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Abstract 

This paper is devoted to the prescribed scalar curvature problem on 3 and 4- 
dimensional Riemannian manifolds. We give a new class of functionals which can 
be realized as scalar curvature. Our proof uses topological arguments and the 
tools of the theory of t,he crit,ical points at  infinity. 
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1 Introduction and the main results 

Let (&In,  go) bc a compact n-dimensional Riemannian manifold without bound- 
ary, with a nonnegative scalar curvature R,,, n > 3,  and let K : Mn + R be a 
C3 positive function. The prescribed scalar curvature problem is to  find suitable 
conditions on K such that K is the scalar curvature for some metric g on Mn 
conformally equivalent to  go. If we set 

4 - q = un-2 90 3 

where u is a positive fimction on M7', then the problem is to  solve the followirlg 
partial differential equation 
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where L,, = A - ((n - 2)/(4n - 4))R,, is the conformal Laplacian of hIn. 
This problem has been studied in various works previous to ours, in dimen- 

sion 2, 3 and 4 (see [5].[8].[12].[13],[15].[16],[18]) as well as in high dimensions (see 

[~1,[31~[91,[101,[141~[191.[231). 
In this paper, we study problem (P) for n = 3 and 4. We provide some existence 

results which use in a basic way the topological tools introduced by A. Bahri [2], 
[3]. Precisely, we follow closely the ideas developed in Aubin-Bahri [I], Bahri [3] 
and Ben Ayed-Chtioui-Hanimami [9], where the problem of prescribing the scalar 
curvature on closed manifolds has been studied, using some algebraic topological 
tools. 

For 3-dimensional manifolds which are not conformally equivalent to the 3-round 
sphere, an optimal result was obtained by J. Escobar and R. Schoen [17], namely 
in this case a function K can be realized as a scalar curvature if and only if K is 
positive somewhere. Such optimal result has been proved using the positive mass 
theorem of R. Schoen and S. T .  Yau [26]. For spheres, besides the condition that 
the function has to be positive somewhere, there are topological obstructions known 
as Kazdan-Warner obstructions [19]. When it comes to the 3-dimensional case. we 
consider only spheres. Thus, we are reduced to looking for positive solutions u of 
the following problem 

Assume K has only nondegenerate critical points yo, yl,  . .. , yl, such that for each 
i = 0,1, ..., I ,  we have AK(yi) # 0. Each yi is assumed to be of index: i(yi) = 3 - ki. 
Regarding problem ( I ) ,  A. Bahri and J. M. Coron [5]  have proved that if 

7 such that - A K ( ~ , ) > o  

then (1) has a solution. Their method consists of studying the critical points at 
infinity of the associated variational problem, computing their total Morse index. 
and comparing this total index to the Euler-PoincarB characteristic of the space of 
variations. 

Before stating our first result, we introduce the following assunlptioris 
Assume that K(yo) > K(y1) > ... > K(yr)  and let I = {y,/ - AK(y,) > 0). 
(HI)  Assume that yl E I and z(yl) = 3 - k ,  k > 1. 
Our first main result is the following 

Theorem 1.1 Under the assumption ( H I ) ,  if 
(GI) K ( Y ) - ~ / ~  > ~ ( y o ) - l / ~  + K ( ~ I ) - ~ / ~  Vy E I \ {yo, yl) 
then (1) has a solution of index k or k + 1. 

Remark 1.1 Observe that if y~ 6 I, taking the first critical point y,, in I below 
the maximum of K and assuming that LV,(y,,) n W,(y) = 0 for each critical point 
y 6 I: then, if ~ ( y ) - l / ~  >  yo)-^/* + for each y E I\{yo, y,,), (1) has 
a solution. 
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Remark 1.2 The result of Theorem 1.1 is true if we change the assumption (GI)  
by the following assumption: 
(G:)  For each y E I - {yl) such that K(y)-'l2 < + K(yl)p1/2,  we have 
i(y) $ (3  - k.3  - (k + I ) ) .  

