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Abstract: This paper deals with existence and multiplicity of positive solutions to the following class of non-
local equations with critical nonlinearity:

2 (t) 2
s = K
u ¢ HS(RY),

(-A)Yu -~ Y4fx) in RV,

where N > 25,5 € (0,1),0 < t < 25 < Nand 25(t) := 2%0 Here 0 < o < 4y and 4y s is the best
Hardy constant in the fractional Hardy inequality. The coefficient K is a positive continuous function on R¥,
with K(0) = 1 = lim |00 K (x). The perturbation f is a nonnegative nontrivial functional in the dual space
HS(RN) of H3(RN). We establish the profile decomposition of the Palais-Smale sequence associated with the
functional. Further, if K = 1 and ||f H(Hs), is small enough (but f # 0), we establish existence of at least two
positive solutions to the above equation.
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1 Introduction

The paper deals with the following fractional Hardy-Sobolev equation with nonhomogeneous term

s |u 202y -t s (N
(-A)u- ur lzg— K(x) X[t “if00  in RY, ueH®Y), (Ex.cp)

where N > 25,5 € (0,1), 0 < t < 25 < N and 25(¢) := 30 Clearly, 2 < 25(¢) < 2% = 25. Here 0 < v < vy 5,
where vy s is the best Hardy constant in the fractional Hardy inequality
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Throughout the paper F(u) denotes the Fourier transform of u. Moreover,
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which is exactly the best Hardy constant in the classical case s = 1. The symbol (-A)° denotes the fractional
Laplace operator which can be defined for any function u of the Schwartz class functions S(RV) as follows:

(-4)° u(x) := Cy sPV. /]RN % dy, Cns= %1/"?—2)7)

For the sharp Hardy inequalities in general fractional Sobolev spaces WP (RV), 1 < p < oo, as well as for
historical comments in the case p = 2, we refer the interested reader to [16] and the references therein. While
for fractional Hardy-Sobolev-Maz’ya inequality, we mention the recent contribution [20] and for fractional
Hardy inequality on the Heisenberg group we refer to [4]. Throughout the paper the homogeneous fractional
Sobolev space is denoted by

HRY) := {ueLz?(RN) : // u(x)_u(y)zdxdy<oo},
]RZN

|X—y‘N+2$

and it is endowed with the inner product (-, -) 4, and corresponding Gagliardo norm

Cis ? )’ ; :
ey = (5 [, M0 axay) = ([ e raoora)

In literature there are several definitions of the fractional Laplacian in which different normalizing constants
Cy,s appear. The constant Cy s is chosen so that the above definition is equivalent with the one via the Fourier
transform, which is called classical. The definition via Fourier transform recovers the standard Laplacian as
s — 1. Actually, the standard Laplacian can also be represented by other nonlocal formulas, such as the one
in (2.46) and Appendix M of [1].

In (E} the functions K and f satisfy the properties:

K, tf)
(K) 0 <K e C(RY),K(0) = 1 =limy_,o, K(x).

(F) f = 0 is a nonnegative functional in the dual space H*(RN) of H’(RN), i.e. whenever u is a nonnegative
function in H¥(R") then (. (f, u)z, 2 0.

Using the Hardy inequality, it is easy to see that the operator L.,s := (-4)° - ‘25 with O < v < y ¢ is a positive
operator. The request v < -y s is fairly natural since we are looking for posmve solutions. In this case the
Hardy-Sobolev inequality holds for L+,s, which states that if O < ¢ < 25 < N, then

2 2
[ul) ~uly)|” dxdy -~ |u\2 dx
N . gy X —y[N+2s RN |X[%8
Syts =Sy,ts(RY) :=inf — (1.1
ucHs(RN)\{0} |u|25(t) 25(0
dx
gy X[t

is finite, strictly positive and achieved (see [17, 18]). Observe that thanks to [17], any minimizer for (1.1) leads
(up to a constant) to a nonnegative variational solution of the equation

u ‘u|25(t)—2u

Xz Xt

(-A)u -~ u e H5(RY). (EY .0)
If v = 0 = ¢, then S, s reduces to the best Sobolev constant S 0,s = S which is known to be achieved
by Cy (1 + 1x|%)” %* and any minimizer of S leads (up to a constant) to a nonnegative solution of equation
(El,O,O) ie., (El,t,O) withy=0=t.

Definition 1.1. We say u € H*(RY) is a positive weak solution of (E}, Xt f) if u > 0 in RN and for every ¢ e
H5(RN), we have

Cn,s (wx) - u()(plx) - () ug

|X_y‘N+Zs N |X|Zs
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u 2 ([) Zu
- /R i K(X)%dx+(m)l(f B

where ;.\ (., .) s denotes the duality bracket between H3(RM) and its dual H3(RNY'.

Remark 1.1. For0 < < vy,

CNs// |u(x) —u@)* / Ju|?
= dxdy - dx
o= (2 L, ey oy [
defines a norm in H*(R") which is equivalent to the standard norm in H*(R"). In particular,

5
1 - ——||ul|lgs < |||~ < ||l -
\/ VN’SII lgs < llully < [ullgs

The corresponding equivalent inner product (-, -} in the fractional homogeneous Hilbert space H*(RY) is

given by
Cy.s u(x) - u(y)) (v - v(y)
N e e L

N| =

Finally, for simplicity we endow in what follows the weighted Lebesgue space 120 (RN, |x|’t ) with the norm

e o YO
Hu“LZE(t)(RN"er): f]RN X :

We are going to prove existence and multiplicity of positive solutions of (E7 K.t f) in the spirit of [7, 8]. Under
the conditions on K and f stated above, equation (E7 K.t f) can be regarded as a perturbation problem of the
homogeneous equation (E 1’t’o). It is known from [18] that when O < v < yy s or {y =0and O < t < 2s}, then
any nonnegative minimizer for S, ¢ s is positive, radially symmetric, radially decreasing, and approaches zero
as |x| — oo. The main question to be addressed is whether positive solution can survive after a perturbation
of type (Ey , f) or not.

For v = 0 = t, this kind of question was recently studied by the first and third author of the current
paper in [8]. For the Schrédinger operator (without Hardy term), the same type of questions were addressed
in [7] with sub-critical nonlinearity. However for v # O the presence of the Hardy potential requires a new
argument to dealt with. One of the key steps to prove the multiplicity result is a careful analysis of the Palais-
Smale level. Theorem 2.1 studies the profile decomposition of any Palais-Smale sequence possessed by the
underlying functional associated to (E7 K.t f) We show that concentration takes place along a single profile
when t > 0, while concentration takes place along two different profiles when ¢ = 0. In the local case s = 1,
t = 0 and f = 0 Smets deals with the profile decomposition in [25]. In bounded domains and again in the
local case s = 1, paper [9] treats the case of all t > 0. However, extension of the latter results in the nonlocal
case s € (0, 1) and in the entire space RY is highly nontrivial and requires several delicate estimates and
techniques to deal with.

In the local case s = 1, we refer to [14, 25], where the authors have studied the local version of (E},o,o)
in RV, In the nonlocal case, when the domain is a bounded subset of RY, existence of positive solutions of
(E}, ‘ f) in Q with v = 0 = t (i.e., without Hardy and Hardy-Sobolev terms) and Dirichlet boundary conditions
has been proved in [24]. Existence of sign changing solutions of

(-A)Yu = |u|N%su+efin Q, u=0inR"\Q,

where f > 0, f € L>(Q) has been studied in [5] and existence of two positive solutions have been established
in [28] when f is a continuous function with compact support in Q. In the nonlocal case, when the domain is
the entire space RN but ~ = 0, we refer to [7, 8], where multiplicity of positive solutions have been studied in
presence of a nonhomogeneous term.
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There is a wide literature regarding problems involving the fractional Hardy potential. Avoiding to dis-
close the discussion we refer to the following (far from being complete) list of works and references therein
[2, 3, 6, 10, 13, 15, 18]. In [13] Dipierro, et al. study the equation (Ez,o,o) (i.e., (EL’O) with t = 0) and prove
existence of a ground state solution, qualitative properties of positive solutions and asymptotic behavior of
solutions at both 0 and infinity. In [6], the authors deal with the Green function for L+,s (0 < v < vy ) and
show when the integral representation of the weak solution is valid.

It is worth noting that solutions of (E”l’,t,o) do not belong to L=(R") as soon as v > 0, because of the
singularity at zero. In fact solutions blow up at origin (see [13, 18]). For this reason, it seems more difficult to
handle (EIV(’[’ f) in the general case using the fine analysis of blow up technique quoted above.

To the best of our knowledge, so far there has been no papers in the literature, where existence and
multiplicity of positive solutions of Hardy-Sobolev type equations (with v # 0 and ¢ > 0) in R, have been
established in the nonhomogeneous case f # 0. Also the profile decomposition in the nonlocal case with
the Hardy term is completely new and the proof is very involved, delicate and complicated compared with
the local case s = 1. The proofs are not at all an easy adaptation of the local case or the case v = 0. The
multiplicity results in this paper is new even in the local case s = 1, but we leave the obvious changes, when
s = 1, to the interested reader.

Below we state the main result.

Theorem 1.1. Assume that (F) and (K) are satisfied, with K = 1 in RN, If

N-2s

N-t _(H)
i 4s5-2 _ 4s -2t *
”fH(HS)/ <C¢ /11— ’VT,SS'Y’St’St’ where C; = (m (25(8) - 1)HKHLN(RN) s
then

(i) For t > 0, equation (E]( ; f) admits two positive solutions;

_N_
(ii) For t = 0, equation (E]C ‘ f) admits a positive solution. In addition, if || K|| - gwy < ( SWS,O,S ) N3 then (E},t, f)
admits two positive solutions.

Remark 1.2. It is worth mentioning that S > S, o s for any v > 0. To see this, we denote by W the unique
positive solution of (E(f,o,o) and let W, o be a minimum energy positive solution (ground state solution) of
(EL,O) with ¢t = 0. Then,
I} 0.0(Wo0) < I} o o(W) < 19 g o(W).

N
A straightforward computation yields that I? o (W) = £S % and I o 0(Wy,0) = §SZ s Consequently, S >
S.,0,s for any v > 0. From this observation, it immediately follows that if K = 1, then (E] ‘ f) admits two
positive solutions for all t > 0 under the given assumption (F) on f.

