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Abstract 

In this paper, we study possible shapes of 4-body non-collinear relative equilibria 
for any positive masses, and give estimates on their geometric quantities. 
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1 Introduction 

Let R and Rf  denote the sets of real numbers and positive real numbers respec- 
tively. As usual (cf. [15].  1131. [ I ] ) ,  we have 

Definition 1.1 Given m = ( m l ;  . . . ; m,) E (R+)IL, a configuration q = (91; . . . , q,) 
E (R2)n is a relative equilibrium (RE  for short) for m if q ~at~isfies C:='=, mLqL = 0,  
qi # q,j whenever i # j ,  and it is a solution of the system 
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for some constant X E R, where r.,, = Iqi -qJ I. An RE q = ( q l , .  . . , q,) is collineur., if 
all the qis  arc located on a line i r ~  R2. A non-collinear 4-body RE q = ( q l ,  9 2 ,  q:<, q4) 
is con,vsn: if the four point,s ql ,  92; q3. and q4 form a convex configuration in R2, and 
q is con,cave if one of t'he points q l ,  9.2, q3, and q4 is located in the interior of the 
t>riangle formed by the other three points. Two REs q and p of m are equivalent if 
q and p differ by an SO(2)  rotation followed by a scalar multiplication. 

For general studies on REs we refer to [15],  [13],  [ I ]  and [ l o ] .  Collinear REs 
have beer1 deeply urlderstood (cf. [15].  [13]; [ l o ] ) .  This paper is devoted t,o study 
the geometric properties and admissible shapes of non-collinear 4-body REs. More 
emphases arc specially put on concave ones. Earlier studies on this problem can be 
found for example in [4], [8] ,  [ l l ] ,  [9] ,  [2] ,  [3].  [7] ,  etc. Specially detailed results on 
convex 4-body REs can be found in W. D. AlacMillan and W. Bartky [8].  But only 
a few results on concave REs are known so far. In this paper we carry out further 
studies on non-collinear 4-body REs and obtain the following results: 

l a  For a.11 m E (R+)%nd any 4-body concave RE q = ( q l ,  q2; q3, q4) of m with q2 
located in the interior of the triangle Aqlq3q4, fixing q~ and q4. in Theorem 3.1 below 
we construct admissible regions R1 and R2 in R2 sudi that ql E R1 and qz E Rz 
must hold. If'e also prove t,liat every interior angle of Aqlq:3q4 is in (30": 9O0), and 
ea.ch interior side divides an interior allglc into t,wo sub-interior angles which are in 
(0". 75").  

2' Fixing two opposite points q2 and q4 in any 4-body convex RE 0qlq2q3q4 for 
m ,  in Theorem 3.1 below we construct admissible regions G 1  and G y  as well as a 
semi-admissible region T in R2 such that ql E G 1  and qs E G S  must hold, and that 
ql and qs can not belong to T simultaneously. we also prove that every interior 
angle of 0ylq2q3q4 is in (60". 150") and the diagonal divides each interior angle into 
two sub-interior angles both of which are in (0": 90'). 

Remark 1.1 lo  It is claimed (see [8] ,  pp.857-858) that for a,ny 4-body convex 
RE q = ( y l ,  qz, qs,  q4) with mass 7n. E ( R f  ) 4 ,  any interior angle of the convex 
quadrilateral q belongs to  [60°, 120U]: and that diagonals divides each interior angle 
into t,trro sub-interior angles each of which is less than 60". Note that these two 
upper bounds 120' and 60" are incorrect by our Theorem 5.1 below; which also 
show t,hat t,he estimate (60". 150") in Theorem 4.1 for interior angles is sharp. 

2" Not'e that our estimates on geometric quant,ities in these REs and the regions 
in R2 defined in Theorems 3.1 and 4.1 work for all m E (R+)4 and for all REs 
with nlass m.  This is rather different. from results obtained in [tl] and other papers. 
These regions restrict possible shapes for non-collinear 4-body REs. 