To state our next result in three dimension, let Z be a pseudogradient of K of 
hlorse-Smale type (that is the intersections of the stable and the unstable manifolds 
of the critical points of K are transverse). We assume that 

T/tr5(y,) n 14:,(yl) = 0 for each y, E I and yl $ 1 

(Hz) Assunle that there exists k 2 1 such that 3 - k = min{i(y,). y, E I). 
Let 

X = u , , E B , V ~ ' , ( ~ , )  where Bk = {y E I /  i(y) = 3 - k } .  

( H 3 )  Assume that X is a stratified set without boundary (in the topological sense. 
i.e., X E SL(SJ), the group of chains of dimension k and d X  = 0). 
We then have the following result: 

Theorem 1.2 Under the ns.sumpt~ons (Hz)  and ( H 3 ) ,  (1) ndmzts o solvt?on of 
hfor.sf: ~ndex  k or k + 1. 

Kext, we want to  consider a situation where the result of [5 ]  does not give solutiori 
to problem (1). But, by our results (Theorem 1.1 and Theorem 1.2) we derive that 
problem (1) admits a solution. For this, let K : S" R be a function such that 
I = {yo, Y I ,  YL} with K(yo) > K(YI)  > K(ya). i(yo) = 3. ~ ( Y I )  # z(yz) E {1,2) and 
h'(y) < K(yl )  for any critical point y of K which is not in I .  It is easy to see that 

lye distinguish two cases: 
First case. ~ ( y 2 ) - l / '  >  yo)-'/^ + ~ ( y l ) - l / ~ .  Using Theorem 1.1, we deduce 
that K is the scalar curvature for some metric conformally equivalent to go. 
Second case. l(yl) = 1. From Theorem 1.2,  we derive that (1) has a solution. 

Now. our main goal in the second part of thi5 work is to study the problem (P) 
for n = 4. Thus. we are reduced to solving the following ecluation: 

In order to state our next result, we need to fix some notation and state our as- 
sumptions. 

Let G(o,  .) be a Green's function for L,, on 1t14 and A, be the value of the 
regular part of G evaluated at a .  Assume that K has only riorldegerlerate critical 
points yo. y ~ .  ..., y,,, sucli that K(yO) > K(y1) > ... > K(yv,) and satisfying 
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A K ( y 1 )  yl E {yo .  ..., y m } /  - - - 
3 K ( y , )  

. We assume that yo is the 

unique absolute maximum of the function K on h f 4  
We then have 

Theorem 1.3 If yo $! H ,  then (2) has a solution. 

In tllc above result, we have assumed that yo $ H. Next we want to state some 
existence results for problem (2) when yo E H .  First. we introduce the following 
matrix. For any N-tuple TN = (y, , ,  ..., y , , )  E H ~ ,  define a matrix h f ( ~ ~ )  = ( A I P q )  
with: 

It was first pointed out by A. Bahri 121, see also 181. that when the interaction 
between the different bubbles is of the same order as the self interaction, a matrix 
as A f ( ~ ~ v )  plays a fundamental role in the theory of the critical points a t  infinity. 
For problenl (2) ,  this kind of phenomenon appears in dimension 4. Let 
H + = { ( y Z , , . . . , ~ ~ , ) / . y z ,  EH. y fJ  # y , ,  f o r ~ f k .  A f ( y  ,,,. . . .  y , > ) > O a n d s ~ ~ * . }  
Assume that: 

( A i )  yo. y l  E H and a(y1)  = 4 - k .  k > 1, where z ( y1 )  denotes the Morse index 
of the function K at  y l .  

(A21 K ( Y ) - '  > K ( y o ) - l  + K ( y i ) - '  'd Y E H \ { y o .  y i ) .  
Then, we have the following result: 

Theorem 1.4 Under the assum,ption,s (A1)  an,d (A2)  if ( y o ,  y l )  $ H +  then (2) has 
a solution o,f index k or k + 1. 

In cont,rast to Theorem 1.4, we have the following two results based on a topo- 
logical invariant denoted by p for some Yamabe type problems. This t,opological 
invariant was first introduced by A. Bahri 131. To state those results, we need to  
state the assumptions that we are using and to fix some notation. 

(B1 )  Assurne that ( y o ,  yl )  E H + .  
Let 

x = W s ( y 1 )  = W s ( y 1 )  u T.Vs(y0). 

