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Abstract

In this paper, we consider nonlinear Dirichlet problem driven by the p-Laplacian differen-
tial operator. Using variational methods based on the critical point theory and truncation
techniques, we prove the existence of at least three nontrivial smooth solutions. The hy-
potheses on the nonlinearity incorporate in our framework of analysis both coercive and
noncoercive problems. For the semilinear problem (p = 2), using Morse theory, we show
the existence of four nontrivial smooth solutions.
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1 Introduction

Let Z C RY be a bounded domain with a C? boundary 0Z. In this paper we study the
existence of multiple nontrivial solutions for the following nonlinear Dirichlet problem:

{ —Lp(2) = f(z,2(2)) ae. on Z, } (1.1)

$|az =0.

Here A,z = div(||Dz||P=2Dz) (1 < p < 00) is the p-Laplacian differential operator
and f(z,x) is a Caratheodory nonlinearity. Note that if p = 2, then A, = A is the usual
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Laplacian differential operator. We are interested in the existence of multiple nontrivial
solutions for problem (1.1). More precisely, we want to prove the existence of at least three
nontrivial solutions for problem (1.1).

Recently, three solutions theorems for Dirichlet problems, driven by the p-Laplaci-
an, were obtained by Bartsch-Liu [5], Carl-Perera [6], Dancer-Perera [13], Cingolani-
Degiovanni [9], Degiovanni-Lancelotti [12], Garcia Azorero-Peral Alonso [14], Liu [21],
Liu-Liu [22], Papageorgiou-Papageorgiou [25] and Zhang-Chen-Li [28]. With the excep-
tion of Bartsch-Liu [5] and Degiovanni-Lancelotti [12], in all the other works the Euler
functional of the problem is coercive. Moreover, in the works of Carl-Perera [6], Dancer-
Perera [13] and Zhang-Chen-Li [13], the asymptotic limits

a+ = lim f(z,7)
a—0% |z|P~2x

play an essential role in their arguments. In the work of Bartsch-Liu [5] the nonlinearity
f(z,z) is continuous on Z x R and satisfies the well-known Ambrosetti-Rabinowitz con-

dition. This implies that the function  — f(z, x) is p-superlinear near infinity. Moreover,
f(z,x)

[w[p=2z

in their work near the origin the quotients remain below A\; > 0, the principal

eigenvalue of (—A,, Wy*(Z)). A superlinear nonlinearity is also considered in the re-
cent interesting work of Degiovanni-Lancelotti [12]. We should mention that the results
of Bartsch-Liu [5], Carl-Perera [6] and Zhang-Chen-Li [28] provide information about the
sign of the solutions they obtain.

Here, our hypotheses on the nonlinearity are such that they do not necessarily imply that
the Euler functional of the problem is coercive. In fact, we do not impose any asymptotic
conditions at infinity on the nonlinearity and we do not employ the Ambrosetti-Rabinowitz
condition. We only assume that the function z — f(z, ) has subcritical growth. In the last
section (Section 4), we consider the semilinear problem (i.e. p = 2). By strengthening the
hypothesis on the nonlinearity near the origin and using Morse theory (in particular critical
groups), we are able to show that the problem has at least four nontrivial solutions. Our
approach is variational based on the critical point theory for C''-functionals.

2 Mathematical background

Let X be a Banach space, and X* its topological dual. By (,-,-) we denote the duality
brackets for the pair (X, X*). Suppose that ¢ € C'*(X). We say that ¢ satisfies the Palais-
Smale condition at level ¢ € R (the P.S.-condition for short), if every sequence {z, },>1 C
X such that p(z,) — cand ¢'(z,) — 0in X*, has a strongly convergent subsequence.
We say that ¢ satisfies the P.S-condition, if it satisfies the PS.-condition for every ¢ € R.

The topological notion of linking sets is important in the minimax characterization of
the critical values of a functional ¢ € C*(X).

Definition 2.1 Let Y be a Hausdorff topological space and Ey, E and D nonempty
closed subsets of Y such that Ey C E. We say that the pair {Ey, E'} is linking with
D in Y, if and only if

(a) EQQDZQ;
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(b) for all v € C(E,Y) such that v|g, = id|g,, we have v(E) N D # ().
Theorem 2.1 If X is a Banach space, Ey, E and D are nonempty closed subsets of
X such that the pair {Eg, E} is linking with D in X, and ¢ € C*(X) such that
sup ¢ < inf ¢,
E(})SD o 14
I'= {’}/ € C(E,X) : ’V|Eo = id|E0},
¢ = inf sup p(v(v)), and
vl veE
@ satisfies the PS.-condition

then ¢ > irfl)fap and ¢ is a critical value of .

