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Abstract
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a(x)g(w).

1991 Mathematics Subject Classification. 35J20 35A15 35J60.

Key words. p-Laplacian equation, sign-changing nonlinearity, nonnegative solutions

*supported by NSF of China, No. 10571175
Tsupported by NSF of China, No. 10571175 and 10631030

107



108 S. Dai, J. Yang

1 Introduction

In this paper, we are concerned with the existence of nonnegative solutions of the Schrédinger
equation
—Apu — Mh(z)|uP"?u = a(z)g(u) in RN, (Py)

where A € R is a parameter, 1 < p < N, A,:=div(|]Vu|P~?Vu) denotes the p-Laplacian
operator and h(z) > 0 is a continuous function on R . The function a(x) is continuous
and changes sign in RY.

In the case p = 2, the problem has been extensively studied in bounded domains. In
particular, it was discussed in [1], [2] and [3]. Among other things, a "thickness” condition
on a(x) is required in order to verify the Palais-Smale condition, namely, it is required
that Q* N Q™ = (), where Ot = {z € Q : a(z) > 0},Q = {z € Q : a(z) < 0}
The thickness” condition was removed in [15]. In general, the functional corresponding
to problem (Py) does not satisfy geometrical conditions in critical point theory due to the
presence of the negative part —a~ of a. In [15], the authors first truncate the nonlinear term
related to ¢~ and solve a modified problem; secondly, they obtain a uniform L°° bound for
solutions u,, of modified problems, and then they show the limit function u of u, is a
solution of the original problem. In the establishment of > bound, an estimate of Morse
index of critical points is involved in blow up argument. This work was generalized by [8],
[9], [10], [11] and [12] etc.

It is known that the Morse theory for functional defined in a Banach space is not suffi-
cient to be used, so in the case p # 2, problem (Py) can not be dealt with in the same routine
as in [15]. Recently, J.Chabrowski and D.G.Costa [7] generalized the results to p-Laplacian
problem. Their technique is to separate the Nehari manifold and analyse each part of the
manifold carefully. But they require g(u) = |u|?9=%u for some p < ¢ < p*:uf,v%p). Their
argument is difficult to extend to problems with a general g(u).

On the other hand, Costa and Tehrani [10] proved in the case p = 2 that problem
(Py) possesses at least a positive solution if 0 < A < A; and two positive solutions if
A1 < A < A1 + afor some & > 0, where A is the first eigenvalue of the problem

—Apu = Mh(z)|uP"2u  inRN. (1)

The results in [10] are obtained by directly applying the mountain pass theorem. But the
problem is that setting inR", the Palais-Smale condition is usually not valid. They use
the concentration-compactness principle to show that ( P.S).. condition holds for all ¢ under
certain conditions. In present work, we shall establish similar results for problem (P) with
p#2

It is well-known that under our assumptions on h(z) (see below) problem (1) has a
sequence of eigenvalues 0 < A1(h) < A2(h) < ... < A,(h) < ..., which are obtained
variationally through the Krasnoselski genus. Moreover, It is shown in [4] that the principal
positive eigenvalue A (h) is simple, isolated and possesses positive eigenfunctions ¢ ().

Our hypotheses are as follows.

(H1) 0 < h(z) € LNPRNYNL®RN), h#0.

(G1) lims—o

a

s8) — 1.
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(G2) limsﬁoosgﬁ(f)1 =1, p<a<5<p*:NN—f’p,1<p<N.
(G3) g(s) >0, Vs>D0.

(A1) a € CRY) changes sign inR".

(A2) lim |y o a(T) = aoe < 0.

(A3) fon a(z)ef (z) dz < 0.

Denote Q° = {x ¢RY| a(x) = 0}. We say a(z) has a thick zero set if @ Q™ = 0.
Moreover, since we are looking for nonnegative solutions, throughout this paper, we shall
assume, without loss of generality, that g(s) is defined for all s € R as an odd function.

Because of assumptions (H1) and (G1) — (G3), we have

[ waapds < ([ w9 <y
RN RN RN P

lg(s)| < Culs|*™" + Cals|P~!,  |G(s)| < Cifs|* + Cals|” Vs € R (3)
and for § > 0 small,

b < Clhx|Vult,  (2)

Cols]? < G(s). Cols|” < gls)s. i |s| < "
Cols|® < G(s), Cols|? < g(s)s, if|s|>d.

Our main results are as follows.
Theorem 1 Assume the conditions (H1), (A1)—(A3), (G1)—(G3) and A & a(—A,,Q°, h(x)),
(i) If X < A1 (h) then problem (Py) has at least one nonnegative solution u € E.

(ii) There exists & > 0 such that for A\y(h) < A < A1(h) + &, problem (Py) has at
least two nonnegative solutions.

To prove the result, we need to verify (P.S), condition, this will be done in section 2
by the concentration-compactness principle. Next, we shall show that the corresponding
functional has the mountain-pass structure in section 3. Theorem 1 is proved in section 4.

