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Abstract

We characterize a compactness property for a quasilinear equation with critical

growth and singular term. Some applications of the compactness property are

also pointed out.

2000 Mathematics Subject Classification. 35J60, 35J20.
Key words. Compactness property, singular quasilinear equation, positive solution

1 Introduction

In this paper, we are concerned with the compactness property for the following
quasilinear elliptic equation with singular term:

{ −∆pu− λ
|x|p |u|p−2u = |u|p∗−2u + µ|u|p−2u, x ∈ Ω\{0}

u = 0 x ∈ ∂Ω,
(Q(λ, µ, p))

where 0 ∈ Ω ⊂ RN (1 < p < N) is an open bounded domain with smooth boundary,
∆p = div(|∇ · |p−2∇·) is the standard p-Laplacian operator, 0 ≤ λ < ΛN,p =
((N − p)/p)p, µ > 0 and p∗ = Np/(N − p) is the critical exponent in the Sobolev
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embedding D1,p
0 (Ω) ↪→ Lp∗(Ω), and D1,p

0 (Ω) is the completion of C∞0 (Ω) under the
norm ‖ · ‖p =

∫
Ω
|∇ · |p.

According to the Hardy inequality [10]
∫

Ω

|u|p
|x|p ≤ Λ−1

N,p

∫

Ω

|∇u|p, u ∈ D1,p
0 (Ω) (1.1)

the following eigenvalue problem

−∆pu− λ

|x|p |u|
p−2u = µ|u|p−2u, u ∈ D1,p

0 (Ω) (1.2)

has the first eigenvalue µ1(λ) > 0. Combining (1.1) with Sobolev embedding theo-
rem, we know that (Q(λ, µ, p)) is variational. Define the functional

Fλ,µ,p(u) =
1
p

∫ (
|∇u|p − λ

|u|p
|x|p − µ|u|p

)
− 1

p∗

∫
|u|p∗ , u ∈ D1,p

0 (Ω). (1.3)

Then Fλ,µ,p ∈ C1(D1,p
0 (Ω),R) and there is a one-to-one correspondence between

the weak solutions of (Q(λ, µ, p)) and the critical points of Fλ,µ,p. Here and after
we say that u ∈ D1,p

0 (Ω) is a weak solution of (Q(λ, µ, p)) if and only if for any
ψ ∈ D1,p

0 (Ω) there holds
∫ (

|∇u|p−2∇u∇ψ − λ

|x|p |u|
p−2uψ − µ|u|p−2uψ − |u|p∗−2uψ

)
= 0. (1.4)

Since neither D1,p
0 (Ω) ↪→ Lp∗(Ω) nor D1,p

0 (Ω) ↪→ Lp(|x|−p, Ω) (the weighted
Sobolev space) is compact, Fλ,µ,p does not satisfy Palais-Smale ((PS) in short, see
Definition 1.1) conditions. This creates additional difficulties in using variational
methods. Recalling that in the case of λ = 0 and p = 2, Brezis-Nirenberg [5] firstly
proved that F0,µ,2 satisfies (PS)c conditions for all c < 1

N S
N/2
0,2 (see (1.6) for the

definition of S0,2) and (Q(0, µ, 2)) has at least one positive solution for 0 < µ < µ1(0)
and N ≥ 4. From then on, problems of this kind have been studied extensively for
λ = 0. But only few results exist in the literature for λ 6= 0 due to the additional
difficulties created by the singular term. To our best knowledge, there are two kinds
of contributions to this type problem. One is to characterize the so called global
compactness property of the energy functional either for λ = 0, p ≥ 2 or λ 6= 0,
p = 2, see e.g. [16, 18, 15, 6]. The other is to study the existence and multiplicity
of solutions for λ = 0, p ≥ 2 or λ 6= 0, p = 2 and for various µ and N , see e.g.
[13, 9, 17] and the references therein. The main purpose of the present paper is to
extend these results to the very general cases. Introducing the limiting problem

−∆pu− λ

|x|p |u|
p−2u = |u|p∗−2u, x ∈ RN , (Qλ)

we denote the corresponding functional by

Eλ(u) =
1
p

∫

RN

(
|∇u|p − λ

|u|p
|x|p

)
− 1

p∗

∫

RN

|u|p∗ , u ∈ D1,p(RN ). (1.5)
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The related minimization problem is

Sλ,p = inf{
∫

RN

(
|∇u|p − λ

|u|p
|x|p

)
; u ∈ D1,p(RN ),

∫

RN

|u|p∗ = 1}. (1.6)

Note that S0,p is nothing but the best Sobolev constant in the embeddingD1,p
0 (Ω) ↪→

