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Abstract

The problem —Au + ac(z)u = u%ﬂ, € > 0, with boundary Dirichlet zero data is
considered in an exterior domain Q C RY. Assuming that, as ¢ — 0, a. concentrates and
blows up at a point of €2, namely ac(z) = ao + =z a (:£2),a € RT \ {0}, z0 € Q,
the existence of at least 2 distinct positive solutions is proved, if |a|; ~/2 is suitably small.
Furthermore, if a. () has a suitable behaviour at infinity, the existence of another positive
solution is shown.
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1 Introduction

This paper deals with the problem

—Au+as(z)u = uP™¢ inQ
(P:) u > 0 in Q
u = 0 on 99

where Q = RY \ @, w being a bounded smooth domain in RN, N > 3, p= % =2%—1,
2* being the critical Sobolev exponent. Also, € is a positive real parameter and the potential
a. is a positive function that, as £ goes to 0, concentrates and blows up at a point of €2,
namely a. has the form

ag(a?):ao—&—gia (x—xo) , a € RT\ {0}, zp € Q. (1.1)

Problems like (P.) are variational in nature, but, as is well known, the lack of com-
pactness, due to the unboundedness of the domain, does not permit the use of standard
tools in a straight way. We refer the reader to [4, 9, 11], and the references therein, for
a wide discussion of this topic and a survey of the most remarkable results. On the other
hand, a considerable feature of (P;) is the nonlinear term behaviour, that although sub-
critical, becomes closer and closer to the critical growth, as € approaches 0. Indeed, it
has been observed that this fact gives rise to concentration phenomena of the solutions
and, moreover, allows, in many cases, to obtain multiplicity results. This effect has been
mainly investigated when the domain (2 is bounded and (P:) is an autonomuos equation,
i.e. acs(z) = ag > 0, see for instance [2, 6, 7].

In this paper we are concerned with unbounded exterior domains. In such a case the
question of the existence of a solution to (P;) has been positively solved under suitable
assumptions on the summability and the decay of a.(z) in [3] (see also [4, 12], respec-
tively, for existence and multiplicity results in the autonomous case and [9] for multiplicity
of changing sign solutions in the nonautonomous case). Here, motivated by previous re-
searches on singularly perturbed problems ([10, 11, 13]), that emphasize the role played by
a concentrating potential to obtain multiplicity of solutions for problems exhibiting con-
centration phenomena, we investigate (P.) to this end. The results we obtain are contained
in the following theorems:

Theorem 1.1 Let a. be as in (1.1) and satisfying
Ay) ag,x € RT\ {0}, 20 € Q, a(x) >0, a € LN2(RY), lalp /2@y # 0.

Then there exists k > 0 such that, if 0 < |a|p~/2 < k, Problem (P:) has at least two
distinct solutions, for all small €.

Theorem 1.2 Let a. be as in (1.1) and satisfying the assumption (A1) and
As) / a(z)e?®l(1 + |x|¥g)dz < 400 for some o € (1,2].
RN

Then there exists k > 0 such that, if 0 < |a|p~n/2 < k, Problem (P.) has at least
three distinct solutions, for all small €.
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The paper is organized as follows: Section 2 is devoted to introducing some notations,
recalling some results and proving some useful relations, in Section 3 some useful tools are
introduced and some basic asymptotic estimates are proved, Section 4 contains the proofs
of the Theorems 1.1 and 1.2.

2 Notations and preliminary results

Throughout the paper we use the following notations:

o 19(0),1 < g < 400, O CRY, denotes the Lebesgue space, the norm in L%(O) is denoted
by | - |q,0; when © = RY we simply and write | - |.

o H}(0),0 c RY and H'(RY) denote the Sobolev spaces obtained, rspectively, as the closure
of C§°(0) and C§°(R™) with respect to the norms

) )
lullo = (/ <\Vu|2+aou2>dx) Ll = (/ <|Vu|2+aou2>dx) .
(@] ]RN

e DV2(RY) is the closure of C§° (R™) with respect to the norm

%
|u| := (/ |Vu\2dx> .
RN

e IfO; C Oy C RY and u € H{(O)), we also denote by w its extension to Q2 obtained by
setting u = 0 outside O;.

e B(y, p) denotes the open ball of R centered at y and having radius p.

e Forevery A,B € RN welet [A,B] = {tA+ (1 —t)B : t € [0,1]} and (A,B) =
{tA+(1-t)B : t€0,1]}.