Note that the Hardy-Sobolev embedding H*(RY) — L%O(RN, |x| ") for any O < ¢ < 2s is continuous, but
not compact. This noncompactness of the embedding even locally in any neighbourhood of zero leads to
other additional difficulties, and more importantly, to new phenomenon concerning the possibility of blow
up. Thus the variational functional associated to (E}, ‘) f) does not satisfy the Palais-Smale condition, briefly
called (PS) condition. The lack of compactness of the functional associated to (E}, ‘ f) is due to a concentration
phenomenon. We analyze this noncompactness in Theorem 2.1, which is one of the most important theorems
of the paper. Using this theorem we prove existence and multiplicity of positive solutions to (Ey f) in Theorem
1.1. For that we first decompose H5(RYM) into three components which are homeomorphic to the interior, the
boundary and the exterior of the unit ball in HS(RM) respectively. Then we prove that the energy functional
associated to (E](’[’ f) attains its infimum on one of the components which serves as our first positive solution.
The second positive solution is obtained via a careful analysis on the (PS) sequences associated to the energy

functional and we construct a min—max critical level k;, where the (PS) condition holds.
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This paper has been organised in the following way. In Section 2, we prove the Palais-Smale decomposi-
tion theorem associated with the functional corresponding to (E7 Xt f) (see Theorem 2.1). In Section 3, we show
existence of two positive solutions of (E7. K.t f), namely Theorem 1.1. Appendix A contains some basic estimates
which are used in proving the Palais-Smale characterization theorem in Section 2.

Notation: In this paper C, C’, C”, C"”, - - - denote a generic constant which may vary from line to line. The
symbol B,(y) stands for the ball centered at y € RY and of radius r. For simplicity B, means B,(0). Moreover,
U, := max{u, 0} and u- := — min{u, 0}. Therefore, according to our notation u = u; —u-.

2 Palais-Smale decomposition

In this section we study the Palais-Smale sequences (in short, (PS) sequences) of the functional I}, K.t fassoci-
ated to (EK ; f)
7 Cn [u(x) - u(y)|? v o[ |u)?
Iy, () = s // dxdy - 2 / d
ke == v —yrzs . XY T L xges
1 u®
7230 S KO Sy i @D
_lpe 1 [
Sl = e [ KOO dx = g

where K and f satisfy (K) and (F) respectively.

We say that the sequence (un)n C H*(RY) is a (PS) sequence for I, ¢+ at level Bif I, ¢(un) — B and
(k¢ £)(un) — 0in (H®)'. 1t is easy to see that the weak limit of a (PS) sequence solves (E}. f) except the
positivity.

However the main difficulty is that the (PS) sequence may not converge strongly and hence the weak
limit can be zero even if 8 > 0. The main purpose of this section is to classify (PS) sequences of the functional
I Kbf Classification of (PS) sequences has been done for various problems having lack of compactness, to
quote a few, we cite [8, 21, 22] in the nonlocal case with v = 0 = t, while in the local case [9, 25] with Hardy
potentials and in [26] without Hardy potentials. We also refer to [27] for a more abstract approach of the profile
decomposition in general Hilbert spaces. We establish a classification theorem for the (PS) sequences of (2.1)
in the spirit of the above results. In [8, 21], the noncompactness is completely described by the single blow
up profile W, which is a solution of

K.t

AW =|W22W in RV, wWeH®Y). (E9 o.0)

In [9, 25] (the local case s = 1), the noncompactness are due to concentration occurring through two different
profiles. Possibility of two different type of profiles are still present for (E7, K.t f) in the case t = 0.

Let t = 0 and let W be any solution of (E9 1,0,0)- Then, it can be easily verified that any sequence of the
form

W n(x) = K(y) Ty & w("rny"), 2.2)

isa (PS) sequence for I} x.00ifyn —y#0andr, — 0.1fy = 0, then W' ¥» remains a (PS) sequence for I} Ix 0.0
provided that "r’—:' — o0, Also W™ ¥n — 0 in H*(R") by [21, Lemma 3].

Further, let W, ; be any solution of (E}’ t,O) (where t > 0). Define a sequence (WR” %), of the form
Ry, — R s
WERO () = Ry ® Wi Rn) (2.3)

where R, — 0. Then Wfft’o —~ 0in HS(RY) and (WR" %), is a (PS) sequence for Iy o fort=o0.
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Theorem 2.1. Let (un)n be a (PS) sequence for I, K.of at the level B. Then up to a subsequence, still denoted by
(un)n, the next properties hold.

If t = 0, then there exist n1, n, € N, n, sequences (R)n ¢ R* (1 < k < n,), ny sequences (r )n C R* and
W )n cR¥\{0} (1 <j<ny)and0 < it € H5(RY) such that

ni X . n;
) un=a+ > KOS WYY S WE RO 4 o(1)
j=1 k=1
s T e
@) (g, )@=0
(i) R’;aO(lsksnz)andr{l—>0(1sjsn1)

")
(iv) either y, — Y GRNor|y|aooand—%0(1 <jsn)

Vil
W B-Iy @+ Z KO/ 518 o 0 (W) + Zi;tt,o(w’;,t) +o(1)

k=1
i
i) |log ()] + I Vn| o forig
J rln n—oo
Rk
(vii) log( ) — oo fork#l,
n—oo

where o(1) — 0in HS(RY) as n — oo, (W)™ Yn and (W’%)Rﬁ’O are (PS) sequences of the form (2.2) and (2.3)
respectively, with W = W and Wy = W’,j’t.

When t > 0, the same conclusions hold, with W = 0 for all j.

In the case ny = 0, np = 0 the abovepropertzes (1)-(vii) are valid without W, W, Rk, r] In addition, if
Un >0, thenit>0and W =0 forall1 <j < ny, W7 ;2 0forall1 <k < ny. Therefore, W = W forall 1 <j < n;
due to the uniqueness up to the translation and dilation for the positive solutions of (E 1,0’0).

Proof. We prove the theorem in several steps.
Step 1: Using standard arguments it follows that there exists M > 0 such that

lunllv <M foralln e N.

More precisely, as n — oo

ﬁ + 0(1) + O(l)HunH’y 2 I'y f(un) 2 (t) (HS)/<( K [f (un), un>Hs

1
;(t)) ualfy - (1 - th)) ey (s n) s
> 1_ 1 2 1 . .
> (5 2;(0>Hun|\7 (1 2;(0> 1F iy 1t g

As 25(t) > 2, from the above estimate it follows that (un), is bounded in H5(R"). Consequently, there exists
i1 in H5(RY) such that, up to a subsequence, still denoted by (un)n, un — @ in H*(RY) and u, — @t a.e. in RY.
Moreover, as ;. (a@y of) (un), V), — 0ask — coforallv e H3(RY), then

(-A)up - o ABO2y f 50 in BSRVY. 2.4)
Step 2: From (2.4), letting n — oo, we get
2:(t)-2
Un|*\W%upv
(Un, V) — /]RN K(X)HHT" dx = (gey (f s V) jgs = 0. (2.5)

As up — @t in H5(RYN), it is easy to see that (un, v), — (i1, v)- forall v e HS(RM).
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2;(6)-2 712:(0-2 .
Claim 1: K(x) [un] UnV qx —s K(x)udx forall v € HS(RM).
RN x|t RN x|t
Indeed, un — @t a.e. in RN and
2;(6)-2 2;(6)-2 2;(0)-2
/ Ko U= TunV gy / Ko™ TunV g / K Mnl = 2un g, 2.6)
RN x| Bg x| RN\Bg x|

On By we will show the convergence using Vitali’s convergence theorem. For that, given any € > 0, we choose

[v|%0
Q C Bp such that (/ ;
o X

1

25(0) . NCI .

dx) < g_l o Since |V‘|;|tt is in LY(RN), the above choice
K= (MS 2, )01

makes sense. Therefore,

2:(6)-2 2:()-1
Un|“s unv Un|°s v
‘/K(") e d"‘ < Wy [ B2t o
0 Q

*

N

* Zs(t)_:l * 1
|un|%® 2:0 |v|2® PG
||I<HLoo(RN) / 7 dx f dx
o X o I

* 1
20 201 |V|25(f) 25(0)
HI(HLN(RN)S’yJ; ||un||—y f dX < €&
o Il

IN

IN

NGB . . . . . .
Thus K W is uniformly integrable in Bg. Therefore, using Vitali’s convergence theorem, we can pass
the limit in the 1st integral on RHS of (2.6).
To estimate the integral now on Bf, we first set vy, = un — t. Then vy, — 0 in HS(RM). 1t is not difficult to
see that for every € > 0 there exists C¢ > 0 such that
2;(6)-2 i

Vn + 1202 (v + ) - | < &vn|3O071 4 Celi) =01,

Therefore,

K(x) |un|zs(t)’2un - |a|2s(l)*2a v dx
’ X[t X[t

14 |2;(tHM |ﬂ|2;(071\v\
< ||K||; - s/ Va7 |v] dx +C / =
1Kl (]RN)|: - Xt e ) e

i
. 2,(0-1 . 1
2,(6) 20 2,0\ Z®
V S V S
< HK||L°°(RN) {g(/ | T)‘qt dx> (/ | ||X|t )
B¢ B

C
R
2:(6)-1

* s N 1
e (/ |L—l|25(t)) PH0) (/ |V|25(t)>2;(t)}
€
b KT b T

c C
R R

* 1 N 1
* 2.(8 200 . 2.(0) 200
25(0-1 v : 2001 v :
< Ol lmgon [l ([ W)™ e ([ M),
By By

‘V‘lg(t)

[x[*
[ (L
JBg |x* |t

This completes the proof of claim 1.

Hence (2.5) yields that @ is a solution of (E} ; f).

Since (||vn||y)n is uniformly bounded and € LY(RY), given & > 0, we can choose R > 0 so large that

<E.

