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Abstract 

Global bifurcation in boundary value problems for systems of ordinary differential equa- 
tions is studied. Rotation numbers are associated with solutions and are shown to be invari- 
ant along bifurcating continua. This invariance is then used to analyze the global structure 
of the bifurcating continua, and to demonstrate the existence of infinitely many solutions 
to some boundary value problems. 
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The purpose of this paper is to study global bifurcation of solutions to boundary value 
problems for systems of ordinary differential equations. For the most part the paper con- 
cerns two dimensional systems, but the results have extensions to systems of dimension 
three or more, as is explained in the final section. Consider 

du, 
- = F ( p ,  u, t ) .  t E [ O ,  T] 
d t  
B IL] = 0 
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where F = (F l .  F2) E C ( R  x R2 x [O. TI.  R2) .  and F ( p ,  0. t )  = 0 for all LL E R and 
t  E [O, TI. We will first study the case of Bw := w ( T )  - w(O), the periodic case. Then we 
will further illustrate our method with other boundary conditions. Letting ul = ( r ~ ,  11) we 
will consider ( I )  with B w  := (u(0) .  u(T))  and Bw := (u(O), v ( T ) ) .  Throughout we will 
assume that solutions to initial value problems are unique. In particular, if w(to)  = 0 then 
w( t )  = 0. If w = ~ ( t )  is a nontrivial T-periodic solution then the mapping t ++ "(4) Iw(t)l 
defines a mapping from the circle S1 into itself. If y denotes this mapping then the Brouwer 
degree deg(y)  is defined. It is the same as the rotation number of w ( t )  (with respect to the 
origin). If 8 = tan-'(:) then 

dB - v1u -uu l  
- - 

dt u 2 + u 2  

and the rotation number of a non-trivial T-periodic solution is 

uul - uul 
rot(w) = - dl = - 

FIU - ~ F I  
uZ+t12 :, I u2 + li2 

dt. 

We will use the rotation number to distinguish solutions and branches of solutions. We then 
show that this idea may also be applied to other boundary value problems, such as the two 
already mentioned, by appropriately extending the solutions to a larger interval on which 
the extension is periodic and the rotation number is an integer. In the case of second order 
scalar Stum-Liouville boundary value problems on an interval [0, TI, bifurcating branches 
can be distinguished by the number of nodal points in 10, T [  [6]. This can sometimes be 
accomplished in systems of special form [2], but not generally. The method used here 
can characterize and distinguish different bifurcation branches in cases in which the use 
of nodal points seems unavailable. Our method of proving the existence of bifurcation is 
based upon the Leray-Schauder degree and the change of the Leray-Schauder index, using 
an abstract operator formulation of our boundary value problems. Krasnosel'skii [5] first 
showed the existence of bifurcation at an eigenvalue of odd multiplicity and Rabinowitz [6] 
later showed global bifurcation from these eigenvalues and proved fundamental results on 
the global structure. The reader is referred to the fundamental paper [6] or the expositions 
in [7] or [ I ]  for the fundamental ideas. The rotation numbers of solutions have been used 
before to analyze global solution structure for boundary value problems, see [3], [4]. 

In 5 1 we introduce our method and consider in detail the bifurcation of periodic solu- 
tions and show under general conditions the bifurcating continua do not intersect. In $2 
we consider some other boundary conditions. In 53 we study the global behavior of the 
bifurcating continua, giving conditions for the curves to lie on one side or the other of the 
bifurcation point. In 54 we apply our bifurcation results to prove the existence of infinitely 
many non-trivial solutions to some systems. In $5 we explain how some our earlier results 
on two dimensional systems can be extended to systems of dimension N > 2. 

1 Bifurcation of periodic solutions 

Let R denote the real numbers, 10, T] = [O. 2 ~ ]  and Z the integers. Let 1.1 denote the 
Euclidean norm in Rn, so if w = (u, vjT E IWQhen lwl = v ' w .  If the function F is 



Rotation nurrlbers and global bifurcation 

C1 then we may write F in the form 

where A is a 2 x 2 real matrix and g ( p ,  ul. t )  = o(lu11) as 1 % ~  + 0, uniformly with respect 
to p in compact sets and t E R. It suffices for our first result to assume that A is independent 
o f t  and, for LL in a neighborhood o f  some k E Z, we have A(p)  = p  J + B ( p )  where 

is a 2 x 2 symplectic matrix and B(p) = 0 ( l p  - k l )  as p  + k .  However, &e are mainly 
interested in continuation along a bifurcation curve o f  the rotation value o f  solutions at a 
bifurcation point, which will imply the curves do not intersect. Thus for simplicity we will 
assume that the function F has the form 

where y E C ( R  x IR2 x IR)- g(p .  71>, t + 2 ~ )  = g ( p .  ul. t )  and g ( p ,  1 1 1 .  t )  = O (  ulI) as 
IwI + 0. We shall study bifurcation o f  solutions to the periodic problem 

du> 
- = p J w  + g ( p ,  XI. t ) ,  t E [O,2ri]. 
d t  

Such strong assumptions on g are not needed. We  could assume that g satisfies appropriate 
Carathkodory conditions. Sometimes we may find it convenient to use the 2~-periodic 
extension o f  a solution. In any case, we will often call solutions to (3) ,  (4)  2~-periodic 
solutions. W e  will say that ( p O ,  0 )  is a bifurcation point for (3) ,  (4 )  from the line o f  trivial 
solutions i f  every neighborhood o f  ( p o ,  0) in R x C ( W .  R2) contains some ( p ,  w) with u: a 
non-trivial 2~-periodic solution o f  (3) .  I f  ( 3 )  is Hamiltonian then variational methods may 
be applied to the bifurcation problem. However, in that case one cannot generally show that 
there is a global continuum o f  solutions emanating from a bifurcation point. Thus outside 
a small neighborhood o f  a bifurcation point one can conclude little. For this reason we 
apply Leray-Schauder degree to prove the existence o f  bifurcating continua. and therefore 
cannot allow the linearized system at a bifurcation point to have an even dimensional set o f  
solutions. The possible bifurcation points on the line o f  trivial solutions { ( p ,  0 )  : p E E} 
are those with p E Z. I f  p E R then a fundamental solution to the linear system 

It follows that i f  p = k E Z then the associated eigenspace o f  2~-periodic solutions to 
(5) is two dimensional. W e  will impose an added condition to obtain a one dimensional 
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eigenspace. Let ul = (u .  v ) ~ ,  then two possible conditions that would suffice are (i) require 
u to be an odd function and 2; even, or (ii) require u to be even and v to be odd. There is only 
a formal difference. In our first theorem, stated below, we will seek solutions w = ( u ,  v)" 
of (3) that are 27r-periodic with u(- t )  = -u( t )  and v( - t )  = v ( t ) .  The associated 
eigenspace forp = k E Z is spanned by (- sin(kt),  ~ o s ( k t ) ) ~ .  

