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Abstract

We consider the question of existence of nonnegative solutions of a class of p-Laplacian
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a(x)g(u).
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1 Introduction

In this paper, we are concerned with the existence of nonnegative solutions of the Schrödinger
equation

−∆pu− λh(x)|u|p−2u = a(x)g(u) in RN, (Pλ)

where λ ∈ R is a parameter, 1 < p < N , ∆p:=div(|∇u|p−2∇u) denotes the p-Laplacian
operator and h(x) ≥ 0 is a continuous function on RN . The function a(x) is continuous
and changes sign in RN .

In the case p = 2, the problem has been extensively studied in bounded domains. In
particular, it was discussed in [1], [2] and [3]. Among other things, a ”thickness” condition
on a(x) is required in order to verify the Palais-Smale condition, namely, it is required
that Ω̄+ ∩ Ω̄− = ∅, where Ω+ = {x ∈ Ω : a(x) > 0}, Ω− = {x ∈ Ω : a(x) < 0}.
The ”thickness” condition was removed in [15]. In general, the functional corresponding
to problem (Pλ) does not satisfy geometrical conditions in critical point theory due to the
presence of the negative part−a− of a. In [15], the authors first truncate the nonlinear term
related to a− and solve a modified problem; secondly, they obtain a uniform L∞ bound for
solutions un of modified problems, and then they show the limit function u of un is a
solution of the original problem. In the establishment of L∞ bound, an estimate of Morse
index of critical points is involved in blow up argument. This work was generalized by [8],
[9], [10], [11] and [12] etc.

It is known that the Morse theory for functional defined in a Banach space is not suffi-
cient to be used, so in the case p 6= 2, problem (Pλ) can not be dealt with in the same routine
as in [15]. Recently, J.Chabrowski and D.G.Costa [7] generalized the results to p-Laplacian
problem. Their technique is to separate the Nehari manifold and analyse each part of the
manifold carefully. But they require g(u) = |u|q−2u for some p < q < p∗= Np

(N−p) . Their
argument is difficult to extend to problems with a general g(u).

On the other hand, Costa and Tehrani [10] proved in the case p = 2 that problem
(Pλ) possesses at least a positive solution if 0 < λ < λ1 and two positive solutions if
λ1 < λ < λ1 + α̃ for some α̃ > 0, where λ1 is the first eigenvalue of the problem

−∆pu = λh(x)|u|p−2u inRN. (1)

The results in [10] are obtained by directly applying the mountain pass theorem. But the
problem is that setting inRN , the Palais-Smale condition is usually not valid. They use
the concentration-compactness principle to show that (PS)c condition holds for all c under
certain conditions. In present work, we shall establish similar results for problem (Pλ) with
p 6= 2.

It is well-known that under our assumptions on h(x) (see below) problem (1) has a
sequence of eigenvalues 0 < λ1(h) < λ2(h) ≤ . . . ≤ λn(h) ≤ . . ., which are obtained
variationally through the Krasnoselski genus. Moreover, It is shown in [4] that the principal
positive eigenvalue λ1(h) is simple, isolated and possesses positive eigenfunctions ϕ1(x).

Our hypotheses are as follows.

(H1) 0 ≤ h(x) ∈ LN/p(RN )
⋂

L∞(RN ), h 6≡ 0.

(G1) lims→0
g(s)
sα−1 = 1.
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(G2) lims→∞
g(s)
sβ−1 = 1, p < α < β < p∗ = Np

N−p , 1 < p < N .

(G3) g(s) > 0, ∀ s > 0.

(A1) a ∈ C(RN ) changes sign inRN .

(A2) lim|x|→∞ a(x) = a∞ < 0.

(A3)
∫
RN a(x)ϕα

1 (x) dx < 0.

Denote Ω0 = {x ∈RN | a(x) = 0}. We say a(x) has a thick zero set if Ω̄+
⋂

Ω̄− = ∅.
Moreover, since we are looking for nonnegative solutions, throughout this paper, we shall
assume, without loss of generality, that g(s) is defined for all s ∈ R as an odd function.

Because of assumptions (H1) and (G1)− (G3), we have
∫

RN

h(x)|u|p dx ≤ (
∫

RN

h
N
p )

p
N (

∫

RN

|u|p∗)1− p
N = |h|N

p
|u|pp∗ ≤ C|h|N

p
|∇u|pp, (2)

|g(s)| ≤ C1|s|α−1 + C2|s|β−1, |G(s)| ≤ C1|s|α + C2|s|β ∀s ∈ R (3)

and for δ > 0 small,

C0|s|α ≤ G(s), C0|s|α ≤ g(s)s, if |s| ≤ δ;
C0|s|β ≤ G(s), C0|s|β ≤ g(s)s, if |s| ≥ δ.

(4)

Our main results are as follows.

Theorem 1 Assume the conditions (H1), (A1)−(A3), (G1)−(G3) and λ 6∈ σ(−∆p, Ω0, h(x)),
(i) If λ ≤ λ1(h) then problem (Pλ) has at least one nonnegative solution u ∈ E.
(ii) There exists ᾱ > 0 such that for λ1(h) < λ < λ1(h) + ᾱ, problem (Pλ) has at
least two nonnegative solutions.

To prove the result, we need to verify (PS)c condition, this will be done in section 2
by the concentration-compactness principle. Next, we shall show that the corresponding
functional has the mountain-pass structure in section 3. Theorem 1 is proved in section 4.

2 The proof of (PS) condition

Let G(u) =
∫ u

0
g(s)ds. We consider the functional associated to (Pλ):

Iλ(u) =
1
p

∫

RN

|∇u|p dx− λ

p

∫

RN

h(x)|u|p dx−
∫

RN

a(x)G(u) dx,

which is defined on Banach space E = D1,p(RN )
⋂

Lα(RN ) with the norm

‖u‖ = [
∫

RN

|∇u|p dx + (
∫

RN

|u|α dx)
p
α ]

1
p .

It is known that Iλ ∈ C1 and its critical points are the weak solutions of (Pλ). We denote
by | · |p the Lp norm .
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In this section, we shall verify the (PS) condition. A sequence {un} is said to be a
(PS)c sequence if {un} satisfies Iλ(un) → c and ‖I ′(un)‖ → 0; if any (PS)c sequence
of I contains a strongly convergent subsequence, we say I satisfies (PS)c condition.

Lemma 1 Assume (H1), (A1), (A2), (G1)− (G3). Then, there exists C > 0 such
that for any u ∈ E we have |u|αα ≤ C(|∇u|pp + |∇u|p∗p + Iλ(u)).