In what follows, without any loss of generality, we assume ap = 1 and z¢ = 0. We
denote by d := dist(0,09?) and by d = d/10. The solutions of (P.) can be found
looking for critical points of the functional E. : H} (2) — R

E.(u) = /RN [|Vu|2 + <1 + E%a (:;)) uQ] dz

constrained to lie on the manifold

M ={ue Hi Q) : |u

2*757Q - 1}

However, in spite of the variational structure of (P.), the natural minimization method does
not provide any solution. Indeed, defining

me := inf{E.(u) : ve M.} (2.1)
it is known that the following facts are true (see f.i. [11], §2):

a) the equality
me = inf{||[ul® : v e H'RY), |ufs-_. =1} (2.2)

holds; the infimum in (2.1) is not attained;
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b) the infimum in (2.2) is achieved by a positive function w,, that is unique, modulo
translation, radially symmetric about the origin, decreasing when the radial coordi-
nate increases and decaying exponentially at infinity;

c) setting
P()we (z — yn)
w, xTr) = )
) = o — )l
with y,, € Q, lim,,_ 4 o |yn| = +00, and ¢ € C=(RY, [0, 1]) cut-off function such

that ¢(x) = 0 on w and supp(l — ¢) is compact, the sequence (we,y, )r is DOt
relatively compact and approaches (2.1).

As usual, we denote by .S the best Sobolev constant, i.e.

S := inf {/ |Vu(z)2dz : v e DY2(RY), |ulp- = 1} : (2.3)
RN

The infimum in (2.3) is attained by the function

U(I):% zeRY
(1+ [22)

where C' is a normalization constant (depending only on V), and by any of the functions

6N2—2
Uys(x)=C g §>0,ycRY (2.4)
(02 + |z —y?) 2

obtained from U by translation and scaling. Moreover, the functions of the family (2.4)
are the only functions realizing (2.3) (see [1, 14, 17]). It is easy to verify that for all
q € (325, 2*] we have

Uy 508 = 06N "972 (2.5)
hence Vg € (5, 2)
U, s —> 0, U, 5 — 400,
@ Uy, ®) 1Uysly — 0
(c) ‘Uy52* —|U2* =
Furthermore, for any fixed p > 0 and y € RY,
/ VU, .5(z)|*dz —0 as § — 0. (2.7)
RN\B(y,p)

We denote, for all p € R, p > 0, by £,(t) a cut-off function, i.e. a monotone nonincreasing
function belonging to C§°(R™, [0,1]) such that £,(t) = 1 when ¢ € [0, p], and £,(¢) = 0
when t € [2p, +00).

Lemma 2.1 Let m. be as defined in (2.1). Then

lim m, = S. (2.8)
e—0
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Proof. From Lemma 4.1 of [6], the relation lim._.o m. < S follows. To prove (2.8), we
argue by contradiction and we assume that the strict inequality

limm. < S (2.9)
e—0
holds. Then there exist h < S and u. € M, such that E.(u.) < h, for all ¢ > 0 small

enough. By interpolation we deduce

1l—0.

1= |Us|2*75 < |us‘gg|us 2%

where o, —, 0. Hence, being |u.|3 < E.(u.) < h, we obtain liminf. g |uc|2+ > 1, that

with lim._,q fRN |Vue|? < lim._om. < S contradicts the definition of S. q.e.d.

Lemma 2.2 If (uc)e is a family of functions such that ue € M. and

liné E.(uc) =S, (2.10)

then there exist a family (3.)e, 0. € RT\ {0}, a family (y.), y- € RN, and a family
(®.)e, ®. € HY(RYN), such that, for all p >0,

ue(z) = &z — YUy, 6. (%) + (), with 6 — 0 and . — 0 in HY(R™).

(2.11)
Proof. Arguing as in Lemma 2.1, we obtain
lim |Vu. (z)]?de < S
e—0 ]RN
and
limi(r)lf [uelox > 1,
which imply, because of the minimality of S,
lim |ug|o« = 1. (2.12)
e—0
Setting now z.(z) = % by (2.10), (2.12) and (2.3) we have
lim V2. (2))?dx = lim/ (|Vze(x)]? + 22(x)) = S, (2.13)
e—0 RN e—0 RN
so, by the uniqueness of the family (2.4) realizing .S,
ze(x) = Uy, 5. () + ¢(x), where pc(x) — 0 in DM2(RY). (2.14)

Now, we can write

ze(2) = &plo =y ) (Uy. 5. (2) + @e () + (1 = Ep 2 =y ) (Uy. 5. (2) + ¢ (2)) (2.15)
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and observe that
2, 400 if N = 3,4,
e |Uy75| de = { KN,(S if N > 5,

with K s > 0 and such that Ky s — 400, as § — 400, VN > 5. Hence, it has to
be 0. — 0, otherwise, by (2.14), (2.3) and (2.16), we would infer ||z.||* > const > S

(2.16)

for small ¢, contrary to (2.13). Since d. — 0, taking into account (2.7), we get [|£,(- —

Ye)Uy. 5. ]|> — S, which, together (2.13) and (2.14), implies

&z = yel)pe(@) + (1= &p(lw = ye))[Uy. 6. (2) + pe(@)] — 0 in H'(RY),

and completes the proof. g.e.d.

Corollary 2.1 Let the family (uc). be as in Lemma 2.2. Then
ue () = Uy, 5. () + ¢e(2),

where y. and 8. are as in Lemma 2.2, p.(z) € DY2(RY) and ¢.(z) — 0 in
DL2(RN).

