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Abstract

In this work we study the existence of positive solutions of the critical problem
(P) A%u+a(z)u=|u* "%y, R" and u € D**(R"),

where 2** = 2N/(N —4), N > 5, a € L"/4(R") is a nonnegative continuous
function and A? is the biharmonic operator. We also prove a global compactness
result for the associated energy functional of problem (P), similar to that due to
Struwe in [22]. The basic tool employed here is the concentration compactness
due to P. L. Lions and a linking theorem on the cone of nonnegative functions.
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1 Introduction

The main purpose of this paper is to investigate the existence of positive solutions
of the fourth-order critical problem

A%u+a(z)u = |u* 2w, RN and u € D**(R"), (1.1)

where 2** = 2N/(N—-4), N > 5, a : RY — IR is a nonnegative continuous function
with @ € LV/4(IRM), A? is the biharmonic operator and D*?(IR") is the closure
of C°(IR™N) with respect to the norm

wi=(/ |Au|2dx)% .

Problems involving critical growth in second-order semilinear and quasilinear
problems have been object of intensive research in the last years, starting with
the work of Brezis-Nirenberg [8]. See, for example, [4, 24] for semilinear elliptic
equations and [5, 14] for quasilinear equations. For results involving biharmonic
equations with critical growth, we refer to [3, 6, 10, 11, 13, 15, 19] and references
therein.

Here we extend to problem (1.1) the results of the paper of Benci-Cerami [4].
Also, we prove a global compactness result similar to that due to Struwe in [21]. We
use the variational method and our arguments make use of the Lions concentration-
compactness principle the limit case (see [18]) and a linking theorem on the cone
of positive functions. This global compactness result is crucial to investigate the
behavior of the Palais-Smale sequence of the associated energy functional of problem
(1.1). We would also like to mention that this kind of problem as well a global
compactness for the p-Laplacian operator has been studied in [2].

We study the existence of solutions for problem (1.1), regarded as critical points
of the associated energy functional I : D>2(IRY) — IR given by

1 1 1 .
I(u) = 5/1}2” |Au|2dx+§/RN a(z)udz — e /}RN [uf* dz.

The main theorem of this paper is stated as follows.

Theorem 1.1 Leta: RN — IR be a nonnegative continuous function such that
a(z,) >0, for some z, € R", (1.2)

there are numbers 1 < p1 < N/4 < p; and, for N <7, p, < N/(8 = N), such
that

a € L*(RY), for all s € [p1,p2) (1.3)

and
laly/a < S@YN - 1), (1.4)
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where S corresponds to the best constant for the embedding of D*2(IRN) in L?"" (IRN).
Then there ezists a critical point u, € D*?(IR™N) of the functional I with

SN/4 N < I(u,) < 28NN,

Remark 1.2 Assumptions like (1.2) — (1.4) are quite natural and have already ap-
peared in the papers (2, 4] for the p—Laplacian and Laplacian operator, respectively.
It should be remarked that assumption (1.4) seems to be just technical and it leaves
room for improvement.

This paper is organized as follows: In section 2 we list some elementary proper-
ties and prove the fundamental results for Palais-Smale Sequences. In section 3 we
prove the main result of this paper, via a link theorem on the cone of nonnegative
functions.

Notations. In this work we make use of the following notations.

We denote in a Banach space X the strong convergence by “ — ” and the weak
convergence by “ — . As usual, we say that a C'-functional ® : X — IR satisfies
the Palais-Smale condition at level ¢ (the (PS). condition for short) if every Palais-
Smale sequence of ® at level ¢, that is, ®(u,) — ¢ and ®'(u,) — 0 in a dual
space X*, is relatively compact. Bg(p) denotes as usual the open ball of RY,

centered at p and of radius R. L™(IR"), 1 < 7 < oo denote Lebesgue spaces and
by |ul, = (fpw lul” dz)Y/" their norm. We denote by S the best constant of the

immersion, D?>?(RN) — L?"" (R"), that is,

S = inf {/ |Au|® dz : w € D*?(R") with /
RN RN

This infimum S is achieved by the functions u;,, given by

|u|2" dz = 1} .

45.,(2) CnoN-9/4
sy\T) = (N=4)/2°
[6+ 12— of?]

Cn =[(N - 4)(N = 2)N(N +2)]N=9/8 (1.5)

for any § > 0 and y € R" ( see [13, 18, 19, 25]).

