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Abstract 

In this paper, we construct positive weak solutions of a fourth order conformally 
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1 Introduction and statement of the results 

Let (SN,go)  be the unit N-sphere with its standard metric and let A c SN be a 
closed set. In the singular Yamabe problem, one looks for a metric i j  conformal t o  
go which is complete on SN - A and whose scalar curvature Scaln is constant. Since 
ij is assumed to  be conformal to  go, we may write i j  := u h  go for some positive 
function u. The scalar curvature of the metrics go and lj are then related by the 
equation 

N - 2  N - 2  EL? 

- 4(N - 1) 
Scal,, u + Scalp U N - 2  = 0. 

4 ( N  - 1) 

Therefore the singular Yamabe problem on SN - A reduces to  the existence of 
positive solutions of (1) which blow up sufficiently fast a t  any point of A in order 
to ensure the completeness of the metric i j .  
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The linear operator which appears in the left hand side of (1); 

is commonly known as the conformal Laplacian of the metric go. It  enjoys the fol- 
lowing conformal equivalence property : If g2 := u h  gl for some positive function 
u and if 4 E Ca(SN), then 

Observe that (1) corresponds to the special case of (3), when 4 r 1 

The above equation is very sensitive to the sign of Scalg. Indeed, it is known 
that when Scalg > 0, then for solutions to  exist it is necessary that the HausdorE 
dimension of A is less than or equal to y. Whereas, in the case where ScalG < 0 
it is necessary that the Hausdorff dimension of A is greater than v. 

We now concentrate our attention on the case where Sca15 > 0. The fact that, 
near any isolated singularity, solutions of (1) are asymptotic to radial solutions of 
(1) was proved in [5]. Using this fact, examples of solutions were constructed by R. 
Schoen [24] when A is either a finite set points or a rectifiable set arising as the limit 
set of Kleinian groups (see also [18] for further constructions). Later on, solutions 
of the singular Yamabe problem when A is a smooth submanifold of dimension 
between 1 and were constructed by R. Mazzeo and F. Pacard in [17]. 

In this paper, we address the problem of the construction of solutions of the 
conformally invariant semilinear equation 

when A is a finite collection points. This equation is a special case of a fourth order 
conformally invariant equation which can be defined on any manifold. 

Let (M, g)  be a smooth 4-dimensional Riemmanian manifold. The following 
fourth order operator has been introduced by Paneitz in [20] 

2 Piu := A:U - div, (-scalgg - 2 ~ i c , )du ,  
3 

where Scal, and Ric, denote the scalar curvature and the Ricci curvature respec- 
tively. Originally the introduction of this operator was motivated by physical con- 
siderations and this operator has been found in many applications in mathematical 
physics, see [12], [21] and 111. The operator introduced by Paneitz is conformally 
invariant and can be seen as a natural extension of the Laplace-Beltrami operator 
on 2-manifold. Later on, this operator was studied by T. Branson [2], [3] and S.A. 
Chang and P. Yang [lo]. We also refer to [4], [6], [8], [9], [ll] and [13] for further 
works on this operator. The operator P: has been generalized to  manifolds of di- 
mension greater than 4 by T. Branson [3]. For N > 5, the generalization of P: is 
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given by 

where the constant a~ and b~ are given by 

and where 

As mentioned before, P: is also a conformally invariant operator, namely if ij and 
A 

g are conformally related, ij := then for all function v E C m ( M )  we have 

In particular, if we consider 21 r 1, we obtain 

In view of these formulae, it should be clear that the quantity Qf plays, for the 
Paneitz operator P:, the r61e played by the scalar curvature for the conformal 
Laplacian. It  is natural to  ask if one can deform conformally a given metric to 
produce a metric whose QN-curvature is constant. 

The problem we would like to address in this paper is a generalization of the 
singular Yamabe problem for the operator P:. This problem can be stated as 
follows : Assume that A is a closed subset of S N .  Can one find a metric ij which is 
conformal to go, complete on SN - A and for which Q$' is constant, positive ? 

