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Abstract

In this paper we study a semilinear elliptic problem on a bounded domain in R?
with large exponent in the nonlinear term. We consider positive solutions ob-
tained by minimizing suitable functionals. We prove some asymptotic estimates
which enable us to associate a ”limit problem” to the initial one. Using these
estimates we prove some qualitative properties of the solutions, namely charac-
terization of the level sets and nondegeneracy.
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1 Introduction and main results

In this paper we consider the following elliptic problem

—Au+ \u=uP in
(Pxp) u>0 in
u=0 on OS2

where ) is a bounded domain in R%, A > 0 and p is a large positive parameter.
We will focus on the solutions to (Py,) obtained by the following variational
method: We define on H{(Q)\{0} the C?-functional

~ Jo VUl + X [ u?

Ia(u) = (Joy [u[PFD)2/+D)

and we consider the following minimizing problem

2 .

cy , = inf Jr(u). 1.1
e e o (u) (1.1)
A standard variational argument shows that cip can be achieved by a positive
function. Then after a multiplicative constant we find a positive function wuy ,
which solves (Py ) and satisfies

o JoIVunpl? + X [},
Ap (fQ lux [P )2/ (1)

(1.2)

In the remainder of this paper we denote by uy , the least energy solution of
(P,p) obtained in this way.

The aim of this paper is to study qualitative properties of the solution wuy jp
for A > 0 and p large. An essential tool in the proof of these results is to have
information on the asymptotic behavior of uy , as p becomes large. The asymptotic
behavior of the solutions of Py , was initially studied by Ren and Wei when A = 0.
More precisely, in [16] and [17] the authors proved the following result:

Theorem 1.1 ([16], [17]) Let Q be a smooth bounded domain and A =0 in (P ).
Let us denote by ug p a least energy solution of Jo(u). Then, for any sequence up,
of ug,p with p, — +o00, there exists a subsequence of u,, , still denoted by u,, , such
that

i ubn ([ ubr )™t — by, in the sense of distribution, where 6y, is the Dirac function
at point xg.

it. ubr ([ ubr )™t — Gz, x0) in WH(Q) weakly for any 1 < q < 2, where G is the
Green’s function of —A with Dirichlet boundary condition. Furthermore, for any
compact set K C O\{zo}, we have v,, — G(.,z0) in C**(K).

3. xo 1s a critical point of the Robin function R defined by R(x) = g(x,x), where

1
9(z,y) = G(z,y) + %Loglw —y

is the reqular part of the Green’s function.
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Moreover, in [16] it was also showed that
0<(C < ||’U,07p||Loo(Q) < (Cq (1.3)

for some constants C7, Co and for p large enough. From these results we can see
that when p gets large, the least energy solution ug,, looks like a single spike.

One of the results of this paper is to obtain asymptotic estimates for the least
energy solution uy ,, but of different type than the corresponding one due to Ren
and Wei. To describe our results we need to introduce the following problem

—Auy = e in R? (1.4)
fRQ e < +o0o. )
In [5] it was proved that any solution of 1.4 is given by
82
U =1L 1.5
ko) = 00 (e 1)

with 1 € R and y € R%.
Now we can claim the following;:

Theorem 1.2 Let Q be a smooth bounded domain of R*, X > 0 and let uy , be a
least energy solution of (Pyp). Then, we have
i ||uxp|[E5 — +00 as p — +oc.

2. If oy p is the function defined for x € Qy p = ||u>\7p||£_1)/2(§2 — 2 p)

u
oxap(z) = (p— 1)L09(#($,\,p

[lurplloo

X
+ )
N7 1||UA,p||<(>§_1)/2)

where xxp, € Q is such that ||uxpllec = urp(xx,p), then, for any sequence ¢, of
pp with p, — oo, there exists a subsequence of y,, , still denoted by ¢y, , such that
Op, — Upno in CF _(R?), where i = 1/8 and Uy, is given by 1.5.

Since ||u>\7p||<(£_1)/2 — oo and zp, — xg € Q (see Corollary 2.2 below), we have
that Q, — R? as p — oco. From this, we say that 1.4 is the ”limit problem ” of
(Pxp) as p — 00.

A similar phenomenon (existence of a ”limit problem ”) occurs in several situa-
tions in higher dimensions. A typical example is the following problem

—Au=n(n— 2)11%_E in Q
u>0 in Q (1.6)
u=0 on

where ¢ is a small positive parameter and n > 3. Here it is well known that the
limit problem associated to 1.6 is

—Au=n(n— 2)u% in R” (1.7)
u>0 in R™ '
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which admits the two parameters family of solutions

(n—2)/2
By () = s
e (1+ p2|z —y|?) =2/

Theorem 1.2 emphasizes some similarities between the problem (P ,) when p is
large and some corresponding problems in higher dimensions.