2 Preliminary Results

This section supplies a basic tool needed to study the behavior of the Palais-Smale
sequences of I, the associated energy functional of problem (1.1). For that matter
we shall need the concentration-compactness principle due to P.L. Lions [18]. In
what follows we enunciate a version adequate for our purposes (see also [10, 23, 22]).

Lemma 2.1 Let {u,} C D*?(R"N) with u, — u weakly in D*?(IRN). Suppose
fn = |AupPdz — g, vy = [ul* dz — v weakly in the sense of measures where p
and v are bounded non-negative measures on RY. Then, we have:
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1. There exists some at most countable set A, a family {y;}:iea of distinct points
in RN and, a family {v;}iea of positive numbers such that

V= |u[2 dz + Z uiéy,.,
ieA
where d, is the Dirac-mass of mass 1 concentrated at x € RN

2. In addition we have
> |Audz + Y iy,
ieA
for some family {p;}ien of positive numbers satisfying
Sui(N_4)/N < p;, for alli € A.

J(N=4)/N

In particular, 3 ;¢ v; < 0.

Using Lemma 2.1, we investigate the behavior of the Palais-Smale sequences of the
energy functional I, : D*?(RR") — R given by

1 1 .
Im(u)=§/RN |Auf® dz — e /RN lu*” dz

associated to the limiting problem

A% = |u* "%y, R" and u € D**(R"). (2.6)

The next result is crucial to do a careful study of the behavior of Palais-Smale
sequence associated to the functional I. A version of this result for bounded domain
and Laplacian operator was proved by Struwe in [22].

Lemma 2.2 Let {u,} a Palais-Smale sequence for I, such that un, — 0 and un, /4
0 in D>2(RN). Then, there ezists a sequence {R,} C R, {z,} C RV, v, a
nontrivial solution of the limiting problem (Pw,) and a Palais-Smale sequence {wn}
for I such that for some subsequence of {u,} we have

Wn(2) = un(z) — RV=D204(Rp(z — 1)) + 0n(1).
Proof Let {un} be a Palais-Smale sequence for I, that is,
Io(un) = cand I (un) = 0 asn — oo. (2.7)
We can assume that N ESN/4 .
2N .
because if ¢ < -,%SN/ 4 a similar arguments to that used by Brezis-Nirenberg in

[8] shows that u, — 0 strongly in D*2(RR"). From (2.7), taking subsequence if
necessary, we have

2 / |Aun|>dz — ¢ asn — oo, (2.9)
N Jp~
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then by (2.8) and (2.9),

lim |Au,|? do > SV/4,
N

n—00 R

Choose {z,} C R and {R,} C IR such that

sup / |Au, * dz = / |Auy,|? dz = lSN/“,
veRY /B () B i (2n) 2L

where L is a natural number such that B(0) is covered by L balls of radius 1, and
scale
Up > v (z) = RNy, (z/Rp + ).

Thus Ioo(Un) = Io(va) and

1
sup / |Av, * dz = / |Av, > dz = —=SN/4,
yeRN J By (y) B, (0) 2L

Now, for each ® € D%2(IRV) the following sequence
8,(z) = RY~928(Ra(z — zn))

satisfies
Au,AD,dz = / Av, Addz
RN RN
and
/ lunl* "2 u, &, dz = / lval* "2 v, & dz.
RN RN
Hence,

Io(vy) = cand I (v,) = 0, asn — oo.
Thus for each bounded sequence {¢,} C D??(R"), we have

I' (v,)(¢n) = 0 as n — oo. (2.10)

Considering v, € D%?(IRN), the weak limit of {v,} C D?2(R"), we have v, is a
solution of (P)eo and according to Lemma 2.1, we may assume v, =| v, |2 dz — v
and p, =| Av, |? dr — p weakly in the sense of measures, with

v = I Vo ]2” + Z V,-dy,.,
i€EA

[T | A'Uo !2 + Z I-lviay,-a
€A
where A is at most countable set and

SyNTHN < . for all i € A. (2.11)
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Claim 2.3 A is empty or finite.