2 Preliminary results 

In R2, we denote by the segment c.onnecting two points A and B. and by L A B C  
the angle without orientation with vertex B arid the points A and C located on the 
two sides respectively. 1%-e denote by A A B C  the triangle formed by three points A. 
B .  and C in clockwise order. and by o A B C D  the convex quadrilateral formed by 
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four points 4, B. C,  and D in clockwise order. For reader's convenience, here we 
list some well known results on non-collinear REs which will be used in this paper. 

Lemma 2.1 (Conley's perpendicular bisector t,heorern. c:f. p.510 of [9] )  Let q = 

( q l , .  . . ,q,) be an n-body R E  for m E ( R + ) " .  Denote by Q 1 ,  Q 2 .  Q3.  and Qq the 
four open quadrants i n  R2 i n  clockwise order obtained by deleting th,e line pussing 
through some two points qi and qj of q and the perpendic,ular bisector of m. Then 
if th,ere exists some qk E Ql U &. there must  exist at least ar~other q,,, E Q 2  U Q,I. 

Lemma 2.2 (cf. [8] )  For an,!] 4-body concave R E  of m E (R+)" (rill e:l;.ter../;o,r sides 
are longer thapr~ the interior ones? and there exists ro > 0 depending on nz and q 
such that ro is less than or equal to the lengths of all the exterior sides, and greater 
than or equal to the lengths of all the interior sides. Furthermore, the longest (or 
shortest) extefior side lies opposite to the longest (shortest. respectively) interior 
side. 

Lemma 2.3 (cf. [8]) 1" For any 4-body convex RE q = ( q l ,  q2.93, qd) with mass 
m E (R+)" all exterior sides are shorter than the diagon,als. Furthermore, there 
exists an r , ~  > O deperatl.ir~g oCr), ,rrl and q such that the lengths of all the exterior sides 
are less than or equal to ro? and the lengths of all the diagonals are greater than or 
equal to ro. Among the exterior sides the shortest and th,e longest side.? hnue to fcl,ce 
each oth,er. 

2" Any  interior angle of the convex q.uadrilatera1 q is not less than 60'. 

Lemma 2.4 (Lemma 2.4 of 171) No three poznts among q l ,  qz, qs, and q4 can be 
collznear for any non-collznear 4-body R E  q = (ql , q2. q3, q4) of m E (R+l4. 

Proof. IVe give a neu proof for this lemma which is different from that given in [7] .  
Assllme that q l ,  (12. and q g  are on a straight line with q2 located between ql 

arid q3. Then because q is non-collinear. by Lemma 2.1, q4 must locate on thc 
perpendicular bisector lines of the segments and q.Lqi, and not or1 these two 
segments. But these two lines are parallel to each other and have no common 
intersection points. This contradiction proves the lemma. I 

3 4-body concave REs 

Given an m = ( m l . m 2 , m ~ . m ~ )  E (R+)\ we study 4-body concave RE q = 
(41. q2, q3. q4) for m in this section. In this case, by Lemrna 2.4, we suppose that q2 
is located in the interior of Aqlq3q4 as in Figure 3.1. We start from an auxiliarj 
lemma. 

Lemma 3.1 Lrt q = ('11, (12. q3. q4) br a Loncaue R E  for nL wzth q2 located znszde 
the trzangle Aqlqsqb Then Aqlq3q4 2s an acute trzanqle. z.e., e vwy  7nfpr7or c~r~gle 
Lq1qyq.r Lq3q4q1, or Lq4qlq3 2s strzctly less than 90". 

Proof. Assuming one of these three angles. say cu - Lq3q4ql > 90°% we prove the 
lemma by contradiction. 
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Figure 3.1: A 4-body concave RE q = ( q 1 . 4 2 .  q:<, q 4 )  

Let -4 be t,he intersection point of t,he perpendicular bisectors Lgq and L14 of t,he 
segments q3q4 and q1(74 respectively. Then A locates on t,he side of qlq3 opposite to 
q4 and outside A q l q 3 q l  when cu > 90°, or on the segment qlq3 when cu = 90". In 
both cases, by Lemma 2.1, the point q2 should locates bot,l~ on the q3 side of L34 
and or1 the q l  side of L14. But they have no common intersection point with the 
interior of A q l q 3 q 4  This corltradiction proves the lemma. I 

Now, given a concave RE q = ( q l ;  q 2 .  9 3 ,  q 4 )  for m ~ i t ~ h  q2  located in the interior 
of A q l q n q 4 .  we fix q g  and q d  as in Figure 3.2 and construct the admissible regions 
R1 and Rp in R2 SO that y l  E R1 and q2  E RZ must hold. 

