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Abstract: In the present paper, we investigate the global well-posedness and exponential decay for some
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1 Introduction

This paper is concerned with the Cauchy problem for a coupled heat system with power-type non-linearities

m
iy = Ay + Suy = 1D agelul? ) g P (L
k=1 .
u]-(O, )= ')[}}"

which models a broad variety of physical phenomena called reaction-diffusion equations, motivated by neu-
roscience, surface chemistry, gas dynamics or predator-prey interactions [3, 10, 11, 16].

Here and hereafter u; : R+ xRV 5 R forj e [1,m],6 € {0,1}, u = +1and aji = ay; are positive real numbers.
A solution u := (uy, ..., um) to (1.1) formally satisfies some decay of the energy

Edu(t) := %Z/(|Vu,-|2+5|u,\2—52a,~k\u,-(t, 0P lugt, x)lp) dx
j=1RN p k=1

m t

- B@o) -3 [ Il Eeds.

=

)

The particular case aj;, = 5}‘ gives some classical scalar semi-linear heat equations. Thus, before going fur-
ther, let us recall some historic facts about the semi-linear parabolic equation. The model case given by a
pure power non-linearity is of particular interest. The question of well-posedness in the energy space of the
following heat problem

(NLH)p u-Aut[uPu=0, p>1, u:RxRVR,

was widely investigated. This equation satisfies a scaling invariance. Indeed, if u is a solution to (NLH), with
datum uy, then u, := A7Tu(A?., A.) is a solution to (NLH), with data AP Tug(A.). For s¢ := - ﬁ, the
space H whose norm is invariant under the dilatation u — u; is relevant in this theory. The energy critical
case s¢ = 1 corresponds to the critical power p. := %, for N = 3.
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Local well-posedness of (NLH), holds in the energy critical case and the local existence interval does not
depend only on ||ug||g:- Then, an iteration of the local well-posedness theory fails to prove global existence
and a finite time blow-up of solutions may happen [9]. Now, the energy critical case of (NLH), is known to
be well-posed in some Besov spaces [15]. See [12] in the two space dimensions case and [4, 24, 25] in the scale
of Lebesgue spaces LI(RY).

The topic of blow-up of solutions to bi-component parabolic systems with positive data on bounded
domains have been attracting great attention. There have been numerous publications in the literature in
this direction and we refer the interested reader to [6, 8, 13, 14, 18, 20, 22] and references therein.

This paper seems to be one of few works dealing with m-component coupled semi-linear heat systems.
Moreover, to the author knowledge, the stability of standing waves was not treated in the case of non-linear
heat equations. The parabolic system (1.1) is a generalization of the bi-component problem considered in
[26], where the global existence, long time decay and finite time blowup of solutions were investigated using
the potential-well method.

It is the purpose of this manuscript to obtain global well-posedness and exponential decay of solutions to
the defocusing non-linear coupled heat system (1.1), in the energy space. In the focusing sign, using the con-
cepts of invariant sets suggested by Payne and Sattinger in [19], global and non global existence of solutions
are discussed, moreover an exponential decay in the energy space holds for any global solution under the
potential well. Finally, the existence of infinitely many non global solutions near the ground state is obtained.

The rest of the paper is organized as follows. The next section contains the main results and some
technical tools needed in the sequel. Sections three and four are devoted to proving well-posedness of the
heat system (1.1) in the energy space. In section five, the existence of critical ground states is investigated.
In section 6, global and non global existence of solutions to (1.1) are discussed. The last section contains a
proof of strong instability for stationary solutions.

We define the product space
H = H'RY) x...x H*RY) = [H'RV)]™,
where H!(RY) is the usual Sobolev space endowed with the complete norm
1
2
sy 2= (Il + 190l oy )

We denote the real numbers

N .
pri=1+ and pcz={ vz i N>2

oo if N=2

=R

and we assume here and hereafter that
(o i = C'
§=1-65 = 0 if p P
1 if p#p°.

We mention that C will denote a constant which may vary from line to line and if A and B are non negative
real numbers, A < B means that A < CB.For 1 <r < oo and (s, T) € [1, o) x (0, o), we denote the Lebesgue
space L" := L"(R") with the usual norm || . ||r := || . ||z, || . || := || . || and

T +o0
n 1 ! 1
s = ([ 1O d)" s iy = ([ 1 a)
0 0

For simplicity, we denote the usual Sobolev Space WP := WSP(RY) and H® := W2, If X is an abstract
space Cr(X) := C([0, T], X) stands for the set of continuous functions valued in X and X, is the set of radial
elements in X, moreover for an eventual solution to (1.1), we denote T" > 0 its lifespan.
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2 Main results and background

In what follows, we give the main results and some estimates needed in the sequel.

2.1 Main results

First, local well-posedness of the heat problem (1.1) is claimed.

Theorem 2.1. Let2 <N <3,2<p<p‘and ¥ € H. Then, there exist T* > 0 and a unique maximal solution to

(1),
u e c([o, TV, K).

Moreover,

1 ue (LW([0, T'T, Wh2P))™;

2/ usatisfies decay of the energy;

3/ ifu=-1,it follows that T" = oo and there exists y > O such that

[u(®)]|5 = 0(e™"), when t— +oo.
Remark 2.2. The unnatural condition p = 2 seems to be technical and yields to the restriction N < 3.
In the critical case, global existence of solutions to (1.1) holds in the energy space for small data.