We remark that Theorem 1.2 is the starting point to obtain similar results as
in singularity perturbed problems involving the critical Sobolev exponent, namely
uniqueness or qualitative properties of solutions. Proof of Theorem 1.2 is given in
Section 2.

In Section 3 we give a first application of Theorem 1.2; we study the shape of the
level sets of solutions uy,, when p is large enough. Namely we have the following
result:

Theorem 1.3 Let uy , be a least energy solution to Py , satisfying (1.1). Let Q) be
convex. Then there exists pg > 1 such that for any p > po, we have

(x —zp)Vurp(z) <0, Vee N{z,}

where x, € Q satisfies uxp(zp) = [|urplloc. In particular, x, is the only critical
point and the superlevels are strictly star shaped with respect to x,, for p large enough.

If Q is also symmetric, the claim pf Theorem 1.3 follows by the well known Gidas-
Ni-Nirenberg Theorem. This result was proved by Lin ([13]) if A = 0 and p > 1
with different techniques.

In Section 4 we give another application of Theorem 1.2, proving a nondegen-
eracy result to P, for domains which satisfy the assumption of the Gidas-Ni-
Nirenberg Theorem.

Theorem 1.4 Let Q be a smooth bounded domain of R which is symmetric with
respect to the plane x1 = 0 and x2 = 0 and convex with respect to the direction x
and xo. Let uy p be a least energy solution of Py ,. Then there exist pg > 1 such
that for any p > po we have that uy p, is nondegenerate, i.e. the problem

_ R ;
{ Av+ v puy , v in Q (1.8)

v=20 on 0f)
admits only the trivial solution v = 0.

Similar ideas used in the proof of Theorem 1.4 could help to obtain uniqueness
result for the least energy solution to (Pj ). It will be done in a forthcoming paper.

2 Proof of Theorem 1.2

In this section we give the proof of Theorem 1.2. Here we suppose that A > 0 is
fixed. We begin by proving some auxiliary lemmas.
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Lemma 2.1 There ezists ¢ > 0 such that ||ux p||s > ¢, where uy , is a solution of
(Pxp) and c is independent of p.

Proof. Let A1 be the first eigenvalue of —A and e; be a corresponding positive
eigenfunction. Then if uy p is a solution of (Pj ), we have

0= / (uxpler —erAuyp) = =\ / U pe1 +/ e1(ul , — A p).
Q Q Q

Thus
/ eluljvp = ()\+ )\1)/ 61’(},)\717_
Q Q
Hence
(et 20) [ ering < sl [ exuny.
Q Q
Then 1
[ plloo = (A4 A1) 7T > min{A, 1}.
Therefore our lemma follows. 0

Lemma 2.2 For p large enough, there exists ¢ such that

Cap < Cp—1/2

where ¢y p is defined in 1.1.

Proof. We follow the proof of Lemma 2.2 in [16]. Without loss of generality we can
assume 0 € Q. Let R > 0 be such that B(0, R) C 2. For 0 < d < R, we introduce
the following Moser function

1 (Log(R/d))"/? if 0<|z[<d
ma(z) = —=1< Log(R/|z|)(Log(R/d))""/? if d<|z|<R
i(0) = g Lot/ lel)(Log(R/d) dslel<

Then mg € Hg () and ||[Vmag||r2(q) = 1. Observe that

/ mi T (@)de = I + I
Q

where
p+1
n = (S Cosr/a) ) e
and
p+1
1 = (= (Log(/d) ) 'Aﬂkgmmmum”wx
Thus

|malLer o) > /e,
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Choosing d = Re~®Pt1/4 we find
Imal2 i1 > (p+ 1)(8me) ! (rR%)?/ P HD)

Hence

JIVma|> + X [m? < N )f|Vmgl|2

1+ < e(R)(p+1)"'R-4/@+D),
mal? i ( M (BO, R)/ [malZ,. (R)(p+1)

Then
exp < ¢(R)(p+1)"1/2RY P41,

Therefore our lemma follows. O

In addition, since our solution uy , satisfies (1.2) and

2 2 _ p+1
/|VU/\,p| +)\/U’)\,p—/u}\,p
Q Q Q

we easily derive the following result.

Corollary 2.1 For p large enough, there exists ¢ > 0 such that

p/ﬂuf\t} <c and p (/Q|Vup|2+/ﬂu§> <ec. (1.9)

Now, we recall the following lemma (see [7], [9]).

