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Abstract 

Here we study the precise blow-up behaviour and obtain a priori estimates for 
the finite energy C2-solutions of the equation 

on the odd dimensional spheres Szn+' with standard CR structure, as the ex- 
ponent p /' @ for p € (1, @], Q = 2n + 2 is the homogeneous dimension. 
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1 Introduction 

We consider the odd dimensional spheres S2"+' = {C E Cn+l : ICI = 1) with the 
standard CR structure defined by contact form 

corresponding to the horizontal space = span{&, . . . , A). The Levi form 
given by Lo, (v,W) = -2idel(V A w) is a positive definite hermitian form on T1,o. 
The sublaplacian operator Ab is defined on real functions u E CW(S2"+ l )  by 

/ Abu vB1 A d6; = L;, (du, dv) 61 A d6; for all v E Cr(S2n+1). (1.1) 
szn+l  SZn+l J 
In this paper, we shall study the precise blow-up behaviour and obtain a priori 

estimates for the finite energy Cz-solutions of the equation 

as p /" for p E (1, E l ,  Q = 2n + 2 is the homogeneous dimension. Here, the 
energy of a solution u of (1.2)is defined by 

&(a) = {Lsl (du, du) + n(2n + l)u2} A dB;. 
SZn+l 

(1.3) 

Observe that for p = e, the transformation laws ( equations (3.1)-(3.2) in 
[9]) imply that a solution u of the equation (1.2) gives a contact form 6 = u2/nel 
which is "conformal" to the contact form 6' and which has Webster scalar curvature 
equal to the function K(<). The form 81 and its images under CR automorphisms 
of sphere(which are induced by biholomorphisms of the unit ball in Cn+') have 
constant pseudohermition scalar curvature n(n + 1)/2. 

As in the Riemannian case, one can consider the problem of finding suitable 
function K such that it defines a contact form conformal to the given on the 
sphere. Obtaining a priori estimates for solutions of (1.2) is a first step towards 
understanding this problem on CR spheres. 

For Sn (n 2 3) with the standard Riemannian metric g, the corresponding 
equation is 

wherep E (1,2]. Here for p = s, ~ ~ / ( " - ~ ) g  gives a conformal metric with scala 
curvature equal to K. The equation (1.4) has been studied and a priori estimates 
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have been obtained by Schoen and Zhang [12], Li [13](also see references therein), 
recently by Chen and Lin [2] ..... 

In this paper, we essentially follow the techniques used by Li in [13], with suitable 
modifications and interpretations to obtain similar results for the CR spheres too. 
The main difference is that unlike as in Riemmanian case, we need to assume that 
the solutions have finite energy. Observe that when we study the blow up analysis 
of the equation (1.2), the limiting function is a solution of an equation of the type 

on the Heisenberg group H2"+', where C is a constant. The classification of all 
solutions to (1.5) on H2"+' is still an open problem. However, if we further assume 
in (1.5) that u E L ~ Q / ( Q - ~ ) ,  then the result of Jerison and Lee ([lo]) gives complete 
classification of u. The finite energy assumption ensures that the limiting function 
lies in the right space so that Jerison and Lee's result is applicable. 

Furthermore, the curvature functions are assumed to be in the right nonisotropic 
Lipschitz space so as to be able to apply the subelliptic regularity results. These 
are still in C1, but need not be in C2. 

In the next section, we give a definition of a simple blow up point which is still 
consistent with one given by Schoen and works in CR case too; in fact it is general 
enough to work in the case of nilpotent, stratified groups(which includes IRn). The 
definitions and statements of main result are also given in the next section. The 
third section contains the necessary information about Heisenberg group. In fourth 
and fifth sections, various estimates needed for the proof of the theorem are derived. 
The sixth section deals with some local results near an isolated blow up point while 
the last section contains the proof of the main theorem. 

2 Main results 
We consider the Heisenberg group H2"+l as the set Cn x IR with coordinates (z, t )  
endowed with the group action o defined by 

(a, to) o (2, t )  = (zo + z, to + t + 21mCn $z". z=1 (2.1) 
Using the complex notations, the CR structure of H2"+l is given by the hori- 

zontal bundle spanned by the vector fields 

The standard left invariant contact form on H2"+l is defined as 

The CR equivalence between the sphere S2"+' minus a point and the Heisenberg 
group H2"+' is given by the Cayley transform F : S2"+l + H2"+' = Cn x IR, 
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defined bv 

Also, the contact form on the sphere 81 is pull back of the standard contact form 
O0 i.e., O1 = F'(&Oo). 1 i+w 1 Let u be a nonnegative function on H2"+'. Then for 

we have the relations 

where bn = (n + 1)/2(2n + 1) and Rn = n(n + 1) /2 is the scalar curvature associated 
to O1. Define 

A. (z, t )  = li + w l-(Q-2)/2 (2.4) 

where w = t + ilzI2, z E Cn, t E IR. It can be easily verified that the function A. 
satisfies the equation 

Infact, Jerison and Lee showed in [lo] that every ~~Q/(Q-~)-solut ion of (2.5) 
is obtained from A. by left translations and dilations (z, t )  + (Xz, X2t) on the 
Heisenberg group. 

As in [9], the problem (1.2) on S2"+l can be reduced to one on Heisenberg group 
H2"+' as follows: if u satisfies the equation 

then v(<) = Ao(<)u(F-'<) satisfies the equation 

Thus we need to study similar equations on the Heisenberg group H2"+ '. There- 
fore, let R c H2"+l, (n 2 1) be a bounded domain, ri 2 0 satisfy limi,, 71 = 0, 
pi = - ri, and {Ki) E rz+,(R), 0 c a < 1 satisfy 

l/Al 5 Ki({)5Al for all { E R  (2.6) 

for some constant Al > 0. Here rz+,(R) denotes the set of functions having 
horizontal derivatives up to order 2 in the nonisotropic Lipschitz space r,(R); see 
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preliminaries for the precise definition. Note that Ki E I'2+,(fl) implies that Ki E 
c1 (R) . 

We consider solutions of equations 

If {maxui) remains bounded as i + m, then it follows from the subelliptic estimates 
that a subsequence of {ui) converges to some function u in C&,(R)(see Claim 5.3 
in Section 5). Otherwise, {ui) is said to blow up. The following notion of isolated 
blow up point, introduced in [12] and [13] in the context of Riemannian manifold 
can also be used in the CR manifolds: 

Definition 2.1 Suppose that {Ki) satisfies (2.6) and {ui) satisfies (2.7). A point 
E R is called an isolated blow up point of {ui) if there exists 0 < a < dist(E, do) ,  - 

C > 0 and a sequence ti + ( such that & is a local maximum of ui, ui(ci) + co 
and 

ui(t) 5 c d ( < , ~ i ) - ~ / ( ~ ~ - ' )  for a11 < E B(<i,a). 

It will be clear from Remark 5.4 in section 5 that the points ti are uniquely deter- 
mined for large i. 

Intuitively, according to Schoen [12], a simple blow up point on a sphere Sn is 
a point where the solution of (1.4) approximates the "standard solution" upto a 
conformal transformation, in a neighbourhood. This definition was further refor- 
mulated by Li in [13] using spherical averages. However, his definition does not 
seem to work for the Heisenberg group. We observe that one of the reasons is that 
the "standard solutions" in the case of CR sphere S2"+l are "not radial". These 
standard solutions are pull back of A. defined in (2.4) (upto Heisenberg translation 
and dilations), via the Cayley transform. Hence we proceed as follows: 

For any positive solution Ui of (2.7) and 8 in H2n+1 with dist(8,O) = 1, we 
define the function f,,,e(s) : [0, R] + IR(for a fixed R > 0) as 

Here o is the group action whereas s8 = s(x, y, t) = (sx, sy, s2t) is the dilation 
in H2nC1. We will use the notation fi,e to denote this function whenever the 
corresponding function involved is clear. 

Definition 2.2 We say that E R is an isolated simple blow u p  point, if ( is 
an isolated blow up point and there exists some a > O(independent of i and 8 E 
aB(0,l))  such that fi,e has precisely one critical point in (0, a) for every 8 E 
dB(0, I), for large i. 