2 The proof of (PS) condition

Let G(u) = [ g(s)ds. We consider the functional associated to (Py):

In(u) = %A IVl do — ;A h(@)|ulP dz — A o(2)G (u) dz,

which is defined on Banach space E = DVP?RN) (N L¥RYN) with the norm

Hun:[/ \wpdw(/ jul* dz) 213
RN RN

It is known that [, € C! and its critical points are the weak solutions of (Py). We denote
by | - |, the L” norm .
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In this section, we shall verify the (PS) condition. A sequence {u,} is said to be a
(PS). sequence if {u, } satisfies I (u,) — cand ||I'(uy)|| — 0; if any (PS). sequence
of I contains a strongly convergent subsequence, we say [ satisfies (P.S). condition.

Lemma 1 Assume (H1), (A1), (42), (G1) — (G3). Then, there exists C > 0 such
that for any u € E we have |uly < C(|Vulb + |Vu|£* + In(u)).

Proof. Letus assume a, < —1 for simplicity. By (A2) we know that there exists Ry > 0
such that a(xz) < —1if || > Ro. By Sobolev embedding,

f{lw\<Ro} [ul* de o

< O Ro j,;N IU\” dx) v < C(Ro)|Vulg.
Hence,

LN |u|® dx
= Jiai<my 14 42 5 Jypapz my ful® do o ©®)
< C(Ro)IVUly + [{ja12 ro,fui<oy 4% 92 + Jijo) ro fur>ay Ul do

By (2),(3).(4),

ng u|* da L .

< CIVUl + Jijapz ro juizay TG0 A2+ Cs [ gy jugsay [0l d
< ClVuly - 50 f{|x|>Ro} a(z)G(u )dx+céf{|1\>R0
<C|Vu\p - = ( )G (u )d:L’JrCO f{\z\<R} a(z )G(u)dx+C5|Vu|g (6)
<C( v a(@)G(u) dx)

< |Vu|p+|Vu|p +Ix(u) = § o [Vul? + 2C1h| x [Vul?)
< O(|Vulp + [Vulp” + In(u)).

The first step to verify (P.S). condition is to show that the (PS). sequence {u,} is
bounded. To this end, by Lemma 1, we need only to show that |Vu,|, is bounded. Let us
consider the closed subspace D7 (Q°) of D*?RN) :

DYP(Q%) = {u € DVPRN)| u(x) = 0,a.e inR™ \ Q°}.
We say A € o(—A,,, Q% h(z)) if there is a nontrivial solution v € D7 (Q°) of the problem
/ |VolP~2VoV dr — )\/ h(x)|v|P~2vp de = 0,V € DP(Q°). (7)
RN RN

Lemma 2 Suppose {u,} is a (PS).-sequence and bounded in DVPRN). If u,, — u in
DYPRN) then fon [Vun|P~2Vu,Vode — [on [VulP~2VuVuvda for v e DMPRY).
Proof. Let {uy} be a (PS).-sequence for Iy, that is:

D) = [ Ve =2 [ n@lupde = [ @Gl e ®)
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(I (un), @) = o(1) |- (9)
Since |V, |P~2Vu,, is bounded in L7°T RY), we have, up to a subsequence, that
|V, P2V, — Qin L7 RY). (10)
We claim that Vu,, — Vu a.e. In fact, let £ > 0, we define a cut-off function T}, :R —R
Te(s)=s, if |[s|<k; Tp=ks/|s| if |s|>k.
It is sufficient to prove that there exists a subsequence such that Vu,, — Vu a.e in any ball

B, Letp € C§°(B,)suchthat 0 < ¢ < 1in B.,and ¢ = 1 in B, /2. We get from (9)
that

Is, |Vun|p_2VunV<an(un —u) dx + fB |Vun\P_2VunV[ T, (up — u)]pdx

- fB )| un [P 2w, 0T (wy, — fB g(un) Ty (U, —u)dx — 0.
(11)
Therefore,
fBT o(|Vun[P~2Vu,, — |Vu|p_2Vu)V[T,,(un —u)]dxr =
— I, <p|Vu\p’2VuV[ o(un —w)]de — [ |Vun|p72VunV<an(un —u)dx
+A fB @) |un [P 2un T, (uy — u) dz + fB z)g(un) Ty (un — u) dz + o(1).
(12)

Since T, (u, — u) — 0in DV?(B,.) and T),(u, — u) — 0 in LP(B,), the first term in the
right hand side of (12) tends to zero as n — oco. Moreover

| fBT |Vun|p_2VunV<p : T”](un - 'U:) d$|
< (J, [Ty(atn = )l d2)'/2(J, (VP Vo) 7)™
< C(fBT T,y (u, — w)|P da)'/P — 0,

So the second term of (12) on the right hand side also tends to zero as © — oo. On the
other hand, for any v € D?RN),

(gn, )

= fB Ah(x \un\P_Qunwdx—&-fB Vg (un )y da

< C( fB un|P dz) 7 fB |1/f|pd5ﬂ)1/p+0 fB [P da) /P ( f g(un) 7T da) 7
< C”’(/}HOO,BM

—1

it yields
(Gns @Tn(un —u)) < CH‘PTn(un - u)Hoo,Br <.

