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Abstract

We characterize a compactness property for a quasilinear equation with critical
growth and singular term. Some applications of the compactness property are
also pointed out.
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1 Introduction

In this paper, we are concerned with the compactness property for the following
quasilinear elliptic equation with singular term:

w =0 zeon, QA 1, p))

{ SAgu— Plul = [ u+ 2, @ € Q\{0)
where 0 € Q2 C RY(1 < p < N) is an open bounded domain with smooth boundary,
A, = div(|V - [P72V") is the standard p-Laplacian operator, 0 < A\ < Ay, =
((N =p)/p)?, p > 0 and p* = Np/(N — p) is the critical exponent in the Sobolev
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embedding Dy?(Q) «— LP" (Q), and DyP(Q) is the completion of C§°(Q) under the

norm || - ||? = fQ |V -|P.
According to the Hardy inequality [10]
"IL| p 1,p
; ‘ P S ANp |Vu| u € Dy"(2) (1.1)
the following eigenvalue problem
A
—Agu— Ul = g, e DYP(Q) (1.2)

[P

has the first eigenvalue p1(A) > 0. Combining (1.1) with Sobolev embedding theo-
rem, we know that (Q(\, u,p)) is variational. Define the functional

1 p |u|p P 1 p* 1,p
FA,M(u):E [Vul —/\W—u\ul o lul , weDy(Q). (1.3)

Then Fy,, € CY(Dy"(2),R) and there is a one-to-one correspondence between
the weak solutions of (Q(A, u,p)) and the critical points of F) , ,. Here and after
we say that u € DyP(Q) is a weak solution of (Q(\, u,p)) if and only if for any
¥ € DyP(2) there holds

[ (1929w = ol = a2~ v ) =0, (1

Since neither DyP(Q) < LP (Q) nor Dy?(Q) — LP(|z|~?,Q) (the weighted
Sobolev space) is compact, Fy ., does not satisfy Palais-Smale ((P.S) in short, see
Definition 1.1) conditions. This creates additional difficulties in using variational
methods. Recalling that in the case of A = 0 and p = 2, Brezis-Nirenberg [5] firstly
proved that Fj , o satisfies (PS). conditions for all ¢ < —SN/Z (see (1.6) for the
definition of Sy 2) and (Q(0, 1, 2)) has at least one positive solutlon for 0 < p < p1(0)
and N > 4. From then on, problems of this kind have been studied extensively for
A = 0. But only few results exist in the literature for A # 0 due to the additional
difficulties created by the singular term. To our best knowledge, there are two kinds
of contributions to this type problem. One is to characterize the so called global
compactness property of the energy functional either for A = 0, p > 2 or A # 0,
p =2, see e.g. [16, 18, 15, 6]. The other is to study the existence and multiplicity
of solutions for A = 0, p > 2 or A # 0, p = 2 and for various g and N, see e.g.
[13, 9, 17] and the references therein. The main purpose of the present paper is to
extend these results to the very general cases. Introducing the limiting problem

A
[ul’ 0 = |ul” Pu,  z e RY, (@x)

—Apu —
PR e

we denote the corresponding functional by

1 ulP 1 .
Ex(u) = E/RN <|Vu|p - /\|x:p) _ F/RN WP, weDP®RY).  (15)
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The related minimization problem is

p *
Syp = inf{/ |VulP — AM ; u € DVP(RY), / lulP” = 1}. (1.6)
’ RN |z [P RN

Note that Sy , is nothing but the best Sobolev constant in the embedding Dé’p(Q) —
LP"(Q) and can be achieved only for @ = RY. Furthermore, Guedda and Veron
[11] proved that (Qo) has a unique positive radial solution

N—p (N—p)/p* (p—N)/p
U:(z) = (N@( P )p_1> <E + |x|p/(”_1)) , €>0. (1.7)

Recently, it is also known [1] that Sy, (0 < A < Ay,) is achieved by a unique
positive radial function u which defines a positive solution of (@) up to a Lagrange
multiplier. More precisely, Abdellaoui-Felli-Peral [1, Theorem 3.13 in Page 20]
proved that all positive radial solutions of (Q)) are