Remark 2.1 By appropriately choosing the linking sets, from Theorem 2.1 we can
produce as corollaries, the mountain pass theorem, the saddle point theorem and
the generalized mountain pass theorem (see for example Gasinski-Papageorgiou [16],
Section 5.2).

In our study of problem (1.1), we will also use the so-called ”second deformation theo-
rem”. For the convenience of the reader, we state the result here. First, we need to introduce
some notation.

So, let ¢ € C*(X) and ¢ € R. We define

¢ ={z € X :p(x) <c} (thesublevel set of ¢ at c)
K ={z e X :,¢'(x) =0} (the critical set of ©)
K.={x € K :p(x)=c} (the critical set of ¢ at the level ).
The next theorem, is known in the literature as the ”second deformation theorem” (see

Chang [7], p.23 and Gasinski-Papageorgiou [16], p.628). In the formulation that follows,
we allow b = +00, in which case p*\ Kj = X.

Theorem 2.2 If X is a Banach space, ¢ € C*(X), a € R, a < b < 400, ¢ satisfies
the PS. condition for every c € [a,b), ¢ has no critical values in (a,b) and ¢~'(a)
has at most a finite number of critical points of ¢, then there exists a continuous
deformation h : [0,1] x @\ K}, — ¢° such that

(a) h(1, o"\Kp) C 9%
(b) h(t,x) =z for all t € [0,1] and all z € p*;
(c) o(h(t,x)) < p(h(s,z)) for allt,s € [0,1], s <t and all x € p°\ K.
Remark 2.2 According to this theorem, ¢ is a strong deformation retract of ©®\ K.

Next, we present some basic facts about the spectrum of the negative p-Laplacian with
Dirichlet boundary conditions, which we will need in the sequel. So, we consider the
following nonlinear eigenvalue problem:

—Apz(z) = Mz (2)[P22(2) ae. on Z, (1.2)
zloz =0, YeR, 1< p< 0. ‘
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Every number A € R for which problem (1.2) has a nontrivial solution is said to be an
eigenvalue of (—/\,, W, P(Z)) and the nontrivial solution is an eigenfunction. We know
that (—A,, WP (Z)) has a smallest eigenvalue \; such that

e )\; > 0 and it is isolated;
e )\; > Ois simple (i.e., the corresponding eigenspace is one-dimensional);
e )\ has the following variational characterization

1Dz}

(e

A1 = inf xeWyP(Z), 2 #0 (1.3)

(see Anane [2]).

The infimum in (1.3) is attained on the corresponding one-dimensional eigen
space. In the sequel, by u; we denote the L”-normalized principal eigenfunction (i.e.,
llui|lp = 1). From (1.3), it is clear that u; does not change sign and so we may assume that
u; > 0. In fact, nonlinear regularity theory (see for example Gasinski-Papagergiou [16],
pp-738-739) implies that

up € C3(Z) = {uec CZ):ulgpz = 0}.
The Banach space C} (Z) is an ordered Banach space, with order cone
Cy ={ueCyZ):u(z) >0 forall z¢€ Z}.

This cone has a nonempty interior given by
0
intCy ={ueCy:u(z) >0 forall z€ Z and a—u(z) < Oforall z € dZ}.
n

By n(-) we denote the unit outward normal on 9Z. ;From the nonlinear strong maxi-
mum principle of Vazquez [27], we have that u; € intC (see also [11]).

