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Abstract

This work deals with the nonexistence of solutions of the semilinear elliptic equa-
tion —Au = a(z)|ul’ in RY = {z = (z1,...,2n) € R : znx > 0}, with the
boundary condition — :Tu_ = b(z')|u|? on ORY = {(’,0) : ' € RV}, where
N
a(z) >0, b(z') >0, p> 1 and g > 1. We are also concerned with a nonexistence
result for the system — Au; = a;i(z)|ui+1|™, £ € RY, 1 < i < m, Um+1 = u1,
Ou;

with Bon S 0 on ORY, where a;(z) > 0 and p; > 1.
N
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1 Introduction

Let Rf ={z=(z1,...,28) = (¢',2N) € RN :zy > 0} and ORY = {(z,0): 2’ €
RYN '1}. In this work, we study the nonexistence of nontrivial solutions of the
problem

—Au=a(z)lu? in RY,
ou (1.1)

————— — ! q N
oy b(z')|u|? on OR],
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where N > 2, p > 1 and ¢ > 1. The functions a : RY — R*and b: 0RY — R*
are regular and behave respectively as |z|* and |z’ |ﬁ when |z| and |2/ become large.
Some conditions on the coefficients & and § will be specified later.

For the particular case where a(z) and b(z’) are constant functions, the questions
of existence and nonexistence of solutions of this problem have been investigated
by many authors. Recently, Chipot et al have considered in [1] the problem

—Au = a'u,p in R_I:_,,
(1.2)

____=uq

N
. on ORI,

where a € Rt and p,q > 1. Existence of positive solutions of (1.2) has been proved

for p > x-’_ 2 and ¢ N Explicit solutions are given for p=¢ > —3
It is moreover established in [1] that, for a > 0, the problem (1.2) does not admit

any solution in each one of the following cases:

N p< x_'- 2 and ¢< N_3’ with at least one strict inequality,
II .
) ¢<5F—3 Ve .
In the case N > 2 with p = Ni- and g = N3 solutions of (1.2) are

known to exist (see e.g. (2], [4]). It was shown by Hu [3] that for a = 0, positive
solutions of (1.2) do not exist if ¢ <

-2
Our sufficient conditions for the nonexistence of nontrivial solutions of the prob-

lem (1.1) are tabulated as follows.

o< 20 o> 28 R
N+24a
2g<p+1 || and *) a.m'%v+ﬁ
<
g>1 1<q..N 2
. fN42+a N+2+28
1< p< mn N—2 ' N —2
2q=p+1 or
“=r WEETR.EL 3
1< g<mn —-—N_z» N —2
N+2+a
— 1
1<p< N—3 P:
2g>p+1 * and an
g > p ™ p +ﬁ o <N+B
1<¢g< N — qs N —

(*) with at least one strict inequality.
This is a summary of conditions (A. 1), (A.2), (B.1), (B.2), (C.1) and (C.2)

in Theorem 2.1 below.
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It can readily be observed that when a(z) = a and b(z’) = b are constant
functions, then a@ = 3 = 0 and we find again condition (I) while we improve (II)

and (III). For this case of constant functions, it is important to point out that our

N
results give the nonexistence of nontrivial solutions of (1.2) when p < Fi_—;’ or

4 -
N-2
In the last part of this work, we are concerned with the study of the nonexistence
of solutions for the system:

—Au; = a;(z)|ui41|”, z € RY,
aui

< N .
I 0 on OR,, (1.3)

1<i<m, Ums1=Us.

The proofs of our results are based on the choice of a suitable test-function
and using the Young’s inequality as well as a scaling argument. We are thus con-
cerned with the method called the test-function method, developped by Mitidieri &
Pohozaev [5], Pohozaev & Tesei [6] and Pohozaev & Veron [7].

2 Nonexistence for the elliptic equation

By weak solutions of (1.1), we mean u € L? (RY,a(z)dz) N LY, (ORY,b(z')dz’)

loc loc
such that, for any positive regular function %,

/Rﬁa(a:)|u|”1/)d:c= —/Ri,quda:+/a Ou 1/)d:c'—/a ﬂ-uda:'. (2.1)

~N Oz
R+ N R-th-, 8.1:N

2.1 Main results

Theorem 2.1. Let N > 2, p, ¢ > 1 and assume that the functions a, b are positive
and regular in RY and ORY respectively. Let us assume in addition that a(z) and
b(z') behave respectively as |z|* and |z'|P, for |z| and |z'| large, with a > —4 and
B> —2. Then, problem (1.1) cannot admit nontrivial weak solutions if

1) N=2;

or

2) N > 2 and one of the following conditions holds:
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N+2+a N+pg .
. < < >
(A1) p< N3 d S§¥—3 if 2g<p+1 and oa>28,
N+2+4+a« N+g .
. < —_— < <
(A2) p< N_2 and IS5 if 2¢>p+1 and a<2B,

N
(B.1) ps—;%;—a #  2q<p+1 and <26,
N
(B.2) quig if 2q>p+1 and a > 28;

(©1) p<min 2+a N+2+2ﬂ)

 N-2

w3)

For the case a # 0 and b = 0, we have the following result.

if 2¢g=p+1.