The functional E, constrained on M. does not verify globally the Palais-Smale condition,
however, the compactness is preserved in some energy range and, moreover, the critical
points whose energy values lie in that interval are constant sign functions:

Lemma 2.3 Let € € (0,p — 1) be fized and let (uy,), be a Palais-Smale sequence for
E. constrained on M., i.e. u, € M. and

lim E.(u,)=
np Belun) =

lim VE p, (un) = 0.

n—-+o0o

If c € (me, 9l- s me), then (uy), is relatively compact.

Lemma 2.4 Let e € (0,p— 1) be fized and let u be a critical point of E. constrained
on M. If ut 20 and u™ £ 0, then E.(u) > 2l .

The proof of Lemma 2.3 has been given in [4] while the proof of Lemma 2.4 is contained
in the proof of Theorem A of [6].
3 Tools, an existence result, basic estimates

For what follows we need to introduce some barycenter type functions. Let P € w be a
fixed point. We define
B:L* (RY)\ {0} — RY
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by

B(u) ! / v lu(z))? de.

T ulE Jew T+ [z — P

We also define, for every £ > 0, another map 3. : L?" (RN) \ {0} — RY by

8.0 = e [ (o) ),

|u|3-
where
s ; d
L ] if [z] € [0, £]
= 2 lz|— ¢ pras . d 3
Xe () L [1+22§a + = (1 - T )} if [z € [4,2d]
. 3
1+m|I| if 2] > 4d,
3
and L := T ;j 7 We remark that both the maps, § and ., are well defined and continuous
4

in L2"(RM) \ {0}. Moreover, 3(Up;) = 0 and x.(P) = 1+1\DP|' For every € > 0, we
introduce the continuous map

e LY RM)\ {0} - R,
defined by
1e0) = 7o [ xele) = ) ) ¥ d,

|ul5-

in order to evaluate how much a function u is concentrated around its barycenter. We, then,
denote by 6. the map defined in L2 (RN) \ {0} by

Oc(u) = (Be(u),7e(w)) - (3.1)

We remark that, for all ¢ > 0, 6 is a continuous map. For all € > 0, we put

Be.p = inf{E.(u) : ue M., B(u) =0} (3.2)
By, := inf {Eg(u) D ue M., 0-(u) = (0, g)} (3.3)
By, p = inf {Eg(u) e M., 0.(u) = (1+ﬁP|’ ’;)} (3.4)

By, o= inf{EE(u) we M., 0.(u) € {o,ljpd y {g}} (3.5)

Proposition 3.1 Let a. satisfy (A1). Then there exists a number b, € R, b, > S,
such that the relation
Be.p > by, (3.6)

holds for all & small enough.
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Proof. We argue by contradiction. So, we assume that a sequence (,,)n, 0 < &, — 0,

n—oo

and a sequence (Up)n, U, € M., , exist such that

a) limy—yoo B, (un) = S,
Then, according to Corollary 2.1,
un(@) = Uy, 5,(2) + n(z) Yz eRY

with y, € RN, 6, € RT \ {0}, 6, — 0, ¢, — 0 strongly in D"?(RY). Thus it is
easy to see that

nll)ar_loo |B(un) — ﬁ(Uymén) =0.
So, in view of (3.7) (b), we deduce, for all » > 0
|yn - Pl Yn — P
_— U, s)———|+o0o(1
1+|ynfp‘ ﬁ( len~,5n> 1+|ynfp| ( )
x—P Yn — P ‘ o

< su - Uy,,6. 12+ r
B | T+ e =P~ 1+ [yn — P | 2B r)

+2/ U2 5. (z)dz +o(1)
RN\ B(yn,1)

z—P yn—P
THa—P] ~ THlyn—P]

which gives y, — P, because supp

Yn,T) ’ t;]O and (Sn — 0

/ U;:H(;n(w)d;v :/ Ug;n(m)dx — 0.
RN\B(yn,r) RN\B(0,r)

Therefore, since P € w, §, — 0 and ¢, — 0, we get, for large n,

imply

2% w 2 |Uy

[unl2x w = Uy, 5, + ¢n 2+ w +0(1) >0

n76n

contradicting u, (z) = 0 on w. q.e.d.
We now state an existence result, that holds for problem (P.), forall ¢ € (0,p — 1); it can

be considered a consequence of Theorem I.1 in [3] (see also [4, 12, 15]).

Theorem 3.1 Let a. satisfy (A1), (Asz). Lete € (0,p —1). Then Be p > m. and the
functional E. constrained on M. has a critical value c. such that

Bep <ece < 217ﬁm5.
The following Lemmas 3.1, 3.2 and 3.3 give some asymptotic basic estimates.

Lemma 3.1 Let (ac) satisfy (A1). Then there exists a number b, > S such that the
relation
69570 > b, (3.8)

holds for all & small enough.
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Proof. We argue by contradiction and we suppose that a sequence (g,,)n, 0 < &, — 0,

n

and a sequence (uy,)n, U, € M., exist so that

{ a) fe,(un) =0 b) v, (un) =% (3.9)

¢) limy i Ee, (un) = S.

