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Abstract

In this paper, we discuss the behaviour of solutions near a turning point for weakly non-
linear elliptic equations on long domains. We are looking for results independent of the
domain length. In the process we obtain some local uniqueness and non-degeneracy results
for homoclinic solutions on infinite strips.
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1 Introduction

In this short paper, we modify some ideas in [5] to greatly improve results in [4] on the
behaviour near the turning point of positive solutions of problems of the form

—Au = Af(u) in Qx (—n,n)
u =0 on 9 x (—n,n))

wheref is convex or convex like and is a smooth bounded domainif. We prove there

is a neighbourhood of the turning point uniformsinsuch that in this neighbourhood the
branch consists of a single curve with all turning points very close (with distance tending
to zero asn — o0) to the main turning point and possibly some extra small branches
confined to a small neighbourhodd of the main turning point and possibly branching off
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the main branch where the size dftends to zero a8 — oo. A more precise statement
appears later.

We expect these small oddities do not occur but it seems very technical to prove this.
We discuss this later.

In the process, as the key new step, we prove a local uniqueness and non-degeneracy
(modulo translations) for solutions of our equation on the infinite strip as they bifurcate
from solutions independent af,, ;. This is of independent interest because there are very
few non-degeneracy results known for homoclinic solutions. Moreovgrsfreal analytic
one can frequently combine this with analytic bifurcation theory as in [5] or [6] to obtain
non-degenerate homoclinic solutions far from the bifurcation point. As in [5], the main
difficulty is that the asymptotic behaviour of the solutions depends very strongly on the
direction.

The main reason this problem is technical is that zero is in the essential spectrum of
the natural limit problem. We overcome this by a partial Liapounov-Schmitt reduction to
reduce our problem to an ordinary differential equation (except for higher order terms) and
then arescaling to avoid the essential spectrum. (This was motivated by [5]), though similar
ideas were used earlier by Magnus and Stuart)

2 Small homoclinic solutions
In this section, we study homoclinic solutions of
—Au = Af(u) (1)

in  x R with homogeneous Dirichlet boundary conditionsasm x R which are even in
7541 (WhereQ) C R*) and strictly decreasing i, ; for x; 1, > 0 where) is near), and
u is uniformly close toug(2’) onS = Q x R. Herex = (2, z;41) and A’ug = Ao f(uo)
whereA' is the Laplacian o2 C R* for Dirichlet boundary conditions. We assurfiés
C? (thoughf is C? would suffice for most results).

We consider the case where the principal eigenvaloéthe eigenvalue problem (for
)

—A'h = Xof'(ug)h +~h in Q
h = 0 on 092

(2)

is zero. Letp, be the corresponding positive eigenfunction. The case wherd is much
easier and is considered (implicitly) in [4]. As we will see belew> 0 always (unless
there are no such solutiar).

Before proceeding, we make a few remarks. Supposdithat, , . 4o u(z’, 2441)
exist and are equaly(z’, z;+1) is greater than or equal to this limit ghand a technical
condition (conditionN2 below) holds in the case whéim,, , . o u(z’,zx41) is @
degenerate solution 6f A’u = f(u) on Q. Then either is independent ok or ,up
to a translationy is even inz;; and 5>*— 3“ < 0fora’ € Q, 2,1 > 0. This is proved
by sliding plane arguments (cp [1] or [4]) The only technical difficulty is to obtain a good
asymptotic expansion af nearzy; = oo. This is discussed in the appendix. Moreover,
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limg, ., — o u(2’, 2141) is a weakly stable solution of

—Au = Mf(u) in Q
u = 0 on 99

where by weakly stable we mean that the principal eigenvaloke

—A'h = Af( lim  u(2’,zkr1))h+vh in Q

Tg+1 — O
h =20

is non-negative. This is proved in [4] (and is used in the proof of the previous results).

