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Abstract

Global bifurcation in boundary value problems for systems of ordinary differential equa-
tions is studied. Rotation numbers are associated with solutions and are shown to be invari-
ant along bifurcating continua. This invariance is then used to analyze the global structure
of the bifurcating continua, and to demonstrate the existence of infinitely many solutions
to some boundary value problems.
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The purpose of this paper is to study global bifurcation of solutions to boundary value
problems for systems of ordinary differential equations. For the most part the paper con-
cerns two dimensional systems, but the results have extensions to systems of dimension
three or more, as is explained in the final section. Consider

B = Pl w,), te 0,7 )
Bw=0 (2)
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where F = (Fy, Fy) € C(R x R? x [0,T],R?), and F(u,0,t) = 0 for all 4 € R and
t € [0,T]. We will first study the case of Bw := w(T") — w(0), the periodic case. Then we
will further illustrate our method with other boundary conditions. Letting w = (u,v) we
will consider (1) with Bw := (u(0),4(T")) and Bw := (u(0),v(T')). Throughout we will
assume that solutions to initial value problems are unique. In particular, if w(ty) = 0 then
w(t) = 0. If w = w(t) is a nontrivial T-periodic solution then the mapping ¢ +— l;"ggl
defines a mapping from the circle S! into itself. If ¢ denotes this mapping then the Brouwer
degree deg () is defined. It is the same as the rotation number of w(t) (with respect to the

origin). If = tan™'(2) then

u

do  v'u— v

dt w402

and the rotation number of a non-trivial 7"-periodic solution is

rot(w) = o~ dt = — | —=———dt.
™

1 (T w — o 1 (T Bhu—vR
/0 u2+v2 21 Jo uZ 402

We will use the rotation number to distinguish solutions and branches of solutions. We then
show that this idea may also be applied to other boundary value problems, such as the two
already mentioned, by appropriately extending the solutions to a larger interval on which
the extension is periodic and the rotation number is an integer. In the case of second order
scalar Sturm-Liouville boundary value problems on an interval [0, T, bifurcating branches
can be distinguished by the number of nodal points in ]0, T'[ [6]. This can sometimes be
accomplished in systems of special form [2], but not generally. The method used here
can characterize and distinguish different bifurcation branches in cases in which the use
of nodal points seems unavailable. Our method of proving the existence of bifurcation is
based upon the Leray-Schauder degree and the change of the Leray-Schauder index, using
an abstract operator formulation of our boundary value problems. Krasnosel’skii [5] first
showed the existence of bifurcation at an eigenvalue of odd multiplicity and Rabinowitz [6]
later showed global bifurcation from these eigenvalues and proved fundamental results on
the global structure. The reader is referred to the fundamental paper [6] or the expositions
in [7] or [1] for the fundamental ideas. The rotation numbers of solutions have been used
before to analyze global solution structure for boundary value problems, see [3], [4].

In §1 we introduce our method and consider in detail the bifurcation of periodic solu-
tions and show under general conditions the bifurcating continua do not intersect. In §2
we consider some other boundary conditions. In §3 we study the global behavior of the
bifurcating continua, giving conditions for the curves to lie on one side or the other of the
bifurcation point. In §4 we apply our bifurcation results to prove the existence of infinitely
many non-trivial solutions to some systems. In §5 we explain how some our earlier results
on two dimensional systems can be extended to systems of dimension N > 2.

1 Bifurcation of periodic solutions

Let R denote the real numbers, [0,7] = [0,27] and Z the integers. Let |.| denote the
Euclidean norm in R™, so if w = (u,v)? € R? then |w| = v/u2 + v2. If the function F is
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C! then we may write F in the form
Fp,w,t) = A(p, t)w + g(p, w, t)

where A is a 2 x 2 real matrix and g(u, w, t) = o(Jw|) as |w| — 0, uniformly with respect
to 1 in compact sets and ¢ € R. It suffices for our first result to assume that A is independent
of ¢ and, for 4 in a neighborhood of some k € Z, we have A(u) = pJ + B(u) where

0 -1
(1)
is a 2 x 2 symplectic matrix and B(u) = o(|u — k|) as 4 — k. However, we are mainly
interested in continuation along a bifurcation curve of the rotation value of solutions at a

bifurcation point, which will imply the curves do not intersect. Thus for simplicity we will
assume that the function F has the form

Fp,w,t) = pJw + g(p, w, 1)

where g € C(R x R? x R), g(p, w,t + 27) = g(u,w,t) and g(u, w,t) = o(|w|) as
|w| — 0. We shall study bifurcation of solutions to the periodic problem

%1-:—} :/,LJw+g(/j'1w1t)7 te [0727{-]’ (3)
w(2r) — w(0) = 0 (4)

Such strong assumptions on g are not needed. We could assume that g satisfies appropriate
Carathéodory conditions. Sometimes we may find it convenient to use the 27-periodic
extension of a solution. In any case, we will often call solutions to (3), (4) 27-periodic
solutions. We will say that (g, 0) is a bifurcation point for (3), (4) from the line of trivial
solutions if every neighborhood of (u, 0) in R x C(R,R?) contains some (1, w) with w a
non-trivial 2 —periodic solution of (3). If (3) is Hamiltonian then variational methods may
be applied to the bifurcation problem. However, in that case one cannot generally show that
there is a global continuum of solutions emanating from a bifurcation point. Thus outside
a small neighborhood of a bifurcation point one can conclude little. For this reason we
apply Leray-Schauder degree to prove the existence of bifurcating continua, and therefore
cannot allow the linearized system at a bifurcation point to have an even dimensional set of
solutions. The possible bifurcation points on the line of trivial solutions {(u,0) : u € R}
are those with 4 € Z. If . € R then a fundamental solution to the linear system

dw
o pJw (5)

W(t) = ( cos(ut) —sin(yut) )

sin(ut)  cos(ut)

It follows that if 4 = k € Z then the associated eigenspace of 2m-periodic solutions to
(5) is two dimensional. We will impose an added condition to obtain a one dimensional

is
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eigenspace. Let w = (u,v)T, then two possible conditions that would suffice are (i) require
u to be an odd function and v even, or (ii) require u to be even and v to be odd. There is only
a formal difference. In our first theorem, stated below, we will seek solutions w = (u, U)T
of (3) that are 27-periodic with u(—t) = —u(t) and v(—t) = wv(t). The associated
eigenspace fory = k € Z is spanned by (— sin(kt), cos(kt))T.

