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Abstract

In this paper we study the Dirichlet problem for a class of nonlinear elliptic equations in the
form A(u) = H(z,u, Du), where the principal term is a Leray-Lions operator defined on
Wy ?(Q), and H (x, u, Du) grows with respect to Du at most like | Du|?%, p—1 < g < p.
Comparison results are obtained between the rearrangement of a solution w of Dirichlet

problem quoted above and the rearrangement of the solution of a problem whose data are
radially symmetric.
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1 Introduction
Let 2 be a bounded open set of R™. We consider the model problem

—Apu=FDu)+f inQ (1.1)
u=20 on 05, '

where Apu = div(|DulP~2Du) denotes the p-laplacian operator, p > 1, f is a bounded
function and F'(Du) is a nonlinear term which grows like | Du|?, with p — 1 < ¢ < p, that
is:

[F(E) < 0lg]*, V¢ eRY,

where 6 is a positive constant.

Our aim is to prove that a solution to problem (1.1) can be compared, in terms of
rearrangement, with the solution to a suitable “symmetrized” problem.

The first results in this direction can be found in [25], [29], [30], [33]. For example in
[29], when p = 2 and 6 = 0, it has been proved that, if v is the solution of problem

—Av=f#* inQ#
{ u=20 on 907, (1.2)
then:
w'(s) < v(s), Vs e [0, ]2, (1.3)

where % denotes the ball centered at the origin such that |Q| = |Q#| and f#, u*, v*
are the decreasing rearrangements of f, u, v, respectively (see Section 2 for precise defini-
tions).

Several similar results have been proved where a term, which depends on the gradient,
appears in (1.1). For instance, (see [3], [9], [26], [31], [32]) when ¢ = p — 1, inequality
(1.3) can be obtained when v is the regular solution of problem

— = )= p—2 #  in QO#
{ A, 0 |Dv|P~*Dv + f# inQ (1.4)

v=20 on N,

When p — 1 < ¢ < p, the results which can be found in the literature mainly concern the
case ¢ = p (see, for example, [3], [15], [16], [19], [24], [26]). In the latter case ¢ = p,
inequality (1.3) is proved, where v is the solution of problem

{ —A,v = 0|DvP + f# in Q¥

v=20 on 9O, (1.5)

The main difference with respect to the previous case consists in the fact that the com-
parison is proved for bounded solutions of (1.1) and under the assumption that a unique
bounded radially symmetric solution of (1.5) exists, a requirement that is satisfied if a
smallness assumption on || f||o is made. For instance in [26] such smallness assumption
reads as:

7l < (250)" A%, (16)
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where \,(Q27) is the first eigenvalue of the following Dirichlet problem

“AyY = APy in QF
{ b=0 on D0# (L.7)

Some properties of the first eigenvalue for problem (1.7) can be found, for example, in [1],
[21], [23].

When p = 2in (1.1), the case 1 < ¢ < 2 has been addressed in [3] and their approach
does not seem to be extended to the case p # 2.

In the present paper we study solutions to (1.1) in the general case p — 1 < g < p,
p > 1. More precisely we consider the Dirichlet problem

{ —div(a(z,u, Du)) = H(z,u, Du) in{) (1.8)

u=0 on 052,

where a(z,s,£) : @ X RxR"” — R", H(x,s,§) : & x R x R® — R are Carathéodory
functions, satisfying for some p €]1, 400, the following conditions

la(z,5,6)| < c(l]P~ +|s|P~" + k(z), ae ze9Q, V(s,§) eRxR",  (1.9)
a(z,s,€)€ > |€|P, ae. z€Q, ¥(s,&) € RxR", (1.10)
|H(z,8,8)| <017+ f(z), ae ze€Q, V(s,§) € RxR", (1.11)

where ¢ > 0,60 > 0, p—1 < g < p, k and f are non negative functions such that
k € L () and f € L>(). We prove that for any bounded solution v € Wy '? () of
problem (1.8), inequality (1.3) holds true, where v is the bounded solution to the following
problem

—A,v =0|Dv|? + f#* in Q¥
{ v=0 on 9N# (1.12)
under the additional assumption on f
y—1\71
1l < (F5=) " 205, (1.13)
!
where v = 17;’) = = <p%1) . In particular, condition (1.13) is used to prove that problem

(1.12) admits a unique bounded radially symmetric solution. Actually, we not only prove
inequality (1.3), but we also prove an estimate for the gradient of the solution, namely:

/77(|DU\”)dJJ < /n(IDvlp)dx, (1.14)

Q O#

where 7) is any nondecreasing concave function on [0, +oo.

