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Abstract 

We study the properties of the following equations with absorption or source term 

inadomain RofHtN,where 1 < p  < N ,  q > p-1 ,  andpisaRadonmeasureon0. 
We introduce a notion of local entropy solution, and give necessary conditions on 
p for the existence of solutions, in terms of capacity. The question of removability 
of sets is also considered, as well as some stability results. FinalIy we give existence 
results in W~ for the case of absorption. 
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1 Introduction 

Let 52 be a regular domain in BN, which may be unbounded, and p a Radon measure 
in R. We are interested in the elliptic equation with an absorption term: 
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as well as a source term 

where 1 < p <  N, q > p - 1 ,  and 

is the pLaplace operator. We study under what conditions there exist local or 
global solutions, or under what conditions a given subset E C R is removable. 
They are expressed in terms of capacity. This leads us to return to the equation 
without reaction term, 

-A,U = p, in R, (1.3) 

for which we define a notion of local entropy solution, and give stability properties, 
essential to our proofs. 

We denote by M (52) the set of all the Radon measures in R , Mb(R) the space of 
bounded Radon measures in R, and by M+(R), Mz(R) )  the respective subsets of 
nonnegative ones. The capacity cap,,, associated to Wr"(R), for any m 2 1, r > 1 
is defined by 

for any compact set K C R. 
We first consider the problem of finding conditions on the measure p ensuring 

the existence of a solution. In the case p = 2, a necessary and sufficient condition 
was found in [3] for the problem with absorption with Dirichlet data on 80: for any 
p E Mb(R), problem 

has a (weak) solution if and only if p does not charge the sets E such that capz,,~ (E, 
RN) = 0. In the case of the problem with a source term, this condition is also 
necessary. A necessary and suflicient condition was given in [4] for the existence of 
(integral) solutions of problem 

When p has a compact support and p 2 0, it is equivalent to the existence of a 
constant C > 0, such that 

I .  dp 5 C ~ap2,,1(K, RN), for any compact set K c R, 

(see [2]). It implies in particular a limitation of the size of the measure. In the 
general case p > 1, the question becomes more difficult, because the full duality 
argument used in [3] and [4] is no longer available. In the sequel we set 
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so that q* = q' when p = 2. Concerning problem (1.1) with Dirichlet data, it was 
recently shown in [21] that if p charges the sets E such that capl,R(E,RN) = 0, 
for some R > pq*, then sequences of approximate solutions do not converge to 
a "reasonable" solution. This suggested that the problem might have no solution. 
Using our notion of local entropy solution, we show that the result is true. Actually, 
we prove a more general statement: 

Theorem 1.1 Let p E M(R),  and q > p - 1. Suppose that p charges some set E 
such that C U ~ ~ , ~ ( E ,  RN) = 0 for some R > pq*. Then equations (I. I) and (1.2) ad- 
mit no local entropy solution. More generally, there exists no local entropy solution 
to equation (1.3) such that lulq E L:,,(R). 

Notice that there is no assumption on the sign of u and p, which is unusual in 
the case of source term. This result applies in the supercritical case q 2 P, where 

is the first critical exponent (indeed in the subcritical case q < p, any non-empty 
set E c R satisfies C C Z ~ ~ , ~ ( E ,  RN) > 0). As a consequence, equations (1.1) or (1.2) 
have no solution if p charges points and q > ?j. Notice that when p = 2, any set E, 
such that ~ a p l , ~ ( ~ , R ~ )  = 0 for some R > 2q1, satisfies capz,,I(E,RN) = 0 , from 
Ill .  

Under the assumption of positivity on u and p, we have a stronger result for 
equation (1.2): 

Theorem 1.2 Let p E M+(St). If equation 

has a nonnegative local entropy solution, then for any R > pq*, 

Jx dp 4 c ( C U ~ ~ , ~ ( K ,  R ) ) P ~ * / ~ ,  for any compact set K c 0, (1.8) 

where C = C(N, p, q, R, 0). 

The second problem that we consider is the characterization of removable sets. 
When p = 2, it was shown in [3] that they are precisely the sets E with CUB,*, (E, RN) 
= 0. In the general case p > 1, a recent result of [22], for problem (1.1) with Dirich- 
let data, suggested that the compact sets K such that ~ a p ~ , ~ ( K ,  IRN) = 0, for some 
R > pq*, might be removable. We show that it is true: 

Theorem 1.3 Let F be a relatively closed set in R, such that C C Z ~ ~ , ~ ( F , R ~ )  = 0 
for some R > pq*. Let p E M(R) such that p does not charge the set F. Then F 
is removable, in the sense that any l o d  entropy solution of equation 

-Apu + I U I ~ - ~  u = p, in R\F, 

is a local entropy solution of equation (1.1). 
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In particular any point set is removable when q > p. We have a similar result for 
problem with a source term: 

Theorem 1.4 Let F be a relatively closed set in $2, such that capl,R(F, RN) = 0 
for some R > pq*. Let p E M+($2) such that does not charge the set F. Then any 
local nonnegative entropy solution of equation 

is a local entropy solution of equation (1.7). 

These results are based on local a priori estimates of the solutions (given in 
Theorems 4.1 and 4.2). In the case of equation (1.1), we also prove the following 
stability result: 

Theorem 1.5 Let F be a relatively closed set i n  52, such that caplTR(F, RN) = 0 
for some R > pq*. Let f,, f E L;,(R) such that f, converges strongly to f i n  
L:,,(SZ\F). Let u ,  be a local entropy solution of equation 

-APu, + /u,lq-l u ,  = f,, i n  O\F. 

Then up to a subsequence, u, converges a.e. in 52 to a local entropy solution u of 
equation (1.1). 

We also prove stability properties for global solutions when 52 is bounded (see 
Theorem 7.3). Thus we improve a result of [16] given for p = 2, and the result 
of [22] quoted above. The proof is based upon a local stability result for equation 
(1.3) (see Theorem 3.3), following the global one of [18, Theorem 3.41. Notice that 
Theorem 1.5 has no equivalent in the case of source term; this is due to the fact 
that equation (1.7) may have no solution in the supercritical case for some functions 
p E L 1 ( R ) ,  independently of their size. 

Another consequence of the local a priori estimates and stability properties is an 
existence result in whole RN for the equation (1.1), without any growth condition 
on the data. This improves the results of [14]: 

Theorem 1.6 Assume q > p - 1 > 0. Then for every f E Lt,(RN), there exists at 
least one local entropy solution u of equation 

-A,u + IU/'-' u = f ,  i n  ItN. (1.9) 

Moreover this entropy solution i s  nonnegative when f is nonnegative. 

We also give existence results in the subcritical case q < P with a measure data 
when R is bounded, or Sl = IBN (see Theorems 8.2 and 8.3). For the equations (1.2) 
and (1.7), the existence was proved in [20] when q < P, at least when p > Po, and 
R, p are bounded, and the size of p is small enough. The problem is open in the 
case q 2 P, even when p E Ls(R) with s large enough. 

