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Abstract: In this paper, we study blow-up criteria and instability of normalized standing waves for the frac-
tional Schrédinger-Choquard equation

100 — (=0 + (I * [PIP)| PP 2P = 0.

By using localized virial estimates, we firstly establish general blow-up criteria for non-radial solutions in
both L?-critical and L2-supercritical cases. Then, we show existence of normalized standing waves by using
the profile decomposition theory in H. Combining these results, we study the strong instability of normalized
standing waves. Our obtained results greatly improve earlier results.
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1 Introduction

Over the past decade, there has been a great deal of interest in studying the fractional Schrédinger equation
(NLS)
i0c) = (A + fF(¥), (1D

where 0 < s < 1 and f(i) is the nonlinearity. The fractional differential operator (-A)* is defined by (-4)°y =
?‘1[|£ \25 F()], where F and F 1 are the Fourier transform and inverse Fourier transform, respectively. The
fractional NLS (1.1) was first deduced by Laskin in [29, 30] by extending the Feynman path integral from the
Brownian-like to the Lévy-like quantum mechanical paths. The fractional NLS also arises in the description
of Bonson stars as well as in water wave dynamics (see e.g. [22]) and in the continuum limit of discrete models
with long-range interactions (see e.g. [28]).

In this paper, we consider blow-up criteria and instability of normalized standing waves for the fractional
nonlinear Schrédinger-Choquard equation

{ 10 = (AP + Ua* uP)PP2P =0, (t,x) €0, T)=RY,

P(0, x) = Po(x), 1.2)
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where 1 : [0, T") x RNV — C is the complex valued function, N > 1, Yo € H5,0<s<1,0<T <oo
1+ & <p< N« 1, : RN - Ris the Riesz potential defined by

A g . ;%)

In(x) = H .W

with a € (0, N) and I is the Gamma function.
Equation (1.2) enjoys the scaling invariance. That is, if i is a solution of (1.2) with initial data ¢, then
a+2s _a+2s
Yu(t,x) := puse-v(ut, uzx) forall u > 0 is also a solution of (1.2) with initial data p%e-0 o(uzx). In
particular, || (6]l o = 1P @8]z, Where
N a+2s

Seim 3 T ap-a

(1.3)

Thus, s is referred as the critical Sobolev exponent of (1.2). If the initial data )g € H®, then equation (1.2)
enjoys mass and energy conservation laws:

[P®llz2 = Pollz2, E@(8)) = E(o),
where the energy E is defined by

1 1
E(y(0) = E\Illi(t)llﬁs "3 /(Ia *[POP) (L, 0P dx. (1.4)
]RN
Before entering our main results, we firstly recall some known blow-up results for NLS. For the classical
NLS, i.e., s = 1, when initial data o € Z := {tpo € H' and xpy € L?}, the following Variance-Virial Law
holds

Zdt /|x| [(t, x)\ dx = ZIm/l,b(t X)x - Vip(t, x)dx. (1.5)

By using (1.5) and the virial identity, ones can prove existence of blow-up solutions for the classical NLS
with negative energy E(io) < 0, see [7]. However, since identity (1.5) fails for s < 1, which readily checks by
dimensional analysis, this argument cannot work. Rather, a possible generalization of the variance for the
fractional NLS is given by the nonnegative quantity

V()] := / P, 0)x - (=) xp(t, )dx = [x(~4) 7 (D2 (1.6)

Let (t) be a sufficiently regular and spatially localized solution of equation id.y = (-A)°1, it follows that

1 tV(S)[l,b(t)] = 2Im / D(e, 0x - Vp(e, x)dx. 17)

This method has been successfully applied to prove the existence of radial blow-up solutions of (1.1) with
focusing Hartree-type nonlinearities, i.e., f(1) = —(|x|™ * [|?)y with y = 1, see [8, 9, 48]. But this method
can not work due to the nontrivial error terms which seem very hard to control for the local nonlinearities
f@) = -|YPY, see [6]. In [6], Boulenger, Himmelsbach and Lenzmann applied the Balakrishman’s formula

(-4)° = SH;T"S / m®” dm, (1.8)
0

—A+m

and obtained the differential inequality

at (I‘“ / POV Vzp(t)dx) < 4pNE(o) - 28(-2) p(0)]17: + or(D(1 + [[(-2) Y(OIIZ*"),
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where § = pN - 2s. Based on this key estimate, they proved the existence of radial blow-up solutions by
applying a standard comparison ODE argument.

For the fractional Schrédinger-Choquard equation (1.2), Saanouni in [39] proved the existence of radial
blow-up solutions by using the method in [6]. In this paper, we will further study the existence of blow-up
solutions of (1.2) for non-radial initial data by using the idea of Du, Wu and Zhang in [13]. The main difficulty
is the appearance of the fractional order Laplacian (-A)°. When s = 1, the time derivative of the virial action
can be easily obtained, that is

%% / POt 0)2dx = 2Im / D, OV () - Vip(t, X)dx. (1.9)
RN RN

Using this identity, Du, Wu and Zhang in [13] derived an L2-estimate in the exterior ball. Combining this L2-
estimate and the virial estimates, they established blow-up criteria for the classical NLS. When s (%, 1), the
identity (1.9) does not hold. However, by exploiting the ideas in [6, 12] and using the Balakrishman’s formula
(1.8), we can obtain the time derivative of the virial action, see Lemma 2.9. Thus, we can establish the blow-up
criteria for (1.2).

