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Abstract

We study the solvability and the existence of multiple solutions of nonlinear sys-
tems of elliptic equations.
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1 Introduction

Many authors are interested in the study of the solvability and in the existence of
multiple solutions of nonlinear boundary value problems like the following one

-Apu = f(z,u) in Q
u=0 on 00
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where A, denotes the p-Laplacian operator div(|Vu[P~2Vu) by using, for example,
the perturbation of Ljusternik-Schnirelmann theory [4] or the Mountain Pass The-
orem [2] or the fibering method [8], [11]-[15] introduced by S. Pohozaev a few years
ago.

This paper is focused on the study of the system

—Apuy — Alur P2y = fi(z, w1, up)

in Q
—Apup — Ao|uaP~2up = fo(z, ua, uz)
up =up =0 on 0N

where € is a bounded connected open set of R with locally Lipschitz boundary
90, \; (i = 1,2) are real parameters and functions f;(x,u1,u2) are chosen in the
following ways:

f,;(:l?,'u,l,’UQ) = |a1u1 + aguzl”‘z(alul + azuz)ai - biluilr‘_zui R (1.1)

f,;(:l:, U1, 'u,2) = |a1u1 + azu2 |’Y_2 (a1u1 + aguz)ai + (1.2)
cilus " 2ui — bifui ™Y,

filz,ug,u2) = |a1u§ + aguglg‘laiui - b,-]uil""zu,- . (1.3)

The functions as, b;, c; are essentially bounded in ; in all cases any exponent is
greater than 1 and less than p* [p* = Np/(N —p) if N > p, +oo otherwise], so,
that the Rellich-Kondrashov Theorem [1] holds.

Let us add that the assumptions about the sign of coefficients and the relation
between the exponents will be made for every case.
As far as we know, systems like these have not been studied yet. Our analysis starts
with comparison between the parameters \; and the first eigenvalue of the problem

—Apu = MulP~2u in Q
u=0 on Of).

We shall denote by ), the above mentioned eigenvalue and by u. the eigenfunction
corresponding to ), that is positive in 2. Let us remark that

/ |Vu, [Pdz f |VolP dz

B mm

/ |us|Pdz vEW; P ()\{0} / v|P dz

and all eigenfunctions corresponding to A, are of the type cu,, with c real constant
(31, [5], [9]-

The cases (1.1), (1.2) are studied in the same Section 2 due to the methodologi-
cal affinity; in fact, when ); < A, for 2 = 1,2, under suitable assumptions about the
signs of coefficients and relations between exponents, by using prevalently the fiber-
ing approach we obtain that the system admits one solution with both components
different from zero. In particular, choosing the norms in L>(2) of coefficients a;, b;
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in (1.1) sufficiently small we prove the existence of two different solutions with both
components different from zero.

We reach the same conclusion by choosing f; in (1.2), but in this case no restrictive
assumption about the norms of coefficients is necessary.

In Section 3 our aim is to prove that there exists at least one weak solution of

the system with f; in (1.3) with both components different from zero. We reach this
aim by studying a suitable constrained variational problem and using the Lagrange
multipliers.
In Section 4 we study substantially the same system with A\; = A2 = A; by using
another constrained variational problem we obtain that when X is different from .
and begins in a suitable right neighborhood of A, there exists another solution with
both components different from zero.

On this subject we note that in some particular cases our hypotheses assure the
existence of solutions like (u1,0), (0, u2) with u; > 0 due to some results of Drabek—
Pohozaev [8]. It is necessary to point out that our method is quite similar to [8]
even if our situation is more complicated. As for details of the results obtained in
Sections 3 and 4 we refer to the conclusions, which we stated at the end of each of
the Sections.

2 The first and the second case

Let us consider the following problem

—Apuy — Aqlug P=2u; = |a1u1 + aguz| " %(a1uy + agug)ay — by lug |2y, ,

—Apuy — Aofuz|P~2up = a1us + aguz| "2 (a1u; + azuz)az — boluz |2 2u, 1)
in Q, and u; = us =0 on 9.
Let us make the following assumptions:
a1-a2>0 ae.in Q@ or a;-ax<0 ae in Q, (2.2)
A < A for 1=1,2, (2.3)

and set

Voi,ve € WoP(Q)  H(vr,ve) =/(|V01]p+ [Vug|P — Ag|v1 [P — Ag|v2|P)dz,
Q

Vv, v € W&’p(Q) A(‘U1,’v2) = / |a1v1 + agvgl'Yda:,
Q

S = {(v1,92) € Wy () x WoP(Q) : H(vy,v5) <1},
' = {(v1,v2) € WyP(Q) x WoP(Q) : H(wy,v2) =1},
T = {(v1,v2) € WP (Q) x WgP(Q) : A(v1,v2) > 0}.
Pointing out that in the space W, () x W, () the functional A(v;, vz) is weakly

continuous and H (v;,v2) is lower weakly semicontinuous in the same space, we state
in advance the Propositions:
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Proposition 2.1 If (u1,u2) is a nontrivial weak solution to (2.1), under the as-
sumption (2.2) u; #0 asi=1,2.

Proof. By virtue of the definition of weak solution we get:
/ IVullp’ZVul - Vuidz + / |Vug lp—2VU2 - Vvedz — )4 / |u1|"'2u1v1d:c +
Q Q Q
—')\2/ |u2|”’2uzv2drr =
Q
= / |01U1 + az’u,2|7—2(al’u1 + a2U2)(a1v1 + az'v2)d2: +
Q
- / (Balua|™2urvy + bofug] ™ Puzwe)ds  Vor,u € WEP(Q).
Q
Arguing by contradiction if ug = 0 we have:
/ |VU1HP—2VU1 -Vude — A / |uy [p'zulvldx =
Q Q
= / layu1|""2a1uy (a1v1 + agve)dz +
Q
- / bllull"“zulvldx Vv,vp € Wol’p(Q)
Q
from which, as v; =0, v = u; it follows that
/ la1|""2aya2]u1|"dz = 0
Q

and from here, due to (2.2), it follows that u; = 0 a.e. in Q. In the same way it is
possible to check that u; # 0.

Proposition 2.2 Under the assumption (2.3) there exist two positive constants
Cx;, Cxg Such that

H(vi, ) 2 o [vill} p + exgllezl},  Vor,vz € WoP(Q).
Proof. In the meanwhile as A; > 0, it results in:

/ﬂ [IVosl? = AsfosPldz > /ﬂ [IVv,-l” - %lvvdp] do = 2= g

on the other hand, as A; < 0, obviously it has:

[IVoilP = AlwslP]dz > [lillf -
o
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The statement follows from here with
1 if ;<0

. T W
A

if X\;>0.