For simplicity, all our results are given for the pLaplace operator, with reaction 
term k lulq-l u, but they can be extended to elliptic operators A(x, Vu), with power 
growth in IVul of the order p-1, and a reaction term f g(x, u) such that g(x, u)u 2 0 
and growth in u like 1 ~ 1 ' .  
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2 Global and local entropy solutions 

In this section, we study the equation (1.3) without reaction term. We recall some 
well-known results concerning the Dirichlet problem associated to the equation when 
S1 is bounded and p E Mb(R).  Then we define a notion of local entropy solution 
without boundedness assumptions, which leads to our main results. 

We call Mo(R), the set of measures po E M(S1) such that 

po(B) = 0 for any Bore1 set B C S1 such that capl,,(B, R) = 0. (2.1) 

Any measure p E M(R) admits a unique decomposition as 

where po E Mo(S1) and p: are nonnegative and singular, concentrated on sets Ei 
with ~ a ~ l , ~ ( E * ,  RN) = 0 (see [19]). Moreover po is nonnegative, and p; = 0, if p 
is nonnegative. Notice also that 

For any n, k > 0 and any T E R, we set 

Sn,k(~) = min((lr1 - n)+/k, 1) sign T, 

hn,k(T) = min((~ - n)+/k, I), Hn ,k (~)  = 1 - min(((r( - n)+/k, 1). (2.4) 

2.1 Global entropy solutions 

Here it is assumed that 52 is bounded and p E Ma(R). We consider the problem 

We set 

thus 1 < Po < PI, and p > Po e P > 1, where is given by (1.6). When p > PI, 
problem (2.5) admits at  least a solution in the sense of distributions, such that 
u E W;'*(R) for any 1 5 m < ( p  - l )N/(N - 1). In the general case the gradient 
may not be defined in L1(R). One needs to introduce a notion of entropy solutions, 
or renormalized solutions, to give a sense to the gradient. They are functions such 
that VTk(u) E P ( R )  for any k > 0, where 

and the gradient of u, denoted by y = Vu is defined by 
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Such solutions u may not belong to L1(R) when p < Po. 
More precisely, a function u is a (global) entropy solution of problem (2.5), if 

u is measurable and finite a.e. in R, (2.8) 

T k  (u)  E w;"(R) for every k > 0, (2.9) 

I V U I ~ - ~  E Lr ( R ) ,  for any 1 < r < N / ( N  - I ) ,  (2.10) 

where the gradient is defined by (2.7), and u satisfies 

Dl: for any h E W l f w ( R )  such that h' has a compact support, and any cp E 
W1lm(fl)  for some m > N ,  such that h(u)cp E W,"~(R) ,  

The solutions can be defined in four equivalent ways: 

Theorem 2.1 ( [18] )  Let u be a function such that (2.8), (2.9) and (2.10) hold. 
Then Dl  is equivalent to any of the following conditions: 

D2: if w w w;'~(R) n Lw(R) and if there exists k > 0 and w+, w- E W1yr(R) n 
Lw(R) with r > N ,  such that w = w+ a.e. on the set { u  > k )  and w = w- a.e. on 
the set { u  < -k )  , then 

D3: for any k > 0, there ezist ak,Pk E M o ( R )  n M r ( R ) ,  concentrated on the sets 
{ u  = k )  and { u  = -k)  respectively, converging weakly to p$, p; such that 

for any $ E ~i'~(s2) n Lw ($2). 

0 4 :  for any h E W1vw(R) with compact support, and any cp E W1>p(R) n Lm(R) 
such that h(u)cp E W ~ ~ ' ~ ( R ) ,  

and for any cp E C(R) and bounded, 
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Then for any p > 1, there exists at least an entropy solution of (2.5), and it is 
unique if p E L1(R). Moreover any entropy solution satisfies the equation in the 
sense of distributions. 

Remark 2.1. In the definition of global entropy solution, (2.10) can be weakened 
in 

I V U ~ ~ - ~  E L ~ ( R ) ,  (2.16) 

which also implies 

from [5, Lemma 4.11. Also condition (2.11) has to be satisfied only for any p E V(R) 
such that p > 0. Indeed this implies that D3 holds for such a p ,  and by density for 
any nonnegative cp E w~"(R)  n Lm(R), then for any $ E w ~ ~ ~ ( R )  n La (R). Thus 
D3 holds, hence also Dl. 

Remark 2.2 The different notions of entropy solutions are given in general for 
bounded measures, since they appear to be a natural framework for existence the- 
orems. Notice however that when p = 2, the problem 

is well posed for possibly unbounded measures p, such that Ja p(x)dp(x) < m ,  
where p(x) is the distance from x to 8R. In the following we are interessed by local 
solutions as well as global ones with Dirichlet data. When it is possible, it will not 
be required that the measures in consideration are bounded, contrarily to most of 
the litterature on the subject. 

2.2 Local entropy solutions 

Here R is any domain of RN,and p E M(R), possibly unbounded. We will say that 
u is a local entropy solution of equation (1.3), if u satisfies (2.8), 

T ~ ( u )  E w:~(R), for any k > 0,' (2.18) 

J U ~ ~ - ~ E L ~ ~ ( Q ) ,  f o r a n y l < s < N / ( N - p ) ,  (2.19) 

IVU~~-'EL~,(R), f o r a n y l I r < N / ( N - I ) ,  (2.20) 

and 

D1-loc: for any h E W1poo(R) such that h' has a compact support, and any cp E 
W1,m(R) for some m > N, with compact support, such that h(u)p E W1'P(R), 

Here also we can give equivalent definitions. 
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Theorem 2.2 Let u be a function such that (2.8), (2.19), (2.18) and (2.20) hold. 
Then Dl-loc is equivalent to any of the following conditions: 

D2-loc: if w E WIJ'(R) n Lw(R) with compact support in R, and if there exists 
k > 0 and w+, w- E W1yr(S1) n Lm(S1) with r > N,  such that w = w f  a.e. on the 
set { u  > k )  and w = w- a.e. on the set { u  < -k)  , then 

D3-loc: there exist ak, Pk E MO(S1) n M+(R) ,  concentrated on the sets { u  = k )  
and { u  = -k)  respectively, converging weakly to p:, p; such that 

for any + E W1jP(R) n Lw(R)  with compact support in a. 
D4-loc: for any h E W1*w(IR) with compact support, and cp E WIJ'(R) n Lw(S1) 
with compact support in R, such that h(u)cp E WIJ"R) ,  

and for any cp E C ( R )  with compact support in R, 

The proof follows the one of [18], with some modifications due to the fact that 
Lemma 4.3 of [17] does not apply. It is given in Appendix A for a better compre- 
hension. 

2.3 Solutions with a reaction term 

We end this section by defining solutions of equations with a reaction term. Let f 
be a Caratheodory function on R x R. For a bounded domain R, and p E M b ( R ) ,  
an entropy solution u of problem 

-Ap" = f ( x ,  u )  + p, in R, 
u = 0, on 69 ,  

is a function u such that f ( x ,  u )  E L1 (52)  and u is an entropy solution of problem 
in the sense Dl .  For a general domain 52 and p E M ( R ) ,  a local entropy solution 
of equation 

-Apu = f (x, u )  + p, in R, 
will be a function u such that f ( x ,  u )  E L~,(R) and u is a local entropy solution of 
equation in the sense Dl-loc. 
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3 Local solutions without absorption 

In this section we show that the assumptions on the local entropy solutions of 
equation (1.3) can be weakened. This is the key point for all the sequel. Recall that 
Q may be unbounded. 

