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Abstract

In this paper, we construct positive weak solutions of a fourth order conformally
invariant equation on S”. These solutions give rise to complete metrics on the
complement of finitely many points of SV whose Q-curvature is constant.
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1 Introduction and statement of the results

Let (S™,go) be the unit N-sphere with its standard metric and let A C SV be a
closed set. In the singular Yamabe problem, one looks for a metric § conformal to
go which is complete on SN — A and whose scalar curvature Scalj is constant. Since
g is assumed to be conformal to gy, we may write § := uvz go for some positive
function u. The scalar curvature of the metrics go and § are then related by the
equation
N-2 N -

4(N -1) 4(N -1)
Therefore the singular Yamabe problem on S — A reduces to the existence of
positive solutions of (1) which blow up sufficiently fast at any point of A in order
to ensure the completeness of the metric g.

Agou— Scalg, u + Scalg uNE =0, (1)
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The linear operator which appears in the left hand side of (1),

N -2

Lgg = Bgy = oD

Scaly,, (2)
is commonly known as the conformal Laplacian of the metric go. It enjoys the fol-

lowing conformal equivalence property : If g5 := vz g1 for some positive function
u and if ¢ € C=(SV), then

N+2
Lo, (uf) = w2 L, (9). 3)
Observe that (1) corresponds to the special case of (3), when ¢ = 1.

The above equation is very sensitive to the sign of Scaly. Indeed, it is known
that when Scalz > 0, then for solutions to exist it is necessary that the Hausdorff
dimension of A is less than or equal to N—;—Z Whereas, in the case where Scalz < 0

it is necessary that the Hausdorff dimension of A is greater than y_z—_z

We now concentrate our attention on the case where Scaly > 0. The fact that,
near any isolated singularity, solutions of (1) are asymptotic to radial solutions of
(1) was proved in [5]. Using this fact, examples of solutions were constructed by R.
Schoen [24] when A is either a finite set points or a rectifiable set arising as the limit
set of Kleinian groups (see also [18] for further constructions). Later on, solutions
of the singular Yamabe problem when A is a smooth submanifold of dimension
between 1 and &2 were constructed by R. Mazzeo and F. Pacard in [17].

In this paper, we address the problem of the construction of solutions of the
conformally invariant semilinear equation
A%y =u~¥% in RN - A, (4)
when A is a finite collection points. This equation is a special case of a fourth order
conformally invariant equation which can be defined on any manifold.

Let (M,g) be a smooth 4-dimensional Riemmanian manifold. The following
fourth order operator has been introduced by Paneitz in [20]

2
Piu:= Alu — div, (§Scalgg -2 Ricg)du,

where Scal, and Ricy denote the scalar curvature and the Ricci curvature respec-
tively. Originally the introduction of this operator was motivated by physical con-
siderations and this operator has been found in many applications in mathematical
physics, see [12], [21] and [1]. The operator introduced by Paneitz is conformally
invariant and can be seen as a natural extension of the Laplace-Beltrami operator
on 2-manifold. Later on, this operator was studied by T. Branson [2], [3] and S.A.
Chang and P. Yang [10]. We also refer to [4], [6], [8], [9], [11] and [13] for further
works on this operator. The operator P; has been generalized to manifolds of di-
mension greater than 4 by T. Branson [3]. For N > 5, the generalization of P, is
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given by
. . N-4
P;’u = Agu — div, (aN Scaly,g — by Rlcg) du + — Qév u, (5)
where the constant ay and by are given by
oy e N —2)2+4 b e
NTan (N -2y NEN—2
and where
1 N® —4N? + 16N — 16 2
N._ __ - 2_ % pie 2
Qg : SN = 1)AgScalg + SN 12(N —2)2 Scaly DL [Ricg|*. (6)

As mentioned before, P;\’ is also a conformally invariant operator, namely if § and
g are conformally related, § := u g, then for all function v € C*°(M) we have
PgN(vu) =y~ PgN(v).
In particular, if we consider v = 1, we obtain
N -4
=3 @

In view of these formulae, it should be clear that the quantity Qg’ plays, for the
Paneitz operator PgN , the role played by the scalar curvature for the conformal
Laplacian. It is natural to ask if one can deform conformally a given metric to
produce a metric whose Q' -curvature is constant.

PN (w) ~E

N
g qu

The problem we would like to address in this paper is a generalization of the
singular Yamabe problem for the operator Pgﬁ' . This problem can be stated as
follows : Assume that A is a closed subset of SV. Can one find a metric § which is
conformal to go, complete on SN — A and for which QY is constant, positive ?

