
Advanced Nonlinear Studies 2 (2002), 51-69 

Existence of a Closed Geodesic on Non-compact 

Riemannian Manifolds with Boundary* 

Rossella Bartolot 
Dipartimento Interuniversitario di Matematica 

Politecnico di Bari, Bari, Italy 70125 

e-mail: rossella@dm.uniba.it 

Anna Germinariot 
Dipartimento Interuniversitario di Matematica 

Universitd di Bari, Bari, Italy 70125 

e-mail: genninar@dm.uniba.it 

Miguel Shchez! 
Departamento de Gwmetria y Topologia 

Fac. Ciencias, Univ. Granada, Granada, Spain 18071 

e-mail: sanchezm@ugr.es 

Received 17 December 2001 

Communicated by Donato Fortunato 

Abstract 

A new result about the existence of a closed geodesic on a Riemannian manifold 
with boundary is given. A detailed comparison with previous results is carried 
out. 

2001 Mathematics Subject Classification. 58E10, 53C22, 53C20. 

Key words. Closed geodesic, Boundary, Convexity, Riemannian manifold 

'Part of the results of this article have been announced at EquadilT 10, Czechoslovak Interna- 
tional Conference on Differential Equations and Their Applications, Prague, August 27-31, 2001. 
The authors akcnowledge Marta Santos for some topological discussions. 

f ~ o r k  supported by M.U.R.S.T. (ex 40% and 60% research funds). 
$work supported by M.U.R.S.T. (ex 40% and 60% research funds). 
§partially supported by MCyT Grant BFM2001-2871-C04-01. 



R. Bartolo, A. Germinario, M. SAnchez 

1 Introduction 

One of the most venerable topics in Differential Geometry and Global Analysis 
is to ensure the existence of a closed geodesic in a Riemannian manifold. Some 
techniques has proven to be fruitful, [2],  [6], [a], [lo], [17], even though it is not 
always clear the relations among their different hypotheses. The compact case for 
manifolds without boundary was solved in the classical article [lo], and, in principle, 
all the results in the other references are applicable to unbounded manifolds. Aim 
of this article is to give a result on the existence of a closed geodesic in a (non- 
compact) Riemannian manifold M with a boundary d M ,  and to compare this result 
with previous ones. Our basic assumptions for the boundary are differentiability, 
compactness and convexity, i.e.: the second fundamental form with respect t o  the 
inner normal is positive semi-definite, see also Section 2. We also assume non-trivial 
topology and a condition on the sectional curvatures at infinity. 

More precisely, the following result will be proved in Section 3. 

Theorem 1.1 ~ e t  p = M U d M  be a complete Riemannian manifold with compact 
convex boundary dM, and associated distance d(., .). Assume that: 

( i)  for some xo E M 
lim sup K (x) 5 0 

d(x,zo)-+oo 

where K(x)  = sup{K(n) I n C TzM} for any x E M ,  and K(n)  is the sec- 
tional curvature of the 2-dimensional plane n; 

(ii) there exist a field 3 and q E N ,  q > 2 dim M ,  such that 

where H,(., 3 )  is the q-th singular homology group with coefficients in a field 
3 and A(M) is the free loop space with the compact-open topology on  M .  

Then there exists a non-trivial closed geodesic o n  p. 

Moreover, in this case if the closed geodesic touches the boundary d M  then it is 
completely contained in 8M (Remark 3.1). 

In order to prevent this possibility the convexity of the boundary is not sufficient 
(see Example 4.1) and other assumpions on the boundary are needed. We refer to 
Subsection 4.1 for a discussion about the hypothesis which guarantees that the 
closed geodesic is entirely contained in M (also when d M  is not differentiable). 

Notice that when M is bounded (i.e., with finite diameter), no assumption on 
the curvature is imposed; moreover, condition (ii) can also be replaced by other 
topological assumptions, see Theorem 4.3. 

We will compare these results with the ones in [2], [6], [a], [17]. This comparison 
is carried out in Section 4, and can be summarized as follows: 

We follow the variational approach introduced by Benci and Giannoni [6], 
which use Morse theory. In fact, these authors proved Theorem 1.1 when 



Closed geodesic on non-compact Riemannian manifolds 53 

M is complete and without boundary. Later on, the authors of the present 
article extended this result to non-complete Riemannian manifolds, by intro- 
ducing the concept of CCB manifold [2]. This concept is applicable when 
the boundary of the manifold is non-compact. What is more, the boundary 
of a CCB manifold may be quite general and even non-differentiable. But, 
because of this reason, the closed geodesic obtained under CCB assumption 
cannot touch the boundary. This is a clear difference with Theorem 1.1; a 
detailed discussion will be given in Subsection 4.1. 