Proof of claim 2.3 Next we take as a test function v,9, where ¢ € C$°(RR"V, [0, 1]),
such that ¢ = 1 on B(yk,€), ¥ = 0on RN —B(y, 2¢), | Vi |[< 2/eand | A |< 2/€2.
Hence

Ava(vath)de = / lvn P dz + on(1). (2.12)
RN RN

We observe that
/ Av, A(vptp)dz =
RN

/ | Av, |2 ydz+2 / Av, Vv, Vidz + / UnAvp, Adz.
RN RN RN

Since
5 5 \1/2 2 2 5 21/2
| [ry Avn Vo Vibdz | < ([pn | Ava |2 d2) (Jg~ | Vg P VY |2 d2)
1/2
< O (fagpae | on 12 V9 2 do)
and
lim | Vo, 2| Vo |2dz = S0 | Vo Pl VY |2 dz

"2+ JB(yk,2¢)

INA

?

(N=-2)/N
C (fB(yk,Ze) l V, |2N/(N_2) d:):)

where C' > 0 and C; > 0 are constants independent of n, we see that

lim lim sup Av, Vv, Vipdz = 0.

€20 nooco JRN

Similarly, since Ay ~ €72 and v, — v, in L2 (IRY), we have

loc

1/2
nl_l_’n;o | [py nAvpAvdz | < Cnango (fB(yi,ZG) vn? | AY |? dm)
1/2

sC (fB(y.-,ze) vo’ | AY |7 dm)

1/p 2
<C (fB(yi,ze) | v ;v) (fB(thE) | A |N/2)

1/p
<G (Jauug 100 P)

for some positive constants C and C; independent of €. Consequently,

/N

lim lim sup / v Av, Apdz = 0.
RN

€0 nooo

Letting n — oo and then € — 0 in (2.12) we obtain px = v, which together with
(2.11) imply that v, > S™/4. From this it is easy to see that A is empty or finite.
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Hereafter we denote B, = B,(0) and I’ = {y; : |y;| > 1}. Next our objective
is to show that v, is nontrivial. If we assume by contradiction that v, is trivial, for
all p € C (RN \ A),

/ lval* ¢dz — 0 (2.13)
RN
and by (2.10) and (2.13),
/ |Av,|? pdz — 0. (2.14)
RN
Let p be a fixed real number such that
0 < p < min{dist(T', B1(0)),1},

and
. (z) = ®(z)va(z),

where ® € C°(Bi+,,[0,1]) is a cut-off function such that ® = 1 in By, ,/3 and
®=0in RM\Bj,z,/3. We remark that

/ |A®, > dz — 0 (2.15)
B1+5\B14p/3

because by (2.14)
/ |Av,|? dz — 0. (2.16)
B14+p\B1+4p/3
Using the fact that {®,} is a bounded sequence, we have
Il (va)(®,) 2 0asn — o©

hence
/ Av, AP, dz — / |vn|2 -2 p@rdr = 0,(1)
Bi+p

Bi4p
and we find

/ 1A®,[2 + f Av,AD, ~ / 2" -
Bi4p/3 Bl+p\Bl+p/3 Bitp/3

/ foal*” @
B14p\B1+p/3

= 0,(1).

From (2.13), (2.15) and this last fact we conclude that

/ |A®,|? dz — / 18,2 dz = on(1)
B1+p/3 Bl+p/3

or equivalently
/ lA<I>n|2dx—/ 18,2 dz = on(1). (2.17)
RN RN
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Now, using (2.17) and the definition of S, we have
[ @al” 1= $7%F |2, )* ] < 0a(D), (2.18)
Using the estimate

[®,]1° < / |Av, 2 dz + 0,(1) < /B |Av,|? dz + 0,(1)
1+p/3 2

we obtain
SN/ 4o, (1). (2.19)

[ SRR

[@a)? < L/}3 |Av, > dz + 0n(1) =
1

Combining (2.18) and (2.19) it follows

1 4/(N—-4)
limsup || ®,]* |1 - (—) <0

n—00 2

and we can conclude that
@, — 0in D*?(RR").

Using again the definition of sequence {®,} we have

n—oo

lim/ lAvn[2d$=O,
B,

contradicting the equality

/ IAvnlzd:c = —l—SN/4, Yn € IN,
B, 2L

thus v, is nontrivial.

To conclude the lemma, let ¥ € C(RY,[0,1]) such that ¥(z) =1 in B;(0),
¥(z) = 0in RV\B, and let

Wn(Z) = un(z) — RgN"“)/zvo(Rn(z —z,))¥(Ru(z - z,))

where the sequence {R,} C R is chosen satisfy R, (Rn)_1 — o0. Using the same
arguments explored by Struwe in [22] we finish the proof of Lemma 2.2.