W, (-) = c®N/PWe(=), o >0, (1.8)
g

where Wy achieves Sy, and Wy is the unique positive radial solution in pLr (]RN )
up to a scaling. Moreover, there exist constants K7, Ks > 0 such that

Wo(x) < K,

0< K <
L= (|z[€1/0 + |z|&/0)—6 =

where 0 < & < & are the only two roots of a(§) := (p—1)P — (N —p)éP~ L4+ X =0

and § = (N —p)/p.
Before stating the main theorem, we introduce the standard definition.

Definition 1.1 Let ¢ € R and H be a Banach space and I € C'(H,R). We say
that {u,} C H is a (PS). sequence of I if I(uy,) — ¢ and I'(u,) — 0 in H*(the
dual space of H). We say that I satisfies (P.S). condition if every (PS). sequence
has a convergent subsequence in H. If I satisfies (PS). condition for every ¢ € R,
then we say that I satisfies (P.S) condition.

We are now in a position to state the main result:

Theorem 1.1 Suppose that 2 < p < N, 0 < XA < Anyp, 0 < pu < pr(A), {un} C
DyP(), up > 0 is a (PS)y sequence of Fxup- Then there are u € D(l) (Q),
k, 1 € N, | sequences (R}) C Ry (1 <j <), k sequences (1)) C Ry and (y},) C Q
such that up to a subsequence

. unéuinD(l)’( )CLNdF)/\Mp( u) = 0;

o R, -0 (1<j<I);
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o d=Fxupu)+ S5 Ex(WY) + S5 Eg(U7) + 0(1);

P

T (e k)55 i (S Y
W (Rj)—i_zj:l(rn) U ( j )+wm

n Tn

where ||wy| — 0 and U7 (1 < j < k) solves (Qo) and W (1 < j <1) solves (Q5).

o u, =u+ Zézl(Rﬁ;)

A direct consequence of Theorem 1.1 is

Corollary 1.1 Ifu, > 0is a (PS)q sequence of F ., with d < %Sf\\f]/op, then {u,}

has a convergent subsequence in DyP ().

The proof of Theorem 1.1 is based on a scaling argument, which has been used in
[16, 18, 15, 6]. We will prove it in Section 2. In Section 3, we give some remarks on
the singular quasilinear equations and some applications of Theorem 1.1.

Let us end this introduction by some notations. Throughout this paper, K, K;
are generic positive constants whose value can vary from line to line, | - |, denotes
the norm in L9(2), o(1) denotes infinitesimal as n — oo, — denotes the strong
convergence, and — the weak convergence. B(xz,r) denotes a ball centered at z
with radius r, and B(0,r) is simply denoted by B,.. All integrals are taken over €
unless stated otherwise.

2 Compactness result

In this section, we prove Theorem 1.1 by a series of Lemmas. From now on, we
assume 0 < p < p1(A), 2 < p < N, we simply write F) , p, Sxp as Fy, Sy, and
F o is simply denoted by Fj.

Lemma 2.1 Let {u,} C DyP(Q), u, >0 be a (PS)a sequence of Fx,.. Then {u,}
is bounded in Dy" (£2).

Proof. Since {uy} is a (PS)4 sequence, for n large enough, we have that

d+1+o([unll) = Fxp(un) — 5= (F5 , (n), tn)

1 |2y, [P
= — p_ — p
N/<|§7un| A PR |t ] >

) (a2

> Kffun|?.

Therefore {u,} is bounded in D" (£2). |

Lemma 2.2 Let {u,} be the sequence as in Lemma 2.1. Assume that u, — u
in DYP(Q) and u, — u a.e. in Q. Then FY (u) =0 and v, = u, —u is a
(PS)a-ry ., (u) sequence of F.