Candela and Salvatore [8] also use variational methods, but with a differ- 
ent technique based on Ljusternik-Schnirelman category. They impose global 
conditions on non-compact Riemannian manifolds with compact (Cauchy) 
boundary, by assuming the existence of an additional convex function U (The- 
orem 4.2 below). We discuss this result in Subsection 4.2, and we will see that 
it can be reduced to the case of a bounded Riemannian manifold (this also 
holds for more general problems, Remark 4.2). Therefore, it can be regarded 
as a consequence of Theorem 4.3; moreover, an extension is given, Corollary 
4.1. 

Recall that the existence of a closed geodesic on a simply connected compact 
Riemannian manifold (without boundary) is a classical result proved first by 
Lyusternik and Fet [lo] (in the non-simply connected case, the result was 
known in Cartan and Hadamard's era). Their technique relies on a short- 
ening procedure and a min-max reasoning. This technique was extended by 
Thorbergsson [17]. Even though Thorbergsson's assumptions can be satis- 
fied by non-compact manifolds, he uses explicitly a compact subset where the 
closed geodesic appears (see Theorem 4.4 below). This result will be discussed 
in Subsection 4.3, showing that it is essentially equivalent to our Theorem 4.3. 

Summing up, as far as we know, the only technique properly applicable to general 
unbounded manifolds relies essentially on variational methods and Morse theory. 
Our results in the present article and in [2] try to solve with reasonable generality 
the problem of the existence of a closed geodesic, taking into account: (a) for 
bounded manifolds, they extend or complement previous results in [8] and [17], 
and (b) they are appliable when the manifold is unbounded and, in this case, they 
cannot be reduced to a result in the bounded case, as those in previous references. 

2 Preliminaries 

First, we will define some concepts related to the notion of convexity. We refer to 
[16] (see also [3]) for a complete discussion of these concepts. 

Let (M, (., .jR) be a Riemannian manifold with boundary dM; we will assume 
differentiability C3 for = M U dM.  I t  is not difficult to show that there exists a 
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function 4 E c2(fi?, R+)  such that 

where V ~ ( X )  denotes the gradient of q5 at  x with respect to (-, .)R (see for example 
[I, Proposition 3.1.31). We say that such a manifold M has convex boundary d M  
if and only if for one, and then for all, function 4 as above one has 

where H$(x)[v, v] denotes the Hessian of 4 at x in the direction of v. This condition 
is clearly equivalent to the fact that the second fundamental form with respect to 
the inner normal is positive semi-definite and, at least when fi? is complete and C3, 
to geometric convexity, i.e. for any p, q E M the range of any geodesic joining them 
on fi? is contained in M. If inequality (2.2) strictly holds, the boundary is called 
variationally strictly convex. It is easy to prove that if OM is variationally strictly 
convex, then it is geometrically strictly convex (i.e. for any p, q E rn the range of 
any geodesic joining them on fi? is contained in M, up to p, q), but the converse is 
not true. Of course, if the boundary is geometrically strictly convex then no closed 
geodesic in can touch the boundary dM. 

Now, consider the following elements in the functional framework for the problem 
of closed geodesics. By the Nash embedding theorem [13], can be considered a 
submanifold of RN equipped with the Euclidean metric (., .), for N sufficiently 
large. It is well known that closed geodesics are the critical points of the action 
functional 

1 

f (x) = (5,') ds 

on the infinite dimensional manifold 

where 
H1([0, 11,M) = {x E H ' ( [ o , ~ ] , R ~ )  1 x([0, 11) C M )  

and 

H'([o, 11, R N )  E H"~([o, 11, RN)  = 

{x E L' ([o, 11, R ~ )  1 x is absolutely continuous, x E L*([o, 11, RN))  . 
Let us point out that, due to the periodic nature of the problem, when M is not 
compact, the functional f does not satisfy the well-known Palais-Smale condition 
(unbounded Palais-Smale sequences exist). We recall that if X is a C2-Hilbert 
manifold endowed with a Riemannian metric and F E C1 (X, R), then F satisfies 
the Palais-Smale condition if every sequence {x,) such that 

{F(x,)) is bounded 
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and 
IVF(xrn)I + 0 

contains a converging subsequence (where V F ( x )  denotes the gradient of F a t  the 
point x  with respect to the metric on 31 and I . I is the norm on the tangent bundle 
induced by the metric). 

