now set p = B?; 
from assumption (H')A, it immediately follows that 

Notice now that there exists 7 E (0 , l )  
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As far as the second addendum in (3.7) is concerned, from (K')x we obtain 

moreover, there exists r+ > 0 (r' = r+(B',6)) such that for every t E with 
~ : ( t ) ~  1 r+ the following inequalities hold 

Now, we look for a lower bound on ui(0) which guarantees that ~ : ( t ) ~  r+ for 
every t E a ~ ? .  To this aim let us apply Lemma 2.2 with R1 = d m ;  then there 
exists d,+ > 0 such that for every solution u of (3.1) with ju:(O)l > d,+ it follows 
that ~ i ( t ) ~  + ~ : ( t ) ~  > r+ + b2 for every t E [0, T ] .  Thus, for every t E 

Therefore, assuming (u:(O)/ > d,.+, inequality (3.10) implies that 

It remains to  analyze the third addendum in (3.7). Recalling the definition of CzT 
and the argument in (2.17), from ( F i ) x  we deduce that 

Arguing as before, we can find T+ > 0 such that for every t E ;I? with ~ : ( t ) ~  2 T+ 
it follows that 

In order to  determine a lower bound on ui(0) which leads to  u:(t)' 2 T+ for every 
t €;I:, we apply Lemma 2.2 with RI = v ' w .  Hence, there exists di+ > 0 
such that for every solution u of (3.1) with /u:(0)1 > d,-+ it follows that ~ ~ ( t ) ~  + 
~ : ( t ) ~  > F+ + N 2  for every t E [0, T ] .  Thus, for every t E ;I: 

Therefore, assuming IuI(O)I > d+, inequality (3.13) gives 

Let us now denote by d' a strictly positive number such that di > max{d,+, d,-+). 
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Adding (3.8), (3.11) and (3.14), we finally obtain that 

With completely similar arguments, from ( K i ) x  and ( H i ) A ,  one can also prove that 
there exists d, > 0 such that 

Thus, setting di = max{d', d;), we infer that if /u:(O) 1 2 di, then 

By the definition of Bi in (1.6), we can conclude 

Let us take an arbitrary m E N with m < Bi. From (3.9) it follows that m < 
(1 - 77) B;. Hence, for every m < Bi (m E N) 

Proposition 3.2 For every fixed i E {1,2), there exists di > 0 such that for every 
M E N with M > 13; and for every solution u = (ul,  u2) of (3.1) 

Proof Fix i E {1,2). Let u = (ul, u2) be a solution of (3.1). As in the proof 
of Proposition 3.1, by means of Lemma 2.4 we are able to  write, as in (3.3), the 
explicit expression of the number of zeros of ui in [0, 7 ~ )  

(for any p > 0), whenever ui(0) is different from zero. As before, we will distinguish 
the case n(u;) even, for whom we will use (3.4), and the case n(ui) odd, for whom 
we will apply (3.5) or (3.6). 
In what follows, we will sketch the proof assuming that n(ui) is even (the other 
case can be treated in an analogous way). Exactly as in the previous proof, we can 
write as 
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and set p = BT. We first observe that there exists i j  E ( 0 , l )  satisfying 

From assumption (H')x, it immediately follows that  

As far as the second addendum in (3.16) is concerned, from (K')x, we obtain 

As before, there exists $+ > 0 (T+ = * (A+ ,  8 ) )  such that for every t E ,jIT with 
u: (t)2 2 $+ 

Arguing as in the proof of Proposition 3.1, from Lemma 2.2 we can easily find 
d,+ > 0 such that 1u:(0) 1 > dF+ implies that ~ ! , ( t ) ~  2 P+ for every t E IT.  Hence, 
if lu:(0)1 > &! then 

It  remains to  analyze the third addendum. Recalling the argument in (2.17) and 
exactly as in (3.12), from assumption (Fi)A we obtain 

Moreover, there exists r; > 0 such that for every t E $2 with ~ : ( t ) ~  2 T; it follows 
that 

~ : ( t ) ~  + ~ i ( t ) g i ( t ,  ~ ( t ) ;  A) < 2 ~ : ( t ) ~  + (CT)2 + N2 
+ i i. 