Remark 2.1 When p # 2, we are facing a nonlinear operator —A,. The weak
convergence u, — u in Dé’p(ﬂ) usually does not imply Vu,, — Vu a.e. in .
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Proof of Lemma 2.2. The proof is divided into two steps.
Step 1. We prove that for some finite points {1, -,z }, there holds

U, —u in DYP ({0,271, xm}). (2.1)

0,loc

Firstly, from u,, — u in DyP(Q), u, — u ae. in Q, Vu, € (L?(Q))N and
{|Vu,[P~2Vu,} is bounded in (LF' (Q))N with p’ = p/(p —1). We can assume
that there is T € (LP (2))" such that

|Vun[P2Vu, =T in (LP (Q)V.

Clearly by letting n — 400, one gets

. A
J 10 = [ (1 2up 4 b g+ a2 ), v o € D). 22

Since {u, } is bounded in Dy** (€2), Concentration Compactness Principle [14] implies
that there is an at most countable set J such that

(1) [Vup|P = da > |Vul? + Zjej a0z, + aodo,

(2) funl?” = dB = |ul’” + 3¢ ; Bidz; + Bodo,

(3) a; > SoB", (ccp)
(4) m‘: —dy = % + 7000,

(5) Anpr0 < ap.

Secondly, we claim that J is finite. Indeed from (F}  (un),¢) = o(1)[l¢|l and
choosing ¢ = ¢u,,, we get that

/ (|wnp¢ + un|Vunp2VunV¢>
. A
:/<|Un|p ¢+|un|p¢+u|un|p¢> + o(1).

|[?

(2.3)

It follows, by letting n — 400, that

/qzﬁch—/uTqu:/¢d6+/x\¢d7+/u|u|p¢. (2.4)

Substituting ¢ by ¢u in (2.2), we have that

. A
/ (uTV¢+¢TVu> = / (|u|p ¢+ W|u|p¢+u|up¢>. (2.5)
Combining (2.4), (2.5) and concentrating ¢ at x; (here and in the sequel, a function
¢ is called concentrated at z; always means ¢ € C}(2) and ¢(z) = 1 for [z —z;| <r
and ¢(x) = 0 for [z — z;| > 2r and |[V¢| < % and r small), we get that a; < §;. It
follows from (3) in (CCP) that

either 3; =0 or f; > S(])V/p. (2.6)
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Taking concentrated function ¢ at zo = 0 in (2.4) and (2.5), we have that

ag — Ay < So.

On the other hand from

[ (1wur = Zotr) 2 s( [ |u|p*)p/p*, we D (),
we get that
[ (19ur =AY = s [lour )
Therefore

p/p*
/<unv¢+¢Vun|p) > )\/ |¢|Z|7;|p +S,\(/¢un|p*> .

Using the elementary inequality

‘|X +YP - | XPP|<K(XPHY|+|Y]P) VX, Y eRY,

we obtain that

. Chen

/(|¢Vun—|—unV¢>|p — |¢>Vunp> < K/ (|¢Vunp1|unV¢| + |unv¢1’>.

Holder inequality implies that

/ |6Vt [P~ un Vo

< ( / |V¢|P|un|p) ' ( / |wnp) ’
r<ja|<2r ) \Jrglal<or

D

p— P N-— 1
P K ¥ AN
r<|z|<2r rP r<|z|<2r <\x\<2r

p=1 ot
p * N
s [ war) ()
r<|z|<2r r<|z|<2r

Therefore
liH(l) limsup/ |6V, [P~ u, Vol = 0.
=V n—ooo

Similarly

2k
7N
—
IA
8
IN
)
3
=
3
S
~~_
Z|
o

K
/|unv¢\P <=3 (/ 1d:c)
™\ Jr<zi<or

(2.8)
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It is deduced that

lirr%) lim sup/ <|¢Vun +u, Vol — |¢Vun|p> =0

n—oo

and hence X
Qo — )\’}/0 Z S,\,Bg/p . (29)

Combining this with (2.7), we obtain that
cither fo=0 or fy> Sy (2.10)