We denote by Cy, (X) tshe following set 

where 6, is the Dirac measure at  x. 
For X large enough we introduce a rriap 
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where 4(z,x) is defined in the next section. For X large enough, we also define the 
int,ersection number (modulo 2) of fA(C,,(X)) with Ws(yo, yl), 

where bVs(yo. y ~ ) ~  is the stable manifold of the critical point a t  infinity (yo, yl)x 
(notation of [3]) for a decreasing pseudogradient V for J which is transverse to 
f (C,, (X)  ) . This rlunlber is well defined [23]. 

(B1) Assurne that a(y1) = 4 - k with Ic > 1 arld K(yo) > 2K(yl).  
Then we have the following result: 

Theorem 1.5 Under the assumptions (B1) and (Bz), zf y(yl) = 0 then (2) has a 
solution, of index k or k + 1 .  

Now, we give a statement more general than Theorem 1.5. For k E W* we define X 
as 

X = U ws (y,) with B k  c { yr E H / a(y,) = n - k} . 
JJ,€BL 

I r e  assurne that X is a stratified set without boundary. 

(C1) A4ssurne that for each z critical point of K in X \ {yo) we have (yo, z )  E H+. 
For each y, E Bk, we define for X large enough the intersection number (modulo 2) 

(Cz) Assume that K(yo) > 2K(y) 'dy E H \ {yo}. 
We then have 

Theorem 1.6 Under the ass~~mptions  (C1) and (Cz),  if p(1~;) = O for each y, E B k j  
fh,en (2) h,as a solution of index k or k + 1 .  

Before st,ating another kind of existence result, we use some assumptions which 
were first introduced by Aubin-Bahri [I]. 
(Dl )  Assume that 

AK(y,)  with H = {yo, yl, ..., yg} (recall that H = y, E {yo. ..., ym)/ - - - 
3 K ( ~ z )  

Let 

(02)  Assume that X is not contractiblc and denote by k the dimension of the first 
nontrivial reduced liorriological group. 
( D 3 )  Assume that there exists a positive constant c < K(yL) such that X is con- 
tractible in K c  = {z E 111" K(x)  > c ) .  
\\-e then have: 
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Theorem 1.7 Under the assumptions (Dl) ,  (Dz) and ( D 3 ) .  there exists a constant 
co independent of K such that zf K(yo)/c 5 1 + co then (2) has a solution, 
of index > k .  . 

We organize the remainder of the present paper as follows. In section 2, we set 
up the variational st'ructure of the problem (P), we give some preliminaries tools 
and we recall t,he characterization of the critical points at infinit,y of the associated 
variational problem in 3 and 4 dimensions. In section 3 we provide the proofs of 
our results 

2 Variational structure and preliminaries 

Problem (P) has a variat,ioilal structure. the functional being 

Problem (P) is equivalent t,o finding the critical points of J subjected to the con- 
straint u E If, where: 

The Palais-Smale condition fails to be satisfied for J on C+. Its failure has been 
studied by various authors (see Brezis-Coron [ l l ] .  Lio1ls[22], Struwe [25]). 

We introduce now a family of potential critical points at infinity. The following 
constructio~~ of the potential critical points at infinity was first introduced by Bahri- 
Brczis [4] in normal coordinates of Reirnannian manifolds. 

Given a point a E M n ,  choose a conformal metric 

such that u, depends on a smoothly and z is a conformal normal coordinate at a .  
There is a liniforrrl p > 0, independent of a ,  such that x is well defined on Bz,(a). 

where c,, is a constant such that h'(,.xj satisfies the equation 

Define 
8(a.x) (5) = u ~ ( ~ ) w a ( x ) d ( a . ~ )  (x). 
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where w,(x)  is a cutoff function such that 

Define p(,,A) on A l ' 9 0  be the solution of 

set a = ( A  - 8 ,,,.A)). 
In order to characterize the sequences failing the Palais-Smale condition. we 

need to introduce the following set of potential critical points at infinity. For any 
E > 0 and p E N*. let us define 

V ( p . r )  = { u  E x + / 3 a 1 ,  . a ,  t nr, 3 ~ , ,  . , A ,  > - l  such that 

2-n 

where A ( u )  = 2  J ( u )  and ~ , j  = ( & / A j  + A j / A i  + Ai Ajd2 (a,;. a j ) )  . 
The failure of Palais-Smale condition can be described as follows 

Proposition 2.1 ([6].[22]3[25]) Assume that J  has no critical point in  C+, and let 
{ u k )  c Cf be a sequence such that d J  --+ 0 and { J ( u k ) )  is bounded. Then there 
exists an integerp E W * ,  a sequence ~k - 0 ( E ~  > 0) and an extracted subsequence 
of { u k )  again denoted { u k )  such that u k  E V ( p , ~ k ) .  