Step 3: Here we show that (u, — 1), is a (PS) sequence for 77( ;0 at thelevel g - 77{ . f(a). To see this, first we
observe thatas n — oo
) 2 a2
Hu" - u”'y = HunH’y - ”uH'y + 0(1)’



DE GRUYTER Mousomi Bhakta, Souptik Chakraborty, and Patrizia Pucci, Fractional Hardy-Sobolev equations = 1093

and by the Brézis-Lieb lemma as n — oo

_ 71250 2,(1) 7125(0)
/ K(X)de=/ K(x)lu"|t dx—/ K(x)‘u| — dx +o(1).
RN x| RN x| RN x|

Further as un, — u and f € H*(RN), we also have

(HS)/ (f, un>H5 — (HS)/ (f, H>HS .
Therefore, as n — oo

- 1 o1 lun — 1]
IV, (un—-u) = Z|lun - |5 - = KO)&——— dx
K,t,O( n ) 2“ n H’Y Zs(t) /RN ( )

1, ., 1 | |50
= —|lu - =5 K(x dX = sy \J s Un) s
2 H nH'Y zs(t) /I\RN ( ) |X|t (H%) <f n>H

1,5, 1 |2 % _
Y - Tt e YAV ) Ts 1
{2||u||7 70 S K(x) X dx = gy (s W) ggs ¢ +0(1)
= I fun) = I (@) + 0(1)
— B-Iy  ;@.

Further, as ., <(7},t’f)/(ﬂ), V) = 0forallv € H*(RY), we obtain

=125(0-2 =
. _ _ Un — s Un — W)V
oy (Tx 00) (n = 1), V) g = (un =8, V) — /N K(X)| nt ‘X‘t( nT BV g
R

2:(t)-2
Un|*s Unv
= (Un, V) — /]RN K(X)M"IT" dx = gy (s Vs
= 125(0-25
_ u|“s uv
— ((u’ V>'y — /RN K(X)HT dx - (Hs)/ <_f, V>Hs>
‘un|2;(t)—2un |ﬂ|2;(t)—2a
+ K(x - 2.7
[ oo T @)
_a12®-20y, _ 5
_|un -1 n-m) o
x|t
|un|2;(t)72un ‘1—1‘2;([)7211
=0(1)+ K(x -
W+ [ K ){ M M

Jun = 8% 02 (un - )
- X vdx.

We observe that
‘K {‘Un|25(t)_2u1( — %9728 - |up - @)% (un - L‘t)} ‘

: C(lun = a0 i) + [u*O |, - ﬂ')-
Therefore, following the same method as in the proof of Claim 1 in Step 2, we show that as n — oo

‘un|2;(l’)*2un |a|2;(t)721—1 ‘un _ a|2;(t)72(un _ ﬁ) ~
/R ) K(x){ - R - vdx = o(1) 2.8)

for all v € H*(RY). Plugging this back into (2.7), we complete the proof of Step 3.

Step 4: Define vy, := uy — it. Then vy, — 0 in H*(RY) and by Step 3, (vn)x is a (PS) sequence for 77( ¢ o at the
level - I} tf(ﬁ). Thus,

Va0 2y,
sup ||vally < C and (vp, @)y = / K(x)————"dx +0(1) (2.9)
neN RN ‘X|
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asn — oo for all ¢ € H*(RY). Therefore, [|[vn|3 = [pv K(X) a9 gy 4 o(1). Thus, if [y K(x) ‘V"" 9 dx —s 0,

[x[*
then we are done when k =1l= O and the (PS) sequence (un)n admits a strongly convergent subsequence
If not,let 0 < 6 < SZS t‘ SIKI| L;hé,v) be such that

\Vn|

e dx>8

lim sup / K(x)
]RN

n—oo

Up to a subsequence, let R, > 0 be such that

/K()'V"' dx =6
Br, |t

and R, being minimal with this property. Define

Wn(X) := Ry 2 vn(Rn). (2.10)

Therefore, ||wn|| = ||va|ly and

[va % [wa| %0
6= K(x) dx K(Rnx) — dx. (2.11)
Bx, |x|t B, |x]

Therefore, up to a subsequence
wn —win H*(RY) and wp — wae.inRY.

Let us now distinguish two cases w # 0 and w = 0.

Step 5: Assume that w # 0.
Since, wp, — w # 0 and v, — 0, it follows that R, — 0 as n — oo. Next, we show that w is a solution of
(E'f,t,o)- Indeed, thanks to (2.9), for any ¢ € C°(R")

(W, $) = lim <Wn,¢>
(wWn(x) - wn(y))(PX) - p(y)) _ Wng
hm //RZN dxdy W/ dx

n—soo |X_y|N+Zs ‘ ‘Zs

s ] B 7 n(B) Ve Ruy)(B0O = 90D 4 0
R2N

== |x — y|N+2s

K /RN |x|2s (2.12)
_ i CNss Ry T (va() - Va((D(E) - p(L))
= lim //RZN =y dxd

Ry % va(O)p( L)
[ BT 0dtE)

‘X‘ZS

. |Vn|2;(t)_2Vn SN _ ‘Wn‘
HILIEO . K(x)i‘x‘t R, gb(Rn)dx hm K(Rnx)i

T ¢(x) dx.

‘2;(072
[x[¢
.
Wa 502

RN Further, arguing as in the proof of Claim 1 in Step 2, we have K (RHX)THP is uniformly integrable.
Therefore, as ¢p has compact support, using Vitali’s convergence theorem we obtain

Y a.e. in RY, since K € C(RY), with K(0) = 1, and w, — w a.e.in

Clearly K(Rnx) |W"‘2‘;(|[ifzw" ¢ —

|2 (t) 2

. \Wn\ |w weo
lim K(Rnx)iqb(x) dx = /]R de (2.13)

R T
Combining (2.13) along with (2.12), we conclude that w is a solution of (E7 1t 0)-



DE GRUYTER Mousomi Bhakta, Souptik Chakraborty, and Patrizia Pucci, Fractional Hardy-Sobolev equations = 1095

Define e
zn(x) 1= va(x) - R;TW(RL’I).
Claim 2: (z,,)n is a (PS) sequence for I} ¥.0atthelevel g — 7](’ ‘. f(ﬂ) =17 5 o).
To prove the claim, set

N-2s
Zn(X) = an Zn(RnX).

Then
Zn(x) = wn() -w(x) and |Znlly = [wn - w|y = [Iznlly-

As K(0) = 1 and K is a continuous function, the Brézis-Lieb lemma and a straight forward computation yield
asn — oo

2;(0)

dx + o(1)

1
25(8) 250 KZ0 (R x)wo —
/ K(Rnx)wdx_/ wl dx:/ | K20 (Rnx)Wn
RN |X| RN RN

x|t x|t
Wi — w20
=/ K(Rnx)it dx + o(1).
RN x|

Therefore, using the above relations, as n — oo

24(6)
/K(x)lZ"|t dx
RN X

- 1 5
Ig ¢ olzn) = §||Zn||v -

2,(0) *
= %Hwn - w3 - Zgl(t) - K(Rnx)lwnlltzm dx
_ %(”wnui—nwui) - 2*(0/ K(Rnx)|Wn§|)t2;(t) dx + 2}(0 | IWIT:” dx + 0(1)
Sl - 5 L, KoM= ',f Sax- (S - 5 | P g ax) +o1)

=Ig o) - 1] o(W) +0(1)
=B~ I?(,tf(u) I1 0.0W) +0(1).

Next, let ¢ € C3’(RY) be arbitrary and set ¢n(x) := R,% ¢ (Rnx). This in turn implies that ||¢n]|, = |||, and
¢n — 0in H5(RY). Therefore,

(HS)/<(II¥,LO)/(Z")’ ¢>Hs = <Zn, ¢>'Y - /]RN I((X)w dx
s )-23
— <2n, ¢n>7 _/ K(Rnx)w d
RN

|x]t
— w02 (wy - W)y

= (Wn =W, P - /R KR

dx
w2602y,
= (Wn, ¢n>v - /RN K(Rnx)% dx

2;(6)-2
- ((W, ¢n)~y - /RN W dX> (2.14)

2;(6)-2
; / (KRnx) - D Wn g
]RN

x|t
. / K(Rnx)
RN
2,(0-2,, _
7t"¢ dx = oy (I 0,0’ W), ) e + I} +13

— w|20-2 _
[Wn — W (Wn W))¢ndx

(WnZQ(t)ZWn _ |W‘2;(t)72w _
- (vn )y - [ Koo
RN |x|

x|t
= (Hs),<(17<,t,0)'(vn), ¢y~ 0 +Ih+ I3 =0(1) + I + I3,
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Now . .
L WO 2w, w20 2w,
I = /BR (K(Rnx) - 1)T dx + . (K(Rnx) - 1)T dx.
R
50 .
Note that as |VTL2|tt c LY(RN), for £ > O there exists R = R(¢) > 0 such that

20 N At 2;(0) 76

w|%s 250 s 250

o i) ([ 5
B, Xl RV X

c
R

2;(6)-2
/B (K(Rnx) - 1)% dx

C
R
2;(0

-1
20 N\ o
so( [ Max) gl <o

B 1

c
R

On the other hand, as K ¢ C(RY) and limy| o0 K(x) = 1 implies that K € L*°(R"), applying the Holder
inequality followed by the Hardy-Sobolev inequality, it is easy to see that

w02 wepn

(KR = 1) =

is uniformly integrable. Therefore, using Vitali’s convergence theorem, we get

WO wepn

/B (KGR 1) P o)

Hence, I} = 0(1) as n — oo.
Next, we aim to show that

2;(6)-2 _ 2;(0-2,,, _ _w25(0-2 _
I% = /N K(Rnx){ |Wn| Wn |W| |‘:(/|t |Wn W‘ (Wl’l W) }d)ndx — 0(1).
R

S

Indeed, this follows as in the proof of (2.8), since [, ‘¢"’)(‘|2t o dx = [on %zlstm dx < oo. Hence, from (2.14) we
conclude the proof of Claim 2.

Step 6: Assume that w = 0.

Let ¢ € C5(B1), with 0 < ¢ < 1. Set n(x) := [(p(Rin)]zvn(x). Clearly (n)n is a bounded sequence
in H5(RY). Thus,

0(1) = (Hs)/ <(Ilv<’t,0)/(vn), l/)n>H5

miand’n
(Vn, Yn)~y - /RN K(X)i‘x‘t dx
Ch.s V() = v (0 (F v () - 9> (F)va () ) va)e?(£5)
//Rm dxdy 'y/ —_—

dx
2 ‘X_y|N+25 |X|25

2( Xy, 120
—/ K(x)i(p (&)l dx
N

x|

R
_ Cn,s // (Vn(RnX) - Vn(Rn)’)) (QDZ(X)VH(RnX) - ‘PZ(Y)Vn(Rn)/))RQI_ZS dxdy
R2N

2 |X - y|N+Zs

2 2 N-2s 250-2( (X 2
_ Vi(Rnx)@~ (X)Rn _/ [Vn| (‘P(Rn)Vn>
FY/RN M dx . K(x) T dx.