We give a partial answer to this problem when A is a discrete set of points. Qur
main result reads :

Theorem 1 For all k > 1, there exists a finite set of points A C SN of cardinal 2 k

and there ezists a complete metric § which is conformal to go on SN — A for which
N _ _2

§ = N-a
The metrics we construct arise as connected sum of cylindrical metrics on the cylin-
der SN-1 x R.

Before we proceed with the proof of the result, let us mention that, on (S, go),
N > 5, the unit sphere endowed with the standard metric, the expression of P;X is
given by

P£U=Af,ou+c1v Agou+dyu, (8)
where the constants ¢y and dy are given by
-4
eN = %(N2—2N—4) dy = NI—6N(N2—4).
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2 Fowler-type solutions

We would like to find solutions to the QV-curvature problem on the complement
of 2 points p; and p; on the sphere S¥. Using the invariance of our problem
with respect to conformal transformations, we may assume that the points p; are
antipodal. Next, we can use the stereographic projection of SV on R¥ to reduce
the problem to find a positive solution u of

4

-4 on RY—{0},

i

Au=u

with a non removable singularity at the origin (and a hidden singularity at infinity).
A recent result of C.S. Lin [14] implies that necessarily, v is rotationally symmetric,
and thus the above partial differential equation reduces to an ordinary differential
equation. It is standard to write

u(z) = |z|*7" v(~log [z]). 9)

In that case, the function v satisfies an autonomous 4-th order ordinary differential

equation

2 _4N N2(N — 4)? 4
al ; 8520 + (16 Dy ¥ o, (10)

There is one quantity which is preserved along trajectories of the solutions of (10).
This quantity reads

Ofv —

1 N? —4N +38 NZ(N—4)2 N -4 2w~
H(v) := (8t3v)(8tv)—-5(3?1))2-——————‘—1———(6,:11)2-%- 3 v?— T
(11)
Observe that we have an explicit constant solution of (10) which is given by
_ (NN —4)\
v = ( " ) . (12)

This corresponds to a standard metric on a cylinder S¥~! x R.

Let us recall that, the above strategy to find solutions of the Q™-curvature
problem on the sphere minus 2 points, is modeled after the strategy which is used
in the case of the scalar curvature and the conformal Laplacian. Indeed, in this later
case, radial solutions are known as Fowler’s solutions. The study of these solutions
is greatly simplified by the fact that the ordinary differential equation is a second
order Hamiltonian ordinary differential equation, for which it is easy to show that
there are periodic solutions.

In contrast, in our case, it does not seem possible to integrate completely the
above ODE. Namely, beside the Hamiltonian energy, it does not seem possible to
obtain other quantities which are preserved along the trajectories of (10). This is
the reason why we will rely on the following result where we prove that close to
the constant solution vg there exists a one parameter family of periodic solution of
(10). This is the content of the following :
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Proposition 1 There ezists £ > 0, and for all ¢ € (0,g0), there ezxists v, a
periodic solution of (10), such that :

Ve (t) = vo + € cos(v/a—t) + O(e?), (13)

where u— > 0 only depends on N. Moreover, one can ask that v depend smoothly

on € and that
OcVe (t) =g = cos(y/_t).

Proof If we define Z := (v, 8;v, 0?v,83v) and Zp = (vp,0,0,0), we are left to find
periodic solutions of )
Z=F(Z) (14)

in R*, which are close to the constant solution Zy. To this aim , we will use the
fact that H is preserved along the trajectories of this dynamical system and we will
prove that there exists a 2-dimensional center manifold which passes through Zg
and which is transverse to the hypersurfaces H = c.

Existence of the center manifold : The linearized equation about Z; is given
by )

X =DFy, X,
where

0

0
DFZO = O

N*(N-4)
2

O OO+
O = OO

N2—_4N+8

bk O = O

The eigenvalues of DFz, are given by

M=+i/ns  and A =+07 (15)

where

VN4 —64N +64+ (N2 —4N +8

with IV > 5. Note that uy > 0.

Near Zy, the dynamical system (14) has a 1-dimensional stable manifold cor-
responding to the eigenvalue A, a 1-dimensional unstable manifold corresponding
to the eigenvalue AT, and a 2-dimensional center manifold corresponding to the
eigenvalues A*.