Theorem 2.3. Take N = 3 and assume that p = p°. Then, there exists €y > O such thatif ¥ := (Y1, ..., Ym) € H

m
satisfies Z / |Vl/)j|2 dx < €g, the system (1.1) possesses a unique solutionu € C(R+, H).
j=1 RN

Second, we are interested on the focusing case (u = 1). Foru := (uy, ..., um)e H, a, B € R, we call constraint

2K p() = > (Qa+ (N -2)B)|[Vul|” + (2a + N8|y *) -
j=1

1
p

m
Z aj | (2pa+ NB)|ujuy|P dx.
ITE—

Definition 2.4. ¥ := (Y1, ..., Ym) is said to be a ground state solution to (1.1) if
m
A - 8P;+ > aplhi PP =0, 0 # Ve Ky 2.2
k=1

and it minimizes the problem

& . 8 8 _
m O#Tef%{E (W) s.t K gw=0}. (23)

Remark 2.5. If ¥ satisfies (2.2), then it is a global solution to (1.1).

The existence of ground states in the sub-critical case is known [21]. In the critical case, the situation is as
follows.

Proposition 2.6. Take a couple of real numbers (a, B) € R; xR, U {(1,-%)} and p = p°. Then,
1/ mO:= mg,p is nonzero and independent of (a, p);

2/ thereis a minimizer of (2.3) in the following meaning

0+%¥eH,; and m°=E°(¥P). .4)
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Remark 2.7. It is not proved that the minimizer of (2.3) is a solution to (2.2), because of a lack of uniqueness of
such a solution. Despite, we will call ¥ as ground state.

Using the potential well method [19], we discuss global existence and finite-time blow-up of solutions to the
focusing problem (1.1). Let us define the sets

Api={ued st E°@<my, and Kjg) =0}

Adpi={ue 3 s.t E°w<mly and Kj4) <0}

For easy notation, we write
E:=E',Kqp:=Kgp, Map = Map Agpi= Ay, Agp i=Agpe
Theorem2.8. Take2 < N<3,2 <p < pS, (a,B) e RixRiandu=6=1.Letu € Cy(H) be a maximal
solution to (1.1). Then,
1/ ifthere exists to € [0, T") such that u(ty) € A;, psou is global. Moreover, for small ||uy |, there exists y > O
such that
lu(®)||sc = 0(e™"), when t—» +oo;

2/ if there exists to € [0, T") such that u(ty) € Az’l‘;, so u blows-up in finite time.

The last result concerns instability by blow-up for standing waves of the heat problem (1.1). Indeed, near a
ground state, there exist infinitely many data giving non global solutions to (1.1).

Theorem 2.9. Take2 < N <3,2 <p < pandu = 6 = 1. Let ¥ be a ground state solution to (2.2). Then, for any
€ > 0, there exists uge 3 such that ||ug - V|| 4 < € and the maximal solution to (1.1) with data uy is not global.

In the next subsection, we give some standard estimates needed in the paper.

2.2 Tools

We start with some properties of the free heat kernel [4].

Proposition 2.10. Denoting the free operator associated to the heat equation
ey = e Py *y = (—) o i * u, t>o0,

yields

1/ ey = (e, .., e"3Wy,) is the solution to the linear problem associated to (1.1);

2/ e+ [5 e (uy +puy |ur P20 agglurlPs -, —8um+ Him|um[P 2 S5, @miluxlP) ds is the solution
to the problem (1.1);

3/ (") =e';

4/ Jleully < e forall 1<B<ysoo, t>0, uc LARY).

Ni1_1y»
~ tj(ﬁ )

Let us recall the so-called Strichartz estimate [7].

Definition 2.11. A pair (g, r) of positive real numbers is said to be admissible if

2 1 1
2<q,r<oo, (q,r,N)#(2,00,2) and 7 _N<§_7>'
Proposition 2.12. Let two admissible pairs (q, r) and (a, b). Then, there exists a positive real number C such

that forany T > O,
gy = € (10, )] + it = Aullygr ). (25)
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Existence of a ground state solution to (1.1) was obtained recently [21].

Proposition 2.13. Take N > 2, p« < p < p® and two real numbers (a, f) € R} xR, U {(1, —%)}. Then,

1/ m:= My, p is nonzero and independent of (a, B);
2/ thereis a minimizer of (2.3), which is some nontrivial solution to (2.2);
3/ if we make the following assumptions

aj=y; and aj=p for j#kel[l,m]

then, at least two components of the minimizer are non zero if yu > 0 is large enough;
4/ if (N, a) # (2,0),

. 1
My p = o»;ll?ef:}c {Hqyp() := (E - m[(a,ﬁ)(u) s.t K(u) <0}.

In the rest of this subsection, we collect some standard estimates independent of the parabolic problem (1.1).

Proposition 2.14. Let € > 0. There is no real function G € C*(R.) satisfying
G(0)>0,G'(0)>0 and GG'-(1+¢&)(G)* =0 on R..

Proof. Assume with contradiction, the existence of such a function. Then (G‘(“S)G’ ) = 0and

! !
A ()

w_W>O.

1 G(0)
£G'(0)"

This is a Riccati inequality with blow-up time T <

Let us gather some useful Sobolev embeddings [1].