Therefore

dxdy

Cn.s // (va(Rnx) = vn(RnY)) (9> ()vn(Rnx) = 92 (y)vn(Rny)) RN >
R2N

2 x — y|N+2s
= (2:15)

dx + o(1).

2 2 N-2s Vo 1 250-2( (X ) )2
—’Y/ Vi(Rnx)p” (X)Ry dX=/K(X)‘ nl ((p(Rn) n)
RV |x|2$ RN |x]t
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Now,

2;(t)-2 2 HN-t
RHS of (2.15) = / K(R,,x)'v”(R”X)‘ (9Ovn(Rnx))” R

Xt dx + o(1)
B

2(0-2 (9(Own(0))?

=/ |K(Rnx) wn(x) dx + 0(1)
B,

x|t

2;(0 ( ) 2;([) 72551();)2
< (/ K(Rnx)z;m—zw dx> U
By |x|¢

20 \zo
9 ( / ) % dx) 04 o(1) (2.16)
R

25(0-2

K| % m 0
H || </B K(RnX)|W|n|| dX) 25 (¢ ||(pwnH,zy+0(]_)
1

S’yts

251

_ K= gt
—_— +0(1
Sv,t ||(p nH’Y ( )

< ||@wn|/2 +0(1) (By the choice of § fixed in Step 4).

Claim3: Asn — oo

LHS of (2.15) = [[@wal|? + o(1). (2.17)
Indeed,
_ 2 _ 2 N-2s
LHS of (2.15) = C (Vn(RnX) Vn(RnY)) (‘P |§(X)V}r/1(N1in;:) ' ()’)Vn(Rn,V))Rn dxdy
]RZN -
_ |§0Wn‘ d
”/RN s
(Wn(¥) = wn()) (@*(X)Wn(x) - @ (y)wn(y)) dxdy
R2N |X y‘N+Zs
|‘PWn\
_V/RN - (2.18)
_Cns l9IWn(X) - @Wa)* . . [Qwn|?
o L Ry o [T ax
_Cns (&) = @D wn(IWn() 4, 4
//]RUV |X—y‘N+2$ xay
C S - 2 n n
= w2 - EX- // (p() |<i()_/)})/|Ilvftizg)c)w (y)dxdy.

Now,

//RZN (§0(X)—rf((i’)))/zlxggx)Wn(y)dxdy= / . /y L / . /y b / » /y .

=: J}I+J%+J§,.

Of course, 32 = 73, as the integral is symmetric with respect to x and y.

gl _ (@0 - e * WalIWn(®) 4 o
/X€B1 /)/631 i

‘X _ y|N+Zs

(W ()| [wn(y)]|
<C dxdy
/xeB1 /yeB1 x - y[Nr2s2

|Wn(X)| )
< dxd
(~/X€B1 /)/631 |X y|N+ZS 2 Y

N =
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O
" (/X631 /yeB1 |X - y|N+2s-2 dxdy (2.19)
\Wn
dxdy
/XEBl ‘/YEBl |X y‘N+2$ 2

1 2
<C / —_— dz) wn(x)|7dx
X€EB; ( |z|<2 |Z|N+ZS_2 | " l

< C||wnll725,) = 0(1) (as w = 0 implies w, — 0in L} (RV)).

N|=

Furthermore,
2 _ (@) - () *Wn(X)wn(y)
Jn = N2 dxdy
x€By JyeB; |x - y[N+es
ST L
x€By JyeB{n{|x-y|<1} xeBy JyeB{n{|x-y|=1}
= 93t + 077
where
1
321<C(/ / |M/"(X)|2dydx>2.
e
x€By JyeB{n{|x-y|<1} |X_Y‘N+2572
1
([ NI
veBy Jyeen{jxyle1y X = yIN252
=: C]n ']n-
Now,
1
Jnl? < /XGB (/|Z|<1 (2252 dZ) [Wn(x)|?dx < CHWHH%Z(Bl) = o0(1),
1
and
202 _ 1{|x—y\<1}(xy Y)|Wn()/)|2
Jnl” = N353 dydx
xeBy JyeBs |x —y[Nres=
1., (x,y)
{Ix-yl<1} X ¥ 2
o (g, T ) a
1 1
1, x5,y
{|x-y|<1} 2
) /yeB </xeB |x — y|N+2s-2 dx) eI dy
2 1
< Cl|wal|Z2(s,) < C.
Therefore, 73! = 0(1) as n — oo. Moreover,

122 :/ / |Wn(X)HWn(J’)H(]€E§) - o) dydx
xe€By JyeBsn{|x-y|>1} |x —y|N+2s

< C/ / |Wn(X)||Wn()’)| d dx
xeBy Jyepin(xyp1y X - YN
2 3
< ( / / |W"(X]3|+2 dydx) .
xeBy JyeBen{|x-y|z1} X = Y[V
3
(oo
x€B;1 JyeBSN{|x-y|=1} |X vl

) C n .
(/)<631 </{|221} |z|N¥2s dZ>|W )| dx)
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2 2s 3
WnlX + 2 X+z
X </ / | ”( Zs)l | N+|25 dZdX)
X€By J{|z|21} X + 2| |z|

1
, |wn(x +2)|? 2
<C HWTIHLZ(Bl) |:/);€B1 (/]RN ‘X+Z‘Zs dz |dx )

|x+z|%

since |z| = 1 and |x| < 1 implies Z S C. Therefore, using the Hardy inequality, we obtain from the last of
the above estimate thatas n — oo

22 2
Tn < C"|[Wnllp2(sy) [ Wallgs gy = 0(1)

Putting the above estimates together, we obtain from (2.20) that 72 = 0(1) as n — oo. This, along with (2.19),
concludes the proof of Claim 3.

Combining Claim 3 with (2.16) yields
lown|ly = 0(1) as n — oo. (2.21)

Substituting this into (2.17) and comparing with (2.15) yields as n — oo

WG
/R i K(Rnx)% dx = o(1).

Therefore,

|Wn|2;(t)
/ K(Rnx) T dx=0(1), forany O<r<1. (2.22)

But this contradicts (2.11) when ¢ > 0. Therefore, w = 0 cannot happen in the case t > 0, i.e.,
t>0 = w#0.

Consequently, from now onwards, we restrict ourselves to the case t = 0 and w = 0.

Step 7: Let t = 0 and w = 0. First we consider the tight case, (vn)n C HB(BR), for some fixed ball of radius
R > 0 (where Hg (Bg) is the closure of C3°(Bg) with respect to the H#°(R") norm). The remaining case will be
obtained by a splitting argument together with a Kelvin transform.

Therefore, in view of (2.11) and (2.22), using the concentration-compactness principle in the tight case
[19], it follows that in the sense of measure,

K(Rnx)|W| % dx| (xery — O Cxbx;s 2.23)
j

where x; € RY satisfies |x;| = 1. Let C := max; Cy; and define

Qn(r) := sup / K(Rnx)|wn|2; dx. (2.24)
y€ERN JB,(y)

Clearly, Qn(r) > C/2 for each r > 0 large enough. Moreover, (2.23) gives

liminf Qn(r) 2 ¢
n—oo 2

Hence, there exist sequences (sn)n ¢ R* and (gn)n C RN such that s, — 0 and |qn| > 1/2 and

C_ sup / K(Rnx)wﬁ;dx =/ K(Rnx)wf,; dx. (2.25)
2 gewv /B, @ Boy(qn)
N-2s
Define On(x) := s, 2 Wn(snx + qn). Thus ||0n|y = ||wnl||y for any n € N. Consequently, up to a subsequence,
there exists 8 € H5(RY) such that 6, — 0 in H*(RY) and 6, — f a.e.in RV,
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First note that 8 # 0. Otherwise, choosing ¢ € Cg (Bl(x)), with 0 < ¢ < 1, for an arbitrary but fixed
x € RV, and proceeding exactly as in obtaining (2.21), we are able to show that 8, — 0 in le OSC(RN ). On the
other hand, from (2.25) it follows that

C
= >

/ K(snRnx + qn)efﬁ dx = 0.
B1 2

which leads to a contradiction. Thus, 6 # 0. Recall that

N-2s

N=25 N-2s
On(x) = 5,2 Wn(SnXx +gn) = (San)( ? )Vn(SanX + Rnqn).

Define rn = snRn = 0(1) and yn = Rnqn. Hence, I)%\ < 2sn = o(1) and, up to a subsequence, y, — y in RV,
From Lemma A.1, we deduce that

0= K(y)_% W™? forsomert >0, a cRY,

where W is a solution of (E(f,o,o) and that n — Vp(x) := va(x) - K(y)% WhT:Yn*d(x) js a (PS) sequence for

Uat,o atlevel B - I](,t’f(ﬁ) - K(y)’Niszs T(l%’o(W), where W is a solution of (E?,o,o)-

In summary, in both cases t > 0 and t = 0, starting from a (PS) sequence (vn)n of T;é +o we have found
another (PS) sequence (7n)n of T} ..o atastrictly lower level, with a fixed minimum amount of decrease. Since
sup, ||[vnlly < C < oo, the process should stop after finitely many steps.

Step 8: When t = 0 we only dealt with the case (vn)n C Hg(BR) for some fixed R > 0. Now we are going to
relax the assumption (vn)n C H3(Bg).
Let us define

f(k) := liminf K(x)\vn|2; dx.
=2 J Bre1\Bk

We claim that f(k) = 0 for all but finitely many k’s.
Indeed, if f(k) > O for some k, then lim infp_ e /; Biui\By K(x)|vn|? dx > 0. Therefore,

lim inf |vn\2; dx > 0. (2.26)
7% J Brar\Br

By Step 6, forany ¢ € C’(RN)asn — oo

«
24-2

; % N
Kl ([ KRatwaax) 7 ([ lpwaax) 7 = fpwil? + o)
supp(e) RN

5 (2.27)

=\ 25
2540, (/RA!gown\ZS) +0(1).

