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Abstract

The Invariant Curve Theorem asserts the existence of invariant
curves for certain planar mappings of the type 6; = 0 + w + da(r) +
..., ' =1+..., where a satisfies the twist condition ¢/(r) # 0. This
paper discusses the possibility of obtaining variants of this Theorem
for mappings of the more general type 6 = +w+684,(6,7)+..., r1 =
r+4€3(0,7)+.... It is well known that if w satisfies a diophantine con-
dition then the twist condition can be replaced by f: i %}(0, r)dd # 0.
In this paper it will be shown that this is also the case for any number
w which is not commensurable with 27 (without imposing any arith-
metic condition).

As an application of this result to differential equations we shall dis-
cuss the problem of boundedness for a class of piecewise linear forced
oscillators.

Key Words: Invariant Curves; Twist Condition; Intersection Property; Forced Os-
cillators.

1 Introduction

Let C be an infinite cylinder with polar coordinates (6,7), § = 6 + 2,
—00 < 7 < 00, and let A be the compact region {a < r < b}. The numbers
a and b are fixed. An invariant curve for a mapping f : AC C —» C is a
Jordan curve I' in A which is homotopic to the circle r = a and satisfies

f(O) =T.

The intersection property for f means that f(I') NT" # @ for every Jordan
curve in A which is homotopic to r = a.
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Given a fixed w € R, the rotation of angle w is
R,(0,7) = (6 +w,r).

This mapping has the intersection property and all circles r = constant are
invariant under R,,. Consider now a family of smooth mappings depending
on the parameter § € [0,1],

fg:ACC—)C, (9,?)H(91,T1)
satisfying the intersection property and such that
fs— R, asd—0".

Is it true that fs has invariant curves if § is small? As stated, the answer
to this question is negative and additional conditions on the family {fs} are
required. The Small Twist Theorem of Moser [12] says that the answer is
yes if f5 has a twist. This means that f5 can be expressed in the form

{01=0+w+6a(7')+... (1)
mn=r+...
where

' (r)>0 Vre€[a,b] (2)

and the remainders indicated by dots are of the order o(4).
Assume now that the expansion of fs with respect to § has the general

form
01:0+w+6£1(0,r)+... (3)
ry =1+ 0(0,7) +...

where ¢; and £, are fixed functions. In this paper I discuss the question of
how to interpret and extend the twist condition (2) to this general setting.
As will be seen, the answer depends on whether or not the number w is
commensurable with 27. The case w = 2 was studied in {14, 15]. For this
angle the condition

0t

or
is not sufficient and the existence of invariant curves depends on the behav-
iour of the continuous dynamical system

(8,7) >0 Vv(0,r)

6=10,(0,r), 7=1~£2(0,7).
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16 Invariant Curves of Mappings

When w = 211'5 the results in [14, 15] can be applied to the power fj. This

allows to derive conclusions for f{ similar to those for f5 in the case w = 2.
The functions £; must be replaced by the discrete averages

&,r) = Ee (6 + kw, ).
lc—O

All this follows easily from [14, 15]. (See also the comments in this paper
in Example 1 of Section 2). Once we know that f has an invariant curve,
the existence of an invariant curve for f5 follows by a topological argument
based on the properties of simply connected domains in the plane (see the
proof of Proposition 2 in [6]).

Let us now pass to the non-commensurable case. The main result of this
paper says that if

w ¢ 2mQ

and ¢; satisfies the averaged twist condition

27
‘%1 5 (6:7)d6 >0

then fs has invariant curves for small §. The reader may have noticed that
this result is well known when w satisfies a diophantine condition. For this
case a C*°-version of the theorem can be found in Section 3.3.4 of [17]. In this
paper it will be shown that the conclusion holds without any requirements
on the arithmetic of the number w. The proof will consist in showing that
there exists a change of variables transforming (3) into (1) with

2
a(r) = — £,(6,7)do.
0

The construction of this change of varlables will lead to the study of the
linear difference equation

XO0+w,r)-X(0,r)=F(@,r) (4)

where F is a given function defined on the cylinder and having zero average
with respect to 6. The traditional approach consists in solving exactly this
equation and it is here where the diophantine condition plays a role. As it is
well known this problem has small divisors and X will not be smooth unless
w satisfies some arithmetic properties (diophantine conditions, numbers of
constant type,...). However, as soon as w is not commensurable with 27 this
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linear equation is always solvable in an approximate sense. This means that
we can solve it for some F™* that is smooth and arbitrarily close to F. This
will be sufficient for the construction of the change of variables.