Lp∗(Ω) and can be achieved only for Ω = RN . Furthermore, Guedda and Veron
[11] proved that (Q0) has a unique positive radial solution

Uε(x) =
(

Nε(
N − p

p− 1
)p−1

)(N−p)/p2(
ε + |x|p/(p−1)

)(p−N)/p

, ε > 0. (1.7)

Recently, it is also known [1] that Sλ,p (0 ≤ λ < ΛN,p) is achieved by a unique
positive radial function u which defines a positive solution of (Qλ) up to a Lagrange
multiplier. More precisely, Abdellaoui-Felli-Peral [1, Theorem 3.13 in Page 20]
proved that all positive radial solutions of (Qλ) are

Wσ(·) = σ(p−N)/pW0(
·
σ

), σ > 0, (1.8)

where W0 achieves Sλ,p and W0 is the unique positive radial solution in D1,p(RN )
up to a scaling. Moreover, there exist constants K1, K2 > 0 such that

0 < K1 ≤ W0(x)
(|x|ξ1/δ + |x|ξ2/δ)−δ

≤ K2,

where 0 < ξ1 < ξ2 are the only two roots of a(ξ) := (p− 1)ξp− (N − p)ξp−1 +λ = 0
and δ = (N − p)/p.

Before stating the main theorem, we introduce the standard definition.

Definition 1.1 Let c ∈ R and H be a Banach space and I ∈ C1(H,R). We say
that {un} ⊂ H is a (PS)c sequence of I if I(un) → c and I ′(un) → 0 in H∗(the
dual space of H). We say that I satisfies (PS)c condition if every (PS)c sequence
has a convergent subsequence in H. If I satisfies (PS)c condition for every c ∈ R,
then we say that I satisfies (PS) condition.

We are now in a position to state the main result:

Theorem 1.1 Suppose that 2 ≤ p < N , 0 ≤ λ < ΛN,p, 0 < µ < µ1(λ), {un} ⊂
D1,p

0 (Ω), un ≥ 0 is a (PS)d sequence of Fλ,µ,p. Then there are u ∈ D1,p
0 (Ω),

k, l ∈ N, l sequences (Rj
n) ⊂ R+ (1 ≤ j ≤ l), k sequences (rj

n) ⊂ R+ and (yj
n) ⊂ Ω

such that up to a subsequence

• un ⇀ u in D1,p
0 (Ω) and F ′λ,µ,p(u) = 0;

• yj
n → yj

0 ∈ Ω̄, rj
n/|yj

n| → 0 (1 ≤ j ≤ k);

• Rj
n → 0 (1 ≤ j ≤ l);
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• d = Fλ,µ,p(u) + Σl
j=1Eλ(W j) + Σk

j=1E0(U j) + o(1);

• un = u + Σl
j=1(R

j
n)

p−N
p W j(

x

Rj
n

) + Σk
j=1(r

j
n)

p−N
p U j(

x− yj
n

rj
n

) + ωn,

where ‖ωn‖ → 0 and U j (1 ≤ j ≤ k) solves (Q0) and W j (1 ≤ j ≤ l) solves (Qλ).

A direct consequence of Theorem 1.1 is

Corollary 1.1 If un ≥ 0 is a (PS)d sequence of Fλ,µ,p with d < 1
N S

N/p
λ,p , then {un}

has a convergent subsequence in D1,p
0 (Ω).

The proof of Theorem 1.1 is based on a scaling argument, which has been used in
[16, 18, 15, 6]. We will prove it in Section 2. In Section 3, we give some remarks on
the singular quasilinear equations and some applications of Theorem 1.1.

Let us end this introduction by some notations. Throughout this paper, K, Ki

are generic positive constants whose value can vary from line to line, | · |q denotes
the norm in Lq(Ω), o(1) denotes infinitesimal as n → ∞, → denotes the strong
convergence, and ⇀ the weak convergence. B(x, r) denotes a ball centered at x
with radius r, and B(0, r) is simply denoted by Br. All integrals are taken over Ω
unless stated otherwise.

2 Compactness result

In this section, we prove Theorem 1.1 by a series of Lemmas. From now on, we
assume 0 < µ < µ1(λ), 2 ≤ p < N , we simply write Fλ,µ,p, Sλ,p as Fλ,µ Sλ, and
Fλ,0 is simply denoted by Fλ.

Lemma 2.1 Let {un} ⊂ D1,p
0 (Ω), un ≥ 0 be a (PS)d sequence of Fλ,µ. Then {un}

is bounded in D1,p
0 (Ω).