Fix any £ > 0 and choose ¢ € C3’(RY) such that ¢ = 1in By, \ By and supp(¢) C Bi,1+¢ \Bxeand 0 < ¢ < 1.
Define, @n(x) = ¢(Rnx). Then

lim inf \(pnwn|2;dx = liminf/ |<pvn|2;dx > liminf |vn|2;dx > 0.
n—oo RN n—oo RN n—oo Bk+1\Bk
Now (2.27), with @ = @n, yieldsas n — oo

N-2s
2

* _ N
/ K(X)|va|? dx = K| GnyS0,s * o(1).
Bir1+e\Bi-e

~, _N-2s N
Combining the above, as € > 0 is arbitrary, we obtain f(k) = || K|| L;&{N)S ;S’ 0.5° Therefore, since (vn)n is bounded

in L% (RM), it follows that f(k) = O for all but finitely many k’s and this completes the proof of the claim.
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Now given such a k for which f(k) = 0, we take a cut-off function y € C5°(R") such that y = 1 on B, and
X = 0on Bf,; and 0 < x < 1. We shall show that both (xvn)» and ((1 - x)va) , are (PS) sequences for I} X,

0,0°
Indeed for h € CF(RY) asn — oo

_ Cwss // (X (x) = x@Iva(y)) (h(x) - h(y)) dxdy - Xvnh
RZN

|X y|N+Zs v RN ‘X|Zs

<erl 1)

~ CN,s (va(x) = va(y)) (xCOR(x) = x()h()) ~ vn(xh)
= //sz dxdy 7/ dx

|X y|N+Zs ‘X‘zs

= |XX );/)|Nh+(2)§)vn(y o XX();’)IN}i(z{)vn(X) dxdy  (2.28)
RZN RZN
Jh(X)vn
= (Vn, xh)~ + CNS//RZN (X) |XX();,)|N+(2);)V (Y) dxdy

_ /N KOO|Va % 2va(h) dx + Cv sln + o(| ],
R

where I, := // X(X) X(y) h0Jva(y) dxdy.
R2N

|X y|N+25

Claim 4: I, = o(||h||y) as n — oo.

Indeed,
) X0 - XWIPH2 () ) ( X0 - XW)PV) )%
- <//R2N |X y|N+Zs dxd //RZN |X y\N+25 dx dy )

_ 2.2
// W) XDV g, - / / . / / . / /
Ry X-yl y€Bi JxeBuy  JyeBui JxeBe,,  JyeBe, JxeBi,

=T} + 17 + 3.

Now,

Since v, — 0 in H3(R") implies v, — 0in L2 (RY), we see thatas n — oo

X) — 2,2
I - / / XG0 X(yAZSn(y) dxdy
yEBkﬂ XEBkﬂ ‘X - y|

va(y)
< C/ / 1 dxdy
YEBii1 XEBk+1|X y|N+ZS 2

dx / ) 2
<C - 4 dx vy (y)dy (2.29)
yeBm( /xeBk+1ﬂ{|x—y<1} -y V252 [p nleybty /o
¢ [ viowy
yEBkﬂ
= 0(1);
) - 2,2
- / / X(x) x(ygtzsn(y) dxdy
yeBin JxeBs,,  [X=Vl
dx dx 5
<C / ( / o / 7)1/ ()dy (2:30)
yeBea\ Jxene, n{xylery X YN ficpe Ageypry X - yIN2 )T

< C”/ vi(y)dy = o(1);
yEBkﬂ

_ 2.2
B - / / X() X(y])vtzin(y) dxdy
yeB:,, Jxe, XVl
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_ 2.2
_ / / () x(yh),tzzn(y) dydx
XEBy,q Jy€EBS,, |x -yl

/XEBM ~/yEBC

k+1
= '+ 132

N{|x-y|=1} -/XEB;M -/yeBk+1ﬂ{xy|sl}

For estimating 13!, we choose & > 0 arbitrary and R >> k + 1 so that

2 2
B! - / / X (X)vAn]E)le dydx
x€Br JyeBs, n{jx-y21} X V|
2
L ([ )
XEByr1 \J{y:|x-y|21} |X_Y|
2 N+2s
2 valy) lyl
v ()’)d}/+/ I dy |dx
/xeBk+1 (/BR " Ben{jxoyla1y [VINF2S [x — y|N+2s

vi(y)
< o(1) + C/ n dy) dx
/xeBk,,l ( Be [yIN¥2S

IN

.2 d 2
SCW<O(1)+C(/ |Vn\25dY)zs(/ W)N> <eg forR>>k+1,
B Bg D/|

since (vn)n is uniformly bounded in L% (RY) and |y|V*29N/2s ¢ [1({]y| > 1}). Moreover,

_ 2.2
x€By JyeBs n{x-yls1y X~V
1,y (X, YIV2
) C/ / = YI_l}(NJrzy)fzn(y) dydx
X€By.1 JYEBY,, |X - Y‘ 8
1fxyjay (X, )
_cC (/ {l-yls1} dx) (y)dy
yeBg, \Jxep., [X-y[Nw272 "

1< (6 Y)
=C {Ix-y|s1} dx 2 i
/yeB (/xeB |x — y|N+2s5-2 ) n0)
k+2 k+1

< C””/ va(y)dy = o(1).
yeBk+2

Combining (2.29)-(2.32), we obtain

X0~ X()PVA) )
( //]R A dy ) = o)

as n — oo, Similarly, it follows that
1
() - x()[*h2 (x) H
(//RZN ‘X y|N+25 d dy < ||h||H5(RN)'

Therefore, using (2.28) and the fact that f(k) = 0, we obtain as n — oo

Hence Claim 4 is proved.

(HS)/ <(Ilz,t,0)/(xvn)’ h>Hs = <XVn, h>ry - /N K(X)‘Xvn|2;’2(xvn)h dX
R

- /N KGO = x> Hva|>2vah dx + o(|1h] )
R

2;-1

DE GRUYTER

(2.31)

(2.32)

* 2;
< ClIK]| = (rry [val?sdx ) (1Rl + oIl gsany) = OCIR grn)-
(
k+1

By



DE GRUYTER Mousomi Bhakta, Souptik Chakraborty, and Patrizia Pucci, Fractional Hardy-Sobolev equations =— 1103

This is the required inequality.

Now, as n — oo

/ K(x)\vn|2;dx=/ K(X)\Xvn+(1—X)Vn|2;dX
RN RN ) X (2.33)
=/ K(x)\)(vn|25dx+/ K(x)|(1—X)vn\25dx+o(1).

RN RN

The last line in (2.33) follows from the fact that supp() C By, and supp(1-x) ¢ RV\B, and all the remaining
terms in the expansion of [yvn+(1-x)vn \2; involves product of some powers of yv, and (1-y)v, whose support
lies in By, \ By, but in the definition of y we have chosen the same k for which f(k) = 0

We know that (vn)n is a (PS) sequence of I},o,o at the level g - 77(, ‘. f(a). Hence, from (2.33) the level of the
(PS) sequence (vn)n of 77(’0’0 is integrally split between the two new (PS) sequences (yvn)n and ((1 - X)vn) 0

Let K denote the Kelvin transform in H*(R") given by

1 _
Ku(x) := |X|N7_25u(|x| 2x).
Therefore, it is known that (see Appendix of [23]),
(-4)°Ku(x) = (-A)*u(|x|x).

| |N+25

To prove the claim, first assume that u € C5’(R"). Thus

C

[(A)° Ku(x)| < W (2.34)
Therefore,
S
K e = [ 16203 %000 dx
RN
= / (AP K(u(x)Ku(x) dx (Using (2.34) and K(u) € H*(RY))
RN
[ A U0 u(x 20
= o XS u(|x|™“x |x|N—25u |x]"“x)dx
=/ ((=A)°u(0))u(x)dx
RN
=/ I(—A)%u(x)lzdx (asu € CS"(RN))
RN
= ||uH?{s(RN)~
Next for any u € H¥(RN), let (un)n € C5(RY) be such that u, — u in H5(R"). Then
0
[19¢Qun) | grs vy = 11l sy = [1ull sy - (2.35)
Thus,
HfK(Un) - (um)HHs RN) = ”:K( um)”HS(RN) = HUn uman RN n m—_)>°o 0.

Hence, (X(un))n is a Cauchy sequence in H*(RV), so there exists v € H*(R") such that K(u,) — v. Now, as
un — ua.e.in RN so K(un) — K(u) a.e. in R, Consequently, v = K (u). Therefore, passing the limit in (2.35),
we have [|KW)|gsgry = |ull gs(ar for all u € H3(RY).

Using Claim 5 along with standard change of variable, it is easy to see that

2 7 [u(x)|? 1 o 2
I o0 (X@W) = *||u\|Hs—§/RN TS dX——/RNUC(lxl x) [u|“ (x)dx,

S
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that is, T]( 0.0 © X has the same expression as I, 0,0 €xcept that K(x) has to be replaced by K(|x|’2x) Hence,
Steps 5 and 7 can be applied to (fK((l X)vn))n, since this sequence is now a (PS) sequence for I} Igoo0°X
in HO(B?). Next, we can define the rescaling of the sequence (fK((l )()Vn))n as in (2.10). If the limit of this
rescaled sequence is nonzero then using Step 5 (otherwise, that is, if the limit of this rescaled sequence is
zero, then applying Step 7), we obtain the characterization of (9(((1 - )()vn))n and from that we deduce the

characterization of ((1-))vn)n; the only point which needs to be taken care of X (W(X;j—.yl")) . This is the concern
in Lemma A.2. !
Finally (vi) and (vii) follow as in [21, Theorem 4]. Thus the proof is completed. O

3 Proof of the main Theorem 1.1

In this section we assume without further mentioning that all the assumptions of Theorem 1.1 are satisfied.
We first establish existence of two positive critical points for the functional

2 NG)

Reas@ = 31l - 55 | KGOM de— o fr

Clearly, if u is a critical point of I} then u solves

T

2 (t) 1
AP u=15m K(")ml i /0 in RY, (.1)

u € HS(RN).

Remark 3.1. If u is a weak solution of (3.1) and f is a nonnegative functional in H5(RNY, then taking v = u-
as a test function in (3.1), we obtain

2 - //Rm Jus (=00 + Q-G g, g, iy ) 2 0,

|X _ y|N+25

which in turn implies that u- = 0, i.e., u > 0. Therefore, the maximum principle [12, Theorem 1.2] yields that

u is a positive solution to (3.1). Hence u is a solution to (E7 Xt f)

To establish the existence of two critical points for I} Iy ¢ e first need to prove some auxiliary results. Towards
that, we partition H¥(R") into three disjoint sets. Let 1, : H*(RY) — R be defined by
2y 0
i) =l = (250~ 1) Kl [
ry|X]

and set

Sie={ueB®RY) s u=0o0r Pw) >0}, H:={uecH®R") : () <0},
shi={ue B ®RY) : ) =0}.