In order to investigate the solvability of the system (2.1) we distinguish the cases

l1<y#p<p*, b=0 as i=1,2, (24)
1<y<p, <ri<p*, b >0 ae. inQ, (2.5)
l1<rm=ra=r<p<y<p*, b<0 ae. inQ. (2.6)

As for the case (2.4) let us introduce the constrained variational problem
P) Find a maximizer (u10,ug0) € WoP(2) x Wag'P()  of the problem
M = sup {A(v1,v2) : (v1,v2) € §'}
and let us note that it holds:

Theorem 2.1 Under the assumptions (2.2), (2.3) the problem (P) admits at least
one solution (uj0,uz0). In particular, if a; - a2 > 0 a.e. in Q, u;0 >0, 7i=1,2.

Proof. Let {(u1n,u2r)} 2 maximizing sequence of (P), so,
A(ulnyuZn) - M, H(uln,UZn) = 1;

moreover, because Proposition 2.2 holds, there exists (u39, u20) € Wo1 P(Q) ><Wo1 P(Q)
such that, within a subsequence, we get

Uin — Ui0 Weakly in Wol’p(Q) .

So, we have:
A(uio,u20) =M >0,  H(uio,uz) <1.

Now, in order to prove that H(u10,u20) = 1, at first we note that H (ui9, uz0) > 0;
in fact if on the contrary H(uj9,u20) = 0, by virtue of Proposition 2.2 we have
u10 = ugo = 0 and from here A(ujp,u20) = 0. On the other hand, if H (u1o, ug) < 1,
denoting by to = [H(u10, uzg)]’%, it results in

A(tou1o, touzgo) = tg A(uio, uzo) > M,
but this contradicts the definition of M. Now let us remark that
H{(luzol, |ugol) = H(u10,uz0) =1
and, due to the assumption a; - az > 0 a.e. in Q, that
A(luzol, luol) > A(u10,u20)

so, the statement holds with |u;g|.

As a consequence of Theorem 2.1 we deduce the
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Theorem 2.2 In the case (2.4) under the assumptions (2.2), (2.3) the system (2.1)
admits at least two solutions (u1,u2) and (—u1,—u2) with u; # 0 asi = 1,2. In
particular, if a1 - a2 > 0 a.e. in Q, it results in u; >0, i =1,2.

Proof. Let (u19, ugo) be a solutlon of (P); then there exists a Lagrange multiplier
7 such that for any vy, vy € WoP(R):

/ la1u1o + aguzo|”"%(a1u10 + a2u20)(a1v1 + agve)dz =
Q
=T [[ ]Vulol”'2Vum -Vuidz + / |V’u,2o|p_2V‘u,2o - Vuodz+
Q Q

-A1 /Q [uz0lP2usov1dz — A2 / |uzgo|? _zuzovzdx] .
Q

This equality, rewritten with v; = u1¢ and vy = ugo, produces 7 = M > 0 and it is
easy to verify that (MY/(P=Yy;o, M1/ (P=Tyy) is the solution of the system (2.1)
with both the components different from zero, due to Proposition 2.1.

In order to study the cases (2.5), (2.6) it is not possible to use an argument like
before; so we follow the “fibering approach”. In particular, observing about (2.5)
that the Euler functional related to the system (2.1) is

1 1 1 1
E(u1,u2) = =H(u1,ug) — =A(u1, u2) + — / bijua|"dz + — / ba|uz|"dz,
V4 vy T Jo T2 Jo

we look for its critical points of the following type
(u1,u2) = (tvy,tvy) with t€ R\{0} and v € WyP(Q)

under the constraint H(v;,v2) = 1. Then the reduced functional is

L L r r
E(t,v1,v2) = E(tvy, tvg) = » A( U1, v b o1} 1d:c+ bzlv ["2dx

and the bifurcation equation :
[#P= + [ / biloy ™ da + [t / balva|"dz = A(vn,ve),  (27)
Q Q

that, obviously, for any (v1,v2) € T admits two roots: t*(v1,v2) > 0 and —t*(vy,v2)
corresponding to the minimum of the function E(t,v;,v2) in ¢; moreover t*(v1,v2)
is weakly continuous in ¥ and t*(v;,v2) € C1(X) in view of the implicit function
theory. Then the functional

E"‘('vl,vg) = E(t*(vl,vg), v1,v2) <0 V(‘Ul,vz) eX

is weakly continuous and C!-class in . Let us study the constrained variational
problem

P*) Find a minimizer (uyg,uz0) € Wa'P(2) x WgP(2) of the problem
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= inf {E*(v1,v2) : (v1,12) € S'NZ}.

Let us point out that 1f {(vin, vzn)} is a minimizing sequence of (P*) and (u10, u20)
is its weak limit in WP () x Wy () (within a subsequence), taking into account
the inequality

E*(v1,00) > (t*(v1,2))? (¢ (v1,2))”
= P ¥

A(vy,v2)

and the equation (2.7), it is easy to obtain that {t*(vin,van)} is bounded and
(’ulo,U2o) €X. (28)

From (2.8) we deduce that H (u19,u20) > 0; so, considering

E%E(t*(ﬁum,19u20)'9010,t*(19um, Pug)duzo) = —%(t*(ﬂum, Jug))® <0 VI>0,

(u10,u20) solves the problem (P*). Thus, there exists a Lagrange multiplier 7 such
that

(dE*(u10, u20), (v1,v2)) = 7(dH (w10, u20), (v1,v2)) V1,02 € WyP(R)

i.e., taking into account (2.7)
~(#" (a0, wao))” /n la1u10 + azuz0|""*(a1u10 + a2uz0) (@101 + a2v2)dz +
+(t" (w10, u20))™ /9 brfuso|™ "2urovidz + (* (10, u20))™ ,/9 ba|uzo| ™~ 2uzovadzs
=pT [ /{; |VausolP~2Vasg - Vordz + /Q [Vugo[P~2Vug - Vvadz+
—A1 ./s; [u10P"*ur0v1dz — A _/Q |ugol? ‘2u20v2dx] Yui,v0 € WoP(Q).

From here we deduce that (¢*(u10,u20)u10,t* (%10, u20)u20) is the solution of (2.1).
Then, by using also Proposition 2.1, we can state the following result

Theorem 2.3 In the case (2.5) under the assumptions (2.2), (2.3) the system (2.1)
admits at least two solutions (u1,u2) and (—uy, —ug) with u; #0 ,i=1,2.