The tangent space of the center manifold at Zp is spanned by the vectors
X1 =(1,0,—p-,0) and X2 =1(0,1,0,—p-)
Conservation law: The quantity

N2-4N+8 , N} N-4)2 , N-4 zn
1 z; + 3 2] — 2

1
H(Z)= 2420 — Ezg -
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is preserved along trajectories of (14). The expansion of H at Z = Zj is given by

Az +x) = (X004 oqxp) a7)

where the quadratic form ¢ is given by
22 N?2-4N +8 N%(N -4
g(X)=z420 — 33- - 5 T3 — ( )xf (18)

One can check that this quadratic form q restricted to the tangent space of the center
manifold at Zy is negative definite. Indeed, if X = (1,0, —p—,0)+ 3(0,1,0, —u_),
then

9(X) =

2 2 2
- <ﬁ: + N_(]V_—_-i)) a2 — (:U'— + uw> [32 = _(aa2 + bﬁz)‘
2 4 2
(19)
Existence of periodic solutions: It follows from the above analysis that, for all
€ > 0 small enough, the hypersurface H(Z) = H(Z,) —¢&? is transverse to the center
manifold and the intersection produces closed curves which correspond to periodic
solutions of (14). Indeed, close to Z, the center manifold can be parameterized by
(o, B) — Y (@, B) such that Y (0) = Zy, 8,Y (0) = X1 and 95Y (0) = X5. Then the
equation
H(Y(a,8)) = H(Zo) - €2
reduces to
aa2 +bﬂ2 +0(a2 +,32)3/2 — 62,
and the claim follows at once. o

3 Linear analysis

We consider the nonlinear equation (4) which we linearize about the solution ug :=
|:c|% vp. This yields the linear operator

N+4u
N -4

8
V-4
0

L:=A%-

3.1 Geometric Jacobi fields

We describe some explicit Jacobi fields for the linearized operator L. Thanks to
the result of Proposition 1, we know that uo belongs to a 2-dimensional family of
solutions of (4) which are given by

Ue 1o (2) = 2| T ve(—log || + to)-

Differentiation with respect to to or € give two Jacobi fields which are denoted by
®%%, More precisely, we have

1
oot = (E Btou,,.«,o> le=to=0  and  ®%7 := O.u. ¢, |e=to=0- (20)
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3.2 Indicial roots

Given any function w, we define

o(z) = 2| T w(-log|z|,0)

so that N
Lo(z) =z|” 7 (Lw)(—loglzl,0). (21)
where the operator £ is given by
N(N -4 N? _4N 2(N -
= 6;1+A25N—1 +2(8?——Q)A3N—1— +86t2—N (v 4). (22)

4 2
In particular, the study of L reduces to the study of L.

2

We introduce (;, A;), the eigendata of the Laplacian on S¥~1. That is, Agn-1 vj
= —)\jp;. We will assume that the eigenvalues are counted with multiplicity and
that the eigenfunctions are normalized so that their L? norm is equal to 1. It is
well known that (;,A2) are the eigendata of the Bilaplacian on SV=!. Projection
of L over the eigenspace generated by ¢; yields the operator

N2—4N+8> 2 NN -4 N(N - 1)
N AN A8) o NN =) o NIV =4

L;:=0; - (2AJ-+ 5 5 + 2 1 + A%, (23)

The homogeneous equation £;w = 0 has 4 independent solutions which are given
by t — €”* where « is one of the 4 indicial roots of £;. We will denote these indicial
roots by +v; and +%;. These indicial roots can be computed explicitly and we find
the :

Lemma 1 For all j > 1, we have
v =1, and ;= 1.
In the case where j =0, we have
Yo = 14/th-, and Yo = B+
Observe that 47y are associated to the Jacobi fields %% which have been
defined in (20).
3.3 Mapping properties of £

We consider the action of the linearized operator on weighted Hélder spaces, which
are defined in the :

Definition 1 Given k € R, 0 < a <1 and é € R, we define
Cy*(Rx SN1) = (cosht)® CF(R x SV—1) (24)
endowed with the norm

lelc:,a = ||(cosh ) ™8 wl|¢.a-
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Let 7 : R — R be a cut-off function such that n=1ift < -landp=0if¢t > 1.
We set
Dg := Vect{n ®%*},

Proposition 2 Assume that § € (—1,0) is fized. Then, the operator
L:CP*(Rx S™ 1) @ Dy — CP*(R x SN

is an isomorphism.

Proposition 2 will be a consequence of the following results :

Lemma 2 Assume that § < 1 is fized. Letw € C;“"(R x SN-1), assume that, for
all t € R, the function w(t,-) is orthogonal in the L? sense to 1 on SN~ and that
Lw=0. Thenw =0.