Theorem1.1. Let N > 1,s € (3,1), 1+ 2% < p < 2 Y, € H* and Y € C([0,T"), H®) be the
corresponding solution of (1.2). Furthermore, we suppose either E({o) < 0, or, if E(ipo) = 0 and

E(ho)* [|ol| 77 < E@)* Ju787,
s/2 Sc S-S¢ $/2,,11S¢ S—Sc (1-10)
1A oll}5 1Poll72> > 1A “ullsllull2>,
where s is defined by (1.3) and u is a ground state of the following elliptic equation
(=AY u+u-Ia* [uP)|uP>u=o0. (1.11)

Then one of the following statements holds true:
o (t) blows up in finite time, i.e. T" < +oo;
e (t) blows up infinite time and there exists a time sequence (tn)ns1 Such that ty, — +oo and

lim [|(-2)% (tn)| 2 = oo

Remark 1. The uniqueness of ground state solutions to (1.11) is still unknown. However, it follows from the op-
timal constant in (2.2) that all ground states have the same L?-norm. Moreover, we see from Pohozaev’s iden-
tities (2.3) that all ground states have the same H5-norm and energy. Therefore, for different ground states,
the quantities E(u)%||u|| f&”f) and ||(-4)* “u(|$5|jull;;° are same. These imply that the assumption (1.10) is
reasonable.

Remark 2. When p = 2, similar blow-up criteria for (1.2) with radial solutions have been established in
[8,9, 25, 33, 37, 40, 41, 47, 48]. Here, we remove the assumption of radial solutions and extend these results
to more general Choquard-type nonlinearity.

Based on blow-up criterion (1.10), we study the strong instability of normalized standing waves of (1.2).
Firstly, we introduce some notations. Equation (1.2) enjoys a class of special solutions, which are called stand-
ing waves, namely solutions of the form e“u,, where w € R is a frequency and u, € H?® is a nontrivial
solution to the elliptic equation

(-8 ugp + wuw - Ta * [uwlP)|uw P >uw = 0. (1.12)

At this moment, our intention is reduced to study (1.12). To do this, there exist two substantially different
choices in terms of the frequency w. One is to fix the frequency w € R. In this situation, every solution to
(1.12) corresponds to a critical point of the action functional S, (u) on H®, where

1 1
Sw(u) = §||u|\§ls + %Hu“fz "3 /(Ia * [uP)(0)|u(x)|P dx. (1.13)
RN
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Alternatively, it is interesting to study solutions of (1.12) having prescribed L?-norm. That is, for any given
¢ > 0, ones study solutions of (1.12) satisfying the L?-norm constraint

S(c)={ueH: |ulf=c}, c>0. (1.14)

Physically, such solutions are called normalized solutions of (1.12), which formally corresponds to critical
points of the energy functional E(u) restricted on S(c), where E(u) is defined by (1.4). In particular, in this
situation, the frequency w € R is an unknown part, which corresponds to the associated Lagrange multiplier.
Recently, these questions have received more attention, see [1-5, 26, 32, 42, 45].

In the L?-subcritical case, i.e., 1 + L<p<l+ 251\7"‘, the energy E(u) is bounded from below on S(c).
Feng and Zhang in [21] studied existence of normalized ground states to (1.12) by using the profile decompo-
sition theory in H®. On the contrary, in the L2-supercritical case, the energy E(u) restricted on S(c) becomes
unbounded from below for any ¢ > 0. For this reason, it is unlikely to obtain a solution to (1.12)-(1.14) by
developing a global minimizing problem. Motivated by minimizing method on Pohozaev manifold, we try to
construct a submanifold of S(c), on which E(u) is bounded from below and coercive, and then we look for
minimizers of E(u) on such a submanifold. Precisely, we introduce the following minimizing problem

m(c) := inf E(u), (1.15)
uev(c)
where the constraint V(c) is defined by
V(c) :={u e S(c): Ku) =0}, (1.16)
and the functional K(u) is defined by
0
K(u) := 0;Sw@M)|jeq = s||u||f~{5 “2p /(Ia * [uP) (o) [u(x)|P dx, (1.17)
RN
where
O0=Np-N-a, M (x) = AN/zu(/\x). (1.18)

Indeed, the identity K(u) = O is the Pohozaev identity related to (1.12). The constraint V(c) is the so-called
Pohozaev manifold related to (1.12)-(1.14). In the following theorem, we can prove the existence of minimizers
of (1.15).

Theorem 1.2. Let1 + %25 <p< I{}’_"z‘"s and c > 0. Then there exists uc € V(c) such that E(uc) = m(c).

Remark. This theorem can be proved by using the method in [18]. Here, we will use the profile decomposition
of bounded sequences in H® to prove this theorem. The profile decomposition theory has been extensively
applied to study existence of normalized standing waves in the L2-subcritical case, see, e.g., [20, 21, 49].
Here, we successfully apply it to study existence of normalized standing waves in the L?-supercritical case.
Therefore, our approach is of particular interest.

Next, we denote the set of minimizers of E on V(c) as

ci={ueV(): Ew= inf Ev)}. (1.19)
vev(c)

In the following theorem, we can show any minimizer to (1.15) is a ground state to (1.12)-(1.14).