3 Proof of Theorem 1.1 

In order to use a penalization technique, fixed E €]0,1],  consider a non-negative 
increasing function $€ E C 2  (R+, Ft+) such that 

and 
$, ( s )  > a,s - b, 

for some a, > 0, b, > 0. Then we set 

where 4 is as in (2.1). Now let W E C 2 ( M ,  R) be a non-negative function such 
that 

lim W ( x )  = m 
d(z,zo)+w 

(3.4) 

and set for any E €]O,1] 
W t ( x )  = $ € ( W ( X ) ) .  

Let us equip A1 ( M )  with the Riemannian structure 

for any x  E A' ( M ) ,  v E TzA1 ( M ) ,  where D,v is the covariant derivative of v. Let 
us consider on A 1 ( M )  the penalized functionals 

In order to find critical points of functionals (3.7) some lemmas are needed. 

Lemma 3.1 Let 4 be as in (2.1) and assume that d M  is bounded. Let {x,) be a 
sequence in A' ( M )  such that 
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and assume that { s m )  is a sequence in \ O , l ]  such that 

Then for any E ~ ] 0 , 1 ]  
PI 

For the convenience of the reader, we discuss this result in Appendix B. 
The previous lemma allows one to prove the following proposition (see e.g. [5, 

Lemma 3.31). 

Proposition 3.1 Let f, be as in  (3.7). Then, 

(i) for any E €]O,l] and for any c E R the sublevels f,C = {x E A1(M) I f,(x) 5 c )  
are complete metric subspaces of A1(M); 

(ii) for any E €10, 11 f, satisfies the Palais-Smale condition. 

It can be proved (see [2, Lemma 2.51) that for any E €]O,l], if x, is a critical point of 
f,, the Hessian Hf~(x, )  defines a Redholm operator of index 0, thus, by Proposition 
3.1 we can find critical points of the penalized functionals thanks to the following 
abstract critical point theorem (see e.g. [6, Theorem 3.41). 

Theorem 3.1 Let F E C2 (X, R). Assume that 

(i) for any critical point x of F ,  the Hessian H ~ ( x )  defines a Fredholm operator 
of index 0; 

(ii) F is  bounded from below and satisfies the Palais-Smale condition; 
(iii) X i s  complete or the sublevels of  F are complete metric subspaces of X; 
(iv) there exist q E N and a field T such that (1.1) holds. 

Then there exists a critical point Z of F corresponding to the critical value 

c = inf sup F(x) 
AErq SEA 

(where r, = {A C 31 1 i,(H,(A, 3)) # {O)), and i, i s  the induced map in homology 
by the inclwion i : A + ?t) and satisfying 

m(Z, F) 5 q 5 m ( ~ ,  F) + dim ker HF(x) 

where m(S, F )  denotes the Morse index of F at 2 .  

Summing up, for any E €]O,l], there exists a critical point x, of f, corresponding to 
the critical value 

c, = inf sup f,(x) (3.10) 
AErq zEA 

and such that 
m(x,, f,) I q 5 m(x,, f,) + dim ker H~~ (x,) (3.11) 

where q is as in (ii) of Theorem 1.1. 
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Proof of Theorem 1.1: 

Let {x,) be a family in A1(M) such that for any 6 €]O,l] x, is a critical point of f, 
satisfying (3.10) and (3.11). 

Step 1: Let us prove that there exists €0 €]O,1] such that for any €10, eo] 

for a suitable M > 0, where xo is as in (i) of Theorem 1.1. To prove (3.12) assume 
by contradiction that there exists a decreasing sequence (6,) + 0 and a sequence 
of critical points {x,) of fm G f,, satisfying (3.10), (3.11) and such that 

lim sup d(xm (s), xo) = oo. 
m+m SE[O,l] 

Since the singular homology has compact support, I?, must contain a compact 
element C E l?, . Thus by (3.10) we have 

From (3.14) and the assumptions made, the constant B = sup fi(C) satisfies 

Hence from (3.13) and (3.15) 

lim inf d(x,(s), xo) = oo. (3.16) 
m-tm s € [ O , l ]  

From (3.16), as d M  is bounded, there exists ,u > 0 such that for m large 

Therefore, for m large, 

(see (3.1)) and the proof can be carried out as in the complete case (see [6, Theorem 
1.11). Indeed, let us set for any m E N 

From (3.6) we get 

2; = (v E T,,nl(M) ) DsDsv = 0 for any s E [O,l]). 