Remark 3.2. Ifu € 2, then

2 3]

il = (250 - 1) K] Md 2500) = DKoo S~ g O
v = L=(RV) X[t < ( MKy ytsHuH .

Therefore, ||u||, and ||u]| are bounded away from O for all u € X*.

LEORN |x|-t)

Set
ch = ig“},t,f(u)’ cl = 1nf Ref@, t=20. (3.2)
1
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Remark 3.3. Forany A > 0 and u € H*(RN)

N ul%=®
i) = 2l 20 (2300~ 1) K [

rv X
Moreover, 1¢(0) = 0 and A — ¢(Au) is a strictly concave function. Thus for any u € H*(RY) with |ju|/, = 1,
there exists a unique A = A(u) such that Au € X*. Moreover, as Y¢(Au) = (A2 - A%0)|[u2 forall u € 5, then
Au e 5¢ forallA € (0,1) and Au € 25 forall A > 1.

Lemma 3.1. Assume that C; is defined as in Theorem 1.1. Then

4s -2t

N-t
Noop 35Ul 2 CeSy forall ue X, t=o0.

7,5t

Proof. Fixu e 2t. Then

2

N 1 =
|u|25([) 20 Hu”;sm
Xt dx = -
RN

<(2s(t) -1) ||K||L°°(]RN))

Combining this with the definition of S,, ¢ s yields

2

* 1 TF N
1 u 25([) % 1 ”uHZs(n
=3 ([ B ax) -5l ——
RN x| N 250
(250 = 1) | K| ()
for all u € X*. From here using the definition of C;, we conclude the proof of the lemma. O

Lemma 3.2. Assume that t > 0, C; is given as in Theorem 1.1 and c§, ¢! are defined as in (3.2). Further if

N-2t+2s
inf {Ct||u|\72“ - ary > u)Hs} >0, (3.3)

ucHS(RN)
ul| =
I HLZS(”(RN,M*‘)

then cf < c!.

Proof. Define

% 1.2 HKHL“’(]RN)/ Iu\ZQ(t)
u) := =||lull5 - ~ dx = sy (f, W) s 3.4
]t( ) 2” H’)’ Zs(t) RN ‘X‘t (H) <f >H ( )

Step I: In this step we prove that there exists §; > 0 such that

>B; forall ue 3’

d -
@]t(pu) ot

Indeed, using the definition of 2 and the value of C;, we have for u € X!

45 (pu) =||u|ﬁ—\|K||LN(RN)/ @dx-msmums
dp p=1 ry X]
1 2
=\ o) M ey U W 3.5
( zs(t)—l)” I = ey > i (35)
=
4s - 2t ulls 2
= W= gt s 25 M5 ey (o Wiz = o= oy (s e
lull %

L2ORN |x|-t)



1106 —— Mousomi Bhakta, Souptik Chakraborty, and Patrizia Pucci, Fractional Hardy-Sobolev equations DE GRUYTER

Furthermore, (3.3) implies that there exists d > 0 such that

N-2t+2s
inf {CtHquH — @y u)Hs} >d. (3.6)

ucHS(RN)
HuHngm(RN,\x\’[):

Observe that,
N+2s-2t .
Jully > 50
(3.6) < Ct? - (HS)I (f; u>H5 > d, - ‘X't = 1
Il LEORN, |x|t)
H HN+225—tZ[
Ufly " S (RN
— (; M’Y sy <f, u>Hs 2 dHu||L2;(t)(RN |x|)? uec HS(R ) \{O}
2s-t ’

||u| Lz;(t)(]RN,lX‘-[)

Hence, plugging back the above estimate into (3.5) and using Remark 3.2, we complete the proof of Step I.

Step II: Let (u}), be a minimizing sequence for IIZ rfon >t that is,

jup

I ) > ¢f and |\uf1|\%=HKHLW(RN)(ZZ(t)—l)/RN o

Therefore,

- 1 1
¢l +0(1) = I o f(un) 2 Je(up) = (5 - Z*(f)(Z*(f)—l)) [unll? - [1F sy 1an -

This implies that (J¢(u5))» is bounded and (||u|4)n, (Jlub]| )n are bounded.

ng(t)(RN’lx‘ft)
Claim: c{ < O forall t > 0.

To prove this claim, it is enough to show that there exists viex 5 such that I;é ¢ f(vt) < 0. Note that, thanks
to Remark 3.3, we can choose u! € 2! such that aey (> ul)y, > 0.

Therefore,

s - ‘(-2 t12500
Y (put) = p? (25(0) = 1) [|K]| (v _p* |ut|?s o b
i 1) =P { 2 25 | Jev X[t dx - p ey fr u)gs <O

for p << 1. Moreover, pu' € £ by Remark 3.3. Hence the claim follows.
Thanks to the above claim, II'} ; f(uﬁ,) < 0 for large n. Consequently,

1 1
(VB AN (71 [ . — | VLAY LA W
CHE T JIhIR = g .
for large n. This in turn implies that Py (f, ub) fs > 0 for nlarge enough. Hence, %L(pu;) < Oforp > O0small
enough. Thus, by Step I there exists p} € (0, 1) such that %ﬁ(p,ﬂuﬁ) =0.
Moreover, it is easy to check that for all u! € Xf, themap p — %L(put ) is strictly increasing in [0, 1) and
therefore, we can conclude that p}, is unique.

Step III: In this step we show that
timin () ~T(phut) | > 0. G7)

1

We observe that J;(ub) - J:(pLub) = /
ph

phe(0,1-2¢&)and %L(puﬁ,) > B forp e [1-&,1].

%L(pun)dp and that for all n € N there exists £§ > 0 such that
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To establish (3.7), it is enough to show that &5 > 0 can be chosen independently of n € N. This is possible,

> B¢, and (ul)n is bounded, so that forallnand p € [0, 1]
p=1

since %]t(puﬁ)

|uf|%® ’

d—zf (pup)
dp2 t n |X‘t

b 12 = (25(8) = 1) ||| pogvyp>©2 /RN

_ ](1 - RO 2| < c,

S.tep IV: From the definition of IIA}’ tf and J;, it immediately follows that %I}}’ ‘) f(pu) > %ﬂ(pu) forallu €
H*(RN) and for all p > 0. Hence,

1 1
d d - ~ ~
I ) - I (0l = /,, T uh) dp /p Tt dp = JuCu) - Twhu)

Since (uf)» C £' is a minimizing sequence for I} o on >t and phul, € 2%, then by (3.7)
cl = igflz”t’f(u) < igf[}’t’f(u) =ct.
1
O

Proposition 3.1. Assume that t > 0 and (3.3) holds. Then I},
In particular, u; is a positive solution to (E

«f has a critical point u; € >t with I}’t’f(ut) =ch.

Y
K,t,f)'

Proof. We divide the proof in few steps.
Step 1: In this step we show that ¢ > —co.

From the definition of J; in (3.4), we have I}’ ‘ f(u) > J¢(u). Therefore, in order to prove Step 1, it is enough
to show that J; is bounded from below. From the definition of Zfl,

~ 1 1 2 t
Uz |- —————— |ull5 - ey || U forall u € 23. 3.8
0> (3 - gm0 - Wl Il 1 69
As the RHS is a quadratic function in [|ul|, then J; is bounded from below and thus so is Iy, 2
Step 2: In this step we show that there exists a bounded nonnegative (PS) sequence (uf) c & for I} tf at the

level cf. Let (up)n C 24 suchthat Iy , -(uy) — cf. Since Lemma 3.2 implies cf < c{, without any restriction we
can assume that (un)n C Zi. Further, using Ekeland’s variational principle, (u})» admits a (PS) subsequence,
still called (u%)n, in X% for Iy , s at the level c.. Moreover, as Iy s = J:(u), from (3.8) it follows that (uf)n is
a bounded sequence in H*(RN). Therefore, up to a subsequence, uf, — u; in H*(RY) and uf, — u; a.e. in RY.
In particular, (u%): — (us)+ and (uh)- — (us)- a.e.in RN. Moreover, the fact that f is a nonnegative functional

givesasn — oo
0(1) = (HS) <(I;é’t’f)/(u£l)) (u£l)—>Hs
t\25(0-1 ¢
- <u£“ (uf‘l)_>,y _ / K(X)(un)+ (un)— dX _ (HS)’OC’ (u;)_>HS

R¥ [t
t 2
<-lh)-12 - ff
R2N

(uh)-)Wh)+ (y) + (wh)+ ) uh)-(y) dxdy
< [ @h)-113.

|X _ y|N+25

This implies that (u)- — 0 in H*(RY) and so (un)- — 0 in a.e. in RN, which in turn yields that (uo)- = 0,
thatis, ug = O a.e. in RV, Consequently, without loss of generality, we can assume (u})y, is a nonnegative (PS)
sequence. This completes the proof of Step 2.

Step 3: In this step we show that u}, — u; in H5(RN).
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Applying Theorem 2.1, we getas n — oo

ny . . np
ub = up+ ZK(y’)_N;sZS W Yn 4 Z(Wﬁ,t)Rﬁ’O +o(1), ift=0, (39
j=1 k=1
and
np X
up =ur+ Y (W4 )"0+ 0(1), ift>o0, (3.10)
k=1

where (I](, N f)’ (ug) = 0, W is the unique positive solution of (E(l),o,o)’ where W’;yt, k=1,2,---n, are positive

ground state solutions of (E ¥,t,0)'_ Moreover, (y],;)n, (r{;)n and (Rlé)n are some appropriate sequences with R’,‘l —

Oforeachk =1,---ny, r’}, -0, é — Oandeithery’,; —yor |y’,'1\ — ooandforallj =1, - ny, areappropriate

Y

sequences. To prove Step 3, we need to show that n; = 0 = n,. We prove this by the method of contradiction.
Suppose t = 0. The case t > 0 is comparatively easier and the proof of that case will easily follow from

arguments that we present in the case of ¢t = 0. Also for t > 0, one can argue as in [7, Proposition 3.1].