(BF)2 ~ i ( t ) ~  + Z L ; ( ~ ) ~  - 2(2?+)262 + 2 ~ : ( t ) ~  

Lemma 2.2 ensures the existence of d,; such that 1u:(0)1 > d,; implies ~ ; ( t ) ~  2 r; 

for every t ELI:. Hence, when lu:(O)/ > d,;, we obtain 

Now, denote by 2% a strictly positive number such that & > max{dF+, d,:). 
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Adding (3.18), (3.19) and (3.20), we finally infer that 

Analogously, from (K;)x and ( H ~ ) A ,  one can also prove that there exists 2; > 0 
such that 

Thus, setting & = max{JT, c), we deduce that (u:(O)( >_ d, implies 

By the definition of Bi in (1.6), we infer 

Let us take an arbitrary M E N with M > Bi. From (3.17), it follows that M > 
( I  + i j )  Bi. Hence, we can conclude that for every M > 23; ( M  E N) 

The two Propositions given below (which conclude the Section) contain lower 
and upper bounds, respectively, for the number of zeros of the components of the 
(possible) solutions to (3.1) for whom lu:(O)/ is (different from zero and) "sufficiently 
small". 

Proposition 3.3 For every fixed i E {1,2), there exists dr > 0 such that for every 
rn E N with m < A; and for every solution u = (ul,  u2) of (3.1) 

Proof Let u be a solution of (3.1) and fix i E (1,2). As before, since 1u:(0)1 is 
different from zero, Lemma 2.4 guarantees that u E M ;  hence, we are able to write 
the explicit expression (3.3) for the number of zeros of ui in [0, x ) .  
Exactly as in the proof of the previous Propositions, we will distinguish the case 
n(ui) even, where we will use (3.4), and the case n(u;) odd, where we will apply 
(3.5) or (3.6). In what follows, we suppose that n(ui) is even (the case when n(u;) 
is odd can be treated analogously). Recall that in this situation 
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Let us consider an arbitrary 8 < 6. According to Lemma 2.4 (with pl  = 8), there 
exists dt > 0 such that 

In particular, if /u:(0) / I df then 1 (ui (t): u: (t)) 1 5 8 < b for every t E [O: T I .  Assume 
now lu:(0)1 5 df; then lui(t)l < 6 for every t C? [O,T]. Thus, from (K?)x we obtain 

Hence, by the choice p = A', it follows that 

Analogously, hypothesis (K;)x leads t o  

A- w > L l I C ,  
2 T 

From the above inequalities we deduce that 

Hence, by definition of Ai in (1.6), taking an arbitrary m E N with m < Ail we 
finally conclude that 

Remark 3.4 We observe that Proposition 3.3 and Proposition 3.1 are used in 
the proof of the main results only in those situations when Ai > 1 and Bi > 1, 
respectively. 

Proposition 3.5 For every fixed i E {1,2), there exists d5 > 0 such that for every 
M E N with M > Ai and for every solution u = (ul,  UZ)  of (3.1) 

Proof Fix i E {1,2). Letting u be a solution of (3.1); as before, thanks to  Lemma 
2.4, condition 1u:(0)1 > 0 enables us t o  write the explicit expression (3.3) for the 
number of zeros of ui in [0, T ) .  Suppose now that n(ui) is even (the case when n(ui)  
is odd can be treated analogously). Hence, 
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Exactly as in the proof of Proposition 3.3, we can find d t  > 0 such that 

Iu:(o)I 5 dr * l(ui(t),u:(t))l < b 'dt E [0, .ir] . 

In what follows, we will assume 1u:(0)1 5 df , whence, jui(t)l < b for every t E [0, TI. 
Thus, from (K')A we obtain 

Hence, choosing p = Azf it follows that 

Analogously, hypothesis (KT )A  implies that 

The above inequalities leads to 

Let us take an arbitrary M E N with M > Ai. From the definition of Ai in (1.6), 
we can conclude that 

Remark 3.6 According to Remark 2.5, Proposition 3.3 and Proposition 3.5 are 
valid if only assumption (K:)~ is assumed. 