Since A, is a (p — 1)-homogeneous operator, from the Lusternik-Schnirelmann theory,
in addition to A; > 0, we have a whole strictly increasing sequence {Az}r>1 C Ry
of eigenvalues of (—A\,, W, *(Z)) such that A, — +oc. These are the so-called “LS-
eigenvalues” of (—A,, Wy(Z)). If p = 2 (linear eigenvalue problem), then these are all
the eigenvalues of (—A\, H}(Z)). If p # 2 (nonlinear eigenvalue problem), then we do not
know if this is true. However, because the set o(p) of eigenvalues is closed and A\; > 0 is
isolated, we can define

Ay =inf{A: A€ a(p),A >N} >0

and we have \j € o(p) (i.e., A} is the second eigenvalue of (—A\,, W, ?(Z))). In fact, we
have
A5 = Mg,

namely, the second eigenvalue and the second LS-eigenvalue coincide (see Anane-Tsouli

(3D.
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The Lusternik-Schnirelmann theory provides a variational characterization of Ay > 0.
However, for our purposes that characterization is not convenient. Instead, we will use an
alternative one, produced by Cuesta-de Figueiredo-Gossez [10]. So let

OB" ={x e L*(2) : ||, = 1},
S =Wy*(Z)ndBE (2), and
F() = {’70 € C([—l, 1],5) : ’}/0(—1) = —’U,l,’}/()(l) = ul}.

Then, from [7] we have
— P
Ap= inf omax [ D[ (1.4)
For further details about the spectrum of the p-Laplacian, we refer the reader to L& [18] and
Gasinski-Papageorgiou [16].

Next, let us recall some basic definitions and facts from Morse theory, that we will
need in Section 4. So, let H be a Hilbert space and ¢ € C*(H) a functional satisfying the
PS-condition. Let zy € H be an isolated critical point of ¢ and ¢y = @ (z¢). The critical
groups (over Z) of ¢ at x( are defined by

Ci(p,z0) = Hp (¢ NU, p° NU\{zp}) forall k>0,

where U is a neighborhood of g and Hy(-, ) is the k:th-singular relative homology group
with integer coefficients. From the excision property of singular homology theory, we see
that this definition is independent of the neighborhood of U of zy. Suppose that —oco <
inf ¢(K') and let ¢ < inf ¢(K). Then the critical groups of ¢ at infinity are defined by

Ci(p,00) = Hi(H,¢°) forall k>0

(see Bartsch-Li [4]). From the deformation lemma (see Gasinski-Papageorgiou [16], p.626),
which is valid since by hypothesis ¢ satisfies the PS-condition, we see that this definition
is independent of c. If K is finite, then the Morse-type numbers of ¢ are defined by

M, = Z rankC (¢, )
zeK

and the Betti-type numbers of ¢ are defined by
B = rankC}, (¢, 00).
From Morse theory (see Bartsch-Li [4], Chang [7] and Mawhin-Willem [24]), we have

S0 M > Y (-1)™F By, and (1.5)
k=0 k=0

STDEM =Y (- 1)k B (1.6)
k>0 k>0

From (1.5), we infer that 3, < My for all £ > 0. Therefore, if ; #* 0 for some
k > 0, then ¢ must have a critical point z € H and the critical group Cy (¢, ) is non-
trivial. Equality (1.6) is also known as the "Poincare-Hopf formula”. If K = {z¢}, then
Ci(p, 00) = Ci(p, wo).
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Next, recall that, if X is a Banach space and A : X — X*, we say that A is of type
(8)4 if x, = zin X and limsup(A(z,), z, — 2) < 0imply x,, — = in X. Hereafter, by

“ we denote the weak convergence and by — the strong convergence in a Banach space.
IfX =Wy(Z), X* =W~ (Z) (L + L =1)and A : X — X* is defined by

P
(A(x),y) :/ | Dz||P~2(Dz, Dy)gndz forall z,y € WyP(Z), (1.7)
z

then from Gasinski-Papageorgiou [16], we have:
Proposition 2.1 The map A : Wy P(Z) — W= (Z) defined by (1.7) is of type (S) .
In this paper, as usual, by p* we denote the critical Sobolev exponent, i.e.,
N .
o= N—ZJ ¥f p< N
4+oo if p>N

Also, 7+ = max{r, 0} for all € R and ||z|| = || Dz||,, for all z € W,"*(Z).

Finally we mention that, if X is an ordered Banach space with order cone K, intK # ()
and ¢ € intK, then for every y € X, we can find ¢t = ¢(y) > 0 such that tp — y € intK
(see Papageorgiou-Papageorgiou [16], Lemma 3.5).

