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Abstract

By Karamata regular variation theory, we first derived the exact asymptotic behavior of the
local solution to the problem —¢"(s) = g(p(s)), ¢(s) > 0, s € (0,a) and p(0) = 0.
Then, by a perturbation method and constructing comparison functions, we derived the
exact asymptotic behavior of the unique classical solution near the boundary to a singular
Dirichlet problem —Au = b(x)g(u) + A|Vu|?, u > 0, x € Q, ulapg = 0, where Q is
a bounded domain with smooth boundary, A € R, ¢ € [0,2]; g € C"'((0, 00), (0, 00)), is
decreasing in (0, co) with lim,_,y+ g(s) = +oo; the weight b is positive in 2 and singular
on the boundary.
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1 Introduction and the main results

The purpose of this paper is to investigate the exact asymptotic behavior of the unique
classical solution near the boundary to the following model problem
—Au=0b(x)g(u) + \MVul|?, v>0, €, ulgg=0, (1.1)
*This work is supported by NNSFC (10671169).
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where (2 is a bounded domain with smooth boundary in RY (N>1),xeR,qe]0,2];
g, b satisfy

(g1) g is decreasing in (0, o0) with lim,_, g+ g(s) = 400,

(b1) b € C2.(2) for some o € (0, 1), is positive in 2.

This problem arises in the study of non-Newtonian fluids, boundary layer phenomena
for viscous fluids, chemical heterogeneous catalysts, as well as in the theory of heat con-
duction in electrical materials (see [3], [6], [9], [17], [21]).

For A = 0, i.e., problem (1.1) becomes:

—Au =b(z)g(u), u>0, z € Q, ulgg = 0. (1.2)

The problem was discussed in a number of works; see, for instance, [2], [3], [6], [7], [11]-
[14], [20]-[24]. For b = 1 on Q: when g satisfies (g1), Fulks and Maybee [6], Stuart
[21], Crandall, Rabinowitz and Tartar [3] showed that problem (1.2) has a unique solution
u € C?F(Q) N C(9). Moreover, Crandall, Rabinowitz and Tartar ([3], Theorems 2.2 and
2.5) showed that if ¢ € C[0,a] N C?(0, a] is the local solution to the problem

—¢"(s) = glp(s)), ¢(s) >0, 0 < s <a, p(0) =0, (1.3)

then there exist positive constants C; and C5 such that

(D Cre(d(x)) < u(z) < Cop(d(z)) near 0F2, where d(x) = dist(z, ).

In particular, when g(u) = u~7, v > 1, u has the property:

(1) C1[d(2)]> ) < u(x) < Cold(x)])?> (A7) near 9.

In [13], by constructing global subsolution and supersolution, Lazer and McKenna
showed that (I;) continues to hold on Q. Then u € H} () if and only if v < 3. This
is a basic character of problem (1.2).

Now, let g € C}* (0, 00) be non-negative and satisfy (g1) and

(g2) there exist positive constants Cy, 79 and v € (0,1) such that g(s) < Cps™7,
Vs € (07 770)’

(g3) there exist @ > 0 and ¢y > 1 such that g(&t) > ¢ %g(¢) for all £ € (0,1) and
0 <t <ty

(94) the mapping £ € (0,00) — T'(§) = lim; o+ gé&(g is a continuous function;

and b € C*(Q) and satisfy the following assumptions: there exist o > 0 and a positive

non-decreasing function k& € C(0, dg) such that

(b2) limg(z)—o+ % = ¢o;

(b3) limt*,(pr ]ﬂ(t)g(t) = +o0.
Ghergu and Ridulescu [7] showed that problem (1.2) has a unique solution u € C'*1—¢ (Q)ﬂ
C?(Q) satisfying
lim —— = &, 1.4
d@)—0 p(d(z)) ~ *° (14)
where T'(&) = ¢; ', and ¢ € C1[0,a] N C?(0,a](a € (0,3y)) is the local solution to the
problem

—¥"(s) = k(s)g(¢(s)), ¥(s) >0, 0 < s <a, ¥(0) =0. (1.5)
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When A = +1,0 < ¢ < 2, b(x) = 1 on Q and the function g : (0,00) — (0,00)
is locally Lipschitz continuous and decreasing, Giarrusso and Porru [10] showed that if g
satisfies the following conditions:

(g5) fo ds = 00 fl s)ds < oo;

(g6) Let G(t f ‘ ds There exist positive constants § and M with M > 1 such
that G(t) < MG(Qt) Vt e (O 0);
then the unique solution wu has the properties:

(I) Ju(z) — p(d(x))] < Cod(z), Ve Qford<q<1;

(L) [u(z) — p(d(2))] < Cod(x)[G(p(d(x)))] @172, Vo € Qforl < g <2
where Cj is a suitable positive constant and ¢ € C[0,00) N C?(0, 00) is uniquely deter-
mined by

o) s
; \/ﬁ =t, Vt € (0,00). (1.6)
These imply that
L CO R (1.7)

d(z)—0 @(d(z))

[ (1472 }1/(1-&-7)

In particular, if g(u) = u~7, v > 1, then p(s) = cs?/+7), ¢ = 2(7=1)) > U
satisfies
- u(x) _ [(1 +7>2]1/(1+v) 08
a0 M@/~ |27~ 1) '

For other works, see [4], [5], [8], [9], [25], [26], [28] and the references therein.

In this paper, by Karamata regular variation theory and constructing comparison func-
tions, we show the exact asymptotic behaviour of the unique solution near the boundary to
problem (1.1) for the more general weight b which is singular on the boundary.

First we recall a basic definition in Karamata regular variation theory, which was first
introduced and established by Karamata in 1930 and is a basic tool in stochastic process,
see [15], [18], [19], and has been applied to study the exact asymptotic behavior of solutions
near the boundary blow-up elliptic problems, see [1], [16], [27].

Definition 1.1 A positive measurable function g defined on some neighborhood (0, a),
for some a > 0, is called reqularly varying at zero with index —[, written g €
RV Z_g, if for each £ > 0 and some 3 € R,

g(&t)

1m /3 .
8 g )

In particular, when § = 0, we say that g is slowly varying at zero.

It follows by Definitions that if g € RV Z_3 then there exists a function H which is
slowly varying at zero such that

g(t) =u PH(t). (1.10)
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Let A denote the set of all positive non-increasing functions k satisfying k € L'(0, dp)N
C(0,60) and

tf{%% (Ik(((tt))> = C} € (0,00), (1.11)
where ,
K(t) :/0 k(s)ds. (1.12)

We note that for each k& € A, lim;_, o+ % =0and C}, > 1.

The set A was first introduced for non-decreasing functions by Cirstea and Radulescu
[1] and by Mohammed [16] for non-increasing functions for studying the exact asymptotic
behaviour of solutions near the boundary to boundary blow-up elliptic problems, see also
[27].

Some basic examples of the non-increasing functions in A are

) k=CyH> O,K(ﬁ) = Cut, C, = 1;

(ii) k(t) = /2 with o € (0,2), K(t) = 2’“;7;”2, Ch =2 > 1;

(iii) k(t) = —Int, K(t) = t(1 — Int), Cx, = 1;

(iv) k(t) =

V) k(t) =
y1 € C|0, do] is non-negative with y1(0) = 0, Cj, =

—0o

=2t with o € (0,1), K(?f):d5 oE (1-(1-0)lnt),Cr =1 > 1;

= cot~ 7 %exp (f 0 yl(s)ds) 0 <t < dg, where ¢cg > 0, ¢ > 0,
S

- >1

Our main results are summarized in the following theorem.

Theorem 1.1 Let g € C*((0,00),(0,00)) be decreasing in (0,00), ¢ € RVZ_._4
with v > 1, and b € CF () be positive in Q with lim g, o b(x) = co. If there exist
non-increasing function k € A and a positive constant ¢y such that

(ba) limgz) o % = co,
then the unique solution uy € C(2) N C%(Q) to problem (1.1) satisfies

1/(1+7)
S~ (@6 o) 1
where ¢ € C[0,a] N C?(0,a] is uniquely determined by
@(t) ds b
e =t o :/t g(s)ds, Vb >0, te (0.5).  (1.14)
Moreover, ¢ € RV Z3,(11~) and there exists H € RV Zy such thal
o(t) = t¥ TV H(1). (1.15)