Proof. Let us assume a∞ < −1 for simplicity. By (A2) we know that there exists R0 > 0
such that a(x) < −1 if |x| ≥ R0. By Sobolev embedding,

∫
{|x|<R0} |u|α dx

≤ C(R0)(
∫
{|x|<R0} |u|p

∗
dx)

α
p∗

≤ C(R0)(
∫
RN |u|p∗ dx)

α
p∗ ≤ C(R0)|∇u|αp .

Hence,
∫
RN |u|α dx
=

∫
{|x|<R0} |u|α dx +

∫
{|x|≥R0} |u|α dx

≤ C(R0)|∇u|αp +
∫
{|x|≥R0,|u|≤δ} |u|α dx +

∫
{|x|≥R0,|u|>δ} |u|α dx.

(5)

By (2),(3),(4),
∫
RN |u|α dx

≤ C|∇u|αp +
∫
{|x|≥R0,|u|≤δ}

1
C0

G(u) dx + Cδ

∫
{|x|≥R0,|u|>δ} |u|p

∗
dx

≤ C|∇u|αp − 1
C0

∫
{|x|≥R0} a(x)G(u) dx + Cδ

∫
{|x|≥R0,|u|>δ} |u|p

∗
dx

≤ C|∇u|αp − 1
C0

∫
RN a(x)G(u) dx + 1

C0

∫
{|x|<R0} a(x)G(u) dx + Cδ|∇u|p∗p

≤ C(|∇u|pp + |∇u|p∗p − ∫
RN a(x)G(u) dx)

≤ C(|∇u|pp + |∇u|p∗p + Iλ(u)− 1
p

∫
RN |∇u|p + λ

p C|h|N
p
|∇u|pp)

≤ C(|∇u|pp + |∇u|p∗p + Iλ(u)).

(6)

The first step to verify (PS)c condition is to show that the (PS)c sequence {un} is
bounded. To this end, by Lemma 1, we need only to show that |∇un|p is bounded. Let us
consider the closed subspace D1,p(Ω0) of D1,p(RN ) :

D1,p(Ω0) = {u ∈ D1,p(RN )| u(x) = 0, a.e inRN \ Ω0}.
We say λ ∈ σ(−∆p, Ω0, h(x)) if there is a nontrivial solution v ∈ D1,p(Ω0) of the problem

∫

RN

|∇v|p−2∇v∇ϕdx− λ

∫

RN

h(x)|v|p−2vϕ dx = 0, ∀ϕ ∈ D1,p(Ω0). (7)

Lemma 2 Suppose {un} is a (PS)c-sequence and bounded in D1,p(RN ). If un ⇀ u in
D1,p(RN ), then

∫
RN |∇un|p−2∇un∇v dx → ∫

RN |∇u|p−2∇u∇v dx for v ∈ D1,p(RN ).
Proof. Let {un} be a (PS)c-sequence for Iλ, that is:

Iλ(un) =
1
p

∫

RN

|∇un|pdx− λ

p

∫

RN

h(x)|un|pdx−
∫

RN

a(x)G(un)dx → c, (8)
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〈I ′λ(un), ϕ〉 = o(1)‖ϕ‖. (9)

Since |∇un|p−2∇un is bounded in L
p

p−1 (RN ), we have, up to a subsequence, that

|∇un|p−2∇un ⇀ Q in L
p

p−1 (RN ). (10)

We claim that ∇un → ∇u a.e. In fact, let k > 0, we define a cut-off function Tk :R →R

Tk(s) = s, if |s| ≤ k; Tk = ks/|s| if |s| ≥ k.

It is sufficient to prove that there exists a subsequence such that∇un → ∇u a.e in any ball
Br/2. Let ϕ ∈ C∞0 (Br) such that 0 ≤ ϕ ≤ 1 in Br, and ϕ = 1 in Br/2. We get from (9)
that

∫
Br
|∇un|p−2∇un∇ϕTη(un − u) dx +

∫
Br
|∇un|p−2∇un∇[Tη(un − u)]ϕdx

−λ
∫

Br
h(x)|un|p−2unϕTη(un − u) dx− ∫

Br
a(x)g(un)ϕTη(un − u) dx → 0.

(11)
Therefore,

∫
Br

ϕ(|∇un|p−2∇un − |∇u|p−2∇u)∇[Tη(un − u)] dx =
− ∫

Br
ϕ|∇u|p−2∇u∇[Tη(un − u)] dx− ∫

Br
|∇un|p−2∇un∇ϕTη(un − u) dx

+λ
∫

Br
h(x)|un|p−2unϕTη(un − u) dx +

∫
Br

a(x)g(un)ϕTη(un − u) dx + o(1).
(12)

Since Tη(un − u) ⇀ 0 in D1,p(Br) and Tη(un − u) → 0 in Lp(Br), the first term in the
right hand side of (12) tends to zero as n →∞. Moreover

| ∫
Br
|∇un|p−2∇un∇ϕ · Tη(un − u) dx|

≤ (
∫

Br
|Tη(un − u)|p dx)1/p(

∫
Br

(|∇un|p−1|∇ϕ|) p
p−1 )

p−1
p

≤ C(
∫

Br
|Tη(un − u)|p dx)1/p → 0,

So the second term of (12) on the right hand side also tends to zero as u → ∞. On the
other hand, for any ψ ∈ D1,p(RN ),

〈gn, ψ〉 :
=

∫
Br

λh(x)|un|p−2unψ dx +
∫

Br
a(x)g(un)ψ dx

≤ C(
∫

Br
|un|p dx)

p−1
p (

∫
Br
|ψ|p dx)1/p + C(

∫
Br
|ψ|p dx)1/p(

∫
Br

g(un)
p

p−1 dx)
p−1

p

≤ C‖ψ‖∞,Br ,

it yields
〈gn, ϕTη(un − u)〉 ≤ C‖ϕTη(un − u)‖∞,Br ≤ η.

Consequently

lim sup
n→∞

∫

Br

ϕ(|∇un|p−2∇un − |∇u|p−2∇u)∇[Tη(un − u)] dx ≤ Cη. (13)
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Let
en = (|∇un|p−2∇un − |∇u|p−2∇u)∇(un − u).

Fix θ such that 0 < θ < 1, and denote

Sη
n = {x ∈ Br : |un − u| ≤ η}, Gη

n = {x ∈ Br : |un − u| > η}.

By Hölder inequality,
∫

Br/2
|en|θ dx

≤ ∫
Sη

n
|en|θ dx +

∫
Gη

n
|en|θ dx

≤ (
∫

Sη
n
|en| dx)θ|Sη

n|1−θ + (
∫

Gη
n
|en| dx)θ|Gη

n|1−θ.