Proposition 2.15. The continuous injections hold
1/ WSP(RY) < LI(RY) whenever 1 <p<g<oo, s>0 and

1_1

2/ WSPI(RN) < WSNGI 5 P2 (RN) whenever 1 < p; < p, < oo.

ST
IN
Q=
=

The following Gagliardo-Nirenberg inequality [17] will be useful.

Proposition 2.16. Take N > 2 and 1 < p < p°. Then, for any (uy, .., um)e H,

m m
3 /|u,~uk|p dx= (3 Ivu?)
j=1

jykleN

(p-DN m N-p(N-2)

2 2 2
(> Iwl?)
j=1

j=

We close this subsection with an absorption result.
Lemma 2.17. Let T > 0 and X € C([0, T], R+) such that
X<a+bX? on [0,TI,

wherea, b >0, 6> 1, a<(1—$) L and X(0) < —L . Then
(6b) b (b) 71

0
0-1

X< a on [0,T].

This contradiction achieves the proof.

(2.6)

Proof. The function f(x) := bx? — x + a is decreasing on [0, (be)ﬁ] and increasing on [(bé))ﬁ, o0). The
assumptions imply that f((b6)™®) < 0 and f(e%ola) < 0. As f(X(D) = 0, f(0) > 0 and X(0) < (bO)T7, we

conclude the proof by a continuity argument.

O
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3 Local well-posedness

This section is devoted to prove Theorem 2.1. The proof contains three steps: local existence, uniqueness and
global existence in the sub-critical case. In this section, we take u = -1, indeed the sign of the non-linearity
has no local effect.

3.1 Local existence

We use a standard fixed point argument. For T > 0, § := C||¥||5c we denote the space
4p m
Ergi={ue 000 (L2 )" st (ullzo + HuH ) <R}
71) (Wl.2p)
endowed with the complete distance

m

d(u,v) = lu-vr, WMFE:@MWmﬁWN

j=1 ”‘” K (LZP))

Define the function
m t
pu)(t) := e - Zajk/e(t"s)ﬂ(|uk|p|u1\p‘2u1 ULy ey (WP | [P U + um) ds.
k=1

We prove the existence of some small T, R > O such that ¢ is a contraction on the ball B7(R) with center zero
and radius R. Take u, v € Er, applying the Strichartz estimate (2.5), we get for small T > O,

m
dip), p(v)) < Z e P luslP~2u; — v |P |vilP 2 +llu-v
(p(w), p(v)) < ‘ (g™ 1w = vl P v ;||Lp(4 I [ 12)
jok=1
m
< wp P |u P~ 2u; = (v lPlvi P2y + T|ju = Vo7 2.
S 2 1||\ kI 1w ug = v v ’”wa%@%) I lLzw2)
],K=

To derive the contraction, consider the function
fix :R™" =R, (ug, ..., um) — \uk\p|uj|p"2u,-.
With the mean value Theorem
i) = fre (W) < max |ueP~ [P0+ [P P72, v P22+ vi Py P - ).
Using Holder inequality, Sobolev embedding and denoting the quantity

) == [lfjuc(w) - f]k(V)H

)
N)+N (L prl )

we compute via a symmetry argument

@ < QP P+ Pl P?) o= v |

~ p(4 N)+N @ 2p 1)

< P P2
S I L
2p-N(p-1)
S Tzuww%%QQM|wwmmmwmhmwmﬂm
T
2p-N(p-1)
S A HU—VHLN&‘L)(L (” k||L°°(H1)||u1HL°°(H1)+||uka°°(H1)Hu]Hp""(Hl))
T



DE GRUYTER T. Saanouni, Coupled NLH =— 1389

Then
2p-. N(p 1)
Z L R*®Vu—v]jy.
k,j=1 @2r)
Thus, for T > 0 small enough, ¢ is a contraction satisfying
dip), ) 5 (T RO 4 T) d(w, v).

Taking in the last inequality v = 0, yields
I¢palr s (TF7 RO+ T)R+ (Y|
< (T%ﬁ"”}em’*” + T)R + §
Moreover, thanks to Holder inequality and Sobolev embedding, we obtain

) + IVl 2

R -1, p-1 -2
IVé@)r < S +IVul|l w (gelP~ P+ Pl P2,
-1 (L2p) L4p 2N(p 1) (LP-T

R 2p- (p
< STl (it 1 Bty + 10k oy 151252 ) + TV 50y
R wh p p
S S Tl (il b 11 by + 1202y 5122 ) + T
(p-1)
< R, =g, g,

Since 2 < p < p©, ¢ is a contraction of Xt  for some T > 0 small enough.

3.2 Uniqueness

In what follows, we prove uniqueness of solution to the Cauchy problem (1.1). Let T > O be a positive time,
u, Vv € Cy(H) two solutions to (1.1) and (wq, .., wn) = W := u - V. Then

m
Wy = Awj o+ 8wy = > (= [P 2wy + i vy P2v), - w0, ) =
k=1
Applying Strichartz estimate with the admissible pair (g, r) = ( N(:Ii o 2p) and denoting for simplicity L%(L")
the norm of (L’%(Lr))"’, we get forsmall T > 0,

m
[ =Viganzay S D W@ = f@ly g+ 0= Vi
j!k=

=

m
S 3 k@ = el gy + Tl = Ve
jk=1 T
m
S0 I = @l

Jik=

[uy

Taking T > 0 small enough, with a continuity argument, we may assume that

jnax | o= a1y < 1.