The Small Twist Theorem was designed by Moser to prove the stability
of elliptic fixed points of general type (see in particular [11]) but it has
found many other consequences in Stability Theory [10, 16, 1] and also in
the study of the Littlewood’s problem on oscillators (see for instance [7, 13]).
The result obtained in this paper is useful to simplify the use of the Twist
Theorem in some applications. To illustrate this point I shall derive from it
a new result on the boundedness of solutions of an asymmetric oscillator.

The main theorem of the paper is stated in Section 2. This section also
contains some examples on how to apply the result. The proof of the theorem
is postponed to Section 5. Sections 3 and 4 are devoted to obtain some
auxiliary results that will be employed in Section 5. More specifically, the
approximate solvability of the linear difference equation (4) is discussed in
Section 3 while some consequences of the intersection property are discussed
in Section 4. After the proof in Section 5 the paper is finished with an
appendix. In this Appendix I include the precise version of the Small Twist
Theorem that is employed in the paper. I also include some indications on
how to deduce this version from the work of Herman in (3, 4].

During the preparation of this paper I have benefited from discussions
on this problem with several people. Carles Simé gave me many useful
suggestions in a meeting at Oberwolfach in 97. The same year, in another
meeting at El Escorial, Angel Jorba posed me a related and interesting
question. In may 98 I presented a preliminary version of these results in a
seminar organized by Tongren Ding and Bin Liu at the University of Peking.

2 Main Theorem

Let A = T! x [a,b] be a finite part of the cylinder C = T! x R, where
T! = R/27Z. The region A is normalized by the condition

b—a>2.

A generic point in C will be denoted by (8,r) where § = 6 + 27Z, § € R
and r € R. The universal covering space of A can be identified to R X [a, b],
with coordinates (6, r). This fact will be used very often. Given a mapping
(6,7) € A — (61,71) € C, the lift will be denoted by (8,7) € R x [a,b] —
(61,71) € R2. Also, real valued functions defined over A will be identified
to functions defined over R X [a,b] and 2m-periodic with respect to 6.
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18 Invariant Curves of Mappings

Let J denote the class of Jordan curves in C that are homotopic to the
circle 7 = constant. The subclass of J composed by those curves that lie in
A will be denoted by J4. More precisely,

Ja={l'eJ: I'c A}.
Let us consider a given mapping
ftAcC—-C.

It is said that f has the intersection property if

FONT£0
for each " € J4.
An invariant curve of f will be a curve I in J4 such that
F(O)=T.

We shall be interested in the existence of invariant curves for a one-parameter
family of mappings {fs}scjo,1) With fs : A € C — C. It will be assumed
that fs has the intersection property for each §. Moreover, the lift can be
expressed in the form

61 =0+ w+861(0,7) + dp1(0,7;9) (5)
1 =71+ 802(0,7) + 6p2(6,7;9).

Here w is a fixed real number and the functions ¢; and ¢; satisfy the following

conditions:
el,fz € C4(A), (6)
1,92 € C*0(A x [0,1)), (7)
©1(6,7;0) = p2(0,7;0) = 0, V(8,r) € A. (8)
Theorem 1 In the previous setting assume that
w ¢ 21Q (9)
and
27 aﬂl
5(0, r)d0 £ 0 Vr € [a,b]. (10)

Then there exists a positive number A such that fs has an invariant curve
if
0<d<A.
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It will follow from the proof that fs has infinitely many invariant curves in
A.

To illustrate the result we apply it to the study of two special families
of mappings.

Example 1. For each § > 0 let f5 : C — C be the diffeomorphism defined
by

01 =60+w+dr

rr=r+69(6 + or)

where & € C4(T!). This mapping preserves the differential form df A dr
and it has the intersection property if

27
/ (6)d8 = 0.
0

From now on this condition is always assumed.
We will look for invariant curves in the finite region

A: —-1<r<l1.
To apply the previous theorem the lift of fs is rewritten in the form (5) with
0(0,7) =1, £2(0,7)=8(0), v1 =0, ¢2(0,7;8) = (0 + or) — 2(0).

Thus, if w satisfies (9), we can deduce the existence of invariant curves in
|r] < 1if 4 is sufficiently small.

When w belongs to 2rQ the previous conclusion may be false. An ex-
ample for w = 27 was presented in [14]. The strategy of [14] will now be
employed to construct examples for every w commensurable with 27. Given
w € 2mQ with

w= 211'2,
q
the iteration f§ has the expansion

0y = 0 + 27mp + dqr + O(6?)
rq =T+ 6g®%(0) + O(8?)

where
14
#(0) = =) " B(0 + kw).
q k=0
We associate to this mapping the differential equation
0=qr, =qd%(0). (11)
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It follows from the theorem in [14] that fJ has no invariant curves for small
4 (in the finite region |r| < 1) if (11) has a solution (6(t),r(t)) with

infr(t) < —1, supr(t) > 1.