Let. r = 7 - 3 4  The Figure 3.2 is obtained as follows. 
(1) Fix q4 and q s  fro111 left to right on a, horizontal line in R2. Let Q be t,he 

~lliddlr point of q391. 
(2) \i?e draw upper half circles C3. CQ; and C4 with tjhe sarrle radius 7-12 and 

centered at  q g ,  Q ,  and q4 respectively. Denote by B and B' the intersection points 
of the upper half circles of C4 and C3 with CQ respectively. 

(3) lye draw upper half circles D3 and D4 with t,he same radius r and cent,ered 
at  y3 and q4 respcct,ively. Denote by K the intersection point of upper half circles 
of D3 and D4. 

(A)  \Ye draw a circle CIc ceiltered at K with radius r which passes through q 3  
and q q .  

(5) We draw two lines Lg and Lq perpendicular to q3q4 passing through qg and 
qq respectively. Denot,e by G and G' the intersection points of L4 and Lg with the 
upper half circle of CK respectively. 

(6) \Vc draw a lirie LQ perpendicula,r to Q:1(14 and passing through Q. This line 
L y  passes t,lirough I<. Denote by N and A the intersection point,s of LQ with the 
upper half circles of CQ and Ch- respectively. 

(7) We draw a line :1J3 passing through t,he points qg and B. The line 1%f3 
intersects L4 at a point E and the upper half circle of D3 at  a point F .  

(8) We draw a line passing through the points q4 and B'. The line hf4 
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Figlire 3.2: Adnlissible regions R1 and R2 for 4-body (soncave REs 

int'ersects Lg at a point E' and the upper half circle of Dq at  a point F'. 
(9) We connect q g  t>o F' by the segment g, and q4 to F by the segment 2. 
(10) We denote by R1 the open region bounded by the upper arc of CK from 

G to G', Lg from G' to E ' ,  Af4 from E' t,o B', the upper arc of CQ from B' to B ,  
:If3 from B to  E, and then L4 from E t)o G. The regiori Rl  is surrounded by thick 
curves in Figure 3.2. 

(11) We denote by TI the closed regiori bounded by the upper arc of D4 from 
K t'o yg ,  q3q4 from q3 t'o 44, and the upper arc of D3 from q4 to  K. Then let, 
T2 = =1 \ mE. 

(12) We denote by Rk the open region bounded by the upper arc of D4 from K 
t,o F', the segment K,  the segment q3q4, the segment 3, and then the upper 
a.rc of D3 from F to K .  Let Rz be t,he union of Rk with the arc from F to h' in the 
upper half circle of D:j without the point F ,  and with the arc from F' t,o K in the 
upper half circle of D4 without the point F'. The regiori R2 is surrounded by thin 
curves in Figure 3.2. 

Note that R2 is a proper subset of Tz. Note also t,hat the regions R1, T2 ,  and 
R.L are independent of the choice of m E (R')4. 

We need the followirlg 

Lemma 3.2 In Figure 3.2 the points q4 .  F ,  and A are collznear. and so are the 
poin,ts 43! F ' ,  and A. 