Now. we iiltroduce a parametrization of the set V ( p ,  E ) .  Let BF be the set of 
( 0 ,  a. A) E IIBP x ( A l r ' ) p  x (0. oc). such that 

4 4 

A z > ~ ~ ~ , ~ , J < ~ , a , > y a r i d a , " - Z ~ ( a , ) / a J ~ ~ ( a J ) > l - ~ ,  i f j  i , j = l  ...p. 
Following [ 5 ] .  [22] ,  and [25] ,  we consider the following minimization problem for 

a function u t V ( p .  E )  with E small: 

Proposition 2.2 For any p E N* there exzsts E ,  > 0 such that, for any 0 < E < 
E,. u t V ( p .  E )  the nzznzmzzatzon problem (*) has a unzque solutzon (a ,  a ,  A) E BFE 
(modulo permutatzon). Thus, we wrzte u as follows 

P 

71 = Q ~ ~ ( ~ , X Z )  + U .  where I I  belongs to H 1  ( A l l )  and s a t ~ ~ f i e s :  
7=1 



H. Chtioui 

Proof (See [2] ) .  

The following propositions which are proved in [5] and [8] characterize the critical 
points a t  infinity of the associated variational problem. We recall that the critical 
points a t  infinity are the orbits of the gradient flow of J which remain in V ( p ,  ~ ( s ) ) ,  
where E ( S )  is a given function such that ~ ( s )  goes to zero when s goes to +m (see 

121 and 131). 

Proposition 2.3 (5) Let l1ln = S 3 .  Assume that J has no crztzcal poznt an C+. 
then the only crztzcal poznts at znfinzty for J are 6(y, ,  m) such that y, E I .  For each 
y, E I ,  we have the followzng: 

J(di  ,&,, ) )  = s ~ / ~ K ( ~ , ) - ~ / ~ ,  where S = L1 d6du. 

hIoreover, the hIorse index of the critical point at infinity 6(,%,,) is given by 
i (yz)m = 3 - L ( Y ? ) .  

Before giving the arialogous proposition in dimension 4. we need to  recall the 
following lemmas. 

Lemma 2.1 Let 'rt = 4 .  Then, there exists a constant c = c(p)  > 0 such that 

when X is la,rge. 

Lemma 2.2 Let n = 4.  Then, for p small enough, and X large, we have 

H(, ,A)(n) + A as X ---t cc 
Hi,,xl(x) + G ( a , x )  outside B3,(a). as X + m .  

Let a, be the permutation group of (1: ..., p ) .  Let 

Proposition 2.4 is proven in [8].  

Proposition 2.4 (Deformatzon lemma) Let n = 4 .  Then for any 6 > 0 and E > 0 
small enough there exists a pseudogradient vector field (-2;). Denoting b y  ~ ( s ,  .) 
the I-parclmeter group generated b y  (-2,6), we have 

where (y,, . ..., y Z p )  E H+ ( ( y l l .  ..., y L p )  is called a critical point at infinity.) 

Now, we are able to prove our results. 
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3 Proofs of theorems 

Proof of Theorem 1.1. Let Z be a pseudogradient of h' of Allorse-Smale type. 
Set 

x = Ws(v1) = IVs(y1) u IVs(yo) 

u~here T.lr,(y,) is the stable manifold of y, for 2. Then X is a compact manifold in 
dinlension k without boundary. Arguing bv contradiction. we suppose that J has no 
critical points It  follows from Proposition 2.3 that under the assumption of- theorem 
1.1, J has two critical points a t  infinity under the level cl = S ~ / ~ ( K ( ~ ~ ) - ~ / '  + 
K ( ~ J ~ ) - ~ / ~ ) ~ / ~  + E  for E small enough, which correspond to 6(,, ,I and S(,, ,I. The 
unstable manifold at infinity of such critical points a t  infinity, bVu(y,),, z = 0.1. 
can be described, using lemma 10 of [5] as the product of IVs(y,). z = 0.1. (for 
a pseudogradient of K) by [A. +oc[ domain of the variable A.  for some positive 
number A large enough. Since J has no critical point in Cf, it follows that J,, = 