Consequently

lim Sup/ o(|Vun [P~2Vu, — |VulP~2Vu) V[T, (u, — u)] dz < Cn. (13)

n—oo .
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Let
= (|Vun|P"2Vu, — |[Vul|P"2Vu)V (u, — u).

Fix 6 such that 0 < # < 1, and denote
St={x € By :|u, —ul <n}, GI={xe€B,:|u, —ul>n}
By Holder inequality,
0
fB7 R len|” da

< fS" len|? dm—i—fGn len|? dx
fsﬂ |en|dm) |S77|1 9+ fG” |6n‘dx) |G77|1 ‘.

For a fixed 7, |G| — 0 as n — oo, and by (13), e, is bounded in L' (B, /3), we may
assume e, — 0 a.e. in B, /5. As aresult,

(IVun P2V, — |VulP2Vu)V(u, —u) = 0 a.e in B, .
The inequality
(|Vtn P2V, — |[VulP"2Vu)V (u, — u) > Cp| Vi, — Vul?,

now implies Vu, — Vu a.e. in B, /5. This, together with (10), gives the conclusion.
Now we show any (P.S), sequence of I is bounded.
Lemma 3 Assume (H1), (A1), (A2), (G1) — (G3) and A € o(—A,, Q% h(x)), then

any (PS).-sequence of Iy is bounded in E provided that either
(i) g(s) satisfies the stronger form (G%) of (G2) given by

g(s) = |s/°"2s 4+ O(|s|") as |s| — oo, for some 0 <~ <1; or

(ii) a(z) has a thick zero set.

Proof. Let {uy,} be a (PS).-sequence of I, that is, {uy,} satisfies (8), (9). We use the
arguments in [11] to show that |Vu,|, is bounded. Suppose |Vu,|, = t, — oo, let
vy, = ¢, then [Vuy, |, = 1 and for each bounded domain 2 CRN

v, = v in DVPRN),

vy, — v in LYQ) 1 <t < p*, (14)
vy, — v a.einRY,

|on(2)| < w(z;t) for some w(-;t) € LY(Q).

We claim v(z) = 0. In fact, dividing (9) by t£~1, we get

j/‘%N |an|p QVUv@dﬂj— A\LEN ‘Un|p Qvn@ .EN (t 'L),, @dﬂf

oWl (%)
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Let

- - —p, p— (2%
|tn"6 PAn(SD) = ‘tn|ﬁ Pl a(z)|vn|’6 pv;:; 1 g( n n) gﬁd;c
N

‘tnvnw_ptﬁ_lvg_l
and h,(x) denote the integrand of A, (p). Then, on the set {z| v(z) # 0}, we have
|tnvn(x)] — +00, and by (G2)

n(@) 1= a(@)|vn| PPl L ) ()

[tnvn|B~P (tnvn

— a(z)|v(x)|P~Po(x)PLp(z) a.e inRY.
On the set {z| v(x) = 0}, we have v, (z) — 0. By (G1), (G2) and (14),

C(1+ [tn|" o, [P
|hn ()] < (L+] t|ﬁ—1 [V )_>07 |hn(2)] < C(1+ Jw(2)|°~Y) € LH(Q),

where 2 = supp(p). We conclude by Lebesque dominated convergence theorem that
Anli) = Alp) = [ a@ol 7o g
IRN

It follows by passing to the limit in (15) necessarily A(¢) = [, a(z)|v]’PvP Lo dz = 0.
Because ¢ € F is arbitrary, we obtain that v(x) = O aecifz € Q+ U~ Similarly, we
obtain from (15) that

/ |Vo|P~2VoV dr — )\/ h(z)|vP2vpdz =0
RN RN

for p € DVP(Q0). Since A € o(—A,, Q°, h(x)), it yields v = 0 a.e in Q0. Hence v = 0
a.einR".
Next, dividing (8) by ¢¥ and (9) by tf,’l_l, we obtain

1 px—é z)|v,|P de — axG(un) T =0
R pé}vm Nontdo = [ a@Zprlde = of1). (16

N | VUn P72V, Vodr — X [, h(z)|v, P20 de — [,y a(z g(tnvn) di
j.;é | ® %) ©
= 20 loll-

= o=t
(17)
Since h(x) € Lv RN),v =0,
/ h(z)|v,|P dx — 0.
RN
Passing to the limit in (16), we obtain
1 n
Z= lim / a(x)G“,f ) o (18)
p n—-+4o0o RN tn
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Taking ¢ = v,, in (17), we get
tnUn 1
/ |V, |P de — )\/ h(z)|v,|P dz —/ a(aﬁ)g( _111 )vn dr = O(_Z [V ]
RN RN RN th th

n

Similarly,

1- AN a(x)g(;;")un dz = %)nunn +o(1).

n

Moreover, if we take ¢ = v,£ in (17) with ¢ € C°RY), we see that

Jon [Vop|PEda — fon a( Munf dx
= A fox h(@) |V, [PE d — fon V0?2V 0, - 0, VE da + 2 o

=1+1141II
By Lemma 2, I and II tend to zero. Now let us consider III. There holds
funll = (IV(uad) [} + ungl2)?