We observe that our definition(when considered on IRn) does not imply the one 
given by Li in 113) and vice versa; however it will be clear from the following sections 
that one can obtain the a priori estimates of [13] using Definition 2.2. Also, it can 
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be seen that Definition 2.2 gives a notion of isolated simple blow up points on the 
more general nilpotent, stratified Lie groups. 

For the Riemannian sphere, it was proved in [13] that the isolated blow up point 
has to be a critical point of the function K([) = limi,, Ki((). We shall prove 
the same for CR sphere in Proposition 6.1. Hence, it is interesting to see how the 
flatness properties of Ki's and K affect the blow up behaviour of {ui). Also, this 
forces us to put conditions on the (usual) gradient VKi instead of the Heisenberg 
gradient VH2n+lKi. Thus, the following condition is similar to the one introduced 
in [13]: 

Definition 2.3 For any real number P 1 1, we say that a sequence of func- 
tions {Ki) satisfies condition (*)' for some sequences of constants {L1(P, i ) )  and 
{L2(P, i ) )  in some region Ri if {Ki) E CI'I-1v1(f2i) satisfies 

and if p 2 2, that 

Please refer to [13] for examples and discussions of such functions Ki. We also refer 
to [3] for simpler conditions on Ki. 

We now state the main theorem. 

Theorem 2.1 Suppose that {Ki) E r2+a(S2n+1), 0 < a < 1 and n 2 1 with 
unzform C1 modulo of continuity and satisfies, for some positive constant Al, that 

Ki([) 2 l/Al, for all < E S2n+1. 

For a constant d > 0, let 

and suppose there exists some constant d > 0, such that {Ki) satisfies (*)', P 2 
(Q - 2) for some constants L1(P) and L2(P) independent of i i n  Rd,i. Consider 
solutions ui of (1.21, such that 

E(ui) < CO, (2.9) 

for some constant Co (independent of i ) .  
Then, after passing to  a subsequence, either 

( i)  {ui) stays bounded in Lw(S2n+1) and hence i n  C2yu(S2n+1); 
or 

(ii) {ui) has finitely many isolated simple blow-up points and the distance between 
any two blow-up points is bounded below by some positive constant depending only 
on n,Al, L1, L2, d and the uniform moddo  of continuity of VKi. 

I n  fact, i f  ,d > Q - 2 or {Ki) satisfies (*) (Q-2) for some sequences Ll (i), Lz (i) = 
o(1) in Rd,i1 then ( ~ i )  has precisely one isolated simple blow up point. 
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Here C1 is the usual space of functions which have continuous first order deriv- 
atives, whereas r2+, and S? are nonisotropic Sobolev spaces which are defined in 
preliminaries below. 

3 Preliminaries 

To denote the elements of H2"+l we shall either use the notation (z, t )  E Cn x IR 
or (x, y, t )  E IRn x IRn x IR where z = x + iy, x = (xl ,..., x,), y = (yl, ..., yn). The 
Heisenberg group H2"+' is the space 1€t2"+l (or Cn x IR) endowed with the group 
action o defined by 

n 
& o c = ( x + x o , Y + Y o , ~ + ~ o + ~ C .  $=I ( ~ i y o i - b ~ ~ i ) ) .  (3.1) 

We denote by dx the parabolic dilation in H2"+' where 

dx(0 = (Ax, Ay, A2t) , (3.2) 

which satisfies dx(& o <) = 6x(So) o bx((). The norm in is given by 

It is homogeneous of degree one with respect to the dilation 6x defined above. The 
associated distance between two points t, q E H2"+l is defined accordingly by 

where q-I denotes the inverse of q with respect to o ; in fact, it can be seen that 
q-' = -7. We shall denote the Euclidean norm by I ) and the usual inner product 
by .. 

The vector fields {XI, ..., Xn, Yl, ..., Yn, T) defined by 

a a 
Xi = - + 2 y i - ,  for i = l ,  ..., n, axi at 

a = Xn+i = - - a 
2xi- for i = l ,  ..., n, 

ayi at' 

form a basis of the Lie Algebra of vector fields which are left invariant with re- 
spect to the Heisenberg group action o. Observe that 2, described in the pre- 
vious section is the vector field X, + iY,, cr = 1,.  . . , n. The horizontal space 

= span{Z1,. . . , 2,) gives a left-invariant CR structure on H2"+l and for any 
function f on H2"+l, the derivatives along the integral curves of these vector fields 
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are referred to as horizontal derivatives. Thus, the Heisenberg gradient (or a hori- 
zontal gradient) of a function 4 is defined as 

The real 1-form 
?Z 

is left invariant and homogeneous of degree 2. Note that O0 annihilates Tlso and 
we take it to be the contact form for the CR structure on H2"+l. The Levi form is 
given by 

Le0(zj,Zk) :=< -2idOo, Zj A Zk >= 26jk 

and for u E C1(H2"+'), 

Therefore, if u is real valued, we have 

The scalar curvature of H~"+' with pseudohermitian structure O0 is identically 
zero. 

The subLaplacian operator AHzn+1 associated to the contact form do is defined 
by 

Note that AH2n+l is a degenerate operator, but it is easy to check that Xi and Y ,  
satisfy 

for any i, j E (1, ..., n). Therefore, the vector fields Xi, & (i = 1, ..., n) and their 
first order commutators span the whole Lie Algebra. Hence, AH2n+1 satisfies the 
Hormander rank condition, see [8]. In particular, this implies that A H  is hypoelliptic 
(i.e. if AH2n+lu E Ca then u E Cm) and it satisfies Bony's maximum principle (see 
[ll). 

Alternatively, we can also express AH2n+1 as 
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where V is the usual gradient and A = (ai , j )  is the symmetric matrix defined as 

a i j  = J i j  for 1 s i , j  1 2 n  
ai,zn+l = 2yj for 1 5 i 5 n 
ai,zn+i = - 2 ~ i  for n + 1 5 i 5 2n (3.7) 

a2n+1,2n+l = 41.~1~. 

The measure on H2"+l is defined using the contact from 80 as 

A dog = n!(2i)"dt A dzl A dZl A . . . A dz, A Fn 

= n!22ndzdt, (3.8) 

i.e., constant times the usual Lebesgue measure on IRznc1. The open ball of radius 
R centered at 60 is the set: 

B~zn+l(<o, R )  = (7) E Hz"+' : d(q, (0) < R) .  

It is important to note that 

where Q = 2n+ 2 and by meas we mean the Lebesgue measure. The even integer Q 
is called the homogeneous dimension of Hz"+'. Observe that for R > 1, if B(0 ,  R )  
is the Euclidean ball of radius R centered at the origin, then 

Let c H2"+l be an open set. Using the notations of Folland-Stein [7j, we 
define the non-isotropic Sobolev spaces SE and Lipschitz spaces rp as follows: 

For 1 5 p 1 oo and k = 0,1,2,.  . ., we say that a function f belongs to the 
nonisotropic Sobolev space S;, if f and its distributional derivatives X 1 f ,  with 
111 5 k all belong to LP. Here X I  = Xi' 1 ,  ~ 2 , .  . . , X k  where I = ( i l , .  . . , izn), 
0 5 ij 5 2n is a 2n-tuple such that 111 = i l  + . . . + izn. 