Then, according to Corollary 2.1,

a) limy—qoo [tnler =1
3.10
{ D) un(e) = Uy, 5,(2) + ou(a) (3.10)
with §,, — 0,yn € RY, |on| — 0. Let us first observe that
a) lim B, (Uy,s,)=0 b lim v, (Uy,ys,) = (3.11)

n—-+4oo n—-+00 5

Indeed, in view of (3.9) (a), (3.10) and (2.6) (a),
|Be,. (U Yn,O s.) = 1B, (U, Yn,,0 5) = Be, (un)|
| X0 = Wi+ 0l Y 0(1)

= /]RN |X5n( )12 (U, Yns0n + [#nl) *71|<Pn‘dx+0(1)

< k(Uy,s, 137"+ lenl3-Dlenles +0(1) = o(1),

$0 (3.11) (a) holds true. Now, using (3.9) (b) and (3.11) (a), we deduce

’st(Uymén)* ‘ = |7€n( ynén) ’st(un”

2

/ e, (2) = Ber Uy )| Uy
]RN
e @) Uy + onl? 1+ 0(1)

/ |XE” UZi’i Oon |Uyn76n + <)07’L|2* )dx =+ 0(1)'

Thus, arguing as in proving (3.11) (a), we obtain (3.11) (b). Now let us put o,, = g—z,
Zp = y" . We claim that, up to subsequences,
a) lim o,=37>0; b) lim =z, =2z (3.12)
n—-+oo n—-+o0o

Let us first show that o,, is bounded. In fact if for some subsequence (still denoted by o,)
lim,,_, 4o 0, = +00 occurs, then for all » > 0

lim lun(z)|? dz = lim U, 5, (x))? da

n oo JB(0,egr) =+ JB(0,ear)

. z
= lim ‘Uo’l (m — n)
n—-+4oo B(O,#) On

o*

dz = 0. (3.13)



242 G. Cerami, R. Molle

Now, using (3.9) (a) and (3.10) (a) we obtain, for any fixed r > 0

1

(1+0(1) / e ()] i) dz.

RN\ B(0,e27)

/ Xe, (@) [t ()| d
RN

Ve, (Un)

Y]

So, if n is large enough,

r .
Yen (un) = (14 0(1))L / |un (2)[* dz
: L+7 Jrv\B(0,car)

and, in view of (3.13),
r

liminf ., (un) > L

n—-+o00 1+7r

that, taking r > 1, contradicts (3.9) (b). Hence, up to a subsequence, lim,,_, o, 0, = & >
0. If & = 0 occurs, then for all » > 0

lim lun(z)|?* dz = lim Uy, s, () da
n—-+o0o ]RN\B(Z/H,EZT) n—oo RN\B(ymE;iT)
= lim |Uo,1 (x - yn) * dz = 0.
n—-400 RN\B(%,#) 5n

Hence, forallr > 0

|X€n (yn)| |X£n (yn) 55n (un)|
! — X Unp (T 2*(1x
/N[Xsn(yn) Xe, (@)] [un ()]

< (140(1)) VRN\B( ) )Ixsn(yn) — Xe, ()] [un (2)* dz

e (Un) — Xe, (T un(z)]? dzx
+/B(ymswlx (90) ~ Xew (@) 1 (2) ]
< (1+o0(1))]o(1) + kr], k = const,

which implies lim,, 4 o Xe,, (¥n) = 0. Now, we obtain

. . 1 .
fin e () =l [ e () = B () ()
R

n—-+oo n—-+o0o |un 2%

. 1 .
= lm / Xew (2) — Xew (gn)] ftn (@) dz = 0
RN

n—-+00 |un|%:

that contradicts (3.9) (b). Thus the first part of the claim is proved. Let us show that

zn = Y& is bounded. Again, we argue by contradiction and we assume that, up to a

o
€n
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Yn

a
€n

subsequence, — +00, which implies lim Jirnf IXe,, (Yn)| > 0. On the other hand,

Vn > 0and VR > 0, if n is large enough we have

Xen \ =]  Xen | 5 || =
gTL 51’7,
and, Vn > 0, 3R such that VR > R
/ Uo,5(z)|* dz < 1. (3.15)
RN\B(0,R)

Then, let > 0 be arbitrarily chosen and let us fix R > 0 so that (3.15) is verified: if n is
large enough, using also (3.14), we get

| [0 @) = e ) (o) o

= 7|un

T Un
ex +lzl  en+|ynl

T
L R

(0% (03
E’ﬂ/ an

<n (3.14)

|ﬁen (un) — Xen (yn)‘

2%
2%

< (1+o0(1)) V Xen (2) = Xer (90)| Uy, 50, (2)] dee
RN\B(yn,eq R)

+ / Xen () = Xew ()| Uy e (0)]2" d + 0(1)
B(yn,e2R)

T n N

oy | [ () = (2)] [, (+-22)
RN\B(yn /e, R) €n €n e
T n "

+/ Xen (“) e (?i“) ’ voer (w B ya)
B(yn/eg,R) €n €n €n

< (1+0(1)) [k/ |U0,5(x)|2*d;1;+77/ |U()¢6($)‘2*d$+0(1)
RN\ B(0,R) B(0,R)

< kn+o(1).