.....

Using previous computation with

)= Hfjk(u) _fjk(v)HL';'(L”) = |||uk|p|uj|l7*2uj - |Vk|p‘Vi|p72ViHL‘;/(L")’
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we have
O Clan T ) LSy
S Mt R S T RS
< T u-v s o (1 Dy 1y 161 )
Then

|\w||Lq(Ly)S T “" HWHL‘I(L')

Uniqueness follows for small time and then for all time with a translation argument.

3.3 Global existence in the defocusing sub-critical case

The global existence is a consequence of the energy decay and previous calculations. Let u € C([0, T"), K)
be the unique maximal solution of (1.1). We prove that u is global. By contradiction, suppose that T* < oo.
Consider for 0 < s < T, the problem

m
@9 ATV (2 meP )

k,j=1
Vj(S, ) = u]-(s, )

Using the same arguments of local existence, we can prove a real 7 > 0 and a solution v = (v1, ..., Vi) to (Ps)
onC ([s, s+1], H). Thanks to the decay of energy we see that 7 does not depend on s. Thus, if we let s be close
to T" such that T* < s + T, this fact contradicts the maximality of T *

3.4 Exponential decay

This subsection is devoted to prove that u € C(R., 3), the global solution to (1.1) for§ = -y = 1and 1 < p < p©
satisfies an exponential decay in the energy space.

Denoting the quantity K(u(t)) := Zj'zl |\u,~(t)||1%,1 + Z aji \ujuk\p dx, yields
1<j,ksm RN

E(u(t)) < K(u(t)) < 2pE(u(t)).

On the other hand, for T > 0,

T m
[Kuopas - %Z(Hu,(t)l\ - ()
< lij\u-(t)nz
e
< (u(t)).
So,
T T

/ E(u(s) ds < / K(u(s)) ds < E(®).

t t
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Thus, for some positive real number Tq > 0,

oo

/ E(u(s)) ds

y(®)

¢
< E(u(®)
~Toy'(t)

IN

This implies that, for t > T,
t t
(0 < J/(To)el_ To < loE(U(IO))el_K .

Taking account of the monotonicity of the energy, for large T > 0,

T t+To

/ E(u(s)) ds > / E(u(s)) ds > ToE(u(t + Ty)).

t t

Then, t
E(u(t + To)) < E(u(To))e' .

Finally, because y = -1,
lu(e + To) 3¢ < EQu(t + To)) < E(To))e' ™.

The proof is finished.

4 Global existence in the critical case

In this section N = 3 and § = 0. We establish global existence of a solution to (1.1) in the critical case p = p°
for small data as claimed in Theorem 2.3.
Letting I C R a time interval, we define the norms

lulluep = VUl o e
L™N-2 (I,L N2+ )
u = u .
llullsa I Hngy;zz) L2

Let M(R) be the completion of C>(RV*!) endowed with the norm ||. || M(®)» and M(I) be the set consisting of
the restrictions to I of functions in M(R). An important quantity closely related to the mass and the energy,
is the functional ¢ defined for u € 3 by

f(u)=Z/\Vuj|2dx.

j =1 RN
We give an auxiliary result.

Proposition 4.1. Letp = p*, ¥ := (Y1, .., Ym) € H := ()™ and A := |¥||;;. There exists 6 := 6, > O such
that for any interval I = [0, T], if

m

> le“ilisa < 6,

=1

2(N+2)

then there exits a unique solution u € C(I, H) of (1.1) which satisfiesu ¢ (M(I) NL " (IxRN )) . Moreover,

m
> llujlls < 26.

j=1
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Proof. The proposition follows from a contraction mapping argument. Define the set

m m
XKap = {we M5 D Il = @ Y- Ijlls < b}
j=1 j=1

where a, b > 0 are sufficiently small to fix later. We let the function

t
m
D)0 = ¥ = > [ e (s P, o 2 ) s,
Using Strichartz estimate, we get
m
19009 Wl 5 2 IVGR D g,
jok=1

As previously

7 (- ) g, = 1 - RN
! i,l=1
1> om0 - Il a1
i,I=1 T
< (00)+ ).

Using Holder inequality and Sobolev embedding, yields

2 2 N 4-N
00 £ |||V(u—v)|(|uk|m|u,-|m+\uk\N72|u;\N72)|}L2(L%)
T

< -V (u w2
~ Hv(u )HL%(LZII\]V%Q) H kHL Z(LZ(NQ))H ]H ;(NEZ)(LZ%+22))
o ey 1015 )
]6\122 (L 25\1]\“22)) LTZN 2 (L 25\1]\]732))
2 2 N 4N
S =V (HWH&}@H“;‘H&B + Hung(}z)Hung(_z))
4
S u=viygullgg -

Using Holder inequality and Sobolev embedding, yields

N

4-N 2 N 6-2N
02) 5 (199 = 0| (T 5 g 77 g 7 g )
T

4-N
< Vv x u-v (u w2 u;|| 2
S IVl e e e lsom (140 S | JHL%V fep e
b S 18 ey )
L2N+2 (L 2(N+2]) LZI\II\HZZ (L Z(I\IJWZZJ)
< ¥l e - Vsl 53

Then, thanks to Sobolev injections

1p(w) - ¢Vl

4 6N
a¥z |l u—vllyq) + bav2 ju-vl|sq

/AR ZAN

(@7 + ba¥?)|ju = v][yyq)-
Moreover, taking in the previous inequality v = 0, we get for small § > 0,

lp()||s) < 6+ Carz;
|p(W)|[ygqry < CA + Cha™=.