Remark 3.7 Our main result (which will be proved in next Section) provides the 
existence of solutions u to (3.1) having the property d,t < lu:(0)1 < max(di,&), 
for every i. Hence, the two inequalities lu:(0)1 2 di and /u:(O)l 2 d;. (which e.g. 
in the particular case when b"t) = @(t)  r P @ W would lead, combining (3.15) 
with (3.9) and (3.21) with (3.17), to the contradiction P  5 n(ui) 5 P )  never occur 
simultaneously as far as the solutions we find are concerned. An analogous remark 
is valid when we compare Proposition 3.3 and Proposition 3.5. 

4 The main results 

Before proving our main result, we recall the abstract continuation Theorem, on 
which the proof is based. Indeed, the proof of our main result is concerned with 
the study of a fixed point equation of the form 
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where N : dom N c X x [0, 11 + X is a completely continuous operator, X is a 
Banach space and (u, A )  E dom N.  It  is well known (cf. [31]) that problem (3.1) can 
be written in the form (4.1) with respect to the Banach space X = Ci ([0, T ] ,  R 2 ) .  
Let C denote the set of the solutions of (4.1), i.e. 

C = {(u, A) : u = N ( u ,  A )  } 

For any subset D C X x [O: I] let us denote by DA = {x E X : (x,  A) E D) the 
section of D a t  A E [ O , l ]  and let us set NA := N(. ,  A) .  Moreover, let us consider an 
open set B such that B C dom N.  Then we can state the following 

Theorem 4.1 (Continuation Theorem) [6] .  Let k : C n B + N2 be a contin- 
uous function; suppose that there exists n E N2 satisfying the following conditions 

k-'(n) is bounded. (4.3) 

Then, for every open set U t  such that (k - ' (n ) )~  C U$ c U," c Bo and Co n U; = 
(k-'(n))o, the Leray-Schauder degree deg (Id -No, U,") is defined. If 

deg (Id - No, U,") # 0 ,  

then there is a continuum C, c C with 

{A E [ O , l ]  / 3u E X : (21, A )  E C,) = [O, 11 

and such that 

(u, A) E C, + (u, A )  E B and k(u, A)  = n .  

In particular, there is at least one solution ii E B1 of the operator equation 

with 
k ( 6 , l )  = n 

In order to  apply Theorem 4.1, we need to introduce a suitable continuous 
function k, whose domain is contained in C n F ,  being D a suitable subset of 
X x [O, 11. 
More precisely, we shall set 

where the constants d,t, di, di have been introduced in Section 3. According to  
Proposition 3.1, 3.2, 3.3, 3.5, it is not restrictive to  assume that df < max(di, &); 
indeed, if we assume that d: > max(di, &) ,  it will be sufficient to  take 
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We remark that Lemma 3.1 in [17] guarantees that the map n defined in (3.2) is 
continuous. This implies that the map 

k :  cnD --+ iv2 

is continuous as well. 

We are now in position to prove our main result. First, we recall its statement 

Theorem 4.2 Assume that G satisfies hypotheses (H'), (K:), (Fi) and that there 
exists mi E N such that 

either 8i < mi < Bi or Bi < mi < Ai 

holds for every i E {1,2). Then, there exist hl, h2, XI, X2 E N such that for 
every (nl ,n2)  E N2 with hi I ni I Xi (i = 1,2),  problem (1.1) has at least four 
solutions ui = ( u i ,  ZL; ) (1 I j I 4) with u{ having exactly ni zeros in [O,T) for 
every j = 1,2,3,4. Moreover, for every (sl,s2) E r there exists j E (1, ..., 4) such 

that sgn ((u:)'(0)) = si for i E {l, 2). 

Proof For each fixed i E {1,2), the constants hi and Xi in the statement of The- 
orem 4.2 depend on Ui, Bi and Ai,Bi respectively; more precisely, the construction 
of hi, Xi depends on the mutual position of Ui, Bi and Ai ,  Bi respectively (cf. (4.6), 
(4.10) and (4.11)). For this reason, we distinguish the following cases: 

a. 8; < Bi for every i E {1,2} , 

b. Bi < Ai for every i E {1,2}, 

c. 21 < B1 and 132 < A2, 

d. 131 < A 1  and 2i2 < B2. 