We give a partial answer to this problem when A is a discrete set of points. Our 
main result reads : 

Theorem 1 For all k 2 1, there exists a finite set of points A C S N  of cardinal 2 k 
and there exists a complete metric  ij which i s  conformal t o  go o n  SN  - A for which 
Q N  L 

N-4' 

The metrics we construct arise as connected sum of cylindrical metrics on the cylin- 
der SN-I x W. 

Before we proceed with the proof of the result, let us mention that,  on ( S N ,  go), 
N 1 5, the unit sphere endowed with the standard metric, the expression of PE is 
given by 

P:U = A:,U + CN A,, u + dN U, (8) 
where the constants C N  and d N  are given by 
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2 Fowler-type solutions 

We would like to find solutions to the QN-curvature problem on the complement 
of 2 points pl and p2 on the sphere sN. Using the invariance of our problem 
with respect to conformal transformations, we may assume that the points pi are 
antipodal. Next, we can use the stereographic projection of SN on RN to reduce 
the problem to find a positive solution u of 

with a non removable singularity a t  the origin (and a hidden singularity at infinity). 
A recent result of C.S. Lin [14] implies that necessarily, u is rotationally symmetric, 
and thus the above partial differential equation reduces to  an ordinary differential 
equation. It is standard to write 

4 - N  

u(x) := 1x/-2 v(- log /XI). 

In that case, the function v satisfies an autonomous 4-th order ordinary differential 
equation 

N2(N - 4)2 N 4 v - ,,A = 0. 
2 16 

There is one quantity which is preserved along trajectories of the solutions of (10). 
This quantity reads 

Observe that we have an explicit constant solution of (10) which is given by 

This corresponds to a standard metric on a cylinder SN-' x R. 

Let us recall that, the above strategy to find solutions of the QN-curvature 
problem on the sphere minus 2 points, is modeled after the strategy which is used 
in the case of the scalar curvature and the conformal Laplacian. Indeed, in this later 
case, radial solutions are known as Fowler's solutions. The study of these solutions 
is greatly simplified by the fact that the ordinary differential equation is a second 
order Hamiltonian ordinary differential equation, for which it is easy to show that  
there are periodic solutions. 

In contrast, in our case, it does not seem possible to integrate completely the 
above ODE. Namely, beside the Hamiltonian energy, it does not seem possible to 
obtain other quantities which are preserved along the trajectories of (10). This is 
the reason why we will rely on the following result where we prove that close to 
the constant solution vo there exists a one parameter family of periodic solution of 
(10). This is the content of the following : 
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Proposi t ion 1 There exists EO > 0,  and for all E E ( O , E O ) ,  there exists v,, a 
periodic solution of ( lo) ,  such that 

where p- > 0  only depends on N .  Moreover, one can ask that v,  depend smoothly 
on E and that 

8 , ~ ~  (t)E=O = COS(&~).  

Proof If we define 2 := (z?, btv ,  @ v ,  bt3v) and Zo = (vo, 0 ,  0 ,  0 ) ,  we are left to find 
periodic solutions of 

i = F ( Z )  (14) 

in R4,  which are close to  the constant solution Zo. To this aim , we will use the 
fact that H is preserved along the trajectories of this dynamical system and we will 
prove that there exists a 2-dimensional center manifold which passes through Zo 
and which is transverse to  the hypersurfaces H E c. 

Existence of t h e  cen te r  manifold : The linearized equation about Zo is given 
by 

X  = D F z o X ,  

where 
0  1  0  
0  0  1 

DFzo = 0  0  0  

2 
4  0  N ~ - ~ N + B  0  

The eigenvalues of DFzo are given by 

A* = i and i* = (15) 

where 

with N 25 .  Note that pk > 0. 

Near Zo, the dynamical system (14) has a 1-dimensional stable manifold cor- 
responding to  the eigenvalue i-, a 1-dimensional unstable manifold corresponding 
to the eigenvalue i f ,  and a 2-dimensional center manifold corresponding to  the 
eigenvalues A&. 