Thus, let us assume that ¢ = 0 and u}, —# u; in H*(RY). For simplicity of notations, we denote u$ by uy.

Then either n; # 0 or n, # 0 or both nq, n, # 01in (3.9). Here we prove the last case that is when n; and

n, both are non zero. If one of them is zero, that case is again comparatively easier and argument in that case
will follow from this case. First we observe that
N- N

s _N-2s i s _N-2s * N *
wo(K(y’) @ w”n’y’n) = KO W - 25 = DK mamKOD = WIS,

>

N i *
= K(/) = <K(y]) - (2 - 1)||KHL°°(RN)) WIS vy

N w)?
— Ky W .
vK (') /RN XS x<0

Similarly,
o (WA 00) = Yo (WA o) = WA o = (2% = DIIK = WK ol 3
= (1= 25 = DKl =(am) [ WE 0l3 < 0.
Theorem 2.1 gives
ni n;
0(1) +c§ = I o un) = I o (o) + > KO 1 0,0(W) + 31 o o(WE ).
k=1

j=1

AsK > 0,19 5 o(W) = %HWH%S >0and I, 4(W,,0) = $||W.,0l/2 > 0, from the above expression we obtain

Iy o s(wo) < ¢J. This in turn yields uo ¢ 29 and
Yo(uo) < 0. (3.11)
T s _N-2s Y "2 k
Next, we evaluate o <uo + Z KG) = Wnrnt Z(Ws,O)R"’()) . Since u, € £9, we have Yo (un) = 0. There-
j=1 k=1
fore, the uniform continuity of ¥ and (3.9) imply
n . N-2. Jj 2 k
0< li,gif}f Yolun) = li’gigf Yo (uo + Z K@) & Wnhn + Z(W’,;)o)R"’()) . (3.12)
j=1 k=1
Since ug, W, WX, >0forallk=1,---,ny,

np n;
s _N-2s j o\ k
l/)o (UO + Z K(y]) 4s Wr{vy]n + Z(W’l;,O)R"’())

j=1 k=1
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np np ny
i _N-2s J k
< \|uo|\%+z|\W’§,0u%+Z\|K(yf) w W+ 2(ug, Y (W 0)Fr0)
k=1 j=1 k=1
+z<uo,ZK(y’) W Vn> +z<Z(W" )Rn0 ZK(V’) = W yn>
j=1 j=1
i \R.,0 k \R,0 o SN2s J\-he2s oyl
Z ((W3,0)" 0, (W5 o))+ S~ (KON Wi K(y) s W)
i,k=1, i#k Lj=1,1#
2* n N-2 i i 2,( n 2«
* S s n*Yn S k s
-(25- 1)||1<|\Lw(RN)(||uou2; L CORNUAEOIREDY wa,onz;)
j=1 k=1
n; ni . N2 i
< Po(uo) + Z ¢0(W’§,0) + Zl/)o (K(y/)""% W'™n) + the above inner products. (3.13)
k=1 j=1

We now prove that all the ﬁve inner products in the RHS of (3.13) approaches Oasn — oo, As r’,; — 0 and

‘I{Jn\l — oo, it follows that WYh — 0in H5(RY) (see [21, Lemma 3]) and WVn = 0a.e.in RV, Choosing R > 0

large enough as n — oo

j j i Y
uOW’n”'n dx < uOW’"”'n dx + uOW’n’yn dx
2s 2s 2s
rv x| By Xl x>k X

u()m/r’;,,y’;l ‘MO‘Z 3 |W‘2 3
s/ 725d)(+/ 55 dx / ———dx
By Xl x> \ X xR \|x + 2|2
rYl

=o0(1),

where in the 1st integral we have passed the limit using Vitali’s convergence theorem via the Hélder inequality,
while in the 2nd integral simply using the Hardy inequality. Therefore, as n — oo

j i
FE W - k) oy [ MW
(o, KO/ "F W) = KO F | (o, W), W/RN medx| = o). (314)
Since R’,§ — 0 as n — oo, similarly we also have
n, .
(uo, Y (W5 0)*®) = o(1). (3.15)

k=1

Now,

~

_N-2s i\ N-2s
O (A (0

(W) - W )<W(%)—W(y;{ﬁ))
{//RZN |X y‘N+25

dxdy

W(X yn)W(X yn)
—')//RN —dx]

|X‘Zs

N-2s NZs N25

KO KRG (L) T ()

(W0 - W) (W) - (i)
U/R NS dxdy

WE)W( rny+){n-y{1)
™
- ’y/ dx]
RN

1
|x + ’r’—,:|25
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_N-2s i\ _N-2s wWw,
:K(yl) N2 K(y}) N2 |:<W, Wn>HS(RN) — n dx:|,

! RNV |x + 4\25
rn

N ! I, ..
W(:sz + y"rfy") Theorem 2.1 (vi) yields

n

|, (Vi vh

™

)t

Thus Wy, — 0in H5(RY) (see [21, Lemma 3]). Hence, as n — oo

log (

o
T]

<1<(y’)‘Nis“ (W), KGJ) % (W™ y,,)> = o(1). (3.16)

)
Similarly, o .
(W5 )0, (W5 0)*r0) = 0(1) (3.17)

as\log |—>oo

Flnally, we estimate <( )R O K@y ) w ”’n} . First we note that |log ﬁ—];\ — oo implies that either

R R
7t — 0or pt — co. Suppose R—ﬁ — 0. Then
n n n

k i
(WK )0, k()

Frwny - Ko R,

dxdy

v (W20~ Wrg) <W<Rﬁ’;; ) - wtan)
R2N

‘X _ y|N+Zs

K Cow(Raxm)

- W% ut dx
7 Jan [x[2s

k n
_ - 22 k n _ W%OW
=K(/) = {<Wm0’ W") sy V/RN |X|zsdx]’
n ~N-2s X_I}%’;‘ . v SR . j
where W" := ( ) ) /R"k . The proof of Theorem 2.1 gives £ = =3 for any j and k. As s, — 0 and
ﬁk — 0, we have — Rk — 0. Moreover, "r';"l — oo implies that |’;,";§k‘ — oo. Thus |log Rk| + |yn/R | — oo.

Consequently by [21, Lemma 3], W" — 0 in H5(R"). Hence, an argument similar to (3.14) yields

<(W’§,0)Rﬁ’°, KO/)™ 5 W) = o(1). (318)

On the other hand, if X Rk s oo then fn a2 0. Then similarly, we also show that

n

k s _N-2s Y
(W5 )"0, K() % Wr]"’yl">Hs(RN) KO/ e w),

vh
k. _N-2s X j
where Wi(x) = (ﬁ—,:) % Wk <Rk i ) Since 2— — 0 and IYTIH‘ — oo, again applying [21, Lemma 3], we get

n n

W2 — 0in H*(R"). Hence, in any case (3.18) holds.
Combining (3.14)-(3.18) along with (3.13), we have

np A np
Yo <u0 + Z K(y1)fN;§5 Wnvn 4 Z(Ws,o)Rﬁ’()) <o.
j=1 k=1

This contradicts (3.12). Therefore, n; = 0 and n, = 0 in (3.9). Hence, un, — uo in H*(R"). Consequently,
Yo(un) — Poluo), which in turn implies that uo € £¢. But, since ¢ < ¢, we conclude uo € Z!. Hence Step 3
follows. O
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Proposition 3.2. Assume thatt > 0 and (3.3) holds. Then I’} 1< Lf has a second critical point v; # uy. In particular,
V¢ solves (E}, ] f).

Proof. Let t > 0 and let u; be the critical point of I’} Iy ¢ f obtained in Proposition 3.1. Let W, ; be a positive radial

ground state solution of (El,t,O)' Set wl ¢(x) := W, +(%). Let Xo € RN be such that K(%,) = K| oo ey«

Claim 1: u; + K()'co)’% wl € 5% for T > 0 large enough.
Indeed, as K| p=gry 21,0t <25 and u;, WIM > 0, using Cauchy’s inequality, with € > 0, we have

_ \—N-2s _ (_N-2s
l/)t<ut+K(xo) W w;,[) = lue + K(xo) "% Wl 12

lug + K(xo)™ %" WT %0

- (2;(t)—1)1<(i<0)/RN T dx
_ _N-2s _ _N-2s
< [luel + K(xo) % [WE (|12 + 2K(%0)™ = (ue, W5 )~

* 2([)
- g% - / WD s
—(24(t) -1 d K 2s 7d
(2:(0 ){/R o Koy O

2 5 -5z 2 5 -2 2
< [Juells + K(xo)™ = IIWTtIH+2K(Xo) B (*HWWHW g\lurllw)

oty Jue 5 at Nt/ Wy %0
(2800 1){/RN - Y ax+ K(ro) S

B 1 2 2;(0)
=(1+ E) el sy = (25(0) - DHut”LZ;(”(RN,lxl’t)

_ * _ NNt _
+ [ Waell3 {(1 +e)TV 2 - (25(6) - 1)K(X0)™ = o t}
<0 for T > 0large enough.

Therefore, u; + K()'(o)‘% wl € 3% for T > 0 large enough. Hence, Claim 1 follows.
Claim 2: I]< tf(ut + K()‘(o)‘% wfy,t) < I%,t,f(“t) + Il,t,o (K(XO)‘% W};,t) forall T > 0.
Indeed, as ut, w7 ; > O taking K()‘(O)‘% w! ; as the test function in (E}’ t’f), we get
= NEXCE N
(ue, K(o) ™ WE )y = K(%o) ™ ™ /R K )th%fdx (.19)
+ iy > KG0) % W5 ).