In the case (2.6), by following the same approach, the reduced functional is

LI |t|"

E(t,v1,v) = ? A(ny | i /(b1Iv1|r+b2|vz|r)dx

from which we obtain the bifurcation equation

[tP~" — |t Ay, v2) = — /Q(bll'vllr + bafvs|")dz .
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Denoting by py and ¢, the Sobolev constants such that

lolly € Enllvlip, ol S Grllvll, Vo€ WeP(Q)
and observing that Proposition 2.2 holds, for any (vq1,v2) € SU S’ we get:
o _ ¥
A1, ) < [263(5) + )Y max{flar]lo , fa2llec}]
= [l + blval )iz < 285 (652 + 52777 ma{ln o, e}
Introducing the function

(1) = |t~ — [t 285 (5, + €x,) P max{llarfleo , llazlloo})”

we have

@(t) < P77 — |t A(v,v2) Y (v1,v2) €SUS';
then, if

280, (5 + )P max{[|byfloo » |b2]leo} < max o(2)
or if

ma‘x{"bl”oo, ||b2|loo}[maX{”allloo3 ”0«2”&}]7% <

2=z (2.9)

Y—-D 1 p—r 1
V=7 28 (I TP |7 =T (28 (c5) + )Y

it results in

e as (v1,v2) € (SUS’) NI the bifurcation equation has four different roots:
t1(v1,v2) and —t1(v1,v2) corresponds to the local minimum of E(t,v;,vz)
in t, ta(v1,v2) > t1(v1,v2) and —ta(v1,v2) corresponds to the maximum of
E(t, '01,'02) in t;

e as (v1,v2) € (S US\{(0,0)})\X the bifurcation equation has two roots:
t1(v1,v2) and the opposite one.

Moreover we can note about these roots that
0 <ti(vi,v2) St V(v1,02) € SUS'\{(0,0)}, ta(vr,v2) 2t V(v1,v2) € (SUS')NE,
where t' <t are the positive roots of the equation

(1) = 28, (c5; + cx,)"/P max{||balco , [1B2llec} ,

and let us point out that ¢;(v1,v2) [resp. t2(v1,v2)] is weakly continuous in S U
5'\{(0,0)} [resp. (SUS")NZ], t1(v1,v2) € C*(S\{(0,0)}) [resp. t2(v1,22) € C}(SN
)], there exists a C'-extension of t;(v1,v2) [resp. t2(v1,v2)] in a neighborhood of
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every point of S’ [resp. S’ NX].
Thus, setting
Ei('U]_, ’02) = E(ti(vlv 1)2), 1, 'U2) )
with Ej(v1,v2) [resp. Ea(v1,v2)] weakly continuous and C!-class in S U $'\{0,0)}
[resp. (SUS’)NZ], let us consider the constrained variational problems

(Py) Find a minimizer (uly,udy) € WoP() x WP (Q)of the problem
my; = inf{El(vl,vg) H ('U],’Uz) € Sl} s
(P2) Find a minimizer (u3y,u3,) € WaP(Q) x W (Q)of the problem

my = inf{E3(v1,v2) : (v1,v2) € S'NE}.

It is easy to prove the following statements:

a1) If {(‘Uln,'v2n)} is a minimizing sequence of (P1) and (u}y, udo) is its weak limit
in Wy'P () x WyP() (within a subsequence), then (uly, ud,) # (0,0).

a2) If {(vin,van 1} is a minimizing sequence of (P2) and (u%;, u2,) is its weak limit
in WyP(2) x Wy'P(§) (within a subsequence), then {t2(v1n,v2n)} is bounded and

(uo, “20) €X.

By ;) and a3) we deduce as in the problem (P*) that (uly,ub,) is the solution
of (P;), ¢ = 1,2. Finally, by using suitably the Lagrange multipliers we check
([10]; Th.3.3) that (t:(uly, ubg)ulo, ti(uly, udy)udy) solves (2.1). Obviously the two
solutions are different; so, holding the Proposition 2.1, we state the following

Theorem 2.4 In the case (2.6) under the assumptions (2.2), (2.3),(2.9) the sys-
tem (2.1) admits at least four different solutions (ui,us2), (—u1,—uz), (w1, ws),
(—w1, —w2) with all components different from zero.

Let us continue studying the system

—Apul - A1|u1|P”2u1 =
= |a1u1 + axuz|""2(a1u1 + azuz)a; + c1u|*"2ug — by |up | !

in Q
—Ap’UZ _ /\2|ule—2,U2 - (210)
= |a1u1 + aguz|""%(a1u1 + azuz)az + cofua]*~2ug — bolug|m2?
uy=u=0 on 0N
under assumptions (2.2), (2.3) and, moreover,
¢; >0 ae inQ, l1<p<r<s<p*', p<~y<s. (2.11)

Obviously, Proposition 2.1 holds also for the system (2.10). Noting that the Euler
functional related to (2.10) is

1 1 1
E(‘ul,U2) = ;H(ul,ug) - ; L(Cﬂ’uﬂs + czlu2|")dm — ;A(ul,uz) +

1 1
+—/ b1|u1|r1—l’U1dz+—/ b2|'u,2|"2"luzd:v
T1 Jo ™2 Ja
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and following the fibering method with the constraint H(v;,v) = 1 like before, we
obtain the reduced functional:
R A L s s ]
E(t,vl,vg) = ? A (C |v1| + 02|1.12[ )d:l} — —A(vl,vg) +

t 1‘1—1t t|72 —-lt
+||_/ bllvllrl_lvld:c-i- ' I / b2|v2|""1v2d:v.
T1 Q T2 Q

By using a geometrical analysis of bifurcation equation:

17 [ (alonl + colualYde + 277 AGwn ) = 7~ [ oo+
—tfgprert / blua] ™ updz = 1
Q

we give that for every (v1,v2) € [Wy P (2)12\{(0,0)} it admits two roots: ¢1(v1,v2) >
0, t2(v1,v2) < 0 and denoting by E;(vi,v2) = E(ti(v1,v2),v1,v2), we obtain

E;(v1,v2) = max E(t,v1,v2), Ea(vi,v2) = max E(t,v1,v2). (2.12)
Moreover, about these roots we add that t;(v;,vs) are weakly continuous and
Cl-class in [WgP(22)]2\{(0,0)}; so these properties are in possession of E;(v1,v2)
too. Now we formulate the constrained variational problems:
Q) Find a minimizer (ulq,uby) € WaP(Q) x WyP(Q) of the problem
= inf{E,-(vl,vg) : (‘01,'02) € S,} 1=1,2.