We now describe the abstract framework to be used. Let X be the real linear space of all
continuous 27-periodic functions w = (u,v)” € Car (R, R?) with u odd and v even. Let Y
be the real linear space of all continuous 27-periodic functions w = (u,v)? € Co, (R, R?)
with u even and v odd. The spaces X and Y are Banach spaces, each with the norm

] i= max w8

forw € Xorw € Y. Let D(L) = X N CYR,R?) and let ¢ € R\Z. We define
L:D(L)C X — Y by
dw

Lw:= o + cJw

for w € D(L). It is not difficult to verify that L is a bijection from D(L) onto Y, and its
inverse L=! : Y — X is compact.

Let Sy denote the set of all nontrivial solutions (y, w) of (3), (4) and let S denote the
closure of Sy. If » € C(S*, S') we denote the rotation number of 1) by rot(v)). We state
our first result.

Theorem 1 Let g = (g1,92)7 be continuous. Assume g1(p, —u,v, —t) = g1(p, u,v,t)
and ga(p, —u, v, —t) = —ga(p, u,v,t). Then
(C1) For each k € Z, (k,0) is a bifurcation point of (3), (4). That is, in every
neighborhood of (k,0) € R x X there is a solution (u,w) € Rx D(L), w # 0, of (3).
(C2) For each k € Z let C, C R x X denote the component of S which meets
(k,0). Fach Cy, is unbounded in R x X and if (4, w) € C, w # 0, then rot(w)) = k.
If7#k thean NCy = J.

Proof. The problem

%} = pJw + g(p, w, t),

w(t+2m) =w(t), we X
is equivalent to

d
T+ ew = (u+ o Jw+ gl w,b), (6)

w(t+27) = w(t), we X.

We wish to write this as an abstract bifurcation problem. Let G(\,w)(t) = g(A —
c,w(t),t) forw € X andt € R. The operator G maps R x X into Y. It is easy to
see that it is continuous and maps bounded sets in R x X into bounded sets in Y. Let J
denote the bounded linear operator mapping X into Y defined by the action of the matrix
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J,s0 (Jw)(t) := J(w(t)) forw € X and t € R. Letting A =  + ¢, we may rewrite (6) in
abstract form as _
Lw = AJw + G(A\,w). (7)

Let K := L. We may rewrite (7) equivalently as

w = AKJw + KG(\,w). (8)

The bounded operator J maps X into Y and K maps Y into X compactly, so K Jisa
compact linear map of X into itself. Similarly, G is a continuous and bounded map from
X into Y, so KG is a continuous map that takes bounded sets in X into relatively compact
ones; i.e., K G is a completely continuous map of X into itself. The Leray-Schauder index
of I — MK J is defined (and is £1) whenever i = A — ¢ ¢ Z. Moreover the index changes
sign when X\ — ¢ crosses an integer , since for k € Z the null space of I — (k + ¢)K J is
one (and, hence, odd) dimensional ([1], [5], [6]). Now K G (A, w) = o(||w]|) as |jw] — 0,
uniformly with respect to A in compact sets. It follows by application of the Rabinowitz
global bifurcation theorem [6] that each (k + ¢, 0), k € Z is a point of bifurcation from the
line of trivial solutions, and there is a continuum 5k C R x X of solutions (A, w) to (8)
meeting (k + ¢, 0) and such that either Cy, is unbounded or else it meets another bifurcation

point (j + ¢,0), j # k. Now if (A, w) € C then (A, w) solves (7) so

d
S+ cdw = 2w+ A - cw,t)
or, since A = p + ¢,
C;—z) = pJw + g(p, w,t)

and (u, w) is a solution of the latter equation. Thus C, = {(i,w) : (u + c,w) € Crisa
continuum of solutions to (3), (4) meeting (k, 0), and Cy, is either unbounded in R x X or
else Ci, meets another bifurcation point (j,0), j # k.

It remains to show the rotation properties of solutions and the non-intersection of Cy,
with C; if j # k. Let {(un, w,)} be a sequence in Cy, with (g, wy) — (k,0) as n — oo
and each w,, # 0. Let y,, = wy,/ ||wy||. Then with A, = u,, + ¢ we have

Yn = MKy, + A’G()\mwn)/ llwn |l

and we see there is a subsequence of {y,} convergent in X to some y*, ||y*|| = 1, and
y* = (k+ ¢)KJy*. Hence
dy”
=kJy*
a ~ "

and it follows that y*(t) = +(—sin(kt), cos(kt)). Take the plus sign (it makes no differ-
ence). Then ¢ — y*(t) defines a map from R/(27Z) = S into itself, ¢ — (— sin(kt), cos(kt)).
If kK > 0 we see that as ¢ runs from 0 to 27, i.e., once around the circle counterclockwise,
(—sin(kt), cos(kt)) runs around the circle counterclockwise clockwise k times, and the
rotation number is k. If k < 0, (— sin(kt), cos(kt)) runs around the circle |k| times in the
clockwise direction, and the rotation number is — |k| = k. Now , for any (u, u) € Cj with



380 J.R. Ward Jr.

u # 0 the mapping ¢ — u(t)/ |u(t)] also defines a mapping of S! into itself. If (x,u) is
sufficiently close to (k,0), then the rotation number of that map must also be k. It may be
helpful to recall that the rotation number is the same as the topological degree of the map
P(w) € C(S?,SY) givenby t — % a self map of the circle S' = [0, 27]/{0.27}. That
is,

deg(v(w)) = rot(y(w)),

a fact we will use repeatedly. Now let
U={weX: :w(t)#0fort e R}.