For a fixed η, |Gη
n| → 0 as n → ∞, and by (13), en is bounded in L1(Br/2), we may

assume en → 0 a.e. in Br/2. As a result,

(|∇un|p−2∇un − |∇u|p−2∇u)∇(un − u) → 0 a.e in Br/2.

The inequality

(|∇un|p−2∇un − |∇u|p−2∇u)∇(un − u) ≥ Cm|∇un −∇u|p,

now implies ∇un → ∇u a.e. in Br/2. This, together with (10), gives the conclusion.

Now we show any (PS)c sequence of Iλ is bounded.

Lemma 3 Assume (H1), (A1), (A2), (G1) − (G3) and λ 6∈ σ(−∆p, Ω0, h(x)), then
any (PS)c-sequence of Iλ is bounded in E provided that either

(i) g(s) satisfies the stronger form (G′2) of (G2) given by

g(s) = |s|β−2s + O(|s|γ) as |s| → ∞, for some 0 ≤ γ < 1; or

(ii) a(x) has a thick zero set.

Proof. Let {un} be a (PS)c-sequence of Iλ, that is, {un} satisfies (8), (9). We use the
arguments in [11] to show that |∇un|p is bounded. Suppose |∇un|p = tn → ∞, let
vn = un

tn
, then |∇vn|p = 1 and for each bounded domain Ω ⊂RN

vn ⇀ v in D1,p(RN ),
vn → v in Lt(Ω) 1 ≤ t < p∗,
vn → v a.e inRN ,
|vn(x)| ≤ w(x; t) for some w(·; t) ∈ Lt(Ω).

(14)

We claim v(x) = 0. In fact, dividing (9) by tp−1
n , we get

∫
RN |∇vn|p−2∇v∇ϕdx− λ

∫
RN h(x)|vn|p−2vnϕ− ∫

RN a(x) g(tnvn)

tp−1
n

ϕdx

= o(1)‖ϕ‖. (15)
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Let

|tn|β−pAn(ϕ) := |tn|β−p

∫

RN

a(x)|vn|β−pvp−1
n

g(tnvn)
|tnvn|β−ptp−1

n vp−1
n

ϕ dx

and hn(x) denote the integrand of An(ϕ). Then, on the set {x| v(x) 6= 0}, we have
|tnvn(x)| → +∞, and by (G2)

hn(x) := a(x)|vn|β−pvp−1
n

g(tnvn)
|tnvn|β−p(tnvn)p−1 ϕ(x)

→ a(x)|v(x)|β−pv(x)p−1ϕ(x) a.e inRN .

On the set {x| v(x) = 0}, we have vn(x) → 0. By (G1), (G2) and (14),

|hn(x)| ≤ C(1 + |tn|β−1|vn|β−1)

tβ−1
n

→ 0, |hn(x)| ≤ C(1 + |w(x)|β−1) ∈ L1(Ω),

where Ω = supp(ϕ). We conclude by Lebesque dominated convergence theorem that

An(ϕ) → A(ϕ) :=
∫

RN

a(x)|v|β−pvp−1ϕdx.

It follows by passing to the limit in (15) necessarily A(ϕ) =
∫
RN a(x)|v|β−pvp−1ϕdx = 0.

Because ϕ ∈ E is arbitrary, we obtain that v(x) = 0 a.e if x ∈ Ω+
⋃

Ω−. Similarly, we
obtain from (15) that

∫

RN

|∇v|p−2∇v∇ϕdx− λ

∫

RN

h(x)|v|p−2vϕ dx = 0

for ϕ ∈ D1,p(Ω0). Since λ 6∈ σ(−∆p, Ω0, h(x)), it yields v = 0 a.e in Ω0. Hence v = 0
a.e inRN .

Next, dividing (8) by tpn and (9) by tp−1
n , we obtain

1
p

∫

RN

|∇vn|p dx− λ

p

∫

RN

h(x)|vn|p dx−
∫

RN

a(x)
G(un)

tpn
dx = o(1). (16)

∫
RN |∇vn|p−2∇vn∇ϕdx− λ

∫
RN h(x)|vn|p−2vnϕdx− ∫

RN a(x) g(tnvn)

tp−1
n

ϕdx

= o(1)

tp−1
n

‖ϕ‖.
(17)

Since h(x) ∈ L
N
p (RN ), v ≡ 0,

∫

RN

h(x)|vn|p dx → 0.

Passing to the limit in (16), we obtain

1
p

= lim
n→+∞

∫

RN

a(x)
G(un)

tpn
dx. (18)
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Taking ϕ = vn in (17), we get
∫

RN

|∇vn|p dx− λ

∫

RN

h(x)|vn|p dx−
∫

RN

a(x)
g(tnvn)

tp−1
n

vn dx =
o(1)
tp−1
n

‖vn‖.

Similarly,

1−
∫

RN

a(x)
g(un)

tpn
un dx =

o(1)
tpn

‖un‖+ o(1).

Moreover, if we take ϕ = vnξ in (17) with ξ ∈ C∞0 (RN ), we see that

∫
RN |∇vn|pξ dx− ∫

RN a(x) g(tnvn)
tp
n

unξ dx

= λ
∫
RN h(x)|vn|pξ dx− ∫

RN |∇vn|p−2∇vn · vn∇ξ dx + o(1)
tp
n
‖vnξ‖

= I + II + III

By Lemma 2, I and II tend to zero. Now let us consider III. There holds

‖unξ‖ = (|∇(unξ)|pp + |unξ|pα)
1
p

≤ C|∇un|p + C(
∫

RN

|un∇ξ|p dx)
1
p + (

∫

RN

|unξ|α)
1
α

≤ C(|∇un|p + |un|p∗) ≤ C|∇un|p = Ctn,

which implies that III tends to zero. Consequently,
∫

RN

|∇vn|pξ dx−
∫

RN

a(x)
g(un)

tpn
unξ dx = o(1). (19)

Next, we consider the cases (i) and (ii) separately. In the case (i),
∫

RN

a(x)
βG(un)

tpn
ξ dx =

∫

RN

a(x)
g(un)

tpn
unξ dx + o(1). (20)

Indeed, since |βG(s)− g(s)s| ≤ C for |s| ≤ M and tn →∞, obviously,
∫

{|un|≤M}
|a(x)| |βG(un)− g(un)un|

tpn
|ξ| dx = o(1).