In order to study the problem (Q;) it is easy to show that there exist two real
positive constants, k; and ks, independent on v;,vs such that

£
E(t '01,’02) > — | l % \/Q(l'l)ll"J + |'l)2|")d$ — ko = ’lfl(t, 'Ul,vz);

so, from (2.12) we have

Ei(v1,v2) 2 xtneagw(t, v1,02)

Ei(vn,09) [kl / (ual* + Ivzls)dz]—rg; (l - 1) k.

p s

Therefore, if {(vin,Von, )} is a minimizing sequence of (Q;) and (uy, ud,) is its weak
limit in Wo"P(Q) x Wy'?(Q) (within a subsequence), we obtain (uiy, us) # (0,0);
consequently

ie.

H(ujg,u) >0 , Ei(uio, uho) =i -
Now following the procedure used in the above situations we obtain that (udo, ubp)
solves the problem (Q;) and for i = 1,2, (t;(u}q, ho)ule, ti(ule, usg)uso) are differ-
ent solutions of (2.10). In conclusion we state the following result

Theorem 2.5 Under the assumptions (2.2), (2.3), (2.11) the system (2.10) admits
at least two different solutions with all components different from zero.
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3 The third case

This section is focused on the study of the existence of nontrivial weak solutions of
the system

—Apuy — Mu1P~%uy = |aru? + apud| " laruy — by fug |72y

in @ (3.1)
—Apuz — AoluzP~uy = |a1ud + axud|F lagus — bolus| " 2ug
uy =ug =0 on 9N
under assumption
1<p#y<p*, ~v>2. (3.2)

We note that from some results obtained by Drabek-Pohozaev [8] it is possible to
deduce assumptions that the system (3.1) admits nontrivial solutions like (u;,0),
(0, u2) with u; > 0. So, it is interesting to find solutions (u,us) with both compo-
nents different from zero. Let us set

Vui,ve € Wol'p(Q) A(vy,v0) = / |alvf + agvgl;f‘l(alvf + azvg)da:ﬁ-
o
- fn (Bafor]" + bafva|")de,
VAER and YveWyP(Q) Hi(v)= / (IVv|P = Av|P)dz,
Q

Saure = {(v1,02) € WoP(Q) x WoP(Q) : Ha,(v1) + Hy,(v2) =1},
T = {(v1,v2) € WaP(R) x WoP(Q) : A(v1,v) > 0}.

Obviously, the functional A(v1,vs) is weakly continuous in the space Wp'?(Q) x
Wol”’ () and the functional Hy, (v1) + Hx,(v2) is lower weakly semicontinuous in
the same space.

For obtaining some.results of existence, the following assumption, i.e.,

there exist co > 0 and a measurable set O C Q with |Q*] > 0 such that
(3.3)
a1+cgaz >0 and (a;+cdaz)”?2>b +cjby in QF

plays a fundamental role. By virtue of this condition we can prove

Proposition 3.1 Under the assumptions (3.2), (3.3) there exists v; € C§°(2)\{0}
with v; > 0 such that (v1,v2) € Sx,a, NI.

Proof. Let us denote by K a compact set included in 2 with |K| > 0, by v
the characteristic function of K and set

oge 1-l=l if |z <1
J(z) =

, J@=eNI(Z) (>0
0 if o] > 1 (E)
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where o is a positive constant such that

J(z)dr=1.
RN

Let {e,} be an infinitesimal numerical sequence, with 0 < &, < dist (K, 09), and
vp = Je, *vg. Let us note that v, € C§°(R?) and

vp — vy strongly in L°(Q) Vs € [1,+oo]. (3.4)
By virtue of (3.4)

lim A(vp, covn) = / [a1 + cgag]g'dx - / [b1 + cgbo)dz > 0,
n K K

50, a positive integer v exists such that
A(vn,covn) >0 Yn>v. (3.5)

Again (3.4) and the relation
v & W ()

assure that
sup/ |V, [Pde = +00,
n Jo

so, within a subsequence lim / |Vug|Pdz = +00 .
n

Consequently, there is v/ > v such that

(1+) / VenlPdz > (A1 + Do) / wnfPdz Vn >
Q Q

By choosing n > v/ and setting

1
o= [ +) [ (VonPd = (430 [ fooas] a3
Q Q
we get:
H)‘l('wn) + H)‘2(60wn) =1

and due to (3.5)
A(wp, cown) > 0.

The proved Proposition makes it possible to consider the constrained variational
problem

(Pagag) Find a maximizer (u10,uz0) € Wa'?(Q) x Wo'*(Q2) of the problem
My, 5, = sup{A(v1,v2) : (v1,v2) € Sa;a, NZ}.

Since M), >, is a positive number, by using the Lagrange multipliers it is easy
to verify the following
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Proposition 3.2 Under the assumptions (3.2), (3.3) if (u10,uz20) is a solution of
A_

the problem (P,»,), then (Mflj\“;ulo,M;;\';uzo) is a weak solution of the system

(3.1).

Again, taking into account that of M), is positive, it is obvious that the
subsequent result holds.

Proposition 3.3 Under the assumptions (3.2), (3.3) if

la1]¥"ta; < b; a.e on Q, (3.6)
]a2|%‘1a2 <by; a.e on Q, 3.7

the components of every solution of (Px,»,) are both different from zero.

Remark 3.1 Let us point out that if b; # 0 for i = 1,2 it is easy to find examples
for which the assumptions (3.3), (3.6) and (3.7) hold. If at least one of these
functions is equal to zero a.e. in Q the conditions (3.6) and (3.7) are not compatible
with (3.3).

In order to study the problem (P, x,), we analyze separately the following cases

A1 <A, A <A, (3.8)
A1 > A , /\2 < A , (39)
M <A, A2 A, (3.10)
AL A, A2 (3.11)

At first let us examine the case (3.8).

Theorem 3.1 In the case (3.8) under the assumptions (3.2), (3.3) the problem
(Px,2;) admits at least one solution (u1o,ugo) with uip > 0, i = 1,2. In the above
mentioned hypotheses (3.6), (3.7) it results in u;o #0, i =1,2.

Proof. Let us note that Sh,», is bounded in Wy (Q2) x WyP(€) (Prop. 2.2).
If {(u1n,u2n)} is a maximizing sequence of the problem (Pj,,»,), then there exist
v1,v2 € Wol "P(Q2) such that within a subsequence:

Uin = v; weakly in Wol’p (Q),

A(vy,v2) = My, ,
(3.12)
Hy, (v1) + Hy,(v2) < 1;

moreover
H,\l(vl) + H)‘z(’vz) >0
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since A; < A. and due to (3.12) at least one of the functions v; and v; is not equal
to zero. Let us add that Hy, (v1)+ Hj,(v2) = 1; in fact on the contrary by assuming

that to = (Hj, (v1) + Ha, (vz))"% > 1 we obtain the contradiction
(tov1,tov2) € Sa;ng,  Altovi,tove) = tJMaa, > M, -
Then, noting that
Hy (Ju]) + Hx(lvel) =1, A(lv1l, [v2]) = Mg,

taking into account Proposition 3.3, the statement of the Theorem holds for Uip =
|vsl.