Since a curve which is invariant under fs is also invariant under fg, we
conclude that f5 has no invariant curves in |r| < 1.

Example 2. Consider the asymmetric oscillator
&+ azxt — bz~ = p(t) (12)

where a,b > 0, a # b, and p € C*(T!). We shall apply the previous theorem
to deduce that all the solutions of this differential equation are bounded if
the conditions below hold,

1 1
WAV ¢Q, (13)
/ " o)dt £ 0. (14)
0

The case 71; + 71; € Q was analyzed in [2] and [9].

We use the same notation of [13]. The successor mapping S associated
to (12) was defined in the proof of Theorem 4.1 in [13]. It is easy to describe
it in an intuitive form. Given (7o,v9) € R? with vy positive and large, we
consider the solution of (12) satisfying z(m9) = 0, £(70) = vp. We follow this
solution until reaching the next zero where z(t) is again increasing; that is,
1 > 70, (1) = 0, Z(71) = v1 > 0. Then we define

S:T! x[y,00)CC —C, (70, vo) — (71, v1),

where v > 0 depends on p(t). This mapping is a diffeomorphism of class C*
from T! x [, 00) onto its image and has the intersection property. All this
is proved in [13, Sections 2 and 4]. We intend to prove that S has invariant
curves satisfying v — +o0o because, according to Proposition 4.2 in [13], this
implies the boundedness of all solutions of (12).

We apply twice the proposition 6.1 in [15] to deduce that S has a lift
with expansion

n=7n+T+ % foTp(t + 70)s(t)dt + R1(70, vo)
v = vo + J p(t + 10)3(t)dt + Ra (10, v0)
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where T' = 7"5 + 53 and s(t) is the T-periodic function

sinaaﬁat’ te [0’ %]
s(t) = sin vb(t— =) -
—W—L, te(ZT)
The remainders R; and Ry satisfy

sup {v2t°2|9*R;(7,v)| + v11*2|0%Ry(7,v)|} < o0
R X [v,00)

for each multi-index a = (a;,a2) € N2, 0< |o| < 4.
Next we introduce a small parameter § > 0 by means of the change of
variables

1
—-=94r, T=060.
v

In the region A: 6 € T!,r € [1,3], S becomes a mapping of the class (5)
with

T T
Ww=T, t@r) =r / p(t +0)s(t)dt, Lo(6,7) = —1? /0 p(t + 0)5(t)dt.
0

The functions ¢; and ¢, come from R; and R and satisfy

lle1(5 5 0)llcacay + llw2(-, -5 0)llcacay = O(9).

This implies that conditions (7) and (8) hold. Finally we notice that the
conditions (9) and (10) are now equivalent to (13) and (14). To check the

equivalence of (10) and (14) we observe that fOT s # 0 and so

[ o= [ [Mwerososan= [ o[

Thus, for small ¢ there exist invariant curves of this map which correspond
to invariant curves of S lying in the region v € [515, %]

3 Approximate Solutions of a Linear Difference
Equation
Given w € R and a function F : A = R, we consider the equation

X0 +w,r)—X(0,r)=F@®,r), (0,r)cA, (15)
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where the unknown is a function X : A — R.

Before studying the equation in a rigorous way it is convenient to perform
some formal computations, without taking into account the regularity of
F and X. By integrating the equation with respect to 0 over a period we
obtain the following necessary condition for the solvability of (15),

F*(r)=0, Vre€][a,b]. (16)

Here F* denotes the average of F' with respect to 6, that is

27
FHr) = % /0 F(6,)do.

When w € 27Q it is easy to find additional necessary conditions for the
solvability of (15). In fact, if (15) has a solution, then

2m .
/ F(6,r)e="d9 = 0 (17)
0

for each n for which 3# is an integer.
When w ¢ 27Q, the condition (16) becomes sufficient if we look for
formal solutions. In fact, if F' has the Fourier expansion

F(0,r) =) Fu(r)e™, F_,=T,
n#0

then P ( )

r
(07‘) XOT)+Z mw_l ’

n#0
where Xo = Xo(r) is an arbitrary function. In particular the solution is

unique if we restrict to the class of solutions satisfying

X*(r)=0 Vre€[a,b].

The previous formula for X also reveals the existence of a problem of small
divisors because '

inf [e™ — 1] =0

n

Thus, the solution must be understood in a formal sense (or in the sense of
distributions) and the regularity theory becomes delicate (see [12, 3, 4]).

Let CP(A), 0 < p < o0, be the class of functions F € CP(A) satisfying
(16). It is a Banach space and we shall prove now that for a generic F €
C?(A) one cannot expect solutions in the same space C5(A). This is the
well known phenomenon of loss of derivatives.
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Lemma 2 The set of functions F € C5(A) for which (15) has a solution in
CP(A) is of first category.