Remark 1.1 By (1.14), we see that the asymptotic behavior (1.13) of uy is indepen-
dent of A|[Vuyl|9.
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Remark 1.2 Some basic examples of the functions which satisfy the conditions in
Theorem 1.1 are:

(i) g(u) = u™7, where v > 1;

(i) g(u) = w7 arctan(u~1), where v > 1;

(iii) g(u) = w= " (In(1 4+ uw)) =72, where y3 > 0, v2 > 0 and 1 + 72 > 1;

(iv) g(u) = u= " (e* — 1)772, where 71 >0, 72 > 0 and v; + 72 > 1;

(v) g(u) =u 7 (=Inw)?, 0 <u<dy <1, where y > 1, 0 > 0;

(vi) g(u) = cou~Texp (ffo y2T(S)ds>, 0 < u < 8y, where ¢g > 0, ~v > 1,
y2 € C0, do] is non-negative with y2(0) = 0.

Remark 1.3 For the existence and uniqueness of classical solutions to problem (1.1),
see [26).

Remark 1.4 We'll see in the following that ¢’ € RV Z_,_q, with v > 1, implies that
lim,, o+ g(u) = co.

2 Proof of Theorem 1.1

Let’s continue to recall some basic properties to Karamata regular variation theory (see[15],

(18], [19]).
Some basic examples of slowly varying functions are:

(i) every measurable function on (0, a) which has a positive limit at zero;
(i) H(t) = [[;,=5 (log,,, (t1)*™, am € R;

(iii) H(t) = edInZ2 (og, (7)) [ < @, < 1;
-1
d
(iv) H(t) :t/ 2 psat;
b lnS

V) H(t) = et D2 eos(@mDY™) iy 4 inf L(#) = 0, limy g+ sup L(t) =
—+00.

Lemma 2.1 If a functions H is slowly varying at zero, then for t — 0,

/t sPH(s)ds = (64 1) "' PH(t), for > —1; (2.1)

0

/a sPH(s)ds = (—p — 1) """ PH(t), for B < —1. (2.2)
t

Lemma 2.2 If a function H is slowly varying at zero, then for every 0 > 0 and
t— 0T,
tH(t) — oo, t"H(t) — 0. (2.3)

By Lemma 2.1, we can directly show the following result.
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Lemma 2.3 If g satisfies (g1) and ¢ € RVZ__y with~y > 1, ¢'(t) =t 7 "'H(t) ,
where H is slowly varying at zero, then

Ji g(t)dt = oo, G(t) < oo, Vt € (0,b) and G(0) = oo; (2.4)
. . \/G(t

limy o+ % =0 = lim; o+ W()); (2.5)

lim, o+ tg(gl)” = —v, limy_g+ % =y—1. (2.6)

Lemma 2.4 Let g, k and ¢ be in Theorem 1.1. Then

() Timy g EOED 1.

(ii) limy_g+ w"(z) = —%.

Proof.
(i) limy o+ QKO =1 — lim, o+ & ( g))) —1-C,.
(i1) We see by (1.14) and a direct calculatlon that

= V2G(p(t)), =" (t) = g(e(t), 0 <t <b.

It follows by Lemma 2.3 and I’Hospital’s rule that

o O, V2OCO) /2000 /o)
t—0+ t (t) t—0+  tg(p(t)) “HOJr fo QG(S

- - (1+2 lim g/(“)G(“)> = - (1+2 T AC I, G(“)) )

u—0t g2 (u) u—0t g(u) u—ot ug(u) v—1

The proof is finished.

Lemma 2.5. Under the assumption in Theorem 1.1, ¢ € RV Zs/(14+)-

Proof. Let f1(t) fo 2G(
[18], we can easily see that f; € RV Z(14.y/2 and ¢ = ffl € RV Z3/(14~)-

vt € (0,7). By I’'Hospital’s rule and Proposition 0.8 in

Proof of Theorem 1.1. Set

(Ce—D(v+1)  Cr(vy+1) - 27 €0 = (co/o)/ ).

=1 =
) + -1 S —1

For arbitrary ¢ € (0, 7/4), let

— (5014 _ % yya+
b1 (T —26) ) b2 = (T0+26) '

We see that
(2/3)Y Mg < &5 < & < €1 < 260
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Since Q) € C?, there exists a constant § € (0, §y/2) which only depends on 2 such
that

() d(z) € C?(Qs) and |[Vd| = 1on Qs = {z € Q : d(z) < 5}.