S; is a Banach space under the norm 

and C," is dense in SI  for p < w. Also, note that 
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The nonisotropic Lipschitz spaces and their corresponding Holder seminorms 
are defined as follows: for 0 < /3 < 1, 

r g  = { ~ E L ~ ~ C O :  sup If (5) - f (5 o rl)l < ml, 
€ , q ~ H ~ ~ + l  lldlp 

rdf) = SUP 
If(<) - f ( 5  0rl)I. 

l lrll l P  1 

€ , p € H 2 " + l  

r1 = { ~ E L ~ ~ I C O :  SUP 
I f  (5 07)  - 2f (0 + f ( E  o q-l)I < m)l 

€ , q € H Z n + l  1 lql 1 

F l ( f )  = sup 
I f ( E o r l ) - 2 f ( S ) + f ( 5 0 r l - ~ ) l .  

llrlll 
7 

€ , q € H Z n + l  

and for p = k + /3' where k is a positive integer and 0 < p' < 1, 

Note that we can also identify H2"+' with its Lie algebra which is Euclidean 
space IR2"+' with the Euclidean norm I . 1 and the linear coordinates xj via the 
exponential map. Hence, we can talk of the usual smooth spaces Ck for 0 5 k < m. 
Please refer to 171 and [6] for relations between the Lipschitz spaces I? defined above 
and the usual Holder spaces A. In particular, we have 

Ap c r p  c Ap12 for all /3 > 0. (3.9) 

For H2"+l, the following Sobolev's theorem holds: (see Corollary IV.7.4 and 
rV.7.5 in [14]; also see [6], [7]) 

Theorem 3.1 Let 1 5 p < +w, cu E N* = N \ 1 and Q = 2n + 2 be the homoge- 
noeus dimension of H2"+l. Then, 
(i) if crp < Q, I If llpQ/(Q-ap) 5 Cl If lla,p, for all f E Co"(H2"+'). 

(ii) if CXp > Q, r(a-Qlp)(f) 5 CIIf Ila,pt for f Co"(H2n+1). 

Furthermore, for m 2 Q, we have 
(i) if CYP < m, Ilf llpm/(m-a,) 5 CC;=o Ilf llp,p, for all f E Co"(H2"+'). 

(ii) if ~p > m, r(a-mlP) ( f )  5 C C&o I If l lp,p, for all f E C?(H2"+l ). 

If u E Lf,,(U) is such that cpu E Sz(U) for every cp E Ct(U), then u is said to 
belong to g ( U ,  Eoc). The space rg(U, loc) are defined similarly. We also recall here 
the Lipschitz regularity theorem(Theorem 10.13) as stated by Folland-Stein [7]: 
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Theorem 3.2 Suppose F ,  G are distributions satisfying AH2"+1F = G on U c 
H2"+l. If G E FP(U, loc) with 0 < P < oo, then F E rp+2(U, loc). If G E Lp(U, loc) 
and ,B = 2 - (Qlp) > 0, then F E rp(U, loc). 

The distance function on CR sphere S2"+I: AS in the Riemannian case, the distance 
function on the CR sphere S2"+l can be obtained by the restriction of the distance 
function (3.4) defined on H ~ ~ + ~ .  We consider S2"+l to be embedded in H~~~~ 
and for z, w E S2"+l, we have the corresponding points (z, O), (w, 0) E H~~~ 3. 

Then 

dist((z,o), (w, 0)14 = I I ( W ,  0 (z, 0 1 1 1 ~  
= lz - wI4 + 4(Im(z . w ) ) ~  
= (1zI2 - 2Re(z . w) + 1 ~ 1 ~ ) ~  + 4(Irn(z . w ) ) ~  
= 4(1 - Re(z w ) ) ~  + 4(Im(z . w ) ) ~  

= 4{1- 2Re(z. w)) + Re(z. w ) ~  + (Im(z a w ) ) ~ )  
= 4{1- 2Re(z w) + / z .  wI2) 

= 411 - z .  wI2. 

Therefore, 
dist((z, 0), (w,O)) = fill - 2 ~ 1 ~ ' ~ .  (3.10) 

Here (z - W )  denotes the usual inner product in Cn. 
It was shown in [ll] that this distance (3.10) is equivalent to the distance function 

obtained on S2n+1 by pulling back the distance on H2"+l( i.e. (3.4)) to S2"+l via 
the Cayley transform. Thus it makes sense to talk of distance between two points 
on the CR sphere. 

4 A Pohozaev identity 

Let D C H2"+l be open and S2('iT) denote the space of all continuous functions 
u : + IR such that Xju, Yju, X?U, %2u are continuous functions in D which can 
be extended to 'iT. Furthermore, let 

Observe that X is the generator for the one parameter family of dilations in H2"+l 
centered at  the origin. Using this vector field, we can derive a Pohozaev type integral 
identity which is stated below (see [4] for the proof). 

Theorem 4.1 Let D c H ~ ~ + ~  be a bounded, piecewise C1 open set and let u E 
S2('iT). Then 
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where N denotes the outer unit normal to BD and dHQ-:! denotes the (Q - 2)- 
dimensional Hausdorff measure on H2"+l. 

Here A, V H 2 n + l  and Q are as defined in the preliminaries, see (3.7) and (3.5). 

Now let B, = {< E H2"+' : 1 1 < 1 1  < a) denote a ball of radius o in H2"+l and u 
be a C 2  positive solution of 

Then multiplying this equation by u and integrating by parts we have 

Comparing equations (4.3) and (4.1) we have 

S B .  
( A V U .  N)XudHQ-2 - I v ~ ~ ~ + I u ~ ~ x .  N dHQ-2 

S B .  

Using the definition of X and integrating the last term above by parts, we have 

= * J X(K)UP+' dzdt + e (n )  (5 - (Q-2L) JBu KU~+' dzdt 
p + l  B, 2 

-*I K U ~ + ' X . N ~ H ~ - ~ .  
p + l  BB, 

Let us denote the boundary terms on the 1.h.s of (4.4) by 

Thus we have shown 
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Corollary 4.2 If u is a S2 ,  positive solution of (4.2) then 

+a J X ( K ) U P + ~  drdt - - c(n) J 
B, p + l  BB, 

Proposition 4.3 (i) For u(<) = 1 1 < 1 1 2 - Q ,  where Q = 2n + 2 the homogeneous 
dimension, and r > 0 

B ( ~ , < , U , v ~ z n + l ~ )  = 0  for all 5 EaB,. 

(ii) If u(<) = 1 1 < 1  1 2 - Q  + C + h(<), where C > 0 is a positive constant and h(<) is 
some function differentiable near the origin with h(0) = 0, then there exists ao > 0 
such that for any 0 < a < UO, we have 

Furthermore, 

n /2  

lim / ~ ( a ,  <, u, vH2.+1 u)  = -(Q - 2 ) 2 ~ l ~ 2 n - 1  11 cosn ads (4.7) 
u+O BE, 

where IS2"-'1 denotes the surface measure of the unit sphere in IR2n. 

Proof. For B,,, the normal to the boundary is given by N = & where p = 

1 1 < 1 1  = (1214 + t2)1/4 is the distance function given by (3.3). Therefore V p  = 
&(21zl2x, 21~1~y, t ) ,  z ,  y E IRn and 

since p is homogeneous of degree 1. Moreover, 

Substituting these values in (4.5), by direct computation one can see that 

B(a, <, u, VH2n+l u )  = 0 

when u = p2-Q. 

Proof of (ii). For u(<) = p2-Q + C + h(<) with h(0) = 0 and C > 0, we have 

r 
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We observe that the volume element of the hypersurface 

(x,y,t) = (z,t) ER2" x R :  (xI4+t2 = a 4 , t  > 0 

is given by U1z16:t2)1'2 dxdy. Therefore, 

using polar coordinates in R2n. Therefore, the first term on the r.h.s. of( 4.8) will 

-(Q - 2)(C + h)jS2n-1 I JdTi2 cosn a du. 

The second term of (4.8) is dominated by 

where c(h) is a small constant depending on the function h. 
z The third term of (4.8) is again 5 2(Q - 2)c(h) JeBe p2-Q ~4,zl!~t2,1,. dHQ-2 

whereas the fourth term 
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which goes to 0 as o -t 0. 
Hence it follows that 

for 0 < a < 00, oo sufficiently small. Also, since h(0)  = 0, taking limit as o -t 0 ,  
we see from (4.9) that 

lim / B ( o ,  t ,  u ,  Vw2n+l~)  = -(Q - 2 ) 2 ~ l d n - 1  
aB, 

1 i11/2 cosn a do. 

5 Estimates for isolated simple blow up points 

Let R be a bounded domain in H2.+', ri 2 0 satisfy liml+m Ti = 0,  pi = - Ti 
and { K i )  E I'2+c,(R) satisfies (2.6). We consider the solutions {u i ) '~  of 

with finite energy, i.e. 

for a constant Co independent of i. 
In this section, we shall derive estimates for isolated simple blow up points of 

{u i ) ,  similar to the ones derived in section 2 of [13]. We state the results below, 
giving a sketch of the proof wherever required. The necessity of imposing the finite 
energy assumption (5.2) will be clear the in proof of Proposition 5.2 below. 