Observe that the space of the solutions of the system of differential equations 
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has dimension 2n, where dim M = n, hence 

dim ZA 5 2n. (3.19) 

By (2) of Theorem 1.1 there exists a sequence (6,) + 0 of positive real numbers 
such that for any v E Zm 

on [0, 11, see also [14, p.771. Then, from (3.20) and (3.17), for any v E Z,, with m 
sufficiently large 

By the following Poincark inequality 

(3.21) and (3.20), we get 

Finally, from (3.22), for m sufficiently large 

and thus 
m* (xm, fm) 5 dim Z$ I 2n, 

in contradiction with (3.11), because q > 2n. 
Step 2: NOW, exploiting the regularity of the boundary, we shall consider the 

limit of the approximating solutions x,. From (3.12) and (3.5), for E small enough, 
each x, satisfies the equation 

From (3.14), (3.12) and the properties of the functions +, it can be proved that, up 
to a subsequence, {x,) converges in H1([O, 11, R N )  to a curve x E H2([0, 11, RN)(= 
{x E H1 ([O, 11, R ~ )  I x is absolutely continuous, x i. L2 ([o, 11, RN))) .  Notice that 
this curve x satisfies: 
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Moreover, it results x(s) 6 M u ~ M  for all s E [0, 11, X(s) 2 0 for almost all s E [O,l] 
and X(s) = 0 if x(s) E M .  If so E [O,1] is such that x(so) E d M  and there exists 
D,x(so), then, as it is a minimum point for +(x(s)) and d M  is convex, from (3.23) 
and (2.2), it results 

X(so>(V4(x(so)), 'C74(x(so))) I ~@(x(so ) ) [ i ( so ) ,  ~ ( ~ 0 ) l  < 0. 

Thus we get X(s) = 0 for almost s E [ O , l ]  and by (3.23) 

D,x = 0 Vs E [ O , l ] ,  

that is x is a closed geodesic on ?i?. 
Step 3: Let us show that the closed geodesic x found in Step 2 is not trivial. 

Remask that under our assumptions 

hence, denoted by 7 the action functional on nl(?i?), we get 

lim fa (2,) = 7(x). 
a+O 

Then from (3.11) we get 

m(x,T) + dim ker H?(X) 2 q, (3.24) 

see e.g. [4, Proposition 3.11. Set 

Z = {v E T,A'(Z) I v(0) = 0) . (3.25) 

Reasoning as for (3.19) in Step 1, we get 

dim 2' < 2n. (3.26) 

If by contradiction x is a constant curve, we have for any v E T , A ~ ( M )  

hence in particular from (3.25) it results 

It  follows 
m(x, 7) + dim ker H ~ ( X )  5 dim Z' 5 271, 

and this is in contradiction with (3.24) since q > 2n. 

Remark 3.1 Under our assumptions, the convexity of the boundary is equivalent 
to geometrical convexity, because of a result in [9]. This implies that either the 
closed non-trivial geodesic x lies completely in the boundary dM,  or x lies com- 
pletely in M .  In fact, if x(so) E M, consider the 1-periodic extension of x. As 
x(so + 1) E M, then x([so, so + 11) c M,  because of geometric convexity. 
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4 Comparison with previous results 

4.1 Convexity close to the (Cauchy) boundary. 

In [2] the authors have studied the existence of a closed geodesic on Riemannian 
manifolds M which are convex close to  their boundaries. In order to explain this 
concept, let MI = M U dcM be the canonical Cauchy completion of M as a metric 
space, by using Cauchy sequences. Recall that this boundary is canonically asso- 
ciated to any Riemannian manifold. If M = M U d M  is a complete Riemannian 
manifold with boundary as in the previous sections, then there is a natural identi- 
fication Zc = Z (see [3]). 

Definition 4.1 A Riemannian manifold M is convex close to i ts  boundary (CCB)  
if there exist 6, b > 0 and a function 4 E c o ( Z c ,  R+)  n C2(M, R+) such that: 

(i) 4-'(0) = aC M; 
(ii) 0 < ( V ~ ( X ) ,  V$(x)) 5 b for all x E M with 0 < +(x) < 6; 

(iii) H~(x)[v ,v]  5 0 for any x E M with 0 < $(x) < 6 and for all v E T,M such 
that ( V ~ ( X ) ,  v) = 0. 

Remark  4.1 (1) I t  is possible to restate Definition 4.1 without mentioning dcM 
and MI. Simply, assume that 4 is a positive C2 function on M,  and replace ( i)  by: 

(i') For any smooth curve of constant speed 7 : [0,1[+ M which cannot be 
continuously edended to  1, we have: lim,,~ $ ( ~ ( s ) )  = 0. 

Condition ( i  7 is also equivalent to the following one, which has been used in [8]: 
(2") For any  q > 0 the set {x E M I 4(x) 2 Q) is  complete. 

(2) The first inequality of condition (ii) ensures that the level subsets of 4 
are smooth hypersurfaces for small p, 0 < p < 6; by the second inequality, these 
hypersurfaces do not separate too much. By (iii) each of these hypersurfaces is the 
convex boundary of 4-I (]p, oo[). 