{ u  E C+ / J ( u )  5 el)  retracts by deformation on X, = Wu(yl), U Wu(yo), (see 
sections 7 and 8 of [7]) which can be pararrieteri~ed by X x [A, +oc[. 

On the other hand, X, is corltractible in J,,. Indeed, lct 

1 .. 1 
For t = 0. h(0, x. A) = -b( ,  A )  E X,, h is continuous and h(1, x, A) = -6(,, A ) .  

S S 
Furthermore. we have 

(see the proof of Corollary B.3 of [6], see also [3]). 
Since K(x )  > K(y l )  for each x E X,  we then have 

Thus, the contraction h is performed under the level cl. Therefore X ,  is con- 
tractible leading to the contractibility of X .  This yields a contradiction. since X is 
a manifold in dimension k without boundary. Hence (1) has a solution. 

It remains to  compute the hlorse index of the solution. Using dirrlerlsion argu- 
ment, since h([O. 11 x X,) is a manifold in dimension ( k  + 1) then the Morse indcx 
of the solution provided by theorern 1.1 is < k + 1. On the other hand, assurrie that 
the Morse index of the solution is < k - 1. Perturbing J,if necessary, we may as- 
sume that all the critical points of J are nondegenerate and have their Morse index 
5 k - 1. Such critical points do not change the homological group in dimension k 
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of tlle level sets of J .  Now, X ,  tiefines a homological class in dimension k which is 
nontririal in Jc*(,,)+, for E srxlall enough where C,(yl) = S " ' K ( ~ ~ ) ~ ~ ' ?  How- 
ever. X ,  defines a homological class in dimension k, which is trivial in J,, . Hence 
our theorem follows. 

Proof of Remark 2. If we change the assumption ( G I )  by the assumption ( G i ) .  
under the level c l ,  we can find other critical points a t  infinity but of index $ 
{ k ,  k  + 1). Using the same arguments as those used above, Remark 2 follows. 

- 
Proof of Theorem 1.2. Let X ,  = UytEBk Wu(yi),. Here I.V, ( y i ) ,  is tlle un- 
stable manifold at. infinity of the critical point at infinit,y ~5(,~,,), for a decreasing 
pseudogradient V for J (see [3] and [5]) .  The unstable manifold at  infinity IVu(y),, 
for each y E I, can be described using Lemma 10 of [5] as the product of W,(y )  (for 
a pseudogradient of K )  by t'he interval [A ,  m), domain of the variable X for some 
posit,ive number A large enough. Thus X ,  can be parameterized by X x [A, no). 

6Ve argue by contradiction. S4'e suppose that J  has no critical point in C+. It 
follows from Proposition 7.24 and Theorem 8.2 of [7] that C+ retracts by deforma- 
tion on U,tE~W,, (yi),,. (recall by I = { y /  V K ( y )  = 0 and - A K ( y )  > 0 ) ) .  Allore 
precisely, C+ retracts by deformation on X ,  U D,,. where D,  = U Y 7  E~ Wu(yZ)= ,  
~ i t ~ h  D = {y E I / i ( y )  > 3 - k ) .  For each y E D ,  the critical point at infinity S(,.,) 
has a hlorse index 5 k  - 1. Thus, D, is a strat,ified set of dimension at  most k  - 1. 
Since C' is contractible set then H, (X ,  U D,) = 0 for each * E N*. 
Using the exact homology sequence of ( X ,  U D,, X,), we have : 

Since H ,  ( X ,  U D,) = 0 for all * E N* then Hk (X,) - Hb+1 ( X ,  U D ,  . X ,  ) . In 
addition, ( X ,  U D,. X,) is stratified set of dimension at  most k, so Hk+l (X ,  U 
D,, X,) = 0. Thus Hk(X,) = 0 and therefore Hk ( X )  = O (since X ,  - X x 
[ A ,  K)). which is in contradiction to the assumption (H3) .  Hence (1 )  has a solution. 