Lemma 2.3 ([7] [9]) Let u be a solution of

—Au=F(u) inQCR?
u=0 on 0

where Q is a bounded smooth domain and F is a C'-function. Then, there exists a
neighborhood w of Q) and C' > 0, both depending only on ), such that

||| Loy < CllullLi)-

Corollary 2.2 Let us denote by x , the point where uy , achieves its mazimum,
that is ||uxplloc = urp(@rp). Then xy, — x\ € Q.

Proof. From Lemma 2.1, we have ||ujp||lcoc > ¢ > 0 and from Corollary 2.1, we

derive that
/ Ux,p — 0.
Q

Using Lemma 2.3 we deduce that the point x) , is far away from the boundary.
Thus the claim follows. a

Lemma 2.4 There exist a sequence p, — oo such that

llm ||u)\7pn||1(;g_1 - +OO'
n—oo
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Proof. We argue by contradiction. Let us suppose that there exists ¢ > 0 such that
for any p > 1 and A > 0 we have

lurpl Bt < c. (1.10)
Let us consider the following function

1 X

Uy, (X) = Ty}, (CL‘ + 7_) for X € Q)\7 (1.11)
. lunplloo 77 juy )| B0/ .
where Q) , = ||u>\7p||<(£_1)/2(ﬂ—x>\7p) and x) , € Q such that uy ,(xp) = ||urplloo-

It is easy to see that u, satisfies

—Aty, =k, —
W) =1, 0<ty, <1 in Q) (1.12)
Unp =0 on 0 p.

IU)\7p in Q)\7p

Thus by the standard regularity theory we deduce that there exists a sequence

pn — oo such that @,, — @ in C}_(R?). Moreover by (1.10), up to a subsequence

of pn, Qp, — D :=~(Q — z0) as n — +oo with v = lim [|u,,||%2 1. Let us point
n—oo

out that, by 0 < u, < 1, we derive that up» — ¢ > 0 weakly in L(D) for any

q > 1. Finally @ satisfies

—Au =19 -\ in D
(0)=1, 0<ua<1 inD
=0 on 0D

where A = lim A||uy, ||177" = 2. Thus
n—-4oo Y

/ |Vu|2+)\/ /wu.

Observe that, by Lebesgue’s Theorem and the definition of u, we have

. Dn T pn+1
Jova=tim [, = [, 2

—
n o0 Qpn

From Corollary 2.1 and Lemma 2.1, we derive

/wazo.

D
/|Va|2+5\/ a2 =
D D

Therefore 4 = 0 which gives a contradiction with @(0) = 1 and our lemma follows.
(]

Hence



22 K. El Mehdi, M. Grossi

Lemma 2.5 For any x € B(zp, we have, for p large enough,

o)
VP=T|luxplls
uxp(z) > YR >0
where R is an arbitrary positive number and yg is a constant only depending on R.
Proof. For X € Q, ,, we set

N X
VP Tlfux ||V

Wi p(X) = uxp(zp )-

Thus W), satisfies
—AW (X)) = e p(X)W p(X)
where

p—1
UN p X A

— (zp + —) — -
(p — D)lfuxpl[5% VP = TJluxpllS (p — Dl |5

Observe that, from Lemma 2.4, we deduce

exnp(X) =

lep(X)] < C for p large enough.
From the standard Harnack inequality [11], we get

[lurplloo = sup Wy(X) <ecgr inf W,(X) for p large enough.
B(0,R) B(0,R)

Thus
i, Wy = 2l
From Lemma 2.1, we deduce
sy P 2R
and therefore our lemma follows. O

Lemma 2.6 Let us consider the function

X 2
1 Vet + = )|
Fxp(X) = TR r— L = for X €Q,. (1.13)
||U’)\7P||OO U’)\,p Lp \/Irl||u>\,p||(og71)/2

Then, for any R > 0, we have, for p large enough

[[Fpl| Lo (B(0,R)) < Cr

where C'g is a constant only depending on R.
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Proof. According to Lemma 2.5, it is enough to prove

[V - )| <
o =1 u)\, T — >~
luxpllBs PN =T un | D

For X € B(0,2R), let

- 1 ou X
Fip(X) 22 (

T, + ), fori=1,2.
EVE O AT =T ||

[[uxpll

It is sufficient to prove
|f§\7p|Loo(B(07R)) <e¢, fori=1,2and cis independent of p.
We point out that . .
“Afip=p(X)f,
with
p W8 X A
p—1] ||p_1(xp+\/ - (p_l)/z)_( — Dfju |5
Unplloo P — uxplloo p Unplloo

cp(X) =

From Lemma 2.4 we have
lep(X)] < C for p large enough.