On the other hand, as (i) implies |βG(s) − g(s)s| = O(|s|γ+1) as |s| → ∞, where
1 ≤ γ + 1 < 2, we have

∫

[|un|≥M ]

|a(x)| |βG(un)− g(un)un|
tpn

|ξ| dx ≤ C

∫

supp(ξ)

|un|γ+1

tpn
dx = o(1),

So, (20) holds. Finally, choose ξ ∈ C∞0 (RN ) such that 0 ≤ ξ ≤ 1 and ξ(x) = 1 if |x| ≤ R0,
with R0 > 0 as in the proof of Lemma 1, we know from (18), (19), and (20) that

lim infn→∞
∫
RN a(x)G(un)

tp
n

(1− ξ) dx

= 1
p − 1

β lim supn→∞
∫
RN a(x) g(un)un

tp
n

ξ dx

= 1
p − 1

β lim supn→∞
∫
RN |∇vn|pξ dx,

≥ 1
p − 1

β > 0,
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contradicting with the choice of R0. The assertion follows.
In the Case (ii), by the thickness condition, we may choose ξ ∈ C∞0 (RN ) such that

0 ≤ ξ ≤ 1 with ξ(x) = 1, if x ∈ Ω+ and ξ(x) = 0, if x ∈ Ω−. By (G2), we have
0 < rG(s) ≤ g(s)s if |s| ≥ M for some r > p and M > 0. Hence, we deduce from (19)
that

∫

RN

a(x)
G(un)

tpn
ξ dx =

∫

{|un<M}
a(x)

G(un)
tpn

ξ dx +
∫

{|un|≥M}
a(x)

G(un)
tpn

ξ dx

≤ o(1) +
1
r

∫

{|un≥M}
a(x)

g(un)un

tpn
ξ dx

≤ 1
r

∫

RN

|∇vn|pξ dx + o(1) ≤ 1
r

+ o(1)

contradicting to (18).

Lemma 4 Suppose {un} is a bounded (PS)c-sequence of Iλ in E. If un ⇀ u in
D1,p(RN ), then

∫
RN |∇un|p →

∫
RN |∇u|p up to a subsequence.

Proof. Obviously, u is a weak solution of (Pλ). Since suppa+ is bounded, we have

∫
RN |∇un|p dx− λ

∫
RN h(x)|un|p dx +

∫
RN a−(x)g(un)un

=
∫
RN a+(x)g(un)un + o(1)

=
∫
RN a+(x)g(u)u + o(1)

=
∫
RN |∇u|p dx− λ

∫
RN h(x)|u|p dx +

∫
RN a−(x)g(u)u + o(1).

(21)

Let l := lim infn→∞ |∇un|pp. We may assume |∇un|pp → l, and then |∇u|pp ≤ l. By
passing limit in (21), we obtain

l − λ
∫
RN h(x)|u|p dx + limn→+∞

∫
RN a−(x)g(un)un dx

=
∫
RN |∇u|p dx− λ

∫
RN h(x)|u|p dx +

∫
RN a−(x)g(u)u dx.

Hence,

l + lim inf
n→+∞

∫

RN

a−(x)g(un)un ≤
∫

RN

|∇u|p dx +
∫

RN

a−(x)g(u)u dx.

By Fatou’s Lemma:

l +
∫

RN

a−(x)g(u)u ≤
∫

RN

|∇u|p dx +
∫

RN

a−(x)g(u)u dx,

that is, l ≤ |∇u|pp. So l = |∇u|pp.
Next, we verify the (PS)c condition by the Concentration-Compactness principle due

to P.L. Lions [13].
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Proposition 1 Suppose the conditions in Lemma 3 hold, then the functional Iλ sat-
isfies (PS)c condition for all c ∈ R.

Proof. Let {un} ∈ E be a (PS)c-sequence for Iλ. By Lemma 3, we know that {un} is
bounded and without loss of generality, we may assume that

‖un‖p = |∇un|pp + |un|pα ≥ C > 0.

In fact, if there exists a subsequence such that ‖unk
‖ → 0, (PS) condition is then satisfied.

Now, let
ρn = |∇un|p + |un|α

be the concentration function. We may assume
∫

RN

ρn dx → λ̄ ≥ 0.

By the Concentration-Compactness principle, to show that {un} satisfies (PS)c condition,
we need only to rule out vanishing and dichotomy.

First, we rule out the vanishing. Suppose by contradiction that vanishing occurs, we
have

sup
y∈RN

∫

y+BR

ρn(x) dx → 0.

It follows from a result of P.L.Lions [13] that

un → 0 in Lγ(RN ), α < γ < p∗ :=
Np

N − p
.

Since un is bounded in D1,p(RN ), we may assume un ⇀ 0 in D1,p(RN ). Thus
∫

RN

h(x)|un|p dx →
∫

RN

h(x)|u|p dx = 0.

We know that {un} satisfies

1
p

∫

RN

|∇un|p dx−
∫

RN

a(x)G(un) dx → c, (22)

∫

RN

|∇un|p dx−
∫

RN

a(x)g(un)un dx = o(1). (23)

By (3),

|
∫

{|x|≤R0}
a(x)g(un)un dx| ≤ C(|

∫

{|x|≤R0}
|un|α dx + |

∫

{|x|≤R0}
|un|β dx|)

and un → 0 in Lt
loc(R

N ) for 1 ≤ t < p∗,

|
∫

{|x|≤R0}
a(x)g(un)un dx| = o(1).
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Thus, by (23),
∫

RN

|∇un|p dx−
∫

{|x|≥R0}
a(x)g(un)un dx = o(1).

Note that
∫
RN |∇un|p dx and − ∫

{|x|≥R0} a(x)g(un)un dx are nonnegative, it follows

∫

RN

|∇un|p dx = o(1),
∫

RN

a(x)g(un)un dx = o(1).

By Lemma 1, we obtain |un|α → 0 and then ‖un‖p = |∇u|pp + |u|pα → 0. This is a
contradiction with the fact ‖un‖p ≥ C > 0.

Next, we rule out dichotomy. If dichotomy occurs, then there would exist 0 < α < λ̄
such that for any ε > 0 and R̄ ≥ 1, there are sequences {yn} ∈RN , {Rn} ⊂ R+, and
R̂ > R̄ satisfying R0 < R̂ < R1

2 , Rn < Rn+1 →∞ and

α− ε <

∫

{|x−yn|≤ bR
2 }
|∇un|p + |un|α dx < α + ε,

∫

{|x−yn|≤3Rn}
|∇un|p + |un|α dx < α + ε, (24)

∫

{|x−yn|≥3Rn}
|∇un|p + |un|α dx > λ̄− α− ε. (25)

In particular,
∫
{ bR2 ≤|x−yn|≤3Rn} |∇un|p + |un|α dx

=
∫
{|x−yn|≤3Rn} |∇un|p + |un|α dx− ∫

{|x−yn|< bR
2 }
|∇un|p + |un|α dx

< α + ε− (α− ε) = 2ε.