DE GRUYTER
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With a classical Picard argument, for small a = 28, b > 0, there exists u € X, ;, a solution to (1.1) satisfying
[ullsqy = 26.

With Strichartz estimate and arguing as previously, the solution u € C(I, 3). O
We are ready to prove Theorem 2.3.
Proof of Theorem 2.3. Using the previous proposition via the fact that

A A
1e“¥llsy S lle“ Pl S 11l

it suffices to prove that ||u||; remains small on the whole interval of existence of u. Write with conservation
of the energy and Sobolev’s inequality

N-2 & N_ N_
||u\|f-{ 2E(YP) + i Z/\uj(x,t)|N—z|uk(X,t)|N72 dx

j’kleN
s CEW+ET) + (D IVig3) ¥
j=1

C(&w) + EP)*2) + Clul 2.

IN

So by Lemma 2.17, if £() is sufficiently small, then u stays small in the H norm. Global existence is estab-
lished. -

5 Existence of critical ground state

In this section we prove the existence of a ground state solution to (2.4) in the critical case. Precisely, we
establish Proposition 2.6.
For (a, B) € R} x R, U {(1, —%)} and ¥ € K, recall the quantities

2K ) = > (a+(N-2)B)|Vyl|* + (2a + NB)8|u;|*)
j=1
. Z aji /(2pa+NB)|u,-uk|p dx.
p
Jk=1 g
Hypu) := E(u)- NBKa ()
- a+Nﬁ [ZBHW,H va(l- f) Z a,k/|u,uk| a].
]k 1 RN
Write also
260 4(¥) = 2L, 4E%(¥)

- (Qa+W-2PY VY - Qa+ TE) S [t ax
j=1

Jik=1 gn

- Ga+3P) (Zuw},ll > [ et a)

Jik=1  Rgw
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and the operator

1 0
(2apc + NB) K“’B)(IP)

2 m
- IV
j=1

2HY p(¥) = (2E°-

Let the real number
o . 0 0
da,/; = o;(;?ef:}c{H“’ﬁ(W) s. t Ka’ﬁ(‘I’) <0}.

0 0
Claim. d,, af = Mg p-

Since K 5 = 0 implies that E® = Hy, , it follows that m 5 = dg ,
Conversely, take 0 # ¢ € H such that Kg’ ﬁ(cp) < 0. Thus, when 0 < A — 0, we get

Ko s(A¥)

Cas TSIV -7 3 aye [ bl dx)

j=1 j,kzl RN

R

N m
QQa+ p—ﬁg)/\2 Z [V;]|* > 0.
j=1

So, there exists A € (0, 1) satisfying Kg, ﬁ(A‘I’) =0and
mg,ﬁ = Hﬂ,ﬁ(/\‘lf) = AZHZ,I;(‘I’) < Hg,ﬁ(‘lf).

Thus, m2 ; < d2 g and mo ;= dO . The claim is proved.
Because of the deﬁmtlons of KO B and HO B it is clear that mg, ) is independent of (a, 8) and

m m m
0 : 1 2 2 c
me= g =l (N I st DIvhE < Y oy [ ax.

j;k=1 RN

Taking the scaling A¢, yields

, 15w 2 2-2p° 2w ¢
inf {N/l ;HV%’H s.t AP jZlHVl/’jH < Zaik/“rbi’wbk'p dx}

0#¥ eI ;
Jok=1 RN

1
1-p€ }

3
|

. 1< S G fon [P dx
f v ).
At {2 (= ST ehE )

j=1

T {( (7 I19911%)2 )N}
N e (Z;tlkﬂ Ak [ [P PrlP* dx)‘%

= Leeyw

= N(C ).

Here, C* denotes the best constant of the Sobolev injection
(% aye [ 1 ax)™ < ¢ (S 1vwyR)
bk=1 " pn j=1

6 Invariant sets and applications

In this section, we prove Theorem 2.8 about global and non global existence of solutions to (1.1) in the energy
space. We suppose in all this section that u = 1. First, we give some stable sets.
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Lemma 6.1. The sets A%* and A%,

«p op are invariant under the flow of (1.1).

Proof. LetV¥ ¢ Az’; and u € C7+(3) be the maximal solution to (1.1). Assume that u(ty) ¢ Az’;, for some time
to € (0, T"). Since the energy is decreasing, we have Kg, ﬁ(u(to)) < 0. So, with a continuity argument, there
exists a positive time ¢, € (0, to) such that Kg,ﬁ(u(tl)) = 0. This contradicts the definition of m. The proof is

similar in the case of Az’ O

1_3'
The fact that m, g is independent of (&, ) implies that some sets are also independent of (a, B).

+

Lemma 6.2. The sets Ag’ 5 and Ag’/} are independent of (a, B).