Hence, by the standard weak Harnack inequalities (Theorem 8.17 of [11]), we have
1A pllBo.m) < cllfipllzzso,R)-

Observe that

i 1 Oouy X 5
13, ||%2 B(0,2R :/ —] L (2, + ——)|?dX
PO oo Tl 0T =Tl 1€
- Qurp . \|?
_(p_l)/ . 6—1'1(1:)‘ dx
B(zp,

—R)
VPTlluy, || B~ D/?
<=1 [ [Fun,P
Q
From Corollary 2.1, we derive

I3 pllE2B0.2R) <
Therefore our lemma follows O

Next we will prove Theorem 1.2.
Proof of Theorem 1.2. According to Lemma 2.4, it only remains to prove part ii.
of the Theorem. To do this we introduce the following function

UAp(X) = oap(X) — Zy p(X), for X € Q, (1.14)
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where Z) ;, satisfies

—1T
[ux,pll5e

~AZyp,+—2_—1=F\, in B(0,R) (1.15)
Zyp=0 on 9B(0,R) '

where @) ,, is defined in Theorem 1.2 and F) , is defined by 1.13. By the maxi-
mum principle we have that Z , > 0 From Lemmas 2.4 and 2.6 and the standard
regularity theory, we derive that for any R > 0

[|Zpllcr(Bo,r)) < Cr (1.16)
where C'g only depends on R. Thus setting
Vap(X) = P20 (1.17)
we have that, for any ¢ > 1,
VR >0, 3Cr >0 such that ||Vxp||L«B(0,R) < Cr-

By direct computation it is not difficult to see that vy ) satisfies

{—Aw,pzvmw)ew in B(0, ) (1.18)

uap <0 in B(0, R).

We claim that

a. Vi, >0in B(0, R)

b. [[VapllLaso,r) <Cr VYg>1

- Jpo.r € < Cr VYg=>1

Note that a and b follow by the definition of V) ,(z). Concerning ¢ we have that

/ eq'UNP S / quJ)\yP
B(0.R) B(0,R)

- —1) p— D —
s 1455115 (p =)' s | &2

-1

< / “ﬁip(w N X )
- —1jp—1 P —
o Il =D llun &7

p

=(p- 1)/Qu§;1 <C. (1.19)

Thus, we are in the setting of Theorem 3 of Brezis-Merle [3] and we then have
the following alternative :
either
(i) vx,p is bounded in L*>(B(0, R))
or
(ii) vx,p — —oo uniformly in B(0, R)
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or
(iii) vy,p — —oo uniformly in B(0, R)\.S, where S is the blow-up set of vy , i.e.
S = {z € B(0, R) such that there exists a sequence y», € B(0,R) with y», — =
and vx p(yn,p) — +00}.

Since vy, < 0, we derive S = () and so (iii) does not occur. Let us also prove
that (ii) cannot happen. From 1.16 it is sufficient to prove

i X) > —Chg.
iy 22 (X) = ~C

Let us introduce the following function

uf ! X
Pap(X) = 7717_(9@\,17 + — ), for X € Q. (1.20)
[Jux pl[B VP —Tlux, || &V

It is easy to see that vy , satisfies

A p—2 [Vl
—A =2 -2 £ = r7ape
w)\,p 1#,\,;7 ||u)\7p||;go_1 w)\,p p— 1 w)\,p
Hence
—AYp(X) < a(X)hxp(X)
with G/(X) = ’lb)\7p(X) — m S (—1, 1]

By standard weak Harnack inequality (see Theorem 8.17 of [11]), we derive

1/2
1= sup ¥yp(X)<Cr </ ¢§7P> .
B(0,£ B(0,R)

[,z
B(O,R)

/ x> 02,
B(0,R)
So (ii) also cannot occur.

Therefore vy ;, is bounded in L>(B(0, R)). Then ¢, , is also bounded in L*> (B(0, R))

since

Thus

Hence

—Cr<@rxp=Urp+ 2y, <0 inB(0,R).

Using the standard regularity theory, since ||Z),|/z~(B(0,r) < C and vy, is
bounded we derive from (1.15) and (1.18) that Z,, and vy, are both bounded
in Cl(B(O, R)) Thus ||g0)\7p||CI(B(O7R)) <.
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We note that ¢, , satisfies
A

oW

1
~Apr, = g Vel e (1.21)

5
o0

Again by the standard regularity theory we get ||(p>‘vp||cf @2y < C. Then, for
any sequence p, — oo there exists a subsequence (denoted again by p,,) such that
Ppn — PAp in Clloc (RQ)

Let us show that e®r» — ¢e¥ in L} (R?). Since ¢,, — ¢ in H}_(R?) we have

1
/ lefrn —ef| = / |/ etsapn+(1—t)sadt||(ppn —_
B(0,R) B(0,R) JO

/ esapn e |Sopn - S0|
B(0,R)