Remark 2.4 If in Lemma 2.2 the sequence {u,} is nonnegative, then the function
U, is nonnegative. Moreover, if {u,} is a Palais-Smale sequence at level ¢ = S O /N,
we have that v, assume the best constant S, thus (see [18, 25]) there exist § > 0
and y € RV such that vo(z) = us(z), for all z € RY. Therefore, for all z € RV

Un(z) = wp(z) + S(N"‘)/siﬁgmyn () + on(1)

(4-N)/8

where &5, =S Us,,,y. for some y, € RN and 6, > 0.
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The next result is a technical lemma and its proof we can be found in Brezis-Lieb
(7] (see also Alves [2]).

Lemma 2.5 A : RX - R¥X; A(y) = [P %y and 7. : RY — RX such that
Nn(z) = 0 almost everywhere, n, € (LP(RN)X (p > 2) and Ml (Lo (mryyx < C.
Then we have

[ 1A+ ) = Al) = AP dz = 0a(1)
RN
for each w € (LP(RN))X fized.

Next we study the behavior of the Palais-Smale sequence of the functional I
associated to (1.1).

Theorem 2.6 (A Global Compactness Result) Let {u,} C D*2(R") be a
Palais-Smale sequence of the functional I. Then, either {u,} possesses a strongly
convergent subsequence, or else there ezists a finite sequence {2}, ..., 25} of nontrivial
solutions for the problem (2.6) such that

k
lual® = Juol® + 3 ||22]°
j=1

and
k

I(un) = I(wo) + 3 Ioo(23)

Jj=1

where u, is the weak limit of sequence {u,} in D*2(RN).

Proof First note that u,(z) — u,(z) almost everywhere in IR™ and hence u, is
a solution of (1.1). Suppose that u, does not converge to u, in D*2(IRV), and let
{21} c D??(RRN) given by 2z} = u,, — u,. Then

z} = 0 but z, 4 0in D*?(R")

and
Io(2)) = I{un) — I(u,) + 0n(1) (2.20)

because we have
2
[z ]]” = llun = wol® = llun® = lluoll* + 0n(1)
and by Brezis and Lieb [7]

R g

P P
n|Qw= o= - |uo|2-n + On(l)

ger
= |Un — Uo|pen = |Un
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and

/ a(z)u,ﬂd:c:/ a(z)uo2dz + 0, (1)
RN

RN

because u, converges weakly to u, in L"/4, since u2 is bounded in L¥/V=4) and
un(2) = Uo(z) almost everywhere in RN .

Moreover, by Lemma 2.5 we have

il,n =
. - - 2% /(2" =1)
/ . !Iunl2 2 tn = |(Un = wo)* 72 (U~ o) = Juo|” P, dz — 0
R
and
ig,n = / a(z) Jup, — uo|2 dz — 0.
RN
Thus we obtain
I' (2}) = I'(un) = I'(uo) + 0a(1). (2.21)

Since I'(u,) = 0, using (2.20) and (2.21), we conclude that {z}} is a Palais-Smale
sequence of the functional I,. From Lemma 2.2, we have {R,1} C R, {z,,:1} C
RV, 2! a nontrivial solution of (2.6) and a Palais-Smale sequence {22} for I
given by

22(z) = 25 (2) = Ry V223 (R (2 — 2a 1)) + 0n(1).
If we define
v (@) = R'E:IN)/QZ}L(:E/Rn,l +zn)
and
zZ2(x) = vp(z) — 2(x) + 0n(1),
we have
I U |
IOO(U}L) = Ioo(zrlz) + 0n(1)
IL(vy) = on(l).
Thus ) , \
IZ2]" = lonll” = [lza]|” + 0n (1),
that is,

122117 = llza]1* = [[=3]1* + oa (),
which implies \ ,
I1Z211° = llual® = loll® = f|22]|” + 0n (1),

consequently

Io(Z2) = Ioo(v7) = Too(25) + 0n(1) = I(u,) = I(uo) — Ioo(25) + 0n(1)
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and
IL(ZR) = I (va) = I, (2) + 0(1) = 0a(1).

