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Abstract

We study the properties of the following equations with absorption or source term
_APu == |u|q_1 u+u,

in a domain  of RV, where 1 < p < N, ¢ > p—1, and u is a Radon measure on €.

We introduce a notion of local entropy solution, and give necessary conditions on

u for the existence of solutions, in terms of capacity. The question of removability
of sets is also considered, as well as some stability results. Finally we give existence
results in RY for the case of absorption.
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1 Introduction

Let Q be a regular domain in RY, which may be unbounded, and 1 a Radon measure
in 2. We are interested in the elliptic equation with an absorption term:

—Apu+uflu=py, nQ, (1.1)
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as well as a source term

“Apu=u " utpy,  nQ, (1.2)

where 1 <p< N, g¢g>p-—1, and
u— Apu = div(|VulP "2 Vu)

is the p-Laplace operator. We study under what conditions there exist local or
global solutions, or under what conditions a given subset £ C Q is removable.
They are expressed in terms of capacity. This leads us to return to the equation
without reaction term,

—-Apu =y, in Q, (1.3)
for which we define a notion of local entropy solution, and give stability properties,
essential to our proofs.

We denote by M(S2) the set of all the Radon measures in 2 , M;(£2) the space of
bounded Radon measures in £, and by M™*(Q), M (€2)) the respective subsets of
nonnegative ones. The capacity capm, - associated to Wy (Q), forany m > 1,7 > 1
is defined by

0P (K, Q) = it {|[lloymr ) : ¥ € D(),0S ¥ <Ly =1on K},

for any compact set K C Q.

We first consider the problem of finding conditions on the measure u ensuring
the existence of a solution. In the case p = 2, a necessary and sufficient condition
was found in [3] for the problem with absorption with Dirichlet data on 89Q: for any
w € My(2), problem

— -1, _ ~
{ Au+ |[u| u =y, in Q, (1.4)

u=0, on 01,
has a (weak) solution if and only if u does not charge the sets E such that caps o (E,
RM) = 0. In the case of the problem with a source term, this condition is also

necessary. A necessary and sufficient condition was given in [4] for the existence of
(integral) solutions of problem

—-Au = (ut)? +p, in Q,
u=0, on 0.

When p has a compact support and g > 0, it is equivalent to the existence of a
constant C' > 0, such that

/ du < C caps (K, RY), for any compact set K C ,
K

(see [2]). It implies in particular a limitation of the size of the measure. In the
general case p > 1, the question becomes more difficult, because the full duality
argument used in [3] and [4] is no longer available. In the sequel we set

¢ =q/(g-p+1), (1.5)
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so that ¢* = ¢’ when p = 2. Concerning problem (1.1) with Dirichlet data, it was
recently shown in [21] that if u charges the sets E such that capy r(E,RV) = 0,
for some R > pg*, then sequences of approximate solutions do not converge to
a “reasonable” solution. This suggested that the problem might have no solution.
Using our notion of local entropy solution, we show that the result is true. Actually,
we prove a more general statement:

Theorem 1.1 Let p € M(R), and ¢ > p— 1. Suppose that u charges some set E
such that capy g(E,RN) = 0 for some R > pq*. Then equations (1.1) and (1.2) ad-
mit no local entropy solution. More generally, there exists no local entropy solution
to equation (1.8) such that |u|? € L}, ().

Notice that there is no assumption on the sign of v and y, which is unusual in
the case of source term. This result applies in the supercritical case ¢ > P, where

p=Ne-1 (1.6)

N-p

is the first critical exponent (indeed in the subcritical case ¢ < P, any non-empty
set E C Q satisfies capy r(E,RY) > 0). As a consequence, equations (1.1) or (1.2)
have no solution if u charges points and ¢ > P. Notice that when p = 2, any set E,
such that capy r(E,R") = 0 for some R > 2¢, satisfies caps o(E,RY) =0, from
{1].

Under the assumption of positivity on v and g, we have a stronger result for
equation (1.2):

Theorem 1.2 Let u € M*(Q). If equation
—Apu=u? 4y, in §, 1.7

has a nonnegative local entropy solution, then for any R > pg*,
/ dp < C (capy, r(K, Q)P4 /R, for any compact set K C Q, (1.8)
K
where C = C(N,p,q, R, ).

The second problem that we consider is the characterization of removable sets.
When p = 2, it was shown in [3] that they are precisely the sets E with cap; o (E,RV)
= 0. In the general case p > 1, a recent result of [22], for problem (1.1) with Dirich-
let data, suggested that the compact sets K such that cap; g(K,R") = 0, for some
R > pg*, might be removable. We show that it is true: '

Theorem 1.3 Let F be a relatively closed set in Q, such that capy r(F,RN) =0
for some R > pg*. Let u € M(Q) such that u does not charge the set F. Then F

is removable, in the sense that any local entropy solution of equation
—Apu+|uf =y, in Q\F,

is a local entropy solution of equation (1.1).
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In particular any point set is removable when ¢ > P. We have a similar result for
problem with a source term:

Theorem 1.4 Let F be a relatively closed set in Q, such that cap; g(F,RN) = 0
for some R > pg*. Let uy € M*(Q) such that does not charge the set F. Then any
local nonnegative entropy solution of equation

—Apu=u +p, in Q\F,
is a local entropy solution of equation (1.7).

These results are based on local a priori estimates of the solutions (given in
Theorems 4.1 and 4.2). In the case of equation (1.1), we also prove the following
stability result:

Theorem 1.5 Let F be a relatively closed set in (), such that capy,r(F,RY) = 0
for some R > pq*. Let f,,f € L} _(Q) such that f, converges strongly to f in

loc

L}, .(Q\F). Let u, be a local entropy solution of equation
—Apu, + luy [Ty, = f,, in Q\F.

Then up to a subsequence, u, converges a.e. in 2 to a local entropy solution u of
equation (1.1).

We also prove stability properties for global solutions when 2 is bounded (see
Theorem 7.3). Thus we improve a result of [16] given for p = 2, and the result
of [22] quoted above. The proof is based upon a local stability result for equation
(1.3) (see Theorem 3.3), following the global one of {18, Theorem 3.4]. Notice that
Theorem 1.5 has no equivalent in the case of source term; this is due to the fact
that equation (1.7) may have no solution in the supercritical case for some functions
u € L}(Q), independently of their size.

Another consequence of the local a priori estimates and stability properties is an
existence result in whole RY for the equation (1.1), without any growth condition
on the data. This improves the results of [14]:

Theorem 1.6 Assume g >p—1> 0. Then for every f € L}, (RYN), there ezists at
least one local entropy solution u of equation

-Apu+ulu=f, @RV (1.9)
Moreover this entropy solution is nonnegative when f is nonnegative.

We also give existence results in the subcritical case ¢ < P with a measure data
when Q is bounded, or @ = R" (see Theorems 8.2 and 8.3). For the equations (1.2)
and (1.7), the existence was proved in [20] when g < P, at least when p > Py, and
Q, u are bounded, and the size of u is small enough. The problem is open in the
case ¢ > P, even when u € L*(Q2) with s large enough.

For simplicity, all our results are given for the p-Laplace operator, with reaction
term = |[u|?"" u, but they can be extended to elliptic operators A(z, Vu), with power
growth in |Vu| of the order p—1, and a reaction term +g(z, u) such that g(z, u)u > 0
and growth in u like |u|%.
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2 Global and local entropy solutions

In this section, we study the equation (1.3) without reaction term. We recall some
well-known results concerning the Dirichlet problem associated to the equation when
Q is bounded and p € M;(R2). Then we define a notion of local entropy solution
without boundedness assumptions, which leads to our main results.

We call M(Q), the set of measures po € M(R) such that

po(B)=0  for any Borel set B C Q such that cap;,,(B,2) = 0. (2.1)
Any measure p € M(€2) admits a unique decomposition as
b= po + pf — p3 (2:2)

where g € Mo(Q) and uE are nonnegative and singular, concentrated on sets E<
with cap; ,(E*,RY) = 0 (see [19]). Moreover uo is nonnegative, and p; =0, if p
is nonnegative. Notice also that

pi<w*, py<p and  uol < |ul. (23)
For any n,k > 0 and any r € R, we set
Snx(r) = min((|r| — n)* /k,1) sign r,
By k(r) = min((r — n)*/k, 1), H,x(r) =1-min((jr| —n)*/k,1). (24)

2.1 Global entropy solutions
Here it is assumed that § is bounded and p € M;(2). We consider the problem

—RpU = U, in Qa
{ u=0, on 9. (25)
We set
2N 1
b=y H=wm

thus 1 < Py < Py, and p > Py <= P > 1, where P is given by (1.6). When p > P,
problem (2.5) admits at least a solution in the sense of distributions, such that
u€ Wol’"'(ﬂ) for any 1 < m < (p— 1)N/(N —1). In the general case the gradient
may not be defined in L!(£2). One needs to introduce a notion of entropy solutions,
or renormalized solutions, to give a sense to the gradient. They are functions such
that VT (u) € LP() for any k > 0, where

if |s| <K,

s
Ti(s) = { ksign s if |s| > k, (2.6)

and the gradient of u, denoted by y = Vu is defined by
V(Ti(u)) =y X Ljuicky 2-e. in Q. 2.7
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Such solutions u may not belong to L!(Q) when p < P.
More precisely, a function u is a (global) entropy solution of problem (2.5), if

v is measurable and finite a.e. in Q, (2.8)
Ti(u) € WaP(Q)  for every k > 0, (2.9)
VuP~' e L7(Q), forany1<r< N/(N-1), (2.10)

where the gradient is defined by (2.7), and u satisfies

D1: for any h € WH*°(R) such that h’ has a compact support, and any ¢ €
WL™(Q) for some m > N, such that h(u)p € WyP(Q),