Proof. When w € 27Q each equation of the kind (17) with n # 0 defines
a subspace of C5(A) of codimension 2. Thus, the lemma is proved for this
case. From now on we assume w ¢ 2rQ. Define the linear operator

L:CP(A)— CP(A), LX(0,r)=X(0+w,r)—X(0,r).

From the previous discussions we know that L is continuous and one-to-
one. It follows from Banach theorem that either ImL = X or ImL is of
first category. We shall exclude the first possibility and this will prove the
lemma.

Assume, by a contradiction argument, that ImL = X. The closed graph
theorem implies that L~! is also continuous and this is not compatible with
the identities

L(ei"") _ (einw _ l)einB, n=0,+1,42,...

Definition 3 Given F € C5(A) we say that (15) is approzimately solvable
(in class CP) if for each € > 0 there ezists X, € C5(A) such that the function

Re(0,7) = Xe(6 +w,r) — Xc(6,7) — F(0,7)

satisfies
||'Re||cp(A) <e.

(It is not restrictive to assume in the definition that X, is C*° or even real
analytic).
The next result is similar to lemma 3 in (8].

Proposition 4 Assume w ¢ 2nrQ. Given F € CP(A), the equation (15) is
approzimately solvable if and only if the condition (16) holds.

Proof. The necessity of (16) for approximate solvability follows from the
identity
R:(T) = —’F*('I‘), Te [a,b],

that is valid for any € > 0. To prove the sufficiency of (16) we first find a
trigonometric polynomial of the type

P(0,r) = Z P, (r)ei™?

0<|n|<N
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with N >0, P, € C*([a,b],C), P-n = P, and such that
[|F' = Pllce(ay < e

The existence of this polynomial is guaranteed by the Stone-Weierstrass
Theorem. The function

P.(r) .
Xe(0,7) = E:gmé%“w
0<in|<N

solves (15) when F is replaced by P and so X, is an approximate solution
of the original equation.

4 A Remark on the Intersection Property

In this section we consider a family of mappings
hs:ACC—C, @)~ @), §€0,1],

that satisfies the intersection property for each 4. It is also assumed that
the lift can be expressed in the form

6 =0+w+0F(@0,r;d), r. =1+ 06G(8,r;0)

where w € R and F,G : A x [0,1] = R are continuous functions. The
average of G with respect to 0 is denoted by

1 27
G*(r;0) = 7 G(0,r;6)d6.

Proposition 5 In the notations of this section assume that
w ¢ 27Q.

Then
G*(r;0) =0 Vr € [a,b)].

Proof. By a contradiction argument assume that
G*(r0;0) =p #0 (18)
for some 7 € (a,b). Let us define

G(8,r;8) = G(8,7;68) — G*(r; ).
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Since G(0,;0) has zero average we can apply proposition 4 to find a function
X € C*(A) such that

R(6,7) = X(0 +w,r) — X(8,7) — G(8,7;0)
satisfies
Rlloon < 1. (19)
For small é the equation
r=ro+0X(0,7)

describes implicitly a Jordan curve I's that is close to 7 = r9. Moreover it
can be expressed in the form

T = 15(0)
with 1p5 € C®°(T1), a < 15 < b, and
Jgf{)l+ ¥s(0) = ro

uniformly in § € R. In particular, I'; belongs to J4. For small § we shall

prove that
L5 N hs(Ts5) = 0. (20)

This will be the required contradiction.
To prove (20) we first notice that hs(I's) can be described by the parametric
equations

0=06+w+F(0,95(0);8), r=15(0)+ dG(0,95(0);6) (21)
where © € R. It will be sufficient to prove that
r#ro+6X(0,r)
when 0 and r are given by (21). In fact, from the identity
P5(©) = 1o + 6X (6, 95(O))
we deduce, for § — 0,

¥5(0) =ro + O(6), X(0,r) = X(© +w,m0) +O(9)
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and
r—ro—0X(0,7) = 1%5(0) +G(8,95(0);8) —ro — X (0 +w,r0) + 0(d%) =
5{X(8,95(8)) — X(© +w,r0)} + 6G(8, ¥5(6); §) + O(5)
= —0R(8,19) + §G*(r0;0) + 0(d).
Thus, from (18) and (19),

|r —ro—6X(0,7)] 26'%'-%0(5) >0

if § is small.

To conclude this section we shall present an example showing that the
condition w ¢ 2w Q is essential in the previous result. We need some prelim-
inary discussions on homeomorphisms of the cylinder

H:C—=C, (6,r)— (61,m1)

that satisfy
ry = oo, as r — too.

Lemma 6 Assume that I" is a Jordan curve in J such that
I'NH(T) =0,
where H is in the previous conditions. Then
'NAH*"T) =0, n=2,3,...