< OV, + C( / i VEP da)b + ( L fun]*)3
JRN N
< C(‘vun|p + ‘“n‘p*) < C\Vun|p = Ctp,

which implies that III tends to zero. Consequently,

/ |Vo,|P€de — / a(m)g(zn)unf dr = o(1). (19)
N RN tn
Next, we consider the cases (¢) and (i) separately. In the case (4),
[ a0 e = [ a5 do 4ot (20)
RN RN n

Indeed, since |BG(s) — g(s)s| < C for |s| < M and t,, — oo, obviously,
BG(un) — glup)u
[ Jatay P g gy o),
{lun|<M}

n

On the other hand, as (i) implies |8G(s) — g(s)s| = O(|s|"™!) as |s| — oo, where
1 <~+1< 2, wehave

G(un) — g(tn)un Up YL
/“ lM]|a(x)||ﬁ (n) ‘|g\dx<c/ ol = o),
Uy |> n

supp(§) tn

So, (20) holds. Finally, choose £ € C§°R™ ) suchthat0 < ¢ < 1and £(x) = 1if |z| < Ry,
with Ry > 0 as in the proof of Lemma 1, we know from (18), (19), and (20) that
lim inf,, o fon a() GS;;") (1-¢)dx
— g limsup,, o fon a(w)%g dx
- % lim SUPy, 00 ‘[QN ‘V/Un ‘Pé— dl’,
— % >0,

AV
S [ [ [
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contradicting with the choice of Ry. The assertion follows.

In the Case (i4), by the thickness condition, we may choose ¢ € C§°RY) such that
0<¢&<1withé(z) =1,ifz € QF and £(z) = 0, if z € Q™. By (G2), we have
0 < rG(s) < g(s)sif|s| > M for some r > p and M > 0. Hence, we deduce from (19)
that

G, Gl Gl
LN (0 “pled /{WM} (0 e da +/{} 0“5 e s

{lun=M}

< 1/ Vv, [P dr 4+ o(1) < 1Jro(l)
T JrN r

contradicting to (18).

Lemma 4 Suppose {u,} is a bounded (PS).-sequence of I in E. If u, — u in
DVPRN), then Jonv [Vun P — [ [Vul? up to a subsequence.

Proof. Obviously, u is a weak solution of (Py). Since suppa™ is bounded, we have

Jev |Vun|p d:c — /\I%N z)|un [P dr + [y a” (@) g(un)un

= fvat un Up + 0(1) (21)
= fpnat w)u + 0(1)

=k~ |Vu|p dx = X fon D) |ulP dz + [,y o™ (2)g(u)u+ o(1).

Let [ := liminf, o [Vu,[5. We may assume |Vun\§ — [, and then [Vulb < [. By
passing limit in (21), we obtain

L= X v h(z)|uf? dz + hmnﬂ+oo Jova” (m)g(un)un dx

= ki~ |Vu|p dz — X fon h(z)|uP do + [,y o™ (x)g(u)udz.

Hence,

l+liminf/ a_(x)g(un)ung/ |Vu|pdx+/ a” (z)g(v)udz.
RN RN RN

n—-+o0o
By Fatou’s Lemma:

I+ AN a” (z)g(u)u < /%N |Vul? dz + AN a” (z)g(u)ude,

thatis, I < [Vulb. Sol = [Vulb.
Next, we verify the (P.S). condition by the Concentration-Compactness principle due
to P.L. Lions [13].
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Proposition 1 Suppose the conditions in Lemma & hold, then the functional Iy sat-
isfies (PS). condition for all ¢ € R.

Proof. Let {u,} € E be a (PS).-sequence for I,. By Lemma 3, we know that {u,,} is
bounded and without loss of generality, we may assume that

lanll? = [Vutnl? + ]2, > C > 0.

In fact, if there exists a subsequence such that ||uy, | — 0, (PS) condition is then satisfied.
Now, let
pn = |Vun [P + |un|*

be the concentration function. We may assume

/ pnd:vHS\ZO.
RN

By the Concentration-Compactness principle, to show that {u,, } satisfies (PS). condition,
we need only to rule out vanishing and dichotomy.
First, we rule out the vanishing. Suppose by contradiction that vanishing occurs, we
have
sup / pn(x)dz — 0.
y&RYN Jy+Br

It follows from a result of P.L.Lions [13] that

Np
N—p

u, — 0in LYRY), a<y<pti=
Since u,, is bounded in D*?RY), we may assume u,, — 0 in D"PR"N). Thus

/ h(z)|un|P de — / h(z)|ul? dz = 0.
RN RN

We know that {u,, } satisfies

! / |Vu,|P de — / a(r)G(u,) dx — ¢, (22)
P JrN RN
/ |Vu,|P de — l a(x)g(un)uy, dz = o(1). (23)
IRN N
By (3),
\/ a(x)g(un)un dz| < C(] |un|® d + | [un|? de])
{lz|<Ro} {lz|<Ro} {lz|<Ro}

and u, — 0in L}, RY) for 1 <t < p*,

‘ a(x)g(un)un d$| = 0(1)'
{lz|<Ro}
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Thus, by (23),

/ |Vun|P de — / a(x)g(un )uy, dz = o(1).