The set U is open in X. For each w € U associate a mapping ¥ (w) € C(S*,S*) given
by ¥(w)(t) := w(t)/ |w(t)|. The mapping v : U — C(S*, 1) is clearly continuous. Let
deg denote the topological degree of a selfmap of S', and let ® : U — Z be defined by
®(w) := deg(y(w)). The mapping P is a continuous map from U into the integers Z. Thus
the sets Uy, := ®~1(k), k € Z, are disjoint and open in X. Now let P be the continuous
projection from R x X into X given by P(u, w) := w, so that PCj, is connected in X. We
have seen there is a number 6 > 0 such that if (i, u) € C\{(k,0)} and |k — p| + |Jul| < &
then rot (1) (u)) = deg(v(u)) = k. Let B(k,6) = {(p,w) € Rx X : |k — p|+|w| < 6}.
Each (i, w) € Ci\{(k,0)} must be in a component of C;\{(k, 0)} that meets B(k, ¢). Call
this component Cy (1, w), and notice that P Cy, (11, w) C U. It follows that PCy (u, w) C U;
for some j € Z. But Ci(u, w) meets B(k,d), so it must be the case that j = k. Hence
if (p,w) € Ce\{(k,0)} then deg(¢(P(p,w)) = k, as we wished to show. It follows
immediately that C,N C; = @ if j # k. This completes the proof of the theorem. n

2 Bifurcation with other boundary conditions

The method of proof used in Theorem 1 is not restricted to the periodic problem. We
will apply the ideas to two other boundary value problems. Let J be as before and let
g : R x R% x [0, 7] — R? be a continuous function. As before, we assume g(u,0,t) = 0
and |g(p, w,t)| = o(jw|) as jw| — 0, uniformly with respect to 1 and ¢ in compact sets.
Letw = (u,v)T and consider

dw

o = #wt gl w, i), t€[0,7]. (9)

Letting w = (u,v)7, we consider the following boundary value problems for (9):
u(0) =0andv(m) =0 (10)
and
u(0) = 0 and u(r) = 0. (11)

Itis not hard to find the eigenvalues and eigenfunctions for the linear problems dw/dt =
wJw. With boundary conditions (11) the eigenvalue set is Z. In this case each eigenspace is
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one dimensional and is spanned by (— sin kt, cos kt) for k € Z. With boundary conditions
(10) the set of eigenvalues is Z + %, that is, all numbers of the form &k + %, k € Z. Again
each eigenspace is one dimensional, and for y = k + % is spanned by the eigenfunction
(—sin(k + 1)t,cos(k + 5t)). The arguments for bifurcation and the existence of continua
Cr, meeting the bifurcation points ¢ = k for (11) or 4 = k + % for (10) are the same as
in Theorem 1, with Cy, being either unbounded or or meeting a different bifurcation point.
The arguments that the latter cannot happen and C; N C, = O are slightly different from
those of Theorem 1.

We first consider problem (9) (10). It may be handled in a manner similar to that used
for (3), 4).
We let

X, ={w=(u,v)" :we C([0,7],R?), u(0) = 0,v(r) = 0}.

and Y = C([0,n],R?), with the maximum norms on each space. Let D(L) = X; N
CY([0,7],R?). With ¢ € (0, 3) let Lw = dw/dt + cJw for w € X;. We may again write
our problem as ~

Lw = MJw + G(\, w)

where A = p + c. As in Theorem 1, we find continua Cy, of solutions to (9) (10). This time
Cy, meets the bifurcation point (k + %, 0). Each Cy, is either unbounded in R x X or else
meets another point (j + £,0), j # k. We must show the latter possibility is excluded.
Let (i, w) be a solution to (9) (10), w # 0. In order to associate a topological degree or
integer rotation number with w we will construct a 47-periodic extension of w. If (p, w)
is a solution to (9), (10) and w = (u,v) # (0,0) then u(0) = 0. Extend u to [0, 2] so that
the extension uy (t)is even with respect to t = , that is uy (m—t) = uy (w+t) fort € [0, 7).
Then u;(0) = 0 = u;(27) and u; may be extended as an odd function u to [—27, 27,
and finally extend % as a continuous 4w —periodic function on R. Note that u will be an
odd function (with respect to 0). Next extend v to [—, 7] so that the extension v; is even
with respect to ¢ = 0, that is, vi(—t) = v1(¢) for ¢ € [0,7]. Now v1(—7) = 0 = vy(m)
and v; may be extended to [—7, 37| as a continuous function v odd with respect to t = T,
so that o(w — t) = —v(w + t) for t € [0,2n]. Finally extend v as a continuous 47-
periodic function on R. Notice ¥ will be an even function. Let w(t) = (u(t),v(t)). Then
w(t) # 0 for all t. Otherwise, w(ty) = O for some tg € [—2m,2x]. If ty € [0,7] then
w(ty) = w(tp) = 0, which is impossible, since w is a nontrivial solution and solutions to
initial value problems are unique. If ty € (m,27] then to = m + t; for some t; € (0,7].
Since u is even about 7, u(tg) = u(r + t1) = u(m — t1) = u(r — t1) = 0. Now
0 = (ty) = v(m +t1) = —v(r — t1) = —v(w — t1) since v is odd with respect to
t = m Thus u(r — t;) = v(m — t1) = 0 for some 0 < m — t; < 7, again contradicting
uniqueness of solutions to initial value problems. Now suppose o € [—27,0). Then
0 = ﬂ(t()) = —ﬁ(—tu) and 0 = 5(t0) = 5(—t0) and —ty € (0,27‘(’]. We have just
shown that this is impossible. Thus w(t) # O for all ¢ € R. Since w is 4m-periodic
if we identify S with [0,47]/{0,47} then for each (u,w) € Ci, w # 0, we obtain a
map o(u, w) € C(S',SY) defined by t — w(t)/|w(t)|. Now it is important to note
that if w(t) = (—sin(k + 1)t,cos(k + 3t)) for t € [0, 7] then the 47-periodic extension
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W(t) obtained by the above construction is just (— sin(k + 2)t, cos(k + 1t)) for t € R.
A simple calculation shows that if ¢ : [0,47]/{0,47} = S' — S! is given by t
(—sin(k + 5)t,cos(k + 3t)) , ¢ € [0,4x] then deg(vp) = 2k + 1 for k € Z.