Proof. We employ the notation I'y, = #™(I'). The complement of I', C —T,
is divided in two components C4(I') and C_(T") with

T! X [rg, +00) C C4(T), T! x (=00, ~10) C C_(T)
for some rg > 0. The conditions imposed on H imply that
H(C(I)) = C1(T'1), H(C-(T)) =C-(I1).

Since I'; does not intersect I', it will lie in one of the two components of
C —T. For instance, let us assume that I'y C C4+(I"). Then I'xy; C C(Tk)
for each k = 1,2,... In consequence, C; (I'k+1) C C4+(I'k) and we find the
chain of inclusions

I'n C Ci(Tp-1) C ... C CL(D).
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This finishes the proof.

The homeomorphism H has the intersection property if
HIT)NT #0 VL e J.

The previous lemma implies that H has the intersection property as soon as
‘H™ has this property for some n > 2.

Example. It is inspired by the discussions on the intersection property that
can be found in [5]. Consider the family of homeomorphisms of C given by

h&: 01=0+w, 7‘1=7‘+6,3(0)

where w € R and 3 € C(T?).
When w ¢ 2rQ we can apply Proposition 5 to deduce that the intersection

property of hs implies )
74

B3(0)do = 0.
0
The converse is also valid. This follows from a standard argument based on
the exactness of the differential form r1df; — rd6.
Let us now consider the case

w=21r2

where g is a fraction in reduced form. The iterate A is defined by

O =60+2mp, rg=r+ 6qﬂ#(0),

where

q-1
BH(60) = = 380 + k).
7 =0
This kind of discrete average has already appeared in the first example of
section 2.

Let us assume that % vanishes at some point #*. Then every point of
the type (6%, r), —00 < 1 < 00, is fixed for hg. This fact implies that hg has
the intersection property. From the previous lemma we deduce that also hs
has the intersection property. This shows that Proposition 5 is not valid
when w € 27 Q because there are functions 3 with nonzero average and such
that % vanishes at some points. For instance, 5(6) = % + singf.
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5 Proof of Theorem 1

We shall assume
27 ael

or
The case of a negative average is reduced to this positive case via the change
of variables (6,7) — (6, —r).
The proof is divided in four steps. In what follows A;, i = 1,2,... will
denote positive constants satisfying A; > A;4;.

(6,7)d8 >0 Vr € [a,b)]. (22)

1. Preliminaries

Define
—ats, ay=ate, by=b- by=b—
a =a 87 az =a 47 2 = —47 1= 8

so that by —a; > % and by — ag > % We shall make use of the regions

Al = Tl X [al,bl], A2 = T1 X [az,bg].

They satisfy
A2 C A1 CACC.

From (5) we find A; > 0 such that
fg(Al) CA if § <Ay (23)
Next we present two preliminary results that follow from the Chain Rule.

Lemma 7 Let ® = (®!,82) : Ay — A; be a mapping of class CP, p > 1,
such that _
[[0%®*|lcoa,) <7, 1< |af<p, i=1,2.

Then there exists a constant Cyp, independent of ®, such that
[|F 0 ®||cp(ay) < CpllFllcr(ay)
for every function F € CP(A;).
Remark. The notation & = (&!,®?) is understood in the following sense,
' =110,

where ® : 42 —» R x [a1,b1) is a lift of ® and II; : R2 — R is the projection
onto the corresponding axis.
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Lemma 8 Givenp > 1, F € CP*1(A) and R > 0 there existsy = v(p, F, R) >
0 such that
||F o fi — F o falleray) < 7llfi — follor(ay) (24)

for any functions f1, fa : A1 = A of class CP and satisfying

|| f1llce, | f2|lce < R.

Remark. If F only belongs to CP(A), then (24) must be replaced by

IIF o f1 — Fo faller(a,) < QU1 — fallor(an))s

where Q : [0,00) = R is a modulus of continuity that only depends on F
and R. In particular,  is decreasing and lim,_,g+ Q(r) = 0.

Later in the proof we shall apply the Small Twist Theorem as stated in
the Appendix. The region A will be A3 and the twist function
27

= | ). (25)

a(r) =

From now on, ¢y > 0 will be the constant given by Theorem 9 for this choice.
It only depends on £;.
To conclude the preliminary remarks we notice that the functions ¢;
satisfy
Jm {ller( 5 )lloaay +llee(, 5 9)llosca} = 0- (26)

This is a consequence of (7) and (8).