Lemma 5.1 (A Harnack inequality) Let { K i )  satisfy (2.6), {ui)  satisfy (5.1) and 
ti + be an isolated blow up point. Then for any 0 < r < 1/30, we have 

max U i ( 5 )  5: C min U i ( < )  . (5.3) 
(1/2)+<d(€,Ei)<2r (1/2)r<d(€,Ei)<2+ 

Proof. Define 
~ ( 4 )  = ~ ~ / ( ~ ~ - ~ ) ~ i ( 4 i  0 r t )  for t E B(0 ,3) ,  

where o is Heisenberg group operation as  defined in the preliminaries (2.1). It 
satisfies 

-AH2.+1 v ( t )  = ~ ( n )  Ki (ti o T ~ ) V ( [ ) ~ ~  in B(0 ,  3) .  (5.4) 
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Applying the Harnack inequality ( [15], Theorem 2.1 of [5]) in the annulus B914 \ 
B1/4 C B(O,3), we have 

ess sup v 5 Cess inf v. 
B9/4\B1/4 B 9 / 4 \ B 1 / 4  

where C = C ( Q ,  supi 1 1  Ki  1 I L o o  (B(,ti,o)), B9/4 \ B1/4, B(O,3)).  Translating equation 
(5.5) in terms of ui,  we get (5.3) for all i. Note that the constant C of (5.5) is 
independent of i and r .  

Proposition 5.2 Suppose { K i )  is bounded in r2+,(fl,loc), 0 < a! < 1, satisfies 
(2.6) and {u i )  satisfies (5.1) and (5.2). Let ti -+ f be an isolated blow up point. 
Then for any Ri -+ co, ~i -+ O+, we have, after passing to a subsequence that 

where hi(<) = A ~ ( K ~ ( & ) ' / ~ < ) ,  A0 is as defined in (2.4). 

Proof. Let o be as in Definition 2.1, ai = O U ~ ( [ ~ ) ( " - ' ) / ~  and set 

It satisfies the equation 

- A H z n + l  wi = c(n)Ki(& o u ~ ( < ~ ) - ( P ~ - ' ) / ~ < ) w ?  for 1 1 < 1  1 < a!i (5.7) 

wi(O) = 1 (5.8) 
V ~ i ( 0 )  = 0 (5.9) 

O < W ~ ( < )  < E11511-2/(pi-1) for I l<l/<(~i (5.10) 

where (5.10) follows from the definition of isolated blow up point. Also, it can be 
seen by change of variables that the energy 

Clearly, (5.10) implies that wi are bounded outside the unit ball. Next we prove 
that wi's are also bounded in the unit ball: Suppose by contradiction, 
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where ~ i ( ~ i )  = ~ w i ( < ) .  From (5.10) we conclude that lluill # 1 for all large i. 
B(0,l) 

Also, from (5.8) it follows that vi cannot converge to the origin. Hence we should 
have ll~ill > 8 for all large i, for some 8 > 0. Let ui + P. Then I/PII 2 6 > 0. 

It follows from Lemma 5.1 that for all 0 < r < 1 

max wi(5) 5 
€€aB(O,r) 

max ~ ( 5 )  
1/2r<d(€,€i)<2r 

5 C min wi(<) 
1/2r<d(F,Fi)<2r 

< C min wi(6). - 
FEaB(o,r) 

Thus, 

wi(vi) = max wi (5) 
E€aB(O,Ilpi I I )  

< C min wi(<) - 
€EaB(O,II~iII) 

5 
< - ~6-2/("-1) 

a contradiction. The third inequality above follows from (5.10). Thus wi's are 
bounded in B(0,l).  

Claim 5.3 There exists a subsequence of {wi) which converges in C;,(H~"+~ ) to 
a positive finction w . 

Proof of the Claim: Fix a compact set U c H~"+'. For large i, U C B(0, c~i)  since 
ai + oo as i + oo. By above discussion, {wi) is uniformly bounded where as {Ki) 
is uniformly bounded by assumption. Therefore, wPi+lKi € Lzc and hence in LL, 
for all 1 5 p 5 cc. 

Now, from Theorem 6.1 of [6] we have, for 1 < p < cc and k = 0,1,2,. . ., 

Using the fact that wj satisfies the differential equation (5.7) in (5.14), it follows 
that wi E Si(loc) for all p. Furthermore, from (ii) of Sobolev embedding Theorem 
3.1 given in the preliminaries, we have locally 

Choose p large such that 1 < a = 2 - Q / p  < 2. Then {wi) are uniformly bounded 
in r, (U, loc). Hence, by Arzela-Ascoli theorem, there exists a subsequence of {wi) 
converging in C0 to a positive function w in U. 

It is easy to see that w satisfies 
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in H2"+' and is bounded in the whole space. 
From (5.15), wi E rl+p(U,Zoc), P = 1 - (Qlp) > 0 for large p. Therefore, we 

have K~W?'+' E r l+p since Ki E I'2ia. Hence, from Theorem 3.2 we can further 
conclude that wi, w E rp+z(U, loc), with ,d + 2 > 3. Again, using the fact that 
~ . ~ ~ i + l  E I'2+a and Theorem 3.2 we have wi, w E r4+a(U, ZOC) and hence in C;o,. 

Hence the claim is proved. Moreover, (5.11) implies that 

Hence it follows from [lo] that 

'/2 where k = limi,, ki, ki = Ki (ti). Furthermore, if Ai (<) = A0 (k, <) then it can 
be seen that hi is close to A. for large i. Therefore, given E > 0, for all large i we 
have 

IIui(<i)-'~i(<i 0 ~i(<i)-(~'-')'~[) - Ai(<)llC2(L2(0,ai))) < E (5.18) 

Now, given R, + CQ and ~i + Of, one can always choose a subsequence of {wi), 
such that (5.6) holds and the proposition follows. 

Remark 5.4 For application of Proposition 5.2, we will choose R, and  depending 
on a )  as follows: 

Given R, + w satisfying (5.6)), we first choose an ~i such that ti is the only 
critical point of ui in B(<j, &~i(<i)-(p'-')/~) and for and E > 0, we have 

Furthermore, for a fixed 8 = (20, to) E dB(0, I), consider the function 

where lzol is euclidean norm in 1 ~ ~ ~ .  It can be seen that gq(0) = 0, gi,e(s) 2 0 
and has precisely one critical point which is a point of maximum at  si(8) = k ~ " ~ .  
Therefore, for ri small, the function s2/(pi-')Ai(s8) is close to gi,g and has similar 
properties. Thus, for each fixed 8 E dB(0, I), we may further modify Ei so that 

has unique critical point in (0, &). Observe that, a priori this ~i will depend on 8, 
but since 8 varies over a compact set dB(0, l ) ,  we can choose ei independent of 8 
such that fwi,g has a unique critical point in (0, &) for every 8 E dB(0,l).  Thus, 
given & + CQ, we can choose ei + O+ such that 

(i) ui has a unique critical point in B(&, R,u~(<~)-(P'-')/~ ); 
(ii) fu,,e has a unique critical point in (o,&u~(<~)-(P'-')/~) for every 8 E 

aB(<i, 1). 
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Remark 5.5 Suppose further in Proposition 5.2 that 0 is a isolated simple blow 
up point. If a is as in definition 2.2, then it follows from (ii) above that the function 
fui,e is strictly decreasing from & u ~ ( < ~ ) - ( P ~ - ~ ) / ~  to a. 

Henceforth, we shall denote a ball in H2"+' with centre origin and radius s by 
B,, s > 0. 

Proposition 5.6 Suppose { K i )  E I'2+,(B2,10c), 0 < cu < 1 satisfies (2.6) with 
52 = B2 and 

I V K i ( y )  15 A2, for all Y E B2 (5.20) 

for some positive constant Az. Let ui  satisfy (5.1) with R = B2 and ti + 0 be an 
isolated blow up point with, 

d(<,&)2/(p ' -1)~i(<)  5 A3, for all < E B2 (5.21) 

for some positive constant Ag. Then there exists some positive constant C = 
C ( n ,  A1, A2, Ag),  such that 

ui (<) 2 c - ~ u ~ ( < ~ ) A O  ( k t / 2 ~ i  (<i)(pi-1)/2<) for all d(<, ti) 5 1. 