(=
(C.2) q<m1n(

Theorem 2.2. Consider the problem

—Au = a(x)|ulf in Rf,

(2.2)
% <0 on ORY.

dzy =
Let N >2, p>1 and assume that the function a is positive and regular in Rﬁ
and that

a(z) > apl|z|*, for |z| large , with a>-2 and ao>0.

Let ue L2 (RY,a(z)dz) @ weak solution of problem (2.2). Then, u=0 if
1) N=2;
or

2) N>2 and p< N+a.

N -
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2.2 Proofs

Before proving these theorems, we make some remarks on the test-functions that
will be used. In a general way we select a test-function under the form:

||

= u

Y(z) ((a:N+R) +1) ( 7 )
where 1 <0 and R > 0. The function ¢ defined as

m={1 Hosrsy,
- if r>2

is considered to be regular, decreasing and positive in R*, with

o' (r)] < -f— Vr > 0.

We note that -
lim ¢(z)=1 Vze RY.

R—o0

Direct computations give

%=p(xN+R) Yot ((en+ R +1) o2

Oy
ozN’

and

8
A% = plu—1)(en + R o+ 2u(an + B 55+ (v + R +1) Ag.
_ lil 6<p _ or dp _ zn Op
I r="T then Z = enor  Reror
pR*1p <0 on aRf.

Since p < 0, we have 8_

Orn

Proof of Theorem 2.1. Suppose by contradiction that (1.1) has a nontrivial solution
u. From the definition (2.1), we deduce

/ o(2) |ufP  dz + / b Jul? ¥ de’ < / lu| |A%| dz + / |u|‘a—¢’dz'.
N oRY RY orY  |0zN

Ry

Applying Young’s inequality, it follows that
1 1 / ’ ’
/ lul |AY]dz < —/ alulP ¢ dz + —/ |Ay[P a2—7 Y17 dg,
RY P JRY P Jry

and therefore

i o il

dzn N

6¢ q

’
! !
bl—q d’l—q dxl,
a:l:N

1
_-/ blulfydz’ + =
9 JorY 9 Jary
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where p+p =pp’ and q+q =gqq. Hence,

/ o(2) [ul? ¥ dz + / b(a') [ul? & da’ (2.3)
RN 8RY

+ +

<C / |AY[P a1=? 1=’ dw+/
RY ORY

max(p’,¢')
min(p/,¢’)

Let us now choose the test-function as

9

az‘N

? bl—q' wl—q' d$I> ,
where C =

((:cN + R)-Y®-D 4 1) o (%) ,if 29<p+1,

P(z) = (2.4)
’ ((:L'N +R)~Y(e-1) 4 1) © (%) , if 2¢>p+1,

with R > 0. Moreover, let us perform the scaling:
y=R_l z, (ylayZa"'7yN) = (R—l xlaR_l sz“yR—l xN), (25)

and we notice that dz = R dy in RY and d’ = RV~ dy’ on RY.
On the one hand, since 1 —p' < 0 and 1 — ¢’ < 0, it follows that, for R large
enough,

¢1—p’ < Re(1-7") (1+ yN)#(l—p’) ¢1'Pl(|y[)

and
P17 < R (1 4 yp)#0=9) 1 =9 (Jy)),

where

-2/(p-1) if 2¢g<p+1,
IJ=
-1/(g-1) if 2g>p+1.

When R is still sufficiently large, we get, on the other hand:

o

Ozn

~R*' on ORY and |Ap|~R*? in RY.

By considering then a(z) ~ |z|* and b(z’) ~ |2’|?, we get the estimate

J

a() [ul? ¥ dz + / b(z') jul? 9 dz’ < C1 R™ + Co R, (2.6)
aRY

N
+
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where Cq, C2 >0,

2p +
M=@p-2p +(@+p)(1-p)+N=N+pu- ;:_la
and
20+8-1
Az=W—IMW%ﬁ+MO—QW+N—1=N+u—-2;gr=
2 -

We have A; < 0and \; < Oifand only if N < ;+1"—u and N< 2";—‘311—
respectively.

In order to have C; < oo and Cs < 00, we take ¢" instead of ¢ in the definition
of 9 for some > 1.
We inspect (2.6) by distinguishing each one of the following three cases:
-case 1: A\; <0and A\ <0
-case 2: A1 <0and A\ =0;
-case 3: A\; =0and X\ <0.

In case 1, making R — oo in (2.6), we obtain

f o() [ulP dz + / b(') [ul? dz’ < 0,
RY oRY

+

and hence u = 0.