Theorem 1.3. Let 1+25¢ < p < J*& Then forany uc € M, there exists wc > O such that (uc, wc) € H xR

is a weak solution to problem (1.12). Furthermore, u is a ground state solution to problem (1.12) with w = wc.

Finally, we consider the strong instability of normalized standing waves. The usual strategy to study the
strong instability of standing waves for the classical NLS (s=1) is to use the variational characterization of the
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ground states as minimizers of the action functional and obtain the key estimate K(1)(t)) < 2(Sw(¥0)-SwUw)).
Then, it follows from the virial identity that

2
2 NP2 = 8KG(0) < 16(Su (o) - Sw(ua)) < O,

where K(1(t)) is defined by (1.17) with s = 1. This implies that the solution 1(t) of (1.1) with s = 1 blows up
in finite time. Thus, one can prove the strong instability of ground state standing waves, see [7, 11, 16, 17, 23,
24, 31, 34-36, 38, 43, 44].

Here, we only need to use the blow-up criterion (1.10) to study the strong instability of normalized stand-
ing waves.

Theorem1.4. LetN=>1,s € (%, 1), 1+ 25# <p< 1{}’_*;‘5 ¢ > 0. Then for any uc € Mc, the standing wave
P(t, x) = e!®tuc(x) is strongly unstable in the following sense: there exists {Yo,n} C H® such that Yo, — ucin
H?® as n — oo and the corresponding solution y, of (1.2) with initial data 1 , blows up in finite or infinite time
foranyn = 1.

Remark 1. In previous results, in order to construct blow-up solutions around the ground state solution, one
need to assume that the ground state solution uy, is radial or uy € X := {v € H' and xv € L?}. Here, we
remove these assumptions, so our result greatly improve some previous results.

Remark 2. When p = 2 and N - a = 2s, i.e., in the L?-critical case, Zhang and Zhu in [46] proved the
strong instability of radial ground state standing waves of (1.2). Here, we remove this radial assumption and
extend this result to the L2-supercritical case and more general Choquard-type nonlinearity.

This paper is organized as follows: in Section 2, we will recall and prove some lemmas such as the local
well-posedness theory of (1.2), a sharp Gagliardo-Nirenberg type inequality and the localized virial estimate
related to (1.2). In section 3, we will establish blow-up criteria for (1.2). In section 4, we will prove the existence
and strong instability of normalized standing waves.

Notations. In this paper, we use the following notations. For any s € (0, 1), the fractional Sobolev space
H5(RY) is defined by

H®Y) = {u e L’®RN); /(1 +|EP)|(E))PdE < o0
endowed with the norm

ull seny = lull 2y + 11Ul sy

where up to a multiplicative constant

[u0) - u@)?
|u HHS(]RN) / / |X y|N+25 dXdy

RNxRN

is the so-called Gagliardo semi-norm of u. In this paper, we often use the abbreviations L" = L"(RN), H® =
H*(RN).ForJ c Rand g, r € [1, o], we define the mixed norm

g = / / ue,ordx | |
] N

with the usual modification when either g or r are infinity. In the case g = r, we shall use LY(J x RY) instead
of LY(J, L").

~h
Q|
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2 Preliminaries

In this section, we recall some preliminary results that will be used later. Firstly, we recall the local well-
posedness for the Cauchy problem (1.2). Hong and Sire in [27] first studied the local well-posedness of the
fractional NLS in H® by using Strichartz’s estimates and the contraction mapping argument. Since Strichartz’s
estimates for non-radial data have a loss of derivatives, a weak local well-posedness holds in the energy space
compared to the classical nonlinear Schrodinger equation, see [10, 27] for more details. One can remove the
loss of derivatives in Strichartz’s estimates by considering radially symmetric data. However, it needs a re-
striction on the validity of s, namely % <s<1.

Proposition 2.1. [15, Proposition 2.3][Non-radial H* LWP] Let s € (0,1)\{1/2},2 < p < ]{,V_*ffs and
max{0, N - 4s} < a < N be such that

1 2 ; -
s> 27 max{2;—2,4} ifN =1, 2.1)
% - 1% if N=2.

Then for all Yo € H®, there exist T" € (0, +o0] and a unique solution Y € C([0, T"), H*) n L] ([0, T"), L™), for

some q > max{2p -2, 4} when N = 1 and some q > 2p -2 when N = 2. Moreover, the following properties hold:

o IfT" < +oo, then ||(t)||gs — ccastt T .

e The solution enjoys conservation of mass and energy, i.e. ||[P(t)||;> = ||Yoll2 and Eu(t)) = E(o) for all
t € [0, T"), where E(y(t)) defined by (1.4).

Remark. When 1 + § < p < A’}’j{‘s, it follows from the Hardy-Littlewood-Sobolev inequality that fRN I *

[YP)(X) [ (x)|P dx is well-defined for p € H®. Therefore, we guess that these results also hold for 1+ § < p < 2.

However, we cannot prove these results since the nonlinearity (Io*|1|?)| [P~y is singularwhen 1+ & < p < 2,

see [19].

Proposition 2.2. [15, Proposition 2.3][Radial H® LWP] Let N > 2, WN-1 £s<1,2c<pc« I{IV_*;{S and
max{0, N - 4s} < a < N. Then for any o € H® radial, there exist T" € (0, +o0] and a unique solution
Y e C([0, T"), H®) to (1.2). Moreover, the following properties hold:

e yYelLi . (0,T7), WSP) for any fractional admissible pair (a, b).

o IfT" < +oo, then |P(t)||gs — ccast 1 T .

o The solution enjoys conservation of mass and energy, i.e. M((t)) = M(yo) and EQp(t)) = E(po) for all
telo, TY).