We finally mention that the estimates we have found can be used in order to prove the
existence of a bounded solution to the problem (1.8). Indeed, using (1.3), which gives L™
bound on u, and (1.14), we can show that a suitable sequence of solutions to approximate
problems converges to a solution of (1.8) (see, for example, [10], [18]).
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2 Preliminaries and background information

In this section we recall the definition of decreasing rearrangement of a measurable func-
tion.

Let 2 be an open bounded subset of R™ and u : {2 — R be a measurable function. If
one denotes by | E| the Lebesgue measure of a set E C R™, one can define the distribution
function p,, of u as follows:

() = {z € Q: Ju(z)| > t}, t>0.

The function p,, is decreasing and right continuous; moreover, its generalized inverse func-
tion is the decreasing rearrangement u* of u:

u*(s) = sup{t > 0: p,(t) > s}, s € [0,]9]].
The spherically symmetric decreasing rearrangement of u is defined by
u (2) = u* (wnlz]™), e O,

where Q7 is the ball centered at the origin having the same measure as {2 and w,, is the
measure of the unit ball in R™.

For an exhaustive treatment of the properties of rearrangements we refer to [2], [4],
[20], [22], [27]; we just want to point out the Hardy-Littlewood inequality

12

/ F(@)g(a)ldz < / £*()g" (s)ds
Q 0

where f and g are measurable functions in §2.
Finally, let us conclude this section by recalling a technical lemma which will be useful
in the following (see[23]).

Lemma 2.1 Ifp > 2, then

&P > |&1]P + pléa P26 (& — &) + %
for every £1,& € R™.
If1 <p<2, then
-2 _ M
€2l > [&1 [P + pléa[P77E1(€2 — &1) +C(P)(|€1| T le)Er

for every &1,& € R™, where c¢(p) is a positive constant depending only on p.
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3 The radial case

In this section we consider the following Dirichlet problem with radially symmetric data

{ —Apu=0|Dv|?+f inB

v=20 on 0B, (3.1)

where B = Bp is a ball centered at the origin with radius R, 6 is a positive constant,
f(z) = f(Jx|) is a bounded radially decreasing function, with f(z) > 0,and p—1 < ¢ < p,
and, as usual, p > 1.

Theorem 3.1 Let the following condition be satisfied:

y— 1yt
1o < (F5=) " 2B, (3:2)
/
where v = ﬁ = (p%l) and A\ (B) is the first eigenvalue of the following
Dirichlet problem
—Ap = Al in B
{ =0 on OB. (3.3)

Then the problem (3.1) admits at least one bounded radial solution. Such a solution
is unique among the bounded and radial ones; moreover, it is such that:

v(z) = v¥ (). (3.4)

Remark 3.1 Let us observe that, if ¢ = p then v = p, so the result of Theorem 3.1
can be found in [26] and condition (3.2) reduces to that one given in [26]. However,
in the case ¢ = p, a stronger uniqueness result has been proved, that is, it has been
shown that problem (3.1) admits a unique bounded solution (see [26]). In the case
p = 2 general uniqueness results for problem (3.1) can be found, for example, in [5],
[6], [7).

Remark 3.2 Theorem 3.1 is related to the case p—1 < ¢ <p. Inthecase q=p—1
an analogous theorem can be found in [26]. In this paper the existence of a unique
solution of problem (3.1) has been obtained without smallness conditions on f. Let
us observe that, according to above, the term that appears on the right hand side
of inequality (3.2) goes to +0o0 when ¢ tends to p — 1. Indeed, it is known that (see
21))

1
lim (\,(B))" = =
Jim (A, (B))Y =,

. v —1\7"1 B
qllﬂll< 0 ) A(B) = oo

then

Remark 3.3 Let us observe that problems in the form (3.1) can admit unbounded
radial solutions. Indeed, if we consider the problem

{ —Apu = 1|Du|? in B

u=20 on 0B, (3.5)
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it obviously has v = 0 as a bounded radially symmetric solution in WO1 P(B). On
the other hand, it is not difficult to show that in the case 1 < p < n the unbounded

. —_ pP—q —_ pP—g . . o, .
function u(z) = ¢(|z| 77+ — R T-p+1), where c is a suitable positive constant

depending on n,p,q and £ +p—1 < ¢ < p, belongs to Wol’p(B) and solves problem
(3.5). A similar example has been given in [15] when ¢ = p (see also [7], [18]).

/
Proof of Theorem 3.1. According to the assumptions on p and g, we have v = ( 4 ) >

1. Let us set 0 1 "
o) = (=) I@,

and consider the following problem

{ AV =g(V41)7! in B 56)

V=0 on 0B.