Theorem 3.1 Let u be a function satisfying (2.8), (2.18), and 

lulq E L:,,(R), for some q > p - 1, 

E L:,,(Q), 

and Dl-loc. Then 

(lul+ 1)"-'lVulP E ~:,,(fl), for any a < 0,  

and u satisfies (2.19) and (2.20). Moreover 

I v u I ~ - ~  E LE6,(0), for any 1 < a < p1q/(q + I ) .  (3.4) 

Proof Step 1: Estimate (3.3). Let a < 0 . We set uk = Tk (u ) ,  for any 
k > 0. We take 

hk(u)  = (1  - ((ukl+ 1)") sign u (3.5) 

in (2.21), and get for any cp E D(Q),  p 2 0,  

Now fiom Holder inequality, 

Since u s a t u e s  (3.1), we can fix cr such that 

r = 4/03 - 1)(1-  a )  > 1. 
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Then we derive 

therefore 

where C = C(a). Reporting (3.10) into (3.6), we get 

Letting k tend to co, we obtain, from (3.2), 

Moreover, from (3.9), 

where the gradient is defined in (2.7). Taking 
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so that pl-T 'p  IV~/" '  E L1(R) ,  we deduce that (lul + l)"-'Vulp E L:,,(R) for la/ 
small enough. This implies (3.3). 

Step 2: other estimates. Let U be any regular domain such that U cc R. For 
any v E Lto,(S2) we set 

e = IU- '  ju vdx. 

Recall the Galliardo-Niremberg estimate: for any X 2 1, for any v E W1+(U)  n 
LX(U1, . ,. e - 1-0 

Ilv - e l l ~ y u )  5 C ~I~V~~I ILP(U)  1 1 ~  - ~ I I L ~ u )  7 (3.15) 

for any y E [l,  +a) and 8 E [0, 11 such that 

where C = C ( N ,  p, A, 8, U ) .  Let us take cr E ( 1  - p, 0 )  and 

Then v E U)(U) ,  since Pp < p - 1 < q and u E Lq(U). Moreover uk = Tk(u)  E 
W1gp(U), then from the chain rule, vk+l = Tk+l(v) = (1  + I U ~ [ ) ~  E W l t P ( U ) ,  and 

Vvk+1 = @(lukl+ I ) ~ - ~ V U ~  sign uk. 

By definition of the gradient, we have Vvk+l = V v  x l { Iu l<k ) ,  - hence 

Since ( u  + l ) " - l I ~ u l p  E L1(U) from (3.3), we can let k go to oo, and derive 
lVvl E LP(U). This implies v E W ' Y ~ ( U ) ,  and the gradient above coincides with the 
distributional gradient of v (see [18, Remark 2.101). Moreover u E L@7(U), since 

and lulP-l E L1(U). Chosing 0 close to  1, and a close to 0 ,  we deduce (2.19). Also, 
for any 0 < q < p, we find 
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from Holder inequality. Choosing again a close to 0, the left-hand side is finite for 
any q such that q/(p-q) < @ - l ) N / ( N - p ) ,  that means 0 < q < N ( p - l ) / ( N - 1 ) .  
Hence (2.20) holds. Finally, for any 1 5 a < p', 

The left-hand side is finite if l / ( p l / a -  1) < q, or equivalently a < p1q/(q+ 1), which 
proves (3.4). 

Remark 3.1 Estimate (3.4) was first observed in [14] for equation (1.1) in RN . It 
is stronger than (2.20) whenever q > 7. 

In the same way we deduce convergence properties. 

Theorem 3.2 Let {p,)' be a sequence of Radon measures in R, uniformly locally 
bounded. Let (u,) be a sequence of local entropy solutions of 

such that ( 1 ~ ~ 1 ~ )  is bounded in Ltoc(R), for some q > p - 1. Then 

(Tk(u,)) is bounded in w:d,P(R), for any k > 0, (3.21) 
N 

( u p )  is bounded in Lb,(R), for any 1 5 s < - 
N -p '  

(3.22) 

N p'q ( I V U , I P - ' )  is bounded in Lfoc(R), for any 1 5 r < max(- -). 
N - l ' q + l  

(3.23) 

And, up to a subsequence, p,, converges weakly to a measure p, and u, converges 
locally in measure and a.e. in R to some function u ,  which satisfies (2.8), (2.19)) 
(2.18) and (2.20), (3.4). And V u ,  wnverges to V u  locally in measure in a. 

Proof Step 1: a priori estimates. Taking the same notations as above, and 
the test function cp defined in (3.14), we derive kom (3.12) and (3.13), 

with a constant C = C(cr, cp)  > 0. Then for any regular domain U CC R, 
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In particular (u,,k) is bounded in W1>P(U), and (3.21) holds. Then (3.22) and 
(3.23) follow from (3.18), (3.19) and (3.20) applied to (u,), after noticing that the 
sequence (v,) defined by 

is bounded in LL,(R). Thus the sequence (K) of its mean values on U is bounded. 
Moreover considering the two functions 

v: = ( 4  + 1)P, vl' = (ILy + 1)0, 

one has 

from the chain rule applied to the trucatures u,,k, and by definition of the gradient. 
Hence ( IVvLl) and (1Vv:'l) are bounded in L;,(R), so that 

(v:) and (v;) are bounded in wl'd,P(R). (3.25) 

Up to a subsequence, p, converges weakly to a measure p, and vL and v: converge 
weakly in w ~ ( R ) ,  strongly in LYo,(R), and ~Lconvergesv', v: + v" a.e. in 52. 
Then u, converges locally in measure and a.e. in Q to a function u, such that 
1 ~ 1 ~  E Lto,(R), and (2.19) holds from the Fatou lemma. For fixed k > 0, (u,,~) is 
bounded in w~:(R), and u,,k converges a.e. to uk. We can extract a subsequence 
(depending on k) converging weakly in W ~ ( O )  and a.e. in R, and necessarily to 
uk. Then uk E w:d,P(Q), and the whole sequence (u , k ) converges. 

Step 2: convergence of the gradients. We set 

where p , o  E Mo(R) and p:, are nonnegative and singular. Here we use the 
equation satisfied by the truncated functions u,,k as in [18]. From Theorem 2.2, 
there exist av ,k  and P,,k E Mo(R) rl M+(R), respectively concentrated on the sets 
{u, = k) and {u, = -k) , such that 

for any $ E W1pp(R) n Lw (R) with compact support in R. Taking $J = 'LL,,~(P, with 
cp E Z)(R), cp 2 0, we obtain 
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Moreover /u , ,~/  < k,  a.e. in R, and p,o- a.e. in R, and therefore 

Taking cp such that cp = 1 on U cc R, we deduce, from (3.24), 

for any k > 1, where C > 0 does not depend on u, since Ipw,ol < lp,l from (2.3). 
Then a,,k and /3v,k are locally bounded independently on v, for fixed k, thus 

Now u , k  is a solution (in the sense of Df(R) )  of equation 

and (u , ,~)  is uniformly bounded in LbO(R) and in w:d,P(R). Following the proof of 
[15, Theorem 2.11, we deduce that, after extracting a diagonal subsequence (which 
may depend on k), VZL, ,~  converges a.e. in R and strongly in ( L ~ \ , , ( R ) ) ~  to V u k ,  
for any 1 <_ X < p. Then the whole sequence converges. For any E > 0,  and any 
v,P E N, 

and 1u,\' is bounded in Ltm(R). Hence (Vu,) is a locally a Cauchy sequence in 
measure. Up to a subsequence, V u ,  converges a.e. in R, and the limit is V u ,  by 
definition of the gradient. Then V u  satisfies (2.20) and (3.4). Thus IVU,~'-~ V u ,  
converges strongly in LL,,(R) to /vu~'-~ VU,  for any 1 5 r < N / ( N  - I ) ,  from the 
Vitali theorem. 