Proof. In the triangle Aqgq4B. because /q4 - BI = r34/2 and B locates on CQ. 
we have Lq4q3F = Lq4q3B = 30'. Because q4 and F are on D3,  we then have 
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Lq3q4F = Lq3Fq4 = 75'. 
On the other hand. because AKq3q4 is equilateral, Lq31iq4 = 60°. Thus 

Lq3Aq4 = 30° and 
LAq4q3 = LAq3q3 = 75'. (3.1) 

Therefore q4, F .  and A are collinear. and similarly so are q3. F'. and A. Thus 
the lemma is proved. I 

The first main result of this paper is the following 

Theorem 3.1 For any 712. E (R+)4. let q = ( q l ,  q2; q3, qq) be a concave R E  for rrt, 
with q2 located inside the triangle Aqlq3q4. Fixing q3 and q4 in  Figure 3.2. the 
followi,ng results always hold. 

1" There must hold 

41 E R1. (3.2) 

2" Each of the three znterzor angles of Aqlq3q4 must be strzctly greater than 30' 
and strzctly less than 90". 2.e.. there holds 

3" There hold 

where lql denotes the dzstance between ql and the segment m. 
4" There must hold 

q2 E R2. (3.6) 

5" Each of the two base interior angles o,f Aq2q3q4 must be strictly greater than 
O0 and strictly less than 75", i.e., th,e,re h,old.s 

6" There hold 

Proof. The proof is carried out in four steps. 
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Step 1.  We claim that 
q2 E T2. (3.10) 

Not,e that t'his is a weakcr claim than 4". In fact. if (12 locates out side of T2,  then 
at  least one of 7-23 and ~ 2 4  is greater than r =; 7-34 This violates Lernma 2.2. 

Step 2. Proof of lo to 3'. 
(1) By Lemma 3.1, the right inequality in (3.3) holds. Thus ql  must locate in 

the open strip bet,ween the lines L3 and L4. 
(2) We claim that ql can not locatc on or below the upper half circle of C4. In 

fact, otherwise. by Lemma 2.1, qlz must locate on the right hand side of thc line 
LQ. Thus we have rl4 < 7-12 < 7-24. This cont,radicts t,o Lemma 2.2 and proves the 
claim. 

By the sa.rne argument, ql can not locate on or below the upper half circle of 
C, . 

(3) Note that ql can not locate on or below the upper ha,lf circle of CQ,  because 
otherwise, Aqlq3q4 would not. be an acute triangle and contradicts to  Lernma 3.1. 

(4) 1h7e claim that ql can not locate on or above the upper half circle of CIc a.nd 
inside the open region between lines LQ and Lq. 

In fact, if ql is strictly above the upper half circle of C K ,  then by (3.10) we 
obtain 7-12 > lA - K = r = r3q. This contradicts to Lernnia 2.2. 

If ql is on the upper arc of CK between G and A. arid ql # G and A. t>hen by 
Lemma 2.1 and (3.10), q.2 must locate on the right hand side of LQ and inside T2. 
Thus we have rl2 > IA - h'j = r = 1-34, This contradicts to Lernma 2.2. 

Similarly, ql can not locate on the upper arc of CK between A and G'; and 
ql # A and G'. 

If ql = -4, then q2 must locate on LQ n T2 by Lemma 2.1 and (3.10). Because 
IA - I< = r = I( - q4 1 ;  the perpendicular t~isector Llq of the segment 91q4 pa.ssing 
through the middle point of qlq4 and K. Thus LQ n T2 contains rlo poirlt,s on the 
left hand side of L14. Because q3 is on t,he right, hand side of LI4,  t,his violates 
Lemma 2.1. 

(5) N0t.e that if ql is on the upper arc of CK between G and G', then Lq3qlq4 = 

30°. Thus by the above proofs in (1) to (4) for ql located in between the two lines 
L3 and L 4 ,  and below the upper arc of CK bet,ween G and G', there must hold 
iq3qlq4 > 30°. Permuting q l .  q:3, and q4, we obtain 

Thus the left inequality in (3.3) holds. 
(6) By (3.11) we obtain that ql can not locate on or below the lines hf3 arid Af4. 

Tlie above ( I )  to ( 5 )  yield 1' and 2". 
Now. 3" follows from lo and an elementary computation. 

Step 3. Proof of 4'. 
If ql is on the left hand side of LQ. by lo we have ql E R1. This implies 

L q l q r ~  < LA4344 Therefore 92 can riot locate on or on the right hand side of - 
q3 .A. 