Proof. Since {un} is a (PS)d sequence, for n large enough, we have that

d + 1 + o(‖un‖) = Fλ,µ(un)− 1
p∗ 〈F ′λ,µ(un), un〉

=
1
N

∫ (
|∇un|p − λ

|un|p
|x|p − µ|un|p

)

≥ 1
N

(
1− µ

µ1(λ)

) ∫ (
|∇un|p − λ

|un|p
|x|p

)

≥ K‖un‖p.

Therefore {un} is bounded in D1,p
0 (Ω). ¥

Lemma 2.2 Let {un} be the sequence as in Lemma 2.1. Assume that un ⇀ u
in D1,p

0 (Ω) and un → u a.e. in Ω. Then F ′λ,µ(u) = 0 and vn = un − u is a
(PS)d−Fλ,µ(u) sequence of Fλ.

Remark 2.1 When p 6= 2, we are facing a nonlinear operator −∆p. The weak
convergence un ⇀ u in D1,p

0 (Ω) usually does not imply ∇un → ∇u a.e. in Ω.
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Proof of Lemma 2.2. The proof is divided into two steps.
Step 1. We prove that for some finite points {x1, · · · , xm}, there holds

un → u in D1,p
0,loc(Ω\{0, x1, · · · , xm}). (2.1)

Firstly, from un ⇀ u in D1,p
0 (Ω), un → u a.e. in Ω, ∇un ∈ (Lp(Ω))N and

{|∇un|p−2∇un} is bounded in (Lp′(Ω))N with p′ = p/(p − 1). We can assume
that there is T ∈ (Lp′(Ω))N such that

|∇un|p−2∇un ⇀ T in (Lp′(Ω))N .

Clearly by letting n → +∞, one gets
∫

T∇ϕ =
∫ (

|u|p∗−2uϕ +
λ

|x|p |u|
p−2uϕ + µ|u|p−2uϕ

)
, ∀ ϕ ∈ D1,p

0 (Ω). (2.2)

Since {un} is bounded in D1,p
0 (Ω), Concentration Compactness Principle [14] implies

that there is an at most countable set J such that




(1) |∇un|p ⇀ dα ≥ |∇u|p +
∑

j∈J αjδxj + α0δ0,

(2) |un|p∗ ⇀ dβ = |u|p∗ +
∑

j∈J βjδxj + β0δ0,

(3) αj ≥ S0β
p/p∗

j ,

(4) |un|p
|x|p ⇀ dγ = |u|p

|x|p + γ0δ0,

(5) ΛN,pγ0 ≤ α0.

(CCP )

Secondly, we claim that J is finite. Indeed from 〈F ′λ,µ(un), ϕ〉 = o(1)‖ϕ‖ and
choosing ϕ = φun, we get that

∫ (
|∇un|pφ + un|∇un|p−2∇un∇φ

)

=
∫ (

|un|p
∗
φ +

λ

|x|p |un|pφ + µ|un|pφ
)

+ o(1).
(2.3)

It follows, by letting n → +∞, that
∫

φdα +
∫

uT∇φ =
∫

φdβ +
∫

λφdγ +
∫

µ|u|pφ. (2.4)

Substituting ϕ by φu in (2.2), we have that
∫ (

uT∇φ + φT∇u

)
=

∫ (
|u|p∗φ +

λ

|x|p |u|
pφ + µ|u|pφ

)
. (2.5)

Combining (2.4), (2.5) and concentrating φ at xj (here and in the sequel, a function
φ is called concentrated at xj always means φ ∈ C1

0 (Ω) and φ(x) = 1 for |x−xj | ≤ r
and φ(x) = 0 for |x− xj | ≥ 2r and |∇φ| ≤ 4

r and r small), we get that αj ≤ βj . It
follows from (3) in (CCP ) that

either βj = 0 or βj ≥ S
N/p
0 . (2.6)
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Taking concentrated function φ at x0 = 0 in (2.4) and (2.5), we have that

α0 − λγ0 ≤ β0. (2.7)

On the other hand from
∫ (

|∇u|p − λ

|x|p |u|
p

)
≥ Sλ

( ∫
|u|p∗

)p/p∗

, u ∈ D1,p
0 (Ω),

we get that ∫ (
|∇(φun)|p − λ

|φun|p
|x|p

)
≥ Sλ

( ∫
|φun|p

∗
)p/p∗

.

Therefore
∫ (

|un∇φ + φ∇un|p
)
≥ λ

∫ |φun|p
|x|p + Sλ

( ∫
|φun|p

∗
)p/p∗

.