Hence xc, (yn) —_0, a contradiction. So, (3.13) (b) is proved. Let us now evaluate

1
lim —oa ($> u? (v)dx
n—+oo [pn 5% ey

. 1 €z 2

2 ([ e (5) oo

1 T
/RN 20 ¢ <5%> Uy, .5, (@) n(x)dz
> lim [/ a(x)Ufmgn (x)dx

RN

o

-2

|

1 T 9
/RN gTaa (€a> oz (x)dx
n—-+oo

1 T 1 x
™ o U, * 1 ¥n T on o n 2*
€%aa <5%> ’N/Z Vrnszaler le E%aa (5%>‘N/2 onl2 ]

= / a(x)U;&(x)dx +0(1) >k >0, k = const .
RN

-2

2% =
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Hence, using (3.9) (c), (3.10) (a) and the above relation, we deduce

1 N
S= lim FE. (u,)= lim [u,|? —|—/ Ty <$> u?(z)de > S +k>S
n— RN

n—-+00 +o00 %a

which is impossible, completing the proof. g.e.d.

Lemma 3.2 Let a. satisfy (A1). Then there exists a number b, > S such that the
relation

1nf{E€(u) ue ME, ﬂs(u) = J}PI} > bp

holds for all € small enough.

Proof. We argue by contradiction and we assume that a sequence (¢,,),, 0 < &, —. 0,

and a sequence (Up )n, U, € M, , exist so that

. P
nll}lloo Esn (Un) = Sa ﬁsn (un) = Xen (P) = 1+ |P| .

Then, as in Lemma 3.1, we deduce

n(z) = Uy, 5, () + ou(2) * i1

6n — 0, o — 0in DM2(RY) andin L* (RY), y, € RY (3.16)
and

|Be,, (un) = Be,, (Uy,, 5,.) — 0
from which P
li = — 1
follows. Now, in order to achieve the thesis, we just need to show that
lim y, = P. (3.18)

n—-—+oo

In fact, in this case, since P € w and (3.16) holds, we obtain for large n

2% w 2 | Uyn 0n

|un 2% w = ‘Uynﬂsn + 9077‘ 2% w |(IOTL|2*7W > 0

while uy,(z) = 0 for all z € w. To prove (3.18), we start observing that |y,,| must be
bounded. In the opposite case, in fact, the relation

lim inf |ﬂsn (Uyn,én” >1,

n—-+oo

incompatible with (3.17), would come out, considering that

Ber Uy s)] 2 /B Xen @)Uy 5, ()% da

(yn,1)

- / Xer @)Uy, 5, (2))7 da
RV\B(

Yn,1)
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and lim,,—, y o |Yn| = +o0 with (3.16) imply

[ @U@ de< [ (U, @) de 0, (319)

RN\B(Z/'Inl)

/ e (2) = Xen ()] Uy ()% d
B(yn,1)

X yn 2*
< sup — Uy, 5,153« — 0, 3.20
<weg<y,,“1> T+l 1+|yn>' CREE (320)
/ Xew (n) Uy, 5, ()% da
B(yn,l)
—rl [ s @) (3.21)
L+ {ynl JB@y 1) noee

Therefore, yo € RY exists so that, passing eventually to a subsequence,

lim g, = yo. (3.22)

n—-—+oo

Thus, in view of (3.17), to have (3.18), what is left to prove is

. _ Yo
nEIJIrloo ﬁ‘fn(U@/mén) - 1 + |y0| .

(3.23)

Now

‘5571, (Uynaén)

< / Xer (@) (U 5, ()2 d + / Xer (@)[(Uy 50 () i, (3.24)
B(yn;%) ]RN\B(yna%)

30, [yn| < d and (3.16) would imply

d . d
< — Uy, .5, ()? dz+o(1) < —— +o(1
T g, o @7 0l 1)

|ﬁ5n (Uyn:(sn) 1 + d

which contradicts (3.17), because, as P € w, |P| > d. Hence |y,| > %d, which, with
(3.16) and (3.22), gives

__ Y
1+ [yol

sup  |xe, (2)

B(yn,V8n)

n-— oo

Therefore, we infer

: Yo
1 —
B N A ey
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. Yo 2*
< lim / Xe, (T) — Uy, 5. (x))" dz
=+ | ey, | ) 1+ [yol Uy 2. ())
Yo 9%
+ [ Xew (2) - Uy, (2))* do
BN\ B (yn v/32) L+ Jyol | 7
< lim sup_|xe, (2) — —2 / Uy, .5, (x)% dz
" By, V) L+ [yol | /.. vam)
+ lim Uy, 5, (@) da
N0 JRN\B(ynv/5n)
= 0
which gives (3.23), completing the proof. g.e.d.

Corollary 3.1 Let a. satisfy (A1). Let b, the number whose existence is stated in
Lemma 3.2. Then
Bo.p > b, > S (3.25)

for all & small enough.