(26)

We claim that ∫

{ bR≤|x−yn|≤2Rn}
|un|p

∗
dx ≤ C(N)ε

p∗
α . (27)

Indeed, let ηn ∈ C∞0 (RN ) be a function such that ηn(x) = 0 if |x−yn| ≤ bR
2 , or |x−yn| ≥

3Rn, ηn(x) = 1 if R̂ ≤ |x − yn| ≤ 2Rn and |∇ηn(x)| ≤ C

(Rn− bR)
. By Sobolev and

Hölder’s inequalities
∫

{ bR≤|x−yn|≤2Rn}
|un|p

∗
dx

≤
∫

RN

|ηnun|p
∗
dx

≤ C(N)(
∫

RN

|∇(ηnun)|p dx)
1
p
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≤ C(N)[
∫

{ bR2 ≤|x−yn|≤3Rn}
|∇ηn|p|un|p dx +

∫

{ bR2 ≤|x−yn|≤3Rn}
|∇un|p dx]

p∗
p

≤ C(N)[ε + (
∫

{ bR2 ≤|x−yn|≤3Rn}
|∇ηn|

αp
α−p )

α−p
α (

∫

{ bR2 ≤|x−yn|≤3Rn}
|un|α)

p
α ]

p∗
p

≤ C(N)[ε + R̄N( α−p
α )−p(

∫

{ bR2 ≤|x−yn|≤3Rn}
|un|α)

p
α ]

p∗
p .

Since N(α−p
α )− p < 0, we get (27) from (26).

Next, let us take ξ ∈ C∞0 (RN ) such that ξ(x) = 1, if |x| ≤ 1, ξ(x) = 0 if |x| ≥ 2, as
well as ϕ(x) = 1− ξ(x). Set

u1
n := ξ(

· − yn

R̂
)un := ξnun, u2

n := ϕ(
· − yn

Rn
)un := ϕnun.

If {yn} is bounded, then we have

| ∫
RN h(x)|un|p−2u2

n(u2
n − un) dx|

≤ ∫
{Rn≤|x−yn|≤2Rn} h(x)|un|p−2|ϕnun||ξnun|

≤ Cε
1
α .

In particular, letting µ(ε) denote a function which goes to zero as ε goes to zero, we have
∫

RN

h(x)|un|p−2unu2
n dx =

∫

RN

h(x)|un|p−2|u2
n|2 dx + µ(ε). (28)

Similarly

|
∫

RN

|∇un|p−2∇u2
n(∇u2

n −∇un) dx|

≤
∫

{Rn≤|x−yn|≤2Rn}
|∇un|p−2|un∇ϕn + ϕn∇un||un∇ϕn − ξn∇un| dx

≤
∫

{Rn≤|x−yn|≤2Rn}
|∇un|p dx + C

∫

{Rn≤|x−yn|≤2Rn}
|∇un|p−2u2

n|∇ϕn|2 dx

+C

∫

{Rn≤|x−yn|≤2Rn}
|∇un|p−2u2

n|ϕn|2 dx + C

∫

{Rn≤|x−yn|≤2Rn}
|∇un|p|ϕn|2 dx

+
∫

{Rn≤|x−yn|≤2Rn}
|∇un|p−2u2

n|∇ϕn|2 dx

≤ Cε + C

∫

{Rn≤|x−yn|≤2Rn}
|∇un|p−2u2

n|∇ϕn|2 dx

≤ Cε + C

∫

{Rn≤|x−yn|≤2Rn}
|∇un|p dx + C

∫

{Rn≤|x−yn|≤2Rn}
|un|p|∇ϕn|p dx

≤ Cε + C

∫

{Rn≤|x−yn|≤2Rn}
|un|p|∇ϕn|p dx.
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By Hölder’s inequality,
∫
{Rn≤|x−yn|≤2Rn} |un|p|∇ϕn|p
≤ (

∫
{Rn≤|x−yn|≤2Rn} |un|α)

p
α (

∫
{Rn≤|x−yn|≤2Rn} |∇ϕn|

αp
α−p )1−

p
α .

Since |∇ϕn| ≤ C
Rn

,

(
∫

{Rn≤|x−yn|≤2Rn}
|∇ϕn|

αp
α−p )1−

p
α ≤ (

C

Rn
)pC(RN

n )
α−p

α = CR
N(α−p)

α −p
n .

We know N(α−p)
α − p < 0 and Rn > 2R̄, then

∫

{Rn≤|x−yn|≤2Rn}
|un|p|∇ϕn|p ≤ C(

∫

{Rn≤|x−yn|≤2Rn}
|un|α)

p
α ≤ Cε.

Consequently,

|
∫

RN

|∇un|p−2∇u2
n(∇u2

n −∇un) dx| ≤ µ(ε) (29)

and ∫

RN

|∇un|p−2∇un∇u2
n dx =

∫

RN

|∇un|p−2|∇u2
n|2 dx + µ(ε). (30)

On the other hand, in view of (26), (27) and (3),

|
∫

RN

a(x)(g(un)− g(u2
n))u2

n dx|

≤ C1

∫

{Rn≤|x−yn|≤2Rn}
|un|α dx + C2

∫

{Rn≤|x−yn|≤2Rn}
|un|β dx

≤ µ(ε).

Since {un} is a bounded (PS)c-sequence,

o(1) = 〈Iλ
′(un), u2

n〉
=

∫

RN

|∇un|p−2|∇u2
n|2 dx− λ

∫

RN

h(x)|un|p−2|u2
n|2 dx

−
∫

RN

a(x)g(u2
n)u2

n dx + µ(ε).

If {yn} is bounded, then u2
n → 0 a.e inRN and

∫

RN

h(x)|un|p−2|u2
n|2 dx =

∫

RN

h(x)|u2
n|p dx → 0.

Therefore,
∫

RN

|∇un|p−2|∇u2
n|2 dx−

∫

RN

a(x)g(u2
n)u2

n dx = o(1) + µ(ε),
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∫

RN

|∇u2
n|p dx−

∫

RN

a(x)g(u2
n)u2

n dx = o(1) + µ(ε).

Both
∫
RN |∇u2

n|p dx and − ∫
RN a(x)g(u2

n)u2
n dx are non-negative, thus

∫

RN

|∇u2
n|p dx = o(1) + µ(ε), −

∫

RN

a(x)g(u2
n)u2

n dx = o(1) + µ(ε).

By Lemma 1

|u2
n|αα ≤ C(|∇u2

n|pp + |∇u2
n|p

∗
p −

∫

RN

a(x)g(u2
n)u2

n dx),

it results from (25) and (26) that
∫

RN

|∇u2
n|p dx +

∫

RN

|u2
n|α dx = o(1) + µ(ε).