Proof We decompose w over the eigenfunction ¢;

o)
w = E Wip;.
i=1

For any j > 1, the function w; satisfies £;w; = 0. Hence, it is a linear combination
of the functions e*"* and e*?. Since for j > 1, the absolute values of the indicial
roots are greater than 1 and since we have assumed that w is bounded by a constant
times (coshs)®, we conclude easily that w; = 0. Hence w = 0. o

The previous Lemma then implies some surjectivity result for £. More precisely,
we have the :

Corollary 1 Assume that § € (—1,1) is fized. Let f € C%(R x S¥~1), assume
that, for all t € R, the function w(t,-) is orthogonal in the L? sense to 1 on SNV—1.
Then, there ezists a unique w € C5'*(R x SN=1) satisfying Lw = f. Moreover, we
have

ellgge < el fllgoa- (25)

Finally, we treat the case where the functions do not depend on the 8 variable.
This is the content of the following :

Lemma 3 Assume that 6 € (—./n%,0) is fized. Let fo € C’?’“(R). Then there
ezists a unique wp solution of

Lowg = fo inR (26)

such that wy € C’?’O‘(R) ® Dy. Moreover, if we decompose wg = @o + n(a®>* +
b®%), we have
[@ollgsee + lal + 18] < |l follpe- (27)



Construction of dipole type singular solutions 467

Proof To begin with, we define the functions v; and v_ respectively on (0, c0) and
(—OO, 0) by

1
vi(t) = (H++# (\/_/ sin(y/p=(t — 8)) fo(s)ds—

1 t
e\/#+(t—3) $)ds — / eVPF(s=t) £ (o ds)
folshds = 5= [ Do

2\/ﬂ+ t

1
v_(t) := (#+ . (\/_/ sin(y/EZ(s — t)) fo(s)ds+
/ eVPF(t=3) fo(s)ds + 2\/_/+ooe\/ﬁ(s—t)fo(s)ds) .

Kt Je

20

Observe that vt (resp. v™) satisfy Lovt = f; in (0,00) (resp. (—o0,0)). Moreover,
we have the estimates
[ox] < Cllfol g (cosh )’

n (0,00) (resp. in (—00,0)). Once this is done, we define the functions wi by
wi (t) := v (t) + ag e~ VP+? (28)
on (0,00), and
wy (t) == v_(t) + a3 VT (¢) + ag ®%(t) + ageVF+! (29)
on (—00,0), where the constants a;j, j = 0,---,3 are chosen in such a way that
Bwg (0) = Bluwg (0)

for j = 0,---,3. Observe that, since the indicial roots ¢ and %, are distinct,
the constants a; are uniquely determined as solution of a linear system for some
invertible matrix. It should be clear that the function

Do = wE — 1 (a3 ®0F + ap %)
is a solution of our problem which belongs to the space C§’°‘(R). o
All the above results can be translated in the case where we consider the operator

L acting on functions defined in RY — {0} instead of working with the operator £

acting on functions defined in R x SV ~1. Again we define weighted Holder spaces
on RN —{0}.

The space C5<(R" —{0}) is defined to be the space of functions w € Cf* (RN —
{0}) such that

[lul|pke = sup 7 7|u(r *)||oke _ +
ck o (r lexe(B2(0)-Ba(0)

sup N Ju(-/7) || ok (B5(0)—B1 (0)))-
r€(0,1/2)
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Observe that, given any function u defined in RN — {0}, if we write u(z) =
le%]\" v(—log|z|,8), then

HuHC,‘jﬁ(RN-Bl(o)) = 1]””0;-‘*(];{)(51%1) (30)

where v = %\’- - 0.

Finally, we define
Eo = Vect{n(~ log |]) 2| =" 8%*(~ log|z)}.
Granted the above definitions, the result of Proposition 2 is equivalent to :
Proposition 3 The operator
L:Cy*(RY - {0}) @ Eo — C;% (RN —{0})
is an isomorphism if :1_—2_12 <v< §=2—M.

Given any smooth bounded domain £ C RY — {0}, we define the space C**(f)
as the space of all restrictions of functions in C¥*(R¥ — {0}) to Q. This space
is naturally endowed with the induced norm. The subspace [C5*(Q)]p of C&*(Q)
consists of functions w in C5**() which satisfy Aw =w =0 on 9.

Lemma 4 Assume that 4 — N < 1 <0 is fized. If0 < R <1, then
A% [C4*(Br — {0})]p — C,%(Br — {0})
is an isomorphism whose norm is bounded independently of R € (0,1).