[ [9uP = Vv hu)p)dz = [ ulodo + hiroo) [ pdut = h(=o0) [ .
o Q Q Q

(2.11)
The solutions can be defined in four equivalent ways:

Theorem 2.1 ([18]) Let u be a function such that (2.8), (2.9) and (2.10) hold.
Then D1 is equivalent to any of the following conditions:

D2: if w € WyP(Q) N L=(Q) and if there ezists k > 0 and wt,w™ € WH(Q) N
L*(Q) with r > N, such that w = w* a.e. on the set {u > k} and w = w™ a.e. on
the set {u < —k}, then

/qulp_z Vu.dea:=/wdpo+/w+du;"—/w"du;. (2.12)
Q Q Q Q

D3: for any k > 0, there ezist ax, B € Mo(Q2) N M (), concentrated on the sets
{u =k} and {u = —k} respectively, converging weakly to u},p; such that

/IVukl"_z Vur Vipdz = ¢dﬂo+/¢dak—/ Ydpk, (2.13)
Q : Q Q

{lu|<k}
for any ¢ € W P(Q) N L=(Q).

D4: for any h € WH(R) with compact support, and any ¢ € W1P(Q) N L=(Q)
such that h(w)p € WP (Q),

/ |VulP~2 Vu.V(h(u)p)dz = / h(u)eduo, (2.14)
Q Q
and for any @ € C(Q) and bounded,
1
lim—/ Vu”da::/d;",
Jim — {nSuszn}l (2 | pdu

1
lim —/ Vulf d:r=/ du. 2.15
Jm ~ {-anus-n}l P e | (2.15)
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Then for any p > 1, there exists at least an entropy solution of (2.5), and it is
unique if g € L*(2). Moreover any entropy solution satisfies the equation in the
sense of distributions.

Remark 2.1. In the definition of global entropy solution, (2.10) can be weakened

mn
[VulP~! e LY(Q), (2.16)

which also implies
lulP~! e L*(Q), for any 1 < s < N/(N - p), (2.17)

from [5, Lemma 4.1]. Also condition (2.11) has to be satisfied only for any ¢ € D()
such that ¢ > 0. Indeed this implies that D3 holds for such a ¢, and by density for
any nonnegative o € Wy'?(Q2) N L*®(£2), then for any 4 € Wy'P(2) N L>(£). Thus
D3 holds, hence also D1.

Remark 2.2 The different notions of entropy solutions are given in general for
bounded measures, since they appear to be a natural framework for existence the-
orems. Notice however that when p = 2, the problem

—Au = pu, in Q,
u=0, on 99,

is well posed for possibly unbounded measures y, such that [, p(z)du(z) < o,
where p(z) is the distance from z to 9. In the following we are interessed by local
solutions as well as global ones with Dirichlet data. When it is possible, it will not
be required that the measures in consideration are bounded, contrarily to most of
the litterature on the subject.

2.2 Local entropy solutions

Here  is any domain of R ,and u € M(RQ), possibly unbounded. We will say that
u is a local entropy solution of equation (1.3), if u satisfies (2.8),

Ti(u) € WEP(Q),  forany k>0, (2.18)
[Pt € L,.(R), foranyl<s<N/(N-p), (2.19)
[VulP~le L] (), foranyl<r< N/(N-1), (2.20)

and

D1-loc: for any h € W4*(R) such that h’ has a compact support, and any ¢ €
Wbtm™(Q) for some m > N, with compact support, such that h(u)p € WiP(R),

[ 1962 9u9wips = [ hwpdua + hio0) [ it = h(-o0) [ iz
Q 2 o o
(2.21)
Here also we can give equivalent definitions.
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Theorem 2.2 Let u be a function such that (2.8), (2.19), (2.18) and (2.20) hold.
Then D1-loc is equivalent to any of the following conditions:

D2-loc: if w € WHP(Q) N L>®(Q) with compact support in §, and if there exists
k>0 and wt,w™ € WL (Q) N L>®(N) with r > N, such that w = wt a.e. on the
set {u >k} and w = w™ a.e. on the set {u < —k}, then

/qul”_2 Vu.dex=/wdp0+/w+duj—-/w_d;z,'. (2.22)
Q : Q Q Q

D3-loc: there ezist ax, B € Mo(2) N M*(Q), concentrated on the sets {u = k}
and {u = —k} respectively, converging weakly to uF,u; such that

/ |Vur|?~2 Ve Vipdz = Pdpo + / bdoy — / df, (2.23)
Q Q Q

{lul<k}
for any ¥ € WLHP(Q) N L*=(Q) with compact support in Q.

Dy4-loc: for any h € WL(R) with compact support, and ¢ € W1P(Q) N L>°(Q)
with compact support in Q, such that h(u)p € WiP(RQ),

/IVulp_ZVu.V(h(u)tp)d:c=/h(u)<pd,uo, (2.24)
Q Q
and for any ¢ € C() with compact support in Q,
1
Iim—/ Vu"da::/d’“,
Jim = {nSuSZn}I I o | ek
1
lim — Vul? d:z:=/ du; . 2.25
Jim_—~ {_Znsus_n}l ¥ o R (2.25)

The proof follows the one of [18], with some modifications due to the fact that
Lemma 4.3 of [17] does not apply. It is given in Appendix A for a better compre-
hension.

2.3 Solutions with a reaction term

We end this section by defining solutions of equations with a reaction term. Let f
be a Caratheodory function on Q x R. For a bounded domain €, and p € M,(R),
an entropy solution u of problem

—Apu = f(z,u) + p, in Q,
u=0, on 99,

is a function u such that f(z,u) € L*(f2) and u is an entropy solution of problem
in the sense D1. For a general domain §2 and p € M(R2), a local entropy solution
of equation

—-Apu = f(z,u) + p, in Q,
will be a function u such that f(z,u) € L}, () and u is a local entropy solution of
equation in the sense D1-loc.
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3 Local solutions without absorption

In this section we show that the assumptions on the local entropy solutions of
equation (1.3) can be weakened. This is the key point for all the sequel. Recall that
2 may be unbounded.

Theorem 3.1 Let u be a function satisfying (2.8), (2.18), and

|u|? € L}, (), for some g>p—1, (3.1)
VulP™ € Li,o(), (3:2)

and D1-loc. Then
(Ju| + 1)*7 Y Vul? € L} (), for any a <0, (3.3)

and u satisfies (2.19) and (2.20). Moreover
IVufPt € Lg, (@),  forany1< o <pg/(g+1). (34)

Proof Step 1: Estimate (3.3). Let < 0. We set ux = Tk(u), for any
k > 0. We take .
hi(u) = (1 = (Jug| + 1)) sign u (3.5)

in (2.21), and get for any ¢ € D(2),¢ > 0,
lof /n (k] +1)°~ Vg Ppd
- / hi() [Vl ™2 Ve Vipdz + [ ha(w)pdiio + (1 — (K + 1)%) / od |1
Q Q Q

< [ Vw194l d-+ /
Q |

{lul>

IVuP ™ Vgl do+ [ pdlul. (3.6)
k} Q
Now from Holder inequality,-

/ Vel [Vl do
Q

= / (fux| + 1) | Gu P (jug] + 1)~/ V| dz
Q

1/p 1/p
< ( f (sl + 1)°= [V P ¢dz) ( / (g + 1) == 17 | 7P d:c)
Q [v]
3.7)

Since u satisfies (3.1), we can fix a such that

r=gq/(p—1)(1-a)>1 (3.8)



34 M.F. Bidaut-Véron

Then we derive

/ VP~ V| do
Q

1/p’ 1/7p
< ( / (Jur| + 1)°71 [V [P sodx) ( / (jus] +1)q¢dx) x
Q2 Q

, , 1/7'p
( fn wl"”lvwl”’dm) ; (3.9)

therefore

[ 19w vplas < b [ el + 0= Dunlpas
Q Q

1/7‘ , 1/1-’
+C (/ (Ju| + 1)q<pda:> x </ Qe |V(,0|Tpdx) ,
Q Q

(3.10)

where C = C(¢). Reporting (3.10) into (3.6), we get
B[l + = vz < [
2 Ja {lul>
1/T , , 1/7
+C ( / (lul + l)qwdw) X ( / plT? IV<pI”’dz) . (3.11)
Q Q

Letting k tend to co, we obtain, from (3.2),

1/7 , , /7
I;il /Q(lul + 1) VulPpdz < C (/ﬂ(lul + l)qsodm) (/ﬂ a7 pdz)

+ /ﬂ wod | . (3.12)

VP~ V| dz + / wd |yl
k} Q

Moreover, from (3.9),

/ VulP~ |V de

Q
1/p’ 1/7p

s(/ (fu + 12~ [ VP sodrc) (/ (1u|+1>wz) x

(9] Q
, , 1/7'p
([oeiverra) ", ' (3.13)

where the gradient is defined in (2.7). Taking

0=("", with ¢ € D(),¢ >0, (3.14)
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so that ©1~7'? |Vy|"? € L}(R), we deduce that (Ju| +1)*~}|Vul? € L}.(9) for |of
small enough. This implies (3.3).