If 22 — 0 in D*2(IRY), the proof is complete. Otherwise, we can iterating the

above produce with the help of Lemma 2.2 to get a finite-sequence {Zz},..., Z5} of
nontrivial solutions for the problem (2.6) satisfying
IZ)° = SM4, j=1,..k (2.22)
and
2 2 2 L
IZRN = llunll® = lluoll® = Y 12217 + 0a (1) (2:23)
j=1
Then
k-1 .
Too(Z5) = I(un) = I(wo) = Y Too(23) + 0n(1). (2.24)
j=1

We notice that this iteration must terminate at some finite index k, because from
(2.22) and (2.23) we have

k—1
2
0 < JIZR]" < lunll®~uol® =D S™* = [lun|® ~Iluo |~ (k=1)8"+0n(1). (2.25)
Jj=1
which implies, for k sufficiently large, that
limsup ||2%|” < 0,
n—o0
and hence zF — 0 in D%2(RV).

Corollary 2.7 Let {un} be a Palais-Smale sequence for I at levelc € (0,28V/%/N).
Then {u,} has a subsequence strongly convergent in D*?(RR™).

Next we have a regularity result which it will be used to prove a compactness
criterion.

Lemma 2.8 Let u € D>2(IRN) be a distributional solution of
A%y =V(z)u in D'(RY), (2.26)
where V(z) € LN/*(RN). Then u € LP(RRN) for allp > 2N/(N — 4), (N > 5).

Proof The proof follows adapting arguments as those of Lemma B1 of [23] and
applying the Calderon-Zigmund inequality (see Theorem 9.9 in [16]).

Proposition 2.9 Let {u,} it be a nonnegative Palais-Smale sequence for I at level
c € (2SN/4/N,4SN/4/N). Then {u,} has a subsequence strongly convergent in
D*2(RM).
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Proof 1If not, by Theorem 2.6,

k
I(up) = I(uo) + Y Io(23)
j=1
where u, is the weak limit of sequence {u,} in D?2?(IR"). Thus u, is nontrivial,

because if u, = 0 we get
k

I(un) = Z Iw(zg)

j=1
hence k = 1, since Io(2J) > 28N/4/N, for j = 1...k. On the other hand, as a
consequence of Lemma 2.8 and Remark 2.4, we get that z} is a classical solution of
(2.6) with Io(z}) = 28N/4/N. Thus
I(u,) = 28N/4/N,
which is a contradiction with I(u,) = ¢ € (25M/4/N,4SN/4/N).
Let f: D*?2(R") —» R;
f@ = [ (80P +olz))ds
RN

and

M={ue D2'2(1RN);/ u* de = 1}.
RN

We notice that {u,} C M satisfies

f(un) = cand f'|m (un) = 0
if and only if v, = c¢(N=%)/8y,, satisfies

I(vn) = 2¢M/4 /N and I'(v,) — 0.

Corollary 2.10 If there ezists a nonnegative sequence {u,} C M such that

flun) = cand f'|pm (un) = 0,

for ¢ € (S,24/NS) , then the functional f has a critical point u € D*?(IRYN) at
level c.

Remark 2.11 The Corollary 2.10 implies that (1.1) has at least a positive solution.
Moreover, it shows that (PS). condition holds in the cone of the positive functions
to functional f | for all ¢ € (S,24/N ).
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3 Proof of the Main Theorem

In this section we will show the existence of positive solution for problem (1.1). To
this end we use arguments which are similar in spirit to those addressed in [4].

Here we consider the family of functions (see 1.5)
‘I)é,y — 5(4"‘N)/8u5,y c DZ,Z(RN)’

which satisfies:  [|®5,(z)]]> = S, |®54(z)]5.. = 1 and &5, € LI(RY), for all
g € (N/(N —4),27].

Lemma 3.1 For each y € RN and g € (N/(N —4),2**), we have

|A®s,l,, — +ocasd—0, (3.27)
|A®s,l, — 0asd— +oo, (3.28)
|®s5yl, — 0asé—0, (3.29)
|®s5,yl, — oo asd— +oo. (3.30)

Proof Using the definition of the function ®;,,,

Cy (N —a)sN-ara [2 Iz -y + Na}
~ S(N-a)/8

|A®s,4] (2)
{6 + |z - y|2] N

then
Cn

GEE
and consequently (3.27) and (3.28) hold. Since

Cn ¢ .
9 _ (N=4)(2""-q)/4
@51, = (S(N—4)/8> Y -/IRN

1A%sy]o N(N - 4)5=/

2 (4_N)q/2
[1 + 2| ] de,

and 2** > ¢, we have that (3.29) and (3.30) hold.
Lemma 3.2 The infimum inf{f(u) : u € M} is never achieved.