It is known (see [8], [13], [14], [26]) that the problem (3.6), under the condition (3.2), has
a unique nonnegative solution such that V(z) = V#(x) = V(|z|). Furthermore, such a
solution is bounded.

Let us consider the solution V'(z) of problem (3.6) and set

B , .
- ()

|z

Clearly v(z) = v(|z|) = v*(z).
Let us prove that v(z) is a bounded solution to (3.1). Indeed, setting |z| = p, we have

that: )
= Itra ((—V(p) \ T
Dol = (15477 ,
0 Vip)+1

A, (PN =AY VY
Apv_( 0 ) (V+1)7_1+(7 1)(V+1 ’

so a straightforward calculation gives that v(z) solves (3.1).
As regards the boundedness of v(z), let us observe that the solution V(z) of (3.6)
satisfies:

and

1 d -1 -
1 dp (V)™ ) = oVip) +1)"
This implies:
p 1
1 1 p—1 1
(- V)™ = (5 [ @)+ 1770 a0) ™ < K
0

and, using the definition of v(x), we immediately have that v(x) is bounded.
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Finally, it is easy to show that if v(x) is a bounded radially decreasing solution of (3.1),
then the function

R
0 _
V(x) = exp Kﬁ) / ((*v(r))')l p+qdr} -1,
||
is a solution of problem (3.6).
Since condition (3.2) is satisfied, the problem (3.6) has a unique bounded radially de-

creasing solution, and consequently also the problem (3.1) has a unique bounded radially
decreasing solution. The theorem is so proved.

4 Comparison results

The present section is devoted to the comparison result between the decreasing rearrange-
ment u* of a solution u € W, ?(Q) of the problem

—div(a(z,u, Du)) = H(z,u,Du) inQ (A1)
u =0 on 0f2, ’
and the decreasing rearrangement v* of the solution v € WO1 P(Q#) of the problem
—Apv = 0|Dv|? + f#  in Q¥ (42)
v=20 on 007, '

Theorem 4.1 Let u € W, P(Q) be a bounded solution of problem (4.1), under the
assumptions (1.9)-(1.11). If f satisfies (3.2) and v € WyP(Q#) is the bounded
radially symmetric solution of problem (4.2), we have:

u*(s) <v*(s), Vs € [0, |]]. (4.3)

Moreover:

/n(\DuV’)dx < /77(|Dv|p)d$ (4.4)

Q O#

for all functions n concave, nondecreasing on [0, 400].

To prove Theorem 4.1 we need the following:

Lemma 4.1 Under the hypotheses of Theorem 4.1, we have, a.e. in (0,|Q|), that

S S

(—u"(s)) (/s 1M < [ [{r@e ([ —

) J (anll/n)p—q
1

X ((—ur(r))) " dT) } dol o

7(1=1/n)(p—q)
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S

(0 (@) (/s ) = [ [{r@en(/ (W/Q)
0

[oa
1

o (—vr(r)))' " dT) } dg] F. (4.6)

7(1-1/n)(p—q)

Proof. Letu € W, () N L>°(£2) be a weak solution of problem (4.1). Using the test
function:

h sign u lu| >t+h
o) =14 (Jul|—1t)signu t<|ul|<t+h
0 lu| <,

where h > 0 and ¢ € [0, sup |u|[, in a standard way (see, for example, [3], [29], [30]), we
obtain:
/ |DulPdx < 6 / |Dul?dx + / f(z (4.7)
u|>t [u|>t |u| >t

Now, let us estimate the term:

/Du|de=70(—jT / (Duldz) . (4.8)

[u|>t t |u|>T
Let us recall that, from Holder inequality we have, for 0 < k < p,
k N
/ | Dul® dz < - — / |Du|pdx)p(fp;(t))1_5. (4.9)
u|>t \u|>t
So, using (4.9) with k& = ¢, from (4.8) we get

+oo
q

/|Du\qu§/ - = |Du|pdx 5 u;(r))l_%}dr. (4.10)

Jul>t t |u\>7’

On the other hand, inequality (4.9), with & = 1, Fleming-Rishel coarea formula (see
[17]) and the isoperimetric inequality give:

-4 [ pupar) T ((—jt / |Du|dx)<—u;<t>>—1+é>p_q

|u|>t |u|>t

V

(p=1)(p—q)

(™ () 7)) ()™ . (411)

Y
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Thus, from (4.10) and (4.11) we obtain

1

><70 _ 4 / \Duf?dz <w)pq dr. (4.12)

t \u|>'r

|u|>t

From (4.7), (4.12) and the Hardy-Littlewood inequality we have

B (2)