The claim easily follows.
Next, taking ¢ € C*(Q) satisfying ¢ > 0, 1 (x;) = 0 for j € J U {0}, we have

/ [P — / [ul?” + Y Be” (5) + Bow? (0) = / [ul?”. (2.11)

jeJ

It follows from the uniform convex of LP () that

Yu, — Yu in  LP (Q). (2.12)
Similarly
Yu, — Yu in LP(Jz|7P, Q). (2.13)
From (Fy ,(un), p) = o(1)|l¢|| and choosing ¢ = 9 (u, — u), we obtain that

/ D Vitn P2V — |Vl 2Vu)(Va, — Va)
= /¢<|un|p*2un + L|un|p72un + ,u|un|p2un) (un, — u) 4 o(1).

||
It follows that
/¢<|Vun|p_2Vun - |Vu|p_2Vu> (un - u) -0 (n—o00).
Therefore an elementary inequality easily implies (2.1).

Step 2. Firstly, from (2.1) and (Fy ,(un), p) = o(1)[|¢|, we know that F}  (u) = 0.
Brezis-Lieb Lemma [4] implies that (see e.g. [12])

[unl” = llun = ull” + [lu][” + o(1),

[ unl?lal 7 = [u = allal 7+ [fuPlal 7 4 o(1)  and

/ Jun|?” = / [un — ul”” + / Jul”” + o(1).

Fy u(un) = Fy u(uw) + Fa(un, —u) +o(1). (2.14)

Therefore
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Secondly, we prove that for v, = u, — u,
F{(v,) — 0 in (DyP(Q))*. (2.15)

This is equivalent to proving that for any ¢ € Dé’p (),

_ A - -
<F)/\(vn)7 80> = / (an|p QVUnV@ - Wh)n‘p 20"@ - |/Un‘p 27}77(80) (216)
=o(1)llell-

To get (2.16), we first prove that
‘/(Wunp_QVun —|VuP=2Vu — |anp2an>Vg0'

(2.17)
- / AV = o()|¢]);

] / |z|p(|un|“un ~ JufP2u - |vn|”vn)so' =1 [ Bel=ollel  (219)

/(e

Indeed, denote Q, = UB(z;,r) for j € JU {0} and r small. We have from mean
value theorem that

P2y, — |u

P2, |vn|p*-%n)so| =1 [ Dol =o)lgll.  (219)

|A] < K(|Vu,|P~2 + |VuP~2)|Vul. (2.20)

It is deduced from (2.1) that

(r=1)/p

</|Ap/(p—1)>
<o+ ( [ 1apie)

Q.

(p—2)/(p—1) 1/(p—1) (2.21)

<o(l) + [(/ |Vun|p> (/ Vu|p>

Q’V‘ Q’V‘

(p—1)/p
L]

Q

r

—-0 as n—oo, 7r—0.

(r—1)/p

Thus Hélder inequality implies that

(p—1)/p
[ avol < ( / |A|p/<p-1>) el = oWl

and (2.17) holds. Using similar arguments, we arrive at (2.18) and (2.19).
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Now from (2.17), (2.18), (2.19) and v, — 0 in LP(Q), we get that

) = (00 = Fi o). )]

/(AVSO+B<P+D<P) —u/ (un”‘zunw— IUI”_QUW)‘

=o(1)]lell.
Combining this with (F} ,(un), ) = o(1)[¢[l and Fy ,(u) = 0, we get (2.16). The
proof is complete. |

Lemma 2.3 Let (v,) C DyP(R), v, > 0 be such that
Fx(vp) — ¢, Fy(v,) — 0. (2.22)

If there is a sequence R,, — 0 such that

N—p
b@) e d R vn(Ban), 2 €Q—{o e BY; Ry el
0, € ¢ Q,
with
Op(x) = V1 in Dl’p(RN), Op(x) = V1 ae. in RV, (2.23)

then Vi solves (Qx) and the sequence wy(x) = vy(x) — R,I;_Tvl(Ri") + o(1) (see
(2.31))is a (PS) sequence of Fy at level ¢ — Ex(V7). '