2. Scheme of the proof
We shall find Ay > 0 and a smooth change of variables

©=96(0,r;6), R=R(0,r;d)
defined for § < Ay such that
Vs;:AcC—C, (6,r)= (6,R)

satisfies
e ¥; is a diffeomorphism of class C* from A onto ¥5(A).
o Ay C Vs5(A1).
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The inverse of ¥s will be denoted by ®5. In view of (23) we can define
gs =Vs0fs0P5: A CC - C, (é,R) — ('6_1,R1),

for each § € [0,A;]. The mapping g5 has the intersection property in Ay
and will be expressed in the form

{ 601 =0 +w+ ba(R) + §¢1(0, R;d)

Ry = R+ 0¢2(©, R;9) 217)

where a is given by (25) and ¢1,$2 € C*°(Az x [0, Az]). These remainders
will satisfy

l1#1(-> 5 O)llcacag) + (s 5 )llcacaz) < (28)
€
Ca{ller(r 5 8)llcucay + lleaCr s Dllcsia} + 5 + M (6),

where Cj is the constant given by Lemma 7 and €; : [0,A2] - R is an
increasing function satisfying lims_,o+ 21(8) = 0. In view of (26) we can
find A3z > 0 such that

€0

lle1( 5 )llcacay + llp2(-5 5 O)llcaay < 1C;

and .
mm<f

if § € [0,As]. Then Theorem 9 is applicable and we deduce that g; has
invariant curves. Undoing the change of variables we obtain invariant curves

of fs.

3. The change of variables
Proposition 5 implies that the function ¢, satisfies

2m
/ £2(0,7)d0 =0 Vr € [a,b].
0

Also the function ¢1(6,r) = £1(8,7)—a(r) has zero average with respect to 6.
This allows us to apply Proposition 4 to deduce that (15) is approximately
solvable (in class C*) when F = —{; or F = —{5. In this way we can find
functions X1, X2 € C3°(A) such that

€0

0 =1,2
404)l e

[[Rillcacay <
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where R; is defined as
R1(0,7) = X1(6 + w,7) — X1(6,7) + £1(6,7)

and
R2(6,7) = X2(0 + w,7) — X2(0,7) + £2(8, 7).

Here Cy is given by Lemma 7. At this point it is convenient to notice that
the functions X7, X2 only depend on w, ¢; and ¢5.
The change of variables is defined by

0=0+46X,(0,r)
R=r+6X2(6,r).

It is clear that we can find Ay > 0 as indicated in Step 2. Moreover we can
assume that Agj is so small that the inverse of ¥, satisfies

10°®S|lcia <7 1< o] <4,i=1,2, §€[0,Aq].

4. The map g5
The way we defined the change of variables and a computation lead to

01 = O +w+ da(R) + §{p1(0,7;8) + R1(8,7) + D1(6,7;6) + a(r) — a(R)}
Ri = R+ 6{p2(8,7;0) + Ra(6,7) + D2(6,7;6)}

where
D;(0,7;6) = X;(61,71) — Xi(6 + w, 7).

Since Xj; is of class C, it is possible to apply Lemma 8 with p =4, F = X;,
to find the estimate

||Dl('1 ';6)”04(.41) + ”D2(7 2] 6)||C4(A1) <
Y8{|ll1llcacay + ll€2llcacay + o1 (s 5 O)llcacay + w25 O)llcaay} < k*6
where
E* = y{|le1llcacay + l€2llcaay + llerllcaoiaxio, + llezllcaocaxo, -

Notice that f,(8,7) = (§+w,r) and f2(6,r) = (61,71) are bounded in C*(A)
by a number R that depends on w, ||1[|c4 (), [|€2|c4(a) 2nd ||@1]lca0(ax(o),
llp2llcto(axio,)-

The function

ﬁ& : Al - Rv ﬂ&(o’ T) = Ol(T) - a(R(o’ 7‘))
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is only of class C* and we shall apply the remark after Lemma 8. In this
way we can get an estimate of the form

[18slcaca,) < R2(0),

where (29 is an appropriate modulus of continuity that depends on a and
Xo.
The map gs can be rewritten in the form (27) with

#1(,+0) = {p1(,30) + R1 + D1(:,+;0) + Bs} o @5
¢2('a ) 5) = {‘P2(" S 5) +Ra + D2('7 S 6)} o Ps.
Lemma 7 implies

[|81(:, -5 0)llca(ag) + l1#2(- 5 O)llcaca,) <

€
Ca{llea (-, 5 0)llcacay + llw2(s -5 0)llcaay + 2—001 + k*8 + Qa(8)}.

Thus the estimate (28) holds with ©;(4) = k*0 + Q2(8). We can now go
back to Step 2 and finish the proof.