The tangent space of the center manifold at  Zo is spanned by the vectors 

X = ( l , O , - 0  and X:!=(O, l ,O , -p - )  

Conservation law: The quantity 
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is preserved along trajectories of (14). The expansion of H at Z = Zo is given by 

where the quadratic form q is given by 

One can check that this quadratic form q restricted to the tangent space of the center 
manifold a t  Zo is negative definite. Indeed, if X = a ( l  , 0, -p- , 0) + P(O,l, 0, - p -  ) , 
then 

Existence of periodic solutions: It follows from the above analysis that, for all 
E > 0 small enough, the hypersurface H(Z)  = H(Zo) - c2 is transverse to  the center 
manifold and the intersection produces closed curves which correspond to  periodic 
solutions of (14). Indeed, close to Zo the center manifold can be parameterized by 
( a ,  p) --+ Y (a ,  p) such that Y (0) = 2 0 ,  a,Y (0) = XI and apY (0) = X2. Then the 
equation 

H(Y(a ,  P)) = H(Z0) - E2 

reduces to 
a a 2  +bp2 + 0 ( a 2  +p2)3 /2  = c 2 ,  

and the claim follows at once. o 

3 Linear analysis 

We consider the nonlinear equation (4) which we linearize about the solution u0 := 

121 VO. This yields the linear operator 

3.1 Geometric Jacobi fields 
We describe some explicit Jacobi fields for the linearized operator L. Thanks to  
the result of Proposition 1, we know that uo belongs to  a Zdimensional family of 
solutions of (4) which are given by 

u,,t,(x) := ) X ?  v,(- log 1x1 +to).  

Differentiation with respect to  to or E give two Jacobi fields which are denoted by 
a'>*. More precisely, we have 

aO'+ := (! aco~c, t , )  Imr=o and aO*' := a,~.,t, ,=t,=o. (20) 
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3.2 Indicia1 roots 

Given any function w ,  we define 

so that 
LS(x )  = 1 x 1 - 9  (Lw)(-log x1,e). 

where the operator L is given by 

2 N ( N  -4 )  c := a,"+~;,-, +2(a, - ) ASN-I - N 2 - 4 ~ + 8  N 2 ( N - 4 )  
4 2 2 (22) 

a," - 
In particular, the study of L reduces to  the study of L. 

We introduce (pj ,  X j ) ,  the eigendata of the Laplacian on SN-I. That is, Asn-, cpj 
= -Xjcpj. We will assume that the eigenvalues are counted with multiplicity and 
that the eigenfunctions are normalized so that their L2 norm is equal to  1. It is 
well known that (cpj, A;) are the eigendata of the Bilaplacian on SN- l .  Projection 
of C over the eigenspace generated by cpj yields the operator 

The homogeneous equation Ljw  = 0 has 4 independent solutions which are given 
by t + eYt where y is one of the 4 indicial roots of L j .  We will denote these indicial 
roots by i y j  and hyj .  These indicial roots can be computed explicitly and we find 
the : 

Lemma 1 For all j 2 1, we have 

y j 2 1 ,  and y j > l .  

In the case where j = 0, we have 

yo = i f i ,  and ;Yo = 6. 
Observe that &yo are associated to  the Jacobi fields aO>* which have been 

defined in (20). 

3.3 Mapping properties of L 
We consider the action of the linearized operator on weighted Holder spaces, which 
are defined in the : 

Definition 1 Given k 6 R, 0 < ai < 1 and 6 E R, we define 

C;~=(IRX s N - l )  = ( c o s ~ ~ ) ~ c ~ ~ = ( R  x s N - l )  (24) 

endowed with the norm 
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Let 7 : R + R be a cut-off function such that 7 1 if t 5 -1 and 11 = 0 if t 2 1. 
We set 

Do := vect(7 @Oak). 

Proposi t ion 2 Assume that 6 E ( - 1 , O )  is fixed. Then, the operator 

is an isomorphism. 

Proposition 2 will be a consequence of the following results : 

Lemma 2 Assume that 6 < 1 is fixed. Let w E c:'" (R x S N - I ) ,  assume that, for 
all t E R, the function w( t ,  .) is orthogonal in  the L2 sense to 1 on SN-I  and that 
Cw = O .  T h e n w ~ O .  