3 Three nontrivial solutions

In this section, we prove a “three-nontrivial-solutions theorem” for problem (1.1). The
hypotheses on the nonlinearity f(z,z), are the following: H(f)1: f: Z xR — Risa
function such that f(z,0) = 0 a.e. on Z and

(i) forall z € R, z — f(z, ) is measurable;
(ii) foralmostall z € Z, x — f(z,x) is continuous;
(iii) foralmostall z € Z,allz € R,
[f(z,2)] < a(z) +clz|™!
witha € L®(Z)4,c¢>0and 1 <7 < p*;
(iv) there exist a_ < 0 < a4 such that

f(z,a—) = f(z,a1) =0 ae.on Z

and 0< f(z,z) foraa. zeZ, alxel0,ay]
f(z,2) <0 foraa ze€ Z, allz € la_,0] ’

with some ¢ > 0 and aa. z € Z, x — f(z,7) + £|z[P~22 is nondecreasing on
[a—,a4] and there exist 0 < § < min{a_, a4} and > Ao such that

ﬂ|x|p < F(z,z) foraa. z€ Z andall |z| <3,
p

where F(z,z) = [ f(z,s)ds.
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Remark 3.1 We emphasize that no asymptotic conditions at +o0o are assumed. This
is in sharp contrast with all the previous works. Hypothesis H(f)1(iv) and the trun-
cation techniques allow us to avoid asymptotic conditions at £o0o0. We only assume
a subcritical growth (see hypothesis H(f)1(éi7)). So, our framework of analysis in-
corporates coercive but also noncoercive problems, such as the p-superlinear ones,
studied by Bartsch-Liu [5].

We introduce the following truncations of the nonlinearity f(z,x):

R 0 if <0 R 0 if x<a_
f+(Z,$): f(z733) if x6[07a+] ’ f_(z,:c): f(Z,Q?) if SCE[CL,,O]
0 if ©>ay 0 if >0
N 0 if z<a-
and flzyx)=1q f(zx) if x €fa_,a4]
0 if x>ay

Evidently, fi and fare Caratheodory functions, i.e., they are measurable in z € Z and
continuous in x € R. We set

~

Fy(z,x) = /Ox fi(z,s)ds and F(z,2) = /Ow f(z,s)ds, z €R,
and then consider the functionals @, 3 : W, ?(Z) — R defined by

Fu(z) = %||Dx||£ - /Zﬁi(z,x(z))dz, and

3(z) = %||Dx||£—/zﬁ(z,x(z))dz forall = € WP(2).

Clearly 31, 3 € CL1(W; " (2)).
In the next proposition , we produce two solutions of constant sign.

Proposition 3.1 If hypotheses H(f)1 hold, then problem (1.1) has two solutions x
and vy of constant sign,

g € ntCy and vy € —intCy,
which are local minimizers of the functional @.

Proof. First we establish the existence of a positive solution zyp € intC,. Clearly the
functional @ is coercive. Moreover, exploiting the compact embedding of WO1 P(Z) into
L"(Z) (Sobolev embedding theorem), we can easily verify that &, is sequentially weakly
lower semicontinuous. So, by the theorem of Weierstrass, we can find zg € VVO1 P(Z) such
that

~ . ~ 1, ~

B (20) = inf[@y (2) : @ € Wa?(2)] = . (1.8)

Letu; € intCy be the LP-normalized principal eigenfunction of (—4, VVO1 P(Z)). We

can find £ > 0 small such that

tuy(z) € [0,6] forall z € Z,
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with 6 > 0 being as in hypothesis H (f)1(v). Then according to this hypothesis, we have

~

Fy(z,tuqi(2)) > Qtpul(z)p a.e.on Z. (1.9)
p
Therefore,
N tP =
Feltw) = ZIDwl~ [ Prtetuna:
z

tp
< EHDung—gt”Hung (see (1.9))

tP .
= ; Z()\l —n)ui(z)Pdz (since |\Du1||§ = )\1||u1||§)

< 0 (sincen > A > Aq).

So, from (1.8) we have

my = @y (20) < Py(tur) <0 =4 (0),

= xg # 0.
Also, we have
3,51-5-(‘770) =0,
= A(zo) = Ny(20), (1.10)

where ]V+(1x)() = fi(- () forallz € WyP(Z). On (1.10), we act with the test function
—x, € Wy (Z) and we obtain

[ Dzq [I; =0
= zg =0, ie., xog>0, z9#0.
From (1.10), we infer that
—Apzo(z) = fi(z,20(2)) ae. on Z, xoloz =0. (1.11)