We assume thaf,, f(uo)¢1 # 0 and [, f"(ug)¢? # 0. For simplicity, we assume
that this second integral is positive. We call these conditions Assumpidnand N2
respectively. The importance of these assumptions is that they ensure that the solutions of
(3) near(ug, \g) form a single continuous curnve(t), \o — t?) whereu, is C? in t and
is increasing int, uo(0) = up anduy(0) = p¢ wherep > 0. Moreover these solutions
are hyperbolic ift # 0 and are stable if < 0 and unstable if > 0. This is a standard
application of classical Crandall-Rabinowitz theorems [2] and [3] except we have used a
C? change of variables oft to get the) equation in a simpler form. (The change of
variables simplifies later calculations slightly.) Note that Assumpfidinholds in many
cases. For example it holdsuf is positive and iff (y) > 0fory > 0 orif yf'(y) — f(y)
has fixed sign or it = 2 and(2 is a GNN domain in the sense of [5]. By our earlier
remarks, only the solutions far< 0 will be of interest to us. We look for solutions of (1)
of the formu = wug(t) + w, A = \g — t? wheret < 0 and smallw is even,w — 0 as
|zk41] — oo andw is small inL>(.S). Then our equation fow is

Aw = (Ao —1?)f(uo(t) +w) — (Ao — %) f(uo(t))
= olf wo®)w + S (uot))w? + @)
guo(t), w) = t3[f (uo(t) +w) — f(uo(t)]

plus the boundary condition where

luo(t), w) = fuolt) +w) — Fuo(t))  f(wo(t))w — 3 (o (1))

Here, as elsewhere, we always assume Dirichlet boundary conditions. Unfortunately, the
operator—A — Ao f’(ug)I is not Fredholm in natural spaces 6rso that we need to split

into Fredholm and non-Fredholm parts. We write= B¢, + z where B is a function

of 1 andz(z’, z,1) is orthogonal tap, for eachzy 1. Let (I — P) be the natural
projection corresponding to this decomposition, thatis;- P)w = z. Itis easy to see
that/ — P is continuous or.>(S) and maps the closed subspddes) = {v € L>(S) :

v — 0 as|zy41| — oo uniformly in 2’} into itself. Now the operatoW = A — (I —
P)(f'(uo)I) is invertible as amap of = {u € L®(S)NW2P(S) : Au € L®(S),u =0

ordS, Pu = 0} into {u € L(S) : Pu = 0}. We explain this. First we can easily use
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eigenfunction expansions in terms of the eigenfunctions &f — f/(ug)I on 2 to prove
that this operator has zero kernel in the larger sgéaghere in the definition ofl” we
replaceL(S) by L>(S). (This uses essentially that> 0). Since our operator is invariant
under translations in;,, we can then argue as in the proof of (2.5) on pp. 136-137 of
[5] to deduce that there exists> 0 such that|Wu|l« > c|lu||« if uw € T. Thus this
inequality holds oril’. Hence we see tha¥’ has closed range dfi. SinceW has zero
kernel, we see thal’| ;. is invertible if its range is dense ih(S). Thus it suffices to prove
thath’s whose support is compact Fare in the range ofi’. Since such ah is in L2(9),
we can easily use eigenfunction expansion (more precisely eigenfunction expansions in
'/, Fourier transforms i, 1) to obtain al¥’?2 solution with zero trace oAS. We can
then apply standard local estimates(@rnx [r,r + 1] to find thatu is uniformly bounded
on S andu € W2P(S). Hence if we prove that — 0 as|xzj.1| — oo uniformly in
2', we will have proved our claim. If not, we can use an argument as on pp. 136-137
again to prove that there exists a non-trivial bounded soluiiof Wz = 0in S,z = 0
on dS. (Here we use a translation ir,; and use that = 0 if |z,11] is large.) As
before, this is impossible. Hence we have proved the invertibilifii’oéis a map of’” into
L(S) N {w : Pw = 0}. By standard regularity theorems, we can deduce ftat is
continuous from(S) N {w : Pw = 0} into C'1().

Now by projecting (4), we find that

W2 = (1= P)ol(uo(t)) — £/ (uo)))(@) + 5 (o (1))

+g(uo (), @) — 12 f (uo (t) + @) + 12 f (uo (t)]

wherew = B¢y + z.
By the Implicit Function Theorem and Taylor’s theorem, we can solve this &8 a
function of B (for z, B small)z = z(¢, B) and by standard estimates, we find that

Izller < K (|t 1Bl + (1Bls)?)

with the corresponding natural estimates£@r, B;) — z(s, B2). Moreoverz is C? ist and
B (sincef is). Hence (1) reduces locally to an equation fwhich is easily seen to be

~B" =a(t)B+CB?+ Rem (5)
where
MUZMLW%@%f%W?
C = /\O/Qf“(uo)aﬁ’ >0

tives. Since we can write(t) = o’ (0)t + o(t), we can rewrite (5) as

and|| Rem||. < o(||B||%, + |t|||B||~) with the corresponding estimates for first deriva-

~B" = utB+ CB*+ Rem (6)

at the expense of changing the term Rem. Here
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_ /’u 3
/l—)\o/Qf((O))l
e

sinceu’(0) = ¢;.