Proof 1t is easy to see that inf{f(u) : u € M} > S. In fact the equality holds,
because by Holder’s inequality, with 2g € (N/(N —4),2**) and 1/g+ 1/t =1,

f(®50) < S+ lal, 15013,

and by Lemma 3.1 - (3.29), [®s,0l, g — 0as 0 — 0. Therefore, if we assume that
there is v € M such that f(v) = S, we obtain a contradiction, because

S<vl? < fv) =S
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Lemma 3.3 For each € > 0,
/ |A®s,.)°dz —0as § — 0
EN\B,

Proof Using the definition of ®;,, we obtain

2 — 4)25(N=-4)/2 0 (,.2 2
Cy(V —4)° / (r” + N9) dr—0asd — 0.

2
Jo 1a2a0l" e < M =

Lemma 3.4 For each € > 0, there ezists § = §(€) > 0 and § = 3(¢) > 0 such that,
for all 6 € (0,8) U [d,+00) we have

sup f(®sy) < S +e.
yeRN

Proof For each y € RN fixed, we distinguish two cases:
(i) s € (N/4,p2). By Hélder’s Inequality,
/ a(2)|®sy " dz < lal, 8502, forye RV,
RN
where t = s/(s — 1). Then, by Lemma 3.1, there exists § > 0, such that for all
6€(0,9)

sup / a(z) !<I>5,y[2 dz <e.
yeRN JRN

Thus, for all ¢ € (0, 4],
sup f(®sy) < S+ sup / a(z) |Bsy°dz < S+
yeRN yeRN JRN

(i) s € (p1,N/4). In this case we have 2t = 2s/(s — 1) > 2** and

2°* /¢

S~ a(@)[®sy17dz < al, [@50] 32 85,120

IA

(m%uaﬁ)(2t—2")/t lals SU4—N)(2t—2%)/4t

Thus there exists § > 0, such that for all § € [, +0),

sup / a(z) |52 dz < €
yGRN RN

and hence for all § € (5, 4+00),

sup f(®5,) < S+ sup [ a(e) (@, dr < S +e
yERN yeRN JRN
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Lemma 3.5 Assume that |a|y,, < S(2¥/" —1). Then

sup f(®s,) < 2Ns.
yeRN §€(0,00)
Proof Using the definition of &5, and Holder’s inequality,
f(@s) =5+ [ ale) @3 do < S+ lalye.
RN
thus
sup  f(®sy) < S+ lalyyy-

yERN §€(0,00)

Finally, using that |a|y/, < S (24N — 1), we obtain

sup f(@s,) < 24NS.
yeRN §€(0,00)

Now we consider the function a : D*2(IRN) — RN*! given by

aw) =5 [ (G o) 1du de = (Bu), (u)

where
() = 0if |z] <1
o=V 1if 2| > 1
1 T 2
= = [ Z|aufds
pw = 5[ sl
y(u) = 1 o(z) |Aul® dz.
S Jry

Lemma 3.6 For |y| > 1/2, we have
B(®sy) =y/ |yl +0s(1) asé — 0.

Proof For € > 0, by Lemma 3.3, there exists 5 > 0 such that for all § € (0, 3),
1

- |A®;, 12 dz < e,
S JR¥\B.(y)

then )
T 2
— AP
‘ﬂ(Qé,y) S/B€ !zl‘ 5#.‘/[ d.’L‘

If € > 0 is small and |y| > 1/2, for all z € B.(y) we get

<e. (3.31)

T Y

— - | <2
| [yl
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Thus we have

Y 1 / z 2
- = — [A® dz| <
]y] S B.(y) le | 67y| >

1/ z Y 2 1/ Y 2
— — — =) |A® dzx — — |AD dx
S Jo.o Tl Tl 1A% S Jrp. Tl 2 F!

and hence

+

Y 1 z 2
< = = |A®s |2 dz
lyl S /e lzl vl

This fact together with (3.31) imply that

< 264 € = 3e.