Step 2: other estimates. Let U be any regular domain such that U CcC . For
any v € L}, () we set
T= IUI—I/ vdz.
U

Recall the Galliardo-Niremberg estimate: for any A > 1, for any v € W¥?(U) N
LA (U),
o=l 22wy < CNVOlZow) v =Bl 50y (3.15)

for any v € [1,+00) and @ € [0, 1] such that
1 1 1 1-6

where C = C(N,p, A,0,U). Let us take @ € (1 — p,0) and
v=(1+W)’, B=(a+p-1)/p, Ar=(p-1)/B. (3.17)

Then v € LP(U), since fp < p—1 < q and u € LI(U). Moreover u; = Ti(u) €
WLP(U), then from the chain rule, vk+1 = Tk+1(v) = (1 + |ux])? € Wh?(U), and

Vg1 = B(Jue] + l)ﬁ_IV’uk sign ug.

By definition of the gradient, we have Vvg41 = Vv X 14 <k}, hence

/ Vol dz = / Voesal? dz < 67 / (e + 1)}V Pda.
Un{jul<k} 1% U

Since (u + 1)>~!|[VulP € L}(U) from (3.3), we can let k go to oo, and derive
|Vv| € LP(U). This implies v € WP(U), and the gradient above coincides with the
distributional gradient of v (see [18, Remark 2.10]). Moreover v € L#Y(U), since

/(|u|+1)’3—'¢'f' dz
U
(1-6)78/(p—1)

6v/p
< ( / (lu] + 1)~ [Vuf? da:) ( f (lu] + 1) —5P—1)/B a) ,
U U
(3.18)
and |ul"~! € L}(U). Chosing 6 close to 1, and « close to 0, we deduce (2.19). Also,
for any 0 < < p, we find

n/p (»—n)/p
/ [Vul" dz < ( / (lu] +1)>1 IVulpdx) ( / (|u|+1)(?-a>ﬂ/@-">dx) ,
Q U Q
(3.19)
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from Holder inequality. Choosing again o close to 0, the left-hand side is finite for
any 7 such that n/(p—n) < (p—1)N/(N —p), that means 0 <7 < N(p—1)/(N-1).
Hence (2.20) holds. Finally, for any 1 <o <p/,

o/p
/ [Vu|P~D7 pdy < (/ (Jul + 1)"_1|Vu|”<pdz) X
U U

, 1-a/p’
( / (Ju| + 1))/ /"—l)tpd:z;) . (3.20)
U
The left-hand side is finite if 1/(p’ /o — 1) < g, or equivalently o < p’q/(g+1), which
proves (3.4). [

Remark 3.1 Estimate (3.4) was first observed in [14] for equation (1.1) in RV . It
is stronger than (2.20) whenever ¢ > P.

In the same way we deduce convergence properties.

Theorem 3.2 Let {u,} be a sequence of Radon measures in Q, uniformly locally
bounded. Let (u,) be a sequence of local entropy solutions of

—Apuy = Uy, in Q,

such that (|u,|?) is bounded in L}, (), for some ¢ > p— 1. Then

ocC
(Tie(uww))  is bounded in WhP(Q), for any k>0, (3.21)
(luP™Y) is bounded in L, (R), for any1<s < N—N—p (3.22)
(IVu |P~Y)  is bounded in L], (), foranyl<r< max(——]y—-— ﬂ)
v loc ) = N—-1 N 7+ 1
(3.23)

And, up to a subsequence, y, converges weakly to a measure p, and u, converges
locally in measure and a.e. in Q to some function u, which satisfies (2.8), (2.19),
(2.18) and (2.20), (3.4). And Vu, converges to Vu locally in measure in Q.

Proof Step 1: a priori estimates. Taking the same notations as above, and
the test function ¢ defined in (3.14), we derive from (3.12) and (3.13),

1/7
B [l + 02 vuppe < [ ottt +0 ([ ul+1opas)
Q Q Q
with a constant C = C(a, ) > 0. Then for any regular domain U CC £,

( / (Juu| + 1)°-1|Vu|sz) is bounded. (3.24)
U
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In particular (u,x) is bounded in W1P(U), and (3.21) holds. Then (3.22) and
(3.23) follow from (3.18), (3.19) and (3.20) applied to (u, ), after noticing that the
sequence (v, ) defined by

v=(lwl+1)?  B=(a+p-1)/p,

is bounded in L}, (). Thus the sequence (7;) of its mean values on U is bounded.

Moreover considering the two functions
v = +1)7 o = (4 +1)%,
one has |
Vo] < B(lunl + D2 V|, (VO] < B(luy| + 1)@ D/P |V, |,

from the chain rule applied to the trucatures u, x, and by definition of the gradient.
Hence (|Vv}|) and (|Vv]|) are bounded in L} (£2), so that

(v}) and (vl)) are bounded in W.P(Q). (3-25)
Up to a subsequence, y, converges weakly to a measure y, and v}, and v/ converge
weakly in Wlt‘f(Q), strongly in L7 (Q), and v]convergesv’, v/ — v” a.e. in Q.
Then u, converges locally in measure and a.e. in © to a function u, such that
lul? € L},.(), and (2.19) holds from the Fatou lemma. For fixed k > 0, (u,) is
bounded in WP(£2), and u,,x converges a.e. to ux. We can extract a subsequence
(depending on k) converging weakly in W,t’f(ﬂ) and a.e. in Q, and necessarily to
ux. Then ui € Wllo’f (€2), and the whole sequence (u, k) converges.

Step 2: convergence of the gradients. We set

Hy = fy0 + /"'Is - /‘l’;,a’

where p,0 € Mo(Q2) and u,f, are nonnegative and singular. Here we use the
equation satisfied by the truncated functions u, x as in [18]. From Theorem 2.2,
there exist a, % and B, x € Mo(22) N M™*(R), respectively concentrated on the sets
{u, = k} and {u, = —k}, such that

/ Vi 4P~2 Vi . Vepidz = / Yo + / oy — / $dBy
Q { Q o

Juy|<k}
for any ¥ € W1?(Q) N L*°(Q) with compact support in 2. Taking ¥ = u, k¢, with
¢ € D(R),p 2 0, we obtain

/ |V, k[P pdz + / Uy i [Vt k[P 2 Vi 4 Vipdz = Uy kPdpiy 0
Q 2 {luv|<k}

+k ([ pdaus+ [ odbin).
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Moreover |u, x| < k, a.e. in ©, and p, 0~ a.e. in 2, and therefore

1 _
[ oo+ [ waton s [ odlul+ 3 [ (Vual pda+ [ [VuuP= Vel da.
Q Q Q Q Q

Taking '<p such that ¢ = 1 on U CC 9, we deduce, from (3.24),

/Uda.,,k +/Udﬂu,k <C (1 + k""')

for any k > 1, where C > 0 does not depend on v, since |y, 0| < |u,| from (2.3).
Then o, x and B, are locally bounded independently on v, for fixed k, thus

Bk = X{ju,|<k}He,0 T Qv = Buk-
Now wu,,x is a solution (in the sense of D’(£2)) of equation
—LpUy k = Hy,k,

and (u,,x) is uniformly bounded in L*(Q) and in W;?(R). Following the proof of
(15, Theorem 2.1}, we deduce that, after extracting a diagonal subsequence (which
may depend on k), Vu, i converges a.e. in 2 and strongly in (L} .(22))V to Vuy,
for any 1 < A < p. Then the whole sequence converges. For any € > 0, and any
v,p€EN,

{IVu, — Vu,| > €} C {|un| > k} U {|up| > £} U {|Vuyx — Vup x| > €},

and |u,|? is bounded in L}, (). Hence (Vu,) is a locally a Cauchy sequence in
measure. Up to a subsequence, Vu, converges a.e. in €2, and the limit is Vu, by
definition of the gradient. Then Vu satisfies (2.20) and (3.4). Thus |Vu, [?™* Vu,
converges strongly in L], () to |[Vu[’~2 Vu, for any 1 < r < N/(N — 1), from the
Vitali theorem. ]

Now we give a local stability result, following the global result of [18, Theorem
3.4]. We have not searched to extend it completely to the local problem, because
it was not needed in our situations, where the reaction term requires stronger con-
vergences properties. We give the proof in Appendix B.