From Theorem 7.1 of Ladyzhenskaya-Uraltseva [17], we have xg € L°°(Z) and then
Theorem 1 of Lieberman [19] implies that xy € C'. Moreover, from (1.11), the definition
of f; and hypothesis H(f);(iv), we have

Apro(z) <0 ae.on Z. (1.12)

Invoking the nonlinear strong maximum principle of Vazquez [27], from (1.12) we infer
that zy € intC .
Next, note that
Alay —xo) = —A(zo)
= —A(ay —20) = Ny (z0) (see (1.10)). (1.13)
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On (1.13), we act with the test function (o — a )t € W, (Z). Note that

~

fr(z,20(2)) =0 ae.on {zg > a4}
Therefore, we obtain
D (2o — a4) ™[} =0,
= (rg—ay)™ =0, ie, z,<a,.
Then, by virtue of hypothesis H(f); (iv) and the strong comparison principle (tangency

principle), we have -
z0(z) < ay forall z € Z.

Hence, we can find » > 0 small such that
@+|§f5<7> (z0) = @|§fg @

where Ffé(z) (r9) = {2 € CL(Z) : lz—ollcy ) < 7} This means that 2o € intC. is a
local C} (Z)-minimizer of . According to Theorem 1.1 of Garcia Azorero Manfredi-Peral
Alonso [15], z¢ € intCY is also a local Wol’p(Z)—minimizer of .

Similarly, working with the functional ¢_, we obtain a solution vy € —intC'; which
too is a local W, (Z)-minimizer of 3.

Next, we will produce one more nontrivial smooth solution of (1.1) and have the “’three
solutions theorem” for problem (1.1).

Theorem 3.1 If hypotheses H(f)1 hold, then problem (1.1) has at least three non-
trivial solutions B
zg € intCy, vy € —intCy, yo € C5(2).

Proof. Note that the functional $ : W, (Z) — R is coercive. We claim that it satisfies
the PS-condition. Indeed, let {z,, },>1 C W’ (Z) be such that

|p(zn)] < My forsome M; >0, all n>1, and (1.14)
@ (x,) — 0 in W (Z) as n — oo. (1.15)

From (1.14) and since $ is coercive, we infer that {z,, },>1 C Wol”’(Z) is bounded. So,
by passing to a suitable subsequence, if necessary, we may assume that

T, 5o in WyP(Z) and z, — x in LP(Z). (1.16)
From (1.15), we have

[(A(xy), 2n —x) — /Zf(z,a:n)(xn —x)dz| <epllz, — x| with g, | 0. (1.17)

Note that
/ f(z,xn)(xn —x)dz — 0 (see (1.16)).
z
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Therefore, from (1.17) it follows that

lim(A(z,,), z, —2) =0,
= Tp, — T in Wol’p(Z) (see Proposition 2.1),
= @ satisfies the PS-condition.

We may assume, without any loss of generality, that
P(vo) < @lxo) <0 =p(0).

Arguing as in Aizicovici-Papageorgiou-Staicu [1] (see Proposition 29), we can find » > 0
small such that
P(xo) < inf[@(x) : ||z — zo]| = 7] = 6, <O0.

Consider the sets

EO = {'Uo,xo},
E = [vo,z0] = {x € Wy P(Z) : wo(2) < 2(2) < 20(2) ae.on Z}, and
D = aBT(.’IZ‘())

It is easy to check (see also Gasinski-Papageorgiou [16], p.462) that the pair {Eg, E'} is
linking with D in W, (Z). So, we can apply Theorem 2.1 and obtain yo € W, (%), a
critical point of @, such that

P(vo) < @(wo) < b < D(yo), and (1.18)
Plyo) = Inf, max G(1(1)) (1.19)

where I' = {y € C([-1,1], W "*(Z)) : y(—=1) = v, v(0) = z0}.

From (1.18), it follows that yy # xq, vo. We need to show that it is also nontrivial. To
this end, we will use (1.19). According to (1.19), to prove the nontriviality of ¥, it suffices
to produce a path v* € T such that ¢],- < 0.

Let §p > 0 be such that

A2 + 0o < n (recall that > Ao, see hypothesis H(f)1(v)). (1.20)
Also, we set

S =WwyP(Z)n 6BlL ") endowed with the relative W, P (Z)-topology, and
S, =UNCYZ) endowed with the relative C{ (Z)-topology.