'ﬂ(q)&y) - %I'

’<4€

-~

for all |y| > 1/2 and ¢ € (0,9).
Now we consider the following set
T={ueMnI:alu)=(0,1/2)},

where
T = {u € D**(R");u > 0}.

Notice that T is a nonempty set, because ®5, belongs to the cone X, and for all
6 > 0, we have

| Ziaeild = o

B. |zl

1

5| o@atlds = (@),
RN

and
¥(®s50) = 0asd — 0 and y(Ps,) = 1as§ = o0,

thus there exists §; > 0 such that
(ﬂ(¢51,0)7 7(¢51,O)) = (O’ 1/2)'
Lemma 3.7 We have

Co = Jgfr f(u)>S.

Proof 1t is obvious that ¢, > S. To prove this lemma we suppose by contradic-
tion that ¢, = S. Thus there exists a sequence of nonnegative functions {u,} C
D?2(IRV) such that

[tn|p.. =1 and a(un) = (0,1/2)
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and

flun) = S.

Using Remark 1 we obtain a sequence of points y, C IR, a sequence of positive
numbers §,, and a sequence of functions w, C D??(R") converging strongly to 0
in D??(IRY) such that

Un (2) = wn(z) + D5, 4. (2), Vz € RY.
Since w,, — 0 in D2(RY), from the definition of «,
a(wn + s, 4..) = a(Ps,,.,y..) + 0n(1).
Therefore

B(®s, ,.) = 0, n— +o0 (3.32)
Y(®s,.,4,.) = 1/2, n = 4o0. (3.33)

Going if necessary to a subsequence, one of the following cases occurs for (®s,,,4,)
asn— 400

0n — +00, (3.34)
0n — 00>0, (3.35)
0, — 0andy, — yo with |y |<1/2, (3.36)
0. — Oand |y, |>1/2. (3.37)
Now we shall prove that none of these possibilities can be true. Assume that (3.34)

holds, then by Lemma 3.1,

1

1
1(@s9) = 5 |A®s, ,, [Pde=1- g/B © |ADs, 4. 12 dz =1 — 0,(1)
1

RN\B1(0)
which implies a contradiction of (3.33). If (3.35) holds, then |y,| — +oo, because
otherwise {®s, ,..} would converge strongly in D*?(IR"), thus the same would be

true for {u,}, and therefore f(u) = S for some u € M, which it is a contradiction
of Lemma 3.2. Thus,

Y ®Pbnyn) = Y(®@bo,.) + on(1)

L [on 0(2) |A8s, . [° dz — 0n(1)
L [on 0(z = yn) [A5, 0/ dz
1+ 4 fBl(yn) o(z) |A®s, 4. ° da
1—o0,(1)

which implies a contradiction of (3.33). If (3.36) holds, then

1 1
7(®6nyyn) =3 |A¢6n7’yn lz dx = _/ lAq)&nwO'z d:r = On(l)
S Jr™\B,(0) S JRN\B1(yn)
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which implies a contradiction of (3.33). If (3.37) holds, by Lemma 3.6,
ﬂ(q)é,yn) = yn/ | Yn { +06(1) asd — O,

which it is a contradiction of (3.32).

The next three lemmas follow using the Change of Variable Theorem and lemmas
that we have shown.

Lemma 3.8 There ezists §; € (0,1/2) such that

f(éé'l,y) < (S + CO)/27 fO’I‘ AS BN: (338)
W®sy) < 1/2, for Iyl <172 (3.39)
Js@a0) - L < 14 for 12172 (3.40)

Proof First we remark that (3.38) follows from Lemmas 3.3 and 3.6, and (3.40)
holds, because of Lemma 3.6. To show (3.39), we record the following equality

1 1
V@) =5 [ aenfasg [ (av e
Zl= T—y|2

thus
’Y(‘I’é,y)—l——/ IA‘P,;OI dr - 0asd — 0.
Bi(y)

This yields (3.39).
Lemma 3.9 There exists 6, > 1/2 such that for ally € RV,

F®@s5,4) < (S+c0)/2, (3.41)
7®sy) > 1/2. (3.42)

Proof From Lemmas 3.4 and 3.7 we obtain (3.41). And, by similar argument as
used in the proof of Lemma 3.8, we obtain (3.42).

