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Abstract 

This work deals with the nonexistence of solutions of the semilinear elliptic equa- 
tion -Au = a(x)JuIP in R? = { x  = ( X I , .  . . , x N )  E RN : X N  > 0 ) ,  with the 

d u  
boundary condition - - = b(x')lulq on 6 ' ~ :  = {(x f ,O)  : x' E R N - I ) ,  where 

~ X N  
a ( x )  2 0,  b(x l )  2 0 ,  p > 1 and q > 1. We are also concerned with a nonexistence 
result for the system - Aui = ai(x)lui+llpi, x E R:, 1 5 i < m, = u l ,  

a ~ ,  
with - < 0 on dR$!, where a i ( z )  2 0 and pi > 1. 

~ X N  - 
1991 Mathematics Subject Clmsification. 35345, 35555, 35565. 
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1 Introduction 

Let R: = { x  = ( x l , .  . . , x N )  = (XI ,  x N )  E RN : X N  > 0 )  and bRy = { ( x l , O )  : X I  E 
RN-1 ). In this work, we study the nonexistence of nontrivial solutions of the 
problem 

( -Au = a(x)lulP in R:, 
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where N 2 2,  p > 1 and q > 1.   he functions a : R: + R' and b : d ~ f r  + R+ 
are regular and behave respectively as jxla and 1 ~ ~ 1 ~  when 1x1 and lxli become large. 
Some conditions on the coefficients CY and P will be specified later. 

For the particular case where a(x)  and b(xl) are constant functions, the questions 
of existence and nonexistence of solutions of this problem have been investigated 
by many authors. Recently, Chipot et a1 have considered in [ I ]  the problem 

where a E R+ and p, q > 1. Existence of positive solutions of (1.2) has been proved 
N + 2  

for p 2 - N 
and q 2 - N 

Explicit solutions are given for p = q > - 
N - 2  N - 2 '  N - 2 '  

It is moreover established in [ I ]  that, for a > 0, the problem (1.2) does not admit 
any solution in each one of the following cases: 

N f 2  N 
(1) P<= and q 5 - with at least one strict inequality, 

AT 
N - 2 '  

1 V  
(111) q < - 

N - 1 '  
N + 2  In the case N > 2 with p = - N 

and q = - solutions of (1.2) are 
N - 2  N - 2 '  

known to exist (see e.g. [2], 141). It was shown by Hu [3] that for a = 0, positive 
n 1 

1 v 
solutions of (1.2) do not exist if q < - 

N - 2 '  
Our sufficient conditions for the nonexistence of nontrivial solutions of the prob- 

lem (1.1) are tabulated as follows. 

(*) with at least one strict inequality. 
This is a summary of conditions (A.l), (A.2), (B.l) ,  (B.2), (C.l) and (C.2) in Theorem 2.1 below. 
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It can readily be observed that when a ( x )  = a and b(x l )  = b are constant 
functions, then a = p = 0 and we find again condition ( I )  while we improve (11) 
and (111). For this case of constant functions, it is important to point out that our 

N f 2  
results give the nonexistence of nontrivial solutions of (1.2) when p 5 - N - 2 '  Or 

In the last part of this work, we are concerned with the study of the nonexistence 
of solutions for the system: 

The proofs of our results are based on the choice of a suitable test-function 
and using the Young's inequality as well as a scaling argument. We are thus con- 
cerned with the method called the test-function method, developped by Mitidieri & 
Pohozaev [5], Pohozaev & Tesei [6] and Pohozaev & Veron [7]. 