Therefore, using the above equality together with the fact that K > 1 yields

_ \_N-2s
I](’t’f(uHK(xo) as W;’t) = |\ut\|7+ 2K(xo) = ||nytH’y+K(X0) = (ut,w7 )y
24(8)
1 (u[+K(x0) e wT )
- 3% K(X dX
25(t) Jgry x|t

(HS)/<f ut)HS - I((XO) s (H5)1<f W"/ t>H
K [f(ut) + 11 t,0 (K(XO) 45 W'y t) + K(XO) S <ul” W'y t>

L K(x )uf 0 K(’_(O)fT; (WfY’t)ZS(t) dx
25(t) Jry IXIt 25t)  Jrv x|
- 2:(6
1 < W;,t)
- K(x) ; dx
25(t) Jgn x|

_ o N-2s
—I((XO) 4s (HS)/<f, W:l;/ t>H
_N-2s
I W) + 1 o (K (o) % W)
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N-2s uzé(t)_lwf 1 uZ;(f)
+ K(g) 2 / KoM Mt gy KO0Mt dx
RN |x|¢ 25(t) Jgy x|t
K(XO)_% (ny’t)Zs(t)

25(60) Jrw X

K X dx
“ 350 Jo K0 T
th(u,)+Il tO(K(XO) & W )
2(0-1. ¢
1 * - _N-2s w t
+ = K(x)|2 t K(x 4 bl
i L KOO 2ROKGo
.  \2®
uz ) e (w )2 NG (ut + K(xo)~ N w,Y’t)
+ + K(xo : ; dx
x|t | | x|
_ N2
I 0+ 1o (Ko % W ).
Hence the claim follows. As
N-2s 2;(0)
W5l = T2 Woel, W0 = T W
and O < t < 2s < N, it is easy to see using the definition of 11 £.0 (K()‘co)‘% wfﬂ) that
lim I7, . (K(%o) & wZ,) = oo (3.20)
Toyoe 1,1,0 0 vt~ .
Consequently, a straight forward computation yields that
¥ SE T ¥ 7 ) T )35
sup I} to(K(XO) as w%t) =1 tO(K(XO) as wv"‘;“‘), where Tmax = K(Xg)2s .
>0 ” ’
Therefore, substituting the value of Tmax in the definition of I7 1,600 it is not difficult to check that
¥ BT o
suply (K(xo) as w%t) =Il,t,0(W -
0
Combining the above relation with Claim 2 and (3.20), we obtain
IK tf(ut + K(xo)~ s wfy,t> <I tf(ut) +17 (W, forallt >0, (3.21)
_ N2
I}’t’f(ut + K(xg)™ 5 wfy,t) < I}’t’f(ut) for T large enough. (3.22)
Now, fix 7o > 0 large enough such that Claim 1 and (3.22) are satisfied. Set
K¢ = inf max I} (Gr),
£ georreloq) Kbf ™
where 6; := {9 € C([O, 1],H3(]RN)> : 000 = uy, 6(1) = up+ K()‘(o)‘%wfﬁt}. Asu; € 3%,

U + K(xo)™ " wie € 2% for every 6 € Oy, there exists ry € (0, 1) such that 6(ry) € Xt. Thus

m[ax] I"* f(9(r)) > IV f(9(r9)) > 1nf f(u) =ct.

Hence,
£t
Ke2Cl>ch= I?(’t’f(ut).

Here in the last inequality we have used Lemma 3.2.
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Claim 3: x; < Iy, (ug) + 1], o(W,0).

Note that lim; o [|W7 ||, = O, thus if we define 0(r) := us + K(x0)~ = w"0 then § € O; and lim,_, ||6(r) -
u¢||y = 0. Therefore by (3.21),

— ) s rT Y
Kes rren[a 1] Iy ff(e(r)) - ,g}gx] IK tf(ut + K(Xo)” K Wvo) <1 tf(uf) +11 tO(W'y t),

that is,
Iy s <xe < I (u) + 17, (W, ) forallt 2 0. (3.23)

Using Ekeland’s variational principle, there exists a (PS) sequence (v&)n of I} oy at level x; for all t =
Since any (PS) for I} Kt f is bounded and x; < I}, tf(“t) + I1 tO(W"/ ¢), using Theorem 2.1, in the case of t > O
there exists v € HS(RN) such that v, — v, in HS(RN), with I f(v,) = K¢ and( f) (v¢) = 0. Moreover,
K’t’ f(ut) < x¢ implies that u; # v¢. Hence we have proved the proposmon fort > 0.

Next let us assume that t = 0 so that we are in case (ii) of Theorem 1.1 and so

] S \*F
K(xo) = [|K]| =gy < (57> (3.24)
v,0,s

holds by assumption. Let W denote the unique positive solution of (E?,o,o)- As W, o is a minimum energy
positive solution (ground state solution) of (EL,O), with t = 0, it follows that

I ,0W0) < I o(W) < B o.0(W),

where the last inequality is due to the fact that W > 0 and so fRN %dx > 0. Since S and S, o s are achieved

= §% and | W, 0|2 = 52

o0 On the other hand, as

by W and W, o respectively, it is easy to see that || W||12~{5 @)

X
19 0,0(W) = $ W3, and I ; o(W-,0) = §[| W02, we obtain ’I(iv(vw)) — (530) % This together with (3.24)
yields a

N-2s N-2s

1] 60(Wo,0) < K(x0)™ % I90,0(W) < K(X)™ % 19 o(W) forallx € RV,

Combining the above inequality with (3.23) yields
: _N-2s
I 4.(Uo) < Ko < min {I}’O’f(uo) + K0T o 0(W), I (o) + Iz’,O’O(W%O)}.

Hence, again using Theorem 2.1 (as in the case t > 0), we can conclude that the (PS) sequence (v9), converges
strongly to some vo € H*(RY), with I} 0s(V0) = ko and (I , f)’(vo) = 0. As before, I} | (o) < Ko implies that
Ug # vo. Hence we have completed the proof for all ¢ > 0. O

N-t

Lemma3.3. If |[f[| ey < Cty/1- 7 Sé‘stgt, then (3.3) holds.

Proof. By the given assumption, there exists € > 0 such that

N-t
fllgsy < Cey 1= - S;’Stsﬂ €.

Combining this with Lemma 3.1, for all uf € X, it holds

_1

v 2
ey o s < I sy 1 g vy < (1 - ) 1F ey 1 1
S

-1
s i 2 t
< C54 [s||u lly = (1—7> llully
IN,s

1
4s -2t t)2 O\ Pt
s (1)
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Hence,
1

. 4s v\ 2
ulgr [m“ I - ary > Wy } 23(1 7N,s> 11€1£[H”||w

Since ||ul| is bounded away from 0 on &' by Remark 3.2, the above expression implies that

. 4s
ulggt [m“ ||—y (HS)/<f u) :| > 0. (3.25)
On the other hand,
N-2t+2s
(33) — C lefl — e (o) >0 for [ull. -1
' t ECON (H) V> TH LEO®N, [x|)
d
(ANMfX)
N—ZztftZs
= C || u||lj(t) i ey > Wys >0 forue 3 (3.26)
ulss 4s-2t
(/QN )
4s -2t
m” H’y (Hs)’<f u>H5 >0 foruc Zt.
Clearly, (3.25) ensures the RHS of (3.26) holds. The lemma now follows. O

Proof of Theorem 1.1 completed. Combining Propositions 3.1 and 3.2 with Lemma 3.3, we conclude the proof
of Theorem 1.1. O

A

Lemma A.1. Let (vn)n C H*(RN) be a (PS) sequence for I 0,0 at the level d. Assume that, there exist sequences

n)n =y € RV, ry — 0 € RY U {0} such that wn(x) = r,, vn(rnx + yn) converges weakly in H*(RN) and a.e.
to some w € HS(RN). If'yﬁ s oo, then K(y)'%" w solves (E9 0.,0)- Moreover,

_N-2s X -
Zni= vty © w0
n

is a (PS) sequence for I< 0,0 at the level d - K(y)~ = I 1.0, O(K(y)%w).

Proof. Let (vn)n C H(RY) be a (PS) sequence for I} o o at thelevel d and ¢ be an arbitrary CZ° (RM) function.
Put gn(x) =1, * $(522). Thus,

(W, @)y = 1im (wn, §) s

o Cns (wn(x) = wn()(P(x) - ()

- nh—>n<lo //RZN |x — y|N+2s dxdy

1. Cngs (va(x¥) = va(y))(Pn(x) - Pn(y))

- nILH:o > //RZN X~ y|N2s dxdy (A1)

= lim 'y/ V"?: dx+/ KOO [Va|> 2Vngpn dx
RV |X| RN

n—oo

lim {7/ Wéq)dx+/ K(rnx+yn)|wn| 2w dx|.
R

nores |7 Jaw I+ ralynl®

Since ry!|yn| — oo, for each fixed ¢ we have

lim / W4(1)dx=0.

n—ee Jgx [X + 1yl yn|
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Therefore, taking the limit as n — oo in (A.1), we obtain (-A)’w = K(y)|w\2;‘2w, or equivalently K(y)%w
solves (EY ; o). Moreover,

WnW lw|?
———dx = —————dx =0(1).
/RN |x = rityn|?s /]RN X = 1tyn|?s @
Therefore, proceeding as in Claim 2 of Step 5 in the proof of Theorem 2.1, we obtain as n — oo
= - _N-2s - N-25
Iy 0.0(zn) = Iy o o(vn) = K(y)" = 18 00K % w) +0(1).

To prove that ., a%,o,o(zfl)’ @) = o([|@|)), we proceed as in the proof of Claim 2 of Step 5 in Theorem 2.1,
the only additional estimate we need to check is

W@n
L B—; P o)
/RN =Tyl oUlnlr )

N-2s
where @n = 1, @(rax + yn), [|@nll gs@ny = €| gsgr)- This estimate follows from the Cauchy-Schwartz and
the Holder inequalities. O

Lemma A.2. Let K denote the Kelvin transform in RN . If (r,)n € R* U {0} and (yn)n C RN are sequences such
that @ — oo and W is a positive solution of (E(l),o,o)’ then in the sense of H*(RN)-norm as n — oo

- x-y - (X Inyn\Z
2 K| W) = (rn|yn| ) W > | +o(1). (A.2)
" In|yn|
Proof. Let W be a positive solution of (E(f,o,o)- Then W(x) = Cy s(1+ \x\z)‘% thanks to [11]. The H*(R"Y) norm
is invariant under the scaling so that

N-2s

~ I'n 2 'n Yn
Vo) = — V(i —=x+—5 |, A3
) (|yn\2) (|yn|2 |yn|2) (A3)

we can apply it to each side of (A.2) to check the convergence. The RHS of (A.2) becomes W + o(1). The LHS
of (A.2), after some algebraic computation, is transformed into
N-2s

W(x) := Cys 1+ % 142yl P))
«= UN,s |yn|<x’yn>+( +rn‘yn| )‘X‘

As I;Z\ — 0, clearly W™ — W in H°(RN). Hence the proof is complete. O
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