Theorem 3.3 Let A € M(Q). Let f.,,f € L}, (), such that f, converges weakly
to f in L} (). Let u, be a local entropy solution of equation

—Dpu, =f, 4+, inQ, (3.26)

such that (|uy|?) is bounded in L} (Q), for some ¢ > p — 1. Then, up to a subse-
quence, u, converges a.e. in 2 to a local entropy solution u of -

“Aju=f+)  inQ . (3.27)
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4 Estimates for absorption or source term

Here we give universal a priori estimates for equations (1.1) and (1.7). First consider
the case of absorption :

Theorem 4.1 Let u be any local entropy solution of equation (1.1). Then for any
R > pg*, there ezists C = C(N,p,q, R, ), such that for any ¢ € D(),¢ > 0,

/ (Jul + 1)%Rdz < C ( / Pz + / P |l + / V¢IR d:c) R
o Q Q Q
And for any a < 0, there exists C = C(a,N,p,q,R,Q), such that
/ (Ju| + 1)~ VulP¢Rde < C ( / ¢Rdz + / ¢Rd|u| + / IV(]Rda:> . (42
Q Q Q Q

Proof Let R > pg*. By hypothesis |u|? € L} (), and ¢ > p— 1, thus Theorem

loc

3.1 applies. We take the test functions hj defined in (3.5), and obtain, for any
p€eD(Q),p 20,

al (el + D)~ [VuPpds + [ [ulf™ uhe(u)pde
Q Q
__ / b () [VUlP 2 V. Vipds + / he(@)eduo + (1 — (k+1)%) f od ||
Q Q N o

< / Ve~ V| do + /
Q

{lul>

|Vul’~" |Vo| dz + / wd |y
K} o

This estimate is similar to (3.6), with an additional nonnegative term [, [u|?™" uhx(u
Q

@dz in the left-hand side, since |u|?"" u is an absortion term. By Fatou lemma, we
find, as in (3.12),

% /Q(Iul +1)°7 | VulPpds + /Q Jul® (1= (lul +1)*)pdz

/7 , , /7'
< [ walui+c ( [+ l)qsodw) x ( [e=iver sz) ,
Q Q Q

where 7 is defined in (3.8). We can choose a < 0 small enough such that
7'p =R,
and take ¢ = (%, where ¢ € D(Q),¢ > 0. Defining
X=[(ul+1%cRz, Y= [ (ul+ 12 (Vupcas,
Q Q
and observing that 1 — (Ju| +1)* > 1 —2% > 0 on the set {|u| > 1}, we find

X+Y<C ( /ﬂ ¢Rdx + ,/,, CBd|u| + C(oxlff) (4.3)
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/R
with C(¢) = ( Jo V¢ |R dx)P and C = C(a, g). Then, from Young inequality, with
anew C = C(a,p,9),

X+vY<c ( /ﬂ ¢Rdz + /ﬂ CRd |l + /ﬂ Iv¢l® d:c) . (4.4)

Then (4.1) follows for such a, from (4.3), and then (4.2) follows for any o < 0. =

Now we consider the problem with a source term. In case of nonnegative 1 and
u, we have more precise results.

Theorem 4.2 Let u € M*() and u be any nonnegative local entropy solution of
equation (1.7). Then for any R > pg*, there ezists C = C(N,p,q, R,Q) > 0 such
that for any ( € D(N), with0< (<1 in Q,

rq"/R
/ CRdp + / quRd:cSC( / IVCIRdm) . (4.5)
Q Q Q

Moreover for any a < 0, there ezists C = C(a, N,p,q, R,2) > 0 such that

fﬂ (u+1)*"YVulP¢Rdz < C (1+ /ﬂ u"CRdx) ( /Q |VC|Rdx)p/R. (4.6)

Proof It has been given in [3] in case of global entropy solutions of the problem
with Dirichlet data, but it is still valid for local solutions. It is based on the use of
test functions

hi(r) = (Tu(r*) +€)*, k>0,e>0, 4.7
which are nondecreasing, contrarily to the ones defined in (3.5), and then of the
test function h(r) = 1. -

Remark 4.1 These ideas were already used in [10] to obtain upper estimates for
more general problems with possible singularities, and also in [9] to study the initial
trace problem for a parabolic equation with absorption.

5 Necessary conditions of existence

In this section we prove our general necessary conditions for existence:

Proof [Proof of Theorem 1.1]. It is enough to consider a local entropy solution
u of (1.3), such that |u|? € L}, (). Then Theorem 3.1 applies. Let R > pg*, we
still can choose a < 0 such that 7, given by (3.8), satisfies

pr’ =R

Let E be a Borel set such that cap; r(E,R") = 0. There exist two measurable
disjoint sets A, B such that @ = AU B and p*(B) = p~(A) = 0. We claim that

pt(ANE)=p~(BNE)=0.
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Let K be any fixed compact set in AN E. Since u~(K) = 0, there exists an open
set w CC § containing K, such that u~(w) < e. From [3, Lemma 2.1], there exists
(n € D(w) such that 0 < ¢, <1, and ¢, =1 in a neighborhood of K contained in
w, and (p — 0 in WLB(RYN) . We choose ¢ = ¢, = (& in (2.21). From (3.12) we
have

2] -
B [ i+ 1t 19ulrionde < [ gudlel+
Q Q

1/7 p/R
R
C(/Q(IUI+1)"<Pnd$> </QIVCnI dw) ;

where C = C(o, R). But

/«:nd|u| s/ dlul,
Q supp¥ x

3 q —_
lim /n (el + 1)%ndz = 0, (5.1)
since u € L} (). Then
/ (Ju] + 1)*~}|VufPpnda is bounded. (5.2)
Q

From (3.13),

1/p’ 1/Tp
[1var vz <0 ( [+ ==t 9 sondw) ( [+ 1>4¢ndz)
Q Q Q
1/R
% (/ |V§,,|Rda:) ,
Q

lim / |VulP~! |Vn| dz = 0.
n—o0 ]

therefore

Let us apply (2.21) with now A(u) = 1 and the same ¢,. We find
/ Pndp = / |VulP~? Vu.Vpnde,
Q Q
then limp 0 fq ¢ndp = 0. Now
+(K) < dut = dp + du~
M s Pnll Pnap Pnap
w w w

hence pt(K) < e, for any € > 0. This implies u*(A N E) = 0, and the claim is
proved. [ ]
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Proof [Proof of Theorem 1.2]. We apply the estimates of Theorem 4.2. Let
R > pg* and K be a compact set contained in Q. Let 9, € D(£2) such that

0<¥n<1l, Pn2xx, and [[¢nllfangy — caprr(K, Q).

Choosing ¢ = ¥Z in (4.5), we deduce that

R P¢"/R .
[avso([velRa) " <Clunlng.

with new constants C = C(N,p, ¢, R, ), and (1.8) follows. [ ]

6 Removable singularities

In this section we study under what condition a subset of Q is removable. The
estimates of Section 4 play a key role for solving this question.

Proof [Proof of Theorem 1.3]. By ‘assumption, u is measurable and finite,
a.e. in Q\F, thus in whole §, since F' has a Lebesgue measure zero. Moreover
[u|? € LL _(Q\F), Ti(u) € WEP(Q\F) for every k > 0, |VulP™" € L% (Q\F), and
u satisfies

/ VP~ Vu.V (h(u)p)dz + / luf" wh(w)pdo

Q Q

= [ hwyoduo + hi+oc) [ pdt - h-o0) [ pauy (6.1)
Q Q Q

for any ¢ € D(Q\F),p > 0, and any h € W1(R) such that h’ has a compact
support.

Step 1: |u|? € L},.(Q). From Theorem 4.1 in Q\F, for any ¢ € D(Q\F),¢ > 0,

[ ul+vee7as <0 ([ omaz+ [ o%ama+ [ Volraz),  (62)

where C = C(N,p,q,R,Q, F), and for any a < 0,

[+ 1 ivurgrae < 0 ( f SRz + / #alul+ [ |v¢|Rdz) . (63)
Q Q Q Q

with C = C(a, N,p,q,R,Q, F). Let { € D(),{ >0, and K = FN supp{. Then K
is compact, and cap r(K,R") = 0. Let &, € D(RV) such that

0<é <1 inRM, ¢, =1ina neighborhood of K,

and &, converges to 0 in WiR (RV) and everywhere on RV \N, where cap; r(NV,RN) =
0 (see [3]). We take
= (o= ((1 - §n)a (6'4)
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and obtain

R R R R
[+ 1ecas < (Lcndz+Lcnd|nl+L|vcn| dz)

<o ([ ¢ras+ [ Ralul+ [ 6l as)

Notice that (|V(s|) is bounded in LE(RY), and ¢, converges to (¥ a.e. in . Then,
by the Fatou lemma,

f(lul +1)%¢Rdz < oo,
Q

therefore |u|? € L} ().

Step 2: [Vu[P™! € LL (). As above, from (6.3),

( / (Ju + 1)°"1|Vu]"(jfda:) is bounded. (6.5)
Q

Now

1/p' 1/p
[ 1vup=ctas < ( [+ 1)“‘1|Vul”';fdw) ( i+ 1)<l-°>@-l>cfdz) ,
Q Q o

from Hélder inequality. Since (1 — a)(p — 1) < g, we deduce that
( / |Vu|P-1<;,§dz) is bounded.
Q

The conclusion follows.
Step 3: ux = Tx(u) € Wﬂ,’f(ﬂ) and [Vulf™! ¢ L} .(Q). Let k > 0 be fixed. From
(6.5),

( / | Vg |Pcfdx) is bounded. (6.6)
Q
Let us set, for fixed k£ > 0,

wy, = uxCR/P € WHP(Q).