Let us note that the condition (3.3) holds, in particular, if

there exists a measurable set Q* C Q@ with |Q%| > 0 such that
(3.13)
a; >0 (i=1,2) and min {a?’? a}/®} > max{by,b;} in QF.

We want to remark now that (3.13) implies that (3.6) and (3.7) are not valid; in
this case owing to A; < A« as i = 1,2 [8] assure the solvability of the constrained
variational problems

M, = ma.x{/ (las)¥a; — b)) Jv|"dz : Hy,(v) = l} >0 i=12. (3.14)
Q

Therefore, it could be My, = M), or My,», = M), i.e. it could happen that
the solution of the problem (Pj,,), which Theorem 3.1 refers to, gives one of the
components equal to zero. A sufficient condition that excludes this possibility is
stated by

Theorem 3.2 In the case (3.8) under the assumptions (3.2), (3.13) the compo-
nents of every solution of the problem (Py,»,) are both different from zero when
Yy>p>2.

Proof. Let (u10, u20) be a solution of (Ph,»,). Asit is possible to assume u;9 > 0,
let us verify that ugg # 0. Arguing by contradiction, let uzg be equal to zero, i.e.

My, », = A(210,0) with (u10,0) € Sa;a, - (3.15)

The relation (3.15) implies that
/ (|a1|%‘1a1 - bl) u;’od(t = max {/ (Iall’}_lal - bl) le’de : H)q (U) = 1} P
Q Q

1
so, 4 = MY\ is a non-negative weak solution of the problem

—Apii — M a2 = (|al|;¥“1a1 - bl) la""%a in Q
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=0 on 0.

From the above mentioned it follows (8] that @ > 0 a.e. in , so,
up >0 a.e in 0. (3.16)
(3.16) and the assumption (3.13) imply that there exists a compact set K such that
KCcQ'n{zeQ: up(z) >0}, |K|>0.

By using the characteristic function of K and arguing like in the proof of Proposition
3.1, it is possible to find a non-negative function v € C§°(Q2) such that Hj,(u) =1
and

/n la1)2aguy 2ulde > 0. (3.17)
By introducing the function
F(s) = A(s"Puzq, (1 - 5)V/Pu)  Vse[0,1],

let us note that due to (3.15) it follows that

F(1) = My,x; 5
moreover,
lim F'(s) = —00 (3.18)
s—1-

by (3.17) and the assumption p > 2. The existence of sp €]0, 1] follows from relation
(3.18), so that F(sq) > F(1). Then

(s(l)/pu107 (1 - SO)I/pu) € S/\1A2 ) A(Scl)/pulo, (1 - sO)l/pu) = F(SO) > MA1A2

and this is impossible. Arguing in the same way it is possible to obtain that uq¢ # 0.

As for the case (3.9) we shall obtain the existence at least of one solution of the
problem (Py,,), by using some preliminary results, the proof of which requires the
following assumption

/ (|a1|%’1a1 - b1) u;'d:c <0, (319)
Q
that is compatible with the hypothesis (3.3).

Proposition 3.4 For A\ < A, under the assumptions (3.2), (3.3), (3.19) there
erists 8, > 0 such that for every A € [Ax, A + 61 Sa;a. NE is bounded in the space
WoP(Q) x WyP(9).

Proof. Let us argue by contradiction and denote by {41} an infinitesimal se-
quence of positive numbers. For every positive integer k there exist A1z € [As, A +
&1%[ and a sequence {(uf,,uf,)} C Sxyr, N Z such that

lim f (V. |P + |Vaik, [P)de = +oo. (3.20)
n Jao
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The relation (3.20) makes it possible to obtain a strictly increasing sequence of
positive integers {n}, so that

lilzn/s;(IVu’fmc PP+ |Vus,, [P)dz = +oo.

Noting that
A(uf,, , u5,,) >0, (3.21)
Hy,, (W) + Hay(u5,,) =1, (3.22)
and setting

k

k k He Uin
3
o= ([ (Vb Vi P)i) =

we get
/ (IVoiel? + [VogelP)dz = 1, (3.23)
Q
and due to (3.22)
A / loielPdz + Az / vgi[Pdz = 1 — %. (3.24)
Q Q k

The equality (3.23) implies that there exist vy, v2 € WJ’” () such that within a
subsequence
Vik = V; weakly in Wol”’ (),

then from the relations (3.23), (3.24), by passing to the limit as k — +o00 we obtain

[ VP +1VeP)az <1,
Q
(3.25)
/\./ Ivll"dx+z\2/ |ve|Pdz = 1.
Q Q

Since A2 < A., we must have v, = 0. In fact, on the contrary with (3.25) it follows

j (IVorlP + [VoalP)dz < A / (jr]? + [v]P)dz:,
Q Q

and this inequality contradicts the variational characterization of A.. Then the
same characterization implies that

)\*/ Ivll”da;=/le1|pda: with v; #0,
Q Q

from which we deduce the existence of a real constant ¢; # 0 such that v; = cyu..
Thus we have

lim A(vik, vax) = Av1,0) = Jea" / (laal# 201 — br) uZdz < 0
Q
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due to (3.19), and from this it follows that
li’xcn AWh, k) = lillcrntZA(vlk,vgk) = —00,
but this contradicts (3.21).
The previous statement assures only that for every A; € [A., A, + 6] the set
{(w10, u20) € WoP(R) x W5'P() : Aur0,uz0) = My, }
is not empty and, therefore, Proposition 3.4 is completed by the

Proposition 3.5 Fordy < A, under the assumptions (3.2), (3.8), (3.19) there ez-
ists a positive number 6; < 87 such that for every A1 € [As, A + 61

A(u10,u20) = Mx,a, = Hx, (u10) + Hx,y(u0) > 0.