Proof In order to prove this Lemma, it is convenient to work on (0,4o00) x SN~1
instead of B;(0) ~ {0}. This can be achieved by changing

u(z) = |2|*7" v(~log |z|,6).

We consider

N —

A = 83+A5N_1 —28t-—£(—4—4—) (31)
and NN =4

Ao :=8§’+A5~_1 +23t——(4;). (32)
Finally, we define § by

4-N _ _4-N _N-4
2 T2 THST

and T := —log R > 0. The result we want to show reduces to proving that

AgAg: [C5*(IT, 00) x SN1)]p — P ([T, 00) x SN-1)
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is an isomorphism whose norm is bounded independently of T'.

Consider the following problem

AgAogw =f in [T,00) x SN-1

(33)
Aow=w =0 on {T}xSN-L
In particular, w := Agw is a solution of
Ajw =f in [T,00)x §N-1
(34)

w =0 on {T}xSN-L

One can easily check that, since we have chosen % <6< %, the function e’*

can be used as a barrier to show, using the maximum principle, the existence of a
solution w which satisfies

[l < cl|fllcoe €.
Now that we know this estimate, we use the fact that w solves
Apw =w in [T,00) x SN7!
(35)
w =0 on {T}xSN-1

and, since we have chosen —% <é< %, the function e can be again used as a
barrier to show, using the maximum principle, the existence of w which satisfies

jwl < ¢ sup e w] e < c||fl]co.m .

Hence
w] < Clfllgoe €

for some constant C which does not depend on T. Once this estimate has been ob-
tained the estimates for the derivatives of w follow from standard elliptic estimates.
°

Given any point go € 8B, we define the space DE:2(RY — {0,¢o}) as the set of

functions w € CE* (RN — {0, go}) for which the following norm is finite

loc
llwllpe = [[wllese @y ()= /ata0) T 1100 + Dlleto(ay oy (36)

We will slightly abuse notations, and define the space C&*(B,(q0) — {go}) as the
space of functions w defined in B,(go) such that w(go + -) € C&*(B, — {0}).

Granted this definition, we now collect the results of Proposition 3 and Lemma
4 to obtain the :
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Proposition 4 Assume that % <v< % and 4 — N < <0 are fired. Then,
the operator

L: Dy (RN - {0,90}) ® Eo — D% ,_o(RY = {0, a0})
is an isomorphism.

Proof Since we will not need the fact that this operator is injective, we shall leave
this fact to the reader and only prove that one can build a right inverse.

To begin with, observe that, since the function ug is bounded in Bj/3(gqo) we
have for all w € C;*(B,(q0) — {go}) we have

2 4
(L = A%)wllgoe, (B, (g0~ a0} S C0P" [IWllce(B, (o)~ {00}

Using this and a simple perturbation argument shows that the result of Lemma 4
remains true if the operator A? is replaced by the operator L, provided p is chosen
small enough. Hence, we can fix p small enough and solve

{ Lwy =f inBpy(g0) — {go}
Wy = Awo =0 in BBp(qo).
Moreover, we have the estimate

HwO“cgvﬂ(B,,_{qo}) <C ||f||cgf4(ap_{qo}) (37)

where the constant C does not depend on p.

We define the cut-off function x, which is equal to 0 outside B,(qo) and which
is identically equal to 1 in B,/3(g0). Now, using Proposition 3, we can define
wy € CH*(RN — {0}) ® Ep to be the solution of

Lw; = f = L(x,wo)
in RN — {0}. We know that

”wlllcj»"'(RN_{o})@Eo <C “f - L(Xpw0)|1c3f4(RN_{0})-

The solution of Lw = f we are looking for is then given by w = wg + w;. This is
the desired result. o

4 Connected sum result

For i = 1,2, let u; be the solution of (4) which is defined by

4=N
wi(z) =|z|2 w
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on RY — {0}. In other words, we have two solutions to the Q™ -curvature problem
on the sphere RV — {0}. Since R¥ is locally conformally equivalent to SV or
to a cylinder R x S¥~!, we can think that we have two solutions of the Q-
curvature problem on SV (with two points removed) or on R x $N-1! (with two
points removed).

For each solution, we choose a point g; € 0B;. The idea is that By/5(g1) is
conformally equivalent to a half infinite cylinder Cy := (—T, 00) x SV~ and By /2(g2)
is conformally equivalent to a half infinite cylinder Cy := (—00,T) x S¥—1. Next,
we identify the two pieces of cylinders (=T, T) x SV~ to produce a manifold which
is conformally equivalent to SV with four points removed and for which we have
almost solved the Q”V-curvature problem. Finally, we show that we can adjust the
conformal factor in such a way that the Q~-curvature problem is solved.