Now we give a local stability result, following the global result of [18, Theorem 
3.41. We have not searched to extend it completely to the local problem, because 
it was not needed in our situations, where the reaction term requires stronger con- 
vergences properties. We give the proof in Appendix B. 

Theorem 3.3 Let X E M ($2). Let f,, f E Lt,(R), such that f ,  wnverges weakly 
to f in Lt,(R). Let u ,  be a local entropy solution of equation 

such that ( 1 ~ ~ 1 ' )  is bounded in L:,(R), for some q > p - 1. Then, up to a subse- 
quence, u, converges a.e. in R to a local entropy solution u of. 
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4 Estimates for absorption or source term 

Here we give universal a priori estimates for equations (1.1) and (1.7). First consider 
the case of absorption : 

Theorem 4.1 Let u be any local entropy solution of equation (1.1). Then for any 
R > pq*, there exists C = C(N,p ,  q, R ,  C l ) ,  such that for any C E D(R) ,  1 0,  

J ( I ~ I  + q q i R d x  5 c ( J n  C R ~ X  + Jn S R ~  I ~ I  + J IVCIR d x )  . (4.1) n n 

And for any cr < 0,  there exists C = C(cr, N,p ,  q, R ,  a ) ,  such that 

Proof Let R > pq*. By hypothesis )uIq E L$, (a), and q > p - 1, thus Theorem 
3.1 applies. We take the test functions hk defined in (3.5), and obtain, for any 
cp E W-l),cp 2 0,  

This estimate is similar to (3.6), with an additional nonnegative term Jn lulq-' uhk(u)  
cpdx in the left-hand side, since lulq-' u is an absol-tion term. By Fatou lemma, we 
find, as in (3.12), 

where r is defined in (3.8). We can choose cu < 0 small enough such that 

r l p  = R, 

and take cp = cR, where c E V(R), > 0. Defining 

and observing that 1 - (JuJ  +'I)" 1 1 - 2" > 0 on the set {IuI > I), we find 
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PIR 
with C(() = ( J ~  1v(lR dx) and C = C(a,  q). Then, from Young inequality, with 

a new C = C(a,p,  q), 

Then (4.1) follows for such a, from (4.3), and then (4.2) follows for any a < 0. 

Now we consider the problem with a source term. In case of nonnegative 1.1 and 
u, we have more precise results. 

Theorem 4.2 Let ,LL E M+(R) and u be any nonnegative local entropy solution of 
equation (1.7). Then for any R > pq*, there exists C = C(N,p, q, R, R) > 0 such 
that for any C E D(R), with 0 5 C 5 1 in R, 

Moreover for any a c 0, there exists C = C(a,  N , p ,  q, R, 0) > 0 such that 

( 1 uqC"dx) (1 I V C I ~  dx) . (4.6) l , (u + i ) u - l ~ ~ ~ ~ ~ ~ R d ~  j c 1 + 

Proof It has been given in [3] in case of global entropy solutions of the problem 
with Dirichlet data, but it is still valid for local solutions. It is based on the use of 
test functions 

ik (T )  = (Tk (rC) + E ) ~ ,  k > O ,  E > 0 ,  (4.7) 

which are nondecreasing, contrarily to the ones defined in (3.5), and then of the 
test function h(r) = 1. 

Remark 4.1 These ideas were already used in [lo] to obtain upper estimates for 
more general problems with possible singularities, and also in [9] to study the initial 
trace problem for a parabolic equation with absorption. 

5 Necessary conditions of existence 

In this section we prove our general necessary conditions for existence: 

Proof [Proof of Theorem 1.11. It is enough to consider a local entropy solution 
u of (1.3), such that 1 ~ 1 ~  E Lt,(n). Then Theorem 3.1 applies. Let R > pq*, we 
still can choose CY < 0 such that 7, given by (3.8), satisfies 

Let E be a Bore1 set such that capl,"(E, RN) = 0. There exist two measurable 
disjoint sets A, B such that fl = A U B and p+(B) = p-(A) = 0. We claim that 
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Let K be any fixed compact set in A n  E. Since p - ( K )  = 0 ,  there exists an open 
set w CC R containing K ,  such that p-(w) < c. From [3, Lemma 2.11, there exists 
Cn E D(w) such that 0 5 Cn < 1,  and Cn = 1 in a neighborhood of K contained in 
w, and Cn + 0 in W ~ ~ ~ ( I I B ~ )  . We choose cp = cp,  = (t in (2.21). From (3.12) we 
have 

where C = C ( a ,  R). But 

since u E L&,, (a). Then 

l ( l u l  + l )" - ' I~ul~cp,dx  is bounded. 

therefore 

Let us apply (2.21) with now h(u) = 1 and the same cp,. We find 

then b,, Jn cpndp = 0. Now 

hence p + ( K )  5 E,  for any E > 0. This implies p+(A n E) = 0 ,  and the claim is 
proved. w 
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Proof [Proof of Theorem 1.21. We apply the estimates of Theorem 4.2. Let 
R > pq* and K be a compact set contained in 52. Let $, E D(R) such that 

Choosing p = $f in (4.5), we deduce that 

with new constants C = C(N,p, q, R, R), and (1.8) follows. 

6 Removable singularit ies 

In this section we study under what condition a subset of 52 is removable. The 
estimates of Section 4 play a key role for solving this question. 

Proof [Proof of Theorem 1.31. By assumption, u is measurable and finite, 
a.e. in 52\F, thus in whole 52, since F has a Lebesgue measure zero. Moreover 
IuIq E L~,,(fl\F), Tk(u) E w ~ ~ ( R \ F )  for every k > 0, ~ ~ u l ~ - ~  E L:,,(R\F), and 
u satisfies 

for any cp E V(S2\F),p 2 0, and any h E W1loO(R) such that h' has a compact 
support. 

Step 1: lulq E L;,,(R). From Theorem 4.1 in R\F, for any 4 E Z)(R\F), 4 2 0, 

where C = C(N,p, q, R, 0, F),  and for any cu < 0, 

~ ( I U I  + I ) ~ - ' I v u I P ~ ~ ~ x  5 C (i 4 ~ d x  + J n 4Rd / P I +  J s2 lvdlR dx) , (6.3) 

with C = C(a, N,p, q, R, a, F). Let 6 E V(a), >_ 0, and K = Fn suppc. Then K 
is compact, and c a p l , ~ ( K , R ~ )  = 0. Let en E V(BN) such that 

0 5 <n 5 1 in JRN, en = 1 in a neighborhood of K, 

and <n converges to 0 in W'lR(JRN) and everywhere on JRN\N, where caplVR(N, BN) = 
0 (see [3]). We take 

4 = Cn = ((1 - en), (6.4) 
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and obtain 

Notice that (IVCnI) is bounded in L ~ ( I W ~ ) ,  and pn converges to cR a.e. in 0. Then, 
by the Fatou lemma, 

therefore luIq E L:,,(R). 