Proof. Arguing by contradiction, letting {;x} be an infinitesimal sequence of
positive numbers with d;x < 6] there exists A1x € [A«, A« + 01x[ such that

/ (Ve |P + [V [P)dz < A / fubolPdz + Mg / ik, Pdz
Q Q Q

at least for one pair (uky, uk)) € WyP(Q) x WaP(R) such that
A(u,fO’uIZCO) = M, - (3.26)

Let us note that due to (3.26)

[ (vl + [Vukapiz > o,
Q

by setting
1/p uk
te = [/ (IVufol? + IVulzcolp)dz] ) vy = =2,
o 173
we have
A(vik, v2k) > 0,
/ (IVorkl? + [Vosi[P)dz =1, (3.27)
Q

)\lk/ Ivlklpdz'l'/\z/ |vak|Pdz > 1;
Q Q

moreover, such vy, v, € Wol’p (9) exist that within a subsequence

vik > v;  weaklyin W)P(Q).
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So, passing to the limit as k — +o00, we obtain from the relations (3.27)

Afvy,u) > 0, (3.28)
/(IV'vllp + |V )dz < 1, (3.29)
Q
A / l1Pdz + g / lvg[Pdz > 1. (3.30)
Q Q

The inequalities (3.29), (3.30) imply that v2 = 0 and then

/\./ Ivllpdm=/ |Vv1|Pdz for vy #0;
Q o

thus, a real constant ¢; # 0 exists such that v; = cju.. Consequently, (3.28) can
be rewritten

al” [ (1301 = 1) a2z > 0
Q
and this inequality contradicts (3.19).

Proposition 3.5 produces

Theorem 3.3 In the case (3.9), under the assumptions (3.2), (3.3), (3.19) for
every A2 < A, there ezists 61 > 0 such that for each A1 € [A, Ax + 81 the problem
(Px,x,) admits at least one solution (uyg,uz) with ui > 0 as i = 1,2. With the
above mentioned hypotheses, (3.6), (3.7) we obtain u #0,i=1,2.

As it has already been pointed out in the Remark 3.1, if conditions (3.3), (3.6)
and (3.7) simultaneously hold as in the Theorem 3.3, it is not possible that at least
one of the functions b; is equal to zero a.e. in Q. Unlike the above case (3.8) when
at least one of parameters J\; is greater than A, we can formulate another sufficient
condition in order to obtain that both components of each solution of (Pj,,) are
different from zero, even if it results in b; = 0 a.e. in .

Theorem 3.4 In the case (3.9) under the assumptions (3.2), (3.3), (3.6), (3.19)
for every A2 < A, there exists 6, > O such that for each A1 €]A., A + 81[ every
solution of the problem (Pa,,) has components both different from zero when p < 2.

Proof. Let (u19,u20) be a solution of the problem (P,»,). The assumption

(3.6) excludes ugp = 0. Now we have to check that also ujp # 0. Arguing by
contradiction, let uj9 = 0; so

/{; (laglg"—lag — bg) Juge|"dz = My, », - (3.31)

Owing to the relation

AL> A= H,\l(u*) < H)\_(u*) =0,
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by setting
we get

Let us consider the function
G(s) = A((s — 1)YPi, s1/Puy) Vs>1;
by (3.31) it results in
G(l) = M)qu )

and, moreover,
G'(1) = %MM >0.

So, there exists s > 1 such that G(sp) > G(1) and then
Hy, ((s0 — 1)/?) + Hy, (sy/Puz0) = 1, A((so — 1)/74, syPuzo) > My,

but this is impossible.

Remark 3.2 We think it is correct to point out that it is possible to find examples
of functions a;, b; that verify conditions (3.3) and (3.6) [resp. (3.7)], but do not
satisfy (3.7) [resp. (3.6)].

If (3.13) holds, the inequality (3.19) and the fact that A; belongs to a suitable
right neighborhood of A. assure [8] that for 7 = 1 the problem (3.14) is solvable; on
the other hand the problem (3.14) is solvable also as i = 2 because Ay < A.. Then
some considerations like the ones related to the Theorem 3.2 lead us to obtaining
a condition in order to get that both components of the solution are different from
zero; its proof is absolutely analogous to the proof of the Theorem 3.2 and therefore
we can state:

Theorem 3.5 In the case (3.9) under the assumptions (3.2), (3.13), (3.19) for
every A2 < A. there erists 8, > 0 such that for each A1 € [A«, A+ 01| every solution
of the problem (Py,,) has components both different from zero when v > p > 2.

In the case (3.10) replacing the assumption (3.19) by
/ (Iazli"laz - bz) uldz <0 (3.32)
Q

and the condition (3.6) of the Theorem 3.4 by (3.7) we obtain some statements that
are absolutely similar to the results about the case (3.9).



108 A.M. Piccirillo, L. Toscano, S. Toscano

On passing to the case (3.11) let us substitute for the hypotheses (3.19) and
(3.32) the following more restrictive one

2 29131 2 .2
1951[1(1),3152],/9 [|a1 cos® ¥ + ag sin® 9|27 " (a3 cos® ? + ag sin® ¥)+
— (by cos” ¥ + by sin” ¥)] uldz < 0. (3.33)

It is important to note that the conditions (3.3) and (3.33) are compatible; also
(3.3), (3.33), (3.6) and (3.7) are compatible. Now we state two Propositions that
can be proved by using arguments similar to the Propositions 3.4 and 3.5 and we
shortly give the proof of the first of them in order to point out the role of the
assumption (3.33).

Proposition 3.6 Under the assumptions (3.2), (3.3), (3.33) there ezist 61,65 >0
such that for every Y\l,/\g) € A, A+ 01X [Ae; Au + 5[, Sx,n, NZ is bounded in the
space Wy'P () x W P(Q).

Proof. Arguing by contradiction makes it possible to find a sequence {(vix, v2k)}
and vy, v € Wy'P(9) such that

A(vik, ‘Uzk) >0, (3.34)
v = v;  weakly in WyP(Q) (3.35)

/ (VouP + [VoolP)dz <1, A / (ol + [wP)dz =1.  (3.36)
Q Q
The relations (3.36) (differently from (3.25) ) imply that

/\,/ |v,~|”dz=/ |Vv;|Pdz
Q Q

so, there exist two real constants ¢;, c; such that both are not equal to zero, and
such that v; = ¢;u.. Thus, choosing 9 € [0, 7/2] such that

cos? = |a|(c} +F)V2,  sind=leo|(d + B)7V2,
and taking into account (3.33), (3.35) we get:
liltcn A(’Ulk, ‘Uzk) =
(2 +2)? [ / la cos® § + ag sin® 9|3 ~1(a; cos® F + ag sin’ B)uldz+
Q
- / (b1 cos” @ + by sin” 5)u;7d:c] <0
Q

but this contradicts (3.34).
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Proposition 3.7 Under the assumptions (3.2), (3.3), (3.33) there exist 6, and é
with 0 < &; < &} such that for every (A1, A2) € [Ax, Au + 61[X[As, As + 02

A(uyo,u20) = Mz, = Hi,(ug0) + Hay(ugo) > 0.
From here follows

Theorem 3.6 In the case (3.11) under the assumptions (3.2), (3.3), (3.33) there
erist 81 > 0 and d2 > 0 such that for every (A1, A2) € [As, Ax + 01[X[As, As + 62
the problem (Py,»,) admits at least one solution (u1o,ug) with u;g > 0. With the
above mentioned hypotheses (3.6), (3.7) it follows that uyo #0 asi=1,2.