Figure 4.1: A convex RE q  

If ql locates on LQ or on the right hand side of LQ, then q2 locates on LQ or on 
the left hand side of LQ by Lemma 2.1, and thus can not locate on q.?A or on the 
right hand side of a. 

Similarly, we obtain that q2 can not locate on a or on the left hand side of - 
q4A. This proves 4" by Lemma 3.2 and (3 .10) .  

Step 4. Proof of 5" and 6". 
The left hand side of (3 .7 )  follows from Lemma 2.4. The right hand side of (3 .7)  

follows from (3 .1 ) ,  4". and Lemma 3.2. Thus 5" holds. Now, 6" follows from 4" and 
an element,ary computation. The proof of Theorem 3.1 is complete. I 

R e m a r k  3.1 Note that our Figure 3.2 is different from the Figure 6 on p.858 of [8] 
in the sense that Figure 3.2 and our results in Theorem 3.1 work for any choice of 
m E (R+)4 and any concave RE for m ,  but the Figure 6 of [8] only works for one 
concave RE of a given 71-1 because the number ro on p.858 of [8] depends on both 
m and q.  Note also that the properties of the vertical lines Ls and L4 .  and the half 
circle CQ used in the construction of the region R1, the properties of the segments - - 
q4F and q3Ff in the corlstruction of the region R2,and the estimates in (3 .3 ) - (3 .5 ) .  
and (3 .7 ) - (3 .9 )  are all new. 

4 4-body convex REs 

Given m = ( m l ,  m z .  m3,  n u )  E (R+)4.  we study 4-body convex RE q  = (ql  ,q2,q3 ,q4) 
for m in this section. The convex quadrilateral oqlq2qsq4 is shown in the Figure 
4.1.  

Now, given a convex RE q  = (ql  , q 2 , q 3 ,  q4)  for nL. fixing the opposite vertices q~ 
and q4 on a straight line in R< we construct the admissible regions G 1  and Gg,  and 
the semi-admissible region T in R2 as in Figure 4.2 such that ql E G 1  and qs E G y  
must hold, and ql and qs can not locate in T simultaneously. 

Let r  = ~ 2 4 .  The Figure 4.2 is obtained as follows. 
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Figure 4.2: Regions G I ,  G3, and T for 4-body convex REs 

(1) Fix ql arld q4 from right to  left on a horizontal line Lo in R2. 
(2) LVe draw two circles C2 and C4 with radius r and centered at  q2 and q4 

respectively. Denote the two intersection points of C2 and C4 by A1 and A3 located 
above and below TJo respectively. 

(3) We draw a vertical line Af passing through Al and As. hf intersects Lo at  
a point 
(i) LVe draw two lines L1 and L3 parallel to  Lo such that both of them have 

distance r&/6 from LO, and locate above and below Lo respectively. Denote by 
B1 and Bs the intersection points of L1 with Lo and Ly with Lo respectively. 

( 5 )  Uk draw two circles Dl and D7 with radius r and centered a t  A3 and Al 
respectively. Then both of them pass through q2  and q4 .  Denote the intersection 
points of D l  with hI by El and D3 with Ad by E3. 

(6) We denote by G1 the open region bounded by the arc of the circle C4 from 
Al down to q z .  the arc of the circle D l  from q2 through El to q 4 ,  and then the arc 
of the circle C2 from q4 up to Al .  

(7) It-e denote by G3 the open region bounded by the arc of the clrcle C2 fro111 
A3 up to  q 4 ,  the arc of the circle D3 from q4 through E3 to q 2 ,  and then the arc of 
the circle C4 from q g  down to A3. 

(8) 1% denote by T the intersection of the set G1 U G j  and the closed strip 
between the lines Ll and L 3 .  

Kote that the regions G1, Gs, and T are indepentlerlt of the choice of m E (R+)4. 
The regions G1 and Gg are surrounded by thick curves in Figure 4.2. 

The second main result of this paper is the following 
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Theorem 4.1 For any m E (R+)4. let q = ( q l ,  qr, q?, q4) be a convex R E  for rrb. 