Proof. For any ¢ € C§°(Qy,), there holds

(B} ) = [

A .
<|Vf)np_2V17nV<p — —p\@nv’—%n@ — [T P _Qﬁngo). (2.24)
RN

||

pP—N
Therefore, using the notation ¢} (z) = R,” ¢(5-), we have that

(E5 (), ) = (Fx(vn), @) = o(Dllen ]l = o(D)llellpre ). (2.25)
Choosing ¢ = ¢, in (2.24), we can get from the same argument as those in the

proof of Lemma 2.2 but with u,, being replaced by v, and wu replaced by Vi that
for some finite set J = {1,---,m1},

cither 3, =0, jeJu{0} or B >SN7 By>sN". (2.26)
Moreover, the same proofs imply that
Vi, — VVi in LP (RM\{0,21, -, Zm, }). (2.27)

Combining this with (2.23) and (2.25), we know that V; solves (Q»).
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Now let p € C§°(RY) satisfy 0 < p < 1, [Vo| < 2 in RN, p(z) = 1 in B(0,1)
and () = 0 outside B(0,2) and let

2N z x
wn (@) = vn(2) — Bn” Vi(5-)e(50), (2.28)
where the sequence R, is chosen such that
- ] Q
R, = %Z — 0, %’n@”) — 00. (2.29)
Therefore ~
W () = O () — Vi(2)p(Rp). (2.30)

Set ¢, () = p(R,z). Then @, = 1 for |R,z| <1 and ¢, = 0 for |R,z| > 2. Noting
that |[VVy| € LP(RY), we have that

/ IV (Vilpn — 1)
RN

<x(f (vwm—uuvnpwn—mp)
RN

<x( [ warsery | i)
|z[>1/ Ry, 1/Rn<|z|<2/ Ry

_ A\ PP p/N
sf)(1>+<2Rn>P(/~ ~ |V1|p) (/ ~ 1dw)
1/Rn<|z|<2/Rn 1/Rn<|z|<2/R,
o(1).

It follows that @, = ¥, — V4 + o(1) with o(1) — 0 in DVP(R"Y). Hence

wp(x) = vp(x) — Rp® Vi(—=) + o(1). (2.31)

Using (2.23), (2.24), (2.27) and Brezis-Lieb Lemma, we obtain that
Fy(w,) = c— Ex(V1) + o(1). (2.32)

It remains to prove that F}(w,) — 0. Noticing F%(v,) — 0 and E}(V7) = 0 and
the proof of (2.16), we only need to prove that

[(Fx(vn), @) = (Fa(wn), ) = (E5(VA), @7,

=1 [, (496 = ABigi - Das )l = oWl sy =otwllel. - )

where
Ay = |V, |P72V, — |V, [P 2V, — [VVi|P2V VA,
Bl = |x|_p(|7~}n|p_27~}n - W}n‘p_Qd}n - |V1|p_2V1)7

Dy = |on|P 20, — [0n P 20, — [VA]P T2 V1.
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Holder inequality implies that

. (p=1)/p
|/RN AlVSDm < </RN |A1‘P/(P* )> HQOZHDLP(]RN).

For R large enough

/|Al|p/<p,1>§ / [Ax [P/ P7D + / AP0 (230)
RN B(0,R) |z|>R

The estimate for the first integrand in the right hand side of (2.34) is similar to
those in Lemma 2.2. For the second integrand in the right hand side of (2.34), we
use mean value theorem to obtain that

/ |A1|p/(p*1)
|z|>R

p/(p—1)
<K <(|V6n1’2 + VV1|”2)|VV1|>

|z|>R

(p—2)/(p—1) 1/(p=1) (2.35)

<kl( [ mer) ()

|lz|>R |z|>R

+ |vv1|P]

|z|>R

—0 as R — oo.
It follows that
| Aiveil = o0lei o). (2.36)