RN {lz|>Ro}

Note that [,y |V, [P dz and — f{\zIZRo} a(x)g(un)uy dz are nonnegative, it follows
4 |Vu,|P dz = o(1), 4 a(x)g(up)uy, dz = o(1).

By Lemma 1, we obtain |u,|, — 0 and then ||u, [P = |Vulb + [uf, — 0. This is a
contradiction with the fact ||u,||? > C > 0. B
Next, we rule out dichotomy. If dichotomy occurs, then there would exist 0 < o < A

such that for any ¢ > 0 and R > 1, there are sequences {y,} €RY, {R,} C R, and

R > Rsatisfying Ry < R < & R, < Ry41 — ccand

a75</ | Vug P + |up|¥de < a+ ¢,
{|I*ZITL\S§}
/ [Vun|P + |u,|*de < a + ¢, (24)
{le—yn|<3Rn}

/ |V [P+ |un | dz > X — a —e. (25)
{lz—yn|>3Rn}

In particular,

=

Bejoyal<ar,y |Vl [un|* dz
= Jtompal<ary [Vinl? +lunl®do = [, | py [Vunl? + fun|* da (26)
<ate—(a—eg)=2.

‘We claim that
/ lun|P” dz < C(N)e's . (27)
{R<|z—yn|<2Rn}

Indeed, let n,, € C§° @N) be a function such that 7, () = 0if |2 —y,| < % or |z —yp| >
B8R, tin(w) = 1if R < |z — yn| < 2Ry and [Via ()] < . 7+ B Sobolev and
Holder’s inequalities

/ |un P dx
{RS‘-'L'_yn‘SQRn}

§/ |77nun|p* dx
RN

< C(V)( / 1V ()P de)

IRN
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<emnif \vmﬁﬂuﬂpm%%/: V[P da] s
{gélm_ynlggR'ﬂ} {%S‘f_yn‘§3Rn}

*

a—-p P

SC(N)[EH/A Vral525) 5 (/A fun ) 215
{%S‘zfynlgzan} {§§|m7y71|§3Rn}

< O(N)e + RNC9)p( / ) i) 215
{L<|z—yn|<3R.}

Since N (“-2) — p < 0, we get (27) from (26).
Next, let us take £ € C§°RYN) such that {(z) = 1, if [z] < 1, £(z) = 0if [2] > 2, as
well as p(x) = 1 — &£(z). Set

"~ Yn "= Yn
Uy, = E(—= up = Enlin, uz, = o

7 7 Y 1= Qplny,.

If {y,} is bounded, then we have
| o B@)un [P 2007 (ul;, — ) da]
= f{Rn§|I—yn|§2Rn} h(@)un P~ [@ntin||€nun]
1

< (Cevw.
In particular, letting 1(¢) denote a function which goes to zero as & goes to zero, we have
[ b2 do = [ b2 P de+ a). (28)
RN RN
Similarly

|/ |V, |P~2Vu2 (Vu? — Vu,) dz|
RN

<

/ IVt [P~ Vo + 00Vt [t Vi — En Vit dt
{Rnélr_yn|§2Rn}

<

\Vun|pd$+C’/ |V, [P~2u? |V, |? dx
{

Ry <|z—yn|<2R,}

—l—C/ \Vun|p*2ui\gon|2 dx—i—C/ \Vun|p|gon|2 dx
{Rn<|z—yn|<2R,} {Rn<|z—yn|<2R,}

+/ |V, |P~%u2 |V, |* do
{Rn<|z—yn|<2Rn}

< Ce+0/ Vo [P~ up [V |? d
{Rng‘zfyn|§2Rn}

/{Rngll_yn|S2Rn}

§&+C/‘ W%wm+c/ i [P| Vo P e
{Rng‘z_yn|§2Rn} {Rnélx_yn|§2Rn}

<Ce+ C/ [un [PV on|P da.
{Rng‘x_yn|§2Rn}
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By Holder’s inequality,

Jirn<lomyni<2ryy [unlP[Vion|?

< (I{Rn,S\xfyn\SZRn} |u”|a)g(f{RnS\ccfyn|§2Rn} [Veon|a=7)!

- c
Since [V, | < -

ap C o N(a=p) _
(f Va0 < (Spo(mY) S = cRy
{Rn<|o—yn|<2Rn} Ry,
We know (O‘ P _p<0and R, > 2R, then
& < Ce.