Then S, is dense in S. Therefore, if

Ts={7eC(-1,1,U):5(-1) = —u1,5(1) = u1}, and
s, = {7 € C(-1,1],U.) : 7(~1) = u1,7(1) = w1},
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then T'g, is dense in T'g for the C(|—1,1], S)-topology. So, because of (1.4), we can find
7o € I's, such that

max|||Dz||) : x € Fo([—1,1])] < Az + do. (1.21)
Since 4y € C([-1,1], S¢) and —vg, z¢ € intC, we can choose € > 0 small such that

glz(z)] <8 forall z€ Z and z € Jp([-1,1]), and (1.22)
ex € [vg,xo] forall x € Ap([—1,1]). (1.23)

Hence, if € 7y([—1, 1]), then
Ep
Bez) = E||Dx||g—/F(z,5w)dz (see (1.23))
z
eP n , .
< —||Dz[|f — =eP[|x||} (see (1.22) and hypothesis H (f)1(v))
p p
eP ePn .
= —||Dz||? — — (since ||z|l, = 1)
’ 1Dl ) ]l
€p
;()\2 + 00— 1) (see (1.21))
< 0 (see (1.20)).

IN

So, if 7§ = €90, then
Plze < 0. (1.24)

Without any loss of generality, we may assume that zg € intC'y is the only nontrivial
critical point of $ and vy € —intC'; is the only nontrivial critical point of ¢_. Indeed, if
Yy € WO1 *P(Z) is a nontrivial critical point of ¢y, then as for xq (see the proof of Proposition
3.1), we can check that y € [0, ay] and y € intC'.. So, if y # x¢, then y € intC; is a third
nontrivial constant sign solution of (1.1). Similarly for ¢ _.

Let

a=o4(x9) <0 and b=0.

Note that ¢4 = {wo}. By virtue of Theorem 2.2, we can find a continuous deformation
h:[0,1] x (P9 \Ko) — @Y. such that

h(1, 83\Ko) € 2% = {xo}, (1.25)
h(t,xo) = zo forall t € [0,1],
@+ (h(t, ) < @1 (h(s,x)) (1.26)

forall s,t€[0,1], s <t andall z € 3% \Ko.

We set
v+ (t) = h(t,euy), te€]0,1].

Evidently, v, : [0,1] — @Y is a continuous path. Also,

v+(0) = h(0,euq) = euy (since h is a deformation),
v+ (1) = h(1,eu1) = xo (see (1.25)).
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Therefore, 74 is a continuous path, which joins cu; with z5. Moreover, from (1.26)
and (1.24), we have

P+ (v(t) < py(eur) <0 forall t € [0,1]. (1.27)
But note that

» < ¢4 (see hypothesis H(f)1(iv))
= @y, <0 (see (1.27)). (1.28)
In a similar fashion, we produce a continuous path _, which connects —cu; with vy,

such that
?ly. <. (1.29)

Concatenating paths y_,7§ and 4, we produce a v* € I" such that

Plye < 0 (see (1.24), (1.28) and (1.29)).

This implies that yo # 0. Moreover,

¢'(yo) =0
= A(yo) = N(yo), where N(z)(-) = f(,z(-)) forallz € Wy (Z)
= —Dpyo(z) = Flz,y0(2)) ae.on Z, yoloz = 0.

But as for ¢, and @_ (see the proof of Proposition 3.1), we can easily show that
Yo € la—,a,], and hence

—Apyo(z) = f(z,40(2)) ae.on Z, yolaz = 0.

Therefore, yo is a nontrivial solution of problem (1.1) and by nonlinear regularity the-
ory, we have yg € C3(Z).

4 Semilinear problem

In this section, we consider the semilinear case (i.e., p = 2) and by strengthening the
condition on f(z, -) near the origin and using Morse theory, we produce a fourth nontrivial
smooth solution. So, the problem under consideration is the following:

{ ~Aa(z) = f(z,2(2)) ae. on Z, } (1.30)

:L‘|az =0.