Now suppose (pn,wn) € Cg, wy, # 0, and (un,w,) — (k + %,0). Without loss
of generality we may assume that y,, = wy,/ ||w,| converges to some y*, ||y*|| = 1 and
Ly* = (k+ § 4+ ¢)Jy*. Thus y* = +(—sin(k + 1)t,cos(k + 1t)), t € [0,7]. With
each w, we associate the 47-periodic extension w,, constructed above. It is clear that if
Un = Wn/||Wnl| then {7,} converges on R to 7*(t) = =x(sin(k + $)t,cos(k + 1t)),
t € R. The topological degree of the map ¢t — g*(t) from [0,47]/{0,4n} — S'is
2k + 1. Thus it follows that there is a number § > 0 such that if |u,| + |jw,| < ¢ then
rot(o(pn, wy)) = deg ©(iun, wn) = 2k + 1. It now follows, using that Cy, is a continuum,
and with arguments analogous to those of Theorem 1, that if (u,w) € Cx and w # 0, then
rot(o(p, w)) = degp(p, w) = 2k + 1. Thus if k£ # j then C,N C; = @ and each Cy is
unbounded in R x X7.

We now consider the problem (9), (11). We work in the Banach spaces X, and Y
where Y = C([0,7],R?), and w = (u,v)T € X if and only if u,v € C([0,7]) and
u(0) = 0 = u(w). The norm |[w|| for w € X5 or Y is the maximum of |w(t)|,t € [0, x].
Let D(L) = X, N C([0, 7], R?). Letc€)0,1[ and L : D(L) — Y be defined by

Lw := % + cw
forw € D(L). Let G\, w)(t) := g(A — ¢c,w(t),t) for w € Xy and ¢ € R. The operator
G maps R x X, into Y. It is easy to see that it is continuous and maps bounded sets in
R x X3 into bounded sets in Y. Let J denote the bounded linear operator mapping X into
Y defined by the action of the matrix J, so (Jw)(¢t) := J(w(t)) forw € X5 and ¢t € R.
Letting A = p + ¢, we may rewrite our problem (9), (11) as

Lw = Mw + G\ w),

or, letting K = L1,
w=AKJw+ KG(\w). (12)

As in Theorem 1, there are continua of solutions to (12) bifurcating from each point of the
form (), 0) = (k + ¢, 0), and these of course correspond to continua Cy, of solutions to (9),
(11) bifurcating from each point (k,0), £ € Z\{0}. We must show that C; N C; = @ if
J#k

If (@, w) is a nontrivial solution of (9), (11) then w = (u,v) and u(0) = u(w) = 0.
Thus © may be extended as a continuous odd function on [—, 7], and v may be extended
as a continuous even function on [—, 7. Let %, ¥ denote these extensions. We will refer to
w = (%, v) as the odd/even 27 periodic extension of w. Then w(t) = (u(t),v(t)) # (0,0)
for any ¢ € [—m, 7], for both u and v cannot be simultaneously zero at any point in [0, 7],
for then uniqueness of solutions would imply w = 0. Thus the extensions also cannot be
simultaneously zero at any point in [—7, 7]. Now @w(—n) = @(w), and w(t)/ |w(t)| € S*
for all t € [—m,7]. Identifying S' with [—m,7]/{—m, 7} we obtain a mapping t —
w(t)/ |w(t)| of S into itself, which we will denote by ¢(u, w). The rotation of the
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map is defined. Now the argument is similar to that of Theorem 1 for periodic bound-
ary conditions. Let (u,, w,) € Ck with w,, # 0 and (u,,w,) — (k,0) as n — oo.
Let y, = wn(t)/ |wn(t)] and g, (t) = wn(t)/ |w,(t)| then a subsequence of (tin,Yn)
converges to some (k,y*) such that ||y*|| = 1 and y* solves dy/dt = k.Jy with bound-
ary conditions (11). The corresponding subsequence of (un,yn) converges to (k,y*).
We must have y*(t) = +(—sinkt,coskt), t € [0,7], and y*(t) = £(— sinkt, cos kt),
t € [-m,7]. The rotation of the map t — J*(t) as a map S — S* is k. Repeating
arguments from Theorem 1, or almost repeating them (there are small differences), we see
that rot(¢(p, w)) = deg(p(u, w) associated with any w # 0 with (i, w) € Ci, must be k.
Thus Cr, N C; = @ if j # k, and each Cj, is unbounded in R x Xo.

We have proved the following two theorems.

Let Sy denote the set of all nontrivial solutions (u, w) of (9) with boundary conditions
(11) or (10), depending on context, and let S denote the closure of Sp.

Theorem 2 Let g = (g1, 92)" € C(RxR?x [0, 7],R?), g(11,0,t) = 0, and g(p, w,t) =
o(Jw|) as |w| — 0. Then

(C1) For each k € Z, (k + £,0) is a bifurcation point of (9), (10). That is, in
every neighborhood of (k + 3,0) € R x X1 there is a solution (u,w) € R x D(L),
w # 0, of (3).