Using the elementary inequality
∣∣∣∣|X + Y |p − |X|p

∣∣∣∣ ≤ K(|X|p−1|Y |+ |Y |p) ∀ X, Y ∈ RN ,

we obtain that
∫ (

|φ∇un + un∇φ|p − |φ∇un|p
)
≤ K

∫ (
|φ∇un|p−1|un∇φ|+ |un∇φ|p

)
.

Hölder inequality implies that
∫
|φ∇un|p−1|un∇φ|

≤
( ∫

r≤|x|≤2r

|∇φ|p|un|p
) 1

p
( ∫

r≤|x|≤2r

|∇un|p
) p−1

p

≤
( ∫

r≤|x|≤2r

|∇un|p
) p−1

p
[
K1

rp

( ∫

r≤|x|≤2r

1dx

) p
N

( ∫

r≤|x|≤2r

|un|p
∗
)N−p

N
] 1

p

≤ K2

( ∫

r≤|x|≤2r

|∇un|p
) p−1

p
( ∫

r≤|x|≤2r

|un|p
∗
)N−p

N

.

Therefore

lim
r→0

lim sup
n→∞

∫
|φ∇un|p−1|un∇φ| = 0. (2.8)

Similarly

∫
|un∇φ|p ≤ K3

rp

( ∫

r≤|x|≤2r

1dx

) p
N

( ∫

r≤|x|≤2r

|un|p
∗
)N−p

N

→ 0.
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It is deduced that

lim
r→0

lim sup
n→∞

∫ (
|φ∇un + un∇φ|p − |φ∇un|p

)
= 0

and hence
α0 − λγ0 ≥ Sλβ

p/p∗

0 . (2.9)

Combining this with (2.7), we obtain that

either β0 = 0 or β0 ≥ S
N/p
λ . (2.10)

The claim easily follows.
Next, taking ψ ∈ C1(Ω̄) satisfying ψ ≥ 0, ψ(xj) = 0 for j ∈ J ∪ {0}, we have

∫
|ψun|p

∗ →
∫
|ψu|p∗ +

∑

j∈J

βjψ
p∗(xj) + β0ψ

p∗(0) =
∫
|ψu|p∗ . (2.11)

It follows from the uniform convex of Lp∗(Ω) that

ψun → ψu in Lp∗(Ω). (2.12)

Similarly
ψun → ψu in Lp(|x|−p, Ω). (2.13)

From 〈F ′λ,µ(un), ϕ〉 = o(1)‖ϕ‖ and choosing ϕ = ψ(un − u), we obtain that
∫

ψ(|∇un|p−2∇un − |∇u|p−2∇u)(∇un −∇u)

=
∫

ψ

(
|un|p

∗−2un +
λ

|x|p |un|p−2un + µ|un|p−2un

)
(un − u) + o(1).

It follows that
∫

ψ

(
|∇un|p−2∇un − |∇u|p−2∇u

)(
un − u

)
→ 0 (n →∞).

Therefore an elementary inequality easily implies (2.1).
Step 2. Firstly, from (2.1) and 〈F ′λ,µ(un), ϕ〉 = o(1)‖ϕ‖, we know that F ′λ,µ(u) = 0.
Brezis-Lieb Lemma [4] implies that (see e.g. [12])

‖un‖p = ‖un − u‖p + ‖u‖p + o(1),
∫
|un|p|x|−p =

∫
|un − u|p|x|−p +

∫
|u|p|x|−p + o(1) and

∫
|un|p

∗
=

∫
|un − u|p∗ +

∫
|u|p∗ + o(1).

Therefore
Fλ,µ(un) = Fλ,µ(u) + Fλ(un − u) + o(1). (2.14)
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Secondly, we prove that for vn = un − u,

F ′λ(vn) → 0 in (D1,p
0 (Ω))∗. (2.15)

This is equivalent to proving that for any ϕ ∈ D1,p
0 (Ω),

〈F ′λ(vn), ϕ〉 =
∫ (

|∇vn|p−2∇vn∇ϕ− λ

|x|p |vn|p−2vnϕ− |vn|p
∗−2vnϕ

)

= o(1)‖ϕ‖.
(2.16)

To get (2.16), we first prove that
∣∣∣∣
∫ (

|∇un|p−2∇un −|∇u|p−2∇u− |∇vn|p−2∇vn

)
∇ϕ

∣∣∣∣
:= |

∫
A∇ϕ| = o(1)‖ϕ‖;

(2.17)

∣∣∣∣
∫
|x|−p

(
|un|p−2un − |u|p−2u− |vn|p−2vn

)
ϕ

∣∣∣∣ := |
∫

Bϕ| = o(1)‖ϕ‖; (2.18)