The hypotheses on the nonlinearity f(z, x) are the following: H(f)2:]1 f: Z xR — Ris
a function such that

(i) forallz € R, z — f(z,x) is measurable;
(i) for almost all z € Z, the function

r— f(z,z) is CY
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(iii) for almostall z € Z, and all x € R,

|fo(z @) < a(z) + clz|"2
witha € L®(Z)y,¢>0and 1 < r < 2%;

(iv) there exist a_ < 0 < a4 such that
f(za-
{ 0
f(z
(v) there exist 6 > 0 and an integer m > 3 such that

fzx)

T

f(z,a4+) =0 ae.on Z, and

)=
f(z,z) foraa.ze Zallz €[0,a4]
,x) <0 foraa ze€ Zallz€la_,0] ’

WIA R

A < < Apy1 foraa. z€ Z andall x € [-9,0],

with {\j }x>1 being the distinct eigenvalues of (—A, H}(2)).

Theorem 4.1 If hypotheses H(f)2 hold, then problem (1.30) has at least four non-
trivial solutions

xo € intCy, vy € —intCy
Yo, Wo € C&(Z)~
Proof. From Theorem 3.1, we already have three nontrivial solutions
zg € intCy, vy € —intCy and yo € C3(Z).

We need to produce the fourth nontrivial solution.
We know that zp € intCy and vg € —intC, are both local minimizers of ¢ (see
Proposition 3.1). Hence

Cr(@,z0) = Cr(P,v0) = O,0Z (1.31)

(see Chang [7] and Mawhin-Willem [24]). Also, from the proof of Theorem 3.1 we know
that yq is a critical point of » of mountain pass-type. Moreover, as we did for z¢ and v
(see the proof of Proposition 3.1), we can check that

a_ <yo(z) <ay forall z € Z.

So, we can find an 7 > 0 small such that go\fcl(z)( " is C2. Hence, from Theorem 1.6, p.
91 of Chang [7] (see also Corollary 8.5, p.195, of Mawhin-Willem [24]), we have

Cr(@lciz) vo) = Ok Z. (1.32)
But from Chang [8] (see also Liu-Wu [23]), we know that

Cr(@lcyz) ¥0) = Cr(P,y0) forall k> 0. (1.33)
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From (1.32) and (1.33), it follows that
Ck((/ﬁ7 yo) = (Sk’lZ. (134)

Also, from Proposition 1.1 of Li-Perera-Su [20], we know that

Cr($,0) = 6k.4,,Z, (1.35)

where d,,, = dim S E()\;) and E();) is the eigenspace corresponding to the eigenvalue
i=1

A .
Finally, consider the one-parameter family of functions @, : H}(Z) — R, t € [0,1],
defined by

1 N
Bu(x) = 1Dl —t/ZF(z,x(z))dz forall = € HL(Z).

Clearly for every t € [0,1], §; € C'(H3(Z)) and 2 — @}(z), * — 0;p;(w) are Lipschitz
continuous. Moreover, for every t € [0,1], 2 — @:(x) is coercive. Therefore, we can
apply Lemma 2.4 of Perera-Schecter [26] and obtain

Cr (9o, 0) = C(p1,00) forall k> 0. (1.36)
But note that
~ 1 ) - -
Polxo) = 5\|Da:||g forall = € WyP(Z), 1 = .

The functional @y has only one critical point, the origin, which clearly is a global minimizer
of @g. Therefore

Ci(®0,00) = Ck(P0,0) = 6k,0Z. (1.37)
From (1.36) and (1.37), it follows that

C’k(@, OO) = (Sk,oZ. (1.38)

Suppose that {0, zq, vo, yo } were the only critical points of . Then, from (1.31), (1.34),
(1.35), (1.38) and the Poincare-Hopf formula (see (1.5)), we have

(1) 4 (-1 + (1) + (1) = (-1)°
= (—1)% =0, a contradiction.

So, there exists a fourth nontrivial critical point wq of @, distinct from x, vg,yo. Again,
we have wy € [a_, ay]; so it solves (1.1) and by regularity theory wo € CL(Z).

ACKNOWLEDGMENT : The authors wish to thank the referee for providing addi-
tional relevant references.




Multiple solutions of p-Laplacian equations 249

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]
(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]
[19]

(20]

S. Aizicovici, N.S. Papageorgiou, V. Staicu, Degree theory for operators of monotone type
and nonlinear elliptic equations with inequality constraints, Memoirs of AMS-in press.

A. Anane, Simplicite et isolation de la premiere valeur du p-Laplacien avec poids, CRAS
Paris, t. 305 (1987), 725-728.

A. Anane-N. Tsouli, On the second eigenvalue of the p-Laplacian in A. Benikrane-J.P.
Gossez, eds, Nonlinear Partial Differential Equations (Fes 1994), Vol. 343 of Pitman Research
Notes in Math., Longman, Harlow, 1-9.