Note that we only need to look for solutions whédseis positive, decreasing and de-
caying to zero sinc@ (1) = [, w(z’, zr41)¢1(2")dz’ and by our earlier comments on
solutions on the strip.

Now our linearized operator at= 0 and B = 0 is —B” which is not Fredholm on
L°°(R). To overcome this, we use rescaling (and check we do not lose any solutions).

We look for solutionsB = —tY (v/—tz). Remember that < 0. Here and for the rest
of this section we write: for zy ;.

Then our equation becomes

—Y" = —-CY +Y? + Rem (7)

where we expecY’ to be of order 1 anglRem||o, = o (1) (and is zero ift’ = 0) as long
as|Y||c < K. Thus our problem is a small perturbation of

—Y" = -CY +Y% (8)

Then to obtain a non-trivial solution of (7), it suffices to prove that the unique even
positive solutiony;, of (8) decaying to zero is non-degenerate in the space of even bounded
decaying functions with the sup norm because we can use the implicit function theorem.
(From the start we could have worked in the space of functions evep.in with only
minor modifications of our arguments.) Note also that we can easily cReck satis-
fies a small Lifschitz condition it” and that, by our earlier arguments, any solutions of
(8) are translations of even solutions. We can easily use the first integral of (8) to prove
the existence and uniqueness of the even positive solution of (8) sucH ¢that— 0 as
xr — OQ.

Next we prove the non-degeneracy of the positive decaying even solgtiofn(8) (in
the space of even bounded functions). Note ¥yais a solution of the linearized equation
of (8) which decay exponentially (but of course is odd not even). Now the linearized
equation of (8) if of the form-A" + ¢(x)Y whereq — C asz — +o0. Itis well known
(cp [7]) that such an equation can not have two linearly independent bounded solutions at
+00. (This can also be easily be proved by Wronskian arguments). Hence non-degeneracy
holds. Hence our claim follows, except that we need to prove our solutismpositive and
we have to show that there are no other positive solutions.

To prove the first of these claims, note thaty s a solution of (7) uniformly close to
the unique positive solutioll of (8), then||y||« ~ ||Y||s While ||y~ ||« is small. Thusin
the original variable|| B|| o, ~ |t| while || B~ | = o(|t|). Hence we see from the estimate
for z that the corresponding solutian of (1) has the property thdtw||.. ~ [t| while
1w || i o(|£]).

Now by standard perturbation theory (and using assumptid) it is easy to see that
the least eigenvalue 6fA — (Ao — t2) f'(uo(t))I on Q is asymptoticallye|t| for small
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negativet wherea > 0. Remember that the least eigenvalue is zero and is simptear.

Hence by separation of variables the result is true for the least point of the spectrum of the
same operator oh?(S). Thus the least eigenvalue of the same operatdr’gy) is at least

alt| if U C S and for Dirichlet boundary conditions @/. Now letU = {z € S : w(z) <

0}. By our earlier estimateBv|.. = O(|t|) on U and hencef (uy(t) + w) — f(ug) =
(f"(up(t)) + o(t))w on U (sincew < 0onU and|w™ |« = o(|t])). Hence by the
results above and the standard minimum principle for the inf of the spectrum, we see that
A — (A — ?) Lol tw) 2 (wolt) 1 hag ts spectrum id?(U) strictly positive for small

t < 0. (Note that sincex > 0, o(t) terms will have a higher order effect). On the other hand

if ¢ # 0, standard estimates ensure thalecays exponentially as— oo and hencev is

an eigenfunction o in L?(U) corresponding to the eigenvalue zero and hence we have a
contradiction. Thusv is positive. Note that = 0 is impossible because,f is a positive
solution, B is positive even and decreasing for> 0 while (6) (for¢ = 0) implies that

B"” < 0 which easily gives a contradiction. Hence our claim follows.