Fzxzng q2 and q4 In F ~ ~ I I I - e  4.2. the followang results a1uloy.s hold. 
1" Ellrry antenor angle of oqlq2q3q.2 zs $71 (60°. 150°), 2.e.. there hold 

Specially, a co.nve:l: RE for in can not have two interior c~,ngles greater than or equal 
to 120°. 

2" E'uery diayon,al of oqlq2qgql divides an interior angle in,to two sub-interior 
angles formed by this diagonal and a side, both of mhich are in  (0°, 90'). 

3" There must hold 

~ I E G I ,  q 3 ~ G 3 .  (4.2) 

4" ql and qy can not locate in T simultaneously. 
5" There hold 

Proof. For any m E (R+)f let q = (ql, q2, q3, q4) be a convex RE for m. The proof 
is carried out. in six steps. 

Step 1. Proof of the left inequality of (4.1) 
Assume that a.n int)erior angle of oqlq2q3qa satisfies Lq1q2q3 < 60°. Then one of 

the two sub-interior arigles Lq2q3ql and Lqzqlqy must be greater than 60'. Therefore 
one of the t'wo exterior sides 7-12 and 7-23 must be strictly longer than the diagonal 
r13. This contradicts to  1" of Lemma 2.3, and yields a new proof of 2" of Lemma 
2.3. 

If there is an interior angle satisfying Lqlq2q3 = 60°, witliout loss of generality, 
we assume that two sides of Lqlqrqs sat,isfy rlz 5 7-23 Let [ be the perpendicular 
bisector linc of m. Note that q4 can not locate on < and t,he line 7 passing through 
ql and 9.2. Thus eit,her qy locat,es on 6 or in the same quadrant of R2 \ (( U 7 )  with 
qq. In each case, it contradicts t,o Lernma 2.1. Therefore the left inequality of (4.1) 
is p ro~ed .  

Specially, if an RE oqlq2q3q4 possesses two interior arigles greater than or equal 
to 120°, then one of the otsher two interior angles must be less than or equal to 60". 
This contradicts t,o the left inequality of (4.1).  

Step 2. Proof of 2". 
Assume that a sub-interior angle of 0qlq2q3q4 satisfies Lqlq2q4 2 90'. Then 

both of points 93 and q4 locate in one quadrant of R2 canceling the line passing 
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through qlq2 and the perp~ndicular bisector line of m. This contradicts Lemma 
2.1 and proves 2'. 

Now fix q2 and q4 in Figure 3.2. 

Step 3. Let Fl be the open region bounded by the arc of C2 from q4 up to  A l ,  the 
arc of C4 fro111 ill down t~o q2, arid q244 Let F3 be the open region bounded by t,he 
arc of C2 from qq down t>o As: the arc of C4 from A3 up t,o q ~ .  and qzg,. 

Claim,: (11 E Fl and qg E Fc. 
In fact. if ql locates out side C2 arid (;I4 and above Lo, then we have rnax{rI2, r14) 

> r - r24. This coiltradicts l o  of Lerrlina 2.3. Thus ql milst locate on or inside the 
circles C2 arid Cq. If ql locates on C2 from qq to A1. then 7-12 = r24 and hence the 
perperldicular bisect,or of the segrilent qlcl4 must pass t,hrough q~ Then the location 
of q d  violates Lenirria 2.1. Similarly ql can riot locate on the arc of C4 from A1 t,o 
(12 either. 

Thus, ql E Fl by Leniina 2.4. Simila,rly we rnust have q3 E Ej and the claim is 
proved. 

Step 4. Clairn: yl can not locate on 03r below the arc < of Dl from qn through El to 
'2l. 