T. Bartsch, S. Li, Critical point theory for asymptotically quadratic functionals and
applications to problems with resonance, Non. Anal. 28 (1997), 419-441.

T. Bartsch, Z. Liu On a superlinear elliptic p-Laplacian equation, J. Diff. Eqns, 198 (2004),
149-175.

S. Carl, K. Perera, Sign-changing and multiple solutions for the p-Laplacian, Abstract
Appl. Anal. 7, (2002), 613-625

K-C. Chang, Infinite Dimensional Morse Theory and Multiple Solution Problems,
Birkhauser, Boston (1993).

K-C. Chang, H" versus C" isolated critical points, CRAS Paris, t. 319 (1994), 441-446.

S. Cingolani-M. Degiovanni, Nontrivial solutions for p-Laplace equations with right hand
side havung p-linear growth at infinity, Comm. PDEs 30 (2005), 1191-1203.

M. Cuesta, D.de Figueiredo, J-P. Gossez, The beginning of the Fucik spectrum for the
p-Laplacian, J. Diff. Eqns, 159 (1999), 212-238.

L. Damascelli-B. Sciunzi, Harnack inequalities, maximum and comparison principles
and regulariry of positive solutions of m-Laplacian equations, Calc. Var., 25 (2005),
139-159.

M. Degiovanni-S. Lancelotti, Linking over cones and nontrivial solutions for p-Laplacian
equations with p-superlinear nonlinearity, Ann. Inst. H. Poincaré, 24 (2007), 907-919.

E.N. Dancer, K. Perera, Some remarks on the Fucik spectrum of the p-Laplacian and
critical groups, J. Math. Anal. Appl., 254 (2001), 164-177.

J. Garcia Azorero, 1. Peral Alonso, Fxistence and nonuniqueness for the p-Laplacian.
Nonlinear eigenvalues, Comm. PDEs, 12 (1987), 1389-1430.

J. Garcia Azorero, J. Manfredi, I. Peral Alonso, Multiplicity results for nonlinear Neumann
problems, Comm. Contemp. Math., 2 (2000), 385-404.

L. Gasinski, N.S. Papageorgiou, Nonlinear Analysis, Chapman and Hall/CRC Press, Boca
Raton, (20006).

0. Ladyzhenskaya, N. Uraltseva, Linear and Quasilinear Elliptic Equations, Academic
Press, New York (1968).

A. L&, Figenvalue problems for the p-Laplacian, Nonlin.Anal., 64 (2006), 1057-1099.

G. Lieberman, Boundary regularity for solutions of degenerate elliptic equations, Nonlin.
Anal., 12 (1988), 1203-1219.

S. Li, K. Perera, J. Su, Computation of critical groups in elliptic boundary value problems
where the asymptotic limits may not ezist, Proc. Royal Soc. Edinburgh, 131A (2001),
721-732.



250

(21]

(22]

(23]

[24]

[25]

[26]

(27]

(28]

M.E. Filippakis, N.S. Papageorgiou

S. Liu, Multiple solutions for coercive p-Laplacian equations, J. Math. Anal. Appl., 316
(2006), 229-236.

J. Liu, S. Liu, The existence of multiple solutions to quasilinear elliptic equations, Bull.
London Math. Soc., 37 (2005), 592-600.

J. Liu, P. Wu, Calculating critical groups of solutions for elliptic problems with jumping
nonlinearity, Nonlin. Anal., 49 (2002), 779-797.

J. Mawhin, M. Willem, Critical Point theory and Hamiltonian Systems, Springer-Verlag,
New York (1989).

E. Papageorgiou, N. Papageorgiou, A multiplicity theorem for problems with the p-
Laplacian, J. Funct. Anal,, 244 (2007), 63-77.

K. Perera, M. Schechter, Solution of nonlinear equations having asymptotic limits at zero
and infinity, Calc. Var., 12 (2001), 359-3609.

J. Vazquez, A strong mazimum principle for some quasilinear elliptic equations, Appl.
Math. Optim., 12 (1984), 191-202.

Z.Zhang, J. Chen, S. Li, Construction of pseudogradient vector field and sign-changing
multiple solutions involving p-Laplacian, J. Diff. Eqns, 201 (2004), 287-303.