Now usirlg the same arguments as those used in the proof of Theorem 1.1, we 
deduce that the hIorse index of the solution provided in Theorem 1.2 is equal to k 
or k  + 1. This concludes the proof of our result. 

Proof of Theorem 1.3. Arguing by contradiction. we suppose that J has no 
critical points. Let cl = ( S ~ / K ( ~ ~ ) ) ~ / ~ + E ,  c" is a positive constant small enough such 
that for every critical point y  of I<. y  # yo, we have cl < c,(y) = ( S ~ / K ( ~ ) ) ' / ~ .  
Let uo E J,, = { u  E C+/ J ( u )  5 c l ) .  We denote by q( s ,  uo )  the one parameter 
group generated by the pseudogradient W of the hiorse Lemma at infinity defined 
in [8]. It follows that,  under the assumption of the Theorem A,,, is bounded along 
the flowlines (see [8]). Thus we derive ldJ(q(s ,  uo ) ) .W(q ( s ,  uo))l > P > 0 Qs > 0 ( P  
deprnds only on u o )  Therefore ,J(rl(s, u o ) )  goes to  -oc wl-lei1 5 goes to  +m. which 
is a contradiction. Hence our theorem follows. 

Before proving Theorems 4,....7, we state the following lemma. Its proof is very 
similar to the proof of Corollary B.3 of [6]. see also [3]. 
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Lemma 3.1 Let a l .  an E AI4,a1, an > 0 and X larqe enough. For u = c u ~ p ( ~ ~ . x )  + 
a2?(02 .x )  3 we haw 

Proof of Theorem 1.4. S;Vc argue by contradiction. We suppose that J has no 
critical point. Observe that. under the assnrnption of Theorein 1.4, (yo. yl) is not 
critical point at infinity. It follows from Proposition 2.4 that under the assun~ptions 
(Al)  and (-A2) of the theorem. the only critical points a t  infinity of J under the level 

cl = ~ : " ( K ( y o ) ~ '  + ~ ( y i ) - l ) " ~  + E .  for E sniall enough. are (yl), and (yo), 
(notation of [3]). Let 

xx = ~KL(y1)x u T.vlL(yo),, 

where lti,(y,), is the unstable manifold at infinity of the critical points a t  infinity. 
(y, ), , for a decreasing pseudogradient V for J (see [8]). The unstable manifold at  
infinity I.t'(y,), can he described using Lemma 4.2 of [8] as the product of W,(y,) 
(for a pseudogradient of K )  by [A, x). donlain of tlle variable A, for some positive 
nilrn1)er A large enough. Thus X, can be parainctcrized by X x [A. m) where 

Since J has no critical point in C+, it follows from Propositiorl 7.24 and Theorem 
8.2 of [7] t,hat J,, retracts by deformation on X,. On the ot,her hand, we define by 
C,, ( X )  tlle following set': 

wherc 6, is the Dirac rrleasllre a t  x. For X large enough, we define 

Then C',,, ( X )  and fx(Cy, (X))  are a contractible manifolds in dimension k+ 1. Since 
K ( z )  > K(yl )  for each x E X .  it follotvs from lemma 3.1 that 
J (fA(Cy, (X) ) )  < cl. Thus. X, is contractible in J,, , which retracts by deforma- 
tion on X,. Therefore X, is contractible. leading to  the contractibility of X. This 
yields a contradiction since X is a manifold in dimension k without boundary. The 
proof of Theorem 1.4 is thereby completed. 

Proof of Theorem 1.5. Assume that (2) has rlo solution. Let 

The action of the flow of the pseudogradient (See the pseudogradiant IV of [3]. see 
also [9]) is essentially on a. 
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If a < 1/2,  the flow brings a to  zero and thus u goes in this case to W,(Yo)m -- {yo). 
If cr > 112. the flow brings u to 1 arid thus u goes in this case to  W , ( y l ) ,  fi X,. 