We now describe the abstract framework to be used. Let X be the real linear space of all 
continuous 2n-periodic functions w = ( u ,  E C2,(R, R 2 )  with u odd and v even. Let Y 
be the real linear space of all continuous 27r-periodic functions w = ( u ,  v)'l' E C2,(R, I R 2 )  
with u even and 71 odd. The spaces X and Y are Banach spaces, each with the norm 

llwll := max Iw(t)I 
t ER 

for w E X or w E Y .  Let D ( L )  = X n C 1 ( R , R 2 )  and let c E R\Z. We define 
L : D ( L )  c X --t Y by 

for w E D(L) .  It is not difficult to verify that L is a bijection from D ( L )  onto Y, and its 
inverse L-' : Y + X is compact. 

Let So denote the set of all nontrivial solutions (p ,  w) of (3), (4) and let S denote the 
closure of So. If 4 E C(S1, S1) we denote the rotation number of li, by rot($) .  We state 
our first result. 

Theorem 1 Let g = ( g l :  g2)T be continuous. Assume gl ( p ,  -u, v ,  -t) = gl(p,  u ,  v ,  t )  
and g2(/1, -u, v ,  - t )  = -g2(p, u ,  zl, t ) .  Then 

(Cl)  For each k E Z ,  ( k ,  0)  is a bifurcation point of (3), (4). That is, in every 
neighborhood of ( k ,  0 )  E R x X there is a solution ( p ,  U I )  E IR x D(L) ,  w # 0,  o,f (3). 

(C2) For each k E Z let Ck c IW x X denote th,e corr~ponent of S which rneets 
( k :  0). Each Ck is *unbounded in R x X and if ( p ,  w )  E C k ,  w # 0, then rot ( w ) )  = k .  
If j # k  thenCj nCk = 0. 

Proof. The problem 

is equivalent to 

dw 
- + cJw = ( p  + C)JW + g(p,  w; t ) ,  dt (6) 

' I L ' ( ~  + 27r) = w ( t ) ,  w E X .  

We wish to write this as an abstract bifurcation problem. Let G(X, w ) ( t )  := g(X  - 
c, w ( t ) ,  t )  for w E X and t E R. The operator G maps IR x X into Y .  It is easy to 
see that it is continuous and maps bounded sets in R x X into bounded sets in Y .  Let J 
denote the bounded linear operator mapping X into Y defined by the action of the matrix 
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J. so (Tu l ) ( t )  := J( t i l ( t ) )  for 11' E X and t t R. Letting X = / I  -I- c, we may rewrite (6) in 
abstract form as - 

Ltrs = X.Jri l  + G ( X ,  w). (7) 

Let K := L-l .  We may rewrite (7) equivalently as 

The bounded operator 7 maps X into IT and K maps k' into X compactly, so K? is a 
cornpact linear map of X into itself. Similarly, G is a continuous and bounded map from 
X into k: so KG is a continuous map that takes bounded sets in X into relatively compact 
ones; i.e., K G  is a completely continuous map of X into itself. The Leray-Schauder index 
of I - X K  J i s  defined (and is f 1) whenever LL = X - c $ Z. Moreover the index changes 
sign when X - c crosses an integer . since for k  E Z the null space of I - ( k  + c ) K J  is 
one (and. hence, odd) dimensional ([I], [5] ,  [6]). Now K G ( X .  w )  = o(l!mii) as 1 w 1 1  i 0,  
uniformly with respect to X in compact sets. It follows by application of the Rabinowitz 
global bifurcation theorem [6] that each ( k  + c, 0 )  , k  E Z is a point of bifurcation from the - 
line of trivial solutions, and there is a continuum Ck c R x X of solutions (A ,  w) to (8) 
meeting ( k  + c. 0 )  and such that either ?; is unbounded or else it meets another bifurcation 
point ( j  + c. O ) ,  j f k .  Now if (A: ul) E Fk then (A.  1 r 1 )  solves (7)  so 

or, since X = 11 + r .  
d w 
- = pJu. T g(p .  w. t )  
dt 

and (p .  tc)  is a solution of the latter equation. Thus Ck = {(p. t c )  . ( y  + c. LC) E is a 
continuum of solution5 to (3), (4) meeting (k. 0 ) .  and Ck is either unbounded in R x X or 
else C L  meets another bifurcation point ( J .  0 ) .  J # k .  

It remains to show the rotation properties of solutions and the non-intersection of Ck 
with C, if J # k.  Let {(LL,, i ~ ' , , ) }  be a sequence in Ck with (y,, u,,,) -+ ( k .  0 )  as n i x 
and each u.,, # 0. Let y,, = wn/ / w, I .  Then with A,, = y ,  t c we have 

and we see there is a subsequence of {!I,,) convergent in X to some y'. y*l = 1. and 

and it follows that y * ( t )  = *(- s in(k t ) .  cos (k t ) ) .  Take the plus sign (it makes no differ- 
ence). Then t ++ y *  ( t )  defines a map fi-om Rl(2r;Z) = S1 into itself. t ++ (- s in (k t ) ,  cos (k t ) ) .  
If k  > 0 we see that as t runs from 0 to 2ir, i.e.. once around the circle counterclockwise, 
(- s in(k t ) .  cos (k t ) )  runs around the circle counterclockwise clockwise k  times, and the 
rotation number is k. If k  < 0, (- s in(k t ) .  cos (k t ) )  runs around the circle k J  times in the 
clockwise direction, and the rotation number is - I k  = k .  Now , for any ( / L ,  u )  E Ck with 
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u # 0 the mapping t H I L ( ~ ) /  Ju(t)I also defines a mapping of S 1  into itself. If ( p ,  u )  is 
sufficiently close to ( k ,  0 ) ,  then the rotation number of that map must also be k .  It may be 
helpful to recall that the rotation number is the same as the topological degree of the map 
+(w)  E C ( S 1 ,  S 1 )  given by t H 