Step 2: I V U I ~ - ~  E L,b,(0). As above, from (6.3), 

(1 (luJ + l ) " - l l ~ u l ~ C ~ d x )  is bounded. 
n 

(6.5) 

Now 

from Holder inequality. Since (1  - a)(p - 1) < q, we deduce that 

(1 I ~ ~ I p - l c : d x )  is bounded. 

The conclusion follows. 

Step 3: uk = Tk(u )  E w ; ~ ( O )  and IvulP-l E L:,(O). Let k > 0 be fixed. From 
(6.51, (/n I ~ ~ k I p c ~ d x )  is bounded. (6.6) 

Let us set, for Gxed k > 0,  

Since lwnl 5 kcRIp, (wn) is bounded in Lm(f l ) .  And wn converges to U ~ C ~ I P  a.e. 
in 0. Now 

R U k c 2 1 p n I P - 1 ~ C  . VW, = c:Ipvuk + - 
P 

n,  

and (VC,) is bounded in Lr'(RN), then (Vw,) is bounded in LP(S2), from (6.6). 
It follows that U ~ C ~ I P  E W1*P(S2), and uk E W ~ ( R ) .  The gradient of u has a sense 
in 52 : it is defined by (2.7), and it coincides with the gradient, still defined a.e. in 
O\F. 
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Step 4: I V U I ~ - ~  E L ~ '  ,,,(Q). For any 1 5 a < p', from Holder inequality, 

U/P'  

J, ~ V u l ( ~ - ' ) ~ ( f d x  5 (L(1ul + l ) a - l l ~ ~ I p f  dx) x 

Then, as in (3.20), 

(/n I V u I ( p - 1 ) u ( ~ d 2 )  is bounded, 

for any a < plq/(q+ I), and JVuIP-' E L" zoc (a). This holds in particular for a = R'. 

Step 5: u is a local entropy solution in Q. Let h E W1y"(IR) such that h' has 
a compact support. Let + E D(R), + > 0, be fixed. Taking now as test function 

we have 

J, I V U ~ ~ - ~  Vu.V(h(u)&)dx + lulq-' u ~ ( u ) + ~ ~ x  

Since <n converges to 0 everywhere on RN\N, and p does not charge N,  we have 

which yields 

lim / h(u)+nd~o = Jn h(u)+dpo. n-+w a 

Moreover lulq E Lt,(S2), then by Lebesgue theorem, 

/ lulq-' uh(~)+ndz = lulq-' uh(~)$dx .  
n+m a 

Also I V U ~ ~ - '  E L ~ ( Q ) ,  and 
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where R' contains supp $. But 

then V($ - +,)converges to 0 a.e. in R, and 

where C > 0 does not depend on n. Again by Lebesgue theorem, V($ - qn)  con- 
verges to 0 strongly in LR(R), and 

since IVukI E Lf,,(R) for any k, and h' has a compact support. Therefore u satisfies 

At last 

for any @ E D(R), $ 2 0. Consequently u is a local entropy solution of the problem 
in R. 

;i$& IjJn h1(4 IVulP ($ - $n)dx 

Proof [Proof of Theorem 1.41. From (4.5), for any 4 E V(R\F), with 0 < 4 I 1 
in R, 

= 0, 

with C = C(N, p, q, R, R, F) ,  and for any cu < 0, there exists > 0 such that 

with C = C(a, N,p, q, R, R, F). Taking dR = defined in (6.4), we deduce that 

/n <fdp + J uq<fdx + L ( u  + I ) ~ - ' I V U I ~ < ~ ~ X  is bounded, 
n 

and the proof follows as above, after minor change due to the signs. 

7 Stability properties 

We recall below a well-known stability property of global solutions: 



46 M.F. Bidau t- V6ron 

Theorem 7.1 (151) Let f,, f E L1 ( R ) ,  with Sl bounded, such that f ,  converges 
strongly to f in L1(Sl). Let u, be the unique entropy solution of problem 

Then u, converges a.e. in R to the unique entropy solution u of problem 

Next we prove analogous stability properties for the local entropy solutions, 
which we need for proving Theorem 1.5. Here Sl may be unbounded. 

Theorem 7.2 Let f,, f E Ltoc(R), such that f ,  converges strongly to f in Ltoc(R), 
and u, be any local entropy solution of equation 

-APuy + I U , ~ ~ - '  u, = f,, in a. (7.1) 

Then, up to a subsequence, u, converges a.e. in R to a local entropy solution u of 
equation 

-Apu + lulq-' u = f ,  in R. (7.2) 

Proof Step 1: A priori estimates. Let u, be a local entropy solution of 
(7.1). From Theorem 4.1, for any R > pq*, there exists C = C(N,p, q, R, R) such 
that, for any C E D(R), C > 0, 

Hence (/u,Iq) is bounded in Lt,(R). Writing the equation under the form 

-Apuv = p,, where p, = fv  - I U , ~ ~ - '  u,, (7-4) 

then, up to a subsequence, u, converges to some u satisfying the conclusions of 
Theorem 3.2. 

Step 2: Convergence of the nonlinear term. Following [5] and [14], we prove 
the local uniform integrability of ( 1 2 ~ ~ 1 ~ )  : for any domain U cc Sl and any E > 0, 
any subset A c U such that measA I ~ ( k  + 1)-q, there holds 

~ I U , I ~ ~ X < & +  / 1u,1~ dx, 
An{l~wl>k+l)  

for any k 2 0. From Dl-loc, 
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for any h E W1-03(R) such that h' has a compact support, and any cp E D(R), 
such that h(u,)cp E W1gp(R). Taking cp E D(R), cp 2 0, such that cp = 1 on U and 
h = Sk,k defined in (2.4), we derive 

Since f,  and I V U , I ~ - ~  converge strongly in L:oc(R), there exists g E L1(U) such 
that 

J lu,lqdx 2 1 g d ~ .  
Un{luv12k+l) Un{Iuvl2k) 

Now (Iu,Iq) is bounded in Lio,(fl), hence meas {lu,I > k) 2 Ck-4, where C > 0 
does not depend on v. Hence 

for k large enough. Then lu,lq-l u, converges strongly in LL,(R) to lulq-l u. 

Step 3. Conclusion. Let us apply Theorem 3.3 with f, replaced by p,, and 
p = 0. Since p, converges (strongly) in L&,(R) to f - lulq-l U, we deduce that u is 
a local entropy solution of 

thus a solution of (7.2). rn 

Theorem 1.5 follows as a direct consequence of Theorems 7.2 and 1.3: 

Proof [of Theorem 1.51. From Theorem 7.2, and up to a subsequence, u,, 
converges to a local entropy solution u of 

-Apu + lulq-l u = f,  in R\F. 