6 Appendix

Let us consider the mapping f : A C C — C defined in the region A =
T! x [ay, bs] with by — ax > 3. The lift of f is

01 =0+w+ Aa(r)+ F(0,r))
{ ri =r+ AG(0,r) (29)
where
o€ 04[0*, b*] (30)
and
F,G € C4(A). (31)

The number w € R is arbitrary and
A€ (0,1]

is a parameter.
Next result resembles theorem 3 in the original paper of Moser [12].
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Theorem 9 Letco > 1 be a given constant and let f be a mapping satisfying
the intersection property and the previous conditions (29), (30) and (31).
Then there ezists g > 0 (depending only on cg) such that f has an invariant
curve if the conditions below hold

gl S d(r) Sco Vr € fan b, lallosa, ) < o, (32)

IFllcsay + 1IGllcs(a) < €o- (33)

Remarks 1. The conclusion of the theorem can be improved. The proof
will show the existence of an uncountable collection of invariant curves in \A.
Moreover, these curves can be chosen so that they are graphs of functions
1 that belong to the Sobolev space H3(T!) and satisfy

a. <P(f) <b. VOcR.

The rotation number of r = 1(6) is in the interval [w + Aa(a.),w + Aa(by)].
2. In the original statement of Moser in [12], the functions F and G were
small in the C%norm while they were controlled in a certain C¥-norm. This
Ck-norm was not necessarily small. This can also be achieved with the
previous theorem if one uses the C5-norm. In fact (31) and (33) are implied

by the conditions
F,G € C°(A),

[|1Fllcocay + IGlleoay < € IFllesay + |Gllesay < cos

where ¢, only depends on €y and c¢g. This implication is proved using the
following inequality: given € > 0 there exists Ce > 0 such that

|H||cscay < €llHllosay + CellHllcoay VH € C3(A).

The theorem will be obtained from another invariant curve theorem that
follows along the lines of the work of Herman in [3] and [4]. To state this
second result it is convenient to consider the fixed cylinder

11
—ml _- =
with coordinates (6, p), |p| < .

Let g : A; C C — C be a mapping with lift

{ 61 =046+ A (p) + F1(6,p)) (34)
p1=p+ AG1(6,p)
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where a; € C4[-1, 1] and F1,G; € C*(A,;). The function a; satisfies

- 11
01(0)=0, cg'<aj(r)<co Vre [—Z’Z]’ ||a1]lca < co,

for a fixed positive constant cp > 1. We also assume that 3 is a number of
constant type with Markov constant y > 0 (see [3]). Finally, ) is a parameter
in the interval

by <A< by, (35)

where b > 1 is a fixed number.

Theorem 10 Let g : A; C C — C be a mapping satisfying the intersection
property and assume that it is in the previous conditions. Then there exists
€1 > 0 (depending only on cy and b) such that g has an invariant curve of
rotation number B if

[1F1llcacay) + 1Gallcaay) < -

Sketch of the proof of theorem 10. The reader will be familiar with the
methods and ideas of [3] and [4], especially with chapters IV and VII. We
conjugate g by H(6,p) = (8, Ap) to obtain

94 CCC, al6,0) = (6+8+20a(8) + R0, 8), 0+ X2G1(6,2))

where Ay = T? x [—%, %] Next we consider the functional equation

vodr(®) = p(6) + ¥Ga(0, U2 (36)

with g 0
dr(0)=6+p38+ )\al(#) + \Fy(6, %)-)

The graphs of the continuous solutions of (36) will be invariant curves of
gx- To be precise, if 9 is a solution of (36) then the curve I' = {p = ¥(0)}
satisfies gA(I') C T. If we know that dy is a homeomorphism then we can
say that g\(I') = I'. Our aim will be to prove the existence of solutions of
(36).

From now on, z and y are two positive parameters that will be made suitably
small in the course of the proof. To start with we can assume

IFillosgay) + IGalloeay) < w < 5t
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Let us consider the class of functions % in H3(T?!) that satisfy

— 1

9| < 3 ”D3¢I|L2(T1) < e, (37)
where ¥ = % f02 " 1(6)df. Then, given a function of this class,

- 1
[¥llLeo(rr) < 1]+ 7| DYoo) < v + Thrv,
where k; > 0 is a constant such that
llpll Lo (1) < kallD?pllr2(rry Vp € HA(TY), | p=0.
T1

Assuming brk;z < § and using (35), we obtain

o)l _ 1
A T 4
This estimate allows us to define, for each v satisfying (37),

Vo € R.

d)\=Id+ﬂ+)\a10-§/):+/\Flog,\,
where Gy (6) = (6, ¥&). The derivative of dy is given by
D D
Ddy =1+ Majo %)—;é + AMFi9oGx+ (Fipo g,\)T'/’}
and we make x and y small enough so that
1 3
5 < Dd,\(0) < 5 Vo € R.

This inequality implies that dy is the lift of a diffeomorphism of T! and so
the rotation number u(d)) is well defined.