In case 2, we deduce from (2.6) that

/ b(z') |u|? ¢ dz’ < oo.
ORY

Let Eg = {R < |2'| < 2R}. We have supp ¢y C Ep and

lim / b(a') Jul? ¥ da’ = 0.
R—00 EO

It follows from the definition (2.1) that

/ o() [ulP ¥ dz + / be') |ult p dz’ < / lu| | Ay| dz + / lu] -‘?lp—‘dz'.
RY oRY RY ory  |0zN

+

Now, on the right-hand side of this inequality, we apply Young’s inequality to the
first integral and Holder’s inequality to the second integral:
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}, /R RO /a 0 032
1

<= [ |AyP ar 7 1P dg
P Jry
1 , 1
q q q
+ / blul9 4 da’ / v R
ORY ORY Ozn
<= [ agF o yiF do
P Jry
: it )
+ blu|? ¢ dz’ X AR e i
d
Ey ORY | OTN

Using again the scaling (2.5), we obtain

1

1 / a(z) [ulP Y dz + / b(x')|u|qwdx'sélR*1+éz< blul"aj)da:')q.
o4 RY SRY

Ey
Then making R — o0, it follows that u = 0 as in case 1.

In case 3, we have

/ a(z) |ulPpdzr <oo and lim / a(z) |[ulPydz =0,
Rf R— o0 E1

where E; = {R < |z| < 2R}. As in the case 2, we obtain

1

/ a(z) [ulP ¥ dz + / b(z') lu|?y dz’ < Cy (/ a(z) |u|”'¢vda:) g CaR*.

R_';’ ORY E,
It follows that v = 0 when R — oc.

~ By a straightforward computation, we have both A\; <0 and XA <0 or \; <0
and Az < 0 if one of the conditions (A.1) — (C.2) is satisfied. This achieves the
proof.

O
Proof of Theorem 2.2. The proof is by contradiction. Suppose that (2.2) has a
nontrivial solution u. We consider

(@)= ('iR') ,

as a test-function. We clearly have aaTw =0 on 6R_,1\_’ . Since _a%u_ < 0, we can
. N N
deduce from the definition (2.1) that
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/ a(z) julP Y dx < —/ uAydz.
RY RY

Therefore

/ o(=) [ulP ¥ dz < f lu| | A9 dz.
RY RY

-+

Then, applying Young’s inequality, we obtain
1 1 ’ 1_ ’ 1_ ’
|u| |AY|dz < = alulPYodr + = |[AY|P 0" 7P ¢ 7P d,
RY P JRY P JRY
1 1 .
where ; + 17 = 1. Hence, it follows that:

J

Considering the same change of variables as in (2.5), it is immediate to check that,
for R large enough, we have:

a(z) [ufP Y dz < / |AY[P' a1 1P dg. 2.7)
RY

N
+

|Ay| ~ R72.

Then, since a(z) ~ |z|* for |z| = oo, it follows from (2.7) that:

/ o() [ulP ¥ de < Co R, (2.8)
RY
where C‘o > 0 and
Ao=—2p’+a(1—p')+N=N+—;p_la.
) -2—-qa
When N =2 and a > —2, we obtain g = <0.
If N > 2, we obtain
2p+ N+a
< < — < .
M0 N —3 <~ p< N3

When )¢ < 0, making R — oo in (2.8), it follows that u = 0. The case Ao =0 can
be treated by using the similar arguments as in the proof of Theorem 2.1.
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3 Nonexistence for the system

In this section, we extend the result obtained in Theorem 2.2 to a system.

Theorem 3.1. Consider the following problem
—Au; = a;(x)|usipa [Pt in Rf,

Ou;
— < .
Ban = 0 on c')R (3.1)

1<i<m, uUmnt1 =us.

Let N > 2, p; > 1 and assume that the functions a; are positive and regular in
R+ and that a;(z) ~ |x|*¢, for |z| large, with a; > =2, 1 < i < m.
Then, problem (3.1) does not admit any nontrivial weak solution if N =2, or if

2p; + a,-)

2< N < min (
pi—1

1<i<m

Proof. By a weak solution of problem (3.1), we mean (uj,us, ..., um) such that
u; € L¥: (R +>a:i(z) d:c) and for any positive regular function 1,

/ ai(z)|u,-+1|”"wdx5—/ u; Ay dz — / uids', 1<i<m.
RN RY

N RN axN

Using the same test-function and the same arguments as in the proof of Theorem
2.2, we obtain

Zf izl yda < / |AgP o} F yirldr < © R,

i=1 =1

where
o =N+ max (=25} + (1~ 5})).

For N=2 and a; > -2,1<%<m, wehave A9 <0, and when N > 2, we have

2p; + o
M0 < N< min <—w—>
1<i<m \ p; — 1

As before, at the limit when R — oo, we obtain

m
Z/Nai [uiy1P* dz <0,
i=1 YRy

leading to u;4+; = 0 for 1 < 4 < m. This achieves the proof.
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