By Theorem 1.3, it is a solution in 52, since f does not charge F, as measF  = 0. rn 

This implies also a global result: 

Theorem 7.3 Assume that R is bounded. Let K be a compact subset of 51, such 
that ~ a p ~ , ~ ( K ,  B N )  = 0 for some R > pq*. Let f,,, f E L1(R) such that f,  converges 
strongly to f i n  L:,(~\K). Let u, be the entropy sokt ion of problem 

Then u, converges to the entropy sokt ion u of 
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Proof By Theorem 1.5, and up to a subsequence, u, converges a.e. in R to a 
local entropy solution u of equation 

Let U, U', U" be any regular bounded open sets such that K c U cc U' cc U" cc 
R. By hypothesis uv,k = Tk(u,) E w ~ , ~ ( R )  for any k > 0. Rom Dl, 

for any h E W ~ F ~ ( R )  and h' has a compact support, and cp E W1?"(R) for some 
m > N, such that h(u)cp E witp(R).  We can take h = Tk, and cp E cl(W) with 
values in [ O , l ]  , such that 

cp = 1 on R\Ut, and suppcp c Q\U. 

Denoting R' = R \ r ,  we obtain 

Therefore 

where C > 0 does not depend on v and k. Indeed V'\U is compact, contained 
in Q\K, and (Ivu,IP-~) is bounded in L:,,(R\K) from Theorem 3.2 applied in 
Q\K; and f, converges to f in L1(R\U). Thus for fixed k > 0, (zL",~) is bounded in 
w ~ ' ~ ( R ' ) ,  and u ,k  converges ax. to uk.Then uk E ~ i ' ~ ( f l ' )  n w ~ ( R ) ,  that means 
uk E w;'~(Q), and u satisfies (2.9). Letting v go to oo in (7.8), we derive 

As u is a local entropy solution in Q, it satisfies (1211 + l)P-lIVul~ E Li,(Q) for any 
a < 0 from Theorem 3.1. As a consequence, 

with another C > 0 depending on U", a, but not on k. Thus 

This estimate implies (2.10) and (2.17) (see for example [6, Lemma 6.21). S' mce u 
is a local solution of the problem, it is the unique entropy solution of (7.6), from 
Remark 2.1, and the whole sequence converges to u. 
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Remark 7.1 Let us recall the result of [22]: assume that S1 is bounded and K1, K2 
are two disjoint compact sets with capltR(Ki, R*) = 0 for some R > pq*, and 
f E L1(R) and fl,,, fit, E Lm(S1) are nonnegative, such that fi,, converges strongly 
to f +  in L:,(a\Kl), and fz,, converge strongly to f -  in L ; , (~ \K~) ;  then the 
entropy solution u, of problem 

converges to a solution, in the sense of distributions, of problem (7.6). Corollary 7.3 
improves this result since it does not require sign conditions on the approximating 
sequence, and proves that the limit ' 1 ~  is an entropy solution. 

As a consequence we deduce the following, which extends to the case p # 2 the 
result of BrBzis [16] , except for the critical case q = : 

Corollary 7.4 Assume that R is bounded, and q > p. Let a E R, and f,, f E L1(R) 
such that f, converges strongly to f in ~:,,(a\ {a)). Let u, be the entropy solution 
of problem (7.5). Then u, converges to the entropy solution of problem (7.6). 

Remark 7.2 Concerning the equation with source term (1.7), there is no global 
(or local) stability result, even if p = 2. Indeed when q 2 N/(N - 2), there exists 
a nonnegative function f E L1(Q), with compact support, such that problem 

has no solution, for any A > 0 (see [4, Corollary 3.31). Furthermore, there exists 
f, E L1(R), such that f, converges strongly to f in L1(R), such that for X > 0 
small enough, problem 

has a solution for any v E N. Indeed if (p,) is a sequence of mollifiers, we can take 
f, = p, * f.  By [4, Corollary 3.21, there exists A, > 0 such that problem (7.9) 
admits a solution for X = A,. Then from [ll, Remark 3.41 it has a solution for any 
X > 0 such that X 11 f u l l L l c n l  5 C, where C = C(N, q, Q), independent on v; hence 
for any X > 0 such that X < C/ 11 f l l L l c n , .  

8 Existence results 

In the case of absorption the a priori estimates allow to give existence results in RN 
for data in Ltoc(WN), without any growth conditions. For the first time this was 
observed in [14], where the case p > PI was solved: 
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Theorem 8.1 ([14]) Assume p > PI and q > p - 1. Then, for any f E Lioc(RN), 
there edsts a junction u E w:d,T(RN) for any r E [l,q solution of 

M O T ~ O V ~ T  this u is nonnegative if f is nonnegative. 

An existence result was also proved when p < PI, but under the restrictive condition 
q > l/(p- I), which ensures that the gradient is well defined in Lioc(R), from (3.4). 
With our stability result, we now prove Theorem 1.6, which does not assume this 
condition, and moreover show the existence of a local entropy solution. 

Proof [Proof of Theorem 1.61. Let B, = (1x1 < T) for any r > 0. For any v E N, 
there exists a unique global entropy solution of problem 

-Ap~v  + IU, lq-I UW = f, in B,, 
= 0, on dB,, 

since f E L1(B,); this follows from [5]. 

Let r > 0 be fixed. Then for any v > 2r, u, is a local entropy solution in B2, . 
Hence from Theorem 4.1, as in (7.3), (1~,1~),>2, is bounded in L1 (B,). Then from 
Theorem 3.2, (u,),>2, satisfies (3.21), (3.22), and (3.23) in B,, and one can extract 
a subsequence converging locally in measure and a.e. in B,. 

Therefore, we can extract a diagonal subsequence (up), such that up converges 
locally in measure and a.e. in BN to a function u. It satisfies (2.8), (2.18), (2.19) 
and (2.20), (3.4) in I k N ,  and Vu, converges locally in measure to Vu. Clearly up . 
is a local entropy solution in B, for p > 2r. Then from Theorem 7.2 applied with 
f, = f ,  there exists a subsequence, depending on T,  converging a.e. to a local entropy 
solution of equation 

-Apu + lulq-l u = f,  in B,. 

Necessarily it coincides with u, and the whole sequence converges to u. Thus u is a 
local entropy solution in any ball B,, hence it is a local entropy solution of equation 
(1.9). In particular it satisfies the equation 

I f f  2 0, then 21n 2 0 from [5, Theorem 7.11, hence u > 0 a.e. in BN. 
Now we assume that q is subcritical. We first give a global existence result for 

measures when R is bounded, by using the global stability properties shown in [18, 
Theorem 3.41. Recall that the first results were given in [12] when P > pl. We get 
the following: 

Theorem 8.2 Assume that R is bounded, and p - 1 < q < P.  Then for any 
p E Mb(R), there exists an entropy solution of problem 
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Proof From [13], p can be decomposed as 