Let us denote by K the set of functions 1 € H3(T!) that satisfy (37)
and are such that u(dx) = 3. We shall look at K as a metric subspace of
C?(T!). The set K depends upon z,\,a; and Fy. It can be proved that
if z and y are small enough then K is compact and homeomorphic to a
convex subset of C%(T!). Actually, the projection IT : 3y — 1 — 9 defines a
homeomorphism between K and

Ko ={y € H¥T"): ¥1 =0, ||D%1||r2(m1) < 72}
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This fact is proven in Chapter VII of [4] in the case a(r) = r and F; = 0.
In the general case the proof is similar and we just prove

TI(K) =

By restricting the size of z we can guarantee that each function v, in K,
satisfies

|41(0)| 1
[
S T Vo € R.

We also impose )

1
Toz) ~ gt
The monotonicity of the rotation number implies that for each 1, € K,
there exists ¢ € [—8—,1,;, giz] such that the diffeomorphism of T*

y < min{a; (

0) + A 0) + A
00+ 6+ hay (RO T2 ); ©) 4 ARy (9, L0 T Ae )A+ %)
has rotation number 3. For this value of ¢ the function 9 = 1; + Ac belongs

to K.

The Schauder’s fixed point theorem implies that K, has the fixed point
property. Since this property is topological, also K has it.
After taking two derivatives in (36) we arrive at the second order functional
differential equation

.D2d) ody — a,\qup = B, (38)
where
a) = D, )2{1 + A(G1p0Gr) — (DY ody)(ajo -t<—) + Fi,06\)}
By = 3 {’\ {G160 0 G +2(Grgp 0 g,\)_’/’ + (G1pp © g)‘)( ) }

(Dd )

_A(Dd)od/\){FIOOOQ)\+2(F10p°g)\)%"'(Flppc’g/\)(T)z-l_(a,llo%)('?)%é)2}]'

Given 9 € K, the corresponding functions dy, ay, B, satisfy estimates of
the kind

||D?log Ddy\||L2(11) < k2(z +y)v, [|1D?axllz2(m) < ks(z + )y

ID?Ba||2ery < ka(a® +y)v?,
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where ko, k3 and k4 are certain numbers that depend on cp and b. These
estimates are important because they will allow us to use the theory of linear
difference equations developed in chapter VII of [4].

Given ¥ € K, the functions dy, a) and B) are defined according to the
previous rules. They depend on 1 and D). Once these functions have been
constructed we can consider the linear difference equation

D*y* ody — axD*y* = By + v, (39)

where the unknown (¥*,v) is searched in H3(T!) x R. It is possible to prove
that there exists a unique solution of (39) for z and y smaller than certain
numbers. These numbers can be computed. Moreover,

ki
|D3*| |2 < fnnszuLz.

By restricting once again the size of £ and y one can assume that 1* satisfies

the estimate
ID3%*|| 2 < 7z

In this way we can define the map
K-> K, - o)

where @ is the homeomorphism from K, onto K which was previously de-
fined. It is not hard to prove that the possible fixed points of this mapping
are solutions of (38). On the other hand, the uniqueness for (39) implies that
this mapping is continuous with respect to the C2-topology. Thus, there ex-
ists at least one solution of (38). The solution of (38) is also a solution of
(36) because g has the intersection property.

Remarks The previous proof can be simplified if one starts with the change
of variables R = a(p). In this way o becomes the identity. However, it seems
to me that this simplification forces additional regularity conditions on a.
Probably the previous theorem can also be proved using Holder spaces as
in [3]. However I find more natural (and beautiful) the approach based on
Sobolev spaces in [4].

Proof of theorem 9. Let us fix A € (0,1]. Since the length of [a,,b,] is
at least 3/2, the interval with center s« and radius 3/4 is included in
[@x, bs]. Consider the interval

Qs + by 1 ay + by

- =), w+ Ao 5

I = [w+ Ao 5 3

+3)
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In view of (32), the length of Iy is at least Acy 1. Thus, we can apply the
results in section 3.5 of [3] and lemma 4.4 in [13] to find a number of constant
type B € I, with Markov constant v satisfying

/\cal /\c&1
16 —'="4

(40)

The strict monotonicity of o implies that we can find a unique £ € [9-*%'—'3* —
% g%b‘ + 1] such that
B =w+ ().

The interval [ — },& + 1] is contained in [a,, b.] and we consider the trans-

lation
1

1
r=p+§ pe [—Z’Z]'
Then (29) takes the form (34) with

Otl(p) =a(p+§)-a(§), Fl(o,p) =F(9,p+§), G1(0,p) =G(0,p+€).

Theorem 10 can be applied and the size of €; is independent of A. This is
so because the constant b in condition (35) can be controlled by ¢o through
(40). In consequence, the size of €y only depends on cp.
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