Ilu(t)l ' a self map of the circle S 1  = [ 0 , 2 ~ ] / { 0 . 2 ~ } .  That 
is, 

deg($(w)) = ro t i+(w)) ,  

a fact we will use repeatedly. Now let 

The set U is open in X. For each w E U associate a mapping $ (w)  E C ( S 1 ,  S 1 )  given 
by $ ( w ) ( t )  := w ( t ) /  Iw(t) 1. The mapping $ : U + C ( S 1 ,  S1 )  is clearly continuous. Let 
deg denote the topological degree of a selfmap of S1 ,  and let : U + Z be defined by 
a(") := deg($(w)).  The mapping is a continuous map from U into the integers Z .  Thus 
the sets Uk := W 1 ( k ) ,  k  E Z ,  are disjoint and open in X. Now let P be the continuous 
projection from R x X into X given by P ( p ,  .w) := w,  so that PCk is connected in X. We 
have seen there is a number 6 > 0 such that if ( p ,  U )  E Ck\{(k, 0 ) )  and lk - p/ + lluil < 6 
then = deg(+(u)) = k. Let B ( k ,  6 )  = { ( p ,  w )  E R x X  : Ik - pI+llwll < 6) .  
Each ( p ,  w )  E Ck\{(k, 0 ) )  must be in a component of Ck:\{(k, 0 ) )  that meets B ( k ,  6 ) .  Call 
this component Ck(p ,  w), and notice that P Ck ( p ,  I U )  C U .  It follows that PCk(p, w )  c U j  
for some j E Z. But Ck(p ,  w )  meets B ( k ,  S),  so it must be the case that j = k.  Hence 
if (p ,  w )  E Cs\{(k, 0 ) )  then d e g ( u j ( P ( ~ :  w)) - k ,  as we wished to show. It follows 
immediately that Ckn Cj = 0 if j # k. This completes the proof of the theorem. 

2 Bifurcation with other boundary conditions 

The method of proof used in Theorem 1 is not restricted to the periodic problem. We 
will apply the ideas to two other boundary value problems. Let J  be as before and let 
g : R x R2 x [0, T ]  + R2 be a continuous function. As before, we assume g(p ,  0 ,  t )  = 0 
and / g (p ,  w, t)I = o(lw1) as 1 . ~ 1  -+ 0,  uniformly with respect to p and t in compact sets. 
Let w = ( u ,  v ) ~  and consider 

Letting w = ( u ,  v ) ~ ,  we consider the following boundary value problems for (9): 

u (0 )  = 0 and U ( T )  = 0 (10) 

and 
u(0)  = 0 and u(?r) = 0. 

It is not hard to find the eigenvalues and eigenfunctions for the linear problems dwldt = 

pJw.  With boundary conditions (1 1) the eigenvalue set is Z. In this case each eigenspace is 



Rotation nurrlbers a ~ l d  global bifurcation 381 

one dimensional and is spanned by (- sin k t .  cos k t )  for k E Z. With boundary conditions 
(10) the set o f  eigenvalues is Z + i, that is, all ilumbei-s o f  the form k + $, k E Z. Again 
each eigenspace is one dimensional, and for p = k + 4 is spanned by the eigenfunction 
(-  sin(k + i ) t ,  cos(k + $ t ) ) .  The arguments for bifurcation and the existence o f  continua 
Ck meeting the bifurcation points p = k for (1 1) or p = k + for (10) are the same as 
in Theorem 1, with Ck being either unbounded or or meeting a different bifurcation point. 
The arguments that the latter cannot happen and C, n Ck = 0 are slightly different from 
those o f  Theorem 1. 

W e  first con\ider problem (9) (10). It may be handled in a manner similar to that used 
for (3 ) .  4). 

W e  let 

and E' = C([O,  a ] , R 2 ) ,  with the maximum norms on each space. Let D ( L )  = X 1  n 
C1([O. T ] .  R 2 ) .  With c E (0 .  i) let Lu. = dwldt  + c J w  for E X 1 .  W e  may again write 
our problem as - 

Lu. = XJul + G(X.  11.) 

where X = p + c. As in Theorem 1, we find continua Ck o f  solutions to (9) (10). This time 
Ck meets the bifurcation point ( k  + $, 0 ) .  Each Ck is either unbounded in R x X 1  or else 
meets another point ( j  + i. 0 ) .  j # k .  W e  must show the latter possibility is excluded. 
Let ( p .  w )  be a solution to (9) (lo), u: # 0. In order to associate a topological degree or 
integer rotation number with 'rc we will constsuct a 3~-periodic extension o f  ul. I f  ( p ,  u,) 
is a solution to (91, (10) and w = (u .  21) # (0,O) then u(O) = 0. Extend u to [O.  2 ~ ]  so that 
the extension u l ( t ) i s  even with respect t o t  = a ,  that is u l ( r - t )  = u l ( a + t )  fort  E [O. T ] .  
Then zi1(0) = O = 71,  ( 2 a )  and ul may be extended as an odd function z to [-2r ,  2 ~ 1 ,  
and finally extend i7 as a continuous 4~-periodic function on R .  Note that ii will be an 
odd function (with respect to 0 ) .  Next extend 1t to [ - T ~  a ]  so that the extension cl is even 
with respect to t = 0, that is, vl ( - t )  = v l  jt) for t E [O. a ] .  Now tll ( - T )  = O = ,111 ( T )  