It remains to prove that the above solution we have constructed is the only small positive
solution. We proved already that< 0 and the argument of the previous paragraph shows
thatt = 0 is impossible. As there, iy is positive, thenB is positive, even and decreasing
forz > 0andB — 0 asx — oco. SinceB”(0) < 0 (because3 has a maximum at =
0), (6) implies that| B||», > w|t| or equivalently|| Y| > p. If Y; are positive decreasing
solutions fort = t; of (7) with u < ||Y;]|c < K wheret; — 0 asi — oo, a standard
compactness argument shows that a subsequentganinverges uniformly on compact
sets to a solutio®y” of (8) with 1 < Y (0) < K andY positive and decreasing. Now it is
easy to use the first integral to check eithies the unique positive solution of (8) which
tends to zero as— oo or Y = C. To show that the second case is impossible we choose
x; > 0 such tha;(z;) = %O. SinceY; — C uniformly on compact subsets; — oo
asi — oo. Hence a subsequence¥dfxz — x;) converges uniformly on compact sets to
a positive bounded decreasing solution-df” = —CY + Y2 on R with Y (0) = £C. It
follows easily thatt"(z) — 0 asz — oo andY (z) — C asz — — oo (since these
are the only stationary points of the equation). It follows easily from the first integral that
this does not occur. Hendé converges uniformly on compact setdfpasi — oo. Since
Yo(x) — 0 asx — oo andY; andY; are positive and decreasing fer> 0, it follows
thatY; — Y, uniformly asi — oo. ThusY; is the solution we constructed earlier by the
implicit function theorem.

Thus it remains to bound solutions of (7). It is convenient to instead bound small
solutions of (6). Suppose by way of contradiction that— 0 and B; are positive even
decreasing solutions (far > 0) of (6) such thaf| B;||oc — 0and—t; '||B;||cc — oo as
i — oo. By our earlier estimates, we see that the remainder tew|i8; || ). Hence
B; = (|| Bi|lso) 1B, satisfies

—B; =t:B; + || Billoo(B:)* + o(|| Bil|0)-

Hence if we rescale: by a factor(||B;||~.)*, we obtain a solutiorB; which is positive
decreasing (foX; > 0), ||B;||«c = 1 and

—B; = (B))*+ o(1)
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where we have used thay/|| B;||.. — 0 asi — oc. HereX; is x after rescaling. Thus
in the limit, we would obtain a positive decreasing (f& > 0) function B such that

Bl = 1and—B" = B’. ThusB is concave and we easily obtain a contradiction. This
completes the proof of the existence and uniqueness of the small homoclinic solution.

Remark

1. If ¢ is close to zero, it is easy to modify our arguments to show that this solution
is non-degenerate (modulo translations). The arguments here are a little simpler. The key
points are that the reduction and scaling do not affect non-degeneracy. This is of interest
because in general difficult to prove that homoclinic solutions are non-degenerate.

2. Note that there can be other types of solutions for example positive solutions periodic
in z1 and solutions increasing ity 1 for x5, > 0.

Summarizing this section, we have proved the following theorem.

Theorem 1 Assume that ug is a solution of —A'u = A\of(u) on Q,u =0 on IN
such that the principal eigenvalue of (2) is zero and Assumptions N1 and N2 hold
and the integral in Assumption N2 is strictly positive. For t small and negative,
let u(t) denote the unique stable solution of —A'u = (Mg — t2)f(u) in Q,u =0 on
0 near ug. Then there is an € > 0 such that for t small and negative there is a
unique solution u(t) of (1) for X = \g — % which is even in wyy1,u(t) > ug(t) on
Q xR, |[ut) —up(t)]|eo < € and u(t) — up(t) as xp41 — 00. Moreover u(t) is
non-degenerate modulo translations.

Remarks

1. The result can almost certainly be proved by using the centre manifold reduction
ideas of Kirchgassner on infinite strips rather than our Liapounov-Schmidt reduction. We
have used the latter technique because it is also usable for the long domain probm in
where it seems to have the potential to produce more results.

2. Our techniques could also be used to prove the uniqueness of the small positive even
homoclinic solution of-Au = Af(u) on .S which decays at infinity i\ is close to but less
than)\,. Heref(0) =0, f/(0) = 1, f”(0) > 0.