Proof We decompose w over the eigenfunction cpj 

For any j 2 1, the function wj satisfies C j w j  = 0. Hence, it is a linear combination 
of the functions e*7jt and e*Tjt. Since for j >_ 1, the absolute values of the indicia1 
roots are greater than 1 and since we have assumed that w is bounded by a constant 
times (cosh s ) ~ ,  we conclude easily that wj = 0. Hence w = 0. o 

The previous Lemma then implies some surjectivity result for C.  More precisely, 
we have the : 

Corollary 1 Assume that b E (-1,l) is fixed. Let f E c~'"(R x SN-I), assume 
that, for all t E R, the function w ( t ,  .) i s  orthogonal i n  the L2 sense to 1 on SN-'. 
Then, there esists a unique w E C;'"(R x SN-l) satisfying Cw = f .  Moreover, we 
have 

Ilwllc,4,p 5 cll f l lc; ,a.  (25) 

Finally, we treat the case where the functions do not depend on the 0 variable. 
This is the content of the following : 

Lemma 3 Assume that b E ( - 6 , O )  is fixed. Let fo  E C~'"(R). Then there 
exists a unique wo solution of 

such that wo E C;~"(IW) $ Do. Moreover, if we decompose wo = 60 + q (a@'>+ + 
b QO*-),  we have 

lI60ll~;~- + lal + lbl I cl l fo l Ic; .~ .  (27) 
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Proof To begin with, we define the functions v+ and v- respectively on (0, co) and 
(-m,O) by 

and 

Observe that v+ (resp. v-) satisfy LOU* = fo  in (0, m )  (resp. (-m, 0)). Moreover, 
we have the estimates 

v*l 5 c I l f o ~ I ~ ~ . . ( c o s h t ) ~  

in (0, co) (resp. in (-m, 0)). Once this is done, we define the functions w: by 

U: (t) := v+(t) + a. e - f i t  (28) 

on (0, m),  and 

W; (t) := V- (t) + a1 301+(t) + a2 a0'-(t)  + a3 e G t  (29) 

on (-m, 0), where the constants aj ,  j = 0 , .  . . , 3  are chosen in such a way that 

for j = 0 , .  . - ,3.  Observe that, since the indicia1 roots yo and yo are distinct, 
the constants aj are uniquely determined as solution of a linear system for some 
invertible matrix. It should be clear that the function 

is a solution of our problem which belongs to the space C;'"(R). o 

All the above results can be translated in the case where we consider the operator 
L acting on functions defined in IRN - (0) instead of working with the operator C 
acting on functions defined in R x SN-I. Again we define weighted Holder spaces 
on RN - (0). 

The space C,kl"(RN - (0)) is defined to be the space of functions .w E c;;,*(R~ - 
(0)) such that 

SUP T ~ - ~ + ~  Il"('/r)l~k*n(~2(0)-~~(0))). 
~€(091/2) 
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Observe that, given any function u defined in RN - {0), if we write u(x) = 

1 x 1 9  u(-  log 1x1,0), then 

4 - N  6. where v = - 

Finally, we define 

Eo = Vect{q(- log ~xj ) j s lV@O'*  (- 1% 1~1)). 

Granted the above definitions, the result of Proposition 2 is equivalent to : 

Proposition 3 The operator 

is an isomorphism if 9 < v < v. 
Given any smooth bounded domain R C RN - {0), we define the space C,k@ (0) 

as the space of all restrictions of functions in C,kl"(RN - (0)) to Q. This space 
is naturally endowed with the induced norm. The subspace [c;~"(Q)]~ of Ci>"(R) 
consists of functions w in Cila(0) which satisfy Aw = w = 0 on 80. 

Lemma 4 Assume that 4 - N < p < 0 is fixed. If 0 < R < 1, then 

is an isomorphism whose norm is bounded independently of R E (0, l ) .  

Proof In order to prove this Lemma, it is convenient to work on (0, + m )  x SN-' 
instead of B1(0) - (0). This can be achieved by changing 

We consider 
N ( N  - 4) 

A, := 8; + A,N-I - 2dt - 
4 

and 

Finally, we define 6 by 

and T := - log R > 0. The result we want to show reduces to proving that 

Lo A. : [c~"([T, oo) x sN-')]v + C;,*([T, m )  x sN-') 
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is an isomorphism whose norm is bounded independently of T .  