In each of these four cases, we will apply Theorem 4.1 four times, according to 
the sign of u:(0) (i E {1,2}); consequently, in order to find solutions of (1.1) with 
sgn (u: (0)) = si for every i E {1,2) and for (sl , s2) E T ,  we will set 

We point out that 2Li < Bi and Bi < Ai are mutually exclusive: for instance, 2Li < Bi 
implies Ai < Bi .  Indeed, from (1.6) and by the definition of 2ii, Bi ,  Ai,  B;, recalling 
that A' 5 A' and B' 5 a:, we easily obtain that Ui < Bi implies 
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With analogous arguments, from 23; < Ai it follows that B; < !Xi 

First, we analyze case a). Let us set 

hi := m i n { m € N m > Q i ) ,  Xi := m a x { M € N /  M < B ~ )  V i = l , 2 .  
(4.6) 

The hypotheses guarantee that hi 5 Xi for every i E {1,2). Indeed, there exists 
mi E N such that mi €]'Xi, Bi[  for every i E {1,2). By construction, hi 5 mi and 
Xi 2 mi for every i E {1,2), whence hi I Xi. Thus, let us take n = (n l ,  n2) E W2 
with hi 5 ni 5 Xi for every i E {1,2). By the above remark, such an n always 
exists. Since (by the definition of Xi) ni < Bi 5 Bi, from Proposition 3.1 it follows 
that for every i E {1,2), whenever u = (ul,  u )  is a solution of (3.1) we get 

From the definition of hi, it immediately follows that n; > 21i 2 Ai. Hence, 
Proposition 3.5 implies that for every solution u of (3.1) and for every i E {1,2) 

We shall now prove the existence of solutions u with sgn ui(0) = 1 for every i = 1,2  
and such that ui has ni zeros in [0, T). In order to apply Theorem 4.1, let us define 
the set 

B = B(l,l) = 2) n {(u, A) E X x [O,1] : sgn (ui(0)) = 1 V i  = 1,2} 

= { ( u , A ) E X  x [ O , 1 ]  : dt <ui(O) <max(di ,di)  V i = l , 2 } .  
(4.9) 

First, we note that n $Z k ( C n a B ) .  Indeed, suppose by contradiction that there 
exists (u, A) E d B  such that k(u, A) = n. This means that there exists j E {1,2) 
such that dj" = u>(O) or ui(0) = max(dj,dj). In the former case from (4.8) we 
obtain n(uj) < nj ,  while in the latter from (4.7) we get n(uj) > nj .  In any case, 
this contradicts the assumption k(u, A) = (n(ul) ,  n(u2)) = n = (nl,  n 2 )  Thus, 
(4.2) is fulfilled. 

Secondly, we notice that k-l(n) is bounded. Indeed, let (u, A) E C n B such 
that k(u, A )  = n. From (4.7) we have that n(ui) = ni implies lui(O)j < max(di, di) 
for every i E {1,2}. Now we can apply Lemma 2.2 with R1 = max(di, di). Hence, 
for any i E {1,2} we can find Ri  > 0 such that ~ ~ ( t ) ~  + ~ : ( t ) ~  5 R i  < R2 for every 
t E [O,.ir] and for every i = 1,2, where R2 = max(Ra, RZ). We infer that (4.3) is 
satisfied. 

Finally, we refer to the Appendix (where the autonomous case is studied) to 
show that there exists an open subset U$ such that (4.4) is verified. 
Hence, all the assumption of Theorem 4.1 are fulfilled and by Theorem 4.1 it is 
proved the existence of a t  least one solution u1 = (ui ,  u i )  of (1.1) with 0 < df < 
(u!)'(O) < max(di, Ji) for every i E {1,2) and such that k(ul,  1) = n, i.e. such that 
ui has exactly ni zeros in [0, T) for every i = 1,2. 
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The existence of the other three solutions of (1.1) can be proved analogously 
and the details are omitted for brevity. 

Case b) is analogous to the previous one. Thus, we skip the details. We only observe 
that the role played in case a) by 21i and Bi is now played by Bi and Ai respectively. 
Consequently, Propositions 3.3 and 3.2 are to be used instead of Propositions 3.1 
and 3.5. 