By the assumption on b and Lemma 2.4, we see that corresponding to e, there is §. €
(0, 9) sufficiently small such that

(i) fori =1,2,

K(d(z)) ¢'(s) Ad(

KUK #0) _( .
Ty e T ) s )
AL dla) (4 5)" |
PR ) | <9 V) 0 x (06

(i) SR gl UC@@) (14 ) < p(y) < QF@EDIREEEN) (o )

3(Eae (K (d(2))) (e o (K (d()) in
Q..

For any € Qs_, define . = &1.0(K (d(x))), and u, = &a-p(K (d(x))). We see that

At () + b(2)g(e(2)) + AV ()|
= &9 (K(d(2)k* (d(@)) + &1 (K (d(x))) K (d(x))
610" (K (d(2))) k' (d(x)) Ad(x) + b(2)g(§0(K (d())))
(d(x))

(d(z
AL (' (K (d(2)))) k4 (d())

)
_ K(d(z)) ¢'(K(d(x))
k2(d(2)) " (K (d(x))
AR (d(@)) (¢ (K (d(2))))?
k?(d() ' )

K(d(z)) ¢ (K(d(x))) Ad(z) — AT kY (d(x)) (@’(K(d(ﬂv))))q]

k(d(x)) K(d(z))e"(K(d(z))) k2 (d(z)) " (K(d(x)))
< &ieg(p(K(d(x)))k* (d(x)) [(To —€) =T

B <k’(d(w))K(d(w)) P (E(d@) (70 — 1))
(

K(d) U@ M K(d) (@ (K >>>q]
/ () ¢
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IN
o

and
Au, () + b(z)g(u. (7)) + A[Vu, ()]
= G (K(d()))k (d(x)) + Eacp! (K (d(2)))K (d(x)
+Eoc (K (d(2)))K' (d(x)) Ad(z) + b(2)g(§2e (K (d(2))))
+AES K (d(2)) (¢ (K (d(x))))?
= &eg(p(K(d(z

)
_ Kd(x)) #'(K(d(x)
k2(d(z)) ¢"(
d

AS)

K(d(x)) ¢ (K(d(x)) Ad(z) — ATk (d(2)) (¢ (K (d(x))))?
k(d(x)) K(d(z))e"(K(d(z))) k2(d(z)) " (K(d(2)))

[V
I
[\v}
m
S
S
—
=
QL
~—
=2
S~—
=
[\
—~
=
53
S~—
S~—

B (k’(d(x))K(d(m)) ¢(K(d(x) (70 — 1)>
(

K(d(z)) @' (K(d(x)) Ad(z) — A k9(d(x)) (@' (K (d(x))))
k(d(x)) K(d(z))e" (K (d(z))) R d(z)) ¢ (K(d(x)))
> 0.

Let uy € C(£2) N C%T(Q) be the unique solution to problem (1.1). We assert
§2:p(K(d(2))) = ue () < ua(e) < te(x) = E1ep(K(d(2))), Vo € Qs,.

In fact, denote Q5. = Qs U Qs5_, where Qs = {z € Q5. : ur(xz) > u(z)} and
Qs— = {z € Q5. : ur(x) < u_(x)}. We need to show Q5 = ). Assume the contrary.
Then we see that there exists 2o € 25— (note that u_(x) = uy(x), Ya € 0s_) such that

0 < wu.(wo) — ux(wo) = max (uc(z) — ux(2)),

and
Vu_(z0) = Vur(zo), Alu(zo) — uar(zo)) <0.



Asymptotic behavior of a solution of an elliptic problem 399

On the other hand, we see by (g1) and (by) that

—A(ux = ue) (o) = b(x0)(9(uc (20)) — g(ur(20))) <0,

which is a contradiction. Hence Qs = @, i.e., ux(x) > u_(z) in Q5. The same way, we
can see that uy (z) < 4. (z) Vo € Qs. It follows that
uy () uy ()

e < lim inf ———— < lim sup—F"—- <
Se = i MR @@ S alo™ ™ H(K (@)

Thus let ¢ — 0, we derive that

ux () ¢
p(K(d(x)

By Lemma 2.5, the proof is finished.
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