The authors obtained the following result in [211 which also extends to non-complete 
manifolds the result in [6]. 

Theorem 4.1 [2] Let M be a C C B  Riemannian manifold. Assume that conditions 
(2) and (ii) of Theorem 1.1 hold. Then there exists a non-trivial closed geodesic o n  
M .  

The notion of CCB Riemannian manifold appears naturally when a closed geodesic 
which does not touch the boundary is found (in fact, recall that the Cauchy bound- 
ary may be non-differentiable). It is clear that Theorem 4.1 is not contained in 

lSee Theorem 1.3 of this reference. This result is formulated in a more general setting because 
it can be used to yield periodic trajectories for particles under potentials by using a Jacobi metric; 
this yields consequences also for static (Lorentzian) spacetimes. All this can be recovered now. 
Nevertheless, there is a gap in the statement of [2, Theorem 1.31 because a multiplicity result is 
also announced there. At any case, the multiplicity result holds in the applications (Reissner- 
Nordstrom and Schwarzschild spacetimes) because of spherical symmetry (see (1, Ch. 71 for a 
complete discussion). 
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Theorem 1.1 because the boundary may be not only non-differentiable but also 
non-compact. Neither holds the converse, because CCB manifolds do not include 
all the complete manifolds with differentiable convex and compact boundary. In 
fact, recalling the definitions in Section 2, we have for complete and compact 
dM: (i) if 6'M is strictly variationally convex then M is CCB, (ii) this not necessar- 
ily holds if L3M is just strictly geometrically convex (even though, in this case, closed 
geodesics cannot touch the boundary, obviously), and (iii) when d M  is convex but 
close &hypersurfaces are not, then the closed geodesic obtained under Theorem 1.1 
may touch the boundary (in fact, it would be completely contained in dM).  

Example 4.1 Let us consider the warped product M =]O, l [ x f F  with metric g = 
dx2 + f2(x)gF, where x is the natural coordinate on R, and ( F , ~ F )  is a compact 
simply connected Riemannian manifold without boundary; so, hypothesis (iz) in 
Theorem 1.1 is satisfied (see [18]). Choose f E C3([0, l ] ,R+)  such that f t (x)  > 0 
for 0 < x < 1 and fl(0) = 0 = f t ( l ) .  Clearly, the boundary dM(= dcM) = 
((0) x F )  U ((1) x F )  is compact and convex, and each of its connected components 
can be reparametrized as a closed geodesic. Taking into account the general equation 
of the geodesics of a warped product (see for example [14, Ch. 7 Proposition 
381) it is easy to check the following: for any geodesic ~ ( s )  = (x(s), yF(s)), if the 
first component x(s) is not constant then it cannot attain a maximum xo = x(so) 
(otherwise, x" (so) = f (xo) f '(xo) (so) l 2  > 0). Thus, there is no closed geodesic 
on M and the manifold cannot be CCB (no choice of can satisfy Definition 
4.1). Straightforward modifications provide less trivial examples (say, with a non- 
totally geodesic boundary). For example, let N be the inner vector normal to 
aM,  and choose a conformal metric g* = e2Ug, u E C3([0, l] x F , R )  such that 
g(Vu, N) 5 0, with strict inequality at some point. It  is straightforward to check 
that the boundary is convex and not totally geodesic for g* (see for example [I, 
Equation 3.711); however, a closed geodesic will appear for g*. On the other hand, 
if ]O,1[ is replaced by R+, f satisfies lim inf,,,(f "/ f)(x) 2 0 and either the 
curvature of (F,gF) is nonpositive or lim,,, f = m, then the hypothesis (i) in 
Theorem 1.1 will hold for 9,2 which can be used to generate new families of examples. 

4.2 Candela-Salvatore result. 

Hereafter we shall denote by B,(xo) the open ball B,(xo) = {x E M I d(x, xO) < T). 

By using Definition 4.1, the result in [8] can be stated as follows. 

Theorem 4.2 [8] Let M be a CCB Riemannian manifold having compact Cauchy 
boundary. Assume that: 

(i) there exist U E C2(M, R )  and some positive constants T, v such that 

H ~ ( X ) [ V , V ] ~ V ( U , V )  V X E M \ B ~ ( X O ) , V E T , M  (4.1) 

2The hypotheses on f can be weakened, see the general formulas [14, Ch. 7, Proposition 421. 
Recall that manifolds of negative curvature are constructed and studied in a classical article by 
Bishop and O'Neill [7], and we need only that the limsup of the curvature is nonpositive (see for 
example Theorem 7.5 in [7], or the formula for the curvature above this theorem). 
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(ii) M is not contractible in  itself and either its fundamental group TI (M) is finite 
or it has infinitely many conjugacy classes. 