We now sketch the proof relative to case c ) .  
First of all, we define the constants hi and Xi as follows: 

hl := min {m E N : m > 211} , X I  := max{M E N : M < B1) , (4.10) 

We observe that hi 5 Xi for every i E {1,2), since in this situation there exist 
m l ,  m2 E N such that 211 < ml < B1 and B2 < m2 < A2. Let us take n = 
(nl,  n2)  E N2 with hi < ni < Xi for every i E {1,2), and let u be a solution of 
(3.1). Arguing as before, since dl 5 111 < n1 < B1 < B1 from Proposition 3.1 and 
3.5, we deduce (respectively) that 

Moreover, since B2 5 232 < n2 < A2 < An, from Proposition 3.3 and 3.2, we get 
respectively 

We can distinguish four subcases, exactly as before. According to the subcase, we 
will take a different ( s l ,  s 2 )  E r and we will apply Theorem 4.1 with B = B(,,,,,) 
defined as in (4.5) and (4.9). The details, which are analogous to those we already 
developed, are omitted. 

Case d) is analogous to  the previous one. Indeed, it is sufficient to  replace in the 
previous proof 2i1 and B1 with 2l2 and B2, B2 and A2 with B1 and Al. 

Remark 4.3 We note that the validity of (4.2) and (4.3) in the abstract continua- 
tion theorem, which follows from Proposition 3.1, 3.2, 3.3, 3.5, is ensured whenever 
the set D is replaced by any set of the form 

where 0 < cT < df and Ei > rnax(di, &). 
This remark is useful for the study of the autonomous problem (2.2) that we develop 
in the Appendix. 
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In what follows we give some straightforward corollaries of our main result which 
enable us to perform (in the particular case of a scalar equation) some comparisons 
with similar results available in the literature (cf. Remark 4.7 and 4.8). 

Corollary 4.4 Assume that for every i E {1,2) the function G satisfies (Fi) and 

(Hi) there exist fii > 0 and two continuous functions bi ,  pi : [O,  n] + IWf such 
that 

for every t E [O, n] and xj E R with j # i, - 
(Ki) there exist Mi > 0 and two continuous functions ai, cxi : [0, n] + R+ such 
that 

for every t E [O,n] and xj E R with j # i .  

Moreover, suppose that there exists mi E N such that 

either Ai < mi < Bi or Bi < mi < Ai 

holds for every i E {1,2). Then, the same conclusion of Theorem 4.2 holds. 

For the applicability of Theorem 4.2, it is sufficient to observe that, according to 
the remark following (1.10), under the assumptions of Corollary 4.4 (and recalling 
(1.6)), lli = Ai, B i  = Bj, Ai = Ai and Bi = Bi for every i E {1,2). 

Before stating our next result, we recall that for any real number a and b, we 
denote by the open segment whose endpoints (not included) are a and b. 

Corollary 4.5 Assume that for every i E {1,2) the function G satisfies (Fi) and 
that there exist Ci, Di E R+ such that 

Gi(t, 2 )  - c and lim - - Gi ( t ,  X) lim - = 05 
~ x ; I + + o s  X i  2;-0 xi 

uniformly in t E [0, .rr] and xj E R with j # i. Suppose that there exists mi E N - 
such that mi E CiDi for every i E {1,2). Then, the same conclusion of Theorem 
4.2 holds. 

Sketch of the proof. We apply Corollary 4.4 with bi(t) E Bf = C: - E, Pi(t) = L3: = 
C: + E, ai(t) = Af = D: - E, a i ( t )  = A: = D; + E ,  being E > 0 (sufficiently small) 
such that 
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and 

{ m E N  : \ / G < m <  JS} = { m t N  : C i < m < D i } .  (4.13) 

Then, (4.12) and (4.13) guarantee the applicability of Corollary 4.4. 

We finally give a Theorem where, besides (F;), conditions (H'), (K') are re- 
placed by one-sided inequalities. More precisely, we have 

Theorem 4.6 Assume that G satisfies (F; )  with Gi(0)  = 0. Moreover, the follow- 
ing properties hold: 

there exist Ni > 0 and a continuous function ,8: : [O,  n ]  -+ R+ such that 

for every t E [0, n ]  and (21,.  . . ,xi  - 1, xi + 1 , .  . . , x,) E Rm-l; 

there exist Mi > 0 and a continuous function p,: : [O, n] -4 R+ such that 

for every t E 10, n] and ( x l , .  . . ,x i  - 1, xi + 1 , .  . . , x,) E Rm-l; 

there exist bi > 0 and a continuous function a+ : [0, n] + R+ such that 

for every t E [0, T ]  and ( x l , .  . . ,xi  - l , x i  + 1 , .  . . ,x,) E Rm-I; 

there exist ai > 0 and a continuous function a; : [0, n] + W+ such that 

for every t E [0, T ]  and ( 2 1 , .  . . ,xi  - 1, xi + 1,. . . , x,) E Rm-'. 