/ fun | Vepnl? < / 1n]®)
{Rnrélr_ZI?z'San} {Rnglm_yn|§2Rn}

Consequently,
[ IVl 9 (V) do] < ue)
RN
and

/ |V, P2V, VuZ dz :/ |V, |P~2 VUl |2 do + p(e).
RN RN

On the other hand, in view of (26), (27) and (3),

|/ o) (g(un) — g(u2))u2 da|

/ [tn | da:—|—C'2/ |t |? dx
Ry <\z yn‘<2R } {Rnglf_yn‘SQRn}

p(e)-

Since {u,, } is a bounded (P.S).-sequence,
o(1) = (I\(un),up)
- / Vit P2 V022 dr )\/ () P22 ?
RN RN

- / a()g(u2 )i da + p(e).
RN

If {y,} is bounded, then u2 — 0 a.e inRY and

L @t b= [ @i i o
RN RN

Therefore,

/ (VP22 | dr / a(2)g(u2 i dz = o(1) + u(e),
IRN IRN
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(29)

(30)
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[ wadrar— [ at@gtiid de = o) + (o).

Both [, [VuZ|P dz and — [,y a(x)g(u? )u? dx are non-negative, thus

[ vazrde=o)+ue). [ gl dz = o) + u(o)

R RN

By Lemma 1
213 < OOV + Va2l — [ ala)glul)ud do),
R
it results from (25) and (26) that

[ovrdes [ e de = o)+ ue).
RN RN

However,

/|Vu,21|pdx+/ [u?|* dx
RN RN

> / V2P 4 a2 de
{lx_ynlz?’Rn}

- / Vunl? + [un|* dz + o(1) + u(e)
{lz—yn|>3Rn}

>A—a—e>0,

which is a contradiction.

If {y,, } is unbounded, we may also get u}, — 0 a.e inR"™. Applying the same arguments
above to u., we may obtain a contradiction.

Finally, we show the compactness. We have ruled out vanishing and dichotomy, the
case tight necessarily happens, i.e for any € > 0, there exists R > 0 such that

/ (V[P + Jup|*) dz > X —¢.
{yn+BR}

Especially,
/ (IVun|? + |up|®) dz < e. (31)

First of all , we claim that {y,, } remains bounded. In fact, if ({y,, } is not bounded, by (31)

we obtain
u, — 0in DMPRYN).

Hence

o) = (' (w) ) = [ [Vual o= [ at@)gtun),da+ o).



Nonnegative solutions of p-Laplacian equations in R 121

Since

| a(z)g(un)uy dz

{lz—yn|>R}
<Oy |un|adx|+02|/ un|P” dz|
{‘w_yn‘ZR} {Iw_yn‘ZR}
<Cie+ 0ol [ Vunl?) 5
{lz—yn|>R}

< p(e),

we have

o(1) = / [Vu,|P de — / a(x)g(un ), dz + o(1) + u(e).
RN {lz—yn|<R}
However, for n large, a(z) < —1if |z — y,| < R, thus

/ Vunl? di = o(1) + p(e), — / ()9t )un dit = o(1) + ().
RN

RN
By Lemma 1,

l |Vun\pdx—|—/ |un|® dz = o(1) + u(e),
N JRN

which is a contradiction with [,y [Vu, [P dz + fon [un|*dz — X > 0. Hence, {yn} is
bounded. So for R sufficiently large, we have

/ (IVun|? + |up|®) dz < e. (32)
{lz|=R}

Assume u,, — u in E, by (32),

/ |y, — ul® dx
IRN

[ et [ - uds
{lz|<R} {lz|>R}

=o(1) +Cl/ [t | dw+Cg/ |u|® dx.
{lz|=R} {lz|=R}

< o(1) + p(e).

It implies u,, — uin L*®"Y). Lemma 4 then gives that ||u,, — u|| — 0.
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3 Existence of positive solutions

To show problem (Py) possesses a solution, we shall verify that the functional I has the
mountain pass geometry.
We recall an element inequality in [5].

Lemma 5 Assume 1 < g < 3, then there is a constant C(q), such that for all
a, B € R, we have

_ _ Clal|B17~, if la >8],
o gt =lafr 1517 ~gap(al>+ o < { Gl e 21 o

On the other hand, if ¢ > 3, we have

oo+ 817 = lal? — |87 — gaB(|al?™* + |B]772)] < C(Ja]T™?6% + o|B]77%).

Proposition 2 Assume (H1), (A1), (A2), (G1) — (G3), X & a(—A,,Q° h(x)) and
QTN Q™ =0, then the functional I satisfies
( ) If\< /\1(h) then u =0 is a local minimum of I.
b) If fon a(x)e dr < 0, then there ewists & > 0 such that for Ai(h) < X <
Al(h) + &, there exists e € E such that Ix(e) < 0.

Proof. (a). Since A < A1(h) and

/ |Vu|pdx2)\1/ h(@)|ul? dz,
IRN RN

for R large so that a(z) < 0if || > R, we have

I\ (u) 1[1 — i] /N |Vul? doe — lN a(z)G(u) dx

D A

C/ |VulP do + / G(u) dx — / a(z)G(u) dx
{l=|>R} {lz|<R}
ZC’/ \Vu|pdx—0/ (Ju|® + |ul?) dz
RN {lz|<R}

> C|Vult — C|Vulg — C|Vul?.