∣∣∣∣
∫ (

|un|p
∗−2un − |u|p

∗−2u− |vn|p
∗−2vn

)
ϕ

∣∣∣∣ := |
∫

Dϕ| = o(1)‖ϕ‖. (2.19)

Indeed, denote Ωr = ∪B(xj , r) for j ∈ J ∪ {0} and r small. We have from mean
value theorem that

|A| ≤ K(|∇un|p−2 + |∇u|p−2)|∇u|. (2.20)

It is deduced from (2.1) that

( ∫
|A|p/(p−1)

)(p−1)/p

≤ o(1) +
( ∫

Ωr

|A|p/(p−1)

)(p−1)/p

≤ o(1) +
[( ∫

Ωr

|∇un|p
)(p−2)/(p−1)( ∫

Ωr

|∇u|p
)1/(p−1)

+
∫

Ωr

|∇u|p
](p−1)/p

→ 0 as n →∞, r → 0.

(2.21)

Thus Hölder inequality implies that

|
∫

A∇φ| ≤
( ∫

|A|p/(p−1)

)(p−1)/p

‖ϕ‖ = o(1)‖ϕ‖

and (2.17) holds. Using similar arguments, we arrive at (2.18) and (2.19).
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Now from (2.17), (2.18), (2.19) and vn → 0 in Lp(Ω), we get that
∣∣∣∣〈F ′λ,µ(un)− F ′λ,µ(u)− F ′λ(vn), ϕ〉

∣∣∣∣
=

∣∣∣∣
∫ (

A∇ϕ + Bϕ + Dϕ

)
− µ

∫ (
|un|p−2unϕ− |u|p−2uϕ

)∣∣∣∣
= o(1)‖ϕ‖.

Combining this with 〈F ′λ,µ(un), ϕ〉 = o(1)‖ϕ‖ and F ′λ,µ(u) = 0, we get (2.16). The
proof is complete. ¥

Lemma 2.3 Let (vn) ⊂ D1,p
0 (Ω), vn ≥ 0 be such that

Fλ(vn) → c, F ′λ(vn) → 0. (2.22)

If there is a sequence Rn → 0 such that

ṽn(x) :=

{
R

N−p
p

n vn(Rnx), x ∈ Ωn = {x ∈ RN ; Rnx ∈ Ω},
0, x /∈ Ωn

with
ṽn(x) ⇀ V1 in D1,p(RN ), ṽn(x) → V1 a.e. in RN , (2.23)

then V1 solves (Qλ) and the sequence wn(x) = vn(x) − R
p−N

p
n V1( x

Rn
) + o(1) (see

(2.31))is a (PS) sequence of Fλ at level c− Eλ(V1).

Proof. For any ϕ ∈ C∞0 (Ωn), there holds

〈E′
λ(ṽn), ϕ〉 =

∫

RN

(
|∇ṽn|p−2∇ṽn∇ϕ− λ

|x|p |ṽn|p−2ṽnϕ− |ṽn|p
∗−2ṽnϕ

)
. (2.24)

Therefore, using the notation ϕ∗n(x) = R
p−N

p
n ϕ( x

Rn
), we have that

〈E′
λ(ṽn), ϕ〉 = 〈F ′λ(vn), ϕ∗n〉 = o(1)‖ϕ∗n‖ = o(1)‖ϕ‖D1,p(RN ). (2.25)

Choosing ϕ = φṽn in (2.24), we can get from the same argument as those in the
proof of Lemma 2.2 but with un being replaced by ṽn and u replaced by V1 that
for some finite set J = {1, · · · ,m1},

either βj = 0, j ∈ J ∪ {0} or βj ≥ S
N/p
0 , β0 ≥ S

N/p
λ . (2.26)

Moreover, the same proofs imply that

∇ṽn → ∇V1 in Lp
loc(R

N\{0, x1, · · · , xm1}). (2.27)

Combining this with (2.23) and (2.25), we know that V1 solves (Qλ).
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Now let ϕ ∈ C∞0 (RN ) satisfy 0 ≤ ϕ ≤ 1, |∇ϕ| ≤ 2 in RN , ϕ(x) = 1 in B(0, 1)
and ϕ(x) = 0 outside B(0, 2) and let

wn(x) = vn(x)−R
p−N

p
n V1(

x

Rn
)ϕ(

x

R̄n
), (2.28)

where the sequence R̄n is chosen such that

R̃n =
Rn

R̄n
→ 0,

dist(0, ∂Ωn)
R̄n

→∞. (2.29)

Therefore
w̃n(x) = ṽn(x)− V1(x)ϕ(R̃nx). (2.30)