Lemma 3.3 Let a. satisfy (A1). Then for all e € (0,p — 1) the relation
inf{E.(u) : ue€ M., B(u) €[0,xe(P)]} > me
holds.

Proof. Let us assume, by contradiction, that £ € (0,p — 1) and a sequence (u, ), exist so
that )
CL) |un|2*—§ = 17 hmn—>+oo Eé(un) = Mg

b Be(un) € 0. 55| VneN. (3.26)

Hence, taking into account the uniqueness, up to translation, of the function we realizing
(2.2) and the fact that the infimum in (2.1) is not attained, we deduce the existence of
sequences (Y )n, ¥n € RY, and (), ¥n € HY(RY), such that

lim,, oo ¥ () = 0 in HYRY),  lim, 4o |yn| = +o0.

{ Un (2) = we (@ — yn) + Pn(2) (3.27)

Now, from (3.27), we easily obtain

|Be(un) — Be(we(z —yn))| =20

which, with (3.26) (b), gives

1P|

+o(1) < 1. (3.28)
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On the other hand,

(@) (we(z — yn))? dw

1Be(we(- —ya))] > # [

|we

X
/E;(ynv vV lynl)

— o) (ws(z — yn 2" dy 3.29
/RN\B@,”,M)X“'(( ) ] (3.29)

and

e @) (wel — ) i < / (we(@))? dz —> 0.
RN\B(0,y/yn) (5.30)

téww@m¢ﬂm

Let us observe, now, that, since |y, | — +oo,

. 1 .
111’11 Xé(yn)(wé(m - yn))2 dl‘

n—-+oo [wel3.

/;(yvu\/ [yn )

= lim |X€’(y;1)| / (we(z))? dz = (3.31)
n—+oo |wel3e Jp(0,/lgn)
and
lim / [xe(@) (we(@ — yn))? = Xe(yn)(we(z — yn))* Jdz
=t S B(yn/Iynl)
< lim sup Ixe(z) — Xg(yn)\/ (wg(x))Q*d;v =0. (3.32)
"E B/ Toml) RN

So, using (3.30), (3.31) and (3.32), we deduce from (3.29) that
lim ‘/Bé(ws_(' - yn))‘ > 1,

n—-+oo

contradicting (3.28). g.e.d.

Corollary 3.2 Let a. satisfy (A1). Then for all e € (0,p — 1) the relation
BQE’S > Me

holds.

4 Proofs of the results
In what follows we put Yy € R and § > 0

vy,5() = Ea(le —y)Uy,s(x) r e RY
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where the cut-off function ¢ and the constant d are those defined in Section 2. For any
€ > 0, we define the operator

Ve : RY x RY — HY(RY)

by
Vely, d)(z) = ys()

B |Uy,6 2% —g .

Furthermore, for all € > 0, we set

K. := {(y,a) € B(0,d/4) x Rt : ¢2/2 < 8% < sa/Q}
Az = max{E(Ve[y, ) © (y,0) € K.} (4.1)
Fe = max{E:(Vely,d]) : (y,0) € OK}. (4.2)
For all ¢ > 0 and ¢ € R, we use, also, the following notation:
ES={ue M. : E.(u) <c}.

Proposition 4.1 Let a. satisfy (A1). Let A. and F. be the numbers defined in (4.1)
and (4.2) respectively. Let b,, be the number whose existence is stated in Proposition
3.1. Then

a) lime,0cF. =S
b) 3k >0 such that |a|n/ < k implies A < b, (4.3)
for all e > 0 small enough.

Proof. First of all, let us observe that, in view of (2.3), (2.4) and the definitions of £, and
‘/E [y7 p] 9

ma |[Vo[y, o] ” — S, (4.4)
because ¢ — 0 uniformly as ¢ — 0. Thus, in order to prove (4.3) (a) we must show that
70 () (Vely. 8)(@)Pdz — 0 (45)
——a|— — 0. .
i Q 220 @\ o ) Vel OINE) A% =

If y € B(0,d/4), then (supp V.[y,d]) N B(0,d) = () and
La < x))%dx
| s (Z) Vel

1 .
S |3 (J‘ Vely, 013 p(y.a
e €7/ IN/2, RN\ B(0,d) 2"Bly. )

= (1 +o(1))|aln/2,x7\ B(0,d/eo) — 0 (4.6)

e—0

Now let (y,8) € B(0,d/4) x {3/}, Fixing n > 0, then there exists R,, such that, for
small e

lalny2,Beyen,ryy <1 A0d |Uyjea carzle g piyjea ry) <70
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so we deduce

Q e
1
<K /R 0 () Uyt )P = K /R @)Uy oo o2 ()
< K'llalny,Bey/en, )| Uyjen carzl3- + lalny2lUyjeo car 3z By eo,r,)]
< kn, k', k constants. (4.7)

Lastly, let us consider (y,8) € B(0,d/4) x {¢*/2}. Fixing n > 0, let R, be such that
|a| ny2,-¥\ B(0,,) < 7 and lete > 0 be so small that |U /ca .—a/2 < n. Then

2 —
2*,B(0,Ry;)