We choose go € 0B1 and T > 0. We can write
ui(z) = r' 7 vy (- log(2r) + T, 6) (38)

where (r, 8) are polar coordinates about gg. Since u; is regular at gp, we have

lloi1(- = T, ')”cﬁ((o,m)st-z) <C. (39)
2
Similarly, we can write
us(z) =7 vy(log(2r) — T, 6) (40)

where (r,8) are polar coordinates about go. Since uz is regular at gp, we have

[lv2(- + T, ')Hcier((oo,o)st—l) <C (41)
=

We now define a cutoff function x as being identically equal to 0 for ¢ > 1 and
identically equal to 1 for t < —1. We set

x1r(t) =x(t-T+1)
and
X2,7(t) =1-x(T -1+1).
Denote by v the function defined on R x SN~ by
VT = X1,7 V1 + X2,T V2- (42)

We recall that the functions v;, for ¢ = 1,2, are solutions of AN (v) = 0 where

N(N -4 N2 —4N +38
Nw) = 3fv+A§N_1v+2(6t2———-(-—Z—))Asn-w——2+——8t2v+
2(N _ 4\2
NN — 4 (]\{6 4 — (43)

Obviously, we have N(vr) =0 in (=00, —=T) x SN¥~1 and also in (T, 00) x SN¥-1.
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Lemma 5 There exists a constant ¢ > 0, which does not depend on T > 4 such
that

_ N+4
“N(vT)“cO“ 12 ([T, T)xSN-1) <ce 2 T (44)
-z

Proof On [T +2,T — 2] x SN~1, we have N'(v1) = M(v2) = 0 and vr = v1 + 3.
Therefore, we can write

N(vr) = o] + 08 — (v1 +v2)?

where p := %——'_1:—1, in this set. Since, in [T + 2,0] x $™71, the function w := vy /vy
is bounded from above by a constant which does not depend on T, we can write

v+ 08— (v +v2)P =0 (L+wP — |1+ wlP).
Using the Taylor expansion together with (39) and (41), it is now easy to check that

_Ntdp
”N(UT)HCO.T\,_n ([2-T,0]xSN-1) <ce Tz .
-No12

The set [0,T — 2] x SV~ can be dealt with similarly. Finally, one checks that the
cutoff functions do not alter the estimate. We leave the details to the reader. o

We now explain what function space we will use to evaluate functions on the
connected sum of the two RY. So assume that you have a function w which is of
class C* on R x SV =1 away from the singularities. We decompose RY x SV¥-1 into
three overlapping sets: (—o00, =T)x SN [-1-T,14+T)x SN~1 and [T, 0c0) x SV 1.
We can conformally transform [—oo, —T] x SV=1 so that we are left to evaluate the
norm of a function W which is defined in (RY — {0}) — By /2(qo))- We evaluate the
function W by taking its C**® norm in (R —{0}) )—B1/2(qo0), where 45 2 <v< &N N
is fixed. A similar treatment can be given to [T',00) x S¥~!. Finally we evaluate
the norm of the function w in (=1 ~T,1+T) x SN~ we simply use €97 times the
norm of w in Cy*([~1—T,1+T] x S¥=1), where the constant 45X < § < ¥4 s
fixed.

In other words, what we have simply done is a patching of two copies of C52 (RN —
{0}) = B1/2(q0)) with the space CH*([-1-T,1+T) x SN-1), using conformal dif-
feomorphisms. When k& = 0, this space will be denoted by .'/'-'0 >~ And, when
k = 2 we shall instead consider the space obtained by patchmg of two copies of
CE2((RN — {0}) — By/2(g0)) ® Eo with the space Cy*([-1+ T,T + 1] x SN-1),
using conformal diffeomorphisms. With slight abuse of notations, this space will be
denoted by F; 2’2’T.

Given any function f € Fo2 Za,6,7> We would like to solve the linear problem
Lo,w=f (45)

where £,,. is the linearized QV-curvature operator about vr. To this aim, we use
the fact that, thanks to the result of Proposition 2, we can solve

‘C‘U]_wl = Xf
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and we can also solve
£02w2 = (1 - X) f

where £,, denotes the linearized QV-curvature operator about v. We can therefore
define the function

W= X1,7 W1 + X2,T W2, (46)
which clearly belongs to .7-',, 5T

In the next result, we show that w is almost a solution of the linear problem
(45) and give a quantitative version of this fact.