Set ϕn(x) = ϕ(R̃nx). Then ϕn ≡ 1 for |R̃nx| ≤ 1 and ϕn ≡ 0 for |R̃nx| ≥ 2. Noting
that |∇V1| ∈ Lp(RN ), we have that

∫

RN

|∇(V1(ϕn − 1))|p

≤ K(
∫

RN

(
|∇V1|p|ϕn − 1|p + |V1|p|∇(ϕn − 1)|p

)

≤ K

( ∫

|x|≥1/R̃n

|∇V1|p + (2R̃n)p

∫

1/R̃n≤|x|≤2/R̃n

|V1|p
)

≤ o(1) + (2R̃n)p

( ∫

1/R̃n≤|x|≤2/R̃n

|V1|p
∗
)p/p∗( ∫

1/R̃n≤|x|≤2/R̃n

1dx

)p/N

= o(1).

It follows that w̃n = ṽn − V1 + o(1) with o(1) → 0 in D1,p(RN ). Hence

wn(x) = vn(x)−R
p−N

p
n V1(

x

Rn
) + o(1). (2.31)

Using (2.23), (2.24), (2.27) and Brezis-Lieb Lemma, we obtain that

Fλ(wn) = c− Eλ(V1) + o(1). (2.32)

It remains to prove that F ′λ(wn) → 0. Noticing F ′λ(vn) → 0 and E′
λ(V1) = 0 and

the proof of (2.16), we only need to prove that

|〈F ′λ(vn), ϕ〉 − 〈F ′λ(wn), ϕ〉 − 〈E′
λ(V1), ϕ∗n〉|

:= |
∫

RN

(
A1∇ϕ∗n − λB1ϕ

∗
n −D1ϕ

∗
n

)
| = o(1)‖ϕ∗n‖D1,p(RN ) = o(1)‖ϕ‖, (2.33)

where

A1 = |∇ṽn|p−2∇ṽn − |∇w̃n|p−2∇w̃n − |∇V1|p−2∇V1,

B1 = |x|−p(|ṽn|p−2ṽn − |w̃n|p−2w̃n − |V1|p−2V1),

D1 = |ṽn|p
∗−2ṽn − |w̃n|p

∗−2w̃n − |V1|p
∗−2V1.
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Hölder inequality implies that

|
∫

RN

A1∇ϕ∗n| ≤
( ∫

RN

|A1|p/(p−1)

)(p−1)/p

‖ϕ∗n‖D1,p(RN ).

For R large enough
∫

RN

|A1|p/(p−1) ≤
∫

B(0,R)

|A1|p/(p−1) +
∫

|x|≥R

|A1|p/(p−1). (2.34)

The estimate for the first integrand in the right hand side of (2.34) is similar to
those in Lemma 2.2. For the second integrand in the right hand side of (2.34), we
use mean value theorem to obtain that∫

|x|≥R

|A1|p/(p−1)

≤ K

∫

|x|≥R

(
(|∇ṽn|p−2 + |∇V1|p−2)|∇V1|

)p/(p−1)

≤ K

[( ∫

|x|≥R

|∇ṽn|p
)(p−2)/(p−1)( ∫

|x|≥R

|∇V1|p
)1/(p−1)

+
∫

|x|≥R

|∇V1|p
]

→ 0 as R →∞.

(2.35)

It follows that
|
∫

RN

A1∇ϕ∗n| = o(1)‖ϕ∗n‖D1,p(RN ). (2.36)

Similarly, we have that

|
∫

RN

B1ϕ
∗
n| = o(1)‖ϕ∗n‖D1,p(RN ), |

∫

RN

D1ϕ
∗
n| = o(1)‖ϕ∗n‖D1,p(RN ). (2.37)

Therefore (2.33) holds. The proof is complete. ¥

Lemma 2.4 Let (vn) ⊂ D1,p
0 (Ω), vn ≥ 0 be a (PS)c sequence of Fλ. Assume that

there exist sequences yn → y ∈ Ω̄, rn → 0 such that

ṽn(x) :=

{
r

N−p
p

n vn(rnx + yn), x ∈ Ω̃n = {x ∈ RN ; rnx + yn ∈ Ω},
0 x /∈ Ω̃n

and for some finite points {x1, · · · , xm2},
{

ṽn(x) ⇀ V0 6= 0 in D1,p
0 (RN ), ṽn(x) → V0 a.e. in RN ,

ṽn(x) → V0 in D1,p
0,loc(RN\{0, x1, · · · , xm2}).