Next, we recall a sharp Gagliardo-Nirenberg type inequality established in [21].

Lemma 2.3. [21, Theorem2.3]LetO<s<land1+ § <p < IG’_*Z“S Then, for allu € H®,

s Np-N-a N+a-Np+2sp
[t P s Copelabul ™l 22)
]RN
where the optimal constant Cp; is given by
Np-N-a
Co - 2sp 2sp-Np+N+a 2 ”Quz,zp
PtT 3sp-Np+N+a Np-N-a Lo

where Q is the ground state of the elliptic equation (1.11). In particular, in the L?-critical case, i.e.,p = 1 + 251\; a
Copt = P11QII7;%P.
Moreover, the following Pohozaev’s identities hold true:

Np-N -
Il = M5 /(Ia *1Q/P)(0| QM| dx =
RN

Np-N-a

3sp-Nps N al i @3
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Next, we recall the profile decomposition of bounded sequences in H*, which has been established in [48].

Lemma2.4. LetN>3,0<s<land1+ g <p< % If {un}n, is a bounded sequence in H®, then there

exist a subsequence of {un},-, (still denoted by {un}mn1), a family {x’}, }721 of sequences in RY and a sequence
{U’}Z; in H® such that
(i) for every k # j, |xK - x’;l| — +00,as N — oo;
(it) for every 1 = 1 and every x € RN, we have
!

un(0) =Y Ux-xp) + 1, (2.4)

j=1
withlimsup,,_,., [rhllze — 0 as | — oo for every q € (2, #35). Moreover,

l

Junlz2 = >~ 10113 + [IFhl£2 + o), (25)
j=1
1
1A Punllf = 3 1AV + 1A PrlE + o), (26)
j=1

1 1
/Ia * | Z U(- —xL)|p| Z Ux - x{;)‘pdx
RN j=1 j=1

1
-y / Ia* U/ = X | U - X Pdx + o), 27)
j=1pn

where o(1) = op(1) - 0asn — oo.

Finally, we recall and prove some virial estimates related to (1.2) which is the main ingredient in the proof of
Theorem 1.1.

Lemma 2.5 ([6]). Let N = 1 and suppose ¢ : RY — Ris such that \YORS WH=(RN). Then, for allu € H%,
it holds that

[ 5007900 - Tutodx = €Ty (Il + el )

N

for some constant C > 0O that depends only on N.

In order to study localized virial estimates for (1.2), we need to introduce the auxiliary function

1
um(x) = ¢s—

Tmu(x) =Tt ( u(5) ) , m>0, (2.8)

§1> +m

sin 7ts
Cs := .
V 7

Lemma 2.6 ([6]). Let N = 1, s € (0, 1) and suppose ¢ : RY 5 R with Ap € W2>=(RN). Then, for all
u € L?, it holds that

where

oo

/ m° / (A% @)|um|*dxdm| < C|A% | il A@|1="|ullf,
0 RN

for some constant C > 0 that depends only on s and N.
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We refer the reader to [6, Appendix A] for the proof of Lemma 2.5 and Lemma 2.6. Using the fact

S}

sin 7ts m® _
| G m = s
0

n 1§12 +m)

the Plancherel’s and Fubini’s theorems imply

S}

s 2 B sin s m*dm 215042
/m /|Vum\ dxdm-/( 4 (|~f|2+m)2) Sriaras
RN RN 0

0

S

(2.9)
- / (sI€125°2)[£12]0(8) P = s||(-A)s u|%,
RN

for any u € HS.

Lemma2.7. [12, Lemma 4.2] Let N = 1,s € (1/2,1) and ¢ : RY — R be such that Vo € W>. Then for
any u € L?, it holds that

S

/mS /(A(p)\um|2dxdm
RN

0

2s-1 2-2 2
< CllAgllz= " [IVellz=""lullL2»

for some constant C > 0O that depends only on s and N.
By the same argument as in Lemma 2.7 and using in addition Lemma 2.5, we obtain the following estimate.

Lemma2.8. Let N >1,s € (1/2,1)and ¢ : RY — R be such that Vo € W, Then for any u € H'/?, it
holds that

/ms/ﬂme-Vumdxdm < C||V¢|\W1,m||u||f{1/z,
0 RN

for some constant C > 0 depending only on N.

Let N>1,1/2 <s < 1and ¢ : RY — R be such that ¢ € W?>*°, Assume that 1) € C([0, T"), H®) is a solution
to (1.2). We define the localized virial action of 1 associated to ¢ by

Volp(8)] :=/go(x)|1p(t, x)|*dx.
]RN

Lemma 2.9. [12, Lemma 4.5][Virial identity] Let N = 1,s € (1/2,1) and ¢ : RN — R be such that
@ € W*>, Assume that € C([0, T"), H) is a solution to (1.2). Then for any t € [0, T"), it holds that

S} S

%v,,,[zp(t)] _ / - / (A) (D) dxdm - 2i / - / B, (Ve - Vipm(O)dxdm,
RN RN

0 0
where Ym(t) = cs(-A + m)L(t).
A direct consequence of Lemmas 2.7, Lemma 2.8 and 2.9 is the following estimate.