Further, suppose that there exists mi  E N  such that 113; < mi < Ai for every i E 
{1,2) .  Then, there exist h l ,  ha, 21, U2 E N such that for every ( n l ,  n2) E N2 with 
hi 5 ni 5 Xi  (i  = 1,2)  problem (1.1) has at least four solutions u j  = ( u i ,  ui ) ( 1  5 
j 5 4 )  with u i  having exactly n ;  zeros i n  [0, n),  for every j = 1,2,3,4. Moreover, 

for every ( s l ,  32)  E r there exists j E { I ,  ..., 4)  such that sgn((u:)'(0)) = si for 

i E { I ,  2).  

For the proof of Theorem 4.6, more refined versions of the lemmas in Section 2 
are needed and Proposition 5.1 has to  be adapted as well. The details can be found 
in [9]. 
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Remark 4.7 In [12] there is given a multiplicity result, in the particular case m = 
1, for a scalar problem of the form (1.1). More precisely, it is assumed that there 
exist EO > 0, R > 0 and 0 < a0 < Ao, 0 < bo 5 Bo, 0 < a, 5 A, and 
0 < b, < B, such that 

G(t,  'U.) < B, 
b, I - 

'U. 

under a Lipschitz condition on G, there is developed a shooting argument based 
on the notion of "variation index" (see also [23]). In the particular case when 
a. = bo, A. = Bo, a, = b,, A, = B,, then statements (a) and (c) in Theorem 3 
in [12] follow from Corollary 4.4. In general, the difference between the number of 
solutions we find and the number of solutions obtained in [12] is at most one. 
Indeed, in this situation, statement (a) in Theorem 3 in [12] ensures the existence of 
k+(ao, ao)  -k+(A,, A,) solutions positive near t = 0, under the further hypothesis 
k+(ao, ao)  > k+(A,, A,), being 6 $ N. We point out that in our notation 
(recalling (4.1 1)) 

Thus, the inequality k+(ao, ao) > k+(A,, A,) and the fact that 6 $! N guaran- 
tee the applicability of Corollary 4.4, with Ai = 6, $1, = 6, Bi = 6, Bi = 
6 ,  and mi = k+(ao, ao) E ]Bi, Ai[. Then, Corollary 4.4 provides the existence of 
31 - h + 1 solutions (with prescribed nodal properties) where, according to (4. ll), 
31 = 3C2 = k+(ao, ao) and h = h2 = min { m  E N : m > &). Finally, using the 
fact that & $ N, it follows that h - 1 = k+(A,, A,), exactly as in Statement 
(a) in Theorem 3 in [12]. 

Remark 4.8 In [34] Sadyrbaev has given, on the lines of Section 15 in [25], a 
multiplicity result for a scalar equation of the form 

U" + G(t, u) = f (t, u, u'), (4.14) 

where G is asymptotically linear at infinity and f is sublinear. The argument in [34] 
is developed through the study of some variation equation (cf. (1.5) in [34] ) associ- 
ated with (4.14), and assumptions are given relatively to the number of zeros of the 
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solutions of this auxiliary equation. For this approach, it is required that the func- 
tions G and f are of class C'. In our setting (with f r 0 and lim,,o = A2), 
the variation equation to be studied is y" + % (t ,  0) y = yl' + A2 = 0, and Corollary 
4.1 in 1341 is, up to minor modifications, the same as Corollary 4.5, Theorem 3 in 
[12] and Theorem 15.11 in [25]. 

Remark 4.9 We point out that Amann and Zehnder in [l] have considered the 
Dirichlet BVP associated to a PDE of the form -Au = f (u); in [I, Theorem 11 
is proved the existence of a t  least one solution, provided that there exists a t  least 
one eigenvalue X of -A such that X E fl(0) fl(co). Unilateral conditions similar to 
the assumptions of Theorem 4.6 have been treated, among others, by Esteban in 
[13, Corollary 111. 