[ a0, mera(a) s
RN

< ]E[|a|N/2|Uy/5°‘,e*a/2

[ e (%) 0lye ) ) Pe

IN
ESH

2]

2 —
2%, B(0,R,,) + ‘a|N/2,RN\B(O,R,,) ‘Uy/zsa,e*@ﬂ

IN
I

n, k., k constants. (4.8)

Thus, (4.5) easily follows from (4.6), (4.7) and (4.8) completing the proof of (4.3) (a).
Assertion (4.3) (b) can be easily deduced from (4.4), the inequality b,, > S and the estimate

/2 e?ia“ () (Vely. 0)(@))%da

¢ e
< [ 6@ Uyengjen @)+ 0(1)
< lalny2|Uo,1 2. 4o(1) = laln/2 + o(1). (4.9)

g.e.d.

Corollary 4.1 Let A. and a. be as in Proposition 4.1. Then there exists k* > 0 such
that |a|n/o < k* implies

A <2 e, (4.10)
for all € > 0 small enough.

Proof. It is an immediate consequence of the estimates (4.4) and (4.9). g.e.d.

Corollary 4.2 Let F. and a. be as in Proposition 4.1. Let b, and b, be the numbers
whose existence is stated, respectively, in Lemma 3.1 and Lemma 3.2. Then

F. < min(b, by)

for all € > 0 small enough.
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Proposition 4.2 Let a. satisfy (A1). Let By, o and By, s be respectively the numbers
defined in (3.3) and (3.5). Then for all small € > 0 the following relations hold:

By o < A, (4.11)
By, s < Fe. (4.12)

Proof. Set
O:(y,9) :=0.(V [y, ), 0.: K. —» RV xRT. (4.13)

To obtain (4.11) it is sufficient to prove, for all € > 0 small enough, the existence of

(Je, 0c) € int(KC¢) such that
Gs(gags) = 06(‘/6[@675_6]) = (OaL/2) (414)
So, let us consider the continuous map g. : K. — RY x R+ defined by

9¢(y,0) = (y,6/e%) (4.15)
and the homotopy map H. : [0,1] x K. — RY x RT
He(y,0,t) = (1= t)g:(y,0) + tOc(y, 5). (4.16)

Clearly, for ¢ suitably small, the equation g.(y,d) = (0, L/2) has a solution in int(/C;);
and moreover, H_. is a continuous map. Hence, to prove (4.14) we just need to show that

H:(y,0,t) # (0,L/2)  V(y,6) € K., Vt € [0,1]. (4.17)
Indeed, observing that, by the symmetry of Uy 1 () and the definition of V. [y, J]

ﬁe(Ve[y»é])=Ae,a(\yl)%| y#0

Aes : RT — R1\ {0} being a positive strictly increasing function, (4.17) follows straight-
forward for all (y, §) € 9K, \ {(0,£%/2),(0,e3/2)2)}. On the other hand,

Be(VL[0,e%?) =0,  |VL[0,6%/?]

2% 17
e—0

thus, we deduce for all r > 0, for small

7e (Ve[0, /%)
1

= T L @)~ V0 V0. ) e

= (1+o0(1)) |:/]RN Ixe ()] [V2]0,%72)(2)|? dx

v

ko) [ el VL0, e
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r "
L / V.[0,%%(z)[* dz
5 oo V0721

r
1+r

Y

(1+o0(1))

L

Y
—
-
+
o)
2
-
=
=

/ V0. (@) do -+ o(1)
RN\ B(0,6%/2r)

which implies
lim i(r)lf %(VE[O,EQ/Z]) =L
E—

allowing to obtain (4.17) when (y, ) = (0,£%/?). Finally, let us prove (4.17) when (y, §) =
(0,£G3/2)%) . As in the previous case, first let us remark that

Be(Ve[0,e®22)) =0, [V[0,63/D°]5. — 1.

Hence we infer, for all » > 0,

0 < 7(V[0,eB3/22))
_ 1
|VE[0,eB/2)e] 3]

=(140(1)) /]RN Ixe ()] |V;[0,5(3/2)a}(3;)|2*d$

/ [Xe (@) = Be(Ve[0, @2 V2 [0, 4729 ()| da
RN

= (1+o0(1))

Lo XNV
LJEXT

2 dx]

/ 1V.[0,1](x) de+kr/ V200, 1]()[2 d + o(1)
RN\B(0,r/e>/2) B(0,r/e>/2)

+ / e ()] [V2[0, €3/9](z)
B(0,e~r)

< (I+0(1))

= (14 0(1))(o(1) + kr)

which implies
HII(I] Ye(V2]0,eB/22)) =0
E—

concluding the proof of (4.17) and, then, of (4.11). In order to show that (4.12) holds, let
us prove that, for all £ > 0 small enough, (4, d.) € IK. exists such that

O.(fe,0.) € (0,1jp|> X {g} (4.18)

As for proving (4.14), we consider for all € the maps g. and H.. Clearly, for € suitably

. . P L
small, being P € w = RV \ (, the relation g.(y, ) = (T 5

jEayak is verified for some
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(y,0) € OK. and 7 € (0,1). Hence, taking into account (4.17), (4.18) follows, considering
that Ve > 0 V(y, d) € K.