7% / |DulPdz < /f*(s)ds
Ju|>t 0
9 ) pP—q
+ ( l/n)p q/ / ‘Du|pdx ((T)§1_1> dr.
\u|>‘r Hru
According to Gronwall’s Lemma, we have
Hu(t)
o P—q
/|Du|1’dx< / 75 ds+/ 1/9n p_q< N“(:)1>
(nwn'™) (u () 7
|u\>t
.U'u("—) T
o P—q
X / f*(s)ds | exp / 1/6n p_q< ““(:)1> dr | dr, (4.13)
/ J (™) \ ()

and, using again the Fleming-Rishel coarea formula, the isoperimetric inequality and in-
equality (4.9), with k = 1, we obtain for a.e. t > 0,

(nw}/n(uu(t))l_l/")p B (t) ) +00 0 () r—q
@y S!f“m+/@wWWQuﬂ )

Hu(T)

X /f*(s)ds exp /T(nw}/en)p_q ((u;gébg:z;)p_q dr | dr.

Integrating by parts, we have, for a.e. t > 0,

nw%/n LN/ T 71
( (1 (1)) ) l/f B it (7))

— e, (1)
X exp ( / nw,l/n ((M;(’i %;7{) i)pqdr> dT] " (4.14)
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Let us observe that arguing, for example, as in [11] and [28] (see also [12]), we have

/( A )p‘q . ! / [Dut|! 7t
1L r T n—ptq T n—-1
J NGt Pl [a"

T>u#(z)>t
u(t) .
R
- D) P
Nu(T)

Consequently, using the properties of rearrangements, from (4.14) we have, a.e. in [0, |

that:

S S

(~u"(s)) (/"' M) T < [ [{r@eo( [

0

p(l—%)(z)—q)

So the condition (4.5) is proved.

J (le}z/n)p_q

(Cw @) ) }da] "

X

8

As regards equality (4.6), let us remember that in Section 3 it has been proved that,
under assumption (3.2), the problem (3.1) admits a unique positive, radially symmetric
solution v € Wy *(Q#) N L°°(Q#) such that v(x) = v#(z). So, obviously, the argu-
ments leading to (4.5) proceed in the same way except that the equalities now replace the
inequalities. Thus, instead of (4.5) we have the differential equality (4.6). So the lemma is

proved.

Proof of Theorem 4.1. Let us set:

U(s) = exp (a7 ((—u(r)) 7 dT) .

7(1-1/n)(p—q)

S

where e > 0 is a constant to be fixed later, sg €]0, |©2]] and s € [0, so].
Let us observe that U (sg) = 0, U(s) is decreasing in [0, s¢], and

exp (/0 ((—u*(T))/>1_p+q dT) . 1)1/(1.

7(1=1/n)(p—q)

S

Moreover:

((—u*(S))/)l_Hq

! —_—
U'(s) = —o—a57m6=)

(U(s) +1), Vs € [0, so].

Then:

|: B U,(S)S(l_l/n)(p_q)} %}H—q

(—u'(s)) = a(U(s)+1)

(4.15)

(4.16)

(4.17)

(4.18)
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Setting:
0
f=—"7m—
(nw,}l/n)P_q

from (4.16), Vo < s, we have

y —ut (7)Y 1-p+q
exp (5/ ((7-(1(1/)71))(>pq) dT) = (U(G) + 1)

o2

Rl
o lw

(U(S) + 1)7

Using the above equality in (4.5) and bearing in mind (4.18), we have, a.e. in [0, s¢], that

1

( /()( ()4‘1)‘* = 1 P [/f )idglp )

( ) ( -1) (p 1) T—pFa p+q
Recalling the definition of (3, if we choose
(1 —
e 0-p+a >0,

(p — 1) (newn/™)"™*

we have:
1 6 1

— =0.
l-p+q ap-—-1

/
Setting, as in Theorem 3.1, v = (p%l) and observing that g = v — 1, from (4.19) it

follows, a.e. in [0, s¢], that

(- U’(s))wfls(lfv%)”(nw,%)V( /f )+ 1) ¥ = do,

$0, a.e. in [0, so], we have:

2

~U'(s) < (795 = W [/f +1)’ 1da] )

Using (4.6) instead of (4.5), obviously the arguments leading to (4.20) proceed in the same
way except that the equalities now replace the inequalities. So, instead of (4.20) we have,
a.e. in [0, sg], that:

_yi(s) = 25 (1“1/?1 [/f )Hda] . (21

(v = 1) (nwn

2R

where:

0(1 ot q) S0 ((_U*(T))/)lfr”rq
e ((p Suatrys ] dT) o

S
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Let us set:

S

W(s) = /f*(a) (U(U) + 1)7_1do, Vs € [0, so],

0

and
y—1

Z(s)_/f*(a)(V(a)+1> do, Vs e [0,s0)-
0

Using arguments similar to those in Theorem 5.1 of [26], we can prove that
Wi(s) < Z(s), Vse€]|0,sp. (4.22)
Indeed, if (4.22) is not satisfied, then there exists § €]0, so] such that

W(s)—Z(s) = H[lélX](W(S) —Z(s)) > 0.
s5€|0,s0
Here we analyze the simplest case when 5 = sg. For the case 5 < sy one can refer to the
proof of the quoted theorem in [26].