Since |wn| < k¢CB/?, (w,,) is bounded in L°(f2). And wy, converges to ux(F*/? a.e.
in Q. Now

Vam = (B/PVuy + ;’?ukcf.‘/”“vcﬂ;

and (V¢,) is bounded in L} (RY), then (Vws,) is bounded in L?(), from (6.6).
It follows that ux(R/P € W1?(R), and ux € W,iP(£2). The gradient of u has a sense
in Q : it is defined by (2.7), and it coincides with the gradient, still defined a.e. in
Q\F.
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Step 4: |VulP~! € LE (Q). For any 1 < o < p/, from Hblder inequality,

loc

o/p’
[ 1wutrhecian < ( [ aul+ 1)“-1|Vu1"<33dz) x
U U

1-o/p’
( / (Jul + 1)(1—a)/(p’/a—1)<5dz) _
U

Then, as in (3.20),
( / |VU|<P-1>”<,§dz> is bounded,
Q

for any o < p'q/(g+1), and |Vu[P~! € Lg (). This holds in particular for o = R'.

loc

Step 5: u is a local entropy solution in Q. Let A € W1*°(R) such that A’ has
a compact support. Let ¥ € D(Q2),% > 0, be fixed. Taking now as test function

'¢n = ’¢(1 - gn)Rv

we have

/QIVuI”—2 Vu.V(h(u)n)dz + /n [u|*! uh(u)pndz

= [ hwybuduo + hoo) [ pudut ~hi=c0) [ wndiz. 61
Since &, converges to 0 everywhere on RV\N, and u does not charge N, we have

. — . + __ +
Jm [ ool = [ vdluol,  tim [ ot = [ vt

Then '
| B = o)duo

< (1Al oy /ﬂ (% — u)d |1t

which yields
Jm [ hunduo = [ Bu)dia.
Moreover |u|? € L}, (), then by Lebesgue theorem,
lim / |u|?™* uh(u)ynde =/ [u|?" uh(u)ypdz.
n—00 Q Q
Also |[VulP~! € LE (), and
IV = o)z »

. /,, h(u) [VulP~2 Va.V (4 — ¢,)de| < C |||w|"“||

LR (Q")
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where Q' contains supp . But
V(@ —%a) = (1= (1= &)*)V¥ — RY(1 = €)' Véa,
then V(¢ — 9, )converges to 0 a.e. in (2, and
V@ = 9a)l® < CUVYI™ +[VEal™)

where C > 0 does not depend on n. Again by Lebesgue theorem, V(¢ — v,) con-
verges to 0 strongly in L#(2), and

lim / h(u) |[VulP ™ Vu.Vipde = / Rh(u) |VulP 2 Vu.Vedz.

n—o00 Q Q

At last

lim ' / R (w) |Vl (¢ — ¥n)de| =0,
n—oo Q

since |Vui| € L}, () for any k, and h’ has a compact support. Therefore u satisfies

/ |VulP~2 Vu.V(h(u)y)dz + / u|?™! uh(u)pdz
o Q
= [ hwduo + hi+oc) [ wat = hi=oo) [ wau,
Q Q ")
for any ¥ € D(€2),% > 0. Consequently u is a local entropy solution of the problem
inQ. n
Proof [Proof of Theorem 1.4]. From (4.5), for any ¢ € D(Q\F), with0 < ¢ < 1

in Q,
rq"/R
/ ¢Rdu+/ wi¢fde < C (/ |V¢|Rda:) ,
y) 9] o

with C = C(N,p,q,R,Q, F), and for any a < 0, there exists > 0 such that
p/R
/ (u+1)*|VulPgRdz < C (1 + / uq¢Rd:c) ( / IV d:c) ,
Q Q Q
with C = C(a, N,p,q, R, Q, F). Taking ¢® = (, defined in (6.4), we deduce that
/ ¢Rdu + f uI¢Rdz + / (u+1)>"YVulP¢Bdx  is bounded,
o) Q Q

and the proof follows as above, after minor change due to the signs. ]

7 Stability properties

We recall below a well-known stability property of global solutions:
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Theorem 7.1 ([5]) Let f,,f € L}(Q), with Q bounded, such that f, converges
strongly to f in L*(2). Let u, be the unique entropy solution of problem

—Apuy + lu, |9y, = f,, in Q,
u, =0, on 0f2.

Then u, converges a.e. in  to the unique entropy solution u of problem

-Apu + [ul?tu =, in Q,
u=0, on 9S).

Next we prove analogous stability properties for the local entropy solutions,
which we need for proving Theorem 1.5. Here 2 may be unbounded.

Theorem 7.2 Let f,, f € L},.(Q), such that f, converges strongly to f in L} (),
and u, be any local entropy solution of equation

Aoy + | |* = £, in Q. (7.1)

Then, up to a subsequence, u, converges a.e. in S to a local entropy solution u of
. equation
“Apu+ ' tu=f, inQ. (7.2)

Proof Step 1: A priori estimates. Let u, be a local entropy solution of
(7.1). From Theorem 4.1, for any R > pg*, there exists C = C(N,p, g, R, ) such
that, for any ¢ € D(R2),{ >0,

[wi+vrcraz <o ([ st [ Hipiass [ veifan). 9
Q Q Q Q
Hence (|u,|%) is bounded in L}, (). Writing the equation under the form

—Apuy = py, where y, = f, — ['u.,,|q"1 Uy, (7.4)

then, up to a subsequence, u, converges to some u satisfying the conclusions of
Theorem 3.2.

Step 2: Convergence of the nonlinear term. Following [5] and [14], we prove
the local uniform integrability of (|u,|?) : for any domain U cC  and any € > 0,
any subset A C U such that measA < g(k + 1)79, there holds

/ luy|*dz <€+ / [u, |* dz,
A An{ju, |>k+1}
for any k > 0. From D1-loc,

/ Ve [P~ Vi, ¥ (b)) da + / fuy |7 wypdz = / h(w)f. pdz,
Q Q Q
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for any h € WL*(R) such that A’ has a compact support, and any ¢ € D(f),
such that h(u,)p € WHP(2). Taking ¢ € D(Q),¢ > 0, such that ¢ =1 on U and
h = Sk defined in (2.4), we derive

IV, P pdz + /

| pdz < / \fol iz
Uﬁ{|u,,|2k+1}

{|uu|2k}

+ / |V, P! V| dz.
{lus|2k}

/Un{kg|u,,;5k+1}

Since f, and |Vu,|P~! converge strongly in L}, (Q), there exists g € L*(U) such

that
/ luy|?dx < / gdz.
UN{lu, [2k+1} Un{lu, 2k}

Now (|u,|?) is bounded in L}, (), hence meas {|u,| > k} < Ck™9, where C>0

loc
does not depend on v. Hence

/ luy|fdz < e,
AN{luy|2k+1}

for k large enough. Then |u,|?~" u, converges strongly in L}, () to |u|*"! .

Step 3. Conclusion. Let us apply Theorem 3.3 with f, replaced by u,, and
p = 0. Since p, converges (strongly) in Lj, () to f — [u|*"! u, we deduce that u is
a local entropy solution of

“Aju=f-|ury, inQ,
thus a solution of (7.2). n

Theorem 1.5 follows as a direct consequence of Theorems 7.2 and 1.3:

Proof [of Theorem 1.5]. From Theorem 7.2, and up to a subsequence, u,
converges to a local entropy solution u of

—Apu+u" =, in Q\F.
By Theorem 1.3, it is a solution in 2, since f does not charge F, as measF =0. m
This implies also a global result:

Theorem 7.3 Assume that Q is bounded. Let K be a compact subset of Q, such
that capy,r(K,RY) = 0 for some R > pq*. Let f,, f € L'(Q) such that f, converges
strongly to f in L}, (Q\K). Let u, be the entropy solution of problem -

—Apuy + Iu,,l‘;'_1 u, = fo, in Q,
{ u, =0, on 0. (75)

Then u, converges to the entropy solution u of

—Apu+ulftu=f, in Q,
{ u=0, on 99. (7.6)
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Proof By Theorem 1.5, and up to a subsequence, u, converges a.e. in Q to a
local entropy solution u of equation

-Aju+|uru=f, in Q.

Let U, U’, U” be any regular bounded open sets such that K c U cc U’ cc U” cc
Q. By hypothesis u, x = Tx(u,) € W& () for any k > 0. From D1,

/IVu,,l”_2 Vu,,.V(h(uy)go)da:-l-/ lu, |97t u,,h(u,,)cpd:c:/h(u,,)f,,godz, (7.7)
Q Q Q

for any h € W*°(R) and A’ has a compact support, and ¢ € W1 ™(Q) for some
m > N, such that h(u)p € WiP(Q). We can take b = T, and ¢ € C}(Q) with
values in [0,1], such that

p=1o0n Q\U’, and suppy C Q\U.

Denoting Q' = Q\U’, we obtain
/ |V, x|F pdz+ / [y |7y, ppda = / Uk [V, [ =2 Vu, .Vodz+ / Uy i fupdz.
Q o} e Q

Therefore

1 -
+ [ VusPaes [ olpldot [ [wupivelase, @8
o Q\U UN\U

where C > 0 does not depend on v and k. Indeed U’\U is compact, contained
in Q\K, and (|Vu,|P~Y is bounded in L}, (2\K) from Theorem 3.2 applied in
Q\K; and f, converges to f in L!(Q\U). Thus for fixed k¥ > 0, (u, k) is bounded in
WaP(€), and u, j converges a.e. to ux.Then uy, € WP () NWhP(Q), that means
ux € WP(92), and u satisfies (2.9). Letting v go to oo in (7.8), we derive

/ |Vugl? dz < Ck.
QI

As u is a local entropy solution in 2, it satisfies (|u| +1)>~|Vu|P € L}, () for any
a < 0 from Theorem 3.1. As a consequence,

/ Vsl dz < O(1+ Ky,
with another C > 0 depending on U”, e, but not on k. Thus
/9 IVurl? dz < C(1 + K)HHel,
This estimate implies (2.10) and (2.17) (see for example [6, Lemma 6.2]). Since u

is a local solution of the problem, it is the unique entropy solution of (7.6), from
Remark 2.1, and the whole sequence converges to u. a
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Remark 7.1 Let us recall the result of [22]: assume that Q2 is bounded and K3, K>
are two disjoint compact sets with cap; g(K;, RY) = 0 for some R > pg*, and
f € L}(Q) and f1,, f2,, € L>(f) are nonnegative, such that f1, converges strongly
to f* in L} _(Q\K1), and fo, converge strongly to f~ in L} (Q\K3); then the
entropy solution u, of problem

_Apuu + qu]q—l Uy = flu - f2,m in Qa
u, =0, on 99,

converges to a solution, in the sense of distributions, of problem (7.6). Corollary 7.3
improves this result since it does not require sign conditions on the approximating
sequence, and proves that the limit u is an entropy solution.