1/2
/ e2(#pn +) / l©p, — o
B(0,R) BO.R)

and the claim follows since |p,, | < Cin B(0, R). We also note that, from Corollary
2.1

IN

1/2

IN

lim e = lim (et a
n—o0 n—-+0o Pn—17Pn pn / (Pn—1)/2
B(O,R) B(O7R) ||u10n||00 Pn — 1||u10n||00
= lim (p, — 1)/ ugz_l(x)dx
nmee B(IIMN

R
Vo Tl up, (187 D7?
lim (p, — 1)/ ugz_l(x)dx
n—oo Q
< C

IN

where C' does not depend on R. Then from Fatou’s Lemma, we derive
/ e < lim e¥rn < (.
R2 n—c JB(O,R)
Passing to the limit in 1.21 and using Lemma 2.4, we deduce that ¢ satisfies

—Ap=c¢e¥ in R?
0(0)=0, p<0 in R2
Jgz €9dx < .

According to Chen-Li [5], we derive ¢ = Uy o , where Uy ¢ is defined in 1.5.
Then our proposition follows. O

3 Proof of Theorem 1.3

Let us start by recalling the following result which is a particular case of a general
theorem due to Grossi-Molle [12].

)dx
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Theorem 3.1 Let Q) be a smooth domain in R™, withn > 1, and f € CH(Q,RT).
Suppose that u € C3(Q) N CH(Q) satisfies

—Aut+u=u? in Q
u>0 in  Q
u=20 on 0N

forp>1and X € R. Let x¢ be a maximum point of u and assume that ) is convez.
If there exist an open set W C Q containing x¢ such that
i. (r—x0)Vu(z) <0, Ve WN\{zo}
if. (z —xo)Vu(z)+ p%lu(x) <0, VxeoW
iii. A (—A —puP~1) > 0 in HF(OON\W)( A1 is the first eigenvalue of —A — puP~1)
then

(x —zo)Vu(z) <0 z € MN\{zo}.

In particular, xo is the only critical point for w in  and the superlevel sets are
strictly star shaped with respect to xg.

For sake of completeness, we recall the proof of Theorem 3.1. Proof of Theorem
3.1.  Arguing by contradiction let us suppose that there exists Z € Q\{zo} such
that (T — z9)Vu(Z) > 0. By assumption i. ¢ W. Let us consider

w(x) = (x = z0)Vu(z) + (2/(p — 1))u(x).

It turns out that w(z) > 0.

Now let us call D the connected component of the set {x € Qw(x) > 0} con-
taining Z. By assumption ii. w < 0 on 0W and so WNJD = (). Moreover if 2z € 01,
we have

w(z) = (z — UCO)V(Z)Z—Z(Z)

Since %(2) < 0 and using the convexity of 2 we deduce that w < 0 on 992. Thus

w € Hi(D).
Now, it is easy to see that w satisfies the following equation

{ —Aw — (puP~t + Nw= -2 \u <0 inD

w e HY(D). (1.22)

Since Aj(—AxpuP~) > 0 in HH(O\W) and D € O\W, we get A\(—A —
puP~1I) > 0 in H(D). This implies that the maximum principle holds in D.
Hence by 1.22, we have that w <0 in D and this gives a contradiction. O

In order to prove Theorem 1.3, we will apply Theorem 3.1. Thus we only need
to check that the assumptions of Theorem 3.1 are true. Let us start by proving the
following result.

Proposition 3.1 For any R > 0, we have

R
(x —zxp)Vurp(r) <0, Ve B(zy,y, Tl p||((£_1)/2)\{x)\’p}

for p large enough.
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Proof. For x € B(x p, and X € B(0, R), we have

R
\/P—1||ux,p||f£71)/2)

(@ =20) - Vo) = =

uxp(2)X - Vr p(X)

where @) ,, is defined in Theorem 1.2. Thus it is sufficient to prove that
X -Voirp(X) <0, VX e B(0,R\{0}

for p large enough.
Arguing by contradiction, let us suppose that there exist Ry, a sequence p, —
+oo and a sequence {X,,} in B(0, R) such that

X, Ve, (X,) > 0. (1.23)

From Theorem 1.2, we know that ¢,, — U o in C3.(R?) where Uy is defined
1.5. Since X,, € B(0, R), we can assume that there exists X € B(0,2Ry) such that
X, — Xo as n — 400. Thus two cases may occur

Case 1. Xy # 0. Then, in this case, it follows by the above convergence that

4ﬂ2|X0|2

X+ Vigp, (Xn) = Xo - VUpo(Xo) = — 1 —55s

<0 asn— 400

and this is a contradiction to 1.23. Thus this case cannot happen.
Case 2. Xy = 0. In this case let us consider the following function

gn(t) = pp, (tX,), forte|0,1].