Let us put
s1 = inf{s € [0, so] : W (t) > Z(t),Vt € [s, 0] }-

Observing that W/Z and Z/W are bounded in [s1, so], we can use the following test func-
tions:

’

W(s)) — (Z(s))" W(s)) — (Z(s))"
o) = T =) W) = (2()

(W(s)) (Z(s))
Inserting (1 and s in the relations (4.20) and (4.21), respectively, and integrating between
s1 and sg, we have:

/SO [=U"(s)1(s) + V'(s)2(s)]ds < 0. (4.23)

S1

Integrating by parts the first member of (4.23) and bearing in mind that @1 (s1) = ¢2(s1) =
0and U(sg) = V(sg) = 0, we have

/so[(U(S) + Dgi(s) = (V(s) + 1)pa(s)]lds < p1(s0) — @2(s0)- (4.24)
But:

e1(50) = galsn) = (W) = (Z(50)") (Giso=t — =) <O

so, from (4.24) it follows that:

106+ 0446 = (V) + Depolds <0

51
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Then, using the definitions of 1 and ¢, we get:
%0 (U +1)7 U+1)"1(V+1) (V+1)y
% W’y _ / ! _ 1
/Sl f [ ( e A = u S b v

(V)T (V1) (U 41)
il —
+ ( zv Tz Wt

+( - 1)W>}ds < 0. (4.25)

On the other hand, from Lemma 2.1, the first member of (4.25) is greater than or equal to
0; so we have a contradiction.
Thus we have proved inequality (4.22). Then, from (4.20) and (4.21) we have:

—U'(s) < =V'(s), ae. s € [0, so),
thus, integrating from s to s and recalling that U (sg) = V(sg) = 0, we obtain
U(s) < V{(s), Vs € [0, so].

Consequently, recalling the definitions of U (s) and V' (s) we have, Vs € [0, so],

So S0
1 " 1—p+ 1 N 1—pt
/m((*u (M) daS/m((*” (m)) " dr.

Then, since s is an arbitrary point of 0, |€2|], (4.5) and (4.6) imply
(—u*(s)) < (—v*(s)), ae. s €[0,]Q]],

thus, integrating from O to |§2|, we obtain
u*(s) < v*(s), Vs € [0, |]].

The inequality (4.3) is so proved.
Now, let us show the inequality (4.4). Let us recall that:

/77(|Du|p)dx - 70( —% / n(|Du\P)dx)dt. (4.26)

Q 0 Ju|>t

By standard arguments, using the Jensen integral inequality we obtain that:

d p , 1 d ,
_al />t n(|DulP)dz < —uu(t)n(m(— @ |/>t | Du| dm)). (4.27)

From (4.13), integrating by parts, we have:

Ju|>t t

X exp ( / (nw;")p‘q ((,;(lf;;?ln ) i>pqdr> dr.  (4.28)

t

“+o0
o R RN EAG)




44 V. Ferone, B. Messano

From (4.26), (4.27) and (4.28), using the properties of rearrangements, a.e. in [0, |2|] we
have :

Q

(=)

y / f*(a)exp< / 6 (<u*<p>>')”*qdp>d01d&

(mu,l/n)p_q p(lfl/n)(pfq)

Consequently, since (—u*(s))" < (—v*(s))" a.e. in [0, |€2|], from (4.6) we have

12|

[n(pap)de < (o @yt 1mypys = [ (o).

Q 0 Q#

The theorem is so proved.

We finally point out that the result given in Theorem 4.1 provides a priori estimates on
bounded solutions to problem (4.1) which can be used in order to prove the existence of a
solution for the same problem. Indeed, using well known approximation techniques which
can be found, for example, in [10], one can easily prove, as a consequence of Theorem 4.1,
the following result (see also [18]).

Theorem 4.2 Let us suppose that (1.9)-(1.11), (3.2) hold true and that:
[a(z,s,&) —a(z,s,E)](E—¢€) >0, aexeQ VseR, VEE eR”, AL

Then there exists at least one bounded solution to problem (4.1).
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