3 The bounded domain case

In this section, we combine the result of the last section with results in [4] to study the large
bounded domain problem. We assume thé a smooth bounded domain itf. Then we
are interested in positive solutions of

Au = Af(u) on §,

0 on 09, 9)

u

for n large where),, = Q x (—n,n). We assume thai, is a neutrally stable positive
solution of N
—A'u = Xof(u) on Q

_ 10
uw =0 on 9N (10)
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such that the end equation

—Au = Mof(u) on Q x [0,00)
uw = 0 on (2 x{0})U (82 x [0,00))
u — wug as Tpy1 — oo uniformly in 2’

(11)
u > 0 on §~2><(O,oo).

has a positive solution. The existence of a positive solution of this end equation is dis-
cussed extensively in [4] and the uniqueness is proved. In particular, it always exists if
f(0) > 0 anduy is the minimal non-negative solution of (10). This is a little more than
is proved in [4] because we remove a non-degeneracy hypotheses. The changes necessary
are discussed in the appendix. Note that the end equation always has at most one solution
and a necessary condition for a solution to exist is thats a weakly stable solution of
(10). Note also that by the theory in [4] the existence of a solution of the end equation
is a necessary condition to be able to find solutions of (9) ngam compact subsets of
2, unless there exists a stable non-negative solutiaf (10) with E(u) = E(ug) and
0 <u < up.

With these assumptions, we obtain a good understanding of the soluta(8) for n
large,\ near)\ andwu uniformly close touy on compact subsets 6X,,.

First note that it is easy to check by continuity that the conditions of Proposition 2 of
[4] hold for the solution(u(t), A\g — t2) of (9) wheret is small and negative. We also use
Proposition 3 of [4] here. Thus by Proposition 2 in [4] and our remarks in the appendix, the
end equation has a solution fag replace by\, — t> andu, replaced byu,(¢) with t small
negative. It is also easy to see this solution depends continuouslyWde can now apply
Theorem 2 in [4], the theory ofil of [4] and Theorem 1 here to deduce that there exists
€0 > 0 such that fort small and negative, and large (depending or), (9) has exactly 2
solutions withine, of uo(t) on compact sets in ¢f2) x R. One of thesey , ,, is stable and
uniformly close tou (¢) on compact subsets of @) x R if n is large while the otheu; , ,,
is unstable and is uniformly close tq () on compact sets whetg () is the solution in
Theorem 1. Note that we have also used Remark 1 before the statement of Theorem 1 here.
Hence we see that we have exactly 2 positive solutions in our neighbourhood which are
easily seen to depend continuouslytoexcept if—e(n) < ¢ < ¢(n) wheree(n) — 0 as
n — oo. Itis convenient to reformulate this slightly differently.

Let Z,, denote the function which &,ug + (1 — ¢, )i wherel,, (x41) = 1if |z41] <
37 b (@pr1) = 0if || > §n,0 < £ < landsup,, |<2,|0,(y)] — Oasn — oo,
We then see from what we have proved above, the theory in [4] and standard degree theory
that the following theorem holds.

Theorem 2 Assume that the above conditions hold and assumptions N1 and N2
hold. There exist €1,e3 > 0 and e(n) > 0 with ¢(n) — 0 as n — oo such that the
only positive solutions of (9) with \g —e1 < X< Ag—¢€(n) and ||u — Zp||0o < €2 are
(0.t.ny Ao — %), (U1 £, Ao — t2) where t < 0 and A\g — €1 < Ao — 1% < X\g — €(n). Any
other positive solution of (9) with |[u — Zp|leo < €2, A —e(n) < X < Ao + €1 satisfies
A— X and ||[u — Zy|looc — 0 as n — 0o. Moreover, there is a continuum of
positive solutions of (9) joining (Ue m.n, Ao—€(n)), (U1,m.n, Ao—€(n)) in X > Ag—e(n)
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I\J‘H

where m = ¢(n)z.

Remarks

1. Note that any bad behaviour of the continuum is concentrated very clogg tdy).

We have not excluded bad behaviour there including secondary bifurcations and extra very

small continua though they seem unlikely. Note théti convex or0, ||ug ||« + 4], where

0 > 0 we can use theory for convex ( maps as in [3] show that the minimal solugnpg
continues to exist up ta = )\ where)\ > )\, there are no solutions neag if A > /\n,

exactly one in a neighbourhodd, of the minimal solution fo = A, and exactly 2 irU,,

if A, — <A< M. Howevers! andU,, may depend om and could possibly be small

forn Iarge

2. If there is a weakly stable solutianof (10) with i < ug andE(4) = E(ug), then
the theory will change because there is a possibility of solutions which,for 0 look like
a patching together af, (or u;) with a heteroclinic solution of (4) joining andu, and
solutions of the end equation witly replaced byi. Indeed since the end equation (11) has
no solution in this case (by a result of the appendix) solutions of the type we were looking
for in Theorem 2 do not exist.