In particular, for any e E H~"+' with llell = 1, we have 

Ui(<i  0 e )  2 C - l ~ i ( < i ) -  1+((Q-2)/2)7ia 

Proof. We observe that 1 1 < 1 I 2 - Q  is a fundamental solution of the sub Laplacian 
AHzn+l and the proof of Proposition 2.2 given in [13] goes through with n replaced 
by the homogeneous dimension Q. 13 

Proposition 5.7 Let { K i )  c l?2+,(B2,10c), 0 < cu < 1 satisfy (2.6) with 52 = B2 
and (5.20) for some positive constant A2. Suppose also that ui satisfies (5.1) with 
5 2 =  B2 and ti + 0 is an isolated simple blow up point with (5.21) for some positive 
constant A3. Then there exists some positive constant C = C ( n ,  Al, A2, As ,  u)  , such 
that, 

~ i ( < )  I ~ ~ i ( < i ) - l d ( c ~ < i ) ~ - ~ ,  f ~ ~ a l l d ( E , < i )  2 1 ,  (5.22) 
where a is  the constant in Definition 2.2. 

Furthermore, after passing to a subsequence, we have 

in  B1, where a > 0 is a constant and Aazn+l h = 0 .  

For proving Proposition 5.7 we need the following lemmas. 

Lemma 5.8 Under the hypothesis of Proposition 5.7, except for (5.20), there exists 
Si > 0, Si = o ( R ~ ~ + ~ ( ~ ) ) ,  such that 

~ i ( < )  5 f i ~ ~ ( & ) - ' ~ d ( ( , & ) ~ - ~ + ~ '  for all & ~ i ( ( i ) - ( ' ~ - ~ ) ' ~  5 d(<,<i) 5 1, (5.23) 

where X i  = (Q - 2 - &)(pi - 1 ) / 2  - 1 and C1 is some positive constant depending 
only on Q, A l ,  Ag, a. 
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Proof. Let Ti = I&U~(<~)-(P'-')/~ + 0 be chosen as in Remark 5.4. Since 

Ai(<) = 2'Q-2'/2 (1 + 2kili2) + k:(1*j4 + t2))(2-Q)'4 j C / I < J ~ ~ - ~ ,  

from Proposition 5.2, it follows that 

for d(<, t i )  = ri. Since 0 is a isolated simple blow up point, there exists a > 0 such 
that for every 0 E B(0, l ) ,  fi,e(s) is strictly decreasing for ri < s < a (see Remark 
5.5). Hence for all ri < s = d(4, ti) < a and for every 8 E B(0, l ) ,  

fi,e(s) I fi,e(ri). 

Therefore, for all ri < s = d(<, ti) < a, we have 

(Q-2)/2+0(1) I CR, 

from (5.24). Hence 
ui(<)Pi-' 5 cRi2+~( ')d(< ) <.)-2 z (5.25) 

for all 5 such that ri c s = d(<,ti) < a. 
Now consider the operator 

To obtain the estimate (5.23) in the annulus Ai := {< E Hz"+' : Ti < d(<, t i )  < a), 
we look for a supersolution pi of the operator Li such that pi > ui on the boundary 
of the annulus Ai. jF'rom direct computation we have, 

where we have used the notation < = (z, t) and <i = (zi, t). Therefore, 

where the last inequality follows from (5.25). Note that w5 = O(1). Thus we 

can choose 6: = O(RT~+~( ' ) )  O+ such that we have 

L ( d ( ) ' )  5 0 in Ai 
Li(d(<, Q ) ~ - Q - ~ ~  ) I O i n  Ai. (5.27) 
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where B > 1 is a constant to be chosen later. By (5.27), it follows that pi is a 
supersolution of Ci in Ai. Furthermore, 

pi(<) 2 Mi 2 ui(S) for d(5, ti) = a. (5.28) 

Also, 

pi(<) 2 Bui d(<,  &)2-Q-6" 

2 B U ~ ( < ~ ) R : - ~  for d(<, 6 )  = ri. (5.29) 

Comparing (5.29) with (5.24), we choose B large such that B 2 C occuring in 
equation (5.24). With this choice of B,  we have 

From (5.28), (5.29) and the maximum principle, it follows that 

From Lemma 5.1, for any 8 E aB(0,  I ) ,  we have 

(see definition of Mi).  Since f i te  is decreasing in the interval (r i ,  a ) ,  we have that 
for any S, T i  <: s < a and 8 E OB(0, l )  

Since uj 5 pi, 

Choose so = so(a, Q, A2, A3) > O(note that it is independent of 8) small such that 

Hence 
Mj 5 cuj(<i)-" 
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Thus from (5.31) we have the required estimate 

For < with u 5 d(< ,  ti) 5 1,  we have 

and from Lemma 5.1 

.i(<) 5 max ui(C) 
riSd(E,Ei)Sl 

< C min ui (<)  - 
~iSd(E,€i)Sl 

5 C min ~ ( 5 )  
d(E,€i)=c 

where the last inequality follows from (5.32). Choose C 1  > co2-QSdi. This com- 
pletes the proof of the lemma. 

Next, we note that the vector field 

on the Heisenberg group differs from the Euclidean Killing field(on Et2"") 

by the factor 2 in the last coordinate. Also, we can write X in a simplified way as 

where v( t )  = v ( x ,  y,  t )  is the vector ( x ,  y,  2t)  E IR2"+l, - denotes the Euclidean 
scalar product and V is the usual gradiant. 

Lemma 5.9 Under the hypothesis of Proposition 5.7, we have 

Ti = 0 ( ~ ~ ( t ~ ) - 2 / ( Q - 2 ) + 0 ( 1 )  ). 

and therefore 
~ j ( < i ) ~ ~  = 1 + 0(1) .  

This lemma can be proved exactly as Lemma 2.3 of [13], using the expression 
(5.35) of X .  
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Proof of Proposition 5.7. Without loss of generality, we assume that u occuring in 
the definition 2.2 is less than 112. The inequality (5.22) follows from Proposition 
5.2 and lemma 5.9 for d(4, ti) < T i .  

Fix 80 E H2"+' with 1 10ol 1 = 1 and set v i ( t )  = ui(Ci 0 80)-lui(<). Then vi 
satisfies 

-Aazn+l  vi = c(n)ui (ti 0 80)'~-'Ki ( t ) ~ ?  in B2 (5.36) 

From Lemma 5.1 and arguing as in Claim 5.3, after passing to a subsequence, 
{v i )  converges in C~o,(B2\{0)) to a positive function v E C2(B2\{0)). Since from 
Lemma 5.8, ui(& o 80) -+ 0, taking limit as i + ca in equation (5.36), we see that 
v satisfies 

AH2n+1v = 0 in Bz \ (0) .  

Moreover, for any 0 with ll8ll = 1, 

Since 0 is isolated simple blow up point, it follows from remark 5.5 that f,,,e is 
strictly decreasing from ri to a. Hence f,,e is non increasing near the origin for 
every 8 E aB1 which gives a contradiction if v is regular near 0. Hence v must be 
singular at 0 and hence we can write 

where a is a positive constant and 

We first prove the inequality (5.22) for ( I < I I  = 1, i.e., 

On the contrary, suppose 

Consider the function v i ( o  - h(<) in the ball B1. From (5.36) and (5.37), it follows 
that 

AH2n+l (vi(<) - h ( t ) )  = ~ ( n ) U i ( t i  0 0 0 ) - l K i ( < ) ~ y  

in B2. Integrating by parts on B1, we have 

Now 

lim / AV(vi - h )  . NdHQ-2 = ~ v ( a j l < 1 1 ~ - ~ )  . NdHq-2 < 0 (5.40) 
i+w BB1 
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since using (4.9) we have 

Fkom Proposition 5.2 and Lemma 5.9, 

and from Lemma 5.8 and Lemma 5.9, 

as in inequality (2.18) of [13].  We can now proceed as in proof of Prop. 2.3 of [13] 
to complete the proof of (5.22).  