5 Appendix 

In this Appendix we deal with the autonomous uncoupled problem 

where GO(xl, x2) = (g:(x~), g;(x2)) for every (xl, x2) E R2, being, for instance, 

lim - g9(x) - - b:,+ and lim - - - b:,- , g9 (x) 
x i + o o  x x -  2 

(5.4) 

~ P ( E )  = 

go(.) 2 lim - - - a,,+ and g 9 ( 4  - 2 lim - - a,,- , 
2+0+ 2 z+o- 2 

(5.5) 

' <a?,+ 0 5 E l J  

E 4,- - J s ( < o  

E b?,+ E L  N 

E b?,- ( 5 - N  
(5.2) 

f? ( E l  b < { < N  

. f a t )  - N  < E <  -6. 

g9 is continuous and locally Lipschitz. (5.7) 

In (5.2), the positive constants a,,*, bi,* are such that 
Zk B, 5 bi,* 5 0' and A' 5 ai,* 5 A' (5.3) 

for every i E {1,2), while the piecewise linear functions f: are suitable for the 
validity of the following properties 
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We refer now to the notation introduced for the statement of Theorem 4.1 and to 
the choice of B in the various steps of the proof of main Theorem 4.2. Consider 
now n = (n l ,n2)  E N2 satisfying conditions (4.2) and (4.3) in Theorem 4.1. We 
already know that if 24 < n; < B; or 23; < n; < A;, for every i E {1,2), then 
(4.2)-(4.3) hold. We will exhibit an open set U," such that deg (Id - No, U,") # 0, 
when (k-l(n))O c U t  c U," c Bo and Co n U," = (k-'(n))o. 
To this end, we will study separately 

for fixed i E {1,2). Thus, we fix i E {1,2). Rom conditions (5.4)-(5.7), time-map 
techniques (see 1331, [4]) lead to  the following result: 

Proposi t ion 5.1 Assume that there exists m E N such that 

either 2l; < m < Bi or Bi < m < Ai 

holds. Then, there exist hi, Xi E N such that for every p E N with hi 5 p 5 Xi 
problem (5.8) has at least two solutions up and v, having exactly p zeros in [0, n) ,  
with uk (0) > 0 and v$,(O) < 0. 

It  is important to  stress that the constants hi and Xi  obtained in the above 
Proposition coincide with the ones in the proof of Theorem 4.2. 

It is well known that problem (5.8) can be written in the form ui = NA(ui) 
with respect to  the Banach space C,'([O,T]), where N; : dom N; c C,'([O,n]) + 
C,'([O, n]) is a completely continuous operator. Let us denote by Cb the set of the 
solutions of (5.8). Let us also define the continuous function n; : C ~ ( [ O ,  T I ,  R2) + 
C,'([O, n]) setting n(ul ,  u2) = U; for every (ul ,  u2) E C,'([O, n],  R2).  

We now use Proposition 5.1 with m = ni ; following a continuity argument 
developed in [16] and taking into accont the concept of "common core" as in [26], 
one can find (for every fixed i E {1,2)) an open set V:' in C,'([O, n]) such that 

deg (1d - N;, v:" # 0, (5.9) 

where 

n v,"' = n-l (ni) n ~6 n 7ri(Bo) c VFi c Van, c ni (Bo).  (5.10) 

We point out that Bo corresponds to  an annulus which (possibly), according t o  
Remark 4.3, strictly contains the annulus B introduced in (4.5); however, with a 
little abuse of notation, we keep using the letter B. 

Since the initial autonomous problem (5.1) is uncoupled and consequently No(ul,  u2) 
= (N,' (uI) ,  N i  (u2)) for every (211,212) E C,' ([0, n], R2),  the following equality for the 
degree holds 
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Let us define U," := V:' x V:2, where n = (nl ,n2)  E N2. From (5.11) and (5.9) 
(which holds for every i E {1,2)), we immediately obtain 

deg (Id - hro, U,") # 0 

Moreover, since Po = (TI(&,) ,  nz(B0)) by the definition of B and since Co = 
Cb x Ci ,  the validity of (5.10) for every i E {1,2) implies 

(k - ' ( n ) )~  c U," c c BO and C o n  U," = (k-'(n))o. 
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