N 
with f E L1(R), g E (LJ" (0)) , and p:, p; E M: (0) are singular. There exists 

a sequence (p,) approximating p such that 

Hence p, E w-~+"(Q) nMb(R) n Mo(S2)), and f, converges weakly in L1(R) to f ,  
and A, (resp. G) converges weakly to p$ (resp.~;). Then there exists a (unique) 
weak solution u, of problem 

such that u, E w ~ ' ~ ( R )  rl Lq+l(R). It is also an entropy solution, since it satisfies 
D2. F'rom Theorem'4.1, ( 1 ~ ~ 1 ~ )  is bounded in Ltoc(R). From Theorem 3.2, up to a 
subsequence, (u,) converges locally in measure in R and a.e. in R to some function 

u, and I U , I ~ - ~  is bounded in Lbc(R), for any 1 5 s < N/(N - p). In fact the ( 1 
estimate is global. Indeed, by assumption, 

for any h E W1'oo(R) such that h' has a compact support, and cp E W19"(R) for 
some rn > N, such that h(u)cp E wipP(R). Taking h = Tk for any k > 0, and cp = 1, 
one gets 

, IVuvIP dx 6 Jn ~ v , r d ~ v  5 /n d I ~ v l  6 C, 
u,l<k) 

where C > 0 does not depend on v and k. Then ~ U , I ~ - '  is bounded in L8(RJ, for ( 1 
1 < s < N/(N - p), from [5, Lemma 4.11. Therefore lu,lq-I u, converges strongly 
in L1(R) to (u(~- '  u, since q < H. We can apply [18, Theorem 3.41 with right-hand 
side f, - 1 ~ , 1 ~ - '  U, instead of f,. Then, up to a subsequence, u, converges a.e. in 
R to an entropy solution w of 

-Apw = p - lulq-l U, in R, 
w = 0, on OR. 

Necessarily w = u, and u is an entropy solution of equation (1.1). 

In turn using this result and the local stability result of Theorem 3.3, we can 
show an existence result in RN : 

Theorem 8.3 Assume p - 1 < q < ?i. Then for any p E M(RN), there exists a 
local entmpg, solution of equation (1.1).  
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Proof For any v E N, let piB, be the restriction of p to B,. Then there exists 
an entropy solution u, of problem 

since ~ L B ,  E Mb(B,), from Theorem 8.2. From Theorem 4.1, (u,) satisfies the 
same estimates as in Theorem 1.6. Then, up to a subsequence, u, converges a.e. in 
PN to some function u. For v > 2r, u, is a local solution in B, of 

Thus we can extract a diagonal subsequence, (up), such that up converges, locally 
in measure and a.e. in BN, to a function u, satisfying the conclusions of Theorem 
3.2 in PN. As above, luplq-'up converges strongly in L&,(RN) to I U I ~ - '  u, since q 
is subcritical. Now we apply Theorem 3.3 in B,, with right-hand side - luplq-' up+ 
~ L B ~ .  We can extract a subequence which depends on r ,  converging a.e. in B,, to 
a local entropy solution w of 

Necessarily w = u, and the whole sequence converges, and u is a local entropy 
solution in BN. rn 

9 Appendix A: Proof of Theorem 2.2 

Step 1: D1-loc*DSloc. Let u be a local entropy solution of equation (1.3). 
Consider any domain U CC Q. We first apply (2.21) with h = hk,, defined in (2.4) 
with 0 < E < k, and cpu E D(Q), L 0, such that c p ~  = 1 on U. We obatin 

where C(U) does not depend on E, k, from (2.20); and similarly 

Then we apply (2.21) with h = Hk,c defined in (2.4) and cp E D(U) . It follows that 

/D I V U / ~ - ~  Vu.VpHk,.(u)dx = - ' J IVulP cpdx - lVulP cpdx 
{k<~<k+c} {-k-c<u<-k) 

+ /D ~ k ( u k d P 0  5 C(U) I I c ~ ~ L = - ( u )  . 
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And Hk,. (u)  converges to x(lul5k) a.e. in 52. Hence from (2.20), for any cp E D ( U ) ,  

As a consequence, there exists a measure pk E M ( Q ) ,  such that 

for any $ E D(R) ,  and in particular pk E W;"'P'(U). By density (9.2) holds for 
any $ E W1?P(52) n Lm(S2) with compact support. Moreover the sequence ( p k )  is 
uniformly bounded in U . Hence there exists a sequence (k,) tending to  co such 
that pk, converges weakly to a measure X E M(52). Applying (2.21) with h(r) = 1, 
we find, for any $ E D(R), 

from hence X = p. Following the proof of [17, Lemma 5.11 for the set U ,  and using 
a partition of unity, there exists a measure Y E M o ( f l )  such that the restrictions 
V L { ~ U (  = k )  and pe~{ lu l  = k )  coincide for any L 2 k > 0. Then v ~ { l u l  = k) = 
p~{ lu l  = k )  . Considering p k ~ U  and following [17, Lemma 5.31, we find 

i l u l > k ~  
d 1pkl = 0, for any k > 0. 

Defining 
CYk = pkL{u = k )  , Pk = - p k ~ { U  = - k )  , 

and taking $J = hk-c,b(u)+ in (9.2), where 4 E D(R) ,  we derive 

Then 

@PIC = / 
-c<u<k) S2 

so that a k  > 0,  and in the same way Pk 2 0 . Now we apply in (2.21) with 
h = Hk-c,a defined in (2.4) for 0 < e < k, and (p E D(U). We obtain, from (9.1), 

/n V U . V ~ H ~ - . , ~ ( U ) ~ Z  = - / JVuIP (pdx 
& {k-c<u<k) 

IVuIP p h  + ~ k - ~ . ~ ( ~ ) c ~ d ~ o .  
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Then, letting E tend to 0, we deduce 

By density it holds for any cp E W1*p(R) n Lm(R) with compact support in 0, so 
that (2.23) holds. Also a k  I lpkl and P k  5 lpkl ; by using a partition of unity, there 
exists a sequence (k,) oo such that a k ,  and Pk, converge weakly respectively 
to some measures a and p E M+(R). Changing k into 2k in (2.23) and taking 
$J = hk,k(u)4, with 4 E Z)(R), we find 

Moreover 

&% A, hk.k(u)~d~O = 0, 
u112kI 

since hk,k(u) converges to 0, PO-a.e. in R. From (2.21), we derive 

Then 

which means cr = p$ and P = p;. 

Step 2: D&loc a DZloc  * D 4 l o c  Dl-loc The proofs are similar to 
the ones in [18], after choosing test functions with compact support in R. 

10 Appendix B: Proof of Theorem 3.3 

We essentially follow the proof of [IS, Theorem 3.21 and adapt it to  the local case. 
Let 

x = x o + x f  -A, 

be the decomposition of X given by (2.2), and E+, E- be the disjoint sets where 
A$, A; are concentrated. Let uv be any local entropy solution of (3.26). By D2- 
loc, equivalent to Dl-loc from Theorem 2.2, if w E W1*'(Q)nLw(Q) with compact 
support in 0, and if there exists k > 0 and w+, w- E W1yr(R) n Lw(R) with r > N, 
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such that w = w+ a.e. on the set {u, > k) and w = w- a.e. on the set {u, < -k) , 
then 

By assumption, Iu,Iq is bounded in L;,,(R), then (3.21), (3.22), (3.23) hold from 
Theorem 3.2, and up to a subsequence u, converges a.e. to some function u. Let 
R', 0" be two fixed regular domains such that R' CC R" CC 52, and 

Let cp, Q E D(a) be a fixed functions with values in [O,1]  , such that 

cp E 1 in R', suppcp c 0", Q = 1 in R". 