Lemma 5.10 Under the hypothesis of Proposition 5.7, we have 

u ~ ( & ) - ~ ~ / ( Q - ~ ) {  $ pS( l  + 2ki I z l 2  ~ k z p ~ ) - Q / ~ d ~  + 0 ( 1 ) )  - Q < s < Q, 
1 ~ 2 n + 1  

O ( U ~  (ti)-2Q/(Q-2) log ui (ti)) s = Q, 
o ( u i ( t i ) - 2 Q / ( Q - 2 ) )  s > &. 

Here we have used the notation p = 11(11 = (lzI4 + t 2 ) 1 I 4  for t = ( ~ , t )  E H2n+1. 

where ki = Ki(< i ) .  

The above inequalities can be obtained by direct computation. 

For our future analysis, we need to consider the equation of the type 

-AH2n+~ui = ~ ( n ) K ~ ( < ) H ~ ( < ) ~ ~ u y  in B(O, 2 )  
ui > 0 } (5.44) 

where recall that r. i 0 and pi = - ~ i .  
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Lemma 5.11 Suppose { K i )  E r2+,(B2, loc), 0 < cr < 1 satisfies (2.6), (5.20) for 
some positive constants A I ,  A2 and (*)@ for {Ll(P,  i ) ) ,  {L2(P, i ) )  i n  B2 for some 
2 S p < Q, { H i )  E Ch,(B2) satisfying 

for some positive constants A4, As. Suppose also that ui satisfies (5.44)-(5.2) and 
ti + 0 is a isolated simple blow up point with (5.21) for some positive constant As. 
Then we have 

where C = C(Q,  Co, Al,  A2, -43, A4, A ~ , Q ,  0). 

Proof. Observe that the generator of one parameter family of dilations around the 
point = (xb,yb, tb) is given by 

where vi(<) = v ( < ~ l  o 5) = ( x  - 26, y - y6,2(t - t6 + 2(xb y - 9: - x ) ) ) ,  and the 
corresponding Pohozaev identity for B(<i, 1) is 

Q ( Q - 2 )  +c(n)  (- - - 
pi + 1 2 

) L(ci,l) K i ~ ? d ' + '  drdt 

Also, observe that 

The proof can be now completed as that of Lemma 2.5 of [13]. 
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Lemma 5.12 Under the hypothesis of Lemma 5.11 we have, 

I VKi(<i) ( 5  C ~ i ( < i ) - ~  + C(L2(P, i)  + L2(P, i ) O - l  

+ L ~ ( P ,  i)(P-[PI)/(P-1)+lL1(~, i)(4-2)(P-[Pl/(P-l)') 

xui(<i)-(2/(Q-2))([Pl-~+(P-[Pl)/(P-~)), 

where C depends only on Q, Co Al,  A2, AQ, A4, As, 0, and P.  

Proof. Let q E C,00(B1/2) be a cut off function such that 

~ ( t )  = 1 for I I C I I  5 114 
= 0 for 1 / < 1 1  2 112. 

Multiply (5.44) by (dtu)q and integrate by parts. We observe that the matrix A 
defined in preliminaries is independent of t variable. Hence, proceeding exactly as 
in the proof of Lemma 2.6 of [13] we have 

From Proposition (5.2) and (5.7) we have 

As in the proof of Proposition (5.7), it follows that for any 8 E aB(o,l) fixed, 
the function ui(<i o O)-lui(<) converges in C;,(B2 \ (0)) to a positive function 
v(<) = a111<112-e + h(<). Therefore, 

where the last inequality follows from Proposition (5.7). We deduce from (5.49) 
and (5.50) that 
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Using the condition ( t ) ~ ,  we get 

Note that J H~u?'' 2 C(minBl ui)Pi+' since Hi is positive. Thus 
B1 

Define the vector fields 

- a xj = -- a 
2 y . -  for 15 j 5 n  

a x j  'at (5.53) 

- a a 
Yj = - + 2 x j -  for 15 j < n .  at (5.54) 

a ~ j  

Then, as for &Ki, we can estimate 

and 

We can now use the fad that for 1 < j 5 n, 
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to obtain the estimate (5.52) for cjajKi(<i), 1 5 j 5 2n. The proof can be now 
completed as that of Lemma 2.6 of [13]. 

The following lemma follows from Lemma 5.11 and Lemma 5.12: 

Lemma 5.13 Under the hypothesis of Lemma 5.11 we have 

~i 5 C ~ i ( < i ) - ~  + C(L2(P,  i )  + L ~ ( P ,  i ) P - l  

+L2(', i)(fi-IPI)I(P-1)+1L1 (P ,  i)(P-2)(P-[P1/(P-1)2) 

XUi(~)-(2/(Q-2))[Pl+(P-[Pl)/(B-l)), 

where C = C ( Q ,  Co A l ,  -42,  A3, A4, A5, P, 0). 
Lemma 5.14 Under the hypothesis of Lemma 5.11, for any 0 < s < 1, we have, 
for P = 2, that 

and for p > 2, we have 

The proof is similar to that of Lemma 2.7 of [13]. 

Corollary 5.15 In addition to the hypothesis of Lemma 5.11, we further assume 
that either = Q - 2 and L1(P , i ) ,  L2(P, i )  = o(1)  or ,8 > Q - 2 and L l ( P , i ) ,  
L2(P, i )  = O(1). Then for any 0 < s < 1 we have 

Proof. The corollary follows from Lemma 5.14, Lemma 5.13 and Lemma 5.12. 
0 
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6 Local results 

In this section we prove some local results regarding isolated blow up points, namely 
that an isolated blow up point is a critical point for the function K = limi,, K j  
and we give sufficient conditions for an isolated blow up point to be a simple isolated 
blow up point. 

Proposition 6.1 Suppose that {Kj) E r2+a(fl) with unifom C1(B2) moddo of 
continuity and satisfies 

KiK) 2 1/Al, t E B2, 

for some positive constant A1 and (5.20) for some positive constant Az. Suppose 
ako that 

~ ; ~ 5 H i ( o ) S A 4 ,  I v H i ( y ) l < A s  forall t E B z ,  

for some positive constants -44, A5. Let ui satisfy (5.44)-(5.2) and ti + 0 be an 
isolated blow up point with (5.21) for some positive constant A3. Then I v Ki (yj) 1 + 
0. 

Proof. Suppose IVKi(<i)l + d > 0. Without loss of generality we assume that 
ti = 0 for all i. 
Case (i)If 0 is an isolated simple blow up point, then arguing as in Lemma 5.12, we 
can get 

I J VK. ~ ; u ; i + l ~  = ~ ( i ) .  

B1 

Then by the uniform continuity of IVKil and Lemma 5.10, we have 

which is a contradiction. 
Case (ii) 0 is not a isolated simple blow up point: Recall, from Remark 5.4, we 
know that for every t9 E aB(0, I),  there exists ri = &ui(~j) - (~" ' ) /~  such that 
fi,e = s ( ~ i - ~ ) / ~ u ~ ( &  o so) has a unique critical point in (0, ri). Let pi(8) denote 
second critical point of fj,e. Then 

Define, 
pi = inf ~ . c i  (0) 

Ilell=' 
Since 0 is not a isolated simple blow up point, we have 

Consider the function 
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From (5.44) and (6.3), it follows that wi satisfies 

- A ~ z n + ' ~ i  = c(n)~i(<)~i(<)"w; '  for 1 1 ( l l  < l /pi  

ll<l12~(pi-1)~i(<) 5 4 3 ,  l l < l l  < l / ~ i  

lim wi(0) = CQ 
i-tm (6.4) 

where K ~ ( < )  = Ki(pi<) and H~(<)  = Hi(pi<). Moreover, for 0 with ll0ll = 1, 

has precisely one critical point in (0 , l )  since for 0 < s < 1 we have 0 < spi < pi 5 
pi(0). Hence, origin is a isolated simple blow up point for {wi). 