As a consequence we deduce the following, which extends to the case p # 2 the
result of Brézis [16] , except for the critical case g = P :

Corollary 7.4 Assume that §2 is bounded, and g > P.Leta€Q, and f,, f € L}(Q)
such that f, converges strongly to f in L} .(Q\{a}). Let u, be the entropy solution

of problem (7.5). Then u, converges to the entropy solution of problem (7.6).

Remark 7.2 Concerning the equation with source term (1.7), there is no global
(or local) stability result, even if p = 2. Indeed when ¢ > N/(N — 2), there exists
a nonnegative function f € L(f2), with compact support, such that problem

—Au = u? + Af, in Q,
u, =0, on 99,

has no solution, for any A > 0 (see [4, Corollary 3.3]). Furthermore, there exists
f, € L(Q), such that f, converges strongly to f in L!(f2), such that for A > 0
small enough, problem

_ =y ;
{ Au, = ud + Af,, in Q, (7.9)

u, =0, on 99,

has a solution for any v € N. Indeed if (p,) is a sequence of mollifiers, we can take
fo = pu * f. By [4, Corollary 3.2], there exists A\, > 0 such that problem (7.9)
admits a solution for A = A,. Then from [11, Remark 3.4] it has a solution for any
A > 0 such that A | f, || e < C, where C = C(N, g, ), independent on v; hence

for any A > 0 such that A < C/ || f]| 11 (q) -
8 Existence results
In the case of absorption the a priori estimates allow to give existence results in RN

for data in L}, ,(R¥), without any growth conditions. For the first time this was
observed in [14], where the case p > P; was solved:
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Theorem 8.1 ([14]) Assume p > Py and ¢ > p — 1. Then, for any f € L} (RV),
there egists a function u € W,;7 (RN) for any r € [1,P) solution of

loc
—Apu+uT tu =, in D'(RY),

Moreover this u is nonnegative if f is nonnegative.

An existence result was also proved when p < P;, but under the restrictive condition
g > 1/(p— 1), which ensures that the gradient is well defined in L}, (), from (3.4).
With our stability result, we now prove Theorem 1.6, which does not assume this

condition, and moreover show the existence of a local entropy solution.

Proof [Proof of Theorem 1.6]. Let B, = {|z| < r} for any r > 0. For any v € N,
there exists a unique global entropy solution of problem

—Apu, + [uy | uy, = §, in B,,
u, =0, on 0B,

since f € L'(B,); this follows from [5].

Let » > 0 be fixed. Then for any v > 2r, u, is a local entropy solution in Bs, .
Hence from Theorem 4.1, as in (7.3), (Juy|?)u>2- is bounded in L!(B,). Then from
Theorem 3.2, (u,),>2r satisfies (3.21), (3.22), and (3.23) in B,, and one can extract
a subsequence converging locally in measure and a.e. in B,.

Therefore, we can extract a diagonal subsequence (u,), such that u, converges
locally in measure and a.e. in RV to a function u. It satisfies (2.8), (2.18), (2.19)
and (2.20), (3.4) in R, and Vu, converges locally in measure to Vu. Clearly u,
is a local entropy solution in B, for p > 2r. Then from Theorem 7.2 applied with
fv = f, there exists a subsequence, depending on r, converging a.e. to a local entropy
solution of equation

—Apu+[uT tu=f, in B,.
Necessarily it coincides with u, and the whole sequence converges to u. Thus u is a
local entropy solution in any ball B, hence it is a local entropy solution of equation
(1.9). In particular it satisfies the equation

“Apu+ T u=f,  inD'RM).
If f >0, then u, > 0 from [5, Theorem 7.1], hence u > 0 a.e. in R¥. [

Now we assume that g is subcritical. We first give a global existence result for
measures when 2 is bounded, by using the global stability properties shown in [18,
Theorem 3.4]. Recall that the first results were given in [12] when P > p;. We get
the following:

Theorem 8.2 Assume that Q) is bounded, and p—1 < q < P. Then for any
4u € Mp(R), there ezists an entropy solution of problem

—Apu+ [uf  u =y, in Q,
{ u=0, on ON. (81)
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Proof From [13], 4 can be decomposed as
p=f—divg+uf —pu;,

, N
with f € L(Q), g € (L” (Q)) ,and pf,p; € M () are singular. There exists
a sequence (p, ) approximating p such that

My = f, —divg+ Ay, — 1, fosdu, o eLpl(Q)'

Hence p, € W17 (Q) N My(2) N Mo(R)), and f, converges weakly in L1(Q) to f,
and ), (resp. 7,) converges weakly to u7 (resp.u; ). Then there exists a (unique)
weak solution u, of problem

-1 .
=Apuy + |uy | Uy = in Q,
u, =0, on 99,

such that u, € WyP(Q) N Let1(Q). It is also an entropy solution, since it satisfies
D2. From Theorem 4.1, (|u,|?) is bounded in L} (). From Theorem 3.2, up to a

loc
subsequence, (u,) converges locally in measure in Q and a.e. in Q to some function

u, and (|u.,|p_1) is bounded in L}, (), for any 1 < s < N/(N — p). In fact the
estimate is global. Indeed, by assumption,

/ Ve [P~2 VeV (h(w )0)d + / o7ty h(uy )pda = / h(uy)odisy
Q Q Q

for any h € Wb*(R) such that A’ has a compact support, and ¢ € W™ (Q) for
some m > N, such that h(u)p € WaP(Q). Taking h = T} forany k>0, and ¢ = 1,

one gets
l/ |Vu, [P dz < / Uy kdp, < / dlp,] < C,
k J{u, 1<k} Q Q

where C' > 0 does not depend on v and k. Then (lu,, [ "1) is bounded in L*(2), for
1< s < N/(N - p), from [5, Lemma 4.1]. Therefore |u,|? " u, converges strongly
in L(Q) to |u|?"* u, since g < P. We can apply [18, Theorem 3.4] with right-hand
side f, — |u,,]"-1 u, instead of f,. Then, up to a subsequence, u, converges a.e. in
 to an entropy solution w of
—Apw=p— u[" in Q,
w =0, on 9N.

Necessarily w = u, and u is an entropy solution of equation (1.1). [ |
In turn using this result and the local stability result of Theorem 3.3, we can
show an existence result in R¥ :

Theorem 8.3 Assume p—1 < g < P. Then for any u € M(RY), there ezists a
local entropy solution of equation (1.1).
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Proof For any v € N, let u.B, be the restriction of u to B,. Then there exists
an entropy solution u, of problem

—Apuy + luy |  uy, = pLB,, in B,,
u, = 0, on 0B,

since puB, € My(B,), from Theorem 8.2. From Theorem 4.1, (u,) satisfies the
same estimates as in Theorem 1.6. Then, up to a subsequence, u, converges a.e. in
R¥ to some function u. For v > 2r, u, is a local solution in B, of

~Apuy + |u, " uy, = LB,

Thus we can extract a diagonal subsequence, (u,), such that u, converges, locally
in measure and a.e. in R¥, to a function u, satisfying the conclusions of Theorem
3.2 in RV. As above, |u,|** u, converges strongly in LL_(RN) to |u|*"" u, since g
is subcritical. Now we apply Theorem 3.3 in B,., with right-hand side — Iu,,l"_1 Up+
uLB,. We can extract a subequence which depends on r, converging a.e. in B, to

a local entropy solution w of
~Apw + [w|* w = pUB,.

Necessarily w = u, and the whole sequence converges, and u is a local entropy
solution in RY. [}

9 Appendix A: Proof of Theorem 2.2

Step 1: Dl-loc=>D3-loc. Let u be a local entropy solution of equation (1.3).
Consider any domain U CC Q. We first apply (2.21) with h = hy  defined in (2.4)
with 0 < € < k, and @y € D(2), ¢y 2 0, such that oy =1 on U. We obatin

1

/ VulP ds < [ hucwpudo+ [ pudut-
€ Jun{k<u<k+e} o} v}

/Q Va2 Vu. Yy h o (u)dz

<C()
where C(U) does not depend on ¢, k, from (2.20); and similarly
1 / IVal? dz < C(U). (9.1)
€ Jun{k<|u|<k+e}
Then we apply (2.21) with h = Hj . defined in (2.4) and ¢ € D(U) . It follows that

/ |VulP~2 Vu.VpH; . (u)dz = 1 / |Vul? pdz — H [Vul? pdz
Q € J{k<u<k+e} ‘ € J{~k—e<u<—k}

+/0Hk(u)soduo S CO) el Loy -
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And Hy . (u) converges to X{ju|<k} a-€. in 2. Hence from (2.20), for any ¢ € D(U),