2 Nonexistence for the elliptic equation 

By weak solutions of (1.1), we mean u E Lroc (R:, a ( x ) d x )  n L;oc (d~:, b(x ' )dxl )  
such that, for any positive regular function $J, 

2.1 Main results 

Theorem 2.1. Let N 2 2, p, q > 1 and assume that the functions a ,  b are positive 
and regular in R: and 8 ~ :  respectively. Let US  assume i n  addition that a ( x )  and 
b ( x f )  behave respectively as jxla and Ix'IP, for 1x1 and lxll large, with a > -4 and 
p > -2 . Then, problem (1.1) cannot admit nontrivial weak solutions i f  
1)  N = 2; 
or 
2) N > 2 and one of the following conditions holds: 
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N + 2 + c r  
(A-1) P 5 N - and q  5 - N C B  i f  2 p < p + l  and a t 2 , b ,  N - 2  

N + 2 + c r  
(A.2) P 5 N - 2 and q  5 - N c p  N - 2  if 2 q > p + l  and 0 5 2 0 ,  

with at least one strict inequality in the conditions on p and q; 

N + 2 + a  
(B.1)  p  l if  2q < p +  1 and cr 5 2P, N - 2  

(B.2)  N + 4  if 2 q > p + l  and ~ 2 2 8 ;  41- N - 2  

N + 2 + a  N + 2 + 2 P  
(C.l) p < min 

N - 2  ' N - 2  

For the case a # 0 and b = 0, we have the following result. 

Theorem 2.2. Consider the problem 

( -Au=a(x)lulP in R:, 

Let N 2 2, p > 1  and assume that the function a is positive and regular in R: 
and that 

a(%) 2 a0 JxJa ,  for 1x1 large , with a > -2 and a0 > 0.  

Let u E LP,, (R:, a(x)dx) a weak solution of problem (2.2). Then, u = 0 i f  
1) N  = 2; 
or 

N + a  
2) N > 2  and p <  - 

N - 2 '  
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2.2 Proofs 

Before proving these theorems, we make some remarks on the test-functions that 
will be used. In a general way we select a test-function under the form: 

where p 5 0 and R > 0. The function lp  defined as 

is considered to be regular, decreasing and positive in R+ ,  with 

We note that - 
lim $ ( x )  = 1  V x E  R:. 

R+oo 

Direct computations give 

and 

av 
A$ = p(p - ~ ) ( x N  + R)p-2 p + ~ P ( X N  + R)'-' - + ( ( X N  + R)' + 1) Alp. 

~ X N  

acp a~ alp I x 1  then -=----- If r = -  - a$ - 
R '  

xN ' l p  Since p 5 0, we have - - 
~ X N  ~ X N  dr R2r dr '  ~ X N  

p R p - l p  50 on 8~:. 

Proof of Theorem 2.1. Suppose by contradiction that (1.1) has a nontrivial solution 
u. From the definition (2.1), we deduce 

J,, 
Applying Young's inequality, it follows that 

J,, u /  la$[ dx 5 i 1 a julP $ dx + 1 ]A+IP' a'-p1 +'-PI dx, 
P R, P' R, 

and therefore 



where p + p' = pp' and q + q' = qq'. Hence, 

where C = max(p'1 q') 
min(p'1 q') ' 

Let us now choose the test-function as 

with R > 0. Moreover, let us perform the scaling: 

and we notice that dx = RN dy in R: and dx' = RN-' dy' on ~ R Y .  
On the one hand, since 1 - p' < 0 and 1 - q' < 0, it follows that, for R large 

enough, 

and 
+l-Q1 < R P ( l - q ' )  (1 + yN)p( l -q ' )  lwq' - cP (IYl)l 

where 
-2/(P - 1) if 29 I p +  1, .={ 
-l/(q- 1) if 2q 2 p +  1. 

When R is still sufficiently large, we get, on the other hand: 

- N R P - ~  on ~ R Y  and lA$I N R P - ~  in R:. l,",",I 
By considering then a(x) N / X I *  and b(zf) N Ix'lD, we get the estimate 
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where Cl, 4 > 0, 

and 
2 q + p - 1  

Xz = ( p -  l ) q l  + ( P + p ) ( l  - q t )  + N -  1 = N + p -  
9 -  1 

2 p + a  
WehaveX1 5 OandX2 < Oifandonly i f N  5 -- p and N 5 2 q + p - 1  

-P 
P - 1  9 - 1  

respectively. 
In order to have C1 < cc and Cz < co, we take cpq instead of cp in the definition 

of $J for some q >> 1. 
We inspect (2.6) by distinguishing each one of the following three cases: 

- case 1: X1 < 0 and Xz < 0; 
- case 2: X1 < 0 and XZ = 0; 
- case 3: X1 = 0 and XZ < 0. 