It yields that g,, has a maximum at 0 and another critical point in [0,1] by 1.23(because
gn.(1) =X, -V, (X,) >0 and g,(0) = 0). Therefore there exists ¢,, € [0, 1] such
that ¢//(t,) = 0. Now let n — 400, from the above convergence and from the
assumption Xy = 0, it follows that 0 is a degenerate critical point for g, and this
is not true because D?Uj; ¢(0) = —cld, with ¢ > 0. Therefore this case also cannot
happen and our proposition follows. O

Now we are able to prove Theorem 1.3. Proof of Theorem 1.3. We will prove
that the assumption of Theorem 3.1 are true for W = B(x p, W)
P—1||uXp||lcc

Proposition 3.1 guarantees that assumption i holds. Note that

1
-1

(@ = axp) - Vir @) + 2 (@) = (X - Trp () + - 2 s p(a)

1 -1

]

where ¢, , is defined in Theorem 1.2. By the convergence of ¢ , to Uz o and some
easy computations we have that
2 —4*| X|?
=
p—1 1+pX[?

X -Vorp(X) + as p — +oo
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uniformly on dB(0, R). Thus
R
V= Tl |27

uxp(x) <0 on 0B(zxp, )

2
hap(@) == (x_xk,p)'vuk,p(x)"‘p 1

and then ii holds. Finally we have that h) , satisfies
—Ahyp — puP " hy, + My, = —2Xuy , < 0. (1.24)

Since Vuy p(zx,p) = 0, we also have hy (2 p) > 0. Thus there exists a nodal region

Cy, of hy, in B(zy,, ——— ) where hy_, is positive. We derive from
P P ( P \/pTlIIUA,pII(og 1)/2) P b

(1.24) that in C) , the first eigenvalue of linearized operator Ly , = —A —puP~1 + )\
is negative. Hence, since uy p is of index 1, the first eigenvalue of Ly , in O\ Ch
is positive. Thus the first eigenvalue of Ly , in O\ B(z»p, W) is
positive. Thus using Theorem 3.1, our theorem follows. O
Remark 3.1 It is not difficult to check that Theorem 3.1 holds if ) is star shaped
with respect to xg. Hence, if () satisfies the assumptions of the Gidas-Ni-Nirenberg
Theorem then Theorem 1.3 holds again.

Remark 3.2 It is easy to check that if u), is a solution to P) ,, then the first
eigenvalue of the linearized operator —A + (\ — puf\;l)ld) is negative.

The case where the linearized operator has only nonnegative eigenvalues was
considered by various authors. More precisely, if we consider a solution u of

—Au= f(u) in QCR?
u>0 in Q2 (1.25)
u=0 on 0N

with Q convex and A\ (A — f/(u)l4) > 0 (the so called semistable solution), Cabré-
Chanillo ([4]), Payne ([14]) and Sperb ([18]) showed the uniqueness of the critical
point of u.

4 A nondegeneracy results

We start this section by recalling the following lemma due to Ren and Wei ([16]).

Lemma 4.1 For everyt > 2 there is Dy such that ||ul| 1) < Dtt%HvUHLQ(Q) for
all uw € HY(Q) where Q is a bounded domain in R?; furthermore

Jlim D, = (8me) 7. (1.26)

From the previous lemma we derive the following estimate, which was showed in
[16] for A = 0.
Lemma 4.2 We have, for p large enough and X € [0, N]

|[urplloe < C. (1.27)
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Proof. The proof is the same as in the case A = 0 ([16], pp. 755-756). Let

Tap = meaécu,\m(x), A=A{z: %‘T’p <uxp(@)}, U={z:t<urpx)} (1.28)

By Lemma 4.1 and Corollary 2.1

([an)” <ova( [ voaler[d,) < a)

for p large and C depending only on \”’. Hence

Yap 2P 2
(Tp) |A|§/Qufp§02p. (1.30)

On the other hand

/ u , = —/ Au,\m—i—)\/ u>\7p2/ [Vuy plds. (1.31)
Q4 ’ Q Qy o

Using the co-area formula ([8]) and the isoperimetric inequality we have

d ds
——|Qt|/ W > / B\ lds > |00 > Al (1.32)
dt o M7 o, [Vuasl Jao, ?
From this point we can repeat step by step the proof of ([16], p.756) and we derive

Tap <C (1.33)
with C' depending only on )\ for p large. O

In the next lemma we study the structure of the solutions of the linearized
problem of Py, "at infinity”. The corresponding result in higher dimensions is well
known ([2], [15],[1]). Here we use some ideas of [1] and [6].