Lemma 6 Assume that v € (455, %5%) and § € (0, 252) are fized. Then

1£orw = fllgos, < C ((cosh T)™%% + (coshT)™%) || fllgos,
Proof Observe that we have
Lyyw—f=0

away from [—T,T] x SN¥~1. So it only remains to estimate this function in this later
set. In [2 — T, -1] x SN~ we can compute explicitly

N +4 8
Eva—f= m ((v1+v2)7"§——4(w1+w2) w1y —'02N 4’w2) .
Taking into account that vo/v; is bounded by a constant independent of T in
[1 - T,0] x S¥=1, we can use Taylor’s expansion, (39) and (41), together with
the estimates

llwrlleze oz gxsn-1y £ CeT Il 0

4,5, T
while

“w2”02 S (=T, 0]xSN-1) = <Ce™T ”fllfgfq,s.‘r

to find, with little work, that
I€vw = fllco(ar,-1jxsn-1) < C ((coshT) ™ + (cosh T)*~V + (cosh T)™*).

Similar estimates hold on [1,7 — 2] x SN¥~1. Finally, one checks that the cutoff
functions which are used in [-T,2—T) x S¥~1,in (-1,1) x S¥~! or in (T — 2, T] x
SN-1 do not alter the above estimate. o

Thanks to the previous result, we can use a standard perturbation argument to
show the :

Corollary 2 Assume thatv € (435,85 and § € (0, =) are fized. There ezists
To > 0 such that, for all, if T is chosen large enough, the operator
Lop: Fogr — Flusr

s an isomorphism the norm of whose inverse is bounded by some constant which
does not depend on T > Ty.
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5 The nonlinear perturbation argument

Granted the results of the previous section, we now perturb the function vr by some
small function w so that vt + w is a solution of N'(vr +w) = 0.

Again it is easier to decompose R x SV~ into three overlapping pieces as we
have done in the previous section. In particular, in [-1 — 7,7 + 1] x SV~ the
equation we have to solve is precisely

N(vr +w) =0

while, by conformal transformation, the equation we have to solve on (—oo, —T") x
SN-1 is equivalent to

Nr +w) = A2 (Vp + W) + (Vi + W) 75 =

in (RN — {0}) — By/2(g0)-
Unfortunately, when W € C2*((RY - {0}) — B, /2(q0)) ® Ej, it is not true that

N(vr +w) € 2%, (RN - {0}) - B, /2(q0)) because the elements of Ey which force
the nonlinearity to belong to CN o (RN = {0}) = By/2(g0))-

To overcome this difficulty, we use the idea developed by R. Mazzeo, D. Pollack
and K. Uhlenbeck in [20] to overcome a similar difficulty in the scalar curvature
problem.

Recall that there exists a one parameter family (ve)o<e<e, Of periodic solution

of (10) near the constant solution vg. Now, if a = £ cos ¢ and b = £sin ¢,, we define

U(a,b)(¢) = || %" ve(—log |e] + ¢).
Which is a solution of (4). Furthermore, differentiation with respect to a and b, at
a = b= 0 just yield the Jacobi fields |z|*= = (—log|z|).

The idea is to decompose any function W € C2%((RN — {0}) — B; /2(90)) ® Eop
as

W(z) = V(z) + azx (- log|a|)|z| T &% (- log |z)
where V € C2%((RN — {0}) — B1/2(g0)), and to replace it by

W (z) = V(z) + n(~loglal) Ua+,a-)(x).

Abusing notations slightly, the problem we have to solve in (RN — {0}) — B, /2(40),
now reads ) e
N(vr +w) == A (Vg + W) + (Vr + W)¥=1 =0

This time this is a well defined nonlinear operator between C2*((RY — {0}) —
B1/2(q0)) ® Eo and c2e (RN —{0}) - By /2(g0)). Furthermore, the linearization of
this operator about w = 0 is nothing but the operator L.



Construction of dipole type singular solutions 475

We solve the nonlinear equation by using a fixed point algorithm. Indeed, we
can write
N('UT +w) = N('UT) + Ly w4+ QT(w)

where @ collects all the nonlinear terms. Assume that 4—31\’— <v < Q::,ﬂ and

d € (0, %) are fixed. We can use the result of Proposition 4. We rephrase this as
a fixed point problem

w=—L} (N(vr) + Lopw+ Qr(w))

vT

and now it is a simple exercise, using Lemma 5 and Corollary 2, to show that there
exists R > 0 and Tp > 0 such that for all T > Tp, the mapping

w—> —L5} (N(vr) + Lop w + Qr(w))

is a contraction from the ball of radius R (=27 + e=47) in F/,. into itself and
hence has a unique fixed point in this ball. This proves the existence of a solution
of (4) and hence completes the proof of the result in the case of 4 singularities. The
general case can be handled similarly with more involved notations.