Let us add the following

Theorem 3.7 In the case (3.11) under the assumptions (3.2), (3.3), (3.33) there
exist §1 > 0 and 8y > 0 such that for each (A1, A2) €]Ax, A + 81[X]As, A + 82[ every
solution of the problem (P, »,) has both components different from zero whenp < 2.

Since A\; > A, as i = 1,2, we can deduce this statement following the argument
used in the Theorem 3.4 in order to prove that u;g # 0.

The assumption (3.33) implies that (3.19) and (3.32) are true, so, if (3.13)
holds, as A; and Ay belong to a suitable right neighborhood of A., the solution of
the problems (3.14) exists [8] and then analogously to the above cases, by arguing
as in the Theorem 3.2, we state the

Theorem 3.8 In the case (3.11) under the assumptions (3.2), (3.13), (3.33) there
exist 6 > 0 and 82 > 0 such that for each (A1,A2) € [Ae, A + F1[X[Ae, A + 82
every solution of the problem (Py,»,) has both components different from zero when
Y>p>2.

In view of the obtained results and bearing [8] in mind we can draw the following

Conclusion
In the case (3.8) under the assumption (3.2):

o if (3.3) holds there exists at least one nontrivial solution of (3.1), (u1,us2),
with u; > 0; moreover, if (3.6), (3.7) are valid too, then u; # 0 as i=1,2;

e if (3.13) holds and vy > p, the system (3.1) admits at least two solutions of the
type (u1,0), (0,ugz) with u; > 0; moreover, when p > 2 there exists at least
another solution (u1,us) with u; > 0and u; #0asi=1,2.

In the case (3.9) [resp. (3.10)] under the assumption (3.2):

o if (3.3), (3.19) [resp. (3.32)] hold, then for every A2 < A« [resp. A1 < ]
and for every \; [resp. Ag] belonging to a suitable right neighborhood of .
(depending on Ap [resp. A1]) the system (3.1) admits at least one nontrivial
solution (u1,u2) with u; > 0; moreover, if (3.6), (3.7) are valid or (3.6) [resp.

(3.7)] holds, A; [resp. Ag] is different from A, and p < 2 it results in u; # 0 as
1=1,2;
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e if (3.13), (3.19) [resp. (3.32)] hold and 7 > p, then for every Ao < A, [resp.
A1 < A.] and for every A; [resp. Ag] belonging to a suitable right neighbor-
hood of A, (depending on A; [resp. A;]) the system (3.1) admits at least two
solutions of the type (u1,0), (0, u2) with u; > 0, and at least another solution
with both non-negative and different from zero components when p > 2.

In the case (3.11) under the assumption (3.2):

e if (3.3), (3.33) hold for every A\; and ), belonging to a suitable right neigh-
borhood of A. the system (3.1) admits at least one nontrivial solution (u1,uz)
with u; > 0; moreover, if (3.6), (3.7) are valid or p < 2 and \; # A\ (1 =1,2)
it results in u; #0 as ¢ = 1, 2;

e if (3.13), (3.33) hold and ¥ > p, for every A; and A belonging to a suitable
right neighborhood of A, the system (3.1) has solutions like (u1,0), (0,usz)
with u; > 0, and when p > 2 it admits at least another solution with both
non-negative and different from zero components.

4 Further existence result in the third case

Our investigation continues for the case (3.11) when at least one of ); is distinct
from )A,; in fact in this case it is possible to obtain the existence of another solutions
of (3.1). In order to obtain this purpose, setting

S = {(v1,v2) € Wo'P(Q) x WpP(Q) : A(v1,v) = —1}
E = {(v1,v2) € WP (Q) x WoP(Q) : Ha,(v1) + Ha,(v2) < 0},

let us suppose that (3.33) is true and consider the constrained variational problem
(Qayaz) Find a minimizer (w10, w2o) € Wy () x WyP(Q) of the problem
Mz, = Inf{Hx, (v1) + Hay(v2) @ (v1,v2) €S NE}<0.
It is important to note that the problem (Q,, ,,) is well posed by virtue of the
following

Proposition 4.1 Under the assumptions (3.2), (3.33) there exists (v1,v2) in
WP (Q) x Wo'P(Q), with v; # 0 asi = 1,2, such that A(v1,v2) = —1 and Hx, (v1)+
H,, (v2) < 0.

Proof. The relation (3.33) implies that
[ llox + a2l (a1 +2) = (b1 + o) a2tz <0
Q

s0, denoting by

-1/~
o= ‘/ [lal + 02[%—1(0'1 +az) — (bl +b2)] uldz
Q
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we get A(ou.,ous) = —1 and

Hy,(ows) + Ha,(ous) = of [ / (IVual? = \uP)dz + / (Vu|r Azu’:)da:] -
Q Q

o? [()\,. - Al)/ ubdz + (A — /\2)/ ufd:c} <0.
Q Q

By using Lagrange multipliers again, we note that

Proposition 4.2 Under the assumptions (3.2), (3.33) if (w10, wo0) is a solution
1 1

of the problem (Q, »,) then (Jma, ;|77 w10, |Ma; .| 77 w20) is @ weak solution of

the system (3.1).

Then, let us state the following

Proposition 4.3 Under the assumptions (3.2), (3.33) there ezist 6; > 0 and 62 > 0
such that for every (A1,A2) € [Au, A + F1[X]Au, As + 82] or (A1,A2) €], Ak +
81[X[Au, Au + 82|, the set SN E is bounded in the space W,P(2) x Wy P(Q).

Proof. Arguing by contradiction let {d;x} an infinitesimal sequence of positive
numbers. For every positive integer k there exist A1x € [Au, A +81%[, A2k €] A, A+
2x[ and a sequence {(u%,,u%,)} such that

A(u,‘fn’ugn) =-1, (4'1)

H)uk (ufn) + H)«zk (u,ZCn) <0, (4'2)

lim / (IVk, [P + [V, [P)dz = +00. (4.3)
n Jo

The relation (4.3) makes it possible to obtain a strictly increasing sequence of pos-
itive integers {ns}, so that

lim [ (Vuby, P +Vuy, o = +oo.
Q .