Corollary 2.10. Let N = 1,s € (1/2,1) and ¢ : RN — R be such that ¢ € W*. Assume that { <
c(lo, T), H®) is a solution to (1.2). Then forany t € [0, T"),

d

¢ o] = CIV @~ [ (Ol

for some constant C > 0 depending only on s and N.
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We next define the localized Morawetz action of 1 associated to ¢ by

Mo[p(0)] := 2 Tm / B, OVP() - V(t, X)dx. (210)
RN

By Lemma 2.5, we obtain the bound
| Mp[p®)] Is C (V=) [|A@]lL=) IIIIJ(t)H;%-

Hence the quantity My[1p(¢)] is well-defined, since 1(t) € H® with some s > % by assumption.
By a similar argument as that in [6, Lemma 2.1], we have the following time evolution of Mg [u(t)].

Lemma 2.11 (Morawetz identity). Let N = 1,s € (1/2,1) and ¢ : RN — R be such that Vo € W>,
Assume that € C([0, T"), H%) is a solution to (1.2). Then for any t € [0, T"), it holds that

%Mw[':b(t)] =/ms/{4akl/)m(t)(6izfp)az¢m(t)—(Azfp)ll/Jm(t)lz}dxdm
0 RN

_M * p p
p R/ Al * YOPY PO dx 2.11)

2N - 2a [Y(t, P[P, V)P (x-y) - (Vo) - Vo))
-2 2% @) / / s dxdy,

RN RN
where Y (t) = Ym(t, x) is defined in (2.8).
Proof. It follows from an integration by parts that

W(0), [-Ua * [POPPOF 2, ilp](0))
= —(W@®), [Ia * [POP) PO 2, Vo -V +V - Volpp(D)

=2 / Vo -V * PO YO dx + 2 / U * [POP YOIV - V(PO )dx
RN RN

- —pr‘ 4 / Ao * PO PO dx

RN

N2 / / PP RENP =) - (T90) = Vo) 4,

\X — y|N—a+2

RN RN

Therefore, following the method used in [6], we prove Lemma 2.11. O

3 Blow-up criteria

In this section, we will prove Theorem 1.1. To this end, we will establish the following blow-up criterion for
(1.2).

Lemma3.1. LetN>1,s ¢ (3,1), 1+ 22 <p < N&_ Assume that o € H® and € C([0, T"), HY) is the
corresponding solution of (1.2). If there exists § > 0 such that

sup K@(t) <-6<0. (3.1)
telo,T%)

then one of the following statements holds true:
o (t) blows up in finite time, i.e. T" < +oo;
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o (t) blows up infinite time and there exists a time sequence (tn)ns1 such that tn, — +oo and

Tlim /(=8)2p(ta)]| 12 = oo

DE GRUYTER

(3.2)

Proof. If T" < +oo, then the proof is completed. If T* = +oo, then we show (3.2). Assume by contradiction

that the solution y(t) exists globally and there exists Co > 0 such that

Co:= sup [(-A)2y(t)[| < oo.
te[0,+00)

Combining this and the conservation of mass, we have

Ci:= sup [[Y(O)ps < oo
tel0,+00)

Next, we introduce a smooth function 6 : [0, o) — [0, 1] and satisfy

0 ifosrs<1/2,
0 =
) { 1 ifr>1.

For R > 1, we define the radial function
¢r(x) = pgr(r) := 6(r/R), r=|x|.

After some simple calculations, we can obtain

N-1)
rR

V() = O CIR),  Agr() = 750" (/R +
These imply

IVerllwre ~ [IVPrlli= + |Adrll= S R

Thus, we can define the localized virial function

Vg ()] := / SROOI(E, ) 2dx.
RN

It easily follows that
t
Vo 90) = Vil + [ 0, Ol
0

< V¢R [l/)()] + ( %V(pR [l/J(T)]

>t.

S IVrlwie sup [[(7)]F < CCIR™,
T€(0,t]

sup
T€[0,t]
Combining Corollary 2.10, (3.4) and (3.5), we can obtain

sup

d
—V
relo,q | AT a0

for some constant C > 0 independent of R and C;. We consequently obtain
Vg [W(0)] < Vg, [Po] + CCIR™'t,
for all ¢ = 0. We infer from the definition of 6 that

VM%h/mmWWWMS/IWMW%w,
RN

|x|>R/2

0'(r/R).

(33)

(34)

(3.5
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as R — oo. This implies that V4, [to] = 0g(1). In addition, it follows that
[ it 0Rdx < vy, Lo
|x|=R

Collecting the above estimates, we can obtain the following control about the L?-norm of the solution Y(t)
outside a large ball.

Lemma3.2. Letn > 0, R > 1 and Cy be as in (3.4). Then there exists a constant C > 0 independent of R

and Cy such that for any t € [0, To] with Ty := g—g,
1

/ 1t 0 2dx < 1 + 0(1).
|x|=R

Next, we introduce a radial function ¢(x) = ¢(r) which satisfies

g forr<1
r - b
o) const. forr=>10,

and ¢"(r) < 1 for r > 0. For any R > 0, we define the rescaled function ¢y : RY — R by

pr(x) :=R’p (%) . (3.6)

It easily follows that
" (P;e(r)
1-¢@r(M =0, 1—f20, N-Apgr(x) =0,

forall r > 0 and all x € R". It is easy to see that
IV¥pgll~ <R*X, k=0,---,4,

and
{|x| < 10R} fork=1,2,

k
supp(V*@g) C { {R<|x|<10R} fork=3,4.