(2.38)

If rn/|yn| → 0, then V0 solves (Q0) and the sequence

wn(x) = vn(x)− r
p−N

p
n V0(

x− yn

rn
) + o(1)

is a (PS) sequence of Fλ at level c− E0(V0).
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Proof. We distinguish two cases:

(i) dist(yn, ∂Ωn)/rn ≤ K < ∞. Then, up to a scaling transformation, Ω̃n → RN
+ ;

(ii) dist(yn, ∂Ωn)/rn →∞. Then Ω̃n → RN .

Noting that in any case, we have, for any ϕ ∈ C∞0 (Ω̃n),
∫

Ω̃n

|ṽn|p−2ṽnϕ

/
|x +

yn

rn
|p → 0.

It is deduced from the scaling invariance and F ′λ(vn) → 0 that for n large,

∫

Ω̃n

(
|∇V0|p−2∇V0∇ϕ− |V0|p

∗−2V0ϕ

)

=
∫

Ω̃n

(
|∇ṽn|p−2∇ṽn∇ϕ− λ

|ṽn|p−2ṽnϕ

|x + yn

rn
|p − |ṽn|p

∗−2ṽnϕ

)
+ o(1)

=
∫

Ω

(
|∇vn|p−2∇vn∇ϕ∗∗ − λ|vn|p−2vnϕ∗∗|x|−p

−|vn|p∗−2vnϕ∗∗
)

+ o(1)

= o(1).

(2.39)

If case (i) occurs, then we obtain from (2.39) that V0 is a solution of the equation

−∆pu = up∗−1, u > 0, x ∈ RN
+ , u = 0, x ∈ ∂RN

+ .

Thus Pohozaev identity implies that V0 ≡ 0, which contradicts to (2.38). So we
have case (ii) and V0 solves (Q0). Set

wn(x) = vn(x)− r
p−N

p
n V0(

x− yn

rn
)ϕ(

x− yn

r̄n
),

where r̄n and ϕ are defined similar to those in Lemma 2.3. Moreover we obtain
from the same arguments as those in Lemma 2.3 that

wn(x) = vn(x)− r
p−N

p
n V0(

x− yn

rn
) + o(1)

is a (PS) sequence of Fλ at level c−E0(V0). The proof is complete. ¥

Proof of Theorem 1.1. (a) Since (un) ⊂ D1,p
0 (Ω), un ≥ 0 is a (PS)d sequence of

Fλ,µ, we obtain from Lemma 2.1 and Lemma 2.2 that up to a subsequence,

un ⇀ u in D1,p
0 (Ω), un → u a.e. in Ω and F ′λ,µ(u) = 0.

Moreover vn = un − u is a (PS)d−Fλ,µ(u) sequence of Fλ and vn ⇀ 0 in D1,p
0 (Ω).
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(b) If vn → 0 in Lp∗(Ω), then standard arguments imply that vn → 0 in D1,p
0 (Ω)

and we are done. If not, choosing 0 < τ < S
N/p
0 (1− λΛ−1

N,p)
N/p such that

lim sup
n→∞

∫

Ω

|vn|p
∗

> τ.

Up to a subsequence, let Rn > 0 be such that
∫

B(0,Rn)
|vn(x)|p∗ = τ and Rn be the

minimal with this property. Define ṽn(x) = R
N−p

p
n vn(Rnx). Clearly

∫

B(0,1)

|∇ṽn(x)|p =
∫

B(0,Rn)

|∇vn(x)|p and
∫

B(0,1)

|ṽn(x)|p∗ = τ. (2.40)

Denote Ωn = {x ∈ RN ; Rnx ∈ Ω}. Then ṽn ∈ D1,p
0 (Ωn). By extending ṽn(x) to be

zero for x outside of Ωn, we can assume ṽn ∈ D1,p(RN ) and up to a subsequence,
there is V1 ∈ D1,p(RN ) such that

ṽn(x) ⇀ V1 in D1,p(RN ), ṽn(x) → V1 a.e. in RN . (2.41)

We distinguish two cases:
(I) V1 6= 0. Since vn ⇀ 0 in D1,p

0 (Ω), we have Rn → 0 and Ωn → RN . In
this case, we obtain from Lemma 2.3 that V1 solves (Qλ) and the sequence wn(x) =

vn(x)−R
p−N

p
n V1( x

Rn
)+o(1) is a (PS) sequence of Fλ at the level d−Fλ,µ(u)−Eλ(V1).

Moreover wn ⇀ 0 in D1,p
0 (Ω).