(C2) For each k € Z let C,, C R x X denote the component of S which meets
(k+ 3,0). Each Cy is unbounded in R x X1 and if (u,w) € Cx, w # 0, then w may
be extended to R as a 4w periodic function in such a way that if t € [0,4x]/{0,4n}
then t — w(t)/ |w(t)| defines a mapping p(u,w) of the circle S into itself, and
rot(o(p, w)) = 2k + 1. It follows that if j # k then C; NCy, = @.

Theorem 3 Let g = (g1,92)" € C(RxR2x [0,7],R?), g(1,0,t) =0, and g(p, w,t) =
o(Jw]) as |w| — 0. Then

(C1) For each k € Z, (k,0) is a bifurcation point of (9), (11). That is, in every
neighborhood of (k,0) € R x Xy there is a solution (u,w) € R x D(L), w # 0, of
(3).

(C2) For each k € Z let C,, C R x Xy denote the component of S which meets
(k,0). Each Cy is unbounded in R x X2 and if (u,w) € Cy, w # 0, then w may
be extended to R as a 2w periodic function in such a way that if t € [0, 27]/{0, 27}
then t +— w(t)/ |w(t)| defines a mapping p(u,w) of the circle S* into itself, and
rot(p(p, w)) = k. It follows that if j # k then C; NC, = @.

We give one simple example. Consider the system, for ¢ € [0, 7]:

d
—d—z:- = pw + cos(3t)v® — p3sin(t)u®

dv
dt
u(0) =0, v(r) = 0.

= —pu + t? cos(t)u® + p? sin(3t)v*

It follows from Theorem 2 that (i, 0) = (2k + 1,0) is a bifurcation point, for each k € Z,
and there is a continuum C, of solutions (i, (u,v)) such that C;, meets the line of trivial
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solutions only at (k + %,0), and Cy is unbounded in R x X . If (p, w) € Cy, w = (u,v) #
(0,0) then deg p(u, w) = 2k + 1.

3 Global behavior of continua

In this section we give conditions which imply stronger conclusions regarding the global
behavior of the continua Cy, bifurcating from (A, 0) found in the preceding sections. We
show that under some conditions on the signs of the nonlinearities the Ci bend to the left
or to the right of A\;. We first consider linear systems of the form

& = (i (13
% = q(t)u.

where p, ¢ € L>°(R) are 2-periodic functions on R. If w(t) = (u(t), v(t)) is a nontrivial
2m-periodic solution of (13) then w(t) and v(t) are absolutely continuous and w(t) =
w(t)/ |w(t)] is a continuous 27-periodic function of norm 1 and may be viewed as a map
o(w)from S! into itself. The angle 6 of w(t) with respect to the origin is tan™' (v(t) /u(t)).

We have
o w' —u'v  q(t)u® + p(t)v? e
dt w2402 u? + o2 -

It follows that ) ) )
1 T q(t)u® + p(t)v
d = rot = = -7 dt.
eg(p) = rot(y) =o— /0 2102
We wish to compare the rotations associated with solutions of two different systems. Let
pj.q; € L=(R) for j = 1,2 be 2r—periodic functions and let w; = (u;,v;) (j = 1,2) be
a non-trivial 27-periodic solution of the system

du;

_dt] = —p;(t)v; (14)
dv;

d_t] = q;(t)u;.

Let p(w;) (j = 1,2) be the associated map of S* into itself for j = 1, 2 respectively.
We have the lemma

Lemmad Let pj,q; € L=(R), j = 1,2, be 2m—periodic functions and w; = (u;,v;)
be a non trivial 2m-periodic solution of (14) for j = 1,2 respectively. Suppose that
for a.a. t € R we have

r1(t) := max(p1(t), q1(t)) < min(pa(t), g2(t)) =: r2(t) (15)

for all t € R. Then rot(p(w;)) < rot(p(ws)). If there is a set E C [0,2n] of
positive Lebesque measure such that strict inequality holds in (15) for t € E, then

rot(p(w1)) < rot(p(wsz)).
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Proof. We have

2 2 2 2r 2 2
+ 4 +
rot(p(w;)) = L at)u p;(t)vl dt < L / n®){uy +op) )2(u1 Qvl) dt
27 J, u? + v? 27 J, u? 4 v?

1 [ ro(t)(u3 + v3 1 [% po(t)ul + qa(t)v?
o | e g [ PO = oot
0 2 tv; 0 2t v;

which proves the first part of the claim. If 71 (t) < ro(t) fort € E, then the second integral
inequality above is also strict, and this implies that rot(¢(w1)) < rot(p(ws)). |

Remark 5 The same conclusion holds if we impose the boundary conditions (10) or
(11). In those cases we consider the appropriate periodic extensions of the nontrivial
solutions w to define p(w). For example, the 27-periodic extension @ we constructed
for boundary conditions (11) has % odd and ¥ even. If we extend p(t) and gq(t) to
be even 2w-periodic functions p(t) and ¢(t), respectively, then @w = (%, V) satisfies

du S
o —p(t)v
v _
I q(t)u.

Using this and similar arguments one may establish the conclusion of the lemma if
the boundary conditions (10) or (11) are imposed on (14).

We consider systems of the form

d
& = vf (v, t) (16)
dt

d_ u+ug(p, u,v,t)

dt—'u g, U, U, 1)

Let f,g € C(R x R? x [0, 7],R). We consider the system (16) with boundary conditions
(11). Recall

Xy = {w = (u,v) : w € C([0,7],R?),u(0) = 0,u(r) = 0}.

Theorem 6 Suppose f and g satisfy the conditions of Theorem 3, and also f,g <0
(> 0) for all (p,u,v,t) € R x R? x [0,7]. Let Cx C R x Xo, k € Z, denote the
continuum bifurcating from the point (k,0). Then Cy, C [k,00) x X2 ((—o0, k] x X3).