Applying Lemma 2.11, we can obtain

£ 001 = [ [ {400n 0000 0 - W2 or) (0 } dxdm
0 RN

_ 21’1'%4 /Apr(Ia YO P(E)Pdx .
RN
) 21\1}'%2(114(“) / / LGRS W|’|’)§X_—y\>3_-ﬂ(§go;e(x) = VerO) 4ay
RN RN

where Y (t) = Ym(t, x) is defined in (2.8). Due to supp(4%@g) C {|x| = R}, we infer from Lemma 2.6 that

oo

/ m® / (A20R)Pm(®)2dxdm
RN

0

2 - 2
S 142 @rlIE= 1A 1= WOz sy

SRZNYO 2 psr)- (3.8)

Since ¢y, is a radial function, applying

o; XiX XiX
2 k k N2
a].k= (4_17 ar+;’720r’
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we can obtain

S

[ 3 O@ioR)dpmOdxdm = [ m° [ P& V()P dxdm
g ot

f
/ /(qDR /)IX Vim(0)|*dxdm.

It follows from (2.9) that

[ [ Zepuoraxam - sicarpor + [ [ (2 1) [wpuoPdxan.
RN 0 RN

0

Since ¢} < 1, we deduce from Cauchy-Schwarz inequality that

/oomIR[((pR—l) [Vihm(t)] dxdm+/ /< >|erl/2m(t)|2dxdms0.

0

Thus, we can obtain

4 / - / Db (D% pr)dm(B)dxdm < 4s|| (-8 (D) .. (39)
0 N

Next, we write
ZPP“ Aol * PO YOP dx = - 22— N “)N /(1 * YOO dx
RN
+2p—4

/ (N - AgR)a * PO YO dx.
RN

By the Hardy-Littlewood-Sobolev inequality and the conservation of mass, we can estimate as follows

/(N Apr)Ia* PO PO dx < /(Ia YOO dx

|x|=R
S e OP

< IIIIJ(t)Hpmp ||l/1(t)||psz

(\X|>R)

2s)
<||¢(t)uHs Ol
N+a-p(N-2s)

<C WOl -

Ip@FI -

LN a(| ‘>R)

We consequently obtain

_ZPp— 4 /A<PR(Ia * [POP)P@F dx < _w /(Ia (YOO P dx
RN
0 WO - G10)

Denote the last term in (3.7) by J. We can obtain

g _ZN; 2a ) ) / L * [OP)Y(0) P dx
]RN
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2N -2a
+

- YOO o

a@ [ [ b=y~ =9 - (7pat0 - vr] HEDTEE,

]RN ]RN
Note that
supp(jx - y|* - (x = y) - (Vor(x) - Vor(¥))) € {|x| = Ry U {|y| = R}.

In the region {|x| = R}, it follows that
X =y = (c=y) - (Vor() = Vor()| < x - yI*.

This implies that

a@ [ [ [ix=yP - -9 (0pac0 - vortyy] LERTREDE grgy

|X _ y|N—a+2
|x|=R RN

S [ Gar PP ar
|x|=R
We have a similar control in the region {|y| = R}. By a similar argument as above, we can obtain

+a-p(N-2s)

2N - 2a /(Ia POPIPOPdx+ €, POl - Ga1)

J<—

Combining (3.8) - (3.11), we obtain

& 2900 < 45112 plo) . - 22N =28 / (Lo * OP)YOP dx
FCR YO aory + CCr O o 2y - G12)

Applying Lemma 3.2, for any n > 0and any R > 1, there exists C > 0 independent of R and C; such that

forany t € [0, To] with Ty = CC2 ,

d
dt

N+a- (N 2s)p

A\ [P(D] < GKGP(D) + CR5(7 + 0g (1) + CC; = (1 + 0g(1))

N+a-(N-2s)p

Np-N-a
<46+ CR™5(n? +0R(1))+CC1 S (n = +or(1).

We first choose 1 > 0 small enough so that

2Np-N-a  N+a-(N-2s)p

CC, = n = <26.

We next choose R > 1 large enough so that

%MW [W(O] <5 <0, (313)

for any t ¢ [0, To] with Tg = Note that n > 0 is fixed, so we can choose R > 1 large enough so that Ty is

002
as large as we want. By (3.13), it follows that

Mo [9p(0)] < -

forall t € [tg, To] with some sufficiently large to € [0, To]. The constant ¢ > 0 depends only on §. On the other
hand, we deduce from Lemma 2.5 and the conservation of mass that for any ¢ € [0, +o0),

MO S Clpr) (1RO + 19O 2 [P Ol )
< Clon) (IO + 19013
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< o) (PO + 1)
By interpolating between L? and H®, we get for any t € [to, Tol,

ct = =My (0] = M, [P (O] S Clor) (I PO +1)
This implies that

=AY = CE, (3.14)

for all t € [t;, To] with some sufficiently large t; € [to, To]. Taking t close to Ty = g—R%, we see that
(=A)"24(t)||2 — oo as R — oo. Taking R > 1 sufficiently large, we have a contradiction with (3.4). The
proof is complete.