For any 6, q > 0 and n, v E N, we denote by w(q,6, n, Y) any quantity such that 

lim lim sup lim sup lim sup lw(q, 6, n, Y) 1 = 0. 
1)+0 ,j+0 n+ca v+cu 

Let 6,q > 0. FTom [18, Lemma 5.11, we can define two compacts sets K;, K F  such 
that 

x ~ ( E " +  \K:) 5 6, X;(Et'-\K;) 5 6, 

and two functions $6+, $6 E D(Rt') with values in [O,1]  and disjoint supports, such 
that $6+ = 1 on K:, $6 = 1 on K;, and 

Step 1. Behaviour near El'. Let q5:, 4; E W1>m(0), with values in [O,1] , and 
compact support in R", such that 

4pX; 5 q. (10.4) 

Claim 1: as in [18, Lemma 6.11, there holds 

IVuvIP 4;dx + IVuvlp 4;dx 5 w,(n, V )  + q. ) 
(10.5) 

Indeed we first take w = hn,n(uv)Q in (10.1), where h,,, is defined in (2.4), and 
obtain 
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Then, from (3.23), 

where C depends on A, 8, f ,  but not on n and v. As a consequence, 

For h e d  n, the sequence (hn ,n (~ , ) )  is bounded in Lm(R) ,  and hn,,(u,) converges 
to hn,,(u), a.e. in R, as v 4 co, and strongly in W17p(R") from (10.6), SO that 

Now the sequence (hn,,(u)) is bounded in Lm(R) ,  and hn,,(u) converges to 0,  a.e. 
in R, as n + co, and strongly in W'2~(S2") from (10.7). 

Then we take in (10.1) w = hn,,(u,,)q5;, and obtain 

Since I V U , ~ ~ - ~  VU,, conveiges strongly in (L'(R"))N for any 1 < r < N / ( N  - 1)) 
we find 

Also, by [18, Proposition 2.81, 

Therefore, from (10.2), 

and (10.5) follows, after exchanging 4;; into 4: and hn,,(r) into hn,,(-T). 
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Claim 2: as in [18, Lemma 6.31, for fixed k > 0, and for any q,6 > 0,  

Indeed we take w = Hn,,(uv)(k - u , ~ ) $ $ $ :  in (10.1), where Hn,, is defined in 
(2.4), and obtain 

For fixed n, the sequence (Hn,n(uU)) is bounded. As u + w, Hn,n(uu) converges to 
Hn,n ( u )  and a.e. in R, and strongly in W1*(R"), from (10.6) and the same estimate 
on R" n {-2n < u,  < -n)  . From (10.5) applied with 4: = $;, 

As in the proof of [18, Lemma 6.31, since $: has a compact support, we obtain 
successively 

1 I v u , I ~ - ~  v uv . v$ ;~n ,n (uu ) ( k  - u , r ) $ z d x  = mn,.(d, u ) ,  

and 

Indeed Xo E M o ( Q )  and ( k  - u , , ~ ) H ~ , ~ ( u , ) ~ ~ ~  converges weakly in W,'.~(Q") to 
( k  - u , , ~ ) H ~ , ~ ( ~ , ) $ ~ $ ~  as v -+ oo; this holds because u,,k converges weakly to uk 
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in W17p(S1") from (3.21). Moreover (k - uk)Hn,,(u)$b+$~ converges strongly to 0 
in w ~ ' ~ ( Q " ) ,  from (10.2), as 6 4 0. Hence from (10.9), 

and more precisely 

since n > k. We deduce (10.8) after replacing the test function by w = H,,,(u,)(k+ 
~w,k)$;$;. 

Step 2. Behaviour far from E". Now we define 

and following [18, Lemma 7.11, we will show that for fixed k > 0, 

Claim 3: as in 118, Lemma 7.31, there holds 

Indeed choosing w = (1 - @a,q)~v,kv as test function, we obtain 

we derive successively, as in [18, Lemma 7.31, 
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L ( 1  - @6,n)~u,k~dA0 = (1  - @6,q)uk~dA0 + wq,6(v); S, 
since cp has a compact support in R", and values in [0, 11 , we derive from (10.3) 

therefore, since k is fixed, 

k (1 - @~,~)cpdX$ - k ( 1  - @a,,)cpdA: = a ( 6 ,  q ) ,  1 
which implies (10.11). 

Claim 4: as in [18, Lemma 7.41, there holds 

Indeed we have 

Using the fact that cp has values in [ O , l ] ,  we can apply (10.5) to 

$;+q = (l-$s++$)p and R, = (l-+T+r;)'P, 

since (10.3) holds. The functions +6+, $J; take their values in [ O , l ]  , then we can 
apply (10.5) to 

+ =  + +  #;,, = +:+;'P and $6,q +6 +,, 'P, 

since (10.2) holds for +;, +,f . Thus we conclude to (10.12). 

Claim 5: as in [I$, Lemma 7.51, there holds 
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Indeed first observe that for fixed n, (Hn,,(uv)) is bounded in Lm(R), HnYn(uv) 
converges to Hn,n(u), a.e. in R, and strongly in W1"(fltt)  as u + m. Also (Hn,,(u)) 
is bounded in Lm(a) ,  Hn,,(u) converges to  1, a.e. in a, and strongly in WIJ'(fl"), 
as n + m. Choosing w = (1  - @a, , )~kHn,n(~w)cp  as test function in (10.1) with 
n > k, we obtain 

As in [18, Lemma 7.51, we deduce 

=b ( 1  - Qa,q)uk I V U ~ ' - ~  V u . V y d z  + ~ ~ , ~ ( n ,  u ) ;  

moreover 1 /n IVU~I '  ur (1 - @ r , q ) ~ ~ , ~ ( U v ) l p & l ~  w ( v , ~  n, v )  
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from (10.12), since k is fixed. And 

Hence (10.13) holds, because none of the terms depends on n or v. 

Conclusion: at last (10.10) follows from (10.11) and (10.13). 

Step 3. Strong convergence of trucates in ~ : d , P ( f l ) .  

We consider the difference 
r 

From (10.8), we find 

/, IVuv,k l P  @ 6 , 9 ~ d x  = ~ ( f )  6, v ) .  

Since IVuklP E L1(R1') and <Pa,, converges to 0 a.e. in 52 and (IVuklP) remains 
bounded in LO' (52") , we obtain 

From (10.10), we deduce 

Moreover I V U , ~ ~ ~ - ~  Vuy,k converges a.e in R, and strongly in L1(R1), hence in 
Lt,(R); and V U " , ~  converges strongly in LP(R1), and thus in Lf,(R). 

Step 4: u is a local entropy solution of (3.27). We have, from Dl-loc, 
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for any h E W'ym(R) such that h' has a support in some interval [-k, k], and any 
E D(Q),$  2 0. One the one hand, the sequence (h(u,)) is bounded in L m ( R ) ,  

and h(u,) converges to h ( u )  a.e. in !2 and strongly in ~ : d , p ( ~ t ) ,  hence Xo-a.e. in R; 
moreover I V U , ~ ~ - ~  VU,  converges strongly in L:,,(Q); hence 

On the other hand, (hl(u,))  is bounded in L w ( Q ) ,  and h'(u,) converges to h l ( u )  
a.e. in Q; then from Step 3, 

Thus 

and the conclusion follows. 
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