Similarly, we have that

\/ Bigy| = o(W)ll¢nllpre@y), |/ Digy| = o(Dllenllprr@ny.  (2:37)
RN RN

Therefore (2.33) holds. The proof is complete. [
Lemma 2.4 Let (v,) C DpP(Q), v, > 0 be a (PS), sequence of Fx. Assume that

there exist sequences y, — y € , r, — 0 such that

N—p -
B (7) 1= T’ Up(tn® +yn), € Q= {zeRY; rzty, €}
' 0 z ¢ Qy
and for some finite points {x1, -+, Tm, },

~ N ; Lp N 5 ) N
{ On(z) = Vo #0in Dy"(RY),  Up(z) = Vo ae. inRY, (2.38)

in(z) = Vo in Dyt (RN\{0,21, -+, 2, }).

If rn/|yn| — 0, then Vi solves (Qo) and the sequence

p—N

Wi () = On(2) — 70 ? VO(%) +o(1)

is a (PS) sequence of Fy at level c — Ey(Vp).
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Proof. We distinguish two cases:
(i) dist(yn,dQ,)/rn < K < co. Then, up to a scaling transformation, Q,, — RY;
(ii) dist(yn,0y,)/rn — 00. Then Q, — RN,

Noting that in any case, we have, for any ¢ € CSO(QH),

/ |17n|p217n<p/|x y e o,
Qn Tn

It is deduced from the scaling invariance and F}(v,) — 0 that for n large,

/ ('vVo|p_2VV0V<P — [VolP Vo
Qpn

'Dn p_27~]n ~ *_9~
= [ (Vf;n|p_2V17nV<p - )\W — |0p [P 2vn<p) +0o(1)
n Tn
2.39
o G e T e (239
Q

_lvnlp*_Qvnw**> +0(1)
=o(1).

If case (i) occurs, then we obtain from (2.39) that V; is a solution of the equation
—Apu:up**l, u>0, r€ ]Rﬁ7 u=0, z € 8Rf.

Thus Pohozaev identity implies that Vj = 0, which contradicts to (2.38). So we
have case (ii) and Vj solves (Qp). Set

p—N T — Yn T — Yn
wa (@) = vn(@) =" Vo(——)ep(——),

where 7, and ¢ are defined similar to those in Lemma 2.3. Moreover we obtain
from the same arguments as those in Lemma 2.3 that

p—N T — Yn
wn (@) = vn(2) = Vo(——

) +o(1)
is a (PS) sequence of Fy at level ¢ — Eo(Vp). The proof is complete. |

Proof of Theorem 1.1. (a) Since (up) C DyP(Q), u, > 0 is a (PS)4 sequence of
F) ., we obtain from Lemma 2.1 and Lemma 2.2 that up to a subsequence,

u, —u in DyF(Q), U, —u ae in Q and F} ,(u)=0.

Moreover v, = u, —u is a (PS)4_p, , () sequence of Fy and v, — 0 in DyP(Q).
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(b) If v,, — 0 in LP" (Q), then standard arguments imply that v, — 0 in Dy (2)
and we are done. If not, choosing 0 < 7 < Sév/p(l - /\AR,’lp)N/p such that
1imsup/ lun|?” > 7.
n—oo O

Up to a subsequence, let Iz,, > 0 be such that fB(O ) |vn(z)[P” =7 and R,, be the
N—

minimal with this property. Define 9, (v) = R,* v,(R,z). Clearly

/ Vo, ()P :/ Vo, (z)|P  and / | (2)|P" = 7. (2.40)
B(0,1) B(0,R,) B(0,1)

Denote Q,, = {x € RY; R,z € Q}. Then &, € Dy?(Q,). By extending o, (z) to be
zero for x outside of Q,,, we can assume ¥,, € D*?(RY) and up to a subsequence,
there is V; € DMP(RY) such that

Op(z) = Vi in DYP(RY), ,(z) = Vi ae. in RV, (2.41)

We distinguish two cases:
(I) Vi # 0. Since v, — 0 in Dy*(Q2), we have R, — 0 and Q, — RY. In
this case, we obtain from Lemma 2.3 that V; solves (@) and the sequence w, (x) =

p=N
vn(x)=Rn" Vi(5F-)+o(1)is a (PS) sequence of F at the level d—F) ,,(u)—Ex(V1).

n

Moreover w,, — 0 in Dy (Q).