Applying Lemma 5.1, Proposition 5.7 and subelliptic estimates(see Claim 5.3), 
after passing to subsequence we have 

lim wi(O)wi(<) = w(<) = a11<112-Q + h(<) 
i+oo (6.5) 

where a is a positive constant and h satisfies 

Since w is positive, liminfllcll+oo h(<) 2 0. The Harnack inequality implies that 
h n C, a nonnegative constant. 

We claim that the constant a occuring in (6.5) is positive: Let Oi E aB(0, l )  be 
such that pi(ei) = pi then 

Multiplying (6.6) by wi(0) we still have 

Taking limit as i + oo we see that there exists Oo E aB(0, l )  such that 

Substituting the expression for w from (6.5), we have 

and hence a = C > 0. 
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Now applying Corollary 4.2 to the equation (6.11) and using Proposition 5.7 to 
estimate Wi, we have for any 0 < o < 1, that 

We can now complete the proof as in [13]. 
13 

We will now show that under suitable hypothesis, the isolated blow up points 
are isolated simple blow up points. 

Proposition 6.2 Suppose {Ki) E r2+, satisfies (2.6) in the ball B(O,2) E H2n+'for 
some positive constant Al and (*)+2 for some constants L1, L2 in B(O,2), { H i )  E 
C1(B(0,2)) satisfies (5.45) for some positive constants A4, As. Suppose also that 
ui satisfies (5.44)-(5.2) and ti + 0 i s  an isolated blow up point with (5.21) for some 
positive constant A3. Then i t  has to be a isolated simple blow up point. 

Proof: By contradiction, suppose that 0 is not an isolated simple blow up point. 
Also, witout loss of generality assume that & = 0 for all i. We then proceed as in 
Case(ii) in the proof of Proposition(6.1) to choose ~ ~ ( 0 ) ~  a second critical point of 
f i , ~  with 

pi (0) 2 rim (6.9) 

Again let 

Since 0 is not a isolated simple blow up point, we have 

lim pi = 0. 
1--+m 

Define 
2/(~i-l) wi(8 = pi ZG~(P~<), IISII < l / ~ i .  

As before, it can be verified that wi satisfies the equation 

where &(<) = Ki(si() and ~ ~ ( 5 )  = Hi(si<). Furthermore, note that for any 
0 E H ~ ~ + ~ ,  1le11= 1, 

f W i , ~  has precisely one critical point in 0 < s < 1. (6.12) 
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In other words, 0 is a isolated simple blow up point for the sequence {wi). Applying 
Lemma 5.1, Proposition 5.7 and subelliptic estimates as in Claim 5.3, we conclude 
that there exists a constant a > 0 and a function h such that 

where 
AHzn+ih(<) = 0. 

Since w is positive, liminfllEll+m h(<) 2 0, the maximum principle implies that 
h is a nonnegative function. Applying the Harnack inequality, we further conclude 
that h(<) = constant = C 1 0 .  Moreover, as in (6.8) we have C = a > 0. 

Now applying Proposition 4.3 and Proposition 5.7 to the equation (6.11), we 
have for any 0 < o < 1, that 

Multiplying this equation by ~ i ( 0 ) ~  and letting i + cc we have 

B(u, <, W, VHz.+l W) 2 lim wi ( o ) ~  J 
z+m 

B(O,u) B(u, <, wi , V~2n+l wi) 

where (6.15) follows from Corollary 5.15. 
On the other hand, from (6.13) and (ii) of Proposition 4.3 we conclude that 

for o > 0 sufficiently small, a contradiction to (6.15). This completes the proof. 

7 Proof of theorem 2.1 

Observe that the equation (1.2) can be rewritten as 

Abu - n(2n + 1)u + c ( n ) ~ u ~ + ~ / ~ - ~  = 0 
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where K(<) = U~-Q+2/Q-2  (<)K(<) and c(n) = w. This allows US to use the 
transformation laws given in [9] and hence, v = Aou satisfies 

The following proposition shows that under suitable conditions on the curvature 
functions, if a sequence of solutions for (1.2) with finite energy blows up, then the 
blow up points are necessarily isolated blow up points. 

Proposition 7.1 Suppose that K E l?2+,(S2n+1) satisfies 

K(<) > 1/Al and lVKILeD 5 Az 

for some positive constants A1 and A2. Given R, E > 0, there exist some positive 
constants Cgf = Cgf ( E ,  R, n,  A1, A2), CT = C ~ ( E ,  R, n, A1, A2) such that if ui is any 
solution of (1.2) with 

&(ui) 5 CO 

where E ( u ~ )  is defined in (1.3), and 

Then there are points S ( U ~ )  = {pi i ) ,  . . . , pii)) (1 5 k = k(ui) < 00) which are local 
maxima of ui such that 
(i) 0 5 rj < r .  
(ii) for each j ,  1 5 j 5 k ,  and < a CR nonnal coordinates centered at Pj7 we have 

where Ai(<) = A ~ ( K ( P ~ ) ' / ~ < )  and vi = A. ui. Recall that Ao(<) = C ( ( l  + 1 ~ 1 ~ ) ~  + 
t2 ) - (Q-2) /4 .  

(iii) ui(<) 5 Ci{dist(E, S ( U ~ ) ) - ~ / ( P - ~ )  for all E Pn+l. Here dist is the distance 
on the sphere described in the preliminaries. 

Proof. Let P,(i) E S2n+1 be such that ui(Pii)) = max ui. Since {ui) is a blow up 
SZn+l 

sequence, we know that .U,~(P?)) + m. We do the following analysis for large i: 
Reduce the problem to H2"+l using the Cayley transform such that the point P,(~)  
is mapped to the origin. Let vi := &ui. Then vi satisfies (7.1). Define 

then wi satisfies 
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Also, using change of variables and the relation (2.2) in the preliminaries, it can be 
seen that 

Using subelliptic estimates as in Claim 5.3, we can conclude that a subsequence 
of {wi) converges in C;, to A1(<) = ~ ~ ( k ' / ~ < )  which is the solution of 

'/2 
where k := lim,,, Ki(P,(il). Let Ai = AO(K~(P,(~)) 5), then limi,, Ai = Ao. 
Hence for given E > 0, it follows that 

Choose E < minllEll=RAi(<). Then for IICII < R, we have 

for some constant C which implies that 

in a neighbourhood of the point Pii). 
Without loss of generality, if we further choose E < 1/2limi+, rninB(0,') Ai. 

then from (2.3) and (ii) of Proposition 7.1 we have, 

where B(P, ui) := B(P, u ~ ( P ) - ~ / ( ~ - ~ ) ) .  
If the inequality 

~ ~ ( 5 )  5 ~ d ( ( ,  ~?)) -~/ (pi - ' )  
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does not hold for every 5 E S2"+', then we may repeat the above argument by 
taking pii) to be a maximum of the function d(J, ~ : ~ ) ) ~ / ( p i - ' )  ~ ( 5 ) .  

Observe that, for each fixed i the integral J ~ i u g i "  is finite as the function ui 
is smooth. Hence, there are only finitely many points in the set S(ui) since from 
(7.5), each ball B(Pk, U ~ ( P ~ ) - ~ / ( P ~ - ~ ) )  contributes a positive amount to the integral 
J K~zL~~" .  

This completes the proof. 
0 

After passing to a subsequence, if {ui) stays bounded in Lm(S2"+'), then subel- 
liptic estimates (as in Claim 5.3) further imply that it remains bounded in C2$a, 
O < o : < l .  

However, if the sequence {ui) blows up, then in view of Proposition 7.1, Propo- 
sition 6.1 and Proposition 6.2, under the assumptions of the Theorem 2.1 it follows 
that {ui) has only isolated simple blow up points. Depending on the assumptions 
on 'flatness' of Ki, we consider following two cases: 

Case 1 of theorem 2.1. Ki satisfies ( * ) p ,  P 2 Q - 2 in with L1(P) and 
L2(P) constants independent of i: 

Under this assumption, we prove that the isolated simple blow up points are 
separated by a fixed, positive distance. 

Theorem 7.2 Suppose that K E C1(S2n+1) satisfies, for some positive constant 
A1, that 

K(q) 2 l/Al, for all q E S2"+l. 