(II) V1 ≡ 0. Choosing a test function h ∈ C∞0 (B(0, ρ)) (0 < ρ < 1) such that
h(x) = 1 for |x| < ρ/2 and h(x) = 0 for |x| > ρ and using the fact that ṽn(x) ⇀
V1 ≡ 0 and hence ṽn(x) → 0 in Lq(Ω) for any p ≤ q < p∗, we obtain from direct
computations that

∫

RN

|∇(hṽn)|p =
∫

RN

hp|∇ṽn|p + o(1).

Noticing

〈E′
λ(ṽn), ϕ〉 = 〈F ′λ(vn), ϕ∗n〉 = o(1)‖ϕ∗n‖ = o(1)‖ϕ‖D1,p(RN ) (2.42)

and substituting ϕ by hpṽn in 〈E′
λ(ṽn), ϕ〉, we get that

∫

RN

|∇(hṽn)|p

=
∫

RN

hp|∇ṽn|p + o(1)

= 〈E′
λ(ṽn, ϕ〉+

∫

RN

(
λ

|x|p |hṽn|p + |ṽn|p
∗
hp

)
+ o(1)

≤ o(1)‖ϕ‖+ λΛ−1
N,p

∫

RN

|∇(hṽn)|p

+
( ∫

RN |hṽn|p∗
) p

p∗
( ∫

RN |ṽn|p∗
) p

N

+ o(1)

≤ o(1) +
(

λΛ−1
N,p + S−1

0

[ ∫

B(0,1)

|ṽn|p
∗
] p

N
) ∫

RN

|∇(hṽn)|p.

(2.43)
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It follows from the choice of τ that∫

B(0,ρ)

|∇ṽn|p → 0 (n →∞). (2.44)

Denote
Ln(r) = sup

x∈Ωn

∫

B(0,r)

|ṽn|p
∗

:= sup
x∈Ωn

∫

B(0,r)

|zn|p
∗
.

Noticing that
∫

B(0,1)
|zn|p∗ = τ , we can find τ∗ small enough such that

0 < τ∗ = sup
q∈Ωn

∫

B(q,sn)

|zn|p
∗

=
∫

B(qn,sn)

|zn|p
∗
. (2.45)

From (2.44), (qn) and (sn) can be chosen such that sn → 0 and |qn| ≥ 1
2 . Denote

z̃n(x) = s
N−p

p
n zn(snx + qn) and Ω̃n = {x ∈ RN ; snx + qn ∈ Ωn}. We assume that

z̃n ∈ D1,p(RN ) and

z̃n(x) ⇀ V0 in D1,p(RN ), z̃n(x) → V0 a.e. in RN . (2.46)

Similar to the proof of those in Lemma 2.3, we have that for some finite points

z̃n(x) → V0 in D1,p
loc (RN\{0, x1, · · · , xm2}). (2.47)

(2.45) implies that V0 6= 0.

Noticing that z̃n(x) = s
N−p

p
n ṽn(snx + qn) = (Rnsn)

N−p
p ṽn(Rnsnx + Rnqn), we

define rn = Rnsn, yn = Rnqn and have that
rn

|yn| < 2sn → 0 yn → y0 ∈ Ω̄. (2.48)

Combining (2.46), (2.47), (2.48) and using Lemma 2.4, we know that V0 solves

(Q0) and wn(x) = vn(x) − r
p−N

p
n V0(x−yn

rn
) + o(1) is a (PS) sequence of Fλ at level

d− Fλ,µ(u)− E0(V0). Moreover wn ⇀ 0 in D1,p
0 (Ω).

In summation, from a (PS) sequence (vn) we can single out another (PS) se-
quence (wn) at a level strictly lower, with a fixed minimum amount of decrease.
Arguing recursively, we infer that this process has to stop after finite steps. In the
last step, the (PS) sequence converges strongly to zero. The proof is complete. ¥

3 Concluding remarks

We conclude this paper by some remarks on the existence of positive solution of
(Q(λ, µ, p)) and some other possible application of Theorem 1.1.

Remark 3.1 When p = 2 and 0 < µ < µ1(λ), Jannelli [13] proved that (Q(λ, µ, 2))
has at least one positive solution in H1

0 (Ω) under some further assumptions on λ
and µ. For the general 2 ≤ p < N , under suitable conditions on λ and µ, one
can easily get one positive solution of (Q(λ, µ, p)) with the help of mountain pass
theorem [2] and Corollary1.1. See also [7] for a general existence result.
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Remark 3.2 In the spirit of the well known result of Cerami et al [8] and the results
of [12, 3], it is possible to use the compactness result (Theorem 1.1) to obtain sign
changing solutions of (Q(λ, µ, p)). This will be a problem for further study.

Acknowledgement The author thanks the unknown referee for many valuable
comments.
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