However,
∫

RN

|∇u2
n|p dx +

∫

RN

|u2
n|α dx

≥
∫

{|x−yn|≥3Rn}
|∇u2

n|p + |u2
n|α dx

=
∫

{|x−yn|≥3Rn}
|∇un|p + |un|α dx + o(1) + µ(ε)

≥ λ̄− α− ε > 0,

which is a contradiction.
If {yn} is unbounded, we may also get u1

n → 0 a.e inRN . Applying the same arguments
above to u1

n, we may obtain a contradiction.
Finally, we show the compactness. We have ruled out vanishing and dichotomy, the

case tight necessarily happens, i.e for any ε > 0, there exists R > 0 such that
∫

{yn+BR}
(|∇un|p + |un|α) dx ≥ λ̄− ε.

Especially, ∫

{|x−yn|≥R}
(|∇un|p + |un|α) dx < ε. (31)

First of all , we claim that {yn} remains bounded. In fact, if ({yn} is not bounded, by (31)
we obtain

un ⇀ 0 in D1,p(RN ).

Hence

o(1) = 〈I ′(un), un〉 =
∫

RN

|∇un|p dx−
∫

RN

a(x)g(un)un dx + o(1).
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Since

|
∫

{|x−yn|≥R}
a(x)g(un)un dx|

≤ C1|
∫

{|x−yn|≥R}
|un|α dx|+ C2|

∫

{|x−yn|≥R}
|un|p

∗
dx|

≤ C1ε + C3(
∫

{|x−yn|≥R}
|∇un|p)

p∗
p

≤ µ(ε),

we have

o(1) =
∫

RN

|∇un|p dx−
∫

{|x−yn|≤R}
a(x)g(un)un dx + o(1) + µ(ε).

However, for n large, a(x) < −1 if |x− yn| ≤ R, thus

∫

RN

|∇un|p dx = o(1) + µ(ε), −
∫

RN

a(x)g(un)un dx = o(1) + µ(ε).

By Lemma 1, ∫

RN

|∇un|p dx +
∫

RN

|un|α dx = o(1) + µ(ε),

which is a contradiction with
∫
RN |∇un|p dx +

∫
RN |un|α dx → λ̄ > 0. Hence, {yn} is

bounded. So for R sufficiently large, we have

∫

{|x|≥R}
(|∇un|p + |un|α) dx < ε. (32)

Assume un ⇀ u in E, by (32),

∫

RN

|un − u|α dx

=
∫

{|x|≤R}
|un − u|α dx +

∫

{|x|≥R}
|un − u|α dx

= o(1) + C1

∫

{|x|≥R}
|un|α dx + C2

∫

{|x|≥R}
|u|α dx.

≤ o(1) + µ(ε).

It implies un → u in Lα(RN ). Lemma 4 then gives that ‖un − u‖ → 0.
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3 Existence of positive solutions

To show problem (Pλ) possesses a solution, we shall verify that the functional Iλ has the
mountain pass geometry.

We recall an element inequality in [5].

Lemma 5 Assume 1 ≤ q ≤ 3, then there is a constant C(q), such that for all
α, β ∈ R, we have

||α+β|q−|α|q−|β|q−qαβ(|α|q−2+|β|q−2)| ≤
{

C|α||β|q−1, if |α| ≥ |β|,
C|α|q−1|β|, if |α| ≤ |β|. (33)

On the other hand, if q ≥ 3, we have

||α + β|q − |α|q − |β|q − qαβ(|α|q−2 + |β|q−2)| ≤ C(|α|q−2β2 + α2|β|q−2).

Proposition 2 Assume (H1), (A1), (A2), (G1) − (G3), λ 6∈ σ(−∆p, Ω0, h(x)) and
Ω̄+

⋂
Ω̄− = ∅, then the functional Iλ satisfies

(a) If λ < λ1(h), then u = 0 is a local minimum of Iλ.
(b) If

∫
RN a(x)ϕα

1 dx < 0, then there exists ᾱ > 0 such that for λ1(h) ≤ λ <
λ1(h) + ᾱ, there exists e ∈ E such that Iλ(e) < 0.

Proof. (a). Since λ < λ1(h) and
∫

RN

|∇u|p dx ≥ λ1

∫

RN

h(x)|u|p dx,

for R large so that a(x) < 0 if |x| ≥ R, we have

Iλ(u) ≥ 1
p
[1− λ

λ1
]
∫

RN

|∇u|p dx−
∫

RN

a(x)G(u) dx

≥ C

∫

RN

|∇u|p dx +
∫

{|x|≥R}
G(u) dx−

∫

{|x|≤R}
a(x)G(u) dx

≥ C

∫

RN

|∇u|p dx− C

∫

{|x|≤R}
(|u|α + |u|β) dx

≥ C|∇u|pp − C|∇u|αp − C|∇u|βp .

It implies that 0 is a local minimum of Iλ.
(b). Write u ∈ E as u = tϕ1 + v, where v and ϕ1 are linear independent. Let us take

R0 > 0 large enough so that a(x) < −1 if |x| ≥ R0 and
∫
|x|≤R0

a(x)ϕα
1 dx < 0. We

consider the case p ≥ 3, the case 1 ≤ p ≤ 3 can be proved in the same way. We first
assume λ = λ1(h) and estimate Iλ(u) for ‖u‖ small. By Lemma 5,

Iλ1(u)
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=
1
p

∫

RN

|t∇ϕ1 +∇v|p dx− λ1

p

∫

RN

h(x)|tϕ1 + v|p dx−
∫

RN

a(x)G(u) dx

≥ 1
p

∫

RN

|∇v|p dx− λ1

p

∫

RN

h(x)|v|p dx

+
∫

RN

t∇ϕ1∇v(|t|p−2|∇ϕ1|p−2 + |∇v|p−2) dx

−
∫

RN

λ1h(x)tϕ1v(|t|p−2|ϕ1|p−2 + |v|p−2) dx

−C

p

∫

RN

(|t|p−2|∇ϕ1|p−2|∇v|2 + |t|2|∇ϕ1|2|∇v|p−2) dx

−C

p

∫

RN

λ1(|t|p−2|ϕ1|p−2|v|2 + λ1|t|2|ϕ1|2|v|p−2) dx

−
∫

RN

a(x)G(u) dx

≥ 1
p

∫

RN

|∇v|p dx− λ1

p

1
λ2

∫

RN

|∇v|p dx

−
∫

RN

[|t|p−1|∇ϕ1|p−1|∇v|+ |t||∇ϕ1|∇v|p−1] dx

−
∫

RN

[λ1h(x)|t|p−1ϕp−1
1 |v|+ λ1h(x)|t|ϕ1|v|p−1] dx

−C

p

∫

RN

[|t|p−2|∇ϕ1|p−2|∇v|2 + |t|2|∇ϕ1|2|∇v|p−2] dx

−C

p

∫

RN

[λ1|t|p−2ϕp−2
1 v2 + λ1|t|2ϕ2

1|v|p−2] dx

−
∫

RN

a(x)G(u) dx,

where

λ1 = inf
0 6=v∈E

∫
RN |∇v|p∫

RN h(x)|v|p , λ2 = inf
0 6=v∈E\{tϕ1}

∫
RN |∇v|p∫

RN h(x)|v|p .