Lemma 3.10 There ezists R > 0 such that for y € RN \ B(0,R) and § € [, 0],

f(®sy) < (S+c0)/2, (3.43)
(B(®sy) ly)my > 0. (3.44)

Proof To show this lemma, we use the definition of ®5, and the same arguments
explored in [4].

Now we consider the map @ : RY x (0,00) — D?2(IR") given by

Q(y,0) = D5,y
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and the following sets
V. = Bg(0) x (d1,62),
© V),
H = {heCENMIAM): k) =uif f(u) < (S +c)/2},
' = {ACENM:A=h(©), for some h € H}.
Lemma 3.11 Let F: V — RN*! be given by

F.0) = (@0 Qw0) = 5 [ (r0(a)) 1085, da

Then
deg(F,V,(0,1/2)) = 1.
Proof Consider the homotopy
Z(t,.) =tF + (1-t)dy
which satisfies (0,1/2) ¢ Z(t,8V), that is, for every (y,d) € 0V, we have
(tB(®s,y) + (1 = )y, t7(Ps,y) + (1 — 1)8) # (0,1/2).

To prove this fact we distinguish the cases.

(i) If | y |< 1/2, from (3.39) we have v(®s,,,) < 1/2, thus for all ¢ € [0, 1],
ty(®s,,y) + (1 —t)6 < 1/2.
(i) If 1/2 <| y < R, from (3.40),

1ﬁ(¢'61,y) - LI < %»

ly|

hence, for all t € [0,1],

|16(@s,0) + (=2 | 2 o+ (1= by | =] 86(2,5) = b7 |

> t+(1-t)|y|-t/4
> 1/2.

(iii) If | y |< R, from (3.42), v(®s,,y) > 1/2, thus for all ¢ € [0, 1],
ty(®s,,4) + (1 —t)0 > 1/2.
(iv) If | y |= R, from 3.44, for all é € [61,0;] and t € [0, 1],
(t8(®sy) + 1 =)y ly)my > (1—1) |y [*= (1 -t)R%.
Therefore, by the homotopy invariance of the topological degree,
deg(F,V,(0,1/2)) = deg(Idv,V,(0,1/2)) = 1.

455
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Lemma 3.12 ANT #0 forall AcT.
Proof Consider the map
Fo=aohoQ:R" x(0,00) = R" x (0,00).

We claim that Fy(y,d) = F(y,0d) for all (y,é) € V. In fact, if (y,d) € 8V, by
(3.41), (3.38) and (3.43), we have

F(®y5) < (co+9)/2,

thus
h(‘byqé) = q>y,6-

So, for all (y,d) € 8V,
Fi(y,0) = a(h(®y,5)) = a(By,6) = F(y, ).
Therefore, by the properties of the degree theory and Lemma 3.8 we have
deg(Fr,V,(0,1/2))) = deg(F,V,(0,1/2))) = 1,
which implies that for all h € H, there is (y,4) € V such that

a(h(®sy)) = (0,1/2).

Proof of Theorem 1.1 Consider the minimax level

¢ = inf
jnf sup f(w),

and
K.={ueZnM: f(uv)=cand f'|p (u) =0}.

It is easy to see that the proof of Theorem 1.1 is a consequence of the following.
Claim 3.13 S <c < 2*VS and K, is nonempty.

Proof of claim 3.13. Using the definition of minimax level ¢ and Lemma 3.5, we
have

¢ < sup f(u) < sup f(®sy) < 2N 8. (3.45)
u€O yERN §€(0,00)

On the other hand, by Lemma 3.11, ANT # 0 for all A €T, thus
c> :gfr fu)=c¢,>S. (3.46)

From (3.45) and (3.46)
§<c<2¥8.
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Suppose now K. = ). For each s € IR, denote
ff={ueZnM: f(u) < s}
By Corollary 2.10, the Palais-Smale condition holds in
{ueTNM:8 < f(u) <2¥Ng}.

Thus, using the deformation lemma, there is ¢, > 0 and n € C([0,1]x TNM,ZNM)
such that

n(t,u) = u for t = 0 or (t,u) € (0,1) X % U (SN M\ for)

and
(1, fe/?) (1, fom/?).
Let Ap € T such that
c< sup f(u) < c+ €/2.
u€Ao

Then 7(1, Ao) € T and sup,ey1,4,) f(u) < ¢ — €0/2, which is a contradiction and
we concluded the proof of Theorem 1.1.
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