Then there exists a non-trivial closed geodesic on M .  

For the relation between Theorems 1.1, 4.1 and 4.2, notice first that assumption 
(i) of Theorem 4.2 is also fulfilled if the Cauchy boundary is bounded and all the 
sectional curvatures outside a compact subset are non-positive (indeed in this case 
the distance function plays the role of U). Nevertheless, in Theorems 1.1 or 4.1 we 
only require that the limsup of the sectional curvatures is non-negative. 

Next, we will see how Theorem 4.2 can be reproved and extended from the 
bounded case. First, notice the following result: 

Theorem 4.3 Let M be a Riemannian manifold and assume that one of the topo- 
logical assumptions (ii) in either Theorem 4.2 or Theorem 1.1 holds. Then: 

(1) I f  M is CCB and bounded, there exists a closed geodesic on  M .  
(2) If = M u d M  i s  a compact Riemannian manifold with (diflerentiable) 

convex bounda y, there exists a (non-trivial) closed geodesic on  M.  
For the proof of this result, remark that, as M is bounded, it is enough to consider 
the penalized functionals 

1 

f €  (x) = f (x) + jo U€ (x)d5 x E A'(M) 

(see Section 3). Plainly, if (ii) of Theorem 1.1 holds, (1) and (2) follow respectively 
by Theorems 4.1 and 1.1. If (ii) of Theorem 4.2 holds, (1) is a particular case of 
Theorem 4.2, and (2) can be obtained as follows. As M is bounded, Step 1 in 
the proof of Theorem 1.1 in unnecessary, from Step 2 we get the existence of a 
closed geodesic on % and the non-triviality of this geodesic can be proved by using 
arguments based on Ljusternik-Schnirelman category theory (see e.g. [5]) .  

Recall now the following definition. 

Definition 4.2 Let A be a subset of a topological space X; A is called a retract of 
X if there exists a continuous map p : X + A such that p(x) = x for any x E A. 
A is a deformation retract of X if A is a retract of X and there exists a continuous 
map F : [ O , l ]  x X + X ,  such that 

In this case, the homotopy groups of the retract A are equal to the homotopy groups 
of the topological space X. The proof of the following lemma will be provided in 
the Appendix A. 

Lemma 4.1 Let M be a CCB Riemannian manifold with compact Cauchy bound- 
ary. Assume that there exist U € C 2 ( ~ , R )  and some positive constants r ,  v such 
that inequality (4.1) holds outside some ball B,(xo). Then there exists a sequence 
{ D m )  of open subsets of M such that: 
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(i)  Dm C Dm+l and M = UmEN Dm; 
(ii) for any m E N ,  Dm is a bounded CCB Riemannian manifold having compact 

Cauchy boundary; 
(iii) there exists 5 E N such that Dm U a D m  is  a deformation retract of M for 

any m 1 E. 

By using Lemma 4.1, one has that Theorem 4.2 is reduced to search closed geodesics 
on a bounded CCB Riemannian manifold D r Dm having the same topological 
properties of the whole manifold. So, Theorem 4.2 turns out to be a corollary of 
Theorem 4.3. 

Even more, Theorem 4.2 can be improved in different senses. First, because 
a similar version of Lemma 4.1 works for manifolds with compact (differentiable) 
boundary. But also because the hypotheses on U in this lemma can be sharpened. 
For example, under the hypotheses of Lemma 4.1, U is regular out a ball in the 
sense that, removing a ball of sufficiently big radius, U is proper, bounded from 
below and without critical points (see Remark A.l).  But in this case, the inequality 
Hg(x)[v,v] > 0, for all x E M \ B,(xo), v E T,M (rather than (4.1)), is enough to 
prove the conclusion of Lemma 4.1. Summing up, we have: 

Corollary 4.1 Let M be a Riemannian manifold and assume that there exists a 
function U E C2(M, R) which is  regular out a ball i n  the sense above. I f  

for some r > 0, and one of the topological assumptions (ii) i n  either Theorem 4.2 
or Theorem 1.1 holds, then: 

(1) If M is CCB, there exist a closed geodesic on M .  
(2) I f  fiSi = M U d M  is a Riemannian manifold with compact (differentiable) 

convex boundary, there exists a (non-trivial) closed geodesic on  p. 