3. We suspect that in Theorem 2 the solutions form a connected curve with only one
turning point. However this seems technical to prove. With care, we can modify part of the
proof of Theorem 1 to reduce our problem to an ordinary differential equation with higher
order (possibly non local) terms. However, this equation seems much more difficult to
analyse, partly because of the effects of the ends. Indeed, the casewyhbefein Remark
2 after Theorem 1 is much easier (because the end equation has no effect) and it can be
shown with care that the natural result holds in this case. To prove this one uses a similar
reduction to that in the proof of Theorem 1, various rescalings and similar arguments to
that in the proof of Theorem 1.

4 Appendix

We sketch how to improve slightly several results of [4] which we have used in the main
text. These are all about weakening non degeneracy hypotheses.

Firstly, we want to prove that ifi is a solution of (1) such that linu(z’, 2541) =
uo(2’) uniformly in o/, if u(a’,xx41) > uo(a’) always and ifuy satisfies Assumption
N2, then, up to a translation imj;,u iS even inxy; and afkuﬂ < 0if zppr > 0.

As in [1] or [4], this is a very standard application of the moving plane method (ap-
plied to u(z’, zx11) — up(z’)) if we obtain good asymptotics af(z’, x41) — ug(z’)
asxp+1 — oo (and similarly ase,1 — — o0). We can easily apply the theory in [1]
(cp also Lemma 2 3 on p41 of [4]) to prove that', z;+1) = uo(z') + B(xg41)P1 +

r(a’, xx+1) wherer is orthogonal tap; for eachxy 1, r decays exponentially imy. in
theC'' norm andB decays slower than any exponential. Hence, we see thaj, farlarge
u(2, xp+1) — uo(2’) = (B(xg41) + o(1))é1 whereo(1) decays exponentially. Thus we
need only determine the asymptotics/f By using our expansion aof, our equation fou

and AssumptionV2, it is an easy calculation to prove that' = (C + 0(B))B? for large
x1+1 whereC is defined in§1 andC' > 0. We use thaff is C* here. We prove that this
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implies B(xg41) = 1201 + P + o(mkH) for largex1 whereC; > 0 which gives
k+1
the required asymptotics and hence the result. By a rescaling, we may aSsumeé.
SinceB > 0 andB — 0 as;ka — 00, we easily deduce tha” > 0 andB’ < 0
for x4 large. Ifu > 1,(3B? - 1uB®) = B'(B” — uB?) > 0 for 2, large and
hencei(B’)? — tuB? < 0 for largexy (1. Similarly B’ — 17B3 > 0 for large x4
if - < 1. SinceB’ < 0, we deduce thaB’/B2 — = \/g asxyy1 — 0o. Hence
B = Cy(xpq1)2 +0(:1:,;f1) whereC; = %. Itis then easy to return to th equation and
obtain the estimate for the error. (We proyeB’)? — 1 B? = O(x,;jfl) for largezy1).

Note that we could also handle some more degenerate cgsessmooth.
Secondly, we generalize some results of [4] for the end equation.

Proposition Assume that ug is a weakly stable solution of (10) which is isolated
from below (which is certainly true when Assumption N2 holds) and f(0) > 0. Then
(i) The end equation (11) has at most one solution.

(ii) The end equation has a solution if there does not exist a weakly stable solution
@ of (10) with 0 < 4 < ug and E(4) < E(up).

(iii) The end equation has no solution if there exists a weakly stable solution @ of
(10) with 0 < 4 < ug and E(t) > E(ug) and Assumption N2 holds.

Proof. We assume throughout the proof thatis degenerate. Otherwise the results in [4]
apply.
(i) If uy andus are distinct solutions of the end equation then as in [4], p22{sypus }
is a subsolution of the end equation. Singds a supersolution, then as in [4], p22, there is
a solutionug of the end equation withs > sup{uy, u2}. Thus if there is a non-uniqueness
there must exist two solutions, , uz of the end equation withi; > ;. By the maximum
principle applied to the equation fak — uy, 4% > 94 ondQ x {0}. However, by the
first integral, we see as on page 34 of [4] tlﬁu 2 o 63;11 (2',0))2dx’.

Hence we have a contradiction.
(ii) This follows the proof of Proposition 2 in [4] which does not use the nondegeneracy.
(iii) Part (iii) follows the proof of Proposition 3 in [4]. The only difference is in Step 3 of
the proof there where in the sliding hump argument we have to use the asymptotics in the
first part of this appendix rather than the exponential asymptotics in [4]. For this, we need
Assumption/N2 (though this assumption could be weakened).
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