O

Applying Lemma 3.1, we can prove Theorem 1.1.

Proof of Theorem 1.1. We need only to check that (3.1) follows. In the L?-critical case, i.e., sc = 0, we
infer from (1.10) that ||o||;2 < ||ull;2 and |[Pollz2 > ||u||z2, which is an contradiction. Thus, when s¢ = 0, we
have E(1o) < 0. Applying the conservation of energy and 1 + 25% < p < #*& it follows that

KGp(0) =s||p(0)]. - % / e * [POPIO(t, )P dx
RN

2s-0
2p

2SEQY(1)) + / (e * [YOP)CO(E, )[Pdx < 25Eo),
RN

forall t € [0, T"). Hence, (3.1) follows with § = —2sE(),).
Next, we consider the case E(p) = 0. We deduce from the assumption (1.10) that

EGo)[poll3¢ < E@)ull2e, 515)
1G-4)*"2 o]l 2 lloll> > 11(-A)>ull 2 ullf
where
oo STSc_ 2sp -0
s 0-2s°
Notice that the sharp constant in Gagliardo-Nirenberg inequality (2.2) is
(I * [u[P)()[u(x)|P dx
Copt = S L e : (3.16)
g 1
By (2.3), we can rewrite Cop¢ as
2s 1
Copt = Tp ﬁ . (3.17)
(lullggs [l 72) =
By a direct calculation, we also have
6-2s
EQlullz = =g lull 7). (318)

Multiplying both sides of E(1(t)) by || (¢)]| fé’ and use the sharp Gagliardo-Nirenberg inequality (2.2), we ob-
tain

EQO) WO = 519 (O3 Ip @ - % / (e [POPIOI(E, )P dx]|u(®) 2
RN

Np-N-a

Co o
2;"(Hlﬁ(t)l\ysl\l/)(f)llu) :

> 2 Ol s 19017 -
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= FUIP @Ol g I (DI 72),

where f(x) := %xz - %’;‘xg. It easily follows that f is increasing on (0, xo) and decreasing on (xq, o), where

s
zsp 0-2s p
Xo = = ||U||gs || U
o= ()" - el

where the last equality follows from (3.17). It follows from (3.17) and (3.18) that

FQlull o 1ul|82) = EQ)|ul|7¢

Thus the conservation of mass and energy together with the first condition in (1.10) imply

FUBO| 4[RO 72) < EQEN @)1 = E(o)|[Woll2
<E@)|ull = f(llull g lullf),

for all t € [0, T"). Using the second condition (1.10), the continuity argument shows that

PO s [P ONT> > [l s l[ull 72 (3.19)

forany t € [0, T"). On the other hand, since E(¥o)||ol|7¢ < E(w)||u||?¢, we pick n > 0 small enough so that
E@o)lollz? = (1 - mME@W)|ullz

Thus, by the conservation of energy, (3.18) and (3.19), we have

KB =0EGOBOIE - 252 1901 1013
~0EQo) o2 - L5 (O 19 O]
0-2s

<01 = ME@)|ulzf ~ == (Jull g |ullF2)?

= - nOEW)u|?,

for all t € [0, T"). This implies (3.1) with § = nOE(u)||u|| %2’. Thus, the solution 1(t) of (1.2) blows up in finite
or infinite time. This completes the proof.

4 Existence and instability of normalized standing waves

In this section, we will prove the existence and instability of normalized standing waves of (1.2). Firstly, we
prove Theorem 1.2.
Proof of Theorem 1.2. We first show m(c) > 0. By K(v) = 0 and the inequality (2.2), we have

0
slvli3 = / (L MPIVPx < CIVI IV < IV,

where 6 = Np — N - a, which implies that there exists C; > 0 such that ||v||;, = C; > 0. Thus, it follows from

K(v) = 0 that
6-2s 6-2s 6-2s

* |y|P p
/(1 Vx-S vl = S5 25 Cr (a1

E() = %K(v)

Taking the infimum over v € V(c), we have m(c) > 0.
Next, let {vn} C V(c) be a minimizing sequence of (1.15), i.e., K(vx) = 0, HVnH%z = cand E(vy) — m(c) as
n — oo, Thus, it follows from (4.1) that

20m(c
[Vl = 5o ECn) — 20,
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which implies that {v,} is bounded in H®.
Now, applying the profile decomposition in H®, there exists a subsequence, still denoted by {v,}, a family
{x }i21 of sequences in RY and a sequence {U/}$° 721 in H* such that for every [ > 1 and every x € RY, we have

l
va() = > U (x - xh) + 1, (4.2)

j=1

and (2.5)-(2.7) hold. Moreover, we deduce from (2.5)-(2.6) that

0
0 = K(vn) =s||Vnll7s - b7 /(Ia * v lP)|vn|Pdx
N

l
=5 UG +slvallg - 5, / (L * [va[P)|vn[P dx + on(1)

j=1
-ZK(U%fZ [ PP dx sVl
Jj= 1]RN
- E /(Ia * |Vn|p)|Vn|de + On(l), (4.3)
N

where 0,(1) — 0 as n — oo. Since K(vp) = 0,

/(Ia * [vn[P)|valP dx = 94_523E(vn) — l&;p_irr;(sc), asn — oo

RN

and s\|v£,||§s > 0 for all n = 1, we infer that

0 4spm(c)
AP J 1Py 7P
E KW + 5 § /(Ia P LA <o, (4
or equivalently,
1
i5>  2sm(c)f
SZIIU’HHS—?_ZS <0. (4.5)