Consider the following problem 

Lo Aow = f in [T, m) x SN-I 

Aow = w = 0 on {T) x SN-l .  

In particular, w := Aow is a solution of 

L o w  = f in [T, m) x SN-' { 0 on {T}xSN-I .  

One can easily check that, since we have chosen < 6 I $, the function eJt 
can be used as a barrier to show, using the maximum principle, the existence of a 
solution w  which satisfies 

6 t  
Iwl I cIl f I lc,O.Qe . 

Now that we know this estimate, we use the fact that w  solves 

and, since we have chosen - $ 1 6 < y, the function e6' can be again used as a 
barrier to show, using the maximum principle, the existence of w which satisfies 

w l  < c sup e-" w  e6' 5 c 1 f I c l , -  e6'. 
R 

Hence 

iwl < Cl l f l Ic~3-  e  
6 t 

for some constant C which does not depend on T. Once this estimate has been ob- 
tained the estimates for the derivatives of w  follow from standard elliptic estimates. 
0 

Given any point qo E dB1, we define the space D;;;(IKN - (0, go)) as the set of 
functions w E C:;,"(lWN - (0, go)) for which the following norm is finite 

We will slightly abuse notations, and define the space C ~ ~ " ( B , ( q o )  - {go}) as the 
space of functions w defined in B, (go) such that w (go + .) E C ~ T Q  (B,  - (0)). 

Granted this definition, we now collect the results of Proposition 3 and Lemma 
4 to obtain the : 
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Proposition 4 Assume that < v < 9 and 4 - N < p < 0 are fixed. Then, 
the operator 

is an isomorphism. 

Proof Since we will not need the fact that this operator is injective, we shall leave 
this fact to the reader and only prove that one can build a right inverse. 

To begin with, observe that, since the function uo is bounded in BlI2(q0) we 
have for all w E C~~n(B,(qo) - { g o ) )  we have 

Using this and a simple perturbation argument shows that the result of Lemma 4 
remains true if the operator A2 is replaced by the operator L, provided p is chosen 
small enough. Hence, we can fix p small enough and solve 

Moreover, we have the estimate 

where the constant C does not depend on p. 

We define the cut-off function X, which is equal to 0 outside B,(qo) and which 
is identically equal to  1 in Bp12(qO). NOW, using Proposition 3, we can define 
wl E C;@(lWN - (0) )  $ EO to  be the solution of 

in IRN - (0).  We know that 

The solution of Lw = f we are looking for is then given by w = wo + wl .  This is 
the desired result. o 

4 Connected sum result 

For i = 1 ,2 ,  let ui be the solution of (4) which is defined by 

4 - N  

u ~ ( x )  = 1 x 1 2  vo 
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on RN - (0). In other words, we have two solutions to  the QN-curvature problem 
on the sphere R~ - (0). Since WN is locally conformally equivalent t o  SN or 
to a cylinder R x SNV1, we can think that we have two solutions of the QN- 
curvature problem on SN (with two points removed) or on R x SN-I (with two 
points removed). 

For each solution, we choose a point qi E dB1. The idea is that B112(q1) is 
conformally equivalent to a half infinite cylinder C1 := (-T, oo) x SN-I and B1/2(q2) 
is conformally equivalent to  a half infinite cylinder C2 := (-m, T )  x SN-l .  Next, 
we identify the two pieces of cylinders (-T, T )  x SN-I to produce a manifold which 
is conformally equivalent to SN with four points removed and for which we have 
almost solved the QN-curvature problem. Finally, we show that we can adjust the 
conformal factor in such a way that the QN-curvature problem is solved. 

We choose qo E 8B1 and T > 0. We can write 

where (r,  0) are polar coordinates about qo. Since u1 is regular a t  qo, we have 

Similarly, we can write 

where (r,  0) are polar coordinates about qo. Since u2 is regular a t  qo, we have 

We now define a cutoff function x as being identically equal to 0 for t 2 1 and 
identically equal to 1 for t I -1. We set 

and 
~ 2 , T ( t )  = 1 - x ( T -  1 +t) .  