Lemma 4.3 Let v € L= (R?) N C?(R?) be a solution of the following problem

—Av = —EY in R?. (1.34)
(1+5)?
Then )
Z; 8 — |z|?
v(x) = a; +b . 1.35
@) = Lo g ap (1.35)

Yi(r) = v(r, 0)Yy(0)do, (1.36)
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and Yy (6) denotes the k — th harmonic spheric satisfying

~ A1 Y (0) = E2Y3.(6). (1.37)
Thus (1.34) becomes
(o) = 2o ®) - de i@ - Lyt (139)
r r (1 + g)
and then ) e )
) = SO+ R = (1) (1.39)

Since v is smooth at the origin we deduce that 14(0) = 0 for £ > 1. Moreover
since v € L>°(R?) we have that 1, € L>(R) for any k > 0.
Let us consider the case k = 0. We have that 1o (r) satisfies

1 1
_”7"__/’]":7 T). 1.40
#0) = L) = Gl (1.40)
A direct computation shows that (o(r) = S_;—:j is a bounded solution of (1.40). Let
us prove that if w is a second linearly independent solution of (1.40) then w is not
bounded. We write w(r) = ¢(r){o(r). We get from (1.40)

1 1
—("¢o + 20 ¢\ +eC)) — = (/o + ) = ———c¢ 1.41
( Co Co Co) 7“( Co Co) (1+%)2 Co ( )
and because (p is a solution of (1.40) we get
1
—C”CO - CI(QC(IJ - —Co) =0. (142)
r
Setting z = ¢’ we obtain
C 8+r?)?* C
2(r) ng(r) rB—r2) . or r large ( )

where C is a constant. This implies ¢(r) ~ log(r) for r large. Hence ¢ ¢ L>°(R) and
a fortiori, w & L (R). Then (p(r) is the unique bounded solution of (1.41).
Now we consider the case k = 1 in (1.39). Here we have that (;(r) = H% is
T

a solution of (1.39). Repeating the same argument as in the case k = 0 we obtain
that a second linearly independent solution w verifies

w(r) ~r for r large. (1.44)

Hence again w ¢ L*°(R) and then (7 is the unique bounded solution of (1.39) for
k>1.

Now let us show that (1.39) has no nontrivial solution for k > 2. For k > 1 we
set
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1 w
Amw=—m—~m+2§—u+ﬁ)m (1.45)

By contradiction let us suppose that there exists 1 # 0 such that Ag(y)) = 0 for
some k > 2. We claim that
>0 inR. (1.46)
Indeed if 1& changes sign we can select an interval [z1, 23] with 0 < 21 < 22 < 400
satisfying:
Y >0 in oy, zal. (1.47)

By (1.47) we have that A;(Ax) = 0 in [21,22]. On the other hand we have that
Ak(¢1) > 0 in R and then the maximum principle holds in |27, z2] for Aj. Hence
A1(Ag) > 0 and this gives a contradiction. Thus (1.46) holds. Moreover we have
that

lim Y (r) = 0. (1.48)
In fact from (1.39)
_ k2 _ r _
N 4
(0 = b =~ (1.49)

and then, for r > 1,

Imﬁ’(r)lé|1E’(1)|+/~c2/1 W()'dt /1T7(1t|f(f_2)|)2dt§
8

_ - - ° t
< ' (1) + K?||¢)|] oo log T + OO/ ————dt 1.50
<¢'(1) + k7Yl logr + [[¢]] . arEy (1.50)
and thus (1.50) implies (1.48). B B
Let us introduce the function n(r) = r(G;¢" — (). It is easy to verify that

7 (r) = u—HWQ

(1.51)
and
lim n(r) = 0. (1.52)

Thus, if we show that lir% n(r) = 0, using (1.51) and (1.52) we deduce a contradic-
tion. By the definition of 7 we get, as r — 0,
PPy o r=%) ()

o) = T =0 = T o) (1.5
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and since (1.49) implies lirr(lJ r2¢/'(r) = 0 we have the claim. So there exists no
solution to (1.39) as k > 2. Recalling that Y;(0) = constant and Y1(6) = z1, z2, by
(1.36) we derive (1.35). O

Proof of Theorem 1.4. By contradiction let us assume that there exist sequences
pn — 00 and v, = vy, € HE(Q), v, # 0 satisfying

_ — pn—1 s
{ Avy, + Ay, Prtty", " Un in Q (1.54)

v, =0 on Of).