Proof. Suppose f(p,u,v,t),g(p,u,v,t) < 0 forall (g, u,v,t) € R x R? x [0,7]. Let

(11,0) = (1, (u,0)) € Cp, with (u,v) # (0,0), and let p(t) = 1+ (1, u(t), v(t), ) and
q(t) = p+ g(u, u(t),v(t),t). Then u, v satisfy

du

pri —p(t)v
dv

— =q(t)u.

dt
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Suppose i < k. Then max(p(t),q(t)) < p < k = min(k, k). Thus if p(w) is the
associated map of S! to itself, by the Lemma we must have rot(p(w)) < d;, where d, is
the rotation associated with solutions to

du
P
dv
LA
ar

satisfying (11). But it is easy to verify that d; = k. Hence rot(p(w)) < k. But we saw
in the proof of Theorem 3 that rot(o(w)) = k. This is a contradiction and implies that
1 > k, and thus Cy, C [k, 00) X Xo.

If f(p,u,v,t), g(p,w,v,t) > 0 forall (u,u,v,t) € R x R x [0, 7] then very similar
arguments show that C, C (—o0, k] x Xo. [ |

Remark 7 If we impose boundary conditions (10) or periodic boundary conditions,
then the same conclusions may be drawn as in Theorem 6.

4 Infinitely many solutions

In this section we prove the existence of infinitely many structurally distinct solutions to
boundary value problems of the form

du

i —f(t,u,v)v (17)
% = g(t,u,v)u
Bw = (0,0) (18)

where w = (u,v) and B is one of the boundary operators Bw = w(2m) —w(0), B(u,v) =
(u(0),u(m)), or B(u,v) = (u(0),v(r)). To obtain the existence of infinitely many solu-
tions we apply our earlier bifurcation results to the family of problems

d

d_ztl = —uv — f(t,u,v)v (19)
v _ u+ g(t,u,v)u

dt_/u’ g I 7U

for 4 € R with boundary conditions (18). As always, we assume that solutions to initial
value problems for (19) are unique and that f and g are continuous functions of their
arguments. In order to be specific, we will assume that B is the boundary operator

B(u,v) = (u(0), u(m))

but our arguments work just as well for the other boundary conditions. Recall that we call
@ the odd/even extension of w provided w = (u,v) € C([0,n],R?), u(0) = 0 = v(0)
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and w = (u,v) where u, v are, respectively, the odd extension of u and the even extension
of v to [—m, w]. There is a related result in [7] using bifurcation and the number of nodal
points to prove the existence of infinitely many solutions in second order Sturm-Liouville
problems.

Theorem 8 Let f,g € C([0,7] x R2R) and suppose f(t,0,0) = 0 = g(¢,0,0) for
t € [0,7]. In addition assume:

(c1) There is an H € C(R* R) such that f(t,u,v), g(t,u,v) > H(u,v) > 0 for all
(t,u,v) € [0,7] x R? and

H(u,v) — 00 as |u| + |v]| — oo.
(c2) There are numbers My > mg > 0 such that
mo |9(t, u,v)| < [f(t u,v)| < Mo |g(t, u,v)|

for all (t,u,v) € [0,7] x R2.

Then (17), (18) has infinitely many topologically distinct solutions. Indeed, for each
k € N there is a solution wy, = (ug, vx) such that the odd/even 2w periodic extension
Wi of wg has rotation number k.

Remark 9 The proof of the preceding theorem will actually show that (19), (18) has, for
each p € R, infinitely many solutions, with ¢ = 0 being simply a special case.

Remark 10 If instead we have f(t,u,v), g(t,u,v) < H(u,v) < 0 for all (t,u,v) €
[0,7] x R? and H(u,v) — —o0 as |u| + |v| — oo then there are again infinitely many
distinct solutions, but now for each & € N there is a solution whose odd/even 27 periodic
extension has rotation number —k.

We will need the following lemma.

Lemma 11 Let f,g € C([0,7] x R?2,R*) and suppose (c2) in the preceding Theorem
holds. Let w = (u,v) be any solution to the differential equation (19) with u > 0.
Then there are constants Cy and Co (depending on w but not on t ) such that

[u(®)] < Cy |u(t)] + Co and (20)
()] < Crlu(t)] + C2
for all t in the domain of w.

Proof. If u/(t) = v'(t) = 0 for all ¢ in the domain of w then (20) is trivial. If «’(¢) = 0 on
an interval Jy then v(¢) = 0 on .Jy and hence u(t) = 0 on Jy and u(t) = v(t) = 0 for all
t € [0, 7] and the conclusion is again trivial. Suppose v'(t) # 0 on an interval J. Then on

J
(1) _ ~[p+ fo()
V() [+ glu(?)
and thus "0 N ) (0
WO _ |ptS]o@] o et
) lu+g u@)'ﬁ”o u<t>|
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for some by > 0. Thus |u(t)u'(t)| < b [v(t)v’(¢)] for all ¢t € J. It follows by quadrature
that there are constants b; and by such that for all t € J, u?(t) < b1v?(t) + ba(u?(to) +
v2(to)) and v2(t) < bru?(t)+b2(u?(to)+v%(to)) (notice that u(t)u’(t) and v(t)v’ (t) must
have opposite sign, but this does not affect the conclusion). There can only be finitely many
points in [0, 7| at which v/(¢) = 0, and the conclusion follows. ]