In fact. asslime that ql locates on or I.)elow <. Deilot,e by 7 t,he straight line 
passing through A3 and ql. Denote the intersection point of y wit,h < by qo which 
is ql if ql E <. Then the perpendicular bisector line Lo4 of qOq4 passes through the 
point A3 Then we have 

Tkius 14:3 - q4 - > lAs - ql 1. Therefore t,he perpendicular bisector line Ll4 of qlY4 
lrlust intersect q4As. Sirrlilarly the perpendicular bisect,or line L12 of qlC12 must 
intersect q2Ay Therefore the intersect,ion point H of Llq and L I Z  must locate on 
At3 or satisfy- IH - Lol > IA:i - Lol. 

Because q2 locat,es on the right hand side of L14, 94 locates on the left hand sidr 
of Lla,  by Lemma. 2.1,  q3 should locate both on the left hand side of L14 and the 
right hand side of LI2.  But these two sides have no commorl intersections with the 
region h'3 which q3 should also locate in by Step 3. This c:ontradiction proves our 
claim. 

Similarly. we have that q3 can not locate on or above the arc of D3 from q2 
through E j  t o  q.1 

Thus by Steps 3 and A ,  we obtain ql E G1 and q3 E G Y ,  i.e., 3' holds. 
Because LqLLZIq4 = 15U0 for any point A1 in the arc < in the claim of Step 4, we 

Iiave Lq2qlq4 < 150' urlien ql E G I .  Then permuting the vertices yields the right 
inequality of (4.1) and 1" is proved. 

step 5.  Proof oj -I0. 
Assume that ql and q:j locate in the strip T simultaneously. If one of ql and q3 is 

not on the perpendicular bisector line ,bI of q244 by 3" and Lemma 2.1, both of ql 
and (I.~ must locate not on and must locate on the same side of AI. Therefore one 
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of the two angles Lqlq2q3 and Lqlqsqs is strictly less than LBlq2B3 = LBlq4BY = 
60'. This contradicts our l o .  

If both of ql and qs are on the vertical line AI,  then we must have ql = B1 and 
qy = B3 by 3' and Len~rr~a 2.1. Because now r ls  = 7-23 = r2/5/3. the point q3 is 
on the perpendicular bisector of qlqz. Then the location of 94 violates Lemma 2.1. 
Therefore 4" holds. 

Step 6. 5" follows from 3" and 4" by elementary con~putations. Here special atten- 
tion should be paid to the fact that the left hand side of (4.5) is the surri of the two 
triangles whose areas come from the left hand sides of (4.3) and (4.4) respectively. 
The proof is complete. a 
Remark 4.1 Note that our Theorem 4.1 and Figure 4.2 work for any choice of 
m E (R+)%nd any convex RE for m,  and are different frorn results of [8]. Most of 
the results in Theorem 4.1 are new. 

There is a long standing open conjeckure on whether # ~ ( n ,  rn) < $a holds for 
any given m E (R+)n (cf. 5360 of [15] and [14]). Our Theorems 3.1 and 4.1 can he 
used t,o give a new proof of t,he followirlg result which is related to this corijecture 
by a well-known theorem of LI. Shub (cf. [12]). Note that the 45"-theorem of R. 
L/loeckel in [9] of 1990 gives a proof of Corollary 4.1 for any n-body collir~ear REs 
in R(n, m). 

Corollary 4.1. For any given m E (R+)" ,-body collinear REs for rn are isolated 
in  R(4. m) .  

Proof. The claim follows from lo-3" of Theorem 3.1 for concave REs and lo-3" of 
Theorem 4.1 for convex REs. Note that proofs of Theorems 3.1 and 4.1 depend 
only on Lemmas 2.1-2.5. The corollary is proved. I 

5 4-body convex REs for angular estimates 

In this section, sve construct examples of 4-body convex REs possessing a prescribed 
interior angle in (60°, 150"). These examples show that the estinlates in inequalities 
of (4.1) are sharp, and also show that the theorem on p.858 claiming sub-interior 
angles are less than 60" and the upper bound estimate 120' for ir~terior angles in 
the theorem on p.857 of 516 of [8] are incorrect. 

Note that tan60° = 4 and tan 15" = 2 - a. By lo of Theorem 4.1, we have 
the corresponding restrictions on the possible values of u and u in Theorem 5.1. As 
usual, a 4-body convex configuration q E (R2)4  is a kite if it has two opposite pairs 
of equal sides. 