In case 1,  making R co in (2.6), we obtain 

and hence u - 0. 

In case 2,  we deduce from (2.6) that 

Let Eo = {R I lxll I 2 R ) .  We have suppcp c Eo and 

It follows from the definition (2.1) that 

Now, on the right-hand side of this inequality, we apply Young's inequality to the 
first integral and Holder's inequality to the second integral: 



/ a(,) lulp ljl d x  + / b(x l )  lulq ljl dx' 
P R,N aRy 

< / ~ A T , / ~ P '  al-pl T,/'-pl d x  
P R y  

+ ( l j l  ) ( 1'' bl-ql T,/l-ql dx' 

5 1 J ~ A W I P /  a1-p' ljl1-p' d x  
P' R+N 

+ (k b l u l q @  d X 1 )  ' (1 xlq' bl-q1 ljll-q1 d l '  
aR," ~ X N  

Using again the scaling (2.5), we obtain 

L / a ( x )  lulP T,/ d x  + b(x l )  lulq lj l  dx' < GR*' + C2 (Lo b lu lq  lj l  d x ' )  ' . 
P' R+N 

Then making R + m ,  it follows that u 0 as in case 1. 

In case 3, we have 

L: a ( x )  /uIP ljl d x  < m and d;mm a ( x )  b P  ljl d x  = 0, 

where E l  = {R 5 1x1 1 2 R ) .  As in the case 2,  we obtain 

It  follows that u = 0 when R + m. 
By a straightforward computation, we have both X I  5 0 and X 2  < 0 or X 1  < 0 

and X 2  5 0 if one of the conditions ( A . l )  - (C.2) is satisfied. This achieves the 
proof. 

Proof of Theorem 2.2. The proof is by contradiction. Suppose that (2.2) has a 
nontrivial solution u. We consider 

aT,/ as a test-function. We clearly have - - d u  - 0 on 3~:. Since - 5 0 ,  we can 
~ X N  ~ X N  

deduce from the definition (2.1) that 
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S,, a(x) IuIP $ dx 5 - L, u A$ dx. 

Therefore 

Then, applying Young's inequality, we obtain 

S,, lul lAd1 dx < 1 / a lulp $0 dx + 1 / /A+~P' dx, 
P R, P' R+N 

1 1  
where - + - = 1. Hence, it follows that: 

P P' 

Considering the same change of variables as in (2.5), it is immediate t o  check that, 
for R large enough, we have: 

/A+/ - R - ~ .  

Then, since a(x) N 1x1.' for 1x1 -+ cm, it follows from (2.7) that: 

where 60 > 0 and 

- 2 - a  
When N = 2 and cr > -2, we obtain Xo = - < 0. 

P 
If N > 2, we obtain 

When Xo < 0, making R -+ cm in (2.8), it follows that u 0. The case Xo = 0 can 
be treated by using the similar arguments as in the proof of Theorem 2.1. 



3 Nonexistence for the system 

In this section, we extend the result obtained in Theorem 2.2 to  a system. 

Theorem 3.1. Consider the following problem 

Let N > 2, p; > 1 and assume that the functions ai are positive and regular i n  
R: and that a i ( x )  N Ixlai, for 1x1 large, with a ;  > -2, 1 < i j rn. 
Then, problem (3.1) does not admit any nontrivial weak solution i f  N = 2,  or i f  

Proof. By a weak solution of problem (3.1), we mean ( u l , u 2 ,  ..., urn) such that 
ui E Lyjc (R:, a ; ( x )  d x )  and for any positive regular function +, 

Using the same test-function and the same arguments a s  in the proof of Theorem 
2.2, we obtain 

where 
Xo = N + max (-2pi + a i ( 1 -  p i ) ) .  

1<i<m 

For N = 2 and aj > - 2 , l  < i < m, we have Xo < 0 ,  and when N > 2, we have 

X O ~ O  o N <  min (=). 
l<i<m pi - 1 

As before, at the limit when R + m, we obtain 

leading to ui+l = 0 for 1 5 i 5 m. This achieves the proof. 
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