Remark 4.2 This reduction of a problem for an unbounded manifold to a problem 
for a bounded manifold can be carried out in the more general case of trajectories 
for autonomous bounded potentials, i.e., solutions of xtt(s) = -VV(x(s)), for some 
potential V. Assume that we look for a periodic trajectory of fixed energy E > 
supV. I t  is well-known that these trajectories are, up to  a reparametrization, 
geodesics for a conformal metric (., - ) E  = ( E  - V)(., - j R .  Thus, closed trajectories 
for the potential can be found just imposing conditions for the existence of closed 
geodesics of (-, . )E.  In particular, [12, Theorem 1.21 can be reobtained from the 
results in the present subsection. 

4.3 Thorbergsson result. 

Next, the results in [17] will be compared. Following the notation in [15], a closed 
subset K M is said to be strongly convex if for any p, q E K there exists a unique 
(up to affine reparameterization) minimal geodesic y in M joining p,q and y is 
contained completely in K. K is locally convex if for any p E K there is an ~ ( p )  > 0 
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such that K n B,(,)(p) is locally convex. The main result in [17] can be stated as 
follows. 

Theorem 4.4 [17] Let M be a complete Riemannian manifold and let K c M be 
compact and locally convex. If there exists an i > 0 such that the i-th homotopy 
group r i (K)  i s  not trivial, then there exists a non-trivial closed geodesic on M .  

In order to relate this result with Theorem 1.1 notice that by [15, Theorem 5.51, 
the following result holds for any (not necessarily complete) Riemannian manifold: 

Lemma 4.2 Let M be a Riemannian manifold and let K C M be compact and 
locally convex. Then there exists a (necessarily bounded) totally geodesic subman- 
ifold N of M such that K = x. Moreover, K i s  also a topological man.ifold with 
boundary dK(= d,K) = dN. 

For the comparison between Theorem 4.3 (or 1.1) and Theorem 4.4, recall first that 
the boundary d N  in previous lemma is not necessarily differentiable (for example: 
consider a convex poligon in Rn). Even in this case, Theorem 4.4 can find a closed 
geodesic because one assumes that K is included in a bigger complete differentiable 
manifold; but this possibility is excluded in Theorem 4.3 because its hypotheses are 
imposed on N intrinsically. In order to simplify, assume that d K  is differentiable 
(and, thus, convex). So, Lemma 4.24 reduces this comparison to the comparison 
between the topological assumptions in Theorems 4.3 and 4.4. 

For this, recall first that if r l (K)  # 0 then one can easily find a closed geodesic 
in each non-trivial conjugacy class: simply, look for the closed curves in the class 
with minimum length. When r l (K)  = 0, topological assumptions in Theorem 4.3 
include explicitly those in Theorem 4.4. 

Nevertheless, the topological assumptions in Theorem 4.3 also imply those in 
Theorem 4.4, because: 

any CW-complex with all its homotopy groups equal to 0 is contractible. 

The reason of this result relies on a classical Theorem by Whitehead (see for example 
[ll, Theorem 7.5.41): if K, L are connected CW complexes and f : K + L i s  a weak 
homotopy equivalence (i.e. the induced map between all the homotopy groups is 
an isomorphism) then f i s  a homotopy equivalence. Thus, apply this result with 
K = { x o )  and L = v. (Recall that it is easy to find topological spaces which are 
not contractible but with all their homotopy groups 0; nevertheless, they are not 
manifolds.) 

3This result corresponds to [17, Theorem 4.21. Theorem 4.3 of this reference also ensure the 
existence of a closed geodesic, but reducing the problem to [17, Theorem 4.21. An analogous 
comment can be done of [17, Theorem 3.21, see [17, Lemma 3.11. 

4and standard arguments about the possibility to modify the metric out of K in order to obtain 
a complete Riemannian manifold 
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A Appendix: Proof of Lemma 4.1 

As the Cauchy boundary a,M is assumed to be compact, we can choose r in (4.1) 
such that 

8cM c BT(xo); 
moreover, let us set 

B = %+I ( ~ 0 ) .  
The following lemma holds. 

Lemma A.l  Let M be a convex5 Riemannian manifold. Assume that there exists 
U E C2(M, R) such that (4.1) holds and let B be as in (A . l ) .  Then for any 
{x,) c M \ B such that 

lim d(xm, B)  = ca 
m-+03 

(A.2) 

we obtain 
lim U(xm) = m lim (VU(xm), VU(x,)) = m. 

m+m m+oo (-4.3) 

Proof. 
Let (2,) c M \ B be such that (A.2) holds. As dB is compact, for any m E N 
there exists b, E 6'B such that d(xm, B )  = d(xm, b,). Remark that as M is 
convex, there exists a unitary minimizing geodesic y, : [O,dm] + M such that  
~m (0) = bm , ~m (dm) = 2,. Clearly, 

Let us set 
ULax = 2% IVU(x) l umin = 29 U(X) 

gm (t) = (U 0 +Ym)(t) t't [O, dm], 
where 1 ) = m. From (4.1) and standard calculations we have 

Hence, for t = dm, we get the second equality in (A.3). Finally, we easily get 

t2 
Umin - Ukat + V-, 2 

=In the sense that any pair of its points can be joined by a (non necessarily unique) minimizing 
geodesic. For a complete Riemannian manifold with boundary, this is equivalent to the convexity 
of the boundary (see, i.e., (161 or (31. 
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and for t = dm the first equality in (A.3) is proved. 