and c1 may be extended to [-T.  3 ~ ]  as a continuous function i7 odd with respect to t = x, 
so that F(T - t )  = -F(T + t )  for t E [ O .  2 ~ 1 .  Finally extend 7 as a continuous AT- 
periodic function on R. Notice II will be an even f~~nction.  Let cL.(t) = ( Z ( t ) ,  7 ( t ) ) .  Then 
~l:(t)  # O for all t .  Otherwise, E ( t o )  = O for some t o  E [-2a, 2a] .  I f  to  t [O. T ]  then 
c ( t o )  = iF(to) = 0 ,  which is impossible, since is a nontrivial solution and solutions to 
initial value problems are unique. I f  t o  E ( T .  2 ~ ]  then to  = T + t l  for some t l  E (0 .  T ] .  
Since Z is even about a ,  G(tO)  = U ( i ;  + t d  = U ( T  - t l )  = U ( T  - t l )  = 0. Now - - 
0 = a ( t o )  = ? ! ( a  + t l )  = -?(a - t l )  = - r ( r  - t t l )  since i7 is odd with respect to 
t = T .  Thus !u(r  - t l )  = I>(T  - t l )  = O for some O < T - tl < a ,  again contradicting 
uniqueness o f  solutions to initial value problems. Now suppose t o  E [-2i;. 0 ) .  Then 
O = Gjt,,) = -;(-to) and 0 = ?(to)  = ?(- to)  and -to E ( 0 . 2 ~ 1 .  W e  have just 
shown that this is impossible. Thus E ( t )  # O for all t E R. Since G is AT-periodic 
i f  we identify s1 with [O:  3 ~ ] / { 0 . 3 ~ }  then for each ( p .  w) E C k ,  1~ # 0.  we obtain a 
map 3 ( p .  711) E C ( S 1 .  S 1 )  defined by t H E ( t ) /  IG(t)l. NOW it is important to note 
that i f  w( t j  = (- sin(k + i ) t .  cos(k + i t ) )  for t E [0, T ]  then the 4a-periodic extension 
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G ( t )  obtained by the above construction is just (- sin(k + i ) t ,  cos(k + i t ) )  for t E R. 
A simple calculation shows that if $1 : [0,47r]/{O,47r} = + S1 is given by t H 

(- sin(lc + $ ) t ,  cos(k + i t ) )  , t E [O,  47r] then deg($) = 2k + 1 for k E Z. 
Now suppose (p,, w,) E Ck, wn # 0, and (pn ,  wn)  + ( k  + i, 0). Without loss 

of generality we may assume that y,, = win/ l J  w, J j  converges to some y*, J J  y* jl = 1 and 
Ly* = ( k  + i + c)Jy*.  Thus y* = &(- sin(k + i ) t ,  cos(k + it)), t E [O,7r] .  With 
each w, we associate the 47r-periodic extension 20, constructed above. It is clear that if - 
ylL = Wn/ ((GnlJ then {lJn) converges on R to ,r(t) = *(sin(k + i ) t , cos (k  + i t ) ) ;  
t E R. The topological degree of the map t H p ( t )  from [0 ,47r] / {0 ,4~}  -+ S 1  is 
2k + 1. Thus it follows that there is a number S > 0 such that if /p,I + Ilw,Jl < 6 then 
rot(&,, w,)) = deg p(p,, w,) = 2k + 1. It now follows, using that Ck is a continuum, 
and with arguments analogous to those of Theorem 1, that if (p ,  w )  E Ck and w # 0,  then 
r o t ( ~ ( p ,  w ) )  = deg cp(p, w )  = 2k + 1. Thus if k # j then Ckn C j  = m and each Ck is 
unbounded in B x X I .  

We now consider the problem (9), (11). We work in the Banach spaces X2 and Y 
where Y = C([O, T I ,  R2 ) ,  and ul = (u, z ~ ) ~  E X2 if and only if u ,  v E C([O; 7 r ] )  and 
u(0)  = 0 = u(7r). The norm llwII forw E X 2  o r Y  is themaximumof Iw(t)j ,t E [ O , 7 r ] .  

Let D ( L )  = X2 n C1([O, 7 r ] ,  R2) .  Let c€]O, l [  and L : D ( L )  + Y be defined by 

for w E D(L) .  Let G(X,  w ) ( t )  := g(X - c, w ( t ) ,  t )  for w E X 2  and t E R. The operator 
G maps R x X2  into Y .  It is easy to see that it is continuous and maps bounded sets in 
R x X 2  into bounded sets in Y. Let Jdenote the bounded linear operator mapping X 2  into 
Y defined by the action of the matrix J, so ( J w ) ( t )  := J ( w ( t ) )  for w E X 2  and t E R. 
Letting X = + c, we may rewrite our problem (9), (1 1) as 

or, letting K = L- l ,  
w = X K J ~  + KG(X,  w ) .  

As in Theorem 1, there are continua of solutions to (12) bifurcating from each point of the 
form (A, 0 )  = ( k  + c. O ) ,  and these of course correspond to continua Ck of solutions to (9), 
(1 1) bifurcating from each point ( 5 ,  O ) ,  k E Z\{O). We must show that Ck n C7 = 0 if 
j # k .  

If ( p ,  w )  is a nontrivial solution of (9), (1 1) then w = ( u ,  v )  and u(0)  = u(7r) = 0. 
Thus u may be extended as a continuous odd function on I-7r, T I ,  and 11 may be extended 
as a continuous even function on [-7r, T ] .  Let G, 5 denote these extensions. We will refer to 
20 = (G, 5) as the oddleven 27r periodic extension of w. Then G ( t )  = (G(t) ,  Z ( t ) )  # (0,O) 
for any t E [-7r, T ] ,  for both u and ,u cannot be simultaneously zero at any point in [0, T I ,  
for then uniqueness of solutions would imply w = 0. Thus the extensions also cannot be 
simultaneously zero at any point in [-T, 7r]. Now ul(-7r) = 20(7r), and 20(t)/ Iul(t)I E S1  
for all t E [-T, n] .  Identifying S 1  with [-.ir, TI/{-7r, T )  we obtain a mapping t H 
ul(t)/  IG(t)l of S 1  into itself, which we will denote by p(p ,  w ) .  The rotation of the 
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map is defined. Now the argument is similar to that of Theorem 1 for penodlc bound- 
ary conditions. Let (//, w,,) E C L  with ul,, # 0 and (p , ,  . LC,) -+ ( k ,  0 )  as n + x. 
Let y,, = ru,,(t)/ Izi' ,  ( t )  1 and cn(t) = G,(t)/ 1 IT,, ( t )  1 then a subsequence of (p , .  y,,) 
converges to some ( k ,  y") such that y* I = 1 and y* solves dyldt  = X J y  with bound- 
ary conditions ( I  1).  The corresponding subsequence of (p,,. h) conlerges to ( k .  7). 
We must have y" ( t )  = f (- sin k t ,  cos k t ) ,  t E [O.  a ] ,  and jt) = *(- sin k t .  cos k t ) .  
t E [-T.  T]. The rotation of the map t ++ ij* ( t )  as a map S 1  + S 1  is k .  Repeating 
arguments from Theorem 1, or almost repeating them (there are small differences), we see 
that r o t ( p ( p .  111)) = deg(yh(p. UI) associated with any u! # 0 with (11. kt) E Ck must be k .  
Thus Ck n C, = 0 if j # k.  and each C L  is unbounded in R x X 2 .  