Denote by v the function defined on R x SNW1 by 

We recall that the functions v;, for i = 1,2,  are solutions of N ( v )  = 0 where 

Obviously, we have N(vT) = 0 in ( - a ,  -T) x SN-I and also in (T, m )  x SN-I. 
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Lemma 5 There exists a constant c > 0, which does not depend on T > 4 such 
that 

Proof On [-T + 2, T - 21 x SN-l, we have N(v l )  = N(v2) = 0 and v r  = vl + va. 
Therefore, we can write 

where p := m, in this set. Since, in [-T + 2,0] x Sn-l, the function w := v2/u1 
is bounded from above by a constant which does not depend on T ,  we can write 

Using the Taylor expansion together with (39) and (41), it is now easy to check that 

The set [O, T - 21 x SN-' can be dealt with similarly. Finally, one checks that the 
cutoff functions do not alter the estimate. We leave the details to the reader. o 

We now explain what function space we will use t o  evaluate functions on the 
connected sum of the two lRN. So assume that you have a function w which is of 
class Ck3Q on R x SN-I away from the singularities. We decompose R N  x SN-I into 
three overlapping sets: (-m, -T) x SN-l, [-1 -TI 1+T] x SN-I and [T, cm) x SN-I. 
We can conformally transform [-cm, -TI x sN-' SO that we are left to evaluate the 
norm of a function W which is defined in (RN - (0)) - Bl12(qo)). We evaluate the 
function W by taking its C,k@ norm in (RN - (0)) - B ~ / ~ ( q o ) ,  where < v < 
is fixed. A similar treatment can be given to [T, cm) x SN-l.  Finally we evaluate 
the norm of the function w in (-1 - T, 1 + T) x SN-l, we simply use e6T times the 
norm of zu in c:'"([-1- T, 1 + TI x SN-I), where the constant 9 < 6 < is 
fixed. 

In other words, what we have simply done is a patching of two copies of C,kla ((RN - 
(0)) - Bll2(qO)) with the space c:'"([-1- T, 1 + TI x SN-I),  using conformal dif- 
feomorphisms. When k = 0, this space will be denoted by e,'pT. And, when 
k = 2 we shall instead consider the space obtained by patching of two copies of 
C,k?"((RN - (0)) - BIl2(q0)) $ EO with the space ~ : ' ~ ( [ - 1  + T , T  + 11 x SN-I), 
using conformal diffeomorphisms. With slight abuse of notations, this space will be 
denoted by 3:;tT. 

Given any function f E e1-0,,6,T, we would like to  solve the linear problem 

where C,, is the linearized QN-curvature operator about VT. To this aim, we use 
the fact that, thanks to the result of Proposition 2, we can solve 
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and we can also solve 
L,,w2 = (1 - x ) f  

where L, denotes the linearized QN-curvature operator about v. We can therefore 
define the function 

W = X ~ , T  W1 + XZ,T W2, (46) 

which clearly belongs to  3:gT. 

In the next result, we show that w is almost a solution of the linear problem 
(45) and give a quantitative version of this -fact. 

Lemma 6 Assume that v E (y, y) and 6 E (0, 9) are fixed. Then 

Proof Observe that we have 
Cvrw - f = 0 

away from [-T, TI x SN-'. SO it only remains to estimate this function in this later 
set. In [2 - T, -11 x SN-', we can compute explicitly 

Taking into account that vz/vl is bounded by a constant independent of T in 
[l - T, 0] x SN-I, we can use Taylor's expansion, (39) and (41), together with 
the estimates 

ST 
I ~ " ~ ~ I C ~ ' ~ ( [ - T , O ] ~ S N - ~ )  5 C e  /if 1 1  3 v - - 4 , 6 , ~  O R  

while 
I~2 / l c ' ~ ( [ -T ,O]xs~ - l )  5 e-*T f llF:f4,6,T 

to find, with little work, that 

< C ((cosh T) -~ '  + ( C O S ~  T ) ~ - ~  + (cosh T ) - ~ )  IICvw - f ~ I C ~ , " ( [ ~ - T , - ~ ] X S N - ~ )  - 