(I) Vi = 0. Choosing a test function h € C§°(B(0,p)) (0 < p < 1) such that
h(z) =1 for |x| < p/2 and h(z) = 0 for |z| > p and using the fact that v, (z) —
V1 = 0 and hence 9, (xz) — 0 in L9(Q2) for any p < g < p*, we obtain from direct
computations that

/RN |V(h6n)|1’:/ WP+ o1).

RN
Noticing
(E\(Tn), ) = (Fa(va), 03) = o(Dllen |l = o(1) o[l pro vy (2.42)
and substituting ¢ by h??, in (E}(9,), ¢), we get that

[, wap

:/ hP|V5, | + o(1)
RN
A
= (E, Un, T
o+ [ (o5

< ollell+ Ay, [ V()P
(e k™) (e b))

RE
<o+ (st [ |7 [ o

his]? + |h) To(1)
(2.43)

zk
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It follows from the choice of 7 that
/ VO, |IP =0 (n— o0). (2.44)
B(0,p)

Denote

L,(r) = sup / |f1n\p* = sup / |zn|p*.
z€Qy JB(0,r) z€Qy J B(0,r)

Noticing that fB(O 1 |zo[P" = 7, we can find 7* small enough such that

0<7"= sup / |20 [P :/ ES L (2.45)
q€Qn J B(q,sn) B(qn,sn)

From (2.44), (g,) and (s,) can be chosen such that s, — 0 and |g,| > 3. Denote

N-p ~
Z0(2) = 80" 2Zp(spz + @) and Q, = {z € RY; 5,2+ ¢, € Q,}. We assume that
Z, € DYP(RY) and

Zo(x) = Vo in DYP(RY), Z,(z) = Vo a.e in RV, (2.46)
Similar to the proof of those in Lemma 2.3, we have that for some finite points
Zo() = Vo in DRP(RN\{0,21, -, Ty })- (2.47)
(2.45) implies that V; # 0.

N-p —p
Noticing that Z,(z) = sp? Un(Sn + ¢n) = (Rnsn)NTﬁn(Rnsnx + Rnqn), we
define r, = R, sn, Yyn = Rpq, and have that

In 928, 0y — o € (2.48)
‘yn|

Combining (2.46), (2.47), (2.48) and using Lemma 2.4, we know that V solves
p—N
(Qo) and wn () = vy (x) — 1 Vo(5:2) + o(1) is a (PS) sequence of F) at level
d — Fx.(u) — Eo(Vp). Moreover w,, — 0 in Dy (Q).
In summation, from a (PS) sequence (v,) we can single out another (PS) se-
quence (wy,) at a level strictly lower, with a fixed minimum amount of decrease.

Arguing recursively, we infer that this process has to stop after finite steps. In the
last step, the (PS) sequence converges strongly to zero. The proof is complete. W

3 Concluding remarks

We conclude this paper by some remarks on the existence of positive solution of
(Q(A, i, p)) and some other possible application of Theorem 1.1.

Remark 3.1 When p =2 and 0 < pr < p1(\), Jannelli [13] proved that (Q(A, i, 2))
has at least one positive solution in H{(£2) under some further assumptions on A
and p. For the general 2 < p < N, under suitable conditions on A and pu, one
can easily get one positive solution of (Q(A, u, p)) with the help of mountain pass
theorem [2] and Corollaryl.1. See also [7] for a general existence result.



Compactness of singular quasilinear elliptic equation 677

Remark 3.2 In the spirit of the well known result of Cerami et al [8] and the results
of [12, 3], it is possible to use the compactness result (Theorem 1.1) to obtain sign
changing solutions of (Q(A, u,p)). This will be a problem for further study.

Acknowledgement The author thanks the unknown referee for many valuable
comments.
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