We have proved the following two theorems. 
Let So denote the set of all nontrivial solutions ( p ,  u,) of (9) with boundary cond~tlons 

(1 1) or (10). depending on context, and let S denote the closure of So. 

Theorem 2 Let g  = ( g l .  g 2 ) r  E C ( R  x R 2  x [O. T ] .  EX2)  g (p .  0 ,  t )  = 0. and g (p .  r r l .  t )  = 
o(lwl) as lu! + 0 .  T h e n  
(C1) For rorh k E Z. ( k  + +. 0 )  7.9 a bzfurcatzon pomt  of (9). (10). T h a t  zs. zn 

ellery ne~ghborlzood of ( k  + ; , o )  E W x X 1  there 7s u solut107z ( p ,  cc) E R x D ( L ) ,  
w  # 0. of (7). 
(CAI F07 each k  E Z let C L  c W x X 1  denote the component of S zilh~ch meets 

( k  + $, 0 ) .  Each Ch I S  ur~bounded In W x X 1  and zf ( ~ 1 .  w) E C L .  ut # 0, then  (L. nlav 
be extended to  R as a 4~ per~odzc functzon In such a way that zf t E [ 0 . 4 ~ ] / { 0 . 3 ~ )  
then  t  ++ L C ( ~ ) /  lu1(t) defines a mapplng ~ ( p .  IL.) of the czrcle S1 lnto Itself, arid 
ro t (? (p ,  w ) )  = 2k + 1 .  I t  follows that zf J # k  then  C, n Ck = 0 

Theorem 3 Let g  = ( g l ,  g 2 ) T  E C(R xR2 x [O. TI. X 2 ) .  g ( p .  0 .  t )  = 0. and g ( p ,  u., t )  = 
o(l7rl() us lwJ  4 0. T h ~ n  
(C1) For each k E Z. ( k . 0 )  zs a b7fkrcatlon yoznt of (9), (11). T h a t  zs, uz evt-ry 

netghborhood of ( k ,  0 )  E R  x X 2  there zs a solut1017 ( / I ,  1 ~ )  E R x D ( L ) .  ?it # 0 .  o j  
(3 ) .  

(C2) For ~ a c h  k E .Z let C L  C li? x X2 denote the componrnt  of S whzch meets 
( k . 0 ) .  Each C k  zs unbounded In R x X 2  and zf ( p . ~ )  E C k ,  ZL, # 0. t h r n  u3 m a y  
be extended to  R as a 2 ~  perlodzc functzon zn such a way that  7f t E [ 0 , 2 ~ ] / { 0 , 2 a )  
then  t H u ? ( t ) /  ~ ~ , ( t ) l  defines a mapptng p ( p ,  ul) of the c2rcle S' into ftselj .  and 
rot(yh(/i. u > ) )  = k .  I t  follows that ~f j # k  then  C ,  n CI, = a.  

We give one simple example. Consider the cystem. for t  E 10. T ] :  

It follows from Theorem 2 that ( p .  0 )  = (2k i- 1 .0 )  is a bifurcation point. for each k  E Z. 
and there is a continuum C k  of solutions ( p .  (u. v)) such that Ck meets the line of trivial 
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solutions only at (k + i, O ) ,  and Ck is unbounded in W x X I .  If ( ~ r ,  ~ 1 1 )  E Ck, w = ( u ,  v )  # 
( 0 ,  0 )  then d e g p ( p ,  IU) = 2k + 1. 

3 Global behavior of continua 

In this section we give conditions which imply stronger conclusions regarding the global 
behavior of the continua Ck bifurcating from ( A k ,  0 )  found in the preceding sections. We 
show that under some conditions on the signs of the nonlinearities the Ck bend to the left 
or to the right of X k .  We first consider linear systems of the form 

where p, q E L m ( R )  are 2~-periodic functions on R. If w ( t )  = ( u ( t ) ,  v ( t ) )  is a nontrivial 
2~-periodic solution of (13) then ~ ( t )  and u ( t )  are absolutely continuous and G ( t )  = 

w ( t ) /  Iw(t) 1 is a continuous 2~-periodic function of norm 1 and may be viewed as a map 
p(w)from S' into itself. The angle 8 of G ( t )  with respect to the origin is t a n - ' ( v ( t ) / 7 ~ ( t ) ) .  
We have 

d0 uv' - u'v q ( t ) ~ 2  + p(t )v2 
- - - - - a.e. 

dt u2  + u2 u 2  + v2  
It follows that 

1 12" q(t )u2  + P ( ~ ) ~ ~ ~  dt. deg(p)  = r o t ( p )  =- 
2~ 0 u2  + v2  

We wish to compare the rotations associated with solutions of two different systems. Let 
pj,  4, E LCU(W) for j = 1 , 2  be 2~-periodic functions and let wj = ( u j ,  v j )  ( j  = 1 , 2 )  be 
a non-trivial 2~-periodic solution of the system 

Let p(u!,)  ( j  = 1, 2) be the associated map of S1 into itself for j = 1,2  respectively. 
We have the' lemma 

Lemma 4 Let pj ,  qj E Lm(IR), j = 1,2,  be 2~-periodic functions and wj = ( u j , u j )  
be a non trivial 2~-periodic solution of (14) for j = 1 , 2  respectively. Suppose that 
for 11.11. t E IR we have 

7'1 ( t )  := nlax(pl ( t )  , ql ( t ) )  < min(p2 ( t )  , q2 ( t ) )  =: r2 ( t )  (15) 

for all t E R. Then rot(cp(w1)) < r o t ( p ( w 2 ) ) .  If there is a set E C [ 0 , 2 ~ ]  oj 
positive Lebesgue measure such that strict inequality holds in  (15) for t E E ,  then 
r o t ( p ( w 1 ) )  < r o t ( p ( w 2 ) ) .  
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Proof. We have 

which prove5 the first part of the claim. If rl  ( t )  < r 2 ( t )  for t E E, then the second integral 
inequality above is also strict, and this implies that r o t ( + ( w l ) )  < rot(p(11.2)). rn 

Remark 5 The same conclusion holds if we impose th r  houlidctry conditions (10)  or 
(11)  In those cases we consider the appropriate periodic extensions of the nontrivial 
solutions u1 to  define ~ ( u ' ) .  For example. tlie 2~-periodic extensiori iZ we constructed 
for boundary conditioris (11)  has i7 odd and i; even. If we extend p( t )  and q ( t )  to  
be even 2~-periodic functions Fjt )  and c(t). respectixelv. then C = (C. ir;) satisfies 

Csirig this and sirnilar arguments oiie ma;v establish the conclusiolz of the lernina if 
the boundary conditions (10)  or (11)  are imposed on (14 ) .  