Theorem 5.1 For 2 - < u 5 u < 2/5, and s E R! we construct a kite con- 
figuration q = (91, q2,q3,q4) i n  R2 depending on U ,  u, and s as in  Figure 5.1 b y  
setting ql = (0. s + u) and 93 = (0, s - u) on the y-axis in  R 2 ,  and q2 = (1, s ) ,  
q4 = (-1, s), and Q = (0,s) on a horizontal line. For every oc E (60"; 150°), let 



4-Body non-collinear relative eqliilibria 

Figure 5.1: bbody kite REs with a prescribed interior angle 

7~ = tan(9Oo - 012) E (2 - A, 4). Then we have the follommg non-err~pty znterval 

and that for every u E I ,  the masses rnl > 0 ,  m3 > 0, and the s E R can be unzquely 
d~terrnzned by u and z! so that q 2s a convex kzte RE for rn = (in1. 1, m3, l )  wzth 
dq2qlq4 = 0 .  

Proof. The proof is carried out in three steps. 

Step 1. Necessary and sz~ficien~t con,dition,s fo,r q to be an RE. 
Note t,hat rlz  = I,&? a,nd r2g = d m  in Figure 5.1. Using zy-coordirlates 

of the points q l ,  qn. q 3 ,  and q4 introduced there. t,he system (1.1) becomes exactly: 

Substracting (5.3) from (5.2) and (5.5) from (5.2) respectively yield 



Subtracting (5 .3)  times u from (5.6)  yields 

Subt'ractirig (5.4)  t,imes ( u  + v) from (5 .7)  yields 

Plugging (5.8)  into (5.9)  yields 

Then (5.8)  arid (5.10) give necessary and sufficirrlt conditions for existence of posi- 
tive masses rill and m3 so that q is an RE for n x  = (ml,  1 ,  n z 3 ,  1 ) .  

Step 2. Conzpatzbzl7ty oj 11 and 21. 
Note that from u < a. we have 7-12 = 4- < 2. Thub The right hand side 

of (5.8)  is positive. So m 3 > 0 exists if and only if 

1f - r12 > u + v ,  we get v (v+2u)  < 1. Thus 11 < 1 and ~ 2 3  = 4- < a. Therefore if the left 'nand side of (5.10) is non-positive, the riglit liarid side of 
(5.10) must be positive. This contradiction shows that ml > 0 exists if and only if 
botl-i sides of (5.10) must be positive, that is rz3 < 2: which is v < and holds by 
our init,ial assumption, and 

Therefore for 2 - & < n < 1 .  < A. the system (5.8) and (5.10) possesses 
positive solutions and m 3  if and only if (5.11) and (5.12) hold. 

Note that (5.11) and (5.12) are eyuivalent to 

Note that for u > 0, we always have & > d m - u .  Note also that u > 2-& 
is equivalent to (71 + a)' - 4 > 0. and hence eq~~iva lmt  to  > ( 1  - u L ) / ( 2 u ) .  
Therefore 71 E ( 2  - a ,  &) irnplies the existence of u satisfying (5.13) and u < 11 < 
&. i.e., ( 5  1 )  holds. 

Step 3. Existences of an RE with a prescribed interior angle. 
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Given cr E (60". 150"). we let u = tan(90° - 012). Then we obtain 2 - fi = 

tail 15" < ZL < tan 60" = &. By our discussion in Step 2, the interval I defined in 
(5.1) is non-cmpt,v-. 

Fix ally .I: E I. By our discussion in Step 2. solutions 7nl > 0 and 7n3 > 0 of (5.8) 
and (5.10) exist uniquely according to the above chosen u and .I:. Then X > 0 is 
uniquely determined by (5.4), and s E R is uniquely determined by (5.3). Therefore 
b r  the system (5.2)-(5.5). q defined in the theorem is an RE for m = ( m l ,  l .ms,  1) 
\vith iq2qlq4 = 180" - 2 arctari u = a.  The proof is corriplete. I 
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