On the other hand, we see from (2.7) that

Z‘Zp_i";(;) i, / (La * [valP)|va[Pdx = Z / * TPV dx. (4.6)

Combining (4.4)-(4.6), we obtain

= i < i 2 _ 2m(c)8
d_KW)<0, Y IVF < s (4.7)

j=1 j=1
We claim that K(U7) = 0 forall j > 1. Indeed, suppose that there exists jo = 1 such that K(U’°) < 0. Notice that

KAU®) = s||U° |12, - %AZP /(I,x * | U P)| U [P dx > 0, (4.8)
RN

for sufficiently small A > 0. There exists Ay € (0, 1) such that K(AoU°) = 0. Let V = Ao U’°, then we have

K(V) =0, /|V(x)\2dx <c. (4.9)
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let Vy = y% V(ux),
2s+a

K(Vy) = poi

*25-Ng(v) = 0. (4.10)

Since p > M4 apd
/\Vy(x)|2dx = y%) / |V(x)|?dx = c. (4.11)
RN RN

there exists po € (0, 1) such that ||V, |7, = c¢. We consequently estimate as follows:

0-2
m(c) < E(Vy,) = Tps /(Ia * Vo [P Vo [ dx
RN

LR ETR [ua wepopax

4sp 0
EQN
6-2s * | 770 1P| T7i0 |P
i /(Ia \U|P) | U P dx
H{N
0-2s 4spm(c) _
< asp 6-2s MO 412)

which is a contraction. Finally, we claim that there exists only one term U’ + 0. Indeed, if there exist two
terms Ut # 0 and U2 # 0, it follows from (4.7) that K(U’") = 0, K(U?) = 0 and

/(Ia | U P) | U Pdx < “gp_i";(sc) and /(I,x * | U2 |P)| U Pdx < “Zp_i";(;). (4.13)
RN RN
Next, we set
j 2s+a 3 . 2s+a .
U = o2 Ut (ux), U = pr2 U (ux). (4.14)

It follows from that K(U{}) = K(U") = 0, and K(U{}) = K(U?) = 0forall u > 0. By [y |U""|?dx < c and
Jw 1U2[2dx < ¢, we obtain that there exist u1, p, € (0, 1) such that

/\U{}l|2dx - /|U{}2|2dx _c. (4.15)
RN RN

Thus, we can estimate as follows:

.1 9
m(c) < E(UY,) =

— ZS . .
w1V I Patx
RN

_ 6-2s
4sp

2s+a . .
plzpfz /(Ia * |U11 |P)‘U]1 ‘de
RN

. 0 - 2s 4spm(c)

isp 6-25 MO

which is a contradiction. Therefore, there exists only one term U’ # 0 in the decomposition (4.2) and K(U’°) =
0, which together with (2.5) implies that the infimum of the variational problem (1.15) is attained at U’°. This
completes the proof.

Proof of Theorem 1.3. With Theorem 1.2 in hand, ones can prove Theorem 1.3 by a similar argument as
Theorem 1.3 in [18]. So we omit it.

Proof of Theorem 1.4. Let uc € M, a direct computation shows

1 A?
Fud) = 50 el = 5, [ e el X0l d,
p
RN
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and
9/10—1

aAE(u/cl) = 5/\2571”uc|‘qu - T

/(Ia *JucP)x) | uc(x)Pdx = %ué)
H@N

It is easy to see that the equation 0, E (u}) = 0 has a unique non-zero solution

2sp||ucl|Z, o
efRN(Ill * JucP) o) uc(x)|Pdx

The last inequality comes from the fact that K(u:) = 0, which follows from Pohozaev’s identities (2.3). We

thus obtain
R EWd) >0 if A e(0,1),
0 EWY) <0 if A e (1,00).

This implies that for any A > 1
E(ug) < E(uc). (4.16)

Let Ap > 1 such that limy— . An = 1. We take the initial data
A N
Po,n(x) = uc"(x) = A7 uc(Anx).
By Brezis-Lieb’s lemma, we have 1 , — uc in H® as n — oo. We deduce from (4.16) that

E(o,n) < E(uc),

and
1Yo nllp2 = A2 Puc) 2 > (-4 uc|| 2.

a+2s

1
On the other hand, let uc(x) = w*™® u(wZ x) in (1.12), then u satisfies equation (1.11). In particular, by some
basic calculations, we have

EQue)*[Juc)| 2575 = E(u)™ |ul| 2577, (4.17)

and
)2 ucll3s lluell2™ = [1=A)2ull3s lull7 (4.18)

Thus, by (4.17), (4.18) and ||, n |12 = ||uc||z2, We have
E@o,n)*[[o,nl| 2575 < E(ue)™ [|ucl 2575 = EQ) |u) |25,

and
(A)s/z Sc S=Sc (A)s/z Se¢ S-S¢ _ (A)s/z Se¢ S—Sc¢
=) “Wo,nll 5 1Wo,nllz2"c > 1A “ucl 5 lucllzo™ = (A “ulls llullz.™,

where s¢ = % - g‘;z; Applying Theorem 1.1, the solution i, of (1.2) and initial data ¥, , blows up in finite or

infinite time. This completes the proof.
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