We note λ1 < λ2. Indeed, if λ1 = λ2, there exists ṽ ∈ E\{tϕ1} such that

−∆pṽ = λ2h(x)|ṽ|p−2ṽ = λ1h(x)|ṽ|p−2ṽ.

This is a contradiction with λ1 is simple. Hence

Iλ1(u)

≥ C

∫

RN

|∇v|p dx−
∫

RN

[|t|p−1|∇ϕ1|p−1|∇v|+ |t||∇ϕ1||∇v|p−1

+λ1h(x)|t|p−1ϕp−1
1 |v|+ λ1h(x)|t|ϕ1|v|p−1] dx
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−C

p

∫

RN

[|t|p−2|∇ϕ1|p−2|∇v|2 + |t|2|∇ϕ1|2|∇v|p−2

+λ1|t|p−2ϕp−2
1 v2] dx + λ1|t|2ϕ2

1|v|p−2 −
∫

RN

a(x)G(u) dx

= I + II + III + IV

Now, we estimate the II and III. Let τ = |∇v|p.

∫

RN

|t|p−1|∇ϕ1|p−1|∇v| dx

≤ (
∫

RN

|∇v|p) 1
p (

∫

RN

[|t|p−1|∇ϕ1|p−1]
p

p−1 )1−
1
p

= (
∫

RN

|∇v|p) 1
p |t|p−1(

∫

RN

|∇ϕ1|p)
p−1

p

= Cτ |t|p−1.

Similarly,
∫

RN

|t||∇ϕ1||∇v|p−1 dx,

∫

RN

λ1h(x)|t||ϕ1||v|p−1 dx ≤ Cτp−1|t|,

∫

RN

λ1h(x)|t|p−1|ϕ1|p−1|v| ≤ Cτ |t|p−1.

IV can be estimated similarly. As a result,

Iλ1(u)
≥ Cτp − (C1τ |t|p−1 + C2τ

p−1|t|+ C3τ
2|t|p−2 + C4τ

p−2t2)− ∫
RN a(x)G(u) dx.

Since

−
∫

RN

a(x)G(u) dx

= − 1
α

∫

{|x|≤R0}
a(x)|tϕ1|α dx−

∫

{|x|≤R0}
a(x)[G(tϕ1)− |tϕ1|α

α
] dx

−
∫

{|x|≤R0}
a(x)[G(tϕ1 + v)−G(tϕ1)] dx−

∫

{|x|≥R0}
a(x)G(u) dx

≥ −
∫

{|x|≤R0}
a(x)[G(tϕ1)− |tϕ1|α

α
] dx−

∫

{|x|≤R0}
a(x)[G(tϕ1 + v)−G(tϕ1)] dx−

∫

{|x|≥R0}
a(x)G(u) dx.



Nonnegative solutions of p-Laplacian equations in RN 125

and
∫

{|x|≤R0}
a(x)[G(tϕ1 + v)−G(tϕ1)] dx

≤ C

∫

{|x|≤R0}
a(x)|g(tϕ1 + θv)|v dx

≤ C[
∫

{|x|≤R0}
|tϕ1 + θv|α−1v dx +

∫

{|x|≤R0}
|tϕ1 + θv|β−1v dx]

≤ C[|t|α−1(
∫

{|x|≤R0}
|v|α dx)

1
α + |t|β−1(

∫

{|x|≤R0}
|v|β dx)

1
β

+
∫

{|x|≤R0}
|v|α dx +

∫

{|x|≤R0}
|v|β dx]

≤ C[|t|α−1|∇v|p + |t|β−1|∇v|p + |∇v|αp + |∇v|βp ].

For |t| and |∇v|p small, we have

∫
{|x|≤R0} a(x)[G(tϕ1 + v)−G(tϕ1)] dx

≤ C[|t|α−1|∇v|p + |∇v|αp ] = C[τ |t|α−1 + τα].

Now we estimate I. By (G1), (G2) and Lebesgue’s Dominated Convergence Theorem, we
have

|
∫

{|x|≤R0}
a(x)[G(tϕ1)− |tϕ1|α

α
] dx| = o(1)|t|α as t → 0.

Hence for |t| sufficiently small,

Iλ1(u) ≥ J(t, |∇v|p) +
∫

{|x|≥R0}
G(u) dx,

where

J(t, τ) = aτp − bτα + c|t|α − d|t|α−1τ − eτ |t|p−1 − fτp−1|t| − gτ2|t|p−2 − hτp−2|t|2.

Consider K(t, τ) = C|t|α − eτ |t|p−1, we may verify that

min
|t|small

K(t, τ) = −C|t|α < 0.

Similar results hold for K1(t, τ) = C|t|α − fτp−1|t|, K2(t, τ) = C|t|α − gτ2|t|p−2,
K3(t, τ) = C|t|α − hτp−2|t|2. So J(t, τ) ≥ C0δ

p if |t| and |∇v|p are sufficiently small.
Consider on the space E the equivalent norm

‖u‖e = (max{|t|, |∇v|p}p + |u|pα)
1
p = (|‖u‖|p + |u|pα)

1
p .
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For some C0 > 0, and |‖u‖| = δ, we have Iλ1(u) ≥ C0δ
p +

∫
{|x|≥R0}G(u) dx. We claim

lim‖u‖=ρ, ρ→0

R
{|x|≥R0} G(u) dx

‖u‖α ≥ d0ρ
r for some d0 > 0 and r ≥ 0. Indeed, let ‖u‖e = ρ.

If |‖u‖| = δ → 0, then |u|α → ρ and
∫

{|x|≤R0}
|u|α dx ≤ C(R0)(

∫

{|x|≤R0}
|u|p∗ dx)

α
p∗ ≤ C(R0)|∇u|αp ≤ C(R0)|‖u‖|α → 0,

it implies ∫

{|x|≥R0}
|u|α dx =

∫

RN

|u|α dx + o(1) → ρα.