It implies that O is a local minimum of .

(b). Write u € E as u = t¢1 + v, where v and ; are linear independent Let us take
Ry > 0 large enough so that a(x) < —1if |[z] > Ry and f$|<R x)pYdr < 0. We
consider the case p > 3, the case 1 < p < 3 can be proved in the same way. We first
assume A = A1 (h) and estimate I (u) for ||u|| small. By Lemma 5,

I)\l (u)
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1
= / |tV<,01+Vv|pdx——/ |tcp1—|—v|pdx—/ a(x)G(u) dx
p RN
1 A
> = /.|Vde — 2L h(@)|v]P da
p P JrN
‘%/;tvwlvvﬂﬂp*ﬂvw1W*2+IVvW*%dx
'R
A’Z;JAlh(x)ﬁplvﬂtf‘alw1W‘2—%IvW*Q)dz
C _ _ _
fEA(ItIP Vi P2V + [t [V |2 [VoP~2) da
C _ _ _
= | Mol e o) d
—/ a(x)G(u) dx
RN
1 A
> - /.|vmpd _al |VolP da
p D A2 JpN
- Anﬂpﬂwlwl\vm + [tIVer[VoP~ da
- /N k(@) [tP~ o™ ol + () [t o]~ ] da
'R

—%/ [P =2Ve1 P72 Vol + [t Vor || VolP~2) d
RN

C —o p—
o | PR o da
—/ a(x)G(u) dz,
IRN
where
A\ = inf M Ay = inf M
0£vEE L,N x)|vp’ 0¢vEE\{t¢1} LN x)|vfr”

We note \; < Ag. Indeed, if A1 = Aq, there exists © € E\{t¢1 } such that

— AT = Aoh(2)[5P~25 = A h(z)| 8P~ 20,

This is a contradiction with )\, is simple. Hence
Iy, (u)
>c [ vilrde - / (I O R A

k(@) [P ol + Ah(a)|tleoP ] da
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C
el MLV T T P
D JrN
NP2 d o Ml [ a@)Gla)da
R

=I1+1I+1I+1IV

Now, we estimate the Il and IIL. Let 7 = |V|,,.
[ v 9ol da
RN
1 _ _q{1-P 11
S(/ |Vv|p)”(/ [P~ Ve [P~ 7=T) %
RN R

—( / Tuf) P / Vo)
IRN IRN

= COrlt|P~t.

Similarly,

/ ][ Vior|[Vo]P~ de, / (@)t dx < O]
IRN IRN

[ Mb@e ool < Crlee .
IRN

IV can be estimated similarly. As a result,

Iy, (u)
> Cr? — (CurtP =" + Cor?t + Csm?[t]P 72 + Cur?28%) — o a(2)G(u) da.
Since
—/ a(x)G(u) dx
RN
__1 a lter |
=—— a(x)[te:|* do — a(x)[G(te1) — Jdx
@ J{lz|<Ro} {lz|<Ro} @
—/ a(z)[G(tpr +v) — G(ter)]) de — / a(z)G(u) dz
{lz|<Ro} {lz|=Ro}

te1|®
> — a(x)[G(t — T \dx —
2 /{ImISRo} (z)[G(te1) o ]

/ a(2)[G(ter +v) — G(ter)] da — / a(x)G(u) dx.
{lz]<Ro}
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and
/ a(2)[G(tor + v) — Glter)] da
{lz|<Ro}

<C a(z)|g(ter + Ov)|v de
{l21<Ro}

< C[/ [tor + 9v|a’lv dx +/ [ter + 01}|’8’1v dx]
{lz|<Ro} {lz|<Ro}

< C[It\""l(/ [v]* dz)= + \tlﬁ’l(/ v dz)®
{lz|<Ro} {|z|<Ro}

+/ |v|ad33+/ l0|? da]
{lz|<Ro} {lz|<Ro}

< Cllt* Vol + [ Vol + [Voly + [Vol).

For |t] and |Vv/|, small, we have

Jilel<roy @(@)[G(te1 +v) — G(ter)] do
< CIH Vol + [Volg] = Ol + 7).

Now we estimate I. By (G1), (G2) and Lebesgue’s Dominated Convergence Theorem, we
have

t 6]
T|S fo
Hence for [t| sufficiently small,

IuMZﬂwwm+/' G(u) de,
{lz|>Ro}

where
J(t,7) = at? —br™ + c|t|* —d[t|* T —er|t|P™ — frPT|t| — g (tP % — hrPR|t)2.
Consider K (t,7) = C|t|* — et|t|P~1, we may verify that

min K(t,7) = —=C[t|* < 0.

|¢t]small
Similar results hold for Ky (t,7) = C|t|* — frP7Y¢t|, Ka(t,7) = Ct|* — gr2[t|P~2,

Ks(t,7) = C|t|* — hrP=2|t|%. So J(t,7) > CyéP if |t| and |Vv|, are sufficiently small.
Consider on the space E the equivalent norm

1 1
[ulle = (maz{[t], [Volp}? + [ufg)» = ([[ull[” + |ulg)7
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For some Cjy > 0, and |||u||| = d, we have I, (u) > Cyo? + f{\z\>Ro} G(u) dx. We claim

G(u)d
lim ) =p, p—0 W > dpp” for some dy > 0 and r > 0. Indeed, let ||u||. = p.