Setting
K

1/p u!
o= ([l 4 1V, PY) L =

taking into account (4.1), (4.2) we get:

- 1
[ Jloxede + axedul¥="@rvks + oahe) = (alonel” + bafumel) do = =77, (44
Q k

/9 (IVoil? + [Voa[P)dz < Ak / o1elPdz + Aok /9 looslPdz;  (4.5)
Q
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moreover, there exist vy, v € W&’P () such that within a subsequence
v = v; weakly in WyP(Q).

From (4.4), (4.5), passing to the limit as k — +o0, we obtain
/Q (10293 + @313~ (@102 + a208) = (losl” + bakz)] do =0, (4.6)
f ([Vor? + [VealP)dz < A [ f 1P + / |v2|”da;] . (47)
Q Q Q

Owing to the variational characterization of A, the inequality (4.7) implies that
A / (oifPda = / (VoiPdz  as i=1,2.
Q Q

Let us add that at least one of the two functions v;,v2 is non-zero since

A [/ |‘U1|pd.’1?+/ |'02|pda:] >1
Q Q

that follows from (4.5). Then there exist two real constants c;, ¢z, not both equal
zero, such that v; = ¢;u.; consequently (4.6) can be rewritten as:

/ [|a1 cos® 9 + aj sin® 5|§‘1(a1 cos? ¥ + ay sin® 9) — (by cos” 9 + by sin” '5)] uldr =0
9]

with 3 € [0,7/2] such that cosd = |c1|(c} + )"/, sind = |ep|(c? + c2)~%/2, and
this equality contradicts (3.33).
From Proposition 4.3 we have

Theorem 4.1 Under the assumptions (3.2), (3.33) there exist 61 > 0 and d2 > 0
such that for every (A1,22) € [Au, Ae + 01[X]A, A + 2] or (A1, A2) €], A +
81[X[As, Ax + 82[ the problem (Q,,) admits at least one solution (w10, w20) with
wip 2 0.

Let us note that the conditions (3.19), (3.32) (which are valid if (3.33) holds)
assure that for A; # A. belonging in a suitable right neighborhood of A, the con-
strained variational problems

m,\,.=inf{H,\‘.(v) : / (|a,.|%—1a,._bi) |v|’7d:z:=—1} i=1,2
Q

are solvable [8]V) . So, in this case it is possible to have mx;x, = ma, or my;z, =
my,. Then we have to solve the question of the existence of solutions with both

1) In the Proposition (6.5) of [8] the condition (f.1) is mentioned like assumption, but it is not
necessary in order to obtain this result.
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components different from zero for the problem (Qj, ,). In order to obtain a similar
result let us set ¢ = min{d1,d2} and suppose

a; >0 and b >0 aein Q as i=1,2, (4.8)

a)?<b; aein 0 as i=1,2, (4.9)
by

sup —5—7 < +o0, (4.10)
a1a2
b2

sup —5—3 < +00. (4.11)
azal

Let us note that the conditions (3.33) and (4.8)-(4.11) can hold simultaneously, so
we state the following result

Theorem 4.2 Under the assumptions (3.2), (3.33), (4.8)-(4.11), for each X €
JAss Au + 8] every solution of the problem (Q,,) gives both the components different
from zero.

Proof. By choosing A €]A., A« + [ let (wyg,wq0) be solution of the problem
(Qa)- We have to prove that wio # 0. Arguing by contradiction, let wyo be equal
to zero, so

/[03/2 — ba]|weo|"dz = -1, (4.12)
Q

Hj(w20) = max. (4.13)
Let us consider the following function

F(s,t) = / [(als2 + agt?)"/? — (bys” + bzt")] |weo|'dz Vs, t>0;
Q
by fixing ty €]0, 1[ by virtue of (4.12) we have
F(0,t0) = —t] > -1 (4.14)

and due to (4.9) for i =1:

S Flento) =

= lim s"/ [(al + ag(to/s)?)/? - b1] lwaol|"dz — tg/ ba|waeo|"dz
Q Q

s—+o00
=—00. (4.15)
From (4.14),(4.15) we deduce the existence of s(to) > 0 such that
F(s(to),t0) =-1. (4.16)

Let us note that

Fs(s,t0) = 7/ [(a132 +agt2) ¥ lays — bls'7"1] lweo|'dz Vs>0
Q
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and due to (4.8) the inequality
(a18% + azt3) T la1s — 01571 >0 aein Q@ Vs €0, (1-2)V7

holds if 1 .
02}_ altg"z > b1(1 - t(p))JP_ a.e in Q.

Let us add that by virtue of the assumption (4.10) it is possible to choose tg €]0, 1]
such that

b 72
sup ——— < ( fo ) .
a0 1-tp)'e

Fy(s,t0) >0 Vs €]0,(1- tg)l/p] :

so, taking into account (4.14) and (4.16), it must be that s(to) > (1 — t§)/?. In
conclusion

Consequently,

A(s(to)wao, towzo) = F(s(to),20) = —1
and due to (4.13) it results in

H; (s(to)wao)+Hx (towso) = (s(to))P Ha(wao)+t5Ha(w20) = ((s(20))P+t5)mar < man,

but this is impossible.
By using (4.9) with i = 2 and (4.11) arguing as before we prove that also wso # 0.
Finally we come to the following

Conclusion
In the case (3.11) under the assumptions (3.2), (3.33), for each A;, A2 belonging to
a suitable right neighborhood of A, we have:

e The system (3.1) admits at least one solution like (w,0) if A; # A, and at
least one solution like (0,ws) if A2 # A« with w; > 0 and w; # 0 (these

solutions are different from ones obtained in the previous Section under the
assumption that the condition (3.13) holds);

o If (4.8)-(4.11) are valid too and if A\; = A2 # A, then the system (3.1) admits
another solution (wj,ws) with w; > 0 and w; # 0 (this solution is different
from the one obtained in the previous Section under the hypothesis that the
condition (3.3) holds).

Remark 4.1 We clearly note that the conditions (3.3), (3.33) and (4.8)-(4.11) are
compatible.

We conclude this paper by pointing out an open problem: It would be interesting
to study the question of solvability of the system

—Apu; — M|u P20y = |ared + apud| T arwy — by fua | 2
in Q
—Bpup — AaluzP~%uz = |ayef + azuf|F L agu; — bolug|22uy ]

uy=u=0 on OS2
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with 1 < r; < p* and at least one of these exponents different from ~.
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