We consider systems of the form 

d u  
- -  - -pzl - 21 f ( p *  u.  Lt .  t )  
d t  (16) 

$2' - = pu + u y ( p .  IL. 1.1, t ) .  
dt 

Let f, g E C(R x IW" [[O. T ] .  R). We consider the system (16) with boundary conditions 
(1 I).  Recall 

Theorem 6 S I L ~ ~ O S P  f ur~d g satzsfy the c o n d ~ f ~ o n s  of Theorem 3. and also f . g  < 0 
(2 0 )  for ull ( p .  U .  7 . t )  E R x RL x [ ( ) , T I .  Let Ck c R x X,. k  E Z. denote the 
contrnuuin bzjurcatz~zg from the p o d  ( k .  0 ) .  Then Ck C [ k .  x) x X L  fl-x, k ]  x S 2 /  

Proof. Suppose j ( p .  u. L?,  t ) . g ( p ,  u ,  u .  t )  < 0 for all ( p ,  u ,  t 3 ,  f )  E R x R2 x [O. T I .  Let 
( / I .  1 ~ )  = ( p ,  (u .  2 ' ) )  E Ck, with ( u ,  .c) # (0 .  0 ) ,  and let p ( f )  = ~1 + f ( p .  u ( t ) .  ~ ( t ) .  t )  and 
q ( t )  = CL + g(p.  u ( t ) ,  i ' ( t ) ,  1 ) .  Then 21. .c satisfy 
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Suppose LL < k. Then r n a x ( ~ ( t ) ,  q(t))  < ,LL < k = min(k, k). Thus if ~ ( w )  is the 
associated map of S1 to itself, by the Lemma we must have rot(cp(11i)) < d l ,  where d l  is 
the rotation associated with solutions to 

satisfying (I I). But it is easy to verify that d l  = k. Hence rot(cp(w)) < k. But we saw 
in the proof of Theorem 3 that ro t (p (w))  = k. This is a contradiction and implies that 
p > k, and thus C k  c [ k ,  'm) x X2. 

I f f  (p: u, v, t ) ,  g(p, U ,  u,  t )  > 0 for all (p ,  u ,  u, t )  E R x R2 x [0, T] then very similar 
arguments show that Ck C (-m, k]  x X2. rn 

Remark 7 If we inlpose boundary conditions (10) or periodic boundary conditions, 
then the same conclusions may be drawn as in Theorem 6. 

4 Infinitely many solutions 

In this section we prove the existence of infinitely many structurally distinct solutions to 
boundary value problems of the form 

d~u - = - f ( t ,  u, U)V 
dt  

where u! = (u,  u )  and B is one of the boundary operators Bw = w (27r) - w (0), B (u,  u )  = 

( ~ ( 0 ) .  u(T)),  or B(u,  U) = (u(0). u(T)). TO obtain the exictence of infinitely many solu- 
tions we apply our earlier bifurcation results to the family of problems 

for p E R with boundary conditions (18). As always, we assume that solutions to initial 
value problems for (19) are uniquc and that f and g are continuous functions of their 
arguments. In order to be specific, we will assume that R is the boundary operator 

but our arguments work just as well for the other boundary conditions. Recall that we call 
.lo the oddleven extension of ui provided ul = (IL, v) E C([O. T I ,  R2) ,  u(0) = 0 = v(0) 
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and 77; = (u. i-) where G. 7 are, respectively. the odd extension of 11 and the even extencion 
of r *  to [-T. T]. There is a related result in [7] using bifurcation and the number of nodal 
points to prove the existence of infinitely many solutions in second order Sturm-Liouville 
problems. 

Theorem 8 Let  f .  g E C([O,  T] x R2,R)  and  suppose f ( t .  0 .0 )  = O = g ( t .  0 . 0 )  for 
t E [0,  TI. In a d d z t ~ o n  assume:  
( c l )  Tlirre I S  a n  H E C ( W L .  R) such  fhtrt f ( t .  i ~ .  c),  g ( t .  u. r )  > H ( u .  v )  > O for all 
( t , u , r )  E [O.T] x R L  and 

( c 2 )  There  ore numbers  110 > 7no > O such  tha t  

nlo 1g(t u. 2 ' )  I f ( t .  u. e l ) (  I -11;) g ( t ,  u. 

for all ( t .  11.2;) E [0, T] x RZ. 
T h e n  (17). ( 1 8 )  has  1njinltel7~ m a n y  topologtcally d z s t ~ n c t  solutzons. Indeed. for each 
X E N there zs a soZut101~ tiik = ( u A ,  C A )  buch tha t  the  odrl/ezlen 277 perlodlc r x t e r ~ s ~ o r ~  
2Tk o j  2 ~ k  has  r o f a f ~ o n  nurnber k .  

Remark 9 The proof of the preceding theorem will actually show that (19). (18) has, for 
each 1-1 E R, infinitely many solutions, with LL = O being simply a special case. 

Remark 10 If instead we have f ( t .  u .  I ) ) ,  g ( t .  7r. L ] )  < H ( n ,  C)  5 0 for all ( t ,  u ,  I > )  E 

[O.  T] x R2 and H ( u .  c) - -x as 1 z l  + 1711 + x then there are again infinitely many 
distinct solutions, but now for each k E N there is a solution whose oddleven 27r periodic 
extension has rotation number -k. 

We will need the following lemma. 