Suppose also that there exists some constant d > 0, such that, K satisfies (*)(,-2) 
for some constants L1 and L2 in Rd = {q E Pn+ll IVK(q)I < d). Then for E > 0 
and R > 1, there exists some positive constant 6* = 6* (n, E ,  R, A1, L1, L2, d the 
modulo of continuity of VK) > 0 such that for any solution u of (1.2)-(2.9) with 
maxpn+l u > C,* we have 

1%-qll 2 6 * ,  for all 15 j # l  5 k, 

where qj = qj(u), ql = ql(u), k = k(u) are the ones defined in Proposition 7.1. 

Proof: Suppose that there exists a sequence {ui) such that 

Without loss of generality, let 

Rom Proposition 7.1, it follows that the balls B($), R U ~ ( ~ ~ - ' ) ' ~  ) and B(@), 
Rui(~i-1)/2 ) are disjoint. Hence (7.6) implies that 
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Take the Cayley transform from S2n+1 to H ~ ~ + ~  such that ti(') is mapped onto 
the origin. We continue to denote the image of d2) as @). Let V i ( < )  = A o ( < ) u ~ ( ( ) .  
From (7.1),  it satisfies the equation 

where ri = @ - pi. Observe that this is similar to the equation (5.44) with 

Hi ( 5 )  = Ao(t) .  
Let oi = 1 / $ ) 1 1  + 0 and without loss of generality suppose that ti2) is a point 

of local maximum of ui. From the blow up analysis, it is clear that there exists a 
constant C ( n )  depending on n such that 

We rescale the function 2;i by defining 

It satisfies the equation 

where zi = Ki(oiC),  H~ = Hi(oi<) .  It follows from Prop. 7.1 that 

It follows that 

i.e., both 0 and a;l<j2) are isolated blow up points for { w i ) .  Infact, we claim 
that they are isolated simple blow up points. From Proposition 6.1, it follows that 

I v K ~ ( o )  I + 0 and that / V K ~ ( U ~ ' < ~ ~ ) )  1 + 0 .  Since oi + 0 ,  we consider the following 
two cases: 
Case (2): IVKi ( 0 )  1 2 d for large i. 
Suppose 0 is not a isolated simple blow up point. Therefore, there exists pi + 0 ,  
chosen as in (6.2) i.e., 

pi = inf pi(@ 
Il@ll=l 

such that pi($) is a critical point of fWi,@, 6 E a B ( 0 , l ) .  Clearly, pi(6) > T i  = 
&ui(o)-(~"-')/2.  
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NOW consider the function Gi(<) = s ~ / ( ' ~ - ~ ) w ~ ( ~ ~ < )  in 1 1 < 1 1  < l/pi.  From (7.8) 
and (7.9), it can be verified that 6i satisfies 

where Ki(<) = ~ i ( p i < )  = Ki(piai<) and similarly, a(<) = Hi(/.iiai<). Moreover 

f6i,e has precisely one critical point in the interval (0,l) for every 8 E dB(0, l )  
(7.11) 

Thus 0 is a isolated simple blow up point for Gi and from subelliptic theory (as in 
Claim 5.3), Proposition 5.7 and Lemma 5.1, we conclude that there exists a positive 
constant a and a function h with AHzn+1 h E 0 in H2"+l such that 

Since w is positive, lim inf h([) 1 0. The maximum principle implies that 
h is non negative. We can further apply th Harnack inequality to conclude that 
h([) E constant = C > O(say). Let Bi be such that pi is a critical point of fwi,eiand 
limi,, 6'i = E dB(0,l).  Then, 

and hence as in proof of Proposition 6.1 we get 

Thus, for any 0 < a < 1, we have 

On the other hand, applying Corollary 1.1 and Proposition 5.7 to (7.9), we have 
for 0 < a  < 1, 

Multiplying by cj (0)2 and taking the limit as i -t m, we have 
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= lim ~ ~ ( 0 ) ~  B(a, <,6i, VH2n+16j) 
i+w 

v(<) . v(&*)zi.p+l 2 lim ~ ~ ( 0 ) ~ -  
2-+w 

(7.14) 

Now as in proof of Proposition 4.2 of [13], we can show that 

lim ~ ~ ( 0 ) ~  - v([) . ~ ( ~ ~ ~ ? ) 2 i j p ~ + l  = 0 
i+m 

which contradicts (7.13). Hence 0 is an isolated simple blow up point of {wi). 
We can similarly show that a;'<i2) is also an isolated simple blow up point. 

Case (ii): If IVKi(0)l < d, then from the hypothesis, Ki satisfies the condition 
(*)n-2 there and it can be seen that { ~ i )  satisfies (*),-2 for Ll(i), L2(i) = o(1) 
in B2 E H2"+'. Therefore, Proposition 6.2 implies that 0 and o ~ ' < i ( ~ )  are isolated 
simple blow up points in this case too. 

Because of property (iii) in Proposition 7.1, the set S of blow up points for {wi)i 
is countable with distance between any two points atleast one due to the rescaling. 
Also, the Harnack inequality implies that the function 

Since 0 and o;'d2) are isolated simple blow up points, it follows that w is singular 
at 0 and <(2) = limi,, a ~ ' < i ( ~ ) .  Also, observe that the points at  which w is singular 
is contained in S. Therefore, using subelliptic estimates and maximum principle as 
before, we can write 

where 

Therefore, from Proposition 4.3 for 0 < a < 1 small we have 
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However, using (7.8) and Corollary 4.2 we have 

2 i+w lim ~ ~ ( 0 ) ~ -  1 v ( < ) .  v ( $ a ~ ) ~ p + l  
Pi + 1 ~ ( 0  7.1 

The last inequality follows from Corollary 5.15 and the fact that K~ satisfies (*)Q-2 
for Ll(i), L2(i) = o(1) in the Case (ii). Whereas, for Case (i) we conclude it from 
the direct estimates as in Proposition 4.2 of [13]. 

The equations (7.15) and (7.16) give a contradiction and the proof of Theorem 
7.2 is complete. 

. 

Case 2 of theorem 2.1.Either Kj satisfies (*)@, for P > Q - 2 in &,i with 
Ll(P) and L2(P) constants independent of i, or Ki satisfies (*)Q-2 with Ll(i), 
L2(i) = ~ ( l )  in nd,i : 
Claim: {ui) has precisely one isolated simple blow up point. 
Proof:Suppose on the contrary that there exists points dl), 5,!2) E S2"+', <jl) # d2) 

(1) (2) + <(I), 522) + <(2) and such that limi+= (ti ) = w = limi,, ui (ti ). Let <+ 

suppose that [(I) # <(2). 
Without loss of generality, we may also assume that <(I) and <(2) are not an- 

tipodal points. As in the previous proof, we reduce the problem to H2"+' using the 
Cayley transform, using the same notations for the images of the points under this 
map such that t(l) c, 0 and [(2) * ~ ( ~ 1 .  We may further assume that <!'I, <j2) are 
both local maxima of vi := Aoui. 

The function v+ satisfies 

Moreover, in this new coordinates, Ki satisfies (*)@ for some constants Li(P), L&(P) 
independent of i or the condition (*)Q-2 for some constants Li(i), La(i) = o(i) in 
some open set of H2"+l containing 0 and ~ ( ~ 1 .  

We conclude that 0 and <j2) are isolated simple blow up points from Theorem 
7.2. Note that Theorem 7.2 infact implies that the number of blow up points 
for ui is bounded by some constant independent of i. Therefore, there ex ists a 
finite set 3 c HZ"" such that 0, <(2) E 3, constants al ,  a2 > 0 and functions 
h(<) E C0(H2"+' \ 31, g(<) E C0(H2"+'{\3 (0, <(2)))), such that 
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and h is singular near 3. Since h is positive, maximum principle implies that 

g 2 0 in H'"+ \ (3 \ (0, <')). 

Therefore, there exists a constant A > 0 such that  for < near 0 we have 

Applying (ii) of Proposition 4.3 we conclude that  for a small 

B(b, <, Vi ,  VH2"+1vi) < 0. 

whereas, the Corollary 5.15 implies that 

a contradiction. 
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