1 ;
|ﬁ5(va[y75])‘ < W/]RN |Xg<$)‘(V€[y’5]<x)) dx
1 -
B IVE[MI%I/B(O’@/% IXe(@)] (Vely, 0)(2))* d
d
< 1rd

g.e.d.
Proof of Theorem 1.1. To prove the theorem, we show that if a. is a function satisfying
(A1) and 0 < |ac|n/2 < k¥, k* being the number whose existence is stated in Corollary
4.1, then, for small ¢, E has on M. two distinct critical values, lying in the energy range

(me, 9l- 7 m, ), to which there correspond at least two distinct solutions of (P ) that are
positive by Lemma 2.4. So let us consider € > 0 chosen small enough to guarantee Lemma
3.1, Corollaries 3.1, 4.1, 4.2, 3.2 and Proposition 4.2 hold; and, furthermore, /2 < % <
£=/2. Then

me < By, o < Fo < min(bg, b,) < By, 0 < Ac < 2" 7 =m,. (4.19)

Our aim is to show that there exist a critical value ¢, . € [Bg_ 0,.A| and another critical

value ¢, - € [By, s, Fe]. Since, by (4.19), m. < cq e < Cue < 21_2*275 me, we then have
at least 2 positive distinct solutions of (P;). Step | Existence of a critical value in

the interval [By, o,.A.]. We assume, by contradiction, that

{fue Mc : By, o < Ec(u) < A, VE; 0. (u) =0} = 0.

Since, by Lemma 2.3, the functional E. constrained on M, satisfies the Palais-Smale
2

condition in (m., 2l = m.), we can use, by (4.19), a well known deformation Lemma

(see f.i. [16]) to find a positive number 7 and a continuous map

T:EA — EDoeo (4.20)
such that
I‘ESQEYO_U =1id (4.21)
and
Fe < Bo.o—n. (4.22)

Then we define the continuous map G. : K. — RY x R* by
Ge(y,6) = 0-(Z(V:[y, d])) = (Be(Z(Vly, d])), v (Z(Vely, 6])) )
and we remark that (4.21), (4.22) imply
Ge(y,0) = 0-(Vely, 0]) = ©:(y,6)  V(y.0) € K-, (4.23)
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O, being the map defined in (4.13). Clearly G, is homotopically equivalent to O, by the
homotopy tO. + (1 —1t)G., so, taking into account (4.23) and (4.14), we infer the existence

of (Je,0:) € int(K.) for which G.(9.,d.) = (0, L/2) and, hence, E.(Z(V:[Je,dc])) >
By, 0. contradicting (4.20). Step 2 Existence of a critical value in the interval

[Bo. s, Fe]- Asin Step 1, we argue by contradiction and we assume

{u € M. : 395,3 < EE(’LL) < Fe, VEE\ME(U) = 0} =0.

So, considering (4.19) and the fact that F., constrained on M., satisfies the Palais-Smale
condition on (1., 217ﬁm5), again using standard arguments, we find a number o > 0
and a continuous map

T:E’ x[0,1]— EZ-
such that

7(,0)=id

. 4.24
T(EF<,1) c EF%=7, (4.24)

Let us consider now the homotopy map S : 9K. x [0,1] — RY x R defined by
S(y,0,t) = 0=(T (Ve[y, 0], 1))

and remark that, being S(y,9,0) = ©.([y,d]) by (4.18), S(OK.,0) N {[0, x:(P)] x
{L/2}} = ©:(0Ke) N {[0, xe(P)] x {L/2}} # 0 and, moreover, S(y, d,t) N {(0, L/2),
(xe(P),L/2)} = 0 V(y,d) € K., Vit € [0,1], because, by (4.2) and (4.19), we have
E (T (V:]y,d],t)) < F. < min(b,,by). Hence S(0K¢,1) N {[0, x-(P)] x {L/2}} must
not be empty, contradicting (4.24). g.e.d.

Proof of Theorem 1.2. Let us choose ¢ > 0 so small that £*/2 < % < £7%/2 and that
Propositions 3.1, 4.1 and 4.2, Lemma 3.1 and Corollaries 4.2, 3.1, 3.2 hold; let £ be the
number whose existence is stated in Lemma 4.1. Therefore we have

me < By, s < Fe <min(bg,by) < By, o < A < by, < Be p (4.25)

and, since the assumptions of Theorem 3.1 are fulfilled, we also know that a critical value
ce exists so that

B.p<c < 21_2*72_57”5- (426)
Then, arguing exactly as in Step 1 and in Step 2 of the proof of Theorem 1.1, we prove
the existence of two more critical levels ¢, € [Bo, 0,.Ac] and ¢, - € [By, s, Fe]. Finally,
since (4.25), (4.26) give

1——2
Me < Cue < Coe < Ce <27 F—emy,

we conclude, using also Lemma 2.4, that at least three positive solutions of (P;) exist.
g.e.d.
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