1 1 
If a = ( 1  - a )  = 112. observe that we then have u = - p ( , , , ~ )  + - ~ ( ~ . x ) .  Since only 

2 2 
x car1 move. then yo remains one of the points of concentration of u ,  and x goes to 
I..IIL(yi), where yi = y1 or yi = yo, and two cases may occur: 
- In the first case y, = y l .  then u goes to W L ( y o . y ~ ) ~ .  
- In the second case y, = yo,  in this case there is so > 0 such that 'ds > so. 

1 1 
'"(4 = 2p(,0 4 + with x ( s )  E N,,(yu) for p small enough. Thus J ( u ( s ) )  5 

C,(yo, yo) +6 = ( 2 ~ d l ~ ( y o ) ) l / ~  $6. for b small enough (see lemma 3.1). Using the 
vector field (-J') under the level C,(yo, yo)+6, it follows from Proposition 2.4 that 
under the assmription (B2)  of Theorem 1.5, JC, ( y o , y o ) + ~  retracts by defornlation 
oil M7,(yo), = { y o )  and thus u goes to I.V,,(yo),. Therefore f x (C , , (X ) )  retracts 
by deformation on X ,  U I/I.',,(yo. yl),. Since p (y l )  = 0. u7e can be more precise. 
This strong retract does not intersect I.Vu(yo, y l ) ,  and thus it is contained in X,. 
Therefore X ,  is contractible. and it follows that X is contractible. This yields a 
contradiction since X is a rnanlfold iri dinlerlsion k  without boundary. Then our 
theor em follo~vs. 

Proof of Theorem 1.6. We argue by contradiction. Assume that ( 2 )  has no 
solution. Using the same  argument,^ as those used in the proof of Theorem 1.5 it, 

follours that,  fx(C,, ( X ) )  retracts by deformation on X U 'M / , (Yo ,Y? )  U D ,  
(y.. ) 

where D c a is a stratified set and CT = U W u ( y o ,  y,), the dimension of 
~ I ~ E X \ ( R ~ U { ~ I O } )  

a is a t  most k. 
Since p ( g , )  = 0 for each y, E Bk,  fx(C, , (X))  retracts by deformation on 

X U D. Therefore H,(X U D )  = 0 for all * E W * ,  since fx(C, , (X))  is a contractible 
set. Using now the same arguments as those used in the proof of Theorem 1.2, 
Theorein 1.6 follows. 

Proof of Theorem 1.7. Our proof follow the algebraic topological argunlerlts 
int,roduccd in [ I ] .  Arguing by coritradiction, we suppose that J  has no critical 
points. It follows from Proposition 2.4 that under the assiimptions of Theorern 1.7, 
the critical points at infinit,y of J under the level cl = ( ~ 4 / k ( y y ) ) " ~  + E ,  for E small 
enough,are in one t,o one correspondence with the critical points of K yi such that 
yi t H. Since J  has no ~ri t~ical  point, it follows that J,, = { u  E C + / J ( u )  < cl) 

retracts by deformation on X ,  = U II.;,(y,), (see section 7 and 8 of [7] )  which 
y, E H  

can be paramet,rizcd by X x [A; +x[ where X = U W S ( y i ) ,  (for a pseudogradient 
Y,EH 

of K ) .  

From another part, we have X, is contractible in JCZ+E where c:! = ( s ~ / c ) ~ " .  



Scalar curvature on three and four manifolds 

Irldeed from (D3) .  it follows that there exists a contraction 

h  continuous, such that for any a  E X ,  h(0.  a )  = a  and h(1.  a )  = a" a point of X .  
Such contraction gives rise to the following contraction: 

F o r t  = 0. 7 ~ ( 0 , a . A ) + , !  = g ( a . A ) + G  E X,, h i s  continuous and j ~ ( l , a , A )  = 

p(ao. A) + F .  Hence our claim follo~vs. 
Now using proposition 2.4 of [8] .  m-e deduce that 

where K ( h ( t ,  a ) )  2 c by construction. Therefore such a col~traction is perforrned 
urlder ~2 + E for A large enough, so X, is contrartil-)le in .J,,+,. In addition. 
choosing co small enough. .Jr,+E retracts by deforrndtion on J,, , which retracts bv 
deformation or1 X,. Therefore X, is contractible leading to the contractibility of 
X. which coritradicts the assumption (DL). This concludes the proof of our result. 
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