Proof of the Theorem: By Theorem 3 each (k,0) € Z x {0} is a bifurcation point of
(19), (18), C; N Cx, = @ for j # k, and by Theorem 6, Cj, C (—o00, k] x Xo. We claim
that if £ € Z and k > 1 then C;, N ({0} x X3) # &, that is, there is a (0,w) € C, with
w # 0. Suppose this is not the case for some fixed k£ > 1. Then C;, CJ0, k] x X5, and as
Ci is unbounded in R x X it follows that there is a sequence {(itn,wy)} in Cy such that
0 < pp < kforalln € Nand ||w, | — oo asn — oo. Let w, be the 2m-periodic extension
of wp, = (Un,vn) (u, odd, v, even) and recall that k¥ = rot(y, ) for all n € N. Extend f
and g to f and § so that for —m < ¢ < 0 and (u,v) € R?, f(t,u,v) = f(~t,—u,v) and
g(t,u,v) = g(—t, —u,v). We then have that w,, = (U, 0, ) satisfies

du ~ ~

priai Ul f(t,u,v)v (21)
dv
i uu+ g(t,u,v)u

and @, (27)— @, (0) = 0. Moreover if H(u,v) = min H(%u, +v) for (u,v) € R% we

will have H (u,v) — oo as |u| + |v| — oo. We have

k = rot(w,) = i/w [“"+f(t’a"’5“)]§?‘HN“”JFE(t’ﬂ"’ﬁ")]ﬂ’% da (22
2m J_ . uZ + 02
1™ f(t, T, 0n)02 + G(t, Tin, Un )02 1 [~
> — n 7 ndt > — [ Hun(t),v,(t)) dt.
~om ) . u2 + v2 = o /_,T (tn(t), Un(t))

If we can show that |, (t)| + [0, (t)| — oo on a set of positive measure in [—, 7] then we
will have a contradiction. We will show that |@,,(¢)| + v, (¢)| — oo uniformly on [—, 7].
We know there is a sequence {t,} in [—m, 7] with |&y,(t,)| + [0n(tn)| — oo. Suppose
there is a sequence {s,} in [—, 7| and a constant C' such that |, (s,)| + |[Un(sn)| < C.
Without loss of generality we may assume that s, — sg € [—7, 7], (un(Sn), Un(sn)) —
(ug,v0) € R?, and 1, — po € [0,k]. Let wo(t) = (uo(t),vo(t)) be the solution to the
initial value problem (21) with u = po and wo(sg) = (uo, vo). By the Lemma there are
constants bg, b; such that

|UO(t)| < by |’Uo(t)| + by and |’U0(t)| < by |’U,0(t)| + by (23)

for as long as wy(t) exists. Moreover since both pg + f > 0 and pg + g > 0 it follows
from the differential equations that u{(t)ve(t) < 0 and ug(t)vj(t) > 0 as long as wo(t)
exists. We wish to show that wq(t) continues as a solution to all of [—m, xr]. If not, then
there are basically two possibilities. Either (i) there is an interval I =]a, b[ on which one
of ug(t) or vo(t) never vanishes and tends to one of +oo as t approaches a or b, or (ii)
one of ug(t) or vy(t) vanishes infinitely many times in an interval I =la, b[ and has a
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sequence of local extremal values at points {y;} which tend to one of +oo as the {y;}
approach one of a or b. Suppose first that (i) takes place, and (without loss of generality)
that ug(t) — oo ast — b~. By (23) we must have that 0 < |vo(t)| on an interval
[a1,b] and |vg(t)] — oo as t — b~. However there must be a point t* € [a1, b[ at which
up(t*) > 0. Thus at this point we must have vg(t*) < 0, and hence vo(t) < 0 for
t* <t < b. Butug(t)vy(¢) > 0 and thus vo(t) must be increasing on t* < ¢ < b, and
we have both |vg(t)] — oo ast — b~ and vo(t*) < vp(t) < Oont* <t < b. Thisisa
contradiction, and (i) cannot hold. Now suppose that (ii) holds. Then there are sequences
T1 < Y1 < 2 < Y2 < 23 < ... < b such that, for all j we have, say, ug(z;) = 0
and |ug(y;)| = max |ug(t)| on [z;,x;41], and ug(y;) = 0. Moreover |ug(y;)| — oo as
j — oo. We have that for each j, (o + f(y;,u0(y;),vo(y;)]vo(y;) = 0. Now [po +
f(5,u0(y;) vo(y;)] = H(uo(y;),vo(y;)) — oo since |uo(y;)| + [vo(y;)| — oo. Thus
we must have that vo(y;) = 0 for all sufficiently large j. But then we have |ug(y;)| <
bo [vo(y;)| + by = by for all large j, a contradiction. This proves that wy(t) extends as a
solution of (21) on all of [—7, r]. But now we can reach a final contradiction and show that
[tin,(t)] + |Un(t)] — oo uniformly on [—m, 7]. We had that (u,(sp,),vn(8n)) — (w0, v0),
ln — po, and s, — so. By continuity of solutions to initial value problems there is a
d > 0 such that |s, — so| + |ttn — to| + [(un(Sn),vn(Sn)) — (w0, v0)| < ¢ implies that
|w,, (t) — wo(t)] < 1 on [—m, 7], which is impossible since |w,(t,)]| + [Un(tn)] — oc.
This proves that we must have |u,(t)| + [0, (t)] — oo uniformly on [—m, 7], and hence
=" H (Ui (t), U (t)) dt — 00 as n — oo. This is a contradiction to (22), and hence we
must have C;, N ({0} x X3) # &, that is, there is a (0, w) € Cy, with w # 0. This proves
the theorem. ]

Remark 12 It is not clear if (c2) is needed for the conclusion. However if (c1) fails but
(c2) holds the conclusion may not hold. This is shown by the simple example v’ = —uv,
v/ = w in which f = g = 1 and the only solutions with 4(0) = 0 = w(w) are (u,v) =
a(—sint, cost) for « € R.

Example 13 The system

% = —(u® +v*) (24)
% = (5u% 4+ wv + 3v°)u
u(0) = 0 = u(m) (25)

has, for each k € N, a solution wy, with rot(wg) = k.