<CO) el gy -

/ |Vug|P ™2 Vug. Vdz
Q

As a consequence, there exists a measure ux € M(R), such that
/ [Vue|P~2 Vu.Vypdz = / Ydpy, (9.2)
Q Q ,

for any ¥ € D(R), and in particular ux € Wy Lp' (U). By density (9.2) holds for
any ¢ € WHP(Q) N L*°(f) with compact support. Moreover the sequence (ux) is
uniformly bounded in U . Hence there exists a sequence (k») tending to oo such
that ug, converges weakly to a measure A € M(Q). Applying (2.21) with A(r) =1,
we find, for any ¥ € D(Q),

n—o0

lim / W, = lim / Vg, [P~ Vg, . Vipdz = / IVulP 2 Vu.Vide = f by,
Q Q Q Q

from hence A = u. Following the proof of [17, Lemma 5.1] for the set U, and using
a partition of unity, there exists a measure v € My(f2) such that the restrictions
vi{|lu| = k} and pe{|u| =k} coincide for any £ > k > 0. Then v {|u| =k} =
po{u| = k} . Considering ux U and following [17, Lemma 5.3], we find

/ dlpk| =0, for any k£ > 0.
{lul>k}

Defining
Qg = ﬂkL{’U. = k} , ﬁk = —'IJ'kL{u = —-k} ,

and taking ¥ = hik—. (u)¢ in (9.2), where ¢ € D(Q2), we derive

1
! / VP gdz = / P e (0) bt
{k—e<u<k} e

£

/ i—re e (4) |VulP 2 VuVdz.
{k—e<u<k}

Then
1

tig | Vol ddo= [ gdue = [ gdon,
=0 & Jik—c<u<k)} {u2k} Q

so that ax > 0, and in the same way B, > 0 . Now we apply in (2.21) with
h = Hy_. . defined in (2.4) for 0 < € < k, and ¢ € D(U). We obtain, from (9.1),

/ VP2 Vu.VoHy_, o (u)ds = 1 / |Vul? pdz
Q : € J{k—e<ugk}
1

/ Vul® iz + / e, (w)pdpo.
€ J{—k<u<—k+e} Q
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Then, letting € tend to 0, we deduce

/ |Vug | ~2 Vg Vdr = / wdoy, — / wdfBr + / wdpg.
Q Q Q {lu|<k}

By density it holds for any ¢ € WP(Q) N L*(Q) with compact support in Q, so
that (2.23) holds. Also ai < |uk| and Bk < |uk|; by using a partition of unity, there
exists a sequence (k,) — oo such that o, and (i, converge weakly respectively
to some measures o and B € M+ (Q). Changing k into 2k in (2.23) and taking
¥ = hi x(u)@, with ¢ € D(Q), we find

/ hici (u) [VulP ™2 Vu.Vodz + z |Vul? pdz
{0<u<2k} E Jik<u<any

_ /Q oo ()bl — /9 i (w) BB + /{

=/¢dak+/ hk,k(u)¢dﬂo-
Q {lui<2k}

hik(u)ddpo
lul <2k}

Moreover

Jim b e (u)pdpo = 0,
=00 J {|ul<2k}

since h,x(u) converges to 0, po-a.e. in Q. From (2.21), we derive

" 1 ~
[ﬂ V0P V.V h ()t 1 /{ Val? gdz = /n heals)édia /ﬂ ddu?.

k<u<2k}

Then
lim /¢dak=/¢du;",
k—oo Q Q

which means a = u} and 8= ;.

Step 2: D3-loc = D2-loc => D4-loc = D1-loc The proofs are similar to
the ones in [18], after choosing test functions with compact support in .

10 Appendix B: Proof of Theorem 3.3

We essentially follow the proof of [18, Theorem 3.2] and adapt it to the local case.
Let
A=X+ 2T =7

be the decomposition of A given by (2.2), and E*, E~ be the disjoint sets where
A, A7 are concentrated. Let u, be any local entropy solution of (3.26). By D2-
loc, equivalent to D1-loc from Theorem 2.2, if w € W1P(Q)N L= () with compact
support in €, and if there exists k > 0 and wt,w™ € W17(Q)NL*(Q) with r > N,
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such that w = w™ a.e. on the set {u, >k} and w = w™ a.e. on the set {u, < —k},
then

/IVu,,Ip—ZVu,,.dez=/wf,,d:c+/wd/\o+/w"'d/\j'—/w"d)\;. (10.1)
Q Q Q Q Q

By assumption, |u,|? is bounded in L} (92), then (3.21), (3.22), (3.23) hold from

loc
Theorem 3.2, and up to a subsequence u, converges a.e. to some function u. Let

¥, Q" be two fixed regular domains such that @’ CC Q" CC , and
E't=EtnQ", E'~"=E nQ"
Let ¢, ¥ € D(Q2) be a fixed functions with values in [0, 1], such that
p=1 in§', suppp cQ, ¥=1 inQ"
For any d,n > 0 and n,v € N, we denote by w(n,d, n,v) any quantity such that

lim limsup lim sup lim sup |w(n,d,n,v)|=0.

n—0 60 n—oo v—00

Let 6,7 > 0. From [18, Lemma 5.1], we can define two compacts sets K, K; such

that
M(E'™\KF) <8, M (E'\K;) <4,

and two functions ¥;,9; € D(Q") with values in [0, 1] and disjoint supports, such
that ¥ =1on K}, ¥; =1on K;, and

/ VP dz + / (Vo5 [P de + / YAt + / wHaAT <6, (10.2)
nll QII 9" QII v
/ (1= g g)drt + / A-yr9)ddy <647 (10.3)
n” Q”

Step 1. Behaviour near E”. Let ¢},¢, € WH*(Q), with values in [0,1], and
compact support in Q”; such that

/ ¢, d\T + / ¢rdA; <. (10.4)
Q” nll
e Claim 1: as in [18, Lemma 6.1], there holds

1 / [Vu, |? ¢, dz + / [Vu, |’ ¢Fde | < wp(n,v)+n.
N \/{n<u,<2n} {-2n<u,<-n}

(10.5)
Indeed we first take w = hy n(u,)¥ in (10.1), where h,, , is defined in (2.4), and
obtain

1 / |Vu, |? ¥dz = / fobnn(uw)¥dz + / hnn(uy)TdAo
{n<u,<2n} Q Q

n

- / B () [V [P2 Vi, . VWdz + / wdr?.
Q [9)
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Then, from (3.23),

1

2 VP ¥z < £ ¥+ [ W+ [ (vupaaso
N J{n<u,<2n} Q supp ¥

where C depends on A, ¥, f, but not on n and v. As a consequence,

1

/ Vo |P do = f (VAo ()P dc < Crl=>. (10.6)
N Jaorn{n<u, <2n} Qr

For fixed n, the sequence (hn n(u,)) is bounded in L*°(£2), and h, »(u,) converges
t0 hnn(u), a.e. in Q, as v — 0o, and strongly in W1?(Q”) from (10.6), so that

/ Vhon(w) do < Crl=>. (10.7)
QI/

Now the sequence (hn n(u)) is bounded in L*°(f2), and hn n(u) converges to 0, a.e.
in Q, as n — 0o, and strongly in W1?(Q") from (10.7).

Then we take in (10.1) w = hn n(u,)é;, and obtain

']; / Ivuulp ¢;d$ = / fvhn,n(uu)¢;dm + / hn,n(uu)¢;d/\0
{n<u,<2n} Q Q

n

- / hn,n(uu) Ivuvlp_z VuuV¢;d9: + / ¢;d/\:-
Q Q

Since |Vu, P2 Vu, converges strongly in (L"(Q"))¥ for any 1 < r < N/(N - 1),
we find

/g han(w) |[Vu, [P -2 Vu, .V, de = ./r; han(u) |Vul? -2 Vu.Vé, dz + @yn(v)

= w‘n(n’ V)’
/ hn,n(uu)(ﬁ;d’\o = / hn,n(u)‘b;d/\o + wr],n(u) = w‘ﬂ(ns V)'
Q Q
Also, by [18, Proposition 2.8],
[ £z = [ Fhn 01655+ @onlw) = ().
") Q

Therefore, from (10.2),

1

1 f Vi IP 67 d < @n(n,v) +1,
n J{n<u,<2n}

and (10.5) follows, after exchanging ¢, into ¢ and hp,n(r) into hna(-r).
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e Claim 2: as in [18, Lemma 6.3], for fixed k > 0, and for any 5,4 > 0,
[ Vs vividos [ IVusP vrvrde=mman. (109
o o}

Indeed we take w = Hpn(uy)(k — uy )95 ,‘;' in (10.1), where H, ., is defined in
(2.4), and obtain

- /9 [Vatyie|” Hpp (w95 97 do + /ﬂ IV P72 Vi, Vb Hp o (0,) (k — uy i )05 dz
+ /{; |V, [P~2 Vu, VY Hy o (u,)(k — w6 )95 dz

+ [ 1Vl Hl (1) = w5 05

- /Q Fulle = ) Ho ()03 9 i+ /9 (k= ) (W)U W50, (109)

For fixed n, the sequence (H, »(u,)) is bounded. As v — o0, H,, »(u,) converges to
H, n(u) and a.e. in 2, and strongly in W17(Q"), from (10.6) and the same estimate
on Q"N {—-2n < u, < —n}. From (10.5) applied with ¢ = ¥},

2k [.
[ 17 B )k = ) e = 2

2
N J{—2n<ug—n}
< w"l(na V) +n= ‘W(ﬂ,n, V)'

|V [P 4 yif de

{-2n<uL-n}

lvuulp '(/J;;d.’t

As in the proof of [18, Lemma 6.3], since 4 has a compact support, we obtain
successively

fn IVt 72 Vtty Va5 Ho () (k = )6 = iy (6,),
/ﬂ IVt P2 Vit V5 Ho o (10) (k — 20 )0 0 = @ (6,0,
-/S:qu(k - uu,k)Hn,n(uv)'l/":s'- -;,'-dx = wn,n(67 U),

and

/{;(k - uy,k)Hn,n(Uv)'p;-'p;dAO = /ﬂ(k - uk)Hn,n(u)"pg-"p;;—d’\o + @n,n,6(V)

= y,n(6, V).