Lemma 11 Lct f .  y E C([O. T] x R2, R+) ond  iuypose ( c2 )  ln tlze preccdzng T h ~ o r ~ n 7  
holds.  Let  u = ( L L .  23) be a n y  s o l 7 ~ t ~ o n  t o  the  dlfferentaal equataon ( 1 9 )  u ~ t h  p > 0 .  
Therz there are constants  C1 and C2 (dependzng on u> but no t  o n  t ) such tha t  

for. all t m the  domnzn  o f  1 1 ' .  

Proof.  If u ' i t )  = c l ( t )  = O for all t in the domain of u3 then (20) is trivial. If u l ( t )  = 0 on 
an interval .Jcl then ~ ' ( t )  = 0 on ,JU and hence ~ ( t )  = 0 on Jo and u ( t )  = z*(t) = 0 for all 
t E [O.  T] and the conclusion is again trivial Suppose v l ( t )  # 0 on an interval J .  Then on 

and thus 



388 J.R. Ward Jr. 

for some bo > 0. Thus lu(t)uf ( t )  ( 5 bo Iv(t)vl(t) / for all t  E J .  It follows by quadrature 
that there are constants bl and b2 such that for all t E J, u2( t )  < u2( t )  + b2(,u2(t0) + 
v2 ( t o ) )  and v2 ( t )  < b1,ii2(t) + b2(,u2 ( to )  +u2 ( to))  (notice that u ( t ) ~ ~ '  ( t )  and v ( t ) v l ( t )  must 
have opposite sign, but this does not affect the conclusion). There can only be finitely many 
points in [0, n]  at which v'( t )  = 0, and the conclusion follows. 

Proof of the Theorem: By Theorem 3 each ( k ,  0)  E Z x ( 0 )  is a bifurcation point of 
(19), ( la) ,  C j  n Ck = 0 for j # k, and by Theorem 6, Ck c ( - w , k ]  x X2. We claim 
that if k E Z and k > 1 then Ck n ( ( 0 )  x X 2 )  # 0, that is, there is a (0,  w )  E Ck with 
w # 0. Suppose this is not the case for some fixed k > 1. Then Ck c ] O ,  k]  x X2,  and as 
Ck is unbounded in R x X2 it follows that there is a sequence {(p,, w,)) in Ck such that 
0 < p, < k for all n E N and Ilw,, 1 1  + cc as n + co. Let 6, be the 2n-periodic extension 
of w, = (u,: v,) (u, odd, v, even) and recall that k = rot(&) for all n E N. Extend f 
and g to f and ij so that for -n < t  < 0 and (u ,  v) E EX2, f ( t ,  U ,  v )  = f ( - t ,  -u, V) and 
y(t ,  u ,  v )  = g(-t, -u, 21).  We then have that G, = (En ,  &) satisfies 

dG - - -  
- = -pG - f ( t ,  u ,  v ) v  
dt 

and 6,  (2n)-  W,(O) = 0. Moreover if g ( u ,  v )  = rnin H(f  u ,  i v )  for (u ,  v )  E R2 we 
will have k ( u ,  v )  + oo as lul + 1711 + m. We have 

If we can show that l&(t) 1 + IG, ( t )  1 4 m on a set of positive measure in [-T,  T ]  then we 
will have a contradiction. We will show that IG,(t) I + l L ( t )  1 -+ m uniformly on [-T,  T ] .  
We know there is a sequence {t,,) in [-n,n] with jU,(t,)l + (GrL(tn)l + m. Suppose 
there is a sequence {s,) in [-T: T ]  and a constant C such that IZ,(s,) I + 1 %  ( s , )  1 < C.  
Without loss of generality we may assume that s, + so E [-T, n ] ,  (u,(s,), ~ ~ ~ ( s , ) )  + 

(vo, vo) E R2,  and p,,, -+ Ira E [O, k] .  Let ?uo(t) = (uo ( t ) ,  vo ( t ) )  be the solution to the 
initial value problem (21) with LL = and wo(so) = (uo ,  vo) .  By the Lemma there are 
constants bo, bl such that 

lu,o(t) 1 I bo Ivo(t) 1 + b~ and lvo ( t )  1 I bo luo(t) 1 + b~ (23) 

for as long as wo(t)  exists. Moreover since both po + f > 0 and po + g > 0 it follows 
from the differential equations that sub ( t )vo (t) < 0 and ,uo (t)vk ( t )  > 0 as long as luo ( t )  
exists. We wish to show that wa(t )  continues as a solution to all of [-n, T ] .  If not, then 
there are basically two possibilities. Either (i) there is an interval I =]a, b[ on which one 
of uo( t )  or vo( t )  never vanishes and tends to one of f m as t  approaches a or b, or (ii) 
one of uo( t )  or vo(t)  vanishes infinitely many times in an interval I =]a, b[ and has a 
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sequence of local extremal values at points { y , )  which tend to one of ix as the {y,} 
approach one of a or b. Suppose first that (i) takes place, and (without loss of generality) 
that uo( t )  - x as t  + b By (23) we must have that 0 < v o ( t )  on an interval 
[ a l .  b [  and I ~ - ~ ( t ) l  -- x as t  + b-.  However there must be a point t* E [ a l .  b[ at which 
ub( t * )  > 0. Thus at this point we must have uo(t*) < 0, and hence ~ ' ~ ( t )  < 0 for 
t* < t  < b. But uo(t)cb(t)  > 0 and thus ~ ' ~ ( t )  must be increasing on t* 5 t < b. and 
we have both cn( t ) l  -+ x as t  + b- and t*a( t" )  < ~ " ( t )  < 0 on t* < t  < b. This is a 
contradiction, and (i) cannot hold. Now suppose that (ii) holds. Then there are sequences 
-cl < y l  < x2 < y2 < .1.3 < .. < b such that, for all 7 we have. say, v O ( x , )  = 0 
and uo(y,)l  = inax In~( t ) l  on [x , ,  xi+l], and ub(y,) = 0. Moreover r r o ( , y J )  - cx as - 
j + x. We have that for each j, [PO + f (y,. I L O ( ~ , ) ,  co(y,)] cojy,) = 0.  Now [ l o  + 
f ( Y j . ~ o ( ! 4 ~ ) ~ 1 ' ~ ( M 7 ) ]  > H ( U ~ ( Y J ) . ~ O ( Y ~ ) )  + X since luo(yj)/  + / 1 'o (Y7) l  -- x. Thus 
we must have that ro(y,)  = 0 for all sufficiently large J But then we have u o ( g j )  5 
bo / z l O ( y J ) /  + bl = b1 for all large J ,  a contradiction. This proves that u90(t) extends as a 
solution of (21 ) on all of [-T, TI. But now we can reach a final contradiction and show that 
ju,, ( t )  / + IF, ( t )  1 + x uniformly on [-T, TI. We had that (u ,  (s , ) .  21, (s , , ) )  + (uo.  r o ) ,  
p7, - / l o .  and s, + so.  By continuity of solutions to initial value problems there is a 
6 > 0 such that Is,, - S O  1 T I L L ,  - / + ( I L ,  ( s , ) .  I-,, (s,,)) - (110. ~1 , ) )  1 < b implies that 
(L',,(t) - w O ( t )  < 1 on [-T,  TI, which is impossible since li?, (t,,)l + I?, ( t , , )  4 x 
This proves that we must have / 7 , ( t )  + jE,,(t)( + w uniformly on [ - T ,  T ] ,  and hence 
& J ' r  ~ ( i l , ~  ( t ) ,  F,(t)) dt + x as n K. This is a contradiction to (22), and hence we 
must have CA f~ ( ( 0 )  x X 2 )  + 0, that is, there is a (0. ul) E Ck wlth w # 0. This proves 
the theorem. 