Similar estimates hold on [I, T - 21 x SN-'. Finally, one checks that the cutoff 
functions which are used in [-T ,  2 - T )  x SN-l,  in ( -1 , l )  x SN-I or in ( T  - 2, TI x 
SN-' do not alter the above estimate. o 

Thanks to the previous result, we can use a standard perturbation argument to  
show the : 

Corollary 2 Assume that v E (9, y) and 6 E (0, v) are fixed. There exists 
To > 0 such that, for all, i f  T is chosen large enough, the operator 

is  an  isomorphism the norm of whose inverse is bounded by  some constant which 
does not depend on T 2 To. 
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5 The nonlinear perturbation argument 

Granted the results of the previous section, we now perturb the function v~ by some 
small function '1~: SO that VT + w is a solution of N(vT + w)  = 0. 

Again it is easier to decompose R x SN-I into three overlapping pieces as we 
have done in the previous section. In particular, in [-1 - T , T  + 11 x SN-I the 
equation we have to solve is precisely 

while, by conformal transformation, the equation we have to solve on (-co, -T )  x 
SN-' is equivalent to 

in (RN - ( 0 ) )  - B1,2(qo). 

Unfortunately, when W E C:>a((RN - ( 0 ) )  - B1/2(qo)) $ Eo, it is not true that 
N(vT + w) E C;5((lRN - ( 0 ) )  - Bl12(qo)) because the elements of Eo which force 
the nonlinearity to belong to c??, -- , ( (WN - (0)) - BlI2(qO)). 

To overcome this difficulty, we use the idea developed by R. Mazzeo, D. Pollack 
and K. Uhlenbeck in [20] to overcome a similar difficulty in the scalar curvature 
problem. 

Recall that there exists a one parameter family (v,)~<,<,, of periodic solution 
of (10) near the constant solution vo. Now, if a = < cos$ and b = <sin$,, we define 

U(a, b ) ( t )  := ~ x l q  vt(- log 1x1 + 4). 

Which is a solution of (4). Furthermore, differentiation with respect to a and b, at 
a = b = 0 just yield the Jacobi fields j x l v  Q O l f  (- log 1x1). 

The idea is to decompose any function W E C ; , ~ ( ( R ~  - ( 0 ) )  - BIl2(q0)) @ EO 
as 

W ( X )  = V ( X )  + a* q(- log 1x1) ( x / q  a''*(- log 1x1) 

where V E C:@((RN - ( 0 ) )  - BlI2(q0)),  and to replace it by 

W ( X )  = V ( x )  + q(- log 1x1) U(a+,  a-) (x) .  

Abusing notations slightly, the problem we have t o  solve in (RN - (0)) - BIl2(qO), 
now reads 

N ( v T + w )  := A2(vT + W )  + (VT + w)= = O  

This time this is a well defined nonlinear operator between C:pQ((BN - ( 0 ) )  - 
BIl2(q0)) $ Eo and C : ~ ( ( R ~  - ( 0 ) )  - BIl2(q0)). Furthermore, the linearization of 
this operator about w = 0 is nothing but the operator L. 
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We solve the nonlinear equation by using a fixed point algorithm. Indeed, we 
can write 

M(WT + u!) = N(vT) + CUT w + Q T ( w )  

where Q collects all the nonlinear terms. Assume that < v < and 
6 E (0, y) are fixed. We can use the result of Proposition 4. We rephrase this as 
a fixed point problem 

and now it is a simple exercise, using Lemma 5 and Corollary 2, to  show that there 
exists R > 0 and Po > 0 such that for all T > Po, the mapping 

is a contraction from the ball of radius R (e-26T + e-4T) in 3,";tT into itself and 
hence has a unique fixed point in this ball. This proves the existence of a solution 
of (4)  and hence completes the proof of the result in the case of 4 singularities. The 
general case can be handled similarly with more involved notations. 

Acknowledgements: We would like t o  thank I?. Pacard for bringing this problem 
to our attention, and for insightful comments and assistance through our work. 
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