Indeed Ao € Mo () and (k — uy,x)Hy  (w,)F %7 converges weakly in WP (") to
(k= k) Hn,n(u, JYF ¥ as v — oo; this holds because u,, i converges weakly to uy
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in WL?(Q") from (3.21). Moreover (k — ui)Hn n(u)¥5 ¢ converges strongly to 0
in Wg'P(Q"), from (10.2), as § — 0. Hence from (10.9),

/ Vg, kP Hn o (u, )5 7 dz = w(n,n,6,v),
Q
and more precisely
[ Vil (v = [ 19 00 e = o, 6,0)

since n > k. We deduce (10.8) after replacing the test function by w = Hp n(u,)(k+
uV ’k)qibﬁ_ "/’; M

Step 2. Behaviour far from E”. Now we define
Bsn = V3 ¥y + 5%y
and following [18, Lemma 7.1], we will show that for fixed k£ > 0,
/ﬂ (Ve kl? — [Vl?) (1 = ®5.)0dz = (1,6, ). (10.10)
o Claim 3: as in [18, Lemma 7.3], there holds
/ﬂ [V, kP (1 — ®55)dz — /n ukp |Vur P72 Vg . V®; pdz+
./g B ur |Vue[P > Vay, . Vdz
= /ﬂf(l — ®; ) urpdz + _/9(1 - ®5.n)ukpdAo + w(n, 6, v). (10.11)
Indeed choosing w = (1 — ®5,5)uskp as test function, we obtain
[ VP 1= @)z~ [ w1 P Vs V0
+ ./9 ®5,nUuk | Vuu il ~2 Vu, 1. Vopdz
= /g fo (1 — ®5.n)uw kpdz + /9 (1 —"I>5,,,)u,,,k<pd)\o
4 [ (@ @anoat —k [ (1= Ban)ediss
we derive successively, as in [18, Lemma 7.3],

/s; Uy kP IV’u,,,klp_z Vuy 1. V85 pdz = ./s; Ukp lV’u,kIp- 2 Vug. V@5 ndz + w,,,‘y(u);
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/ D5 nUy i IVu,,,klp_z Vu, ,.Vodz = / D5 Uk quk|p—2 Vur.Vodz + wy 5(v);
Q Q
/qu(l - ®5.n)Uy kpdz = /{; F(1 = ®5n)urpdz + w, s(v);

L(l - Q,s,.,,)‘u,,,,k(pd)\o = /{;(1 — Qg,n)uk(pd/\o + w,,,g(l/);

since ¢ has a compact support in Q”, and values in [0, 1], we derive from (10.3)
Ja-vrepeas+ [ a-vivpeas <o+

therefore, since k is fixed,
k /9 (1= ®s,)pdAt — k /ﬂ (1 - ®5,.)0d\s = w(6,m),

which implies (10.11).
e Claim 4: as in {18, Lemma 7.4], there holds

-1-/ [Vu, [P (1 - ®5,)pdz = w(n,d,n,v). (10.12)
{n<ju,|<2n} '

n

Indeed we have

1

= IV P (1 - 5,)pde
N J{n<|u,|<2n}

1 1 )
=S TP O 2 [l et
n<u,<2n n<u,<2n
1 - _ 1
+1 / Ve [P (1 - 9597 )pda — = / Ve, P 7 .
N J{-2n<u,<—n} N J{-2n<u,<—n}

Using the fact that ¢ has values in [0,1], we can apply (10.5) to
$rin =1 —¥Fv)e and ¢f, =(1-v;9;)e,
since (10.3) holds. The functions ¥;,1; take their values in [0,1], then we can
apply (10.5) to
bom =Ys V7 and &F =9Fvle,
since (10.2) holds for %", %;". Thus we conclude to (10.12).
e Claim 5: as in [18, Lemma 7.5], there holds
/ Vusl? (1 - Bs,,)pdz — / wep [Vl 2 Vu. Vs, dz+
o) Q :
/ &5 qux | VulP 2 Vu.Vodz
Q

= /ﬂ F(1— ®s)urpdz + /ﬂ (1 = ®5,9)urpdo + w(n, ). (10.13)
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Indeed first observe that for fixed n, (Hnn(u,)) is bounded in L®(Q), Hpn(u,)
converges to Hy »(u), a-e. in 2, and strongly in W?(Q") as v — 0. Also (Hp,n(u))
is bounded in L*®(Q), H, »(u) converges to 1, a.e. in Q, and strongly in WP (Q"),
as n — 0o. Choosing w = (1 — ®s,)uxHn n(u)p as test function in (10.1) with
n > k, we obtain
/ (1= @5 ) Ho ()0 [V P2 Vi Vtgda
Q
- / e Hp n(uy) 9 |[Vur? -2 Vug. V& ndz
Q
+ / (1= ®5,0) Hom ()i |Vt [P~2 Vi
Q
+ [ 190l (1 = @) Ho ()
Q
= /ﬂf(l = O5,0)urHn,n(u )pdz + /n(l = ®5,n)urHn,n(u)pdAo.
As in [18, Lemma 7.5], we deduce
/ (1= B5,7) Hom ()0 | Vit P2 Vi
Q
- /Q (1= @5 ) Ho () [Vt P2 .Vt + i 5.0(v)

- /n Varl? (1 = @50 pds + wnyg(m, v);

/ﬂ U Hp n(u)0 [Vug’ -2 Vug V®;s qdz
= / wpHp, n (0)@ |[VulP ™2 Vu.V®; da + @y 5,0 (v)
Q

= / ure |Vulf 2 Vu.V®;5 ndx + wys(n,v);
Q

f (1 = B,0) Ho ()i [V [P~2 Vg
Q .
- L (1 = ®5,0) [V 2 Vb (W) + T 5,0 (v)
= [~ Ben)un |V VuVyds + ws(n0);
Q

moreover
| [ 19017 (1 = 85 B (w0 )e| < (0, ,,9)
Q
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from (10.12), since k is fixed. And
/ﬂ f(1 = ®5n)ucHn n(u,)pdz = /9 f(1 = @5 uxHn n(u)pde + wn 60 (V)

= /Qf(l— ®5.n)urpde + wn 5(n,v);

/9(1 = ®5,9)ukHn,n(uy)pdAo = /ﬂ(l = @5,9)ukHn,n (u)pdo + @n,6,n (V)
= /9(1 — 5.5 ukpdro + @y 5(n, V).
Hence (10.13) holds, because none of the terms depends on n or v.

¢ Conclusion: at last (10.10) follows from (10.11) and (10.13).
Step 3. Strong convergence of trucates in Wllo“:’(ﬂ)

We consider the difference
[ (el = 190 g
= /9 (IVUwilf = |Vug[P) (1 = @5,)pdz + ./9 |Vuy i |F ®s,npde — ./9 |Vug|? ®5,npdz.

From (10.8), we find
L [Vuy k[P 5, qpdr = w(n,6,v).

Since |Vux|? € L*(Q”) and @5, converges to 0 a.e. in © and (|Vui|”) remains
bounded in L> ("), we obtain

/9 |Vugl? ®5,npdz = w(n, d).
From (10.10), we deduce
[ (P = V) e = (3, 8,0) = w00,

Moreover |V, [P~ Vu, i converges a.e in 2, and strongly in L!(€'), hence in
L} .(Q); and Vu,, converges strongly in L?(€'), and thus in L}, (R).

Step 4: u is a local entropy solution of (3.27). We have, from D1-loc,
/ (Vi [P~2 Vi, V (b, )iz = / h(w) fobdz + / h(w)¥ddo
o e . o}

+ h(+00) /ﬂ WX+ — h(=o0) /n YdAT  (10.14)
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for any h € W1(R) such that A’ has a support in some interval [—k, k], and any
¥ € D(Q),% > 0. One the one hand, the sequence (h(u,,)) is bounded in L*(Q),
and h(u,) converges to A(u) a.e. in © and strongly in W?(Q), hence Ap-a.e. in ;

moreover |Vu,|[P? Vu, converges strongly in L% (€); hence
lim / B(u,) [V, P2 Vu, . Vipdz = / h(uw) |VulP % Vu. Vydz,
V=00 Q Q
lim / h(u,) fubdz = / h(u) fedz,
V=00 Q Q
Jim / h(uy)dAo = / h(u)pddo.

On the other hand, (A’(u,)) is bounded in L*°(f2), and A’ (u,,) converges to h'(u)
a.e. in Q; then from Step 3,

tim [ () V0l pdo = lim [ W) D e = [ 1) [Vl yas.
V=00 n V=00 Q Q
Thus
/ R (u) |Vul? pdz = / h(u)fidz - f R(w) |VulP~2 Vu.Vipdz
Q Q Q
+ [ Bupsdra + h(+o0) [ ax} — h-c0) [ waxs,

and the conclusion follows.
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