Remark 12 It is not clear if (c2) is needed for the conclusion. However if (c l )  fail5 but 
(c2) hold, the conclusion may not hold. This is shown by the simple example u' = - 2 . .  

11' = ti in which f = g = 1 and the only solutions with n(0) = 0 = u(a )  are (11 .11)  = 

a(- sin t ,  cos t )  for t r  E R. 

Example 13 The system 

has, for each k E N. a solution I C ~  with rot(wk) = k.  

5 Extensions to larger systems 

There are some straight forward extensions of the preceding results to systems of dimension 
greater than two. We will illustrate this with a more or less special case here. Consider 
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boundary value problems of the form 

d~w - 
dt = A(p )w  + F ( p ,  W ,  t ) ,  O < t < T (26) 

where A ( p )  is, for each p  E R,  a real N x AT matrix, and F E C ( R  x EXN x [0, T I ,  R ~ ) .  
We assume throughout that solutions to initial value problems for the differential equation 
in (26) exist and are unique. Let X = C([O, T I ,  R N )  have the sup norm. The boundary 
conditions are specified by a bounded linear operator B mapping X into IRN. We will 
assume A has the form 

( O - "  ) 41.1) = I-1 0  
0  0  D ( P )  

where D ( p )  is an ( N  - 2) x ( N  - 2) real matrix. Also assume that F ( p ,  w ,  t )  = o(jw1) as 
I w I  + 0, uniformly with respect to t and p  in compact sets. Let w = ( w l ,  w2, ..., W N ) ~  E 
X .  We assume the boundary operator has the form 

where Bo is a bounded linear operator mapping C([O, T I ,  IRNP2) into I R N P 2  and 6 = 
(,US, wq, ... , W N ) ~ .  We assume that the problem 

has, for each p  E R ,  only the trivial zero solution. Thus the problem 

has nontrivial solutions only when p  = k  E Z, and then the solutions have the form w = 

a ( -  sin k t ,  cos k t ,  0 ,  0 ,  0 ,  . . . , 0 )  for a E R. Thus the eigenspaces are all one dimensional. 
We make the following structural assumption on F = ( F I ,  Fz, ..., 8 ' ~ ) ~ :  

( H F )  

For each 1 < i < ,n, Ft(p,  w ,  t )  = 0  whenever w; + wi  = 0. 

We associate a rotation number with nontrivial solutions to (26) in the following way. 
Suppose (p .  w) is a nontrivial solution of (26). If at any point to we have wl ( t o )  = 0  = 

wz( to )  then by ( H F )  we have Ft(p,  u!( tO),  t o )  = 0  and at t = to 

Now the problem = A(p )w  + F ( p ,  w ,  t ) ,  w ( to )  = (0,O, 6(to)) has a unique solution. 
By (HF) a solution is w ( t )  = (0,O; eD(p )6 ( to ) ) .  But w must also satisfy the boundary 
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conditions B w  = 0,  so ~ ~ ( e ~ ( ~ ' ) G ( t ~ ) )  = 0 ,  and by hypothesis we must have f?(to) = 0.  
Thus w = 0 and lo is not a non-trivial solution of (26). It follows that if us is a nontrivial 
solution then ~ u : ( t )  + w;( t )  # 0 for a11 t E [O.  T ] .  This provides a topological obstruction 
so that the rotation of w can be defined. If ( p ,  w )  is a non-trivial solution of (26) then 

wL(t)wl ( t )  - w a ( t ) ~ i ( t )  
w: ( t )  + w: ( t )  

is defined for t E [O,  T]. Let G I ,  G2 be extensions of w l ,  w2? respectively, to [-T. T] so 
that is odd and G2 is even. Then Uii111~ and ClGL are both even functions. It follows 
that rot(to1.  u12) is defined and we let rot(u.)  := r o t  (ull, (112). We have 

for the rotation we associate with a non-trivial solution zc. 

We use the earlier notation, so So denotes the set of non-trivial solutions (p ,  10) E W x X 
and S is the closure of So.  

Theorem 14 Let A ( p )  and F be as descrzbed above. Then 
(C1) For each k E Z. ( k ,O)  zs a bzfurcatzon poznt of (26). That zs, zn ezlery 

nezghborhood of ( k ,  0 )  E R x X there zs a solutzon (p ,  w )  E R x D ( L ) .  ~u f 0 ,  of (3). 
(C2) For each k E Z let C k  C R x X denote the component of S whzch meets 

( k ,  0 ) .  Each Ck 1s unbounded zn R x X and z f  jp. w) E C k .  ul # 0, then the rotatlon 
rot(111) as defined above zs equal to k .  It follows that zf J f k then C, n Ck = 0. 

P7,uuf. The proof of this theorem is now reduced to mimicking the proof of Theorem 3, 
and so we omit the proof. rn 

Remark 15 Notice that the exact form of the boundary operator Bo has no significance. 

Remark 16 There is also an extension of Theorems 6 to w'. For the extension of Theorem 
6 we make the assumptions of the preceding theorem, and also assume that Fl . F2 _< 0 (or 
P I ,  F2 1 0) .  
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