Proof. Let (a, B) and («/, B) in R} x Ry U {(1, -#)}. By the Propositions 2.6-2.13, the reunion Ag’; U Az’ﬁ is

independent of (a, B). So, it is sufficient to prove that Az’z is independent of (a, B). If E%(u) < mand K,‘i ﬁ(u) =

0, thenu = 0. So, Az’z is open. The rescaling ut = eu(eFr) implies that a neighborhood of zero is in Ag’/;.
Moreover, this rescaling with A — —oo gives that Ag’;g is contracted to zero and so it is connected. Now, write

8+ _ 46, 5, 8- N _ (aS, 5, 5, 5,-
Aa,E = Aa,E N (Aa,fﬁ, U Aa,’ﬁ,) = (Aa’/; N Aa,fﬁ,) U (Aa,Z? N Aa,’ﬁ,).
Since by the definition, Ag:l_f isopenand 0 € Ag’jg N Ag;fﬁ,, using a connectivity argument, we have Azj? =
8,+
Azx’,ﬁ" O

Now, we prove the main result of this section.

Proof of Theorem 2.8.

By Lemmas 6.2-6.1, u(t) € A7 ; forany t € [0, T"). Then,
m>ESu) > Hf,l(u).
Thus, u(t) is bounded in (H')™. Precisely

sup [ Vu(e)] < oo.
te(0,T*)

Moreover, since 9;(||[u(t)|?) = =K 0(u) < 0, the L2 norm of u is decreasing and so ||u(t)|| < ||u||. Thus

sup [[u(d)]lsc < oo.
te(0,T%)

The global existence follows with classical methods since T" depends only on the quantity |[uo||s.

Now, we prove an exponential decay of the solution. For small |juy||, since sup; [[u(t)||5¢ < 1, thanks to Propo-
sition 2.16, we get

m .
Kio®) = 1wl - Y an [ luul? dx
j=1 1<j,ksm RN
m m @-DN m N-p(N-2)
2 2
= 3 (@ - (X Ivwl?) T () ]
j=1 j=1 j=1
m 5 m 5 m 5 (ple)N72 m 5 N—p(ZN—z)
> S IO+ IO [1- (Y Ivawl?) (S Iwl?)
j=1 j=1 j=1 j=1
m m m U”’ZUN—Z
2 2 N-p(N-2 2
2 Y IGO1 + 3 IOl [1 - Cluol* P2 (S val?) T
j=1 j=1 j=1
> Clu@)l3

v

CE(u(t)).
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On the other hand

Eu(t) = Zuu,(t)nHl— S ay / wul? dx

1<) ksm
= 3 2 IOl = 5 (X IOl - Kro(u(®))
j=1 j=1

- Z Gl 5 K1 o(u(®)

v

Cmax{Kl,o(u(t)), [a®)lg}-

Moreover, for T > 0,

T
[ KuotwsNds = S(mo] - junP)
t
1 2
< Sl
< EO).
So,
T

/ Eu(s) ds < | Kio(u(s) ds < E(b).

t

H\H

Thus, for some positive real number Ty > O,

oo

/ E(u(s)) ds

y(®)

t
E(u(t))
~Toy'(t)

R A

This implies that, for t = T,
t t
y(O) < y(To)e' T < ToE(u(To))e' ™.

Taking account of the monotonicity of the energy, for large T > 0

T t+To
/ E(u(s)) ds > / E(u(s)) ds > ToE(u(t + Ty)).
t

Then, .
E(u(t + To)) < Eu(To))e' To.
Finally,
[a(t + To)||3¢ < E(u(t + To)) < E((Tp))e' ™
The proof is finished.

With a translation argument, we can assume that tg = 0. Thus, ES(u(t) < ES (ug) < m. Moreover, with Lemma
6.1, u(t) € Ag’l} for any t € [0, T"). Take the real function

[ =

m t.
L) = L)) = 1 Z/ lu(s)|2 ds, ¢ e [0, T7).

j=1 9
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Using the equation (1.1), a direct computation gives

L"(t) = Z / ju; dx = - Zuu,(t)nm 6Z|\u, t))1? +Z / ajc|uju [P dx.

j.k=1

We discuss two cases.
1/ First case: E5(ug) > 0. By Lemmas 6.1-6.2, we get for any A > 0,

Thus, for any €

L//

m m
1 2 1 p
J= ], k= RN

>0,

- —6Z||u,|| +s2|\w,n —(1+s)2||w,n +Z/a,k|u,uk| dx

j.k=1

> —6Z||u]|| +2}l {(2+N/\)m (1——)Z/a,k\u]uk| dx}

j.k=1

- (1+£)Z|\Vu]|| +Z/a]k|u,uk| dx.

jok=1

Taking account of the identities

1o 8 1

5 _ 2 2 P

E@ = ) Il + 5> Il —2§kj/a,-k|u]-uk dx
J

J

m t
> [ 1R ds + Ewo),
0

=1

~.

we obtain
L > {(2+N/l)m (1——) Z /a]k|u]uk|p dx 6Z||u]\| + Z /a]k|u]uk\ dx
)k 1 j k=1
m t
- 2(1+e) Z/Hu](S)H ds + E®(up) - ZZ 2 t 5, Z /a]k|u,uk\ dx
j=1 }k 1
> {e(g +)m-2(1+&)E(u )} +2(1 +£)Z Hu (s)|| ds
2 0 J
j=179
1 ¢ 1 )l
+ (1—l;—ﬂ(1—E F /a,k\u]uk\ dx
j.k=1
= )+ UDn+Um.
Write
N 1
() = &5+ m-201+ €)E°(up)
_ N 1 b o6
- e((j +)m - 2E (uo)) 2E%(up).
On the other hand,