Acknowledgements: We would like to thank F. Pacard for bringing this problem
to our attention, and for insightful comments and assistance through our work.

References

1. S.1. Andersson and H. D. Doebner (Eds), Nonlinear partial differential operators and
quantization procedures, Proceeding of a workshop held at the Technische Universitt
Clausthal, July (1981). Edited by S. I. Andersson and H. D. Doebner.

2. T. P. Branson, Group representations arising from Lorentz conformal geometry, J.
Funct. Analysis 74 (1987), 199-291.

3. T. P. Branson, Differential operators canonically associated to a conformal structure,
Math. Scandinavia 57-2 (1985), 293-345.

4. T. P. Branson, S. Y. A. Chang and P. C. Yang, Fstimates and eztremal problems for
the log-determinant on 4-manifolds, Commun. Math. Phys. 149 (1992), 241-262.

5. L. A. Caffarelli, B. Gidas, J. Spruck, Asymptotic symmetry and local behavior of
semilinear elliptic equations with critical Sobolev growth, Commm. Pure Appl. Math.
42 (1989), 271-297.

6. S. Y. A. Chang, On a fourth order PDE in conformal geometry, Preprint, (1997).
7. S. Y. A. Chang, M. J. Gursky and P. C. Yang, The scalar curvature equation on 2-
and 3-spheres, Calculus of Variations and Partial Diff. Eqns. 1 (1993), 205-229.

8. S.Y. A. Chang, M. J. Gursky and P. C. Yang, Regularity of a fourth order non-linear
PDE with critical exponent, Amer. J. of math. 121-2 (1999), 215-257.

9. S. Y. A. Chang, J. Qing and P. C. Yang, On the Chern-Gauss-Bonnet integral for
conformal metrics on R*, Duke Mathematical Journal, To appear.

10. S. Y. A. Chang and P. C. Yang, Eztremal metrics of zeta functional determinants
on 4-manifolds, Ann. of Math. 142 (1995), 171-212.



476

11

12
13

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

S. Baraket, S. Rebhi

. S. Y. A. Chang and P. C. Yang, On a fourth order curvature invariant, Contem-
porary Mathematics, 237, Spectral Problems in Geometry and Arithmetic, Ed. T.
Branson, AMS, (1999), 9-28.

. A. Connes, Noncommutative geometry, Academic Press, Inc., San Diego, 1994.

. J. M. Gursky, The Weyl functional, de Rham cohomology and Khaler-Enstein met-
rics, Ann. of Math. 148 (1998), 315-337.

D. Joyce, Constant scalar curvature metrics on connected sums, to appear.

C. S. Lin, A classification of solutions of a conformally invariant fourth order equa-
tion in RY, Comment. Math. Helv. 73 (1998), 206-231.

R. Mazzeo, Regularity for the singular Yamabe egquation, Indiana Univ. Math. J.
40 (1991) 1277-1299.

R. Mazzeo and F. Pacard, A new construction of singular solutions for a semilinear
elliptic equation using asymptotic analysis, J. Diff. Geom. 44-2 (1996), 331-370.

R. Mazzeo and F. Pacard, Constant scalar curvature metrics with isoleted singular-
ities, Duke Math. J. 99-3 (1999), 353-417.

R. Mazzeo, D. Pollack, and K. Uhlenbeck, Moduli spaces of singular Yamabe metrics
J. Amer. Math. Soc. 9-2, (1996), 303-344.

R. Mazzeo, D. Pollack, and K. Uhlenbeck, Connected sum constructions for constant
scalar curvature metrics, Top. Methods Nonlin. Anal. 6-1 (1995), 207-233.

S. Paneitz, Essential unitarization of symplectics and applications to field quantiza-
tion, J. Funct. Analysis 48-3 (1982), 310-359.

S. Paneitz, A quadratic conformally covariant differential operator for arbitrary
pseudo-Riemannian manifolds, Preprint (1983).

J. Ratzkin, An end to end gluing construction for metrics of constant positive scalar
curvuture, to appear.

R. Schoen, The ezistence of weak solutions with prescribed singular behavior for
a conformally invariant scalar equation,Comm. Pure Appl. Math. XLI (1988),
317-392.

R. Schoen and S. T. Yau, Conformally flat manifolds,Kleinian groups and scalar
curvature, Invent. Math. 92 (1988), 47-72.