Remark A. l  By Lemma A.l it follows that, putting 

then u is a proper function, u is bounded from below and its critical points lie in 
a compact subset, that is, U is regular out the ball B.  

Proof of Lemma 4.1: 

(i) As u in Remark A.l is a proper function, there exists an increasing sequence 
{urn) of regular values of 0 such that 

lim urn = co. 
m+m (A-6) 

Setting 
Dm = B u U-' (1 - co, urn[) 'dm E N,  

{Dm) is clearly an increasing sequence of open subsets exhausting M. 
(ii) By Lemma A.l (see also Remark A.l) it follows that Dm is bounded and it 
has compact Cauchy boundary for any m E N.  Let us show that any Dm is CCB. 
The Cauchy boundary of each Dm is the union of two compact and disjoint sets: 
the Cauchy boundary of M and bDm = fi-'(urn) (the differentiable boundary of 
U-' (1 - cc, urn [)) . Let E > 0 and let us set 

such that Vm n d B  = 0 and V U  # 0 on Wm. Consider a function p E c 0 ( z ,  FL+) n 
C2(M, FL+) such that 

on Wm 

and set 
4 m  = ~ ( u m  - U) + (1 - ~ ) 4 ,  

where 4 is as in Definition 4.1, and can be chosen such that 4 2 1 on Vm. It  is 
easy to check that 4z1(0) = dcDm, and $,(x) > €12 for any x E Vm \ Wm. Set - 
6 = min{e/2,6) (where 6 is as in Definition 4.1); then for any x E Dm such that 
0 < 4, (x) < either 

x E Wm (and V~,(X) = -vu(x), H~~ (x)[v, v] = -HU(x)[v, v]) 

or 
x E Dm \ Vm (and V~,(X)  = V ~ ( X ) ,  H'- (x)[v, V] = H'(x)[v, v]); 
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at  any case (zi), (iii) of Definition 4.1 are satisfied, thus Dm is CCB with respect 
to dm. 
(iii) By Remark A.1, we can consider rl > r + 1 such that the set K of the critical 
points of 0 is contained in B,, ( x o )  Moreover, take Uo > 0 such that 

Let T i i  ii N be such that urn > Uo for any m 2 iii, thus K c Dm for any m 2 5. 
As there are not critical points of U in M \ Dm = {x E M \ B 1 U(x) 2 ~ m ) ,  the 
following Cauchy problem makes sense: 

Call ~ ( t ,  x) the flow associated to the Cauchy problem (A.8). As 

putting 
T(X) = U(x) - um 

it results that q(r(z) ,  x) E U-'(urn). Let us define p : M -+ Dm U dDm by 

Clearly p is a retraction (see Definition 4.2). Finally, let us consider F : [O,1] x M -+ 
M such that for any s E [O,l]: 

It is easy to verify that Dm U dDm is a deformation retract of M. 

B Appendix: Note on Lemma 3.1 

Some variations on Lemma 3.1 are contained in previous references. In fact, in 
[5] a version of this result is given but replacing the loop space A1(M) by the set 
of curves joining two given points. For our version, it is worth to point out that 
the second inequality of (ii) of Definition 4.1 can be imposed on all the manifold 
because of the following lemma. 

Lemma B. l  Let M be a CCB Riemannian manifold. Then there exists a function - 
q5 E c O ( r ,  R )  rl C2(M, R )  verifying (i)-(iii) of Definition 4.1 and such that, for 
some B > 0, \ v ~ ( x ) J  5 B for any x E M .  
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Then one can show the following result (see [I,  Lemma 4.3.31 for detailed proofs). 

Lemma B.2 Let M be a Riemannian manifold and assume that there exist 6, b > 0 
and a non-negative function 4 E c 0 ( P ,  R )  n C1(M, R )  such that: 

(i) 4-'(0) = &M; 
(ii) 0 < IV+(x)l 5 b for all x E M with 0 < $(x) < 6. 

Let (2,) be a sequence in A' (M) such that (3.8) and (3.9) hold. Then 

By using (3.2), Lemma 3.1 can be regarded as a particular case of Lemma B.2. 
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