R . L 7) Z/a]k\u]uk\ dx.

jok=1
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Take A = 0* and A1)
1 —
- <ceg<E 2
G Daliy =1 P12
This choice implies that the terms (I) and (III) are non negative. Thus,

L >2(1+£)Z/Hu1(s)|| ds.

j=1 7

Thanks to Cauchy-Schwarz inequality, it follows that

o2 2
L > L+ )al gzl
> (1 +£)Huﬁ”]%}(ﬂ)

> (1+¢e)L”.
Moreover, if L(t) = 0 for some positive time, we get K; o(u(t)) = 0, which contradicts Lemma 6.1. Thus
(L) = —eL 72 [L”L —(1+e)X)?

Taking account of Propostion 2.14, for some finite time T > 0,
T
lim / [u(s)||® ds = oo
t—T
0

Thus, T* < oo and u is not global. This ends the proof.
2/ Second case: E®(up) < 0. Compute for £ > 0 near to zero,

I’ = _Z”ul(t)HHl 5Z‘|u](t)|| Z/a,klu,ukl dx

j.k=1
6 m
SCHPIES Z/a,kw,ukw dx- ZZuu,(t)nHl—iZHuJ(t )
]k 1 j=1
2+g
i )Z/a]k|u]uk| dx
j k=1

> -(2+&E®).

So, thanks to the identity E°(u) = - 3, [|i;]|%, we get

I’ > @+ e)(nuuf?@z) - E(uo)). 6.7)

Now, the proof goes by contradiction assuming that T* = oo.
Claim 1: There exists t; > 0 such that fotl [a(s)||? ds > 0.
Indeed, otherwise u(t) = uy almost everywhere and solves the elliptic stationary equation -Au i+ 0uj =

-2 2 2
ket @jicluilP uj|P~?u;. Therefore, Y7 [[ujllg, + 6 X510 [1ujll* = Y7oy @jic Jn [ury;|P dx and
1 2 b
(1- E)HuoHHl = 2E°(up) < 0.

So, ug = 0, which contradicts the fact that K; 0(uo) < O.
Claim 2: For any O < a < 1, there exists t4 > 0 such that

(L' -L'(0)?2aL?, on (te,oo).
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The claim immediately follows from the first one and (6.7) observing that
tli}n;L(t) - tll}n; L'(6) = +oo.
Claim 3: One can choose a = a(¢) such that
LL” >(1+a)L’”?, on (tg, o).

Indeed, we have

2+¢& 2 .2
LL” > 5 Iallzz @ [z
2+€, .2
> 5wy
Ok
Q+8a n
> 3 L~

where we used (6.7) in the first estimate, Cauchy-Schwarz inequality in the second and Claim 2 in the last
one. Now choosing a such that 1 < @ i=1+¢, weget

LL" > (1+¢€)L"?, forlarge time.

Thanks to Proposition 2.14, this ordinary differential inequality blows up in finite time and contradicts
our assumption that the solution is global. This ends the proof.

7 Strong instability

This section is devoted to prove Theorem 2.9 about strong instability of standing waves,so, we take here and
hereafter 6 = u = 1. Denote the scaling u, := Agu(/t.). Let us write an auxiliary result.

Lemma 7.1. Let ue H such that Kl,f% (u) < 0. Then, there exists Ag < 1 such that
1/ -Kl’,%(ullo) =0;

2/ Ao =1lifandonly ile,_%(u) =0;

3/ LEy) >0forA e (0,A0) and $E(uy) < 0for A € (Ao, =o);

4/ A — E(u,) is concave on (Ag, oo);

5/ SEm) = %Kl,_%(u,\).

Proof. We have

7242 1 “
N(p-
K@) =3 5 Ivyl’ - - 2n DN ap / lujug P dx.
j=1 i,k::l RN

Moreover, with a direct computation

0,E(uy)

ASS IV = Fa- DAY S e [l d
j=1 k=1 gy

N
S7K1-2 (@)
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which proves (5). Now

m
Ky _2(w) = Z V) - AN(P 1 Z aj | |ujuglP dx
j=1 Jjok=1 RN
m
L S DIl 'S g, Jt
j=1 k=1 g

Since p > p«, a monotony argument closes the proof of (1), (2) and (3). For (4), it is sufficient to compute
using (3). O

The next intermediate result reads

Lemma 7.2. Let ¥ to be a ground state solution of (2.2), A > 1 areal number close to one andu, € C([0, T"), H)
the solution to (1.1) with data ¥y. Then, forany t € (0, T"),

E(u,(t)) < E(¥) and Kl,_%(u,t(t)) <0.

Proof. By Lemma 7.1, we have
E(¥,;) < E(W¥) and Kl,_%(‘l’/\) <0.

Moreover, thanks to the decay of energy, it follows that for any ¢ > 0O,
E(uy(0) < E(¥) (1)) < E(¥P).

Then K 1-2 (u, () # 0 because ¥ is a ground state. Finally K 1-2 (u,(8) < 0 with a continuity argument. [

Now, we are ready to prove the instability result.
Take u; € Cp+(3() the maximal solution to (1.1) with data ¥,, where A > 1 is close to one and ¥ is a ground
state solution to (2.2). With the previous Lemma, we get

w () € AL%, forany te (0,T").
Then, using Theorem 2.8, it follows that
lim lua(6)]|g¢ = o0
t—T

The proof is finished via the fact that
lim |¥) - ¥||4¢ = O.
A—1

References

[1] D.R.Adams, Sobolev Spaces, Academic Press, New York, (1975).