By (4) we obtain
∫

{|x|≥R0}
G(u) dx ≥ C

∫

{|x|≥R0}
|u|α dx ≥ Cρα.

Thus, Iλ1(u) ≥ α(ρ) > 0 for ‖u‖ = ρ small and

|Iλ(u)− Iµ(u)| = |λ− µ|
∫

RN

h(x)|u|p dx,

which implies that there exists ᾱ > 0 such that

Iλ(u) ≥ α(ρ) > 0, λ1 ≤ λ < λ1 + ᾱ.

4 Proof of Theorem 1

We know from Proposition 2 that u = 0 is a local minimum of Iλ if λ ≤ λ1(h), and there
exists ρ0 > 0 and ᾱ > 0 such that

Iλ(u) ≥ α(ρ0) > 0 if ‖u‖ = ρ0, λ < λ1(h) + ᾱ.

Now, choose ϕ ∈ C∞0 (Ω+), 0 ≤ ϕ ≤ 1 ϕ(x) = 1 if x ∈ B̄r(x0) ⊂ Ω+ for some r > 0
and x0 ∈ Ω+. Assumption (G2) implies that

∫

RN

a(x)G(tϕ) dx ≥
∫

Br(x0)

a(x)G(tϕ) dx ≥ Ctβ ,

it follows Iλ(tϕ) ≤ C1t
p − C2t

β < 0 for all t sufficiently large. By the Mountain-Pass
Theorem, there exists a critical point uλ of Iλ. Since Iλ(u) = Iλ(|u|), we may assume the
uλ is positive critical point of Iλ.

Next we prove the existence of a second positive solution for the case λ1(h) < λ <
λ1(h) + α̃ for some 0 < α̃ ≤ ᾱ. From the proof of Proposition 2, we see that there exists



Nonnegative solutions of p-Laplacian equations in RN 127

an α̃ > 0 so that for λ1(h) < λ < λ1(h) + α̃, we may find ρ(λ), C(λ) > 0 with ρ(λ) → 0
as λ → λ1(h) and Iλ(u) ≥ C(λ) > 0 on ‖u‖ = ρ(λ). Let

mλ := inf
‖u‖≤ρ(λ)

Iλ(u).

mλ is attained in the open ball Bρ(λ) = {u|‖u‖ < ρ(λ)}. Actually, mλ < 0. Indeed, let ξ
be a function such that 0 ≤ ξ ∈ C∞0 (R) such that ξ(x) = 1 if |x| ≤ 1; ξ(x) = 0 if |x| ≥ 2.
Let ξR(x) = ξ( |x|R ). Multiplying (1) and integrating by parts, we have

∫

RN

|∇ϕ1|pξp
R dx + p

∫

RN

|∇ϕ1|p−2∇ϕ1ϕ1ξ
p−1
R ∇ξR dx =

∫

RN

λ1h(x)ϕp
1ξ

p
R dx, (34)

this gives

Iλ(tξRϕ1)

≤ tp

p

∫

RN

|∇ϕ1|pξp
R dx +

tp

p

∫

RN

|∇ξR|pϕp
1 dx

+tp
∫

RN

∇ξR∇ϕ1ξR|∇ξR|p−2ϕp−1
1 dx + tp

∫

RN

∇ξR∇ϕ1ϕ1ξ
p−1
R |∇ϕ1|p−2 dx

+
tp

p
C

∫

RN

[|∇ξR|p−2ϕp−2
1 ξ2

R|∇ϕ1|2 + |∇ξR|2ϕ2
1ξ

p−2
R |∇ϕ1|p−2] dx

−λ
tp

p

∫

RN

h(x)ξp
Rϕp

1 dx−
∫

RN

a(x)G(tξRϕ1) dx

≤ tp

p
[
∫

RN

λ1hϕp
1ξ

p
R dx− p

∫

RN

|∇ϕ1|p−2∇ϕ1ϕ1ξ
p−1
R ∇ξR dx]

+
tp

p

∫

RN

|∇ξR|pϕp
1 dx + tp

∫

RN

∇ξR∇ϕ1ξR|∇ξR|p−2ϕp−1
1 dx

+tp
∫

RN

∇ξR∇ϕ1ϕ1ξ
p−1
R |∇ϕ1|p−2 dx

+
tp

p
C

∫

RN

(|∇ξR|p−2ϕp−2
1 ξ2

R|∇ϕ1|2 + |∇ξR|2|ϕ2
1ξ

p−2
R |∇ϕ1|p−2) dx

−λ
tp

p

∫

RN

h(x)ξRϕp
1 dx−

∫

RN

a(x)G(tξRϕ1) dx

=
tp

p

∫

RN

|∇ξR|pϕp
1 dx +

tp

p
(λ1 − λ)

∫

RN

h(x)ϕp
1ξ

p
R dx

+tp
∫

RN

∇ξR∇ϕ1ξR|∇ξR|p−2ϕp−1
1 dx

+
tp

p
C

∫

RN

(|∇ξR|p−2ϕp−2
1 ξ2

R|∇ϕ1|2 + |∇ξR|2ϕ2
1ξ

p−2
R |∇ϕ1|p−2) dx

−
∫

RN

a(x)G(tξRϕ1) dx

= A1 + A2 + A3 + A4 + A5
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By Hölder’s inequality,

A1 =
tp

p

∫

RN

|∇ξR|pϕp
1 ≤ C(

∫

{R≤|x|≤2R}
ϕp∗

1 )
p

p∗ ,

where C is independent of R. So A1 → 0 if R →∞. Similarly, A3, A4 → 0. Therefore,

Iλ(tξR1ϕ1) ≤ [
λ1 − λ

2p

∫

RN

h(x)ξp
Rϕp

1 dx]tp −
∫

RN

a(x)G(tξRϕ1) dx + o(1).

Using (G1)-(G3), we obtain

Iλ(tξR1ϕ1) ≤ −atp + btα + ctβ ,

it implies Iλ(tξRϕ1) < 0 for t > 0 small. Thus mλ = inf‖u‖≤ρ(λ) Iλ(u) < 0.
Finally, if ṽn is a minimizing sequence for mλ, by Ekeland’s Variational Principle, there

is a sequence {un} such that Iλ(un) → mλ, I ′λ(un) → 0. Proposition 1 implies that there
exists a minimizer vλ ∈ Bρ(λ) of Iλ which is a critical point of Iλ, and Iλ(vλ) = mλ < 0.
By Proposition 2 (b) and Proposition 1, we see that Iλ has the mountain pass structure and
satisfies(PS) condition, so there is a mountain pass solution uλ which is different from vλ.
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