Since 2 satisfies the assumptions of the Gidas-Ni-Nirenberg Theorem we have

that uxp, (0) = |Jurp,]leo and wy p, is even in z1 and z2. Thus we may assume
that
(21, T2) = vp(—21, T2) = vy (21, —2). (1.55)
Set U (z) = UH(%) and un(z) = Mux . ||oou>\7pn( - bl)
\/fn_lH".’O\,pn||oo2 . VDn—1|ux,py, |lo®
We have that 7,, satisfies
_ ~ A ~ _— _Pn Pn—15 :
Abn+ a0 = poottn’ O in (1.56)
v=>0 on 09,

—1
with Q, = V/pn — 1||un||:oT - Q. Finally we set

Up
oy = (1.57)
|15 ] 0o
Of course z,, satisfies
A _ Pn o, pa—1 .
—Az, + DT = pf_luﬁ Zn in Q,
lzn] <1 in Q, (1.58)
zn =20 on 0$,.

We want to pass to the limit in (1.58). Since u, is a solution of Py ,, we get,
computing u,(x) at © = 0,
A< unl Bz (1.59)

Then — 0 asn — oo. Now let us show the following estimates

A < 1
(pn_l)llunllggl — pn—1

A
Vzn|® + —) / z2 < Co, (1.60)
/Q (Pn = DllunllEe™ Ja,

where Cj is a constant independent of n. Indeed from (1.58) and (1.9) we derive

A
/ |Vl + Pl / z < 2/ ubr ! =2(p, — 1)/ ubr =t < Q.
Qn (Pn = Dunl5 ™ Jan Qn Q
(1.61)
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Moreover, from the classical Sobolev inequality

[1verea [ jop = o0 (/Q|¢|p>%

we deduce

A
Va2 + _ / 2
/Qn (p’ll - 1)||u7l||gg Q,

1 o P
> O\ Q)( _ > (/ |zn|p"> . (1.62)
(pn — 1) |un[B2 " Q.

From Lemma 2.1 and (1.60) we get

(/ |zn|Pn>p" <C (1.63)
Q'Vl

where C' is a constant independent of n.
Using (1.60) and the standard regularity theory we deduce the existence of a

function z € C?(R?), |z| < 1, such that z, — z in C?_(R?). Moreover z satisfies

|z| < 1 in R? (1.64)
ng |Vz|2 S Co.
From Lemma 4.3 it follows that
2
Z; 8 — |z|?
z(x)_;aiH%ernglQ. (1.65)

Step 1: a1 = a2 =0 in (1.65).

By (1.55) we derive that z(z) is even in z; and z2. Hence by (1.65) we deduce
a]p = az = 0.
Step 2: b =0 in (1.65). From the previous step we have

8 — |z

If b # 0 we get that [, |Vz|? = 400 which is not possible. So b= 0.
Step 3: the contradiction.

In this step we prove the claim of Theorem 1.4. We point out that in this step
we will use Theorem 1.3.

By Step 1 and 2 we get that

(1.66)

2(x) =0 in R2 (1.67)
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Since ||zn]|00 = 1 we can assume that there exists x,, € ,, such that z, (z,) = 1.
Since z, — 0 in C?(R?) we obtain that |r,| — co. By Theorem 1.3 and Theorem
1.2 we deduce that u2»~'(z,) — 0 as n — oo. Otherwise, if by contradiction
uPr~Y(x,) > C > 0 we derive the existence of a point y,, such that Vu,(y,) =0, a
contradiction with Theorem 1.3.

Setting

Zn(x) = zn(z + x4) (1.68)

we get that Z, verifies

_ = A 5 — _Pn pn—1 > ] _
Az, + DT o T peTun (x4 x4)z2, in Q, —{z,}
z,(0) =1

fRz |v'§n|2 < C'O-

Passing to the limit in (1.69) we derive that 2z, — z in C? _(R?) where Z satisfies

loc

{ Az=0 inD (1.70)

]2/ <1 in D,
where D is an half space if dist(2,,,Q2,) < K or D = R?if lim dist(z,,Q,) = +oo.

n—oo

In both case, by Liouville’s Theorem we have that

z=Cin D. (1.71)
If D is an half space, using that z,(z) = 0 for = € 0Q,, — z,, we get Z(x) = 0 for
x € 9D. Standard arguments ([10]) leads a contradiction with Z, (z,) = 1.
Thus D = R? and z(0) = 1. Moreover, since z, — 1 in C?(B(0,1)), we get
_ 1
l|znllLen (@) = 1|ZnllLon(B(0,1) > 3 (1.72)

2

for n > my. On the other hand since z,(z,) = 1 and z, = 0 on the boundary of
Q,, we get that there exists a point z3, with |z ,| — oo such that z,(z2,) = %
Setting

Zn(x) = 2p(z + z2.0) (1.73)

and repeating the same procedure of above we derive

_ 1
[[2nllLon(,) = [|ZnllLren(B(0,1) > 5 (1.74)

for n > no. Iterating this procedure, after a finite number of steps we reach a
contradiction with (1.61). O
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