[21 N.Akhmedievand A. Ankiewicz, Partially coherent solitons on a finite background, Phys. Rev. Lett. 82, 2661, (1999).

[3] G.Bordyugov and H. Engel, Creating bound states in excitable media by means of nonlocal coupling, Phys. Rev. E 74,
016205,(2006) .

[4] H.Brezis, T. Cazenave, A non-linear heat equation with singular initial data, Journ. d’Anal. Math, 68, 73-90, (1996).

[5]  H.Buljan, T. Schwartz, M. Segev, M. Soljacic and D. Christoudoulides, Polychromatic partially spatially incoherent soli-
tons in a noninstantaneous Kerr non-linear medium, J. Opt. Soc. Amer. B 21, 397-404, (2004).

[6] R. Castillo, M. Loayza and C. S. Paixdo, Global and nonglobal existence for a strongly coupled parabolic system on a gen-
eral domain. ). Differ. Equ. 261, 3344-3365, (2016).

[71 Y.Dingand X. Chun Sun, Strichartz estimates for parabolic equations with higher order differential operators, Science
China Mathematics. 58, 5, 1047-1062, (2015).

[8] M. Escobedo and H. A. Levine, Critical Blowup and Global Existence Numbers for a Weakly Coupled System of Reaction-
Diffusion Equations, Arch. Rational Mech. Anal. 129 47-100, (1995).



DE GRUYTER T. Saanouni, Coupled NLH =— 1401

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
(18]

[19]

[20]

[21]
[22]

(23]

[24]

[25]

[26]

F. Gazzola and T. Weth, Finite time blow-up and global solutions for semilinear parabolic equations with initial data at
high energy level, Differential and Integral Equations. 18, 9, 961990, (2005).

S. A. Gourley and N.F. Britton, A predator-prey reaction-diffusion system with nonlocal effects, ). Math. Biol. 34, 297-333,
(1996).

M. Hildebrand, A.S. Mikhailov and G. Ertl, Traveling nanoscale structure in reactive adsorbates with attractive lateral inter-
actions, Phys. Rev. Lett. 81, 2602-2605, (1998).

S. Ibrahim, M. Majdoub, R. Jrad and T. Saanouni, Local well posedness of a 2D semi-linear heat equation, Bull. Belg. Math.
Soc. 21, 535-551, (2014).

N. Mahmoudi, Ph. Souplet and S. Tayachi, Improved conditions for single-point blow- up in reaction-diffusion systems, ).
Differ. Equations, 259 (2015).

N. Mahmoudi, single-point blow-up for a multi-component reaction-diffusion system, Disc. Cont. Dyn. Syst, 38, 1, 209-
230, (2018).

C. Miao and B. Zhang, The Cauchy problem for semi-linear parabolic equations in Besov spaces, Houston J. Math. 30, 3,
829-878, (2004).

E. M. Nicola, M. Or-Guil, W. Wolf and M. Bér, Drifting patterns domains in a reaction-diffusion system with non-local cou-
pling, Phys. Rev. E 65, 055101, (2002).

L. Nirenberg, Remarks on strongly elliptic partial differential equations, Commun. Pure Appl. Math, 8, 648-674, (1955).
K. Nishihara, Asymptotic behavior of solutions for a system of semi-linear heat equations and the corresponding damped
wave system, Osaka ). Math. 49, 331-348, (2012).

L. E. Payne and D. H. Sattinger, Saddle Points and Instability of non-linear Hyperbolic Equations, |srael Journal of Mathe-
matics. 22, 273-303, (1975).

J. Renctawowicz, Blow up, global existence and growth rate estimates in non-linear parabolic systems, Collog. Math. 86,
43-66, (2000).

T. Saanouni, A note on coupled focusing non-linear Schrédinger equations, Applicable Analysis, 95, no. 9, (2016).

S. Snoussi and S. Tayachi, Global existence, asymptotic behavior and self-similar solutions for a class of semi-linear
parabolic systems, non-linear Anal. 48, 13-35, (2002).

S. R. S. Varadhan, Lectures on Diffusion Problems and Partial Differential Equations, Courant Institute of Mathematical
Sciences. New York, (1989).

F. B. Weissler, Local existence and nonexistence for a semi-linear parabolic equation in L?, Indiana Univ. Math. J. 29, 79-
102, (1980).

F. B. Weissler, Existence and nonexistence of global solutions for a semi-linear heat equation, Israel ). Math., 38, 29-40,
(1981).

R. Xu, W. Lian and Y. Niu, Global well-posedness of coupled parabolic systems, to appear in Science China Mathematics.



	Global and non global solutions for a class of coupled parabolic systems
	1 Introduction
	2 Main results and background
	2.1 Main results
	2.2 Tools

	3 Local well-posedness
	3.1 Local existence
	3.2 Uniqueness
	3.3 Global existence in the defocusing sub-critical case
	3.4 Exponential decay

	4 Global existence in the critical case
	5 Existence of critical ground state
	6 Invariant sets and applications
	7 Strong instability