5 Extensions to larger systems

There are some straight forward extensions of the preceding results to systems of dimension
greater than two. We will illustrate this with a more or less special case here. Consider
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boundary value problems of the form

d
d—‘f = A(pw + F(p,w,t),0 <t < (26)
Bw =20

where A(p) is, for each 1 € R, areal N x N matrix, and F € C(R x RN x [0, 7], R").
We assume throughout that solutions to initial value problems for the differential equation
in (26) exist and are unique. Let X = C([0, 7], R") have the sup norm. The boundary
conditions are specified by a bounded linear operator B mapping X into RY. We will
assume A has the form

0 —u 0
Apw = p» 0 0
0 0 D(u)

where D(u) is an (N —2) x (N — 2) real matrix. Also assume that F'(u, w,t) = o(Jw|) as
|w| — 0, uniformly with respect to ¢ and  in compact sets. Let w = (w1, wa, ..., wx)T €
X. We assume the boundary operator has the form

Bw = (w1(0), w1 (), Bow)

where By is a bounded linear operator mapping C([0, 7], RY=2) into R¥=2 and & =
(w3, wy, ...,wn)T. We assume that the problem
dw

— = D(u)d., Bo=0

has, for each p € R, only the trivial zero solution. Thus the problem

d
d—zj = A(p)w, Bw=0
has nontrivial solutions only when . = k£ € Z, and then the solutions have the form w =
a—sin kt, cos kt,0,0,0, ...,0) for « € R. Thus the eigenspaces are all one dimensional.
We make the following structural assumption on F' = (F}, F, ..., Fx)T:
(HF)

Foreach 1 <i <n, F;(u, w,t) = 0 whenever w? + w3 = 0.

We associate a rotation number with nontrivial solutions to (26) in the following way.
Suppose (u, w) is a nontrivial solution of (26). If at any point ¢, we have w,(tg) = 0 =
wo(to) then by (HF') we have F;(u, w(tg),to) = 0and att = g

dw;

T 0
dws — 0
& &
rr D(p)w

Now the problem %2 = A(p)w + F(p, w,t), w(to) = (0,0,@(to)) has a unique solution.
By (HF) a solution is w(t) = (0,0,eP")@(ty)). But w must also satisfy the boundary
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conditions Bw = 0, so By(ePMii(ty)) = 0, and by hypothesis we must have @(to) = 0.
Thus w = 0 and w is not a non-trivial solution of (26). It follows that if w is a nontrivial
solution then w?(t) + w2(t) # 0 for all ¢t € [0, 7]. This provides a topological obstruction
so that the rotation of w can be defined. If (u, w) is a non-trivial solution of (26) then

wy(t)w (t) — wa(t)wy (t)
wi(t) +w3(t)

is defined for t € [0, 7]. Let Wy, w2 be extensions of wy, wa, respectively, to [—, 7] so
that w, is odd and - is even. Then @)W, and W, W} are both even functions. It follows
that rot(wy, wy) is defined and we let rot(w) := rot(w,, wz). We have

LT @ — @, 2 [T W — B,
rot(w) i= rot(ur,wa) = 5 [ e lar— [ B
2 J_.  wi + w; 2mr Jo wy + w;
=l/7r whwy — waw} dt:l/ﬂ- 1+ Felw? + [u+ Fi|w? it
TJo witwd T Jo w? + w3

for the rotation we associate with a non-trivial solution w.

We use the earlier notation, so Sy denotes the set of non-trivial solutions (u, w) € Rx X
and S is the closure of Sy.

Theorem 14 Let A(u) and F be as described above. Then
(C1) For each k € Z, (k,0) is a bifurcation point of (26). That is, in every
neighborhood of (k,0) € R x X there is a solution (u,w) € Rx D(L), w # 0, of (3).
(C2) For each k € Z let C,, C R x X denote the component of S which meets
(k,0). Each Cy, is unbounded in R x X and if (u,w) € Cx, w # 0, then the rotation
rot(w) as defined above is equal to k. It follows that if j # k then C; NCy = @.

Proof. The proof of this theorem is now reduced to mimicking the proof of Theorem 3,
and so we omit the proof. |

Remark 15 Notice that the exact form of the boundary operator By has no significance.

Remark 16 There is also an extension of Theorems 6 to R . For the extension of Theorem
6 we make the assumptions of the preceding theorem, and also assume that F7, F> < 0 (or
Fi,Fy >0).

References

[1] Robert F. Brown, A Topological Introduction to Nonlinear Analysis, Birkhauser Boston, Inc.,
Boston, MA, 1993.

[2] Robert Stephen Cantrell, Global preservation of nodal structure in coupled systems of
nonlinear Sturm-Liouville boundary value problems, Proc. Amer. Math. Soc. 107 (1989),
no. 3, 633-644.



392 J.R. Ward Jr.

[3] A.Capietto, M. Henrard, J. Mawhin, and F. Zanolin, A continuation approach to some forced
superlinear Sturm-Liouville boundary value problems, Topol. Methods Nonlinear Anal. 3
(1994), no. 1, 81-100.

[4] Anna Capietto, Jean Mawhin, and Fabio Zanolin, A continuation approach to superlinear
periodic boundary value problems, J. Differential Equations 88 (1990), no. 2, 347-395.

[5] M. A. Krasnosel’skii. Topological Methods in the Theory of Nonlinear Integral Equations: Trans-
lated by A. H. Armstrong; translation edited by J. Burlak, A Pergamon Press Book, the Macmil-
lan Co., New York 1964.

[6] Paul H. Rabinowitz, Some global results for nonlinear eigenvalue problems, J. Functional
Analysis 7 (1971), 487-513.

[71 Paul H. Rabinowitz, Global Aspects of Bifurcation, in Topological Methods in Bifurcation The-
ory, Sém. Math. Sup. 91, Presses Univ. Montréal, Montreal, QC, 1985, 63—-112.