If |||u]|| = § — O, then |ul|, — p and

[ rdr<c®a(]  juldo < o)Vl < Rl o,
{lz[<Ro} {lz|<Ro}

it implies
/ |u]® d:c:/ |u|® dz + o(1) — p©.
{lz[=Ro} RN

By (4) we obtain
/ Glu)dz > C |u|® dx > Cp®.
{lz|=Ro} {lz|>Ro}
Thus, I, (u) > a(p) > 0 for ||u|| = p small and

@) = )| =\l [ el da,
IRN
which implies that there exists & > 0 such that

Iv(u) > alp) >0, A <A< +a.

4 Proof of Theorem 1

We know from Proposition 2 that « = 0 is a local minimum of I if A < A (h), and there
exists pp > 0 and & > 0 such that

Ii(u) > a(po) >0 if |ull =po, A< (h)+a.

Now, choose ¢ € C§°(27),0 < ¢ < 1¢(x) = lifx € B,(z9) C Q* for some 7 > 0
and zo € Q1. Assumption (G2) implies that

/ a(x)G(ty) dx > / a(x)G(ty) dx > CtP,
RN

BT(IO)

it follows I (tp) < C1tP — Cot? < 0 for all t sufficiently large. By the Mountain-Pass
Theorem, there exists a critical point uy of I. Since I (u) = Ix(|u|), we may assume the
u) is positive critical point of I}.

Next we prove the existence of a second positive solution for the case A\ (h) < A <
A1(h) + & for some 0 < & < @&. From the proof of Proposition 2, we see that there exists
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an & > 0 so that for Ay (k) < A < A1(h) 4+ &, we may find p(X\), C'(A\) > 0 with p(A) — 0
as A — Aq(h) and I (u) > C(N\) > O on |ju|| = p(N). Let

I)\(u).

= inf
[lull <p(X)

my is attained in the open ball B,(\) = {u||ju|| < p(\)}. Actually, my < 0. Indeed, let &
be a function such that 0 < £ € C§°(R) such that {(x) = 1if |z| < 1; &(z) = 0if || > 2.

Let {p(z) = {(F o] ). Multiplying (1) and integrating by parts, we have

/ Ve PEL da + p / Vi [P Vior1 68 Vg do = / Aih(@)Qheh de, (34)
IRN IRN IRN

this gives
I)\(t&repr)
tP tP
<= [ 1verggdns S [ [venp o
P JrN P JrN

40 [ VenVaralVenl 2 do+ o7 | VeaVerny ! Vel da

tP _ _
20 [ VPTGV + VenPeey Ve de
—)\—/ §R<pfdx—/ a(z)G(tEppr) dx

RN

<Z / Mhhen i — p / Vi P> Vipr1 €81V dal

P JrnN RN

tP _
L2 / VerlPe? do + 7 / VERVorEr|VER 200 da

P JrN RN
L / VERV o100l Vg [P~ dir

RN

tP -~ _ _ _
20 [ (V62T + VerPleteh "IVl do

tp
—\— /h waldx—/ a(x)G(tErp1) dx

P JrN RN
1P
=0 [ 9P e D on-x) [ ety do

p RN N
e / ngVsolfR|V£R|p*%’f*dz

RN

v _ _
*EC/ ([VERP2 22| Vipy 2 + |VER|202E8 % Vi |P~2) da

—/ a(z)G(tEppr) dx
RN
=A1+ Ay + A3+ Ay + 45
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By Holder’s inequality,

* ¥

tP E
A = —/ VerPe? < c(/ oY
P JrN {R<|z|<2R}

where C'is independent of R. So A; — 0if R — oo. Similarly, A3, A4 — 0. Therefore,

I\(t€r, 1) < |

5 | M@kt dnle = [ a@)Glsnen) do+ o),
Using (G1)-(G3), we obtain
I\(tér, 1) < —at? + bt + ct”,

it implies Iy (tngﬁl) < 0 fort > 0 small. Thus my = ianu”SP(/\) I (u) < 0.

Finally, if v,, is a minimizing sequence for m, by Ekeland’s Variational Principle, there
is a sequence {uy } such that I (u,) — mx, I} (u,) — 0. Proposition 1 implies that there
exists a minimizer vy € B (y) of I which is a critical point of I, and I (vy) = my < 0.
By Proposition 2 (b) and Proposition 1, we see that I has the mountain pass structure and
satisfies(PS) condition, so there is a mountain pass solution u which is different from ).
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